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Jonas Åkerman, Arvid B̊ave, Åsa Wikforss, Gunnar Svensson, Niklas
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Chapter 1

Introduction

A glass couldn’t contain water unless it contained H2O-molecules. In
other words: whenever a glass contains water, it contains H2O-molecules.
Likewise, a man couldn’t be a bachelor unless he was unmarried. In other
words: whenever a man is a bachelor, he is unmarried. Now, the latter
is what we would call a conceptual or analytical truth. It’s also what
we would call a priori. But it’s hardly a conceptual or analytical truth
that if a glass contains water, then it contains H2O-molecules. Neither
is it a priori. The fact that water is composed of H2O-molecules was
an empirical discovery made in the eighteenth century. The fact that
all bachelors are unmarried was not. But neither is a logical truth, so
how do we explain the difference? Understanding the nature of logical-,
analytical-, necessary- and a priori entailment (and the relation between
them) is, I believe, crucial for understanding and evaluating many philo-
sophical arguments and theses. Take, for instance, Hume’s dictum that
one cannot derive an ought from an is. Under what interpretation of
derive is that an interesting, yet plausible, claim? The same goes for
Moore’s open question argument against naturalism in meta-ethics, and
the zombie argument against physicalism in the philosophy of mind.

In Naming and necessity, Kripke convinced many of us that we need
to distinguish between metaphysical and epistemic possibility. What’s
necessarily true is not the same as what’s analytically or a priori true,
and vice versa. The fact that a glass contains H2O-molecules if it con-
tains water is a good example. It’s metaphysically necessary, but it’s not
epistemically necessary. But what is then the relation between these two
kinds of possibilities, if it’s not identity? Two-dimensional semantics is
a framework that promises to shed light on these issues. The main idea,
championed most notably by David Chalmers and Frank Jackson, is that
when one evaluates an expression relative to a possible state of affairs (or
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CHAPTER 1. INTRODUCTION

possible world, for short), one can do it in two ways: by considering the
world as actual, or by considering it as counterfactual. The distinction
is supposed to be closely related to the distinction between indicative
and subjunctive conditionals. For instance,

1. If Oswald didn’t shoot Kennedy, someone else did.
(indicative, and true)

2. If Oswald hadn’t shot Kennedy, someone else would have.
(subjunctive, and probably false)

3. If the stuff filling rivers and lakes always has been XYZ rather
than H2O, then rivers and lakes still contain water.
(indicative, and true)

4. If the stuff filling rivers and lakes always had been XYZ rather
than H2O, then rivers and lakes would still have contained water.
(subjunctive, and false)

Moreover, the idea goes, in order to evaluate an expression, one needs
to consider a pair of worlds: one considered as actual, and the other
considered as counterfactual. Relative to our world (where the stuff fill-
ing rivers and lakes is H2O) considered as actual and a world considered
as counterfactual where the stuff filling rivers and lakes is XYZ, the ex-
pression Rivers and lakes contain water will be false. But relative to
the same world considered as both actual and counterfactual, the same
expression will be true, as will the expression water is XYZ. One part
of my thesis is an attempt to understand and evaluate this framework
in relation to various alternatives (Chapter 3 and 4, respectively). Two-
dimensionalism of course isn’t the only theory purporting to explain the
phenomenon of a posteriori necessary truths such as water is composed
of H2O-molecules. Staying within a possible worlds framework, another
idea would be to take the phenomenon at face value, and postulate the
existence of epistemically possible but metaphysically impossible worlds,
where water isn’t H2O. I examine one such attempt by Scott Soames
and argue that it fails. A more promising idea, suggested by Peter Pa-
gin and Kathrin Glüer-Pagin, is to assign two distinct one-dimensional
intensions to the predicate water, one corresponding to the superficial
or so called manifest properties of water (such as filling rivers and lakes,
etc.), and the other corresponding to the so called underlying properties
of water (such as being composed to H2O-molecules). In non-modal
contexts, predicates are evaluated with respect to the their manifest in-
tension. But in modal contexts, they are evaluated with respect to their
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CHAPTER 1. INTRODUCTION

underlying intension. I argue that this suggestion nevertheless has prob-
lems accounting for the a posteriori nature of certain modal sentences,
such as Necessarily, if water is water, then water is composed of H2O-
molecules. The main goal of this thesis is to investigate the extent to
which two-dimensional semantics can be defended. A detailed version
of it is developed that answers some of the most serious objections to it.

The concept of two-dimensional semantics goes back at least to Hans
Kamp and his analysis of the now operator. The first half of Chapter 3
describes this development in some detail. Before Kamp, temporal logic
had been one-dimensional, treating the meaning of an expression as a
function from times to extensions. In order to interpret the now opera-
tor, however, Kamp recognized the need for evaluating expressions with
respect to two points in time, one considered as the current time and the
other considered as the time of evaluation. Perhaps a bit surprisingly,
Kamp also discovered that a language extended by this operator gained
expressive power. For instance, a sentence like someday, everyone who
is now poor will be rich cannot be expressed without it. Later, John
Crossley and Lloyd Humberstone made similar observations regarding
the actuality operator. Analogously, a sentence like it’s possible that ev-
eryone who is actually poor would be rich cannot be expressed without
it. In Demonstratives, David Kaplan applied Kamp’s double indexing
strategy to the interpretation of other indexical expressions such as I
and here. For Kaplan, the extension of these expressions are completely
determined by the world, time and speaker of the context of utterance.
This sets them apart from other expressions like green, whose extensions
do depend on the world and time of evaluation. In a sense, Kaplan gave
a two-dimensional semantics for indexicals. Crucially, for Kaplan, modal
and temporal operators only shift the world or time of evaluation, never
the world or time of the context. That’s why, although I am here is true
in every context of utterance, I am always here and I am necessarily
here are usually false.

But it wasn’t really until the paper Two notions of necessity by
Martin Davies and Lloyd Humberstone that two-dimensional semantics
became what it is today. With the so called modal argument in Naming
and necessity, Kripke had dealt what appeared to be a decisive blow
against description theories of proper names and natural kind predi-
cates. Description theories seem unable to account for the necessity of
the propositions expressed by sentences like Hesperus is Phosphorus and
water is H2O. While descriptivism can explain the a posteriori status
of these propositions, it seems to be at odds with them being necessary.
On the other hand, while non-descriptivism (e.g. direct referentialism)
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can explain why they are necessary, it seems to be at odds with them
being a posteriori. Davies and Humberstone suggested a descriptivist
two-dimensional semantics for proper names and natural kind predicates
that did both. Around the same time, in Assertion, Stalnaker used a
two-dimensional apparatus in an attempt to reconcile non-descriptivist
theories with the a posteriori status of the aforementioned propositions.
The main idea there was to evaluate expressions relative to a pair of
worlds, one which determined the semantic facts, and the other deter-
mining the extension of the expression relative to those semantic facts.
Hence the label meta-semantic two-dimensionalism. Like Davies and
Humberstone, Stalnaker tentatively also nourished the idea that a sen-
tence would be a priori if and only if it had a necessary diagonal inten-
sion.1 This also connects with Kaplan, who in a sense defined logical
truth as having a necessary diagonal intension in all models. Ever since,
there has been a question of how to best understand the first dimension
in a two-dimensional framework: as a context of utterance à la Kaplan,
as a meta-semantic context à la Stalnaker, or as a world considered as
actual à la Chalmers and Jackson. The question is particularly critical if
one wants to introduce an operator that shifts the parameter represent-
ing the first dimension, like an a priori operator might do. As Kaplan
argued, no operator in the English language could shift the context of
utterance. As far as the a priori operator is concerned, that seems right.
Because although I am here has a necessary diagonal intension in Ka-
plan’s semantics, it seems false to say that It’s a priori that I am here.
Intuitively, it’s not a priori that I am here (in Stockholm) rather than,
say, in Paris.

It’s also with these kind of operators that two-dimensional semantics
has faced most serious problems. Much criticism of two-dimensionalism
has focused on its alleged inability to provide a semantics for various
epistemic operators (in particular, the belief operator and the a priori
operator) that yields the intuitively correct truth conditions for certain
nested constructions involving both epistemic and modal operators. An-
other part of my thesis (chapter 5) therefore concerns the semantics of
belief ascriptions. Here we encounter a number of well-known issues,
some of which go back already to Frege. Arguably, it’s possible to
believe that a glass contains water without believing that it contains
H2O-molecules. Is it also possible to believe that someone is a bachelor

1The diagonal of a two-place function f : W × W → E from pair of worlds to
extensions is the one-place function g : W → E such that g(w) = f(w,w) for all
w ∈ w. If the extensions are truth-values, then we say that g is necessary if and only
if g(w) is true for all w ∈ W .
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without believing that he is unmarried? Is it possible to believe that
Mark Twain is a writer without believing that Samuel Clemens is? Is
it possible to believes that he [pointing to someone in the street] is a
spy, without believing that he [pointing to the same guy in a photo-
graph] is a spy? Is it possible to believe something without believing
what logically follows from it? What is it to believe something in the
first place? Is belief essentially a relation between a believer and a sen-
tence? Arguably, no. Because that wouldn’t account for the following
fact: whenever it’s true to utter the English sentence Eric believes that
it’s raining, it’s also true to utter the Swedish sentence Eric tror att det
regnar. It’s therefore reasonable to construe belief as a relation between
a believer and something else. But what, exactly? And in virtue of
what does it obtain? In the hope of providing satisfactory answers to
these questions, while avoiding the aforementioned problems of nested
constructions, a two-dimensional semantics for belief ascriptions is de-
veloped using structured propositions. The same framework is employed
to give a semantics for the a priori operator. A general problem with
structured propositions is noted (section 5.10).

The thesis begins, however, with a discussion about metaphysical
modality and its semantics (chapter 2). Why do we say things like There
could have been water in the glass or Descartes could have lived longer
than he actually did in the first place, and what do they mean? These
claims are patently distinct from their epistemic counterparts: For all we
know, there might be water in the glass and For all we know, Descartes
might have lived longer than what is commonly believed. The latter
are comparatively easy to understand and evaluate. It’s not obvious
how to make sense of the former. A possible explanation of why we
make these claims is offered in section 2.1: modal operators increase
the expressive power of a first order language, enabling its speakers to
express propositions than cannot be expressed using only the non-modal
fragment. One aim of this thesis is to offer a two-dimensional semantics
for a quantified language containing operators for belief as well as for
metaphysical necessity. In order to do that, I need to take a stand
on some basic technical issues in quantified modal logic. In particular,
issues concerning varying domains, existence claims and non-denoting
terms. The rest of chapter 2 is therefore devoted to these.
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Chapter 2

Modal logic

2.1 Introduction

Modal discourse is a mystery. Why do we care about whether something
we know hasn’t happened could have happened? For practical purposes,
it seems reasonable to care about what will happen. Obviously, we
do care about what has happened in the past. But surely that’s only
appropriate insofar as it may have implications for what will happen
in the future! There’s even a name for when it doesn’t: the sunk cost
fallacy. Perhaps what could have happened likewise has implications for
what will happen? That would explain a lot. But merely pointing out
that necessary truth implies truth doesn’t really cut it. If the practical
importance of �p is p, why not just say p?

Put differently: we use language to convey information about what
the world is like. We say: there’s a snake in the tree. Why do we also
use language to convey information about what the world could have
been like? We say: there could have been a snake in the tree. Well,
so what? Saying that seems like a waste of time. What am I supposed
to do with that information? Maybe it just means that in similar trees
under similar circumstances, there are sometimes snakes. That would
obviously be useful. But arguably, there could have been a snake in the
tree even though, as it happens, there never are any snakes in similar
trees under similar circumstances.

Ultimately, I believe the answer has to do with counterfactuals and
their relation to decision making. Although well beyond the scope of
my thesis, let me just say a few words about it. According to evidential
decision theory, a decision maker evaluates the conditional subjective
probability of each possible outcome given each possible action. These
are, in a sense, perfectly non-metaphysical notions. The notion of possi-
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bility is a purely epistemic one. But arguably, evidential decision theory
yields the wrong result (one-boxing) with respect to Newcomb’s prob-
lem.1 According to causal decision theory (designed to yield the correct
result in Newcomb’s problem, i.e. two-boxing), a decision maker eval-
uates the probability of each counterfactual claim to the effect that if
he or she were to perform a certain action, a particular outcome would
obtain. These are metaphysical notions.2 Hence, if causal decision the-
ory is correct, it would explain why information about modal facts are
of practical importance.

But maybe there is a more flatfooted answer to all of this: saying
that there could have been a snake in the tree is just saying that the
tree is such that there could have been a snake in it. More generally,
facts about the way the world could have been are just facts about the
way it is. We care about the former because we they are instances
of the latter. Hence, no mystery! This may sound like sophistry, but
there’s an important point to be made: it’s not obvious that there is a
distinction in kind between modal and non-modal facts, or (if you like)
between modal and non-modal propositions. At least it’s not obvious
how to draw it. Surely, there’s a syntactic difference between modal and
non-modal expressions, but it’s not obvious that any distinction can be
made at the level of content. In some sense, a modal proposition is just
like any other proposition: true under some circumstances, false under
others. Perhaps it’s equally confused to ask why we care about what
the world could have been like, as it is to ask why we care about what
the world is not like. After all, we also say things like: there is not a
snake in the tree. Is negative discourse also a mystery?

So, perhaps the real question is: why do we have modal operators
in the first place? Well, why do we have operators at all, modal or
otherwise? The obvious answer is: because these operators increase the
expressive power of our language, allowing us to convey a greater variety
of information. Presumably, you can’t convey the information conveyed
by the sentence It’s not raining without using negation. If that’s right,

1The perhaps most interesting version of Newcomb’s problem goes as follows.
There are two boxes, A and B. You have two options: take both A and B (two-
boxing), or take only B (one-boxing). You know there’s thousand dollars in A, and
you believe that the content of B has been determined by someone who at least has a
51% chance of correctly predicting how you will act in this situation, in the following
way. If this person has predicted that you will take both boxes, he will have put
nothing in B. If, on the other hand, he has predicted that you will take only B, then
he will have put a million dollars in B. What should you do?

2On the tight connection between counterfactuals and (metaphysical) modality,
see Williamson (2007).
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it means that we are able to say things in English that we’re not able
to say using only the fragment of English that doesn’t contain negation.
Perhaps a similar explanation can be given in favor of modal operators?

Let L be the set of sentences of some first order language, and let
C be the class of models of it. Let L′ ⊆ L. Standardly, we say that
L is more expressive than L′ iff there’s a sentence ϕ ∈ L not logically
equivalent to any sentence ψ ∈ L′. In other words, iff there’s a sentence
ϕ ∈ L such that, for all ψ ∈ L′, there’s a model M ∈ C such that
�ϕ�M �= �ψ�M. If we define [ϕ] = {M ∈ C : �ϕ�M = 1}, we can also say
(equivalently, assuming bivalent semantics) that L is more expressive
than L′ iff there’s a sentence ϕ ∈ L such that, for all ψ ∈ L′, [ϕ] �= [ψ].
It’s natural to identify the proposition expressed by a sentence of first
order logic with the class of models in which it’s true. The natural idea
is that, the more propositions you can express, the more expressive is
your language.

But it’s not obvious how to extend this notion of expressive power to
modal languages. Let L� be the set of sentences of some modal language,
and let C� be the class of models of it. Let L′

� ⊆ L�. Generalizing based
on the corresponding notion of logical consequence, one would say that
L� is more expressive than L′

� iff there’s a sentence ϕ ∈ L� such that,
for all ψ ∈ L′

�, there’s a model M ∈ C� and world w ∈ WM such
that �ϕ�M,w �= �ψ�M,w. Insofar as expressive power has to do with the
amount of propositions you can express, one would in effect identify the
proposition expressed by a modal sentence with the class of pairs of
models and worlds in which it’s true. But it’s perhaps more common
to think of the proposition expressed by a modal sentence relative to a
model as the set of worlds in which it’s true in that model. And if the
idea is that the more propositions you can express, the more expressive
is your language, then one could say that L� is more expressive-in-M
than L′

� iff there’s a sentence ϕ ∈ L� such that, for all ψ ∈ L′
�, there’s

a world w ∈ WM such that �ϕ�M,w �= �ψ�M,w. One could also define a
new notion of expressiveness by saying that L� is more expressive* than
L′
� iff there’s a sentence ϕ ∈ L� and a model M ∈ C� such that, for all

ψ ∈ L′
�, there’s a world w ∈ WM such that �ϕ�M,w �= �ψ�M,w.

Clearly, being more expressive* entails being more expressive. The
converse doesn’t hold. As a counterexample, let L� be set of sentences
of a propositional modal language, and let L ⊂ L� be it’s non-modal
fragment. Moreover, let C� be the class of models where the acces-
sibility relation is universal. Then L� will be more expressive than
L, but not more expressive*. It’s more expressive because there are
models M,M′ ∈ C� with WM = WM′ = {u,w} such that �p�M,u =

9



CHAPTER 2. MODAL LOGIC

�p�M,w = �p�M′,w = 1 but �p�M′,u = 0 for which ��p�M,w �= ��p�M′,w
but �ϕ�M,w = �ϕ�M′,w for all ϕ ∈ L. But it’s not more expressive*,
because for every model M ∈ C� and sentence �ϕ ∈ L�, that sentence
is either true in the same worlds as p ∨ ¬p, or true in the same worlds
as p ∧ ¬p.

The fact that the necessity operator (interpreted universally) doesn’t
contribute to making a propositional language more expressive* should
make you doubt the usefulness of locutions such as it’s (metaphysically)
necessary that. However, in a first-order language with variables and
quantifiers, things are different. One can still easily show that, if we
don’t allow quantification into modal contexts, then a universally inter-
preted necessity operator doesn’t make the language more expressive*.
But if we do allow such quantification, there are models in which a modal
sentence of a language expresses a proposition not expressed by any of
the non-modal sentence of that language. In other words, the modal
language is more expressive* than its non-modal fragment. To give a
really simple example, let L be a first order language whose non-logical
vocabulary consists of two unary predicates P and Q, and let L� be its
modal extension. Let ϕ be the sentence

(1) ∃x(Px ∧�(Qx → Px)) ∧ ¬∃xQx

and consider the following model of L�, with ordinary lines indicating
the extension of P in each world, and dashed lines indicating the exten-
sion of Q (see figure 2.1). Clearly, ϕ is only true in w1. However, there’s
no L-sentence expressing the same proposition as ϕ, because every L-
sentence that’s true in w1 is also true in w2 (which follows from the fact
that w1 and w2, considered as first-order models, are isomorphic). In
order to convey the information that w1 is the actual world, one would
have to use modal language.

Now, in this particular examples, we could have achieved at least as
much expressive power by extending LPQ with two individual constants,
c1 and c2 such that I(c1) = a and I(c2) = b. In general, the following
holds:

Fact 2.1. Let L be a first order language, let L� be its modal extension,
and let M = 〈W,D, I〉 be a constant universal model of L� such that D
is finite. Suppose that, under this interpretation, each object d ∈ D is
definable in L, in the sense that there’s an L-formula ϕd(x) such that
�ϕd(x)�M,w,g = 1 iff g(x) = d for all w and g. Then, for each L�-
formula ψ, there’s an L-formula ψ′ such that �ψ�M,w,g = �ψ′�M,w,g for
all w and g.

10
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w1

a b

w2

a b

w3

a b

Figure 2.1: A really simple example of when a modal language is more
expressive* than its non-modal fragment.

Proof. Let L be a first order language, let L� be its modal extension,
and let M = 〈W,D, I〉 be a constant universal model of L� such that
D is finite. Assume that, for each object d ∈ D, there’s an L-formula
ϕd(x) such that �ϕd(x)�M,w,g = 1 iff g(x) = d for all w and g. Let ψ be
an L�-formula, and let �σ1, ...,�σn be the subformulas of ψ that aren’t
within the scope of a �-operator. Let ϕ be an arbitrary L-sentence.

1. If �σi is a sentence, let σ′
i = ϕ ∨ ¬ϕ if ��σi�M,w,g = 1 for all w

and g, and let σ′
i = ϕ ∧ ¬ϕ otherwise (i.e. if ��σi�M,w,g = 0 for

all w and g). Then ��σi� = �σ′
i�M,w,g for all w and g.

2. If �σi isn’t a sentence, let X = {x1, ..., xm} be its free variables,
and let F be the set of functions from X to D. Since X and D
are finite, F is finite. Say that an assignment g extends a function
f ∈ F iff g(x) = f(x) for all x ∈ X. Define

F+ = {f ∈ F : ��σi�M,w,g = 1 for all w and all g extending f}

and let

σ′
i =

∨
f∈F+

ϕf(x1)(x1) ∧ ... ∧ ϕf(xn)(xn)

Then ��σi�M,w,g = �σ′
i�M,w,g for all w and g. Because if g extends

a function f ∈ F+, then ��σi�M,w,g = 1 for all w. Suppose

11
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�σ′
i�M,w,g = 0 for some w. That means in particular that

�ϕf(x1)(x1) ∧ ... ∧ ϕf(xn)(xn)�M,w,g = 0

which is impossible since it would require that f(x) �= g(x) for
some x ∈ X.

Moreover, if g doesn’t extend any function f ∈ F+, then we have
��σi�M,w,g = 0 for all w. Suppose �σ′

i�M,w,g = 1 for some w. That
means

�ϕf(x1)(x1) ∧ ... ∧ ϕf(xn)(xn)�M,w,g = 1

for some f ∈ F+. But that’s impossible, because it would require
that f(x) = g(x) for all x ∈ X.

Finally, let ψ′ be the result of replacing each occurrence of �σi in ψ
with σ′

i according the recipe above. Then ψ′ will be an L-formula such
that �ψ�M,w,g = �ψ′�M,w,g for all w and g.

However, as the following example shows, this fact need not obtain
when D is infinite:

Example 2.1.1. Let L be a first-order language having at least two
unary predicates P and Q, and let L� be its modal extension. First,
consider a simple universal model M = 〈W,D, I〉 of L� with D = N

and W = P(N). Let I(P )(w) = w and I(Q)(w) = ∅ for all w ∈ W .

Now, there’s a simple cardinality argument to the effect that there
has to be a world w ∈ W such that every L-sentence that’s M-true
in w is also M-true in some other M-world w′ �= w. To see why, let
Φ be the set of L-sentences. We know that Φ is countable, and that
W is uncountable, and so |W | > |Φ|. Assume, towards contradiction,
that for every w ∈ W there’s ϕ ∈ Φ such that ϕ is M-true only in w.
That means there’s a total injective function from W to Φ, in which case
|W | ≤ |Φ|.

Having established as much, we will now construct a new model
M′ = 〈W ′, D, I ′〉 of L�. Let w0 ∈ W be such that every L-sentence
that’s M-true in w0 is also M-true in some other M-world w �= w0. Let
ϕ0, ϕ1, ϕ2, ... be an enumeration of Φ, and let f : N → W be a function
such that, for all n ∈ N,

1. f(n) = w0 if �ϕn�M,w0 = 0, and

2. f(n) �= w0 and �ϕn�M,f(n) = 1 otherwise.

12
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Let u �∈ W and let W ′ = {u,w0, f(0), f(1), f(2), ...}. Let I ′ be such that

1. I ′(P )(w) = I(P )(w) = w and I ′(Q)(w) = I(Q)(w) = ∅ for all
w ∈ W ′ ∩W .

2. I ′(P )(u) = w0 and I ′(Q)(u) = D.

By construction, every L-sentence that’s M′-true in w0 is also M′-true
in some other M′-world w �= w0. However, let ψ be the L�-sentence

(2) ∀x(Px ↔ �(Qx → Px)) ∧ ¬∃xQx

Now, ψ is only M′-true in w0. The last conjunct makes it false in u, and
the first conjunct says in effect that something is P iff it’s P in u. Hence,
there’s no L-sentence ϕ such that �ϕ�M′,w = �ψ�M′,w for all w ∈ W ′.
But, for all that’s been said, we can for instance assume that L� has a
countably infinite set of constants c0, c1, c2, ... and that I ′(cn) = n for
all n ∈ N.

Setting the mystery of modal discourse aside, I will devote the rest of
this chapter to the semantics of quantified modal logic. In particular, as
this will be relevant to the semantics developed in subsequent chapters,
to issues concerning existence and reference failure.

2.2 Basic modal logic

In one-dimensional semantics for modal languages, the meaning of an
expression determines a function from possible worlds to extensions (in-
dividual objects in the case of singular terms, relations in the case of
predicates, and truth values in the case of sentences). The same goes,
mutatis mutandis, for temporal languages, where the meaning of an ex-
pression determines a function from times to extensions.

In both cases, there’s a choice to be made concerning the interpre-
tation of the quantifiers. The simple approach is to let quantifiers range
over all possible objects, not just objects existing in the world or time
of evaluation, and use a special predicate to make claims about exis-
tence (an existence predicate). This is the constant domain approach.
The more complicated approach is to assign a domain of objects to each
world or time. This is the varying domain approach.

Allegedly, the problem with the simple approach is that it makes for
an unnatural interpretation of the quantifiers, allowing us to truthfully
say things like

(3) There are things that don’t exist.

13
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which, on the face of it, seems contradictory. On the other hand, one
might want to distinguish between there is and exists. To take an ex-
ample borrowed from E. N. Zalta, it seems we can truthfully say things
like

(4) There are literary characters that, although they don’t exist, con-
tinue to inspire many readers.

Assuming that all terms denote, the semantics of predication on the
constant domain approach is obvious: either the denoted object has the
denoted property in the world or time of evaluation, or it hasn’t. On
the varying domain approach, there’s a third possibility: the object in
question doesn’t exist. Terms may denote objects not included in the
domain of the world or time of evaluation. In those cases, the question
is whether the sentence should be evaluated as false, or if its truth value
should be undefined. Leaving it undefined will have ramifications for the
interpretation of both connectives and quantifiers. Should the negation
of a formula whose truth value is undefined also be undefined? What
about conjunction, universal quantification, etc?

When confronted with this matter (for instance, by reading Gamut
(1990, pp. 53-66)), it’s easy to get the following impression: there’s
an obviously correct way of doing semantics on the constant domain
approach, but no obviously correct way of doing it on the varying domain
approach. However, such pessimism about varying domain semantics is
unwarranted. As we shall see later in this chapter, a potential source of
trouble are non-denoting terms. But this is equally troublesome for both
constant and varying domain semantics. Unfortunately, it’s common to
lump these two phenomena together under the label empty terms, i.e.
terms that either denote something outside the domain of quantification,
or doesn’t denote anything at all. 3 I can see no obvious reason why these
should be treated in a unified fashion. That’s why the semantics I will be
discussing won’t fit neatly into the categories of positive-, negative- and
neutral free logic. Indeed, as long as all terms denote, varying domain
semantics should be quite straightforward. In this chapter, I will argue
that the most reasonable way of doing it is by evaluating atomic formulas
as false whenever terms denote objects not included in the domain of
the world or time of evaluation.

To get the argument going, let’s introduce the some standard notions.
Let L� be a language of first order logic extended by an operator �,
where the intended interpretation of �ϕ is something like It’s necessarily

3See, for instance, Nolt (2014).
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the case that ϕ:

Definition 2.2.1 (The language L�). The language L� has an infi-
nite set of variables {x0, x1, x2, ...}, names {a0, a1, a2, ...} and predicates
{P0, P1, P2, ...} of various arities (including the identity predicate). The
operators are {¬,∧, ∀,�}. Terms are names and variables. The set of
formulas is defined inductively:

1. If t1, ..., tn are terms and P is an n-place predicate, then Pt1...tn
is a formula.

2. If ϕ and ψ are formulas and x is a variable, then ¬ϕ, (ϕ∧ψ), ∀xϕ
and �ϕ are formulas.

3. Nothing else is a formula.

Operators ∨,→,↔, ∃,♦ are introduced as abbreviations in the usual
way:

1. ϕ ∨ ψ =df ¬(¬ϕ ∧ ¬ψ).
2. ϕ → ψ =df ¬(ϕ ∧ ¬ψ).
3. ϕ ↔ ψ =df ¬(ϕ ∧ ¬ψ) ∧ ¬(ψ ∧ ¬ϕ).
4. ∃xϕ =df ¬∀x¬ϕ.
5. ♦ϕ =df ¬�¬ϕ.
Then we introduce the notion of a modal frame, and define the notion

of a one-dimensional model or interpretation of our language in terms
of it.

Definition 2.2.2 (Modal frame). A modal frame is a quadruple F =
〈W,D,Dom, R〉, where W is a non-empty set (a set of possible worlds),
R is a binary relation on W (an accessibility relation), D is a non-empty
set (a domain of possible objects) and Dom : W → P(D) is a function
assigning a set of objects to each world (the set of objects existing in that
world). A constant modal frame is a modal frame F = 〈W,D,Dom, R〉
such that Dom(w) = Dom(w′) = D for all w,w′ ∈ W .

Definition 2.2.3 (Modal 1D-model). A 1D-model of L� is a tuple M =
〈F , I〉, where F = 〈W,D,Dom, R〉 is a modal frame and I is a function
taking names and predicates as arguments (an interpretation function).
If a is a name, then I(a) ∈ D. If P is an n-place predicate, then
I(P ) : W → P(Dn) is a function such that I(P )(w) ⊆ Dom(w)n for all
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w ∈ W . In particular, if P is the identity predicate, then I(P )(w) =
{〈a, b〉 ∈ Dom(w)2 : a = b} for all w ∈ W . A constant 1D-model of L�
is a 1D-model M = 〈F , I〉 such that F is a constant modal frame.

The semantics with respect to constant models is straightforward:

Definition 2.2.4 (Constant modal 1D-semantics). For any constant
1D-model M = 〈W,D,Dom, R, I〉, world w ∈ W and assignment func-
tion g from the set of variables to D,

1. If t is a name, then �t�M,w,g = I(t).

2. If t is a variable, then �t�M,w,g = g(t).

3. If t1, ..., tn are terms and P is an n-place predicate, then we have
�Pt1...tn�M,w,g = 1 iff 〈�t1�M,w,g, ..., �tn�M,w,g〉 ∈ I(P )(w).

4. �¬ϕ�M,w,g = 1 iff �ϕ�M,w,g = 0.

5. �ϕ ∧ ψ�M,w,g = 1 iff �ϕ�M,w,g = 1 and �ψ�M,w,g = 1.

6. �∀xϕ�M,w,g = 1 iff, for all d ∈ D, �ϕ�M,w,g[d/x] = 1.

7. ��ϕ�M,w,g = 1 iff, for all w′ ∈ W s.t. wRw′, �ϕ�M,w′,g = 1.

where g[d/x] is just like g except that g[d/x](x) = d. For sentences
(formulas without free variables), we say that �ϕ�M,w = 1 iff, for any
assignment g, �ϕ�M,w,g = 1.

As mentioned in the beginning, in the semantics for non-constant
models, we have to take account of cases where terms denote something
outside the domain of the world of evaluation. How should we do that,
assuming a classical approach? To answer this question, it’s helpful to
consider three-valued logic. Apart from the usual truth values 0 and 1,
we introduce a third value u, to be thought of as undefined. We start by
introducing the following notions:

Definition 2.2.5 (Logical interpretations). A logical interpretation is
a tuple i = 〈i¬, i∧, i∀, i� 〉, where

1. i¬ : {0, 1, u} → {0, 1, u}.
2. i∧ : {0, 1, u} × {0, 1, u} → {0, 1, u}.
3. i∀ : P({0, 1, u}) → {0, 1, u}.
4. i� : P({0, 1, u}) → {0, 1, u}.
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Definition 2.2.6 (General 1D-semantics). Let i be a logical interpre-
tation, and let q ∈ {0, 1, u}. For any 1D-model M = 〈W,D,Dom, R, I〉,
world w ∈ W and assignment g, we say that

1. If t is a name, then �t�iM,w,g = I(t).

2. If t is a variable, then �t�iM,w,g = g(t).

3. If t1, ..., tn are terms, P is an n-place predicate and we let X =
〈�t1�iM,w,g, ..., �tn�iM,w,g〉, then

(a) �Pt1...tn�iM,w,g = 1 if X ∈ Dom(w)n and X ∈ I(P )(w).

(b) �Pt1...tn�iM,w,g = 0 if X ∈ Dom(w)n and X �∈ I(P )(w).

(c) �Pt1...tn�iM,w,g = q if X �∈ Dom(w)n.

4. �¬ϕ�iM,w,g = i¬(�ϕ�iM,w,g).

5. �ϕ ∧ ψ�iM,w,g = i∧(�ϕ�iM,w,g, �ψ�iM,w,g)

6. �∀xϕ�iM,w,g = i∀({�ϕ�iM,w,g[d/x] : d ∈ Dom(w)})

7. ��ϕ�iM,w,g = i�({�ϕ�iM,w′,g : w′ ∈ W s.t. wRw′})
To see how this is supposed to work, consider the following example:

Example 2.2.1. Let M be a constant domain model with worlds W =
{w1, w2}, domain D = {d1, d2} and R universal, and let i be a logi-
cal interpretation. Suppose ϕ is a formula such that �ϕ�iM,w1,g

= 1

and �ϕ�iM,w2,g
= u, �ϕ�iM,w1,g[d1/x]

= 1 and �ϕ�iM,w1,g[d2/x]
= 0. Then

��ϕ�iM,w1,g
= i�({1, u}) and �∀xϕ�iM,w1,g

= i∀({1, 0})
For full generality, we should perhaps assume that i∀ and i� are func-

tions from the set of sequences of 0, 1 and u to {0, 1, u}. Here, we make
the simplifying assumption that the order and number of occurrences
(above one) of a particular truth value don’t matter. This assumptions
is motivated by the fact that the corresponding assumption is made in
the bivalent case.

The question we’re interested in is what the value of q should be.
To answer this question, we need to have an idea what a logical inter-
pretation should be like. First of all, if general 1D-semantics is going to
agree with constant 1D-semantics on the class of constant 1D-models,
we have to require that the logical interpretations are normal :

(5) a. i¬(1) = 0 and i¬(0) = 1.
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b. i∧(1, 1) = 1 and i∧(1, 0) = i∧(0, 1) = i∧(0, 0) = 0.
c. i∀({1}) = 1 and i∀({0}) = i∀({0, 1}) = 0 and i∀(∅) = 1.
d. i�({1}) = 1 and i�({0}) = i�({0, 1}) = 0 and i�(∅) = 1.

To narrow down the list of logical interpretations further, consider the
following set of classical principles:

(6) a. �¬¬ϕ�iM,w,g = �ϕ�iM,w,g.

b. �ϕ ∧ ψ�iM,w,g = �ψ ∧ ϕ�iM,w,g.

c. �ϕ ∧ ϕ�iM,w,g = �ϕ�iM,w,g.

d. �ϕ ∧ (ψ ∧ θ)�iM,w,g = �(ϕ ∧ ψ) ∧ θ�iM,w,g.

e. �(ϕ ∧ θ) ∨ (ψ ∧ θ)�iM,w,g = �(ϕ ∨ ψ) ∧ θ�iM,w,g.
f. If the domain of quantification is non-empty and x isn’t free

in ϕ, then �∀xϕ�iM,w,g = �ϕ�iM,w,g.

g. If there is a world accessible from w 4, then we should have
��(ϕ ∧ ¬ϕ)�iM,w,g �= 1.

h. �♦(ϕ ∧ ¬ϕ)�iM,w,g �= 1.

i. �∀x(ϕ ∧ ψ)�iM,w,g = �∀xϕ ∧ ∀xψ�iM,w,g.

j. ��(ϕ ∧ ψ)�iM,w,g = ��ϕ ∧�ψ�iM,w,g.

At least from a classical point of view, these principles should be
non-negotiable. We can now show the following:

Theorem 2.1. If q = u, then at most three normal logical interpreta-
tions satisfy the principles in (6), namely w,w∗ and s:

w¬
0 1
1 0
u u

w∧ 0 1 u

0 0 0 u
1 0 1 u
u u u u

w∀
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} u
{1, u} u

{0, 1, u} u
∅ 1

w�
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} u
{1, u} u

{0, 1, u} u
∅ 1

4Otherwise �(ϕ ∧ ¬ϕ) may be true in a world even on the constant domain se-
mantics.
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w∗¬
0 1
1 0
u u

w∗∧ 0 1 u

0 0 0 u
1 0 1 u
u u u u

w∗
∀

{0} 0
{0, 1} 0
{1} 1
{u} u

{0, u} 0
{1, u} 0

{0, 1, u} 0
∅ 1

w∗
�

{0} 0
{0, 1} 0
{1} 1
{u} u

{0, u} u
{1, u} u

{0, 1, u} u
∅ 1

s¬
0 1
1 0
u u

s∧ 0 1 u

0 0 0 0
1 0 1 u
u 0 u u

s∀
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} 0
{1, u} u

{0, 1, u} 0
∅ 1

s�
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} 0
{1, u} u

{0, 1, u} 0
∅ 1

For a proof, see appendix A. As indicated by the choice of letters, w
and w∗ are extensions of Kleene’s weak three-valued propositional logic,
whereas s is an extension of the strong one. 5 Finally, we are in a
position so say something about the value of q. For Kripke (1963), the
point of introducing varying domain semantics was to invalidate the so
called Barcan formula:

(7) ∀x�ϕ → �∀xϕ.
The Barcan formula, and its converse, are both valid on the constant do-
main semantics. But the validity of the Barcan formula and its converse
is only problematic if one reads ∀ as for every existing object rather than

5Due to the expressive limitations of the language, although intuitively unrea-
sonable with respect to the universal quantifier, I haven’t been able to rule out
w∗ by the principles in (6) alone. The reason is I’m unable to find a model
M and formulas ϕ and ψ such that �ϕ�w

∗
M,w,g[d1/x]

= �ψ�w
∗

M,w,g[d2/x]
�= u and

�ϕ�w
∗

M,w,g[d2/x]
= �ψ�w

∗
M,w,g[d1/x]

= u. I suspect that it’s impossible, but I have no
proof. As we shall see in section 2.3, once we add add a definite description operator,
finding such formulas will be possible. As a result, w∗ will violate principle (6-i),
distribution of universal quantification over conjunction.
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for every possible object. In other words, if one believes that it’s possi-
ble to make claims about existence without using an existence predicate.
Arguably, the point of using varying domains is to be able to do just
that. In particular, to be able to truthfully say things like

(8) a. There is something that could have failed to exist.
b. Everything is such that it could have failed to exist.

if such be the case, using only quantifiers and the identity predicate,
respectively:

(9) a. ∃x♦¬∃y(y = x).
b. ∀x♦¬∃y(y = x).

But in order for this to be possible, we have to require that q = 0.
Because if q = 1 or q = u, it will always be the case that

(10) a. �∃x♦¬∃y(y = x)�wM,w,g �= 1.
b. �∃x♦¬∃y(y = x)�sM,w,g �= 1.

c. �∀x♦¬∃y(y = x)�w
∗

M,w,g �= 1.

which is easy to check (see appendix A.2).

The upshot is that, if q = 0, then we don’t have to worry about
choosing between weak and strong logic.6 This yields the following se-
mantics:

Definition 2.2.7 (Basic modal 1D-semantics). For any 1D-model M =
〈W,D,Dom, R, I〉, world w ∈ W and assignment g

1. If t is a name, then �t�M,w,g = I(t).

2. If t is a variable, then �t�M,w,g = g(t).

3. If t1, ..., tn are terms and P is an n-place predicate, then we have
�Pt1...tn�M,w,g = 1 iff 〈�t1�M,w,g, ..., �tn�M,w,g〉 ∈ I(P )(w).

4. �¬ϕ�M,w,g = 1 iff �ϕ�M,w,g = 0.

5. �ϕ ∧ ψ�M,w,g = 1 iff �ϕ�M,w,g = 1 and �ψ�M,w,g = 1.

6. �∀xϕ�M,w,g = 1 iff, for all d ∈ Dom(w), �ϕ�M,w,g[d/x] = 1.

7. ��ϕ�M,w,g = 1 iff, for all w′ ∈ W s.t. wRw′, �ϕ�M,w′,g = 1.

6In section 2.3, when we’re dealing with non-denoting terms (e.g. the present king
of France), the choice between weak and strong logic will be relevant.
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As we shall see in chapter 5, assuming that q = 0 makes it possible
to show that certain semantic frameworks cannot possibly accommodate
our intuitions about beliefs de re without violating compositionality.

2.3 Non-denoting terms

In the semantics considered so far, all terms denote. By extending L�
with a definite description operator ι (iota), the new language L�ι will
have terms that may be undefined relative to some world of evaluation.
The intended interpretation of a term ιxϕ is something like the object
such that ϕ. So, for instance, the denotation of the present king of France
is simply undefined.

Definition 2.3.1 (The language L�ι). The language L�ι has an infi-
nite set of variables {x0, x1, x2, ...}, names {a0, a1, a2, ...} and predicates
{P0, P1, P2, ...} of various arities (including the identity predicate). The
operators are {¬,∧, ∀,�, ι}. The set of terms and formulas are defined
inductively:

1. All names and variables are terms.

2. If x is a variable and ϕ is a formula, then ιxϕ is a term.

3. If t1, ..., tn are terms and P is an n-place predicate, then Pt1...tn
is a formula.

4. If ϕ and ψ are formulas and x is a variable, then ¬ϕ, (ϕ∧ψ), ∀xϕ
and �ϕ are formulas.

5. Nothing else is a term or a formula.

Operators →,∨,↔, ∃,♦ are introduced as abbreviations in the usual
way.

A model of L�ι is just a 1D-model. So, recalling Definition 2.2.3 and
2.2.5:

Definition 2.3.2 (General 1D-semantics). Let i be a logical interpreta-
tion, and let q, r ∈ {0, 1, u}. For any 1D-model M = 〈W,R,D,Dom, I〉,
world w ∈ W and assignment g,

1. If t is a name, then �t�iM,w,g = I(t).

2. If t is a variable, then �t�iM,w,g = g(t).

21



CHAPTER 2. MODAL LOGIC

3. If x is a variable and ϕ is a formula, then

(a) �ιxϕ�iM,w,g = d if

i. d ∈ Dom(w) and �ϕ�iM,w,g[d/x] = 1, and

ii. for all d′ ∈ Dom(w)− {d}, �ϕ�iM,w,g[d′/x] �= 1.

(b) �ιxϕ�iM,w,g = u otherwise.

4. If t1, ..., tn are terms, P is an n-place predicate and we let X =
〈�t1�iM,w,g, ..., �tn�iM,w,g〉, then

(a) �Pt1...tn�iM,w,g = 1 if X ∈ Dom(w)n and X ∈ I(P )(w).

(b) �Pt1...tn�iM,w,g = 0 if X ∈ Dom(w)n and X �∈ I(P )(w).

(c) �Pt1...tn�iM,w,g = q if X �∈ Dom(w)n but X ∈ Dn.

(d) �Pt1...tn�iM,w,g = r if X �∈ Dn.

5. �¬ϕ�iM,w,g = i¬(�ϕ�iM,w,g).

6. �ϕ ∧ ψ�iM,w,g = i∧(�ϕ�iM,w,g, �ψ�iM,w,g)

7. �∀xϕ�iM,w,g = i∀({�ϕ�iM,w,g[d/x] : d ∈ Dom(w)})

8. ��ϕ�iM,w,g = i�({�ϕ�iM,w′,g : w′ ∈ W s.t. wRw′})
As we have already seen, the only reasonable value of q is 0. Con-

cerning the value of r, 1 is clearly unreasonable, as it would make it
true that The present king of France is bald. Moreover, we can show the
following:

Theorem 2.2. If q = 0 and r = u, then the only logical interpretations
that satisfy both (5) and (6) are w and s.

For a proof, see appendix A. This leaves us with three possible se-
mantics:

(11) a. q = 0 and r = 0 (total7 semantics).
b. q = 0, r = u and i = w (weak semantics).
c. q = 0, r = u and i = s (strong semantics).

For a complete presentation of all three, see appendix A.4. The total
semantics is what is commonly called negative free logic: atomic formu-
las with empty terms (terms that either denote something outside the

7Total with respect to sentences, not with respect to all expressions.
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domain of a world, or that don’t denote anything) are evaluated as false
at that world.

Lastly, I should mention that a potential cost of letting q = 0 is
that the classical introduction rule for the existential quantifier becomes
unsound:

(∃I) ϕ(c/x)

∃xϕ
On the other hand, it’s perhaps doubtful whether we really should be
able to make the following inference:

(12)
Pegasus doesn’t exist

There’s something that doesn’t exist.

However, if one wants the logical consequence relation to be a conserva-
tive extension of the one for classical first order logic, then one can still
achieve this, as long as r = u. One way of doing so is by augmenting
the model with a distinguished element w∗ ∈ W (the actual world), and
requiring that Dom(w∗) is non-empty and that for any name a, either
I(a) is undefined, or I(a) ∈ Dom(w∗). Then real-world consequence (see
Definition 3.4.4) will be such a conservative extension.

2.4 Chapter summary

• Ultimately, the explanation of why we engage in modal discourse
probably has to do with counterfactuals and their relation to de-
cision making. But there is another explanation: adding a modal
operator can increase the expressive power of a language, enabling
its speakers to convey information about what the world is like
which they wouldn’t be able to convey using only the non-modal
fragment.

• Arguably, the main point of using varying domains is to be able to
make certain existence claims (e.g. Everything is such that it could
have failed to exist) without using any existence predicate. Thus,
insofar as one wishes to respect the classical principles given in (6),
one needs to evaluate atomic formulas as false whenever some term
denotes something outside the domain of quantification. Hence,
provided that all terms denote, there is only one reasonable way
of doing varying domain semantics for modal logic.

• When it comes to non-denoting terms (definite descriptions and
empty names, for instance), respecting the same classical principles
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yields only three possible semantics (see appendix A.4).
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Chapter 3

Two-dimensionalism

3.1 Introduction

I take it that the truth value of a sentence is completely determined by
two things: its meaning and its context of utterance. Two sentences
with the same meaning uttered in the same context cannot have differ-
ent truth values. But can two sentences with different meanings have
same truth value in all possible contexts of utterance? In other words:
does the truth-in-a-context profile of a sentence determine its meaning?
No, not if meaning is compositional. As Kaplan (1989, pp. 508-510)
observed, although

(13) I am here now.

is true in every possible1 context of utterance,

(14) Necessarily, I am here now.

is not. However, the sentence

(15) 2 + 2 = 4.

is also true in every possible context of utterance, and so is

(16) Necessarily, 2 + 2 = 4.

Hence, although having identical truth-in-a-context profiles, the result
of embedding (13) and (15) under the same operator yields different

1By possible context, I mean what Kaplan calls proper context, i.e. a world, time
and location such that the speaker of the sentence is in that world, at that time and
location.
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truth-in-a-context profiles. That means English isn’t compositional with
respect to truth-in-a-context.2

Observations such as these prompted the need for double indexing.
In order to evaluate context sensitive expressions, one needs to take
account both of the context of utterance and some circumstance of eval-
uation. In order to evaluate (14) compositionally, one needs to evaluate
(13) at all worlds, while keeping track of the original context of utter-
ance throughout the evaluation. Roughly, the idea of double indexing
amounts to the following: the first index (the context of utterance) as-
signs a reference to each indexical term contained in the expression. The
expression then gets evaluated at the second index (the circumstance of
evaluation) relative to this assignment. That means each expression has
an extension relative to a context of utterance and a circumstance of
evaluation. To get the truth value of a sentence at its context of ut-
terance simpliciter, one evaluates the sentence at the circumstance of
evaluation coinciding with the context of utterance.

As far as I’m aware, the first one to realize the need for double index-
ing was Kamp (1971), as he was trying to give a semantics for the now
operator. Crossley and Humberstone (1977) made similar observation
with respect to the actuality operator. This is what sections 3.2-3.4 are
about. Kamp used models of temporal logic with a designated member
representing the current time. In passing, Kamp mentioned that one
could do the same thing two-dimensionally, by evaluating each expres-
sion relative to a pair of times, one considered as the current time and
one considered as past, present or future. As the operator Kamp was
concerned with didn’t shift the current time, the one-dimensional ap-
proach was more convenient. Åqvist (1973) made a similar move in his
treatment of subjunctive conditionals in modal logic, introducing models
with designated worlds representing the actual world. There, Åqvist in-
troduced what Davies and Humberstone (1980) would later call a global

2A version of this argument can be found in MacFarlane (2003, pp. 328-329). The
argument is elegant, but is has one peculiar feature: it assumes that two different
sentences can be uttered at exactly the same context. But how can that be? How can
one and the same speaker at one and the same time in one and the same world utter
two different sentences? That is of course impossible. That means the notion of truth-
in-a-context for a sentence cannot be the following: the truth value a sentence would
have if it were uttered in that context. But if this isn’t the notion in question, I’m not
entirely sure how to understand what it means to say that a sentence is true relative
to certain context, at least not intuitively. If a notion of context were employed that
didn’t allow this peculiar phenomenon, English would indeed be compositional with
respect to truth-in-a-context, but only trivially so: no two sentences would have the
same truth-in-a-context profile. At any rate, I will be employing a notion of context
that does allow for this peculiar phenomenon, whether I understand it or not.
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operator, one that shifted the whole model. This resulted in substitu-
tivity problems, where certain logically equivalent expressions could not
be substituted salva veritate. As a solution, Segerberg (1973) suggested
a two-dimensional treatment of Åqvist’s operator.

