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Abstract

In this thesis, using the principles of confirmatory factor analysis (CFA) and the
cause-effect concept associated with structural equation modelling (SEM), a new
flexible statistical framework for evaluation of climate model simulations against
observational data is suggested. The design of the framework also makes it possible
to investigate the magnitude of the influence of different forcings on the temper-
ature as well as to investigate a general causal latent structure of temperature
data. In terms of the questions of interest, the framework suggested here can be
viewed as a natural extension of the statistical approach of ’optimal fingerprint-
ing’, employed in many Detection and Attribution (D&A) studies. Its flexibility
means that it can be applied under different circumstances concerning such as-
pects as the availability of simulated data, the number of forcings in question,
the climate-relevant properties of these forcings, and the properties of the climate
model under study, in particular, those concerning the reconstructions of forcings
and their implementation. It should also be added that although the framework
involves the near-surface temperature as a climate variable of interest and focuses
on the time period covering approximately the last millennium prior to the in-
dustrialisation period, the statistical models, included in the framework, can in
principle be generalised to any period in the geological past as soon as simula-
tions and proxy data on any continuous climate variable are available. Within the
confines of this thesis, performance of some CFA- and SEM-models is evaluated
in pseudo-proxy experiments, in which the true unobservable temperature series
is replaced by temperature data from a selected climate model simulation. The
results indicated that depending on the climate model and the region under con-
sideration, the underlying latent structure of temperature data can be of varying
complexity, thereby rendering our statistical framework, serving as a basis for a
wide range of CFA- and SEM-models, a powerful and flexible tool. Thanks to
these properties, its application ultimately may contribute to an increased con-
fidence in the conclusions about the ability of the climate model in question to
simulate observed climate changes.

Keywords: Confirmatory Factor Analysis, Measurement Error models, Structural
Equation models, Wald confidence interval, Fieller confidence set, Climate model
simulations, Climate forcings, Climate proxy data, Detection and Attribution.
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Part A
Let us start with outlining the structure of Part A. Sec. 1 is devoted to
describing key climatological definitions, needed for understanding the inter-
pretation of the statistical models, considered in the present doctoral thesis.
To this end, we use the Introduction from the licentiate thesis, which con-
stitutes the first part of Part B. This is done in order to avoid superfluous
repetitions, although some repetitions are still unavoidable because each of
the three subsequent papers in Part B also contains some of the definitions
presented here. The Introduction is used in its original form without any
changes, unless otherwise stated. In Sec. 2.1, we give a general definition
of a structural equation model (SEM), constituting a basis for all statisti-
cal models employed in the present thesis. Presenting further a very brief
account of the disciplinary roots of structural equation modelling (Sec. 2
2), an overview of the basic concepts and definitions of SEM is presented in
Sec. 2.3. Given this background, the most important models for our study
are described in Sec. 2.4. The main contributions of this thesis are sum-
marised in Sec. 3, while an overview of the licentiate thesis and the papers,
henceforth referred to as Paper I, Paper II and Paper III, is given in Sec. 4.

1 Introduction: climatological definitions

Current trends in the climate with increasing frequency and severity of ex-
treme events such as heat waves, droughts, flooding events and storms makes
the issue of sustainable development of our society one of the vital questions
for governments and communities in all parts of the world. Although the
concept of sustainable development, including such elements as economic
growth, eradication of poverty, environmental protection, job creation, se-
curity, and justice ([40]) can have different goals in different countries, the
joint achievement of these goals is closely related to the climate and its
variations. While some climate changes can be beneficial for human and
economial development, other can be disruptive for a sustainable future.

