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Abstract

Evaluation of climate model simulations is a crucial task in cli-
mate research. In a work consisting of three parts, we propose a new
statistical framework for evaluation of simulated responses to climate
forcings, based on the concept of latent (unobservable) variables. In
Part I, several latent factor models were suggested for evaluation of
temperature data from climate model simulations, forced by a varying
number of forcings, against climate proxy data from the last millen-
nium. In Part II, focusing on climatological characteristics of forcings,
we deepen the discussion by suggesting two alternative latent variable
models that can be used for evaluation of temperature simulations
forced by five specific forcings of natural and anthropogenic origin.
The first statistical model is formulated in line with confirmatory fac-
tor analysis (CFA), accompanied by a more detailed discussion about
the interpretation of latent temperature responses and their mutual
relationships. Introducing further causal links between some latent
variables, the CFA model is extended to a structural equation model
(SEM), which allows us to reflect more complicated climatological
relationsnhips with respect to all SEM’s variables. Each statistical
model is developed for use with data from a single region, which can
be of any size. Here, in Part III, the performance of both these sta-
tistical models and some models suggested in Part I is evaluated and
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compared in a pseudo-proxy experiment, in which the true unobserv-
able temperature is replaced by temperature data from a selected cli-
mate model simulation. The present analysis involves seven regional
data sets. Focusing first on the ability of the models to provide an
adequate and climatologically defensible description of the unknown
underlying structure, we may conclude that given the climate model
under consideration, the SEM model in general performed best. As
for the factor model, its assumptions turned out to be too restrictive
to describe the observed relationships in all but one region. The per-
formance of another factor model, reflecting the assumptions typically
made in many D&A studies, can be characterised as unacceptable due
to its high sensitivity to insignificant coefficient estimates. Regarding
the fourth statistical model analysed - a factor model with two indi-
cators and one latent factor - it can be recommended to apply it with
caution due to its sensitivity to departures from the independence
assumptions among the model variables, which can make the inter-
pretation of the latent factor unclear. The conclusions above have
been confirmed in a cross-validation study, presuming the availabil-
ity of several data sets within each region of interest. Importantly,
the present pseudo-proxy experiment is performed only for zero noise
level, implying that the five SEM models and one factor model await
further investigation to fully test their performance for realistic levels
of added noise.

Keywords: Confirmatory Factor Analysis, Structural Equation mod-
els, Measurement Error models, Climate model simulations, Climate
forcings, Climate proxy data, Detection and Attribution

1 Introduction

Evaluating climate models used to make projections of future climate changes
is a crucial issue within climate research ([14]). Depending on the scientific
question and the characteristics of the climate model under study, evalua-
tion approaches may employ various statistical methods possessing different
degrees of complexity. For example, model performance can be assessed vi-
sually comparing maps or plots describing both the climate model outputs
and the observations (see for example ([5]), or calculating various metrics
summarising how close the simulated values of the climate variable of inter-
est are to the corresponding observed ones, e.g. a simple root mean square
given in [18], Sec. 3.5, the kappa statistic in [43], the Hagaman distance
used by [6] and [7]. Other studies may instead focus on comparing the
probability distributions of climate model output to the corresponding em-
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pirical distributions of observed data by using so-called divergence functions
([45]). It is also possible to validate climate models by modelling joint dis-
tributions for more than one climatic variable as was done by [35] where
the near-surface temperature and precipitation output from decadal runs
of eight atmospheric ocean general circulation models (AOGCMs) against
observational proxy data 1 has been validated 2

Within the context of the present analysis, our main emphasis is on
univariate methods involving only the near-surface temperature as a cli-
matic variable of interest, allowing, in addition, for taking into account the
uncertainties of both model outputs and observational data. Concerning
the latter, a particular interest is in data covering (approximately) the last
millennium, implying that data contain not only instrumental observations
but also reconstructions derived from climate proxy data. As pointed by
[37], including reconstructions allows the assessment of the models’ abil-
ity to simulate past climate changes that occurred before the availability
of instrumental records, which may increase researcher’s confidence in their
conclusions about the climate model in question.

An example of studies employing statistical evaluation approaches with
the above-mentioned properties is the so-called Detection and Attribution
(D&A) studies, which have played a central role in assessment reports by the
Intergovernmental Panel on Climate Change (IPCC) (see, for example, [2]).
As a matter of fact, D&A studies have multiple goals ([20]). Primarily, they
aim at assessing the amplitude of the climate response to external forcings 3,

1The term proxy data refers to substitute data for direct instrumental measurements
of physical climate variables, such as temperature or precipitation, that have been ob-
tained from various natural climate ’archives’ such as tree-rings, corals, ice cores and cave
speleothems, and which can be statistically calibrated to represent the desired climate
variables (see e.g. [25].

2It should be emphasised that evaluation of climate model simulations is a complex
process requiring the performance of a large number of tests with respect to various cli-
matological aspects. As pointed out by e.g. [14], [18], no individual evaluation technique
is considered superior, leading to a final, definitive product. The model should be con-
tinuously retested as new data or experimental results become available. A model is
sometimes said to be validated if it has passed a reasonable number of tests. In such a
case, the credibility of model projections performed with such a climate model could be
very high.

3According to [19], the term external forcing refers to a forcing factor outside the
climate system that causes a change in the climate system. We follow the same defini-
tion throughout the whole work. Volcanic eruptions (through injection of stratospheric
aerosols), solar irradiance variations, anthropogenic changes in atmospheric composition
(e.g. greenhouse gases) and land use are examples of external forcings. Another im-
portant definition in this context is radiative forcing, referring to changes in the earth’s
radiation budget, and thus energy budget, due to external forcings (see e.g. review by
[29] and the glossary, p. 1460, in [24]). Radiative forcings are expressed in W/m2.
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which ultimately permits to quantify the (separate or overall) contribution
of different external forcings to observed climate change. Further, D&A
studies provide a possibility to address the question of the ability of climate
models simulate observed climate changes.

A distinct feature of the statistical method used in many D&A studies,
often referred to as ’optimal fingerprinting’, is that the temperature response
to a given forcing is modelled as latent, i.e. unobservable, both in the real-
-world climate system affected by the true forcings and in the simulated
climate system forced by their reconstructed counterparts. The idea of la-
tent temperature responses has also been used in developing the statistical
framework for evaluation of forced climate model simulations proposed by
[41] (henceforth referred to as SUN12).

The SUN12 framework was specifically developed to suit the comparison
of climate model simulations and proxy data for the relatively recent past
of about one millennium. As a result, a correlation statistic, UR and a
distance test-statistic, UT , were developed. Moreover, SUN12 provides the
theoretical underpinnings of methods for other statistical models that can be
applied for evaluating climate model simulations (e.g. [44] used the Bayesian
approach, and [11] applied the approach of confirmatory factor analysis).
The present work, including [12] and [13], henceforth referred to as Part I
and Part II, respectively, is also based on the (slightly modified) definitions
of SUN12.

In Part I, we formulated several latent factor models that can be used for
evaluating temperature data from climate model simulations against climate
proxy data for approximately the last millennium. We also elucidated the
link between the approach of ’optimal fingerprinting’ and the approach of
factor analysis (see Sec. 1 and 5 in Part I). To begin with, both approaches
presume that observable simulated and reconstructed temperatures can be
decomposed as linear combinations of (scaled) latent temperature responses
to forcings plus the random internal temperature variability. Other common
features of these two evaluation approaches are: (1) the relations between
latent variables other than their correlation (or lack of correlation), are not
examined 4, and (2) all observable variables are viewed as effects of the
latent variables.

Realising that the assumptions of factor analysis might be too restrictive
for reflecting complicated climatological relationships, we argued in Part II

4It should be remarked that although the approach of ’optimal fingerprinting’ regards
the correlations, or more precisely covariances, between latent temperature responses
to forcings as model parameters, it is not easy to perform statistical testing of their
significance under this approach.
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for a further extension of our factor models, suggested in Part I, to struc-
tural equations models (SEM models). The theoretical discussion in Part II
showed that reasoning in the spirit of SEM models, combining the features of
factor and regression analysis, allows statistical modelling and investigation
of many relationships not possible within factor analysis.

To begin with, SEM models allow causal relationships between latent
variables themselves, which in the climatological context permits us to re-
flect the idea that some processes in the climate system are not physically
independent from the external natural forcings such as the solar, orbital
and volcanic forcings. Examples of such processes are natural changes in
vegetation and in the levels of Ghg:s gases, which are obviously coupled
to the above-mentioned natural forcings. Further, by letting observed vari-
ables affect latent variables, SEM models give us an opportunity to reflect
the idea that not only the forcings but also internal factors may influence
the temperature by causing changes in physically dependent processes, in
particular, those just mentioned.

Since the discussions of Part I and Part II are of purely theoretical char-
acter, a natural enquiry is to evaluate and compare the performance of the
suggested statistical models in a numerical experiment. A general goal of the
analysis here in Part III is to perform such a numerical experiment. Details
about the data and the statistical models under consideration are provided
in Sec. 2 and 3, but for now, let it suffice to say that statistical models
of main interest are factor and SEM models developed in Part II. This is
because all data, in particular simulated data, needed for their application
are available.

First, in Step 1, these statistical models will be fitted to the data without
including observational data, i.e. only to the simulated data, which enables
us to explore the underlying and to us unknown latent structure associated
with the simulated climate system. Further, in Step 2, a statistical model
demonstrating the best fit, among those associated with an admissble and
climatologically defensible solution, will be fitted to the data with observa-
tional data included. The main aim of Step 2 is to evaluate the performance
of the statistical model chosen in Step 1. Obviously, achieving this aim is
possible if we do not need to evaluate simultaneously the performance of the
climate model in question. Otherwise, it is not feasible to interpret unam-
biguously whether a possible rejection of a statistical model in Step 2 is due
to the failure of the climate model to represent the temperature response
to a given reconstructed forcing(-s) correctly, or due to an inappropriate
description of the underlying latent structure suggested by the statistical
model.
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To eliminate this ambiguity, we need to know that the hypothesis of con-
sistency 5 between the climate model simulations analysed and the observa-
tional data is true. Under the hypothesis of consistency, we expect equality
between the parameters, representing the influence of a given latent com-
mon factor on the associated (observable) simulated temperature and on the
observed/reconstructed temperature. Within our factor and SEM models,
this expectation is reflected by imposing pairwise equality constraints.

Clearly, when analysing simulated data against real-world climate ob-
servations, uncertainties in reconstructions of forcings do not allow us to
determine to what extent the response to a given reconstructed forcing dif-
fers from the response to its real-world counterpart. Data, for which we
know that these responses are equal, and, consequently, the hypothesis of
consistency is true, are output data from climate model simulations whose
forcing history contains the same reconstruction of the forcing(-s) used to
drive the climate model simulation in question. Therefore, in the present
numerical experiment, we replace real-world temperature observations by
such specially selected climate model simulations. So if a statistical model,
chosen as a final model in Step 1, is not rejected in Step 2, we can conclude
that the performance of this statistical model is acceptable and that the
underlying latent structure, determined in Step 1, can also be accepted as
an approximation of the true one.

As a matter of fact, we let such specially selected simulations play the
role of the true unobservable temperature τ , uncontaminated by any non-
climatic noise (see Eq. (4.1.3) in Part I). Experiments using climate model
simulations instead of real-world data are often referred to in the (paleo-
)climatological literature as pseudo proxy experiments (PPE). An example
of the use of PPE is the kind of experiments that aim to evaluate the per-
formance of statistical methods used to reconstruct past climate variations
from climate proxy data (for its description see [40]). One of the main
advantages offered by PPE is the possibility to study the sensitivity of sta-
tistical methods to increasing noise level in the pseudo proxy data, which
is achieved by adding repeatedly simulated values, representing noise in ob-
servations, to the pseudo τ (see also e.g. [11], [21]).

Admittedly, even for our statistical models, the sensitivity analysis is
an important aspect for judging their performance. However, the current
study is focusing only on analysing the data with zero proxy noise. Having
investigated which statistical models that have demonstrated an acceptable
performance for zero proxy noise, it will be easier to design the future sen-

5Note that the notion of the hypothesis of consistency has initially been introduced in
Part I (see (4.1.2) and the discussion below).
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sitivity analysis.
For estimation of all statistical models under study, we employed the R

package sem (R version 3.4.1) (see [15]; http://CRAN.R-project.org/package=sem)
that is an open source alternative to commercial software designated to per-
form the SEM analysis, e.g. LISREL, Mplus, Amos. For derivation of
symbolic expressions of the reproduced variance-covariance matrices associ-
ated with our statistical models under different hypotheses, we used Matlab
(MATLAB R2017a).

Finally, let us describe the structure of this paper. In Sec. 2, we describe
the data, the results of its initial analysis, and the way of constructing data
sets to which our statistical models will be fitted. In Sec. 3, we present
the statistical models of interest. In total, there are four statistical models.
The numerical results, presented in the form of tables in the supplementary
material, will be discussed in Sec. 4, which is concluded by Sec. 5 where we
highlight insights that can be gained from the current analysis.

2 Description of simulated data and its initial
analysis

Data appropriate for the analysis of the statistical models suggested in Part
II are simulated near-surface temperatures generated with the Community
Earth System Model (CESM) for the period 850-2005 (the CESM-Last Mil-
lennium Ensemble, or CESM-LME). A detailed description of the model
and the ensemble simulation experiment can be found in [32] and references
therein.

For our analysis, we select seasonal-mean temperature data for the seven
regions and the seasons defined by [33], labeled Europe, Arctic, North Amer-
ica, Asia, South America, Australasia, and Antarctica. As seen in Figure 1
in their paper, the regions are not exactly the same as the continents them-
selves. Moreover, both land and sea surface temperatures are included in
three of the regions (Arctic, North America, Australasia), while land-only
temperatures are used in the other four. Note also that the choice of sea-
sons differs among the regions, depending on what was considered by the
[33] as being the optimal calibration target for the climate proxy data they
used. Annual mean temperatures are used for the Arctic, North America
and Antarctica, while some warm-season temperatures are used for Europe
(JJA), Asia (JJA), South America (DJF) and Australasia (Sept-Feb).

The CESM-LME experiment used 2◦ resolution in the atmosphere and
land components and 1◦ resolution in the ocean and sea ice components.
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To extract seasonal temperature data from this simulation experiment such
that it corresponds to the seven regions defined in the [33] study, we followed
exactly the same procedure as in the subsequent model vs. data compar-
ison study undertaken by the [34]. After extraction, our raw temperature
data sequences have a resolution of one temperature value per year. The
main time period analysed here is the 1000-year long period 850−1849 AD.
The industrial period after 1850 AD has been omitted in order to avoid a
complication due to the fact that the CESM simulations for this last period
includes ozone-aerosol forcing, which is not available for the time before
1850.

Below, we list all sequences of simulated temperatures available within
each region, and describe the key characteristics of the associated recon-
structed forcings, which is determining for the motivation and interpretation
of our statistical models. Details about the forcing data used in CESM-LME
are proved in Section 4 in the Supplement, together with time-series plots
of forcing data.

1. {xSol,t}, forced only with a reconstruction of the transient evolution
of total solar irradiance. This is a measure of the averaged amount of
radiated energy from the Sun that reaches the top of the atmosphere
of the planet Earth during a year. According to Figure S4.1, shown
in the Supplement, the reconstruction used is the same for the whole
Earth. Within each region, there are four sequences, i.e. replicates,
forming the xSol-ensemble;

2. {xOrb,t}, forced only with a reconstruction of the transient evolution
of the Earth’s orbital parameters, i.e. the seasonal and latitudinal dis-
tribution of the orbital modulation of insolation. According to Figure
S4.3, shown in the Supplement, the reconstruction of the orbital forc-
ing varies with region. Within each region, there are three replicates
of xOrb, forming the xOrb-ensemble;

3. {xVolc,t}, forced only with a reconstruction of the transient evolution
of volcanic aerosol loadings in the stratosphere, as a function of lat-
itude, altitude and month. According to Figure S4.4, shown in the
Supplement, the reconstruction of the volcanic forcing varies with re-
gion. Within each region, there are five replicates of xVolc, forming the
xVolc-ensemble;

4. {xLand,t}, forced only with a reconstruction of the transient evolution of
anthropogenic land use, i.e. changes particularly in fractional areas of
crops and pasture within each grid cell on land. The type of natural
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vegetation has been prescribed in each grid cell and held constant
at pre-industrial levels. The CESM-LME climate model did actually
include a dynamic land model (CLM4) which impacts the simulated
climate through seasonal and interannual changes in the vegetation
phenology 6 ([28]). Here, we interpret this as a possible contribution to
internal random variability, but not as a climate forcing. Statistically,
this means that we assume that the systematic effect of the vegetation
phenology on the temperature is negligible. According to Figure S4.5,
shown in the Supplement, the reconstruction of the Land forcing varies
with region. Within each region, there are three replicates of xLand,
forming the xLand-ensemble;

5. {xGhg,t}, forced only with a reconstruction of the transient evolution
of well-mixed greenhouse gases, Ghg, namely CO2, N2O, and CH4.
According to [32], prescribed reconstructed greenhouse gas concentra-
tions, adopted from [38], are derived from high-resolution Antarctic
ice cores, which makes it reasonable to assume that they can contain
information about both natural and anthropogenic influences. Accord-
ing to Figure S4.2, shown in the Supplement, the reconstruction of the
Ghg forcing is the same for the whole Earth. Within each region, there
are three replicates of xGhg, forming the xGhg-ensemble;

6. {xcomb,t}, forced by all above mentioned single forcings together. Within
each region, the xcomb-ensemble consists of 10 replicates;

7. {xu,t}, an unforced (control) simulation with forcing boundary condi-
tions held constantly at the 850 AD level. Within each region, there
is only one xu-sequence. This sequence is needed in our analysis for
calculating the distance-based UT -test statistic, defined in Appendix
A2 (see Eq. (A2.1)).

