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Abstract
Since the proposal of its existence in 1930, the neutrino has continued to
amaze. Starting off as a solution to the lack of energy conservation in beta
decay, massive neutrinos have become a gateway to physics beyond the stan-
dard model, and a complementary probe of various astrophysical sources.

Among the things we do know about neutrinos, we have their massive
nature, that their three flavour- and mass eigenstates do not coincice, and
that the neutrinos oscillate between flavours as they propagate. Among the
things we have yet to figure out in the realm of neutrino physics are for
example the neutrino’s possible Majorana nature, how neutrinos acquire their
mass, whether sterile neutrinos exist, whether neutrino oscillations break
CP-symmetry, whether neutrinos can help us understand the matter to anti-
matter asymmetry, and whether neutrinos can help solve the mystery of the
particle nature of dark matter.

In this thesis we performed two phenomenological studies on neutrinos.
One focusing on learning more about the neutrino itself, namely the deter-
mination of the oscillation parameters, in particular the δCP phase. In the
other project, we focused on an application of a neutrino signal, namely as
a background to indirect dark matter searches. We updated the estimated
neutrino flux coming from cosmic ray interactions in the Sun.
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Sammanfattning
Sedan dess existens föreslogs 1930, har neutrinon fortsatt att förvåna. Det
som började som en lösning på problemet med energibevarande i beta-sönderfall
har nu vuxit och blivit något ännu mer. De massiva neutrinerna har blivit
en inkörsport till fysik bortom standardmodellen samt ett komplementerande
sätt att se på diverse astrofysikaliska källor.

Något vi vet om neutrinerna har vi deras nollskilda massor, att deras
tre smak- och mass-egentillstånd inte sammanfaller, och att neutrinerna os-
cillerar mellan smakerna under tiden då de propagerar. Bland det vi har
kvar att ta reda på i fältet neutrinofysik har vi bland annat att neutrinerna
möjligtvis kan vara Majoranapartiklar, hur neutrinerna får sin massa, den
potentiella existensen av sterila neutriner, om neutrino-oscillationer bryter
CP-symmetrin, ifall neutriner kan hjälpa oss förstå asymmetrin mellan ma-
teria och anti-materia, och huruvida neutriner kan hjälpa oss förstå mörk
materia på partikelnivå.

I denna avhandling genomförde vi två fenomenologiska studier på neu-
triner. I det första projektet fokuserade vi på att lära sig mer om neutrinerna
själva. Vi undersökte den statistiska metoden som används för att bestämma
oscillationsparametrar, i synnerhet δCP -fasen. I det andra projektet fokuser-
ade vi på en tillämpning av en neutrinosignal från solen som bakgrund för
sökningar av mörk materia. Vi uppdaterade tidigare genomförda uppskat-
tningar av neutrinoflödet som uppkommer då kosmisk strålning växelverkar
med solen.
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Preface
This thesis is the result of my research carried out at the CoPS department
at Stockholm University from September 2014 to June 2017.

This thesis is a thesis by publication consisting of two parts: Introduction
and Scientific Papers. The first part consists of introductory chapters to the
subjects relevant for the two scientific publications in the second part. The
subjects included in the introduction are listed in the outline below and the
scientific papers are listed below the outline.

Outline of the thesis
In chapter 1, I place the neutrino in some context. I present some of the
history of the neutrino, its role in the current standard model of particle
physics and some possible future outlook. In chapter 2, the standard model
of particle physics is discussed in more detail followed by some discussion
regarding the shortcomings of it. Among these shortcomings are the existence
of dark matter in our Universe and the massive nature of neutrinos. In
chapter 3, I discuss the neutrinos in more technical detail. In chapter 4, I
explain some methods used in both papers. Some interesting results from the
papers are concluded in chapter 5. I conclude with a summary and outlook
of the field in chapter 6.

List of papers included in this thesis

Paper I J. Elevant and T. Schwetz
On the determination of the leptonic CP phase
JHEP09 (2015) 016
arXiv:1506.07685

Paper II J. Edsjö, J. Elevant, R. Enberg and C. Niblaeus
Neutrinos from cosmic ray interactions in the Sun
arXiv:1704.02892
Submitted to JCAP
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Chapter 1

Introduction

The neutrino is an electrically neutral elementary particle that hardly ever
interacts with its surroundings which renderes it rather difficult to detect.
It was hypothesised in 1930 by Wolfgang Pauli to resolve the apparent lack
of energy conservation, and the continuous energy spectrum in beta decay.
His suggestion of this new particle (which he actually initially named the
"neutron") was rather humbly presented in a letter to the participants of
a conference1 whom he addressed as "radioactive ladies and gentlemen" [1].
In 1932, James Chadwick discovered the neutral hadron of the atomic core
known as the neutron [2], after which Pauli’s particle was renamed to be
called the neutrino with the Italian ending "-ino" indicating it is the "small,
neutral particle". In his letter, Pauli excused himself for suggesting the exis-
tence of a particle that was very hard, if not impossible, to detect. However,
to everyone’s amazement, the electron anti-neutrino (ν̄e) was discovered in
1956 through inverse beta decay by Frederick Reines and Clyde Cowan [3].
Upon hearing about the discovery, Pauli allegedly celebrated with a case of
champagne with his friends [4]. The 1956 discovery of the ν̄e was awarded
with the Nobel Prize in physics in 1995.

Enrico Fermi wrote down the correct theory for beta decay including a
massless neutrino and the weak interaction started to take form. Later, the
weak interaction would be incorporated in the standard model of particle
physics (SM) where the neutrino indeed would stay massless. In the 60’s,
the feasibility of measuring neutrinos from the Sun was proposed and the
idea of neutrino astronomy was born. The detection of neutrinos from the
1987 core collapse supernova and of electron neutrinos from the Sun was
awarded with the 2002 Nobel Prize in physics.