To understand and predict the future climate variability it is crucial to
understand not only how the climate varied in the past and how it varies
now but also the mechanisms behind the climate system variability. An im-
portant tool to help us understand how the climate system works is climate
models. Prior to defining a climate model, some climatological notations
and definitions need to be introduced, and we start with the definition of
climate and the climate system structure. Two main sources have been used

11



throughout the whole introductory section: [14] and [27].
Climate is traditionally defined as the description, in terms of the mean

and variability over a 30-year reference period, of the relevant atmospheric
variables (e.g. temperature, precipitation, winds). In a wider sense, it is
the statistical description of the climate system. The climate system con-
sists of five major components: the atmosphere, the hydrosphere, that is the
water on and underneath the Earth’s surface (ocean, seas, rivers, lakes, un-
derground water), the cryosphere, that is the portion of the Earth’s surface
where water is in solid form (sea ice, lake and river ice, snow cover, glaciers,
ice caps and ice sheets), the land surface and the biosphere. All these com-
ponents are in turn components of the broader system, the Earth system,
which also includes geological processes, such as plate tectonics, that can be
of importance for climate on very long time scales of millions to hundreds
of million years. Hence, the understanding of numerous processes, taking
place in each component of the climate system, and possible interactions be-
tween them requires the understanding of factors that have triggered these
processes.

Usually factors that influence the climate system fall into two separate
categories: external factors and internal factors. Examples of external fac-
tors are changes in solar radiation or in the orbital position of the Earth.
Internal factors, as indicated by their name, are factors internal to the cli-
mate system itself. Ocean and atmosphere circulation and their variations
and mutual interactions are examples of processes that are clearly internal
to the climate system. Moreover, they are of natural character. Another in-
ternal factor, inducing natural climate changes, is volcanism. On short time
scales, volcanic eruptions affect climate during a few years after an erup-
tion through the release of small particles and various chemical compounds
several tenths of kilometers up in the atmosphere. These particles interact
with incoming solar radiation and also affect cloud properties and thereby
affect climate until they have been washed out by precipitation, but climate
does not interact with the volcanism on these time scales.

Beside natural internal factors, there exist internal factors that are of
anthropogenic character, i.e. causing human-induced changes. The most
prominent example of anthropogenic climate influence is the ongoing re-
lease of carbon dioxide to the atmosphere, primarily by burning fossil fuels
and cement production. Other examples of human influence on climate are
the emissions of aerosols through various industrial and burning processes,
changes in land-use and the depletion of stratospheric ozone through emis-
sions of halocarbons.

As a matter of fact, it is sometimes difficult to draw a clear boundary
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between external and natural internal factors. The distinction really de-
pends upon the time- and space-scales considered. For instance, whether
the human influence should be considered as an external or internal factor
would depend on how one conceptualises the problem of current interest,
but in many situations human climate influence is considered as an external
factor, and the same holds for volcanism.

In order to compare the magnitude of the changes in different factors and
to evaluate their effect on the climate, it is often convenient to analyze their
impact on the radiative balance of the Earth. The net change in the Earth’s
radiative balance at the tropopause (incoming energy flux minus outgoing
energy flux) caused by the change in a climate factor is called a climate (ra-
diative) forcing. Radiative forcings are measured in Wm−2 and they may
vary depending on the spatial and temporal scale under consideration.

So in addition to being classified, depending on their origin, as external
or internal, natural or anthropogenic, forcings can be negative or positive
in comparison with a previous state. An example of a positive forcing is
the increase in the atmospheric concentration of carbon dioxide since 1750,
of which most is certainly due to human factors. The contribution from
carbon dioxide alone is estimated to be +1.68 Wm−2, with an uncertainty
of +1.33 to +2.03 Wm−2 1 ([19], p. 13). The total forcing from all green-
house gases is +3.00 Wm−2, with uncertainty +2.22 to +3.78 Wm−2, while
the total anthropogenic radiative forcing for the year 2011 relative to 1750
has been estimated to be +2.29 Wm−2 on average across the globe, with
an uncertainty lying in the range +1.13 to +3.33 Wm−2. An example of a
negative radiative forcing is the forcing associated with increased amounts
of sulphate aerosols in the atmosphere, which can be both natural (explo-
sive volcanic eruptions) and anthropogenic (fossil fuel burning, in particular
coal burning). The main effect of sulphate aerosols is the scattering of a
significant fraction of the incoming solar radiation back to space, which in-
duces a local warming in the stratosphere and a cooling below, but they
also affect clouds and thereby affect climate by changed cloud properties
and cloud amounts. According to [19], the current total radiative forcing
from all kinds of aerosols in the atmosphere is negative: –0.9 Wm−2, with
uncertainty –1.9 to –0.1 Wm−2.