To avoid the effect of autocorrelation on the estimation of our statistical
models, all original time series were temporally aggregated by taking 10-yr
nonoverlapping averages. Note that the choice of time unit is based on the
analysis of the autocorrelation structure of the sequences representing the
internal variability generated by the climate models under study. Following
the notations of Part I and II, the internal variability is denoted δ̃, and the

6According to [27], vegetation phenology is the timing of seasonal developmental stages
in plant life cycles including bud burst, canopy growth, flowering, and senescence, which
are closely coupled to seasonally varying weather patterns.
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δ̃-series are derived as follows

{δ̃ repl. i t} = {xrepl.i t − x̄.t}. i = 1, 2, . . . , k,

where x̄.t is the average of k replicates at time point t. The analysis of
the autocorrelation structure of the δ̃-sequences instead of the x-sequences
themselves is motivated by the fact that the temperature responses to the
forcings, also embedded in the simulated temperature, are regarded as fixed
unknown constants (see the discussion in Sec. 3.2.1 in Part I). Figures
S1.1 − 42 in the Supplement show the autocorrelation function of the δ̃-
sequences aggregated for four different time units m, m = 1, 5, 10 and 20
years. It should be remarked that according to these figures, m = 5 could
be motivated within some regions, e.g. Asia and North America, because
at least 91% of the autocorrelation coefficients (for each δ̃-sequence) are in-
significant as they are within the confidence bounds. Nevertheless, it was
decided to choose m = 10 (for all seven regions) because the temperature
responses to the forcings, although regarded as fixed, are very likely to ex-
hibit a stronger autocorrelation for m = 5 than for m = 10. This can have
a negative impact on the statistical properties of the parameter estimates
of the statistical models analysed here. The time unit of 20 years was not
applied either because it reduces the sample size to 50 observations, which
is too small for estimating the statistical models of interest. To conclude, all
x-sequences analysed are decadally resolved, implying that they contain 100
observations. Time series graphs that illustrate the resulting x-sequences
are shown in Figures S2.1-7 in the Supplement.

Further, we investigated whether the decadally resolved δ̃-sequences fol-
low a normal distribution, which is also an important assumption of our
statistical models. Examining the estimated density functions graphically
(see Figure S3.1-7 in the Supplement) did not reveal any obvious departures
from the normal distribution. The conclusion was also supported by the
Shapiro-Wilks test, whose results, however, are not shown here.

We conclude this section by discussing the way the data sets are con-
structed. To begin with, the availability of ensembles gives us an opportunity
to analyse mean-sequences instead of single members of the ensembles. As
known (e.g. [10]), averaging over replicates of the same type of forced model
leads to a time series with an enhanced forced climate signal and a reduced
effect of the internal variability of the corresponding forced climate model.
This is especially appreciated when the effect of a given forcing is expected
to be weak.

Further, we recall from the introduction that observational data are to
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be replaced by an appropriate climate model simulation. In our analysis,
the role of the true unobservable temperature τ , τpseudo, within each region,
will be played by each replicate of the xcomb-climate model, i = 1, 2, . . . , 10.
This enables us to construct 10 data sets. Fitting the statistical models to
each of them makes it possible to investigate the stability of the performance
of each statistical model. This is especially important for those statistical
models that can be respecified by deleting and/or adding some hypothesised
relations. Since respecifications, although supposed to be motivated from
the climatological viewpoint, are in essence results of a purely data-driven
process, based on statistical information from the estimated model 7, it is
crucial to apply some form of cross-validation with respect to the set of
models considered in a sequence of model evaluations. The availability of
10 data sets provides such an opportunity. Hence, beside the statistical χ2

test and heuristic goodness-of fit indices, serving as measures of the overall
model fit (for definition of the χ2 test and the heuristic goodness-of fit in-
dices used in the present work see Appendix B or Appendix A in Part I),
we also look at the following additional criteria for choosing a final model:
(1) the stability of the convergence of the solution and (2) the sensitivity to
the choice of start values of parameters in the iterative estimation algorithm
across all 10 data sets.

However, letting replicate i represent τ and using the nine remaining ones
to construct the mean sequence x̄ comb, i = 1, 2, . . . , 10, amounts to creating
data sets containing exactly identical information. This is expected to lead
to (highly) correlated estimates, which may lead to misleading conclusions
about the stability of performance. To avoid this situation, the replicates
of the x comb-ensemble are arranged randomly into different data sets such
that only five replicates are used for constructing x̄ comb. The overview of
the resulting 10 data sets is given in Table 1.

7Insignificant parameter estimates might suggest certain simplifications, while nor-
malised residuals along with estimated modification indices (for definition of normalised
residuals and modification indices see Appendix B) might suggest certain model expan-
sions.
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Table 1. Overview of 10 data sets constructed by randomly selecting six replicates of

the x comb-ensemble, where one of the replicates represents the unobservable

true temperature τ , denoted τ pseudo, while the remaing five are used to build

the mean-sequence x̄ comb

Data
set x̄Sol x̄Orb x̄Volc x̄Land x̄Ghg x̄ comb τpseudo
1 all repl’s all repl’s all repl’s all repl’s all repl’s (2, 3, 6, 8, 9) 1
2 all repl’s all repl’s all repl’s all repl’s all repl’s (3, 4, 5, 8, 9) 2
3 all repl’s all repl’s all repl’s all repl’s all repl’s (1, 2, 5, 6, 7) 3
4 all repl’s all repl’s all repl’s all repl’s all repl’s (1, 3, 5, 7, 8) 4
5 all repl’s all repl’s all repl’s all repl’s all repl’s (1, 4, 7, 8, 10) 5
6 all repl’s all repl’s all repl’s all repl’s all repl’s (1, 4, 5, 8, 9) 6
7 all repl’s all repl’s all repl’s all repl’s all repl’s (1, 3, 4, 6, 10) 7
8 all repl’s all repl’s all repl’s all repl’s all repl’s (2, 3, 4, 5, 7) 8
9 all repl’s all repl’s all repl’s all repl’s all repl’s (2, 3, 4, 6, 7) 9
10 all repl’s all repl’s all repl’s all repl’s all repl’s (1, 3, 5, 6, 8) 10

3 Statistical models analysed in the present
numerical experiment

As emphasised in the introduction, our focal point of interest is to evaluate
the performance of the factor and SEM models developed in Part II (we will
repeat them later in this section). For this purpose, the models are to be
fitted to the data containing all climate model simulations, i.e. x̄Sol, x̄Orb,
x̄Volc, x̄Land, x̄Ghg, x̄comb, and the pseudo-τ , replacing observational data.

As motivated in the Introduction, this replacement makes the interpre-
tation of a possible rejection of the estimated statistical model unambigous.
Indeed, since within our numerical experiment the hypothesis of consistency,
expressed in the equality constraints on certain parameters of our statistical
models, is true, the most reasonable explanation for the rejection is an in-
appropiate description of the underlying latent structure, suggested by the
estimated statistical model.

To facilitate the process of exploring the latent structure, we analyse
first the statistical models without including τpseudo. We call this step of our
experiment Step 1. The best-fitting statistical model, among those result-
ing in an acceptable and climatologically defensible solution, will then be
reanalysed by fitting them to the data with τpseudo included. This step of
our experiment is called Step 2. If a model chosen in Step 1 is not rejected
in Step 2 either statistically or heuristically and demonstrates a stable be-
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haviour for all 10 data sets, we may conclude that the performance of this
statistical model is acceptable and that the latent structure suggested by the
model is an adequate approximation of the unknown underlying structure.

In Step 1, we also analyse two statistical models related to Part I and
two test statistics developed by [41], which can contribute to a better under-
standing of the complexity of the latent structure. The details about all the
statistical models analysed are given below. Note that to avoid excessive
notations, from now on we do not use the bar notation to designate the
mean sequences.

Statistical models analysed in Step 1

Prior to analysing all simulations simultaneously, we first analyse each single
forcing simulation along with the 5-forcing simulation, xcomb, in order to get
preliminary ideas about underlying relationships between the latent temper-
ature responses. For this we use the following 2-indicator 1-factor model,
abbr. FA(2,1)-model, closely related to the FA(2,1)-model from Part I (see
(4.1.4) there):{

x single forcing t = α · ξSsingle forcing t+ δ̃single forcing t

x comb t = α · ξSsingle forcing t+ νt,
(3.1)

where single forcing:= {Sol, Orb, Volc, Land(anthr), Ghg}. The latent fac-
tor ξSsingle forcing

8 is standardised to have unit variance 9. There are two

parameters to be estimated: α and the variance of the specific factor ν, σ2
ν .

The variance of the specific factor δ̃single forcing is regarded as known a priori,
i.e. independently estimated. We use the following independent estimator,
suggested in Part I:

σ2 ∗
δsingle forcing

=

∑n
t=1

∑k
i=1(xsingle forcing t repl. i − x̄single forcing t)

2

n(k − 1)
, k 6= 1, (3.2)

8Although all notations, used here, were described in Part I and Part II, let us, for
the convienience of the reader, briefly remind their interpretation. ξSsingle forcing represents

the latent simulated temperature response to the reconstructed single forcing; δ̃single forcing

represents the random internal variability of the forced climate model, including any
random variability due to the presence of the forcing; ν represents the residual variation
in xcomb that cannot be statistically explained by single forcing under consideration.

9Recall from Part I and II that in factor models where latent factors are standard-
ised to have unit variance, the coefficients (factor loadings) indicate the magnitude of the
expected change in the associated indicators, measured in standard deviation units. Stan-
dardised coefficients, i.e. factor loadings, are particularly useful when comparisons are to
be made across different variables. It makes it easier to judge the relative importance of
variables.
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where n = 100, and k = 4, 3, 5, 3, 3 for xSol, xOrb, xVolc, xLand, and xGhg,
respectively. Of course, the same estimator can be used to estimate σ2 ∗

δ comb

when required.
As pointed out earlier, the FA(2,1)-model in (3.1) is formulated on the

basis of the FA(2,1)-model developed in Part I for evaluating single-forcing
climate model simulations against observational data. Here, observational
data are replaced by the xcomb-simulation. When only climate model simu-
lations are analysed, it has several consequences.

The first one is that the common factor representing the temperature
response to a given forcing is the latent simulated temperature response
ξSsingle forcing itself. This entails the second consequence, namely, that the spe-
cific factor associated with xsingle forcing does not contain a residual term (see
e.g. Eq. (4.1.1) in Part I) arising after extracting the common factor (see
also Eq. (4.1.2)-(4.1.4) in Part I). That is, in the FA(2,1)-model in (3.1),
δ̃single forcing represents only the internal temperature variability in the pres-
ence of the forcing, generated by the xsingle forcing-climate model. This makes
the usage of estimator (3.2) fully justified.

Further, the fact that the forcing history of the xcomb-climate model
contains the same reconstruction of a given forcing as that used to force
the xsingle forcing-climate model entails that the influence of ξSsingle forcing on
xsingle forcing and on xcomb is the same. So, if the model is rejected, it means
that ξSsingle forcing is not related to the single forcing in question only, rather
than that the α-coefficients for x single forcing and x comb are different. Possible
underlying reasons for this can be that at least one of the independence
assumptions associated with the FA(2,1)-model is not satisfied. The associ-
ated assumptions parallel those made for the FA(2,1)-model in Part I, that
is, ξSsingle forcing is independent of the specific factors, and the specific factors
are mutually independent.

However, accepting this factor model does not guarantee that all inde-
pendence assumptions are satisfied. To gain deeper insights into underlying
relationships in case the factor model is not rejected, we use two test statis-
tics developed in SUN12. This is the correlation test statistic UR and the
distance-based test statistic UT (for their definitions see Appendix A 10).
Although developed for assessing the relationships between climate model
simulations and observational data, these two test statistics can certainly be
used in analyses for which observational data are replaced by an appropriate
climate model simulation (see, for example, [21]).

10See also Sec. 5 in the Supplement, where the distribution of each test statistic under
different hypotheses concerning the factor loadings has been studied in a Monte Carlo
experiment.
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So, when model (3.1) is not rejected, we distinguish two cases depending
on whether α̂ is significant or not. 11. When α̂ is significant, the observed
values of both test statistics are also expected to be statistically significant
such that UR is positive (just like α̂), while UT is negative. When α̂ is
insignificant, both test statistics are expected to be insignificant. To sum-
marise:

if the FA(2,1)-model in (3.1) is not rejected:

Case 1) Case 2)
α̂ is significant, α̂ is not significant,

UR is significant positive UR is not significant
UT is significant negative UT is not significant

(3.3)

Observing other outcomes for the UR and UT statistics than those associated
with Case 1) and Case 2) may indicate within our numerical experiment that
some of the independence assumptions, associated with the FA(2,1)-model,
are not satisfied.

How well the FA(2,1)-model fits the data can be determined statistically
by the χ2 test, and heuristically using the goodness-of fit indices discussed
in Appendix B. Importantly, the model is identified for any population value
of α (the concept of identifiability is discussed in detail in Part I, see, as a
beginning, Appendix A). Imposing an equality constraint on the coefficients
implies that the model has 1 degree of freedom. If in addition, α is set to
zero, it gives one more degree of freedom.

Finally, it should be pointed out that although the xcomb-simulation in
the FA(2,1)-model in (3.1) represents itself, not τpseudo, this simulation nev-
ertheless can be viewed as pseudo-observations. So in addition to getting
preliminary ideas about underlying relationships, we, within the confines of
the present work, get an opportunity to evaluate the performance and reli-
ability of the FA(2,1)-model in real-world analyses for which observational
data are not replaced by climate model simulations 12.

11Notice that under the FA(2,1)-model from (3.1) and under the FA(2,1)-model from
(4.1.4) in Part I, only the positive covariance between the indicators is regarded as mean-
ingful, otherwise it is not reasonable to assume that the indicators contain the same latent
factor. A positive covariance entails the fact that the ratio of the factor loadings within
each model should be positive. For the coefficient α in the FA(2,1)-model from (3.1) it
means that it can be associated with any sign because the ratio of two equal coefficients
is positive. For the factor loadings in the FA(2,1)-model from (4.1.4) in Part I, it re-
quires that both of them have the same sign. Recall also from Part I that the solution
for the FA(2,1)-model, whether with the equality constraint imposed or not, is unique,
apart from a possible change of sign of the factor loadings, which merely corresponds to
changing the sign of the factor

12It should be remarked that the performance of the FA(2,1)-model was evaluated in

15



The results of estimating the FA(2,1)-model in (3.1) may provide clues
about expected magnitudes of the coefficients (factor loadings) in the second
model of interest, namely the basic 6-indicator 6-factor model, abbr.
FA(6,6), analysing all climate model simulations simultaneously:

Table 2. Parameters of the basic FA(6,6)-model

Indica-SS
S

Common factors Specific-
tor factor 1 factor 2 factor 3 factor 4 factor 5 factor 6 -factor

ξTSol ξTOrb ξTVolc ξT
Land (anthr)

ξT
Ghg (anthr)

ξTinteract variances

1. x SolS
SS Ssim∗∗ 0 0 0 0 0 σ2 ∗δSol

2. x Orb 0 Osim 0 0 0 0 σ2 ∗δOrb

3. x Volc 0 0 Vsim 0 0 0 σ2 ∗δVolc

4. x Land 0 0 0 Lsim 0 0 σ2 ∗δLand

5. x Ghg 0 0 0 0 Gsim 0 σ2 ∗δGhg

6. x comb Ssim Osim Vsim Lsim Gsim Isim σ2 ∗δcomb

—————-Correlations among Common Factors

—ppp– ————-1 0 0 0 0 φSI

1 0 0 0 φOI

1 0 0 φV I

1 φLG φLI

1 φGI

1

∗ the parameter assumed to be known a priori, i.e. estimated by means of (3.2).
∗∗ the factor loading Ssim has the same interpretation as the factor loading α in the FA(2,1)-

model from (3.1) when single forcing is the solar forcing. The same is to be applied to the

remaining single-forcing sim-loadings, i.e. Osim, Vsim, Lsim and Gsim. The loading Isim

indicates the magnitude of the influence of the interacttion term, ξSinteract, representing the

simulated temperature response to possible interactions between the forcings, on xcomb.

The FA(6,6)-model in Table 2 is obtained by excluding observational
data v from the FA(7,6)-model developed in Part II (see Table 2 and the
associated path diagram in Figure 5), and it hypothesises (whether with v or
not) that the effect of natural changes in vegetation (i.e. land cover) and in
the concentrations of greenhouse gases in the atmosphere on the temperature
is negligible 13. Note that the effect of natural changes in vegetation is

another pseudo-proxy experiment performed by [11]. The results indicated its quite good
performance for different levels of proxy noise, including the zero proxy level. But the
present work involves another climate model than that used in [11] and the analysis of
the UR-statistic is here accompanied with the analysis of the UT -statistic, which was not
done by [11].

13As a matter of fact, the basic FA(6,6)-model also hypothesises that the simulated
temperature responses to the natural (reconstructed) forcings are uncorrelated to each

16



negligible by definition, rather than by hypothesis. As described in Sec. 2,
this is because the land use/land cover forcing, used in the climate model
under study, represents a reconstruction of only anthropogenic changes in
vegetation.

Concerning the hypothesis of a negligible effect of natural changes in the
Ghg forcing on the temperature, its rejection depends on whether the basic
FA(6,6)-model is rejected or not. To this end, the overall model fit is to be
assessed both statistically by means of the χ2 test and heuristically using
the same goodness-of-fit indices as for the FA(2,1)-model, provided that the
solution obtained is admissible, or equivalently, proper 14.

Importantly, if the factor model is accepted, the researcher should also
determine the appropriateness of the resulting estimates from the climato-
logical point of view. This definitely should be done on a case-by-case basis
depending on what region is in focus as well as on what and how much we
know about the forcings involved. In cases when the model is rejected, it is
natural to continue to explore the underlying latent structure and to try to
understand the causes of lack of fit. For this purpose, one can examine the
normalised residuals and modification indices (see Appendix B). This may
lead us to the SEM model, described later in this section.

