
STOCKHOLM UNIVERSITY

MASTER THESIS

On the consistency of multigravity
theories

Author:
Marcus HÖGÅS

Supervisor:
Fawad HASSAN

A thesis completed in the division of
Cosmology, Particle Astrophysics, and String theory

at the department of Physics

Submitted: November 11, 2016
Corrected: November 28, 2016

http://www.su.se/
http://www.su.se/profiles/maho9700-1.287153
http://www.fysik.su.se/~fawad/
http://cops.fysik.su.se/
http://www.fysik.su.se/




iii

Abstract

In this thesis a set of recently proposed multigravity theories is analysed. In
the special case of bimetric gravity, the theory has been conclusively shown
to be ghost-free. On the other hand, for multigravity theories in general,
the ghost-issue has not been settled conclusively. Motivated by this fact,
the main object of this thesis is to clarify what has been proven so far and
what issues that still needs to be addressed. We also provide new calcu-
lations and results pointing in the direction that the multigravity theories
must be restricted to a set of bimetric Hassan-Rosen couplings in a tree-type
structure in order to be consistent. In particular, we prove that for a multi-
vielbein theory of N interacting vielbeins, the Lorentz equations of motion
is a set of (N − 1) Deser-van Nieuwenhuizen conditions if and only if the
theory consists of bimetric Hassan-Rosen couplings in a tree-type structure.
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Introduction

A major step in the scientific revolution was taken when Isaac Newton pub-
lished his Principia in 1687. In this monumental three-volume work he for-
mulated the mechanical laws bearing his name and constructed the math-
ematical framework needed to make accurate calculations with these laws.
During the following two centuries, Newton’s first, second, and third laws
together with his universal law of gravitation described nature on the hu-
man scale with impeccable precision and was accepted as the dominant
physical paradigm. In the late 19th century however, the basic assumptions
of Newtonian physics started to be called into question.

As for all physical theories, there is a good deal of (oftentimes implicit)
philosophical assumptions and ideas behind Newtonian physics. Newton
himself struggled with the idea of absolute and relative motion and to bring
order to this issue, he invoked a notion of absolute space and absolute
time. In this framework it was very natural to adapt an idea of absolute
simultaneity which Newton also did. However, these and other assump-
tions were challenged by the 19th century philosopher Ernst Mach, and was
further accentuated by the incompatibility of Maxwell’s equations and the
Michelson-Morley experiment with Newtonian physics. These anomalies
motivated Albert Einstein to formulate his special theory of relativity in
1905, and later his general theory of relativity, in 1915. Furthermore, the
classical understanding of statistical physics was challenged by the ultra-
violet catastrophe, predicting that black bodies would radiate an infinite
amount of energy. This observation eventually led to the discovery of quan-
tum mechanics by pioneers such as Planck, Bohr, Heisenberg, Schrödinger,
Dirac, and many others. Today, physics is founded upon these two theories,
quantum mechanics and general relativity.

Quantum mechanics, or its more contemporary version: quantum field
theory, describes the fundamental particles and forces at very small length
scales, or at very high energy. On the other hand we have general relativity,
describing nature at the largest length scales and accounting for very mas-
sive objects. Both theories make incredibly accurate predictions for what we
observe in nature. The unfortunate drawback is that quantum field theory
and general relativity are not compatible with each other and therefore not
both of the theories can be true. It is safe to say that bringing gravitation
into harmony with quantum field theory is regarded by many theoretical
physicists as a "Holy Grail".

0.1 Quantum physics

In quantum mechanics the physical observables are encoded as operators
operating on a Hilbert space, thereby allowing for the possibility that they
do not commute. In other words, it is impossible to measure the eigenstates
of two non-commuting operators at the same time, contrary to classical
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physics. While quantum mechanics is covariant under Galilean transfor-
mations and thus incompatible with special relativity, the more contempo-
rary quantum field theory is covariant under Poincaré transformations and
is thus compatible with special relativity.

In quantum field theory the canonical statement is that the elementary
particles are “irreducible representations of the Poincaré group.” The group
theoretical properties of the Poincaré group are well-known from mathe-
matics. A fundamental fact is that the irreducible representations of the
group can be characterized by two numbers, the spin and the mass. In
physics this manifests itself in so far as the fundamental fields and particles
can be categorized into spin 0, spin 1/2, spin 1, and spin 2, all of which can
be either massless or massive.

FIGURE 1: Classical field theories that are covariant under
Poincaré transformations.

From a physical point of view, mass is an entity characterizing the mode
of particle propagation. A massless particle travels on a light cone while
a massive particle travels inside the light cone, i.e. in the time-like region.
Spin is related to the transformation properties of the fields and particles
under rotations. An illustrative way of thinking about spin is that while a
spin-0 particle remains in the same state independent of rotations, a spin-1
particle retains its initial state when rotated 360◦. A spin-2 particle returns
to its initial state after a 180◦ rotation, while a spin-1/2 particle has the
remarkable property of returning to its initial state only after a rotation by
720◦. It should be pointed out however, that spin is an intrinsic property
of the elementary particles, so one should not think about a particle as a
spatially extended object returning to its initial appearance only after two
full revolutions.

0.2 General relativity

On the other extreme of the length-scale we have general relativity, account-
ing for gravity, not as a force but as the curvature of space-time itself. In par-
ticular, since matter curves space-time, the space-time geometry will not be
flat generically. General relativity is said to be a theory for a massless spin-2
field, featured by a symmetric rank-2 tensor called the metric. The caveat
with this statement however is that mass and spin cannot be defined in a
curved space-time. What it means is rather that if we consider an infinites-
imal perturbation of the space-time geometry on a flat Minkowski back-
ground, then that perturbation can be described as a massless spin-2 field.
In that case mass and spin are well-defined.

Now, it is possible to unify gravity and quantum field theory in so far
as it is possible to work with the fields of the standard model in a curved
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space-time. The problem appears however when trying to quantize gravity
itself, and there are indeed strong reasons to think that gravity must be a
quantum theory at the fundamental level. One way to understand the dif-
ficulty is that the fields of quantum field theory are quantized upon a fixed
background geometry (usually flat Minkowski space-time.) In general rela-
tivity on the other hand, the metric, which is the spin-2 field that should be
quantized, also accounts for the very geometry of space-time itself. Hence
no fixed background geometry can be assumed a priori and the standard
procedure of quantization cannot be carried out. In fact, no completely suc-
cessful attempt has been made in finding a quantum theory of gravity.

0.3 Anomalies

Even when leaving the problem of quantizing gravity apart, there are two
observational facts that strongly suggest that there is physics beyond gen-
eral relativity. Both of these facts are to be found in cosmology. The first
problem takes its origin in the observation that the universe is expanding at
an accelerating rate. In order to explain this kind of behaviour with general
relativity, a so called cosmological constant must be introduced. This is not
a problem in itself, but the problem appears upon observing that there is a
cosmological constant-like contribution coming from quantum field theory.
However, the contribution from quantum field theory differs with no less
than 60 orders of magnitude from to the observed cosmological constant. So
in order for the effective cosmological constant to agree with observations,
the contribution coming from general relativity must be fine-tuned with an
enormous degree of precision. Even though this is neither a problem of the
consistency of the theory, nor of the correspondence with observations, it is
regarded by many physicists as a discomfortable feature.

The other observation that suggests the necessity of new physics is the
dark matter problem. When observing galactic rotation curves a striking
feature is that the stars near the galactic edges rotate too fast for them to sit
on stable orbits. This implies that the galaxies should in fact disintegrate
which is a conclusion that we want to avoid. Thus, it appears like there is a
greater matter content in the galaxies than what can be estimated from the
observed luminous matter. This matter, if it exists, is not interacting elec-
tromagnetically as it cannot be observed with the aid of telescopes. Hence
it is called "dark matter."

0.4 Proposed solutions

All these challenges have of course not escaped unnoticed by the theoret-
ical physicists and there are indeed many attempts to solve the problems.
In particular, in the last five years there has appeared a new and promising
approach, namely to add potential terms to the action of general relativ-
ity, thereby giving mass to the graviton. One may reply, and rightly so, by
saying that this idea should have appeared decades ago, which it also did.
However, there has been a notorious problem to implement the idea with-
out introducing instabilities into the theory. As a matter of fact, general rel-
ativity is the unique consistent theory for a single, symmetric, non-linear,
divergence-free, spin-2 field in four space-time dimensions. Thus, at first
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glance it seems impossible to modify it by adding a potential term, until
one considers the possibility of introducing additional spin-2 fields into the
theory that is to say. It has indeed been shown that this project can be car-
ried out consistently in the case of two dynamical interacting spin-2 fields.
This theory is oftentimes referred to as bimetric gravity.

Going beyond the scope of this thesis, one can even contemplate the
possibility of having all the "forces" of nature contained within a unified
theoretical framework. I.e. unifying the electroweak and strong forces with
gravitation. What that means in practice is not clear, and it is even not ob-
vious whether that goal can be achieved at all. What we know however,
is that there are striking examples of such unified theories within a smaller
domain of physics. The oldest example is perhaps the unification of electric-
ity and magnetism by Maxwell to the classical theory of electromagnetism.
A more contemporary example is the unification of electromagnetism and
the weak force within the framework of quantum field theory to the elec-
troweak theory. Elegance is oftentimes considered to be a desirable prop-
erty for a physical theory, impelling us to at least consider the possibility of
constructing a unified set of laws of physics. This prospect seems to lie a
long way ahead into the future however.

0.5 Outline

The reader who wishes to get a rough and ready idea of the contents and re-
sults of the thesis may read the summary at the end of each of the chapters.
In Chapter 1 we elaborate further on the motivation for finding a modi-
fied theory of gravity, hereby presenting the dark matter problem, the fine-
tuning of the cosmological constant, the problem of quantizing gravity, and
the occurrence of singularities in the general theory of relativity (GR). In the
same chapter we also summarize the historical context in which the multi-
gravity theories arose and review the theoretical foundations of GR. This
review will hopefully help the reader in understanding multigravity theo-
ries. In Chapter 2 we proceed by introducing and discussing the theoretical
foundations and basic equations of bigravity theories with the aim to give
the reader a physical intuition and understanding of the theory. In Chapter
3 we continue this project for multigravity theories. Chapter 4 is one of the
most important chapters where we narrow down the focus to the consis-
tency issue of multigravity theories. Doing so, we present the consistency
analysis of the multivielbein theory following [1] and point out the weak-
nesses of their arguments. We will also retail the analysis of [2], explicitly
taking into account the important details left out in [1]. Even if the authors
of [2] point out the weakness of [1], the conclusion that they draw is only
supported by explicit calculation of one specific example. We point out pre-
cisely what needs to be shown in order to support the conclusion of [2] with
a full proof.

In the thesis we will use a good measure of physics of constrained Hamil-
tonian systems. This theoretical framework will be introduced gradually in
the text when needed. After having clarified the consistency analysis of
multigravity theories to the point it has reached today, in Chapter 5 we pro-
vide new calculations proving one of the central conjectures of [2]. This
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is the climax of the thesis. In Chapter 6 the multivielbein theory is trans-
lated into the metric language using the approach of [3]. Finally, in Chap-
ter 7 there is a Summary and Outlook in which we summarize the results
and assess the viability of the multigravity theories in light of the consis-
tency issue. We point out the problems that need to be addressed in the
future and possible roads ahead. Appendix A contains a glossary that the
reader may consult when appropriate. In Appendix B the elementary sym-
metric polynomials are defined and a handful of important properties are
presented and derived. Appendix C introduces the so called vielbeins and
their properties and Appendix D presents the Cayley parametrization of
Lorentz transformations.
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Chapter 1

Warm-up

1.1 Conventions

Coordinate indices are denoted with Greek letters, µ, ν etc. and run from 0
to (D − 1) and i, j, etc. are used to denote the corresponding space compo-
nents running from 1 to (D− 1). Lorentz indices are labelled A, B, etc. and
run from 0 to (D−1) and the corresponding spatial components are denoted
a, b, etc. and run from 1 to (D− 1). Generically, we think of the indices, e.g.
A or µ, as denoting a specific frame. So, if we write xµ̄ or xĀ, then it is under-
stood that the barred indices µ̄ and Ā are referring to frames different from
µ andA. For example, the scalar which is formed by contracting the coordi-
nate vector V with itself can be written V µVµ = V 0V0 +V 1V1 +V 2V2 +V 3V3

or V µ̄Vµ̄ = V 0̄V0̄ + V 1̄V1̄ + V 2̄V2̄ + V 3̄V3̄ in the µ frame and µ̄ frame respec-
tively. When we work with locally inertial frames or local Lorentz frames
it will sometimes be important to make explicit the fact that the frames are
only local constructions. In this case, we put a subscript on the Lorentz
indices to clarify this. For example, AX in xAX refers to the local Lorentz
frame AX which is erected only locally at the point X . To be even more
explicit, the "time coordinate" of the local Lorentz frame AX at the point X
is labelled x0X in this notation.

The components of the Minkowski metric are denoted ηµν and we adopt
the mostly plus sign convention η = (−,+,+, ...). The antisymmetric com-
ponents of a tensor will be denoted with square brackets, e.g. T[µν] =
(Tµν − Tνµ)/2. Similarly, the symmetric components of a tensor will be de-
noted with parenthesis, e.g. T(µν) = (Tµν+Tνµ)/2. We are using the Einstein
summation convention, saying that repeated indices are to be understood
as a summation.

We will work with passive transformations rather than active transfor-
mations. Hence a transformation is regarded as a transformation between
different coordinate systems imposed on the manifold rather than trans-
forming the points of the manifold themselves. Even though these two
pictures are different from a mathematical and philosophical point of view,
they are physically equivalent [4].

Tensors will be denoted by boldface letter so e.g. g denotes the rank-2
metric tensor whose components are denoted gµν , where g = gµνd̃x

µ⊗ d̃xν

and d̃xµ are the basis one-forms. For convenience we will work with the
tensor components and not with the tensors themselves. This implicitly in-
troduces a coordinate system into the theory, but if we demand (as we do!)
that the action is a scalar, then the theory is invariant under general coor-
dinate transformations (GCTs) anyway, and the implicit coordinate system
may be chosen arbitrarily.



2 Chapter 1. Warm-up

We are using natural units in which the speed of light, c, the Planck
constant ~, and Boltzmann’s constant, kB, are unitless and put to one, i.e.
c = ~ = kB = 1. In this system of units, mass has dimension eV and length
has dimension (eV)−1. Note that the metric is unitless since the contrac-
tion of the components of the vector V with the components of the metric,
gµνV

µV ν , is the length squared of the vector. The Riemann tensor, the Ricci
tensor, and the Ricci scalar all have the same dimension for obvious reasons
and that dimension is inverse length squared since the Riemann tensor con-
sists of second-order space-time derivatives acting on the metric. Thus all
these tensors have dimension (eV)2 in natural units. By explicit calcula-
tion it is easily checked that the Einstein-Hilbert action and the potential of
bimetric gravity are unitless in natural units.

To make clear the structure behind the theory and to emphasize the im-
portance of some statements, we state them as conjectures, theorems, corol-
laries, and so on. It should be stressed however, that this should only be
viewed as a tool for making clear the structure of the theory and the relation
between the statements. It should not be interpreted in its strict mathemat-
ical sense, unless it really is a mathematically strict statement.

1.2 Motivation

The general theory of relativity, first introduced by Einstein in 1915 [5, 6],
has enjoyed great success and has without doubt been the dominating the-
ory for gravitation during the last century. Ever since Eddington’s obser-
vation of the solar eclipse in 1919 [7] GR has been increasingly favoured
from an observational point of view, in front of the Newtonian theory of
gravity. General relativity has been able to explain a very wide range of
gravitational phenomena ranging from gravitational lensing [8, 9], and the
evolution of our universe, to the gravitational redshift of light pulses1 [10,
11] and has even been applied technically in the Global Positioning System
[12]. A more recent example is the direct detection of gravitational waves
by LIGO (Laser Interferometer Gravitational-wave Observatory) in accor-
dance with the prediction of general relativity [13]. It is worth mentioning
however, that those observations have been largely confined to solar sys-
tem scales and thus there are regimes, both at very small length scales and
at very large length scales, where GR is not well tested. This opens up the
possibility that there could be deviations from GR beyond the established
limits. Due to the observed anomalies in modern theoretical physics, this is
in fact a welcome possibility.

1.2.1 The Dark Matter Problem

In 1933 Zwicky noted, when observing galactic rotation curves, that the
stars near the galactic edges rotate too fast for the galaxy to be a stable sys-
tem [14]. That is to say, given the general theory of relativity and the observ-
able amount of matter in the galaxy, the galaxy should in fact disintegrate
due to the high rotation speed of the stars around the galactic centre. This
is the so called dark matter problem. However, it would be more appropri-
ate to call it the "invisible matter problem" since rather than absorbing light

1The Pound-Rebka-Snider experiment.
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(being dark) the conjectured matter content does not seem to interact with
light at all (being invisible). Today the dark matter problem is a very well-
recognized problem within the astrophysical community and it cannot be
explained away simply by appealing to observational errors. Moreover, the
best estimates based on astrophysical observations tell us that dark matter
makes out around 80% of the entire matter content of the universe! It goes
without saying that it is a substantial challenge for modern physics to ex-
plain this phenomenon. To explain this anomaly, there are basically two
different routes to take.

1.2.2 Supersymmetry

One way to deal with the dark matter problem is to go beyond the standard
model of particle physics and postulate an increased matter via an addi-
tional set of particles. See Fig. 1.1 and Fig. 1.2. The requirement is that this
set of particles should not be interacting electromagnetically. Theoretically,
this is achieved by introducing so called supersymmetry into the standard
model of particle physics. In this way the fermions acquire a supersym-
metric bosonic partners and the bosons acquire supersymmetric fermionic
partners. For example. the superpartner of the electron is a boson called the
selectron and the superpartner of the gluon is a fermion called the gluino.

FIGURE 1.1: Schematic picture of the particles of the stan-
dard model. In the upper-right corner is the Higgs boson.
In a fundamental theory of physics the graviton, i.e. the par-
ticle excited by the gravitational field, must also be included
in the scheme of particles. The reason that it is not included
in the standard model is due to the difficulty of quantizing

GR.
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Example 1.1. Supersymmetry is an internal symmetry between fermionic
and bosonic fields. A basic example of a supersymmetric theory is the com-
bined Klein-Gordon and Dirac Lagrangian where the mass of the Klein-
Gordon field is identical to the mass of the Dirac field:

L = −1

2
(∂µφ∗∂µφ+m2φ∗φ) + iψ̄γµ∂µψ −mψ̄ψ (1.1)

where φ(x) is a scalar field, ψ(x) is a spinor field, and γµ denotes the gamma
matrices. (See p. 452 of [15].) This Lagrangian is invariant under the fol-
lowing transformation, mixing the two fields together [16]:

δφ = 2ε̄ψ, δψ = −iγµε∂µφ (1.2)

where ε(x) is an infinitesimal spinor and ε̄(x) is the adjoint spinor field de-
fined by ε̄(x) ≡ ε†(x)γ0. It is crucial that the mass parameters of the scalar
field and the spinor field are precisely the same for the Lagrangian to be
invariant under this internal transformation. However, if this theory was
incorporated in nature, then the supersymmetric partners, having the same
mass as the ordinary fermions, would easily be detected in the best particle
accelerators. Since this is not the case, the symmetry must be spontaneously
broken, if it exists at all.

It is also possible to extend this set of internal symmetries to fields of higher
spins. On a phenomenological level, supersymmetry implies that the fermions
in the standard model acquires a supersymmetric bosonic partner and vice
versa. However, we will not go into further detail on supersymmetry here.
Finally, we note that up to this date there is, to the author’s knowledge, no
experimental evidence of supersymmetric particles in nature.

1.2.3 Modified Theories of Gravity

The other approach to resolve the dark matter problem is to consider mod-
ified theories of gravity, the basic idea being that a modified theory of grav-
ity would yield corrections to GR on galactic length-scales and beyond, i.e.
at low energies. We say that GR receives infrared (IR) corrections. There is
a wide range of modified theories of gravity, e.g. new massive gravity [17],
the DGP model [18], Kaluza-Klein theories [19], Lorentz violating theories
[20], and so on. See Fig. 1.3. Among these the first one has most in com-
mon with GR. The other theories are more exotic, e.g. enhancing the num-
ber of space-time dimensions, breaking Lorentz covariance, and so on, and
will not be discussed here. New massive gravity modifies GR by consider-
ing higher-curvature terms in the action. That is to say, terms with higher
powers of the curvature tensors, e.g. R2 and RµνR

µν where R is the Ricci
curvature scalar and Rµν is the Ricci curvature tensor. We will not go into
further detail on these theories but merely note that even though promis-
ing in some aspects, many of the modified theories of gravity exhibit ghost
instabilities and hence are not viable options as theories for gravitation. In
fact, constructing consistent theories for gravity other than GR turns out to
be a very difficult project and there are several no-go theorems that prevents
many a priori possibilities to be realized consistently [21].

However, a consistent way to modify GR that has appeared within the
last five years is to add new field content to the theory by adding one or
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more dynamical spin-2 fields, letting these fields have appropriate non-
derivative interaction terms. This is the essence of the multigravity theories
that are the focus of this thesis.

Finally, note that supersymmetry and modified theories of gravity need
not be mutually exclusive theories but may in fact be combined to yield a
third solution to the dark matter problem.

1.2.4 The Fine-Tuning Problem

Besides the occurrence of dark matter there has been an increasing amount
of empirical evidence in the last two decades that the expansion rate of
the universe is increasing. Indeed, in 2011 the Nobel Prize in physics was
awarded to Perlmutter, Schmidt, and Riess who, by observing the redshift
of type Ia supernovae, discovered that the expansion of the universe is ac-
celerating [23, 24].

General relativity is conveniently summarized in the Einstein-Hilbert
action (not taking the matter Lagrangian into account explicitly)

SEH = MD−2
Pl

∫
dDx
√
−gR (1.3)

whereMD−2
Pl is referred to as the Planck mass, g denotes the determinant of

the metric, and R is the Ricci scalar. Moreover, the Einstein-Hilbert action
can be augmented by adding a so called cosmological constant, Λ, so that

SEH = MD−2
Pl

∫
dDx
√
−g(R− 2Λ). (1.4)

Varying this modified action with respect to the metric we obtain Einstein’s
equation with a cosmological constant,

Rµν −
1

2
Rgµν =

1

MD−2
Pl

Tµν − Λgµν . (1.5)

The cosmological constant is truly a constant since it has the same value
on the whole space-time manifold (i.e. everywhere and always) and has
no dynamics. With GR one can construct models for the evolution of our
universe. Introducing the cosmological constant provides us precisely with
the theoretical tool needed to obtain an accelerating expansion. Thus the
cosmological constant drives the expansion of the universe and has in that
sense a negative energy density compared to ordinary matter fields which
tend to slow down the expansion. Observationally, this negative energy
density is estimated to be of order 10−47 GeV4. So what is the problem?
The problem appears when taking quantum field theory into account which
gives a separate contribution to the vacuum energy which behaves like a
cosmological constant. This contribution comes from the vacuum expec-
tation values of the fields of the standard model. Calculating the contri-
bution from these quantum fields one ends up with an energy density be-
tween 1012 GeV4 and 1072 GeV4. That is to say, 60-120 orders of magnitude
greater than the observed expansion rate. Thus, in order for the total the-
oretical prediction to add up to the observed value, the cosmological con-
stant of GR must be fine-tuned to at least 60 decimal places to almost pre-
cisely cancel the vacuum energy of the quantum fields. This is an enormous
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amount of fine-tuning that many physicists consider to be a serious prob-
lem. What they want instead is some kind of natural explanation of this
phenomenon that should arise within the framework of theoretical physics
itself. It may be noted however that fine-tuning is neither a problem of
the theoretical consistency of the theory nor an observational problem, but
is rather a philosophical problem. Hence, the physicist’s attitude towards
fine-tuning tends to be dependent on his or her philosophical preferences;
not all physicists regard it as a serious problem.

1.2.5 Quantizing Gravity

Expectations

The standard model of particles physics has been extremely successful, de-
scribing the observed phenomenon in physics with unprecedented accu-
racy modulo one important exception, namely gravity. The project of the
standard model is to quantize the classical field theories: the Klein-Gordon
field (spin 0), the Dirac field (spin 1/2), and the Maxwell field (spin 1)
within the framework of quantum field theory. This procedure yields a
quantum theory of the fundamental particles and forces of nature, i.e. the
fermions and the electroweak and strong forces. Given the success of the
standard model it is natural to expect it to be possible to include gravity
(spin 2) into the standard model. GR would then obtain quantum correc-
tions in the ultraviolet regime (at very high energies). Therefore, general
relativity, which is a classical theory, would be merely an effective field the-
ory in the low-energy limit of its quantum version in a similar way that clas-
sical electromagnetism is a low-energy limit of quantum electrodynamics.
It is reasonable to expect GR to be accurate down to the Planck length, i.e.
lPl =

√
G~/c3 = 10−35 m−2 (SI units). Below this length-scale it is expected

that GR has to be supplemented with quantum corrections [4, Chapter 14].
Similarly, there are Planck scales of other quantities like time tPl = 10−43 s
(SI units), energyEPl = 1019 GeV, and curvature l−2

Pl = 1070 m (SI units) that
delimits the applicability of GR in terms of these entities. Having said this,
note that the problem of quantizing GR is a problem in the ultraviolet (UV)
regime of the theory while the dark matter problem and the fine-tuning
of the cosmological constant are problems on the opposite extreme of the
energy spectrum, namely in the infrared (IR) regime.

The Difficulty

Thus we would like to promote GR to a quantum field theory whose ex-
citations would be the gravitons. Unfortunately, this project appears to be
impossible to carry out. The main reason is that it does not seem to be pos-
sible to construct a renormalizable quantum field theory of gravity from
GR [4, Chapter 14]. In order to understand why this is so, recall that the
ordinary quantization procedure of e.g. the Maxwell field is carried out
on a fixed classical space-time background (usually flat Minkowski space-
time). However, when quantizing GR, a subtlety occurs, namely that the
metric, gµν , is both the dynamical field that should be quantized and at the
same time encodes the geometry of the space-time manifold on which it
should be quantized. This seems to imply that space-time itself needs to
be quantized in some sense. Following the example of Wald p. 381-2 [4],
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let us promote the metric to an operator, ĝµν , and impose the commutation
relations

[ĝµν(x), ĝρσ(x′)] = 0 (1.6)

where x and x′ are related in a space-like way. In contrast to the fields of the
standard model this equation does not make sense since the very definition
of what it is for the two points x and x′ to be space-like separated hinges on
the metric. But since this equation is an equation for the metric that is valid
irrespective of the value of the metric itself, the equation is ambiguous.

Quantum Field Theory in Curved Space-Time

At this point one might recall that even though it may not be possible to
quantize GR, it is indeed possible to work with quantum field theory in
curved space-time [4, Chapter 14.2]. That is to say, to treat gravity as a
classical field theory in the way it is done in GR, but to write the quantized
Klein-Gordon, Dirac, and Maxwell actions in curved space-time rather than
in flat Minkowski space-time. Indeed, it is from QFT in curved space-time
that we expect black holes to radiate, the so called Hawking radiation. Due
to the problems of quantizing gravity and the possibility of doing QFT in
curved space-time, one might suggest that GR is, after all, a fundamental
theory of gravity. There are, however, reasons besides expectations to think
that this cannot be a fundamental theory of nature.

The Bohr-Rosenfeld Argument

One attempt towards an argument for the necessity of quantizing gravity
builds on an argument crafted in 1933 by Bohr and Rosenfeld [25]. Bohr and
Rosenfeld were able to show that the quantization of electrically charged
particles necessitates the quantization of the electromagnetic field, thereby
implying quantum electrodynamics. Thus there is no possibility to have
a consistent theory of quantized charged particles without also having to
quantize the electromagnetic field. One can now imagine that a similar
argument could be applied to gravity, but unfortunately it does not seem to
be possible. This is due to the very distinctive feature of gravity that there is
only one type of gravitational charges (mass is always positive). The Bohr-
Rosenfeld argument on the other hand relies on the possibility of cancelling
positive charges by adding negative ones [26].

Argument

Despite the failure of the extended Bohr-Rosenfeld argument, other reasons
can be given for the quantization of gravitation. For example, the quantized
fields of the standard model are coupled to gravity by causing the gravita-
tional curvature of space-time. Thus, it seems to be rather clear that, since
the fields of the standard model are quantized, gravity must also be quan-
tized at the fundamental level. As a more concrete example, consider the
following example from [4]. If we assume that GR can be treated classically
and that the fields of the standard model are quantized, the most straight-
forward suggestion to modify Einstein’s equation is to write
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Gµν ∼=
〈
T̂µν

〉
(1.7)

where ∼= denotes equality up to a (possibly dimensionful) constant, Gµν is

the Einstein tensor, and
〈
T̂µν

〉
denotes the expectation value of the stress-

energy operator for the quantized fields. Let us assume that the matter
fields are now distributed in such a way that there is a 50% probability that
they are located in a space-time region, O1, and a 50% probability that they
are located in a separate region, O2, upon measurement. Then, measuring
the location, the fields will immediately be localized either to O1 or to O2

and since (eqn. above) is assumed to be valid also after the measurement,
the change of the gravitational field must be discontinuous and therefore
acasual.

Summarizing this section, there are reasons to think that a fundamen-
tal theory of gravity should be a quantum theory, and since GR cannot be
promoted to a quantum theory, there must be a more fundamental theory
of gravity.

1.2.6 Singularities

It is a well-known fact that general relativity exhibits solutions containing
physical singularities. A singularity is a point (or a set of points) on the
space-time manifold, at which the space-time geodesics end. A singularity
can be indicated by a divergence in a curvature invariant, e.g. in R (the
Ricci curvature scalar) or RµνρσRµνρσ (the Kretchmann scalar). Perhaps the
most familiar example of a singularity is the singularity at the centre of a
Schwarzschild black hole. Moreover, it is worth noting that not only do
singularities occur as solutions of Einstein’s equation, it is also likely that
they form under physically reasonable circumstances. In fact, it is likely
that they exist in our universe, notably at the centre of our own galaxy.

The problem with the presence of singularities is obviously that the
space-time description of the universe, featured by GR, breaks down at
these points. Therefore, since GR is not able to describe all states of the
universe, it does not seem to be a fundamental theory of nature.

One could argue however, that the appearance of singularities should
not be treated as a separate problem, but should rather be seen as a con-
sequence of our inability to construct a quantum theory of gravity from
GR. The reason to think so is that, as mentioned above, in the UV regime
of the theory where the curvature is greater than the Planck curvature, it
is reasonable to expect that GR must be supplemented with quantum cor-
rections. Even though it would be attractive to get rid of the singularities
already at the classical level, the presence of them in a classical field theory
like GR is not necessarily an argument against the viability of that theory
as an accurate low-energy limit of a corresponding quantum theory. The
presence of singularities may rather point in the direction that GR cannot
be a fundamental theory of gravity but must either have UV quantum cor-
rections or corrections already at the classical level.
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1.2.7 Finally

Even if multigravity would not be satisfactory from an observational point
of view, there is still a value from a theoretical point of view in trying to find
modified theories of gravity. Besides being intellectually amusing, finding
such theories may provide a deeper understanding of GR, addressing the
issue of whether GR is unique as a classically consistent spin-2 field theory.
Moreover, even if multigravity would not be the correct theory for gravity,
classically consistent spin-2 theories may turn out to be useful in other areas
of physics. For example in describing the propagation of a massive spin-2
meson in a gravitational background [27].