1According to [19], p. 13, when calculating radiative forcing for well-mixed greenhouse
gases and aerosols, it is allowed that physical variables, except for the ocean and sea ice,
respond to perturbations with rapid adjustments. The resulting forcing is called Effective
Radiative Forcing in [19]. For all drivers other than well-mixed greenhouse gases and
aerosols, rapid adjustments are less characterized and assumed to be small and thus the
traditional radiative forcing is used. Note that this footnote was not included in the
original version of this section, taken from the licentiate thesis.

13



Powerful tools to investigate the effect of changes on the climate sys-
tem and to produce scenarios for future climate changes are climate models.
Based on physical, biological and chemical principles, climate models can be
defined as a system of partial differential equations that represents the pro-
cesses in the climate system. In constructing a model of the climate system
the following components are of importance:

1. Radiation - the way in which the input of solar radiation to the at-
mosphere or ocean and the emission of infrared radiation are handled,
e.g. through absorption and scattering;

2. Dynamics - the movement of energy around the globe by winds and
ocean currents and vertical movements (e.g. small-scale air turbulence
and deep-water formation);

3. Surface processes - inclusion of the effects of sea and land ice, snow,
vegetation and the resultant change in albedo2, surface-atmosphere
energy and moisture interchanges;

4. Chemistry - the chemical composition of the atmosphere and the inter-
actions with other components (e.g. carbon exchanges between ocean,
land and atmosphere);

5. Resolution in both time and space - the timestep of the model and the
horizontal and verical scales resolved.

In practice, it is impossible to construct a climate model that can completely
represent all processes at the time scales they are associated with. More-
over, some processes are still not sufficiently known to include their detailed
behaviour in models. Therefore, the concept of parametrization of processes
is a key concept within climate modeling. The time-scale being modelled
determines the relative importance of processes and in what way they should
be parameterized. The simplest form is the null parameterization where a
process, or group of processes, is ignored. By intentionally neglecting some
processes it is possible to identify the role of a particular process clearly or
to test a hypothesis. In addition, unnecessary computing time will not be
spent on processes that can be represented in simpler form. Depending on
the time-scale on which other more important processes (for a particular
situation) have been modelled explicitly, a particular process can be fully
prescribed in form of a fixed boundary condition or can evolve interactively,

2From the Latin albus, meaning white. It is the reflected fraction of incident radiation.
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for example the topography of the ice sheet in a model designed to study cli-
mate variations on a longer time scale. Representations of external forcings
in climate models are similarly handled. They can be either represented by
their reconstructions or directly computed if a model includes a representa-
tion of a corresponding process. In sum, parameterizations are usually not
valid for all possible conditions, so that there is inherent uncertainty in the
results.

In addition to being characterized by the number of components/processes
that are represented interactively, climate models can also be characterized
by the complexity of the processes that are included. The wide range of
climate models includes

• simple Energy Balance Models (EBMs). They are often zero- or one-
dimensional models, typically predicting the surface (strictly the sea-
level) temperature as a function of the energy balance of the Earth.
But the way in which radiation is absorbed, transferred and re-emitted
by the atmosphere is heavily simplified by means of parametrization
of those processes;

• Earth Models of Intermediate complexity (EMICs) deal explic-
itly with surface processes and dynamics, often in a zonally averaged
representation of the atmosphere and the ocean. They can be of vary-
ing degree of complexity and even be three-dimensional, where some
particular components of the climate system may be described in great
detail;

• Coupled Climate Models. They are complex fully coupled three-
dimensional models of the atmosphere and ocean incorporating other
components such as the sea ice, the carbon cycle, ice sheet dynamics
and even atmospheric chemistry. The core of these models is a Gen-
eral Circulation Model (GCM) that describes the three-dimensional
atmosphere and ocean dynamics. Separate models for the other com-
ponents of the climate system are coupled to the GCM through a
model coupler. Such coupled models are often called Earth System
Models (ESMs) or Coupled Global Climate Models (CGCMs).