When fitting the basic FA(6,6)-model to the data, it is important to keep
in mind that the model is not identified if at least one factor loading is equal
to zero. Therefore, if at least one of the factor loadings is estimated to be ar-
bitrarily near zero, there is a risk for so called empirical underidentifiability
([36]), which can be reflected by inadmissible estimates for the associated
correlation coefficients, exceeding 1 in absolute value, or even by failure to
obtain a solution. Note that if the interaction term, ξSinteract

15, with all as-
sociated correlation coefficients is eliminated, the resulting FA(6,5)-model is
not identified only if Lsim or Gsim is zero. This suggests starting the esti-
mation process with the FA(6,5)-model or even with some simpler version
of it (this was the reason for calling the FA(6,6)-model ”basic”). The results
obtained for the FA(2,1)-model may be useful for taking such decisions.

Finally, let us point out that, in contrast to xcomb within the FA(2,1)-

other and to the temperature responses to anthropogenic changes in land cover and in
the Ghg forcing. Our motivation for these hypotheses is given in Part II.

14One way to check whether a solution is proper is to look at the completely standard-
ised solution. This type of solution standardises the solution such that the variances of
the latent factors and the indicators are one. Improper solutions are indicated by (i)
factor loadings that do not lie between −1 and +1, and (ii) by negative specific-factor
variances, or by positive specific-factor variances that are greater than one ([39]).

15Recall from Part I that ξSinteract represents the simulated overall temperature response
to possible interactions between the forcings under consideration.

17



model from (3.1) where xcomb can be viewed as representing either itself or
τpseudo, xcomb within the basic FA(6,6)-model represents exclusively itself.
The pseudo-τ is to be added as the seventh indicator in Step 2, provided
that the basic FA(6,6)-model is not rejected in Step 1. If this is the case, the
performance of the resulting basic FA(7,6)-model (or its modified version),
initially developed for evaluating 5-forcing climate model simulations, can
be evaluated.

The FA(6,5)- model arising under the conditions associated with
the Total Least Squares (TLS) approach
The third model of interest is a factor model closely related to the fac-
tor model in Table 2, but reflects the ideas of the ’optimal fingerprinting’
framework associated with D&A studies, or more precisely, the ideas of the
associated estimation approach known as the Total Least Squares (TLS)
(see Sec. 1 and 5 in Part I). The model arising under the TLS conditions is
given in Table 3.

Table 3. The 6-indicator 5-factor model, associated with the conditions of the TLS estima-

tion approach, abbr. the TLS-FA(6,5)-model

Indica-SS
S

Common factors Specific-
tor factor 1 factor 2 factor 3 factor 4 factor 5 -factor

ξSSol ξSOrb ξSVolc ξSLand ξSGhg variances

1. x SolS
SS Ssim 0 0 0 0 σ2 ∗

δSol
/4

2. x Orb 0 Osim 0 0 0 σ2 ∗
δOrb

/3

3. x Volc 0 0 Vsim 0 0 σ2 ∗
δVolc

/5

4. x Land 0 0 0 Lsim 0 σ2 ∗
δLand

/3

5. x Ghg 0 0 0 0 Gsim σ2 ∗
δGhg

/3

6. x comb Struepseudo Otruepseudo Vtruepseudo Ltruepseudo Gtruepseudo σ2 ∗
δcomb

/5

———–Correlations among Common Factors
1 φSO φSV φSL φSG

1 φOV φOL φOG
1 φV L φVG

1 φLG
1

∗ the parameter assumed to be known a priori, i.e. estimated by means of (3.2).

The main motive for involving this statistical model into our analysis
is to compare its performance with the performance of the factor model
in Table 2, not associated with the TLS conditions. Comparing the basic
FA(6,6)-model in Table 2 with the FA(6,5)-model in Table 3 (henceforth re-
ferred to as the TLS-FA(6,5)-model), we can see that their common feature
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is that all specific-factor variances are known a priori 16. What distinguishes
the latter factor model is that all latent variables are correlated, and no in-
teraction term is included. Also note that xcomb in the TLS-FA(6,5)-model
in effect replaces the true unobservable temperature τ (which explains the
truepseudo-suffix of the factor loadings associated with the xcomb-simulation),
while in the basic FA(6,6)-model it represents itself. This is a consequence of
the fact that the statistical model used in D&A studies does not incorporate
multi-forcing simulations.

Expressed in the notations of the TLS-FA(6,5)-model, the model em-
ployed in D&A studies is given by (see also Sec. 5 in Part I):

x comb =

Ghg∑
single forcing=Sol

β single forcing · (xsingle forcing − δ̃single forcing) + δ̃comb. (3.5)

This a Measurement Error (ME) model with a vector of explanatory vari-
ables with no error in the equation ([1], [17]) Viewing (3.5) as a factor model
with unstandardised latent factors, it can be shown that the β-coefficients
in (3.5) are related to the factor loadings in the FA(6,5)-model as follows:
βSol = Struepseudo/Ssim , βOrb = Otruepseudo/Osim etc. Since the same re-
construction and implementation of a given single forcing is used to force
both x single forcing and x comb, Ssim is equal to Struepseudo, Osim to Otruepseudo
etc. In other words, the correct value of each ratio, or equivalently of each
β-coefficient, is 1.

Despite this knowledge, the coefficients for each latent factor in the
FA(6,5)-model are not assumed to be equal (in population), that is, they
are two distinct parameters. This is because imposing the equality con-
straints on the coefficients analogous to those imposed in the FA(6,6)-model
corresponds to setting β-coefficients in (3.5) to 1. This would make the esti-
mation of (3.5) senseless. Therefore, in case the TLS-FA(6,5)-model is not
rejected, we may test statistically whether the ratios are 1 by constructing
the confidence regions for them, which can be done in accordance with the
Fieller method of constructing confidence regions for a ratio of two random
variables (see Appendix B). This corresponds to making inferences upon the
β-coefficients in (3.5).

16Note that in D&A studies, independent estimates of specific-factor variances are de-
rived from unforced (control) climate model simulations. In addition, it is assumed that
the variances of all specific factors are equal, which is due to the assumption that each
climate model under study simulates the magnitude of the internal variability correctly.
However, to make the comparison between these two factor models meaningful, no equal-
ity constraints on the specific-factor variances are imposed under the FA(6,5)-model. In
addition, the same estimator as under the FA(6,6)-model, i.e. estimator (3.2), is used.
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Finally, we emphasise that the TLS-FA(6,5)-model is underidentified if
at least one of the sim-factor loadings, i.e. those associated with the single-
forcing simulations, is zero in the population. So if the estimate of one of
them turnes out to be arbitrarily near zero, empirical underidentifiability
with its negative consequences is expected.

Provided that the basic FA(6,6)-model or some simplified version of it is
rejected, it becomes motivated to explore the underlying latent structure
by means of the basic Structural Equation Model (SEM), depicted
graphically in Figure 1.

ξSSol ξSOrb ξSVolc ξSinteract

x comb
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Figure 1. Path diagram for the basic Structural Equation Model. Note that just as

under the basic FA(6,6)-model from Table 2, the variances of the δ̃-factors are assumed

to be known a priori, i.e. estimated independently by means of (3.2)

Initially, the SEM model above was formulated in Part II (see Sec. 3.2.
and Figure 7 therein). Just as the FA(6,6)-model in Table 2, the SEM model
above reflects the fact that the climate model under study incorporates re-
constructions of only anthropogenic changes in land cover. This motivates
modelling the temperature response to the Land forcing as a one-component
latent variable, whose variability is solely due to human activity. But in con-
trast to the FA(6,6)-model, the SEM model does not hypothesise that the
effect of natural changes in the Ghg forcing is negligible. As a consequence,
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the temperature response to the Ghg forcing is modelled as a two-component
latent variable, whose variability can be both of natural and anthropogenic
origin just like the prescribed reconstructed greenhouse gas concentrations,
used in the climate model under study.

Further, just as the FA(6,6)-model, the SEM model is called basic, mean-
ing that we view this particular model as a starting point, and then proceed
to modify it as needed. That is, new paths, e.g. the path from xcomb to
ξGhg (anthr), can be added or some of the depicted paths can be deleted by
setting the associated parameters to zero, e.g. Isim = 0. It can be recom-
mended to start with some simple versions of the basic SEM model such that
one or at most two causal links are introduced. The results of the estimating
the basic FA(6,6)-model, in particular the associated normalised residuals,
can be useful in determing appropriate causal links. Then, depending on
the outcome, it can be tested to free Isim (and, perhaps, the associated
correlations).

The variances of all specific factors δ̃ in the basic SEM model are re-
garded as known a priori, i.e. estimated independently by means of estima-
tor (3.2).

The ’causally’ independent exogenous latent variables, ξSSol, ξ
S
Orb, ξ

S
Volc,

ξSLand (anthr), and ξSinteract, are standardised to have unit variance. Hence, pro-

vided that the (final) SEM model fits well to the data and has an inter-
pretable solution, the associated coefficients, Ssim, Osim, Vsim, Lsim and
Isim, can be used to compare the direct influences of the corresponding
forcings and their interaction on the temperature (in the simulated climate
system so far).

As for ξSGhg, its variance cannot be standardised because variances of en-

dogenous latent variables, which ξSGhg is, are not model parameters. To be
able to gauge the direct influence of the Ghg-forcing on xcomb relative to the
other forcings, we need to derive the variance of ξSGhg, V̂ar(ξSGhg). Taking the

square root, we obtain an estimate of the standardised coefficient for ξSGhg,

let it be denoted Ĝsim, that can be compared to Ŝsim, Ôsim, V̂sim, L̂sim

and Îsim. Statistical significance of Ĝsim can be judged from the statistical
significance, i.e. p-value, of V̂ar(ξSGhg).

To this end, the theoretical expression for Var(ξSGhg) as a function of
the model parameters is first derived. This is done in accordance with Eq.
(A3.6), given in Appendix A3 in Part II. Further, replacing unknown free pa-

rameters by their estimates, an estimate of Var(ξSGhg) is obtained, V̂ar(ξSGhg).

An estimate of the variance of the asymptotic distribution of V̂ar(ξSGhg) is
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obtained by applying the delta method, described in Appendix D. Accord-
ing to Appendix D, V̂ar(ξSGhg), which is a function of asymptotically jointly
normally distributed parameter estimates, is asymptotically normally dis-

tributed with mean Var(ξSGhg) and the variance Var
(

V̂ar(ξSGhg)
)

.

To arrive at a judgment of statistical significance of V̂ar(ξSGhg), we use the

fact that V̂ar(ξSGhg)
/√

V̂ar
(

V̂ar(ξSGhg)
)

approx.∼ N(0, 1) under the null hypothesis

H0 : Var(ξSGhg) = 0. The results of testing this hypothesis are to be provided
in form of two-sided p-values. For example, observing p-value less than
0.01 leads to rejecting H0 : Var(ξSGhg) = 0 at all conventional significance

levels. Obviously, rejecting H0 : Var(ξSGhg) = 0 at the α significance level

corresponds to rejecting H0 : Gsim = 0 at the same significance level 17 .

Statistical models analysed in Step 2

As explained earlier, in Step 2, the pseudo true temperature, τpseudo, is added
to the simulated data analysed in Step 1. Among the four statistical models
analysed in Step 1, adding τpseudo has sense only for two of them, namely, the
basic FA(6,6)-model given in Table 2, and the basic SEM model whose path
diagram is depicted in Figure 1. The resulting models are: the FA(7,6)-
model given in Table 4, or the SEM model shown graphically in Figure 2.
Note that both statistical models are formulated under the hypothesis of
consistency, implying that the influence of a given latent factor on τpseudo
is the same as on xcomb (and, consequently, on xsingle forcing). As discussed
in the introduction, the hypothesis of consistency within our numerical ex-
periment is true. Hence, if a statistical model, estimated in Step 2, is not

17Since Gsim is not estimated simultaneously with Ssim, Osim, and Vsim, it is not
possible to test for example H0 :Gsim=Ssim by introducing this restriction prior to esti-
mating the SEM model. To be able to test this null hypothesis, one can first construct
an asymptotic 1− α level confidence interval for Var(ξSGhg), given by(

Ĝsim
2
± zα/2 · V̂ar

(
Ĝsim

2
))

= (LB, UB)

where Ĝsim
2

= V̂ar(ξSGhg), zα/2 is the 100(1 − α/2) percentile of the standard normal

distribution, while LB and UB designate the lower respective upper bound of the inter-
val. Taking the square root of LB and UB, we obtain a corresponding confidence interval

for Ĝsim =
√

V̂ar(ξSGhg). If the resulting confidence interval contains zero, it amounts

to saying that the effect of the (reconstructed) Ghg forcing on xcomb is statistically in-
significant at the 1−α confidence level. Note that if LB turns out to be negative then it
should be set to zero, which immediately implies that

√
LB is also zero. If the obtained

confidence interval (
√
LB,

√
UB) contains the estimate of Ssim, then we can say that

H0 : Gsim=Ssim is not rejected at α significance level.
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rejected then we can conclude that the performance of this statistical model
is acceptable and that the latent structure suggested by the model is an
adequate approximation of the unknown underlying structure.

Table 4. Parameters of the basic FA(7,6)-model under the hypothesis of consistency

Indica-SS
S

Common factors Specific-
tor factor 1 factor 2 factor 3 factor 4 factor 5 factor 6 -factor

ξSSol ξSOrb ξSVolc ξS
Land (anthr)

ξS
Ghg (anthr)

ξSinteract variances

1. x SolS
SS Ssim 0 0 0 0 0 σ2 ∗δSol

/4

2. x Orb 0 Osim 0 0 0 0 σ2 ∗δOrb
/3

3. x Volc 0 0 Vsim 0 0 0 σ2 ∗δVolc
/5

4. x Land 0 0 0 Lsim 0 0 σ2 ∗δLand
/3

5. x Ghg 0 0 0 0 Gsim 0 σ2 ∗δGhg
/3

6. x comb Ssim Osim Vsim Lsim Gsim Isim σ2 ∗δcomb
/5

7. τ pseudo Ssim Osim Vsim Lsim Gsim Isim σ2ν

———–Correlations among Common Factors

1 0 0 0 0 φSI

1 0 0 0 φOI

1 0 0 φV I

1 φLG φLI

1 φGI

1

∗ the parameter assumed to be known a priori, i.e. estimated by means of (3.2).
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Figure 2. Path diagram for the basic Structural Equation Model (SEM model) in Step 2.

Note that just as under the basic FA(7,6)-model from Table 4, the variances of

the δ̃-factors are assumed to be known a priori, i.e. estimated by means of (3.2).

4 Numerical results

4.1 Europe (summer, June-August, temperature). Step 1

• The FA(2,1)-model, accompanied by the UR- and UT -test statistics (see
Table S6.1.1 in the Supplement)

The FA(2,1)-model is definitely rejected for the Land forcing, which
is clearly indicated by the low p-value (0.011) for the goodness-of-fit χ2-
statistic and by the high SRMR value (0.17), exceeding considerably the
recommended cutoff value of 0.08. This provides strong evidence that one
of the independence assumptions, concerning ξSLand, δ̃land and ν, is violated.

For the solar, orbital and Ghg forcings, the FA(2,1)-model is not re-
jected, but the observed values of the UR- and UT -statistics, falling neither
into Case 1) nor Case 2) (see (3.3)), make the parameter estimates of the
FA(2,1)-model less reliable.

Further, even the results for the xVolc-climate model are also somewhat
ambigous. On the one hand, the p-value for the χ2 statistic (0.06) and the
SRMR value (0.086) suggest that the fit of the FA(2,1)-model could be bet-
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ter. Nevertheless, the SRMR-value, albeit exceeding the suggested cutoff
value of 0.08, can within the present analysis be considered as acceptable.
So if one decides to accept the FA(2,1)-model, then the results for the UR-
and UT - statistics can be classified as falling into Case 1), leading us to a con-
clusion that the influence of the volcanic forcing on the simulated summer
(JJA) temperature in Europe during 850-1849 AD is highly significant.

• The simplified basic FA(6,6)-model from Table 2 (see Table S6.1.2 in the
Supplement)

As suggested by the too high SRMR value (0.13), the final model, with
the interaction term excluded due to its insignificance, has an unacceptable
fit to the data, and thus is rejected. This result is valid for all 10 data
sets. Examining the normalised residuals (for Data set number 10) shows
that the large SRMR-value can be due to four poorly explained covariances:
cov(xLand, xOrb), cov(xLand, xVolc), cov(xLand, xcomb), and cov(xSol, xGhg). The
latter suggests that the Ghg-forcing might be of natural character, related
to the solar forcing.

The first three covariances are more difficult to explain with respect to
ξSLand (anthr). As motivated in Part II, ξSLand (anthr), being of purely anthro-
pogenic character, is not expected to be correlated with the temperature
responses to the natural forcings, but it can be correlated with the tem-
perature response to interactions. However, when the interaction term is
included into the model, no solution can be obtained, which strongly indi-
cates a negligible influece of this term. Since ξSLand (anthr) and any other latent
factor in this factor model are, by assumption, uncorrelated with the specific
factors 18, a possible explanation of those high observed covariances can be
the correlation between the specific factors themselves. Since no additional
latent factor can be motivated in this case and since this correlatedness does
not contradict the random nature of the internal temperature variability, we
may say that the correlatedness between the specific factors in our final fac-
tor model does not have ambiguous explanations. Having motivated the

18Uncorrelatedeness between latent factors, influencing indicators in a systematic man-
ner, and specific factors, influencing indicators randomly, is a crucial premise in SEM for
establishing (systematic) causes of indicators (see [3], Ch. 3). Letting latent and specific
factors be correlated means that at least one additional latent factor should enter the
SEM (factor) model. Depending on the structure of the statistical model employed, and
on which latent and specific factors are correlated, extracting an additional latent factor
can be either justified and feasible or not. Notice that the same is applied when specific
factors are mutually correlated. That is, if specific factors are mutually correlated, it
can also indicate that (at least) one latent factor, influencing systematically at least two
indicators, but uncorrelated with other latent factors, should be included in the SEM
(factor) model.
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freeing of the covariances between the specific factors, we, however, defer
any modification of the final factor model until the result of the SEM-model
is obtained.