Later, Davies and Humberstone (1980) famously suggested that the
two-dimensional framework could help us distinguish between necessary
and a priori truths. In particular, to save a descriptivist semantics for
proper names and natural kind predicates from Kripke’s modal argu-
ment. Around the same time, Stalnaker (1978) used a two-dimensional
apparatus to save non-descriptivist semantics from Frege’s puzzle. The
main idea there was to evaluate expressions relative to a pair of worlds,
one which determined the semantic facts, and the other determining the
extension of the expression relative to those semantic facts. Hence the
label meta-semantic two-dimensionalism. In later years, the idea of a
two-dimensional descriptivist semantics from Davies and Humberstone
has been further developed, most notably by David Chalmers and Frank
Jackson, initiating what is now known as two-dimensionalism in the phi-
losophy of mind and language. The main idea is that when one evaluates
an expression relative to a possible world, one can do it in two ways:
by considering the world as actual, or by considering it as counterfac-
tual. The distinction is supposed to be closely related to the distinction
between indicative and subjunctive conditionals, as in If the stuff filling
rivers and lakes is XYZ rather than H2O, then water is XYZ and If the
stuff filling rivers and lakes were XYZ, then rivers and lakes wouldn’t
contain water. Moreover, in order to evaluate an expression, one needs
to consider a pair of worlds: one considered as actual, and the other
considered as counterfactual. Relative to our world considered as actual
and a world where the stuff filling rivers and lakes is XYZ considered as
counterfactual, the expression Rivers and lakes are filled with water will
be false. But relative to the same world considered as both actual and
counterfactual, the same expression will be true, as will be expression
Water is XYZ. These are the subject of the rest of the chapter.

3.2 Basic temporal logic

Let LPF be a language of first order logic extended by two temporal
operatorsP and F, where the intended interpretation ofPϕ is something
like It was the case that ϕ, and the intended interpretation of Fϕ is
something like It will be the case that ϕ. The relevant semantic notions
mirror those in the modal case:
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Definition 3.2.1 (Temporal frame). A temporal frame is a tuple F =
〈T,D,Dom, <〉, where T is a non-empty set (a set of times), D is a
non-empty set (a domain of possible objects), Dom : T → P(D) is a
function assigning a set of objects to each time (the set of objects existing
at that time) and < is a binary relation on T which is transitive and
asymmetric3 (an earlier than-relation). A constant temporal frame is a
temporal frame F = 〈T,D,Dom, <〉 such that Dom(t) = Dom(t′) = D
for all t, t′ ∈ T .

Definition 3.2.2 (1D-model). A 1D-model of LPF is a tuple M =
〈F , I〉, where F = 〈T,D,Dom, <〉 is a temporal frame and I is a func-
tion taking constants and predicates as arguments (an interpretation
function). If a is a name, then I(a) ∈ D. If P is an n-place predicate,
then I(P ) : T → P(Dn) is a function such that I(P )(t) ⊆ Dom(t)n

for all t ∈ T . If P is the identity predicate, then I(P )(t) = {〈a, b〉 ∈
Dom(t)2 : a = b} for all t ∈ T . A constant 1D-model of LPF is a
1D-model M = 〈F , I〉 such that F is a constant temporal frame.

Mutatis mutandis, the points made about varying domain semantics
in the modal case apply here as well, which motivates the following
definition:

Definition 3.2.3 (Basic temporal 1D-semantics). For any 1D-model
M = 〈T,D,Dom, <, I〉, time t ∈ T and assignment g,

1. If s is a name, then �s�M,t,g = I(s).

2. If s is a variable, then �s�M,t,g = g(s).

3. �Ps1...sn�M,t,g = 1 iff 〈�s1�M,t,g, ..., �sn�M,t,g〉 ∈ I(P )(t).

4. �¬ϕ�M,t,g = 1 iff �ϕ�M,t,g = 0.

5. �ϕ ∧ ψ�M,t,g = 1 iff �ϕ�M,t,g = 1 and �ψ�M,t,g = 1.

6. �∀xϕ�M,t,g = 1 iff, for all d ∈ Dom(t), �ϕ�M,t,g[d/x] = 1.

7. �Pϕ�M,t,g = 1 iff, for some t′ ∈ T s.t. t′ < t, �ϕ�M,t′,g = 1.

8. �Fϕ�M,t,g = 1 iff, for some t′ ∈ T s.t. t < t′, �ϕ�M,t′,g = 1.

The notions of validity, equivalence and consequence are just like in
the modal case.

3For all t, t′ ∈ T : if t < t′, then t′ �< t.
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3.3 Adding the now operator

Kamp (1971) famously showed that a sentence such as

(17) A child was born that will become ruler of the world.

cannot be expressed in LPF (in a sense to be explained shortly). To
express this sentence, Kamp suggested, one should extend the language
of LPF with a new operator N, where Nϕ is to be understood as It’s
now the case that ϕ. In this new language, (17) could be rendered as

(18) P∃x(Bx ∧NFRx)

But in order to interpret the new language LPFN, one would also have to
change the semantic framework. Kamp observed that this could be done
in two different ways: either by changing the notion of a temporal frame
(using distinguished elements), or by changing the notion of truth (using
two-dimensional semantics). On the former approach, we get something
like the following (recall Definition 3.2.1-3.2.2):

Definition 3.3.1 (Distinguished temporal frame). A distinguished tem-
poral frame is a tuple 〈F , t∗〉, where F = 〈T,D,Dom, <〉 is a temporal
frame and t∗ ∈ T is a distinguished element (the present time).

Definition 3.3.2 (1D*-model). A 1D*-model of LPFN is a tuple M =
〈F , t∗, I〉, where 〈F , t∗〉 is a distinguished temporal frame and 〈F , I〉
is a 1D-model. A constant 1D*-model of LPFN is a 1D*-model M =
〈F , t∗, I〉 such that F is a constant temporal frame.

Definition 3.3.3 (Temporal 1D*-semantics). For any 1D*-model M =
〈T,D,Dom, <, t∗, I〉, time t ∈ T and assignment g, the clauses are ex-
actly like in the case of basic temporal 1D-semantics, with the following
addition: �Nϕ�M,t,g = �ϕ�M,t∗,g.

There are two kinds of logical notions in this context. First, there
are what we might call the universal notions:

Definition 3.3.4 (Universal validity, equivalence and consequence). If
C is a class of 1D*-models, ϕ and ψ are LPFN-sentences and Γ is a set
of LPFN-sentences, we say that

1. ϕ is universally valid on C (or universally C-valid) iff, for any M ∈
C and t ∈ TM, �ϕ�M,t = 1.

2. ϕ and ψ are universally equivalent on C (or universally C-equivalent)
iff, for any M ∈ C and t ∈ TM, �ϕ�M,t = �ψ�M,t.
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3. ϕ is a universal C-consequence of Γ iff, for any M ∈ C and t ∈ TM
such that �θ�M,t = 1 for all θ ∈ Γ, �ϕ�M,t = 1.

Secondly, there are what we might call the real-time notions:

Definition 3.3.5 (Real-time validity, equivalence and consequence). If
C is a class of 1D*-models, ϕ and ψ are LPFN-sentences and Γ is a set
of LPFN-sentences, we say that

1. ϕ is real-time valid on C (or real-time C-valid) iff, for any M =
〈F , t∗, I〉 in C, �ϕ�M,t∗ = 1.

2. ϕ and ψ are real-time equivalent on C (or real-time C-equivalent)
iff, for any M = 〈F , t∗, I〉 in C, �ϕ�M,t∗ = �ψ�M,t∗ .

3. ϕ is a real-time C-consequence of Γ iff, for any M = 〈F , t∗, I〉 in
C such that �θ�M,t∗ = 1 for all θ ∈ Γ, �ϕ�M,t∗ = 1.

Arguably, the real-time notions are more natural than their universal
counterparts. As Kamp (1971, p. 236) puts it, we are only interested in
the truth value of sentences at times other than the present for the sake
of determining the truth value of sentences at the present time. Anyway,
what he showed was that no LPF-sentence can express (18), in the sense
that no LPF-sentence is real-time equivalent to it. 4 For instance, the
candidate

(19) P∃x(Bx ∧ FRx)

would express something different, namely that

(20) A child was born that would become ruler of the world.

He did not, however, seem to consider the obvious candidate

(21) ∃x(PBx ∧ FRx)

saying that there is a child that was born in the past and will become
ruler of the world. It can be easily be verified that, on the class of
constant 1D*-models, (21) is real-time equivalent to (18). 5 Moreover,
any non-constant countermodel will be a highly unnatural one, where a
child is born at a certain time t < t∗, doesn’t exist at the current time t∗,
but comes into existence again at a later time t′ > t∗ and subsequently

4The fact that there are LPFN-sentences that aren’t universally equivalent to any
LPF-sentence is comparatively trivial. Just consider NPa (see appendix B, fact B.3).

5See appendix B, fact B.1.
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becomes ruler of the world. One could perhaps find a convincing exam-
ple of something other than a child that naturally comes and goes out
of existence this way. At any rate, Kamp’s choice of example is a bit
misleading, as one might get the impression that LPFN is more expres-
sive than LPF only insofar as one takes models with varying domains
into account. As a matter of fact, there are other LPFN-sentences that
don’t have any real-time equivalent LPF-sentence, even on the class of
constant 1D*-models. One example is

(22) Someday, everyone who is now rich will be poor.

which is supposed to be true at a time t iff there’s a later time when
everyone is poor who was rich at t. This sentence would be rendered in
LPFN as

(23) F∀x(NRx → Px)

Crucially, this is not real-time equivalent to

(24) Everyone who is rich will someday be poor.

which would be rendered in LPF as

(25) ∀x(Rx → FPx)

The latter only requires that each rich person has a day in the future
when he is poor, not that all rich people have a day in the future when
they are all poor simultaneously. Thus, adding the now operator does in-
crease the expressive power of the language, even in this stronger sense.6

As I mentioned at the beginning of this section, there is another way
of doing semantics for LPFN, namely the two-dimensional way. The way
Kamp conceived of it, however, a 2D-model is just a 1D-model. The only
difference is that denotation and truth are defined relative to a pair of
times (rather than a single time), the first of which is considered as the
present time, in the following way:

Definition 3.3.6 (Notational 2D-semantics). For any 1D-model M =
〈T,D,Dom, <, I〉, times u, t ∈ T and assignment g,

1. If s is a name, then �s�M,u,t,g = I(s).

2. If s is a variable, then �s�M,u,t,g = g(s).

3. �Ps1...sn�M,u,t,g = 1 iff 〈�s1�M,u,t,g, ..., �sn�M,u,t,g〉 ∈ I(P )(t).

6Se appendix B, Theorem B.2.
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4. �¬ϕ�M,u,t,g = 1 iff �ϕ�M,u,t,g = 0.

5. �ϕ ∧ ψ�M,u,t,g = 1 iff �ϕ�M,u,t,g = 1 and �ψ�M,u,t,g = 1.

6. �∀xϕ�M,u,t,g = 1 iff, for all d ∈ Dom(t), �ϕ�M,u,t,g[d/x] = 1.

7. �Pϕ�M,u,t,g = 1 iff, for some t′ ∈ T s.t. t′ < t, �ϕ�M,u,t′,g = 1.

8. �Fϕ�M,u,t,g = 1 iff, for some t′ ∈ T s.t. t < t′, �ϕ�M,u,t′,g = 1.

9. �Nϕ�M,u,t,g = �ϕ�M,u,u,g.

In notational 2D-semantics, the interpretation function of the model
(which is a 1D-model) is still only defined relative to a single time.
As Kamp observed, 1D*-semantics and 2D-semantics (thus conceived)
become notational variants of each other, in the following sense:

Fact 3.1. For any 1D-model M = 〈F , I〉, times t∗, t ∈ TM and LPFN-
sentence ϕ, �ϕ�1D*

〈F ,t∗,I〉,t = �ϕ�2D〈F ,I〉,t∗,t.

As we shall see later in this chapter, however, it’s possible to change
the notion of a 2D-model in such a way that 2D-semantics becomes an
interesting alternative for various purposes.

3.4 Adding the actuality operator

An observation analogous to that of Kamp was made by Crossley and
Humberstone (1977, p. 12), but their example came from modal logic:

(26) It is possible that everything which is actually red, should be
shiny.

which is supposed to be true in a world w iff there’s an accessible world
in which everything is shiny which is red in w. They conjectured (with-
out proof) that this sentence couldn’t be expressed in L�. They just
observed that all the obvious candidates failed:

(27) a. ♦∀x(Rx → Sx)
b. ∀x♦(Rx → Sx)
c. ∀x(Rx → ♦Sx)

In order to express (26), they suggested one should extend L� with an
actuality operator A, where the intended interpretation of Aϕ would be
something like It’s actually the case that ϕ. Sentence (26) could then be
rendered as
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(28) ♦∀x(ARx → Sx)

As in the temporal case, there are two alternatives when it comes to
interpreting the extended language L�A: one-dimensionally with dis-
tinguished elements, or two-dimensionally. Crossley and Humberstone
(1977) only considered the former. They didn’t specify a semantics for
a first order language, but their propositional semantics has an obvious
extension (recall definition 2.2.2 and 2.2.3):

Definition 3.4.1 (Distinguished modal frame). A distinguished modal
frame is a tuple 〈F , w∗〉, where F = 〈W,D,Dom, R〉 is a modal frame
and w∗ ∈ W is a distinguished element (the actual world).

Definition 3.4.2 (1D*-model). A 1D*-model of L�A is a tuple M =
〈F , w∗, I〉, where 〈F , w∗〉 is a distinguished modal frame and 〈F , I〉
is a 1D-model. A constant 1D*-model of L�A is a 1D*-model M =
〈F , w∗, I〉 such that F is a constant modal frame.

Definition 3.4.3 (Modal 1D*-semantics). For any 1D*-model M =
〈W,D,Dom, R, w∗, I〉, world w ∈ W and assignment g, the clauses are
exactly like in the case of basic modal 1D-semantics, with the following
addition: �Aϕ�M,w,g = �ϕ�M,w∗,g. For sentences, we can say that ϕ is
true in M simpliciter iff �ϕ�M,w∗,g = 1 for all assignment g.

As in the temporal case, there are two kinds of logical notions: the
universal notions and the real-world notions. The definitions are just
like in the temporal case:

Definition 3.4.4 (Real-world validity, equivalence and consequence).
If ϕ and ψ are L�A-sentences and Γ is a set of L�A-sentences, we say
that

1. ϕ is real-world valid iff, for any 1D*-model M = 〈F , w∗, I〉, we
have �ϕ�M,w∗ = 1.

2. ϕ and ψ are real-world equivalent iff, for any 1D*-model M =
〈F , w∗, I〉, �ϕ�M,w∗ = �ψ�M,w∗ .

3. ϕ is a real-world consequence of Γ iff, for any 1D*-model M =
〈F , w∗, I〉 such that �θ�M,w∗ = 1 for all θ ∈ Γ, �ϕ�M,w∗ = 1.

What Crossley and Humberstone observed was that neither of (27-a)-
(27-c) are real-world equivalent to (28). Hodes (1984) showed that no
L�-sentence is. Later, Wehmeier (2003) showed that, even on the class
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of constant 1D*-models with universal accessibility relations, no L�-
sentence is real-world equivalent to (28).7 The proof is actually a proof of
something stronger, namely that there are two constant universal models
M1 and M2 agreeing on the truth value of every L�-sentence, but
disagreeing on the truth value of (28). In other words, the L�A-sentence
(28) can distinguish between M1 and M2, which no L�-sentence can.

3.5 Descriptivism

When it comes to the semantics of proper names, there are two impor-
tant classes of theories: descriptivism and non-descriptivism. According
to non-descriptivism, the semantic content of a name is just the object
to which it refers in the actual world. That means the extension of a
name will be the same object in every possible world (in which that
object exists). According to descriptivism, the semantic content of a
name is some description (or cluster of descriptions) the extension of
which is the unique object in each world satisfying that description (or
satisfying some weighted majority of descriptions in the cluster), if there
is one. According to descriptivism, the extension of a proper name will
generally not be the same object in every possible world.

Descriptivism about proper names is motivated by two observations,
both due to Frege (1948). The first observation is that Mark Twain is
Samuel Clemens is informative in a way thatMark Twain is Mark Twain
is not8. The second observation is that co-referring names don’t seem to
be substitutable salva veritate in all linguistic contexts. In particular,
John believes that Mark Twain was a writer may be true, while John
believes that Samuel Clemens was a writer is false. In order to avoid
discussing the semantics of belief ascriptions, this chapter will focus on
the first observation.

According to what we might call naive descriptivism (originating
in a footnote by Frege), a name like Mark Twain (in the idiolect of
some speaker) would be synonymous with something like the author of
Huckleberry Finn. The problems with this view is that it makes the
sentence

7Actually, what Wehmeier showed was that no L�-sentence that doesn’t con-
tain any non-logical symbols other than the predicate F is real-world equivalent to
♦∀x(AFx → ¬Fx). But the result is easily strengthened to cover all L�-sentences.
For an exposition, see appendix B.1.

8Observe that this phenomenon has nothing in particular to do with identity, as
the same contrast can be brought out by considering If Mark Twain was a writer,
then Samuel Clemens was a writer and If Mark Twain was a writer, then Mark Twain
was a writer.
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(29) If Mark Twain existed, then he wrote Huckleberry Finn.

analytical, which it’s not, intuitively. If new evidence came to light
suggesting that Mark Twain stole the manuscript from someone else, the
speaker in question might rationally come to doubt that Mark Twain
actually wrote Huckleberry Finn. This objection seems to generalize to
any description of this simple kind.

According to cluster descriptivism (originally suggested by Searle
(1958) and Strawson in response to the aforementioned objection), the
semantic content of Mark Twain is instead determined by a cluster of
simple descriptions, some of which may not even be satisfied by Mark
Twain in the actual world (or satisfied by him uniquely): male, Amer-
ican, writer, born 1835 in Missouri, died 1910 in Connecticut, used to
work on a riverboat, author of Huckleberry Finn, author of Tom Sawyer,
etc. What’s important is that Mark Twain is the only object satisfying
a majority (or weighted majority) of these descriptions in the actual
world. As Searle (1958, p. 171) puts it:

Suppose we ask the users of the name “Aristotle” to state
what they regard as certain essential and established facts
about him. Their answers would be a set of uniquely re-
ferring descriptive statements. Now what I am arguing is
that the descriptive force of “This is Aristotle” is to assert
that a sufficient but so far unspecified number of these state-
ments are true of this object. Therefore, referring uses of
“Aristotle” presuppose the existence of an object of whom a
sufficient but so far unspecified number of these statements
are true.

As he’s considering the beliefs of more than one speaker, what Searle
seems to have in mind is a semantics for shared languages rather than
for idiolects. By contrast, the naive descriptivism of Frege was intended
for idiolects only. Here is the footnote by Frege (1948, p. 210):

In the case of an actual proper name such as “Aristotle”
opinions as to the sense may differ. It might, for instance,
be taken to be the following: the pupil of Plato and teacher
of Alexander the Great. Anybody who does this will attach
another sense to the sentence “Aristotle was born in Stagira”
than will a man who takes as the sense of the name: the
teacher of Alexander the Great who was born in Stagira.
So long as the referent remains the same, such variations
of sense may be tolerated, although they are to be avoided
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in the theoretical structure of a demonstrative science and
ought not to occur in a complete language.

As we shall see, this makes a difference when it comes to Kripke’s epis-
temic argument against cluster descriptivism. The argument only works
against descriptivism intended for shared languages.

Ironically, however, Kripke (1980, pp. 64-65) explicitly characterizes
cluster descriptivism as a semantic theory for idiolects. To reconstruct
his argument, suppose we have a model of the idiolect of some particular
speaker with a set W of possible worlds and a set D of possible objects
(the outer domain). Consider the set of total functions from W to P(D)
(the set of descriptions), which we can denote by P(D)W . Suppose
that, in this idiolect, each name a is associated with a finite cluster
Δa ⊆ P(D)W of descriptions and a weight function ωa : Δa → R. The
cluster and the weight function together determine the intension of the
name, in the following way:

(30) The intension of a name a is the function I(a) : W → D ∪ {u}
(where u �∈ D) such that, for any w ∈ W and d ∈ D, I(a)(w) = d
if there’s Δ ⊆ Δa such that the following obtains:

a. d ∈ δ(w) for all δ ∈ Δ.
b.

∑
δ∈Δ ωa(δ) >

∑
δ∈Δa−Δ ωa(δ).

c. There’s no d′ ∈ D and Δ′ ⊆ Δa such that
(i) d′ �= d,
(ii) d′ ∈ δ(w) for all δ ∈ Δ′,
(iii)

∑
δ∈Δ′ ωa(δ) >

∑
δ∈Δa−Δ′ ωa(δ).

Otherwise I(a)(w) = u.

A descriptivist 1D-semantics (bivalent, weak or strong) can be now given
by adding the following clause to truth definition:

(31) If t is a name, then �t�M,w,g = I(t)(w).

It then follows that, in the idiolect of our speaker (assuming a bivalent
semantics) the following will be analytically false (in the sense of being
false in all worlds in the model9):

(32) a. a exists without satisfying a weighted majority of descrip-
tions in Δa.

b. a exists and someone else satisfies a weighted majority of
descriptions in Δa.

9Assuming a weak or strong semantics, we can at least say that both (32-a) and
(32-b) will be false in every world in which they have a truth value.
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Kripke (1980) launched two famous arguments against cluster descrip-
tivism, the modal and the epistemic argument. The modal argument
essentially rests on the observation that, according to (32-a), the follow-
ing will never be true:

(33) a could have existed without satisfying a majority of descrip-
tions in Δa.

But intuitively, Mark Twain could have existed without being Ameri-
can, being a writer, being born in Missouri, etc. Unless Δa contains
something like identical to a, by itself constituting a weighted majority
(which, Kripke argued, would make the theory circular), cluster descrip-
tivism will fail.

As for the epistemic argument, consider the following two stories
about Gödel:

(34) a. Gödel was born in Brünn, went to the University of Vienna,
discovered the incompleteness theorem, etc. But he never
got credit for his work. Contrary to what many people be-
lieve, Gödel never worked at Princeton, never met Einstein,
etc. Another man did. That man killed Gödel in 1931 and
stole his identity.

b. Gödel was a famous logician who worked at Princeton, used
to hang out with Einstein, etc. But he took credit for some-
one else’s work. Contrary to what he would have people
believe, Gödel wasn’t born in Brünn, didn’t go the Univer-
sity of Vienna, didn’t discover the incompleteness theorem,
etc. Another man did. Gödel killed that man in 1931 and
stole his identity.

Let ΔGödel be the cluster of descriptions associated with the name Gödel
in the idiolect of some particular speaker. Since the weight function will
be doing all the work, we can assume without loss of generality that
ΔGödel contains any description that might be relevant. In particular,
we can assume that Δ1 ⊆ ΔGödel is the set of descriptions that are true
of Gödel according to the first story (that he was born in Brünn, went to
the University of Vienna, discovered the incompleteness theorem etc.),
and that Δ2 ⊆ ΔGödel is the set of descriptions that are true of Gödel
according to the second story (that he was a famous logician, worked
at Princeton, used to hang out with Einstein, etc.). Thus, according to
first story,

(35) Gödel satisfies all descriptions in Δ1, but no description in
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ΔGödel −Δ1, and someone else satisfies all descriptions in Δ2.

whereas, according to the second story,

(36) Gödel satisfies all descriptions in Δ2, but no description in
ΔGödel −Δ2, and someone else satisfies all descriptions in Δ1.

As far as we know, both stories are false. Moreover, since they contra-
dict each other, their conjunction is of course analytically false. How-
ever, according to cluster descriptivism, at least one of them has to be
analytically false. To see why, consider the following three possible cases:

1. Δ1 constitutes a weighted majority. By (32-b), that means (36)
will be analytically false.

2. Δ2 constitutes a weighted majority. By (32-b), that means (35)
will be analytically false.

3. Neither Δ1 nor Δ2 constitute weighted majorities. By (32-a), that
means both (35) and (36) will be analytically false.

In either case, (34-a) or (34-b) will be analytically false. Since, according
to Kripke, neither can be ruled out a priori by our speaker, none of them
is analytically false. Hence, cluster descriptivism is false.

By most philosophers these days, I guess the modal argument is
considered sound. As we shall see, however, certain versions of descrip-
tivism aren’t vulnerable to it (for instance, two-dimensional descrip-
tivism). The epistemic argument, if sound, would be absolutely detri-
mental to descriptivism. But on closer inspection, the argument is not
obviously sound. Arguably, from the point of view of our speaker, at
least one of the stories about Gödel will be incoherent. This is perfectly
consistent with the claim that, for each story, there’s a speaker in whose
idiolect it is coherent. Gödel’s mother would probably find the first one
coherent and the second one incoherent (unless, as she would put it,
it’s about some other person also called Gödel, namely the man who
killed her son). Einstein would probably have it the other way around.
There may even be speakers who are reasonably competent with the
name Gödel and who will find both stories coherent. Suppose you’ve
never heard of Gödel. I show you a photograph of Gödel and tell you
that Gödel, the man in the photograph, was a logician. I guess we would
say that you are now reasonable competent with the name Gödel. And,
as they stand, you will probably find both stories coherent. But in your
idiolect, they are coherent. If I would add to either of them that Gödel
isn’t the man in the photograph I just showed you, the result would no
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longer be coherent from your point of view, just as cluster descriptivism
predicts.

Intended as a semantic theory for shared languages, Kripke is right
that cluster descriptivism fails. The argument might go as follows:

1. According to cluster descriptivism, either (34-a) or (34-b) is ana-
lytically false.

2. If something formulated in a language is analytically false, then
no competent speaker of that language would need extra empirical
evidence in order to rule it out.

3. Einstein and Gödel’s mother are competent speakers of the lan-
guage in which (34-a) and (34-b) are formulated.

4. Einstein would need extra empirical evidence in order to rule out
(34-b).

5. Gödel’s mother would need extra empirical evidence in order to
rule out (34-a).

6. Hence, cluster descriptivism is false.

The argument works because it is assumed that both Einstein and
Gödel’s mother, as competent speakers of one and the same language,
associate the same cluster of description and weight function with the
name Gödel. A descriptivist, however, should deny premise 3, and insist
that Einstein and Gödel’s mother speak slightly different idiolects of the
same language. English as such can then be thought of as a collection
of languages that are sufficiently similar for the purposes of communi-
cation. Presumably, the only thing that all languages in this collection
have in common when it comes to the semantic properties of Gödel is
its referent, i.e. Gödel10. Put differently: when it comes to the intension
of Gödel, English idiolects probably only agree about the referent in the
actual world. This is what makes non-descriptivism attractive as a se-
mantic theory for shared languages, when these are construed as a single
language rather than an a collection of sufficiently similar idiolects. As a
theory for idiolects, however, I believe cluster descriptivism is still worth
pursuing.

10 For other names, such as Homer (the author of the Iliad), the idiolects may
perhaps have more in common.
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3.6 The analytic/synthetic distinction

Whether a sentence is true or false depends on two things: it’s meaning
and what the world is like. It’s then natural to think that there could
be sentences that are true no matter what the world is like, and to
call such sentences analytical. These are sentences that are true solely
in virtue of their meaning. A subset of these sentences would be the
logical truths. From a semantic (as opposed to proof-theoretic) point of
view, it’s natural to think of logical truth as truth solely in virtue of the
meaning of the logical constants. It should be equally natural to think
of analytical truth as truth solely in virtue of meaning (period).

Quine (1960, p. 335) managed to discredit this conception of logical
and analytical truth by asking the following rhetorical question: why
say that the logical truth

(37) ∀x(x = x)

is true solely in virtue of the meaning of ∀ and =, rather than saying
that it’s true in virtue of its meaning and the fact that everything is self-
identical? But the answer is simple: because it isn’t. When saying that
the truth value of a sentence ϕ with meaning μ(ϕ) is fact independent,
we’re saying that the value of True(μ(ϕ), w) is independent of the fact
parameter w (specifying all facts), which will be the case iff there is
a truth value k ∈ {0, 1} such that True(μ(ϕ), w) = k for all possible
values of w. In this sense, (37) is clearly fact independent. Presumably,
when saying that the truth value of μ(ϕ) depends on a single fact F ,
we’re requiring at least that w may assume two different values, w1

and w2, such that F only obtains according to one of them, and that
True(μ(ϕ), w1) �= True(μ(ϕ), w2). But if F is the fact that everything
is self-identical, there are no such values! A similar reply to Quine can
be found in Russell (2008). But, as we shall see, the idea of analyticity
as truth independent of facts faces another problem, namely that of
distinguishing between analytical and necessary truths, and that’s were
two-dimensional semantics come into play.

Now, as Russell (2008, p. 40) puts it:

Truth-functional logic, in taking say or and not as logical
constants enshrines:

(TF) Snow is white or snow is not white.

as a logical truth but leaves:
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(Q) Everything is white or not white.

as a mere analyticity. First-order predicate logic adds Q to
the list of logical truths but leaves:

(L) If it is necessary that snow is white then snow is white.

out in the cold. Deontic logics add it ought to be the case
that and the logic of demonstratives adds indexicals to make
sentences like I am here now logical truths[...]

As mentioned in the quote, Kaplan (1989) developed a logic of demon-
stratives according to which the sentence I am here now came out as
logically true (which, in his framework, just meant that it was true in all
contexts of utterance in all models). Importantly, however, there would
still be models with contexts such that Necessarily, I am here now came
out false. This was made possible by the fact that each sentence was
evaluated with respect to a context of utterance and a world and time
of evaluation, and that the necessity operator didn’t shift the context of
utterance, only the world of evaluation.

But not even in Kaplan’s logic of demonstratives did All bachelors
are unmarried acquire the status of a logical truth. The sentence is not
true in all contexts in all models. It is, however, true in all contexts
in the intended model. What is the intended model of English? The
least we can say is that the intended model of English is a model that
assigns the correct truth value to each possible sentence in each possible
context.

It is natural, then, to think of analyticity more generally as some-
thing like truth in all contexts in the intended model. As Russell (2008,
p. 21-22) emphasizes, analyticity (thus conceived) is clearly a property
of sentences, not a property of propositions. Sentences, unlike proposi-
tions, have meaning. If anything, propositions are meanings, namely the
meanings of sentences. Apriority, on the other hand, is more naturally
construed as a property of propositions: those propositions that can be
known a priori. It is therefore important to keep the two concepts apart.
Nevertheless, as we saw in the reconstruction of Kripke’s epistemic ar-
gument, apriority and analyticity are still connected by the following
principle: if a sentence is analytic, then knowledge of its meaning is
sufficient for determining its truth value.
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3.7 Descriptivist 2D-semantics

Kripke’s observations concerning the behavior of proper names and nat-
ural kind predicates in modal contexts makes it virtually impossible to
give a one-dimensional semantic account of the analytic/synthetic dis-
tinction. To see why, consider

(38) a. All water is H2O.
b. All bachelors are unmarried.

If there is such a thing as an analytic/synthetic distinction, then surely
(38-a) should count as synthetic and (38-b) as analytic. Moreover, if the
distinction is to be accounted for in semantic terms, and the truth of

(39) Necessarily, all water is H2O.

is to be respected, then one-dimensional semantics is insufficient. To see
why, recall the definition of basic modal 1D-semantics (Definition 2.2.7).
Let (38-a), (38-b) and (39) be rendered formally as

(40) a. ∀x(Wx → H2Ox)
b. ∀x(Bx → Ux)
c. �∀x(Wx → H2Ox)

respectively. First of all, neither (40-a) nor (40-b) are valid. There
are 1D-models with worlds in which they are false. So, let’s restrict
our attention to the intended 1D-model (if you like, the correct model),
which of course will contain the actual world (our world). I will assume,
moreover, that the necessity operator in (40-c) can be interpreted in the
strongest possible sense, as absolute metaphysical necessity. Arguably,
it’s not just a matter of natural or nomic necessity that all water is
H2O. Water couldn’t have been anything other than H2O, even if the
laws of nature had been different. The intuition, I take it, is that to be
water just is to be H2O. Thus, we can assume that every world in the
intended model is accessible from the actual world.

In the actual world of the intended 1D-model, (40-c) should come out
true (provided, of course, that water really is H2O). In order for that to
be the case, however, (40-a) has to be true in all possible worlds in the
intended model. But the same goes for (40-b). Hence, it doesn’t seem
possible to make any semantic distinction between (38-a) and (38-b)
within a one-dimensional framework: neither are true in all worlds in all
models, and both are true in all worlds in the intended model.

Now, one can of course argue (as Quine (1951) did) that the ana-
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lytic/synthetic distinction is a distinction in degree rather than kind.
According to Quine, we are just inclined to revise our beliefs in cer-
tain sentences more than others. In principle, we could rationally revise
our beliefs in any sentence, including (38-b)11. One can also argue (as
Putnam (1975) did) that the analytic/synthetic distinction shouldn’t be
accounted for in semantic terms (i.e as truth in virtue of meaning). Ac-
cording to Putnam, part of what makes (38-b) analytical is the fact that
bachelor isn’t a law-cluster term, which means that it doesn’t figure in
a lot of exception less scientific laws. Partly, this is supposed to explain
why it’s safe to exempt (38-b) from revision.

Anyway, if one wants to account for the analytic/synthetic distinc-
tion in semantic terms while respecting the Kripkean intuitions concern-
ing proper names and natural kind predicates, Davies and Humberstone
(1980, pp. 17-22) offer a promising two-dimensional solution. Concern-
ing, for instance, the natural kind predicate tiger, their suggestion is
that its extension (in the intended model) is to be defined relative to a
pair of worlds w1 and w2 in something like the following way:

(41) d ∈ I(Tiger)(w1, w2) iff d is of the biological kind in w2 whose
members are stereotypically tiger-like in w1.

For any world w of this model, it will then be the case that

(42) d ∈ I(Tiger)(w,w) only if d is stereotypically tiger-like in w.

That means the sentence Tigers are tiger-like will never be false. But
with a necessity operator that only shifts the second world, it may still
be false that tigers are necessarily tiger-like. They could, for instance,
all have been stripe less

The idea in general, I take it, is that every unary natural kind predi-
cate P is associated with some kind of stereotypical property SP : W →
P(D) such that, for any d ∈ D and w1, w2 ∈ W ,

(43) d ∈ I(P )(w1, w2) iff there’s a unique natural kind K : W →
P(D) such that d ∈ K(w2) and K(w1) ⊆ SP (w1).

In their brief treatment of the topic, Davies and Humberstone did not
consider certain scenarios. Firstly, they did not consider the scenario
in which, apart from Earth, there is another planet in the actual world,

11For Quine, it’s important that we could do so without changing the meaning of
it. Otherwise his thesis would be trivial. Ultimately, I don’t think this position is
consistent with an idea of meaning as being determined by use, and should therefore
be rejected. But I’m not going to pursue this matter further.

43



CHAPTER 3. TWO-DIMENSIONALISM

Twin Earth, also inhabited by stereotypically tiger-like creatures. In this
scenario, assuming that the tiger-like creatures on Twin Earth aren’t of
the same biological kind as tigers on Earth (because they have no shared
evolutionary history), (41) doesn’t yield any extension. This is because
there would be more than one biological kind with stereotypically tiger-
like members in the actual world. As far as we know, there might be
such a planet out there. But that shouldn’t stop tiger from applying to
tigers.

Secondly, they did not consider what would happen if it turns out
that tigers don’t actually form a natural kind. According to (41), the
extension of tiger in the actual world would then either be empty or
undefined (depending on how you choose to interpret the definite de-
scription). At any rate, it can never be true to say that

(44) There are tigers, but they don’t form a natural kind.

This, I believe, is unfortunate. It’s hardly an analytical truth that tiger
and water refer to natural kinds, or that air and mud don’t. This sug-
gests that (41) needs some modification. It also highlights a third issue:
should there really be any semantic distinction between natural and
non-natural kind predicates, as there doesn’t seem to be any syntactic
distinction? These last two issues have also been raised by Wikforss
(2010).

Chalmers (2004, p. 161) addresses at least the first of these issues.
Concerning the predicate water, he says that

The reference of ‘water’ is fixed roughly by picking out the
substance with certain superficial properties and a certain
connection to the speaker in the actual world, so its 1-intension
picks out roughly the substance with those properties con-
nected to the center of a given world.

Moreover, he believes that something similar holds for proper names
(Chalmers, 2004, p. 160):

First, ‘Hesperus is Phosphorus’. In a centered world consid-
ered as actual, this is true roughly when the morning star vis-
ible from the center of that world is the same as the evening
star.

For Chalmers, a centered world is a pair 〈w, c〉 consisting of a world w
and some coordinate c (a speaker and a time, for instance). Chalmers
doesn’t make any attempts at a definition along the lines of (41). Neither
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does he say anything about what happens when there is no natural kind
having the superficial properties in question (in scenario, say, where
water is a mixture of H2O and XYZ). In order to understand what the
idea amounts to in relation to Davies and Humberstone, let C be a set
of coordinates, and let W × C be a set of centered worlds. As a first
stab, the definition in the case of tiger could perhaps go something like
this:

(45) d ∈ I(Tiger)(〈w1, c〉, w2) iff d is of the biological kind in w2

whose members are stereotypically tiger-like in w1, and some of
which are appropriately related to c.

Again, this doesn’t deal with the second issue. If it turns out that tigers
don’t form a natural kind, the extension of tiger will either be empty or
undefined.

Changing the type of I(P ) so that I(P ) : W×C → P(D)W will make
the definition more perspicuous and easier to generalize. In order to
deal with all three issues just mentioned, I suggest the following unified
treatment of all predicates:

(46) For any n-place predicate P with associated stereotypical prop-
erty SP : W → P(Dn) and centered world 〈w, c〉 ∈ W × C,

a. I(P )(w, c) = K if K : W → P(Dn) is the only natural
relation such that
(i) K(w) ⊆ SP (w), and
(ii) some d ∈ K(w) is appropriately related to c in w.

b. I(P )(w, c) = SP otherwise.

If it turns out that tigers don’t form a natural kind, tiger will refer to
the stereotypical property. If it had turned out that all air was one and
the same gas (say, oxygen), then air would have referred to oxygen. As
for proper names, we can perhaps assume that the associated cluster
already contain indexical descriptions (the author of this book). The
same can be said, of course, about predicates (the stuff filling rivers and
lakes here on Earth). To make a long story short, I suggest the following
semantics:

Definition 3.7.1 (Centered modal frame). A centered modal frame is
a tuple 〈F , C〉, where F is a modal frame (recall Definition 2.2.2) and
C is a non-empty set (a set of coordinates).

Definition 3.7.2 (Descriptivist 2D-model). A descriptivist 2D-model of
L� is a tuple 〈F , I〉, where F = 〈W,D,Dom, R, C〉 is a centered modal
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frame and I is an interpretation function with the following properties:

1. If a is a name, then I(a) : W × C → D ∪ {u} is a function such
that, for all 〈w, c〉 ∈ W × C, I(a)(w, c) ∈ Dom(w) ∪ {u}.

2. If P is an n-place predicate, then I(P ) : W × C → P(Dn)W is
a function such that, for all u ∈ W × C and w ∈ W , we have
I(P )(u)(v) ⊆ Dom(w)n.

In view of the discussion in section 2.3, there are, from a classical
point of view, three possible semantics. I give you the total version only:

Definition 3.7.3 (Total 2D-semantics). For any descriptivist 2D-model
M = 〈W,D,Dom, R, C, I〉, centered world u ∈ W × C, world w ∈ W
and assignment g,

1. If t is a name, then �t�M,u,w,g = I(t)(u).

2. If t is a variable, then �t�M,u,w,g = g(t).

3. �Pt1...tn�M,u,w,g = 1 iff 〈�t1�M,u,w,g, ..., �tn�M,u,w,g〉 ∈ I(P )(u)(w).

4. �¬ϕ�M,u,w,g = 1 iff �ϕ�M,u,w,g = 0.

5. �ϕ ∧ ψ�M,u,w,g = 1 iff �ϕ�M,u,w,g = 1 and �ψ�M,u,w,g = 1.

6. �∀xϕ�M,u,w,g = 1 iff, for all d ∈ Dom(w), �ϕ�M,u,w,g[d/x] = 1.

7. ��ϕ�M,u,w,g = 1 iff, for all w′ ∈ W s.t. wRw′, �ϕ�M,u,w′,g = 1.

Now we are in a position to define analyticity and analytical conse-
quence:

Definition 3.7.4 (Analyticity).

1. A sentence ϕ is analytical relative to a descriptivist 2D-modelM =
〈W,D,Dom, R, C, I〉 iff, for all centered worlds 〈w, c〉 ∈ W × C,
�ϕ�M,〈w,c〉,w = 1.

2. A sentence ϕ is an analytical consequence of a set of sentences Γ
relative to a descriptivist 2D-model M = 〈W,D,Dom, R, C, I〉 iff,
for all centered worlds 〈w, c〉 ∈ W × C such that �ψ�M,〈w,c〉,w = 1
for all ψ ∈ Γ, we have �ϕ�M,〈w,c〉,w = 1.

When M is the intended model, we can speak of analyticity and an-
alytical consequence simpliciter. For future reference, we also introduce
the following notions:

46



CHAPTER 3. TWO-DIMENSIONALISM

Definition 3.7.5 (Diagonal and horizontal intensions). The diagonal
intension of an expression e relative to a model M and assignment g
is that function [e]M,g with domain W × C such that, for all centered
worlds 〈w, c〉 ∈ W × C, we have [e]M,g(w, c) = �e�M,〈w,c〉,w,g.

The horizontal intension of an expression e relative to a model M,
centered world u ∈ W × C and assignment g is that function [e]M,u,g

with domain W such that, for all worlds w ∈ W , we have [e]M,u,g(w) =
�e�M,u,w,g.

Definition 3.7.6 (Neutrality). An expression e is neutral with respect
to a modelM iff [e]M,u,g = [e]M,u′,g for all centered worlds u, u′ ∈ W×C.

As far as I can tell, the proposed definition of analyticity seems
adequate. Chalmers (2006, pp. 82-83) raises some potential counterex-
amples, neither of which really convinces him. Some hold, for instance,
that the laws of nature are metaphysically necessary. If true, and as-
suming that these laws can be formulated in neutral terms, that would
on the present definition of analyticity imply that all such true state-
ments about the laws of nature are analytical. But the view that the
laws of nature are metaphysically necessary is a highly controversial one.
Chalmers argues in reverse: since the proposed definition of analyticity12

seems to work in all non-controversial cases, this indicates that it’s the
controversial view that should yield.

The notion of logical consequence is straightforward:

Definition 3.7.7 (Logical consequence). If C is a class of descriptivist
2D-models, ϕ is an L�-sentence and Γ is a set of L�-sentences, then we
say that ϕ is a C-consequence of Γ iff, for any M ∈ C, w ∈ WM and
c ∈ CM such that �ψ�M,〈w,c〉,w = 1 for all ψ ∈ Γ, �ϕ�M,〈w,c〉,w = 1.

It follows immediately from these definitions that the set of analyt-
ical sentences is closed under logical consequence. More generally, if ϕ
is a logical consequence of Γ, then it’s also an analytical consequence
of it. But what is the relationship between two-dimensional and one-
dimensional logical consequence? If we exclude 2D-models with empty
names13 (in which case the choice between total or partial semantics is

12Strictly speaking, Chalmers’ thinks of it (or at least something similar to it) as a
definition of apriority, but that’s another issue.

13Otherwise Theorem 3.1 doesn’t hold. For instance, on the class of 2D-models
generated by the class of frames with only one world and one object, ∃xPx ∧ ¬Pa
is 2D-satisfiable (on the total semantics, with a interpreted as empty), but not 1D*-
satisfiable on the corresponding class of 1D*-models. Alternatively, one could of
course achieve the same thing by expanding the class of 1D*-models, letting names
take undefined values.
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irrelevant), and require that names refer to objects in the designated
world of the one-dimensional models14, then the logical consequence re-
lation of descriptivist 2D-semantics turns out to be equivalent to the
real-world consequence relation of modal 1D*-semantics (recall Defini-
tion 3.4.1, 3.4.2, 3.4.3), in the following sense:

Theorem 3.1 (Equivalence). Let K be a class of modal frames, let 1D*K
be the class of 1D*-models based on a frame in K whose names refer to
objects in the actual world, and let 2DK be the class of 2D-models based
on a frame in K without empty names. Then, for any L�-sentence ϕ
and set of L�-sentences Γ, ϕ is a (real-world) 1D*K-consequence of Γ
iff ϕ is a 2DK-consequence of Γ.

For a proof, see appendix C.1. Under the relevant assumptions, that
means in particular that whatever further restrictions one wishes to im-
pose on the accessibility relation etc. in descriptivist 2D-semantics, the
resulting logic will be the same as it would have been in the more familiar
one-dimensional setting. Moreover, it’s easy to establish the following
fact about the relation between analytical and logical consequence in
descriptivist 2D-semantics:

Fact 3.2. Let C be a class of descriptivist 2D-models without empty
names, let M ∈ C, let A be the set of analytical sentences relative to M
and let Γ be a finite set of sentences and let ϕ be a sentence. Then ϕ is
an analytical consequence of Γ relative to M iff ϕ is a C-consequence of
Γ ∪A.

Proof. Suppose Γ∪{¬ϕ} is satisfiable in M with 〈w, c〉. Then the same
goes for Γ ∪ {¬ϕ} ∪A. Hence, ϕ will not be a C-consequence of Γ ∪A.

For the other direction, suppose Γ ∪ {¬ϕ} isn’t satisfiable in M.
Since Γ is finite, let Γ = {ψ1, ..., ψn}. Then ¬(ψ1 ∧ ... ∧ ψn ∧ ¬ϕ) ∈ A,
in which case ϕ will be a logical consequence of Γ ∪A.

In particular, if A is the set of analytical sentences relative to the
intended model, ϕ is an analytical consequence of Γ iff ϕ is a logical
consequence of Γ ∪ A. But in view of Theorem 3.1, it’s also easy to
see (because of compactness) that Fact 3.2 need not obtain when Γ is
infinite, as the following example illustrates:

Example 3.7.1. Let K be the class of modal frames and let C be the
class of 2D-models without empty names whose frames are in K. Assume
that M ∈ C is the intended model of the relevant fragment of English,

14Otherwise ∃x(x = a) will be 2D-valid, but not real-world 1D*-valid.
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and let A be the set of analytical sentences with respect to M. Let
ϕ be the sentence The number of stars is infinite, and consider the
countably infinite set of sentences Γ comprised of The number of stars
is greater than 0, The number of stars is greater than 1, etc. Clearly,
Γ ∪ {¬ϕ} isn’t satisfiable in M since it’s true in every centered world
that every finite number is either equal to 0 or 1 or 2, etc. Hence, ϕ is an
analytical consequence of Γ. But every finite subset of Γ ∪ A ∪ {¬ϕ} is
satisfiable in M (otherwise it would be analytically true for some finite
subset N of natural numbers that the number of stars is either equal to
some number in N , or is infinite). By Theorem 3.1 and the fact that
there’s a sound and complete proof procedure with respect to 1D*K-
consequence15 (where each proof has finitely many premises), it follows
that such a proof procedure exists with respect to 2DK-consequence as
well. Since the number of premises in each proof is finite, it follows that
ϕ isn’t a 2DK-consequence of Γ ∪A.

3.8 Causal descriptivism

Observe that the two-dimensional semantic framework as such isn’t com-
mitted to cluster descriptivism for proper names and natural kind pred-
icates. It can also be combined with causal descriptivism. When it
comes to proper names, this is roughly the thesis that their intensions
are determined as follows:

(47) For any name a, centered world 〈w, c〉 ∈ W × C and object
d ∈ Dom(w): I(a)(w, c) = d iff d is at the beginning of the
relevant causal chain leading up to the tokening of a in w at c.