1.3 Historical Background

Finding a modified theory of gravity is certainly not a new endeavour even
though the empirical and theoretical incitements to do so have been strongly
increasing during the last century. General relativity, introduced by Ein-
stein in 1915, can be described as a theory of a propagating massless spin-2
field. It is natural to ask whether there exists any consistent massive theory
of gravity, i.e. a theory propagating a massive spin-2 excitation. The first
successful attempt to an answer dates all the way back to 1939 when Fierz
and Pauli wrote down the unique consistent theory for a massive spin-2
field at the linear level [28]. This theory is interpreted as a theory for a mas-
sive spin-2 field propagating in a flat Minkowski space-time background.
After that, there was little progress on the subject until 1970 when, van
Dam, Veltman, and Zacharov showed the presence of a discontinuity in the
zero-mass limit of the Fierz-Pauli theory, the so called vDVZ discontinuity.
The vDVZ discontinuity essentially refers to the fact that even though the
mass of the massive graviton in the Fierz-Pauli theory would be ever so
small, there would still be a significant deviation compared to GR [29, 30].
As a matter of fact, this dispute is observationally settled in favour of GR.
Nevertheless, this is not the end of the story. In 1972 Vainshtein showed
that, completing the Fierz-Pauli theory with non-linear corrections, the al-
leged discontinuity at the zero-mass limit could in fact be avoided through
the so called Vainshtein mechanism [31]. Thus saving our intuition that
physics should be continuous in the adjustable parameters of the theory.
The Vainshtein mechanism states that around massive sources there is a
certain length-scale (the Vainshtein radius) below which the linear approx-
imation of the spin-2 field is not accurate. Furthermore, when the mass of
the graviton tends to zero, this length-scale tends to infinity and the linear
approximation becomes inaccurate at all scales. The problem of obtaining a
consistent theory of a massive spin-2 field was thus forced to the non-linear
level. In the same year that Vainshtein published his mechanism, in a cou-
ple of papers Boulware and Deser were claiming that any non-linear com-
pletion of the Fierz-Pauli theory would reintroduce a ghost into the theory
[32, 33]. This result was then regarded as consensus during four decades
until 2010 when de Rham, Gabadadze, and Tolley found a sign mistake
in the previous analysis. When correcting it, they found that it is indeed
possible to construct consistent non-linear theories of a massive spin-2 field
[34, 35]. The theory proposed by these authors is named massive gravity or
dRGT theory after its authors. In massive gravity there are two spin-2 fields
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of which only one is dynamical. The non-dynamical spin-2 field is a fixed
"reference" metric and is commonly assumed to be the Minkowski metric.
Based on the success of the dRGT theory, in 2011 Hassan and Rosen were
able to promote the reference metric to a dynamical spin-2 field, thereby ob-
taining a theory for two dynamical interacting spin-2 fields at the complete
non-linear level [36, 37, 38]. This theory is commonly referred to as bimetric
theory or bimetric gravity due to the presence of two metrics in the theory.
Shortly thereafter, in 2012, Hinterbichler and Rosen proposed a general-
ization of bimetric gravity by including an arbitrary number of metrics in
the theory [1]. We will refer to this theory as the multivielbein theory. In
contrast to the bimetric theory which works directly with the metrics, Hin-
terbichler and Rosen utilized the vielbein framework. However, the consis-
tency arguments promoted by the authors have been challenged, primarily
by de Rham and Tolley in 2015, claiming that only a proper subset of the
parameter space of the multivielbein theory is consistent [2]. Nevertheless,
the analysis of de Rham and Tolley does not settle the issue completely. It
remains to show that their result is valid generically. Thus, there is a certain
degree of ambiguity concerning the consistency of the multivielbein theo-
ries proposed by Hinterbichler and Rosen. In this thesis we point out what
remains to be shown in the de Rham and Tolley analysis and we provide
new explicit calculations pointing in the same direction.

The reader who wants to further pursue the details of the historical de-
velopment of multigravity theories are referred to [21, Chapter 1-2].

1.4 Foundations of General Relativity

1.4.1 Postulates

The general theory of relativity relies on three postulates: the principle of
general covariance, the strong equivalence principle, and the identification
of the metric as the solution of Einstein’s equation. Let us now examine
what these postulates states.

In this report we take the principle of general covariance to refer to the
postulate that

GR Postulate 1 (General Covariance). The laws of physics take the same form
under general coordinate transformations.

Observe however that if we have a generic equation like φa(xµ) = 0 where
φa might be a scalar, a spinor, a tensor or whatever field on the space-time
manifold, then we can rewrite the equation in any other coordinate system,
xµ̄ say, where

xµ → xµ̄ = xµ̄(xµ) (1.8)

is a general coordinate transformation (GCT). This relation is invertible (at
least locally) so that xµ = xµ(xµ̄) for some invertible function xµ(xµ̄). The
equation φa(xµ) = 0 can now be rewritten in the new coordinate system, xµ̄,
simply by working out the equation in terms of the xµ̄ using xµ = xµ(xµ̄).
If we complete this project by compiling a list with the equation φa(xµ) = 0
in all different coordinate systems and regard the complete list as the laws
of physics, then the list itself is obviously not coordinate dependent. Thus
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one can always write any set of laws of physics in a coordinate independent
way just by working out an explicit and comprehensive list of how the laws
of physics transform under GCTs.2 Thus Weinberg states that [39]

It should be stressed that general covariance by itself is empty of
physical content. Any equation can be made generally covariant
by writing it in any one coordinate system, and then working
out what it looks like in other arbitrary coordinate systems.

Hence the content of the principle of general covariance lies in the state-
ment that the laws of physics should take the same form in all frames. This
motivates us to formulate the laws of physics by using tensors in such a
way that they are manifestly covariant under GCTs.

The second postulate of GR is the strong equivalence principle (SEP):

GR Postulate 2 (SEP). At every point on the space-time manifold there exists a
set of locally inertial frames and in these frames the laws of physics coincide with
the laws of special relativity [4].

This principle can be motivated by the Gedanken experiment where one
imagines that an observer, e.g. a rocket, is freely falling in the gravitational
field of the earth. If we imagine the observer to be of negligible size, all
parts of the observer are accelerated at the same rate towards the earth and
thus the physical situation should locally conform to that of free space (i.e.
flat Minkowski space-time). Therefore, all locally performed experiments
in a gravitational field should conform to the results of special relativity.

Note how the SEP entails the so called weak equivalence principle (WEP)
which says that the inertial mass and the gravitational mass are the same
(or proportional). More specifically, the WEP is implied from the SEP by
simply replacing "the laws of physics" with "the laws of motion of freely
falling particles." Thus the WEP says that

The weak equivalence principle (WEP). At every point on the space-time
manifold there exists a set of locally inertial frames and in these frames the laws
of motion for freely falling particles coincide with the laws of motion in special rel-
ativity.

Since all particles in free space move in the same way in special relativity
(given the same initial conditions), the inertial mass and the gravitational
mass must be proportional. We conclude that all uncharged particles fall
in the same way in the same gravitational field. Note that the WEP is not
specific for GR but is satisfied by Newtonian gravity as well. Thus, even
Newtonian gravity is a geometric theory in the sense that all observers fall
on the same path. However, even though all observers fall on the same
path in both GR and Newtonian gravity, GR is geometric in a much deeper
sense. In GR, gravity is not regarded as a force but is attributed to the
curvature of the space-time manifold. So, when a particle is freely falling in
a gravitational field it simply moves on a geodesic in a curved space-time.
However, though of theoretical significance, the geometry of the space-time

2A more sophisticated way of doing this is to introduce invariance under GCT as a gauge
symmetry by introducing a set of redundant variables. This is the essence of the Stückelberg
trick.
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manifold is not very useful in total isolation. It is important to understand
that when the physicist makes a measurement he or she always measures
the gravitational interaction with matter fields, e.g. a laser or a ruler. So,
to understand the observable consequences of GR it is absolutely crucial
to understand how the matter fields couple to gravity, i.e. to the metric.
According to the SEP, or even the WEP, this coupling must be the same for
all matter fields, or else different particles would follow different paths in
the same gravitational field.

From these considerations it is appropriate to define the metric by con-
sidering how a hypothetical test particle falls in a gravitational field. In-
deed, it would not make much physical sense to define the geometry of
the space-time manifold in any other way. For the purpose of understand-
ing multimetric theories it will be helpful to understand how the metric
arises from the SEP. In this process we will closely follow Weinberg [39].
According to the SEP, for a point-like particle falling freely in a gravita-
tional field, there exists at every point on the space-time manifold a locally
inertial frame (LIF). The coordinates of the particle at the point X is de-
noted xAX in that LIF. The upper-case Latin index A, B, ... denote the LIFs,
so for example Ā denotes a different LIF than A. To make explicit the fact
that the inertial frames are only local constructions, we have introduced the
subscript X on the indices. So, at two different space-time points X ′ and
X ′′ say, the LIFs AX′ and AX′′ are generically not identical. At the same
time as denoting the LIFs, AX indexes the different coordinates of xAX and
run from 0 to (D− 1). For example the "time coordinate" of xAX is denoted
x0X .

On the other hand, xµ are the coordinates of a generic coordinate sys-
tem, where the indices µ, ν, ... refers to that coordinate frame and are run-
ning from 0 to (D − 1). Let us now consider a massive test-particle. (A
similar analysis can be carried out in the case of a massless particle.) The
space-time trajectory, xµ, of that particle can be parametrised by its proper
time, τ , which is the time that is measured in a coordinate system comoving
with the particle. Thus the trajectory of the particle is xµ = xµ(τ). If we con-
sider a LIF at the point τ = T , corresponding to the space-time coordinate
X = x(τ), then at that point there is a LIF, AX , in which the motion of the
particle satisfies the special relativistic equation of motion

d2xAX

dτ2

∣∣∣∣
τ=T

= 0 (1.9)

and therefore the LIF is also referred to as a local Lorentz frame (LLF). In
other words, in the locally inertial frame AX at the point X , the particle is
locally moving with constant velocity. The relation between the LIF and the
coordinate system xµ is xAX = xAX (xµ) and thus we can use the chain rule
to obtain

0 =
d2xAX

dτ2

∣∣∣∣
τ=T

=
d

dτ

(
∂xAX

∂xµ
dxµ

dτ

)∣∣∣∣
τ=T

=
∂xAX

∂xµ

∣∣∣∣
x=X

d2xµ

dτ2

∣∣∣∣
τ=T

+

∂2xAX

∂xµ∂xν

∣∣∣∣
x=X

dxµ

dτ

dxν

dτ

∣∣∣∣
τ=T

. (1.10)
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Multiplying by ∂xρ/∂xAX at x = X , using the chain rule "backwards", and
renaming the indices yields the geodesic equation

d2xµ

dτ2

∣∣∣∣
τ=T

+ Γµρσ(x = X)
dxρ

dτ

dxσ

dτ

∣∣∣∣
τ=T

= 0 (1.11)

where we have defined the affine connection

Γµρσ(x = X) ≡ ∂xµ

∂xAX

∣∣∣∣
x=X

∂2xAX

∂xρ∂xσ

∣∣∣∣
x=X

. (1.12)

The geodesic equation is a differential equation for the position, xµ, of a
point-like test-particle as a function of proper time, τ . Since the geodesic
equation does not refer to any additional properties of the test particle, we
conclude that all point-like particles follows the same trajectories, as they
should. Since the affine connection is present in the geodesic equation, it
measures the curvature of the space-time manifold.

An infinitesimal increment in proper time at X , dτ2
X , is

dτ2
X = −ηAXBXdxAXdxBX . (1.13)

Expressing the infinitesimal proper time increment (1.13) in a general coor-
dinate system at a point τ = T ⇔ X = x(τ) we have

dτ2
X = −ηAXBX

∂xAX

∂xµ

∣∣∣∣
x=X

dxµ
∂xBX

∂xν

∣∣∣∣
x=X

dxν = −gµν(x = X)dxµdxν

(1.14)
where the metric tensor is defined as

gµν(x = X) ≡ ∂xAX

∂xµ

∣∣∣∣
x=X

∂xBX

∂xν

∣∣∣∣
x=X

ηAXBX . (1.15)

This equation defines the components of the metric tensor in the xµ coordi-
nates at the point x = X . Note that if we consider two different LIFs, xAX

and xĀX , at the point x = X then, per definition, the coordinates of the two
frames are related by a local Lorentz transformation, ΛĀXAX , at that point,
i.e.

xAX → xĀX = ΛĀXAXx
AX (1.16)

which implies the following transformation rule for the partial derivatives:

∂xAX

∂xµ

∣∣∣∣
x=X

→ ∂xĀX

∂xµ

∣∣∣∣∣
x=X

=
∂xĀX

∂xAX

∣∣∣∣∣
x=X

∂xAX

∂xµ

∣∣∣∣
x=X

≡ ΛĀXAX
∂xAX

∂xµ

∣∣∣∣
x=X

.

(1.17)
Thus, despite the apparent reference in the definition of the metric (1.15) to a
specific local inertial frame, xAX , the locally inertial frames are transformed
into each other via local Lorentz transformations according to (1.16) and
(1.17) and hence the metric is invariant under such a transformation since
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gµν(X) ≡ ∂xAX

∂xµ

∣∣∣∣
x=X

∂xBX

∂xν

∣∣∣∣
x=X

ηAXBX →
∂xĀX

∂xµ

∣∣∣∣∣
x=X

∂xB̄X

∂xν

∣∣∣∣∣
x=X

ηĀX B̄X =

ΛĀXAX
∂xAX

∂xµ

∣∣∣∣
x=X

ΛB̄XBX
∂xBX

∂xν

∣∣∣∣
x=X

ΛCĀXΛDB̄XηCXDX =

∂xAX

∂xµ

∣∣∣∣
x=X

∂xBX

∂xν

∣∣∣∣
x=X

ηAXBX ≡ gµν(X). (1.18)

Thus we conclude that the metric tensor is unique.
It is also possible to derive the following relation between the metric

and the affine connection

Γµρσ =
1

2
gµλ(∂ρgσλ + ∂σgρλ − ∂λgρσ). (1.19)

Since the affine connection measures the curvature of space-time and is a
function only of the metric and its derivatives, the metric is a measure of the
curvature of space-time and hence measures space-time distances. From
the definition of the metric (1.15) it is apparent that it transforms covariantly
under GCT so it is a rank-2 coordinate tensor. From its definition it is also
apparent that it is symmetric. Being a rank-2 tensor field it is also natural to
choose it to be the appropriate object used to raise and lower the space-time
indices, i.e. mapping between vector spaces and dual vector spaces.

We also see that the metric is non-singular, i.e. there exists an inverse to
the metric with components gµν(X), namely

gµν(X) =
∂xµ

∂xAX
∂xν

∂xBX
ηAXBX . (1.20)

We have now shown that given the SEP, there exists a unique, symmetric,
non-singular, rank-2 coordinate tensor field that measures the curvature of
space-time, called the metric. Observe that the only assumption needed
to derive the existence of a unique metric was the SEP, not that the metric
satisfies Einstein’s equation. Thus, the SEP is a sufficient condition to obtain
a unique metric, determining how particles fall in a gravitational field. In
other words, all theories affirming the SEP contains a unique metric. We
summarize the above analysis in the following theorem.

Theorem 1.1. For all theories satisfying the SEP, there exists a unique, non-
singular, symmetric, rank-2 tensor field, called the metric. It is defined by (1.15).
Associated with the metric is also an affine connection (1.12). The metric encodes
the geometry of the space-time manifold by determining the way in which test par-
ticles fall in a gravitational field (1.11) (1.19).

We draw the conclusion that even if more general theories like multigravity
theories satisfy the SEP, there exists also in these tehories a unique metric
measuring the curvature of the space-time manifold. However, in multi-
gravity theories there are several symmetric spin-2 fields which are com-
monly referred to as "metrics". This is potentially confusing since it is not
clear which one, if anyone, of these spin-2 fields that is the physical metric
measuring the geometry of space-time. In order to distinguish the unique
metric derived from the SEP from the other symmetric spin-2 fields, we
refer to the unique metric in the SEP sense as the "effective" metric.
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The SEP was a sufficient condition for the existence of a metric and
hence a geometrical interpretation of gravitation. On the other hand, the
WEP is a necessary condition. Without the WEP, we allow for the possibil-
ity for different particles to fall on different paths in the same gravitational
field and thus gravitation can definitely not be interpreted in a geometrical
way. Therefore,

Theorem 1.2. The WEP is a necessary condition for the existence of a metric and
a geometrical interpretation of gravity.

By inspection of Theorem 1.1 and Theorem 1.2 we note that there could be
geometrical theories of gravity not satisfying the SEP. The WEP on the other
hand, is a necessary condition for a theory of gravity to be geometrical.

Finally, even though rarely mentioned explicitly, it will be helpful in our
study of modified theories of gravity to clearly state the third postulate of
GR.

GR Postulate 3. The metric satisfies Einstein’s equation. Or equivalently, the
gravitational action is the Einstein-Hilbert action.

The identification of the metric as the spin-2 field solved for in Einstein’s
equation appears very natural in the context of general relativity since Ein-
stein’s equation is the unique, consistent, non-linear equation of motion
containing a single, symmetric, divergence-free, spin-2 field and its first
two derivatives in four space-time dimensions [40]. Let us state this as a
theorem.

Theorem 1.3 (Lovelock). Einstein’s equation is the unique, consistent, non-
linear equation of motion containing a single, symmetric, divergence-free, spin-2
field and its first two derivatives in four space-time dimensions.

From this observation, it appears to be very natural to identify the metric
as the solution for Einstein’s equation. On the other hand, if we widen
the scope by considering the possibility to add several spin-2 fields to the
theory, then Theorem 1.3 does not apply and the third postulate of GR can
certainly be challenged.

Thus, the third postulate of GR states that the gravitational action is
(1.3). Varying the Einstein-Hilbert action with respect to the metric we ob-
tain Einstein’s equation (1.5).

1.4.2 Symmetries

It may be noted that the Einstein-Hilbert action (1.3) possesses a set of con-
tinuous symmetries, i.e. gauge symmetries, namely reparametrization in-
variance. Reparametrization invariance, or diffeomorphism invariance as
we will usually refer to, denotes the invariance of the action under GCTs
(1.8). In particular, “... diffeomorphisms comprise the gauge freedom of
general relativity.” [4]. That the Einstein-Hilbert action is invariant under
such a transformation can be realized immediately by noting that the ac-
tion contains only coordinate scalars, namely the Ricci scalar, R, and the
volume element dDx

√
−g. Since the GCTs have D arbitrary functions as

parameters, the diffeomorphism invariance of GR can be used to eliminate
D degrees of freedom.
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1.4.3 Degrees of Freedom in GR

Corresponding to the metric there is a canonically conjugate momentum in
GR defined by

πµν ≡ ∂LEH

∂ġµν
(1.21)

where the dot denotes a time derivative and the Einstein-Hilbert Lagrangian
is defined as

LEH ≡
√
−gR. (1.22)

Thus we naively expect that the number of phase-space degrees of freedom
(DOFs) would be 2×D(D+1)/2, i.e. the number of independent parameters
in two symmetric rank-2 tensor fields. However, there should be D(D −
3) DOFs in a healthy theory for a single massless spin-2 field. The extra
DOFs are eliminated through symmetries and constraints of which we have
already seen that the diffeomorphism invariance can be used to eliminate
D DOFs.

ADM Variables

There is a particularly convenient way to analyse the number of phase-
space DOFs in GR and that is by writing the theory in terms of so called
ADM variables [41]. Introducing the lapse, N , the shift, Ni, and the spatial
metric γij

N ≡ 1√
−g00

, Ni ≡ gi0, γij ≡ gij (1.23)

where the lower-case indices i, j, ... are running from 1 to (D − 1), we can
write the metric

gµν =

(
−N2 +N iNi Nj

Ni γij

)
(1.24)

and thus the metric is broken up into a time direction and a space direction.
The spatial metric γij is used to raise and lower the indices of the shift func-
tions Ni; in other words Ni = γijN

j . We will commonly refer also to N i as
the lapse even though this is not correct, technically speaking. Using γij to
raise and lower the indices of the lapse, we can also write (1.24) as

gµν =

(
−N2 +N iγijN

j N iγij
γijN

j γij

)
(1.25)

or in matrix notation

gµν =

(
−N2 + NTγN NTγ

γN γ

)
. (1.26)

where N is the column vector with components N i and γ is the (D − 1) ×
(D − 1) matrix with components γij . Using ADM variables, the inverse of
the metric also takes a simple form
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gµν =
1

N2

(
−1 NT

N N2γ−1 −NNT

)
. (1.27)

which can be checked by explicit calculation. Plugging the ADM variables
into the Einstein-Hilbert action (1.3) yields [41]

SEH = MD−2
Pl

∫
dDx(πij γ̇ij +NR0 +NiR

i). (1.28)

With the ADM variables, the diffeomorphism invariance of GR is not mani-
fest anymore. (It is still there however.) This is not very surprising since the
metric tensor was decomposed into a time direction and a space direction.
The precise form of R0 and Ri in (1.28) are not interesting to us, the only
important thing to note is that they are functions of γij and πij alone, i.e.

R0 = R0(γij , π
ij), Ri = Ri(γij , π

ij). (1.29)

Now the advantage of the ADM formalism starts to become evident. The
first conclusion we can draw is that only the spatial metric γij appears with
a derivative in the action and hence only the spatial metric is dynamical.
Since only the dynamical fields contribute to the phase-space DOFs, there
is in fact a maximum of D(D − 1)/2 phase-space DOFs in GR.

The second conclusion is that the non-dynamical lapse N and shift Ni

appear linearly in the action and are thus Lagrange multipliers. The equa-
tions of motion (EOMs) for the lapse and shift are obtained by varying the
action with respect to these variables,

δSEH

δN
= 0⇔ R0(γij , π

ij) = 0 (1.30)

and
δSEH

δNi
= 0⇔ Ri(γij , π

ij) = 0. (1.31)

Carefully observe that the equations for R0 and Ri, i.e. (1.30) and (1.31), are
equations only for γij and πij . Thus they areD constraints on the dynamical
phase-space DOFs γij and πij , eliminating another D DOFs. If the action
would not have been linear in the lapse and shift, then their EOMs would
be equations in the variables themselves and not constraints on the phase-
space DOFs.

To summarize, we start with 2×D(D−1)/2 phase-space DOFs, and find
D diffeomorphism symmetries, and D constraints, adding up to a total of

2× 1

2
D(D − 1)−D −D = 2× 1

2
D(D − 3) (1.32)

phase-space DOFs. In D = 4 space-time dimensions this is four phase-
space DOFs. This is the correct number for a massive spin-2 field and we
conclude that GR seems to have the healthy number of phase-space DOFs.
Not very surprising. In Section 4.1 we will repeat the DOF counting of GR
in the vielbein language.
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1.4.4 Linearized GR

To see very explicitly that general relativity propagates a massless spin-2
graviton, we can linearize GR by considering a small perturbation around a
flat Minkowski background. In other words, we are considering an almost
empty universe. Then there exist coordinates in which the metric can be
written

gµν = ηµν + hµν (1.33)

where

|hµν | � 1. (1.34)

We will not repeat the complete analysis here as it is presented in most
introductory text book on the subject. Just note that one can redefine the
perturbation to h̃µν (the particular form is not important) and gauge fixing
appropriately we arrive at

�h̃µν = 0. (1.35)

This is a set of Klein-Gordon equations for a massless field and without any
source term. Thus it is clear that GR propagates a massless spin-2 field. The
box operator, or d’Alembertian, is defined as

� ≡ ηµν∂µ∂ν . (1.36)

1.5 Summary

There are a number of empirical anomalies as well as theoretical drawbacks
with the paradigmatical general theory of relativity, motivating a search
for modified theories of gravity. More specifically we have the dark mat-
ter problem, the fine-tuning of the cosmological constant, the difficulty of
quantizing GR, and the presence of singularities in the theory.

General relativity is built upon three postulates: general covariance, the
strong equivalence principle, and Einstein’s equation. General covariance
basically states that there are no preferred coordinate systems. That is to
say, the laws of physics take the same form under general coordinate trans-
formations. The strong equivalence principle says that at each point on the
space-time manifold there exists a set of locally inertial frames and in these
frames the laws of physics coincide with the laws of special relativity. From
the strong equivalence principle we were able to derive the existence of a
unique metric tensor, measuring space-time distances and determining the
path of freely falling observers. Although we consider Einstein’s equation
as a postulate, it is noted that it is the unique consistent equation of motion
containing a single, symmetric, divergence-free, spin-2 field and its first two
derivatives in four space-time dimensions.

GR is a theory for a massless, symmetric, spin-2 field having two prop-
agating modes or, equivalently, four phase-space degrees of freedom in
D = 4 space-time dimensions.

GR is invariant under general coordinate transformations.
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A convenient way to analyse the phase-space degrees of freedom in the
theory is by utilizing the ADM variables, effectively decomposing the met-
ric into a time direction and a space direction.
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FIGURE 1.2: Schematic picture of the particles in a super-
symmetric version of particle physics. The supersymmetric
partners of the particles of the standard model are written
in black and are primed. Observe that the supersymmet-
ric partners of the fermions (within blue/green boxes) are
bosons (within red boxes) and vice versa. The reader is en-
couraged not to take this picture too literally. There are sev-
eral different supersymmetric models of particle physics,
and not all of the superparticles are present in all of these

theories.
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FIGURE 1.3: A chart of some modified theories of gravity.
The precise content of the theories in the different branches
are not important, just observe that there are many different
ways to construct modified theories of gravity. In this thesis
we will concentrate on the possibility of adding new field
content, and in particular adding tensor fields in the context
of multigravity theories. Picture inspired by Tessa Baker in

[22].
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Chapter 2

Foundations of Bigravity

Motivated by the theoretical and empirical anomalies of general relativity
we proceed and consider modified theories of gravity. As shown in Fig. 1.3
there are many different routes that one could take. In this thesis we will
concentrate on the possibility of adding new field content. In particular,
adding rank-2 tensor fields to the theory. We will refer to generic theories
of two interacting spin-2 fields as bigravity theories. With more than one
spin-2 field in the theory, we avoid the scope of Theorem 1.3, and hence GR
Postulate 3 can be challenged. Thus, introducing additional spin-2 fields
into the theory opens up the possibility to modify GR in a consistent way.
Note however, that we still want to maintain GR Postulate 1, i.e. general co-
variance, in the theory. The weak equivalence principle is also maintained,
allowing for a geometrical interpretation of bimetric gravity.1

2.1 Metrics in Multigravity

Before we discuss any particular multigravity theory, we should say some-
thing about the definition of metrics and vielbeins in theories of two or
more interacting spin-2 fields. In multigravity theories we have several
symmetric spin-2 fields that are referred to as metrics. However, as pointed
out in Theorem 1.1, if the SEP is satisfied then there exists a unique rank-2
tensor field that measures the geometry of the space-time manifold via the
defining equation (1.15). For the sake of clearness, in the context of multi-
gravity theories we refer to the rank-2 tensor field determining the curva-
ture of space-time as the effective metric. However, not all of the so-called
metrics in a multigravity theory, if any, can be identified with the effective
metric. Hence they cannot be defined via (1.15) and are not metrics in the
strict sense of the word. So the denotation of the additional spin-2 fields as
"metrics" is potentially misleading. However, we will adhere to this con-
vention and adopt the definition of [4], simply letting a "metric" denote
a symmetric, non-singular, rank-2 tensor field defined on the space-time
manifold that appears in the theory in a particular way and that, together
with the other metrics, give rise to the effective metric,

geff
µν = geff

µν

(
g(1), ..., g(N )

)
(2.1)

that determines how test-particles fall in a gravitational field.

1One may note that even though only one of the metrics, e.g. g, is identified as the
effective metric, we may still regard the other metric, f , as a part of the gravitational sector.
In this way we avoid the question of whether or not the field excitations of the f metric
satisfy the WEP or not.
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2.2 Bimetric Gravity

The project of constructing a consistent theory for two dynamical, inter-
acting, spin-2 fields was successfully accomplished in 2011 when Fawad
Hassan and Rachel Rosen proposed and proved the consistency of a theory
containing two dynamical, interacting, spin-2 fields, at the complete non-
linear level [36, 37, 38]. This theory is commonly referred to as bimetric
gravity or bimetric theory due to the appearance of two spin-2 fields, also
called metrics, in the theory. The couplings between the spin-2 field will
be referred to as Hassan-Rosen couplings. The Hassan-Rosen action in D
space-time dimensions is

SHR = MD−2
Pl (g)

∫
dDx
√
−gR(g) +MD−2

Pl (f)

∫
dDx

√
−fR(f)+

− 2mD

∫
dDx
√
−g

D∑
n=0

βnen(S) (2.2)

where gµν and fµν denotes the components of the two dynamical, symmet-
ric, spin-2 fields, MPl(g) and MPl(f) are referred to as the Planck masses of
g and f respectively, R(g) and R(f) are the Ricci scalars of g and f respec-
tively, m is a constant parameter with mass dimension, βn is a set of (D+1)
arbitrary parameters, S is the square-root matrix with components

Sµν ≡ (
√
g−1f)µν , (2.3)

and en denotes an elementary symmetric polynomial. The elementary sym-
metric polynomials are functions from the set of D ×D real matrices to the
real numbers,

en : Mat(D,R) 7→ R. (2.4)

In D = 4 space-time dimension there are D + 1 = 5 elementary symmetric
polynomials:

e0(S) = 1,
e1(S) = [S],
e2(S) = 1

2([S]2 − [S2]),
e3(S) = 1

6([S]3 − 3[S2][S] + 2[S3]),
e4(S) = 1

24([S]4 − 6[S]2[S2] + 3[S2]2 + 8[S][S3]− 6[S4]) = detS, and
en(S) = 0 ∀n ≥ 5

(2.5)
where [·] denotes the trace. The definition and properties of the elementary
symmetric polynomials in D dimensions are presented in Appendix B. In
bimetric theory, the argument of the elementary symmetric polynomials are
the square-root matrices (2.3) and since the elementary symmetric polyno-
mials map D×D real-valued matrices to the real numbers, the square-root
matrix, S, must exist2 in order for the theory to be well-defined. Thus, in

2We say that the square-root matrix S =
√

g−1f exists if there is a real matrix, X say,
such that X2 = g−1f .
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bimetric gravity we have to restrict ourselves to work only with g and f

such that
√
g−1f exists.

The Hassan-Rosen action (2.2) consists of a kinetic term and a potential
term, where the kinetic term contains two copies of the Einstein-Hilbert ac-
tion (1.3), one for each of the spin-2 fields. Since the Einstein-Hilbert action
contains derivatives of the metric, it gives dynamics to its metric argument
as we could see in (1.28). Thus, we realize that both of the spin-2 fields
of bimetric gravity are dynamical. Furthermore, from (1.28) we see that
each of the spin-2 fields comes with a derivative term like πij(1)γ̇ij(1) and
πij(2)γ̇ij(2) in the action. The numbers within parenthesis refer to the two
metrics; (1) refers to g and (2) refers to f . Hence only the spatial metrics,
γij(1) and γij(2), come with derivatives and are dynamical. We conlude
that there can be a maximum of 2 × 2D(D − 1)/2 dynamical phase-space
DOFs in bimetric gravity, coming from the symmetric γij(1), πij(1), γij(2),
and πij(2).

The Hassan-Rosen potential contains mixed expressions of the two spin-
2 fields through the square-root matrix

√
g−1f . Hence, it is evident that the

two fields are interacting with each other.

2.2.1 Symmetry and Duality

Diffeomorphism Invariance

Since the kinetic part of the Hassan-Rosen action consists of two copies of
the Einstein-Hilbert action, the kinetic term is not mixing the two metrics
together and hence the kinetic term is invariant under individual GCTs. In
other words, we could compute the Einstein-Hilbert action for gµν in the un-
barred frame and the Einstein-Hilbert term for fµ̄ν̄ in the barred frame. Due
to the symmetry under individual GCTs, the barred and unbarred frames
could be different without changing the physics of the theory. However, the
potential term of the Hassan-Rosen action mixes the two metrics together.
In particular, the indices of the two are contracted together e.g. in gµρfρν
and therefore the components of g and f must be computed in the same
frame. Thus, adding the potential term in bimetric gravity breaks the in-
dividual diffeomorphism invariance down to the diagonal subgroup of si-
multaneous GCTs. This is another way of saying that if we make a general
coordinate transformation,

xµ → xµ̄ = xµ̄(xµ), (2.6)

then the components of the two metrics are transformed in the same way,

gµν → gµ̄ν̄ =
∂xµ

∂xµ̄
∂xν

∂xν̄
gµν (2.7)

fµν → fµ̄ν̄ =
∂xµ

∂xµ̄
∂xν

∂xν̄
fµν . (2.8)

This transformation is certainly a symmetry of the kinetic term. Concerning
the transformation of the potential under such a GCT
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en

(√
g−1f

)
→ en

(√
(P T gP )−1P T fP

)
= en

(
P−1

√
g−1fP

)
= en

(√
g−1f

)
(2.9)

where we used (B.18) and the fact that the similarity transformation acts as
[42]

F (P−1XP ) = P−1F (X)P (2.10)

on a matrix function F : Mat(D,R) 7→ Mat(D,R). The matrix P is defined
as

Pµµ̄ ≡
∂xµ

∂xµ̄
. (2.11)

Duality

Besides the diffeomorphism invariance of the theory, there is a duality be-
tween the two metrics g and f . In particular, owing to (B.6),

√
−g

D∑
n=0

βnen

(√
g−1f

)
=
√
−f

D∑
n=0

βneD−n

(√
f−1g

)
. (2.12)

If we choose the parameters of bimetric theory to be such that the Planck
masses are equal, MPl(g) = MPl(f), and the βn parameters are related to
each other via βn = βD−n, then the theory is invariant under the internal
transformation

gµν → fµν
fµν → gµν

. (2.13)

In that case there is a discrete symmetry of the theory. Otherwise, the
transformation (2.13) maps a certain branch of bimetric gravity to another
branch.