• The TLS-FA(6,5)-model from Table 3
The estimation of the model failed for all 10 data sets, which is a strong

indication of empirical underidentifiability arising due to insignificance of at
least one factor loading.

• The final structural equation model (see Figure S6.1.1 and Table S6.1.3
in the Supplement)

The final model has an admissible solution and an acceptable overall fit
to the data. In addition, the SEM model demonstrates a stable performance
over all 10 data sets both in terms of the parameter estimates and the overall
fit. To decide whether the model can be rejected or not, we have to proceed
with the evaluation and interpretation of the estimated model parameters.
Based on the model estimates, obtained for Data set number 10, we may
say that the SEM model indicates that:

• the solar, orbital and volcanic forcings have a well pronounced, i.e.
statistically significant, direct19 effect on the simulated summer (JJA)
temperature in Europe during 850-1849 AD with the volcanic forc-

ing exhibiting the strongest effect. Compare Ŝsim = Ôsim = 0.035

(p-value = 5.4e-07) with V̂sim = 0.124 (p-value = 7.4e-29). Recall
that the coefficients are standardised, which makes such comparisons
meaningful. The equality constraint Ssim=Osim indicates that the
importance of the solar and orbital forcings for the temperature vari-
ability may be equal. Treating these two coefficients as two different
free parameters did not lead to a considerable improvement of the
overall model fit to the data.

• the effect of the anthropogenic land use forcing is found to be highly
insignificant, thus the coefficient Lsim is set to zero in the final SEM
model. As a consequence of this, δ̃Land in the final SEM model repre-
sents a pure internal variability in the absence of the land use forcing.
Moreover, this pure internal variability turned out to be correlated
with the internal variability associated with the xOrb-, xVolc-, and

19Since in the present work, the emphasis is only on direct effects of latent factors on
their indicators, we simply say ’effect’ instead of ’direct effect’ throughout the rest of the
paper.
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xcomb-simulations, which explains the poorly explained observed co-
variances, discussed before in connection with our final factor model.

It was also found that the internal variability associated with the xcomb-
simulation, δ̃comb, is significantly correlated with δ̃Sol and with δ̃Volc.
Freeing up these covariances led to a better explanation of the observed
variances of xSol and xVolc, and thus to a more reliable estimates of
Ssim and Vsim.

• the temperature response to the Ghg forcing seems to be both of nat-
ural and anthropogenic origins. Among the natural causes, the model
emphasises the role of the internal factors and the solar forcing (indi-
rectly, through its possible interactions with the internal factors). In
the model, it is reflected by the causal path from xSol to ξSGhg, which
is not highly significant (p-value=0.053), but still is needed to explain
the variance of xGhg and the covariance between xGhg and xSol.

The overall effect of the Ghg forcing is estimated to be significant:

Ĝsim =
√

Var(ξSGhg) = 0.052 (p-value = 0.008). As we see, its mag-

nitude is somewhat stronger than the magnitude of the effects of the
solar and orbital forcings.

• the effect of the interaction between the forcings has not been detected
in xcomb, i.e. Isim = 0. Freeing up Isim led to the failure of the
estimation algorithm to converge to a solution.

To summarise, taking (1) the time period and season analysed, (2) the time
unit, and (3) information provided by the forcing data, employed in the
climate model, into account, the underlying latent structure suggested by
the final SEM model is judged to be adequate and not contradicting our
knowledge about the climate system during this time period. Therefore, we
may say that we have no (obvious) reasons to reject this SEM model.

4.2 Europe (summer, June-August, temperature). Step 2

• The structural equation model (see Figure S6.1.2 and Table S6.1.4 in the
Supplement)

In Step 1, the SEM model has demonstrated an acceptable performance.
Therefore, the model has been reestimated with τpseudo added and under the
hypothesis of consistency. The resulting model has demonstrated a stable
performance for all 10 data sets without indicating any problems with the
convergence of the solution. The solution of each data sets was admissible.
Concerning the overall model fit, it can be said that it is fully acceptable
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both statistically and heuristically. The model estimates are very close to
those obtained in Step 1, thereby leading us to similar conclusions as in Step
1.

4.3 Arctic (annual mean temperature). Step 1

• The FA(2,1)-model, accompanied by the UR- and UT -test statistic (see
Table S6.2.1 in the Supplement)

As indicated by the p-value for the χ2-statistic and the heuristic goodness-
of-fit indexes, the FA(2,1)-model is definitely not rejected for two forcings:
volcanic and Ghg. However, for the latter forcing, the observed values of
the UR- and UT - statistics belong neither Case 1) nor Case 2) (see (3.3)),
which makes the acceptance of the FA(2,1)-model doubtful. For the volcanic
forcing, on the other hand, we have no reasons to distrust the acceptance
of the associated FA(2,1)-model because the observed values of the UR- and
UT - statistics clearly fall into Case 1). Taking it as an indication that ξSVolc
does represent the temperature response to the volcanic forcing, we may
conclude that the volcanic forcing has a strong influence on the simulated
annual mean temperature in the Arctic during 850-1849 AD.

Concerning the solar, orbital and Land forcings, the FA(2,1)-model can
in effect be rejected because the observed values of SRMR are too high
(larger than 0.1). Note also that in the case of the Land forcing, the FA(2,1)-
model can also be rejected due to the statistically significant estimate of the
coefficient α, meaning that the influence of anthropogenic changes in land
cover on the temperature in the Arctic is significant. Such a conclusion can
hardly be justified given the reconstruction of the Land forcing in the Arc-
tic (see Figure S4.5 in the Supplement), implemented in the climate model
under study. According to Figure S4.5, anthropogenic changes in land cover
are not at all represented in the Arctic. This makes us to suspect that some
of the model’s assumptions are not satisfied, and, as a result, it is likely that
ξSLand in the FA(2,1)-model does not represent the effect of the Land forcing
(only).

• The simplified FA(6,6)-model from Table 2 (see Table S6.2.2 in the Sup-
plement)

To begin with, the final factor model is definitely rejected both statisti-
cally and heuristically for all 10 data sets. This makes the interpretation of
the observed estimates highly unreliable. Nevertheless, let us remark that
in the final model, Lsim is set to zero, otherwise the estimation fails. This
amounts to saying that the effect of the Land forcing in the Arctic during
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the time period analysed is negligible, which fully coincides with our expec-
tations.

Examining normalised residuals (for Data set number 10) reveals the
presence of many poorly explained covariances, among which the covariance
between xLand and xVolc stands out. Under assumption of the negligible ef-
fect of ξSLand, this high covariance may be due to the co-relation between

δ̃Land and δ̃Volc.

• The TLS-FA(6,5)-model from Table 3
The estimation of the model failed for all 10 data sets, which is a strong

indication of empirical underidentifiability arising due to insignificance of
at least one factor loading. Referring to the above-discussed results for the
FA(2,1)-model, Lsim can be one of such insignificant loadings.

• The final structural equation model (see Figure S6.2.1 and Table S6.2.3
in the Supplement)

The final SEM model resulted in an admissible solution, and demon-
strated a good fit to the data both statistically and heuristically. Although
the SRMR value (0.087) exceeds the recommended cutoff value of 0.08, it is
not so much greater than 0.08 to reject this model as inadequate. Examin-
ing the normalised residuals reveals that the SRMR value could be due to
two poorly explained covariances, cov(x Sol, xVolc) and cov(xOrb, xVolc), each
of which is, however, statistically insignificantat the 5% level. Therefore,
to avoid the inclusion of highly insignificant relations into the SEM model,
the model fit was judged as acceptable. In addition, the SEM-model de-
mostrated a stable performance for all 10 data sets with a low sensitivity to
the choice of starting values of the parameters. As for the model’s interpre-
tation, the model estimates, in particular for Data set number 10, suggest
that:

• the effect of the natural forcings - solar, orbital and volcanic - on
the simulated annual mean temperature in Arctic during 850-1849
AD is well seen, i.e. statistically significant at all conventional levels.
Once again, the volcanic forcing is associated with the strongest effect

(compare Ŝsim = 0.081 (p-value = 7.3e-06), Ôsim = 0.087 (p-value

= 4.1e-04), and V̂sim = 0.199 (p-value = 3.2e-29)). The internal
variability associated with the xSol-, and xOrb-simulations turned out
to be significantly correlated with each other (p-value = 0.014). In
addition, δ̃Orb turned out to be modestly correlated with δ̃comb (p-value
= 0.08).
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• the effect of the Land-forcing is negligible, as expected. In that case,
δ̃Land represents pure internal temperature variability in the absence
of the Land forcing. The SEM model suggests that the covariance
between xLand and xVolc, poorly explained by the final factor model in
Table S6.2.2, is due to the correlatedness between the random δ̃Land
and δ̃Volc. It should be admitted that this covariance, as well as the
covariance between the other δ̃-variables, could be freed up even within
the final factor model. What was impossible to model within the final
factor model is the relations associated with ξSGhg, described below.

• the estimated relations between ξSGhg and other model variables in the
Arctic indicate that changes in the concentrations of greenhouse gases
in the atmosphere during the time period analysed might be both of
natural and anthropogenic origin. Notice that the SEM model sug-
gests a higher contribution of natural causes than anthropogenic ones.
Among possible natural causes, the SEM model emphasis the internal
factors and all external natural forcings with a more pronounced role
of the solar forcing. Statistically, it is reflected by the causal paths
leading to ξSGhg from xLand (p-value = 8.0e-03), xSol (p-value = 0.019),
and from xcomb (p-value = 0.11).

Regarding the anthropogenic component of ξSGhg, i.e. ξSGhg (anthr), its

contribution to the temperature variability is not highly significant (p-
value=0.07), but still is needed to fully explain the variance of xGhg.
Although the reconstruction of the Ghg concentration, employed in
the climate model under study, is the same over the whole Earth,
various climatological aspects, e.g. inter-regional influences (e.g. due
to transport of energy through the atmosphere and ocean circulation
systems), topography, latitude, seasons analysed, can lead to different
regional temperature responses to the Ghg forcing.

At this point, it is, however, important to stress that when analysing
regional data separately, it is not possible to compare the influence
of a given forcing on the temperature in different regions statistically.
To be able to do that, a multi-regional analysis is needed where data
from different regions are analysed simultaneously. Therefore, when
carrying out separate regional analyses, comparisons of the results for
different regions should not be taken as definitive. Regional analyses
provide only some preliminary ideas about the influence of a given
forcing in different regions, which can be supported or not by a multi-
regional analysis. For our work, however, regional analyses play an
important role because our aim here is to compare the performance

30



of different statistical models, which requires as many data sets as
possible.

Turning our attention back to the results suggested by the SEM model,
we note that the estimated overall effect of the Ghg forcing, repre-

sented by Ĝsim =
√

Var(ξSGhg) = 0.1, turns out to be insignificantat

the 5% level, although the strength of two of the three causal paths,
leading to (ξSGhg), is significant. Since ξSGhg in the present SEM model is
involved in a reciprocal relation with xcomb, this result suggests that a
deeper analysis should be devoted to investigating the appropriateness
of using the delta method to calculate the variance of the asymptotic
distribution of the estimated variance of a latent endogenous variable
involved in reciprocal relations.

To summarise, the result provided by the SEM model seems to be explain-
able from the climatological perspective. Therefore, we may say that this
model is an adequate description of the underlying unknown latent struc-
ture.

4.4 Arctic (annual mean temperature). Step 2

• The structural equation model (see Figure S6.2.2 and Table S6.2.4 in the
Supplement)

In Step 1, the final factor model, presented in Table S6.2.2, was rejected,
while the SEM model was not. Therefore, the model has been reestimated
with τpseudo added and under the hypothesis of consistency. The results for
Data set number 10 indicate that there is no reason for rejecting the SEM
model, thereby giving no reasons for rejecting the hypothesis of consistency,
as expected. The results for all 10 data sets indicate that the model is ac-
cepted both statistically and heuristically for each data set. Note also that
the model estimates are very close to those obtained in Step 1, thereby lead-
ing us to similar conclusions as in Step 1.

4.5 North America (annual mean temperature). Step 1

• The FA(2,1)-model, accompanied by the UR- and UT -test statistic (see
Table S6.3.1 in the Supplement)

The FA(2,1)-model is not rejected for the volcanic forcing, which together
with the fact that the observed values of the UR- and UT -statistics fall into
Case 1) (see (3.3)), gives no reason to suspect that ξSVolc does not represent
the effect of the volcanic forcing. Therefore, we may conclude that the in-
fluence of the volcanic forcing on the simulated annual mean temperature
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in North America during 850-1849 AD is well pronounced.
Similary, the FA(2,1)-model is not rejected for the orbital forcing. But

in contrast to the result for the volcanic forcing, classified as Case 1), the
result for the orbital forcing is classified as Case 2). In other words, the
influence of the orbital forcing can be described as negligible. Note that the
parameter α in the associated FA(2,1)-model was not estimated but set to
zero a priori. This is because the independent estimate of σ2 ∗

δOrb
turned out to

be larger than the sample variance of x̄Orb (0.0071 > 0.0068). To make the
estimation meaningful, σ2 ∗

δOrb
has been set to the sample variance of x̄Orb, i.e.

0.0068. This implied that α = 0. Under this restriction the FA(2,1)-model
has two degrees of freedom.

The results for the solar, Land and Ghg forcings should be taken with
caution: despite the fact that for each of these three forcings the FA(2,1)-
model is not rejected, the observed values of the test-statistics do not fall
either into Case 1) or Case 2).

As for the Land forcing, it is worth adding that the reconstruction of this
forcing, employed in the climate model (see Figure S4.5 in the Supplement),
does not suggest a strong influence of this forcing on the simulated tem-
perature in North America. But the estimate of the parameter α, provided
by the FA(2,1)-model, is highly statistically significant, which providess an
additional reason to doubt the acceptance of this model.

• The final factor model obtained by simplifying the FA(6,6)-model from
Table 2 (see Table S6.3.2 in the Supplement)

Just as α associated with the xOrb-simulation was a priori set to zero in
the FA(2,1)-model, the corresponding parameter in the FA(6,6)-model, i.e.
the factor loading Osim, was also a priori set to zero. Thus, the basic factor
model, prior to its estimation, contains in effect five latent factors instead
of six.

Remarkably, the estimated final FA(6,5)- model contains the interaction
term, ξSinteract, exhibiting a significant influence on xcomb. However, prior to
drawing conclusions, the overall model fit ought to be evaluated.

Statistically, the estimated model could be accepted: the p-value for the
χ2-statistic is 0.17. But the heuristic measures of fit, first of all, the SRMR
value (0.111), makes the accepting of the model doubtful. Examining the
normalised residuals reveals that the high value of the SRMR is due to
the presence of several large (> 1) residuals, of which, however, only one is
significant (at 1% level). This residual is associated with cov(xLand, xSol).

Another aspect, indicated by the solution obtained, is a possible pres-
ence of multicollinearity, which is reflected in the very high estimates of the
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correlation coefficients φLG and φLI, each of which is higher than 0.8. This
result means that the temperature response to the Land-forcing is highly
correlated with the temperature responses to the Ghg-forcing and to the
interaction between the forcings. In our opinion, it is not easy to interpret a
high simultaneous correlation of one latent factor with two others. We would
also like to point out that setting all correlation coefficients to zero makes
the influence of the interaction term insignificant. This raises suspicions
that the influence of Îsim in the final model is amplified artificially.

• The TLS-FA(6,5)-model from Table 3
The estimation of the model failed for all 10 data sets. Once again, we

are faced with empirical underidentifiability in connection with estimating
this model. As explained in Sec. 3, this model is underidentified if at least
one of the factor loadings is zero (in the population). Within the region of
North America, it is known a priori that Osim is zero. Despite this knowl-
edge, Osim was estimated precisely as all other model parameters, which
inevitably led to empirical underidentifiability.

• The final structural equation model (see Figure S6.3.1 and Table S6.3.3
in the Supplement)

Just as in the FA(2,1)-model and in the basic FA(6,6)-model, the coef-
ficient Osim is set to zero even in the final SEM-model. As indicated by
the model χ2 statistic (5.45, df = 13, p-value = 0.96) and by the heuristic
indexes (GFI = 0.98 > 0.9, AGFI = 0.97 > 0.8, SRMR = 0.056 < 0.08),
the model has an excellent fit to the data. Next, let us discuss the structure
suggested by this SEM model. Based on the model estimates for the Data
set number 10, we may say that:

• the solar and volcanic forcings exhibit a strong influence on the sim-
ulated annual mean temperature in North America during 850-1849
AD. Once again, we observe that the influence of the volcanic forcing

is the strongest one (compare Ŝsim = 0.048 with the associated p-value

= 7.6e-10 and V̂sim = 0.126 with the associated p-value = 3.8e-36).
Moreover, the SEM model suggests that the specific factors δ̃Sol and
δ̃Volc are slightly correlated (the p-value associated with σ̂δ̃Sol δ̃Volc

is
0.03).

• the results for the anthropogenic Land-forcing deserve special atten-
tion. To begin with, the initial version of the SEM model presented in
Figure S6.3.1 included the latent temperature response ξSLand (anthr) as a
latent factor, meaning that the associated coefficient Lsim was treated
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as a free parameter. Consequently, the variance of the specific factor
δ̃Land was regarded as known a priori. Estimating this SEM model
resulted in a highly significant estimate of Lsim. Referring to the forc-
ing data shown in Figure S4.5, this result was quite unexpected to us.
This is because the effect of anthropogenic changes in land cover in
Europe was estimated as insignificant, although, as suggested by the
forcing data, those changes are more extensive than changes in land
cover in the region of North America.