Such a view is defended, for instance, by Kroon (1987). As far as the an-
alytic/synthetic distinction is concerned, causal descriptivism (combined
with two-dimensional semantics) does the job. However, as pointed out
by Raatikainen (2006, p. 82), as a theory for more than perhaps a
few peculiar idiolects, causal descriptivism seems vulnerable to Kripke’s
epistemic argument. Because rarely, if ever, does the following seem a
priori for a speaker (uttered by him or her):

(48) If Madonna exists, then she is the object at the beginning of the
relevant causal chain leading up to this tokening of Madonna.

A causal descriptivist could of course object that, since the causal the-
ory of reference is a priori true (Kripke arrived at it through armchair

15Cf. Stephanou (2002).
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reasoning), (48) is indeed a priori for all speakers, just as causal descrip-
tivism predicts. If this point is valid, then causal descriptivism (unlike
cluster descriptivism) would be viable even as a theory for shared lan-
guages. But is the causal theory of reference a priori true? Arguably, no.
Unless the hypothesis that the universe (including Madonna) came into
existence right now cannot be ruled out a priori, the hypothesis that
Madonna exists without having had any causal influence on me cannot
be ruled out a priori either.

3.9 Meta-semantic two-dimensionalism

Stalnaker (1978) develops a two-dimensional theory of assertion, partly
in order to save non-descriptivism about proper names from Frege’s
puzzle. The way I understand it, the theory goes as follows. Let W be
the set of metaphysically possible worlds (some of which are contexts
of communication). For each expression E of some language, there’s a
function [E] : W → P(W ) ∪ U determining what proposition (if any) is
asserted by that expression in each possible context of communication
c ∈ W , where U is a set containing anything other than propositions to
which an expression in a context might refer. Crucially, expressions may
differ in meaning across different contexts of communication. In some
contexts, Hesperus refers to Venus, but in others it refers to Mars. For
each participant in a context of communication, there’s a set C ⊆ W
of live options relative to that participant, called his or her context set.
Roughly, these are the ways the world might according to the presuppo-
sitions of that participant, where a proposition P ⊆ W is presupposed
by a participant iff the participants believes that P , believes that all
the other participants believe that P , believes that all the other partic-
ipants believe that all the other participants believe that P , etc. If all
the participants in a context of communication have the same context
set, the context is said to be non-defective, and the context in question
has a context set (namely the context set associated with each of it’s
participants). The context set can be thought of as the common ground
of the context. Stalnaker (1978, p. 88) then suggests that an asser-
tion involving an expression E made in a non-defective context c ∈ W
with context set C ⊆ W is subjected to the following three norms or
principles:

1. The proposition asserted is always true in some but not all of the
possible worlds in the context set, which I interpret as saying that
i ∈ [E](c) and j �∈ [E](c) for some i, j ∈ C.
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2. Any assertive utterance should express a proposition, relative to
each possible world in the context set, and that proposition should
have a truth value in each possible world in the context set, which
I interpret as saying that [E](i) ∈ P(W ) for all i ∈ C.

3. The same proposition is expressed relative to each possible world
in the context set, which I interpret as saying that [E](i) = [E](j)
for all i, j ∈ C.

According to Stalnaker, these are principles to which any rational agent
would conform. If they are violated, participants of the context may try
to reinterpret the utterance so that it conforms to them. Ultimately, this
is supposed to explain why Hesperus is Phosphorus can be informative
in a context, although (according to Stalnaker) it expresses a trivial
proposition. Since it expresses a trivial proposition, it will violate the
first principle, prompting a certain kind of reinterpretation that we will
explain in a moment.

If an utterance of E conforms to all three principles and is accepted
by the participants, Stalnaker suggest that the updated context set will
be given by C ′ = C ∩ [E](c). Here’s a problem, I think, with the theory.
How can what is actually asserted matter for the behavior of the partic-
ipants? Consider the following non-defective context of communication.
A group of people is standing at the beach. On of them, Ralph, is point-
ing to a man and says: he’s a spy. According to the presuppositions of
the participants, the man pointed to is Bob. In reality, however, it’s
Charles. It’s not part of their presuppositions that Charles is a spy or
that Charles isn’t a spy. Hence, Ralph’s utterance will satisfy all three
principles. Suppose, moreover, that the participants accepts Ralph’s
assertion. The most natural thing in the world at this point would be
to say that the participants accepts that Bob is a spy. But according
to Stalnaker’s theory, the participants will accept that Charles is a spy.
By some act of magic, the updated context set will only contain worlds
where Charles is a spy.

Next, consider the same scenario, except that Bob is holding a pic-
ture of Charles in his hand, saying: he [pointing at the picture] is taller
than him [pointing at a man on the Beach]. Again, the man on the
beach is in fact Charles, although all participants presupposes that it’s
Bob. Everyone presupposes, correctly, that the man in the picture is
Charles. Suppose, moreover, that Charles isn’t presupposed to be taller
than Bob, and vice versa. In this case, Ralph’s utterance will violate the
first principle, as it will express the trivially false proposition Charles
is taller than Charles. According to the theory, the participants may
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at this point react by trying to reinterpret Ralph’s utterance. But it’s
hard to see what, from a psychological point of view, would prompt such
a reaction. From the point of view of the participants, everything will
seem fine. Intuitively, insofar as they accept Ralph’s assertion, they will
accept that Charles is taller than Bob. And, insofar as they reject it,
they will reject it because they believe with certainty that Bob is taller
than Charles.

But maybe I’ve misunderstood the theory. Maybe what Stalnaker
intends to say with the first rule is something like

1′. Relative to each context in the context set, the proposition asserted
in that context is non-trivial : for all i ∈ C, there’s j, k ∈ C such
that j ∈ [E](i) and k �∈ [E](i).

or perhaps

1′′. Relative to some context in the context set, the proposition asserted
in that context is true in that context, and relative to some context
in the context, the proposition asserted in that context is false in
that context : there’s i, j ∈ C such that i ∈ [E](i) and j �∈ [E](j).

But the simplest modification of the theory that renders it plausible
is to assume that c ∈ C, i.e. that the actual context never is presupposed
not to obtain. There’s some textual evidence for this assumption in
Stalnaker (1978, p. 84):

Presuppositions are what is taken by the speaker to be the
common ground of the participants of the conversation,
what is treated as their common knowledge or mutual
knowledge.

Because if the context set is supposed to represent knowledge of any
kind, it has to include the actual context. Knowledge, we all agree, is
factive. Thus, let’s make this additional assumption.

Provided that E satisfies the second principle, we can define the di-
agonal D(E) : C → {0, 1} of E by saying that D(E)(i) = [E](i, i) for all
i ∈ C. Stalnaker then introduces a sentential operator † (dagger),
whose semantics is given by the following clause: [†ϕ](i, j) = 1 iff
D(ϕ)(j) = 1. Basically, what †ϕ says is that ‘ϕ’ is true in the lan-
guage spoken in this context.

Now, assuming (as Stalnaker does) that non-descriptivism about
proper names is true, there will be acts of assertions involving certain
expressions that simply cannot conform to all three principles. For in-
stance, in a context where English is spoken, the expression Hesperus is
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Phosphorus cannot, since it will express a trivial proposition violating
the first principle. Here is Stalnaker (1978, p. 92):

I suggest that a common way of bringing utterances into
conformity with the the third principle is to interpret them
to express the diagonal proposition, or to perform on them
the operation represented by two-dimensional operator dag-
ger. There are lots of examples. Consider: Hesperus is
identical with Phosphorus, It’s now three o’clock, An oph-
thalmologist is an eye doctor In each case, to construct a
context which conforms with to the first principle, a context
in which the proposition expressed is neither trivial nor as-
sumed false, one must include possible worlds in which the
sentence, interpreted in the standard way, expresses different
propositions. But in any plausible context in which one of
these sentences might reasonably be used, it is clear that the
diagonal proposition is the one that the speaker means to
communicate. The two-dimensional operator dagger may
represent a common operation used to interpret, or reinter-
pret, assertions and other speech acts so as to bring them
into conformity with the third principle constraining acts of
assertion.

The idea, I take it, is that need to reinterpret would explain why
utterances of Hesperus is Phosphorus can be informative, even though
the proposition actually expressed by them is trivial. In the normal case,
once an utterance has been interpreted (or reinterpreted) as expressing
a proposition P ⊆ W , a new context set C ′ = C ∩ P emerges. I take it
that if ϕ conforms to all three principles, then P = [ϕ](c). If ϕ doesn’t
conform, I take Stalnaker to suggest that P = [†ϕ](c). At this point,
however, it’s not clear to me why Stalnaker suggests diagonalization as
optional rather than compulsory. Because if an utterance already con-
forms to all three principles, reinterpreting it to the express the diagonal
proposition will not make a difference with respect to the updated con-
text set. For assume that a sentence ϕ is uttered affirmatively in some
context c ∈ W , and that [ϕ](i) = [ϕ](j) for all i, j ∈ C, in accordance
with the third principle. It then follows that C ∩ [ϕ](c) = C ∩ [†ϕ](c).

Stalnaker (1978, p. 83) also introduces a complex operator, the
square-dagger, which says that the diagonal proposition is necessary.
He suggests that the square-dagger can be understood as the a priori
truth operator. Clearly, as Stalnaker (2004, p. 321) later realizes, it
can be understood as no such thing. In his meta-semantic framework,
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the sentence ‘All bachelors are unmarried’ is true in the language spoken
in this context is just as contingent as ‘All bachelors are untidy’ is true
in the language spoken in this context.

3.10 Epistemic two-dimensionalism

In a series of books and papers, David Chalmers and Frank Jackson16

have tried to give a two-dimensional account of the relation between
notions such as necessity, conceivability and apriority. Chalmers (2004,
p. 165) formulates what he takes to be one of the key ideas in this
project:

Core Thesis: For any sentence S, S is a priori iff S has a
necessary 1-intension.

By 1-intension (or primary intension), Chalmers means diagonal inten-
sion. As far as I can see, Chalmers makes no effort at distinguishing
apriority from analyticity. As mentioned earlier, I agree with Russell
(2008, p. 19) in understanding apriority primarily as a property of
propositions rather than sentences. I believe apriority may apply to
sentences only in the following, derived sense:

(49) A sentence is a priori true (false) iff knowledge of its meaning is
sufficient for determining that it’s true (false).

In what other sense a sentence may be a priori, I don’t know. Neither,
I suspect, does Chalmers. Nevertheless, he claims that the sentence

(50) I am uttering now.

is a potential counterexample to the core thesis since it’s “clearly a
posteriori” (Chalmers, 2004, p. 174) although true whenever uttered.
I’m not sure why Chalmers thinks it’s so obvious that it’s a posteriori.
The reason, I suspect, is that the sentence

(51) It’s a priori (knowable) that I am uttering now.

seems false, although that shouldn’t have any obvious bearing on the
aposteriority of the sentence (50). Unless, of course, via the following
principle:

16See, for instance, Chalmers (1996), Chalmers (2004), Chalmers (2006), Jackson
(2004) and Jackson (2011).
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(52) For any sentence ‘S’, ‘S’ is a priori iff it’s a priori (knowable)
that S.

in which case the core thesis becomes an implausible thesis about the se-
mantics of the a priori operator, a thesis which Chalmers himself doesn’t
endorse.17

At any rate, Chalmers’ response to the potential counterexample is to
develop a notion of primary intension according to which (50) doesn’t
have a necessary one. Ultimately, this results in Chalmers giving up
on the attempt to define the notion of epistemic possibility (and its
dual, apriority) in other terms, and to take them as primitive. In effect,
Chalmers stipulates that for any sentence S such that it’s not a priori
that ‘S’ is false, there’s a scenario in which ‘S’ is true, where a scenario
need no longer be a metaphysically possible centered world. Every ex-
pression is evaluated relative to a scenario and a metaphysically possible
world. But expressions can also be evaluated relative to scenarios sim-
pliciter. For sentences, a scenario is supposed to be able to verify them
(or not verify them). But if scenarios are no longer assumed to have
a metaphysically possible world as a component, it’s not clear to me
what the connection is supposed to be between these different ways of
evaluating an expression.

Strictly speaking, however, (50) isn’t true in all contexts according
to Kaplan (1989) either: it will be false relative to a context where the
speaker doesn’t utter anything.18 For the same reason, (50) will not be
analytical on the notion of analyticity that I will propose in chapter 5,
where indexical expressions are taken into account. But I am here now
will still be analytical. For Chalmers’ purposes, that example should
suffice. Because intuitively, it’s not a priori that I am here now. We
can imagine that Bob, who is an ideal reasoner, is waiting for me at the
train station. Bob doesn’t know that I am here now (in my office), so
how could it be a priori? The semantics of the a priori operator, like any
epistemic operator, is of course a tricky business, especially in relation
to indexical expression. The main point here is just that one should
distinguish between analyticity and apriority. The core thesis seems
plausible only as a thesis about analyticity (a property of sentences).
Pushing it as a thesis about apriority seems misguided, as apriority
primarily is a property of propositions. It’s not obvious that we have
any pre-theoretical intuitions regarding the apriority of sentences at all.

17Cf. Chalmers and Rabern (2014). For further discussion, see section 5.9.
18As mentioned in footnote 2, this is indeed a peculiar feature of Kaplanian con-

texts.
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I for one do not.

3.11 Chapter summary

• As is well known, adding operators corresponding to now and ac-
tually increases the expressive power of temporal and modal lan-
guages, respectively. In order to interpret these operators, double
indexing is essential.

• Quine’s objection against the notion of analyticity as truth in
virtue of meaning can be defeated. Given a suitable understand-
ing of dependence, we can say that something is true in virtue
of meaning iff it’s true independently of the facts. Crucially, on
this understanding of dependence, the truth of ∀x(x = x) does not
depend on the fact that everything is self-identical.

• Kripke’s epistemic argument against cluster descriptivism isn’t ef-
fective against it when considered as a theory for idiolects.

• Causal descriptivism doesn’t work unless the causal theory of ref-
erence is a priori true (which, arguably, it isn’t).

• The analytic/synthetic-distinction cannot be made in the meta-
semantic two-dimensional framework of Stalnaker.

• Pace Chalmers, the so called core thesis of two-dimensionalism
applies to analyticity (which is a property of sentences) rather
than apriority (which is a property of propositions).
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Chapter 4

One-dimensional
alternatives

4.1 Introduction

In this chapter, following the tradition of Kripke, I will use the terms an-
alytic (synthetic) and a priori (a posteriori) somewhat interchangeably.
Although, strictly speaking, I believe this is a category mistake. Ana-
lyticity is a property of sentences, apriority (like necessity) a property
of propositions. A semantic theory can have implications with respect
to the notion of apriority in either of two ways:

1. via notions such as logical and analytical truth, coupled with some
bridge principle to the effect that if a sentence is a logical or ana-
lytical truth, knowledge of its meaning is sufficient for determining
its truth value, or

2. via some particular semantics for the relevant epistemic operators.
For instance, via some semantics for it’s a priori that, or it’s a
priori knowable that.

But as the discussion of a posteriori necessities in the semantically ori-
ented literature has very little to say about these operators, I can only
conclude that what they’re really talking about are (as I would put it)
synthetic sentences whose necessitations are true. For the purposes of
this chapter, the notion of apriority (as applying to sentences) is to be
thought of in the following way:

(53) A sentence is a priori true (false) iff knowledge of its meaning is
sufficient for determining that it’s true (false).
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That being said, consider

(54) Mark Twain is Samuel Clemens.

and

(55) Water is H2O.

Intuitively, these are both synthetic/a posteriori. Nevertheless, the fol-
lowing sentences are true:

(56) Necessarily, Mark Twain is Samuel Clemens.

and

(57) Necessarily, Water is H2O.

As argued in the last chapter, two-dimensional semantics can account
for this fact. But obviously, two-dimensionalism isn’t the only semantic
theory on the market that purports to do so. I will now look at two
alternatives, and argue that both of them fail.

4.2 Metaphysically impossible worlds

First, let’s consider a view that, according to Stalnaker (2003, p. 202),
“we can all agree is wrong”. On the face of it, the phenomenon of a
posteriori necessities seem to suggest that there are epistemic or con-
ceptual possibilities that aren’t metaphysically possible. Or, in possible
worlds parlance, that there are conceptually possible worlds that aren’t
metaphysically possible. In a standard possible worlds framework, the
idea would then be to treat metaphysical possibility as some kind of re-
stricted possibility, analogous to natural or nomic possibility (possibility
according to the laws of nature). Metaphysical possibility would then
be something like possibility according to the laws of metaphysics. The
most liberal form of possibility is conceptual possibility. Indeed, this is
what Lycan (2009, p. 78) takes to be “the standard picture of logical
space” (which he defends):

Consider the standard picture of logical space, featuring ever-
larger concentric circles. We can start with the usual three
grades of possibility, nomic, metaphysical, and conceptual;
the nomically possible worlds are a proper subset of the meta-
physically possible, which in turn are a proper subset of the
conceptually possible.
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In a similar vein, Soames (2006, p. 291) writes:

Empirical evidence is required to rule out certain impossi-
ble, but nevertheless coherently conceivable and epistemolog-
ically relevant, world-states which (i) cannot be known a pri-
ori not to obtain, and (ii) are such that the necessary a pos-
teriori truths are false with respect to those world-states.33

and adds in footnote 33 that

I here assume that names [...] rigidly designate the same
thing with respect to all world-states, metaphysically possi-
ble or not.

According to this picture, while water is H2O in all metaphysically
possible worlds, there are conceptually possible worlds in which it’s not.
This is supposed to explain why (55) is a posteriori. I will return to the
question of whether this is a reasonable move to make or not. Either way,
the same strategy won’t work for identity claims like (54), at least not
if names are treated as rigid designators. To see why, recall Definition
2.2.7 of basic one-dimensional modal semantics. If the idea is to account
for the necessary a posteriori by demanding that R is non-universal on
W , and by saying that ϕ is a priori true (false) iff �ϕ�M,w = 1(0) for all
w ∈ W , this won’t work. To see why, consider (54). If w∗ ∈ W is the
actual world, then

(58) �t = c�M,w∗ = 1

which means that, assuming I(=)(w∗) to be the identity relation on the
domain,

(59) I(t) = I(c)

But in order for (54) to be a posteriori, there has to be a world w ∈ W
such that

(60) �t = c�M,w = 0

which will be the case iff

(61) 〈I(t), I(c)〉 �∈ I(=)(w)

Now, if

(62) t = t
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is to be a priori true, it has to be the case that

(63) 〈I(t), I(t)〉 ∈ I(=)(w)

But (59), (61) and (63) yield a contradiction.
Soames bites the bullet by denying that (54) is a posteriori. In order

to account for the fact that a perfectly rational and competent speaker
nevertheless may fail to recognize its truth, he argues for the (in my
view highly implausible) thesis that (Soames, 2006, p. 279):

Sentences S1 and S2 may mean the same thing, and express
the same proposition p, even though a competent speaker
who understands both sentences, and associates them with
p, does not realize that they express the same proposition.

Case in point: let S1 be Mark Twain is Mark Twain, and let S2 be Mark
Twain is Samuel Clemens.

Soames maintains, however, that sentences like (55) are a posteriori,
which requires the existence of a conceptually possible but metaphys-
ically impossible world in which an object is both a pure quantity of
water and a pure quantity of XYZ. But, as Jackson (2011, p. 91) ar-
gues, the existence of such a world is hard to accept. For suppose there
is one. Either the object in question is water, or it isn’t. If it is, it’s H2O.
But being both H2O and XYZ is conceptually impossible. Therefore,
contrary to our assumption, the world in which this is supposed to take
place will be conceptually impossible. But if, on the other hand, the
object in question isn’t water, but only superficially like water, then the
world in question won’t be metaphysically impossible, again contrary to
our assumption.

Presumably, this is why Soames (2007, p. 257) prefers to think of
possible worlds as a maximally a priori consistent sets of Russellian
propositions, rather than the other way around. Say that WATER is
the property of being a pure quantity of water, H2O is the property
of being a pure quantity of H2O, and XYZ is the property of being
a pure quantity of XYZ. It’s perhaps easier to accept the existence of
such a set containing both 〈WATER, o〉 and 〈XYZ , o〉, than to accept
the existence of a conceptually possible but metaphysically impossible
world in which an object o is both a pure quantity of water and a pure
quantity of XYZ. However, if science is right (modulo some niceties
concerning the actual chemical composition of water), the property of
being a pure quantity of water is identical to the property of being a pure
quantity of H2O, in which case 〈WATER, o〉 = 〈H2O , o〉. Every set of
Russellian propositions containing the former will then also contain the
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latter. But any set of Russellian propositions containing both 〈H2O , o〉
and 〈XYZ , o〉 will (arguably) be a priori inconsistent, contrary to what
Soames thinks.

4.3 Switcher semantics

A different, but one-dimensional, explanation of the necessary a poste-
riori has been offered by Glüer and Pagin (2006, 2008, 2012). In order
to explain why (54) is a posteriori, names have non-constant intensions.
As in the case of the two-dimensional framework, this is formally consis-
tent with any kind of meta-semantic story about reference determination
(causal or descriptivist). Undeterred by Kripke’s epistemic argument,
however, the authors prefer to think of reference of a name as determined
by some traditional cluster of properties. In order to explain the truth
of (56), the �-operator functions as an evaluation switcher, evaluating
sentences containing names with respect to the referents the names have
in the actual world, rather than the referents they have in the world of
evaluation. Something similar happens in the case of predicates, which
is supposed to explain why (57) is true and (55) is a posteriori.

Recall Definition 3.4.1 of the class of distinguished modal frames,
and consider the language L� containing names:

Definition 4.3.1 (Descriptivist 1D*-model). A descriptivist 1D*-model
of L� is a tuple M = 〈W,R,D,Dom, w∗, I〉, where 〈W,R,D,Dom, w∗〉
is a distinguished modal frame and I is an interpretation function. The
interpretation of a name is a function I(a) : W → D such that I(a)(w) ∈
Dom(w)∪{u} for all w ∈ W . The interpretation of an n-place predicate
P is either

1. a pair I(P ) = 〈Im(P ), Iu(P )〉 of functions Im(P ) : W → P(Dn)
and Iu(P ) : W → P(Dn) such that Im(P )(w) ⊆ Dom(w)n and
Iu(P )(w) ⊆ Dom(w)n for all w ∈ W , or

2. a pair I(P ) = 〈Im(P ), u〉 with only one such function.

The extension Im(=)(w) = Iu(=)(w) of the identity predicate is the
identity relation on Dom(w) for all w ∈ W .

The idea is for Im(P ) to be the manifest property (or relation) as-
sociated with P , while Iu(P ) is the underlying property (or relation)
that realizes Im(P ) in the actual world w∗. If there is such a property,
then Im(P )(w∗) = Iu(P )(w∗). If there isn’t, Iu(P ) = u (it’s undefined).
Since one and the same manifest property (being watery, for instance)
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may be realized by different underlying properties in other worlds (XYZ-
worlds, for instance), it may be the case that Im(P )(w) �= Iu(P )(w)
when w �= w∗. For certain predicates (the single-property associated
ones), it will be the case that Im(P ) = Iu(P ). But for others (the
dual-property associated ones), it will not. Examples of single-property
associated predicates in English are bachelor, unmarried, H2O and the
identity predicate. Examples of dual-property associated predicates are
natural kind predicates such as water and tiger. In order to deal with
Twin Earth scenarios of the kind mentioned in section 3.7, the authors
have a context parameter in their semantics. Since it will not be relevant
to my discussion, I have omitted it here.

Truth for sentences is defined by using two valuation functions, a
possibilist function �·�P and an actualist function �·�A. As partiality of
these functions will not matter for the discussion, I give you the total
versions only:

Definition 4.3.2 (Total switcher semantics). For any descriptivist 1D*-
model M = 〈W,R,D,Dom, w∗, I〉, world w ∈ W and assignment g,

1. If t is a name, then �t�PM,w,g = I(t)(w).

2. If t is a variable, then �t�PM,w,g = g(t).

3. �Pt1...tn�PM,w,g = 1 iff 〈�t1�PM,w,g, ..., �tn�PM,w,g〉 ∈ Im(P )(w).

4. �¬ϕ�PM,w,g = 1 iff �ϕ�PM,w,g = 0.

5. �ϕ ∧ ψ�PM,w,g = 1 iff �ϕ�PM,w,g = 1 and �ψ�PM,w,g = 1.

6. �∀xϕ�PM,w,g = 1 iff, for all d ∈ Dom(w), �ϕ�PM,w,g[d/x] = 1.

7. ��ϕ�PM,w,g = 1 iff, for all w′ ∈ W s.t. wRw′, �ϕ�AM,w′,g = 1.

As for the actualist function:

1. If t is a name, then �t�AM,w,g = I(t)(w∗).

2. If t is a variable, then �t�AM,w,g = g(t).

3. �Pt1...tn�AM,w,g = 1 iff 〈�t1�AM,w,g, ..., �tn�AM,w,g〉 ∈ Iu(P )(w).

4. �¬ϕ�AM,w,g = 1 iff �ϕ�AM,w,g = 0.

5. �ϕ ∧ ψ�AM,w,g = 1 iff �ϕ�AM,w,g = 1 and �ψ�AM,w,g = 1.
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6. �∀xϕ�AM,w,g = 1 iff, for all d ∈ Dom(w), �ϕ�AM,w,g[d/x] = 1.

7. ��ϕ�AM,w,g = 1 iff, for all w′ ∈ W s.t. wRw′, �ϕ�AM,w′,g = 1.

Definition 4.3.3 (Truth in the actual world). A sentence ϕ is true in
the actual world iff �ϕ�PM,w∗ = 1.

Definition 4.3.4 (Contingency, necessity and necessitation). For each
sentence ϕ, let [ϕ] = {w ∈ W : �ϕ�PM,w = 1}. Then we say that a
sentence ϕ is contingent iff ∅ �= [ϕ] �= W , it’s necessary iff [ϕ] = W , and
its necessitation is true iff �ϕ is true in the actual world.

Now, assuming that Mark Twain (t) is Samuel Clemens (c), and
provided that M is the indented interpretation, it will indeed be the
case that

(64) �t = c�PM,w∗ = 1.

and

(65) ��t = c�PM,w∗ = 1.

Moreover, as long as there is a world w ∈ W such that I(t)(w) �= I(c)(w),
we have

(66) �t = c�PM,w = 0.

which means that (54) is contingent. This is also supposed to explain
why its a posteriori. Glüer and Pagin (2012, p. 177) hypothesizes that,
on the assumption that a sentence ϕ is true (in the actual world), its
modal and epistemic status will be determined by the so called NN-
pattern:

(67) ϕ necessary necessitation

a priori necessary yes true
a posteriori necessary no true
a priori contingent yes false
a posteriori contingent no false

from which it follows that

(68) ϕ is a priori true iff ϕ is necessary.

Arguably, however, this hypothesis is false. The sentence

(69) �t = c
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will be necessary according to the semantics (although it’s intuitively
not a priori), and

(70) �t = c → t = c

will not be necessary according to the semantics (although it’s intuitively
a priori). Both sentences violate the NN-pattern, and they belong to
the fragment for which the semantics is defined. Observe that two-
dimensional semantics can can handle both cases.1

Moreover, assuming that the hypothesis (68) is correct, the class of
a priori truths will not be closed under what the authors take to be the
appropriate notion of logical consequence (real-world consequence, cf.
Glüer and Pagin (2006, pp. 517-518)), since (70) is true in the actual
world of all models (it’s real-world valid). The authors seem to be aware
of this problem, however. As they point out,

(71) a = b → �a = b

will be real-world valid, and yet contingent on their semantics.
It’s therefore not clear how the class of a priori truths and falsehoods

are to be defined relative to M. I will now look at three alternatives,
and argue that neither of them can succeed.

Alternative 1: closure

Perhaps the scope of (68) should be limited to non-modal sentences, and
the set of a priori truths thus defined extended to modal sentences by
closure under real-world consequence? This, however, will not work for
the following reason. Even if the sentence

(72) Bachelor(a) → Unmarried(a)

is included in the set of a priori non-modal truths, its necessitation
(which, intuitively, is also a priori)

(73) �(Bachelor(a) → Unmarried(a))

is not a real-world consequence of it. To see why, supposeM = 〈F , w∗, I〉
is the intended interpretation of L�, and let M′ = 〈F , w∗, I ′〉 be just

1As long as, in the intended 2D-model M, there’s a centered world 〈w, c〉 ∈ W ×C
such that �t�M,〈w,c〉,w �= �c�M,〈w,c〉,w (the names Mark Twain and Samuel Clemens
have different primary intensions), then (with a universal accessibility relation) ��t =
c�M,〈w,c〉,w = 0. Hence, (69) will be classified as non-analytical. Also (with a reflexive
accessibility relation) if ��t = c�M,〈w,c〉,w = 1, then �t = c�M,〈w,c〉,w = 1, which
means that (70) will be classified as analytical.
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like M except that, for some w �= w∗, I ′(a)(w∗) ∈ I ′u(Bachelor)(w)
and I ′(a)(w∗) �∈ I ′u(Unmarried)(w). Clearly, all the non-modal a priori
truths relative to M will be true in the actual world of M′, but (73)
will be false.

Alternative 2: inductively

Perhaps on could say that (69) is a posteriori in virtue of the fact that
the embedded sentence is contingent? Obviously, this will not do, since
��(t = c) is also intuitively a posteriori. Perhaps then one could say
that (69) is a posteriori in virtue of the fact that the embedded sen-
tence is a posteriori? Perhaps, but it’s not clear how that would help us
dealing with (70). It would be difficult to define the a priori truths and
falsehoods inductively. To see why, let AT and AF be the characteristic
functions of the set of a priori truths and falsehoods, respectively. Sup-
pose we want to define these functions inductively over the complexity of
sentences (for the purposes of illustration, we can restrict our attention
to the fragment of L� that doesn’t have any quantifiers or variables).
Presumably, the base clauses of such a definition would be as follows:

(74) a. AT (Pa1, ..., an) = 1 iff [Pa1, ..., an] = W .
b. AF (Pa1, ..., an) = 1 iff [Pa1, ..., an] = ∅.

and the clauses for negation:

(75) a. AT (¬ϕ) = AF (ϕ).
b. AF (¬ϕ) = AT (ϕ).

The precise nature of these clauses will not matter for my argument, and
are given for the purpose of illustration only. As for the other complex
sentences, suppose there would be functions T◦ and F◦ for each operator
◦ such that

(76) a. AT (ϕ ∨ ψ) =
= T∨(AT (ϕ), AT (ψ), AF (ϕ), AF (ψ), [ϕ ∨ ψ], [ϕ], [ψ]).

b. AF (ϕ ∨ ψ) =
= F∨(AT (ϕ), AT (ψ), AF (ϕ), AF (ψ), [ϕ ∨ ψ], [ϕ], [ψ]).

and

(77) a. AT (�ϕ) = T�(AT (ϕ), AF (ϕ), [�ϕ], [ϕ]).
b. AF (�ϕ) = F�(AT (ϕ), AF (ϕ), [�ϕ], [ϕ]).

respectively. But this will not work, for the following reason. Intuitively,
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(78) AT (�t = t → �t = t) = 1.

and

(79) AT (�t = t → �t = c) = 0.

Let ϕ be the a posteriori sentence Unmarried(a), and let ψ be the a
posteriori sentence ¬Bachelor(a). Intuitively,
(80) AT (ϕ ∨ ψ) = 1.

Now, consider the sentence

(81) (�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ϕ)∨
(�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ψ).

which is universally equivalent (true with respect to the same models
and worlds) to

(82) (�t = t → �t = c) ∧ (�t = t → �t = t) ∧ (ϕ ∨ ψ).

and so intuitively a posteriori in view of (79). Thus, by the fact that ϕ
and ψ are a posteriori,

(83) a. AT ((�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ϕ)) =
= AF ((�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ϕ)) = 0,

b. AT ((�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ψ)) =
= AF ((�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ψ)) = 0,

c. AT ((�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ϕ)∨
(�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ψ)) = 0.

However, according to switcher semantics,

(84) [�t = c] = [�t = t].

which means that

(85) [�t = t → �t = c] = [�t = t → �t = t].

and thus

(86) a. [(�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ϕ] =
= [(�t = t → �t = t) ∧ ϕ] = X,

b. [(�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ψ] =
= [(�t = t → �t = t) ∧ ¬ψ] = Y ,
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c. [(�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ϕ)∨
(�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ψ)] =
= [(�t = t → �t = t) ∧ (ϕ ∨ ψ)] = X ∪ Y .

Now, consider the sentence

(87) ((�t = t → �t = t) ∧ ϕ) ∨ ((�t = t → �t = t) ∧ ψ).

which is universally equivalent (true with respect to the same models
and worlds) to

(88) (�t = t → �t = t) ∧ (ϕ ∨ ψ).

and so intuitively a priori in view of (78) and (80). Thus, by the fact
that ϕ and ψ are a posteriori,

(89) a. AT ((�t = t → �t = t) ∧ ϕ) =
= AF ((�t = t → �t = t) ∧ ϕ) = 0,

b. AT ((�t = t → �t = t) ∧ ψ) =
= AF ((�t = t → �t = t) ∧ ψ) = 0,

c. AT (((�t = t → �t = t)∧ϕ)∨(�t = t → �t = t)∧ψ))) = 1.

According to switcher semantics,

(90) a. [(�t = t → �t = t) ∧ ϕ] = X,
b. [(�t = t → �t = t) ∧ ψ] = Y ,
c. [((�t = t → �t = t) ∧ ϕ) ∨ ((�t = t → �t = t) ∧ ψ)] =

= [((�t = t → �t = t) ∧ (ϕ ∨ ψ)] = X ∪ Y .

But then, in consideration of (81), we have

(91) T∨(0, 0, 0, 0, X ∪ Y,X, Y ) = 0.

and, in consideration of (87),

(92) T∨(0, 0, 0, 0, X ∪ Y,X, Y ) = 1.

which is a contradiction.

This shows that we cannot determine whether a sentence is a priori
by looking only at its constituents one level down in the construction
tree with respect to the values of AT , AF and its intension [·]. This
generalizes: there is no finite number n such that it always suffices to
look n level down. To see why, define the unary operator

∧i recursively:

(93) a.
∧0 ψ = ψ ∧ ψ.
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b.
∧i+1 ψ = (

∧i ψ) ∧ (
∧i ψ).

Intuitively, we have

(94) AT (
∧n((�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ϕ)∨∧n(�t = t → �t = c) ∧ (�t = t → �t = t) ∧ ψ)) = 0.

but

(95) AT (
∧n((�t = t → �t = t) ∧ ϕ)∨∧n(�t = t → �t = t) ∧ ψ))) = 1.

However, at each level 1 ≤ k ≤ n in the construction tree, the con-
stituents of the sentences in (94) and (95) will be identical with respect
to the values of AT , AF and [·], and the tree structures will be identical
down to level n. Finally, we can observe that helping ourselves to the
notions of real-world and universal validity in the inductive clauses for
AT and AF won’t make any difference, as the relevant constituents of
the sentences in (94) and (95) will be identical with respect to these
notions as well.

Alternative 3: variance

As a last resort, one could of course suggest the following. Suppose M =
〈F , w∗, I〉 is the indented interpretation of L�, with F = 〈W,R,D,Dom〉.
Define the class of models

(96) [M]≈ = {M′ : M ≈ M′} = {〈F , w, I〉 : w ∈ W}.
where, of course, ≈ will be the relation of variance introduced by Davies
and Humberstone (1980, p. 2). One could then perhaps say that

(97) ϕ is a priori true (false) iff ϕ is true (false) in the actual world
of M′ for all M′ ∈ [M]≈.

That would indeed make �(t = c) a posteriori, and make �(t = c) →
t = c a priori. But it would still make

(98) �∀x(Water(x) → H2O(x))

a priori, the reason being that Iu(Water) = Iu(H2O) for all M′ ∈ [M]≈.
This highlights the fact that, in order to make the analytic/synthetic
distinction for sentences involving natural kind predicates, one needs
to specify a two-dimensional intension for each such predicate. It’s not

68



CHAPTER 4. ONE-DIMENSIONAL ALTERNATIVES

enough to specify two one-dimensional intensions for each of them, as
in the case of switcher semantics.

A more general problem with the variance approach, however, is that
it looks a lot like two-dimensionalism in disguise. Glüer and Pagin (2006,
p. 530) take it to be a crucial difference between switcher semantics and
two-dimensionalism that a sentence like

(99) The teacher of Alexander is the actual teacher of Alexander.

will be a priori in two-dimensional semantics, but not in switcher se-
mantics (on the standard interpretation of the actuality operator). But
on the present definition of apriority, this difference vanishes. (99) will
still be contingent, but the notion of contingency will have lost its ex-
planatory role.

4.4 Chapter summary

• Postulating the existence of conceptually possible but metaphys-
ically impossible worlds doesn’t seem to help in accounting for
the phenomenon of a posteriori necessities, at least not if names
are treated as rigid designators. The following three claims are
inconsistent:

1. Names are rigid designators (designates the same object in
every conceptually possible world).

2. Mark Twain is Samuel Clemens is a posteriori true.

3. Mark Twain is Mark Twain is a priori true.

Soames’ solution is to deny that Mark Twain is Samuel Clemens
is a posteriori. According to Soames, it’s a priori. But intuitively,
a priori true sentences should be recognized as true by perfectly
rational competent speakers.

• It’s not obvious how to make the analytic/synthetic distinction in
switcher semantics. The original proposal doesn’t work for cer-
tain modal sentences, and I have shown that it cannot be eas-
ily amended. The lesson, I take it, is that one cannot make
the analytic/synthetic distinction by merely assigning two one-
dimensional intensions to each expression. In the case of natural
kind predicates, one will need the whole two-dimensional matrix.
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Chapter 5

Belief ascriptions

5.1 Introduction

Why should philosophers care about the semantics of belief ascriptions?
The main reason, I think, is that it highlights tensions among the mem-
bers of the following set of influential ideas:

1. The meaning of a complex expression is determined by the meaning
of its immediate constituents and their mode of composition (the
principle of compositionality).

2. ‘x believes that p’ expresses a relation between the object denoted
by ‘x’ and the proposition expressed by ‘p’.

3. The meaning of a sentence is the proposition it expresses.

4. The meaning of a sentence is the set of circumstances under which
it’s true (an idea usually attributed to the Wittgenstein of Trac-
tatus).

5. The meaning of a simple singular term (name, variable or indexi-
cal) is the object it denotes.

On any reasonable conception of meaning, sentences with the same
meaning cannot differ in truth value. But sentences that are true under
the same circumstances don’t seem to be substitutable salva veritate in
belief-contexts. It may be true that Sara believes that 2 + 2 = 4 but
false that Sara believes that there are infinitely many primes, although
(intuitively) 2+2 = 4 and there are infinitely many primes are true un-
der exactly the same circumstances (namely all of them). This creates
a conflict between principles 1-4. Likewise, names that denote the same
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object don’t seem to be substitutable either. Sara believes that Mark
Twain is a writer may be true, while Sara believes that Samuel Clemens
is a writer is false. This creates a conflict between principles 1-3 and 5.
These and related issues are the subject of the present chapter.

5.2 Simple doxastic logic

Let LB be a language of first order logic extended by a set {i1, i2, ...}
of singular indexical terms (corresponding to I, you, he, she, this, that,
etc.) plus a binary belief operator B, taking a term t and a formula ϕ as
arguments to generate a new formula Btϕ to be understood as t believes
that ϕ. As a point of departure, consider the following constant domain
semantics for LB:

Definition 5.2.1 (Simple doxastic frame). A simple doxastic frame is a
tuple F = 〈W,D,B〉, where W is a non-empty set (of possible worlds),
D is a non-empty set (of possible objects) and B : W ×D → P(W ) is a
function assigning a belief set to each object in each world (a non-empty
set if the object is an epistemic agent in that world, an empty set if it
isn’t).

Since we are ignoring time, we can let a context of utterance (de-
termining the reference of the indexical terms) be a pair consisting of
a world and an object in that world (the speaker). Hence, W ×D will
serve as the set of contexts of utterance:

Definition 5.2.2 (Simple doxastic 1D-model). A simple doxastic 1D-
model of LB is a tuple M = 〈F , I〉, where F = 〈W,D,B〉 is a doxastic
frame and I is a function taking constants, indexicals and predicates as
arguments (an interpretation function). If a is a name, then I(a) ∈ D.
If i is an indexical, then I(i) : W ×D → D. In particular, if i is the first
person pronoun, then I(i)(w, d) = d for all 〈w, d〉 ∈ W ×D. If P is an
n-place predicate, then I(P ) : W → P(Dn). In particular, if P is the
identity predicate, then I(P )(w) = {〈a, b〉 ∈ D2 : a = b} for all w ∈ W .

Definition 5.2.3 (Simple doxastic 1D-semantics). For any 1D-model
M = 〈W,D,B, I〉, context c ∈ W ×D, world w ∈ W and assignment g,

1. If t is a name, then �t�cM,w,g = I(t).

2. If t is a variable, then �t�cM,w,g = g(t).

3. If t is an indexical, then �t�cM,w,g = I(t)(c).
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4. �Pt1...tn�cM,w,g = 1 iff 〈�t1�cM,w,g, ..., �tn�cM,w,g〉 ∈ I(P )(w).

5. �¬ϕ�cM,w,g = 1 iff �ϕ�cM,w,g = 0.

6. �ϕ ∧ ψ�cM,w,g = 1 iff �ϕ�cM,w,g = 1 and �ψ�cM,w,g = 1.

7. �∀xϕ�cM,w,g = 1 iff, for all d ∈ D, �ϕ�cM,w,g[d/x] = 1.

8. �Btϕ�cM,w,g = 1 iff, where b = �t�cM,w,g,

(a) B(w, b) �= ∅ and,

(b) for all w′ ∈ B(w, b), �ϕ�cM,w′,g = 1.

This simple semantics suffers from at least five well known problems:

5.2.1 A posteriori necessities

On the simple semantics, necessarily equivalent propositions will be sub-
stitutable salva veritate in belief contexts. This is basically Frege’s puz-
zle, extended to natural kind predicates. The problem is that, in the
intended 1D-model of English, the following will be true for any term t:

(100) a. If t believes that Hesperus is Hesperus, then t believes that
Hesperus is Phosphorus.

b. If t believes that water is water, then t believes that water
is H2O.

Intuitively, however, it should be possible for both of them to be false.

5.2.2 Beliefs de re

This problem is due to Quine (1956), and has to to with quantifica-
tion into doxastic contexts. It’s a kind of Frege puzzle for variables.
Arguably, there are two readings of

(101) Bond believes that some woman in the bar isn’t really a woman.

namely the reading de dicto and the reading de re, respectively:

(102) a. Bb∃x(Wx ∧Bx ∧ ¬Wx).
b. ∃x(Wx ∧Bx ∧Bb¬Wx).
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Since the latter doesn’t ascribe any inconsistent belief to Bond, it’s usu-
ally taken to be the intended one when (101) is uttered. This reading
can be emphasized by instead saying things like concerning some woman
in the bar, Bond believes that she’s not really a woman or Bond believes
of some woman in the bar that she’s not really a woman.

Now, suppose that Ralph sees the same man, Ortcutt, under two
different circumstances. When he sees him on the beach, he believes
that he’s a spy. Hence, with the de re-reading in mind, we can say that

(103) Ralph believes of Ortcutt that he’s a spy: ∃x(x = o∧BrSx).

But when he sees him in the street, he believes that the man he encoun-
ters is not a spy. Hence, we can say that

(104) Ralph believes of Ortcutt that he’s not a spy: ∃x(x = o ∧
Br¬Sx).

This in itself is not a problem. Arguably, Ralph should be able to believe
of Ortcutt (under one guise) that he is a spy, and believes of Ortcutt
(under another guise) that he is not a spy, without being irrational. The
problem is that the simple semantics doesn’t allow it. Since the belief
set of an agent is required to be non-empty, (103) and (104) together
doesn’t even have a model. But even if we expanded the class of models
by allowing the belief set of an agent to be empty, the resulting semantics
would still validate the following undesirable principle:

(105) ∃x(Btϕ ∧Btψ) → ∃xBt(ϕ ∧ ψ).

5.2.3 Indexicals

A related problem concerns indexicals occurring withing the scope of a
belief operator. It’s a kind of Frege puzzle for indexicals. Consider the
following three sentences:

(106) a. Lois Lane believes that he [pointing at Superman] is strong.

b. Lois Lane believes that he [pointing at Clark Kent] isn’t
strong.

c. Lois Lane doesn’t believe that he [pointing at Clark Kent]
is strong.

On the present semantics, under the assumption that Superman is Clark
Kent, (106-a) and (106-b) will be inconsistent (since belief sets are re-
quired to be non-empty), as will (106-a) and (106-c). Arguably, the
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former pair should be consistent, and perhaps also the latter. At any
rate, we don’t want the following principle to be valid (which it is on
the simple semantics):

(107) i = j → Bt(i = j).

5.2.4 Beliefs de se

This problem is due to Castaneda (1966), Perry (1979) and Lewis (1979).
Suppose we want to say that

(108) Ralph believes that he (himself) is hungry.

Formally, we would have to say something like

(109) BrHr.

However, suppose Ralph suffers from amnesia, so he doesn’t believe that
he’s Ralph anymore. He certainly doesn’t believe that Ralph (whoever
that is) is hungry. If you’d ask him if Ralph is hungry, he’s say he doesn’t
know. In this situation, it would seem as if (108) is true while (109) is
false. So how should we express (108)?

The problem is, we can’t. Lewis offers, in my view, the correct
diagnosis. The problem is that our models only specifies an agent’s
beliefs about what the world is like (his location in logical space, as
it were), not his beliefs about his location in physical space-time. To
illustrate, suppose we have two individuals who are as knowledgeable as
they can be about what the world is like. In our model, they would be
assigned the same singleton belief set containing the actual world only.
Suppose, however, that one of them knows he’s on the north pole, while
the other one knows he’s on the south pole. These are distinct epistemic
states that cannot be represented in our model.

But there’s also a problem at the level of syntax. We need to be able
to disambiguate

(110) Ralph believes that he is a spy.

between the reflexive reading

(111) Ralph believes that he (himself) is a spy.

and the indexical reading

(112) Ralph believes that he [pointing at the man in the mirror] is a
spy.
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Intuitively, as Perry observed, these readings have different truth condi-
tions, even when the man in the mirror happens to be Ralph.

5.2.5 Logical omniscience

This is perhaps the most well known problem of them all. Arguably,
it’s also the most difficult one. As we shall see, it has ramifications
far beyond formal semantics, concerning the very nature of belief. The
problem is that, on the basic semantics, if t believes that ϕ for all ϕ ∈ Γ,
and ψ is a logical consequence of Γ, then t believes ψ as well. But it
seems absurd to assume that we believe all the logical consequences of
what we believe. If that were so, I would believe all the theorems of
Peano arithmetic, simply in virtue of believing the axioms.

5.3 Two-dimensional doxastic logic

Is there a two-dimensional semantics for belief ascriptions that solves
all the aforementioned problems? That’s what we’re going to find out.
Saving the problem of logical omniscience until last, let’s see if we can
solve the other problems first. Starting with the problem of beliefs de
se, I agree with Lewis: a belief set needs to be a set of centered worlds,
something to indicate where in each world the agent locates himself.
Ignoring time, we can let a centered world be a pair consisting of a
possible world and an object in the domain of that world. In the simple
case of constant domains, the set of centered worlds is thus given by
W ×D. Again assuming constant domains, we get the following notion
of a frame:

Definition 5.3.1 (Centered doxastic frame). A centered doxastic frame
is a tuple 〈W,D,B〉, where W is a non-empty set (of possible worlds), D
is a non-empty set (of possible objects) and B : W ×D → P(W ×D) is
a function assigning a belief set (a set of centered worlds) to each object
in each world (a non-empty set if the object is an epistemic agent in
that world, an empty set if it isn’t).

However, as indicated at the end of section 5.2.4, we also need to
change syntax. One option is to let the operator B take a variable as an
additional argument, in the following way: if t is a term, x is a variable
and ϕ is a formula, thenBx

t ϕ is a formula. The idea is to let x, if it occurs
in ϕ, to be interpreted as the reflexive he/she/it (himself/herself/itself).
Hence, (111) will be rendered as Bx

rSx, while (112) will be rendered
as Bx

rSi. This is essentially the solution offered by Castaneda (1966).
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Let’s call the new language L∗
B. As Castaneda (1966, p. 78) points out,

the reason we cannot simply introduce a new term t∗ to be interpreted
has the reflexive pronoun is that we need to distinguish between the
following two:

(113) a. Ralph1 believes that Alf2 believes that he1 is a spy:
Bx

rB
y
aSx.

b. Ralph1 believes that Alf2 believes that he2 is a spy:
Bx

rB
y
aSy.