Depending on the objective, one type of models could be selected. On the
other hand, it is not unusual that the results from various types of mod-
els are combined in climate research. Enhanced computational and storage
capacity of computers have led to the idea of ’ensemble runs’ of the same
model. In such experiments, the modellers let the external forcings be the
same for all runs, but carefully perturb initial conditions for each model
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run, producing an ensemble set. Such experiments help place limits on the
variation in climate. The availability of ensembles is also valuable from the
statistical point of view because a simulation ensemble corresponds to a set
of replicates in statistical terminology.

When a climate model is developed, it has to be tested to assess its
quality and evaluate its performance. A first step is to ensure that the nu-
merical model solves the equations of the physical model adequately. This
procedure, often referred to as verification, only deals with the numerical
resolution of the equations in the model, not with the agreement between
the model and reality. It checks that no coding errors have been introduced
into the program.

The next step is the validation process, i.e. determining whether the
model accurately represents reality. To do this, the model results have to be
compared with observations obtained under the same conditions. In partic-
ular, this implies that data input must be correctly specified to represent the
observed situation. The agreement should be related to the intended use of
the model. This could be done more or less intuitively by visually compar-
ing maps or plots describing both the model results and the observations.
Another way to compare is to define an appropriate metric, for example a
simple root mean square (RMS) error:

RMS =

√√√√ 1

n

n∑
k=1

(Tk,model − Tk,obs)
2
,

where k represents grid points for which observations are available, k =
1, 2, . . . , n, Tk,model is the climate model variable of interest, for example the
model annual mean surface temperature at point k, and Tk,obs is then the
observed annual mean surface temperature at point k. The RMS errors of
different variables can be combined in various ways. It is also important
that the model data-comparison should also take into account the errors or
uncertainties in both the model results and the observations. Errors in the
observations can be related to the precision of the instruments or to the way
individual observations have been used to construct gridded data set. One
may also treat the internal variability of the climate system as errors in this
context.

An important stage in the development of climate models, and also in
investigations aimed to understand properties of the real climate system, is
a series of sensitivity tests. The behaviour of modelled climate systems is
examined by altering one component, which enables us to study the effect

16



of this change on the model’s climate. Usually sensitivity is described as a
unit of response per unit change in a known forcing.

Because the modern instrumental climate record is very short compared
to the geological history of the Earth, the available instrumental observa-
tions do not cover the full range of variability that a climate model should
be able to represent. Therefore, many studies were devoted to comparison
of climate model simulations with paleodata for different past climate situ-
ations (see examples in [38], [7], [6]). The common feature of the methods
applied is that they involve the observed output from the real world climate
system, as recorded in the climate proxy data, and the observed output from
the simulated climate system.

Recently a new statistical framework for evaluation of climate model
simulations against a diverse set of climate proxy series has been developed
by [37] (hereafter referred to as SUN12). This framework was specifically
developed to suit the comparison of simulations and proxy data for the rela-
tively recent past of about one millennium, when a large number of climate
proxy data series having annual resolution exist and when many simulations
with different coupled global climate system models have already been per-
formed ([33]).

The distinctive feature of this framework is that it treats the real climate
system and the simulated climate in terms of unobservable temperature
changes caused by external and internal factors. This gives an opportu-
nity to develop new methods of evaluating climate models in addition to
those that are already widely applied. Indeed, apart from the correlation
and distance test-statistics, developed in SUN12, the framework provides
a theoretical basis for evaluation of climate model simulations by compar-
ing the amplitude of an unobservable simulated forcing effect, caused by a
particular (reconstructed) forcing that constitutes a forcing history of the
climate model under consideration, with the amplitude of an unobservable
real-world forcing effect caused by the real-world counterpart of the recon-
structed forcing. Agreement in the amplitudes is interpreted then as the
agreement between the real-world forcing and its reconstruction.