We conclude that despite the unequal appearance of the two metrics
in the Hassan-Rosen action (2.2), they do in fact enter into the theory on
similar footing due to the duality present in the theory.

2.2.2 DOF Counting

For any classical field theory it is essential that the Hamiltonian is bounded
from below. If not, the theory contains instabilities as an infinite amount of
energy can be extracted from the field when it decays to ever more nega-
tive energy states. Even more, if quantizing such a theory, it will become
nonunitary. These instabilities are commonly referred to as ghosts and thus,
for a physical theory to make sense, the ghosts must be exorcised. A partic-
ular kind of ghost that has been haunting modified theories of gravity is the
so called Boulware-Deser (BD) ghost. This is a scalar (spin 0) ghost mode
that appears when the lapse equation of motion is lost as a constraint on
the phase-space variables. This constraint is necessary in order for the the-
ory to contain the correct number of phase-space DOFs. Generically, when
modifying GR e.g. by adding a potential term, this constraint is lost and
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the Boulware-Deser ghost appears [32, 33]. Specifically, for each additional
spin-2 field that is introduced into the theory, one additional BD ghost is
also introduced in general. The number of BD ghosts does not change with
the space-time dimensionality however. This explains why GR has to be
modified in a very particular way to even obtain a meaningful theory.

In the context of theories for gravity, for a theory to be free from ghost-
instabilities it is necessary that the phase-space of the theory contains the
correct number of DOFs. For the sake of clearness, let us state this as a
theorem.

Theorem 2.1. For a theory to be free from ghost-instabilities, it is necessary that
the phase-space of the theory contains the correct number of DOFs.

In fact, the major goal of this thesis is to count the number of DOFs in multi-
gravity theories. As we will analyse the number of DOFs in the more gen-
eral multigravity theories, we review the no-ghost proof of bimetric gravity
very briefly.

Starting from the Hassan-Rosen action (2.2) one can write both of the
metrics in terms of their ADM variables. Furthermore, one can redefine the
shift vector of gµν via

N i(1) = N(2)ni +N i(2) +N(1)Di
kn

k (2.14)

where ni is the redefined shift. The explicit form of the matrix Di
k is not

important to us. With this redefinition, the action can be rewritten in terms
of ni instead of N i(1),

SHR =

∫
dDx

(
N(1)C(1) +N(2)C(2) +Ni(2)Ci(2)

)
. (2.15)

Importantly, C(1), C(2), and Ci(2) do not depend on the lapses N(1), N(2)
or the second shift Ni(2). The ni EOMs can be used to determine ni, and
as it turns out, the solution is independent of N(1), N(2), and N i(2). The
solution can be plugged back into the action and the linearity in the lapses
and the second shift is maintained. This implies that the lapses and shift
appear as Lagrange multipliers in (2.15) and their EOMs become 1 + 1 +
(D − 1) constraints on the dynamical variables γij(1), πij(1), γij(2), and
πij(2). Requiring that the constraint C(1) = 0 is conserved in time implies a
non-trivial secondary constraint that eliminates another phase-space DOF.
The Hassan-Rosen action was constructed in a very specific way in order for
all these constraints to appear. In generic modified theories of gravity, the
lapse N(1) does not appear as a Lagrange multiplier and hence the phase-
space dimensionality is increased by 2 and the scalar BD ghost reappears.

To summarize, we start with 2 × 2D(D − 1)/2 DOFs. D DOFs can be
eliminated with the overall diffeomorphism invariance. The EOMs for the
lapses and shift, together with the secondary constraint associated with
C(1) can be used to eliminate another 1 + 1 + (D − 1) + 1 = D + 2 DOFs.
Thus, the bimetric gravity phase-space contains

2×2×1

2
D(D−1)−D−D−2 = 2

(
1

2
(D − 1)(D − 2)− 1

)
+2

(
1

2
D(D − 1)− 1

)
(2.16)
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DOFs. In D = 4 space-time dimensions this is 14 DOFs. This is the correct
number for a healthy theory for two dynamical, interacting, spin-2 fields
propagating a massless and a massive graviton. The reader who wishes a
detailed review of the ghost analysis is referred to [21].

2.2.3 Mass Spectrum

As we saw, there are 14 phase-space DOFs in bimetric gravity, or 7 propa-
gating modes of which 5 are derived from the massive graviton and 2 from
the massless graviton. We will not go into detail here, but note that if we
consider the set of solutions in bimetric theory for which the two metrics
are proportional, i.e.

g̃µν = cf̃µν , (2.17)

then the EOMs reduce to two copies of Einstein’s equation (1.5) with certain
redefinitions of the cosmological constants and Planck masses. (The stress-
energy tensor is put to zero.) Let us make a small perturbation around this
set of solutions,

gµν = g̃µν + δgµν fµν = f̃µν + δfµν . (2.18)

Define the following linear combination of the perturbations δg and δf ,

δGµν ∝ δgµν + cD−4αD−2δfµν and (2.19)

δMµν ∝ δfµν − c2δgµν , (2.20)

where ∝ denotes proportionality. The specific expression for the param-
eter α is not important to us. Then the EOMs for the perturbations δGµν
and δMµν turn out to be the linearized Einstein’s equation and Fierz-Pauli
equation respectively [43]. Thus, δG is a massless fluctuation and δM is a
massive fluctuation. We conclude that the metrics appearing in the canon-
ical Hassan-Rosen action, gµν and fµν in (2.2), do not correspond to mass
eigenstates themselves. Rather, a certain linear combination of them can be
identified to be massless field and another linear combination to be mas-
sive. The massless field has two propagating modes in D = 4 space-time
dimensions, corresponding to the two helicity states of a massless spin-2
particle, i.e. a massless graviton. Similarly, the massive field has five prop-
agating modes corresponding to the five helicity states of a massive spin-2
particle, i.e. a massive graviton. For details, see [21] or [43].

2.3 Matter Couplings

The effective metric encodes the physical geometry of the space-time man-
ifold by determining how particles fall in a gravitational field. The specific
form of the effective metric is dependent upon the way in which the mat-
ter fields interact with the spin-2 fields of bimetric gravity. Generically the
effective metric is a function of the two metrics g and f ,

geff
µν = geff

µν(g, f). (2.21)
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A special case is when only one of the metrics couple to matter, say gµν .
Then that metric coincides with the effective metric, i.e. gµν = geff

µν , and is
the rank-2 tensor field that measures the space-time distances. In this case,
the other "metric", f , is not a metric in the strict sense but is just another
rank-2 tensor field on the space-time manifold.

Whether the WEP holds or not in bimetric gravity is dependent upon
the matter couplings. For example if one type of matter fields, say a spin-
1/2 field, would couple to the spin-2 fields of bimetric gravity in one way
and another spin-1/2 field would couple to these fields in another way, then
different particles would not fall on the same path in the same field and the
WEP would be broken. Then, according to Theorem 1.2, the geometrical
interpretation of gravity must be abandoned and we should go back and
regard gravity as a force as we did in Newtonian physics.

Of course, breaking the WEP is an option, albeit a very radical one. To
be sure, the WEP lies at the very heart of GR. So if bimetric gravity would
break the WEP, then it should not just be considered to be an extension of
GR, but should rather be considered as providing us with a fundamentally
new perspective on the nature of gravity.

2.4 Bivielbein Theory

A more generic set of bigravity theories can be constructed using the viel-
bein formalism. We will refer to a bigravity theory formulated in the viel-
bein formalism as a "bivielbein" theory while the term "bimetric" is reserved
for bigravity theories formulated in terms of metrics. In particular, we will
work with the bivielbein theory presented in [1].

As we remarked in Section 2.1 the metrics of multigravity theories can-
not be defined in the same way as in GR as the effective metric does not
coincide with the other metrics. This is also true for the vielbeins, which in
the context of multigravity theories cannot be defined by (C.2). Rather, in
the context of multigravity theories, let us define a vielbein as the square-
root of the metric in the sense that (C.3)

gµν = (ET )AµηABE
B
ν ⇔ g = ET ηE (2.22)

or in other words (C.11),

gµν = (ET )AµEAν . (2.23)

The vielbein of the second spin-2 field, F , is defined similarly. The details
of the definition and properties of the vielbeins are relegated to Appendix
C.

2.4.1 DvN Condition

The Deser-van Nieuwenhuizen (DvN) condition is a condition on the viel-
beins E and F , namely that

ET ηF = F T ηE (2.24)

or equivalently,
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ηEF−1 = (ηEF−1)T (2.25)

Writing out the components explicitly,

(ET )A[µηABF
B
ν] = 0 (2.26)

or

η[ACE
C
µ(F−1)µB] = 0. (2.27)

The space-space components of (2.26),

(ET )A[iηABF
B
j] = 0 (2.28)

are called the space-space DvN condition. Assuming that the DvN condi-
tions holds for the vielbeins, we may use (2.22) and (2.24) to show that the
square-root matrix S =

√
g−1f can be expressed in terms of the vielbeins

in the following way √
g−1f = E−1F. (2.29)

If the DvN condition appears in a particular theory as a subset of the EOMs,
then the existence of the square-root matrix

√
g−1f is guaranteed [44, 45]

and there is a straightforward way to translate between the vielbein for-
malism and the metric formalism via (2.29). We conclude that if the DvN
condition arises dynamically in a certain bivielbein theory, then we do not
need to worry about restricting ourselves to working with g and f such that
the square-root matrix exists, rather the existence of this matrix is guaran-
teed by the theory itself.

Even though the DvN condition might not arise dynamically in a partic-
ular theory, there still remains the possibility of finding a Lorentz transfor-
mation, ΛDvN, that renders the corresponding constrained vielbein satisfy
the DvN condition (2.24), i.e.

ET ηFc = F Tc ηE (2.30)

where

F = ΛDvNFc. (2.31)

In fact, such a Lorentz transformation exists if and only if the square-root
matrix

√
g−1f exists [44, 45]. From (2.30) it is now clear that

Fc = E
√
g−1f. (2.32)

Moreover, the DvN condition is closely related to the causal structure of
the theory. More specifically, there exists a Lorentz transformation such as
ΛDvN if and only if there is a non-empty intersection between the null cones
of E and F .

These statements are important, so we formulate them as a theorem.

Theorem 2.2. There exists a Lorentz transformation rendering the correspond-
ing contrained vielbein to satisfy the DvN condition if and only if the square-root
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matrix exists. The square-root matrix exists if and only if the null cones of the
vielbeins are overlapping.

2.4.2 Bivielbein Action

The bivielbein action is

S = MD−2
Pl (E)

∫
dDx detE R(E) +MD−2

Pl (F )

∫
dDx detF R(F )+

− 2mD
D∑
n=0

βn

∫
dDx detE en(E−1F ). (2.33)

R(E) and R(F ) denotes the Ricci scalar written in terms of the vielbeins E
and F respectively, rather in terms of the metrics. With the aid of (B.20) we
can rewrite this action on an alternative form,

S =

2∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx T I1...ID ε̃µ1...µD ε̃A1...ADE

A1
µ1(I1)...EADµD(ID). (2.34)

where ε̃µ1...µD denotes the components of the totally antisymmetric ten-
sor density, ε̃A1...AD denotes the components of the totally antisymmetric
Lorentz tensors density, the sum is over all possible values of Ii, which is
Ii ∈ {1, 2}, and T I1...ID is a set of parameters or constant coefficients with
mass dimension (D − 2). We have also invoked the notation of letting the
labels Ii refer to the different vielbeins with E(1) = E and E(2) = F .

The bivielbein action consists of two copies of the Einstein-Hilbert ac-
tion and an interaction term (the potential). Observe that the bivielbein
action avoids the inconvenient square-root matrix and only ordinary ma-
trix products like E−1F appears. Unfortunately, this benefit does not come
without a price. From equation (C.3) it is apparent that there is not a one-
to-one correspondence between the vielbeins and the metrics; rather, for
each metric there is an equivalence class of vielbeins that represent the same
metric. The metric is invariant under local Lorentz transformations (LLTs)
of the vielbeins and hence an equivalence class consists of the set of viel-
beins that are related via LLTs. Thus, by writing the bigravity potential in
the vielbein language we introduce a set of additional, unphysical, param-
eters into the theory, viz. the Lorentz parameters (the boosts and rotations
angles).

The unphysical DOFs should eventually be eliminated from the theory.
The potential danger is that they will hide implicitly in the theory, possibly
leading to false conclusions if not taken care of. This seems in fact to be
what happened with the proposal of the multivielbein theories in [1], where
the rotational DOFs were not taken care of explicitly.

If we compare the bivielbein action (2.33) with the Hassan-Rosen action
(2.2), it is not obvious a priori that the theories are equivalent. In fact, they
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are not. As we will see, the Hassan-Rosen theory is a proper subset of the
bivielbein theory3.

2.4.3 Symmetries

Overall Diffeomorphism Invariance

From the bivielbein action (2.34) it is manifest that the theory is invariant
under an overall GCT. The kinetic term is obviously invariant under the
larger group of individual GCTs. The potential term however, breaks this
symmetry down to the diagonal subgroup of an overall diffeomorphism
invariance. This symmetry is manifest when writing the action on the form
(2.34) since each of the space-time indices, µ1, ... , µD, of the vielbeins
EA1

µ1(I1), ... , EADµD(ID) are contracted with the totally antisymmetric tensor
density with components ε̃µ1...µD and thus the coordinate frame of all the
vielbeins must be the same as the coordinate frame of the totally antisym-
metric tensor density. Thus, the theory is invariant under an overall GCT
where the coordinate frame of all the vielbeins transforms in the same way.

Overall Local Lorentz Invariance

The bivielbein theory exhibits a symmetry in form of an invariance under
an overall LLT. Again, this symmetry is manifest in (2.34). The kinetic term
is invariant under individual LLTs. However, the potential term breaks
this symmetry. The indices, A1, ... AD, of each of the vielbeins EA1

µ1(I1),
... , EADµD(ID) are contracted with the totally antisymmetric Lorentz tensor
density ε̃A1...AD . This implies that the local Lorentz frame (LLF) of each
of the vielbeins must be the same as the LLF of the totally antisymmetric
tensor density. Therefore, we conclude that the action is invariant under a
simultaneous transformation of the LLF of all of the vielbeins.

2.4.4 Classification of Bivielbein Theories

In order to clarify the relation between the bivielbein theories and the bi-
metric theories, we distinguish between three different classes of bigravity
theories. The first one is the generic bivielbein theory (2.33) without any
further qualifications. With this theory we are not even guaranteed that the
square-root matrix exists and hence there is no obvious way to formulate
the theory in terms of metrics. This is the set of theories denoted 1© in Fig.
2.1.

In the second case we are considering the set of bivielbein theories for
which there exists a Lorentz transformation that renders the corresponding
constrained vielbein satisfy the DvN condition. According to Theorem 2.2
the square-root matrix exists and thus there is a metric formulation of the
theory. This set of bigravity theories is denoted 2© in Fig. 2.1. Observe
however, that it is not necessary that this bimetric theory is equivalent to
the Hassan-Rosen theory. To explicitly see what the bimetric theory is in
this case, we use an approach similar to [3]. This method is presented in

3It may be noted however, that the set of bivielbein theories that are not dynamically
equivalent with the Hassan-Rosen theory, may be ghostly, as we will conjecture. So, the
bivielbein theory and the Hassan-Rosen theory may be equivalent in the sense that their
ghost-free subsets of field configurations are equivalent.
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detail in Chapter 6. If we start from (2.32), then the action (2.34) can be
rewritten as

S =

2∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx detE(1) T I1...ID ε̃µ1...µD ε̃ν1...νD

(
L(I1)

√
g−1(1)g(I1)

)ν1
µ1
...

(
L(ID)

√
g−1(1)g(ID)

)νD
µD

(2.35)

where L(I) is defined as

Lµν(I) ≡ (E−1(1))µA(Λ−1(1))ABΛBC(I)ECν(1)⇔
L(I) ≡ E−1(1)Λ−1(1)Λ(I)E(1) (2.36)

and Λ(I) denotes a set of local Lorentz transformations. Using (B.20) to
rewrite (2.35) in terms of elementary symmetric polynomials,

S = MD−2
Pl (E)

∫
dDx detE R(E) +MD−2

Pl (F )

∫
dDx detF R(F )+

− 2mD
D∑
n=0

βn

∫
dDx detE en

(
L(2)

√
g−1f

)
. (2.37)

This is not the same as the Hassan-Rosen action (2.2) since the argument
of the elementary symmetric polynomial is augmented by a factor of L(2).
Only in the case where Lµν(2) = δµν is the bimetric action equivalent to
the Hassan-Rosen action. This happens when the DvN condition arises
dynamically in the theory.

If the DvN condition arises dynamically in the theory, we are guaran-
teed not only that a constrained vielbein satisfies the DvN condition (2.30)
but also that (2.24) holds for all the vielbeins that solve the EOMs of the
theory, i.e. ΛDvN = 1. This is the domain 3© of Fig. 2.1 and it is easy to see
that in this case the action (2.33) simply reduces to the Hassan-Rosen action
(2.2). Let us state this as a theorem.

Theorem 2.3. If the DvN condition arises dynamically in a bivielbein theory, then
the bivielbein theory is dynamically equivalent to the Hassan-Rosen theory.

2.4.5 Lorentz Equations of Motion

As explained in Appendix C, a vielbein can be parametrized as a Lorentz
transformation acting on a constrained vielbein, E = ΛEc. Hence one sub-
set of DOFs in the theory is encoded into the parameters of the Lorentz
transformation and another subset into the constrained vielbein. Let us uti-
lize the Cayley parametrization to encode the Lorentz parameters in the an-
tisymmetric matrix A with components AAB as explained in Appendix D.
So rather than working directly with the boosts and rotations as introduced



34 Chapter 2. Foundations of Bigravity

FIGURE 2.1: A Venn diagram representing the relation
between the bivielbein theories and the bimetric theories.
Each point in the diagram can be thought to represent a to-
tal field configuration, i.e. the vielbeins E(1) and E(2) hav-
ing a specific form that solves the EOMs of the theory. For
example, there is a specific point inside domain 3© that rep-
resents the field configuration where the metrics are propor-
tional and equal to the Minkowski metric, gµν = fµν = ηµν .
The bivielbein theories, 1©, have the most extensive domain
while generic bimetric theories, 2©, constitute a subset of the
bivielbein theories. In particular, Hassan-Rosen theory, 3©,
is a subset of both the bivielbein theories and the bimetric

theories.

in (C.18) and (C.23), it will turn out convenient to work with the Lorentz
parameters encoded in the components of the antisymmetric matrix A. The
EOMs for the Lorentz parameters are

δS = 0⇔ δS
δAAB(I)

= 0, I ∈ {1, 2}. (2.38)

The variation, δ, is understood to be with respect to the Lorentz parameters
AAB(I). Since the variation with respect to the Lorentz parameters is zero
for the kinetic term, we can use the chain rule and write (2.38) as

δSpot

δEAµ(I)
δEAµ(I) = 0 (2.39)

where (again) the variation, δ, is understood to be with respect to AAB .
From the parameterisation of the vielbein (C.16), we have
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δE = (δΛ)Ec = (δΛ)Λ−1η−1ηΛEc = (δΛ)Λ−1η−1ηE (2.40)

where we have suppressed the indices for notational simplicity and in-
serted the identity matrix to retain the unconstrained vielbein multiplying
the expression from the right. Using the Cayley parametrization (D.1) we
obtain the following expression for the variation of the Lorentz matrix

δΛ = −2(η +A)−1(δA)(η +A)−1η. (2.41)

From the fact that the Lorentz matrices preserves the Minkowski metric
(C.7),

ΛT ηΛ = η, (2.42)

we can plug in the Cayley parametrization of Λ to see that

η(η −A)−1(η +A) = (η +A)(η −A)−1η. (2.43)

Together with the Cayley parametrization for Λ−1 we get after some calcu-
lations

(δΛ)Λ−1η−1 = −2X(δA)XT (2.44)

with the definition

X ≡ (η +A)−1. (2.45)

Hence the variation of the vielbein is

δE = −2X(δA)XT ηE. (2.46)

Plugging into (2.39) yields

δSpot

δEAµ(I)

(
X(I)

)AB(
δA(I)

)
BC

(
XT (I)

)CD(
ηE(I)

)
Dµ

= 0. (2.47)

The variation δA(I) is taken with respect to all different components of A.
Note that

∂AAB
∂ACD

= δCAδ
D
B − δDA δCB (2.48)

due to the antisymmetry of the matrix A. Thus (2.47) is

δSpot

δEAµ(I)

(
X(I)

)AB
(δEBδ

F
C − δFBδEC )

(
XT (I)

)CD(
ηE(I)

)
Dµ

= 0. (2.49)

Rearranging the expression slightly(
XT (I)

)[ED(
ηE(I)

)
Dµ

δSpot

δEAµ

(
X(I)

)AF ]
= 0. (2.50)

Since X is obviously invertible, the equation simplifies to



36 Chapter 2. Foundations of Bigravity

δSpot

δE
[A
µ(I)

ηB]CE
C
µ(I) = 0. (2.51)

Thus, we have shown the equivalence between this equation and (2.38),
and so (2.51) is another form of the Lorentz equations of motion which we
will use extensively. We refer to (2.51) as the symmetrization condition (SC)
since this equation imposes a certain kind of symmetry on the potential.

An alternative way to write this equation is obtained by observing that
if we have an equation requiring that a D ×D matrix with Lorentz indices,
S say, is symmetric,

S[AB] = 0, (2.52)

then this equation is equivalent with

ε̃N1...N(D−2)ABSAB = 0, ∀N1, ..., N(D−2) ∈ {0, ..., (D − 1)} (2.53)

where ε̃N1...N(D−2)AB is the totally antisymmetric tensor density. Applying
this fact to the SC (2.51), we get

ε̃N1...N(D−2)AB
δSpot

δEAµ(I)
ηBCE

C
µ(I) = 0, ∀N1, ..., N(D−2) ∈ {0, ..., (D − 1)}.

(2.54)
Equation (2.51) was also derived in [1] but only at the perturbative level
of the Lorentz matrix. In [1], the authors derived (2.51) from the Lorentz
EOMs by varying a perturbative expansion of the Lorentz matrix around
the identity matrix. However, the danger with this derivation is that it is
not clear that the result holds for general theories where the Lorentz part of
the vielbeins are not very close to the identity matrix. In other words, there
may be branches of the theory where the result does not hold. The above
derivation using the Cayley parameters instead of the boosts and rotations,
circumvents this concern and is valid generally.

2.4.6 Dynamical Equivalence

As shown in the previous section, the dynamical equivalence between the
bivielbein theory and the Hassan-Rosen theory hinges on the appearance
of the DvN condition in the EOMs for the bivielbein theory. Now we will
analyse in more detail the relation between the bivielbein theory and the
Hassan-Rosen theory to see when they are dynamically equivalent, i.e. when
they give rise to the same EOMs. We will take a similar approach as that of
[46] in the analogous analysis of massive gravity.

Let us start with the generic bivielbein action (2.33) or (2.34). Recall
that the bivielbein theory is invariant under an overall LLT. Hence, if we
transform from the unbarred Ai-frame to the barred Āi-frame, the totally
antisymmetric Lorentz tensor density and vielbeins of (2.34) transform as
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ε̃A1...ADE
A1
µ1(I1)...EADµD(ID)→ ε̃Ā1...ĀD

EĀ1
µ1(I1)...EĀDµD(ID) =

ε̃Ā1...ĀD

(
ΛĀ1

A1
EA1

µ1(I1)
)
...
(
ΛĀDADE

AD
µD

(ID)
)

=

ε̃Ā1...ĀD

(
ΛĀ1

A1
ΛA1

B1
(I1)(Ec)

A1
µ1(I1)

)
...
(
ΛĀDADΛADBD(ID)(Ec)

AD
µD

(ID)
)
. (2.55)

We can now gauge fix with respect to this overall LLI by choosing

ΛĀA =
(
Λ−1(1)

)Ā
A
. (2.56)

Then the Lorentz matrix Λ(1) is cancelled against its inverse and Λ(1) is
eliminated completely from the action. In other words, with this gauge fix-
ing the boosts and rotations of the first vielbein disappears from the action.
Therefore, if the DvN condition appears dynamically, it has to appear as the
solution for the EOMs with respect to AAB(2). In order to calculate these
equations, we use (B.10) to rewrite the Hassan-Rosen potential as

SHR,pot = −2mD

∫
dDx

D∑
i=0

αi det(E(1) + κiE(2)) (2.57)

for appropriately chosen αi. Plugging this form of the potential into (2.38)
yields

D∑
i=0

αi det(E(1) + κiE(2))Tr

[
(E(1) + κiE(2))−1κi

∂E(2)

∂AAB(2)

]
= 0. (2.58)

The variation ∂E(2)/∂AAB(2) was calculated in (2.46) and thus

D∑
i=0

αi det(E(1) + κiE(2))Tr
[(
E(1) + κiE(2)

)−1
κiX(δA)XT ηE(2)

]
= 0.

(2.59)
Using the cyclic property of the trace,

D∑
i=0

αi det(E(1) + κiE(2))Tr
[
XT
(
κiηE(2)

(
E(1) + κiE(2)

)−1
)
X(δA)

]
= 0.

(2.60)
The question is what the solutions of (2.60) are. One obvious solution is to
demand that the trace is zero. In that case we have

Tr
[
XT
(
κiηE(2)

(
E(1) + κiE(2)

)−1
)
X(δA)

]
= 0. (2.61)

It should be noted that this is a set of D(D − 1)/2 equations, one for each
independent component of A that we vary with respect to. Recall that the
variation δ is with respect to the components of A, so if we e.g. vary with
respect to A01,

(δA)AB =
∂AAB
∂A01

= δ0
Aδ

1
B − δ1

Aδ
0
B (2.62)
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since the matrix A is antisymmetric. Generically

∂AAB
∂ACD

= δCAδ
D
B − δDA δCB . (2.63)

Let Y denote everything within the trace of (2.61) except from δA. Then,

Y AB(δCAδ
D
B − δDA δCB) = 0 ∀C,D ∈ {0, ..., (D − 1)} (2.64)

which is equivalent to

Y CD = Y DC ∀C,D ∈ {0, ..., (D − 1)}. (2.65)

But this is the definition of a symmetric matrix. Thus the unique solution
for the set of equations (2.61) is

XT
(
κiηE(2)

(
E(1) + κiE(2)

)−1
)
X =(

XT
(
κiηE(2)

(
E(1) + κiE(2)

)−1
)
X
)T

(2.66)

Since the matrix X is invertible this is equivalent to

ηE(2)
(
E(1) + κiE(2)

)−1
=
(
ηE(2)

(
E(1) + κiE(2)

)−1
)T

(2.67)

where we also have cancelled the overall factor of κi. Inverting this equa-
tions and making some elementary algebraic simplifications, we see that
the κi of both sides of the equation cancels, and we arrive at

ET (2)ηE(1) = ET (1)ηE(2). (2.68)

This is precisely the DvN condition. So, to recapitulate, what we have
shown is that (2.61) has the DvN condition as the unique solution, so the
DvN condition is always one possible solution to the Lorentz EOMs. Hence,
independent of the choice of parameters βn or T I1...ID , one can always find
a field configuration that solves the bivielbein EOMs and whose Lorentz
EOMs is the DvN condition. So, requiring that the DvN condition appears
dynamically in the theory does not restrict the parameter space of the biviel-
bein theories. Nevertheless, it may still be the case that the bivielbein the-
ories and Hassan-Rosen theories are not dynamically equivalent. This is
because the bivielbein theory may allow for other field configurations than
the Hassan-Rosen theory if we do not choose the DvN condition as the so-
lution of the Lorentz EOMs. In other words, in the bivielbein theories there
may be field configurations that solve the EOMs but whose Lorentz EOMs
is not the DvN condition. However, these non-DvN branches of the theory
are expected to be ghostly as argued in [47] in the case of massive gravity.

Generically, if we restrict ourselves to the parameter space of the biviel-
bein theories that allows to rewrite the action on the form (B.10) but with
only one of the αi non-zero, then the Lorentz EOMs will look like (2.60) but
without the summation. In that case (2.61) is the only possibility to solve the
equation and thus for this parameter space of bivielbein theories, the DvN
condition is not only one possible solution but is dynamically guaranteed.
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In conclusion, we have shown in this section that for a generic bivielbein
theory (i.e. any choice of parameters βn) one can always choose the DvN
condition as the solution of the EOMs with respect to the Lorentz parame-
ters. Making this choice restricts the set of possible field configurations (i.e.
the possible solutions for E(1) and E(2)) only to those ones that satisfy the
DvN condition. However, there may well be other branches of the biviel-
bein theories which do exhibit solutions to the Lorentz EOMs other than
the DvN condition. These branches are not guaranteed to be ghost-free by
application of the Hassan-Rosen proof, on the contrary it is expected that
they exhibit ghost instabilities. See Fig. 2.2. Let us state this as a conjecture.

Conjecture 2.1. If we have a theory for which the Lorentz equations of motion is
not the DvN condition, then that theory is ghostly.

In fact, this conjecture will be generalized in Chapter 4 to include generic
multivielbein theories.

Thus, if one is given a particular bivielbein theory, one must be careful
to make sure that it satisfies the DvN condition and hence does not belong
to one of the "non-DvN branches".

As we will show in Chapter 5, there is a simpler way to analyse the
appearance of the DvN condition in the bivielbein theories than what we
have done in this chapter. The reason however for rewriting the Lorentz
EOMs like (2.47) is that this form may provide a way to explicitly see what
the non-DvN branches of the bivielbein theories are. However, that requires
further calculations.

2.4.7 Ghost Issue

If the DvN condition appears dynamically in the bivielbein theory, then the
theory is dynamically equivalent to the bimetric Hassan-Rosen theory, see
Section 2.4.4. In that case, the no-ghost proof of the Hassan-Rosen theory
automatically carries over to the bivielbein theory.

2.4.8 Modified Bivielbein Theory

To ensure that the bivielbein theory is ghost-free, we want to single out the
branch of bivielbein theories that satisfies the DvN condition. This can be
done simply by adding the DvN condition to the bivielbein action (2.33) or
(2.34) together with a Lagrange multiplier,

Smod = MD−2
Pl (E)

∫
dDx detE R(E) +MD−2

Pl (F )

∫
dDx detF R(F )+

− 2mD
D∑
n=0

βn

∫
dDx detE en(E−1F )− 2m̃D

∫
dDxλµνEA[µηABF

B
ν]

(2.69)

where the EOMs for the Lagrange multiplier λµν ensures that

EA[µηABF
B
ν] = 0. (2.70)

By adding this Lagrange multiplier we are restricting the possible field con-
figurations only to those ones satisfying the DvN condition. That this term
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FIGURE 2.2: A Venn diagram representing the relations be-
tween the bigravity theories. If Conjecture 2.1 holds, then
only the set of bigravity theories marked by 3© is ghost-free
and the set is marked with a green background. The ghostly
theories are marked with a red background. We have also
included the modified theory, Smod, in 3© as introduced in

Section 2.4.8.

can be added in a consistent way to the action is ensured since the whole
parameter space of the bivielbein theories always has the DvN condition as
one solution of the Lorentz EOMs. Adding the Lagrange multiplier singles
out that branch of the theory. We may note that due to existence of the DvN
condition in this modified theory, the action Smod is dynamically equivalent
to the Hassan-Rosen theory. Recall that in the Hassan-Rosen theory, we had
to restrict the set of possible field configurations to only those g and f for
which the square-root matrix exists. With the modified bivielbein action
Smod however, we do not need to worry about that since the DvN condition
appears dynamically and the existence of the DvN condition implies the
existence of the square-root matrix

√
g−1f .