The new syntax suggests that I believe that I am a spy would have
two readings: Bx

i Sx and Bx
i Si. In other words, it suggests that the first

person pronoun (just like the third person pronoun he) can be given both
a reflexive and an indexical reading in belief reports. Is that plausible? I
believe it is. Although in most cases both readings have the same truth
value (and the reflexive reading dominates), Maier (2009, p. 272) has a
nice example of when they come apart:

Kaplan is thinking about the time he saw a guy on TV whose
pants were on fire without him noticing it (yet). A second
later he realized he was watching himself through the surveil-
lance camera system and it was his own pants that were on
fire. He reminisces:

(35) I thought I was at a safe distance from the fire

What he thought at the time was ‘I am at a safe distance
from the fire’, which makes (35) true de se (i.e. from a first-
person perspective). However, the coreferential first-person
report construction can also report a third-person de re belief
that just happens to be about the subject himself:

(36) I thought that I was remarkably calm

The reported thought here may be ‘That guy is remarkably
calm!’ with that guy really referring to Kaplan, the belief
subject himself.

The idea is that, while (35) will be true on both readings, (36) will be
true only on the indexical reading.

Likewise, the new syntax also suggests an ambiguity in

(114) Ralph believes that he believes that he is a spy.
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between the following two:

(115) a. Ralph1 believes that he21 believes that he2 is a spy:
Bx

rB
y
xSy.

b. Ralph1 believes that he21 believes that he1 is a spy:
Bx

rB
y
xSx.

To see how the second reading might come about, consider a case in
which Ralph is looking at a screen, suspecting he might be the person
on the screen. Ralph thinks the person on the screen looks surprisingly
handsome. Normally, Ralph doesn’t believe that he’s handsome, which
is why he’s not so sure the person on the screen is him. If the person
on the screen is Ralph, then Ralph clearly believes of himself that he is
handsome. But it would be false (and quite absurd) to say that

(116) Ralph1 suspects that he21 believes that he2 is handsome.

Since evidence for believing de se that one is handsome should be easily
accessible through introspection, the fact that one does so is not some-
thing about which one normally has suspicions. That’s why it seems
absurd. What’s true in the case of Ralph, is rather that

(117) Ralph1 suspects that he21 believes (of himself) that he1 is hand-
some.

This goes to show that, even if we supplied a reflexive pronoun for each
object in the domain, it would not be enough to disambiguate between
(116) and (117).

Recalling section 3.7 about descriptivist 2D-semantics (but ignoring
the possibility of empty names), we get the following notion of a model:

Definition 5.3.2 (2D-model). A 2D-model of L∗
B is a tuple 〈F , I〉,

where F = 〈W,D,B〉 is a centered doxastic frame and I is an inter-
pretation function taking names, indexicals and predicates as argument.
If a is a name, then I(a) : W × D → D. If i is an indexical, then
I(i) : W ×D → D. In particular, if i is the first person pronoun, then
I(i)(w, d) = d for all 〈w, d〉 ∈ W ×D. If P is an n-place predicate, then
I(P ) : W ×D → P(Dn)W . In particular, if P is the identity predicate,
then I(P )(w, d)(v) = {〈a, b〉 ∈ D2 : a = b} for all 〈w, d〉 ∈ W ×D and
v ∈ W .

The following semantics suggests itself:
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Definition 5.3.3 (Naive 2D-semantics). We say that, for any 2D-model
M = 〈W,D,B, I〉, centered world u ∈ W × D, world w ∈ W and
assignment g,

1. If t is a name, then �t�M,u,w,g = I(t)(u).

2. If t is a variable, then �t�M,u,w,g = g(t).

3. If t is an indexical, then �t�M,u,w,g = I(t)(u).

4. �Pt1...tn�M,u,w,g = 1 iff 〈�t1�M,u,w,g, ..., �tn�M,u,w,g〉 ∈ I(P )(u)(w).

5. �¬ϕ�M,u,w,g = 1 iff �ϕ�M,u,w,g = 0.

6. �ϕ ∧ ψ�M,u,w,g = 1 iff �ϕ�M,u,w,g = 1 and �ψ�M,u,w,g = 1.

7. �∀xϕ�M,u,w,g = 1 iff, for all d ∈ D, �ϕ�M,u,w,g[d/x] = 1.

8. �Bx
t ϕ�M,u,w,g = 1 iff, where b = �t�M,u,w,g,

(a) B(w, b) �= ∅, and
(b) for all 〈w′, b′〉 ∈ B(w, b), �ϕ�M,〈w′,b′〉,w′,g[b′/x] = 1.

If one were to add clauses for the actuality and the (metaphysical)
necessity operators, they would be as follows:

9. ��ϕ�M,u,w,g = 1 iff, for all w′ ∈ W , �ϕ�M,u,w′,g = 1.

10. �Aϕ�M,〈v,d〉,w,g = 1 iff �ϕ�M,〈v,d〉,v,g = 1.

The naive semantics solves the problem of a posteriori necessities and
beliefs de se, but is unacceptable for other reasons. The belief operator,
in the terminology of Kaplan (1989, p. 510), is a monster : it shifts
the context of utterance (i.e. the parameter determining the reference
of indexical expressions). This is unacceptable for a language such as
English, as it gives the wrong truth conditions for

(118) Ralph believes that I am a spy: Bx
rSi.

On the present proposal, this sentence will in fact be logically equivalent
to

(119) Ralph believes that he (himself) is a spy: Bx
rSx.

Clearly, in the presence of indexicals, we need to keep track of the original
context of utterance throughout the evaluation. But this is easy to fix:
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Definition 5.3.4 (Less naive 2D-semantics). For any 2D-model M =
〈W,D,B, I〉, context c ∈ W ×D, centered world u ∈ W ×D, world of
evaluation w ∈ W and assignment g,

1. If t is a name, then �t�cM,u,w,g = I(t)(u).

2. If t is a variable, then �t�cM,u,w,g = g(t).

3. If t is an indexical, then �t�cM,u,w,g = I(t)(c).

4. �Pt1...tn�cM,u,w,g = 1 iff 〈�t1�cM,u,w,g, ..., �tn�cM,u,w,g〉 ∈ I(P )(u)(w).

5. �¬ϕ�cM,u,w,g = 1 iff �ϕ�cM,u,w,g = 0.

6. �ϕ ∧ ψ�cM,u,w,g = 1 iff �ϕ�cM,u,w,g = 1 and �ψ�cM,u,w,g = 1.

7. �∀xϕ�cM,u,w,g = 1 iff, for all d ∈ D, �ϕ�cM,u,w,g[d/x] = 1.

8. �Bx
t ϕ�cM,u,w,g = 1 iff, where b = �t�cM,u,w,g,

(a) B(w, b) �= ∅, and
(b) for all 〈w′, b′〉 ∈ B(w, b), �ϕ�cM,〈w′,b′〉,w′,g[b′/x] = 1.

Observe that adding a clause for the necessity operator would be a
straightforward matter:

(120) ��ϕ�cM,u,w,g = 1 iff, for all w′ ∈ W , �ϕ�cM,u,w′,g = 1.

In the case of the actuality operator, however, there seems to be several
options:

(121) a. �Aϕ�cM,〈v,d〉,w,g = 1 iff �ϕ�cM,〈v,d〉,v,g = 1.

b. �Aϕ�
〈v,d〉
M,u,w,g = 1 iff �ϕ�

〈v,d〉
M,u,v,g = 1.

c. �Aϕ�
〈v,d〉
M,u,w,g = 1 iff �ϕ�

〈v,d〉
M,〈v,d〉,v,g = 1.

For a discussion, see section 5.8.

Definition 5.3.5 (Logical equivalence). Two L∗
B-sentences ϕ and ψ are

logically equivalent iff, for any 2D-model M = 〈W,D,B, I〉 and centered

world 〈w, d〉 ∈ W ×D, �ϕ�
〈w,d〉
M,〈w,d〉,w = �ψ�

〈w,d〉
M,〈w,d〉,w.

With these definitions in place, we can prove the following:

Theorem 5.1. L∗
B is more expressive than the fragment of L∗

B where a
variable x never occurs freely within the scope of a belief operator Bx

t .
In particular, there’s no sentence of the latter kind logically equivalent
to Bx

i Px, where i is the first-person pronoun.
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For a proof, see appendix C.2. That means that (the de se-reading
of) I believe that I am handsome cannot be expressed in LB.

For future reference, we also introduce the following notions:

Definition 5.3.6 (Diagonal and horizontal intensions, again). The diag-
onal intension of an expression e relative to a model M and assignment
g is that function [e]M,g with domain W ×D such that, for all centered

worlds 〈w, d〉 ∈ W ×D, we have [e]M,g(w, d) = �e�
〈w,d〉
M,〈w,d〉,w,g.

The horizontal intension of an expression e relative to a model M,
context c, centered world u and assignment g is that function [e]M,c,u,g

with domain W such that, for all worlds w ∈ W , we have [e]M,c,u,g(w) =
�e�cM,c,u,w,g.

Obviously, since both variables and indexicals are now treated rigidly
in doxastic contexts, the less naive semantics doesn’t solve the Frege
puzzles related to them. However, the new version has a more serious
problem (in common, I should say, with the first version). The problem
was observed by Chalmers (2011, pp. 604-605). Consider the diagonal
intension of water, which we can assume is roughly the same as that of
clear, odorless drinkable stuff (around here).1 Let’s assume that

(122) Twin Oscar believes that a sample of the clear, odorless drink-
able stuff on his planet is present in his bathtub.

which seems fine. Twin Oscar may very well believe that. On the present
semantics, however, this assumption will analytically entail that

(123) Twin Oscar believes that there is water in his bathtub.

The reason is that, from the point of view of any centered world, if
something is clear, odorless drinkable stuff appropriately related (e.g.
causally) to that center, then it’s in the extension of water. But there
is, I believe, a strong intuition to the effect that (123) cannot be true
(or at least that it will not automatically be true whenever (122) is).
Chalmers even refers to it as the standard intuition. Likewise, consider
the diagonal intension of Hesperus, which we can assume is roughly the
same as that of the brightest celestial body visible in the evening sky
(around here). If we assume that

1This is usually how Chalmers and Jackson put it, but perhaps it would be more
accurate to say clear, odorless drinkable stuff around the centered world consid-
ered as actual. At any rate, the indexical expression around here is supposed to be
understood in a rather non-standard way, not referring rigidly to the location of the
speaker, which in this case would be me.
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(124) Twin Oscar believes that the brightest celestial body visible in
his evening sky is a planet.

it will then analytically follow that

(125) Twin Oscar believes that Hesperus is a planet.

But, the intuition goes, since Twin Oscar hasn’t even seen Hesperus
(Twin Earth, we can assume, is located at the other end of the galaxy),
why would he automatically believe that it is a planet? It doesn’t seem
to follow.

What should we do, provided that we don’t want to change the
two-dimensional intension of water and Hesperus? A possible solution,
according to Chalmers, would be to consider, not only the diagonal, but
also the horizontal intension of the sentence of the that-clause in a be-
lief ascription. We can observe that in (123), the horizontal intension
of There is water in his bathtub relative to the centered world of the
ascriber (the context of utterance) is different from the horizontal in-
tension relative to the centered world of the ascribee, in this case Twin
Oscar. Hence, the following revision suggests itself:

(126) �Bx
t ϕ�cM,u,w,g = 1 iff, where b = �t�cM,u,w,g,

a. B(w, b) �= ∅,
b. for all 〈w′, b′〉 ∈ B(w, b), �ϕ�cM,〈w′,b′〉,w′,g[b′/x] = 1, and

c. for all w′ ∈ W , �ϕ�cM,u,w′,g = �ϕ�cM,〈w,b〉,w′,g.

where the third clause expresses the condition that the horizontal in-
tension of the sentence of the that-clause be identical with respect to
ascriber and ascribee.2 On the revised semantics, (123) will no longer
come out true. The horizontal intension of There is water in his bath-
tub relative to the ascriber is the same as that of There is H2O in his
bathtub, whereas the horizontal intension with respect to the ascribee is
the same as that of There is XYZ in his bathtub.

The problem, however, is exacerbated by the fact that the following
two sentences also seem false:

(127) a. Twin Oscar believes that whatever is water is water.
b. Twin Oscar believes that Hesperus, if it exists, is Hespe-

rus.

2Based on the rough sketch provided by Chalmers (2011), I can’t really say whether
this is what the author has in mind. It does, however, coincide (mutatis mutandis)
with the so called liveness constraint suggested by Chalmers and Rabern (2014) with
respect to the a priori operator (more on that in section 5.9).
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which suggests that we’re dealing with a phenomenon of hyperintension-
ality. In this case, it seems one cannot substitute expressions with iden-
tical two-dimensional intensions in belief contexts salva veritate. Case
in point: Whatever is water is water cannot be substituted for What-
ever is wet is wet in (127-a) without affecting the truth value, although
both expressions are true with respect to all combinations of centered
worlds and worlds. Hence, it will not suffice to consider the horizontal
intension of the sentence of the that-clause. Apparently, one must also
look at the horizontal intensions of its components, to make sure that
the horizontal intensions of each component are identical with respect
to the ascriber and the ascribee. Ever since Carnap (1947), a common
approach to hyperintensionality has been to introduce some notion of
structured semantics values, that allows one to assign different seman-
tic values to logically equivalent expressions, reflecting their syntactic
structure.3 But since we will explore such an approach in section 5.5 (in
connection with the problem of logical omniscience), let’s postpone the
discussion until then.

Instead, let’s look at the problem of beliefs de re. The problem seems
to depend on the fact that variables, under an assignment, refer rigidly
to the same object relative to all centered worlds. To solve this problem,
a natural suggestion (analogous to the one used for names) would be to
assign individual concepts rather than objects to the variables, where an
individual concept is the same type of function that is used to interpret
names. Instead of quantifying over objects, we quantify over individual
concepts. Relative to some set W of worlds and domain D of objects,
the set DW×D of functions from W × D to D is thus the set of all
individual concepts.4 On this approach, the simplest semantics would
be the following:

Definition 5.3.7 (Individual concept semantics). For any 2D-model
M = 〈W,D,B, I〉, context c ∈ W × D, centered world u ∈ W × D,
world w ∈ W and assignment function h from the variables to the set of
individual concepts DW×D,

1. If t is a variable, then �t�cM,u,w,h = h(t)(u).

3Strictly speaking, Carnap didn’t define any structured semantic objects on which
to map expression. Rather, he defined an equivalence relation (what he called an
intensional isomorphism) on expressions which, roughly, would correspond to the
relation being mapped onto the same structured semantics value according to most
theories of today.

4For the purposes of illustration, we are ignoring individual concepts whose exten-
sions are undefined at some centered worlds. We could change that by letting DW×D

denote all the partial functions from centered worlds to objects.
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2. �∃xϕ�cM,u,w,h = 1 iff there’s f ∈ DW×D such that �ϕ�cM,u,w,h[f/x] =
1.

3. �Bx
t ϕ�cM,u,w,h = 1 iff, where b = �t�cM,u,w,h,

(a) B(w, b) �= ∅,
(b) for all 〈w′, b′〉 ∈ B(w, b), �ϕ�cM,〈w′,b′〉,w′,h[f/x] = 1, where f ∈

DW×D is the center function, i.e. the function such that
f(w′, b′) = b′ for all 〈w′, b′〉 ∈ W ×D.

4. etc. just like the less naive 2D-semantics, with h substituted for
g.

Then (103) and (104) will be consistent. However, as Aloni (2005, pp.
15-16) points out, by quantifying over all individual concepts, the simple
semantics blurs the distinction between de dicto and de re. Take, for
instance, the concept of being the shortest spy, which (modulo footnote
4) is included in DW×D. On the simple semantics, it will be logically
true that

(128) If there is a shortest spy, and Ralph believes that the shortest
spy is a spy, then Ralph believes of the shortest spy that he or
she is a spy.

which is unfortunate. The intuition is that beliefs de re should require
something more. In order for Ralph to have belief de re about an object,
he needs so be appropriately related to that object. The idea goes back
to Kaplan (1968, p. 203), who suggests he following analysis of Ralph
believes of Ortcutt that he’s a spy :

To repeat, I will say α represents x to Ralph (symbolized:
‘R(α, x,Ralph)’) if and only if (i) α denotes x, (ii) α is a
name of x for Ralph, and (iii) α is (sufficiently) vivid. Our
final version of (33) is the following variant of (36):

(44) ∃α[R(α, Ortcutt, Ralph)&Ralph B�α is a spy �].

In the same spirit, Lewis (1979, pp. 542) suggests that

A subject ascribes property X to individual Y if and only if
the subject ascribes X to Y under some description Z such
that either (1) Z captures the essence of Y, or (2) Z is a
relation of acquaintance that the subject bears to Y.
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And, essentially following Lewis, we have Cresswell and Stechow (1982,
p. 509):

We can now give an account of what it is for a to ascribe
a property ω to an individual b.[...] We shall say that this
takes place in a world w iff there is a suitable relation ξ such
that a bears ξ uniquely to b in w and a self-ascribes in w
the property of bearing ξ uniquely to something which has
property ω.

Common to all three is the idea that there is a non-trivial condition on
the concept or description under which the subject ascribes the prop-
erty to the object. Aloni (2005) suggests that this can be achieved by
restricting the domain of quantification. Instead of quantifying over all
individual concepts, she suggests that one quantifies over a (possibly
contextually determined) subset S ⊆ DW×D of such concepts. But it’s
easy to see that no such restriction will prevent the semantics from val-
idating the undesirable principle mentioned at the end of section 5.2.2,
repeated here for convenience:

(105) ∃x(By
tϕ ∧By

tψ) → ∃xBy
t (ϕ ∧ ψ).

Moreover, as the following argument indicates, the problem with beliefs
de re is more fundamental: without violating compositionality, no simple
tweaking of the basic semantics will solve it. As the first premise of the
argument, I believe we can assume that, relative to each context, there’s
some set of appropriate relations that (i) aren’t trivially satisfiable and
(ii) are such that

(129) t believes of some ϕ that it is ψ.

implies

(130) t is appropriately related to some ϕ.

Now, consider

(131) Ralph believes of some man on the beach that he’s either a spy
or not a spy: ∃x(MBx ∧By

r(Sx ∨ ¬Sx)).
By (ii), this should imply that

(132) Ralph is appropriately related to some man on the beach.

Clearly,
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(133) There is a man on the beach and Ralph believes that everything
is self-identical: ∃xMBx ∧By

r∀z(z = z).

should imply no such thing. The bottom line is, it should be possible
for (133) to be true while (131) is false. This is our second premise.
But since the variable x doesn’t occur in By

r∀z(z = z), (133) should be
equivalent to

(134) ∃x(MBx ∧By
r∀z(z = z)).

This is our third premise. Now, regardless of whether we quantify over
objects or some subset of individual concepts, the formula Sx∨¬Sx will
be true with respect to all centered worlds, worlds and assignments.5

The same goes for ∀z(z = z). If compositionality is to be respected,
these formulas should substitutable salva veritate. But, as witnessed by
(131) and (134), they are not.

The problem, in a nutshell, is that in present semantic framework
there’s no way of generally telling, by looking at the semantic value only,
whether a formula contains some particular free variable. Again, this
suggests that we need to look at structured semantic values.

By contrast, the strategy with individual concepts seems much more
promising for indexicals. We can tweak the notion of a model by letting
the interpretation of an indexical i relative to each context c be an
individual concept I(i)(c) : W ×D → D. Thus, an indexical will be like
a contextually dependent name. And, as usual, if i is the first person
pronoun, then I(i)(w, d)(w, d) = d for all 〈w, d〉 ∈ W ×D. In order to
get modal embeddings right (so that Necessarily, I am Eric comes out
true), we should define the semantics accordingly:

(135) If t is an indexical, then �t�cM,u,w,g = I(t)(c)(u).

As a result, (106-a) and (106-b) will be consistent, as will (106-a) and
(106-c). However, as I will opt for a more unified treatment of indexicals
and variables, I will not pursue this particular strategy further. On the
structured semantics I’m proposing in section 5.6, Ralph believes that I
am a spy will be logically equivalent to Ralph believes of me that I am
a spy.

5At least under the simplifying assumption that all the relevant individual concepts
are total functions. According to what was argued for in chapter 2, we need not
assume that domains are constant across worlds. Sx ∨ ¬Sx will be true with respect
to all assignments anyway.
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5.4 The meta-semantic strategy

Anyone will agree that it seems perfectly possible not to believe in cer-
tain logical or analytical truths. Consider the following examples:

(136) a. An ophthalmologist is an eye-doctor.
b. Either it’s not both hot and sunny, or it’s not the case

that it’s either not hot or not sunny.
c. There are infinitely many primes.

One way to defend the basic semantics in light of these problems is to
adopt a pragmatic or meta-semantic strategy. This is what Stalnaker
(1984) does. The general insight guiding this strategy is that, when
someone utters a sentence ϕ, listeners typically infer all kinds of things
that go over and above the semantic content of ϕ. For one thing, they
will infer that someone just uttered ϕ. Provided that they think the
speaker is trustworthy speaker of English, they will perhaps also infer
that ϕ is a true sentence of English, that the speaker believes that ϕ is
a true sentence of English, etc. If someone says

(137) Bob believes that ϕ.

we generally expect that Bob will answer ‘yes’ when asked

(138) Do you believe that ϕ?

and we typically also expect that

(139) Bob believes that ‘ϕ’ is a true sentence of English.

If the latter doesn’t obtain, (137) will be considered misleading, and
misleading statements may seem false. This strategy, if successful, would
also explain why it seems that people don’t know that water is H2O, or
that Hesperus is Phosphorus. In other words, it would explain why it
also seems possible to not believe in certain necessary truths.

As Stalnaker would put it, when we say that

(140) Bob doesn’t believe that an ophthalmologist is an eye-doctor.

which (according to him) is strictly speaking false, listeners will never-
theless infer something true: that Bob doesn’t know what ‘ophthalmolo-
gist’ means. The meta-semantic strategy is to treat (136-b) and (136-c)
on par with (136-a). Although the meta-semantic strategy seems plau-
sible in the case of (136-a) and (136-b), it seems less plausible in the
case of (136-c).
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Many philosophers, e.g. Field (1978), have objected to the meta-
semantic strategy in something like the following way, as described by
Stalnaker (1984, p. 76) himself:

The feeling that my suggestion, as an attempt to explain
mathematical ignorance, mislocates the source of that ig-
norance is supported by the following argument: consider
a particular axiomatic formulation of first order logic with
which, suppose, I am familiar. While it is a contingent fact
that each axiom sentence expresses a necessary truth (how-
ever the descriptive terms are interpreted), this is a contin-
gent truth which I know to be a fact. It may also be only
contingently true that the rules of inference of the system
when applied to sentences which express necessary truths
always yield sentences which express necessary truths, but
this fact too is known to me. Now consider any sentence of
the system in question which happens to be a theorem. It is
only a contingent truth that that sentence expresses a neces-
sary truth, but this contingent fact follows deductively from
propositions that I know to be true. Hence if my knowledge
is deductively closed, as seems to be implied by the con-
ception of states of knowledge and belief that I have been
defending, it follows that I know of every theorem sentence
of the system in question that it expresses a necessary truth.
But of course I know no such thing.

Stalnaker concedes that they have a point. And it may seem as if this
objection puts him back at square one. But it doesn’t. Since the seman-
tic theory in question is a contingent one, Stalnaker could always deny
that actually knows it (as indicated by the fact that he doesn’t know all
analytical consequences of it).

To make this more plausible, consider another contingent theory,
namely that of Newtonian mechanics. Suppose the Newtonian trajectory
of an object is described by the dashed curve in figure 5.1, and suppose
that Bob knows the initial speed, angle and standard acceleration. But
for some reason, Bob believes that the object will follow the trajectory
described by the dotted curve. A natural thing to say, then, would be
that

(141) Bob doesn’t believe that the object will follow its Newtonian
trajectory.

If we are told, however, that Bob believes in the theory of Newtonian
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Figure 5.1: Newtonian mechanics.

mechanics, or simply that

(142) Bob believes that all objects follow their Newtonian trajecto-
ries.

the former sentence suddenly seems false. A possible explanation would
be that (142) analytically entails the falsity of (141). If Bob believes
that all F :s are G, and he believes that a is F , then he must also believe
that a is G. For instance, if Bob believes that all apples are red, and he
believes that a is an apple, then he must also believe that a is red.

Compare with the following scenario, where we are supposed to guess
what profession Bob believes that Mary has. As a clue, we are told that
Bob believes that Mary treats people who have medical problems with
their feet. At this point, a natural thing to say would be that

(143) Bob doesn’t believe that Mary is an ophthalmologist

Suppose, however, we are also told that

(144) Bob believes that being an ophthalmologists is the same as
being someone who treats people who have medical problems
with their feet.

which, many would agree6, is literally false, then (143) no longer seems

6Mainly, I guess, because of the following argument by Church (1954). Consider

(i) a. Ralph believes that a fortnight is a fortnight.
b. Ralph believes that a fortnight is a period of fourteen days.
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true. The scenarios are supposed to be analogous.7

The upshot is that, if we think that people are logically omniscient,
then their cognitive capacities will limit the kind of propositions they
are able to believe, rather then the kind of propositions they are able to
deduce from their beliefs. If Bob isn’t able to carry out the relevant com-
putations, he’s not able to believe in Newtonian mechanics. Believing,
on this conception of belief, is not an easy thing to do.

But there is a quite general problem with the meta-semantic strategy.
A version of this objection can be found in Robbins (2004, p. 62). He
calls it the Continuity Objection. Essentially, it goes like this. Suppose
we know that Chang doesn’t speak English. Suppose he’s an ancient
Chinese mathematician who’s trying to refute Euclid’s theorem. When
someone says

(145) Chang believes that there finitely many primes.

we do not pragmatically infer that

(146) Chang believes that ‘there are finitely many primes’ is a true
sentence of English.

since we know that Chang doesn’t believe any such thing. Hence, it
seems we cannot use the meta-semantic strategy to explain why (145)
nevertheless seems true in this case, at least not straightforwardly.8 Per-
haps one could reply that what is pragmatically inferred is rather

(147) Chang believes that the Chinese translation of the English sen-

Suppose one would insist that, relative to some context, (i-a) is true but (i-b) is false
(because Ralph has misunderstood the word ‘fortnight’, believing that it refers to a
period of two days). Arguably, if one insists that some English sentence is true (false),
one should also insist that its German translation is true (false). But since German,
unlike English, doesn’t have a single word denoting a period of fourteen days, both
sentences will translate into the same German sentence. Thus, one would be insisting
on a contradiction.

7Now, one can of course respond to the story above by saying that, literally speak-
ing, (141) is not a natural thing to say given the current state of information (i.e.
before being told that Bob believes in Newtonian mechanics). What’s natural is
rather the corresponding de re ascription:

(i) Concerning the Newtonian trajectory: Bob doesn’t believe that the object
will follow it.

which, intuitively, should be fully compatible with (142).
8The continuity objection is analogous to Church’s objection (Church, 1950)

against any theory according to which the belief operator literally expresses a re-
lation between the believer and a sentence.
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tence ‘there are finitely many primes’ is a true sentence of Chi-
nese.

But I fear that any attempt to spell out what the relevant translation
of There are finitely many primes would be in Chinese (it cannot be
just any co-intensional sentence), would have to appeal to some notion
of intensional isomorphism or structured propositions.

5.5 Structured propositions

In order to do compositional semantics that respects the standard in-
tuitions of hyperintensionality, we need a more fine grained notion of
semantic values than possible world intensions. For instance, logically
equivalent expressions need to be assigned different semantic values. The
obvious suggestion would be that the semantic value of an expression
should somehow reflect its syntactic structure. To start with a simple
example, consider a language LB of propositional logic extended by a
unary belief operator B, where the intended interpretation of Bϕ is, say,
Eric believes that ϕ. In order to interpret this language, we need a set
of semantic values on which to map each sentence. According to the
standard Hintikka semantics (Hintikka, 1962), a model would just be a
triple M = 〈W,B, I〉, where B : W → P(W ) assigns a set of doxastic
alternatives relative to each world, and I is a function assigning a set of
possible worlds I(p) ⊆ W to each sentence letter p (the set of worlds in
which p is true). Each complex sentence ϕ would then be assigned a set
of possible worlds [ϕ]M ⊆ W in such a way that [¬ϕ]M = W − [ϕ]M,
[ϕ ∧ ψ]M = [ϕ]M ∩ [ψ]M and [Bϕ]M = {w ∈ W : B(w) ⊆ [ϕ]M}.
The semantic value of each sentence ϕ in a model M would be the set
[ϕ]M ⊆ W of worlds in which the sentence is true in that model, and
the set of possible semantic values relative to W would be the power
set P(W ). This time, we’ll do it differently. Consider the following
preliminary suggestion:

Example 5.5.1. Let W be a non-empty set (of possible worlds), and
let {NOT,AND,BEL} be a set of objects yet to be defined. Let the
set Ω(W ) of structured propositions generated by W be the smallest set
such that the following obtains:

1. If X ⊆ W , then X ∈ Ω(W ).

2. If X,Y ∈ Ω(W ), then 〈NOT,X〉, 〈AND, 〈X,Y 〉〉, 〈BEL,X〉 ∈
Ω(W ).
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Let a model of LB be a triple M = 〈W,B, I〉, where B : W → P(Ω(W ))
is a function assigning a set of structured propositions relative to each
world (in the vocabulary of our meta-language: the set of structured
propositions that are believed by the agent in that world), and I is a
function assigning a set of I(p) ⊆ W of possible worlds to each sentence
letter p. Each sentence ϕ is assigned a structured proposition [ϕ]M ∈
Ω(W ) according to the following recipe:

1. If ϕ is a sentence letter, then [ϕ]M = I(ϕ).

2. [¬ϕ]M = 〈NOT, [ϕ]M〉.
3. [ϕ ∧ ψ]M = 〈AND, 〈[ϕ]M, [ψ]M〉〉.
4. [Bϕ]M = 〈BEL, [ϕ]M〉.

So far, we haven’t said anything about under what circumstances a
sentence is true, but we can define the truth-conditional content |X| ⊆
W for any structured proposition X ∈ Ω(W ) as follows:

1. If X ⊆ W , then |X| = X.

2. |〈NOT,X〉| = W − |X|.
3. |〈AND, 〈X,Y 〉〉| = |X| ∩ |Y |.
4. |〈BEL,X〉| = {w ∈ W : X ∈ B(w)}.

We can then speak derivatively of the truth-conditional content of a
sentence ϕ in a model M as the set |[ϕ]M| ⊆ W of possible worlds.

Now, in order to have a well defined notion of structured propo-
sitions, we still need to say something about the object NOT , AND
and BEL. For reasons of intuitive synonymy across languages, we want
these objects to be language independent in some sense (perhaps in
the sense that they exist independently of any language). At any rate,
they shouldn’t be syntactic objects. If the idea is that the structured
proposition associated with a sentence should constitute its meaning,
then the English sentence It’s not raining should be assigned the same
structured proposition as its Swedish translation, Det regnar inte (un-
der the intended interpretation of both languages). Other than that,
as far as the above example is concerned, these objects can be any-
thing (as long as they are distinct). What they are will not effect the
truth-conditional content of sentences in a model. This is unfortunate.
Whatever meaning is, the idea goes, it should have its truth conditions
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necessarily or intrinsically. Structured propositions should be related
to their truth-conditions in the same way polygons (triangles, squares,
pentagons, etc.) are related to their number of sides. The meaning of an
expression should not be something that in turn needs interpretation.9

Cresswell (2002, p. 652) makes a similar observation in his critique
against the notion of structured propositions. In reply to that critique,
King (2007, p 115) suggests that we simply let NOT be the function
from P(W ) to P(W ) such that, for any A ⊆ W , NOT (A) = W −A, and
let the truth conditional content of a structured proposition 〈NOT,X〉
be defined by |〈NOT,X〉| = NOT (|X|). That way, the object NOT
will not be arbitrary. On the contrary, it will play a substantial role
in determining the truth conditions for the propositions of which it is
a part. Presumably, the same strategy (mutatis mutandis) would apply
to AND. That would also be the strategy adopted by Cresswell (1985)
and Richard (1990).

However, the same strategy doesn’t apply without further ado in the
case of BEL. Clearly, BEL cannot be a function from P(W ) to P(W )
such that |〈BEL,X〉| = BEL(|X|). That’s the whole point of using
structured propositions (otherwise propositions with the same truth-
conditional content would be substitutable salva veritate in belief con-
texts). But if we were to define BEL as a function from Ω(W ) to P(W )
such that |〈BEL,X〉| = BEL(X), we would first have to define Ω(W ).
But Ω(W ), as it stands, is defined in terms of BEL! The problem was
noted by Richard (1990, p. 145). If we want B to denote a function
BEL from structured propositions to classical propositions, while some
of these structured propositions are allowed to contain that very function
as a constituent, this will be impossible on the standard understanding of
a function in well-founded set theory. It would mean, for instance, that
for some X,Y ⊆ W , we would have 〈〈BEL,X〉, Y 〉 ∈ BEL. Whichever
way one defines ordered pairs set-theoretically, one will end up with a
set A that contains a set that contains a set (....) that contains A.

9This relates to a more general problem, namely the so called unity of the propo-
sition problem. The problem begins with Russell, who wanted to identify the propo-
sition expressed by ‘a is F ’ with the ordered pair consisting of the individual and the
property denoted by ‘a’ and ‘F ’ respectively. However, as for instance King (2016)
observes, propositions are things that can be true or false. An ordered pair is not
something that can be true or false. At this level of generality, however, the prob-
lem (if it is a problem) would make it virtually impossible to develop any kind of
interesting mathematical theory of language and meaning. Strictly speaking, a set of
possible worlds or a function from possible worlds to truth values is not something
that can be true or false either. Hence, the unity of the proposition problem doesn’t
only afflict structured propositions.
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As Richard observes, one can solve the problem, either by adopting
some kind of non-well-founded set theory, or by introducing a hierarchy
of BEL-functions: BEL0 (which only takes structured propositions not
containing any BEL-function as arguments), BEL1 (which only takes
structured propositions containing at most BEL0 as arguments), etc.
I will not pursue either of those strategies, however, but simply accept
that the objects I have chosen for modeling belief content will be some-
what arbitrarily related to the objects I have chosen for modeling truth
conditions. For convenience, certain syntactic elements (operators and
variables, to be precise) are simply interpreted as themselves.

5.6 Structured 2D-semantics

Assuming that our language L∗
B� has a set X of variables, the semantics

for this language is defined as follows:

Definition 5.6.1 (Structured 2D-entities). Let W be a non-empty set
(of possible worlds) and D a non-empty set (of possible objects), let
Δ(W,D) = (D × N) ∪X ∪DW×D and Πn(W,D) = (P(Dn)W )W×D for
all n ∈ N − {0}. The set Ω(W,D) of structured propositions generated
by W and D is then the smallest set such that the following obtains:

1. If α ∈ Πn(W,D) and β ∈ Δ(W,D)n, then 〈α, β〉 ∈ Ω(W,D).

2. If α ∈ Ω(W,D), then 〈¬, α〉 ∈ Ω(W,D).

3. If α, β ∈ Ω(W,D), then 〈∧, 〈α, β〉〉 ∈ Ω(W,D).

4. If α ∈ Ω(W,D) and x ∈ X, then 〈∀, 〈x, α〉〉 ∈ Ω(W,D).

5. If α ∈ Ω(W,D), then 〈�, α〉 ∈ Ω(W,D).

6. If α ∈ Δ(W,D), x ∈ X and β ∈ Ω(W,D), then 〈B, 〈α, x, β〉〉 ∈
Ω(W,D).

We say that Σ(W,D) = Δ(W,D)∪Π1(W,D)∪Π2(W,D)∪ ...∪Ω(W,D)
is the set of structured entities generated by W and D.

Next, let Δ′(W,D) = X ∪ DW×D, and let the set Ω′(W,D) ⊆
Ω(W,D) of narrow structured propositions be defined just like Ω(W,D)
except for Δ(W,D) being replaced by Δ′(W,D). Finally, we define the
subset Ω∗(W,D) ⊆ Ω(W,D) of closed structured propositions, by defin-
ing a function free : Ω(W,D) → P(X) as follows:

1. free(〈α, 〈α1, ..., αn〉〉) = X ∩ {α1, ..., αn}.
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2. free(〈¬, α〉) = free(α).

3. free(〈∧, 〈α, β〉〉) = free(α) ∪ free(β).

4. free(〈forall, 〈x, α〉〉) = free(α)− {x}.
5. free(〈�, α〉) = free(α).

6. free(〈B, 〈α, x, β〉〉) = free(α) ∪ (free(β)− {x}).
We then say that α ∈ Ω∗(W,D) iff free(α) = ∅.

Δ(W,D) will be used to interpret terms, Πn(W,D) to interpret n-
place predicates, Ω(W,D) to interpret formulas, and Ω∗(W,D) to inter-
pret closed formulas (see Fact 5.1 below).

Definition 5.6.2 (Structured 2D-frame). A structured 2D-frame is
a tuple F = 〈W,D,B,N〉, where W is a non-empty set (of possi-
ble worlds), D a non-empty set (of possible objects), B : W × D →
P(Ω∗(W,D) ∩ Ω′(W,D)) is a function assigning a set of closed narrow
structured propositions to each object in each world, and N ⊆ DW×D

is a non-empty set (of name concepts) that doesn’t include the center
function, which is the function f : W × D → D such that f(w, d) = d
for all 〈w, d〉 ∈ W ×D.

As we shall see, we need to distinguish the set N ⊆ DW×D of the so
called name concepts in order to block the inference from Ralph believes
of Ortcutt that he’s a spy to Ralph believes that Ortcutt is a spy. The
requirement thatN doesn’t include the center function is needed in order
to yield correct truth-conditions, but I believe it can be independently
motivated. Arguably, an essential feature of the semantic category of
names is that it should be possible for two different speakers to refer
to the same object using the same name. As will be obvious from the
semantics, a name interpreted as the center function will not have this
feature.

Definition 5.6.3 (Structured 2D-model). A structured 2D-model of
L∗
B� is a tuple M = 〈F , I〉, where F = 〈W,D,B,N〉 is a structured 2D-

frame and I is an interpretation function with the following properties:

1. If t is a name, then I(t) ∈ N .

2. If t is an indexical, then I(t) ∈ DW×D. In particular, if t is the
first person pronoun, then I(t)(w, d) = d for all 〈w, d〉 ∈ W ×D.

3. If t is a variable, then I(t) = t.
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4. if P is an n-place predicate, then I(P ) : W × D → P(Dn)W . In
particular, if P is the identity predicate, then I(P )(u)(w) is the
identity relation on D for all u ∈ W ×D and w ∈ W .

Definition 5.6.4 (Structured 2D-content). Relative to any structured
2D-model M = 〈W,D,B,N, I〉 and context c ∈ W ×D, each expression
E is interpreted as a structured entity [E]cM ∈ Σ(W,D) according to the
following recipe:

1. If t is a name or variable, then [t]cM = I(t).

2. If t is an indexical with subscript n, then [t]cM = 〈I(t)(c), n〉.
3. [Pt1...tn]

c
M = 〈I(P ), 〈[t1]cM, ..., [tn]

c
M〉〉.

4. [¬ϕ]cM = 〈¬, [ϕ]cM〉.
5. [ϕ ∧ ψ]cM = 〈∧, 〈[ϕ]cM, [ψ]cM〉〉.
6. [∀xϕ]cM = 〈∀, 〈[x]cM, [ϕ]cM〉〉.
7. [�ϕ]cM = 〈�, [ϕ]cM〉.
8. [Bx

t ϕ]
c
M = 〈B, 〈[t]cM, [x]cM, [ϕ]cM〉〉.

The following fact is easily established:

Fact 5.1. If ϕ is a closed formula, then [ϕ]cM is a closed structured
proposition.

According to the semantics given in example 5.5.1, the relation that
needs to obtain between a structured proposition with which an agent
is belief-related and the structured proposition expressed by the that-
clause of a true belief ascription is just identity. Not so in this case, and
for at least three reasons. The first reason is the behavior of names and
natural kind predicates in two-dimensional semantics. As mentioned in
section 5.3, we don’t want

(123) Twin Oscar believes that there is water in his bathtub.

to follow analytically from

(122) Twin Oscar believes that a sample of the clear, odorless drink-
able stuff on his planet is present in his bathtub.

Likewise, we don’t want
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(125) Twin Oscar believes that Hesperus is a planet.

to follow analytically from

(124) Twin Oscar believes that the brightest celestial body visible in
his evening sky is a planet.

The reason why (123) and (125) should be false seems to be that the
conceptswater and hesperus don’t refer to the same thing in the mind
of the ascriber (someone on Earth) as it does in the mind of the ascribee
(Twin Oscar).

The second reason has to do with beliefs de re, i.e with the behavior
of variables and indexicals as they occur within the scope of a belief
operator. Relative to any assignment (or context), the only semantic
contribution made by a variable (or indexical) is its referent, the object
to which it refers relative to that assignment (or context), plus something
to indicate which objects that are the referent of the same variable (or
indexical). But we don’t want the object itself to be part of the struc-
tured proposition to which the ascribee is supposed to be belief-related
in order for the belief ascription to be true. What we want is for the as-
cribee to have some individual concept in mind that picks out the right
object.

The third reason has to do with beliefs de se. The structured propo-
sitions expressed by the that-clause in John believes that he is hungry
contains a free variable bound by the belief operator. In order for the
ascription to be true, John needs to be belief related to a structured
proposition where all free occurrences of the variable in question is re-
placed by the individual concept that picks out the center relative to
each centered world.

We shall require, therefore, that the structured proposition expressed
by the ascriber and the structured proposition to which the ascribee is
supposed to be belief-related are aligned with respect to the ascriber
and ascribee, in the following sense:

Definition 5.6.5 (Alignment). Relative to any structured 2D-model
M = 〈W,D,B,N, I〉, two structured entities α, β ∈ Σ(W,D) are said to
be aligned with respect to a tuple 〈f, b, x, Y, u, w, g〉 ∈ Σ(W,D)Σ(W,D) ×
D×X ×P(X)× (W ×D)×W ×DX iff either of the following obtains:

1. α ∈ D × N, where α = 〈d, n〉, f(α) = β, β ∈ DW×D and d =
β(w, b).

2. α ∈ DW×D −N , f(α) = β, β ∈ DW×D and α(u) = β(w, b).
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3. α ∈ N , α = β and α(u) = β(w, b).

4. α ∈ X, and either of the following obtains:

(a) α �= x, α �∈ Y , f(α) = β, β ∈ DW×D and g(α) = β(w, b).

(b) α = x, α �∈ Y , β ∈ DW×D is the center function, namely the
function such that, for all 〈w, d〉 ∈ W ×D, β(w, d) = d.

(c) α ∈ Y and α = β.

5. α ∈ Πn(W,D), α = β and α(u) = β(w, b).

6. α = 〈α0, 〈α1, ..., αn〉〉, where α0 ∈ Πn(W,D) and α1, ..., αn ∈
Δ(W,D), and β = 〈β0, 〈β1, ..., βn〉〉, where β0 ∈ Πn(W,D) and
β1, ..., βn ∈ Δ(W,D), and α0 and β0,...,αn and βn are aligned with
respect to 〈f, b, x, Y, u, w, g〉.

7. α = 〈¬, α0〉, β = 〈¬, β0〉 and α0 and β0 are aligned with respect
to 〈f, b, x, Y, u, w, g〉.

8. α = 〈∧, 〈α0, α1〉〉, β = 〈∧, 〈β0, β1〉〉, and α0 and β0, α1 and β1 are
aligned with respect to 〈f, b, x, Y, u, w, g〉.

9. α = 〈∀, 〈z, α0〉〉, β = 〈∀, 〈z, β0〉〉 and α0 and β0 are aligned with
respect to 〈f, b, x, Y ∪ {z}, u, w, g〉.

10. α = 〈�, α0〉, β = 〈�, β0〉 and α0 and β0 are aligned with respect
to 〈f, b, x, Y, u, w, g〉.

11. α = 〈B, 〈γ, z, α0〉〉, β = 〈B, 〈δ, z, β0〉〉, γ and δ are aligned with re-
spect to. 〈f, b, x, Y, u, w, g〉, and α0 and β0 are aligned with respect
to 〈f, b, x, Y ∪ {z}, u, w, g〉.

Before I explain this definition, let me just say that the relation of
alignment between structured two-dimensional propositions is supposed
to do the same job as the relation of coordination is supposed to do in
Chalmers (2011, pp. 608-609). On his account, ‘x believes that S’ is true
iff there’s a proposition q such that the referent of x is belief-related to
q and q is coordinate with the proposition expressed by S. Moreover,
Chalmers suggest that, to a first approximation, the two propositions p
and q are coordinate iff (i) they have the same secondary intension, and
(ii) their primary intensions are appropriately related with respect to S.
He does not, however, elaborate much further on what it takes for two
primary intensions of p and q to be appropriately related with respect
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to S, and admits that no complete account of this relation is yet close
to hand.

Now, regarding the list of parameters 〈f, b, x, Y, u, w, g〉, the role of
f is to make sure that structured entities that are the content of one
and the same indexical or variable occurring several times within the
same belief context are aligned each time with the same structured en-
tity. That’s also the reason why each indexical is interpreted in each
context as the ordered pair of the denoted object and the subscript of
the indexical. As we shall see, this is in order to invalidate the following
two principles:

(148) a. ∀x∀y(x = y ∧Bz
t (ϕ(x) ∧ ψ(y)) → Bz

t (ϕ(x) ∧ ψ(x))).
b. i = j ∧Bx

t (ϕ(i) ∧ ψ(j)) → Bx
t (ϕ(i) ∧ ψ(i)).

The role of b is to keep track of the ascribee, and the role of x is to
keep track of the variable bound by the outermost belief operator. This
variable is aligned with the center function. Variables bound by belief
operators inside the scope of the outermost belief operator are, like all
bound variables, aligned with themselves. These parameters are never
shifted. The role of the set of variables Y is to keep track of which vari-
ables inside the scope of the outermost belief operator that are bound
by operators inside it. This parameter is shifted whenever a variable-
binding operator is considered, and the new variable is included. Every
variable that isn’t x or belongs to Y is a free variable that should be
aligned with an individual concept (see the explanation of clause 4 be-
low).

The role of u is to keep track of the centered world considered as
actual, the role of w to keep track of the world considered as counter-
factual, and the role of g is to keep track of variable assignments. The
pair of centered world u and 〈w, b〉 will be important, as u represents
the point of view of the ascriber, and 〈w, b〉 represents the point of view
of the ascribee. The idea is to require that all parts of the structured
propositions expressed by the that-clause of a true belief ascription, and
all parts of the structured proposition in the mind of the ascribee, are
aligned in the sense that the former pick out the same intensions relative
to the ascriber as the latter do relative to the ascribee.

I will now try to explain each clause in turn:

1. If α ∈ D × N, then α is the interpretation of an indexical term
uttered by the ascriber of the context. In order for the belief
ascription to be true, the ascribee b needs to have an individual
concept β that, from his point of view (i.e. relative to the centered
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world consisting of b and the world of evaluation w), picks out the
object-part of α.

2. If α ∈ DW×D − N , that means α is an individual concept in the
mind of some ascribee. This clause is only relevant for iterated
beliefs. Suppose, for instance, that Bob believes that Alice believes
that I am handsome. Among other things, that means Bob has an
individual concept α that, from his point of view, picks me out.
Now, what does it take for Bob’s belief to be true? Arguably, Alice
needs to have an individual concept that picks me out from her
point of view as well. But this concept need not be the same as α.

3. If α ∈ N , that means α is the interpretation of a name. Suppose,
for instance, that Alice believes that Bob is handsome. In order
for that to be true, Alice needs to have the name concept that
is the interpretation of Bob. Moreover, we need to make sure
that this concept, from her point of view, indeed picks out the
same individual as it does from the point of view of the ascriber.
Because if Alice is on Twin Earth, the very same concept will pick
out Twin Bob.

4. If α ∈ X, that means α is a variable. Then we need to consider
three cases:

(a) Belief de re: α �= x and α �∈ Y . The fact that α �= x means
that α isn’t bound by the outermost belief operator, and the
fact that α �∈ Y means that α isn’t bound by any other oper-
ator inside the scope of the outermost belief operator. Hence,
α is bound from outside the belief context, and we need an
individual concept β that, relative to the believer and world
of evaluation, picks out the same individual as α does under
the assignment in question.

(b) Belief de se: α = x and α �∈ Y . That means α is bound by the
outermost belief operator, in which case β has to be the center
function (the de se concept, if you like). For instance, if Ralph
believes that he is handsome, Ralph is belief-related to the
structured proposition 〈α, β〉, where α is the interpretation of
the predicate handsome, and β is the center function. When
evaluated with respect to a centered world, this structured
proposition will be true just in case the center of that world
is in the extension of α in that world.