The first step in this direction was recently taken by [39] by analyzing
a certain type of the measurement error (ME) model, formulated on the
basis of the statistical framework of SUN12, by Bayesian methods. Since
our own analysis is also based on this statistical framework, a comparison of
the suggested methods is of interest. Without aiming to perform a detailed
evaluation of the analysis carried by [39], we will present a brief theoretical
comparative discussion in Sec. 2.3.3 in the licentiate thesis.

It should be remarked that the concept of latent variables is not new
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within climate research. A prominent example of its application is the op-
timal fingerprinting framework used in Detection and Attribution (D&A)
studies ([28], [17], [18]), seeking to identify the latent forced response in
temperature reconstructions. In Sec. 2.3.3 in the licentiate thesis, we also
elucidate the link between our methods and one of the methods used in the
D&A studies.

At this point, we may move on to the theoretical part of our analysis
by starting with the description of the statistical framework formulated in
SUN12. As in SUN12, the entire discussion here is made bearing in mind
the properties of data being available for the last millennium or so. Never-
theless, the statistical models discussed here are general and should also be
valid for other time periods extending further back. However, whether they
have any practical value or not, depends on whether the available climate
model simulation and climate proxy data allow them to be used or not.

2 Statistical background and overview of sta-
tistical models of interest

As follows from the introductory section Sec. 1 and from the title of the
thesis, our main goal is to suggest statistical latent factor models for evalua-
tion of climate model simulations against observational data. By flexibility,
we mean first of all that these statistical models can be applied under differ-
ent circumstances concerning such aspects as the availability of simulated
data, the number of forcings in question, the climatological properties of
forcings, and the properties of the climate model under study. It should
also be added that although we focus on the near-surface temperature as
a climate variable of interest and confine our attention to the time period
covering approximately the last millennium prior to the industrialisation
period, statistical models suggested here can be generalised to any period in
the geological past as soon as simulations and proxy data on any continuous
climatic variable are available.

2.1 A general definition of Structural Equation Model
(SEM)

All statistical models considered in this thesis belong to one and the same
class of models known as structural equation models (SEM) with latent
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variables. The full SEM model is represented by three equations ([20]):

Latent variable model: η = Bη + Γξ + ζ
Measurement model for y : y = Λyη + ε
Measurement model for x : x = Λxξ + δ

(2.1)

where
η an m× 1 vector of latent endogenous variables;

ξ an n× 1 vector of latent exogenous variables;

ζ an m× 1 vector of latent (random) errors in equations;

B an m × m matrix of coefficients, representing direct effects of η-
variables on other η-variables. B always has zeros on the diagonal,
which ensures that a variable is not an immediate cause of itself, and
I −B is non-singular;

Γ an m × n matrix of coefficients, representing direct effects of ξ-
variables on η-variables;

y a p× 1 vector of observed indicators of η;
x a q × 1 vector of observed indicators of ξ;
ε a p× 1 vector of measurement errors for y;
δ a q × 1 vector of measurement errors for x;
Λy a p×m matrix of coefficients relating y to η;
Λx a q × n matrix of coefficients relating x to ξ.

Distributional properties of the random variables involved will be further
described for each statistical model of interest separately.

The full SEM subsumes many models as special cases, whose develop-
ment was engendered by various substantive problems faced by researchers
within individual disciplines. In what follows, we give a very brief overview
of advances in the history of structural equation modelling. Examples of
more comprehensive discussions are available from the perspective of biol-
ogy (see e.g. [35]), psychology (e.g. [3]), sociology (e.g. [4]), and economics
(e.g. [1]).

2.2 A (very) brief historical account of the disciplinary
roots of SEM

Within population genetics, the history of SEM can be traced back into 1918,
when Sewall Wright, a young geneticist, published the first application of
path analysis, which modelled the bone size of rabbits ([26]). He invented
a graphical method of presenting causal relations using path diagrams (we
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describe the features of path diagrams in detail in Paper II). Largely ignored
in the 1930s not only in biology but statistics as well, in the 1950s, Wright’s
path models became foundational for much of population genetics ([24]).

In econometrics, the structural equation approach is represented by si-
multaneous equation models and error-in-variables (or measurement error)
models. Key contributions are usually attributed to T. Haavelmo, who spec-
ified a probability model for econometric models ([15], [16]).