2.5 Summary

By introducing a second, dynamical, symmetric, spin-2 field into the the-
ory, one opens up for the possibility to break the third postulate of GR and
introduce a potential term. This can be done without introducing ghost in-
stabilities as shown by Hassan and Rosen. The resulting theory of bimetric
gravity is a theory for two interacting spin-2 fields that enters into the the-
ory on similar footing. In D = 4 space-time dimensions, the number of
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propagating modes is seven of which two are ascribed to a massless gravi-
ton and five are ascribed to a massive graviton. The massless and massive
gravitons are certain linear combinations of the spin-2 fields entering the
Hassan-Rosen action.

While breaking the third postulate of GR, bimetric gravity can still sat-
isfy general covariance and the SEP, implying that the two spin-2 fields act
together to produce the effective metric determining the physical curvature
of the space-time manifold.

Bimetric gravity exhibits an overall diffeomorphism invariance and there
is a duality in the theory, mapping solutions in one branch of the theory to
solutions in another branch of the theory.

A more generic set of bigravity theories can be constructed using the
vielbein formalism, introducing a set of additional gauge symmetries and
DOFs (the boosts and rotations). The vielbeins are more or less the square-
roots of the metrics. The bivielbein theory exhibits an overall diffeomor-
phism invariance and an overall local Lorentz invariance.

The existence of the Deser-van Nieuwenhuizen condition in the bigrav-
ity theories was discussed and the bigravity theories were classified accord-
ing to the appearance of this condition. The first possibility is that the DvN
condition does not exist at all in the theory. The second possibility is that
there exists a local Lorentz transformation that renders the corresponding
constrained vielbein satisfy the DvN condition. The third possibility is that
the DvN condition arises dynamically in the theory itself. The most generic
bigravity theory is the bivielbein theory without further qualifications. In
that case, the existence of the DvN condition is not guaranteed. On the
other hand, if the DvN condition arises dynamically in a bivielbein theory,
then the theory is dynamically equivalent with the Hassan-Rosen theory.

We proposed a new way to derive the equations of motion with respect
to the Lorentz parameters (2.51), utilizing the Cayley parametrization. This
derivation is always valid and circumvents the ambiguity of the perturba-
tive derivation in [1].

Rewriting the Hassan-Rosen theory in a certain way, we suggested that
the alternative form of the Lorentz equations of motion could be used to
analyse the appearance of the DvN condition, similar to [46]. With the
Lorentz equations of motion on this form, we showed that one solution of
these equations is always the DvN condition, independent of the parame-
ters βn. There could however be other branches of the theory, namely those
which provide an alternative solution to the Lorentz equations of motion.
The proposed form of the equations of motion may provide a way to explic-
itly see what the other branches of the bivielbein theories are. It is still an
open question whether or not these other branches are ghostly or not even
though the expectation is that they are ghostly as argued in [47] in the case
of massive gravity.

In order to make sure that the bivielbein theory is ghost-free, we pro-
posed a modified action by adding a Lagrange multiplier ensuring that the
DvN condition appears dynamically. In fact, this modified bivielbein action
is dynamically equivalent to the Hassan-Rosen action.
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Chapter 3

Foundations of Multigravity

The multivielbein theory was proposed in 2012 by Hinterbichler and Rosen
as a generalization of bimetric gravity, including an arbitrary number of
spin-2 fields in the theory [1]. In the same paper, the authors argued for
the absence of ghosts in the theory. However, this argument has been chal-
lenged, primarily by de Rham and Tolley in 2015 [2] where they argue that
the rotation angles generically cannot be integrated out in a way that pre-
serves the linearity of the action in the lapses. For the theory to be ghost-
free, it is necessary that the action is linear in the lapse.

In order to analyse this issue, in Chapter 4 we will review the no-ghost
argument proposed in [1]. In the same chapter we will also review the
analysis of de Rham and Tolley in [2], arguing that the multivielbein theory
is ghostly except from very special cases. Reviewing the analysis by de
Rham and Tolley, we also point out what is shown explicitly by the authors
and what remains to be shown in order to prove their conclusions. We will
state their conclusions as a set of theorems and conjectures, indicating what
is shown and what remains to be proven.

However, to start with, we will review a simpler multigravity theory
which is a straightforward generalization of bimetric gravity, coupling to-
gether an arbitrary number of metrics in a certain way, using only Hassan-
Rosen couplings.

After that we will review the basic properties of the general multiviel-
bein theories.

3.1 Multiple Hassan-Rosen Couplings

There is a particularly easy way to construct ghost-free multigravity theo-
ries containing arbitrary numbers of spin-2 fields. That is by coupling to-
gether several spin-2 fields simply with bimetric Hassan-Rosen couplings
(2.2).

3.1.1 Centre-type Structure

For example, we may consider the possibility of coupling all the metrics
g(2), ..., g(N ) to one single metric g(1), according to the theory graph of
Fig. 3.1.

We say that we couple together the metrics in a centre-type structure. In
that case the action becomes
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FIGURE 3.1: A theory graph of a theory, coupling together
the vielbeins E(1), E(2), E(3), ... with bivertex couplings in
a centre-type structure. All the vielbeins couple to E(1).
The solid lines represent bivertex couplings between the

vielbeins.

Scentre =
N∑
I=1

SEH(I)− 2mD

∫
dDx

N∑
I=2

D∑
n=0

√
−g(I)βn(I)en

(√
g−1(1)g(I)

)
.

(3.1)
With the no-ghost proof of bimetric gravity at hand, it is easy to extend it to
include also this theory. The essential step of the no-ghost proof of bimetric
gravity was the field redefinition (2.14) of the shift N i(1) to ni with the
lapsesN(1) andN(2) and the shiftN i(2) appearing as Lagrange multipliers
in the action and the ni EOMs being independent of the lapses and second
shift. In the case of a multimetric theory in a centre-type structure, we can
simply redefine the lapses N i(2), ..., N i(N ) in the same way as (2.14) for
each one of them,

N i(I)→ ni(I), I = 2, ...,N (3.2)

where

N i(I) = N(1)ni(I) +N i(1) +N(I)Di
k(I)nk(I). (3.3)

With these redefinitions the contribution to the action from each of the cou-
plings becomes linear in the lapse N(1) and shift N i(1) as well as in the
lapseN(I) and the EOMs for ni(I) are independent of the lapses and shifts.
Thus we retain all the D + (N − 1) constraints that we need in order to
eliminate all the potential BD ghosts.

3.1.2 Chain-type Structure

Another consistent way to couple together several metrics with bimetric
Hassan-Rosen couplings is to do it in a chain-type structure as in the theory
graph of Fig. 3.2.

The action is

Schain =

N∑
I=1

SEH(I)−2mD

∫
dDx

N−1∑
I=1

D∑
n=0

√
−g(I)βn(I)en

(√
g−1(I)g(I + 1)

)
.

(3.4)
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FIGURE 3.2: A theory graph of a theory, coupling together
the vielbeins E(1), ..., E(N ) with bivertex couplings in a
chain-type structure. The solid lines represent bivertex cou-

plings between the vielbeins.

Again, we can extend the no-ghost proof of bimetric gravity by making a
set of field redefinitions. This time however, we need to make it in another
way than with a centre-type theory. In the case of a chain-type theory,

N i(I)→ ni(I), I = 1, ..., (N − 1) (3.5)

where

N i(I) = N(I + 1)ni(I) +N i(I + 1) +N(I)Di
k(I)nk(I). (3.6)

With the redefinition N i(1)→ ni(1), the contribution to the action from the
g(1)g(2)-terms becomes linear in the lapses N(1) and N(2) and the shift
N i(2). With the redefinition N i(2) → ni(2), the contribution to the action
from the g(2)g(3)-terms becomes linear in the lapses N(2) and N(3) and
the shift N i(3). This works since also the first redefinition was linear in
the second lapse N(2) and the the second shift N i(2) and the final action
becomes linear in the second lapse. Continuing this process one realizes
that the action becomes linear in all the lapses and in the the shift N i(N ).
Thus, the appropriate number of constraints appear in order to eliminate
all the BD ghosts.

3.1.3 Loop-type Structure

However, this method cannot be implemented for any arbitrary type of cou-
pling structure. In particular, consider a trimetric theory in a loop-type
structure, Fig. 3.3.

The action is

Sloop =

3∑
I=1

SEH(I)− 2mD

∫
dDx

( D∑
n=0

√
−g(1)βn(1)en

(√
g−1(1)g(2)

)
+

D∑
n=0

√
−g(2)βn(2)en

(√
g−1(2)g(3)

)
+

D∑
n=0

√
−g(3)βn(3)en

(√
g−1(3)g(1)

))
.

(3.7)

Now imagine that we redefine N i(1) so that the corresponding terms in the
action becomes linear inN(1),N(2), andN i(2). Then redefineN i(2) so that
the corresponding terms become linear inN(2),N(3), andN i(3). If we now
redefine the third shift N i(3)

N i(3)→ ni(3) (3.8)
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FIGURE 3.3: A theory graph of a theory, coupling together
the vielbeins E(1), E(2), and E(3) with bivertex couplings
in a loop-type structure. The solid lines represent bivertex

couplings between the vielbeins.

where

N i(3) = N(1)ni(3) +N i(1) +N(3)Di
k(3)nk(3), (3.9)

then the corresponding terms become linear inN(3),N(1), andN i(1). Thus,
the first shift N i(1) reappears with this redefinition and the action contains
both the first shift N i(1) and its redefinition ni(1). But since we want to ex-
press the action solely in terms of the redefined shifts, this procedure does
not work when the metric close together in a loop. We conclude that there
is no straightforward way to redefine the shifts in a loop-type theory to see
that the correct number of constraints appear in order to eliminate the BD
ghosts.

In summary, the only straightforward way to construct consistent mul-
timetric theories using bimetric Hassan-Rosen couplings, is to couple the
metrics together in a tree-type structure, i.e. combining centre couplings
and chain couplings, avoiding loops, see Fig. 3.4.

FIGURE 3.4: A theory graph of a theory, coupling together
the vielbeins E(1), ..., E(N ) with bivertex couplings in a
tree-type structure. The solid lines represent bivertex cou-

plings between the vielbeins.

In terms of the Venn diagram of Fig. 3.8 below, in the metric language
we could prove the consistency of the multimetric theories with Hassan-
Rosen couplings in a tree-type structure 5©. However, there was no straight-
forward way to prove that the subset of theories of 3©which have an empty
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intersection with 5©, are ghost-free. Let us state our conclusion as a theo-
rem.

Theorem 3.1. The set of multimetric theories that consists of metrics coupled to-
gether with Hassan-Rosen couplings in a tree-type structure, is ghost-free.

3.2 Multivielbein Theory

3.2.1 Denotation

There is a particular formalism that we will use when it comes to the mul-
tivielbein theories. Vielbein is German and means "many legs." If we have
a theory with a particular number of vielbeins, then we name it by replac-
ing "multi" in multivielbein with that particular number in German1. Simi-
larly, if we are considering a specific space-time dimensionality, then "viel"
in multivielbein is replaced by the corresponding number in German. For
example, a multivielbein theory with two vielbeins in three space-time di-
mensions is called a zweidreibein theory, a multivielbein theory with three
vielbeins in four space-time dimensions is called a dreivierbein theory, a
multivielbein with unspecified number of vielbeins in five space-time di-
mensions is called a multifünfbein theory, and so on.

3.2.2 Action

The action proposed by Hinterbichler and Rosen for a theory of N dynam-
ical, interacting, spin-2 fields is

Smv =
N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx T I1...ID ε̃µ1...µD ε̃A1...ADE

A1
µ1(I1)...EADµD(ID). (3.10)

That is to say, the same as the bivielbein action (2.34) with the only differ-
ence that we now haveN Einstein-Hilbert terms, one for each vielbein, and
that Ii ∈ {1, ...,N}. The sum in the potential is over all possible combi-
nations of (I1...ID). The constant coefficients T I1...ID are completely sym-
metric in the I1...ID which can be realized by switching and relabelling the
Lorentz indices and space-time indices of the vielbeins simultaneously. For
example T 123 = T 312 = T 132.

If we consider a particular constant coefficient where the I1, ..., ID ∈
{1, 2}, then that term couples together the vielbeins E(1) and E(2) with a
bimetric coupling and we call it a bivertex term. Using (B.20) it is clear that
the term goes as detE(1)

∑D
n=0 βnen(e−1(1)E(2)). We may illustrate this

term in a theory graph, Fig. 3.5.
If we have a theory that contains constant coefficients where each one

of them only contain two different I , then all the vielbeins are coupled to-
gether with bivertex couplings. One example is if we have a chain-like the-
ory with the only non-vanishing constant coefficients being T 12...2, T 23...3,

1Ein, zwei, drei, vier, fünf, are the first five numbers in German.
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FIGURE 3.5: A theory graph of a bivertex term coupling to-
gether the vielbeinsE(1) andE(2). The solid line represents

a bivertex coupling between the vielbeins.

... , T 34...4, and so on. In this case E(1) couples to E(2) with a bivertex term,
E(2) couples to E(3) with a bivertex term, and so on, as shown in Fig. 3.2.

Another bivertex theory is constructed by coupling all the vielbeins to
the same vielbein, E(1) say. This is achieved e.g. by choosing the non-
vanishing constant coefficients to be T 12...2, T 13...3, T 14...4, and so on. In that
case we have the bivertex centre-type structure indicated in Fig. 3.1.

Yet another example of a multivielbein theory with only bivertex cou-
plings is when the vielbeins are coupled together with bivertex couplings
in a loop-type structure, e.g. letting T 12...2, T 23...3, and T 31...1 being the only
non-zero constant coefficients as shown in Fig. 3.3.

A particular way of coupling together the vielbeins is by combining
centre-type structures and chain-type structure, avoiding loops. We call
this tree-type structures and an example of a theory graph i presented in
Fig. 3.4.

It is now clear that by choosing the constant coefficients properly, one
can couple together the vielbeins with bivertex coupling in any arbitrary
way. There are however more general vertices. We can e.g. couple together
E(1), E(2), and E(3) together in a trivertex by choosing T 123...3 to be the
only non-vanishing constant coefficient. In that case we have a potential
term that goes as

T 123...3ε̃µ1...µD ε̃A1...ADE
A1
µ1(1)EA2

µ2(2)EA3
µ3(3)...EADµD(3). (3.11)

This theory is illustrated in Fig. 3.6.

FIGURE 3.6: A theory graph of a theory, coupling together
the vielbeinsE(1), E(2), E(3) with a trivertex coupling. The

solid triangle represents the trivertex coupling.

Observe that the maximum number of vielbeins that can be coupled to-
gether in the same vertex is D. This is apparent in (3.10) where a maximum
of D different vielbeins appear in the same term, i.e. if all the I1, ..., ID are
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different. Hence inD = 4 space-time dimensions, there can only be bivertex
couplings, trivertex couplings and tetravertex couplings.

If we fix the dimensionality, we can illustrate not only the vielbeins and
the type of coupling but even the precise form of the coupling. For example,
in D = 4 space-time dimensions we can have a trivertex theory

Smv,pot =

∫
dDxT 1123ε̃µ1...µ4 ε̃A1...A4E

A1
µ1(1)EA2

µ2(1)EA3
µ3(2)EA4

µ4(3) (3.12)

or a tetravertex theory

Smv,pot =

∫
dDxT 1234ε̃µ1...µ4 ε̃A1...A4E

A1
µ1(1)EA2

µ2(2)EA3
µ3(3)EA4

µ4(4). (3.13)

These theories are illustrated in Fig. 3.7.

FIGURE 3.7: Left: A theory graph of the trivertex theory
(3.12). Right: A theory graph of the tetravertex theory
(3.13). The wedges represent the wedge product, so the
trivertex theory is ∼ E(1) ∧ E(1) ∧ E(2) ∧ E(3) and the

tetravertex theory is ∼ E(1) ∧ E(2) ∧ E(3) ∧ E(4).

In a generic multivielbein theory, the vielbeins can be coupled together
with all different types of vertices in all possible configurations.

3.3 Symmetries

3.3.1 Overall Diffeomorphism Invariance

In (3.10) all the vielbeins in the potential are contracted against the same to-
tally antisymmetric tensor density with components ε̃µ1...µD . Furthermore,
the kinetic term is even invariant under individual GCTs. Thus, it is appar-
ent that the theory exhibits an overall diffeomorphism invariance.
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3.3.2 Overall Local Lorentz Invariance

In (3.10) all the vielbeins in the potential are contracted against the same to-
tally antisymmetric Lorentz tensor density with components ε̃A1...AD . Fur-
thermore, the kinetic term is even invariant under individual LLTs. Thus, it
is apparent that the theory exhibits an overall local Lorentz invariance.

3.4 Classification of Multivielbein Theories

Let us classify the set of multivielbein theories according to the existence
of the DvN condition and the appearance of Hassan-Rosen couplings in
the theory. In contrast with bigravity theories, in the case of multigravity
theories the different sets of theories and the relations between them are
more involved. There are several different intersections between the sets,
see Fig. 3.8.

FIGURE 3.8: A Venn diagram representing the relations be-
tween the multigravity theories.

The theory with the largest domain is the multivielbein theory, 1©. A
subset of 1© is 2© which is the set of multivielbein theories for which all
the square-root matrices

√
g−1(I)g(J) exist. According to Theorem 2.2 this

is equivalent with the set of multivielbein theories for which there exists
LLTs rendering the corresponding constrained vielbeins to satisfy the DvN
condition. For this set of multivielbein theories, there exists a dynamically
equivalent metric formulation since the square-root matrices exist. (It does
not need to be a set of Hassan-Rosen couplings however, but can be more
general multimetric theories, see Chapter 6.) The domain of 3© is the set of
multimetric theories where the vielbeins are coupled together with bimetric
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Hassan-Rosen couplings. This is obviously a subset of 2©. A subset of 3© is
5© which is the set of multimetric theories where the vielbeins are coupled
together with bimetric Hassan-Rosen couplings in a tree-type structure (i.e.
avoiding loop-type couplings like Fig. 3.3.) Yet another set of theories is 4©
which is the subset of the multivielbein theories 1© for which the Lorentz
EOMs (the SC) is solved by precisely (N−1) DvN conditions. In these theo-
ries, there are (N − 1) DvN conditions that appear dynamically. In Chapter
5 we will show that 4© and 5© do in fact coincide and we will conjecture that
only these multgravity theories are ghost-free, contrary to the proposal of
Hinterbichler and Rosen in [1]. Hence, only in the case of bimetric Hassan-
Rosen couplings in a tree-type structure, the SC is solved by (N − 1) DvN
conditions and only these theories are ghost-free.

FIGURE 3.9: A Venn diagram representing the relations be-
tween the multigravity theories based on the conclusion
that 4© and 5© coincide, which we will show in Chapter
5, and the conjecture that only theories solving the SC by
(N − 1) DvN conditions, are ghost-free. The green domain
represents the ghost-free multivielbein theories and the red

domain represents the ghostly multivielbein theories.

3.5 Summary

We have presented a generalization of the bigravity theory including an
arbitrary number of dynamical, interacting, spin-2 fields. The theory was
proposed by Hinterbichler and Rosen and is constructed using the vielbein
formalism. As it is formulated in the vielbein language, the theory exhibits
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a number of unphysical degrees of freedom, the boosts and rotation angles
which are the parameters of the local Lorentz transformations.

The multivielbein theory exhibits and overall diffeomorphism invari-
ance and and an overall local Lorentz invariance.

A classification of the multivielbein theories was presented, based on
the existence of the DvN condition in the theory and on the appearance of
bimetric Hassan-Rosen couplings.
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Chapter 4

Consistency of Multigravity
Theories

In this chapter we start by counting the number of phase-space DOFs in GR
formulated in the vielbein language.

In section 4.2, we present the no-ghost argument for the multivielbein
theories á la Hinterbichler and Rosen [1], counting the DOFs in the theory.
In section 4.3 we then present the analysis of de Rham and Tolley, argu-
ing, contrary to Hinterbichler and Rosen, that only a very specific subset of
the multivielbein theories are ghost-free. Their essential idea is to work in
an enhanced phase-space by introducing momenta canonically conjugate
to the non-dynamical rotation angles. Being non-dynamical, the rotational
momenta must be required to vanish, which is ensured by adding to the ac-
tion together with a Lagrange multiplier. With this procedure, a secondary
constraint arises by demanding that the primary constraint is conserved in
time. This constraint is the EOMs with respect to the rotations. From these
EOMs, the rotational DOFs should be integrated out from the action. If this
cannot be done in a way that preserves the linearity of the action in the
lapses, then the theory is ghostly. Thus a necessary requirement for the the-
ory to be ghost-free is that the rotations can be integrated out in a way that
preserves the linearity in the lapses.

De Rham and Tolley concludes that rotation angles cannot generically
be integrated out in a way that preserves the necessary linearity of the ac-
tion in the lapses.

Together with the review of the analysis by de Rham and Tolley, we
point out what the authors have shown explicitly and what is still left to
show. In order to achieve the maximum degree of clarity on the ghost issue,
we state the current status of the issue in the form of a set of theorems and
conjectures. Then it becomes clear what still needs to be shown in order to
completely settle the ghost-issue of the multivielbein theories.

4.1 Degrees of Freedom in GR (cont’d)

In Section 1.4.3, the number of phase-space DOFs was counted in the met-
ric formulation of GR. In this section we will carry out the analysis in the
vielbein formulation of GR. The Einstein-Hilbert action in the vielbein for-
malism is

SEH = MD−2
Pl

∫
dDx detER(E) (4.1)
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where R(E) is the Ricci scalar expressed in terms of the vielbein instead of
the metric.

Recall from Appendix C that a generic vielbein can be parametrized as
a Lorentz transformation acting on a constrained vielbein which is lower-
triangular and symmetric in its space-space components (C.25) (C.16) (C.17)
(C.23),

E = ΛEc = ΛboostΛrot

(
N 0
ecN ec

)
= Λboost

(
N 0
eN e

)
(4.2)

where eTc = ec and

e ≡ Rec (4.3)

and R is the rotation matrix (C.23). Thus, the rotational DOFs are implicitly
contained in the spatial vielbein e.

Now, one can choose to work either with the completely constrained
vielbein

Ec =

(
N 0
ecN ec

)
(4.4)

or with a partially constrained vielbein

Ep =

(
N 0
eN e

)
. (4.5)

The first vielbein will be referred to as a completely constrained vielbein
since all of the Lorentz parameters have been used to fix the constrained
vielbein to be lower-triangular and spatially symmetric. The second viel-
bein will be referred to as a partially constrained vielbein since only the
Lorentz boosts have been used to fix the constrained vielbein to lower-
triangular form. The spatial vielbein e however, contains implicitly the ro-
tational DOFs and does not exhibit any particular symmetry.

In both cases, the Lorentz parameters contained in the premultiplying
matrices of (4.2), i.e. ΛboostΛrot and Λboost, disappear in the Einstein-Hilbert
action due to its invariance under local Lorentz transformations. In the
case of a completely constrained vielbein, all the Lorentz parameters dis-
appear in the Einstein-Hilbert action while in the case of a partially con-
strained vielbein, only the boosts disappear and we have to cope with the
extra DOFs contained in the non-symmetric spatial vielbein e.

4.1.1 Completely Constrained Vielbein

Parametrizing the vielbein like

E = ΛboostΛrot

(
N 0
ecN ec

)
(4.6)

and calculating the Ricci scalar in the vielbein formalism, the Einstein-Hilbert
action becomes

SEH = MD−2
Pl

∫
dDx

(
(πc)

i
a(ėc)

a
i −NC(ec, πc)−N iCi(ec, πc)

)
. (4.7)
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where

(πc)
i
a ≡

∂LEH

∂(ėc)ai
. (4.8)

The details of this calculation is not important, just note that only the spa-
tial vielbein ec is dynamical since it is the only variable that comes with a
derivative in the action. Thus we start with 2 × D(D − 1)/2 phase-space
DOFs in the theory which is the same number as the number of indepen-
dent components of the metric and its canonically conjugate momentum.
This is natural since all the Lorentz parameters were automatically elimi-
nated from the theory when writing the theory with completely constrained
vielbeins due to the invariance of the Einstein-Hilber action under LLTs.

It is also important to note that the functions multiplying the lapse and
shift, C and Ci, are not functions of the lapse and shift themselves. So the
EOMs for the lapse and shift do not contain the lapse or shift themselves,
i.e.

δSEH

δN
= 0⇔ C(ec, πc) = 0,

δSEH

δN i
= 0⇔ Ci(ec, πc) = 0 (4.9)

and thus C and Ci areD constraints on the dynamical phase-space variables
ec and πc. Moreover, one can show that they are first class constraints, so
the secondary constraints corresponding to C and Ci, i.e.

∂tC ≈ 0, ∂tCi ≈ 0 (4.10)

are satisfied identically on the constraint surface1 and do not impose any
additional constraints. The diffeomorphism invariance of the Einstein-Hilbert
action can be used to eliminate another D phase-space DOFs. To summa-
rize, there are

2×D(D − 1)/2−D −D = D(D − 3) (4.11)

phase-space DOFs in GR which is the appropriate number for a massless
spin-2 field in D space-time dimensions.

4.1.2 Partially Constrained Vielbein

Another way to deal with the Einstein-Hilbert action is to decompose the
vielbein into a Lorentz boosts and a partially constrained vielbein,

E = Λboost

(
N 0
eN e

)
. (4.12)

Working with the vielbein on this form, the invariance of the Einstein-
Hilbert action under spatial rotations is not exploited and the spatial viel-
bein e contains (D − 1) × (D − 1) independent components. Hence there
are (D − 1)(D − 2)/2 additional DOFs to start with compared to the case

1Let us imagine a 2 × n-dimensional phase-space that consists of the variables q1, ..., qn
and the momenta p1, ..., pn. If we impose an additional relation between them, e.g.
Φ(q, p) = 0, then we constrain the possible solutions for the EOMs to lie on a particular
surface in phase-space, i.e. the constraint surface. If a particular relation is satisfied on the
constraint surface, e.g. ∂tC = 0, then the equality is denoted with ≈ so that ∂tC ≈ 0.
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of a completely constrained vielbein. These additional DOFs must be elimi-
nated eventually in order to obtain the correct number of phase-space DOFs.
Again, the details of these calculations are not important, for details see e.g.
[48] and [49].

Using a partially constrained vielbein, when calculating the Ricci scalar,
the Einstein-Hilbert action becomes

SEH = MD−2
Pl

∫
dDx

(
πi aė

a
i −N C̃(e, π)−N iC̃i(e, π)

)
. (4.13)

The momenta canonically conjugate to eai are

πi a ≡
∂LEH

∂ėai
= MD−2

Pl (det e) eaj(K
ji −Kgji) (4.14)

and the so called extrinsic curvature, Kij , is

Kij =
1

2N
(ėa(ieaj) −∇(iNj)) (4.15)

where∇i is the covariant derivative associated with gij . From this equation
it is clear that Kij is symmetric.

Multiplying the momenta πi a by ebi, using (4.14) and (4.15), we find

Pab(e, π) ≡ e[aiπ
i
b] = 0. (4.16)

This is a constraint on the phase-space variables e and π, and we may add
Pab to the Einstein-Hilbert action together with a set of (D − 1)(D − 2)/2
Lagrange multiplier, λab, so that this constraint becomes manifest.

SEH = MD−2
Pl

∫
dDx

(
πi aė

a
i−N C̃(e, π)−N iC̃i(e, π)−1

2
λabPab(e, π)

)
. (4.17)

The constraintsPab is first class which implies that the secondary constraints
associated with Pab vanishe identically and do not impose any additional
constraints on the theory. Hence this constraint removes (D − 1)(D − 2)/2
DOFs. Moreover, the symmetry of the Einstein-Hilbert action under spatial
rotations can be used to eliminate another (D − 1)(D − 2)/2 DOFs. Again,
the lapse and shift EOMs give rise to D first class constraints, C̃ and C̃i, re-
movingD DOFs and the diffeomorphism symmetry eliminatesD DOFs. To
summarize, we have

(D− 1)2− 1

2
(D− 1)(D− 2)− 1

2
(D− 1)(D− 2)−D−D = D(D− 3) (4.18)

phase-space DOFs in the theory, as we should.

4.2 The Hinterbichler and Rosen No-Ghost Argument

The multivielbein action is (3.10),
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Smv =
N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx T I1...ID ε̃µ1...µD ε̃A1...ADE

A1
µ1(I1)...EADµD(ID) (4.19)

so the kinetic term is N copies of the Einstein-Hilbert action. Thus the ki-
netic term is invariant under individual LLTs and we can chose to write the
kinetic term in terms of completely constrained vielbeins as in (4.7) or in
terms of partially gauge fixed vielbeins as in (4.17). Observe however that
the potential term breaks the symmetry under individual LLTs down to the
diagonal subgroup of simultaneous LLTs. So if we chose to write the kinetic
term in terms of the completely constrained vielbeins or in terms of the par-
tially constrained vielbeins, we have to stick with that notation also when
calculating the potential term, or else we would have an unconvenient mix-
ture of totally constrained vielbeins and partially constrained vielbeins in
the theory. Due to the breaking of this symmetry, in the potential term the
Lorentz parameters will not disappear, contrary to the kinetic term.

Hinterbichler and Rosen choose to work with the partially constrained
vielbeins, keeping the rotational DOFs implicit in the spatial vielbein.

Let us write out the potential term of the multivielbein action in terms
of the partially gauge fixed vielbein (4.12), i.e. in terms of the boosts va,
the lapse N , the shift N i, and the spatial vielbein e. With the Lorentz boost
matrix expressed in terms of the boosts (C.19), (4.12) becomes

E =

(
NΓ + ΓvT eN ΓvT e

NΓv +
(
I + Γ2

1+Γvv
T
)
eN

(
I + Γ2

1+Γvv
T
)
e

)
. (4.20)

It is important to observe that only the first column of the vielbein depends
on the lapse and shift and that it is linear both in the lapse and in the shift.
This linearity carries over directly to the action which is implied from the
fact that the Lorentz index of each of the vielbeins (indexing the rows of the
vielbein matrix (4.20)) is contracted with the totally antisymmetric ε̃A1...AD .
If a particular term in the potential does not contain any E(1), then it is
obvious that it is linear inN(1) andN i(1). If a term in the potential of (3.10)
contains only one E(1), i.e. if precisely one of the I1, ... , ID in (3.10) is 1,
then the linearity of the vielbein in the lapse and shift carries over directly
to that term. On the other hand, if we have a term that contains precisely
two E(1), then the only chance of having a non-linear term in the lapse or
shift is if both of the vielbeins E(1) contribute with a lapse or shift at the
same time. Since the lapse and shift are only contained in the first column
of the vielbein matrix (4.20), a non-linear contribution can only come from
terms where the coordinate index of both of the E(1) vielbeins are put to
zero. However, that term goes as

ε̃A1...ADE
A1
0 (1)EA2

0 (1)... = 0 (4.21)

due to the antisymmetry of the ε̃A1...AD in (µ1µ2) and the symmetry of
EA1

0 (1)EA2
0 (1) in (µ1µ2). The linearity of the action in the lapses and shifts
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implies that the potential has the following form,

Smv,pot = −
∫

dDx
N∑
I=1

(
N(I)C̃m

[
e(I ′),v(I ′); I

]
+N i(I)C̃m

i

[
e(I ′),v(I ′); I

])
(4.22)

for some functions C̃m and C̃m
i that do only depend on the spatial vielbeins

and the boosts. The precise form of the expression is not important.
The boost velocities enter into the action due to the fact that the potential

term breaks the invariance under individual LLTs. Since the boost veloci-
ties are non-dynamical, they do not have any conjugate momenta. Adding
together (4.22) with N copies of (4.17), the action is

Smv =

∫
dDx

N∑
I=1

(
πi a(I)ėai(I)−N(I)C̃eff

[
e(I ′), π(I ′),v(I ′); I

]
−N i(I)C̃eff

i

[
e(I ′), π(I ′),v(I ′); I

]
− 1

2
λab(I)Pab

[
e(I), π(I); I

])
(4.23)

where the effective constraints are defined as

C̃eff(I) ≡ C̃(I) + C̃m(I), C̃eff
i (I) ≡ C̃i(I) + C̃m

i (I) (4.24)

The derivative terms in the action comes from the kinetic term and we sim-
ply have N copies of the e(I) as the only dynamical variables. So, we start
out with a 2 × N (D − 1)2-dimensional phase-space consisting of the e(I)
and π(I). The next task is to integrate out the boosts, i.e. to solve the EOMs
for the boosts and plug the solutions back into the action. For this purpose,
we make use of the overall LLI to choose the overall LLF in such a way that
va(1) = 0. In Section 2.4.6 it was shown how to do this.