Upon detecting electron neutrinos from the Sun, the solar neutrino prob-

1A conference which he himself could not attend because he was at a ball in Zürich.
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4 CHAPTER 1. INTRODUCTION

lem arose [5] where Super Kamiokande detected only one third of the neu-
trinos compared to what was expected. A lot of work went into eliminating
systematic errors in the detectors and in the solar model on which the ex-
pected neutrino flux was based. The idea of neutrinos changing flavour was
raised which could indeed be an explanation since Super Kamiokande was
only sensitive to the flux of the νe. So, to look into this, the Sudbury Neu-
trino Observatory (SNO) was built with heavy water in order to be sensitive
to all flavours, with the rather overcomable caveat of not being able to dis-
tinguish between all the flavours. SNO could show that the sum of the flux
of neutrinos of all flavours summed up to be what would be expected from
the Sun [6]. This enforced the idea that the neutrinos might have changed
flavour during propagation from the Sun to the Earth. When Kamland later
could detect neutrinos of different energies and saw a definite oscillation pat-
tern, it was clear that neutrino oscillations had occurred. Today we have
plenty of experimental evidence for the occurrance [7–18] and the first de-
tection of neutrino oscillations was awarded with the Nobel Prize in 2015.
Neutrino oscillations cannot occur if the neutrinos are massless, and thus,
since neutrinos are indeed massless in the SM, this contradicts the SM.

The SM, in all its glory and beauty with all its remarkably accurate pre-
dictions, is incomplete. Two inconsistencies between observation and the
theoretical SM are the lack of a dark matter particle candidate and the in-
sufficient amount of baryogenesis to explain the matter to anti-matter asym-
metry in our Universe. Also, some consider parts of the SM unnatural, in
particular with regards to the fact that the weak force is so much weaker
than gravity which by extension can be reformulated as why the Higgs boson
is so much lighter than the Planck mass. Without an incredible amount of
fine-tuning, it seems as if quantum corrections would render a Higgs boson
mass comparable to the scale of the Planck mass. To resolve this naturalness
problem, some tend to supersymmetry (SUSY). However, not only does this
add an uncomfortably large number of free parameters to the model2, there
is a conspicuous lack of experimental evidence for SUSY. Moving on with
the problems of the SM, if we are to be able to create a theory of everything,
we are faced with the seemingly impossible task of combining the SM with
general relativity. It is not a priori a necessity to be able to formulate a
theory of everything, but history has shown that a deeper understanding is
reached when we find symmetries and unifications in Nature. In short, the
SM is successful, but incomplete. The experimental evidence of non-zero
neutrino masses, when the SM clearly states them to be massless, is a gate-

2An unbroken SUSY would only add one more free parameter. However, data con-
straints force us to break a potential SUSY and more free parameters must be added.
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way into physics beyond the SM, and hopefully this branch will open up to
more uncharted grounds.

So, we study neutrinos for a few reasons. It is of course interesting to
know more about the elusive neutrinos for the sheer sake of knowing. When
neutrinos also could give answers to the problem of dark matter and baryo-
genesis, it is of further importance to understand them properly. They are
also interesting in helping us probe astrophysical sources of neutrinos, as for
instance supernovae or our own Sun. Also, neutrinos where released from
the thermal bath of the Universe only seconds after the Big Bang. These
neutrinos are theoretically predicted, and rather expected among physicists,
but are yet to be detected. If ever detected in sufficient amounts3, we could
study the Universe at a point in time when it was merely a few seconds old.
In summary, neutrinos have the potential to be the key to the Universe in
more ways than one.

3We acknowledge that this might be very far into the future, but insist on hoping that
some day even these neutrinos could be detectable.
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Chapter 2

Standard Model of Particle
Physics

This chapter will be a conceptual overview of the Standard Model of particle
physics (SM) to show the neutrinos’ role in the field of particle physics.

2.1 The Standard Model
The SM is a collectively achieved model by many particle physicists during
the later half of the 20th century. It is a quantum field theory describing
all the known elementary particles and their interactions with three of the
four forces in Nature: the Electromagnetic (EM), the Weak and the Strong
force1. In the following subsections we will give a conceptual overview of the
particle content and interactions in the SM. A graphical summary of this can
be found in fig. 2.1. For a more extensive review of the SM, see [19].

2.1.1 Fermions
The SM successfully describes all the known elementary particles. It uses
quantum numbers to quantify characteristics of the particles. One division is
based on a particle’s spin. If the spin of a particle has a half integer value, it is
known as a fermion. A particle with integer value spin is called a boson, and
we will get back to them when discussing the interactions. The fermions are
the building blocks of matter. Among the elementary fermions, we have three
generations (also known as families or flavours). Each generation contains
two leptons (a charged lepton and a neutral lepton) and two quarks (an

1Gravity, being the fourth force, is yet to be successfully described in the same manner
as the other forces since general relativity and quantum field theory are still not compatible.
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8 CHAPTER 2. STANDARD MODEL OF PARTICLE PHYSICS

up-type and a down-type). For example, in the first generation we have
the electron, the electron neutrino, the up-quark and the down-quark. This
first generation makes up most of what we see here on Earth, yet we have
three generations all built up in similar manners. All fermions are shown in
table 2.1. Particles on the same row in the table have the same quantum
numbers regarding their charge, but the mass of the particles increase with
every generation. In addition to the particles listed in the table, every particle
has its own antiparticle where all quantum numbers have flipped sign but
the mass is the same.

Table 2.1: The known elementary fermions in the SM.

Generations
I II III

Leptons

Charged e− µ− τ−

Electron Muon Tau

Neutral
νe νµ ντ

Electron Muon Tau
neutrino neutrino neutrino

Quarks
Up-type u c t

Up Charm Top

Down-type d s b
Down Strange Bottom

2.1.2 Interactions
Apart from classifying the known elementary fermions, the SM describes
the non-gravitational interactions between them. These interactions are de-
scribed using quantum field theory, where particles couple to the fields and
interactions are mediated using force carriers (or gauge bosons).

QCD

The Strong force is responsible for holding together quarks to form hadrons
(e.g. protons, neutrons, pions etc.). The charge related to the Strong force
is called colour, and a colour charged (anti-)particle can be either (anti-
)red, (anti-)blue or (anti-)green. This is where its name, Quantum Chromo
Dynamics (QCD) comes from. The force is mediated by eight gluons, each
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in different colour compositions. The only particles that interact with the
Strong force are the quarks and the gluons.