Admittedly, inter-regional and inter-seasonal influences may impact
the temperature in different regions in such a way that an effect of
a given forcing can be seen (in a statistical sense) in one region but
not in the other(-s). Nevertheless, we found it difficult to accept a
well-pronounced effect of quite a weak forcing.
Statistically, this phenomenon can be explained in two ways. Firstly,
the estimate of Lsim can be biased due to the underestimated vari-
ance of δ̃Land, provided by the independent estimator from (3.2) 20.
Secondly, the effect of natural changes in vegetation assumed to be
negligible, can be in effect non-negligible. A a consequence, ξSLand (anthr)
might in effect represent either a two-component temperature response
to both natural and anthropogenic changes in vegetation/land cover,
or a one-component temperature response to only natural changes in
vegetation.

Since the first conjecture rules out the second one, we started with
checking the first one. To this end, two checking procedures were sug-
gested. The first checking procedure made use of all three replicates
of xLand as separate indicators of ξSLand in a similar way as in the fac-
tor model (4.1.10) in Part I. This allowed us to treat σ2

δLand
as a free

parameter. Under the second checking procedure, the mean-sequence
was not replaced by the replicates, although σ2

δLand
was still regarded

as a free parameter. This was possible because the SEM model, not
containing the interaction term, remains identified.

Both checking procedures resulted in a nonsignificant estimate of Lsim
and in a larger estimate of the variance of δ̃Land than that obtained by
the independent estimator. The same procedures were in turn applied
to ξSSol and to ξSVolc. The results obtained clearly indicated the stabil-
ity of the estimates of Ssim, Vsim and the variances of the associated
specific factors.

20This follows from the expression of the variance of xLand written as a function of the
model parameters, σ2

xLand
= Lsim2 + σ2 ∗

δ̃Land
, where σ2 ∗

δ̃Land
is estimated independently.
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Interpreting the result of this checking study as an indication that the
variance of δ̃Land was underestimated by the independent estimator, it
was decided to set Lsim to zero and free up σ2

δLand
in the final SEM

model presented in the Supplement. Hence, we may conclude that the
final SEM model suggests that the effect of the anthropogenic land use
forcing on the simulated annual mean temperature in North America
during 850-1849 AD is negligible;

• the temperature response to the Ghg forcing seems to be both of an-
thropogenic and natural origin. As a main natural source of the natu-
ral changes in Ghg:s, the final SEM model emphasises the role of the
internal temperature variability. In the SEM model, it is reflected by
the causal input to to ξSGhg from xLand, which in the absence of ξSLand
represents a pure internal variability in the absence of forcings. The
estimate of the associated parameter, LG+, is significant at all con-
ventional levels (p-value = 0.0021).

The contribution of human induced changes to the temperature vari-
ability, represented by the anthropogenic component ξSGhg (anthr), is also

estimated as significant (the p-value for the estimate of the variance
of ξSGhg (anthr) is 0.011).

Finally, the overall effect of the Ghg-forcing is estimated as significant

(at 1% level), whose magnitude, represented by Ĝsim =
√

Var(ξSGhg),

is somewhat higher than the estimated influence of the solar forcing

(compare Ĝsim = 0.054 and Ŝsim = 0.048);

• the effect of the interaction between the forcings is estimated to be
insignificant. Therefore, Isim is set to zero in the final model. It is
worth mentioning that among SEM-models considered in Step 1, we
consider models with Isim as a free parameter. For some of them, the
estimate of Isim was insignificant, while for others significant. What
made us reject the models with the significant Îsim is the fact that
despite the significance of the estimate, the decrease in the model χ2-
statistic after freeing Isim was insignificant and, as indicated by the
SRMR, the overall model fit did not become better or in some cases
it become even worse compared to the model where Isim was set to
zero.

To summarise, the latent structure suggested by the final SEM model and
its associated estimates do not appear to be contradicting our knowledge
about climatological relations. Hence, we do not reject reject the final SEM
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model.

4.6 North America (annual mean temperature). Step 2

• The structural equation model (see Figure S6.3.2 and Table S6.3.4 in the
Supplement)
In Step 1, the final SEM model demonstrated a better performance than
the final 6-indicator model both with respect to the degree of fitting to the
data and the interpretation. Therefore, the SEM-model has been fitted to
the data with τpseudo added and under the hypothesis of consistency, that is,
under H0 : Ssim = Strue, Osim = Otrue = 0, Vsim = Vtrue, Lsim = Ltrue
= 0, and Gtrue = 1. The results for all 10 indicate that there are no reasons
to reject the SEM model and thus no reasons to reject the hypothesis of con-
sistency, as expected. The estimation procedure was stable for each data set
without indicating a sensitivity to starting values of the parameters, which
increases our confidence in the underlying latent structure suggested by the
SEM model.

4.7 Asia (summer, June-August, mean temperature).
Step 1

• The FA(2,1)-model, accompanied by the UR- and UT -test statistic (see
Table S6.4.1 in the Supplement)

As follows from Table S6.4.1, reliable conclusions can be drawn only for
the climate model simulation driven by volcanic forcing. This is because the
results for the FA(2,1)-model and the test statistics undoubtedly fall into
Case 1) (see (3.3)). This leads us to a conclusions that the volcanic forc-
ing has a strong, statistically significant, influence on the simulated summer
(JJA) mean temperature in Asia during 850-1849 AD.

The FA(2,1)-model is not rejected for xOrb-, xLand-, and xGhg-climate
model simulations either. But because the associated observed values of
the UR-, and UT -statistics fall neither into Case 1) nor Case 2) (see (3.3)),
caution is needed when interpreting the estimate of α, associated with each
of these three climate model simulations.

Finally, we emphasise that the FA(2,1)-model is definitely rejected for the
xSol-simulation (SRMR = 0.16 > 0.1), indicating that ξSSol may represent
not only the effect of the solar forcing.
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• The final factor model obtained by simplifying the basic FA(6,6)-model
from Table 2 (see Table S6.4.2 in the Supplement)

According to Table S6.4.2, the final model, not containing the interaction
term, should be rejected despite its admissible solution. This is because the
overall model fit to the data is unacceptable both statistically (the χ2 value
of 34 with 15 df. is significant at all conventional levels, p-value=0.003) and
heuristically (GFI = 0.89 < 0.9, SRMR = 0.15 > 0.08). The normalised
residuals reveal a very strong correlation between xLand and two other indi-
cators, namely xSol and xOrb.

• The TLS-FA(6,5)-model from Table 3 (see Tables S6.4.3-4 in the Supple-
ment)

As follows from Table S6.4.3, the estimation procedure failed for three
data sets. For each of the remaining seven data sets, the solution is inadmis-
sible due to an inadmissible estimate of φOL. More precisely, |φ̂OL| > 1, i.e.
it lies outside the range of the acceptable values for a correlation coefficient.
However, if one ignores this fact and proceeds with assessing the model fit
to the data then one finds that there are no reasons for rejecting the model
either statistically or heuristically. Indeed, according to the model χ2 statis-
tic (p-value = 0.24) and the heuristic indices GFI = 1, AGFI = 0.91 and
SRMR = 0.025, one could conclude that the factor model above is fully
consistent with the data, and, therefore, can be accepted as an approxima-
tion of the underlying latent structure. But it is definitely an erroneous
conclusion because the solution is inadmissible.

The result above illustrates the danger of accepting the ME model from
(3.5), corresponding to the TLS-FA(6,5)-model, without examining the ma-
trix of the estimated variances and covariances of latent variables. Unfortu-
nately, under the ME specification, this requires performing the singularity
test, which is not so easy to perform (see [17], pp. 137-139). Within the
factor model, the procedure of examining the solution is straightforward and
does not require performing any additional tests.

Despite the rejection of the TLS-FA(6,5)-model, we, nevertheless, cal-
culate the associated Fieller confidence regions for the ratios of the factor
loadings, corresponding to the β-coefficients in the ME model from (3.5), to
illustrate possible confidence regions that might arise when the solution is
inadmissible. As follows from Table S6.4.4, only the confidence region for
Vtruepseudo/Vsim provides a clear interpretation because it contains 1 but
not zero. Such a confidence region means that (1) the effect of the forcing
is detected in the climate record, here replaced by the multi-forcing simula-
tion, and (2) the climate model driven by the reconstruction of this forcing
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has succeeded to represent the forcing effect correctly. The confidence re-
gions for the remaining four ratios are extremely wide such that both 1
and 0 are included. In real-world D&A studies, such confidence regions for
the β-coefficients would lead us to a conclusion that the influence of the
solar, orbital, Land and Ghg forcings is not detected in observations. This
conclusion might be erroneous because, as our pseudo-proxy experiment in-
dicates, the TLS-FA(6,5)-model tends to underestimate the influence of the
forcings on observed/reconstructed temperature, here τpseudo. This follows
from the fact that all truepseudo- loadings in Table S6. 4.3 except Vtruepseudo
are insignificant, while the corresponding sim-loadings are significant.

• Two structural equation models
First of all, let us emphasise that no final SEM model is presented for the

region of Asia. Instead, two alternative SEM models are presented. The first
SEM model is obtained by simplifying the basic SEM model from Figure
1. That is, the first SEM model assumes the effect of natural changes in
vegetation, associated with the vegetation phenology, to be negligible. The
second SEM model arises when this assumption is relaxed. In what follows,
we describe first the results for the first SEM model, and then, after having
explained our motives for estimating the second SEM model, we compare
the results provided by both SEM models.

– The first SEM model, obtained by modifying the basic SEM model from
Figure 1 (see Figure S6.4.1 and Table S6.4.5 in the Supplement)

Based on the results presented in Table S6.4.5, the first SEM model has
an admissible solution and a very good fit to the data both statistically and
heuristically. In addition, the model demonstrates a stable performance in
terms of the model estimates and the degree of fit to the data for all 10 data
sets. The model estimates suggest the following interpretation:

• the orbital and volcanic forcings have a strong (statistically significant)
influence on the simulated summer (JJA) mean temperature in Asia
during 850-1849 AD. Once again, we are observing that the volcanic

forcing has the strongest influence (compare V̂sim = 0.118 with the

associated p-value = 5.1e-40 and Ôsim = 0.022 with the associated
p-value = 1.8e-04). As for the solar forcing, its estimated effect seems

to be more modest with a tendency to be negligible (Ŝsim = 0.017
with the associated p-value = 0.045). It should added that the SEM
model suggests that the internal variability associated with the xLand-
simulation is correlated with the internal variability associated with
the xOrb-, and xSol-simulations. The latter also turned out to be highly
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significantly correlated with δ̃comb, i.e. the internal variability associ-
ated with the xcomb-simulation. This can be a possible explanation of
rejecting the FA(2,1)-model for the xSol-simulation;

• the effect of the anthropogenic land use forcing is estimated to be

highly significant (L̂sim = 0.049 with the associated p-value = 8.1e-

05) Moreover, by comparing L̂sim with Ŝsim and with Ôsim, we may
conclude that the anthropogenic influence on the temperature through
changed land cover associated with agricultural activity is twice as
large as the effect of the solar and orbital forcings. Nevertheless, it is
half the effect of the volcanic forcing;

• concerning ξSGhg, the final SEM model suggests that this is a one-
component temperature response of purely anthropogenic character.
In the SEM model, this is reflected by the absence of causal inputs
to ξSGhg from the temperature responses to the natural forcings. In
other words, the effect of natural changes in the Ghg forcing on the
simulated summer mean temperature in Asia during 850-1849 AD is
not seen. The only causal input received by ξSGhg comes from the dis-

turbance term ξSGhg (anthr). Based on the (standardised) coefficient for

ξSGhg, Ĝsim =
√

Var(ξSGhg) = 0.040 (p-value = 8.1e-05), we may fur-

ther conclude that in Asia the estimated effect of the anthropogenic
changes in the concentrations of greenhouse gases in the atmosphere
is statistically significant and is almost as strong as the effect of the
anthropogenic changes in land cover.

Since ξSGhg is a one-component temperature response, containing only

the anthropogenic component ξSGhg (anthr), the final SEM model is in
effect a factor model with five ’causally’ independent latent temper-
ature responses represented by five latent factors. More precisely, it
is the final factor model, presented in Table S6.4.2, where φLG is set
to zero, and the covariances between the δ̃-variables, estimated under
the SEM model, are freed up;

• the effect of possible interactions between the forcings is found to be
insignificant.

At first glance, there are no reasons to reject the solution suggested by
the first SEM model. But examining the land use/land cover forcing data
from Figure S4.5, shown in the Supplement, makes the conclusion about
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the strong effect of anthropogenic changes in land cover a little bit doubt-
ful. Since reconstructed anthropogenic changes in land cover in Asia are
less extensive than in Europe, where their effect was estimated as insignifi-
cant 21, it seems slightly unexpected to detect a highly significant effect of
anthropogenic agricultural activity in Asia but not in Europe.

Perhaps, just as in the region of North America, the variance of δ̃Land
was underestimated by the independent estimator (3.2), which could explain
the significant estimate of Lsim. However, the same two-stage checking
procedure did not indicate an underestimation of the variance of δ̃Land. That
is, the estimate of Lsim was stable, and thus significant, whether the variance
of δ̃Land was free or fixed.

This result led us to the second question as to whether ξSLand (anthr) indeed
represents only the effect of anthropogenic changes in land cover. In other
words, the second question concerns whether the assumption of a negligible
effect of natural changes in vegetation due to the vegetation phenology can
be relaxed for the Asia data, consisting of summer (JJA) land-only mean
temperatures for the period of 850-1849 AD.

At this point, we realised that our knowledge about the implementation
and possible effects of the dynamic land model, employed in the climate
model under consideration, is not sufficient for drawing definite conclusions
about expected effects of the simulated vegetation phenology. Obviously,
this requires a deeper collaboration with the research team who performed
this particular experiment with the CSEM-LME climate model.

Limited by time, we decided to present both SEM models without draw-
ing any conclusions on our own. The presented results can be used as a basis
for future discussions. The first SEM model, hypothesising a negligible ef-
fect of natural changes in vegetation, is already discussed. The result for the
second SEM model, arising when this hypothesis is relaxed, are discussed
below.

– The second SEM model, arising when the assumption of the negligible effect
of natural changes in vegetation, associated with the vegetation phenology,
is relaxed (see Figure S6.4.2 and Table S6.4.6 in the Supplement)

Based on the results presented in Table S6.4.6, the second SEM model
also has an admissible solution and a very good fit to the data both sta-
tistically and heuristically. Note that its fit is approximately the same as
that demonstrated by the first SEM model. The model also demonstrates
a stable performance in terms of the model estimates and the degree of fit

21Recall from Sec. 2 that the temperature data in both regions have the similar proper-
ties in the sense that they are represented by land-only summer (JJA) mean temperatures.
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to the data for all 10 data sets. The estimates given in Table S6.4.5 suggest
the following interpretation of the second SEM model:

• statistically, the influence of the solar forcing is more significant than

under the first SEM model (compare Ŝsim = 0.017 with the associated

p-value = 0.045 under the first SEM model with Ŝsim = 0.019 with
the associated p-value=6.5e-03 under the second one). The orbital
and volcanic forcings still demonstrate a strong (statistically signifi-
cant) influence on the simulated summer (JJA) mean temperature in
Asia during 850-1849 AD, comparable to the first SEM model. And
the volcanic forcing still exhibits the strongest influence. Further, the
internal variability associated with the xLand-simulation is still corre-
lated with the internal variability associated with the xSol-simulation,
but not with that associated with the xOrb-simulation. Both δ̃Sol and
δ̃Orb turned out to be correlated with δ̃comb, i.e. the internal variability
associated with the xcomb-simulation;

• as for ξSLand, the second SEM model, just as the first one, suggests that
ξSLand is a one-component temperature response. But, in contrast to
the first SEM model, where ξSLand = ξSLand (anthr), ξ

S
Land in the secomd

SEM model contains only ξSLand (natur), i.e. it is of natural character.

This is reflected by the significant causal paths to ξSLand from ξSSol and
ξSOrb. Based on this result, it is possible to conclude that (1) the effect
of anthropogenic changes in land cover is not seen, and (2) natural
changes in vegetation, which might be generated by the dynamic land
model through the vegetation phenology, can be explained by the solar
and orbital forcings. Moreover, the solar forcing seems to dominate the
orbital forcing in this influence: compare the estimate of the influence
of ξSSol on ξSLand, represented by ŜL = −0.041 (p-value = 8.2e-05), with

the estimate of the influence of ξSOrb on ξSLand, represented by ÔL =
0.028 (p-value = 0.016).

Finally, the effect of natural changes in vegetation, represented by

L̂sim =

√
V̂ar(ξSLand) =

√
V̂ar

(
V̂ar(ξSland (natur))

)
, is statistically significant

at all conventional levels (L̂sim = 0.050 with the associated p-value=

4.1e−05). Note that numerically, L̂sim = 0.050 under the second SEM

models is the same as L̂sim = 0.049 under the first SEM model. The
difference lies in the interpretation of the associated latent temperature
responses. Let us here reiterate that under the first SEM model, it
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is the temperature response to anthropogenic changes in land cover,
while under the second SEM model, it is the temperature response to
natural changes in vegetation.

• concerning ξSGhg, the numerical result and conclusions are the same as
under the first SEM model, that is, it is a one-component temper-
ature response of purely anthropogenic character with a statistically
significant effect on xGhg and on xcomb;

• just as under the first SEM model, the effect of possible interactions
between the forcings is not detected even under the second SEM model.

As we see, for one and the same data set, two alternative SEM models can
be formulated. Although the models have a similar fit to the data, they lead
to different conclusions about the structure of the temperature response to
changes in vegetation. What model can be chosen as a final model depend
on substantive considerations. As motivated earlier, we leave this question
open-ended in hope to come to reasonable conclusions by discussing this
question further with the research team who performed the LME experi-
ment with the CSEM climate model.