The EOMs for the lapses are

δSmv

δN i(I)
= 0⇔ C̃eff

i

[
e(I ′), π(I ′),v(I ′); I

]
= 0, I = 2, ...,N (4.25)

which is a set of constraints that can be solved for the boosts v(2), ...,v(N )
in terms of the e(I) and π(I),

v(I) = v(e, π; I), I = 2, ...,N . (4.26)

Plugging the solution back into the action, the variables appearing in the
action are e(I) and π(I),

Smv =

∫
dDx

N∑
I=1

(
πi a(I)ėai(I)−N(I)C̃eff

[
e(I ′), π(I ′),v(e, π; I ′); I

]
− 1

2
λab(I)Pab

[
e(I), π(I); I

])
−
∫

dDxN i(1)C̃eff
i

[
e(I ′), π(I ′),v(e, π; I ′); 1

]
.

(4.27)
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Thus we have integrated out the Lorentz boosts successfully and, impor-
tantly, the action remains linear in the lapses and the shift. Furthermore,

δSmv

δN(1)
= 0,

δSmv

δN i(1)
= 0 (4.28)

is a set of first class constraints [1]. Together with the overall diffeomor-
phism invariance, they eliminate 2×D DOFs. The equations of motion for
the lapses N(2), ..., N(N ) are

δSmv

δN(I)
= 0⇔ C̃eff

[
e(I ′), π(I ′),v(e, π; I ′); I

]
= 0, I = 2, ...,N (4.29)

and constitute another (N − 1) constraints, and it is expected that they all
give rise to secondary constraints, eliminating another (N − 1) DOFs. This
is, however, not shown explicitly but Hinterbichler and Rosen express their
expectation of their existence of such secondary constraints in light of the
existence in bimetric gravity. When it comes to the Pab(I) constraints, the
overall sum

N∑
I=1

Pab(I) = 0 (4.30)

is a first class constraint [1]. Together with the symmetry of the theory un-
der an overall spatial rotation, they eliminate 2 × (D − 1)(D − 2)/2 DOFs.
The other (N −1) independent combinations of Pab(I) constitute (N −1)×
(D− 1)(D− 2)/2 constraints, and the authors of [1] assume that there is an
equal number of non-trivial secondary constraints associated with these.
This assumption is however not obvious as pointed out by de Rham and
Tolley in [2]. They take another approach however, namely to work with
completely constrained vielbeins and enhancing the phase-space by intro-
ducing momenta canonically conjugate to the rotations. In this way the spa-
tial rotations are taken into account explicitly. In the approach of de Rham
and Tolley, instead of showing the existence of secondary constraints asso-
ciated with Pab(I) (which do not appear when working with completely
constrained vielbeins), the rotations should be integrated out in a similar
way to what we did with the Lorentz boosts.

Trusting the DOF analysis by Hinterbichler and Rosen however, the to-
tal number of phase-space DOFs becomes

2×N (D−1)2−2×D−2×(N−1)−2×1

2
(D−1)(D−2)−2×1

2
(N−1)(D−1)(D−2)

= 2

(
1

2
(D − 1)(D − 2)− 1

)
+ 2(N − 1)

(
1

2
D(D − 1)− 1

)
(4.31)

which is the number of phase-space DOFs for a massless graviton and
(N − 1) massive gravitons. This is what we expect from a ghost-free theory
of N interacting spin-2 fields. So, if this counting of DOFs correct, then the
theory is expected to be ghost-free. As we have already pointed out how-
ever, there are some ambiguities in the analysis which we will analyse in
the next section.
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4.3 de Rham and Tolley Analysis

In the de Rham and Tolley analysis [2], the kinetic term is written in terms
of the completely constrained vielbeins as in Section 4.1.1. Thus, we utilize
the following parametrization,

E =

(
NΓ + ΓvTRecN ΓvTRec

NΓv +
(
I + Γ2

1+Γvv
T
)
RecN

(
I + Γ2

1+Γvv
T
)
Rec

)
. (4.32)

R = R(ϕαβ) is the (D − 1)× (D − 1) orthogonal rotation matrix containing
the (D − 1)(D − 2)/2 rotation angles ϕαβ which are antisymmetric in its
labels ϕαβ = −ϕβα and the spatial vielbein is symmetric, eTc = ec. Again,
the kinetic term is invariant under individual LLTs and hence the boosts
and rotations disappears from those terms. The potential however, breaks
the individual LLI and expanding the potential in terms of the parameters
contained in (4.32) both the boosts and rotation angles appears explicitly.
Still, the vielbein (4.32) does only contain the lapse and shift in the first
column, and the components are linear in those variables, implying that
the potential is linear in the lapses and shifts,

Smv,pot = −
∫

dDx
N∑
I=1

(
N(I)Cm

[
ec(I

′),v(I ′), ϕαβ(I ′); I
]
+

N i(I)Cm
i

[
ec(I

′),v(I ′), ϕαβ(I ′); I
])

(4.33)

where the rotational DOFs can now be seen explicitly. The action is

Smv =

∫
dDx

N∑
I=1

(
(πc)

i
a(I)(ėc)

a
i(I)−N(I)Ceff

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]
−N i(I)Ceff

i

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

])
. (4.34)

The effective constraints, Ceff and Ceff
i , are the sums of the constraints from

the kinetic term and the potential term,

Ceff(I) ≡ C(I) + Cm(I), Ceff
i (I) ≡ Ci(I) + Cm

i (I). (4.35)

As in the Hinterbichler and Rosen analysis we can use the overall LLI to
set vi(1) = 0 but also ϕαβ(1) = 0. We can also use the EOMs for the lapses
N(2), ..., N(N ) to solve for the boosts v(2), ...,v(N ),

δSmv

δN i(I)
= 0⇔ Ceff

i

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]
= 0, I = 2, ...,N .

(4.36)
Solving the constraints for the boosts give

v(I) = v(ec, πc, ϕ
αβ; I), I = 2, ...,N . (4.37)
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Plugging the solution back into the action, we have integrated out the boosts
in a way that preserves the linearity in the lapses and the shifts. The next
step is to integrate out the rotations, and it is of essential importance that
this can be done in a way that preserves the linearity in the lapses. If not, the
lapse EOMs contain the lapses themselves and should be used to solve for
the lapses rather than to constrain the dynamical phase-space variables ec

and πc. Thus the constraints needed to eliminate the BD ghost, disappears.
So, when integrating out the rotations, the solution must be a function only
of the dynamical variables ec and πc. Otherwise, when plugging the so-
lution back into the action (4.34), the functions Ceff and Ceff

i multiplying
the lapse and shift respectively, are functions of the lapses and shift which
breaks the linearity of the action in these variables.

To integrate out the rotations, the approach of de Rham and Tolley is to
enhance the phase-space by introducing momenta, π(ϕ)

αβ , canonically conju-
gate to the non-dynamical rotations. Doing so, we have to add the kinetic
term for the rotations to the action together with a term containing a La-
grange multiplier to ensure that the momenta vanishes,

Senh =

∫
dDx

N∑
I=1

(
(πc)

i
a(I)(ėc)

a
i(I) + π

(ϕ)
αβ (I)ϕ̇αβ(I)

−N(I)Ceff
[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]
−N i(I)Ceff

i

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]
+ λαβ(I)π

(ϕ)
αβ (I)

)
. (4.38)

The vanishing of the rotational momenta is manifest since the EOMs for the
Lagrange multipliers λαβ(I) are

δSenh

δλαβ(I)
= 0⇔ π

(ϕ)
αβ (I) = 0. (4.39)

The Hamiltonian density is

Henh =

N∑
I=1

(
(πc)

i
a(I)(ėc)

a
i(I) + π

(ϕ)
αβ (I)ϕ̇αβ(I)

)
−Lenh =

N∑
I=1

(
N(I)Ceff

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]
+

N i(I)Ceff
i

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]
− λαβ(I)π

(ϕ)
αβ (I)

)
. (4.40)

In order for the counting of DOFs to work out, there must exist a non-
trivial secondary constraint associated with (4.39). This secondary con-
straint arises by requiring that the constraint associated with the vanishing
of the rotational momenta is conserved in time on the constraint surface,
i.e.

∂tπ
(φ)
αβ (I) ≈ 0. (4.41)

Hamilton’s equations [50] says that,
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∂tπ
(φ)
αβ (I) = − ∂Henh

∂ϕαβ(I)
+ ∂i

(
∂Henh

∂(∂iϕαβ(I))

)
. (4.42)

However, the Hamiltonian density (4.40) does not depend on any spatial
derivatives of the rotations, so (4.41) and (4.42) implies

∂Henh

∂ϕαβ(I)
≈ 0. (4.43)

The last term in (4.40) does not depend on ϕαβ(I). Moreover, the effective
constraints Ceff and Ceff

i are sums of the constraint functions from the kinetic
term and the potential term, (4.35). The kinetic terms does not depend on
the rotations however. Thus, (4.43) reduces to

0 ≈ ∂

∂ϕαβ(I)

( N∑
I=1

(
N(I)Ceff

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]
+

N i(I)Ceff
i

[
ec(I

′), πc(I
′),v(I ′), ϕαβ(I ′); I

]))
=

∂Lenh,pot

∂ϕαβ(I)
=
∂(Lenh,pot + Lenh,kin)

∂ϕαβ(I)
=

∂Lenh

∂ϕαβ(I)
. (4.44)

Hence,

∂Lenh

∂ϕαβ(I)
≈ 0 (4.45)

is the secondary constraint associated with the vanishing of the rotational
momenta which is nothing but the equations of motion with respect to the
rotations. In order to allow for the possibility to integrate out the rotations,
(4.45) must be true constraints. In other words, these equations cannot con-
tain the lapses or shifts, because if they do, then (4.45) are not constraints
but should be used to solve for the lapses or shifts. If one would insist to
use these equations to solve for the rotations anyway, then the solutions for
the rotations would contain the lapses and shifts and when plugging the
solutions back into the action, the linearity of the action in these variables
would be broken. In that case, the constraints needed to eliminate the BD
ghost would disappear and the ghost instability would reappear.

Let us quote from de Rham and Tolley [2],

The secondary constraints associated with the vanishing of the
momentum conjugate for the rotations are none other than the
space-space part of the symmetric vielbein condition and the re-
quirement that these are truly constraints is equivalent to asking
that the rotations can be integrated out in a manner which pre-
serves linearity in N .

What we have been able to show explicitly is that the secondary constraints
associated with the vanishing of the rotational momenta is the EOMs with
respect to the rotations, (4.45). We also argued why this has to be a true
constraint in order to integrate out the rotations in a way that preserves the
linearity of the action in the lapse. However, if we take the symmetrization
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condition (SC) to refer to (2.51), then the EOMs with respect to the rota-
tions are not the space-space components of the SC. On the other hand, if
we would interpret the "symmetric vielbein condition" in this quote as the
DvN condition, then the implication of their statement would be that all
multivielbein theories are ghost-free. This is because the space-space part
of the DvN condition (2.28) does not contain the lapses (or shifts) and can
hence be used to integrate out the rotations in such a way that the solution
does not depend on the lapses, see Theorem 4.1. It seems like it is difficult
to make sense out of the above statement by de Rham and Tolley. What
we can conclude however, is that the secondary constraints associated with
the vanishing of the rotational momenta is the EOMs with respect to the
rotations.

When reading [2] it also needs to be observed that the term "symmetric
vielbein condition" is used to refer to different things. Most of the time, it
simply refers to the DvN condition. However, in the quote above we saw
that it cannot possibly refer to the DvN condition although it is not exactly
clear what it refers to.

It is important to realize that not all multivielbein theories give rise to
an equation (4.45) that can be used to integrate out the rotations. Indeed,
generically (4.45) contains the lapses and shifts and cannot be used to solve
for the rotations. So, to demand that (4.45) does not contain the lapses and
shifts singles out a very specific set of multivielbein theories, and only those
theories can be ghost-free. Hence, the next step is to analyse what this set
of theories is.

In order to do so, de Rham and Tolley are considering a specific example
of the massive gravity limit of a loop-type multidreibein theory where the
dreibeins are coupled together with bivertex couplings. By calculating the
EOMs for the rotations explicitly, they show that the space-space DvN con-
dition must be satisfied in order for the solution of the rotation angles not
to depend on the lapse. Yet, for this theory the space-space DvN condition
does not appear dynamically and cannot be imposed by hand since that
would overconstrain the theory. Thus the rotations cannot be integrated
out without breaking the linearity of the action in the lapse and the theory
is ghostly. Since this kind of theory belongs to the set of multivielbein the-
ories (domain 1© of Fig. 3.8), there must be some error in the DOF counting
by Hinterbichler and Rosen.

We have seen that the DvN condition plays an important role in the
ghost analysis of multivielbein theories. In particular, if the EOMs for the
rotations are the space-space DvN condition (2.28), then the rotations can
be integrated out and the solution will not depend on the lapses or shifts.
This is important, so let us state this as a theorem.

Theorem 4.1. Solving the space-space components of the DvN condition (2.28)
for the rotations, the solution does not depend on the lapses (or shifts).

Proof. Using the parametrization (4.20) of a generic vielbein, we can calcu-
late the space-space components of the DvN condition (2.26) for two non-
identical vielbeins E(I) and E(J), i.e.(

ET (I)
)A

[i
ηABE

B
j](J) = 0, I 6= J. (4.46)
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An explicit calculation reveals that (4.46) does not contain the lapses or
shifts, but it contains the rotation angles via the rotation matrix R (which
could beR(1) orR(2) depending on which one we choose to solve for). Fur-
thermore, the rotation matrix appears in an equation of the form XTR −
RTX = 0 where X is a (D − 1) × (D − 1) matrix that does not contain
the lapses or shifts. Provided that the inverse of R exists (which it ob-
viously does), the set of only and all solutions of this equation is R =
SX where S is an arbitrary symmetric matrix [51]. However, we can use
the property of the rotation matrix being orthogonal (RT η(3)R = η(3)) to
solve for the symmetric matrix S = η(3)

√
(η(3)Xη(3)XT )−1 implying R =

η(3)
√

(η(3)Xη(3)XT )−1X . This is the explicit expression for the rotation ma-
trix in terms of the matrix X which does not contain the lapses or shifts.
(The precise form of this matrix is not important for our purposes.) Since
we have solved for the rotation matrix without introducing the lapses or
shifts, neither will the rotation angles depend on these variables.

De Rham and Tolley also states [2]

This analysis has also allowed us to study more general the-
ories where the symmetric vielbein [i.e. the DvN] condition is
broken and the vielbein formulation differs from the metric one.
We argue that in that case the BD is also present in the vielbein
formulation of the theory [...] we are led to conclude that any
consistent interacting theory for massive spin-two fields must
have a natural expression in the metric language and that the
vielbein formalism, although a very powerful tool from the cal-
culational point of view and a very convenient formalism, does
not give rise to new interactions.

So, they claim that if the DvN condition is broken, then the rotations cannot
be integrated out in a way that preserves the linearity in the lapses, and the
BD ghost reappears. In other words, a necessary condition for a multiviel-
bein theory to be ghost-free is that the DvN condition appears dynamically
in the theory. Or to be more precise, in the case of a multivielbein theory
of N interacting vielbeins, a necessary condition for the theory to be ghost-
free is that the Lorentz EOMs constitute precisely (N − 1) DvN conditions.
Why it has to be precisely (N − 1) DvN conditions is explained in Chapter
5.

Furthermore, they are asserting that the multivielbein theories do not
give any more general ghost-free theories than those ghost-free theories that
can be consistently constructed with the metric formalism. But this is the
set of multimetric theories where the spin-2 fields are coupled together with
bimetric Hassan-Rosen couplings in a tree-type structure. Hence, they are
implicitly identifying the set of theories 4©with the set of theories 5© of Fig.
3.8.

It needs to be stressed that de Rham and Tolley do not show their state-
ments in complete generality (at least not in this paper alone). What they
show is that in the specific case of a dreidreibein theory where the vielbeins
are coupled together in a loop-type structure, the space-space DvN condi-
tion must arise dynamically in order for the theory to be ghost-free. But,
since it does not, it cannot simply be imposed by hand since that would
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overconstrain the theory. The conclusion is that the rotation angles cannot
be integrated out in a way that preserves the linearity in the lapses and thus
the theory contains the wrong number of phase-space DOFs and is ghostly.
Therefore, what de Rham and Tolley have showed explicitly is that there is
at least one exception to the analysis by Hinterbichler and Rosen, so there
has to be some defect in their analysis.

It remains however to show that their conclusion is valid for all space-
times dimensionalities and for all possible multivielbein couplings. For the
time being, we adopt the statements of de Rham and Tolley in the form of
two conjectures.

Conjecture 4.1. The multimetric theories where the metrics are coupled together
with bimetric Hassan-Rosen couplings in a tree-type structure (domain 5© of Fig.
3.8), is identical to the subset of multivielbein theories for which the Lorentz EOMs
constitute exactly (N − 1) DvN conditions (domain 4© of Fig. 3.8.)

This conjecture will be proved in Chapter 5.

Conjecture 4.2. If the Lorentz EOMs (the SC) is not a set of (N − 1) DvN
conditions, then when solving the EOMs for the rotations, the solution depends on
lapses and breaks the linearity of the action in the lapse. Thus the ghost instability
reappears. In other words, if we can integrate out the rotations in a way that
preserves the linearity in the lapses, then the Lorentz EOMs is a set of (N − 1)
DvN conditions.

In a more mathematical language, we can state Conjecture 4.2 in the fol-
lowing way.


∂

∂N(I′)

(
∂Lmv

∂ϕαβ(I)

)
= 0

∂
∂N i(I′)

(
∂Lmv

∂ϕαβ(I)

)
= 0

⇒ [
δSmv

δAAB(I)
= 0⇔ (N − 1) DvN conditions

]
.

(4.47)
If we conjoin these two conjectures with Theorem 3.1, then we arrive at the
following corollary,

Corollary 4.1. The multivielbein theories where the metrics are coupled together
with bimetric Hassan-Rosen couplings in a tree-type structure are only and all
ghost-free multivielbein theories.

In other words, the domain 5© of Fig. 3.8 is only and all ghost-free mul-
tivielbein theories, which is indicated in Fig. 3.9. This is the single most
important statement of the thesis. It remains to show the two conjectures
on which the corollary relies. In Chapter 5 we will prove Conjecture 4.1.
When it comes to proving Conjecture 4.2, to the knowledge of the author,
that prospect still lies in the future.

4.4 Proposal of Modified Analysis

There is one slight drawback with the form of the analysis carried out both
by Hinterbichler and Rosen [1] and by de Rham and Tolley [2]. That is the
fact that they choose to encode the parameters of the Lorentz transforma-
tions into the boosts and rotations rather than into the antisymmetric matrix
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of the Cayley parametrization. This was especially evident when deriv-
ing (2.51) as the Lorentz EOMs in Section 2.4.5. In fact, the corresponding
derivation in [1] was done utilizing a perturbative expansion of the Lorentz
transformation around the identity transformation. The potential danger is
that the derivation does not hold generically, away from the identity trans-
formation. On the other hand, with our proposed derivation utilizing the
Cayley parametrization, we could circumvent this concern and derive the
equation without having to impose any restricting assumptions.

The major advantage using the Cayley parametrization is that the Lorentz
parameters are encoded in the antisymmetric matrix A having Lorentz in-
dices. That is to say, the components of the antisymmetric matrix, AAB ,
transform covariantly under LLTs. This is in contrast with the boosts, va,
and rotations, ϕαβ , which do not transform covariantly under LLTs. There-
fore, using the Cayley parametrization, the EOMs for the Lorentz parame-
ters, AAB , is still manifestly Lorentz covariant.

Therefore, we suggest that the ghost analysis of the multivielbein the-
ories should be carried out with the Cayley parametrization of the LLTs
rather than with boosts and rotations. Hence the D(D − 1)/2 independent
parameters of the Lorentz transformations are encoded in the antisymmet-
ric matrixA rather than va and ϕαβ . However, reformulating the analysis in
[1] and [2] using the Cayley parametrization should mostly be a straightfor-
ward task and the majority of the results should be the same. For example,
the A0a(I) components of A are integrated out using the shift equations of
motion and it remains to integrate out the spatial components Aab in a way
that preserves the linearity of the action in the lapses. This can be done by
enhancing the phase-space introducing by hand the momenta canonically
conjugate to the (non-dynamical) Aab. Associated with the vanishing of the
Aab momenta there is a secondary constraint which is the EOMs with re-
spect to Aab. This set of equations should be used to integrate out Aab and
for the action to preserve the linearity in the lapses, the solution needs to
be independent of the lapses. At this point the advantage of the Cayley
parametrization may turn up compared with the same analysis with the
rotations and boosts. So, the Cayley parametrization may turn out to be
useful when trying to prove Conjecture 4.2. However, further calculations
needs to be done in order to decide upon that issue.

4.5 Summary

The counting of the number of degrees of freedom in the vielbein formu-
lation of general relativity was reviewed. In particular, we considered two
different ways to distribute the degrees of freedom in the theory. One way
is to parametrize the vielbein as local Lorentz transformation acting upon a
completely constrained vielbein, i.e. lower-triangular and symmetric in the
space-space components. In this case the Lorentz transformation encodes
D(D−1)/2 degrees of freedom and the completely constrained vielbein en-
codes the other D(D+ 1)/2 degrees of freedom. The other case is when the
vielbein is parametrized as a Lorentz boost acting upon a lower-triangular
vielbein. The space-space components of the vielbein are not symmetric
however. In this case, the Lorentz boost encodes (D − 1) degrees of free-
dom and the other (D − 1)2 + D degrees of freedom are encoded in the
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vielbein. In both these cases a number of constraints appear and the num-
ber of degrees of freedom in the theory adds up correctly to D(D − 3).

We presented the ghost analysis due to Hinterbichler and Rosen [1]. The
action of the multivielbein theory proposed by the same authors is clearly
linear in the lapses and the shifts, imposing a number of constraints on the
theory. Together with other constraints, Hinterbichler and Rosen conclude
that the number of degrees of freedom in the multivielbein theory adds up
to the appropriate value. However, two weaknesses of the analysis in [1]
were pointed out. The first one is that the existence of secondary constraints
associated with the lapse equations of motion is not shown. The second one
is that the authors do not show the existence of the secondary constraints
associated with the constraints Pab(I). This was pointed out by de Rham
and Tolley in [2] where another approach was used to count the number of
degrees of freedom however.

First of all, de Rham and Tolley are working with the completely con-
strained vielbeins, encoding (D−1)(D−2)/2 degrees of freedom into the ro-
tation angles of the rotation matrix. Again the action is clearly linear in the
lapses and shifts, imposing a number of constraints on the theory. The shift
equations of motion can be used to integrate out (solve for) the boosts. To
integrate out the rotations, de Rham and Tolley consider the possibility of
enhancing the phase-space by introducing the (vanishing) momenta canon-
ically conjugate to the rotations. To ensure that these momenta are vanish-
ing they are added to the action together with a Lagrange multiplier. The
equations of motion for the Lagrange multiplier is the requirement that the
rotational momenta vanish. Demanding that this constraint is conserved
in time, we obtain the associated secondary constraints which are shown
to be the equations of motion with respect to the rotations. By considering
the massive gravity limit for a loop-type theory in D = 3 space-time di-
mensions, de Rham and Tolley show in this example that the space-space
components of the DvN condition is required in order to solve for the ro-
tations in a way that does not involve the lapses. Yet, in this example the
space-space components of the DvN condition do not appear dynamically
and can thus not be imposed by hand. Thus, the theory is ghostly. More-
over, they claim that for all multivielbein theories, the DvN condition must
appear dynamically in order to integrate out the rotations without reintro-
ducing ghost-instabilities. The conclusion is that the multivielbein theories
proposed in [1] do not yield any additional set of ghost-free theories com-
pared to what was know before, i.e. Hassan-Rosen couplings in a tree-type
structure.

It is noted however, that they do only show their claims in the case of
the specific example that they analyse and not in general (at least not in this
paper alone), so we state their conclusions in the form of two conjectures.
The essence of the first conjecture is that the multimetric theories that are
coupled together with Hassan-Rosen couplings in a tree-type structure are
precisely those multivielbein theories for which the appropriate number of
DvN conditions arise dynamically. The essence of the second conjecture is
that we need the correct number of DvN conditions in order to integrate
out the rotations without reintroducing ghost instabilities.

However, we know that the multimetric theories with Hassan-Rosen
couplings in a tree-type structure are ghost-free. Thus, if the two conjec-
tures are true we can draw the conclusion that the multimetric theories
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where the metrics are coupled together with Hassan-Rosen couplings in
a tree-type structure are only and all ghost-free multivielbein theories. This
is the most important statement of the thesis and it remains to prove the
two conjectures. The first one is proved in Chapter 5 while the second one
still needs to be investigated.

We also proposed an alternative way of analysing the ghost-issue and
that is by encoding the parameters of the Lorentz transformation in the Cay-
ley parametrization instead of the boosts and rotations as in [1, 2]. One im-
mediate advantage is that the antisymmetric matrixA encoding the Lorentz
parameters has Lorentz indices and hence transforms covariantly under lo-
cal Lorentz transformations. As a consequence the equations of motion
with respect to AAB is a set of covariant equations. This is contrary to
the boosts and rotations which do not transform covariantly under local
Lorentz transformations. With the Cayley parametrization, most of the
analysis should go through in the same way as before. The advantage may
turn out however when integrating out the rotations, which in the modified
analysis is translated to the problem of integrating out the spatial compo-
nents, Aab, of the antisymmetric matrix. This issue is obviously related to
the second conjecture. Further analysis needs to be carried out in order to
settle that issue.
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Chapter 5

Existence of the DvN Condition

A generic vielbein can be parametrized by a LLT acting on a constrained
vielbein as explained in Appendix C,

E = ΛEc. (5.1)

We will work with completely constrained vielbeins that are lower-triangular
and the space-space components are symmetric. With this parametrization,
the EOMs for the theory can be divided into two different sets. The first
one is the EOMs with respect to the Lorentz parameters which is a set of
algebraic (non-dynamical) equations. The second one is the EOMs with re-
spect to the constrained vielbeins which are dynamical equations. If the
DvN condition is to appear dynamically in the theory at all, it must be in
the Lorentz EOMs since the DvN condition is an algebraic equation.

In a generic multivielbein theory of N interacting vielbeins, there are
N (N − 1)/2 different DvN conditions,

ET (I)ηE(J) = ET (J)ηE(I), I 6= J. (5.2)

In Section 2.4.5 we derived the EOMs with respect to the Lorentz param-
eters (2.51) (2.54), also referred to as the symmetrization condition (SC).
The Lorentz parameters are encoded in the antisymmetric matrix A in the
Cayley parametrization of the Lorentz transformation (D.1). Since the ki-
netic term of the multivielbein theories is invariant under individual LLTs,
the Lorentz parameters do not appear in the kinetic term. Thus, the Lorentz
EOMs are obtained only by varying the potential and the potential does not
contain any derivative terms. Thus the EOMs for the Lorentz parameters
do not contain any derivative terms and is non-dynamical, i.e. algebraic.
In fact, since there are D(D − 1)/2 independent components of a LLT in D
space-time dimensions, the Lorentz EOMs constitute (N − 1)×D(D− 1)/2
equations. One equation for each vielbein, except from E(1) say, whose
Lorentz parameters are gauge fixed to zero using the overall LLI.

In order to single out those theories for which the appropriate number
of DvN conditions appear dynamically, we will analyse the Lorentz EOMs
(the SC) (2.51), writing them on a certain form that allows us to analyse the
issue in a convenient way. Starting in D = 3 space-time dimensions, we
will extend the analysis to D = 4 space-time dimensions, and then finally
generalize the analysis to arbitrary space-time dimensionalities.
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5.1 Three Space-Time Dimensions

In D = 3 space-time dimensions, the generic multivielbein (multidreibein)
potential is

S(3)
pot =

∑
{I}

∫
dDx T I1I2I3 ε̃µ1µ2µ3 ε̃A1A2A3E

A1
µ1(I1)EA2

µ2(I2)EA3
µ3(I3) (5.3)

where

Ii ∈ {1, ...,N}. (5.4)

First, we want to calculate the derivative of the potential with respect to the
components of a generic dreibeinEAµ(I). If, for a particular term (I1, I2, I3) =
(I ′, I ′′, I ′′′), none of the I ′, I ′′, or I ′′′ are equal to I , then the derivative with
respect to E(I) for that term is equal to zero and does not contribute to
the E(I) EOMs. Thus, when differentiating with respect to E(I), we can
assume without loss of generality that at least one of the dreibeins in the
action can be identified with E(I). Furthermore, for each of the terms in
the potential, due to the antisymmetric property of the two antisymmetric
tensor densities, we can rearrange the dreibeins so that the first dreibein is
always the E(I). So, when differentiating the potential (5.3) with respect to
E(I), we can without loss of generality identify I1 = I .

Of course we can also have I2 = I and/or I3 = I , e.g. a potential term
like ∼ E(I) ∧ E(I) ∧ E(I). Using the product rule and the fact that we
can rearrange the dreibeins freely in the potential, the variation is δ(E(I) ∧
E(I) ∧ E(I)) = 3δ(E(I)) ∧ E(I) ∧ E(I) where the variation is understood
to be with respect to E(I). The factor of three can always be absorbed into
the coupling constant T III . Thus, even if I2 = I and/or I3 = I , when
varying the action with respect to E(I), E(I2) and E(I3) can effectively be
considered as independent of E(I) even though I2 = I and/or I3 = I .
Hence, varying the potential,

δS(3)
pot

δEAµ(I1)
=
∑
{I2,I3}

∫
dDx T I1I2I3 ε̃µ1µ2µ3 ε̃A1A2A3

δEA1
µ1(I1)

δEAµ(I1)
EA2

µ2(I2)EA3
µ3(I3) =

∑
{I2,I3}

T I1I2I3 ε̃µ1µ2µ3 ε̃A1A2A3δ
A1
A δµµ1E

A2
µ2(I2)EA3

µ3(I3). (5.5)

Plugging into the SC (2.54) and renaming some of the indices yields

∑
{I2,I3}

T I1I2I3 ε̃µ1µ2µ3 ε̃A1A2A3 ε̃
N1A1B1ηB1C1×EC1

µ1(I1)EA2
µ2(I2)EA3

µ3(I3) = 0,

∀N1 ∈ {0, 1, 2} (5.6)

as the SC. Using the fact that

ε̃A1A2A3 ε̃
N1A1B1ηB1C1 = ηA2C1δ

N1
A3
− ηA3C1δ

N1
A2

(5.7)
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we can rewrite (5.6) as

∑
{I2,I3}

T I1I2I3 ε̃µ1µ2µ3
([
EC1

µ1(I1)ηC1A2E
A2
µ2(I2)

]
EN1

µ3(I3)−

[
EC1

µ1(I1)ηC1A2E
A2
µ2(I3)

]
EN1

µ3(I2)

)
= 0 ∀N1 ∈ {0, 1, 2}. (5.8)

Rearranging the space-time indices in the second term, the term picks up a
minus sign due to the antisymmetric property of ε̃µ1µ2µ3 ,

∑
{I2,I3}

T I1I2I3 ε̃µ1µ2µ3
([
ET (I1)ηE(I2)

]
µ1µ2

EN1
µ3(I3) + (I2 ↔ I3)

)
= 0

∀N1 ∈ {0, 1, 2} (5.9)

where (I2 ↔ I3) denotes a term equal to the first one with I2 replaced by
I3 and vice versa. Since I1 can take on N different values, I1 ∈ {1, ...,N},
there are N sets of equations of motion for the Lorentz parameters, each
of which constitutes three equations (N1 ∈ {0, 1, 2}). Written out explicitly,
they are



∑
{I2,I3} T

1I2I3 ε̃µ1µ2µ3
([
ET (1)ηE(I2)

]
µ1µ2

EN1
µ3(I3) + (I2 ↔ I3)

)
= 0

...∑
{I2,I3} T

N I2I3 ε̃µ1µ2µ3
([
ET (N )ηE(I2)

]
µ1µ2

EN1
µ3(I3) + (I2 ↔ I3)

)
= 0

.