Electroweak

The electroweak force is the unification of the EM and weak force at higher
energies [20, 21]. At everyday energies, we experience the two forces as sep-
arate.

The EM force has one massless force mediator: the photon. The EM force
is described by an abelian group meaning that there are no self-interactions,
i.e. the photon does not interact with itself, but only with fermions and
other bosons that carry electromagnetic charge. All fermions except for the
neutrinos carry electromagnetic charge. In units of the elementary charge,
the charged leptons carry an electromagnetic charge of -1, the up-type quarks
of +2/3 and the down-type quarks of -1/3.

The Weak force is non-abelian (meaning that the gauge bosons can inter-
act with themselves) with three massive gauge bosons: W+, W− and the Z
boson. An experimental fact is that the Weak force only couples to particles
of left-handed chirality. Chirality is an intrinsic property of a particle and
the technical definition of it will be presented later in Chapter 3. Chirality
must not be confused with helicity, which is the projection of the angular
momentum of the particle onto its direction of momentum. In the case of a
massless particle, the helicity and chirality of a particle coincide. But in the
case of massive particles, one can in principle boost the frame of reference
in order to flip the sign of its helicity whilst the chirality is invariant under
such a transformation. A Dirac fermion field will have both a left- and right-
handed chirality component and it is thus the left-handed component of the
field that couples to the weak interaction.

Most fermions are known to be Dirac particles and thus have both left-
and right-handed components. The neutrino, on the other hand, is rather
special. It does not interact with any other forces than the Weak, and thus
we are so far only sensitive to the left-handed component of the neutrino.

At energies above the electroweak scale, the two forces are unified into
one Electroweak force, with four massless gauge bosons. When the energy
decreases, the system undergoes spontaneous symmetry breaking. This is
done through a mechanism known as the Brout-Englert-Higgs-mechanism
[22–24], or BEH-mechanism for short, which is the mechanism through which
the Weak gauge bosons and the fermions (all but the neutrinos) acquire mass.

For the BEH-mechanism to work, we add a scalar field with a non-zero
vacuum expectation value (vev). When energies drop below the electroweak
scale, the scalar field acquires its vev, and the symmetry which has described
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Figure 2.1: Schematic drawing of how the particles of the SM interact. Note
that the neutrinos only couple to the weak bosons and that only particles
which are massive in the SM couple to the Higgs.

the unified electroweak force is broken. The degrees of freedom which are
released are "eaten up" by three of the four electroweak gauge bosons and
effectively lets the Weak bosons acquire their mass. The remaining boson
which does not "eat" any of the degrees of freedom, is the EM gauge boson:
the massless photon.

To make things even better, the vev of the scalar field couples to the
fermions in the SM and allows for Dirac mass-terms. Such a mass-term rec-
quires both left- and right-handed components of the fermion, and because,
as mentioned previously, the SM neutrino only has a left-handed component,
the neutrino does not acquire mass through the BEH-mechanism and is left
massless. The theoretical prediction of this mechanism was awarded with
the Nobel Prize in 2013 after the Higgs boson, which is a residual from the
mechanism, was found at the LHC at CERN.

2.2 Shortcomings of the Standard Model
However beautiful the SM may be with its many and annoyingly accurate
predictions, it is not a complete description of nature. Firstly, and perhaps
most importantly, no one has yet found a way to unite the SM with general
relativity which is the current and very successful framework to describe
gravity. While on the subject of large scales, it is relevant to admit that the
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SM has no explanation for the accelerated expansion of the universe and dark
energy which is assumed to be causing said expansion. This dark energy has
been measured by Planck to make up just short of 70 % of the energy in our
universe. Taking also the amount of energy in the universe which is dark
matter (discussed more below), we find that the matter and energy the SM
can describe only makes up 5 % of the energy in the universe (see fig. 2.2).

Figure 2.2: Pie chart of the energy density in the Universe as measured by
the satellite telescope Planck. Image credit: ESA/Planck

Furthermore, a good theoretical model has no free parameters. This
would mean that every parameter value (e.g. particle masses, interaction
coupling strengths etc.) would have a theoretically motivated value and one
should not have to rely on experiments in any other way than to confirm the
predictions of the model. The SM has 19 free parameters and it would be
nice to extend the model to eliminate these.

However, there are two shortcomings of the SM which are of particular
importance to this thesis. The fact that the SM predicts massless neutrinos
and the lack of a SM particle candidate for dark matter. These shortcomings
will be introduced briefly here and the neutrinos will be discussed in more
detail in chapter 3.

Massive Neutrinos

As described when discussing the BEH-mechanism, both left- and right-
handed particle fields are needed in order for the fermion to acquire mass.
Since the neutrinos in the SM only interact with the weak interaction, the
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right-handed neutrino fields are SM singlets and are therefore not included in
the SM. This renders the possibility of neutrinos acquiring mass through the
BEH-mechanism impossible. A right-handed field is however not necessary if
the particle acquires a left-handed Majorana mass (as opposed to the Dirac
mass term which arises through the BEH-mechanism). Such a term does
however violate the Weak gauge symmetry [25] and is thus not allowed. In
summary, neutrinos are massless in the SM.

As we shall see in chapter 3, the fact that neutrinos undergo flavour
oscillations directly imply that all but at most one of the neutrinos must
indeed be massive. Their masses are 6 orders of magnitude smaller than the
masses of the charged leptons, but the neutrinos are nonetheless massive.
The detection of neutrino flavour oscillations (or neutrino oscillations for
short) was awarded with the 2015 Nobel Prize in physics, and rightly so,
since this is the first and so far only proof of a SM prediction gone wrong.
Seeing as this is the only detected "way out" of the SM, there has grown
a hope in the possibility that these neutrinos might enlighten us further in
other shortcomings of the SM.