(c) α ∈ Y . That means α is bound by an operator inside the
scope of the outermost belief operator. In that case, β needs
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to be the same variable as α. If Ralph believes that every-
one is a spy, then Ralph is belief-related to the structured
proposition 〈∀, 〈α, 〈γ, β〉〉〉, where γ is the interpretation of
the predicate spy, and α = β.

5. α ∈ Πn(W,D), which means that α is the interpretation of an
n-place predicate. Then β has to be identical to α. Furthermore,
we want the intension of beta to be the same from the point of
view of ascriber and ascribee. In other words, α(u) = β(w, b). It
will therefore be false, for instance, that Twin Oscar believes that
water is wet, since the interpretation of water relative to Twin
Oscar yields an XYZ- rather than an H2O-intension.

6. If α is the interpretation of an atomic formula, then β needs to
have the same structure as α, and the components of α and β have
to be aligned with respect to the same parameters.

7. If α is the interpretation of a negation, then β needs to have the
same structure as α, and the components of α and β have to be
aligned with respect to the same parameters.

8. If α is the interpretation of a conjunction, then β needs to have
the same structure as α, and the components of α and β have to
be aligned with respect to the same parameters.

9. If α is the interpretation of a universally quantified formula,then
β needs to have the same structure as α, and the components of α
and β have to be aligned. This time, however, we need to shift one
of the parameters by adding the variable bound by the quantifier.

10. If α is the interpretation of a necessitated formula, then β needs
to have the same structure as α, and the components of α and β
have to be aligned with respect to the same parameters.

11. If α is the interpretation of a belief ascription, then β needs to
have the same structure as α, and the subject components of α
and β have to be aligned with respect to the same parameters.
The components in object position, however, has to be aligned
with respect to the parameters you get by adding the variable
bound by the belief operator.

One last detail before we get to the truth-conditions. Variables are,
as we have seen, interpreted as themselves. If truth is to be preserved
under relabeling of variables, so that for instance Bx

t ∀yPxy is equivalent
to Bz

t∀vPzv (as it should be), we need to introduce the following notion:
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Definition 5.6.6 (Variable permutations). For any structured entity
α ∈ Σ(W,D) and bijection h : X → X, the h-permutation αh of α is
defined recursively:

1. If α ∈ X, then αh = h(α).

2. If α ∈ Δ(W,D)−X or α ∈ Πn(W,D), then αh = α.

3. 〈¬, α〉h = 〈¬, αh〉.
4. 〈∧, 〈α, β〉〉h = 〈∧, 〈αh, βh〉〉.
5. 〈�, α〉h = 〈�, αh〉.
6. 〈∀, 〈x, α〉〉h = 〈∀, 〈h(x), αh〉〉.
7. 〈B, 〈γ, x, α〉〉h = 〈B, 〈γh, h(x), αh〉〉.

For any variable assignment g : X → D and bijection h : X → X, the
h-permutation of g is the function gh : X → D such that gh(h(x)) =
g(x) for all x ∈ X. Likewise, for any set of variables Y ⊆ X, the
h-permutation of Y is the set Y h ⊆ X such that h(x) ∈ Y h iff x ∈ Y .

The following fact is easy to establish:

Fact 5.2. For any structured entity α and bijection h : X → X, we
have |α|u,w,g = |αh|u,w,gh.

With these definitions in place, truth conditions for structured propo-
sitions can be given as follows:

Definition 5.6.7 (Unstructured 2D-content). Relative to any struc-
tured 2D-model M = 〈W,D,B,N, I〉, centered world u ∈ W ×D, world
w ∈ W and assignment g : X → D, the unstructured content |α|u,w,g of
any structured 2D-entity α ∈ Σ(W,D) is given according to the following
recipe:

1. If α ∈ D × N, with α = 〈d, n〉, then |α|u,w,g = d.

2. If α ∈ DW×D, then |α|u,w,g = α(u).

3. If α ∈ X, then |α|u,w,g = g(α).

4. If α1, ..., αn ∈ Δ(W,D) and α ∈ Πn(W,D), then we say that
|〈α, 〈α1, ..., αn〉〉|u,w,g = 1 iff 〈|α1|u,w,g, ..., |αn|u,w,g〉 ∈ α(u)(w).

5. |〈¬, α〉|u,w,g = 1 iff |α|u,w,g = 0.
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6. |〈∧, 〈α, γ〉〉|u,w,g = 1 iff |α|u,w,g = 1 and |γ|u,w,g = 1.

7. |〈∀, 〈x, α〉〉|u,w,g = 1 iff, for all d ∈ D, |α|u,w,g[d/x] = 1.

8. |〈�, α〉|u,w,g = 1 iff, for all w′ ∈ W , |α|u,w′,g = 1.

9. |〈B, 〈γ, x, α〉〉|u,w,g = 1 iff, where b = |γ|u,w,g, there’s a structured
proposition β ∈ B(w, b), a function f : Σ(W,D) → Σ(W,D) and a
bijection h : X → X such that αh and β are aligned with respect
to 〈f, b, h(x), ∅, u, w, gh〉.

A brief comment on the last clause: the empty set in the tuple is due
to the fact that all variables inside the scope of the belief operator except
x are considered unbound until proven otherwise by the occurrence of a
variable binding operator.

As mentioned at end of section 5.3, Bx
t ϕ(i) and ∃y(y = i ∧Bx

t ϕ(y))
are logically equivalent according to the suggested semantics. To see
why, it’s enough to compare clause 1 and 4(a) in the definition of align-
ment. Note also that this semantics validates the inference from Ralph
believes that Ortcutt is a spy to Ralph believes of Ortcutt that he’s a
spy, but not vice versa. My contention is that this is reasonable. If
complex terms were introduced (via, for instance, a definite descrip-
tion operator), the patently undesirable inference from Ralph believes
that the shortest spy is a spy to Ralph believes of the shortest spy that
he is a spy would still blocked, since the shortest spy would be inter-
preted as a complex individual concept, and not simply a function from
centered worlds to objects. To see why this semantics indeed invali-
dates (148-a) and (148-b), it’s enough to note that even if there is a
structured proposition 〈∧, 〈α(γ), β(δ)〉〉 in the belief box of the ascribee
such that f([s]cM) = γ and f([t]cM) = δ, and even if the individual
concepts γ and δ pick out the same object o relative to the ascribee,
there need not be a structured proposition 〈∧, 〈α(ε), β(ε)〉〉 in the be-
lief box of the ascribee such that ε picks out o. A similar explanation
can be given as to why the semantics invalidates (105). Because even
under the assumption that beliefs are closed under conjunction, so that
α(γ), β(δ) ∈ B(w, b) entails 〈∧, 〈α(γ), β(δ)〉〉 ∈ B(w, b), there’s no guar-
antee that there’s 〈∧, 〈α(ε), β(ε)〉〉 ∈ B(w, b).

Another important property of this semantics (and the alignment
relation in particular) is given by the following theorem:

Theorem 5.2. For any structured 2D-model M = 〈W,D,B,N, I〉, cen-
tered world u ∈ W × D, world w ∈ W , assignment g : X → D, func-
tion f ∈ Σ(W,D)Σ(W,D), structured entities α, β ∈ Σ(W,D), x ∈ X
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and object b ∈ D: if α and β are aligned w.r.t 〈f, b, x, ∅, u, w, g〉, then
|α|u,w,g[b/x] = |β|〈w,b〉,w,g[b/x].

For a proof, see appendix C.3. As we shall see in section 5.8, this
theorem is important because it ensures the validity of the following
schema:

(149) Necessarily [if ϕ and t believes that ϕ, then t believes something
true].

In order to establish the validity of this schema, the following fact will
also be needed:

Fact 5.3. If α ∈ Ω∗(W,D), then |α|u,w,g = |α|u,w,g′ for any g, g′ ∈ DX .

Proof. We show the stronger claim that if α ∈ Ω(W,D) and g(x) =
g′(x) for all x ∈ free(α), then |α|u,w,g = |α|u,w,g′ . The proof is then
straightforward by induction on the complexity of α.

At this point, you may wonder what happens with the representation
of self-locating beliefs on the structured account. The set of centered
worlds in which an agent locates himself can be defined as follows:

Definition 5.6.8 (Self-locating beliefs). Let M = 〈W,D,B, I〉 be a
structured 2D-model, and consider an agent b ∈ D who, in some world, is
belief-related to a closed narrow structured proposition α ∈ Ω∗(W,D)∩
Ω′(W,D). The set Uα ⊆ W ×D of centered worlds in which this belief is
true, is then given by the equation Uα = {〈w, d〉 ∈ W ×D : |α|〈w,d〉,w =
1}.

Concerning the relation between sentences and unstructured content,
we can introduce the following definition:

Definition 5.6.9. For any expression E, we define the unstructured
content of that expression as �E�cM,u,w,g = |[E]cM|u,w,g.

The following fact is then easy to establish:

Fact 5.4. Relative to any structured 2D-model M = 〈W,D,B,N, I〉,
context c ∈ W × D, centered world u ∈ W × D, world w ∈ W and
assignment g from the set of variables to D, the unstructured content
�E�cM,u,w,g of any expression E is given as follows:

1. If t is a name, then �t�cM,u,w,g = I(t).

2. If t is an indexical, then �t�cM,u,w,g = I(t)(c).
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3. If t is a variable, then �t�cM,u,w,g = g(I(t)).

4. �Pt1...tn�cM,u,w,g = 1 iff 〈�t1�cM,u,w,g, ..., �tn�cM,u,w,g〉 ∈ I(P )(u)(w).

5. �¬ϕ�cM,u,w,g = 1 iff �ϕ�cM,u,w,g = 0.

6. �ϕ ∧ ψ�cM,u,w,g = 1 iff �ϕ�cM,u,w,g = 1 and �ψ�cM,u,w,g = 1.

7. �∀xϕ�cM,u,w,g = 1 iff, for all d ∈ D, �ϕ�cM,u,w,g[d/x] = 1.

8. ��ϕ�cM,u,w,g = 1 iff, for all w′ ∈ W , �ϕ�cM,u,w′,g = 1.

9. �Bx
t ϕ�cM,u,w,g = 1 iff, where b = �t�cM,u,w,g, there’s a structured

proposition β ∈ B(w, b), function f : Σ(W,D) → Σ(W,D) and
bijection h : X → X such that ([ϕ]cM)h and β are aligned with
respect to 〈f, b, h(x), ∅, u, w, gh〉.

It’s worth noting that, although the semantics isn’t compositional
with respect to unstructured content, it is with respect to structured
content. Analyticity for sentences can be defined as follows:

Definition 5.6.10 (Analyticity). Relative to a structured 2D-model
M = 〈W,D,B,N, I〉, a sentence ϕ is analytical iff, for all 〈w, d〉 ∈
W ×D, �ϕ�w,d

M,〈w,d〉,w = 1.

Just as in the unstructured case, two-dimensional intensions for
names and natural kind predicates are needed in order for this defini-
tion to be adequate. Obviously, non-identical intensions for co-referring
proper names are also needed in order to block the inference from Ralph
believes that Cicero is Cicero to Ralph believes that Cicero is Tully. As
Fodor (2008, pp. 66-67) points out, non-identical intensions for co-
referring predicates may not be needed on a structured account in order
to block the inference from Ralph believes that water is wet to Ralph
believes that H2O wet, the reason being that water denotes a simple
concept while H2O denotes a complex one. But, as Fodor concedes,
Cicero and Tully are both plausibly taken to denote simple or basic
concepts.

Finally, we define truth-in-a-context for sentences:

Definition 5.6.11 (Truth in a context). A sentence ϕ is true in a con-

text 〈w, d〉 iff �ϕ�
〈w,d〉
M,〈w,d〉,w = 1.

Let me end the section with a worry about names (and predicates).
On the present account, in order for it to be true (in my idiolect) that
Ralph believes that Ortcutt is a spy, Ralph needs to be belief-related
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to a structured proposition containing an individual concept of Ortcutt
identical to mine (because of clause 3 in the definition of alignment).
This is of course highly improbable. The same goes, mutatis mutandis,
for predicates. Once could, of course, relax the alignment condition,
requiring only sufficient similarity between Ralph’s concept of Ortcutt
and mine. The corresponding clause in the definition of alignment would
then read as follows:

3′. α ∈ N , f(α) = β, α ≈ β and α(u) = β(w, b).

But I’m not sure what restrictions to impose on the similarity relation
≈. Another option would be to leave the semantics as it is, and ar-
gue for the meta-semantic claim that although Ralph associates slightly
different properties with the terms Ortcutt and spy than I do, when
Ralph believes that Ortcutt is a spy, he is relevantly related to every
structured proposition in some set of structured propositions contain-
ing similar enough variations of these concepts. A third option would
be to employ some notion of verisimilitude, and argue that, although
strictly speaking false, my claim that Ralph believes that Ortcutt is a
spy is close enough to the truth. Either way, some notion of similarity
has to be employed at some level. Unstructured semantics, insofar as
it only requires the ascribed proposition to include the belief set of the
ascribee10, is less sensitive to such variations.

5.7 Richard’s puzzle about indexicals

It’s interesting to see how the structured semantics is able to handle
the following puzzle by Richard (1990, pp. 117-118). Bob is speaking
to his friend Alice on the phone. At the same time, there’s a woman
in a phone booth outside Bob’s window who is about to be run over
my a steamroller. Bob waves at the woman, trying to warn her. The
woman sees a man in a window across the street, waving at her as if
he’s trying to warn her. Unbeknownst to Bob, the woman in the phone
booth is Alice. And unbeknownst to Alice, the man in the window is
Bob. Imagine the following conversation between Bob and Alice:

(150) a. Alice: The man in the window believes that I’m in danger.

10There are unstructured semantics that don’t have this feature. Montague (1970),
for instance, interprets the belief operator by assigning a set of unstructured proposi-
tions to each agent in each world, and requires the ascribed proposition to be identical
to one of these.
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b. Bob: So, the man in the window believes that you’re in
danger.

c. Alice: Do you believe that I’m in danger?
d. Bob: No, I don’t believe that you’re in danger.

But since Bob is the man in the window, the assertions made in (150-b)
and (150-d) seem to contradict each other. At the same time, both
seem true. Absurdly enough, as Richard points out, the puzzle seems
to indicate that the subject position of a belief ascription creates a non-
extensional context. In other words, that one cannot substitute salva
veritate a co-referring term t′ for t in t believes that ϕ. Richard doesn’t
endorse this conclusion, however, and neither will I. On the suggested
semantics, the assertions made in (150-b) and (150-d) will indeed con-
tradict each other. If (150-b) is true, then Bob is belief-related to a
structured proposition predicating danger of some concept α that picks
out Alice in the actual context, which is sufficient for making (150-d)
false. What would be true, on the other hand, is the following assertion:

(151) Bob: I believe that you’re not in danger.

Hopefully, this goes someway towards explaining why the assertion in
(150-d) also seems true. What makes (150-d) false is Bob’s relation to
a structured proposition predicating danger of some individual concept
α that picks out Alice in the actual context. What makes (151) true,
on the other hand, is Bob’s relation to another structured proposition
predicating the absence of danger of some other individual concepts α′

that also picks out Alice in the actual context. But these two structured
propositions don’t contradict each other, in the sense that they are both
true relative to some centered world. For a more worked out example,
see Appendix C.4.

By comparison, consider the following triad:

(152) a. Bob doesn’t believe that the strong man who arrived wear-
ing glasses is strong.

b. Bob believes that the strong man who left wearing a cape
is strong.

c. The strong man who arrived wearing glasses is the same
as the strong man who left wearing a cape.

This triad certainly seems consistent. Moreover, the relevant readings of
the belief ascriptions are clearly de re. The de dicto reading attributes
a trivially false belief to Bob in the case of (152-a), and a trivially true
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false one in the case of (152-b). But according to most accounts of
beliefs de re (including the present one), the triad inconsistent. What’s
consistent is rather the following triad:

(153) a. Bob believes that the strong man who arrived wearing
glasses isn’t strong.

b. Bob believes that the strong man who left wearing a cape
is strong.

c. The strong man who arrived wearing glasses is the same
as the strong man who left wearing a cape.

Thus, as I mentioned at the end of section 5.3, I believe that the logical
equivalence between Ralph believes that I am a spy and Ralph believes
of me that I am a spy can (and should) be defended. The inconsis-
tency between (150-b) and (150-d) is no more counter-intuitive than the
inconsistency between the sentences in (152).

5.8 The actuality operator

In hindsight, one can note that a lot of influential criticism of two-
dimensionalism has assumed a naive two-dimensionalist semantics for
belief ascriptions (recall Definition 5.3.3). Crucially, on the naive se-
mantics, ϕ and Aϕ (actually ϕ) are always substitutable salva veritate
in belief contexts. And, as Soames (2006, p. 287) observes, a conse-
quence of this is that

(154) Necessarily [if the actual husband of Stephanie Lewis was the
actual author of Counterfactuals and Mary believes that the
actual husband of Stephanie Lewis was the actual author of
Counterfactuals, then Mary believes something true].

is logically equivalent to

(155) Necessarily [if the actual husband of Stephanie Lewis was the
actual author of Counterfactuals and Mary believes that the
husband of Stephanie Lewis was the author of Counterfactuals,
then Mary believes something true].

But intuitively, according to Soames, the former is true while the latter
is false. I share that intuition, as do Glüer and Pagin (2006) and Dever
(2007). The problem is commonly referred to as the nesting problem for
two-dimensional semantics. Arguably, (154) should be true because it’s
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an instance of the intuitively valid schema mentioned in section 5.6, and
repeated her for convenience:

(149) Necessarily [if ϕ and t believes that ϕ, then t believes something
true].

In his defense of two-dimensionalism, Michels (2012) takes issue with
Soames already at this point of the argument. As far as I can under-
stand, (149) is not valid under Michel’s preferred interpretation of be-
lieves something true. I don’t find this strategy appealing. Moreover, I
agree with Soames that (155) should be false because (under the stan-
dard interpretation of the actuality operator) it has the same truth value
in the actual world as the false sentence

(156) Necessarily [if Mary believes that the husband of Stephanie
Lewis was the author of Counterfactuals, then Mary believes
something true].

Now, naive 2D-semantics is (as we have seen) already implausible for
other reasons. When it comes to the less naive version (Definition 5.3.4),
we observed three possible interpretations of the actuality operator, re-
peated her for convenience:

(121) a. �Aϕ�cM,〈v,d〉,w,g = 1 iff �ϕ�cM,〈v,d〉,v,g = 1.

b. �Aϕ�
〈v,d〉
M,u,w,g = 1 iff �ϕ�

〈v,d〉
M,u,v,g = 1.

c. �Aϕ�
〈v,d〉
M,u,w,g = 1 iff �ϕ�

〈v,d〉
M,〈v,d〉,v,g = 1.

Can Soames’ observation be used to narrow down the list? Well, not as
far as the less naive version is concerned. The problem is that on virtu-
ally any unstructured semantics (one- or two-dimensional) coupled with
the most obvious interpretation of believes something true, the following
will be valid:

(157) Necessarily [if t believes that ϕ, then t believes something true].

A fortiori, the same goes for (149). The reason is simply that anyone who
believes anything (anyone who is an epistemic agent) also believes, for
instance, that it’s either raining or not raining (i.e. believes something
true).

Instead, let’s turn to structured 2D-semantics as presented in section
5.6. On that semantics, it’s possible to only have false beliefs. Since
the actuality operator isn’t hyperintensional, the options regarding its
interpretation should be the same as in the less naive case. Recalling
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Definition 5.6.9 and Fact 5.4, the semantics for believes something true
should be obvious:

(158) �t believes something true�cM,u,w,g = 1 iff, where b = �t�cM,u,w,g,
there’s β ∈ B(w, b) such that |β|〈w,b〉,w,g = 1.

But given this interpretation, the structured 2D-semantics will validate
(149) independently of how the actuality operator is interpreted. To see
why, assume that (i) �ϕ∧Bx

t ϕ�cM,u,w,g = 1, let b = �t�cM,u,w,g, α = [ϕ]cM,
f : Σ(W,D) → Σ(W,D) and h : X → X be a bijection and assume that
(ii) β ∈ B(w, b) is the structured proposition such that αh and β are
aligned w.r.t 〈f, b, h(x), ∅, u, w, gh〉 according to the first assumption and
Fact 5.4. By (i), |α|u,w,g = 1 and, by Fact 5.1, 5.2, 5.3 and the fact that
ϕ is a sentence, |α|u,w,g = |αh|u,w,gh[b/h(x)] = 1. By (ii) and Theorem 5.2,

|αh|u,w,gh[b/h(x)] = |β|〈w,b〉,w,gh[b/h(x)]. Hence, |β|〈w,b〉,w,gh[b/h(x)] = 1 and,
by Fact 5.3, |β|〈w,b〉,w = 1. Hence, �t believes something true�cM,u,w,g =
1, as desired. That means Soames’ observation doesn’t help to narrow
down the list of possible interpretations of the actuality operator. On
reflection, this is as it should be: (149) should remain valid no matter
what kind of operators are introduced. It also means that the structured
2D-semantics presented in section 5.6 is immune to Soames’ criticism of
two-dimensionalism.

5.9 The a priori operator

The same can be said about the following version of the nesting problem,
which was discovered by Forbes (2011). First, consider the following
prima facie plausible (but naive) semantics for the a priori operator �:

(159) ��ϕ�cM,u,w,g = 1 iff, for all centered worlds 〈w′, d′〉 ∈ W ×D,
we have �ϕ�cM,〈w′,d′〉,w′,g = 1.

Next, consider

(160) It’s a priori that the actual inventor of the zip invented the zip:
�ϕ.

and

(161) It need not have been the case that the actual inventor of the
zip invented the zip: ¬�ϕ.
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Arguably, both are true. Thirdly, consider the following intuitively valid
principle:

(162) �(�ϕ → ϕ).

What Forbes (2011) realized was that these claims cannot all be true.
In other words, (159) cannot be the correct semantics for the a priori
operator while both (160) and (161) are true and (162) remains valid
(as a counterexample, let ϕ be the sentence The actual inventor of the
zip invented the zip).

However, as Chalmers and Rabern (2014) observe, the presence of
contingent a priori truths such as The actual inventor of the zip invented
the zip is a problem for anyone who wants to give a semantics for the
a priori operator, not just for two-dimensionalists. Because already in
modal logic K, the following three independently plausible claims con-
cerning the interaction between the a priori- and the necessity operator
are inconsistent:

N For any ϕ, �ϕ → ��ϕ is true.

CA For some ϕ, �ϕ ∧ ¬�ϕ is true.

MF For any ϕ, �(�ϕ → ϕ) is true.

The strategy favored by Chalmers and Rabern is to give up N. Fritz
(2013), on the other hand, is less certain of what the proper response
should be, and argues tentatively in defense of the naive semantics for
the a priori operator that invalidates MF. Here, I will follow Chalmers
and Rabern. At least in the unstructured case (extending the less naive
2D-semantics from section 5.3), I assume (generalizing on what was
presented) that the authors would suggest the following semantics for
the a priori operator:

APL ��ϕ�cM,〈w,d〉,v,g = 1 iff

a. for all 〈w′, d′〉 ∈ W ×D, �ϕ�cM,〈w′,d′〉,w′,g = 1, and

b. for all w′ ∈ W , �ϕ�cM,〈w,d〉,w′,g = �ϕ�cM,〈v,d〉,w′,g.

where the second clause is supposed to express the so called liveness
constraint. A problem with this suggestion, of which the authors are
aware, is that it invalidates the following intuitive principle:

CON �(�(ϕ ∧ ψ) → �ϕ).

For a counterexample, see Johannesson and Packalén (2016, pp. 172-
173). In response to this problem, Chalmers and Rabern hint at a solu-
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tion involving a liveness constraint on structured propositions. Presum-
ably, such a solution would involve an unstructured liveness constraint
of every component of the structured proposition, in which case it would
validate CON.11

Johannesson and Packalén suggested what they perceived as a sim-
pler solution to Forbes’ problem (again, generalizing on what was actu-
ally presented in the paper):

APF ��ϕ�cM,u,w,g = 1 iff

a. for all 〈w′, d′〉 ∈ W ×D, �ϕ�cM,〈w′,d′〉,w′,g = 1, and

b. �ϕ�cM,u,w,g = 1.

As you can see, the liveness constraint is here replaced by a simple factiv-
ity constraint to ensure modal factivity. Moreover, APF automatically
validates CON. There’s no need to appeal to structured propositions.
In other words, it avoids making the a priori operator hyper-intensional.
Prima facie, that’s a good thing. From a two-dimensional point of view,
hyperintensionality is a property of certain epistemic and doxastic op-
erators having to do with the cognitive limitations of the subjects in
question (the ascribee). When it comes to apriority, cognitive limita-
tions are irrelevant. There’s not even a subject! Or so it seems.

Maybe we were a bit optimistic. Since the a priori operator in neither
case shifts the context of utterance, It’s a priori that I am here now or
It’s a priori that I exist will not come out true (as desired). However, it
will still be true (in certain contexts) to say that

(163) The man on the beach yesterday and the man on the street
today are such that it’s a priori that they are identical.

namely when the man on the street yesterday is identical to the man on
the street today, and

(164) It’s a priori that I am him [pointing at myself in a photograph].

which is unfortunate. A possible solution is to employ the structured
semantic framework developed in section 5.6. Since the a priori operator
doesn’t bind any variable, we would first have to redefine the alignment
relation slightly.12 Moreover, since we’ll be quantifying over all closed

11See Johannesson and Packalén (2016, p. 173).
12Instead of relating two structured propositions with respect to a tuple

〈f, b, x, ...〉 ∈ Σ(W,D)Σ(W,D) × D × X..., we relate them with respect to a tuple
〈f, b, x, ...〉 ∈ Σ(W,D)Σ(W,D) × D × (X ∪ {0}).... Assuming that 0 �∈ X, no other
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and narrow structured propositions (rather than just the ones assigned
to a particular agent in the model), we don’t have to worry about vari-
able permutations. The following semantics suggests itself:

(165) ��ϕ�cM,〈w,d〉,v,g = 1 iff, where α = [ϕ]cM,

a. for every function f ∈ Σ(W,D)Σ(W,D) and closed narrow
structured proposition β ∈ Ω∗(W,D)∩Ω′(W,D) such that
α and β are aligned with respect to 〈f, d, 0, ∅, 〈w, d〉, v, g〉,
we have |β|〈w′,d′〉,w′,g = 0 for all 〈w′, d′〉 ∈ W ×D, and

b. |α|〈w,d〉,v,g = 1.

What this says, roughly, is that something is a priori iff it’s true and
there’s no way of believing it falsely. On this semantics, we can construct
a model where (164) comes out false in the intended context. Formally,
the sentence is rendered as �(i1 = i2). Let 〈w, d〉 be the context where
the speaker is pointing at himself in a photograph. That means [i1 =
i2]

c
M = 〈ID , 〈〈d, 1〉, 〈d, 2〉〉〉, where ID is the identity relation on the do-

main. Now, let M be such that there are at least two distinct functions
δ, δ′ ∈ DW×D such that δ(w, d) = δ′(w, d) = d. Then 〈ID , 〈〈d, 1〉, 〈d, 2〉〉〉
and 〈ID , 〈δ, δ′〉〉 will be aligned w.r.t. 〈f, d, 0, ∅, 〈w, d〉, w, g〉 for any
g ∈ DX and f ∈ Σ(W,D)Σ(W,D) such that f(〈d, 1〉) = δ and f(〈d, 2〉) =
δ′. However, since δ �= δ′, we have |〈ID , 〈δ, δ′〉〉|〈w′,d′〉,w′ = 0 for some
〈w′, d′〉 ∈ W ×D, as desired.

5.10 The nand-problem

Compared with its unstructured counterpart, structured semantics is
very complicated. Are there any other reasons for clinging to an un-
structured semantics? Potentially, yes. If we assume that to believe
that p is to be in some kind of physical state, we can ask: what does
such a state have to do with p? This is the problem of intentionality.
As Stalnaker (1984, pp. 10-12) points out, there need not be anything
supernatural about being related to an abstract object such as a number
or a proposition. If, for instance, an animal weighs 20 kilos, then that
animal is very concretely and naturally related to the number 20. Like-
wise, if an animal cannot survive unless the temperature is between 20
and 30 degrees Celsius, then that animal is very concretely and naturally
related to the proposition that the temperature is between 20 and 30
degrees Celsius. In a similar vein, Ramsey (Ramsey and Moore, 1927,

changes are needed.
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p. 159) famously suggested that

Any actions for whose utility p is a necessary and sufficient
condition might be called a belief that p.

This has later become known as Ramsey’s principle. The idea would be
that a physical system believes that p (is belief-related to the proposition
p) iff it performs actions that are useful to the system in all and only
those circumstances where p is true. This is a very radical proposal,
and by no means did Ramsey endorse it as a general account of belief
(he only mentioned it in passing). Nevertheless, the idea is attractive
because it’s reductive: it accounts for an intentional phenomenon in
non-intentional terms. A more cautious (albeit non-reductive) version
of Ramsey’s principle was suggested by Stalnaker (1984, p. 15):

To believe that p is to be disposed to act in ways that would
tend so satisfy one’s desires, whatever they are, in a world
in which p (together with one’s other beliefs) were true.

The pragmatic account of belief offered here is of course very naturally
combined with an unstructured semantics for belief ascriptions. There
is, however, a general problem with the account. The problem is how
to explain the possibility of believing things that don’t matter for the
success of one’s behavior, things that don’t even matter for the success
of one’s potential behavior. I believe, for instance, that the Universe
will continue to exist a billion years from now. But it’s not like I’m
disposed to act in ways whose success depends on whether that’s true
or not. Consider the proposition that it ceases to exist a billion years
from now. In what way is the success of my potential actions dependent
on this proposition being false? In no way, as far as I can tell. Unless,
of course, one counts believing something true as a successful action of
the relevant kind, in which case the whole account becomes circular.

I believe a more promising solution to the problem of intentionality
goes via some language of thought hypothesis along the lines of Fodor
(1975) and Field (1978). Simply put, the idea is to give a reductive
account of the intentionality of a complex mental token in terms of the
intentionality of its constituents and their mode of composition. The
hope is that the intentionality of the most simple mental tokens can be
accounted for in causal terms. What makes x believes that ϕ true on this
account is the presence of some mental token in x whose structure and
content in some sense matches the structure and content of ϕ. Obviously,
such an account is very naturally combined with a semantic theory of
structured propositions.
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However, although I’m quite sympathetic to the language of thought
account, it too has a potential problem. English and Swedish have the
same kind of logical vocabulary (the same kind of sentential connec-
tives, quantifiers, etc.). But we can imagine a language English* that’s
just like English, except that instead of the usual sentential connectives
(negation, conjunction, disjunction, etc.), it only has one. Suppose it’s
the Scheffer stroke |, interpreted as the propositional function NAND:

φ ψ φ|ψ
1 1 0

1 0 1

0 1 1

0 0 1

Intuitively, since negation, conjunction, disjunction etc. all can be de-
fined in terms of the Scheffer stroke (and vice versa), this language would
have the same expressive power as English. But according to the struc-
tured propositions view, it won’t. In English, ¬(p∧q) would express the
structured proposition 〈NOT, 〈AND, 〈[p], [q]〉〉〉 which would be distinct
from every structured proposition expressible in the imagined language.
In particular, it would be distinct from the structured proposition ex-
pressed by p|q, which is 〈NAND, 〈[p], [q]〉〉. What’s worse, the imagined
language wouldn’t even be able to express the same unstructured propo-
sitions as English. In many cases, speakers of English wouldn’t be able
to say true things about what speakers of English* believe. To see why,
consider a speaker of English* who believes what she would express by
saying It’s raining nand it’s raining, which is true under exactly the
same circumstances as the English sentence It’s not raining. Conse-
quently, when our speaker leaves for work in the morning, she doesn’t
bring an umbrella, etc. Intuitively, we would like to say (truly) that our
speaker believes that it’s not raining. However, if something like the
language of thought account is correct, then there’s no obvious reason
to think that our speaker is more belief-related to the structured propo-
sition expressed by the English sentence It’s not raining, i.e. 〈NOT, [r]〉,
than to any other logically equivalent proposition.

Importantly, a structured semantic framework as the one given in
section 5.6 does not by itself preclude the possibility of assigning the
intuitively correct truth values to the ascription in question. It’s only
coupled with a particular meta-semantic idea about the nature of the
belief-relation (namely the language of thought hypothesis) that the re-
sult seems to follow. As far as the semantics is concerned, we may
equally well insist that on the correct way of modeling the situation at
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hand, the speaker of English* is belief-related to the structured propo-
sition 〈NOT, [r]〉. But if we want the belief-relation represented by the
function B in our structured model to represent a naturally occurring
relation explained in terms of the language of thought hypothesis, then
it’s hard to motivate why the relation would obtain in this case. I’m
not saying that this refutes the language of thought account, only that
it presents a challenge for it.

5.11 Chapter summary

• The problem of beliefs de se is a problem both at the level of
syntax as well as at the level of belief representation. Following
Lewis, I argue that the solution to the latter is to use centered
worlds in order to represent self-locating beliefs. At the level of
syntax, the solution I’m proposing is to let the belief operator
take a variable as an extra argument, like a quantifier. The logical
form of Ralph believes that he is handsome is then given by Bx

rHx.
It is shown that the new syntax, together with the appropriate
semantics, indeed has greater expressive power (Theorem 5.1).

• The problem of beliefs de re is essentially a problem of hyperinten-
sionality. If compositionality is to be respected, no simple tweak-
ing of the unstructured semantics will solve the problem. Thus,
a structured semantics is motivated not only by the problem of
logical omniscience.

• The meta-semantic strategy of Stalnaker doesn’t seem to work
for belief ascriptions across language communities (that is, when
ascriber and ascribee speak different languages).

• Much criticism of two-dimensionalism has, in effect, been criticism
of naive two-dimensional semantics. Inspired by Chalmers (2011),
a structured two-dimensional semantics for belief ascriptions is
given that solves the nesting problem raised by Soames (2006).
Moreover, a semantics for the a priori operator in this framework
is given that solves the nesting problem raised by Forbes (2011).
The basic idea is that each sentence expresses (relative to a con-
text) a structured proposition, and each epistemic agent is assigned
a set of structured proposition to which he or she is belief-related.
The key component here is the notion of alignment, which is the
relation that needs to obtain between the proposition expressed by
the sentence of the that-clause and the proposition believed by the
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ascribee in a true belief ascription. This notion is supposed to serve
roughly the same purpose as Chalmers’ notion of coordination.

• Structured propositions offer greater fineness of grain. But fineness
of grain is a mixed blessing: speakers of English may not be able to
say certain true things about speakers of English* (where English*
is just like English except that the only truth-functor is nand)
which they, intuitively, should be able to say.
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Conclusion

The main goal of this thesis has been to investigate the extent to which
two-dimensionalism can be defended against its critics. Two-dimensional
semantics was developed as way of reconciling descriptivism about proper
names and natural kind predicates with the observations by Kripke
(1980) concerning their behavior in modal contexts. Kripke observed
that these semantic categories seem to give rise to propositions that are
both posteriori and necessary, such as the proposition that Hesperus
is Phosphorus and the proposition that water is H2O. While descrip-
tivism can explain their a posteriori status, it seems to be at odds with
them being necessary. On the other hand, while non-descriptivism (e.g.
direct referentialism) can explain why they are necessary, it seems to
be at odds with them being a posteriori. Two-dimensional semantics
is an attempt to let descriptivism do both. Part of my defense of two-
dimensional semantics is therefore also a defense of descriptivism. I con-
sider a reconstruction of Kripke’s epistemic argument and conclude that
descriptivism, although problematic as a theory for shared languages, is
still viable as as a theory for idiolects.

Now, Kripke was explicit about not making a distinction between
what’s a priori and what’s analytic (or, correspondingly, between what’s
a posteriori and what’s synthetic). Following Russell (2008), I argue that
such a distinction can and should be made. Analyticity is a property
of sentences, apriority a property of propositions. Once this distinction
is made, I believe many issues in two-dimensional semantics can be re-
solved. We can then both follow Kaplan (1989) in counting the English
sentence I am here now as analytic, while denying that it’s a priori that
I am here now (because intuitively, it’s not: without any empirical ev-
idence, you wouldn’t be able to figure that I am here now rather than,
say, in Paris). In my thesis, building on the pioneering work of Martin
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Davies, Lloyd Humberstone, David Chalmers and Frank Jackson, I have
tried to develop and defend a two-dimensional semantics for quantified
modal logic that admits of a proper distinction between logical, ana-
lytical, necessary and a priori truth and consequence. I have argued
that two of the alternatives, namely the idea of using metaphysically
impossible worlds (Soames, 2006) and the idea of using switcher seman-
tics (Glüer and Pagin, 2012), both fail in making these distinctions. In
my choice of semantics, I have also taken a stance on the more gen-
eral issue of non-denoting terms in quantified modal logic with varying
domains. Arguably, the point of using varying domains is to be able
to make certain existence claims without using any existence predicate.
For instance, to be able to express that There’s something that could
have failed to exist by ∃x♦¬∃y(x = y). I have shown that, assuming
certain classical principles, the only kind of semantics that allows us to
do this is one where atomic formulas with terms denoting something
outside the domain of the world of quantification are evaluated as false.

However, in my defense of two-dimensionalism, I have not been able
to confine my attention to the semantics of proper names, natural kind
predicates and modal operators. I have also had to look at the seman-
tics of various epistemic operators, such as believes that and it’s a priori
that. Before Chalmers (2011), no one had (to my knowledge) proposed
any two-dimensional semantics for any of these operators. Neverthe-
less, starting already with Soames (2006) and followed by Dever (2007)
and Forbes (2011), some of the most influential objections against two-
dimensionalism has focused on its alleged inability to deal with modal
and epistemic operators in certain nested contexts. Therefore, drawing
much inspiration from the rough sketch provided by Chalmers (2011), I
have tried to provide a detailed two-dimensional semantics for belief as-
criptions using structured propositions that delivers the intuitively cor-
rect results in these contexts. In the semantic framework I’m proposing,
each sentence expresses (relative to a context) a two-dimensional struc-
tured proposition, and each epistemic agent is assigned a set of such
propositions to which he or she is belief-related. The key component
here is the notion of alignment, which is the relation that needs to ob-
tain between the proposition expressed by the sentence of the that-clause
and the proposition believed by the ascribee in a true belief ascription.
This notion is supposed to serve roughly the same purpose as Chalmers’
notion of coordination. In connection with this, I have had to address
and take a stance on a number of other issues in the semantics of be-
lief ascriptions, concerning indexicals, beliefs de se, beliefs de re and the
problem of logical omniscience. It is argued that structured propositions
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are needed not just in order to deal with the latter, but also in order
to deal with problems that arise when indexicals and unbound variables
occur within the scope of a belief operator.

It is noted, however, that the greater fineness of grain offered by
structured propositions is a mixed blessing. A semantics for belief as-
criptions using structured propositions is naturally combined (and may
perhaps even be motivated by) an account of intentionality and mental
representation based on some language of thought hypothesis. But if
we imagine a language English* that’s just like English except that it
has a completely different (yet truth-functionally complete) set of truth-
functors, it’s not obvious on such an account how speakers of English
can say the things they intuitively should be able to say about what
the speakers of English* believe. Presumably, the propositions believed
by the latter will have a completely different structure than the ones
expressed by the former. In the future, I would like to investigate this
issue further. More generally, I would like to investigate the relation
between semantics and meta-semantics, and the relevance of the latter
to the former.
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Appendix A

Partial semantics

A.1 Varying domains

We prove Theorem 2.1. Some definitions are repeated for convenience.

Definition 2.2.1 (The language L�). The language L� has an infi-
nite set of variables {x0, x1, x2, ...}, names {c0, c1, c2, ...} and predicates
{P0, P1, P2, ...} of various arities (including the identity predicate). The
operators are {¬,∧, ∀,�}. Terms are names and variables. The set of
formulas is defined inductively:

1. If t1, ..., tn are terms and P is an n-place predicate, then Pt1...tn
is a formula.

2. If ϕ and ψ are formulas and x is a variable, then ¬ϕ, (ϕ∧ψ), ∀xϕ
and �ϕ are formulas.

3. Nothing else is a formula.

Operators →,∨,↔, ∃,♦ are introduced as abbreviations in the usual
way.

Definition 2.2.2 (Modal frame). A modal frame is a quadruple F =
〈W,D,Dom, R〉, where W is a non-empty set (a set of possible worlds),
D is a non-empty set (a domain of possible objects), Dom : W → P(D)
is a function assigning a set of objects to each world (the set of objects
existing in that world) and R is a binary relation on W (an accessibility
relation).

Definition 2.2.3 (Modal 1D-model). A 1D-model of L� is a tuple
M = 〈F , I〉, where F = 〈W,D,Dom, R〉 is a modal frame and I is a
function taking names and predicates as arguments (an interpretation
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function). If a is a name, then I(a) ∈ D. If P is an n-place predicate,
then I(P ) : W → P(Dn) is a function such that I(P )(w) ⊆ Dom(w)n

for all w ∈ W . If P is the identity predicate, then I(P )(w) = {〈a, b〉 ∈
Dom(w)2 : a = b} for all w ∈ W .

Definition 2.2.5 (Logical interpretations). A logical interpretation is
a tuple i = 〈i¬, i∧, i∀, i� 〉, where

1. i¬ : {0, 1, u} → {0, 1, u}.
2. i∧ : {0, 1, u} × {0, 1, u} → {0, 1, u}.
3. i∀ : P({0, 1, u}) → {0, 1, u}.
4. i� : P({0, 1, u}) → {0, 1, u}.

Definition A.1.1 (Normal logical interpretations). A logical interpre-
tation i is normal iff the following obtains:

1. i¬(1) = 0 and i¬(0) = 1.

2. i∧(1, 1) = 1 and i∧(1, 0) = i∧(0, 1) = i∧(0, 0) = 0.

3. i∀({1}) = 1 and i∀({0}) = i∀({0, 1}) = 0 and i∀(∅) = 1.

4. i�({1}) = 1 and i�({0}) = i�({0, 1}) = 0 and i�(∅) = 1.

Definition 2.2.6 (General 1D-semantics). Let i be a logical interpre-
tation, and let q ∈ {0, 1, u}. For any 1D-model M = 〈W,D,Dom, R, I〉,
world w ∈ W and assignment g,

1. If t is a name, then �t�iM,w,g = I(t).

2. If t is a variable, then �t�iM,w,g = g(t).

3. If t1, ..., tn are terms, P is an n-place predicate and we let X =
〈�t1�iM,w,g, ..., �tn�iM,w,g〉, then

(a) �Pt1...tn�iM,w,g = 1 if X ∈ Dom(w)n and X ∈ I(P )(w).

(b) �Pt1...tn�iM,w,g = 0 if X ∈ Dom(w)n and X �∈ I(P )(w).

(c) �Pt1...tn�iM,w,g = q if X �∈ Dom(w)n.

4. �¬ϕ�iM,w,g = i¬(�ϕ�iM,w,g).

5. �ϕ ∧ ψ�iM,w,g = i∧(�ϕ�iM,w,g, �ψ�iM,w,g)
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6. �∀xϕ�iM,w,g = i∀({�ϕ�iM,w,g[d/x] : d ∈ Dom(w)})

7. ��ϕ�iM,w,g = i�({�ϕ�iM,w′,g : w′ ∈ W such that wRw′})

where g[d/x] is just like g except that g[d/x](x) = d.

Definition A.1.2 (Nice logical interpretations). A logical interpreta-
tion i is nice iff it’s normal and, for every 1D-model M, world w ∈ WM,
assignment g and formulas ϕ, ψ, θ, the following 10 principles are satis-
fied:

1. �¬¬ϕ�iM,w,g = �ϕ�iM,w,g.

2. �ϕ ∧ ψ�iM,w,g = �ψ ∧ ϕ�iM,w,g.

3. �ϕ ∧ ϕ�iM,w,g = �ϕ�iM,w,g.

4. �ϕ ∧ (ψ ∧ θ)�iM,w,g = �(ϕ ∧ ψ) ∧ θ�iM,w,g.

5. �(ϕ ∧ θ) ∨ (ψ ∧ θ)�iM,w,g = �(ϕ ∨ ψ) ∧ θ�iM,w,g.

6. If Dom(w) �= ∅ and x isn’t free in ϕ, then �∀xϕ�iM,w,g = �ϕ�iM,w,g.

7. If R is serial, then ��(ϕ ∧ ¬ϕ)�iM,w,g �= 1.

8. �♦(ϕ ∧ ¬ϕ)�iM,w,g �= 1.

9. �∀x(ϕ ∧ ψ)�iM,w,g = �∀xϕ ∧ ∀xψ�iM,w,g.

10. ��(ϕ ∧ ψ)�iM,w,g = ��ϕ ∧�ψ�iM,w,g.

Definition A.1.3 (The logical interpretations w,w∗ and s).

w¬
0 1
1 0
u u

w∧ 0 1 u

0 0 0 u
1 0 1 u
u u u u

w∀
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} u
{1, u} u

{0, 1, u} u
∅ 1

w�
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} u
{1, u} u

{0, 1, u} u
∅ 1
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w∗¬
0 1
1 0
u u

w∗∧ 0 1 u

0 0 0 u
1 0 1 u
u u u u

w∗
∀

{0} 0
{0, 1} 0
{1} 1
{u} u

{0, u} 0
{1, u} 0

{0, 1, u} 0
∅ 1

w∗
�

{0} 0
{0, 1} 0
{1} 1
{u} u

{0, u} u
{1, u} u

{0, 1, u} u
∅ 1

s¬
0 1
1 0
u u

s∧ 0 1 u

0 0 0 0
1 0 1 u
u 0 u u

s∀
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} 0
{1, u} u

{0, 1, u} 0
∅ 1

s�
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} 0
{1, u} u

{0, 1, u} 0
∅ 1

Lemma A.1. If q = u and i is nice, then i¬ = w¬ = w∗¬ = s¬ and either
i∧ = w∧ = w∗∧ or i∧ = s∧.

Proof. Assume that q = u and that i is nice. Consider a 1D-model
M = 〈W,D,Dom, R, I〉 such that w ∈ W , D = {d, e} and Dom(w) =
{d}. Let ϕ and ψ be x = x and y = y respectively. Let g be an
assignment such that g(x) = d and g(y) = e. Since i is normal, we have

1. �ϕ�iM,w,g = 1.

2. �¬ϕ�iM,w,g = 0.

3. �ψ�iM,w,g = u.

By principle 1, i¬ = w¬ = w∗¬ = s¬. Otherwise �¬¬ψ�iM,w,g �= �ψ�iM,w,g.

By principle 3, i∧(u, u) = u. Otherwise �ψ ∧ ψ�iM,w,g �= �ψ�iM,w,g. By
principle 2, i∧(a, b) = i∧(b, a) for any a, b ∈ {0, 1, u}. Otherwise we have
�ϕ ∧ ψ�iM,w,g �= �ψ ∧ ϕ�iM,w,g or �¬ϕ ∧ ψ�iM,w,g �= �ψ ∧ ¬ϕ�iM,w,g.
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This leaves us with the 9 alternatives with respect to i∧, one for each
a, b ∈ {0, 1, u}:

i∧ 0 1 u

0 0 0 a
1 0 1 b
u a b u

Principle 4 rules out five of them:

1. 〈a, b〉 = 〈1, 0〉. �¬ϕ ∧ (¬ϕ ∧ ψ)�iM,w,g �= �(¬ϕ ∧ ¬ϕ) ∧ ψ�iM,w,g.

2. 〈a, b〉 = 〈1, 1〉. �¬ϕ ∧ (¬ϕ ∧ ψ)�iM,w,g �= �(¬ϕ ∧ ¬ϕ) ∧ ψ�iM,w,g.

3. 〈a, b〉 = 〈1, u〉. �¬ϕ ∧ (¬ϕ ∧ ψ)�iM,w,g �= �(¬ϕ ∧ ¬ϕ) ∧ ψ�iM,w,g.

4. 〈a, b〉 = 〈u, 0〉. �¬ϕ ∧ (ϕ ∧ ψ)�iM,w,g �= �(¬ϕ ∧ ϕ) ∧ ψ�iM,w,g.

5. 〈a, b〉 = 〈u, 1〉. �¬ϕ ∧ (ϕ ∧ ψ)�iM,w,g �= �(¬ϕ ∧ ϕ) ∧ ψ�iM,w,g.