(5.10)
The advantage of writing out the SC in this way is the appearance of "DvN-
like" terms in the equations, e.g. ET (I1)ηE(I2). The components ofET (I1)ηE(I2)

are always contracted with the antisymmetric tensor density like ε̃µ1µ2µ3
[
ET (I1)ηE(I2)

]
µ1µ2

and hence if ET (I1)ηE(I2) is symmetric (i.e. satisfies a DvN condition), this
term is zero. We want to use this property to analyse what theories that
have a set of DvN condition as solutions to (5.10). Let us first note that we
can throw away one of the equations (one row of (5.10)) as redundant since
we can use the overall local Lorentz invariance (LLI) to fix A(1) = 0 say.
Thus the first equation of (5.10) is zero identically. The other equations con-
stitute a total of (N − 1) × 3 equations and since we want to single out the
theories for which (5.10) is solved by a set of DvN conditions, we note that
it must be solved by precisely (N − 1) different DvN conditions or else the
theory will be overconstrained or underconstrained.

Example 5.1. To take a more explicit example, in a dreidreibein theory we
have three different dreibeins, E(1), E(2), and E(3), and two sets of non-
trivial equations of motion with respect to the Lorentz parameters,
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∑
{I2,I3} T

2I2I3 ε̃µ1µ2µ3
([
ET (2)ηE(I2)

]
µ1µ2

EN1
µ3(I3) + (I2 ↔ I3)

)
= 0∑

{I2,I3} T
3I2I3 ε̃µ1µ2µ3

([
ET (3)ηE(I2)

]
µ1µ2

EN1
µ3(I3) + (I2 ↔ I3)

)
= 0

(5.11)
where I2, I3 ∈ {1, 2, 3}. Together they constitute 2 × 3 equations. We want
to single out the theories for which (5.11) is solved by a set of (N − 1) =
2 DvN conditions. In three space-time dimensions a DvN condition (5.2)
constitutes three equations. So, if (5.11) is solved by a set of DvN conditions,
then it is solved by two (different) DvN conditions to add up to a total of
2 × 3 equations. If we consider the alternative solutions, there are three
options, the first one being{

ET (1)ηE(2) = ET (2)ηE(1)
ET (1)ηE(3) = ET (3)ηE(1)

, (5.12)

the second one {
ET (1)ηE(2) = ET (2)ηE(1)
ET (2)ηE(3) = ET (3)ηE(2)

, (5.13)

and the third one {
ET (1)ηE(3) = ET (3)ηE(1)
ET (2)ηE(3) = ET (3)ηE(2)

. (5.14)

5.1.1 Trivertex Couplings

To recapitulate, we are looking for the multdreibein theories for which a
set of (N − 1) (different) DvN conditions solve (5.10). Consider a trivertex
couling as illustrated in Fig. 3.6. Then, in the SC (5.10) we have the DvN-
like terms

ε̃µ1µ2µ3
[
ET (2)ηE(1)

]
µ1µ2

EN1
µ3(3),

ε̃µ1µ2µ3
[
ET (3)ηE(1)

]
µ1µ2

EN1
µ3(2),

ε̃µ1µ2µ3
[
ET (2)ηE(3)

]
µ1µ2

EN1
µ3(1).

(5.15)

Or more explicitly,


ε̃µ1µ2µ3

([
ET (2)ηE(3)

]
µ1µ2

EN1
µ3(1) +

[
ET (2)ηE(1)

]
µ1µ2

EN1
µ3(3)

)
= 0

ε̃µ1µ2µ3
([
ET (3)ηE(1)

]
µ1µ2

EN1
µ3(2) +

[
ET (3)ηE(2)

]
µ1µ2

EN1
µ3(1)

)
= 0

.

(5.16)
So, there are three DvN-like terms in (5.16) which is the same as the number
of vielbeins coupling together in that vertex.

We want to see whether a set of (N − 1) = (3 − 1) = 2 DvN conditions
can solve (5.16). (In this example it is equivalent to see whether any one
of (5.12), (5.13), or (5.14) solves (5.16).) However, if we try to solve (5.16)
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with a set of two DvN conditions, e.g. (5.12), then the corresponding DvN-
like terms in (5.16) vanish due to the antisymmetry of ε̃µ1µ2µ3 . But since
there were three different DvN-like terms in the trivertex theory from the
beginning, (5.12) does not solve (5.16) completely but leaves the equations ε̃µ1µ2µ3

[
ET (2)ηE(3)

]
µ1µ2

EN1
µ3(1) = 0

ε̃µ1µ2µ3
[
ET (3)ηE(2)

]
µ1µ2

EN1
µ3(1) = 0

. (5.17)

If we would insist to impose ET (2)ηE(3) = ET (3)ηE(2) as well, to obtain
a final solution 

ET (1)ηE(2) = ET (2)ηE(1)
ET (1)ηE(3) = ET (3)ηE(1)
ET (2)ηE(3) = ET (3)ηE(2)

, (5.18)

then the theory would be overconstrained in the sense that instead of the
(N − 1) × 3 equations that constitutes the SC, the equations (5.18) can be
used to eliminateN×3 DOFs which are 3 too many for the correct theory of
a massless and (N−1) massive spin-2 fields. Thus, for a trivertex theory it is
not possible to solve the SC by a set of two DvN conditions. To sum up, the
important lesson is that for a trivertex term, there are three unique DvN-like
terms, one for each dreibein. But since we require the SC to be solved by 2
DvN-like conditions (if it is to be solved by a set of DvN conditions at all),
only two types of terms will vanish, leaving the third one on its original
form and we do not have a solution to the SC. Hence we must exclude
trivertex couplings since they contribute with the wrong number of DOFs.

5.1.2 Bivertex Couplings

Besides trivertex couplings, in D = 3 there can be one additional type
of couplings, namely bivertex couplings. If we consider a bivertex cou-
pling like the one illustrated in Fig. 5.1, using (5.10) we see that for the
bivertex coupling there is a total of one DvN-like term in the SC, namely
ET (2)ηE(1). This is one DvN-like term less than the number of vielbeins
interacting in that vertex.

FIGURE 5.1: A theory graph of a bivertex term, coupling to-
gether the vielbeinsE(1) andE(2). The solid line represents
a bivertex coupling between the vielbeins and the wedges

indicate that the potential goes as ∼ E(1) ∧ E(1) ∧ E(2).

More explicitly, the SC is

ε̃µ1µ2µ3
[
ET (2)ηE(1)

]
µ1µ2

EN1
µ3(1) = 0 (5.19)

which is solved by the DvN condition

ET (2)ηE(1) = ET (1)ηE(2). (5.20)
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This is satisfactory since in this case we require (N − 1) = 2 − 1 = 1 DvN
condition to solve the SC; this is the appropriate number of DvN conditions
that should solve the SC in the case of a theory of N = 2 dreibeins. If
the vielbeins E(1) and E(2) would have been coupled to other vielbeins
with bivertex couplings, the same analysis could be used to show that each
of those bivertex couplings contribute with precisely one unique DvN-like
term to the SC.

To emphasize the conclusion, if the dreibeins are coupled together with
bivertex couplings, then each coupling contribute to the SC with precisely
one DvN-like term.

We now proceed to address the case of a generic multidreibein theory
and single out the theories which have precisely (N − 1) DvN conditions
as a solution to the SC. This means that when we consider the SC, (5.10),
the couplings must contribute with exactly (N − 1) DvN-like terms. This
implies that we are looking for multivielbein theories containing N viel-
beins but only (N − 1) bivertex couplings. Recall that trivertex couplings
could be excluded since each trivertex coupling involves three dreibeins
and contributes with three unique DvN-like terms which is one too many.
(Introducing other dreibeins and couplings does not alleviate the problem.)
In terms of the theory graphs, we are looking for those multivielbein the-
ories whose theory graphs contain N nodes (the vielbeins) and (N − 1)
connecting line elements. In this way the problem of finding the desired set
of multivielbein theories is translated to the combinatorial problem of con-
necting N points with (N − 1) line elements in such a way that each point
has at least one connecting line element.

It turns out that this can be done by coupling together chain-type struc-
tures (Fig. 3.2) and centre-type structures (Fig. 3.1) in any arbitrary way as
long as one avoids closing the graph together in a loop. This kind of struc-
ture is called a tree-type structure and is illustrated in Fig. 3.4. The different
possibilities when N = 2, 3, 4, 5, 6 is presented in Fig. 5.2.

FIGURE 5.2: A diagram presenting all possible tree-type
theory graphs when N = 2, 3, 4, 5, 6. The dots (nodes) rep-
resent a dreibein and the lines represent bivertex couplings.
For each different N , any possible tree-type theory with
bivertex couplings can be retained by associating each of

the nodes with the appropriate dreibein.
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Contrary to the bivielbein theories, requiring the SC to be solved by
(N − 1) DvN conditions is restricting the parameter space of the theory. As
in the bivielbein case however, restricting ourselves to bivertex tree-type
theories does not guarantee that the SC is equivalent with a set of (N − 1)
DvN conditions. What is guaranteed is that for any particular theory of this
kind, a set of (N − 1) DvN conditions is always one solution to the SC. So,
even if restricting the parameter space to bivertex tree-type theories, there
may be field configurations solving these EOMs that do not satisfy the DvN
conditions.

Thus, in order to single out not only the appropriate parameter space
that allows for DvN solutions of the SC, but to actually single out the field
configurations whose Lorentz EOMs coincides with a set of (N − 1) DvN
conditions, we have to impose the DvN conditions by hand. This is readily
accomplished for any particular bivertex tree-type theory by adding the
appropriate DvN conditions to the action together with a set of Lagrange
multipliers in the same way as was done in the bivielbein theories (2.69).

Note that this can only be done in a consistent way provided that we
first sort out the parameter space for those theories that allow for (N − 1)
DvN conditions to solve the SC. Otherwise, imposing the DvN conditions
by hand in the action, the EOMs for the Lagrange multipliers and for the
Lorentz parameters would not coincide, implying the existence of more
than (N − 1)× 3 algebraic EOMs in the theory. Thus, the theory is overcon-
strained and the number of DOFs does not add up correctly.

With the existence of the DvN conditions guaranteed, all of the square-
root matrices exists and the bivertex couplings are bimetric Hassan-Rosen
couplings as presented in Section 3.1. Let us state our conclusion as a theo-
rem.

Theorem 5.1. In D = 3 space-time dimensions, the multimetric theories where
the metrics are coupled together with bimetric Hassan-Rosen couplings in a tree-
type structure (domain 5© of Fig. 3.8), is identical to the subset of multivielbein
theories for which the SC (2.51) constitute exactly (N − 1) DvN conditions (5.2)
(domain 4© of Fig. 3.8.)

Thus we have proved Conjecture 4.1 in D = 3 space-time dimensions. Let
us consider a couple of examples.

Example 5.2 (Loop-Type Structure). Let us consider a dreidreibein theory
where all the dreibeins are couple together in a loop-type structure as illus-
trated in Fig. 3.3. In this case the SC is

 2T 211ε̃µ1µ2µ3
[
ET (2)ηE(1)

]
µ1µ2

EN1
µ3(1) + 2T 223ε̃µ1µ2µ3

[
ET (2)ηE(3)

]
µ1µ2

EN1
µ3(2) = 0

2T 322ε̃µ1µ2µ3
[
ET (3)ηE(2)

]
µ1µ2

EN1
µ3(2) + 2T 331ε̃µ1µ2µ3

[
ET (3)ηE(1)

]
µ1µ2

EN1
µ3(3) = 0

(5.21)
and hence the DvN-like terms in the SC is ET (2)ηE(1), ET (2)ηE(3), and
ET (3)ηE(1) and each coupling contributes with one unique DvN-like term
to the SC. Therefore, if we try to solve the SC with two DvN conditions, the
SC will not be satisfied identically and we need to impose one additional
DvN condition which we do not allow since then the number of DOFs does
not add up to the correct result.
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More generically, consider the case where a subset of the dreibeins close
together in a loop, Fig. 5.3.

FIGURE 5.3: A theory graph of a multidreibein theory
where a subset of the drebeins close together in a loop. The
nodes represent the dreibeins and the solid lines represent
bivertex couplings. The dashed lines denote bivertex cou-
plings that may connect to any other dreibein. The precise
form of the couplings and the number of dreibeins in the

loop is not of interest here and is suppressed.

It is important to observe that each of the couplings in the loop con-
tributes with one unique DvN-like term to the SC; the E(1)E(2) coupling
contributes withET (1)ηE(2), theE(2)E(3) coupling contributes withET (2)ηE(3),
and so on, until the loop is closed. Thus each one of the dreibein couplings
in the loop contribute with one unique DvN-like term to the SC and we
have precisely one supernumerary DvN-like term in the loop. We conclude
that the SC cannot be solved by a set of (N − 1) DvN conditions. (It would
not help to consider the other dreibein couplings either, because for each
new coupling that is added, there is one new unique DvN-like contribution
to the SC.) Therefore, loops must be excluded.

Example 5.3 (Centre-Type Structure). In the case of a multidreibein the-
ory where the vielbeins are coupled together with bivertex couplings in a
centre-type structure like Fig. 3.1 the SC is

ε̃µ1µ2µ3
[
ET (2)ηE(1)

]
µ1µ2

EN1
µ3(1) = 0

...
ε̃µ1µ2µ3

[
ET (N )ηE(1)

]
µ1µ2

EN1
µ3(1) = 0

(5.22)

and we see that each of the couplings E(1)E(2), ... ,E(1)E(N ) contribute
with one unique DvN-like term to the SC. For example, the E(1)E(2) cou-
pling contribute with a term like ET (2)ηE(1). Thus the SC is solved by the
(N − 1) DvN conditions

ET (2)ηE(1) = ET (1)ηE(2)
...

ET (N )ηE(1) = ET (1)ηE(N )

(5.23)

which is exactly the appropriate number of DvN conditions.

Example 5.4 (Chain-Type Structure). In the case of a multidreibein theory
with a chain-type structure, Fig. 3.2, the SC is
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ε̃µ1µ2µ3

[
ET (2)ηE(1)

]
µ1µ2

EN1
µ3(1) = 0

...
ε̃µ1µ2µ3

[
ET (N )ηE(N − 1)

]
µ1µ2

EN1
µ3(N − 1) = 0

(5.24)

which is solved by the (N − 1) DvN conditions
ET (2)ηE(1) = ET (1)ηE(2)

...
ET (N )ηE(N − 1) = ET (N − 1)ηE(N )

. (5.25)

Hence each of the dreibein couplingsE(1)E(2),...,E(N−1)E(N ) contribute
to the SC with one unique DvN-like term to a total of (N − 1) DvN-like
terms. This is the appropriate number for a healthy multidreibein theory
whose solutions of the SC is a set of DvN conditions.

5.2 Four Space-Time Dimensions

The analysis in three space-time dimensions can readily be generalized to
four space-time dimensions, with the same result. In D = 4 space-time
dimensions the SC becomes

∑
{I2,I3,I4}

T I1...I4 ε̃µ1...µ4 ε̃A1...A4 ε̃
N1N2A1B1ηB1C1E

C1
µ1(I1)...EA4

µ4(I4) = 0

∀N1, N2 ∈ {0, 1, 2, 3}. (5.26)

Observe that

ε̃A1...A4 ε̃
N1N2A1B1 = (4− 1)!δN1

[A2
δN2
A3
δB1

A4]. (5.27)

Hence

∑
{I2,I3,I4}

T I1...I4 ε̃µ1...µ4 ε̃A1...A4δ
N1

[A2
δN2
A3
δB1

A4]ηB1C1E
C1
µ1(I1)...EA4

µ4(I4) = 0

∀N1, N2 ∈ {0, 1, 2, 3} (5.28)

where the factor of 3! is absorbed into the constant coefficients. To see
very explicitly what happens, let us expand the antisymmetrized product
of deltas,

δN1

[A2
δN2
A3
δB1

A4] = δN1
A2
δN2
A3
δB1
A4

+ δN1
A3
δN2
A4
δB1
A2

+ δN1
A4
δN2
A2
δB1
A3
− δN1

A2
δN2
A4
δB1
A3
−

δN1
A4
δN2
A3
δB1
A2
− δN1

A3
δN2
A2
δB1
A4
. (5.29)

Applying this expansion on (5.28), it is straightforward to show that
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∑
{I2,I3,I4}

T I1...I4 ε̃µ1...µ4
([
EC1

µ1(I1)ηC1B1E
B1
µ4(I4)

]
×

[
EN1

µ2(I2)EN2
µ3(I3)− EN2

µ2(I2)EN1
µ3(I3)

]
+
[
EC1

µ1(I1)ηC1B1E
B1
µ3(I3)

][
EN1

µ2(I2)EN2
µ4(I4)− EN2

µ2(I2)EN1
µ4(I4)

]
+
[
EC1

µ1(I1)ηC1B1E
B1
µ2(I2)

][
EN1

µ3(I3)EN2
µ4(I4)− EN2

µ3(I3)EN1
µ4(I4)

])
= 0.

(5.30)

Shifting and renaming the indices we obtain

∑
{I2,I3,I4}

T I1...I4 ε̃µ1...µ4
([
ET (I1)ηE(I4)

]
µ1µ2

[
EN1

µ3(I2)EN2
µ4(I3)+(I2 ↔ I3)

]
+

[
ET (I1)ηE(I3)

]
µ1µ2

[
EN1

µ3(I4)EN2
µ4(I3) + (I2 ↔ I4)

]
+[

ET (I1)ηE(I2)
]
µ1µ2

[
EN1

µ3(I3)EN2
µ4(I4) + (I3 ↔ I4)

])
= 0. (5.31)

This is the SC for a generic multivierbein theory. Observe that I1 can take
on values from 1 to N , so there are N equations like (5.31), each of which
constitute D(D − 1)/2 = 6 equations. However, only (N − 1) of these
are non-trivial since we can always use the overall LLI to fix AAB(1) = 0
say. In total, the EOMs with respect to the Lorentz parameters (the SC)
are (N − 1) × D(D − 1)/2 = (N − 1) × 6 equations. We want to single
out the multivierbein theories for which the SC can be solved by a set of
DvN conditions. The number of DvN conditions that solve the SC must be
(N − 1) since each DvN condition constitutes D(D − 1)/2 equations. If we
consider the possibility that a higher or lower number of DvN conditions
should solve the SC, these conditions would imply a higher or lower num-
ber (respectively) of DOFs in the theory than what we expect for a theory
of a massless and (N − 1) massive spin-2 fields. Hence we exclude those
possibilities.

It is important to observe that just as in the case of D = 3, in the SC
(5.31) DvN-like terms appear and the number of such terms depends on the
specific form of the theory, i.e. which coupling constants, T I1...I4 , that are
zero and which are not. Observe that if we impose a particular DvN con-
dition, say ET (1)ηE(2) = ET (2)ηE(1), then since every term is contracted
with ε̃µ1...µ4 , ε̃µ1...µ4

[
ET (1)ηE(2)

]
µ1µ2

= 0 and the corresponding term in
the SC is zero. In a generic multivierbein theory there are N (N − 1)/2
DvN-like terms, i.e. all different terms looking like ET (I)ηE(J) where
I, J ∈ {1, ...,N} and where ET (I)ηE(J) is considered to be the same kind
of term as ET (J)ηE(I) since they both appear in the same DvN condition.

5.2.1 Tetravertex Couplings

Let us consider the viervierbein theory represented in the theory graph of
the right panel of Fig. 3.7. The potential is
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S(4)
pot =

∫
dDxT 1234ε̃µ1µ2µ3µ4 ε̃A1A2A3A4E

A1
µ1(1)EA2

µ2(2)EA3
µ3(3)EA4

µ4(4)

(5.32)
and the SC is



ε̃µ1...µ4
([
ET (2)ηE(4)

]
µ1µ2

(·) +
[
ET (2)ηE(3)

]
µ1µ2

(·) +
[
ET (2)ηE(1)

]
µ1µ2

(·)
)

= 0

ε̃µ1...µ4
([
ET (3)ηE(4)

]
µ1µ2

(·) +
[
ET (3)ηE(1)

]
µ1µ2

(·) +
[
ET (3)ηE(1)

]
µ1µ2

(·)
)

= 0

ε̃µ1...µ4
([
ET (4)ηE(1)

]
µ1µ2

(·) +
[
ET (4)ηE(2)

]
µ1µ2

(·) +
[
ET (4)ηE(3)

]
µ1µ2

(·)
)

= 0

(5.33)
where we have suppressed the uninteresting factors within the brackets
(·). For completeness we note however that they are expression like for
example EN1

µ3(1)EN2
µ2(3) + (1 ↔ 3) for the first bracket on the first row of

the SC equations. Looking at (5.33), there are six different DvN-like terms,
namely ET (4)ηE(1), ET (4)ηE(2), ET (4)ηE(3), ET (3)ηE(1), ET (3)ηE(2),
and ET (2)ηE(1). However, in order not to overconstrain the theory the
theory should be solved by precisely (N − 1) = (4− 1) = 3 DvN conditions
if it is to be solved by any set of DvN conditions at all. Thus, tetravertex
terms cannot be allowed in four space-time dimensions since tetravertex
terms contribute to the SC with 6 DvN-like terms.

5.2.2 Trivertex Couplings

For a dreivierbein theory with one trivertex term and potential

S(4)
pot =

∫
dDxT 1123ε̃µ1...µ4 ε̃A1...A4E

A1
µ1(1)EA2

µ2(1)EA3
µ3(2)EA4

µ4(3) (5.34)

the SC is


ε̃µ1...µ4

([
ET (2)ηE(3)

]
µ1µ2

(·) +
[
ET (2)ηE(1)

]
µ1µ2

(·)
)

= 0

ε̃µ1...µ4
([
ET (3)ηE(1)

]
µ1µ2

(·) +
[
ET (3)ηE(2)

]
µ1µ2

(·)
)

= 0
. (5.35)

There are 3 DvN-like terms in the SC which is one too many compared to
(N − 1) = (3 − 1) = 2. Thus, trivertex couplings must be excluded also in
four space-time dimensions and we are left only with bivertex couplings.

5.2.3 Bivertex Couplings

With the same kind of reasoning as in D = 3 we can show that loop cou-
plings must be excluded since in a loop, each of the couplings contributes
with one unique DvN-like term which adds up to a total of N such terms
instead of the appropriate number (N − 1). We conclude that the only mul-
tivierbein theories that can give rise to a set of (N − 1) DvN conditions as
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solution to the SC, are the theories where the vierbeins are coupled together
with bivertex couplings in a tree-type structure.

As in D = 3 space-time dimensions, we have only singled out the pa-
rameter space allowing for a set of (N − 1) DvN conditions to solve the
Lorentz EOMs. In order to restrict ourselves to precisely those theories for
which the Lorentz EOMs coincide with a set of (N −1) DvN conditions, we
impose those DvN conditions by hand. We do this by adding the appropri-
ate DvN conditions together with a set of Lagrange multipliers to the action
as in the bivielbein theories (2.69). With the appropriate DvN conditions,
the bivertices are equivalent to bimetric Hassan-Rosen couplings and the
tree-type bivertex theory is a tree-type bimetric theory with Hassan-Rosen
couplings. Thus we have proved the following theorem.

Theorem 5.2. In D = 4 space-time dimensions, the multimetric theories where
the metrics are coupled together with bimetric Hassan-Rosen couplings in a tree-
type structure (domain 5© of Fig. 3.8), is identical to the subset of multivielbein
theories for which the SC (2.51) constitute exactly (N − 1) DvN conditions (5.2)
(domain 4© of Fig. 3.8.)

5.3 Arbitrary Space-Time Dimensions

We can readily generalize the analysis in D = 3 and D = 4 space-time
dimensions to arbitrary space-time dimensionalities, with the same result.
The SC is given by (2.54) and is valid independent of the space-time dimen-
sionality. The generic multivielbein action is (3.10). From these two equa-
tions we can derive the following form of the SC in arbitrary space-time
dimensionality in the same way as we did inD = 3 space-time dimensions,

∑
{I2,...,ID}

T I1...ID ε̃µ1...µD ε̃A1...AD ε̃
N1...N(D−2)A1B1ηB1C1E

C1
µ1(I1)...EADµD(ID) = 0.

(5.36)
Observe that

ε̃A1...AD ε̃
N1...N(D−2)A1B1 = (D − 1)!δN1

[A2
...δ

N(D−2)

A(D−1)
δB1

AD]. (5.37)

Hence

∑
{I2,...,ID}

T I1...ID ε̃µ1...µDδN1

[A2
...δ

N(D−2)

A(D−1)
δB1

AD]ηB1C1E
C1
µ1(I1)...EADµD(ID) = 0.

(5.38)
In the same way as we did in four space-time dimensions, multiplying in
the deltas we see that this equation is equivalent to
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∑
{I2,...,ID}

T I1...ID ε̃µ1...µD
([
EC1

µ1(I1)ηC1B1E
B1
µD

(ID)
]
E[N1

µ2(I2)...E
N(D−2)]
µ(D−1)

(I(D−1))

−
[
EC1

µ1(I1)ηC1B1E
B1
µ(D−1)

(I(D−1))
]
E[N1

µ2(I2)...E
N(D−3)
µ(D−2)

(I(D−2))E
N(D−2)]
µD (ID)

+ ...+ (−1)D
[
EC1

µ1(I1)ηC1B1E
B1
µ2(I2)

]
E[N1

µ3(I3)...E
N(D−2)]
µD (ID)

)
= 0.

(5.39)

Shifting and renaming the indices one can show that

∑
{I2,...,ID}

T I1...ID ε̃µ1...µD
([
ET (I1)ηE(ID)

]
µ1µ2

E[N1
µ3(I2)...E

N(D−2)]
µD (I(D−1))

+
[
ET (I1)ηE(I(D−1))

]
µ1µ2

E[N1
µ3(I2)...E

N(D−3)
µ(D−1)

(I(D−2))E
N(D−2)]
µD (ID)

+ ...+
[
ET (I1)ηE(I2)

]
µ1µ2

E[N1
µ3(I3)...E

N(D−2)]
µD (ID)

)
= 0 (5.40)

which is the SC for a generic multivielbein theory. To accentuate the DvN-
like terms, we write

∑
{I2,...,ID}

T I1...ID ε̃µ1...µD
([
ET (I1)ηE(ID)

]
µ1µ2

(·)

+
[
ET (I1)ηE(I(D−1))

]
µ1µ2

(·) + ...+
[
ET (I1)ηE(I2)

]
µ1µ2

(·)
)

= 0 (5.41)

or

∑
{I2,...,ID}

D−2∑
k=0

T I1...ID ε̃µ1...µD
[
ET (I1)ηE(I(D−k))

]
µ1µ2

(·) = 0 (5.42)

where the factors within the parenthesis are uninteresting for our purposes.
These equations are the SC for generic multivielbein theories. Observe that
I1 can take on values from 1 to N so there are N equations like (5.42), each
of which constitute D(D − 1)/2 equations. However, only (N − 1) of these
are non-trivial since we can always use the overall LLI to fixAAB(1) = 0 say.
In total, the EOMs with respect to the Lorentz parameters (the SC) are (N −
1)×D(D−1)/2 equations. We want to single out the multivielbein theories
for which the SC can be solved by a set of DvN conditions. The number of
DvN conditions that solve the SC must be (N−1) since each DvN condition
constitutesD(D−1)/2 equations. If we consider the possibility that a higher
or lower number of DvN conditions should solve the SC, these conditions
would imply a higher or lower number (respectively) of DOFs in the theory
than what we expect for a theory of a massless and (N − 1) massive spin-2
fields. Hence we exclude those possibilities.
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It is important to observe that just as in the case of three and four space-
time dimensions, DvN-like terms appear in (5.42) and the number and ap-
pearance of those terms depend on the specific form of the theory, i.e. which
constant coefficients, T I1...ID , that are zero and which ones that are not.
Observe that if we impose a particular DvN condition, say ET (1)ηE(2) =
ET (2)ηE(1), then the corresponding term is zero since every term is con-
tracted with ε̃µ1...µD .

In a generic multivielbein theory there could be N (N − 1)/2 DvN-like
terms, i.e. all different terms looking likeET (I)ηE(J) where I, J ∈ {1, ...,N}
and I 6= J and whereET (I)ηE(J) is considered to be the same kind of term
as ET (J)ηE(I).

On the same grounds as in three and four dimensions, we have to ex-
clude theories containing non-bivertex couplings. The reason is that in a
vertex whereN vielbeins are coupled together, the number of unique DvN-
like terms isN (N −1)/2 which is greater than (N −1) ifN > 2. ForN = 2,
N (N − 1)/2 = (N − 1). Thus, only for theories that only contain bivertex
couplings, the SC can be solved by a set of (N − 1) DvN conditions. By the
same analysis as in D = 3 and D = 4, we see that with bivertex couplings,
each of the couplings contribute with precisely one unique DvN-like term
to the SC. So the problem of finding the appropriate multivielbein theo-
ries is reduced to the problem of constructing bivertex theory graphs of N
nodes (the vielbeins) with precisely (N − 1) line elements connecting them
and with each node having at least one connecting line element.

This is clearly satisfied for chain-type structure and centre-type struc-
tures and more generally for tree-type structures consisting of chain-type
structures and centre-type structures coupled together, avoiding loops. See
Fig. 5.2 for the possibilities when N = 2, 3, 4, 5, 6.

Again, having sorted out the appropriate parameter space that allows
for DvN solutions of the SC, we sort out the field configurations whose
Lorentz EOMs are actually a set of (N−1) DvN conditions. This is achieved
for each specific theory by imposing the DvN conditions by hand, adding
it to the action together with a Lagrange multiplier as in the bivielbein the-
ories (2.69). If the DvN conditions are satisfied, then the bivertex couplings
are equivalent with bimetric Hassan-Rosen couplings and in the sorting
process we have singled out the set of multimetric theories where the met-
rics are coupled together with Hassan-Rosen couplings in a tree-type struc-
ture.

Thereby we have finally proved Conjecture 4.1 and promote it to a the-
orem.

Theorem 5.3. The multimetric theories where the metrics are coupled together
with bimetric Hassan-Rosen couplings in a tree-type structure (domain 5© of Fig.
3.8), is identical to the subset of multivielbein theories for which the Lorentz EOMs
constitute exactly (N − 1) DvN conditions (domain 4© of Fig. 3.8.)

5.4 Summary

We have singled out the set of multivielbein theories whose Lorentz equa-
tions of motion is a set of precisely (N−1) DvN conditions. By rewriting the
SC (2.51) on a specific form, starting in D = 3 space-time dimensions, we
could exclude trivertex couplings since each such coupling involves three
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dreibeins and an equal number of unique DvN-like terms appear in the SC.
This implies that the SC cannot be solved by a set of two DvN conditions
in the case of a trivertex theory. Imposing even more DvN conditions to
solve the SC is not an alternative since it overconstrains the theory. When
it comes to bivertex couplings on the other hand, each coupling involves
two dreibeins and contributes to the SC with precisely one unique DvN-
like term and bivertex couplings could be allowed. But still, care needs
to be taken in order to add the bivertex coupling in the correct way. The
problem can be reformulated to the combinatorial problem of constructing
a theory graph withN nodes (the dreibeins) and (N −1) connecting line el-
ements (the bivertex couplings) in such a way that each of the nodes have at
least one connection. As it turns out, this reduces the parameter space of the
multidreilbein theories to bivertex theories where the dreibeins are coupled
together in a tree-type structure, i.e. with chain-type structures and centre-
type structures, avoiding loops. This set of theories allows us to solve the
SC with exactly (N −1) DvN conditions. There could however be field con-
figurations even in the case of bivertex tree-type theories for which the SC
is not a set of DvN conditions. In order to single out only those theories for
which the SC is a set of (N−1) DvN-conditions, we impose these conditions
by hand by adding the appropriate Lagrange multipliers to the action. Note
however that this can only be done consistently provided that we have first
singled out the parameter space that allow for these solutions. Otherwise
the theory would be overconstrained. With the DvN conditions appearing
dynamically, the bivertex couplings are equivalent with bimetric Hassan-
Rosen couplings. We conclude that in D = 3 space-time dimensions, the
multimetric theories where the metrics are coupled together with bimetric
Hassan-Rosen couplings in a tree-type structure (domain 5© of Fig. 3.8),
is identical to the subset of multivielbein theories for which the SC (2.51)
constitute exactly (N − 1) DvN conditions (5.2) (domain 4© of Fig. 3.8.)

The analysis was then extended straightforwardly to D = 4 space-time
dimensions without any complications.

Finally, we were able to generalize the analysis to arbitrary space-time
dimensionalities and we concluded with Theorem 5.3 saying that in D
space-time dimensions, the multimetric theories where the metrics are cou-
pled together with bimetric Hassan-Rosen couplings in a tree-type struc-
ture (domain 5© of Fig. 3.8), is identical to the subset of multivielbein theo-
ries for which the SC (2.51) constitute exactly (N − 1) DvN conditions (5.2)
(domain 4© of Fig. 3.8.)