Dark Matter

Numerous observations point to the existence of more matter in the universe
than we can see in any of the SM forces. This invisible matter is now known
as dark matter (DM), and even though we have yet to see any interactions
with the SM, we have plenty of gravitational observations that suggest that
DM exists. For example, DM is our leading explanation for the observed
rotation curves of stars in galaxies. We can measure the mass of galaxy
clusters in different, independent ways, and all methods are in agreement
that DM outweighs visible matter by about 5:1. Also, analysing the cosmic
microwave background, we can see that roughly 27 % of the energy density
of the Universe consists of non-baryonic matter, which we identify as DM.
So, understanding DM on a fundamental particle level is crucial for our
understanding of the Universe.

There are many theories regarding the particle nature of dark matter [26],
and the most popular candidate is the Weakly Interacting Massive Particle
(WIMP). The WIMP can be detected through some different ways as de-
picted in Figure 2.3.

For a signal in indirect detection, WIMPs annihilate into SM particles,
for example neutrinos or into particles that will eventually decay into neutri-
nos. To obtain a high enough density of WIMPs, they could for example be
captured gravitationally by the Sun. The captured WIMPs would relax in
the core of the Sun and accumulate until they start annihilating which would
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Figure 2.3: Possible interactions between WIMP DM and the SM. Direct
detection probes WIMP scattering on SM particles, indirect detection looks
for signals of DM annihilation into SM particles and colliders can hope to
produce DM from collisions of SM particles.

possibly be visible through a neutrino signal from the Sun. In paper II, we
look at a possible background for indirect searches in this neutrino channel.
We update the estimation of expected neutrinos coming from cosmic ray
interactions with the Sun.
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Chapter 3

Neutrino Physics

In this chapter the neutrino will be introduced slightly more technically in
the context of the SM. Also, neutrino oscillations and consequences thereof
will be presented.

3.1 Neutrinos in the SM
In the SM, the neutrinos only interact with the weak interaction. However,
at higher energies the weak and the EM interactions are unified into one
electroweak interaction under the gauge group SU(2)L × U(1)Y . The gauge
bosons corresponding to the SU(2)L are the three W bosons W1,W2 and
W3, and to the U(1)Y group we have the B boson. The subscript Y denotes
the hypercharge as to differentiate it from the U(1)EM which is the gauge
group that describes the EM interaction after electroweak symmetry breaking
(EWSB). The subscript L denotes the left-handed sensitivity of the weak
force.

Handedness in the weak interaction refers to a particle’s chirality and it
is determined by whether the particle transforms in a left- or right-handed
representation of the Pioncaré group. A Dirac spinor χ, which most of the
SM fermions are1, have both left- and right-handed components and the two
components can be projected using the operators [27]:

χL = 1− γ5

2 χ (3.1a)

χR = 1 + γ5

2 χ (3.1b)

1The only possible exception being the neutrino, but the potential Dirac or Majorana
nature of the neutrino is at the point of writing this thesis not yet known.

15



16 CHAPTER 3. NEUTRINO PHYSICS

where γ5 ≡ iγ0γ1γ2γ3 and γα are the Dirac matrices. As previously men-
tioned, the left- and right-handed components of the SM fermions interact
differently. The left-handed fields interact with the weak interaction and
form SU(2)L doublets (Equation (3.2)), while the right-handed fields do not
interact with the weak interaction and thus form SU(2)L singlets (Equa-
tion (3.3)). Note, that the neutrinos only interact with the weak interaction,
thus the right-handed neutrino fields are SM singlets and are not included in
the SM.

QL ≡
(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)
and `L ≡

(
νeL
eL

)(
νµL
µL

)
,

(
ντL
τL

)
(3.2)

UR ≡ uR, cR, tR; DR ≡ dR, sR, bR and ER ≡ eR, µR, τR (3.3)
The bosons of the SM mentioned in Chapter 2 are produced by the EWSB

from SU(2)L × U(1)Y to U(1)EM . EWSB is caused by the BEH-mechanism
and as a result, the electroweak gauge bosons combine and mix to form
three massive bosons (W± and Z0) and one massless boson (γ) as shown in
Equation (3.4) where θW is the weak mixing angle.

W± ≡ 1√
2
(
W 1 ∓ iW 2

)
(3.4a)(

Z0

γ

)
≡
(

cos θW − sin θW
sin θW cos θW

)(
W 3

B

)
(3.4b)

In the SM, the neutrinos interact with the W± and the Z bosons and
the interactions are called charged current (CC) and neutral current (NC)
interactions respectively. A neutrino created through a CC, is defined to have
the same flavour as that of the accompanying charged lepton. However, a
neutrino created through a NC will be in a superposition of all three flavours.

3.1.1 Massless Neutrinos
If the neutrino is to be massive, the Lagrangian density must include at least
one of the terms listed in Table 3.1.

In Table 3.1, mD/L/R are the resulting neutrino masses, νL/R ≡ ν†L/Rγ
0,

νcL/R ≡ iγ2ν∗L/R, and h.c. stands for Hermitian conjugate terms. However, it
turns out, none of the terms in Table 3.1 are allowed in the SM. The right-
handed neutrinos are SM singlets, leaving out the Dirac and right-handed
Majorana mass terms, and the left-handed Majorana mass term violates the
weak gauge symmetry. Thus, the neutrinos are left massless in the SM.
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Table 3.1: Possible mass terms for a neutrino field ν

Term in the Lagrangian Type

LD = mDνRνL + h.c. Dirac mass

LML
= −mL

2 ν
c
LνL + h.c. Left handed Majorana mass

LMR
= −mR

2 ν
c
RνR + h.c. Right handed Majorana mass

3.2 Mixing and Flavour Oscillations

Neutrino vacuum flavour oscillations, or neutrino oscillations for short, is
the principle of neutrinos changing flavour during propagation in vacuum.
If, for instance, a neutrino were to be created as a pure νe, there is, in the
neutrino oscillation scenario, a non-zero probability that the neutrino will
have changed into one of the other flavours after having propagated some
distance. As we shall see in the derivation of neutrino oscillation probabilities,
this directly implies non-zero masses for at least two of the neutrinos. This
makes neutrino oscillations very interesting since the SM predicts massless
neutrinos. Note that, a neutrino propagating through space may not change
its mass, and so, if the flavour eigenstates change, this means that the flavour
and mass eigenstates do not coincide. Instead, each flavour eigenstate can
be expressed as a superposition of mass eigenstates and vice versa as

|να〉 =
∑
i

U∗αi |νi〉 (3.5a)

|νi〉 =
∑
α

Uαi |να〉 (3.5b)

where α ∈ [e, µ, τ ] and i ∈ [1, 2, 3] and U is the unitary mixing matrix
with non-zero off diagonal terms. The size of the off diagonal terms indicates
the amount of mixing between the flavour and mass eigenstates. Assuming
unitarity, and eliminating phases by rotating the wave functions, we are left
with 6 independent parameters of U . The most common parameterisation of
U is called the PMNS-matrix [28, 29]:
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U =