4.8 Asia (summer, June-August, mean temperature).
Step 2

In Step 2, both SEM models, analysed in Step 1, were reestimated by fit-
tning them to the data with the pseudo-τ included. Note that the first SEM
model is in effect the final factor model presented in Table S6.4.2, modified
by freeing up the three covariances between the three specific factors and
by setting the correlation coefficient φLG to zero. Nevertheless, we continue
to use the SEM representation to present the results for this model in Step
2 (see Figure S6.4.3 in the Supplement). The second SEM model fitted in
Step 2 is shown in Figure S6.4.4 in the Supplement. The results of the
reestimation are presented in Table S6.4.7 and Table S6.4.8. According to
these tables, both SEM models perform similary without giving us reasons to
reject the hypothesis of consistency for any of the 10 data sets, as expected.
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4.9 South America (warm-season, December-February,
temperature). Step 1

• The FA(2,1)-model, accompanied by the UR- and UT -test statistic (see
Table S6.5.1 in the Supplement)

Summarising the results in Table S6.5.1, we can say that reliable conclu-
sions for all 10 data sets can be drawn only for the climate model simulation
driven by volcanic forcing. Just as for other previously discussed regions,
the result for the xVolc-simulation fall into Case 1) (see (3.3)), leading us to a
conclusion that the volcanic forcing has a strong influence on the simulated
warm-season mean temperature in South America during 850-1849 AD.

For the remaining forcings, the results indicate that the independence
assumptions, associated with the FA(2,1)-model, might be violated to vary-
ing degrees. As for the solar forcing, the observed value for the UR- and
UT -statistics could be characterised as a borderline case towards Case 1),
suggesting that the magnitude of the influence of the solar forcing is not
negligible. But the observed SRMR values, exceeding 0.1 for all 10 data
sets, makes this conclusion unreliable.

As for the orbital forcing, the observed values of the UR- and UT -statistics
(insignificant at all significance levels for both statistics) suggest a negligi-
ble influence of the orbital forcing, which contradicts the highly significant
estimates of α provided by the FA(2,1)-model, demonstrating in addition a
good fit for all 10 data sets.

Concerning the Land forcing, the parameter α in the corresponding
FA(2,1)-model has been set to zero. This is because the independent es-
timate of σ2 ∗

δLand
turned out to be larger than the sample variance of x̄Land.

However, the FA(2,1)-model and thus H0 : α = 0 can be rejected, which
is mostly supported by the high values of the SRMR index, exceeding 0.1
for all 10 data sets. We also note that the observed values of the UR- and
UT -statistics clearly contradict the hypothesis that α = 0: both UR- and
UT -statistics are significantly positive (at 2.5% level). In a real-world anal-
ysis, such a result would lead us to a conclusion that α is not zero and the
associated simulated latent temperature response is correctly represented in
the climate model under study, compared to its real-world counterpart.

• The final factor model obtained by simplifying the basic FA(6,6)-model
from Table 2 (see Table S6.5.2 in the Supplement)

The basic FA(6,6)-model was modified by setting Lsim to zero, which
was done for the same reason as in the FA(2,1)-model associated with the
xLand-simulation. To avoid underidentifiability, the correlation coefficient
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φLG was also set to zero. Further, we found it necessary to set Isim to zero,
otherwise the estimation procedure failed to converge to a solution.

According to Table S6.5.2, the final 4-factor model has an admissible
solution for each data set, but, as indicated by the heuristic indices, in par-
ticular, the SRMR value, the overall model fit could be better. Examining
the normalised residuals for Data set number 10 reveals two residuals (asso-
ciated with cov(xSol, xcomb) and cov(xLand, xcomb)) significantat the 5% but
not at 2.5% level. Based on the model χ2 statistic for the same data set,
it seems motivated not to reject the final factor model (p-value = 0.145),
which especially would be justified in the absence of a better alternative.
The final factor model suggests the following latent structure: the effect of
the Ghg and solar forcings are statistically insignificant, while the effect of
the orbital and volcanic forcings are highly significant. The effect of the vol-
canic forcing is more than twice as large as the effect of the orbital forcing.
Based on the forcing data, we have no reason to distrust this solution from
the climatological standpoint. Generally, the performance of the final factor
model can be characterised as a borderline case, i.e. not very good, but still
reasonable for being accepted especially if a better alternative does not exist.

• The TLS-FA(6,5)-model from Table 3 (see Table S6.5.3 in the Supple-
ment)

The estimation of the TLS-FA(6,5)-model failed for all but one data set,
which is no great surprise when one of the coefficients is zero. The resulting
solution is inadmissible due to two correlation coefficients exceeding 1 in
absolute value, and thus should definitely be rejected. Once again, we note
that the TLS-FA(6,5)-model tends to underestimate the coefficients associ-
ated with the pseudo-observations.

• The final structural equation model (see Figure S6.5.1 and Table S6.5.4
in the Supplement)

Based on the results presented in Table S6.5.4, the final SEM model has
an admissible solution and a very good fit to the data both statistically and
heuristically. In addition, the model demonstrates a stable performance in
terms of the model estimates and the degree of fit to the data for all 10
data sets. Next, let us discuss the interpretation of the model. Based on
the estimates given in Table S6.5.4, we may say that:

• the effect of the solar forcing is estimated as negligible. Therefore, the
Ssim coefficient is set zero. In the absence of ξSSol, xSol = δ̃Sol represents
the pure internal variability, which turned out to be correlated with
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δ̃Volc and δ̃comb. The latter correlation, estimated as significant (p-value
= 2.8e-03), provides in fact a reasonable explanation for the signifi-
cant observed values of the UR-, and UT -statistics, and the significant
estimate of the coefficient α in the corresponding FA(2,1)-model.
In contrast to the negligible effect of the solar forcing, the effects of the
orbital and volcanic forcings are well pronounced, i.e. the estimates

of Osim and Vsim are highly significant (Ôsim = 0.047 (p-value =

1.6e-09), V̂sim = 0.105 (p-value = 2.6e-33)). Note that the estimated
magnitude of the influence of the volcanic forcing is almost twice the
estimated magnitude of the influence of the orbital forcing;

• as for the effect of the Land forcing, recall that the Lsim coefficient
was set to zero a priori. If the SEM model is not rejected, a natural
conclusion in that case is that the effect of anthropogenic changes in
land cover is negligible. In the absence of ξSLand, xLand = δ̃Land represents

the pure internal variability, which just as δ̃Sol also turned out to be
correlated with δ̃comb. This may explain the significant observed values
of the UR and UT -statistics, and the rejection of the FA(2,1)-model
estimated under the hypothesis that α = 0;

• the overall effect of the Ghg forcing is also estimated to be zero, as no
causal path leads to ξSGhg. This can be interpreted as neither natural
nor anthropogenic changes in the levels of Ghg:s have a (statistically)
significant effect on the simulated warm-season (DJF) mean tempera-
ture in South America during 850-1849 AD;

• the effect of the interactions between the forcings is not detected.

To summarise, the interpretation of the final SEM model does not seem to
be contradicting our substantive knowledge about the climate system and
our expectations. Therefore, the model can be accepted as a possible ap-
proximation of the underlying latent structure. At this point, it is, however,
important to realise that the final SEM model, not including any causal
paths, is in effect a factor model, or more precisely, the final factor model
from Table S6.5.2, modified by setting Ssim and Gsim to zero and freeing
up the above-discussed three specific-factor covariances, i.e. cov(δ̃Sol, δ̃comb),
cov(δ̃Land, δ̃comb) and cov(δ̃Sol, δ̃Volc).

45



4.10 South America (warm-season, December-February,
temperature). Step 2

• The SEM model (see Figure S6.5.2 and Table S6.5.5 in the Supplement)
Although the final model in Step 1 turned out to be a factor model, the

model fitted in Step 2 is still presented in the SEM representation. The re-
sults for Data set number 10, presented in Table S6.5.5, indicate that there
is no reason for rejecting this SEM (factor) model, thereby giving no reason
for rejecting the hypothesis of consistency, as expected. The results for all
10 data sets indicate that the model fits well to each data set both statisti-
cally and heuristically.

4.11 Australasia (warm-season, September-February, mean
temperature). Step 1

• The FA(2,1)-model, accompanied by the UR- and UT -test statistic (see
Table S6.6.1 in the Supplement)

As follows from Table S6.6.1, more or less reliable conclusions can be
drawn only for the climate model simulation driven by volcanic forcing. Re-
garding the results for Data set number 10, we can say that they can be
classified as Case 1) (see (3.3)), although for some other data sets the UT -
statistic was not significant even at the 5% level.

The FA(2,1)-model was not rejected also for the solar and orbital forc-
ings. However, despite the significant estimates of α, the observed values of
the UT -statistic for both forcings do not allow us to classify the observed
results as Case 1).

Concerning the Land and Ghg forcings, the associated FA(2,1)-models
were definitely rejected. Note that the independent estimate of σ2 ∗

δLand
turned

out to be larger than the sample variance of x̄Land. This motivated setting
σ2 ∗
δLand

to the sample variance of x̄Land, which in turn motivated setting the
parameter α in the FA(2,1)-model to zero.

In our opinion, the above results clearly point at a complicated under-
lying latent structure, justifying the application of statistical models with
several latent variables, in particular SEM-models.

• The final factor model obtained by simplifying the basic FA(6,6)-model
from Table 2 (see Table S6.6.2 in the Supplement)

The final factor model is a 4-factor model, obtained by eliminating ξSLand
and ξSinteract. Setting Lsim to zero is justified by the replacement of the inde-
pendent estimate of σ2 ∗

δLand
by the sample variance of x̄Land. Without setting
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Isim to zero, no solution could be obtained.
Examining the statistical and heuristic measures of the overall model fit,

it could be concluded that the model does not fit the data well, and thus
could be rejected. The SRMR value was too high (> 0.12 for all 10 data
sets), which, as indicated by the normalised residuals for Data sets number
10, could be explained by the poorly explained correlations between xLand
and xcomb, between xVolc and xGhg, and between xGhg and xcomb.

• The TLS-FA(6,5)-model from Table 3 (see Table S6.6.3 in the Supple-
ment)

As follows from Table S6.6.3, the estimation of the TLS-FA(6,5)-model
failed for all but one data set, which is not very surprising when (at least)
one of the coefficients can be set to zero. The resulting solution is inad-
missible due to the inadmissible estimate of the correlation coefficient for
ξSOrb and ξSLand (> 1). Hence, despite the seemingly good fit to the data, the
TLS-FA(6,5)- model should be rejected. Once again, we note the tendency
of this statistical model to underestimate the coefficients associated with the
pseudo-observations.

• The final structural equation model (see Figure S6.6.1 and Table S6.6.4
in the Supplement)

Based on the results presented in Table S6.6.4, the final SEM model has
an admissible solution and an excellent fit to the data both statistically and
heuristically. In addition, the model demonstrates a stable performance in
terms of the model estimates and the degree of fit to the data for all 10
data sets. It remains to evaluate whether the solution is interpretable from
the climatological point of view. The estimates, associated with Data set
number 10, suggest the following interpretation:

• the effect of the orbital forcing on the simulated warm-seasons temper-
ature in Australasia during 850-1849 AD seems to be of less importance
than the estimated effects of the solar and volcanic forcings. Compare

Ôsim = 0.015 (p-value = 0.037), Ŝsim = 0.028 (p-value = 1.3e-13) and

V̂sim = 0.077 (p-value = 1.1e-34).

In contrast to the results for the other regions, the final SEM model
associated with the region of Australasia strongly indicates a consider-
able impact of the interactions between the forcings on the simulated
temperature in this region. The estimated magnitude of this impact
is equal to Îsim = 0.051 (p-value << 0.01), which is larger than the
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estimated magnitude of the effects of the solar and orbital forcings.

Further, we note that the internal variability associated with the xOrb-
and xVolc-simulations turned out to be correlated with the internal
variability embedded in the xcomb-simulation. Although these covari-
ances are not quite statistically significant (p-values are 0.13 and 0.08,
respectively), their inclusion leads to a better explanation of the vari-
ances of xOrb and xVolc. This in turn makes the estimates of Osim and
Vsim more reliable;

• for the same reason as in the FA(2,1)-model and in the final FA(6,4)-
model, the Lsim-coefficient was set to zero a priori even in the final
SEM model. So if the final SEM model is not rejected, the hypothe-
sis of a negligible effect of anthropogenic changes in land cover is not
rejected either. In the absence of ξSland, the associated δ̃Land-term rep-
resents the pure internal variability, which according to the final SEM
model is correlated to varying degrees with δ̃Orb (p-value = 0.06), δ̃Volc
(p-value = 0.08) and with δ̃comb (p-value = 5.6e-03);

• concerning the structure of ξSGhg, the final SEM model suggests that

ξSGhg is a two-component temperature response. The variability of its
natural component is mainly explained by the latent temperature re-
sponse to the volcanic forcing, which in the model is reflected by the
causal path from ξSVolc to ξSGhg (the associated p-value = 0.019). Based
on this result, we may say that the volcanic forcing may be a main
source of natural changes in the levels of Ghg:s in Australasia dur-
ing 850-1849 AD. In addition, the SEM model indicates a modest
contribution of the interactions between the forcings to these natural
changes, which is reflected by the causal path from ξSinteract to ξSGhg (the
associated p-value = 0.1).

The contribution of the anthropogenic component is well pronounced,
which is reflected by the statistically significant estimate of the vari-
ance of ξSGhg (anthr) (p-value = 3.9e-04). Finally, the overall effect of

ξSGhg, represented by
√

V̂ar(ξSGhg) = Ĝsim and calculated afterwards, is

estimated to be larger than the effect of the orbital and solar forcings,√
V̂ar(ξSGhg) = Ĝsim = 0.034 (p-value = 0.001).
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4.12 Australasia (warm-season, September-February,
mean temperature). Step 2

• The structural equation model (see Figure S6.6.2 and Table S6.6.5 in the
Supplement)

In Step 1, the final factor model, presented in Table S6.6.2, was definitely
rejected, while the SEM model was not. We note also that the relationships
indicated by the SEM model are to complex to be modelled witnin a factor
model. Therefore, in Step 2, only the final SEM model has been reestimated
with τpseudo added and under the hypothesis of consistency. The results for
Data set number 10 indicate that the model is still not rejected, which gives
no reasons for rejecting the hypothesis of consistency, as expected. But, at
the same time, we also note a certain instability in the estimates for some
parameters, first of all for Isim, compared to the results obtained in Step 1.
This suggests to take the conclusions associated with this SEM model with
caution.

4.13 Antarctica (annual mean temperature). Step 1

• The FA(2,1)-model, accompanied by the UR- and UT -test statistics (see
Table S6.7.1 in the Supplement)

The results presented in Table S6.7.1 clearly show that reliable conclu-
sions cannot be drawn for any forcing, including even the volcanic forcing.
Based, first of all, on the SRMR values and on the p-values for the model
χ2-statistic, the FA(2,1)-model is rejected for all forcings except for the
Ghg forcing. But for the latter, the observed values of the test statistics
do not fall neither Case 1) nor Case 2), which makes the acceptance of the
FA(2,1)-model questionable. Keeping in mind the similar results obtained
for the region of Australasia, these results undoubtedly provide convincing
evidence of a complicated underlying latent structure of the Antarctica data.

• The final factor model obtained by simplifying the basic FA(6,6)-model
from Table 2 (see Table S6.7.2 in the Supplement)

The final factor model is a 5-factor model, obtained by eliminating the
interaction term, ξSinteract. Without setting Isim to zero, no solution could be
obtained.

Examining the statistical and heuristic measures of the overall model fit,
it could be concluded that the model does not fit the data at all, and thus
should definitely be rejected. This conclusion is valid for all 10 data sets.
The normalised residuals for Data set number 10 reveal a large number of
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highly significant residuals, providing additional support for our conjecture
of a complicated underlying latent structure.
Just as in other regions, we do not attempt to improve the model fit by
freeing covariances between the specific δ̃-factors, representing the internal
variability, until the final SEM model is obtained.

• The TLS-FA(6,5)-model from Table 3 (see Table S6.7.3 in the Supple-
ment)

According to Table S6.7.3, the estimation of the TLS-FA(6,5)-model
failed for five data sets, i.e. the estimation algorithm did not converge
to any solution. For the remaining data sets, the resulting solution is inad-
missible due to the inadmissible value of at least one correlation coefficient.
Therefore, despite the seemingly good fit to the data, the TLS-FA(6,5)-
model is rejected. Once again, we would like to point out the tendency
of the TLS-FA(6,5)-model to underestimate the coefficients associated with
the pseudo-observations.

• The final structural equation model (see Figure S6.7.1 and Table S6.7.4
in the Supplement)

Based on the results presented in Table S6.7.4, the final SEM model has
an admissible solution and a very good fit to the data both statistically and
heuristically. In addition, the model demonstrates a stable performance in
terms of the model estimates and the degree of fit to the data for all 10 data
sets. It remains to evaluate whether the solution is interpretable from the
climatological point of view. The estimates, associated with Data set 10,
suggest the following interpretation:

• the effect of each of the three natural external forcings under consid-
eration, i.e. the solar, orbital and volcanic forcings, on the simulated
annual mean temperature in Antarctica during 850-1849 AD is highly
(statistically) significant (p-values << 0.01). The effect of the volcanic
forcing is still more pronounced than the effect the solar and orbital
forcigs, although the difference in the estimated magnitudes of the

effects is not so remarkable. Compare Ŝsim = 0.061, Ôsim = 0.072

and V̂sim = 0.087. Nevertheless, imposing equality constraints among
them worsened the model fit.