To the knowledge of the author, this has never been shown before. Rather,
the appearance of the DvN conditions has only been analysed in specific
cases, e.g. for a D = 3 loop theory in [2] and a trivertex term in [1].
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Chapter 6

Metric Formulation of
Multigravity

In Section 2.4.4 we presented briefly a calculation, translating the bivielbein
action from the vielbein formalism to the metric formalism. The possibility
of doing this is dependent on the existence of a Lorentz transformation that
renders a corresponding constrained vielbein satisfy the DvN condition or
equivalently, on the existence of the square-root matrix (2.3).

In this chapter we will generalize the procedure to the multivielbein the-
ories closely following [3]. As in the bivielbein theory, we must assume the
existence of all the square-root matrices

√
g−1(I)g(J). We will follow an

approach similar to the bivielbein case, but with a slightly different philos-
ophy however. That is to say, restoring the symmetry of the multivielbein
theory under individual LLTs by introducing a set of so called Stückelberg
fields.

6.1 Restoration of Individual LLIs

The multivielbein potential of [1] is (3.10)

Smv =
N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx T I1...ID ε̃µ1...µD ε̃A1...ADE

A1
µ1(I1)...EADµD(ID). (6.1)

As explained in Section 3.3, only the kinetic term is invariant under indi-
vidual LLTs. The potential term on the other hand, breaks this symmetry
down to the diagonal subgroup of simultaneous LLTs. The individual LLIs
however, can be restored in the theory by introducing as set of N so called
Lorentz Stückelberg (or simply Stückelberg) fields, Λ(x), to yield the fol-
lowing modified action

S̃mv =

N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx T I1...ID ε̃µ1...µD ε̃A1...AD

[
ΛA1

A
(I1)
1

E
A

(I1)
1
µ1 (I1)

]
...
[
ΛAD

A
(ID)

D

E
A

(ID)

D
µD (ID)

]
.

(6.2)
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The Stückelberg fields are regarded as a separate fields in and of them-
selves. The fact that they are Lorentzian means that they preserve the
Minkowksi metric,

ΛĀAηĀB̄ΛB̄B = ηAB. (6.3)

The Lorentz Stückelberg ΛA
A(Ii)

is a local Lorentz transformation from one
local Lorentz frame, indexed by A(Ii), which is the frame of the vielbein
EA

(Ii)

µ (Ii) to another, A, which is the frame of the totally antisymmetric
Lorentz tensor density. Hence they transform as so called bi-fundamentals,
i.e. transforming the vielbein LLF, the lower Lorentz index of the Stück-
elberg field transforms, and transforming the LLF of the antisymmetric
Lorentz tensor density, the upper index of the Stückelberg field transforms.

Observe the notation used here for the LLFs, indexed by A(Ii). For ex-
ample, one LLF is the LLF of the vielbein for which Ii = 2, i.e. EA

(2)

µ (2).
This LLF is indexed by A(2) and its components are 0(2), 1(2), ..., (D − 1)(2).

With the modified action (6.2) the invariance under individual LLTs of
the vielbein Lorentz frames, A(Ii), is manifest and the symmetry is restored.

If we compare the modified theory (6.2) to the standard multivielbein
theory (6.1), the standard theory is obtained by gauge fixing all the LLFs
A(1), ..., A(N ) to be all equal. Let us denote that common LLF with Ā. In
that case we use relation

ε̃A1...ADΛA1

Ā1
...ΛAD

ĀD
= ε̃Ā1...ĀD

det Λ = ε̃Ā1...ĀD
(6.4)

and we retain the standard multivielbein action (6.1).

6.2 Multimetric Action

Using relation (6.4), observe that

ε̃A1...AD = ε̃
A

(1)
1 ...A

(1)
D

(Λ−1)
A

(1)
1
A1
...(Λ−1)

A
(1)
D
AD
. (6.5)

Plugging (6.5) into the modified action (6.2) implies

S̃mv =

N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx T I1...ID ε̃µ1...µD ε̃

A
(1)
1 ...A

(1)
D

[
(Λ−1)

A
(1)
1
A1

ΛA1

B
(I1)
1

E
B

(I1)
1
µ1 (I1)

]
...

[
(Λ−1)

A
(1)
D
AD

ΛAD
B

(ID)

D

E
B

(ID)

D
µD (ID)

]
. (6.6)

Writing it in a matrix representation where the Lorentz Stückelberg ΛA
A(I)

is represented by the Lorentz matrix Λ(I) makes the expression look more
convenient and we will stick with that notation until further notice.
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S̃mv =
N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx T I1...ID ε̃µ1...µD ε̃

A
(1)
1 ...A

(1)
D

[
Λ−1(1)Λ(I1)Ê(I1)

]A(1)
1

µ1
...

[
Λ−1(1)Λ(ID)Ê(ID)

]A(1)
D

µD
. (6.7)

The hats on the vielbeins indicate that they can be gauge fixed by fixing the
LLFs B(Ii) of (6.6). What we have done in practice is to identify the LLF of
the totally antisymmetric Lorentz tensor density with that of E(1), so in the
case where Ii = 1

ε̃
A

(1)
1 ...A

(1)
D

[
Λ−1(1)Λ(Ii)Ê(Ii)

]A(1)
i

µi
... = ε̃

A
(1)
1 ...A

(1)
D

[
Λ−1(1)Λ(1)Ê(1)

]A(1)
i

µi
...

= ε̃
A

(1)
1 ...A

(1)
D

Ê
A

(1)
i
µi (1)... . (6.8)

Furthermore,

√
−g(1)ε̃ν1...νD

(
E−1(1)

)ν1
A

(1)
1

...
(
E−1(1)

)νD
A

(1)
D

=√
−det

(
ET (1)ηE(1)

)
det
(
E−1(1)

)
ε̃
A

(1)
1 ...A

(1)
D

= ε̃
A

(1)
1 ...A

(1)
D

. (6.9)

Using this relation in (6.7), it follows that

S̃mv =
N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx

√
−g(1) T I1...ID ε̃µ1...µD ε̃ν1...νD

[
E−1(1)Λ−1(1)Λ(I1)Ê(I1)

]ν1
µ1
...

[
E−1(1)Λ−1(1)Λ(ID)Ê(ID)

]νD
µD
. (6.10)

Now we want to translate this action into the metric language. However, in
order to do so, we must first assume that there exist LLTs Λ̂(I) such that the
gauge fixed vielbein Ê(I) satisfies

ηE(1)Ê−1(I) =
(
ηE(1)Ê−1(I)

)T (6.11)

where

Ê(I) = Λ̂(I)E(I). (6.12)

This is equivalent to assuming that the square-root matrices
√
g−1(1)g(I)

exist, or that there exist Lorentz transformations that renders the corre-
sponding constrained vielbeins satisfy the DvN conditions.
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After some elementary algebraic manipulations (6.11) becomes

Ê(I) = E(1)
√
g−1(1)g(I). (6.13)

Plugging back into (6.10) we obtain

S̃mv =

N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx

√
−g(1) T I1...ID ε̃µ1...µD ε̃ν1...νD

[
E−1(1)Λ−1(1)Λ(I1)E(1)

√
g−1(1)g(I1)

]ν1
µ1
...

[
E−1(1)Λ−1(1)Λ(ID)E(1)

√
g−1(1)g(ID)

]νD
µD
. (6.14)

Defining

L(I) ≡ E−1(1)Λ−1(1)Λ(I)E(1) (6.15)

the action is

S̃mv =
N∑
I=1

MD−2
Pl (I)

∫
dDx detE(I) R(I)+

∑
{I}

∫
dDx

√
−g(1) T I1...ID ε̃µ1...µD ε̃ν1...νD

[
Lν1ρ1(I1)

(√
g−1(1)g(I1)

)ρ1
ν1

]
...

[
LνDρD(ID)

(√
g−1(1)g(ID)

)ρD
νD

]
. (6.16)

This is the multivielbein action translated into the metric language in the
case we can assume that the square-root matrices exist, i.e. when we are
inside domain 2© of Fig. 3.8. However, in case we are inside domain 5©
of the same figure, we are not only guaranteed that the relevant square-
root matrices exist but also that the DvN conditions appear dynamically
which implies that the vielbeins satisfy the DvN conditions directly with-
out the need of any gauge fixing and the Stückelberg fields L(I) simply
reduce to identity, i.e. Lµν(I) = δµν . In this case, the action (6.16) reduces to
the Hassan-Rosen action. So, if Corollary 4.1 holds, then the action (6.16)
is not very interesting since it does not represent any more general theory
than what can readily be constructed directly in the metric language using
bimetric Hassan-Rosen couplings. In case there are ghost-free theories out-
side domain 5© but inside domain 2© of Fig. 3.8 however, then (6.16) is the
appropriate multimetric action.

6.3 Summary

In this chapter we analysed a modified multivielbein theory, restoring the
individual local Lorentz invariances by introduction of a set of Lorentz
Stückelberg fields. Provided that the square-root matrices exist, the modi-
fied action can be translated from the vielbein language to the metric lan-
guage (6.16). If we restrict ourselves to multigravity theories that consists
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of Hassan-Rosen couplings in a tree-type structure, then the action (6.16) is
simply the multimetric Hassan-Rosen action and yields nothing new. How-
ever, if there are ghost-free theories outside the Hassan-Rosen tree-type the-
ories, then (6.16) provides us with the appropriate metric formulation of the
action.
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Chapter 7

Summary and Outlook

In this thesis we have analysed the consistency of multigravity theories.
More specifically, we have counted the number of degrees of freedom for
different multigravity theories.

In the particular case of bimetric gravity, the theory was proved to be
ghost-free by Hassan and Rosen. A generalized bigravity theory can be
constructed utilizing the vielbein formalism. If the DvN condition appears
as the Lorentz EOMs, then the bivielbein theory is dynamically equivalent
with bimetric gravity and the no-ghost proof of Hassan and Rosen carries
over directly to the bivielbein theory. In fact, we showed in Chapter 2 that
the whole parameter space of the bivielbein theories allows for a DvN so-
lution for the Lorentz EOMs. However, generically there are field configu-
rations that solve the EOMs for the bivielbein theories but whose Lorentz
EOMs do not coincide with the DvN condition. These branches of the the-
ory are not found in bimetric gravity and hence it is unclear whether or not
they are ghost-free. Therefore, in Chapter 2 we suggested a way to rewrite
the Hassan-Rosen action in such a way that the Lorentz EOMs (2.60) take
a very specific form (2.60). We suggested that the Lorentz EOMs on this
form could contribute to the project of explicitly analysing these non-DvN
branches of the bivielbein theory in order to determine the ghost-issue in
these theories. Further work needs to be done however in order to achieve
that goal. Nevertheless, we conjectured, based on the analogous analysis
in the case of massive gravity, that the non-DvN branches of the bivielbein
theories are ghostly. In fact, based on the analysis by de Rham and Tolley,
this conjecture was generalized later in Chapter 4 to include the multiviel-
bein theories in general.

In order to single out the ghost-free bivielbein theories, we proposed a
modified bivielbein action in Chapter 2 where the dynamical appearance
of the DvN condition is guaranteed by adding it to the action together with
a Lagrange multiplier. We could do this without altering the number of
degrees of freedom in the theory since the DvN condition is always one so-
lution for the Lorentz EOMs, irrespective of the the choice of the constant
parameters βn. The whole parameter space allows for a DvN solution to
the Lorentz EOMs. In fact, with the DvN condition it turns out that the
modified bivielbein theory is dynamically equivalent with bimetric gravity.
In the vielbein formalism however, we do not need to make sure to restrict
ourselves to metrics g and f such that square-root matrix exists. Rather,
the existence of the square-root matrix is dynamically guaranteed since the
existence of the DvN condition implies the existence of the square-root ma-
trix.

Bimetric gravity can readily be extended to include an arbitrary number
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of metrics. The metrics cannot be coupled together in any arbitrary way
however. Rather, for the no-ghost proof by Hassan and Rosen to apply, the
metrics must be coupled together in a tree-type structure. That is to say,
with chain-type couplings and centre-type couplings, avoiding loops.

Hinterbichler and Rosen proposed a more extensive generalization of
the bigravity theories to the multivielbein theories in [1]. In the same pa-
per they argued for the existence of the correct number of degrees of free-
dom in the theory. Their analysis has been called into question however.
Primarily by de Rham and Tolley in [2], arguing that the existence of the
secondary constraints associated with the rotations is not guaranteed in
general. In particular, de Rham and Tolley analyse the problem by enhanc-
ing the phase-space through the introduction of the momenta canonically
conjugate to the rotations. Since the rotations are non-dynamical, their mo-
menta must be required to vanish. Associated with this constraint there is
a secondary constraint appearing by requiring that the primary constraint
is conserved in time. We showed that this constraint is the equations of
motion with respect to the rotations. These equations should now be used
in order to integrate out the rotations. However, for the action to remain
linear in the lapses when integrating out the rotations, the solution for the
rotations must not depend on the lapses. The problem is that this is not the
case for all multivielbein theories as de Rham and Tolley show by an ex-
plicit example. Thus, not all multivielbein theories are ghost-free and there
must be some error in the degree of freedom counting by Hinterbichler and
Rosen.

To be more specific, we summarize the statements of de Rham and Tol-
ley in the form two conjectures. The first conjecture is that the set of mul-
tivielbein theories for which the Lorentz equations of motion is a set of
(N − 1) DvN conditions is identical with the set of bimetric Hassan-Rosen
couplings in a tree-type structure. The second conjecture is that it is neces-
sary that the Lorentz equations of motion is a set of (N −1) DvN conditions
in order to integrate out the rotations without breaking the linearity of the
action in the lapse. To the knowledge of the author, neither of these two
conjectures have been proven in the literature. Conjoined with the fact that
the bimetric Hassan-Rosen couplings in a tree-type structure are ghost-free,
we could derive the following corollary. The multivielbein theories where
the metrics are coupled together with bimetric Hassan-Rosen couplings in
a tree-type structure are only and all ghost-free multivielbein theories. This
is the single most important statement of the thesis. Whether or not it holds
depends on the two conjectures.

In Chapter 5 we proved the first one of the conjectures and we have in
this sense solved half of the ghost-issue of the multivielbein theories. Prov-
ing the second conjecture is an important project that still lies in the future.
However, if it turns out that there is an exception to this conjecture, then
we may have to reconsider the possibility of having multigravity theories
with other type of couplings than Hassan-Rosen couplings in a tree-type
structure.

When analysing the number of degrees of freedom of the multivielbein
theories, the Lorentz equations of motion are essential. In Chapter 2 we
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pointed out an ambiguity in the derivation of the symmetrization condi-
tion (2.51) from the Lorentz EOMs (2.38) in [1]. We suggested an alterna-
tive derivation based on the Cayley parametrization of the Lorentz trans-
formation. Using the Cayley parametrization, the derivation is valid gen-
erally and the problem is circumvented. The Cayley parametrization also
has other advantages, primarily that the Lorentz parameters are encoded
in the antisymmetric matrix A having Lorentz indices. So, differentiating
with respect to the Lorentz parameters yields a covaraint equation. This
is in contrast with the boosts and rotations which do not transform covari-
antly under local Lorentz transformations. Motivated by this, we suggested
in Chapter 4 that the counting of the degrees of freedom in the multiviel-
bein theories should be carried out with the Cayley parametrization of the
Lorentz transformation rather than with the boosts and rotations. Most of
the analysis should go through as before however. The advantage may ap-
pear when analysing the equations of motion with respect to the rotations
in order to prove the second central conjecture of this thesis. In the case
of the Cayley parametrization, this translates to calculating the equations
of motion for the space-space components of the antisymmetric matrix A.
Further work is required in order to pursue this track in particular and to
prove the second conjecture in general.
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Appendix A

Glossary

Bimetric gravity – the theory of two dynamical, interacting, spin-2 fields
summarized in the Hassan-Rosen action (2.2). In four space-time dimen-
sions, bimetric gravity has fourteen phase-space degrees of freedom, i.e.
seven propagating modes. Five of the propagating modes come from a
massive graviton and two propagating modes come from a massless gravi-
ton.

Boulware-Deser ghost (BD ghost) – A ghost is a propagating mode having
a negative energy, thereby rendering the Hamiltonian unbounded from be-
low. Since other propagating modes can gain energy from the ghost mode,
whose energy decreases without bound, the existence of a ghost implies
unacceptable instabilities in the theory. Furthermore, upon quantization,
the theory becomes nonunitary and hence does not preserve probability.
Therefore, it is widely believed that ghost modes must be avoided in physi-
cally viable theories. The Boulware-Deser ghost is a particular type of scalar
ghost mode that frequently appears in the context of modified theories of
gravity.

Coordinate tensor – a mathematical object that transforms as a tensor un-
der general coordinate transformations. (For example, coordinate scalars,

coordinate vectors, etc.) More specifically, a tensor T , of rank
(
m
n

)
is de-

fined such that its components in a generic coordinate system transforms
under a general coordinate transformation, xµ → xµ̄ = xµ̄(xµ), as

Tµ1...µmν1...νn(xµ)→ T µ̄1...µ̄mν̄1...ν̄n(xµ̄) = Λµ̄1µ1 ...Λ
µ̄m
µm(Λ−1)ν1ν̄1 ...(Λ

−1)νnν̄n

Tµ1...µmν1...νn(xµ) (A.1)

where

Λµ̄µ(x) ≡ ∂xµ̄

∂xµ
, (Λ−1)νν̄(x) ≡ ∂xν

∂xν̄
. (A.2)

Deser-van Nieuwenhuizen (DvN) condition – is a condition on a pair
of vielbeins, E(I) and E(J) where I 6= J , namely that ET (I)ηE(J) =
ET (J)ηE(I). Writing out the components explicitly: (ET (I))A[µηABE

B
ν](J) =

0.

Diffeomorphism – a diffeomorphism is a differentiable map, φ, between
two manifolds, M and M′ say, such that φ : M 7→ M′ is bijective and
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its inverse φ−1 : M′ 7→ M is differentiable. Two manifolds are said to be
diffeomorphic if there exists a diffeomorphism fromM toM′. If we have
a tensor field, T , defined on the manifold, the tensor field also transforms
under the map and the transformation is written T → φ∗T .

Diffeomorphism invariance – a theory that is diffeomorphism invariant is
a theory for which general coordinate transformations is a symmetry. That
is to say, the action is invariant under general coordinate transformations.
In particular, it may be noted that "diffeomorphisms comprise the gauge
freedom of general relativity." [4].

Dreibein – a vielbein in a theory where the space-time manifold has dimen-
sion D = 3.

Dynamical – if a field is dynamical, then it appears with a space-time deriva-
tive in the action (especially, with a time derivative), so that the equations
of motion of the field implies that the field is not constant in time. If we
say that a certain condition arises dynamically, we mean that this condi-
tion solves a subset of the equations of motion of the theory.

Dynamically equivalent – if a theory is dynamically equivalent to another
theory, it means that the theories have the same equations of motion.

Effective metric – The effective metric is the metric of the space-time man-
ifold in the strict GR sense of the word. That is to say, the effective met-
ric determines how test particles fall in a gravitational field. The effective
metric, geff

µν , is generically a combination of the metrics of the theory, e.g.
geff
µν = geff

µν(g, f) in a bimetric theory.

Elementary symmetric polynomial – The nth elementary symmetric poly-
nomial of a matrix X , denoted en(X), may be defined as the coefficients in
the expansion of the determinant det(1 + εX) =

∑D
n=0 ε

nen(X) in powers
of ε.

Equations of motion (EOMs) – the equations of motion is the set of equa-
tions obtained by varying the action with respect to the fields contained in
the theory. The set of possible solutions for the equations of motion is the
set field configurations that are allowed for by the theory.

Field configuration – A set of solutions for the EOMs for a field theory.

First class constraint – A first class constraint is a constraint whose Pois-
son bracket with all other constraints in the theory vanishes on the con-
straint surface, implying that its secondary constraints are satisfied identi-
cally without imposing any further constraints on the theory.

Gauge – a gauge theory is a theory whose Lagrangian exhibits a symme-
try (i.e. being invariant) under a certain set of continuous local transfor-
mations. This set of continuous local transformations forms a symmetry
group of the theory and the symmetry reveals the fact that the DOFs in
the Lagrangian are, to some extent, redundant. The invariance under the
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symmetry transformation is referred to as gauge invariance. Utilizing this
symmetry to transform the fields to a certain form, we say that we have
gauge fixed the theory.

General coordinate transformation (GCT) – is an arbitrary differentiable,
non-singular (at least locally), transformation of the coordinate system im-
posed on the space-time manifold. That is to say, a transformation from a
coordinate system, xµ, to a coordinate system, xµ̄; xµ → xµ̄ = xµ̄(xµ) where
xµ̄ is an invertible function of xµ (at least locally).

Inertial frame – in flat space-time an inertial frame is a frame that is related
to a hypothetical uncharged observer via a Poincaré transformation.

Local Lorentz frame – is a locally inertial frame at a point on the space-
time manifold. That is to say, a frame that is related to the locally comoving
frame of an uncharged observer at that point, via a Poincaré transforma-
tion. Note that this frame is local, i.e. we are not guaranteed that there
exists an inertial frame covering the whole manifold.

Local Lorentz transformation – is a transformation, ΛĀA say, between dif-
ferent locally inertial frames. The corresponding matrix representation,
the Lorentz matrix Λ, preserves the Minkowski metric per definition, i.e.
ΛT ηΛ ≡ η. So the Lorentz transformation is said to belong to the SO(D −
1, 1) group. Since the locally inertial frames may vary from point to point,
a local Lorentz transformation is also space-time dependent, i.e. ΛĀA =

ΛĀA(x). In D space-time dimensions a Lorentz transformation contains
D(D − 1)/2 independent parameters, of which (D − 1) can be encoded
into the boosts, v, and (D − 1)(D − 2)/2 can be encoded into the rotation
angles, ϕ. Note that a Lorentz transformation can always be decomposed
into a boost and a spatial rotation, i.e. Λ = Λrot(ϕ)Λboost(v) on matrix form.

Lorentz equations of motion – The equations of motion with respect to
the Lorentz parameters. More specifically, if we choose to encode these
parameters in the antisymmetric matrix A of the Cayley parametrization,

δS
δAAB

= 0. (A.3)

In the multigravity theories, the Lorentz parameters are non-dynamical and
contained only in the potential, so their equations of motion are algebraic
equations. If there are Lagrange multipliers in the theory and if they are not
contained in the Lorentz equations of motion, then the equations constitute
a set of constraints that can be used to eliminate the Lorentz parameters
from the action. See also Symmetrization condition.

Lorentz matrix – is a matrix preserving the Minkoski metric, i.e. ΛT ηΛ = η.

Lorentz tensor – a mathematical object that transforms as a tensor under
local Lorentz transformations. (For example, Lorentz scalars, Lorentz vec-

tors, etc.) More specifically, a Lorentz tensor, E, of rank
(
m
n

)
is defined
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such that its components in a generic Lorentz frame transforms as

EA1...Am
B1...Bn

(xA)→ EĀ1...Ām
B̄1...B̄n

(xĀ) = ΛĀ1
A1
...ΛĀmAm(Λ−1)B1

B̄1
...(Λ−1)Bn

B̄n

EA1...Am
B1...Bn

(xA) (A.4)

where

ΛĀA(x) ≡ ∂xĀ

∂xA
, (Λ−1)AĀ(x) ≡ ∂xA

∂xĀ
. (A.5)

Observe that xA as well as xĀ refers to a local Lorentz frame and ΛA
Ā

is a
local Lorentz transformation. Also note that the set of local Lorentz trans-
formations is a subgroup of the set of general coordinate transformations,
so all coordinate tensors transform as Lorentz tensors under the smaller
group of local Lorentz transformations.

Manifold – An n-dimensional manifold is basically a set upon which a co-
ordinate system can be imposed in such a way that the manifold locally
looks like the n-dimensional Euclidean space, Rn. As an example, the points
on the surface of a sphere is a manifold; at each point on the surface one can
construct a local Euclidean coordinate system. That is to say, at each point
on the surface, the surface looks flat in a sufficiently small region around
the point.

Massive gravity (MG) – the (non-linear) theory of a massive dynamical
spin-2 field. In addition to the dynamical field there is a fixed rank-2 tensor
field commonly referred to as the background metric or reference metric.
Usually the background metric is assumed to be the Minkowski metric.
In D = 4 space-time dimensions this theory has five propagating modes
which are ascribed to the massive graviton. Massive gravity can be ob-
tained from bimetric gravity by taking the limit as one of the Planck masses
goes to infinity, e.g. MD−2

f →∞.

Metric – a symmetric spin-2 field defined on the space-time manifold.

Multigravity theory – a very generic term referring to a generic theory for
multiple interacting spin-2 fields which is proposed to be a viable theory
of gravity. Thus, the term multigravity theory encompasses both multiviel-
bein theories and multimetric theories. In this report we do only consider
multigravity theories whose kinetic term is a sum of Einstein-Hilbert ac-
tions.

Multimetric theory – this term is reserved for multigravity theories that are
formulated in terms of metrics. For example as described in [38].

Multivielbein theory – this term is reserved for multigravity theories that
are formulated in terms of vielbeins. Specifically, it denotes the multigrav-
ity theory proposed by Hinterbichler and Rosen in [1].

Poincaré transformation – or inhomogeneous Lorentz transformation, is
the union of the set of Lorentz transformations and space-time translations,
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i.e. the set of isometries of Minkowski space-time. A Poincaré transfor-
mation in D dimensions is said to belong to the D-dimensional Poincaré
group, denoted ISO(D − 1, 1).

Polar decomposition – the polar decomposition theorem states that for all
invertible matrices, M , there exist a unique orthogonal matrix, O, and a
unique symmetric matrix, P , whereOOT = OTO = 1 and P = P T (positive
definite) such that M = OP . Furthermore, P =

√
MTM and O = PM−1.

This theorem can be used e.g. for proving that the space-space components
of a generic vielbein can be symmetrized using a Lorentz transformation,
or, to be more precise, a spatial rotation.

Principle of general covariance – in this report we take the principle of
general covariance to refer to the postulate that the laws of physics take
the same form under general coordinate transformations. This is based on
the idea that there are no preferred points or directions in space-time and
hence there is no a priori preferred coordinate system. Our formulation
of the fundamental laws of nature should therefore ultimately be covariant
under general coordinate transformations.

Reparameterization invariance – see diffeomorphism invariance.

Scalar – In this thesis, a scalar, without further qualifications, is a very gen-
eral term referring to a number. Note that Lorentz scalars and coordinate
scalars refer to more restricted mathematical objects which are connected to
the transformation properties under certain transformations.

Spin-2 field – a rank-2 tensor field that, when linearized around a flat space-
time background, exhibits a spin-2 excitation.

Square-root matrix – when not qualified further, the "square-root matrix"
refers to the matrix square-root of g−1f , i.e.

√
g−1f . The matrix square-root

is defined such that
√
X
√
X ≡ X .

Strong equivalence principle (SEP) – refers to the postulate that at every
point on the space-time manifold there exists a set of locally inertial frames
and in these frames the laws of physics coincide with the laws of special rel-
ativity. The fundamental difference between Newtonian gravity and GR is
conveniently summarized in this principle, which holds for GR but not for
Newtonian gravity. It is also from this principle that the geometrical inter-
pretation of GR has its origin; that is to say, in GR, gravity is not interpreted
as a force acting between different objects but rather as the curvature of the
space-time manifold.

Symmetrization condition (SC) – is derived from Lorentz equations of mo-
tion

δS
δAAB(I)

= 0 (A.6)

and is
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δSpot

δE
[A
µ(I)

ηB]CE
C
µ(I) = 0. (A.7)

Symmetry – A theory is said to exhibit a certain symmetry if it is invariant
under the corresponding transformation, called a symmetry transforma-
tion. The group of symmetry transformations is referred to as the symme-
try group.

Tensor density – A coordinate tensor density is an object that transforms
as a tensor modulo some power of the Jacobian det(∂xµ̄/∂xµ). The power
of the Jacobian is called the weight. For example, a scalar tensor density, φ,
of weight −1 transforms as

φ(xµ)→
(

det

(
∂xµ̄

∂xµ

))−1

φ(xµ) (A.8)

under the GCT

xµ → xµ̄ = xµ̄(xµ). (A.9)

An important example is the determinant of the metric, g, which transforms
as a rank-2 tensor density of weight −2,

g ≡ det(gµν)→ ḡ = det(gµ̄ν̄) = det

(
∂xµ

∂xµ̄
gµν

∂xν

∂xν̄

)
=

(
det

(
∂xµ

∂xµ̄

))2

det(gµν) =(
det

(
∂xµ̄

∂xµ

))−2

det(gµν). (A.10)

Another important example is the infinitesimal line element dDx which
transforms as a scalar tensor density of weight 1,

dDx→ dDx̄ =

∣∣∣∣det

(
∂xµ̄

∂xµ

)∣∣∣∣ dDx. (A.11)

A final example is the totally antisymmetric tensor density ε̃µ1...µD which
transforms as a tensor density of weight −1,

ε̃µ1...µD →
(

det

(
∂xµ̄

∂xµ

))−1

ε̃µ̄1...µ̄D . (A.12)

Note how this implies that the combined object dDxε̃µ1...µD transforms as a
tensor under GCTs (the weights cancel out).

In contrast with a coordinate tensor density, a Lorentz tensor density
transforms in the same way as a Lorentz tensor since the determinant of
the Lorentz transformation is one, so e.g. the totally antisymmetric Lorentz
tensor density transforms as
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ε̃A1...AD →

(
det

(
∂xĀ

∂xA

))−1

ε̃Ā1...ĀD
= (det Λ)−1 ε̃Ā1...ĀD

= ε̃Ā1...ĀD
.

(A.13)

Vielbein – Spin-2 theories of gravity can be formulated either in terms of
vielbeins or in terms of metrics. A vielbein, EAµ, is defined in relation to a
metric, gµν , and the definition can be taken to be gµν = (ET )AµηABE

B
ν . The

vielbein transforms as a contravariant Lorentz vector under local Lorentz
transformations of its local Lorentz frame and as a covariant coordinate
vector under general coordinate transformations of its coordinate frame.
On a D-dimensional space-time manifold a generic vielbein contains D2

degrees of freedom and can always be parametrized as E = ΛEc where Λ
is a Lorentz matrix containing D(D − 1)/2 degrees of freedom and Ec is a
constrained vielbein containing D(D + 1)/2 degrees of freedom. The con-
strained vielbein Ec can be chosen to be lower-triangular and symmetric in
its space-space part components.

Vierbein – a vielbein in a theory where the space-time manifold has dimen-
sion D = 4.

Weak equivalence principle (WEP) – The postulate that the inertial mass
and the gravitational mass are the same (or proportional) and hence that
all uncharged particles fall in the same way in the same gravitational field.
Note that this principle is not specific for GR but is present also in Newto-
nian gravity.





103

Appendix B

Elementary Symmetric
Polynomials

The elementary symmetric polynomials map the set of real-valued D × D
matrices to the real numbers (2.4). They can be defined in a number of
different ways.

B.1 Recursive Definition

e0(X) = 1 (B.1)

en(X) =
(−1)n+1

n

n−1∑
k=0

(−1)kTr(Xn−k)ek(X) ∀n ≥ 1. (B.2)

In D dimensions, there are (D + 1) elementary symmetric polynomials,
e0(S), ... , eD(S). For all n > D, en(S) = 0.

B.2 Generating Function of the Characteristic Polyno-
mial

Another way to define the elementary symmetric polynomials is as the gen-
erating function of the characteristic polynomial of the matrix appearing in
its argument [52]. The characteristic polynomial, pX(t), of a real D × D
matrix X and real-valued argument t ∈ R, is defined as

pX(t) ≡ det(t1−X). (B.3)

The roots of the characteristic polynomial are the eigenvalues of the corre-
sponding matrix, X . The fact that the elementary symmetric polynomials
is the generating functions of the characteristic polynomials means that if
we expand the characteristic equation in powers of t,

pX(t) =

D∑
k=0

(−1)k+1eD−k(X)tk, (B.4)

then the elementary symmetric polynomials appear as the coefficients of
the expansion. Differentiating n times with respect to t and putting t = 0
we can solve (B.4) for eD−n(X),

eD−n(X) =
(−1)n+1

n!

∂n

∂tn

(
det(t1−X)

)∣∣∣∣
t=0

. (B.5)



104 Appendix B. Elementary Symmetric Polynomials

From (B.3) and (B.4) one can derive the following formula for the elemen-
tary symmetric polynomial of the inverse matrix X−1,

detXeD−n(X−1) = en(X). (B.6)

Using this equation, we see that

en(X) = detX
(−1)n+1

n!