Atmospheric︷ ︸︸ ︷1 0 0
0 c23 s23
0 −s23 c23


Reactor︷ ︸︸ ︷ c13 0 s13e

−iδ

0 1 0
−s13e

iδ 0 c13


︸ ︷︷ ︸

δCP−phase

Solar︷ ︸︸ ︷ c12 s12 0
−s12 c12 0

0 0 1


e

iα1
2 0 0

0 e
iα2

2 0
0 0 1


︸ ︷︷ ︸
Majorana−phases

(3.6)
where cij = cos θij and sij = sin θij. The labels above each sub-matrix

in Equation (3.6) gives a rough indication regarding what type of experi-
ment is sensitive to the respective parameters. In the last matrix we see the
Majorana phases, which are only non-zero if the neutrinos happen to be Ma-
jorana particles. At the point of writing this thesis, the Dirac or Majorana
nature of the neutrino is not known. However, this makes no difference for
neutrino oscillations, since the Majorana phases enter the PMNS matrix in
a way that they do not affect neutrino oscillations at all. The δCP phase
is the only parameter which could cause neutrinos to oscillate differently
from anti-neutrinos in vacuum. We will discuss the relevance of this in Sec-
tion 3.3. In paper I, we perform an extensive statistical analysis regarding
the determination of δCP .

The current best fit values of the parameters in U can be found at [30,31]
and result in the real values for the elements as:

|U |3σ =

0.800− 0.844 0.515− 0.581 0.139− 0.155
0.229− 0.516 0.438− 0.699 0.614− 0.790
0.249− 0.528 0.462− 0.715 0.595− 0.776

 (3.7)

The amplitude of a neutrino of energy E changing flavour from να to νβ
when propagating the distance L in the mass eigenstate νi is formed using
the following terms: 1) Given a neutrino of flavour να, the amplitude of it
to be the mass eigenstate νi is U∗αi, 2) the amplitude for νi to travel the
distance L is e−im2

iL/2E (where mi is the mass of νi), 3) when νi arrives at
the detector, the amplitude of it being νβ is Uβi. Summing over all possible
mass eigenstates we get

A(να → νβ) =
∑
i

U∗αie
im2

i
L

2EUβi (3.8)

The probability is the amplitude squared and gives us

P(να → νβ) = |A(να → νβ)|2

= δαβ − 4∑i>jRe
(
U∗αiUβiUαjU

∗
βj

)
sin2

(
∆m2

ij
L

2E

)
+2∑i>j Im

(
U∗αiUβiUαjU

∗
βj

)
sin

(
∆m2

ij
l

2E

) (3.9)
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where ∆m2
ij = m2

i − m2
j and δαβ is the Kronecker delta function. In

Equation (3.9) one can see that, for the probability to show the oscillatory
behaviour seen in experiments with respect to L/E, ∆m2

ij must be non-zero.
This implies that at least two of the three neutrino mass eigenstates must be
massive and serves as proof of physics beyond the SM.

When propagating through matter, neutrino vacuum oscillations will be
affected due to coherent forward scattering between νe and the electrons
present in matter2. This effect is called the Mikheyev-Smirnov-Wolfenstein
(MSW) effect [32, 33], or simply matter effects. The potential for the νe
changes and the neutrino oscillation parameters will assume effective values.
Oscillations in matter can both be enhanced and suppressed depending on
the electron density and the energy of the neutrinos.

The neutrino oscillation parameters that remain to be determined are
δCP , θ23 (where we see an octant degeneracy) and the sign of ∆m2

32 (a scenario
with a positive sign is called Normal Ordering (NO) and a negative sign is
called Inverted Ordering (IO)). The absolute size of the neutrino masses are
not yet known, as neutrino oscillation experiments are only sensitive to the
mass squared differences. However, analyses done on the cosmic microwave
background, galaxy clusters and the Lyman-alpha forest, indicate that the
summed masses of the three neutrinos must be less than 0.3 eV. This puts
the neutrino masses more than 6 orders of magnitude below the masses of
the charged leptons. This poses a new problem of naturality as to why the
neutrino masses are so small.

3.3 Outlook of Neutrino Physics
Thanks to neutrino oscillations, we now know that the neutrinos are massive.
What we still don’t know is how they acquire said mass and why it is so
much smaller than the mass of the other leptons. To allow for a mass term
in the Lagrangian of the system, it is not uncommon to add right-handed
sterile neutrinos to the theory which allows for both Dirac and right-handed
Majorana mass terms [34]. Note that the left-handed Majorana mass term
still breaks the weak gauge symmetries and is not allowed. The masses of
the sterile and the active SM neutrinos can be related in a way often referred
to as a see-saw mechanism: the heavier the mass of the sterile neutrino,
the lighter the mass of the active neutrino [35]. Having very heavy sterile
neutrinos gives thus a rather natural explanation as to why the masses of the

2Of course, the same is true for νµ when propagating through a high density of muons
or ντ when propagating through a high density of taus, but since normal matter is made
up of electrons, we shall only consider this scenario.
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active neutrinos are so small.
Part of the beauty of including sterile neutrinos is that it does not only aid

in explaining neutrino masses, it can also help other burning issues in particle
physics. Since the sterile neutrinos per definition do not interact with the
SM, the lightest and thus stable sterile neutrino could in fact be a DM can-
didate. Furthermore, a potential non-zero δCP in the PMNS-matrix causes
differences in the oscillatory behaviour between neutrinos and antineutrinos.
This particle-antiparticle asymmetry could propagate through the theory to
the decay of the new, heavy sterile neutrinos in the early Universe [36]. If so,
the sterile neutrinos would decay unevenly to leptons and antileptons, creat-
ing an asymmetry in lepton-antileptons which could evolve into the asymetry
in baryons-antibaryons we see in the Universe today.