Principle 5 rules out two more:

1. 〈a, b〉 = 〈0, 0〉. �(¬ϕ ∧ ϕ) ∨ (ψ ∧ ϕ)�iM,w,g �= �(¬ϕ ∨ ψ) ∧ ϕ�iM,w,g.

2. 〈a, b〉 = 〈0, 1〉. �(¬ϕ ∧ ϕ) ∨ (ψ ∧ ϕ)�iM,w,g �= �(¬ϕ ∨ ψ) ∧ ϕ�iM,w,g.

which means that i∧ = w∧ = w∗∧ or i∧ = s∧.

Lemma A.2. If q = u and i is nice, then

1. If i∧ = w∧ = w∗∧, then i� = w� = w∗
�.

2. If i∧ = s∧, then i� = s�.

Proof. Assume that q = u and that i is nice. By Lemma A.1, i¬ = w¬ =
s¬. Consider a 1D-model M = 〈W,D,Dom, R, I〉 such that

1. W = {w1, w2, w3}, D = {d1, d2, d3}, and Dom(w1) = {d1, d2},
Dom(w2) = {d1, d2}, Dom(w3) = {d1, d3}, R = W 2.

2. I(c1) = d1, I(c2) = d2, I(c3) = d3.

3. I(F )(w1) = ∅, I(F )(w2) = ∅, I(F )(w3) = Dom(w3).

4. I(G)(w1) = ∅, I(G)(w2) = Dom(w2), I(G)(w3) = Dom(w3).

5. I(H)(w1) = Dom(w1), I(H)(w2) = Dom(w2), and I(H)(w3) =
Dom(w3).
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Then, for any assignment g,

1. �Fc1�
i
M,w1,g

= 0.

�Fc1�
i
M,w2,g

= 0.

�Fc1�
i
M,w3,g

= 1.

2. �Gc1�
i
M,w1,g

= 0.

�Gc1�
i
M,w2,g

= 1.

�Gc1�
i
M,w3,g

= 1.

3. �Hc2�
i
M,w1,g

= 1.

�Hc2�
i
M,w2,g

= 1.

�Hc2�
i
M,w3,g

= u.

4. �Hc3�
i
M,w1,g

= u.

�Hc3�
i
M,w2,g

= u.

�Hc3�
i
M,w3,g

= 1.

5. �Hc2 ∧Hc3�
i
M,w1,g

= u.

�Hc2 ∧Hc3�
i
M,w2,g

= u.

�Hc2 ∧Hc3�
i
M,w3,g

= u.

Let

1. ϕ1 = Fc1 and ψ1 = Hc2.

2. ϕ2 = Gc1 and ψ2 = Hc2.

3. ϕ3 = Hc2 and ψ3 = Hc3.

4. θ = Hc2 ∧Hc3.

By principle 7, i�({u}) �= 1. Otherwise ��(θ ∧ ¬θ)�iM,w1,g
= 1. By

principle 8, i�({u}) �= 0. Otherwise �♦(θ ∧ ¬θ)�iM,w1,g
= 1. Hence,

i�({u}) = u.
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That leaves us with 27 alternatives with respect to i�, one for each
a, b, c ∈ {0, 1, u}:

i�
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} a
{1, u} b

{0, 1, u} c

By Lemma A.1, there are two cases two consider:

1. i∧ = w∧ = w∗∧. Principle 10 rules out every alternative except no. 1
on the following list:

1. 〈a, b, c〉 = 〈u, u, u〉, which is w� (and w∗
�).

2. 〈a, b, c〉 = 〈1, u, u〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

3. 〈a, b, c〉 = 〈u, 1, u〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

4. 〈a, b, c〉 = 〈u, u, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

5. 〈a, b, c〉 = 〈1, 1, u〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

6. 〈a, b, c〉 = 〈1, u, 1〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

7. 〈a, b, c〉 = 〈u, 1, 1〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

8. 〈a, b, c〉 = 〈1, 1, 1〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

9. 〈a, b, c〉 = 〈0, u, u〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

10. 〈a, b, c〉 = 〈0, 1, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

11. 〈a, b, c〉 = 〈0, u, 1〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

12. 〈a, b, c〉 = 〈0, 1, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

13. 〈a, b, c〉 = 〈u, 0, u〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

14. 〈a, b, c〉 = 〈1, 0, u〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

15. 〈a, b, c〉 = 〈u, 0, 1〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

16. 〈a, b, c〉 = 〈1, 0, 1〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

17. 〈a, b, c〉 = 〈u, u, 0〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

18. 〈a, b, c〉 = 〈1, u, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

19. 〈a, b, c〉 = 〈u, 1, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.
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20. 〈a, b, c〉 = 〈1, 1, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

21. 〈a, b, c〉 = 〈0, 0, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

22. 〈a, b, c〉 = 〈0, 0, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

23. 〈a, b, c〉 = 〈0, u, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

24. 〈a, b, c〉 = 〈0, 1, 0〉. ��(ϕ3 ∧ ψ3)�
i
M,w1,g

�= ��ϕ3 ∧�ψ3�
i
M,w1,g

.

25. 〈a, b, c〉 = 〈u, 0, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

26. 〈a, b, c〉 = 〈1, 0, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

27. 〈a, b, c〉 = 〈0, 0, 0〉. ��(ϕ3 ∧ ψ3)�
i
M,w1,g

�= ��ϕ3 ∧�ψ3�
i
M,w1,g

.

2. i∧ = s∧. Principle 10 rules out every alternative except no. 23 on the
following list:

1. 〈a, b, c〉 = 〈u, u, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

2. 〈a, b, c〉 = 〈1, u, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

3. 〈a, b, c〉 = 〈u, 1, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

4. 〈a, b, c〉 = 〈u, u, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

5. 〈a, b, c〉 = 〈1, 1, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

6. 〈a, b, c〉 = 〈1, u, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

7. 〈a, b, c〉 = 〈u, 1, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

8. 〈a, b, c〉 = 〈1, 1, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

9. 〈a, b, c〉 = 〈0, u, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

10. 〈a, b, c〉 = 〈0, 1, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

11. 〈a, b, c〉 = 〈0, u, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

12. 〈a, b, c〉 = 〈0, 1, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

13. 〈a, b, c〉 = 〈u, 0, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

14. 〈a, b, c〉 = 〈1, 0, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

15. 〈a, b, c〉 = 〈u, 0, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

16. 〈a, b, c〉 = 〈1, 0, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

17. 〈a, b, c〉 = 〈u, u, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

18. 〈a, b, c〉 = 〈1, u, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

19. 〈a, b, c〉 = 〈u, 1, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.
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20. 〈a, b, c〉 = 〈1, 1, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

21. 〈a, b, c〉 = 〈0, 0, u〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

22. 〈a, b, c〉 = 〈0, 0, 1〉. ��(ϕ2 ∧ ψ2)�
i
M,w1,g

�= ��ϕ2 ∧�ψ2�
i
M,w1,g

.

23. 〈a, b, c〉 = 〈0, u, 0〉, which is s�.

24. 〈a, b, c〉 = 〈0, 1, 0〉. ��(ϕ3 ∧ ψ3)�
i
M,w1,g

�= ��ϕ3 ∧�ψ3�
i
M,w1,g

.

25. 〈a, b, c〉 = 〈u, 0, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

26. 〈a, b, c〉 = 〈1, 0, 0〉. ��(ϕ1 ∧ ψ1)�
i
M,w1,g

�= ��ϕ1 ∧�ψ1�
i
M,w1,g

.

27. 〈a, b, c〉 = 〈0, 0, 0〉. ��(ϕ3 ∧ ψ3)�
i
M,w1,g

�= ��ϕ3 ∧�ψ3�
i
M,w1,g

.

Lemma A.3. If q = u and i is nice, then

1. If i∧ = w∧ = w∗∧, then i∀ = w∀ or i∀ = w∗
∀.

2. If i∧ = s∧, then i∀ = s∀.

Proof. Assume that q = u and that i is nice. By Lemma A.1 and A.2,
there are two cases two consider:

1. i¬ = w¬ = w∗¬, i∧ = w∧ = w∗∧ and i� = w� = w∗
�.

Consider a 1D-model M = 〈W,D,Dom, R, I〉 such that

(a) W = {w1, w2}, Dom(w1) = {d1, d2, d3}, Dom(w2) = {d1, d2},
R = W 2.

(b) I(c) = d3, I(F )(w1) = {d3}, I(G)(w1) = {d2, d3}, I(H)(w1) =
Dom(w1), I(H)(w2) = Dom(w2).

Then, for any assignment g,

(a) �Fx�iM,w1,g[d1/x]
= 0.

�Fx�iM,w1,g[d2/x]
= 0.

�Fx�iM,w1,g[d3/x]
= 1.

(b) �Gx�iM,w1,g[d1/x]
= 0.

�Gx�iM,w1,g[d2/x]
= 1.

�Gx�iM,w1,g[d3/x]
= 1.

(c) ��Hx�iM,w1,g[d1/x]
= 1,

��Hx�iM,w1,g[d2/x]
= 1,

��Hx�iM,w1,g[d3/x]
= u.
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(d) �¬Fx�iM,w1,g[d1/x]
= 1.

�¬Fx�iM,w1,g[d2/x]
= 1.

�¬Fx�iM,w1,g[d3/x]
= 0.

(e) ��Hc�iM,w1,g[d1/x]
= u.

��Hc�iM,w1,g[d2/x]
= u.

��Hc�iM,w1,g[d3/x]
= u.

Let

(a) ϕ1 = Fx and ψ1 = �Hx.

(b) ϕ2 = Gx and ψ2 = �Hx.

(c) ϕ3 = ¬Fx and ψ3 = �Hx.

(d) θ = �Hc.

By principle 6, i∀({u}) = u. Otherwise �∀xθ�iM,w1,g
�= �θ�iM,w1,g

= u.
That leaves us with 27 alternatives with respect to i∀, one for each
a, b, c ∈ {0, 1, u}:

i∀
{0} 0

{0, 1} 0
{1} 1
{u} u

{0, u} a
{1, u} b

{0, 1, u} c

Principle 9 rules out every alternative except nos. 1 and 27 on the
following list:

1. 〈a, b, c〉 = 〈u, u, u〉, which is w∀.

2. 〈a, b, c〉 = 〈1, u, u〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

3. 〈a, b, c〉 = 〈u, 1, u〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

4. 〈a, b, c〉 = 〈u, u, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

5. 〈a, b, c〉 = 〈1, 1, u〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

6. 〈a, b, c〉 = 〈1, u, 1〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

7. 〈a, b, c〉 = 〈u, 1, 1〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

8. 〈a, b, c〉 = 〈1, 1, 1〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

132



APPENDIX A. PARTIAL SEMANTICS

9. 〈a, b, c〉 = 〈0, u, u〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

10. 〈a, b, c〉 = 〈0, 1, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

11. 〈a, b, c〉 = 〈0, u, 1〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

12. 〈a, b, c〉 = 〈0, 1, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

13. 〈a, b, c〉 = 〈u, 0, u〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

14. 〈a, b, c〉 = 〈1, 0, u〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

15. 〈a, b, c〉 = 〈u, 0, 1〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

16. 〈a, b, c〉 = 〈1, 0, 1〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

17. 〈a, b, c〉 = 〈u, u, 0〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

18. 〈a, b, c〉 = 〈1, u, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

19. 〈a, b, c〉 = 〈u, 1, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

20. 〈a, b, c〉 = 〈1, 1, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

21. 〈a, b, c〉 = 〈0, 0, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

22. 〈a, b, c〉 = 〈0, 0, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

23. 〈a, b, c〉 = 〈0, u, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

24. 〈a, b, c〉 = 〈0, 1, 0〉. �∀x(ϕ3 ∧ ψ3)�
i
M,w1,g

�= �∀xϕ3 ∧ ∀xψ3�
i
M,w1,g

.

25. 〈a, b, c〉 = 〈u, 0, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

26. 〈a, b, c〉 = 〈1, 0, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

27. 〈a, b, c〉 = 〈0, 0, 0〉, which is w∗
∀.

2. i¬ = s¬, i∧ = s∧ and i� = s�.

Consider a 1D-model M = 〈W,D,Dom, R, I〉 such that

(a) W = {w1, w2}, Dom(w1) = {d1, d2, d3}, Dom(w2) = {d1, d2},
R = W 2.

(b) I(c) = d3, I(F )(w1) = {d3}, I(G)(w1) = {d2, d3}, I(H)(w1) =
Dom(w1), I(H)(w2) = Dom(w2), I(P )(w1) = {d1, d2}.

Then, for any assignment g,

(a) �Fx�iM,w1,g[d1/x]
= 0.

�Fx�iM,w1,g[d2/x]
= 0.

�Fx�iM,w1,g[d3/x]
= 1.
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(b) �Gx�iM,w1,g[d1/x]
= 0.

�Gx�iM,w1,g[d2/x]
= 1.

�Gx�iM,w1,g[d3/x]
= 1.

(c) ��Hx�iM,w1,g[d1/x]
= 1,

��Hx�iM,w1,g[d2/x]
= 1,

��Hx�iM,w1,g[d3/x]
= u.

(d) �¬(Px ∧�Hc)�iM,w1,g[d1/x]
= u.

�¬(Px ∧�Hc)�iM,w1,g[d2/x]
= u.

�¬(Px ∧�Hc)�iM,w1,g[d3/x]
= 1.

(e) ��Hc�iM,w1,g[d1/x]
= u.

��Hc�iM,w1,g[d2/x]
= u.

��Hc�iM,w1,g[d3/x]
= u.

Let

(a) ϕ1 = Fx and ψ1 = �Hx.

(b) ϕ2 = Gx and ψ2 = �Hx.

(c) ϕ3 = �Hx and ψ3 = ¬(Px ∧�Hc).

(d) θ = �Hc.

By principle 6, i∀({u}) = u. Otherwise �∀xθ�iM,w1,g
�= �θ�iM,w1,g

= u.
Again, that leaves us with 27 alternatives with respect to i∀. Principle
9 rules out every alternative except no. 23 on the following list:

1. 〈a, b, c〉 = 〈u, u, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

2. 〈a, b, c〉 = 〈1, u, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

3. 〈a, b, c〉 = 〈u, 1, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

4. 〈a, b, c〉 = 〈u, u, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

5. 〈a, b, c〉 = 〈1, 1, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

6. 〈a, b, c〉 = 〈1, u, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

7. 〈a, b, c〉 = 〈u, 1, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

8. 〈a, b, c〉 = 〈1, 1, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

9. 〈a, b, c〉 = 〈0, u, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

10. 〈a, b, c〉 = 〈0, 1, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.
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11. 〈a, b, c〉 = 〈0, u, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

12. 〈a, b, c〉 = 〈0, 1, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

13. 〈a, b, c〉 = 〈u, 0, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

14. 〈a, b, c〉 = 〈1, 0, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

15. 〈a, b, c〉 = 〈u, 0, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

16. 〈a, b, c〉 = 〈1, 0, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

17. 〈a, b, c〉 = 〈u, u, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

18. 〈a, b, c〉 = 〈1, u, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

19. 〈a, b, c〉 = 〈u, 1, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

20. 〈a, b, c〉 = 〈1, 1, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

21. 〈a, b, c〉 = 〈0, 0, u〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

22. 〈a, b, c〉 = 〈0, 0, 1〉. �∀x(ϕ2 ∧ ψ2)�
i
M,w1,g

�= �∀xϕ2 ∧ ∀xψ2�
i
M,w1,g

.

23. 〈a, b, c〉 = 〈0, u, 0〉, which is s∀.

24. 〈a, b, c〉 = 〈0, 1, 0〉. �∀x(ϕ3 ∧ ψ3)�
i
M,w1,g

�= �∀xϕ3 ∧ ∀xψ3�
i
M,w1,g

.

25. 〈a, b, c〉 = 〈u, 0, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

26. 〈a, b, c〉 = 〈1, 0, 0〉. �∀x(ϕ1 ∧ ψ1)�
i
M,w1,g

�= �∀xϕ1 ∧ ∀xψ1�
i
M,w1,g

.

27. 〈a, b, c〉 = 〈0, 0, 0〉. �∀x(ϕ3 ∧ ψ3)�
i
M,w1,g

�= �∀xϕ3 ∧ ∀xψ3�
i
M,w1,g

.

Theorem 2.1. If q = u, at most w,w∗ and s are nice.

Proof. Follows from Lemma A.1, A.2 and A.3.

A.2 Two facts about existence claims

Fact A.1. If q �= 0 and i ∈ {w, s}, then �∃x♦¬∃y(y = x)�iM,w,g �= 1.

Proof. Suppose q �= 0 and i ∈ {w, s}. Then
�∃x♦¬∃y(y = x)�iM,w,g = 1 iff

�¬∀x�¬∀y(y �= x)�iM,w,g = 1 iff

�∀x�¬∀y(y �= x)�iM,w,g = 0 only if

there’s d ∈ Dw such that ��¬∀y(y �= x)�iM,w,g[d/x] = 0 only if
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there’s d ∈ Dw and w′ ∈ Rw such that �¬∀y(y �= x)�iM,w′,g[d/x] = 0
iff

there’s d ∈ Dw and w′ ∈ Rw such that �∀y(y �= x)�iM,w′,g[d/x] = 1
iff

there’s d ∈ Dw and w′ ∈ Rw such that, for all d′ ∈ Dw′ , we have
�y �= x�iM,w′,g[d/x][d′/y] = 1 iff

there’s d ∈ Dw and w′ ∈ Rw such that, for all d′ ∈ Dw′ , we have
�y = x�iM,w′,g[d/x][d′/y] = 0 iff

there’s d ∈ Dw and w′ ∈ Rw such that, for all d′ ∈ Dw′ , 〈d, d′〉 ∈
(Dw′)2 and 〈d, d′〉 �∈ I(=)(w′), which is impossible since 〈d, d〉 ∈
I(=)(w′).

Fact A.2. If q �= 0 and i ∈ {w,w∗, s}, then �∀x♦¬∃y(y = x)�iM,w,g �= 1.

Proof. Suppose q �= 0 and i ∈ {w,w∗, s}. Then

�∀x♦¬∃y(y = x)�iM,w,g = 1 iff

�∀x¬�¬∀y(y �= x)�iM,w,g = 1 iff

for all d ∈ Dw, �¬�¬∀y(y �= x)�iM,w,g[d/x] = 1 iff

for all d ∈ Dw, ��¬∀y(y �= x)�iM,w,g[d/x] = 0 only if

for all d ∈ Dw, there’s w
′ ∈ Rw such that �¬∀y(y �= x)�iM,w′,g[d/x] =

0 iff

for all d ∈ Dw, there’s w
′ ∈ Rw such that �∀y(y �= x)�iM,w′,g[d/x] =

1 iff

for all d ∈ Dw, there’s w′ ∈ Rw such that, for all d′ ∈ Dw′ ,
�y �= x�iM,w′,g[d/x][d′/y] = 1 iff

for all d ∈ Dw, there’s w′ ∈ Rw such that, for all d′ ∈ Dw′ ,
�y = x�iM,w′,g[d/x][d′/y] = 0 iff

for all d ∈ Dw, there’s w′ ∈ Rw such that, for all d′ ∈ Dw′ ,
〈d, d′〉 ∈ (Dw′)2 and 〈d, d′〉 �∈ I(=)(w′), which is impossible since
〈d, d〉 ∈ I(=)(w′).
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A.3 Non-denoting terms

We prove Theorem 2.2. Some definitions are repeated for convenience.

Definition 2.3.1 (The language L�ι). The language L�ι has an infi-
nite set of variables {x0, x1, x2, ...}, names {a0, a1, a2, ...} and predicates
{P0, P1, P2, ...} of various arities (including the identity predicate). The
operators are {¬,∧, ∀,�, ι}. The set of terms and formulas are defined
inductively:

1. All names and variables are terms.

2. If x is a variable and ϕ is a formula, then ιxϕ is a term.

3. If t1, ..., tn are terms and P is an n-place predicate, then Pt1...tn
is a formula.

4. If ϕ and ψ are formulas and x is a variable, then ¬ϕ, (ϕ∧ψ), ∀xϕ
and �ϕ are formulas.

5. Nothing else is a term or a formula.

Operators →,∨,↔, ∃,♦ are introduced as abbreviations in the usual
way.

A model of L�ι is a 1D-model.

Definition 2.3.2 (General 1D-semantics). Let i be a logical interpreta-
tion, and let q, r ∈ {0, 1, u}. For any 1D-model M = 〈W,D,Dom, R, I〉,
world w ∈ W and assignment g,

1. If t is a name, then �t�iM,w,g = I(t).

2. If t is a variable, then �t�iM,w,g = g(t).

3. If x is a variable and ϕ is a formula, then

(a) �ιxϕ�iM,w,g = d if

i. d ∈ Dom(w) and �ϕ�iM,w,g[d/x] = 1, and

ii. for all d′ ∈ Dom(w)− {d}, �ϕ�iM,w,g[d/x] �= 1.

(b) �ιxϕ�iM,w,g = u otherwise.

4. If t1, ..., tn are terms, P is an n-place predicate and we let X =
〈�t1�iM,w,g, ..., �tn�iM,w,g〉, then

(a) �Pt1...tn�iM,w,g = 1 if X ∈ Dom(w)n and X ∈ I(P )(w).
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(b) �Pt1...tn�iM,w,g = 0 if X ∈ Dom(w)n and X �∈ I(P )(w).

(c) �Pt1...tn�iM,w,g = q if X �∈ Dom(w)n but X ∈ Dn.

(d) �Pt1...tn�iM,w,g = r if X �∈ Dn.

5. �¬ϕ�iM,w,g = i¬(�ϕ�iM,w,g).

6. �ϕ ∧ ψ�iM,w,g = i∧(�ϕ�iM,w,g, �ψ�iM,w,g)

7. �∀xϕ�iM,w,g = i∀({�ϕ�iM,w,g[d/x] : d ∈ Dom(w)})

8. ��ϕ�iM,w,g = i�({�ϕ�iM,w′,g : w′ ∈ W such that wRw′})
where g[d/x] is just like g except that g[d/x](x) = d.

Lemma A.4. If r = u and i is nice, then i¬ = w¬ = s¬ and either
i∧ = w∧ or i∧ = s∧.

Proof. Assume that r = u and that i is nice. Consider a 1D-model
M = 〈W,D,Dom, R, I〉 such that w ∈ W , d ∈ D, Dom(w) = {d},
I(A)(w) = {d} and I(B)(w) = ∅. Let ϕ and ψ be ιxAx = ιxAx and
ιxBx = ιxBx respectively. Since i is normal, we have

1. �ϕ�iM,w,g = 1.

2. �¬ϕ�iM,w,g = 0.

3. �ψ�iM,w,g = u.

By principle 1, i¬ = w¬ = s¬. Otherwise �¬¬ψ�iM,w,g �= �ψ�iM,w,g. By

principle 3, i∧(u, u) = u. Otherwise �ψ ∧ ψ�iM,w,g �= �ψ�iM,w,g. By princi-

ple 2, i∧(a, b) = i∧(b, a) for any a, b ∈ {0, 1, u}. Otherwise �ϕ ∧ ψ�iM,w,g �=
�ψ ∧ ϕ�iM,w,g or �¬ϕ ∧ ψ�iM,w,g �= �ψ ∧ ¬ϕ�iM,w,g.

This leaves us with the 9 alternatives with respect to i∧, 7 of which
are ruled out by principles 4 and 5 in the same way as in the proof of
Lemma A.1. The remaining are w∧ and s∧.

Lemma A.5. If r = u and i is nice, then

1. If i∧ = w∧, then i� = w�.

2. If i∧ = s∧, then i� = s�.

Proof. Assume that r = u and that i is nice. By Lemma A.4, i¬ = w¬ =
s¬. Consider a 1D-model M = 〈W,D,Dom, R, I〉 such that
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1. W = {w1, w2, w3}, D = {d}, Dom(w1) = Dom(w2) = Dom(w3) =
D, R = W 2.

2. I(A1)(w1) = I(A1)(w2) = I(A1)(w3) = {d}.
3. I(A2)(w1) = I(A2)(w2) = {d} and I(A2)(w3) = ∅.
4. I(A3)(w1) = I(A3)(w2) = ∅ and I(A3)(w3) = {d}.
5. I(F )(w1) = I(F )(w2) = ∅ and I(F )(w3) = D.

6. I(G)(w1) = ∅ and I(G)(w2) = I(G)(w3) = D

7. I(H)(w1) = I(H)(w2) = I(H)(w3) = D.

Then, for any assignment g,

1. �F (ιxA1x)�
i
M,w1,g

= 0.

�F (ιxA1x)�
i
M,w2,g

= 0.

�F (ιxA1x)�
i
M,w3,g

= 1.

2. �G(ιxA1x)�
i
M,w1,g

= 0.

�G(ιxA1x)�
i
M,w2,g

= 1.

�G(ιxA1x)�
i
M,w3,g

= 1.

3. �H(ιxA2x)�
i
M,w1,g

= 1.

�H(ιxA2x)�
i
M,w2,g

= 1.

�H(ιxA2x)�
i
M,w3,g

= u.

4. �H(ιxA3x)�
i
M,w1,g

= u.

�H(ιxA3x)�
i
M,w2,g

= u.

�H(ιxA3x)�
i
M,w3,g

= 1.

5. �H(ιxA2x) ∧H(ιxA3x)�
i
M,w1,g

= u.

�H(ιxA2x) ∧H(ιxA3x)�
i
M,w2,g

= u.

�H(ιxA2x) ∧H(ιxA3x)�
i
M,w3,g

= u.

Let

1. ϕ1 = F (ιxA1x) and ψ1 = H(ιxA2x).

2. ϕ2 = G(ιxA1x) and ψ2 = H(ιxA2x).
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3. ϕ3 = H(ιxA2x) and ψ3 = H(ιxA3x).

4. θ = H(ιxA2x) ∧H(ιxA3x).

By principle 7, i�({u}) �= 1. Otherwise ��(θ ∧ ¬θ)�iM,w1,g
= 1. By

principle 8, i�({u}) �= 0. Otherwise �♦(θ ∧ ¬θ)�iM,w1,g
= 1. Hence,

i�({u}) = u.
That leaves us with 27 alternatives with respect to i�. By Lemma

A.4, there are two cases to consider:

1. i∧ = w∧. As in the proof of Lemma A.2, principle 10 rules out all
but w�.

2. i∧ = s∧. As in the proof of Lemma A.2, principle 10 rules out all
but s�.

Lemma A.6. If r = u and i is nice, then

1. If i∧ = w∧, then i∀ = w∀.

2. If i∧ = s∧, then i∀ = s∀.

Proof. Assume that r = u and that i is nice. Consider a 1D-model
M = 〈W,D,Dom, R, I〉 such that

1. W = {w}, D = {d1, d2, d3}, Dom(w) = D, R = W 2.

2. I(A)(w) = ∅.
3. I(F )(w) = {d3}, I(G)(w) = {d2, d3} and I(H)(w) = D.

4. I(P )(w) = {〈d1, d1〉, 〈d2, d2〉} and I(Q)(w) = {〈d3, d3〉}.
Then, for any assignment g,

1. �Fx�iM,w,g[d1/x]
= 0.

�Fx�iM,w,g[d2/x]
= 0.

�Fx�iM,w,g[d3/x]
= 1.

2. �Gx�iM,w,g[d1/x]
= 0.

�Gx�iM,w,g[d2/x]
= 1.

�Gx�iM,w,g[d3/x]
= 1.
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3. �H(ιyPxy)�iM,w,g[d1/x]
= 1.

�H(ιyPxy)�iM,w,g[d2/x]
= 1.

�H(ιyPxy)�iM,w,g[d3/x]
= u.

4. �H(ιyQxy)�iM,w,g[d1/x]
= u.

�H(ιyQxy)�iM,w,g[d2/x]
= u.

�H(ιyQxy)�iM,w,g[d3/x]
= 1.

5. �H(ιxAx)�iM,w,g[d1/x]
= u.

�H(ιxAx)�iM,w,g[d2/x]
= u.

�H(ιxAx)�iM,w,g[d3/x]
= u.

Let

1. ϕ1 = Fx and ψ1 = H(ιyPxy).

2. ϕ2 = Gx and ψ2 = H(ιyPxy).

3. ϕ3 = H(ιyPxy) and ψ3 = H(ιyQxy).

4. θ = H(ιxAx).

By principle 6, i∀({u}) = u. Otherwise �∀xθ�iM,w,g �= �θ�iM,w,g. That
leaves us with 27 alternatives with respect to i∀. By Lemma A.4 and
A.5, there are two cases to consider:

1. i∧ = w∧ and i� = w�. As in the proof of Lemma A.2 (mutatis
mutandis), principle 9 rules out all but w∀.

2. i∧ = s∧ and i� = s�. As in the proof of Lemma A.2 (mutatis
mutandis), principle 9 rules out all but s∀.

Lemma A.7. w and s are nice.

Proof. w and s obviously satisfy principles 1-3 and 6-8. As for princi-
ples 4 and 5, let w∨(a, b) =df w¬(w∧(w¬(a),w¬(b))) and s∨(a, b) =df

s¬(s∧(s¬(a), s¬(b))). It’s then easy to verify that, for each a, b, c ∈
{0, 1, u},

1. (a) w∧(a,w∧(b, c)) = w∧(w∧(a, b), c).
(b) s∧(a, s∧(b, c)) = s∧(s∧(a, b), c).
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2. (a) w∨(w∧(a, c),w∧(b, c)) = w∧(w∨(a, b), c).

(b) s∨(s∧(a, c), s∧(b, c)) = s∧(s∨(a, b), c).

As for principle 9, we consider each interpretation in turn:

1. Suppose (i) �∀x(ϕ ∧ ψ)�wM,w,g = 0 but (ii) �∀xϕ ∧ ∀xψ�wM,w,g = 1.
By (ii), �∀xϕ�wM,w,g = 1 and �∀xψ�wM,w,g = 1. Hence, we have
�ϕ�wM,w,g[d/x] = 1 and �ψ�wM,w,g[d/x] = 1 for all d ∈ Dom(w). Hence,

�ϕ ∧ ψ�wM,w,g[d/x] = 1 for all d ∈ Dom(w), contradicting (i).

Suppose (i) �∀x(ϕ ∧ ψ)�wM,w,g = 0 but (ii) �∀xϕ ∧ ∀xψ�wM,w,g = u.
By (ii), �∀xϕ�wM,w,g = u or �∀xψ�wM,w,g = u. Hence, �ϕ�wM,w,g[d/x] =

u for some d ∈ Dom(w) or �ψ�wM,w,g[d/x] = u for some d ∈ Dom(w).

Hence, �ϕ ∧ ψ�wM,w,g = u for some d ∈ Dom(w), contradicting (i).

Suppose (i) �∀x(ϕ ∧ ψ)�wM,w,g = 1 but (ii) �∀xϕ ∧ ∀xψ�wM,w,g = 0.
By (ii), �∀xϕ�wM,w,g = 0 or �∀xψ�wM,w,g = 0. Hence, �ϕ�wM,w,g[d/x] =

0 for some d ∈ Dom(w) or �ψ�wM,w,g[d/x] = 0 for some d ∈ Dom(w).

Hence, �ϕ ∧ ψ�wM,w,g[d/x] �= 1 for some d ∈ Dom(w), contradicting

(i).

Suppose (i) �∀x(ϕ ∧ ψ)�wM,w,g = 1 but (ii) �∀xϕ ∧ ∀xψ�wM,w,g = u.
By (ii), �∀xϕ�wM,w,g = u or �∀xψ�wM,w,g = u. Hence, �ϕ�wM,w,g[d/x] =

u for some d ∈ Dom(w) or �ψ�wM,w,g[d/x] = u for some d ∈ Dom(w).

Hence, �ϕ ∧ ψ�wM,w,g[d/x] = u for some d ∈ Dom(w), contradicting

(i).

Suppose (i) �∀x(ϕ ∧ ψ)�wM,w,g = u but (ii) �∀xϕ ∧ ∀xψ�wM,w,g =
0. By (ii), �∀xϕ�wM,w,g �= u and �∀xψ�wM,w,g �= u. Hence, we
have �ϕ�wM,w,g[d/x] �= u and �ψ�wM,w,g[d/x] �= u for all d ∈ Dom(w).

Hence, �ϕ∧ψ�wM,w,g[d/x] �= u for all d ∈ Dom(w), contradicting (i).

Suppose (i) �∀x(ϕ ∧ ψ)�wM,w,g = u but (ii) �∀xϕ ∧ ∀xψ�wM,w,g = 1.
By (ii), �∀xϕ�wM,w,g = 1 and �∀xψ�wM,w,g = 1. Hence, we have
�ϕ�wM,w,g[d/x] = 1 and �ψ�wM,w,g[d/x] = 1 for all d ∈ Dom(w). Hence,

�ϕ ∧ ψ�wM,w,g[d/x] = 1 for all d ∈ Dom(w), contradicting (i).

2. Suppose (i) �∀x(ϕ ∧ ψ)�sM,w,g = 0 but (ii) �∀xϕ ∧ ∀xψ�sM,w,g = 1.
By (ii), �∀xϕ�sM,w,g = 1 and �∀xψ�sM,w,g = 1. Hence, we have
�ϕ�sM,w,g[d/x] = 1 and �ψ�sM,w,g[d/x] = 1 for all d ∈ Dom(w). Hence,

�ϕ ∧ ψ�sM,w,g[d/x] = 1 for all d ∈ Dom(w), contradicting (i).

Suppose (i) �∀x(ϕ ∧ ψ)�sM,w,g = 0 but (ii) �∀xϕ ∧ ∀xψ�sM,w,g = u.
By (ii), �∀xϕ�sM,w,g �= 0 and �∀xψ�sM,w,g �= 0. Hence, we have
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�ϕ�sM,w,g[d/x] �= 0 and �ψ�sM,w,g[d/x] �= 0 for all d ∈ Dom(w). Hence,

�ϕ ∧ ψ�wM,w,g �= 0 for all d ∈ Dom(w), contradicting (i).

Suppose (i) �∀x(ϕ ∧ ψ)�sM,w,g = 1 but (ii) �∀xϕ ∧ ∀xψ�sM,w,g = 0.
By (ii), �∀xϕ�wM,w,g = 0 or �∀xψ�wM,w,g = 0. Hence, �ϕ�wM,w,g[d/x] =

0 for some d ∈ Dom(w) or �ψ�wM,w,g[d/x] = 0 for some d ∈ Dom(w).

Hence, �ϕ ∧ ψ�wM,w,g[d/x] = 0 for some d ∈ Dom(w), contradicting

(i).

Suppose (i) �∀x(ϕ ∧ ψ)�sM,w,g = 1 but (ii) �∀xϕ ∧ ∀xψ�sM,w,g = u.
By (ii), �∀xϕ�sM,w,g = u or �∀xψ�sM,w,g = u. Hence, �ϕ�sM,w,g[d/x] =

u for some d ∈ Dom(w) or �ψ�sM,w,g[d/x] = u for some d ∈ Dom(w).

Hence, �ϕ ∧ ψ�sM,w,g[d/x] �= 1 for some d ∈ Dom(w), contradicting

(i).

Suppose (i) �∀x(ϕ ∧ ψ)�sM,w,g = u but (ii) �∀xϕ ∧ ∀xψ�sM,w,g = 0.
By (ii), �∀xϕ�sM,w,g = 0 or �∀xψ�sM,w,g = 0. Hence, �ϕ�sM,w,g[d/x] =

0 for some d ∈ Dom(w) or �ψ�sM,w,g[d/x] = 0 for some d ∈ Dom(w).

Hence, �ϕ ∧ ψ�sM,w,g[d/x] = 0 for some d ∈ Dom(w), contradicting

(i).

Suppose (i) �∀x(ϕ ∧ ψ)�sM,w,g = u but (ii) �∀xϕ ∧ ∀xψ�sM,w,g = 1.
By (ii), �∀xϕ�sM,w,g = 1 and �∀xψ�sM,w,g = 1. Hence, we have
�ϕ�sM,w,g[d/x] = 1 and �ψ�sM,w,g[d/x] = 1 for all d ∈ Dom(w). Hence,

�ϕ ∧ ψ�sM,w,g[d/x] = 1 for all d ∈ Dom(w), contradicting (i).

As for principle 10, the proof is similar.

Theorem 2.2. If r = u, only w and s are nice.

Proof. Follows from Lemma A.4, A.5, A.6 and A.7.

A.4 Three possible semantics for L�ι

In view of Theorem 2.2, there are exactly three semantics for L�ι that
are both normal and nice, as follows:

Definition A.4.1 (Total 1D-semantics). We say that, for any 1D-model
M = 〈W,D,Dom, R, I〉, world w ∈ W and assignment g,

1. If t is a name, then �t�M,w,g = I(t).

2. If t is a variable, then �t�M,w,g = g(t).

3. If x is a variable and ϕ is a formula, then
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(a) �ιxϕ�M,w,g = d if

i. d ∈ Dom(w) and �ϕ�M,w,g[d/x] = 1, and

ii. for all d′ ∈ Dom(w)− {d}, �ϕ�M,w,g[d/x] �= 1.

(b) �ιxϕ�M,w,g = u otherwise.

4. If t1, ..., tn are terms, P is an n-place predicate and we let X =
〈�t1�M,w,g, ..., �tn�M,w,g〉, then
(a) �Pt1...tn�M,w,g = 1 if X ∈ I(P )(w).

(b) �Pt1...tn�M,w,g = 0 otherwise.

5. �¬ϕ�M,w,g = 1 iff �ϕ�M,w,g = 0.

6. �ϕ ∧ ψ�M,w,g = 1 iff �ϕ�M,w,g = 1 and �ψ�M,w,g = 1.

7. �∀xϕ�M,w,g = 1 iff, for all d ∈ Dom(w), �ϕ�M,w,g[d/x] = 1.

8. ��ϕ�M,w,g = 1 iff, for all w′ ∈ W such that wRw′, �ϕ�M,w′,g = 1.

Definition A.4.2 (Weak 1D-semantics). We say that, for any 1D-model
M = 〈W,D,Dom, R, I〉, world w ∈ W and assignment g,

1. If t is a name, then �t�M,v,w,g = I(t).

2. If t is a variable, then �t�M,v,w,g = g(t).

3. If x is a variable and ϕ is a formula, then

(a) �ιxϕ�M,w,g = d if

i. d ∈ Dom(w) and �ϕ�M,w,g[d/x] = 1, and

ii. for all d′ ∈ Dom(w)− {d}, �ϕ�M,w,g[d/x] �= 1.

(b) �ιxϕ�M,w,g = u otherwise.

4. If t1, ..., tn are terms and P is an n-place predicate and we let
X = 〈�t1�M,w,g, ..., �tn�M,w,g〉, then
(a) �Pt1...tn�M,w,g = 1 if X ∈ I(P )(w).

(b) �Pt1...tn�M,w,g = 0 if X �∈ I(P )(w) but X ∈ Dn.

(c) �Pt1...tn�M,w,g = u otherwise.

5. (a) �¬ϕ�M,w,g = 1 if �ϕ�M,w,g = 0.

(b) �¬ϕ�M,w,g = 0 if �ϕ�M,w,g = 1.

(c) �¬ϕ�M,w,g = u if �ϕ�M,w,g = u.
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6. (a) �ϕ ∧ ψ�M,w,g = 1 if �ϕ�M,w,g = 1 and �ψ�M,w,g = 1.

(b) �ϕ ∧ ψ�M,w,g = u if �ϕ�M,w,g = u or �ψ�M,w,g = u.

(c) �ϕ ∧ ψ�M,w,g = 0 otherwise.

7. (a) �∀xϕ�M,w,g = 1 if, for all d ∈ Dom(w), �ϕ�M,w,g[d/x] = 1.

(b) �∀xϕ�M,w,g = u if, for some d ∈ Dom(w), �ϕ�M,w,g[d/x] = u.

(c) �∀xϕ�M,w,g = 0 otherwise.

8. (a) ��ϕ�M,w,g = 1 if, for all w′ ∈ W such that wRw′, �ϕ�M,w′,g =
1.

(b) ��ϕ�M,w,g = u if, for some w′ ∈ W such that wRw′, we have
�ϕ�M,w′,g = u.

(c) ��ϕ�M,w,g = 0 otherwise.

Definition A.4.3 (Strong 1D-semantics). We say that, for any 1D-
model M = 〈W,D,Dom, R, I〉, world w ∈ W and assignment g,

1. If t is a name, then �t�M,v,w,g = I(t).

2. If t is a variable, then �t�M,v,w,g = g(t).

3. If x is a variable and ϕ is a formula, then

(a) �ιxϕ�M,w,g = d if

i. d ∈ Dom(w) and �ϕ�M,w,g[d/x] = 1, and

ii. for all d′ ∈ Dom(w)− {d}, �ϕ�M,w,g[d/x] �= 1.

(b) �ιxϕ�M,w,g = u otherwise.

4. If t1, ..., tn are terms and P is an n-place predicate and we let
X = 〈�t1�M,w,g, ..., �tn�M,w,g〉, then
(a) �Pt1...tn�M,w,g = 1 if X ∈ I(P )(w).

(b) �Pt1...tn�M,w,g = 0 if X �∈ I(P )(w) but X ∈ Dn.

(c) �Pt1...tn�M,w,g = u otherwise.

5. (a) �¬ϕ�M,w,g = 1 if �ϕ�M,w,g = 0.

(b) �¬ϕ�M,w,g = 0 if �ϕ�M,w,g = 1.

(c) �¬ϕ�M,w,g = u if �ϕ�M,w,g = u.

6. (a) �ϕ ∧ ψ�M,w,g = 1 if �ϕ�M,w,g = 1 and �ψ�M,w,g = 1.

(b) �ϕ ∧ ψ�M,w,g = 0 if �ϕ�M,w,g = 0 or �ψ�M,w,g = 0.
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(c) �ϕ ∧ ψ�M,w,g = u otherwise.

7. (a) �∀xϕ�M,w,g = 1 if, for all d ∈ Dom(w), �ϕ�M,w,g[d/x] = 1.

(b) �∀xϕ�M,w,g = 0 if, for some d ∈ Dom(w), �ϕ�M,w,g[d/x] = 0.

(c) �∀xϕ�M,w,g = u otherwise.

8. (a) ��ϕ�M,w,g = 1 if, for all w′ ∈ W such that wRw′, we have
�ϕ�M,w′,g = 1.

(b) ��ϕ�M,w,g = 0 if, for some w′ ∈ W such that wRw′, we have
�ϕ�M,w′,g = 0.

(c) ��ϕ�M,w,g = u otherwise.
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Appendix B

The now- and the actuality
operator

B.1 The actuality operator is uneliminable

The proof essentially follows Wehmeier (2003), which in turn is an adap-
tation of Hodes (1984). The result (Theorem B.1) is a relatively trivial
strengthening of the former (corollary B.1).

Definition B.1.1 (Syntax). The language L�A has an infinite set of
variables {x0, x1, x2, ...}, names {a0, a1, a2, ...}, predicates {P0, P1, P2, ...}
of various arities (including identity) and operators {¬,∧, ∀,�,A}. The
terms are the names and variables. The set of formulas is defined induc-
tively:

1. If t1, ..., tn are terms and P is an n-place predicate, then Pt1...tn
is a formula.

2. If ϕ and ψ are formulas and x is a variable, then ¬ϕ,ϕ∧ψ, ∀xϕ,�ϕ
and Aϕ are formulas.

3. Nothing else is a formula.

Operators →,∨,↔, ∃,♦ are defined as usual.

Definition B.1.2 (Models). A model of L�A is a quadruple M =
〈W,w∗, D, I〉, where W is a non-empty set (a set of possible worlds),
w∗ ∈ W is a distinguished element (the actual world), D is a non-empty
set (a set of objects), and I is a function taking names and predicates as
arguments (an interpretation function). If a is a constant, then I(a) ∈ D.
If P is an n-place predicate, then I(P ) : W → P(Dn). If P is the identity
predicate, then I(P )(w) = {〈a, b〉 ∈ D2 : a = b} for all w ∈ W .
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Definition B.1.3 (Semantics). For any modelM = 〈W,w∗, D, I〉, world
w ∈ W and assignment g,

1. If t is a name, then �t�M,w,g = I(t).

2. If t is a variable, then �t�M,w,g = g(t).

3. If t1, ..., tn are terms and P is an n-place predicate, then we have
�Pt1...tn�M,w,g = 1 iff 〈�t1�M,w,g, ..., �tn�M,w,g〉 ∈ I(P )(w).

4. �¬ϕ�M,w,g = 1 iff �ϕ�M,w,g = 0.

5. �ϕ ∧ ψ�M,w,g = 1 iff �ϕ�M,w,g = 1 and �ψ�M,w,g = 1.

6. �∀xϕ�M,w,g = 1 iff, for all d ∈ D, �ϕ�M,w,g[d/x] = 1.

7. ��ϕ�M,w,g = 1 iff, for all w′ ∈ W , �ϕ�M,w′,g = 1.

8. �Aϕ�M,w,g = �ϕ�M,w∗,g.

For sentences we say that �ϕ�M = 1 iff, for any assignment g, �ϕ�M,w∗,g =
1.

Definition B.1.4 (Real-world equivalence). Two L�A-sentences ϕ and
ψ are real-world equivalent iff, for any model M, �ϕ�M = �ψ�M.

The plan is to prove the following theorem:

Theorem B.1. No A-free sentence is real-world equivalent to the sen-
tence ♦∀x(AFx → ¬Fx).

which follows from the following lemma:

Lemma B.1. There are models M and M′ such that

1. �♦∀x(AFx → ¬Fx)�M = 0.

2. �♦∀x(AFx → ¬Fx)�M′ = 1.

3. For any A-free sentence ϕ, �ϕ�M = �ϕ�M′.

To prove this lemma, we first need some definitions. Let N denote
the set of natural numbers, let E ⊆ N denote the set of even numbers,
and let O ⊆ N denote the set of odd numbers. Let e be any entity such
that e �∈ N.

Definition B.1.5 (The model M1). Let W1 be such that w ∈ W1 iff
the following obtains:
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1. w ⊆ N.

2. w is infinite.

3. N− w is infinite.

4. w contains at least one odd number.

Let D1 = N ∪ {e}, let w∗
1 = O, and let I1 be such that, for all w ∈ W1,

the following obtains:

1. If a is a name, then I1(a) = e.

2. I1(F )(w) = w.

3. If P is a predicate other than F , then I1(P )(w) = ∅.
Let M1 = 〈W1, w

∗
1, D1, I1〉.

Definition B.1.6 (The model M2). Let W2 = W1 ∪ {E}, let D2 = D1,
let w∗

2 = w∗
1, and let I2 be such that, for all w ∈ W2, the following

obtains:

1. If a is a name, then I2(a) = e.

2. I2(F )(w) = w.

3. If P is a predicate other than F , then I2(P )(w) = ∅.
Let M2 = 〈W2, w

∗
2, D2, I2〉.

Definition B.1.7 (LF ). LF is the set of formulas not containing any
non-logical symbols other than F .

Then we proceed with a series of lemmas:

Lemma B.2. For any A-free formula ϕ, there’s an A-free formula
ϕ∗ ∈ LF such that, for any assignment g,

1. �ϕ∗�M1,w∗
1 ,g

= �ϕ�M1,w∗
1 ,g

.

2. �ϕ∗�M2,w∗
2 ,g

= �ϕ�M2,w∗
2 ,g

.

Proof. We show the stronger claim that, for any A-free formula ϕ,

(166) there’s an A-free formula ϕ∗ ∈ LF such that, for any w1 ∈ W1

and w2 ∈ W2 and assignment g,

a. �ϕ∗�M1,w1,g = �ϕ�M1,w1,g.
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b. �ϕ∗�M2,w2,g = �ϕ�M2,w2,g.

by induction on the complexity of ϕ:

i. If ϕ is Pt1...tn and P �= F , let ϕ∗ be x �= x.

ii. If ϕ is Fx, let ϕ∗ be ϕ.

iii. If ϕ is Fa, let ϕ∗ be x �= x.

iv. If ϕ is ai = aj , let ϕ
∗ be x = x.

v. If ϕ is a = x or x = a, let ϕ∗ be �¬Fx. Then �ϕ�M1,w,g = 1 iff
g(x) = e iff (since every number is in the extension of F in some
world, e is the only object not included in the extension of F in any
world), for all w ∈ W1, g(x) �∈ I1(F )(w) iff ��¬Fx�M1,w,g = 1.

vi. If ϕ is x = y, let ϕ∗ be ϕ.

vii. If ϕ is either of ¬ψ, ψ ∧π, ∀xψ,�ψ, and (166) holds with respect to
ψ and π (witnessed by ψ∗ and π∗ respectively), let ϕ∗ be either of
¬ψ∗, ψ∗ ∧ π∗, ∀xψ∗,�ψ∗ respectively.