Further, the SEM model suggests that the sequences of the internal
variability associated with the xSol-, xOrb-, xVolc- simulations are mu-
tually pairwise correlated at at least 5% significance level. In addi-
tion, the specific δ̃Volc-factor turns out to be significantly correlated

50



(p-value < 0.01) with the specific δ̃comb-factor, representing the inter-
nal variability associated with the xcomb-simulation. This explains the
inappropriate fit of the FA(2,1)-model fitted to the data containing
xVolc);

• just as in the region of North America, the results for the anthro-
pogenic Land-forcing for the region of Antarctica deserve special at-
tention. This is because the initial version of the final SEM model,
presented in Figure S6.7.1, contained the latent temperature response
ξSLand as a latent factor, meaning that the associated coefficient Lsim
was treated as a free parameter. At the same time, the variance of
the specific factor δ̃Volc was regarded as known a priori. However, just
as in North America, estimating this SEM model resulted in a highly
significant estimate of Lsim, which we found to be climatologically
indefensible and contradicting our expectations based on the forcing
data, shown in Figure S4.5 in the Supplement.

Applying the same two-stage checking procedure as in North America
and Asia indicated that Lsim is zero, while the specific factor variance
σ2
δLand

is underestimated by the independent estimator (3.2). As for

Ssim, Osim, Vsim and the associated specific δ̃-factor variances, the
checking procedure demonstrated the stable estimation of the coeffi-
cients whether the associated σ2

δ was fixed or free.

Therefore, it was decided to set Lsim to zero and free up σ2
δLand

in the
final SEM model, thereby suggesting that the effect of the anthro-
pogenic land use forcing on the simulated annual mean temperature
in Antarctica during 850-1849 AD is negligible. In the absence of ξSLand
in the SEM model, the specific factor δ̃Land represents thus the pure
internal temperature variability, which turned out to be correlated
with the internal temperature variability associated with the xSol-,
xOrb-, xVolc- simulations (the smallest p-value = 0.015). In addition, it
demonstrated a significant correlation (p-value = 0.027) to the internal
variability associated with the xGhg-simulation;

• the temperature response to the Ghg forcing seems to be of both nat-
ural and anthropogenic character. Among the natural sources, the
final SEM model highlights the role of the internal factors and the
volcanic forcing, albeit indirectly through its possible interaction with
the internal factors. This is reflected by the causal inputs to ξSGhg
from xLand (p-value = 7.8e-05), which in the absence of ξSLand contains

only δ̃Land, and from xVolc (p-value = 0.06). The contribution of the
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anthropogenic component, ξSGhg (anthr), can be described as modestly

significant (p-value associated with the estimate of Var(ξSGhg (anthr)) is

0.08). Due to the absence of (direct) human activity in Antarctica
during the time period analysed, this observation can be explained
only by anthropogenic changes in Ghg:s induced by human activity in
other parts of the world.
Finally, based on Data set number 10, the magnitude of the over-
all effect of the Ghg forcing on the simulated annual mean tempera-
ture in Antarctica during 850-1849 AD is estimated to be as large as√

V̂ar(ξSGhg) = Ĝsim = 0.069, which is significant at the 5% level, but

not at the 2.5% level (p-value = 0.041);

• the effect of interactions between the forcings is not detected.

To summarise, the interpretation of the latent structure suggested by the
SEM model for the data selected from the region of Antarctica is judged
as reasonable, climatologically defensible and not contradicting our expec-
tations. Therefore, we may say that there are no reasons to reject the final
SEM model.

4.14 Antarctica (annual mean temperature). Step 2

• The structural equation model (see Figure S6.7.2 and Table S6.7.5 in the
Supplement)

In Step 1, the final factor model, presented in Table S6.7.2, was def-
initely rejected, while the SEM model, presented in Figure S6.7.1 and in
Table S6.7.4, was not. In addition, the relations indicated by the SEM
model was too complicated for being applied within the factor model in or-
der to improve its fit to the data. Therefore, in Step 2, only the final SEM
model has been reestimated with τpseudo added and under the hypothesis of
consistency. The results for Data set number 10 indicate that there are no
reasons for rejecting the SEM model, thereby giving no reasons for rejecting
the hypothesis of consistency, as expected. The results for all 10 data sets
indicate that the model is accepted both statistically and heuristically for
each data set.
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5 Conclusions

In the present work, the performance of several latent variable statistical
models of varying degree of complexity has been investigated in a pseudo-
proxy experiment. The latter means that observational data, or more presicely,
the true unobservable temperature is replaced by a pseudo true tempera-
ture, represented by data from a suitable climate model simulation. This
replacement ensures that the simulated latent temperature responses to the
forcings, embedded in the simulated observable temperatures, are correctly
represented compared to the corresponding latent temperature responses
embedded in the pseudo true temperature. Hence, a correctly specified sta-
tistical model is expected not to be rejected when it is fitted to the data
with the pseudo true temperature included. In other words, the model is
expected not to be rejected under the hypothesis of consistency. Three other
criteria for judging the performance of the statistical models under study
were:
• the model has an admissble solution and a good fit to the data,
• the latent structure suggested by the model is climatologically defensible,
and
• the model demonstrates a stable performance in terms of the above cri-
teria for all data sets, each of which includes a different realisation of the
pseudo true temperature. Note that there were 10 data sets available for
each of the seven regions of interest.

In total, four statistical models were here considered. Basically, they
belong to one and the same class of models, namely structural equation
models with latent variables, implying that each of them allows certain
causal relationships between its variables. Nevertheless, only one of them,
the SEM model (see Figure 1 and 2), allows causal links between latent vari-
ables themselves and causal inputs from observed variables to latent ones.
Both types of causal relationships permit us to reflect more complicated
climatological relationships, which makes this model more realistic from the
climatological standpoint.

The SEM model was specifically developed to evaluate climate model
simulations forced by five specific forcings. For the same purpose, we sug-
gested the basic factor model with six latent factors (see Table 2 and 4 here),
which has a simpler latent structure than the SEM model. The third model
with multiple latent factors, considered here, is a factor model with five la-
tent factors (the TLS-FA(6,5)-model, see Table 3). This model corresponds
essentially to a Measurement Error (ME) model with five latent explana-
tory variables, all of which are assumed to be correlated to each other. Since
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various ME models were used in many Detection and Attribution (D&A)
studies, it is of particular interest to compare the performance of the TLS-
FA(6,5)-model with respect to the above-mentioned statistical models.

The results of the present study reveal that among these three models
with multiple latent factors, the SEM model demostrated the best perfor-
mance. This conclusion is based on the fact that for all regions, where other
models failed to satify all above-mentioned criteria (there are five such re-
gions), the estimated SEM models satisfied all of them, in particular, the
criterion concerning the ability to provide an adequate and interpretable
description of the unknown underlying structure. In one region, namely
South America, the observed latent structure seems to be quite simple to
be described by the modified version of the basic factor models. Otherwise,
in other regions, its fit to the data was too poor to be accepted, albeit the
model’s solutions were admissble (a special remark will later be devoted to
the results for the region of Asia).

The TLS-FA(6,5)-model demonstrated a highly unstable performance
expressed either in a failure of the estimation algoritm to converge to a
solution or in inadmissible solutions. This instability can be explained by
empirical underidentifiability arising when one of the estimated coefficients
of the TLS-FA(6,5)-model is arbitrarily near zero. Underidentifiability could
be avoided if latent temperature responses (in the terminology of D&A stud-
ies ”fingerprints”), associated with zero coefficients, were not correlated to
other ones. This conclusion highlights the importance of taking climato-
logical properties of the underlying forcings into account, for example their
origin and mutual physical dependence or independence.

The fourth statistical model (the overidentified FA(2,1)-model, see (3.1))
has the simplest structure compared to the previous three. It involves only
one latent factor and two indicators. Within the context of the present
work, the latent factor of this model is modelled as a temperature response
to a single forcing, although it also can represent an overall temperature
response if a signle-forcing climate model simulation is replaced by a multi-
forcing climate model simulation.

Concerning the model’s performance within our analysis, it may be con-
cluded that its application requires care. The results showed that compli-
cated relationships between latent temperature responses and between the
observable and latent variables may lead to the rejection of the FA(2,1)-
model even if the hypothesis of consistency is true. When applying this
model in real-world analyses, it can be recommended to calculate also two
test statistics, developed by [41], namely the UR- and UT -statistics (see Ap-
pendix A). This may increase our confidence in the conclusions that can be
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drawn when the overidentified FA(2,1)-model is not rejected.
For one of the regions, namely the region of Asia, the modified versions

of the basic factor model with six latent factors and of the SEM model
were presented as two possible alternatives for describing the underlying
latent structure. The main difference between these two statistical models
consists in the interpretation of the temperature response to changes in veg-
etation/land cover. Under the factor model, this response is due to human
agricultural activity only, while under the SEM model this response is of
purely natural character, related to the solar and orbital forcings. In order
to make the distinction between these two alternatives, a deeper discussion
with the research team that conducted this particular experiment ([32]) with
the CESM model is needed. If it is found that it is reasonable to expect in
Asia during summers within the period of 850-1849 AD a significant effect
of natural changes in vegetation due to vegetation phenology, generated by
the dynamic land model employed in the CESM climate model, then the
SEM model can be chosen as a final model. Otherwise, the factor model is
preferable.

Presenting alternative statistical models was also done for illustrative
purpose because the existence of alternative statistical models is not an un-
common phenomenon in structural equation modelling. There are always
alternative models that will fit to a similar degree, but lead to different con-
clusions. Distinctions, in this case, depend on substantive considerations.
But even if the interpretation of the statistical model of interest does not
contradict our knowledge and assumptions, we can only say that this model
”may be valid” because other assumptions (initially not considered) also
may fit the data ([3], Ch. 2).

A crucial point to realise about our pseudo-proxy experiment is that all
conclusions about the statistical models under study are valid only for the
simulated data generated by the climate model under consideration. For
data generated by other climate models, which involve other forcings or dif-
ferent reconstructions of the same forcings as considered here, or climate
models implementing the same reconstructions but in other ways than it
was done in this particular CESM experiment, pseudo-proxy experiments
might result in other conclusions. In our pseudo-proxy experiment, the un-
derlying relationships associated with the simulated data generated by this
particular CESM experiment seem to be quite complicated in all except one
region, thereby rendering the SEM model a more appropriate statistical tool
for their analysis. Only the South America data demonstrated features suit-
able for being analysed by our basic factor model.

Another important point to realise about our pseudo-proxy experiment is
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that the performance of each statistical model is studied only for zero proxy
noise. However, as observational data, in particular reconstructed tempera-
tures, may contain varying amounts of non-climatic noise, it is highly desir-
able to investigate the performance of the models, accepted as final models,
for more realistic levels of the proxy noise. Such an analysis would be a
suitable topic for future work.

Finally, let us summarise the results concerning the influence of the forc-
ings in question on the temperature within the simulated climate system
generated by the climate model under consideration during the period of
850-1849 AD.

To begin with, the present study clearly indicated a dominant role of the
volcanic forcing in all regions.

Concerning the influence of the solar and orbital forcings, a general con-
clusion is that if their effects are detected in a given region, their magnitude
is of the same order, but smaller than the estimated effect of the volcanic
forcing. It should be remarked that the effect of the orbital forcing was not
detected in the region of North America, while the effect of the solar forcing
was not detected in South America.

Excluding the previously discussed result for the region of Asia, the ef-
fect of anthropogenic changes in land use/land cover is not detected in any
region.

For five of the seven regions, namely in Europe, the Arctic, North Ameri-
ca, Australasia, and Antarctica, the results suggested that the reconstructed
changes in the levels of greenhouse gases (Ghg) might be of both natural
and anthropogenic origin. The fact that both types of changes are common
for the most regions coincides with our expectations, as the reconstruction
of Ghg:s, used in the climate model under study, is the same over the whole
Earth. In the corresponding regional SEM models, the compound nature
of the associated temperature response is reflected by its two-component
structure. Among possible natural causes, the SEM models highlight the
role of the volcanic forcing (as a direct cause in Australasia and indirect
through its possible interactions with the internal factors in Antarctica)
and the (random) contribution of the internal factors almost in each region
except Australasia. The solar forcing is also indicated as a possible cause of
natural changes in the levels of Ghg:s, although rather indirectly through its
possible interactions with the internal factors. The magnitude of the overall
effect of anthropogenic and natural changes in the Ghg forcing is estimated
to be statistically significant in all five regions except the Arctic. Note that
in the Arctic, the contribution of anthropogenic influences is not statistically
significant, while in the other four regions it is.
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As for the two remaining regions, namely Asia and South America, the
associated SEM models suggested that changes in the Ghg forcing are mostly
of anthropogenic origin when analysing data for Asia 22, while for South
America neither natural nor anthropogenic changes in the levels of Ghg:s
seem to have a significant effect on the warm-season (DJF) mean tempera-
ture in South America during 850-1849 AD.

Finally, we would like to present the findings concerning the effect of
possible interactions between the forcings. Based on the results, we may
conclude that the overall interaction effect on the temperature is insignifi-
cant in all regions except Australasia, where the overall effect of interactions
on the simulated temperature turned out to be significant. In addition, it
seems that when influencing the temperature directly, interactions between
the forcings in this region might also (modestly) influence the temperature
indirectly through natural changes in the levels of Ghg:s. At this point, it
should be noted that due to a certain instability in the estimates of some
parameters of the model, which was observed in Step 2, these conclusions
should be taken with caution.

Based on the experience gained during the whole estimation process, we
can say that it can be quite challenging to fit a SEM model to climate data,
which may depend on the fact that latent endogenous and latent exogenous
variables have a common indicator(-s), typically referred to as a complex
indicator. We found it useful to start the estimation process with an analy-
sis of data without any complex indicator, i.e. without xcomb and τpseudo.
Although this approach does not allow us to evaluate the ability of the cli-
mate model under consideration to simulate observed climate changes or to
investigate the magnitude of the influence of possible interactions of (recon-
structed) forcings, such analyses nevertheless may deliver important insight
into underlying causal relationships. Based on these preliminary results,
it can be easier to take decisions about model modifications when a SEM
(factor) model, fitted to the data with a complex indicator(-s) included, is
rejected.

In summary, we have presented a new statistical framework for evalu-
ating climate model simulations in terms of latent temperature responses
against observational data. In addition, the design of the framework per-
mits us to investigate the magnitude of the influence of different forcings on

22Importantly, the same conclusion about the structure of the temperature response
to the Ghg forcing follows from the alternative factor model. As previously discussed,
the main difference between these two statistical models concerns the structure of the
temperature response to changes in vegetation/land cover.
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the temperature as well as to investigate a general causal latent structure
of temperature data. In terms of the formulated questions, our framework
can be viewed as a natural extension of the statistical approach of ’optimal
fingerprinting’, employed in many D&A studies.

In contrast to the method of ’optimal fingerprinting’, our statistical
framework comprises the ideas of confirmatory factor analysis and the cause-
-effect concept associated with structural equation modelling. Requiring in
general adequate knowledge about studied phenomena, the application of
these statistical techniques within the context of our framework made it pos-
sible for us to formulate various hypotheses about the relationships between
latent temperature responses to different forcings. Based on our knowledge
of climate-relevant properties of the underlying forcings, namely their ori-
gin and mutual physical dependence or independence, we could hypothesise
that some temperature responses are uncorrelated, while others are related
to each other through causal relationships. This is, to the best of our knowl-
edge, the first time the idea of taking the properties of forcings into account
has been employed within studies aiming to address the questions posed
in D&A studies. The same can be said about the concept of cause-effect
relationships.

As underlined by the observed results, our framework serves as a power-
ful and flexible tool for exploring the features of temperature data and for
confirming various hypotheses concerning co-relations between latent tem-
perature responses to different forcings. Indeed, the estimated structures
of the underlying latent relationships turned out to be quite complex (in
the climate model that we analysed). Obviously, with only factor models
in hand, it would be impossible to arrive at reasonable and interpretable
conclusions for all regions. An exception is South America, where the un-
derlying structure of temperature data appears to be quite simple. Note that
the factor model that reflected the assumptions of the method of ’optimal
fingerprinting’, failed to provide admissible solutions. But we do not exclude
that given another climate model and another set of forcings, the method
of ’optimal fingerprinting’ may be sufficient for addressing the questions of
interest. If so, this would increase the flexibility with which researchers can
explore the features of the data in question.

The availability of several statistical models associated with partially dif-
ferent assumptions is definitely a vital factor for flexible investigations, which
makes it more likely to arrive at statistically admissible and climatologically
defensible conclusions. Therefore, future modifications/improvements of our
statistical models and developing new ones seem to be a direction of future
research that we need to follow. To this end, closer investigations of SEM

58



models allowing non-linear relations and of SEM models appropriate for
multi-regional analyses, including also other climate variables that temper-
atures only, can be of particular interest. This, of course, requires a deeper
collaboration between statisticians, palaeoclimatologists and climate mod-
ellers. Such a collaboration is also needed for a proper implementation of
statistical models of enhanced complexity in real-world analyses.

Appendix A

The correlation test statistic UR and the distance based
test statistic UT

The UR- and UT - test statistics were developed in SUN12. Their definitions
involve the following variables:

• xu t = µxu + δu t, (A.1)

where
xu t a simulated temperature value, generated by an unforced climate

model, for the region of interest and time period of t, t = 1, 2, . . . , n,
µxu - the mean value around which the simulated temperatures, xu t,

vary,
δu t - the internal random variability of the unforced climate model;

• xf t = µx + α · ξf t + δ̃f, (A.2)

where
xf t - a simulated temperature value, generated by a forced climate

model, corresponding to xu t,
µx - the mean values over time, around which xf varies,

ξf t - the true effect of a specific type of forcing that has influenced
the true temperature τt. The forcing can be either of a single type
(e.g. only volcanic forcing) or a combination of several forcings
(e.g. volcanic and solar forcing),

αξf t - represents the unknown variability in x that can be linearly ex-
plained by the true forcing effect. A correct representation of the
forcing effect in the climate model corresponds to α = 1, whereas
an unforced climate model has α = 0,

δ̃f t - the internal random variability of the forced climate model, in-
cluding any random variability due to the presence of the forcing;
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• the observed climate record {vt}, defined as follows

vt =


zt ≈ τt + εt = µx + ξf t + ηt + εt t ∈ the period when only z is available,

reconstruction period

yt = τt + θt = µx + ξf t + ηt + θ t ∈ the period when both y and z are
available, calibration period,

(A.3)

where
τt - an unobservable true temperature, mean value adu-

jsted to a common value µx,
zt - a properly calibrated climate proxy, mean value adu-

jsted to a common value µx,
yt - a measured temperature, average over the same region

and time unit, mean value adjusted to a common value
µx,

ηt - the residual variation in true temperature that cannot
be statistically explained by the particular forcing under
consideration,

εt and θt - the residual non-climatic variation in zt and yt, re-
spectively.