In addition to the particle physics problems the neutrinos could help solve,
they could help us understand astrophysical processes. Since the neutrinos
interact very weakly with their surroundings, they travel in a rather straight
line through the Universe after being created. Detecting these neutrinos at
different energies could help us understand the underlying creation mecha-
nism in for example core collapse supernovae or our Sun. A bit further down
the road, perhaps we could one day even detect the neutrinos released from
the Big Bang to learn more about the evolution of our Universe. This is of
course not part of this thesis, but is included only to stress the importance
of neutrinos in our understanding of Nature.



Chapter 4

Methods

In this chapter, some of the methods implemented and used in the two
projects will be described. In paper I, we use Feldman-Cousins (FC) confi-
dence intervals to obtain proper coverage, and in paper II we generate events
using Monte Carlo rejection sampling.

4.1 Feldman-Cousins Confidence Intervals
In paper I, we perform an extensive statistical analysis regarding the de-
termination of the δCP phase of neutrino oscillations using FC confidence
intervals which guarantee proper coverage regardless of the distribution of
the test statistic used. FC intervals are described in [37] and are motivated
by giving a classical confidence belt construction which unify the treatment
of upper confidence limits and confidence intervals. Doing the choice of which
to present (upper limit or interval) depending on the data gives rise to what
is known as flip-flopping and directly causes under-coverage which is a very
serious problem. In practice, one constructs FC intervals by calculating the
actual distribution of one’s test statistic, instead of assuming its distribution
from commonly used assumptions.

FC intervals are constructed using χ2(Θ) = −2 lnL(Θ) where L is the
likelihood and Θ are the parameters of interest. In the case of an experi-
ment counting events, the events should be Poisson distributed. Since the
likelihood is the product of the probability distribution for each bin,

L(Θ) =
∏

i=bins
fPoisson(xi; Θ), (4.1)

and the Poisson distribution is defined as

21
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fPoisson(n; ν) = νn

n! e
−ν (4.2)

where ν is the mean, we get the following for the χ2:

χ2(Θ) = 2
∑
bins

(ln(Γ(nexp + 1)) + nth(Θ)− nexp ln(nth(Θ)). (4.3)

If we are interested in confidence regions of one of the parameters Θ =
{δCP , θ23,∆m2

32}, we consider the following test statistic (taking δCP as an
example):

∆χ2(δCP ) = min
θ23,∆m2

32

χ2(Θ)− χ2
min (4.4)

where χ2
min is the global minimum of χ2 with respect to all parameters

Θ. One can construct similar test statistics for θ23 and ∆m2
32. For a 2-

dimensional test statistic ∆χ2(δCP , θ23) one considers instead the following:

∆χ2(δCP , θ23) = min
∆m2

32

χ2(Θ)− χ2
min. (4.5)

To construct FC intervals, one begins with a parameter space of true
values. For every point in this parameter space, one performs a large number
of Monte Carlo toy experiments by generating Poisson distributed data with
the true value as the mean. For each toy experiment, one calculates that
particular ∆χ2, and when all experiments for a specific set of true values are
done one will have obtained the correct distribution f of ∆χ2. We integrate
this distribution to obtain the ∆χ2

α value which corresponds to a certain
confidence level (CL) α:

α =
∫ ∆χ2

α

−∞
f(∆χ2)d∆χ2. (4.6)

It is often assumed that ∆χ2 follows a χ2 where the number of degrees of
freedom (dof) are equal to the difference in number of parameters minimised
over in the two terms. In this case, we would obtain ∆χ2

α values as in
Table 4.1.

The values for ∆χ2
α in Table 4.1 can be used if Wilks’ theorem holds

[38] and will be referred to as the "χ2-limit". Wilks’ theorem holds if the
parameter dependence in the theoretical prediction is linear and if the data
set is large enough. FC intervals should be calculated when one expects the
distribution of ∆χ2 to deviate from the χ2-limit. In the case of neutrino
oscillations, Wilks’ theorem does not hold and this will be discussed in more
detail in Section 5.1.



4.2. MONTE CARLO EVENT GENERATION 23

Table 4.1: ∆χ2
α values corresponding to α values if χ2 distributed.

σ 1 2 3
α 68.3 % 95.45 % 99.73 %

∆χ2
α(dof = 1) 1.00 4.00 9.00

∆χ2
α(dof = 2) 2.30 6.18 11.83

4.2 Monte Carlo Event Generation
In paper II, we estimate the amount of neutrinos created by cosmic ray in-
teractions in the Sun. We do this in two steps: 1) we calculate the neutrino
fluxes from cosmic ray interactions in the Sun as a function of impact param-
eter (b), energy (E) and point of creation (`), 2) we draw events from these
fluxes and let the individual neutrinos propagate and oscillate through the
Sun and all the way to the Earth. This chapter will discuss the algorithms
we implemented with regards to the event generation.

How to draw events from a distribution f(x) varies depending on whether
the cumulative distribution has an inverse or not. When generating events
from an analytical distribution, one can use the inverse transform method
[19]. When generating events from a data distribution, one should rather
use a Monte Carlo rejection sampling method in which we use an analytical
function g(x) which, at least when multiplied by a constant c, is greater
than or equal to f(x) for all values of x. This rejection sampling method is
described in Algorithm 1.

The efficiency of Algorithm 1 is measured by dividing the number of
accepted points with the number of points we had to try and is directly
related to the area between c · g(x) and f(x). The easiest possible option for
g(x) is to be a constant set to the maximum value of f(x) which is shown in
Figure 4.1a. However, this leaves a rather large area of points which will be
rejected.