Lemma B.3 (Wehmeier). For any (�,A)-free formula ϕ ∈ LF , there’s
a (�,A, ∀)-free formula ϕ∗ ∈ LF such that, for any assignment g,

1. �ϕ∗�M1,w∗
1 ,g

= �ϕ�M1,w∗
1 ,g

.

2. �ϕ∗�M2,w∗
2 ,g

= �ϕ�M2,w∗
2 ,g

.

Proof. We show show that, for any (�,A)-free formula ϕ ∈ LF ,

(167) there’s a (�,A, ∀)-free formula ϕ∗ ∈ LF such that, for any
assignment g,

a. �ϕ∗�M1,w∗
1 ,g

= �ϕ�M1,w∗
1 ,g

.
b. �ϕ∗�M2,w∗

2 ,g
= �ϕ�M2,w∗

2 ,g
.

by induction on the complexity of ϕ:

i. If ϕ is Fx, let ϕ∗ = ϕ.

ii. If ϕ is ¬ψ, and (167) holds with respect to ψ (witnessed by ψ∗), let
ϕ∗ = ¬ψ∗.

iii. If ϕ is ψ ∧ π and (167) holds with respect to ψ and π (witnessed by
ψ∗ and π∗ respectively), let ϕ∗ = ψ∗ ∧ π∗.
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iv. ϕ is ∀xψ, and (167) holds with respect to ψ (witnessed by ψ∗).
We can assume, without loss of generality, that the (�,A, ∀)-free
formula ψ∗ is written in conjunctive normal form:

⎛
⎝ ∨

i≤a0

Ai
0(x)

⎞
⎠ ∧ ... ∧

⎛
⎝ ∨

i≤am

Ai
m(x)

⎞
⎠ ∧B

where each Ai
k(x) contains x and is on either of the following forms:

(a) Fx or ¬Fx.

(b) x = x or x �= x.

(c) x = y or x �= y, where y is a variable other than x.

and x doesn’t occur in B. Since ∀ distributes over conjunction,
∀xψ∗ is logically equivalent to

∀x
⎛
⎝ ∨

i≤a0

Ai
0(x)

⎞
⎠ ∧ ... ∧ ∀x

⎛
⎝ ∨

i≤am

Ai
m(x)

⎞
⎠ ∧B

Now, for each conjunct

∀xAk(x) = ∀x
⎛
⎝ ∨

i≤ak

Ai
k(x)

⎞
⎠ = ∀x (A0

k(x) ∨ ... ∨Aak
k (x)

)

we want to find a (�,A, ∀)-free formula ϕ∗
k ∈ LF such that, for any

assignment g,

1. �ϕ∗
k�M1,w∗

1 ,g
= �∀xAk(x)�M1,w∗

1 ,g
.

2. �ϕ∗
k�M2,w∗

2 ,g
= �∀xAk(x)�M2,w∗

2 ,g
.

We get the following possible cases:

1. Some Ai
k(x) is x = x. Let ϕ∗

k be x = x.

2. Some Ai
k(x) is Fx and some Aj

k(x) is ¬Fx. Let ϕ∗
k be x = x.

3. Some Ai
k(x) is x �= y, where y is some variable other than x.

That means ∀xAi
k(x) is logically equivalent to ∀x(x = y → C(x))

for some (�,A, ∀)-free formula C(x). Then ∀xAi
k(x) is logically

equivalent to C(y). Thus, let ϕ∗
k be C(y).

4. Ak(x) is Fx. Let ϕ∗
k be x �= x.

5. Ak(x) is ¬Fx. Let ϕ∗
k be x �= x.
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6. Ak(x) is x �= x. Let ϕ∗
k be x �= x.

7. Ak(x) has disjuncts {Fx, x �= x}. Let ϕ∗
k be x �= x.

8. Ak(x) has disjuncts {¬Fx, x �= x}. Let ϕ∗
k be x �= x.

9. Ak(x) has disjuncts {x = y1, ..., x = yi}. Then it follows that
�∀xAk(x)�M1,w∗

1 ,g
= 0 for any g, because D1 is infinite. The

same goes for M2. Thus, let ϕ
∗
k be x �= x.

10. Ak(x) has disjuncts {Fx, x = y1, ..., x = yi}. Then we have
�∀xAk(x)�M1,w∗

1 ,g
= 0 for any g, because D1 − I1(F )(w∗

1) is infi-
nite. The same goes for M2. Thus, let ϕ

∗
k be x �= x.

11. Ak(x) has disjuncts {¬Fx, x = y1, ..., x = yi}. Then we have
�∀xAk(x)�M1,w∗

1 ,g
= 0 for any g, because I1(F )(w∗

1) is infinite.
The same goes for M2. Thus, let ϕ

∗
k be x �= x.

12. Ak(x) has disjuncts {Fx, x �= x, x = y1, ..., x = yi}, which is
logically equivalent to having disjuncts {Fx, x = y1, ..., x = yi},
and case 10 applies.

13. Ak(x) has disjuncts {¬Fx, x �= x, x = y1, ..., x = yi}, which is
logically equivalent to having disjuncts {¬Fx, x = y1, ..., x = yi},
and case 11 applies.

Finally, let ϕ∗ be ϕ∗
1 ∧ ...ϕ∗

m ∧B.

Lemma B.4. For any formula ϕ, variables x and y, model M, world
w ∈ W and assignment g,

1. ��(x = y ∨ ϕ)�M,w,g = �x = y ∨�ϕ�M,w,g.

2. ��(x �= y ∨ ϕ)�M,w,g = �x �= y ∨�ϕ�M,w,g.

Proof. We show each in turn:

1. ��(x = y ∨ ϕ)�M,w,g = 1 iff

for all w′ ∈ W , �x = y ∨ ϕ�M,w′,g = 1 iff

for all w′ ∈ W , �x = y�M,w,g = 1 or �ϕ�M,w′,g = 1 iff

for all w′ ∈ W , g(x) = g(y) or �ϕ�M,w′,g = 1 iff

g(x) = g(y) or, for all w′ ∈ W , �ϕ�M,w′,g = 1 iff

�x = y ∨�ϕ�M,w,g.
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2. ��(x �= y ∨ ϕ)�M,w,g = 1 iff

for all w′ ∈ W , �x �= y ∨ ϕ�M,w′,g = 1 iff

for all w′ ∈ W , �x �= y�M,w,g = 1 or �ϕ�M,w′,g = 1 iff

for all w′ ∈ W , g(x) �= g(y) or �ϕ�M,w′,g = 1 iff

g(x) �= g(y) or, for all w′ ∈ W , �ϕ�M,w′,g = 1 iff

�x �= y ∨�ϕ�M,w,g.

Lemma B.5 (Wehmeier). For any A-free formula ϕ ∈ LF , there’s a
(�,A)-free formula ϕ∗ ∈ LF such that, for any assignment g,

1. �ϕ∗�M1,w∗
1 ,g

= �ϕ�M1,w∗
1 ,g

.

2. �ϕ∗�M2,w∗
2 ,g

= �ϕ�M2,w∗
2 ,g

.

Proof. We show show that, for any A-free formula ϕ ∈ LF ,

(168) there’s a (�,A)-free formula ϕ∗ ∈ LF such that, for any as-
signment g,

a. �ϕ∗�M1,w∗
1 ,g

= �ϕ�M1,w∗
1 ,g

.
b. �ϕ∗�M2,w∗

2 ,g
= �ϕ�M2,w∗

2 ,g
.

by induction on the complexity of ϕ:

i. If ϕ is Fx, let ϕ∗ = ϕ.

ii. If ϕ is ¬ψ, and (168) holds with respect to ψ (witnessed by ψ∗), let
ϕ∗ = ¬ψ∗.

iii. If ϕ is ψ ∧ π and (168) holds with respect to ψ and π (witnessed by
ψ∗ and π∗ respectively), let ϕ∗ = ψ∗ ∧ π∗.

iv. If ϕ is ∀xψ, and (168) holds with respect to ψ (witnessed by ψ∗),
let ϕ∗ = ∀xψ∗.

v. ϕ is �ψ, and (168) holds with respect to ψ (witnessed by ψ∗). We
can assume, by Lemma B.3, that ψ∗ is a (�,A, ∀)-free formula writ-
ten in conjunctive normal form:

⎛
⎝ ∨

i≤a0

Ai
0

⎞
⎠ ∧ ... ∧

⎛
⎝ ∨

i≤am

Ai
m

⎞
⎠

where each Ai
k is on either of the following forms:

153



APPENDIX B. THE NOW - AND THE ACTUALITY OPERATOR

(a) Fx or ¬Fx (for any variable x).

(b) x = y or x �= y (where x and y may be the same variable).

Since � distributes over conjunction, �ψ∗ is logically equivalent to

�

⎛
⎝ ∨

i≤a0

Ai
0

⎞
⎠ ∧ ... ∧�

⎛
⎝ ∨

i≤am

Ai
m

⎞
⎠

Now, for each disjunct

�Ak = �

⎛
⎝ ∨

i≤ak

Ai
k

⎞
⎠ = �

(
A0

k ∨ ... ∨Aak
k

)

we want to find a (�,A)-free formula ϕ∗
k ∈ LF such that, for any

assignment g,

1. �ϕ∗
k�M1,w∗

1 ,g
= ��Ak�M1,w∗

1 ,g
.

2. �ϕ∗
k�M2,w∗

2 ,g
= ��Ak�M2,w∗

2 ,g
.

Each Ak is logically equivalent to

⎛
⎝ ∨

i∈N1,j∈N2

xi = xj

⎞
⎠ ∨

⎛
⎝ ∨

i∈N3,j∈N4

xi �= xj

⎞
⎠∨

⎛
⎝ ∨

i∈N5

Fxi

⎞
⎠ ∨

⎛
⎝ ∨

i∈N6

¬Fxi

⎞
⎠

for some finite subsets N1, ..., N6 ⊆ N. Thus, by Lemma B.4, �Ak

is logically equivalent to Bk ∨�Ck, where

Bk =

⎛
⎝ ∨

i∈N1,j∈N2

xi = xj

⎞
⎠ ∨

⎛
⎝ ∨

i∈N3,j∈N4

xi �= xj

⎞
⎠

and

Ck =

⎛
⎝ ∨

i∈N5

Fxi

⎞
⎠ ∨

⎛
⎝ ∨

i∈N6

¬Fxi

⎞
⎠

Now, let

Dk =
∨

i∈N5,j∈N6

xi = xj

We’re going to show that, for any assignment g,
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1. �Dk�M1,w∗
1 ,g

= ��Ck�M1,w∗
1 ,g

.

2. �Dk�M2,w∗
2 ,g

= ��Ck�M2,w∗
2 ,g

.

We need to consider two cases:

(a) {g(xi) : i ∈ N5} ∩ {g(xi) : i ∈ N6} �= ∅. Then, for any g,
�Dk�M1,w∗

1 ,g
= ��Ck�M1,w∗

1 ,g
= 1. Likewise for M2.

(b) {g(xi) : i ∈ N5} ∩ {g(xi) : i ∈ N6} = ∅. Then, for any g,
�Dk�M1,w∗

1 ,g
= ��Ck�M1,w∗

1 ,g
= 0. The latter is because, for

any g, there’s w ∈ W1 such that {g(xi) : i ∈ N5} ⊆ D1 −
I1(F )(w) and {g(xi) : i ∈ N6} ⊆ I1(F )(w). Likewise for M2.

Thus, we have shown that, for any k ≤ m and assignment g,

1. �Bk ∨Dk�M1,w∗
1 ,g

= �Bk ∨�Ck�M1,w∗
1 ,g

= ��Ak�M1,w∗
1 ,g

.

2. �Bk ∨Dk�M2,w∗
2 ,g

= �Bk ∨�Ck�M2,w∗
2 ,g

= ��Ak�M2,w∗
2 ,g

.

Hence, let each ϕ∗
k be Bk ∨Dk, and let ϕ∗ be ϕ∗

1 ∧ ... ∧ ϕ∗
m.

Lemma B.6 (Wehmeier). For any (�,A)-free formula ϕ ∈ LF and
assignment g, �ϕ�M1,w∗

1 ,g
= �ϕ�M2,w∗

2 ,g
.

Proof. Follows from the fact that, for any predicate P and name a,
I1(P )(w∗

1) = I2(P )(w∗
2) and I1(a) = I2(a), by straightforward induction

on the complexity of formulas.

Lemma B.7 (Wehmeier). For any A-free formula ϕ ∈ LF and assign-
ment g, �ϕ�M1,w∗

1 ,g
= �ϕ�M2,w∗

2 ,g
.

Proof. Consider any A-free formula ϕ ∈ LF . By Lemma B.5, there’s a
(�,A)-free formula ϕ∗ ∈ LF such that, for any assignment g,

1. �ϕ∗�M1,w∗
1 ,g

= �ϕ�M1,w∗
1 ,g

.

2. �ϕ∗�M2,w∗
2 ,g

= �ϕ�M2,w∗
2 ,g

.

Hence, by Lemma B.6,
�ϕ�M1,w∗

1 ,g
= �ϕ∗�M1,w∗

1 ,g
= �ϕ∗�M2,w∗

2 ,g
= �ϕ�M2,w∗

2 ,g
.

Lemma B.8. For any A-free formula ϕ and assignment g, �ϕ�M1,w∗
1 ,g

=
�ϕ�M2,w∗

2 ,g
.

Proof. Consider anyA-free formula ϕ. By Lemma B.2, there’s anA-free
formula ϕ∗ ∈ LF such that, for any assignment g,
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1. �ϕ∗�M1,w∗
1 ,g

= �ϕ�M1,w∗
1 ,g

.

2. �ϕ∗�M2,w∗
2 ,g

= �ϕ�M2,w∗
2 ,g

.

Hence, by Lemma B.7,
�ϕ�M1,w∗

1 ,g
= �ϕ∗�M1,w∗

1 ,g
= �ϕ∗�M2,w∗

2 ,g
= �ϕ�M2,w∗

2 ,g
.

Now we are in a position to prove Lemma B.1:

Proof. Consider models M1 and M2 as defined earlier.

1. �♦∀x(AFx → ¬Fx)�M1,w∗
1 ,g

= 1 iff

there’s w ∈ W1 s.t. �∀x(AFx → ¬Fx)�M1,w,g = 1 iff

there’s w ∈ W1 s.t., for all d ∈ D1, �AFx → ¬Fx�M1,w,g[x/d] = 1
iff

there’s w ∈ W1 s.t., for all d ∈ D1, �AFx�M1,w,g[x/d] = 0 or
�Fx�M1,w,g[x/d] = 0 iff

there’s w ∈ W1 s.t., for all d ∈ D1, �Fx�M1,w∗
1 ,g[x/d]

= 0 or
�Fx�M1,w,g[x/d] = 0 iff

there’s w ∈ W1 s.t., for all d ∈ D1, d �∈ w∗
1 or d �∈ w iff

there’s w ∈ W1 s.t., for all d ∈ D1, d �∈ O ∩ w iff

there’s w ∈ W1 s.t. O∩w = ∅, which is false because every w ∈ W1

contains an odd number.

2. �♦∀x(AFx → ¬Fx)�M2,w∗
2 ,g

= 1 iff

there’s w ∈ W2 s.t. �∀x(AFx → ¬Fx)�M2,w,g = 1 iff

there’s w ∈ W2 s.t., for all d ∈ D2, �AFx → ¬Fx�M2,w,g[x/d] = 1
iff

there’s w ∈ W2 s.t., for all d ∈ D2, �AFx�M2,w,g[x/d] = 0 or
�Fx�M2,w,g[x/d] = 0 iff

there’s w ∈ W2 s.t., for all d ∈ D2, �Fx�M2,w∗
2 ,g[x/d]

= 0 or
�Fx�M2,w,g[x/d] = 0 iff

there’s w ∈ W2 s.t., for all d ∈ D2, d �∈ w∗
2 or d �∈ w iff

there’s w ∈ W2 s.t., for all d ∈ D2, d �∈ O ∩ w iff

there’s w ∈ W2 s.t. O ∩ w = ∅, which is true because E ∈ W2 and
O ∩ E = ∅.

3. Follows immediately from Lemma B.8.
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As an immediate consequence of Theorem B.1, we have

Corollary B.1 (Wehmeier). No A-free LF -sentence is real-world equiv-
alent to ♦∀x(AFx → ¬Fx).

B.2 The now operator is uneliminable

Definition B.2.1 (Syntax). The language LPFN has an infinite set of
variables {x0, x1, x2, ...}, names {c0, c1, c2, ...}, predicates {P0, P1, P2, ...}
of various arities (including identity) and operators {¬,∧, ∀,P,F,N}.
Terms are names and variables. The set of formulas is defined induc-
tively:

1. If t1, ..., tn are terms and P is an n-place predicate, then Pt1...tn
is a formula.

2. If ϕ and ψ are formulas and x is a variable, then ¬ϕ,ϕ∧ψ, ∀xϕ,Pϕ,
Fϕ and Nϕ are formulas.

3. Nothing else is a formula.

Operators →,∨,↔, ∃ are defined as usual.

Definition B.2.2 (Models). A model of LPFN is a quintuple M =
〈T,<, t∗, D, I〉, where T is a non-empty set of times, < is a transitive
and asymmetric binary relation on T , t∗ ∈ T is a distinguished element
(the present time), D is a non-empty set of possible objects, and I is an
interpretation function. If a is name, then I(a) ∈ D. If P is an n-place
predicate, then I(P ) : T → P(Dn). If P is the identity predicate, then
I(P )(t) = {〈a, b〉 ∈ D2 : a = b} for all t ∈ T .

Definition B.2.3 (Semantics). For any modelM = 〈T,<, t∗, D, I〉, time
t ∈ T and assignment g,

1. If s is a name, then �s�M,t,g = I(s).

2. If s is a variable, then �s�M,t,g = g(s).

3. If s1, ..., sn are terms and P is an n-place predicate, then we have
�Ps1...sn�M,t,g = 1 iff 〈�s1�M,t,g, ..., �sn�M,t,g〉 ∈ I(P )(t).

4. �¬ϕ�M,t,g = 1 iff �ϕ�M,t,g = 0.

5. �ϕ ∧ ψ�M,t,g = 1 iff �ϕ�M,t,g = 1 and �ψ�M,t,g = 1.

6. �∀xϕ�M,t,g = 1 iff, for all d ∈ D, �ϕ�M,t,g[d/x] = 1.
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7. �Pϕ�M,t,g = 1 iff, for some t′ ∈ T s.t. t′ < t, �ϕ�M,t′,g = 1.

8. �Fϕ�M,t,g = 1 iff, for some t′ ∈ T s.t. t < t′, �ϕ�M,t′,g = 1.

9. �Aϕ�M,t,g = �ϕ�M,t∗,g.

For sentences, we say that �ϕ�M = 1 iff, for any assignment g, �ϕ�M,t∗,g =
1.

Definition B.2.4 (Real-time equivalence). Two sentences ϕ and ψ are
real-time equivalent iff, for any model M, �ϕ�M = �ψ�M.

The plan is to prove the following theorem:

Theorem B.2. No N-free sentence is real-time equivalent to the sen-
tence F∀x(NFx → ¬Fx).

which follows from the following lemma:

Lemma B.9. There are models M and M′ such that

1. �F∀x(NFx → ¬Fx)�M = 0.

2. �F∀x(NFx → ¬Fx)�M′ = 1.

3. For any N-free sentence ϕ, �ϕ�M = �ϕ�M′.

In order to prove this lemma, let Z denote the set of integers and
let R denote the set of real numbers. Define, for each i ∈ {1, 2}, the
following model:

Definition B.2.5 (The model MT
i ). Recall the definition of Mi. Let

Ti = Z × Wi and t∗i = 〈0, w∗
i 〉. Let h be some injective function

h : Wi → R, and let <i be a binary relation on Ti such that, for any
〈z, w〉, 〈z′, w′〉 ∈ Ti, 〈z, w〉 <i 〈z′, w′〉 iff

1. z < z′, or

2. z = z′ and h(w) < h(w′).

Then <i will be transitive and asymmetric. Let the interpretation func-
tion ITi be such that, for any n ∈ N and w ∈ Wi,

1. If a is a name, then ITi (a) = Ii(a).

2. If P is a predicate, then ITi (P )(n,w) = ITi (P )(−n,w) = Ii(P )(w).

Let MT
i = 〈Ti, <i, t

∗
i , Di, I

T
i 〉.
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Lemma B.10. For any term s, i ∈ {1, 2}, w ∈ Wi, z ∈ Z and assign-
ment g, �s�Mi,w,g = �s�MT

i ,〈z,w〉,g.

Proof. If s is a name, then �s�Mi,w,g = Ii(s) = ITi (s) = �s�MT
i ,〈z,w〉,g. If

s is a variable, then �s�Mi,w,g = g(s) = �s�MT
i ,〈z,w〉,g.

Lemma B.11. For any N-free LPFN-formula ϕ, there’s an A-free L�A-
formula ϕ∗ such that, for any assignment g,

1. �ϕ∗�M1,w∗
1 ,g

= �ϕ�MT
1 ,t∗1,g

.

2. �ϕ∗�M2,w∗
2 ,g

= �ϕ�MT
2 ,t∗2,g

.

Proof. We show the stronger claim that, for any N-free LPFN-formula
ϕ,

(169) there’s an A-free L�A-formula ϕ∗ such that, for any i ∈ {1, 2},
w ∈ Wi, z ∈ Z and assignment g, �ϕ∗�Mi,w,g = �ϕ�MT

i ,〈z,w〉,g.

by induction on the complexity of ϕ:

i. If ϕ is Ps1...sn, let ϕ
∗ be ϕ. Then

�Ps1...sn�Mi,w,g = 1 iff

〈[s1]Mi,w,g, ..., [sn]Mi,w,g〉 ∈ Ii(P )(w) iff (Lemma B.10)

〈[s1]MT
i ,〈z,w〉,g, ..., [sn]MT

i ,〈z,w〉,g〉 ∈ Ii(P )(w) iff (model construction)

〈[s1]MT
i ,〈z,w〉,g, ..., [sn]MT

i ,〈z,w〉,g〉 ∈ ITi (P )(z, w) iff

�ϕ�MT
i ,〈z,w〉,g = 1.

ii. If ϕ is either of ¬ψ, ψ ∧ π, ∀xψ and (169) holds with respect to ψ
and π (witnessed by ψ∗ and π∗ respectively), let ϕ∗ be either of
¬ψ∗, ψ∗ ∧ π∗, ∀xψ∗ respectively.

iii. ϕ is Pψ. Assume, as induction hypothesis, that (169) holds with
respect to ψ (witnessed by ψ∗). Let ϕ∗ be ♦ψ∗.
For left to right, suppose �♦ψ∗�Mi,w,g = 1. Then there’s w′ ∈ Wi

such that �ψ∗�Mi,w′,g = 1. By induction hypothesis, for any z, z′ ∈ Z

such that z′ < z, �ψ∗�MT
i ,〈z′,w′〉,g = 1. Hence, for any z ∈ Z, there’s

z′ < z such that �ψ∗�MT
i ,〈z′,w′〉,g = 1, which means that there’s

〈z′, w′〉 <i 〈z, w〉 such that �ψ∗�MT
i ,〈z′,w′〉,g = 1, which means that

�Pψ∗�MT
i ,〈z,w〉,g = 1.

For right to left, suppose �Pψ∗�MT
i ,〈z,w〉,g = 1. Then we have

〈z′, w′〉 <i 〈z, w〉 such that �ψ∗�MT
i ,〈z′,w′〉,g = 1. By induction hy-

pothesis, �ψ∗�Mi,w′,g = 1. Hence, �♦ψ∗�Mi,w,g = 1.
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iv. If ϕ is Fψ, the case is similar.

Lemma B.12. For any N-free formula ϕ and assignment g, we have
�ϕ�MT

1 ,t∗1,g
= �ϕ�MT

2 ,t∗2,g
.

Proof. Consider any N-free LPFN-formula ϕ and assignment g. By
Lemma B.11, there’s an A-free L�A-formula ϕ∗ such that

1. �ϕ∗�M1,w∗
1 ,g

= �ϕ�MT
1 ,t∗1,g

.

2. �ϕ∗�M2,w∗
2 ,g

= �ϕ�MT
2 ,t∗2,g

.

Hence, by Lemma B.8,
�ϕ�MT

1 ,t∗1,g
= �ϕ∗�M1,w∗

1 ,g
= �ϕ∗�M2,w∗

2 ,g
= �ϕ�MT

2 ,t∗2,g
.

Now we are in a position to prove Lemma B.9:

Proof. Consider models MT
1 and MT

2 as defined earlier.

1. �F∀x(NFx → ¬Fx)�MT
1 ,t∗1,g

= 1 iff

there’s t >1 t
∗
1 s.t. �∀x(NFx → ¬Fx)�MT

1 ,t,g = 1 iff

there’s t >1 t
∗
1 s.t., for all d ∈ D1, �NFx → ¬Fx�MT

1 ,t,g[x/d] = 1 iff

there’s t >1 t∗1 s.t, for all d ∈ D1, �NFx�MT
1 ,t,g[x/d] = 0 or

�Fx�MT
1 ,t,g[d/x] = 0 iff

there’s t >1 t∗1 s.t., for all d ∈ D1, �NFx�MT
1 ,t∗1,g[x/d]

= 0 or

�Fx�MT
1 ,t,g[d/x] = 0 iff

there’s 〈z, w〉 >1 t
∗
1 s.t., for all d ∈ D1, d �∈ w∗

1 or d �∈ w iff

there’s 〈z, w〉 >1 〈0,O〉 s.t., for all d ∈ D1, d �∈ O ∩ w iff

there’s 〈z, w〉 >1 〈0,O〉 s.t. O∩w = ∅, which is false because every
w ∈ W1 contains an odd number.

2. �F∀x(NFx → ¬Fx)�MT
2 ,t∗2,g

= 1 iff

there’s t >2 t
∗
2 s.t. �∀x(NFx → ¬Fx)�MT

2 ,t,g = 1 iff

there’s t >2 t
∗
2 s.t., for all d ∈ D2, �NFx → ¬Fx�MT

2 ,t,g[x/d] = 1 iff

there’s t >2 t∗2 s.t, for all d ∈ D2, �NFx�MT
2 ,t,g[x/d] = 0 or

�Fx�MT
2 ,t,g[d/x] = 0 iff

there’s t >2 t∗2 s.t., for all d ∈ D2, �NFx�MT
2 ,t∗2,g[x/d]

= 0 or

�Fx�MT
2 ,t,g[d/x] = 0 iff
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there’s 〈z, w〉 >2 t
∗
2 s.t., for all d ∈ D2, d �∈ w∗

2 or d �∈ w iff

there’s 〈z, w〉 >2 〈0,O〉 s.t., for all d ∈ D2, d �∈ O ∩ w iff

there’s 〈z, w〉 >2 〈0,O〉 s.t. O ∩ w = ∅, which is true because
〈1,E〉 >2 〈0,O〉 and O ∩ E = ∅.

3. Follows immediately from Lemma B.12.

Fact B.1. P∃x(Bx∧NFRx) is real-time equivalent to ∃x(PBx∧FRx).

Proof.

�P∃x(Bx ∧NFRx)�M,t∗,g = 1 iff

there’s t < t∗ s.t �∃x(Bx ∧NFRx)�M,t,g = 1 iff

there’s t < t∗ and d ∈ D s.t �Bx ∧NFRx�M,t,g[d/x] = 1 iff

there’s t < t∗ and d ∈ D s.t. d ∈ I(B)(t) and �NFRx�M,t,g[d/x] = 1
iff

there’s t < t∗ and d ∈ D s.t. d ∈ I(B)(t) and �FRx�M,t∗,g[d/x] = 1
iff

there’s t < t∗ and d ∈ D s.t. d ∈ I(B)(t) and there’s t > t∗ s.t.
�Rx�M,t,g[d/x] = 1 iff

there’s t < t∗ and d ∈ D s.t. d ∈ I(B)(t) and there’s t > t∗ s.t.
d ∈ I(R)(t) iff

there’s d ∈ D s.t. �PBx�M,t∗,g[d/x] = 1 and �FRx�M,t∗,g[d/x] = 1
iff

�∃x(PBx ∧ FRx)�M,t∗,g = 1.

B.3 No N-free sentence is universally equiva-
lent to NPa.

Definition B.3.1 (Universal equivalence). Two LPFN-sentences ϕ and
ψ are universally equivalent iff, for any model M and time t ∈ TM,
�ϕ�M,t = �ψ�M,t.
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Definition B.3.2 (The models M and M′). Let T = {t, t′}, t < t′,
D = {d} and I be such that

1. If a is a name, then I(a) = d.

2. I(P )(t) = {d} and I(P )(t′) = ∅.
3. If Q is a predicate other than P , then I(Q)(t) = I(Q)(t′) = ∅.

Let M = 〈T,<, t,D, I〉 and M′ = 〈T,<, t′, D, I〉.
Lemma B.13. For any N-free formula ϕ, time u ∈ T and assignment
g, �ϕ�M,u,g = �ϕ�M′,u,g.

Proof. Straightforward by induction on the complexity of formulas.

Theorem B.3. No N-free sentence is universally equivalent to NPa.

Proof. Follows from Lemma B.13 and the fact that �NPa�M,t = 1 but
�NPa�M′,t = 0.
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Appendix C

Two-dimensional semantics

C.1 1D*-consequence equals 2D-consequence

We prove Theorem 3.1. Some definitions are repeated for convenience.

Definition 2.2.2 (Modal frame). A modal frame is a quadruple F =
〈W,D,Dom, R〉, where W is a non-empty set (a set of possible worlds),
D is a non-empty set (a domain of possible objects), Dom : W → P(D)
is a function assigning a set of objects to each world (the set of objects
existing in that world) and R is a binary relation on W (an accessibility
relation).

Definition C.1.1 (1D*-model). A 1D*-model (where all names refer to
object in the actual world) of L� is a tuple M = 〈F , w∗, I〉, where F =
〈W,D,Dom, R〉 is a modal frame, w∗ ∈ W is the actual world and I is
a function taking names and predicates as arguments (an interpretation
function). If a is a name, then I(a) ∈ Dom(w∗). If P is an n-place
predicate, then I(P ) : W → P(Dn) is a function such that I(P )(w) ⊆
Dom(w)n for all w ∈ W . If P is the identity predicate, then I(P )(w) =
{〈a, b〉 ∈ Dom(w)2 : a = b} for all w ∈ W .

Definition C.1.2 (1D*-semantics). We say that, For any 1D-model
M = 〈W,D,Dom, R, w∗, I〉, world w ∈ W and assignment g

1. If t is a name, then �t�M,w,g = I(t).

2. If t is a variable, then �t�M,w,g = g(t).

3. If t1, ..., tn are terms and P is an n-place predicate, then we have
�Pt1...tn�M,w,g = 1 iff 〈�t1�M,w,g, ..., �tn�M,w,g〉 ∈ I(P )(w).

4. �¬ϕ�M,w,g = 1 iff �ϕ�M,w,g = 0.
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5. �ϕ ∧ ψ�M,w,g = 1 iff �ϕ�M,w,g = 1 and �ψ�M,w,g = 1.

6. �∀xϕ�M,w,g = 1 iff, for all d ∈ Dom(w), �ϕ�M,w,g[d/x] = 1.

7. ��ϕ�M,w,g = 1 iff, for all w′ ∈ W s.t. wRw′, �ϕ�M,w′,g = 1.

Definition C.1.3 (1D*K-satisfiable). If K is a class of modal frames
and Γ is a set of L�-sentences, we say that Γ is 1DK-satisfiable iff there’s
a 1D-model M = 〈W,D,Dom, R, w∗, I〉 with 〈W,D,Dom, R〉 ∈ K such
that �ϕ�M,w∗ = 1 for all ϕ ∈ Γ.

Definition C.1.4 (1D*K-consequence). ϕ is a 1DΣ-consequence of Γ
iff Γ ∪ {¬ϕ} isn’t 1DK-satisfiable.

Definition 3.7.1 (Centered modal frame). A centered modal frame is
a tuple 〈F , C〉, where F is a modal frame and C is a non-empty set (a
set of coordinates).

Definition C.1.5 (2D-model). A 2D-model (without empty names) of
L� is a tuple 〈F , I〉, where F = 〈W,D,Dom, R, C〉 is a centered modal
frame and I is an interpretation function. If a is a name, then I(a) :
W ×C → D is a function such that I(a)(w, c) ∈ Dom(w) for all 〈w, c〉 ∈
W × C. If P is an n-place predicate, then I(P ) : W × C → P(Dn)W is
a function such that I(P )(u)(w) ⊆ P(Dom(w)n) for all u ∈ W ×C and
w ∈ W .

Definition C.1.6 (2D-semantics). We say that. for any 2D-modelM =
〈W,D,Dom, R, C, I〉, centered world u ∈ W × C, world w ∈ W and
assignment g,

1. If t is a name, then �t�M,u,w,g = I(t)(u).

2. If t is a variable, then �t�M,u,w,g = g(t).

3. �Pt1...tn�M,u,w,g = 1 iff 〈�t1�M,u,w,g, ..., �tn�M,u,w,g〉 ∈ I(P )(u)(w).

4. �¬ϕ�M,u,w,g = 1 iff �ϕ�M,u,w,g = 0.

5. �ϕ ∧ ψ�M,u,w,g = 1 iff �ϕ�M,u,w,g = 1 and �ψ�M,u,w,g = 1.

6. �∀xϕ�M,u,w,g = 1 iff, for all d ∈ D, �ϕ�M,u,w,g[d/x] = 1.

7. ��ϕ�M,u,w,g = 1 iff, for all w′ ∈ W s.t. wRw′, �ϕ�M,u,w′,g = 1.

Definition C.1.7 (2DK-satisfiable). If K is a class of modal frames and
Γ is a set of L�-sentences, we say that Γ is 2DK-satisfiable iff there’s
a 2D-model M = 〈W,D,Dom, R, C, I〉 with 〈W,D,Dom, R〉 ∈ K such
that, for some 〈w, c〉 ∈ W × C, �ϕ�M,〈w,c〉,w = 1 for all ϕ ∈ Γ.
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Definition C.1.8 (2DK-consequence). ϕ is a 2DΣ-consequence of Γ iff
Γ ∪ {¬ϕ} isn’t 2DK-satisfiable.

Definition C.1.9 (Projection). If M1 = 〈W,D,Dom, R, w∗, I1〉 is a
1D-model, then a 2D-model M2 = 〈W,D,Dom, R, C, I2〉 is a projection
of M1 iff C = {0} and, for all names a, predicates P , centered worlds
u ∈ W × C and worlds w ∈ W , I2(a)(u) = I1(a) and I2(P )(u)(w) =
I1(P )(w)

Definition C.1.10 (u-projection). If M2 = 〈W,D,Dom, R, C, I2〉 is a
2D-model, u ∈ W × C (where u = 〈v, c〉), then a 1D*-model M1 =
〈W,D,Dom, R, w∗, I1〉 is a u-projection of M2 iff w∗ = v and, for
all names a, predicates P and worlds w ∈ W , I1(a) = I2(a)(u) and
I1(P )(w) = I2(P )(u)(w).

Lemma C.1. If M2 = 〈W,D,Dom, R, C, I〉 is a projection of M1, then
M1 is a u-projection of M2 for any u ∈ W × C.

Proof. Follows immediately from the definitions.

Lemma C.2. If M2 = 〈W,D,Dom, R, C, I〉 is a 2D-model, u ∈ W ×C
(where u = 〈v, c〉) and M1 = 〈W,D,Dom, R, v, I1〉 is a u-projection of
M2, then for any sentence ϕ, we have �ϕ�M2,u,v = �ϕ�M1,v.

Proof. We show that, for any formula ϕ,

(170) �ϕ�M2,u,w,g = �ϕ�M1,w,g (for any w ∈ W and assignment g)

by induction over the complexity of ϕ:

i. If t is a name, then �t�M2,u,w,g = I2(t)(u) = I1(t) = �t�M1,w,g.

If t is a variable, then �t�M1,u,w,g = g(t) = �t�M1,w,g.

Thus, if ϕ is Pt1, ..., tn, then (substituting equals for equals), we
have 〈�t1�M2,u,w,g, ..., �tn�M2,u,w,g〉 ∈ I2(P )(u)(w) iff

〈�t1�M1,w,g, ..., �tn�M1,w,g〉 ∈ I1(P )(w).

ii. If ϕ is ¬ψ, and (170) holds with respect to ψ, then �¬ψ�M2,u,w,g = 1
iff �ψ�M2,u,w,g = 0 iff �ψ�M1,w,g = 0 iff �¬ψ�M1,w,g = 1.

iii. If ϕ is ψ ∧ χ, and (170) holds with respect to ψ and χ, then
�ψ ∧ χ�M2,u,w,g = 1 iff [�ψ�M2,u,w,g = 1 and �χ�M2,u,w,g = 1 ] iff
[ �ψ�M1,w,g = 1 and �χ�M1,w,g = 1 ] iff �ψ ∧ χ�M1,w,g = 1.

iv. If ϕ is ∀xψ, and (170) holds with respect to ψ, then �∀xψ�M2,u,w,g =
1 iff [�ψ�M2,u,w,g[d/x] = 1 for all d ∈ Dom(w)] iff [�ψ�M1,w,g[d/x] = 1
for all d ∈ Dom(w)] iff �∀xψ�M1,w,g = 1.
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v. If ϕ is �ψ, and (170) holds with respect to ψ, then ��ψ�M2,u,w,g = 1
iff [�ψ�M2,u,w′,g = 1 for all w′ ∈ W such that wRw′] iff [�ψ�M1,w′,g =
1 for all w′ ∈ W such that wRw′] iff ��ψ�M1,w,g = 1.

Theorem 3.1 (Equivalence). If K is a class of modal frames, then ϕ is
a 2DK-consequence of Γ iff ϕ is a real-world 1D*K-consequence of Γ.

Proof. Suppose Γ ∪ {¬ϕ} is 2DK-satisfiable with M2 and u = 〈v, c〉.
Let M1 be a u-projection of M2. Then, by Lemma C.2, Γ ∪ {¬ϕ} is
1D*K-satisfiable (with M1 and v).

For the other direction, suppose Γ ∪ {¬ϕ} is 1D*K-satisfiable with
some M1 and w∗. Let M2 be a projection of M1. Then, by Lemma
C.1 and C.2, Γ ∪ {¬ϕ} is 2DK-satisfiable (with M2 and 〈w∗, 0〉).

C.2 L∗
B is more expressive than LB

We prove Theorem 5.1. Some definitions are repeated for convenience.

Definition 5.3.1 (Centered doxastic frame). A centered doxastic frame
is a tuple 〈W,D,B〉, where W is a non-empty set (of possible worlds), D
is a non-empty set (of possible objects) and B : W ×D → P(W ×D) is
a function assigning a belief set (a set of centered worlds) to each object
in each world (a non-empty set if the object is an epistemic agent in
that world, an empty set if it isn’t).

Definition 5.3.2 (2D-model). A 2D-model of L∗
B is a tuple 〈F , I〉,

where F = 〈W,D,B〉 is a centered doxastic frame and I is an inter-
pretation function taking names, indexicals and predicates as argument.
If a is a name, then I(a) : W × D → D. If i is an indexical, then
I(i) : W ×D → D. In particular, if i is the first person pronoun, then
I(i)(w, d) = d for all 〈w, d〉 ∈ W ×D. If P is an n-place predicate, then
I(P ) : W ×D → P(Dn)W . In particular, if P is the identity predicate,
then I(P )(w, d)(v) = {〈a, b〉 ∈ D2 : a = b} for all 〈w, d〉 ∈ W ×D and
v ∈ W .

Definition 5.3.4 (Less naive 2D-semantics). For any 2D-model M =
〈W,D,B, I〉, context c ∈ W ×D, centered world u ∈ W ×D, world of
evaluation w ∈ W and assignment g,

1. If t is a name, then �t�cM,u,w,g = I(t)(u).

2. If t is a variable, then �t�cM,u,w,g = g(t).
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3. If t is an indexical, then �t�cM,u,w,g = I(t)(c).

4. �Pt1...tn�cM,u,w,g = 1 iff 〈�t1�cM,u,w,g, ..., �tn�cM,u,w,g〉 ∈ I(P )(u)(w).

5. �¬ϕ�cM,u,w,g = 1 iff �ϕ�cM,u,w,g = 0.

6. �ϕ ∧ ψ�cM,u,w,g = 1 iff �ϕ�cM,u,w,g = 1 and �ψ�cM,u,w,g = 1.

7. �∀xϕ�cM,u,w,g = 1 iff, for all d ∈ D, �ϕ�cM,u,w,g[d/x] = 1.

8. �Bx
t ϕ�cM,u,w,g = 1 iff, where b = �t�cM,u,w,g,

(a) B(w, b) �= ∅, and
(b) for all 〈w′, b′〉 ∈ B(w, b), �ϕ�cM,〈w′,b′〉,w′,g[b′/x] = 1.

Definition 5.3.5 (Logical equivalence). Two L∗
B-sentences ϕ and ψ are

logically equivalent iff, for any 2D-model M = 〈W,D,B, I〉 and centered

world 〈w, d〉 ∈ W ×D, �ϕ�
〈w,d〉
M,〈w,d〉,w = �ψ�

〈w,d〉
M,〈w,d〉,w.

Theorem 5.1. L∗
B is more expressive than the fragment of L∗

B where a
variable x never occurs freely within the scope of a belief operator Bx

t .
In particular, there’s no sentence of the latter kind logically equivalent
to Bx

i Px, where i is the first-person pronoun.

Proof. Say that an LB-formula (or sentence) is an L∗
B-formula (or sen-

tence) such that a variable x never occurs freely within the scope of
a belief operator Bx

t . The strategy is to construct two 2D-models,
M1 = 〈W,D,B1, I〉 and M2 = 〈W,D,B2, I〉, such that the following
obtains for some 〈w, d〉 ∈ W ×D:

1. �ϕ�
〈w,d〉
M1,〈w,d〉,w = �ϕ�

〈w,d〉
M2,〈w,d〉,w for any LB-sentence ϕ.

2. �Bx
i Px�

〈w,d〉
M1,〈w,d〉,w �= �Bx

i Px�
〈w,d〉
M2,〈w,d〉,w.

If we can do that, then clearly no LB-sentence is logically equivalent to
Bx

i Px.
Let W = {w} and D = {d, e}, and let M1 and M2 be defined such

that, for all u ∈ W ×D,

1. If t is a name or indexical other than the first person pronoun,
then I(t)(u) = d.

2. If Q is an n-place predicate other than P or identity, then we have
I(Q)(u)(w) = ∅.

3. I(P )(u)(w) = {d}.
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4. B1(u) = {〈w, d〉} and B2(u) = W ×D.

Let c = 〈w, d〉. Clearly, for any term t, centered world u ∈ W ×D and
assignment g,

(171) �t�cM1,u,w,g = �t�cM2,u,w,g.

Likewise, for any u, u′ ∈ W ×D and assignment g,

(172) �t�cM1,u,w,g = �t�cM1,u′,w,g.

Next, we show that, for any L∗
B-formula ϕ,

(173) �ϕ�cM1,u,w,g = �ϕ�cM1,u′,w,g for any u, u′ ∈ W × D and assign-
ment g.

by induction on the complexity of ϕ:

1. �Rt1...tn�cM1,u,w,g = 1 iff
〈�t1�cM1,u,w,g, ..., �tn�cM1,u,w,g〉 ∈ I(R)(u)(w) iff, by Fact (172),
〈�t1�cM1,u′,w,g, ..., �tn�cM1,u′,w,g〉 ∈ I(R)(u′)(w) iff
�Rt1...tn�cM1,u′,w,g = 1.

Assume, as induction hypothesis, that (173) holds with respect to
L∗
B-formulas ϕ and ψ:

2. �¬ϕ�cM1,u,w,g = 1 iff �ϕ�cM1,u,w,g = 0 iff (by induction hypothesis)
�ϕ�cM1,u′,w,g = 0 iff �¬ϕ�cM1,u′,w,g = 1.

3. �ϕ ∧ ψ�cM1,u,w,g = 1 iff �ϕ�cM1,u,w,g = 1 and �ψ�cM1,u,w,g = 1 iff
(by induction hypothesis) �ϕ�cM1,u′,w,g = 1 and �ψ�cM1,u′,w,g = 1 iff
�ϕ ∧ ψ�cM1,u′,w,g = 1.

4. �∀xϕ�cM1,u,w,g = 1 iff �ϕ�cM1,u,w,g[d′/x] = 1 for all d′ ∈ D iff (by

induction hypothesis) �ϕ�cM1,u′,w,g[d′/x] = 1 for all d′ ∈ D iff we

have �∀xϕ�cM1,u′,w,g = 1.

5. �Bx
t ϕ�cM1,u,w,g = 1 iff

(a) B1(w, �t�
c
M1,u,w,g) �= ∅, and

(b) for all 〈w, b′〉 ∈ B1(w, �t�
c
M1,u,w,g), �ϕ�cM1,〈w,b′〉,w,g[b′/x] = 1.

iff, by (172),

(a) B1(w, �t�
c
M1,u′,w,g) �= ∅, and

(b) for all 〈w, b′〉 ∈ B1(w, �t�
c
M1,u′,w,g), �ϕ�cM1,〈w,b′〉,w,g[b′/x] = 1.
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iff �Bx
t ϕ�cM1,u′,w,g = 1.

With that in mind, we show that, for any LB-formula ϕ,

(174) �ϕ�cM1,u,w,g = �ϕ�cM2,u,w,g for any u ∈ W ×D and assignment
g.

by induction on the complexity of ϕ:

1. �Rt1...tn�cM1,u,w,g = 1 iff

〈�t1�cM1,u,w,g, ..., �tn�cM1,u,w,g〉 ∈ I(R)(u)(w) iff, by Fact (171),

〈�t1�cM2,u,w,g, ..., �tn�cM2,u,w,g〉 ∈ I(R)(u)(w) iff

�Rt1...tn�cM2,u,w,g = 1.

Assume, as induction hypothesis, that (174) holds with respect to
LB-formulas ϕ and ψ:

2. �¬ϕ�cM1,u,w,g = 1 iff �ϕ�cM1,u,w,g = 0 iff (by induction hypothesis)
�ϕ�cM2,u,w,g = 0 iff �¬ϕ�cM2,u,w,g = 1.

3. �ϕ ∧ ψ�cM1,u,w,g = 1 iff �ϕ�cM1,u,w,g = 1 and �ψ�cM1,u,w,g = 1 iff
(by induction hypothesis) �ϕ�cM2,u,w,g = 1 and �ψ�cM2,u,w,g = 1 iff
�ϕ ∧ ψ�cM2,u,w,g = 1.

4. �∀xϕ�cM1,u,w,g = 1 iff �ϕ�cM1,u,w,g[d/x] = 1 for all d ∈ D iff (by

induction hypothesis) �ϕ�cM2,u,w,g[d/x] = 1 for all d ∈ D iff we have

�∀xϕ�cM2,u,w,g = 1.

5. �Bx
t ϕ�cM1,u,w,g = 1 iff, where b = �t�cM1,u,w,g,

(a) B1(w, b) �= ∅, and
(b) for all 〈w, b′〉 ∈ B1(w, b), �ϕ�cM1,〈w,b′〉,w,g[b′/x] = 1.

iff (since x isn’t free in ϕ and both B1(w, b) and B2(w, b) are non-
empty)

(a) B2(w, b) �= ∅, and
(b) for all 〈w, b′〉 ∈ B2(w, b), �ϕ�cM1,〈w,d〉,w,g[b′/x] = 1.

iff, by (173),

(a) B2(w, b) �= ∅, and
(b) for all 〈w, b′〉 ∈ B2(w, b), �ϕ�cM1,〈w,b′〉,w,g[b′/x] = 1.

iff, by induction hypothesis,
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(a) B2(w, b) �= ∅, and
(b) for all 〈w, b′〉 ∈ B2(w, b), �ϕ�cM2,〈w,b′〉,w,g[b′/x] = 1.

iff �Bx
t ϕ�cM2,u,w,g = 1.

Finally, we observe that �Bx
i Px�cM1,〈w,d〉,w = 1 but �Bx

i Px�cM2,〈w,d〉,w =

0, since �Px�cM2,〈w,e〉,w,g[e/x] = 0.