Quantities εt and θt are regarded as mutually uncorrelated random variables,
each with zero mean and variances σ2

ε and σ2
θ .

A1 The correlation test statistic UR

This statistic is of regression type and allows to test the null hypothesis
whether the forced climate model under consideration does not explain any
of the temporal variation in the actual climate record, v. For testing an
ensemle-mean sequence, obtained by averaging over k replicates of the same
type of a forced climate model, the statistic is defined as follows:

UR(x̄f, v) =
R (x̄f, v)√

Var (R(x̄f, v))
(A1.1)

where

R (x̄f, v) =

∑n
t=1 w̃t(x̄ft − µx)(vt − µ(w̃)

v )∑n
t=1 w̃

2
t (vt − µ

(w̃)
v )2

,

Var (R(x̄f, v)) =
σ2
δf
/k∑n

t=1 w̃
2
t (vt − µ

(w̃)
v )2
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and µ
(w̃)
v estimated by the weighted average

v̄(w̃) =

∑n
t=1 w̃tvt∑n
t=1 w̃t

.

The correct expression for the weights w̃t is given in Moberg et. al. (2015,
p.427):

w̃t =



√
σ2
η

σ2
η+σ

2
ε (t)

t ∈ the reconstruction period

√
σ2
η

σ2
η+σ

2
θ

t ∈ the calibration period

(A1.2)

To arrive at a judgment of statistical significance of UR one uses the fact that

UR
approx.∼ N(0, 1) under the null hypothesis. Thus, if for example UR > 1.65,

then H0 can be rejected at the one-sided 5% significance level. The higher
UR, the stronger the correlation between the model and the observations.

A2 The distance based test statistic UT

The UT -test statistic is used to determine whether a given forced climate
model simulation demonstrates a significantly better agreement with obser-
vational data v than an unforced (control) simulation. Given k replicates of
the forced climate model and K replicates of the unforced climate model,
the definition of the UT -statistic is the following:

UT =
T√

Var (T )
, (A2.1)

where
T = T (xf, xu, v) = D2

w(xf, v)−D2
w(xu, v), (A2.2)

Var(T ) =
1

n2

(
1

k
+

1

K

){
2σ4

δf

n∑
t=1

w2
t + 4σ2

δf

n∑
t=1

w2
t (vt − µx)2

}
. (A2.3)

where

D2
w(xf, v) =

1

k

k∑
j=1

D2
w(xf, repl.j , v) =

1

k

k∑
j=1

1

n

n∑
t=1

wt(xf repl.j t − vt)2,

(A2.4)
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D2
w(xu, v) =

1

K

K∑
j=1

D2
w(xu, repl.j t, v) =

1

K

K∑
j=1

1

n

n∑
t=1

wt(xu repl.j t − vt)2,

(A2.5)

wt =


σ2
δf
+σ2

η

σ2
δf
+σ2

η+σ
2
ε (t)

t ∈ the reconstruction period

σ2
δf
+σ2

η

σ2
δf
+σ2

η+σ
2
θ

t ∈ the calibration period

(A2.6)

The expected value of T is given by

E [T ] = −
(
2α− α2

) 1

n

n∑
t=1

wt · ξ2f t. (A2.7)

As pointed out in SUN12, (A2.7) becomes zero under the null hypothesis
that the xf-climate model is equivalent to the xu-climate model, i.e. under
H0 : α = 0. However, the expected value of the statistic is also zero for
α = 2, that is, when the forced response in the climate model is the twice
as large as the amplitude of the real-world forced response. In addition,
the expected value may be arbitrarily near zero when the weighted sample
variance of the unobservable ξf,

1
n

∑n
t=1 wt ξ

2
f t , is arbitrarily near zero.

As we see, there exists a certain ambiguity in the interpretation of in-
significant values of the test statistic. To avoid this ambiquity, it was rec-
ommended in SUN12 to apply the UT -statistic to climate model simulations
demonstrating a significant correlation with the climate record. Serving as a
certain assurance of the significance of α and σ2

ξf
, a (highly) significant posi-

tive value of the UR-statistic in combination with an insignificant value of the
UT statistic indicates that the amplitude of the simulated forced response
can be twice as large as the amplitude of the real-world forced response.

Too positive significant values, e.g. to the right of 1.65 at the 5% sig-
nificance level, support the hypothesis of a substantial exaggeration of the
simulated forced response in the climate model, i.e. α > 2, while too nega-
tive significant values, e.g. to the left of −1.65 at the 5% significance level,
indicate that the simulated forced response is either attenuated to some
extent, or of the right size, or exaggerated such that 1 < α < 2.

The relationships between these two test statistics for different values of
α have been studied in a Monte Carlo experiment, described in the Sup-
plement, Sec. 6. The results of this experiment strongly suggest that the
analysis of the UT statistic should always be accompanied by the analysis of
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the UR statistic: the weaker the forced signal, i.e. the smaller the variance
of ξf, and the larger the non-climate noise in proxy, the more difficult it be-
comes to distinguish the values of the UT statistic associated with different
values of α without involving the UR statistic.

Appendix B

Assessing the overall fit to the data of a general SEM
model

As mentioned in the introduction, a general factor model with q observed
variables and p latent factors, presented in Appendix A in Part I, is a special
case of a general structural equation model, presented in turn in Appendix A
in Part II. Therefore, in what follows, we refer only to a structural equation
model (a SEM model).

According to [3], the fundamental hypothesis of the structural equation
modelling is that the population variance-covariance matrix of the observed
variables, or indicators, Σ, can be represented as a function of the model
parameters θ, denoted Σ(θ). The matrix Σ(θ) is called the implied (or
model’s reproduced) variance-covariance matrix of the indicators.

The parameters are estimated such that the discrepancy between the
sample variance-covariance matrix of the indicators, S, and the estimated
model’s reproduced variance-covariance matrix, Σ(θ̂), is as small as possible.
In particular, under the assumption of normality of the data, the estimates
are obtained by minimising the following discrepancy function with respect
to the free parameters, i.e. the parameters to be estimated, conditional on
the explicitly constrained parameters ([26], [3], [31]):

F (θ) = log|Σ(θ)|+ tr(SΣ(θ)−1)− log|S| − q, (B.1)

where q is the number of indicators. In fact, minimising (B.1) is equivalent
to maximising the maximum likelihood (ML) function ([26]), meaning that

the resulting estimates θ̂ are ML estimates.

The overall model fit can be assessed statistically by the χ2 test, and
heuristically using a number of goodness-of-fit indices. The χ2 test statistic
is closely related to the log-likelihood ratio χ2 test statistic of goodness of
fit of the model’s Σ(θ) to S:

χ2 = −2 · (logL(H0)− logL(HA)) = (n− 1) · F (θ̂), (B.2)
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where logL(H0) = − 1
2
· (n − 1) ·

{
log|Σ(θ)| + tr(SΣ(θ)−1)

}
is a function of

the observations the logarithm of the likelihood function under the null

hypothesis H0 : Σ = Σ(θ), while logL(HA) = − 1
2
· (n − 1) ·

{
log|S| + q

}
is the logarithm of the likelihood function under the alternative hypothesis
HA of unrestricted Σ, i.e. Σ = S. In large samples, the χ2 test statistic is
approximately distributed as chi-square with df = q(q + 1)/2 −m degrees
of freedom, where q(q + 1)/2 is the number of the unique (nonduplicated)
equations in the variance-covariance matrix of the indicators, and m is the
number of distinct free parameters, i.e. parameters to be estimated. All
statistical packages developed for estimating structural equation models, for
example LISREL, AMOS, the R package sem, provide the observed value
of the model χ2 with the associated p−value. The conventional guidelines
are roughly as follows ([9]):

• if p ≈ 0.1 there is a suggestion of evidence against H0;

• if p ≈ 0.05 there is modest evidence against H0;

• if p ≈ 0.01 there is strong evidence against H0.

As for goodness-of-fit indices, we use here the following ones: a goodness-
of-fit index (GFI ), GFI adjusted for degrees of freedom (AGFI ), and stan-
dardised root- mean-square residual (SRMR). Just as with the χ2-test statis-
tic, the observed values of these three heuristic measures are reported by
most statistical sofware programs aiming at estimating structural equation
models. The GFI is obtained using the following formula ([39]):

GFI = 1− tr(Σ̂
−1
S − I)2

tr(Σ̂
−1
S)2

, (B.3)

and represents the amount of variances and covariances in S that are pre-
dicted by the SEM model. In this sense it is analogous in interpretation
to R2 in multiple regression. The AGFI is essentially GFI that has been
adjusted for degrees of freedom. AGFI is given as ([39])

AGFI = 1− q(q + 1)

2 · df (1−GFI) , (B.4)

where df are the degrees of freedom. Regarding the cutoff values of these
two indices, the following rules of thumb are recommended. The GFI for
good-fitting models should be greater than 0.90, while for the AGFI the
suggested cutoff value is 0.8 ([39]). In contrast to the GFI and AGFI, the
SRMR is rather a ”badness-of-fit index” than a ”goodness-of-fit index”. It
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also ranges between 0 and 1, but 0 indicates perfect fit, while larger values
indicate lack of fit. The SRMR is defined as follows ([23]):

SRMR =

√√√√√√
q∑
i=1

i∑
j=1

[
(sij − σ̂ij)

/
(siisjj)

]2
q(q + 1)/2

, (B.5)

where sij := observed (co-)variances, σ̂ij := reproduced (co-)variances, sii
and sjj := observed standard deviations. According to [23], a cutoff value
close to 0.08 for SRMR indicates a good fit. It is worth pointing out that
it is recommended to use the goodness-of-fit indices for assessing the fit of
a number of competing models fitted to the same data set, rather than the
fit of a single model. Researchers also should pay attention to other aspects
of model fit such as examining parameter estimates to ensure they have the
anticipated signs and magnitudes. Before considering some type of model
modification, other reasons why a model may not fit, such as small sample
size, nonnormality, or missing data, need to be ruled out first ([4]).

Note that the SRMR provides a summary measure of the normalised
residuals, defined as a difference between the sample variance-covariance
matrix S and the estimated reproduced variance-covariance matrix Σ(θ̂).
Normalisation is accomplished by dividing the residuals by their respective
asymptotic standard errors. If a SEM model is rejected, the question then
becomes: How can the SEM model be modified to fit the data? Examining
the normalised residuals can provide hints or clues to what changes can be
made. Large residuals indicate that the hypothesised SEM model is not able
to adequately explain the (co-)variances of the indicators. Normalised resid-
uals that exceed 1.96 or 2.58 in absolute value are considered statistically
significant at the significance level of 5% and 1%, respectively. Ideally, no
more than 5% of normalised residuals should be greater than 1.96. Similary,
no more than 1% should be greater than 2.58.

Another useful tool in the process of model modification is the modifi-
cation indices. Developed by [42], these indices attempt to estimate which
missing paths, if added to the current SEM model, would result in the great-
est reduction of the discrepancy between model and data. The way to use
these indices is to free the fixed parameter associated with the largest re-
duction and reanalyse the resulting model.

As a final remark, let us emphasise that model modifications should first
of all be defensible from the climatological point of view.
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Appendix C

The Fieller confidence region for the ratio of two random
variables

The proposed method 23 is known as the Fieller method of finding the confi-
dence region of the ratio of two normal means ([16]; [8], Sec. 2.4.3). The idea
of the Fieller method is to use a pivotal quantity, that is a function of the
data and parameters whose distribution does not depend on any unknown
parameters.

Let λ1 and λ2 denote two factor loadings of a factor model with q ob-
served variables and p latent factors. Under the assumption of normality of

data, (λ̂1, λ̂2)T are asymptotically jointly normally distributed with mean

vector λ and the covariance matrix Var(λ̂). Thus for large samples we may

assume that (λ̂1, λ̂2)T are approximately normally distributed.

Consider the ratio λ̂1/λ̂2. Because the difference of (approximately)
normal variables is also (approximately) normally distributed, the statistic

λ̂1−(λ1/λ2) · λ̂2 is approximately normally distributed with mean value zero
and the variance

Var
(
λ̂1 − (λ1/λ2) · λ̂2

)
=σ2

λ̂1
+ (λ1/λ2)2 · σ2

λ̂2
− (C.1)

− 2 · (λ1/λ2) · σλ̂1λ̂2
.

Replacing the unknown covariances in (C.1) by their estimates, we obtain

V̂ar
(
λ̂1 − (λ1/λ2) · λ̂2

)
. Taking the square root of the estimated variance,

the following standardised statistic is constructed:

Tλ1/λ2
=

λ̂1 − (λ1/λ2) · λ̂2√
V̂ar

(
λ̂1 − (λ1/λ2) · λ̂2

) (C.2)

Since (C.2) follows approximately the standard normal distribution,

T 2
λ1/λ2

=

(
λ̂1 − (λ1/λ2) · λ̂2

)2
V̂ar

(
λ̂1 − (λ1/λ2) · λ̂2

) , (C.3)

is approximately χ2 distributed with 1 degree of freedom. Consequently,

23This section is a (slightly modified) part of the licentiate thesis of [11].

66



for significance level p∗, the set

{
λ1/λ2.

∣∣∣.
(
λ̂1 − (λ1/λ2) · λ̂2

)2
V̂ar

(
λ̂1 − (λ1/λ2) · λ̂2

) ≤ cp∗ ,} (C.4)

where cp∗ satisfies P (χ2(1) ≤ cp∗) = 1− p∗, gives a 1− p∗ confidence region
for (λ1/λ2). Expression (C.4) is equivalent to the quadratic inequality

a · (λ1/λ2)2 − 2 · b · (λ1/λ2) + c ≤ 0, (C.5)

where a = λ̂22 − cp∗ · σ̂2
λ2

, b = λ̂1 · λ̂2 − cp∗ · σ̂λ1λ2
and c = λ̂21 − cp∗ · σ̂2

λ1
.

The roots of this quadratic are either both real or both complex. In the
first case, the roots are the following:

r1 = −
√

(b/a)2 − (c/a) + (b/a),

r2 =
√

(b/a)2 − (c/a) + (b/a). (C.6)

The key coefficient in (C.5) is the leading coefficient a that represents the
significance of the denominator of the ratio. If a > 0, the hypothesis λ2 = 0
can be rejected at significance level p∗, otherwise it is accepted. Together
with the characteristic of the roots, the sign of a determines the form of the
confidence region for the ratio.

More precisely, if the roots are real and a > 0, the 1 − p∗ confidence
region is the interval between the roots, i.e.

CRλ1/λ2
= (r1, r2) . (C.7)

For a < 0, the confidence region is the complement of (C.7), i.e. it includes
all values outside the roots but excludes the values between the roots:

CRλ1/λ2
= {(−∞, r1) , (r2,+∞)} . (C.8)

Region in (C.8) is usually referred to as ”unbounded/exclusive” region.
Finally, in case of complex roots, inequality (C.5) is satisfied only if a < 0

for all λ1/λ2, which means that the confidence region is the whole real line,
i.e. ”unbounded” region:

CRλ1/λ2
= (−∞,+∞) . (C.9)
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Appendix D

The delta method

A useful means of obtaining the asymptotic (limiting) distributions of func-
tions of the direct effects is the multivariate delta method ([3], p.390, and

references therein). To apply the delta method, let first θ̂ denote a m-
dimensional vector containing model estimates such that they are asymp-
totically jointly normally distributed with a mean of θ and a covariance
matrix COV(θ̂) containing the variances of the estimates down its main

diagonal and the covariances off the diagonal 24. Further, let f(θ̂) be a

function which is differentiable at θ̂ = θ so that it can be expanded in a
first-order Taylor series about θ. Under these conditions the multivariate
delta method states that the asymptotic distribution of f(θ̂) is normal with
a mean of f(θ) and the variance given by

Var(f(θ̂1, θ̂2, . . . , θ̂m)) =

m∑
i=1

Var(θ̂i) · (f ′i(θ))2 + 2 ·
m∑
i=1

m∑
j=i+1

Cov(θ̂i, θ̂j) · f ′i(θ) · f ′j(θ)

(D.1)

where f ′i(θ) denotes the first partial derivative of f(θ̂) with respect to θ̂i,
evaluated at θ = (θ1, θ2, . . . , θm). For large samples, substituting into (D.1)
the sample estimates provides an estimate of the variance of the asymptotic

distribution of f(θ̂):

V̂ar(f(θ̂1, θ̂2, . . . , θ̂m)) =

m∑
i=1

V̂ar(θ̂i) · (f ′i(θ̂))2 + 2 ·
m∑
i=1

m∑
j=i+1

Ĉov(θ̂i, θ̂j) · f ′i(θ̂) · f ′j(θ̂).

(D.2)

Since for large samples

f(θ̂)− f(θ)√
V̂ar(f(θ̂))

approx∼ N(0,1), (D.3)

we can construct an approximate 100(1− p)% confidence interval for f(θ̂)

24Under the normality assumption, COV(θ̂) is equal to 2/n∗ ·
{
E

[
∂2F (θ)
∂θ∂θ′

]}−1
, where

n∗ = n−1, and F (θ) is the discrepancy function that is minimised to obtain ML estimates
(see Eq. (A.2) in Appendix A in Part I).
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as follows:

f(θ̂)± zp/2 ·
√

V̂ar(f(θ̂)), (D.4)

where zp/2 is the 100(1−p/2) percentile of the standard normal distribution.
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