∂n

∂tn

(
det(t1−X−1)

)∣∣∣∣
t=0

. (B.7)

This is an expression that can be useful when differentiating the elementary
symmetric polynomials.

B.3 Determinant Expansion

Yet another way to define the elementary symmetric polynomials is as the
coefficients in the power series expansion of the determinant det(1 + κX),

det(1 + κX) =

D∑
n=0

en(X)κn. (B.8)

If we identifyX with the square-root matrix S (2.3), we see that the Hassan-
Rosen potential (2.2) can be regarded as a deformed determinant in the
sense that if we put κ = 1 and modify the coefficient in front of each power
of κ we obtain

SHR,pot =
D∑
n=0

βnen(S) ≡ d̂et(1 + S). (B.9)

B.4 Alternative Hassan-Rosen Potential

Using the expansion of the determinant (B.8) we hypothesise that there al-
ways exist (D + 1) distinct κi and αi (i = 0, ..., D) such that we can rewrite
the Hassan-Rosen potential (2.2) as

D∑
n=0

βnen(S) =

D∑
i=0

αi det(1 + κiX). (B.10)

Proof. Using (B.8) we see that (B.10) is equivalent with

D∑
n=0

βnen(S) =

D∑
i=0

αi

(
D∑
n=0

κni en(S)

)
. (B.11)

Switching the summation order,

D∑
n=0

βnen(S) =

D∑
n=0

(
D∑
i=0

αiκ
n
i

)
en(S) (B.12)

which is equivalent to

βn =
D∑
i=0

αiκ
n
i (B.13)
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or, on matrix form,
β0

β1
...
βD

 =


1 1 . . . 1
κ0 κ1 . . . κD
...

...
. . .

...

κD0 κD1
... κDD




α0

α1
...
αD

 . (B.14)

The (D+1)× (D+1) matrix on the RHS is a so called Vandermonde matrix
whose determinant is ∏

0≤i<j≤D
(κj − κi). (B.15)

Since all the κi are different, the determinant is non-vanishing and the ma-
trix is non-singular. Thus, (B.14) always has a solution.

B.5 Miscellaneous Properties

Using (B.6) and (B.7) it is easy to derive

eD(X) = detX. (B.16)

From the definition of the elementary symmetric polynomials (B.2) and the
cyclic property of the trace, it is easy to see that

en(XY ) = en(Y X). (B.17)

In particular, the elementary symmetric polynomials are invariant under
similarity transformations of their arguments,

en(X)→ en(P−1XP ) = en(PP−1X) = en(X). (B.18)

The trace is invariant under transposition of its argument, so from (B.2) it
follows that

en(XT ) = en(X). (B.19)

There is an alternative way to express the elementary symmetric polynomi-
als using the totally antisymmetric tensor densities,

en(X) =
1

n!(D − n)!
ε̃α1...αD ε̃β1...βDX

β1
α1
...Xβn

αnδ
βn+1
αn+1

...δβDαD . (B.20)
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Vielbeins

Vielbeins, or tetrads, are not peculiar to multigravity theories but GR may
readily be formulated in terms of vielbeins. In fact, when introducing spinor
fields into GR, it is necessary to use the vielbein formalism.

C.1 Definition

We will introduce the vielbeins closely following [39]. Recall the definition
of the metric (1.15),

gµν(x = X) ≡ ∂xAX

∂xµ

∣∣∣∣
x=X

∂xBX

∂xν

∣∣∣∣
x=X

ηAXBX . (C.1)

Let us now define the components of the vielbein at the point X , EAXµ (X),
by

EAXµ (X) ≡ ∂xAX

∂xµ

∣∣∣∣
x=X

. (C.2)

Thus we have the relation

gµν = (ET )AXµ ηAXBXE
BX
ν ⇔ g = ET ηE. (C.3)

Here g is the matrix corresponding to gµν and similarly for E and η. Note
from the definition of the vielbein (C.2) that the Lorentz indices AX take on
values from 0 to (D− 1). Furthermore, as the local Lorentz frame is local, it
can be regarded as a kind of field, referring to different frames at different
points in space-time. Since there are D orthogonal directions in space-time,
together with the D components of xAX , the vielbein carries D ×D DOFs.
However, most of the time we will suppress the subscriptX ofAX and only
write A for notational simplicity.

From the definition (C.2) we see that we can think of the vielbein as a
local transformation from a generic coordinate system xµ to a local Lorentz
frame xAX . Thus, if we make a GCT of the xµ coordinates (1.8), then the
components of the tetrad transform as

EAXµ (X) ≡ ∂xAX

∂xµ

∣∣∣∣
x=X

→ EAXµ̄ (X) ≡ ∂xAX

∂xµ̄

∣∣∣∣
x=X

=
∂xµ

∂xµ̄

∣∣∣∣
x=X

∂xAX

∂xµ

∣∣∣∣
x=X

=

∂xµ

∂xµ̄

∣∣∣∣
x=X

EAXµ (X). (C.4)
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Therefore, according to the definition of a coordinate tensor (A.1), the viel-
bein is a collection of D coordinate vectors, viz. E0X

µ , ..., E(D−1)X
µ . The

indices labelled by µ, ν, ... are accordingly referred to as coordinate indices
or space-time indices.

On the other hand, if we transform from one local Lorentz frame (LLF),
xAX , to another, xĀX , then the components of the vielbein transforms as

EAXµ (X) ≡ ∂xAX

∂xµ

∣∣∣∣
x=X

→ EĀXµ (X) ≡ ∂xĀX

∂xµ

∣∣∣∣∣
x=X

=

∂xĀX

∂xAX

∣∣∣∣∣
x=X

∂xAX

∂xµ

∣∣∣∣
x=X

= ΛĀXAXE
AX
µ (X) (C.5)

where

ΛĀXAX ≡
∂xĀX

∂xAX

∣∣∣∣∣
x=X

(C.6)

and a local Lorentz transformation (LLT) is such that it preserves the Minkowski
metric,

(ΛT )CAηCDΛDB = ηAB ⇔ ΛT ηΛ = η. (C.7)

Recalling the definition of a Lorentz tensor (A.4), we conclude that the com-
ponents of the vielbein labelled by A, B, ... transform as Lorentz tensors
under local Lorentz transformations.

As explained in Chapter 1, the metric gµν is chosen as the appropriate
object to raise and lower the space-time indices, e.g.

EAµ = gµρEAρ. (C.8)

This also holds for raising and lowering the Lorentz indices,

EAµ = gABE
B
µ. (C.9)

But since the components of the metric tensor written in a LLF are just the
components of the Minkowksi metric, gAB = ηAB ,

EAµ = ηABE
B
µ. (C.10)

We conclude that the Lorentz indices are raised and lowered with the Minkowski
metric. This provides an alternative way to write the relation (C.3), namely

gµν = (ET )AµEAν . (C.11)

With this way of writing the relation between the metric and the vielbein,
it is apparent that the metric is more or less the square of the vielbein, and
vice versa, that the vielbein is more or less the matrix square-root of the
metric.

With the vielbein at hand, a coordinate vector field Aµ(x) can be reex-
pressed as a collection of D coordinate scalars, AA, if contracted with the
vielbein,
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AA ≡ EAµAµ. (C.12)

Similar definitions can be made for coordinate tensors of other ranks. Not
surprisingly AA transforms as a Lorentz vector,

AA ≡ EAµAµ → AĀ ≡ EĀµAµ = ΛĀAE
A
µA

µ ≡ ΛĀAAA. (C.13)

Carrying out this procedure for all tensors, we obtain a theory containing
only coordinate scalars. However, according to the SEP the laws of physics
should be the laws of special relativity if written in a LLF, and in special
relativity the laws of physics are covariant under Lorentz transformations.
This implies that the action expressed in terms of these coordinate scalars
also must be a Lorentz scalar, i.e. invariant under LLTs.

C.2 Parametrization and ADM Variables

Since the metric, gµν , is symmetric, it contains D(D + 1)/2 independent
parameters. The vielbein on the other hand does not exhibit any particular
symmetry, implying that it contains D ×D independent parameters.

With the metric written in terms of the ADM variables (1.24) and the
relation between the metric and the vielbein (C.3), one sees that also the
vielbein can be written in terms of the ADM variables (1.23) like

EAµ =

(
N 0

eaiN
i eai

)
⇔ E =

(
N 0
eN e

)
(C.14)

where we have defined

γij ≡ (eT )aiδabe
b
j ⇔ γ ≡ eT η(3)e (C.15)

where η(3) is the spatial part of the Minkowski metric, i.e. with components
δab. Observe however that given the ADM variables of the metric, the ADM
variables of the vielbein are not unique. This is due to the fact that the
metric is invariant under LLTs of the vielbein as can be seen from (C.3).
Thus, there is no one-to-one correspondence between the metric and the
vielbein, rather for each metric there is an equivalence class of vielbeins
giving the same metric. An equivalence class consists of the set of vielbeins
that are related to each other via local Lorentz transformations.

In fact, a generic vielbein can be parametrized as a LLT acting on a con-
strained vielbein,

EAµ = ΛAB(Ec)
B
µ ⇔ E = ΛEc. (C.16)

The constrained vielbein can e.g. be lower-triangular as we saw in (C.14).
A generic Lorentz matrix can be decomposed into a boost and a rotation,

Λ = Λboost(v
a)Λrot(ϕ

αβ) (C.17)

where the boost matrix depends on the (D − 1) boost velocities, va or v in
matrix notation, i.e.
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(
Λboost(v

a)
)A
B

=

(
Γ Γva

Γva δab + Γ2

1+Γv
avb

)
⇔ (C.18)

Λboost(v
a) =

(
Γ ΓvT

Γv I + Γ2

1+Γvv
T

)
(C.19)

where

Γ ≡ 1√
1− vTv

=
1√

1− vava
, (C.20)

va = δabv
b (C.21)

vT is the matrix representation of va, and I is the (D− 1)× (D− 1) identity
matrix with components δab . There are (D−1)(D−2)/2 rotation angles ϕαβ

which we have defined such that

ϕαβ = −ϕβα. (C.22)

The rotation matrix depends on the rotation angles,

Λrot =

(
1 0
0 R(ϕαβ)

)
. (C.23)

The (D − 1)× (D − 1) matrix R(ϕαβ) is a generic rotation matrix satisfying

(RT )caδcdR
d
b = δab ⇔ Rη(3)RT = RT η(3)R = η(3). (C.24)

Using the polar decomposition theorem as explained in Appendix A, one
can show that the rotational part of the Lorentz matrix in (C.16) can be
used to fix the spatial part of Ec to be symmetric. In other words, a generic
vielbein can be decomposed into a Lorentz matrix acting on a constrained
vielbein (C.16) such that the constrained vielbein is lower-triangular and
space-space symmetric,

(Ec)
A
µ =

(
N 0

(ec)
a
iN

i (ec)
a
i

)
⇔ Ec =

(
N 0
ecN ec

)
(C.25)

and the constrained spatial (D − 1)× (D − 1) vielbein satisfies

eTc = ec. (C.26)

Hence the constrained vielbein contains D(D + 1)/2 independent parame-
ters, viz. the lapseN , the shiftN i, and the symmetric spatial vielbein (ec)

a
i,

and the Lorentz matrix contains the otherD(D−1)/2 parameters to add up
to a total of D ×D independent components for the generic vielbein.
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Appendix D

Cayley Parametrization

D.1 Lorentz Transformations

A generic Lorentz transformation, represented by the Lorentz matrix Λ, can
always be parametrized with the so called Cayley parametrization [53],

ΛAB =
(
(η +A)−1

)AC
(ηCB −ACB)⇔ Λ = (η +A)−1(η −A) (D.1)

where A is a D ×D antisymmetric matrix with components AAB ,

AAB = −ABA ⇔ A = −AT (D.2)

and (η +A) is invertible, i.e.

det(η +A) 6= 0. (D.3)

Being antisymmetric, the matrix A contains D(D − 1)/2 independent pa-
rameters and encodes the boosts and rotations. There is however no straight-
forward way to relate the boosts and rotations to any particular combina-
tion of components of A. The Cayley parametrization (D.1) can readily be
inverted so that

AAB = ηAC(δCD − ΛCD)
(
(1 + Λ)−1

)D
B
⇔ A = η(1− Λ)(1 + Λ)−1 (D.4)

which can be checked by explicit calculation.





113

Bibliography

[1] Kurt Hinterbichler and Rachel A. Rosen. “Interacting Spin-2 Fields”.
In: JHEP 07 (2012), p. 047. DOI: 10.1007/JHEP07(2012)047. arXiv:
1203.5783 [hep-th].

[2] Claudia de Rham and Andrew J. Tolley. “Vielbein to the rescue? Break-
ing the symmetric vielbein condition in massive gravity and multi-
gravity”. In: Phys. Rev. D92.2 (2015), p. 024024. DOI: 10.1103/PhysRevD.
92.024024. arXiv: 1505.01450 [hep-th].

[3] S. F. Hassan, A. Schmidt-May, and M. von Strauss. “Metric Formu-
lation of Ghost-Free Multivielbein Theory”. In: (2012). arXiv: 1204.
5202 [hep-th].

[4] Robert M. Wald. General Relativity. Chicago: The University of Chicago
Press, 1984.

[5] A. Einstein. “Zur allgemeinen Relativitätstheorie”. In: Sitzungsber. Preuss.
Akad. Wiss. Berlin (1915), pp. 778–786.

[6] A. Einstein. “Die Grundlage der allgemeinen Relativitätstheorie”. In:
Annalen Phys. 49.7 (Mar. 1916), pp. 769–822.

[7] F.W. Dyson, A.S. Eddington, and C.R. Davidson. “A Determination
of the Deflection of Light by the Sun’s Gravitational Field, from Ob-
servations Made at the Solar eclipse of May 29, 1919”. In: Phil. Trans.
Roy. Soc. A 220 (1920), pp. 769–822.

[8] C. Alcock et al. “The MACHO project: limits on planetary mass dark
matter in the galactic halo from gravitational microlensing”. In: As-
trophys. J. 471 (1996), p. 774. DOI: 10.1086/178005. arXiv: astro-
ph/9604176 [astro-ph].

[9] E. Aubourg et al. “Evidence for gravitational microlensing by dark
objects in the galactic halo”. In: Nature 365 (1993), pp. 623–625.

[10] R. V. Pound and G. A. Rebka. “Apparent Weight of Photons”. In: Phys.
Rev. Lett. 4 (1960).

[11] R. V. Pound and J. L. Snider. “Effect of Gravity on Gamma Radiation”.
In: Phys. Rev. B 140 (1965).

[12] Neil Ashby. “Relativity in the Global Positioning System”. In: Living
Rev.Rel. 6 (2003), pp. 257–289. URL: http://inspirehep.net/
record/1252883.

[13] B. P. Abbott et al. “Observation of Gravitational Waves from a Binary
Black Hole Merger”. In: Phys. Rev. Lett. 116 (6 2016), p. 061102. DOI:
10.1103/PhysRevLett.116.061102. URL: http://link.aps.
org/doi/10.1103/PhysRevLett.116.061102.

[14] F. Zwicky. “Die Rotverschiebung von extragalaktischen Nebeln”. In:
Helv. Phys. Acta 6 (1933).

http://dx.doi.org/10.1007/JHEP07(2012)047
http://arxiv.org/abs/1203.5783
http://dx.doi.org/10.1103/PhysRevD.92.024024
http://dx.doi.org/10.1103/PhysRevD.92.024024
http://arxiv.org/abs/1505.01450
http://arxiv.org/abs/1204.5202
http://arxiv.org/abs/1204.5202
http://dx.doi.org/10.1086/178005
http://arxiv.org/abs/astro-ph/9604176
http://arxiv.org/abs/astro-ph/9604176
http://inspirehep.net/record/1252883
http://inspirehep.net/record/1252883
http://dx.doi.org/10.1103/PhysRevLett.116.061102
http://link.aps.org/doi/10.1103/PhysRevLett.116.061102
http://link.aps.org/doi/10.1103/PhysRevLett.116.061102


114 BIBLIOGRAPHY

[15] Franz Mandl and Graham Shaw. Quantum Field Theory. Chichester,
West Sussex, United Kingdom: John Wiley & Sons Ltd, 2010.

[16] David Griffiths. Introduction to Elementary Particles. Weinheim: WILEY-
VCH Verlag GmbH & Co., 2008.

[17] Eric A. Bergshoeff, Olaf Hohm, and Paul K. Townsend. “Massive Grav-
ity in Three Dimensions”. In: Phys. Rev. Lett. 102 (2009), p. 201301.
DOI: 10.1103/PhysRevLett.102.201301. arXiv: 0901.1766
[hep-th].

[18] G. R. Dvali, G. Gabadadze, and M. Porrati. “Metastable gravitons and
infinite volume extra dimensions”. In: Phys. Lett. B484 (2000), pp. 112–
118. DOI: 10.1016/S0370-2693(00)00631-6. arXiv: hep-th/
0002190 [hep-th].

[19] T. Kaluza. “Zum Unitätsproblem der Physik”. In: Sitzungsber. Preuss.
Akad. Wiss. Berlin (Math. Phys.) 1921 (1921), pp. 966–972.

[20] Nima Arkani-Hamed et al. “Ghost condensation and a consistent in-
frared modification of gravity”. In: JHEP 05 (2004), p. 074. DOI: 10.
1088/1126- 6708/2004/05/074. arXiv: hep- th/0312099
[hep-th].

[21] Angnis Schmidt-May and Mikael von Strauss. “Recent developments
in bimetric theory”. In: J. Phys. A49.18 (2016), p. 183001. DOI: 10.
1088/1751-8113/49/18/183001. arXiv: 1512.00021 [hep-th].

[22] Philip Bull et al. “Beyond ΛCDM: Problems, solutions, and the road
ahead”. In: Phys. Dark Univ. 12 (2016), pp. 56–99. DOI: 10.1016/j.
dark.2016.02.001. arXiv: 1512.05356 [astro-ph.CO].

[23] Adam G. Riess et al. “Observational evidence from supernovae for
an accelerating universe and a cosmological constant”. In: Astron. J.
116 (1998), pp. 1009–1038. DOI: 10.1086/300499. arXiv: astro-
ph/9805201 [astro-ph].

[24] S. Perlmutter et al. “Measurements of Omega and Lambda from 42
high redshift supernovae”. In: Astrophys. J. 517 (1999), pp. 565–586.
DOI: 10.1086/307221. arXiv: astro-ph/9812133 [astro-ph].

[25] N. Bohr and L. Rosenfeld. In: Kgl. Danske Vidensk. Selsk., Mat.-Fys.
Med. (1933). English translation by Bryce DeWitt: “On the question
of the Measurability of the Electromagnetic Field Strengths”.

[26] Freeman Dyson. “Is a Graviton Detectable?” Poincare Prize Lecture,
International Congress of Mathematical Physics, Aalborg, Denmark.
Aug. 2012. URL: https://publications.ias.edu/sites/
default/files/poincare2012.pdf.

[27] C. J. Isham, Abdus Salam, and J. A. Strathdee. “F-dominance of grav-
ity”. In: Phys. Rev. D3 (1971), pp. 867–873. DOI: 10.1103/PhysRevD.
3.867.

[28] M. Fierz and W. Pauli. “On Relativistic Wave Equations for Particles
of Arbitrary Spin in an Electromagnetic Field”. In: Proc. Roy. Soc. Lond.
A 173 (1939), pp. 211–232. URL: http://rspa.royalsocietypublishing.
org/content/royprsa/173/953/211.full.pdf.

http://dx.doi.org/10.1103/PhysRevLett.102.201301
http://arxiv.org/abs/0901.1766
http://arxiv.org/abs/0901.1766
http://dx.doi.org/10.1016/S0370-2693(00)00631-6
http://arxiv.org/abs/hep-th/0002190
http://arxiv.org/abs/hep-th/0002190
http://dx.doi.org/10.1088/1126-6708/2004/05/074
http://dx.doi.org/10.1088/1126-6708/2004/05/074
http://arxiv.org/abs/hep-th/0312099
http://arxiv.org/abs/hep-th/0312099
http://dx.doi.org/10.1088/1751-8113/49/18/183001
http://dx.doi.org/10.1088/1751-8113/49/18/183001
http://arxiv.org/abs/1512.00021
http://dx.doi.org/10.1016/j.dark.2016.02.001
http://dx.doi.org/10.1016/j.dark.2016.02.001
http://arxiv.org/abs/1512.05356
http://dx.doi.org/10.1086/300499
http://arxiv.org/abs/astro-ph/9805201
http://arxiv.org/abs/astro-ph/9805201
http://dx.doi.org/10.1086/307221
http://arxiv.org/abs/astro-ph/9812133
https://publications.ias.edu/sites/default/files/poincare2012.pdf
https://publications.ias.edu/sites/default/files/poincare2012.pdf
http://dx.doi.org/10.1103/PhysRevD.3.867
http://dx.doi.org/10.1103/PhysRevD.3.867
http://rspa.royalsocietypublishing.org/content/royprsa/173/953/211.full.pdf
http://rspa.royalsocietypublishing.org/content/royprsa/173/953/211.full.pdf


BIBLIOGRAPHY 115

[29] H. van Dam and M. J. G. Veltman. “Massive and massless Yang-Mills
and gravitational fields”. In: Nucl. Phys. B22 (1970), pp. 397–411. DOI:
10.1016/0550-3213(70)90416-5.

[30] V. I. Zakharov. “Linearized gravitation theory and the graviton mass”.
In: JETP Lett. 12 (1970). [Pisma Zh. Eksp. Teor. Fiz.12,447(1970)], p. 312.

[31] A. I. Vainshtein. “To the problem of nonvanishing gravitation mass”.
In: Phys. Lett. B39 (1972), pp. 393–394. DOI: 10.1016/0370-2693(72)
90147-5.

[32] D. G. Boulware and Stanley Deser. “Inconsistency of finite range grav-
itation”. In: Phys. Lett. B40 (1972), pp. 227–229. DOI: 10.1016/0370-
2693(72)90418-2.

[33] D. G. Boulware and Stanley Deser. “Can gravitation have a finite
range?” In: Phys. Rev. D6 (1972), pp. 3368–3382. DOI: 10.1103/PhysRevD.
6.3368.

[34] Claudia de Rham and Gregory Gabadadze. “Generalization of the
Fierz-Pauli Action”. In: Phys. Rev. D82 (2010), p. 044020. DOI: 10.
1103/PhysRevD.82.044020. arXiv: 1007.0443 [hep-th].

[35] Claudia de Rham, Gregory Gabadadze, and Andrew J. Tolley. “Re-
summation of Massive Gravity”. In: Phys. Rev. Lett. 106 (2011), p. 231101.
DOI: 10.1103/PhysRevLett.106.231101. arXiv: 1011.1232
[hep-th].

[36] S. F. Hassan and Rachel A. Rosen. “Resolving the Ghost Problem in
non-Linear Massive Gravity”. In: Phys. Rev. Lett. 108 (2012), p. 041101.
DOI: 10.1103/PhysRevLett.108.041101. arXiv: 1106.3344
[hep-th].

[37] S. F. Hassan and Rachel A. Rosen. “Confirmation of the Secondary
Constraint and Absence of Ghost in Massive Gravity and Bimetric
Gravity”. In: JHEP 04 (2012), p. 123. DOI: 10.1007/JHEP04(2012)
123. arXiv: 1111.2070 [hep-th].

[38] S. F. Hassan and Rachel A. Rosen. “Bimetric Gravity from Ghost-
free Massive Gravity”. In: JHEP 02 (2012), p. 126. DOI: 10.1007/
JHEP02(2012)126. arXiv: 1109.3515 [hep-th].

[39] Steven Weinberg. Gravitation and Cosmology. John Wiley & Sons, Inc.,
1972.

[40] D. Lovelock. “The Einstein tensor and its generalizations”. In: J. Math.
Phys. 12 (1971), pp. 498–501. DOI: 10.1063/1.1665613.

[41] Richard L. Arnowitt, Stanley Deser, and Charles W. Misner. “The Dy-
namics of general relativity”. In: Gen. Rel. Grav. 40 (2008), pp. 1997–
2027. DOI: 10 . 1007 / s10714 - 008 - 0661 - 1. arXiv: gr - qc /
0405109 [gr-qc].

[42] Nicholas J. Higham. Functions of Matrices. Philadelphia: Society for
Industrial and Applied Mathematics, 2008.

[43] S. F. Hassan, Angnis Schmidt-May, and Mikael von Strauss. “On Con-
sistent Theories of Massive Spin-2 Fields Coupled to Gravity”. In:
JHEP 05 (2013), p. 086. DOI: 10.1007/JHEP05(2013)086. arXiv:
1208.1515 [hep-th].

http://dx.doi.org/10.1016/0550-3213(70)90416-5
http://dx.doi.org/10.1016/0370-2693(72)90147-5
http://dx.doi.org/10.1016/0370-2693(72)90147-5
http://dx.doi.org/10.1016/0370-2693(72)90418-2
http://dx.doi.org/10.1016/0370-2693(72)90418-2
http://dx.doi.org/10.1103/PhysRevD.6.3368
http://dx.doi.org/10.1103/PhysRevD.6.3368
http://dx.doi.org/10.1103/PhysRevD.82.044020
http://dx.doi.org/10.1103/PhysRevD.82.044020
http://arxiv.org/abs/1007.0443
http://dx.doi.org/10.1103/PhysRevLett.106.231101
http://arxiv.org/abs/1011.1232
http://arxiv.org/abs/1011.1232
http://dx.doi.org/10.1103/PhysRevLett.108.041101
http://arxiv.org/abs/1106.3344
http://arxiv.org/abs/1106.3344
http://dx.doi.org/10.1007/JHEP04(2012)123
http://dx.doi.org/10.1007/JHEP04(2012)123
http://arxiv.org/abs/1111.2070
http://dx.doi.org/10.1007/JHEP02(2012)126
http://dx.doi.org/10.1007/JHEP02(2012)126
http://arxiv.org/abs/1109.3515
http://dx.doi.org/10.1063/1.1665613
http://dx.doi.org/10.1007/s10714-008-0661-1
http://arxiv.org/abs/gr-qc/0405109
http://arxiv.org/abs/gr-qc/0405109
http://dx.doi.org/10.1007/JHEP05(2013)086
http://arxiv.org/abs/1208.1515


116 BIBLIOGRAPHY

[44] S. F. Hassan, Mikica Kocic, and Angnis Schmidt-May. “Absence of
ghost in a new bimetric-matter coupling”. In: (2014). arXiv: 1409.
1909 [hep-th].

[45] Cedric Deffayet, Jihad Mourad, and George Zahariade. “A note on
’symmetric’ vielbeins in bimetric, massive, perturbative and non per-
turbative gravities”. In: JHEP 03 (2013), p. 086. DOI: 10.1007/JHEP03(2013)
086. arXiv: 1208.4493 [gr-qc].

[46] C. Deffayet, J. Mourad, and G. Zahariade. “Covariant constraints in
ghost free massive gravity”. In: JCAP 1301 (2013), p. 032. DOI: 10.
1088/1475-7516/2013/01/032. arXiv: 1207.6338 [hep-th].

[47] Máximo Bañados, Cedric Deffayet, and Miguel Pino. “The Boulware-
Deser mode in 3D first-order massive gravity”. In: Phys. Rev. D88.12
(2013), p. 124016. DOI: 10.1103/PhysRevD.88.124016. arXiv:
1310.3249 [hep-th].

[48] Peter Peldan. “Actions for gravity, with generalizations: A Review”.
In: Class. Quant. Grav. 11 (1994), pp. 1087–1132. DOI: 10.1088/0264-
9381/11/5/003. arXiv: gr-qc/9305011 [gr-qc].

[49] S. Deser and C. J. Isham. “Canonical vierbein form of general rela-
tivity”. In: Phys. Rev. D 14 (10 1976), pp. 2505–2510. DOI: 10.1103/
PhysRevD.14.2505. URL: http://link.aps.org/doi/10.
1103/PhysRevD.14.2505.

[50] Herbet Goldstein, Charles Poole, and John Safko. Classical Mechanics.
Patparganj, Delhi, India: Dorling Kindersley (India) Pvt. Ltd., 2002.

[51] H. W. Braden. “The EquationsATX±XTA = B∗”. In: SIAM J. Matrix
Anal. Appl. 20 (1998), pp. 295–302. DOI: 10.1137/S0895479897323270.

[52] Roger A. Horn and Charles R. Johnson. Matrix Analysis. Cambridge:
Cambridge University Press, 1985.

[53] Miguel Lorente. “Cayley Parametrization of Semisimple Lie Groups
and its Application to Physical Laws in a (3+1)-Dimensional Cubic
Lattice”. In: International Journal of Theoretical Physics 11.4 (1974), pp. 213–
247.

http://arxiv.org/abs/1409.1909
http://arxiv.org/abs/1409.1909
http://dx.doi.org/10.1007/JHEP03(2013)086
http://dx.doi.org/10.1007/JHEP03(2013)086
http://arxiv.org/abs/1208.4493
http://dx.doi.org/10.1088/1475-7516/2013/01/032
http://dx.doi.org/10.1088/1475-7516/2013/01/032
http://arxiv.org/abs/1207.6338
http://dx.doi.org/10.1103/PhysRevD.88.124016
http://arxiv.org/abs/1310.3249
http://dx.doi.org/10.1088/0264-9381/11/5/003
http://dx.doi.org/10.1088/0264-9381/11/5/003
http://arxiv.org/abs/gr-qc/9305011
http://dx.doi.org/10.1103/PhysRevD.14.2505
http://dx.doi.org/10.1103/PhysRevD.14.2505
http://link.aps.org/doi/10.1103/PhysRevD.14.2505
http://link.aps.org/doi/10.1103/PhysRevD.14.2505
http://dx.doi.org/10.1137/S0895479897323270

	Abstract
	Acknowledgements
	Introduction
	Quantum physics
	General relativity
	Anomalies
	Proposed solutions
	Outline

	Warm-up
	Conventions
	Motivation
	The Dark Matter Problem
	Supersymmetry
	Modified Theories of Gravity
	The Fine-Tuning Problem
	Quantizing Gravity
	Expectations
	The Difficulty
	Quantum Field Theory in Curved Space-Time
	The Bohr-Rosenfeld Argument
	Argument

	Singularities
	Finally

	Historical Background
	Foundations of General Relativity
	Postulates
	Symmetries
	Degrees of Freedom in GR
	ADM Variables

	Linearized GR

	Summary

	Foundations of Bigravity
	Metrics in Multigravity
	Bimetric Gravity
	Symmetry and Duality
	Diffeomorphism Invariance
	Duality

	DOF Counting
	Mass Spectrum

	Matter Couplings
	Bivielbein Theory
	DvN Condition
	Bivielbein Action
	Symmetries
	Overall Diffeomorphism Invariance
	Overall Local Lorentz Invariance

	Classification of Bivielbein Theories
	Lorentz Equations of Motion
	Dynamical Equivalence
	Ghost Issue
	Modified Bivielbein Theory

	Summary

	Foundations of Multigravity
	Multiple Hassan-Rosen Couplings
	Centre-type Structure
	Chain-type Structure
	Loop-type Structure

	Multivielbein Theory
	Denotation
	Action

	Symmetries
	Overall Diffeomorphism Invariance
	Overall Local Lorentz Invariance

	Classification of Multivielbein Theories
	Summary

	Consistency of Multigravity Theories
	Degrees of Freedom in GR (cont'd)
	Completely Constrained Vielbein
	Partially Constrained Vielbein

	The Hinterbichler and Rosen No-Ghost Argument
	de Rham and Tolley Analysis
	Proposal of Modified Analysis
	Summary

	Existence of the DvN Condition
	Three Space-Time Dimensions
	Trivertex Couplings
	Bivertex Couplings

	Four Space-Time Dimensions
	Tetravertex Couplings
	Trivertex Couplings
	Bivertex Couplings

	Arbitrary Space-Time Dimensions
	Summary

	Metric Formulation of Multigravity
	Restoration of Individual LLIs
	Multimetric Action
	Summary

	Summary and Outlook
	Glossary
	Elementary Symmetric Polynomials
	Recursive Definition
	Generating Function of the Characteristic Polynomial
	Determinant Expansion
	Alternative Hassan-Rosen Potential
	Miscellaneous Properties

	Vielbeins
	Definition
	Parametrization and ADM Variables

	Cayley Parametrization
	Lorentz Transformations

	Bibliography