C.3 Structured 2D-semantics

We prove Theorem 5.2. Some definitions are repeated for convenience.
Assuming that our language L∗

B� has a set X of variables, the semantics
of this language is defined as follows:

Definition 5.6.1 (Structured 2D-entities). Let W be a non-empty set
(of possible worlds) and D a non-empty set (of possible objects), let
Δ(W,D) = (D × N) ∪X ∪DW×D and Πn(W,D) = (P(Dn)W )W×D for
all n ∈ N − {0}. The set Ω(W,D) of structured propositions generated
by W and D is then the smallest set such that the following obtains:

1. If α ∈ Πn(W,D) and β ∈ Δ(W,D)n, then 〈α, β〉 ∈ Ω(W,D).

2. If α ∈ Ω(W,D), then 〈¬, α〉 ∈ Ω(W,D).

3. If α, β ∈ Ω(W,D), then 〈∧, 〈α, β〉〉 ∈ Ω(W,D).

4. If α ∈ Ω(W,D) and x ∈ X, then 〈∀, 〈x, α〉〉 ∈ Ω(W,D).

5. If α ∈ Ω(W,D), then 〈�, α〉 ∈ Ω(W,D).

6. If α ∈ Δ(W,D), x ∈ X and β ∈ Ω(W,D), then 〈B, 〈α, x, β〉〉 ∈
Ω(W,D).

We say that Σ(W,D) = Δ(W,D)∪Π1(W,D)∪Π2(W,D)∪ ...∪Ω(W,D)
is the set of structured entities generated by W and D.

Next, let Δ′(W,D) = X ∪ DW×D, and let the set Ω′(W,D) ⊆
Ω(W,D) of narrow structured propositions be defined just like Ω(W,D)
except for Δ(W,D) being replaced by Δ′(W,D). Finally, we define the
subset Ω∗(W,D) ⊆ Ω(W,D) of closed structured propositions, by defin-
ing a function free : Ω(W,D) → P(X) as follows:

1. free(〈α, 〈α1, ..., αn〉〉) = X ∩ {α1, ..., αn}.
2. free(〈¬, α〉) = free(α).
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3. free(〈∧, 〈α, β〉〉) = free(α) ∪ free(β).

4. free(〈∀, 〈x, α〉〉) = free(α)− {x}.
5. free(〈�, α〉) = free(α).

6. free(〈B, 〈α, x, β〉〉) = free(α) ∪ (free(β)− {x}).
We then say that α ∈ Ω∗(W,D) iff free(α) = ∅.
Definition 5.6.2 (Structured 2D-frame). A structured 2D-frame is
a tuple F = 〈W,D,B,N〉, where W is a non-empty set (of possi-
ble worlds), D a non-empty set (of possible objects), B : W × D →
P(Ω∗(W,D) ∩ Ω′(W,D)) is a function assigning a set of closed narrow
structured propositions to each object in each world, and N ⊆ DW×D

is a non-empty set (of name concepts) that doesn’t include the center
function, which is the function f : W × D → D such that f(w, d) = d
for all 〈w, d〉 ∈ W ×D.

Definition 5.6.3 (Structured 2D-model). A structured 2D-model of
L∗
B� is a tuple M = 〈F , I〉, where F = 〈W,D,B,N〉 is a structured 2D-

frame and I is an interpretation function with the following properties:

1. If t is a name, then I(t) ∈ N .

2. If t is an indexical, then I(t) ∈ DW×D. In particular, if t is the
first person pronoun, then I(t)(w, d) = d for all 〈w, d〉 ∈ W ×D.

3. If t is a variable, then I(t) = t.

4. if P is an n-place predicate, then I(P ) : W × D → P(Dn)W . In
particular, if P is the identity predicate, then I(P )(u)(w) is the
identity relation on D for all u ∈ W ×D and w ∈ W .

Definition 5.6.4 (Structured 2D-content). Relative to any structured
2D-model M = 〈W,D,B,N, I〉 and context c ∈ W ×D, each expression
E is interpreted as a structured entity [E]cM ∈ Σ(W,D) according to the
following recipe:

1. If t is a name or variable, then [t]cM = I(t).

2. If t is an indexical with subscript n, then [t]cM = 〈I(t)(c), n〉.
3. [Pt1...tn]

c
M = 〈I(P ), 〈[t1]cM, ..., [tn]

c
M〉〉.

4. [¬ϕ]cM = 〈¬, [ϕ]cM〉.
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5. [ϕ ∧ ψ]cM = 〈∧, 〈[ϕ]cM, [ψ]cM〉〉.
6. [∀xϕ]cM = 〈∀, 〈[x]cM, [ϕ]cM〉〉.
7. [�ϕ]cM = 〈�, [ϕ]cM〉.
8. [Bx

t ϕ]
c
M = 〈B, 〈[t]cM, [x]cM, [ϕ]cM〉〉.

Definition 5.6.5 (Alignment). Relative to any structured 2D-model
M = 〈W,D,B,N, I〉, two structured entities α, β ∈ Σ(W,D) are said to
be aligned with respect to a tuple 〈f, b, x, Y, u, w, g〉 ∈ Σ(W,D)Σ(W,D) ×
D×X ×P(X)× (W ×D)×W ×DX iff either of the following obtains:

1. α ∈ D × N, where α = 〈d, n〉, f(α) = β, β ∈ DW×D and d =
β(w, b).

2. α ∈ DW×D −N , f(α) = β, β ∈ DW×D and α(u) = β(w, b).

3. α ∈ N , α = β and α(u) = β(w, b).

4. α ∈ X, and either of the following obtains:

(a) α �= x, α �∈ Y , f(α) = β, β ∈ DW×D and g(α) = β(w, b).

(b) α = x, α �∈ Y , β ∈ DW×D is the center function, namely the
function such that, for all 〈w, d〉 ∈ W ×D, β(w, d) = d.

(c) α ∈ Y and α = β.

5. α ∈ Πn(W,D), α = β and α(u) = β(w, b).

6. α = 〈α0, 〈α1, ..., αn〉〉, where α0 ∈ Πn(W,D) and α1, ..., αn ∈
Δ(W,D), and β = 〈β0, 〈β1, ..., βn〉〉, where β0 ∈ Πn(W,D) and
β1, ..., βn ∈ Δ(W,D), and α0 and β0,...,αn and βn are aligned with
respect to 〈f, b, x, Y, u, w, g〉.

7. α = 〈¬, α0〉, β = 〈¬, β0〉 and α0 and β0 are aligned with respect
to 〈f, b, x, Y, u, w, g〉.

8. α = 〈∧, 〈α0, α1〉〉, β = 〈∧, 〈β0, β1〉〉, and α0 and β0, α1 and β1 are
aligned with respect to 〈f, b, x, Y, u, w, g〉.

9. α = 〈∀, 〈z, α0〉〉, β = 〈∀, 〈z, β0〉〉 and α0 and β0 are aligned with
respect to 〈f, b, x, Y ∪ {z}, u, w, g〉.

10. α = 〈�, α0〉, β = 〈�, β0〉 and α0 and β0 are aligned with respect
to 〈f, b, x, Y, u, w, g〉.
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11. α = 〈B, 〈γ, z, α0〉〉, β = 〈B, 〈δ, z, β0〉〉, γ and δ are aligned with re-
spect to 〈f, b, x, Y, u, w, g〉, and α0 and β0 are aligned with respect
to 〈f, b, x, Y ∪ {z}, u, w, g〉.

Definition 5.6.6 (Variable permutations). For any structured entity
α ∈ Σ(W,D) and bijection h : X → X, the h-permutation αh of α is
defined recursively:

1. If α ∈ X, then αh = h(α).

2. If α ∈ Δ(W,D)−X or α ∈ Πn(W,D), then αh = α.

3. 〈¬, α〉h = 〈¬, αh〉.
4. 〈∧, 〈α, β〉〉h = 〈∧, 〈αh, βh〉〉.
5. 〈�, α〉h = 〈�, αh〉.
6. 〈∀, 〈x, α〉〉h = 〈∀, 〈h(x), αh〉〉.
7. 〈B, 〈γ, x, α〉〉h = 〈B, 〈γh, h(x), αh〉〉.

For any variable assignment g : X → D and bijection h : X → X, the
h-permutation of g is the function gh : X → D such that gh(h(x)) =
g(x) for all x ∈ X. Likewise, for any set of variables Y ⊆ X, the
h-permutation of Y is the set Y h ⊆ X such that h(x) ∈ Y h iff x ∈ Y .

Fact C.1. For any structured proposition α and bijection h : X → X,
|α|u,w,g = |αh|u,w,gh.

Proof. Straightforward by induction on the complexity of α.

Definition 5.6.7 (Unstructured 2D-content). Relative to any struc-
tured 2D-model M = 〈W,D,B,N, I〉, centered world u ∈ W ×D, world
w ∈ W and assignment g : X → D, the unstructured content |α|u,w,g of
any structured 2D-entity α ∈ Σ(W,D) is given according to the following
recipe:

1. If α ∈ D × N, with α = 〈d, n〉, then |α|u,w,g = d.

2. If α ∈ DW×D, then |α|u,w,g = α(u).

3. If α ∈ X, then |α|u,w,g = g(α).

4. If α1, ..., αn ∈ Δ(W,D) and α ∈ Πn(W,D), then we have

|〈α, 〈α1, ..., αn〉〉|u,w,g = 1 iff 〈|α1|u,w,g, ..., |αn|u,w,g〉 ∈ α(u)(w).
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5. |〈¬, α〉|u,w,g = 1 iff |α|u,w,g = 0.

6. |〈∧, 〈α, γ〉〉|u,w,g = 1 iff |α|u,w,g = 1 and |γ|u,w,g = 1.

7. |〈∀, 〈x, α〉〉|u,w,g = 1 iff, for all d ∈ D, |α|u,w,g[d/x] = 1.

8. |〈�, α〉|u,w,g = 1 iff, for all w′ ∈ W , |α|u,w′,g = 1.

9. |〈B, 〈γ, x, α〉〉|u,w,g = 1 iff, where b = |γ|u,w,g, there’s a structured
proposition β ∈ B(w, b), a function f : Σ(W,D) → Σ(W,D) and a
bijection h : X → X such that αh and β are aligned with respect
to 〈f, b, h(x), ∅, u, w, gh〉.

Lemma C.3. If α and β are aligned w.r.t. 〈f, b, x, Y ∪ {y}, u, w, g〉,
h : X → X is a bijection, Z ⊆ (Y ∪{y})h, g′(h(v)) = g(v) whenever v �∈
Y ∪{y}, then αh and β′ are aligned w.r.t. 〈f ′, b′, h(y), Z, u, w′, g′[b/h(x)]〉
for some f ′ ∈ Σ(W,D)Σ(W,D) iff βh and β′ are aligned with respect to
〈f ′, b′, h(y), Z, 〈w, b〉, w′, g′[b/h(x)]〉 for some f ′ ∈ Σ(W,D)Σ(W,D).

Proof. By induction on the complexity of α:

1. α = 〈d, n〉, β ∈ DW×D and d = β(w, b). Observe that αh = α and
βh = β.

For left to right, assume that f ′(αh) = β′, β′ ∈ DW×D and d =
β′(w′, b′). That means βh(w, b) = β′(w′, b′) and f ′[β′/βh](βh) =
β′.

For right to left, assume that f ′(βh) = β′, β′ ∈ DW×D and
βh(w, b) = β′(w′, b′). Then d = β′(w′, b′) and f ′[β′/αh](αh) = β′.

2. α ∈ DW×D − N , β ∈ DW×D and α(u) = β(w, b). Observe that
αh = α and βh = β.

For left to right, assume that f ′(αh) = β′, β′ ∈ DW×D and αh(u) =
β′(w′, b′). That means βh(w, b) = β′(w′, b′) and f ′[β′/βh](βh) =
β′.

For right to left, assume that f ′(βh) = β′, β′ ∈ DW×D and
βh(w, b) = β′(w′, b′). Then αh(u) = β′(w′, b′) and f ′[β′/αh](αh) =
β′.

3. α ∈ N , α = β, and α(u) = β(w, b). Observe that αh = α and
βh = β.

For left to right, assume that αh = β′ and αh(u) = β′(w′, b′). That
means βh(w, b) = β′(w′, b′).

For right to left, assume that βh = β′ and βh(w, b) = β′(w′, b′).
Then αh = β′ and αh(u) = β′(w′, b′).
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4. α ∈ X, g′(h(v)) = g(v) whenever v �∈ (Y ∪{y})h, and either of the
following obtains:

(a) α �= x, α �∈ Y ∪{y}, β ∈ DW×D and g(α) = β(w, b). Observe
that g′[b/h(x)](αh) = g(α) and βh = β.

For left to right, we get three cases:

i. αh �= h(y), αh �∈ Z, f ′(αh) = β′, β′ ∈ DW×D and
g′[b/h(x)](αh) = β′(w′, b′). Then βh(w, b) = β′(w′, b′)
and f [β′/βh](βh) = β′.

ii. αh = h(y), which is impossible since αh �∈ (Y ∪ {y})h.
iii. αh ∈ Z, which is impossible since αh �∈ (Y ∪ {y})h and

Z ⊆ (Y ∪ {y})h.
For right to left, assume that f ′(βh) = β′, β′ ∈ DW×D and
βh(w, b) = β′(w′, b′). We get three cases:

i. αh �= h(y) and αh �∈ Z. Then β′ ∈ DW×D, g′[b/x](αh) =
β′(w′, b′) and f ′[β′/αh](αh) = β′.

ii. αh = h(y), which is impossible since αh �∈ (Y ∪ {y})h.
iii. αh ∈ Z, which is impossible since αh �∈ (Y ∪ {y})h and

Z ⊆ (Y ∪ {y})h.
(b) α = x, α �∈ Y ∪ {y} and β ∈ DW×D is the center function.

Observe that g′[b/h(x)](αh) = b and βh = β.

For left to right, we get three cases:

i. αh �= h(y), αh �∈ Z, f ′(αh) = β′, β′ ∈ DW×D and
g′[b/h(x)](αh) = β′(w′, b′). Then βh(w, b) = b = β′(w′, b′)
and f ′[β′/βh](βh) = β′.

ii. αh = h(y), which is impossible since αh �∈ (Y ∪ {y})h.
iii. αh ∈ Z, which is impossible since αh �∈ (Y ∪ {y})h and

Z ⊆ (Y ∪ {y})h.
For right to left, assume that f ′(βh) = β′, β′ ∈ DW×D and
βh(w, b) = β′(w′, b′). We get three cases:

i. αh �= h(y) and αh �∈ Z. Then we have β′ ∈ DW×D,
g′[b/h(x)](αh) = b = β′(w′, b′) and f ′[β′/αh](αh) = β′.

ii. αh = h(y), which is impossible since αh �∈ (Y ∪ {y})h.
iii. αh ∈ Z, which is impossible since αh �∈ (Y ∪ {y})h and

Z ⊆ (Y ∪ {y})h.
(c) α �= x, α ∈ Y ∪{y} and α = β. Then αh = βh, and whatever

relation αh has to β′, βh also has to β′.
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5. α ∈ Πn(W,D), α = β and α(u) = β(w, b). Then αh = βh, and
whatever relation α has to β′, β also has to β′.

As induction hypothesis, assume that the property in question
holds for the immediate constituents of α. Assume that h : X → X
is a bijection, that g′(h(v)) = g(v) whenever v �∈ Y ∪ {y} and that
Z ⊆ (Y ∪ {y})h. We get the following cases:

6. α = 〈α0, 〈α1, ..., αn〉〉, β = 〈β0, 〈β1, ..., βn〉〉, α0 and β0,...,αn and
βn are aligned with respect to 〈f, b, x, Y ∪ {y}, u, w, g〉.
For left to right, assume that β′ = 〈β′

0, 〈β′
1, ..., β

′
n〉〉, and that

αh
0 and β′

0,...,α
h
n and β′

n are aligned with respect to the tuple
〈f ′, b′, h(y), Z, u, w′, g′[b/h(x)]〉. By induction hypothesis, there’s
f ′′ ∈ Σ(W,D)Σ(W,D) such that βh

0 and β′
0,...,β

h
n and β′

n are aligned
with respect to 〈f ′′, b′, h(y), Z, 〈w′, b′〉, w′, g′[b/h(x)]〉. Hence, βh

and β′ are aligned w.r.t. 〈f ′′, b′, h(y), Z, 〈w′, b′〉, w′, g′[b/h(x)]〉.
For right to left, the argument is symmetrical

7. α = 〈¬, α0〉, β = 〈¬, β0〉, α0 and β0 are aligned with respect to
〈f, b, x, Y ∪ {y}, u, w, g〉.
For left to right, assume that β′ = 〈¬, β′

0〉 and that αh
0 and β′

0 are
aligned with respect to 〈f ′, b′, h(y), Z, u, w′, g′[b/h(x)]〉. By induc-
tion hypothesis, there’s f ′′ ∈ Σ(W,D)Σ(W,D) such that βh

0 and β′
0

are aligned with respect to 〈f ′′, b′, h(y), Z, 〈w, b〉, w′, g′[b/h(x)]〉. It
then follows that βh and β′ are aligned with respect to the tuple
〈f ′′, b′, h(y), Z, 〈w, b〉, w′, g′[b/h(x)]〉.
For right to left, the argument is symmetrical.

8. Similarly for ∧ and �.

9. α = 〈∀, 〈z, α0〉〉, β = 〈∀, 〈z, β0〉〉, α0 and β0 are aligned with respect
to 〈f, b, x, Y ∪ {y, z}, u, w, g〉.
For left to right, assume that β′ = 〈∀, 〈h(z), β′

0〉〉 and that αh
0 and

β′
0 are aligned w.r.t. 〈f ′, b′, h(y), Z ∪ {h(z)}, u, w′, g′[b/h(x)]〉. By

induction hypothesis, since g′(h(v)) = g(v) whenever v �∈ Y ∪
{y, z} and Z ∪{h(z)} ⊆ (Y ∪{y, z})h, there’s f ′′ ∈ Σ(W,D)Σ(W,D)

such that βh
0 and β′

0 are aligned with respect to 〈f ′′, b′, h(y), Z ∪
{h(z)}, 〈w, b〉, w′, g′[b/h(x)]〉. Hence, βh and β′ are aligned with
respect to 〈f ′′, b′, h(y), Z, 〈w, b〉, w′, g′[b/h(x)]〉.
For right to left, the argument is symmetrical.
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10. α = 〈B, 〈γ, z, α0〉〉, β = 〈B, 〈δ, z, β0〉〉, γ and δ are aligned with
respect to 〈f, b, x, Y ∪{y}, u, w, g〉, and α0 and β0 are aligned with
respect to 〈f, b, x, Y ∪ {y, z}, u, w, g〉.
For left to right, assume that β′ = 〈B, 〈δ′, h(z), β′

0〉〉, that γh

and δ′ are aligned with respect to 〈f ′, b′, h(y), Z, u, w′, g′[b/h(x)]〉
and that αh

0 and β′
0 are aligned with respect to 〈f ′, b′, h(y), Z ∪

{h(z)}, u, w′, g′[b/h(x)]〉. By induction hypothesis, there’s f ′′ ∈
Σ(W,D)Σ(W,D) such that δh and δ′ are aligned with respect to
〈f ′′, b′, h(y), Z, 〈w, b〉, w′, g′[b/h(x)]〉. And, since g′(h(v)) = g(v)
when v �∈ Y ∪{y, z} and Z ∪{h(z)} ⊆ (Y ∪{y, z})h, βh

0 and β′
0 are

aligned with respect to 〈f ′′, b′, h(y), Z∪{h(z)}, 〈w, b〉, w′, g′[b/h(x)]〉.
It then follows that βh and β′ are aligned with respect to the tuple
〈f ′′, b′, h(y), Z, 〈w, b〉, w′, g′[b/h(x)]〉.
For right to left, the argument is symmetrical.

Theorem 5.2. For any structured 2D-model M = 〈W,D,B,N, I〉, cen-
tered world u ∈ W ×D, world w ∈ W , assignment g : X → D, function
f ∈ Σ(W,D)Σ(W,D), structured entities α, β ∈ Σ(W,D), x ∈ X and ob-
ject b ∈ D: if α and β are aligned with respect to 〈f, b, x, ∅, u, w, g〉, then
|α|u,w,g[b/x] = |β|〈w,b〉,w,g[b/x].

Proof. We show the stronger claim that

(175) If α and β are aligned with respect to 〈f, b, x, Y, u, w, g〉 and
g′(v) = g(v) whenever v �∈ Y , then we have |α|u,w′,g′[b/x] =
|β|〈w,b〉,w′,g′[b/x].

by induction on the complexity of α:

1. α ∈ D × N, where α = 〈d, n〉, β ∈ DW×D and d = β(w, b). Then
|α|u,w′,g′[b/x] = d = β(w, b) = |β|〈w,b〉,w′,g′[b/x] for any w′ and g′

2. α ∈ DW×D − N , β ∈ DW×D and α(u) = β(w, b). Then we have
|α|u,w′,g′[b/x] = α(u) = β(w, b) = |β|〈w,b〉,w′,g′ for any w′ and g′.

3. α ∈ N , α = β and α(u) = β(w, b). Then |α|u,w′,g′[b/x] = α(u) =
β(w, b) = |β|〈w,b〉,w′,g′ for any w′ and g′.

4. α ∈ X. We get three cases:

(a) α �= x, α �∈ Y , β ∈ DW×D and g(α) = β(w, b). Then
we have |α|u,w′,g′[x/b] = g′[b/x](α) = g[b/x](α) = β(w, b) =
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|β|〈w,b〉,w′,g′[b/x] for any w′ and g′ such that g′(v) = g(v) when-
ever v �∈ Y .

(b) α = x, α �∈ Y and β ∈ DW×D is the center function. Then
|α|u,w′,g′[b/x] = g′[b/x](α) = b = β(w, b) = |β|〈w,b〉,w′,g′[b/x] for
any w′ and g′.

(c) α ∈ Y and α = β. Then we have |α|u,w′,g′[b/x] = g′[b/x](α) =
g′[b/x](β) = |β|〈w,b〉,w′,g′[b/x] for any w′ and g′.

As an induction hypothesis, assume that (175) holds for the im-
mediate constituents of α:

5. α1, ..., αn ∈ Δ(W,D), α0 ∈ Πn(W,D), α = 〈α0, 〈α1, ..., αn〉〉,
β1, ..., βn ∈ Δ(W,D), β0 ∈ Πn(W,D) and β = 〈β0, 〈β1, ..., βn〉〉.
Then α0 = β0, α0(u) = β0(w, b), α1 and β1,...,αn and βn are
aligned with respect to 〈f, b, x, Y, u, w, g〉. Then |α|u,w′,g′[b/x] = 1 iff
〈|α1|u,w′,g′[b/x], ..., |αn|u,w′,g′[b/x]〉 ∈ α0(u)(w

′) iff (by induction hy-
pothesis) 〈|β1|〈w,b〉,w′,g′[b/x], ..., |βn|〈w,b〉,w′,g′[b/x]〉 ∈ β0(w, b)(w

′) iff
|β|〈w,b〉,w′,g′[b/x] = 1.

6. α = 〈¬, α0〉, β = 〈¬, β0〉 and α0 and β0 are aligned with respect to
〈f, b, x, Y, u, w, g〉. Then |α|u,w′,g′[b/x] = 1 iff |α0|u,w′,g′[b/x] = 0 iff
(by induction hypothesis) |β0|〈w,b〉,w′,g′[b/x] = 0 iff |β|〈w,b〉,w′,g′[b/x] =
1.

7. α = 〈∧, 〈α0, α
′
0〉〉, β = 〈∧, 〈β0, β′

0〉〉, and α0 and β0, α
′
0 and β′

0 are
aligned with respect to 〈f, b, x, Y, u, w, g〉. Then |α|u,w′,g′[b/x] =
1 iff |α0|u,w′,g′[b/x] = 1 and |α′

0|u,w′,g′[b/x] = 1 iff (by induction
hypothesis) |β0|〈w,b〉,w′,g′[b/x] = 1 and |β′

0|〈w,b〉,w′,g′[b/x] = 1 iff we
have |β|〈w,b〉,w′,g′[b/x] = 1.

8. α = 〈∀, 〈y, α0〉〉, β = 〈∀, 〈y, β0〉〉, and α0 and β0 are aligned with
respect to 〈f, b, x, Y ∪ {y}, u, w, g〉. Then |α|u,w′,g′[b/x] = 1 iff
|α0|u,w′,g′[b/x][d/y] = 1 for all d ∈ D iff (by induction hypothesis)
|β0|〈w,b〉,w′,g′[b/x][d/y] = 1 for all d ∈ D iff |β|〈w,b〉,w′,g′[b/x] = 1.

9. α = 〈�, α0〉, β = 〈�, β0〉 and α0 and β0 are aligned with respect
to 〈f, b, x, Y, u, w, g〉. Then |α|u,w′,g′[b/x] = 1 iff |α0|u,w′′,g′[b/x] = 1
for all w′′ ∈ W iff (by induction hypothesis) |β0|〈w,b〉,w′′,g′[b/x] = 1
for all w′′ ∈ W iff |β|〈w,b〉,w′,g′[b/x] = 1.

10. α = 〈B, 〈γ, y, α0〉〉, β = 〈B, 〈δ, y, β0〉〉, γ and δ are aligned with re-
spect to 〈f, b, x, Y, u, w, g〉, and α0 and β0 are aligned with respect
to 〈f, b, x, Y ∪ {y}, u, w, g〉. Assume that g′(v) = g(v) whenever
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v �∈ Y . Hence, g′(v) = g(v) whenever v �∈ Y ∪ {y}. By in-
duction hypothesis, |γ|u,w′,g′[b/x] = |δ|〈w,b〉,w′,g′[b/x] = b′. Hence,

|α|u,w′,g′[b/x] = 1 iff there’s a function f ′ ∈ Σ(W,D)Σ(W,D), bi-

jection h : X → X and β′ ∈ B(w′, b′) such that αh
0 and β′

are aligned with respect to 〈f ′, b′, h(y), ∅, u, w′, g′h[b/h(x)])〉 iff (by
Lemma C.3, since g′h(h(v)) = g′(v) whenever v �∈ Y ∪{y}) there’s
f ′ ∈ Σ(W,D)Σ(W,D) such that βh

0 and β′ are aligned with respect
to 〈f ′, b′, h(y), ∅, 〈b, w〉, w′, g′h[b/h(x)]〉 iff |β|〈w,b〉,w′,g′[b/x] = 1.

C.4 An example

A structured 2D-model is (partially) given in which the truth value of
some sentences are computed. This relates to Richard’s puzzle in section
5.7.

Example C.4.1. Let M = 〈W,D,B,N, I〉 be a structured 2D-model
with

1. W = {w,wA, wB}. Think of w as the actual world, wA as the
world according to Alice, and wB as the world according to Bob.

2. D = {Alice,Bob,Cecilia,David,Eric}, abbreviated {a, b, c, d, e}.
Cecilia is the woman in the phone booth in wB, David is the man
in the window in wA, and Eric is the man in the window in wB.

3. [I]
〈w,a〉
M = 〈a, 1〉, [I]〈w,b〉

M = 〈b, 1〉, [you]〈w,a〉
M = 〈b, 2〉 and [you]

〈w,b〉
M =

〈a, 2〉.

4. [in danger]
〈w,a〉
M = [in danger]

〈w,b〉
M = δ, where δ : W ×D → P(D)W

is such that δ(w, a) = ... = δ(w, e) and δ(w, a)(w) = {a} but
δ(w, a)(wB) = {c}.

5. [the man in the window]
〈w,a〉
M = τA, where we have |τA|〈w,a〉,w = b

but |τA|〈wA,a〉,wA
= d.

6. [the man in the window]
〈w,b〉
M = τB, where we have |τB|〈w,b〉,w = b

but |τB|〈wB ,b〉,wB
= e.

7. B(w, b) = {〈¬, 〈δ, α〉〉, 〈δ, α′〉, 〈∧, 〈〈δ, α′〉, 〈¬, 〈δ, α〉〉〉〉}, where the
concepts α, α′ ∈ DW×D are such that α(w, b) = α′(w, b) = a but
α(wB, b) = a and α′(wB, b) = c.
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Consider the following sentences:

1. The man in the window believes that I’m in danger: Bx
t Pi1.

2. The man in the window believes that you’re in danger: Bx
t Pi2.

3. You believe that I’m in danger: Bx
i2
Pi1.

4. I believe that you’re in danger: Bx
i1
Pi2.

5. I don’t believe that you’re in danger: ¬Bx
i1
Pi2.

6. I believe that you’re not in danger: Bx
i1
¬Pi2.

7. I believe that you’re in danger and you’re not in danger:

Bx
i1
(Pi2 ∧ ¬Pi2).

In the model above, according to Fact 5.4 and Definition 5.6.5, all
but sentences 5 and 7 will be true as uttered in their corresponding
contexts:

1. �Bx
t Pi1�

〈w,a〉
M,〈w,a〉,w,g = 1 iff, where b = �t�

〈w,a〉
M,〈w,a〉,w,g,

there’s β ∈ B(w, b), f : Σ(W,D) → Σ(W,D) and bijection h :

X → X such that ([Pi1]
〈w,a〉
M )h and β are aligned with respect to

〈f, b, h(x), ∅, 〈w, a〉, w, gh〉, if
〈δ, 〈a, 1〉〉 and 〈δ, α′〉 are aligned w.r.t. 〈f, b, id(x), ∅, 〈w, a〉, w, gid〉,
where f(〈a, 1〉) = α′ and id is the identity function, iff

δ(w, a) = δ(w, b) and 〈a, 1〉 and α′ are aligned with respect to
〈f, b, x, ∅, 〈w, a〉, w, g〉, iff
〈a, 1〉 and α′ are aligned with respect to 〈f, b, x, ∅, 〈w, a〉, w, g〉, iff
f(〈a, 1〉) = α′, α′ ∈ DW×D and a = α′(w, b), which is true.

2. �Bx
t Pi2�

〈w,b〉
M,〈w,b〉,w,g = 1 iff, where b = �t�

〈w,b〉
M,〈w,b〉,w,g,

there’s β ∈ B(w, b), f : Σ(W,D) → Σ(W,D) and bijection h :

X → X such that ([Pi2]
〈w,b〉
M )h and β are aligned with respect to

〈f, b, h(x), ∅, 〈w, b〉, w, gh〉, if
〈δ, 〈a, 2〉〉 and 〈δ, α′〉 are aligned w.r.t. 〈f, b, id(x), ∅, 〈w, b〉, w, gid〉,
where f(〈a, 2〉) = α′ and id is the identity function, iff

δ(w, b) = δ(w, b) and 〈a, 2〉 and α′ are aligned with respect to
〈f, b, x, ∅, 〈w, b〉, w, g〉, iff
〈a, 2〉 and α′ are aligned with respect to 〈f, b, x, ∅, 〈w, b〉, w, g〉, iff
f(〈a, 2〉) = α′, α′ ∈ DW×D and a = α′(w, b), which is true.
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3. �Bx
i2
Pi1�

〈w,a〉
M,〈w,a〉,w,g = 1 iff, where b = �i2�

〈w,a〉
M,〈w,a〉,w,g,

there’s β ∈ B(w, b), f : Σ(W,D) → Σ(W,D) and bijection h :

X → X such that ([Pi1]
〈w,a〉
M )h and β are aligned with respect to

〈f, b, h(x), ∅, 〈w, a〉, w, gh〉, if
〈δ, 〈a, 1〉〉 and 〈δ, α′〉 are aligned w.r.t. 〈f, b, id(x), ∅, 〈w, a〉, w, gid〉,
where f(〈a, 1〉) = α′ and id is the identity function, which (as we
have seen in case 1) is true.

4. �Bx
i1
Pi2�

〈w,b〉
M,〈w,b〉,w,g = 1 iff, where b = �i1�

〈w,b〉
M,〈w,b〉,w,g,

there’s β ∈ B(w, b), f : Σ(W,D) → Σ(W,D) and bijection h :

X → X such that ([Pi2]
〈w,b〉
M )h and β are aligned with respect to

〈f, b, h(x), ∅, 〈w, b〉, w, gh〉, if
〈δ, 〈a, 2〉〉 and 〈δ, α′〉 are aligned w.r.t. 〈f, b, id(x), ∅, 〈w, b〉, w, gid〉,
where f(〈a, 2〉) = α′ and id is the identity function, which (as we
have seen in case 2) is true.

5. �¬Bx
i1
Pi2�

〈w,b〉
M,〈w,b〉,w,g = 0, from case 4.

6. �Bx
i1
¬Pi2�

〈w,b〉
M,〈w,b〉,w,g = 1 iff, where b = �i1�

〈w,b〉
M,〈w,b〉,w,g,

there’s β ∈ B(w, b), f : Σ(W,D) → Σ(W,D) and bijection h :

X → X such that ([¬Pi2]
〈w,b〉
M )h and β are aligned with respect to

〈f, b, h(x), ∅, 〈w, b〉, w, gh〉, if
〈¬, 〈δ, 〈a, 2〉〉〉 and 〈¬, 〈δ, α′〉〉 are aligned with respect to the tu-
ple 〈f, b, id(x), ∅, 〈w, b〉, w, gid〉, where f(〈a, 2〉) = α′ and id is the
identity function, iff

〈δ, 〈a, 2〉〉 and 〈δ, α′〉 are aligned w.r.t. 〈f, b, id(x), ∅, 〈w, b〉, w, gid〉,
where f(〈a, 2〉) = α′ and id is the identity function, which (as we
have seen in case 2) is true.

7. �Bx
i1
(Pi2 ∧ ¬Pi2)�

〈w,b〉
M,〈w,b〉,w,g = 1 iff, where b = �i1�

〈w,b〉
M,〈w,b〉,w,g,

there’s β ∈ B(w, b), f : Σ(W,D) → Σ(W,D) and bijection h :

X → X such that ([Pi2 ∧ ¬Pi2]
〈w,b〉
M )h and β are aligned with

respect to 〈f, b, h(x), ∅, 〈w, b〉, w, gh〉, only if

there’s f : Σ(W,D) → Σ(W,D) s.t. 〈∧, 〈〈δ, 〈a, 2〉〉, 〈¬, 〈δ, 〈a, 2〉〉〉〉〉
and 〈∧, 〈〈δ, α′〉, 〈¬, 〈δ, α〉〉〉〉 are aligned with respect to the tuple
〈f, b, x, ∅, 〈w, b〉, w, g〉, only if

there’s a function f : Σ(W,D) → Σ(W,D) such that f(〈a, 2〉) =
α′ = α, which is false since α′ �= α.
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Svensk sammanfattning

Ett glas kan inte inneh̊alla vatten utan att inneh̊alla H2O-molekyler.
Likaledes kan en man inte vara ungkarl utan att vara ogift. Det senare
är vad vi skulle kalla en begreppslig eller analytisk sanning. Det är ocks̊a
a priori. Men det är knappast en begreppslig eller analytisk sanning att
ett glas som inneh̊aller vatten måste inneh̊alla H2O-molekyler. Inte heller
är det a priori. Det faktum att vatten best̊ar av H2O-molekyler är en
empirisk upptäckt som gjordes p̊a 1700-talet. Det faktum att ungkarlar
är ogifta är inte det. Men tekniskt sett är inget av dessa p̊ast̊aenden en
logisk sanning. S̊a hur förklarar vi d̊a skillnaden? Att först̊a relationen
mellan logisk, analytisk, nödvändig och a priori sanning och konsekvens
är avgörande för att kunna först̊a och utvärdera en mängd filosofiska
argument och teser. Tag exempelvis Humes berömda tes att man aldrig
kan härleda ett bör fr̊an ett är, dvs. ett normativt p̊ast̊aende aldrig
följer fr̊an ett icke-normativt. I vilken bemärkelse av följer är detta en
intressant men änd̊a plausibel tes? Att det inte följer logiskt? Eller att
det inte följer analytiskt? Detsamma kan sägas om den s̊a kallade öppna
fr̊agans argument mot naturalism i metaetik, och zombieargumentet mot
fysikalism i medvetandefilosofi.

Med Naming and necessity övertygade Kripke många om att vi
måste skilja mellan metafysiska och epistemiska möjligheter. Det fak-
tum att ett glas inneh̊aller H2O-molekyler om det inneh̊aller vatten
är ett bra exempel. Det är metafysiskt nödvändigt, men inte episte-
miskt nödvändigt. S̊a vad är d̊a relationen mellan dessa tv̊a typer av
möjligheter? Tv̊adimensionell semantik är ett ramverk för att först̊a
denna relation. Den huvudsakliga idén, som förfäktats främst av Da-
vid Chalmers och Frank Jackson, är ett p̊ast̊aende kan utvärderas re-
lativt en möjlig omständighet p̊a tv̊a olika sätt: genom att betrakta
omständigheten som faktisk, eller genom att betrakta den som kontra-
faktisk. Distinktionen är tänkt att vara nära kopplad till distinktionen
mellan indikativa och subjunktiva villkorssatser. Till exempel:

1. Om Oswald inte sköt Kennedy, s̊a gjorde n̊agon annan det.
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(indikativ, och sann)

2. Om Oswald inte hade skjutit Kennedy, s̊a hade n̊agon annan gjort
det.
(subjunktiv, och förmodligen falsk)

3. Om den dominerande substansen i sjöar och hav alltid har varit
XYZ snarare än H2O, s̊a inneh̊aller sjöar och hav änd̊a vatten.
(indikativ, och sann)

4. Om den dominerande substansen i sjöar och hav alltid hade varit
XYZ snarare än H2O, s̊a hade sjöar och hav änd̊a inneh̊allit vatten.
(subjunktiv, och falsk)

Idén är att utvärdera p̊ast̊aenden relativt tv̊a möjliga omständigheter,
en betraktad som faktisk och den andra som kontrafaktisk. Relativt v̊ar
egen omständighet (där den dominerande substansen i sjöar och hav är
H2O) betraktad som faktisk, och relativt en omständighet betraktad
som kontrafaktisk där den dominerande substansen i sjöar och hav är
XYZ, s̊a är p̊ast̊aendet Sjöar och hav inneh̊aller mestadels vatten falskt.
Men relativt den senare omständigheten betraktad som b̊ade faktisk och
kontrafaktisk, s̊a är samma p̊ast̊aende sant, liksom p̊ast̊aendet att vatten
är XYZ. En del av min avhandling g̊ar ut p̊a att först̊a och utvärdera
detta tv̊adimensionella ramverk och jämföra det med diverse alternativ
(Kapitel 3 respektive 4). Tv̊adimensionell semantik är naturligtvis inte
den enda teori som framförts för att förklara fenomenet med a poste-
riori nödvändiga sanningar som att Vatten best̊ar av H2O-molekyler.
Man kan ocks̊a tänka sig att det finns omständigheter som är episte-
miskt men inte metafysiskt möjliga, där vatten helt enkelt inte best̊ar
av H2O-molekyler. Jag granskar ett s̊adant förslag av Scott Soames, och
argumenterar för att det inte h̊aller måttet. En mer lovande idé, som
föreslagits av Peter Pagin och Kathrin Glüer-Pagin, är att tilldela pre-
dikatet vatten tv̊a olika endimensionella intensioner, där den ena svarar
mot de ytliga eller manifesta egenskaperna hos vatten (s̊asom att vatten
är den dominerande substansen i sjöar och hav), och den andra mot
de underliggande egenskaperna hos vatten som förklarar dess manifesta
egenskaper (s̊asom att vatten best̊ar av H2O-molekyler). I icke-modala
kontexter utvärderas predikatet med avseende p̊a den ytliga intensio-
nen, medans det i modala kontexter utvärderas med avseende p̊a den
underliggande intensionen. Icke desto mindre f̊ar detta förslag problem
med att förklara varför p̊ast̊aenden som Om vatten existerar, s̊a best̊ar
det med nödvändighet av H2O-molekyler ocks̊a är a posteriori.
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En viktig milstolpe i utvecklingen av tv̊adimensionell semantik var
Hans Kamp och hans analys av nu-operatorn (som i Det är nu fallet
att...). Första halvan av Kapitel 3 beskriver denna utveckling i viss de-
talj. Före Kamp hade temporal logik gjorts endimensionellt, genom att
tolka varje uttryck som en funktion fr̊an tidpunkter till extensioner. Men
för att tolka nu-operatorn, ins̊ag Kamp, behövde man utvärdera varje
uttryck relativt tv̊a tidpunkter, där den ena betraktades som den nu-
varande tidpunkten, och den andra som utvärderingstidpunkten. N̊agot
överraskande upptäckte Kamp dessutom att nu-operatorn ökade spr̊akets
uttryckskraft. Satser som N̊agon dag kommer alla som nu är fattiga
att vara rika kan inte uttryckas utan den. Senare gjorde John Cross-
ley och Lloyd Humberstone liknande observationer beträffande aktu-
alitetsoperatorn (som i Det är faktiskt fallet att...). Satsen Det vore
möjligt att alla som faktiskt är fattiga hade varit rika kan inte uttryckas
utan den. I Demonstratives tillämpade David Kaplan Kamps strate-
gi för att tolka diverse andra indexikala uttryck, s̊asom Jag och här.
Hos Kaplan utvärderas varje uttryck relativt en yttrandekontext och
en utvärderingsomständighet. P̊a sätt och vis gav s̊alunda Kaplan en
tv̊adimensionell semantik för indexikala uttryck.

Men det var egentligen inte förrän Two notions of necessity av Mar-
tin Davies och Lloyd Humberstone som tv̊adimensionell semantik blev
vad den är idag. Med sitt s̊a kallade modala argument hade Kripke
i Naming and necessity utdelat vad som föreföll vara ett förödande
slag mot beskrivningsteorin för egennamn och naturliga sort-predikat.
Beskrivningsteorin tycktes oförmögna att förklara nödvändigheten hos
p̊ast̊aenden som Mark Twain är Samuel Clemens och Vatten är H2O.
Medan denna teori kan förklara varför dessa p̊ast̊aende är a posteriori,
tycks den strida mot att de är nödvändiga. Å andra sidan, medan di-
rektreferensteorin kan förklara varför dessa p̊ast̊aenden är nödvändiga,
tycks den inte kunna förklara varför de är a posteriori. Davies och
Humberstone föreslog en tv̊adimensionell beskrivningssemantik för egen-
namn och naturliga sort-predikat som gjorde bäggedera. I samma ve-
va föreslog Robert Stalnaker i Assertion ett tv̊adimensionellt ramverk
för att förena direktreferensteorin med den a posteriori statusen hos
nämnda p̊ast̊aenden. Stalnakers idé var i huvudsak att utvärdera ut-
tryck relativt tv̊a omständigheter, där den ena bestämmer semantiska
fakta och den andra bestämmer extensionen hos uttrycken givet dessa
fakta. Precis som Davies och Humberstone, s̊a föreslog Stalnaker att en
sats eventuellt kunde betraktas som a priori om den hade en nödvändig
diagonal intension, dvs. om den var sann under alla omständigheter be-
traktade s̊asom b̊ade semantisk och icke-semantisk omständighet. Detta
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anknöt ocks̊a till Kaplan, som definierade logisk sanning i termer av
sanning i alla kontexter s̊asom b̊ade yttrat och utvärderat. Allt sedan
dess har man fr̊agat sig hur man bäst ska tolka den första dimensio-
nen i det tv̊adimensionella ramverket: som yttrandekontext à la Kaplan,
som meta-semantisk kontext à la Stalnaker, eller som en värld betraktad
som faktisk à la Chalmers och Jackson. Fr̊agan blir särskilt viktig om
man försöker introducera en operator som kvantifierar över den första
dimensionen, p̊a det sätt som en a priori operator eventuellt skulle kun-
na göra. Kaplan menade ju att ingen operator i Engelska spr̊aket skulle
kunna kvantifiera över yttrandekontexter. Detsamma torde i s̊a fall även
gälla Svenska. Vad a priori-operatorn anbelangar verkar detta stämma.
För även om Jag är här är sant i alla kontexter (s̊asom b̊ade yttrat och
utvärderat), s̊a är det knappast a priori att jag är här (i Stockholm)
snarare än, säg, i Paris.

Det är ocks̊a med denna typ av operatorer som det tv̊adimensionella
projektet har stött p̊a allvarligast problem. Mycket av kritiken mot det
har fokuserat p̊a dess sv̊arigheter att ge en semantik för vissa epistemis-
ka operatorer (framför allt operatorerna för övertygelsetillskrivningar
och a prioritet) som ger intuitivt korrekta sanningsvillkor för uttryck
som inneh̊aller b̊ade epistemiska och modala operatorer. En annan stor
del av avhandlingen (Kapitel 5) handlar s̊alunda om semantiken för just
övertygelsetillskrivningar (uttrycken av typen S tror att P). Här stöter vi
p̊a ett antal välkända fr̊ageställningar. Det borde vara möjligt att tro att
ett glas inneh̊aller vatten utan att tro att det inneh̊aller H2O-molekyler.
Likaledes borde det vara möjligt att tro att Mark Twain är en författare
utan att tro att Samuel Clemens är det. I hopp om att kunna uppfyl-
la dessa krav och samtidigt undvika ovannämnda problem s̊a utvecklar
jag en detaljerad tv̊adimensionell semantik för övertygelsetillskrivningar
som använder sig av strukturerade propositioner. Detta ramverk används
sedan ocks̊a för att ge en semantik för a priori-operatorn.

S̊a det huvudsakliga syftet med avhandlingen är egentligen att un-
dersöka i vilken mån n̊agon version av tv̊adimensionell semantik kan
försvaras. I samband med detta blir jag tvungen att ställning till n̊agra
grundläggande fr̊agor inom kvantifierad modallogik, speciellt beträffande
hur atomära formler i modeller med variabla domäner ska utvärderas
vars termer refererar till objekt utanför den aktuella domänen. Detta
är ämnet för Kapitel 2. Poängen med att använda variabla domäner
är att kunna uttrycka existensp̊ast̊aenden utan att använda n̊agot ex-
istenspredikat. Jag visar att, givet vissa klassiska principer, s̊a finns det
egentligen bara en semantik som l̊ater oss göra detta, nämligen en där
de atomära formlerna i fr̊aga utvärderas som falska. I slutändan kommer
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jag argumentera för en tv̊adimensionell semantik som ligger nära Davies
och Humberstone, och som förenar beskrivningsteorin för egennamn och
naturliga sort-predikat med Kripkes observationer om deras beteende i
modala kontexter. En del av mitt försvar av denna semantik kommer
s̊aledes vara ett försvar av beskrivningsteorin. Jag rekonstruerar Krip-
kes epistemiska argument fr̊an Naming and necessity, och konstaterar
att det p̊a sin höjd visar att beskrivningsteorin är problematisk som en
teori för v̊art gemensamma spr̊ak, men inte som en teori för enskilda
idiolekter.

I den semantik för övertygelsetillskrivningar som jag försl̊ar uttryc-
ker varje sats (i en kontext) en tv̊adimensionell strukturerad proposi-
tion. Varje epistemisk agent st̊ar i en övertygelse-relation till en mängd
s̊adana propositioner. Den enskilt viktigaste ingrediensen i denna seman-
tik är begreppet parallellitet (eng. alignment), som är den relation som
behöver r̊ada mellan den strukturerade proposition som uttrycks av sat-
sen P i en sann övertygelsetillskrivning av formen S tror att P, och den
strukturerade proposition till vilken referenten av S d̊a är övertygelse-
relaterad. Detta begrepp är avsett att fylla ungefär samma funktion som
Chalmers begrepp koordinering (eng. coordination). I samband med ut-
vecklingen av denna semantik har jag ocks̊a f̊att ta ställning till en rad
andra fr̊agor inom semantiken för övertygelsetillskrivningar, rörande in-
dexikaler, övertygelser de re och de se, och problemet med logisk allkun-
skap. Jag argumenterar bland annat för att strukturerade propositioner,
tvärtemot vad kanske kan tror, inte enbart behövs för att lösa proble-
met med logisk allkunskap, utan även för att hantera semantiken för
indexikaler och obundna variabler som förekommer inom omf̊anget för
en övertygelseoperator.

Slutligen noterar jag att den finkornighet som strukturerade pro-
positioner erbjuder ocks̊a innebär vissa problem. Det är naturligt att
motivera en semantik för övertygelsetillskrivningar som använder sig av
strukturerade propositioner med en lösning av intentionalitetsproblemet
som postulerar existensen av inre mentala spr̊ak. Men om vi föreställer
oss ett spr̊ak, säg Engelska*, som är precis som Engelska förutom att
det har en helt annan uppsättning satslogiska konnektiver, s̊a är det
inte uppenbart hur denna lösning ska l̊ata talare av Engelska säga de
saker om övertygelser hos talare av Engelska* som de intuitivt bör kun-
na säga. Strukturen hos de propositioner som talare av Engelska tror p̊a
torde ju vara radikalt annorlunda mot strukturen hos de propositioner
som talare av Engelska* tror p̊a. I framtiden hoppas jag f̊a tillfälle att
återkomma till denna och liknande fr̊agor.
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