In the case of our event generation in paper II, the time consumption
made it unreasonable to use a flat distribution since our fluxes decline rather
steeply and span over many orders of magnitude in both E and `. In order to
obtain reasonable statistics in all decades within a reasonable time limit, we
had to modify our test distribution similar to what is shown in Figure 4.1b.
The exact test distribution we decided on can be found in the publically
available source code in [39].
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Algorithm 1: How to generate N number of data points from f(x)
using a test distribution c · g(x) where g(x) is normalised to 1 and c is
a constant set to ensure that c · g(x) ≥ f(x) ∀ x.
for i ← 1 to N do

point_accepted ← false;
while point_accepted is false do

xr ← random value drawn from g(x);
yr ← random value drawn uniformly from between [0, c · g(x)];
if yr ≤ f(xr) then

save (xr, yr) to array of generated data points;
point_accepted ← true;
leave while-loop;
continue with for-loop if i < N ;

else
point_accepted ← false;
continue with while-loop;

end
end

end
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Figure 4.1: An example f(x) with either a uniform test distribution (left) or
a test distribution adjusted to be as close to f(x) as possible (right). Note
that, in the right figure, the area where points will be rejected is significantly
smaller, rendering the algorithm more efficient.
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Results Highlights

In this chapter we present some highlights of the results from both papers.
All figures and tables have been taken directly from the respective papers.

5.1 Some results from paper I
In paper I, we calculated Feldman-Cousins (FC) confidence intervals (dis-
cussed in Chapter 4) for the neutrino parameters δCP and θ23. We looked
at the combined data set from T2K (neutrinos) and MINOS (neutrinos and
anti-neutrinos). These where the experiments sensitive to the δCP phase with
available data. Experiments looking at atmospheric neutrinos are also sen-
sitive to the phase, but they are significantly more difficult to simulate and
where thus not included in our analysis. We considered all oscillation param-
eters but δCP , θ23 and ∆m2

32 to be fixed. Here we will present some highlights
of the results from the paper. For more details regarding the analysis, see
paper I.

In paper I, we calculate the FC cut levels for δCP according to Equa-
tion (5.1)

∆χ2(δCP ) = min
θ23,∆m2

32

χ2(δCP , θ23,∆m2
32)− χ2

min (5.1)

where χ2
min is minimised over δCP , θ23 and ∆m2

32. In the χ2-limit, ∆χ2(δCP )
would follow a χ2 distribution with 1 dof. In Figure 5.1 we show ∆χ2 for the
data (black thick solid line) and compare the cut levels in the χ2-limit tχ2

(dashed lines) to the FC cut levels tFC (thin solid lines).
We see significant deviations from the χ2-limit. tFC are lower than tχ2

for all CLs. This is due to the non-linear parameter dependence in the
theoretical prediction, which is in fact trigonometric. Since the range of

25
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Figure 5.1: The cut levels for ∆χ2(δCP ) from T2K and MINOS data for
1σ (red), 2σ (blue) and 3σ (green). Dashed lines show the χ2-limit and
the solid lines show the FC cut levels. The different columns from left to
right correspond to sin2 θtrue23 = 0.4, 0.5, 0.6 and the upper (lower) row
corresponds to a true normal (inverted) mass ordering. The solid black line
shows ∆χ2(δCP ) for the data (same for all panels).

a trigonometric function is limited to [-1,1], the change of the theoretical
prediction with respect to δCP is finite as opposed to the case of a linear
parameter dependence. Hence, it leads to a decrease of the effective dofs and
also lowering the true cut levels for a given CL compared to the χ2-limit.
The more the data constrains the parameter, the less important the non-
linear dependence will be. However, today the data constraining δCP is still
rather weak, and thus we expect to see these significant deviations from the
χ2-limit. We also see that the tFC depend on the true values of θ23 and to a
certain extent also on the mass ordering. Furthermore, there exists an octant
degeneracy for θ23 due to the dependence on sin2 2θ23 in the disappearance
channel. This means means that when θ23 is not maximal, i.e. θ23 6= π/4, it is
difficult for data to distinguish if the angle is slightly below or slightly above
π/4. This degeneracy renders more possible solutions, which implies more
freedom than in a single linear parameter, hence it will lead to an increase
of the effective dofs. The "bumps" in the cut levels can be understood when
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comparing to the ability to resolve this octant degeneracy (see Figure 3 in
paper I and discussions regarding it).

The effect this has on the actual confidence intervals for δCP can be seen in
the graphical representation in Figure 5.2. There we see that the 1σ intervals
are rather stable and in reasonable agreement with the χ2-limit. The biggest
difference one can see is the rejection of δCP ≈ π/2 which varies between 3σ
(for sin2 θ23 = 0.4 and inverted mass ordering) to about 2σ (for sin2 θ23 = 0.6
and normal mass ordering). In the χ2-limit we can reject δCP = π/2 at 1.8σ.
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0 π/2 π 3π/2 2π
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0.5
 
 

NO - 0.4
 

Figure 5.2: Graphical representation of the confidence intervals for δCP for
1σ (red), 2σ (blue) and 3σ (green). The labels on the left hand side indicate
the assumed true value of sin2 θ23 and the mass ordering. The bottom three
bars correspond to the Gaussian approximation.

So, when making statements regarding δCP based on the 1-dimensional
∆χ2 test statistic, it would give misleading results if one were to use the χ2

approximation. In paper I, we investigated what the FC cut levels looked like
when calculating the 2-dimensional test statistic according to Equation (5.2).

∆χ2(δCP , θ23) = min
∆m2

32

χ2(δCP , θ23,∆m2
32)− χ2

min (5.2)

In the χ2-limit, ∆χ2(δCP , θ23) would follow a χ2 distribution with 2 dof.
In Figure 5.3 we show the 2-dimensional confidence intervals when comparing
to the FC cut levels (solid lines) and when comparing to the cut levels of the
χ2-limit (dotted lines). We also show slices of this 2-dimensional plot to
show the actual cut levels. We can see that tFC correspond rather well with
tχ2 . The effects that we could see in the 1-dimensional curves are suppressed
and almost completely gone. So if one wants to say anything about the
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exclusion of δCP , and make use of the χ2 approximation, one had better use
the 2-dimensional ∆χ2 test statistic, or wait for more data.

sin
2
θ

23

0.3 0.4 0.5 0.6 0.7

δ
C

P

0

π/2

π

3π/2

2π
T2K (NO)

1σ
2σ
3σ

sin
2
θ

23

0.3 0.4 0.5 0.6 0.7

δ
C

P

0

π/2

π

3π/2

2π
T2K+MINOS (NO)

1σ
2σ
3σ

Figure 5.3: Two dimensional confidence regions at 1σ (red), 2σ (blue) and
3σ (green) in the (sin2 θ23, δCP ) plane for T2K data (left) and T2K + MI-
NOS (right). Solid curves correspond to the FC cut levels, whereas dotted
curves correspond to the χ2-limit. For the FC we assume a true normal mass
ordering, while for the fit we minimise with respect to ∆m2

32 including its
sign.
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Figure 5.4: Sections through the two-dimensional ∆χ2(δCP , θ23) distribution
for combined T2K and MINOS data at constant θ23 with sin2 θ23 = 0.4 (left
panel) and sin2 θ23 = 0.6 (middle panel), and at constant δCP = π/2 (right
panel). Solid curves correspond to tFC for 1σ (red), 2σ (blue) and 3σ (green).
Dashed lines indicate tχ2 for a χ2 distribution with 2 dof. The black solid
curves show ∆χ2(δCP , θ23) using the observed data.
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5.2 Some results from paper II
In paper II, we estimate the neutrino flux arriving at Earth resulting from
cosmic ray interactions with the Sun. Detecting these neutrinos, if distin-
guishable from other sources, could be interesting in understanding said cos-
mic ray interactions with the Sun. They would also serve as a contribution
to the neutrino background in e.g. indirect dark matter searches. Similar
studies have been performed in the past, and we compare to [40] who in fact
perform the calculations without neutrino oscillations. For more results and
more technical details regarding this analysis, we refer to paper II.

In Figure 5.5 we show the resulting neutrino flux at a detector on Earth
averaged over the austral winter. We compare our (non-physical) scenario
without neutrino oscillations with [40] and see that the fluxes agree rather
well at lower energies but differ at higher energies. It is difficult to say exactly
what causes this difference, since it can be due to a number of things (dif-
ferent cosmic ray models, atmospheric interaction model, solar model etc.).
Worth noting, however, is that the neutrino flux increases rather rapidly
when approaching an impact parameter b = 1 and, in our analysis, we have
been computationally able to have enough reference points in this rapid in-
crease as to ensure proper interpolation. Therefore, our interpolation and
integration over the Sun should be more accurate.

Figure 5.5: The effect of different oscillation scenarios on the different neu-
trino flavour fluxes (at the detector, averaged over the austral winter). We
show the sum of the electron neutrino fluxes (left), muon neutrino fluxes
(middle) and tau neutrino fluxes (right). In the lower part of the plot the
ratio between the inverted and normal ordering scenarios is shown. Note that
for tau neutrinos, the fluxes without oscillations are below the lowest bound-
ary of the plot and are hence not shown. For electron and muon neutrinos
we also show the fluxes from IT96 [40]

We can also, in Figure 5.5, see the impact that neutrino oscillations have
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on the resulting fluxes. We can see, that without oscillations, we would have
hardly any ντ , whereas with oscillations we should expect a flavour flux ratio
of approximately 1:1:1. At energies below about 103 GeV, oscillations have
averaged out due to incoherence. At energies above this we can see clear
oscillation patterns. At very high energies, above 106 GeV, the oscillation
lengths are such that the neutrinos will hardly have oscillated at all.

In order to understand what this neutrino flux actually means in terms
of an additional background, we compare them to the atmospheric neutrino
background in Figure 5.6. We can see that, especially at higher energies, our
neutrino flux is higher in the direction of the Sun. We have also calculated
the estimated number of events from these neutrinos in IceCube, which are
presented in Table 5.1, where IC-79 and IC3 are two different estimates of
the neutrino effective area.

Figure 5.6: The νµ flux from the Sun compared to the Earth atmospheric
neutrino background (both are given per solid angle). The Earth atmospheric
fluxes are given both for horizontal and vertical fluxes (with a shaded red
region in between). For an actual detector, the Earth atmospheric fluxes will
be between these two extremes (and slightly reduced in the direction of the
Sun due to the Sun blocking some cosmic rays).

Table 5.1: Number of events per year (lifetime) in IceCube. The neutrino
flux above 50 GeV has been used in calculating these event rates for IC-79
and IC3

Events per year
Oscillation scenario IC-79 IC3
Normal ordering 1.17 2.26
Inverted ordering 1.40 2.70
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Summary and Outlook

In our first article we performed an extensive statistical analysis regarding,
mainly, the determination of the δCP phase in the PMNS matrix governing
the neutrino oscillations. We also looked at the determination of θ23 and
∆m2

31. We found that one must be careful when assuming common approxi-
mations regarding the distribution of the χ2 test statistic in order to obtain
proper coverage.

In regards to the neutrino oscillation parameters, we have yet to determine
the δCP phase, θ23 and the sign of ∆m2

31. Furthermore, the absolute mass
scale of the neutrinos, and the potential Majorana nature of the neutrino is
yet to be determined. There is still a lot of work ahead. These questions
will be adressed with experiments such as T2K, Noνa (neutrino oscillations),
KATRIN (absolute neutrino mass scale), Gerda and KamLAND-Zen (search-
ing for neutrinoless double beta decay which is only possible if neutrinos are
Majorana particles).

In our second article we calculated an updated estimate of the neutrino
flux arriving at Earth coming from cosmic ray interactions in the Sun. We
must however wait for simulations done by experiments (e.g. IceCube) to
fully understand the importance of this neutrino background. Further im-
provements in this flux estimation could be made by including cosmic ray
particles at lower energies and thus also having to properly take the Sun’s
magnetic field into account.

As a concluding remark, I would like to include an excerpt of John Up-
dike’s poem "Cosmic Gall" where I have added some corrections.

Neutrinos, they are very small.
They have no electric charge and have no little mass

And do not hardly interact at all.

31
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