In psychology, SEM is represented by factor models, originally developed
by Spearman in 1904 ([36]) to model the links between student performance
and intelligence. Nowadays, the technique of analysing data, suggested by
Spearman, is referred to as exploratory factor analysis (EFA). The main
feature of EFA is that the underlying structure is not assumed to be known or
specified a priori. Also, no causal relations between latent factors themselves
are modelled. The relations between latent factors are correlations, if they
exist. This feature is also characteristic for the another major factor analysis
technique, known as confirmatory factor analysis (CFA), which is applied
within this thesis along with the full SEM model.

In contrast to EFA, CFA presupposes that the investigator has certain
hypotheses about which factors are to be involved and which restrictions on
the parameter space it implies. Depending on hypotheses, values of some
model parameters, e.g. coefficients or variances of errors 3, can be specified
in advance. The foundations of CFA was laid by a Swedish statistician Karl
Jöreskog ([21], [22], [23]).

Inspired by the work of [12], K. Jöreskog presented a single mathematical
model combining features of both econometrics and psychometrics ([13]),
i.e. the full SEM model in (2.1). Together with Dag Sörbom, K. Jöreskog
also developed a computer program for its empirical applications, known
as LISREL (LInear Structural RELationships). Therefore, the full SEM
model in (2.1) is often referred to as the LISREL model, while its notations
are referred to as LISREL notations. A quasi-Newton ML algorithm for
estimating the SEM model, suggested by K. Jöreskog and known as the
Fletcher-Powell algorithm, is used in most of the leading programs designed
to perform CFA. To name a few, Amos ([2]), EQS ([8]), the R package sem
([9]).

The present thesis substantiates that applications of SEM models within
climatological science are also highly motivated due to their ability (1) to
take into account uncertainties both in simulated and observational data,
and (2) to examine underlying causal relationships of varying complexity.

3In the context of factor analysis, coefficients are typically referred to as factor loadings,
while errors as specific factors.
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2.3 Basic concepts and definitions of SEM

A distinct feature of SEM models is that, as opposed to many statisti-
cal methods emphasising the modelling in terms of individual observations,
SEM modelling procedures emphasise the covariance matrix of the observed
variables. According to [5] (Ch. 1), the fundamental hypothesis of structural
equation modelling is that the population covariance matrix of the observed
variables, Σ, can be written as a function of model parameters, i.e.

Σ = Σ(θ), (2.2)

where θ denotes a vector of model parameters and Σ(θ) is the model’s re-
produced (or implied) variance-covariance matrix written as a function of
θ.

To construct the latter, the relations between all model variables, ob-
served and latent, are to be represented in linear structural equations (lin-
ear by assumption), linking variables by θ. Depending on the researcher’s
hypothesis, parameters in θ can be specified in one of three ways: (1) as
fixed parameters whose values are prespecified, (2) as equally-constrained
parameters, meaning that they are unknown but equal to one or more
other parameters, and (3) as free parameters that are unknown and not
constrained to be equal to any other parameter. Different parameter re-
strictions correspond to different structural equation systems, i.e. different
implied variance-covariance matrices.

Given the explicitly constrained parameters of the model, estimation of
free parameters is accomplished by minimising the discrepancy between the
sample covariance matrix, S, and the covariance matrix predicted by the
model, Σ(θ̂). In terms of the hypothesis in (2.2), replacing Σ by its esti-

mate S, and Σ(θ) by Σ(θ̂) means that when estimating free parameters,
we simultaneously assess whether the difference between the sample and
predicted covariance matrices is a null or zero matrix 4. Clearly, failure to
reject (2.2) is desired, as it leads to the conclusion that the hypothesised
model is consistent with the data.

Rejecting the hypothesised model, however, does not imply that there
exists only one specific alternative SEM model. Since the alternative hy-
pothesis assumes unrestricted Σ, i.e. Σ = S, a large number of models with
such a perfect fit to the data can be formulated (although only a few of them
can reflect a subjective view of the researcher). A key feature of models with

4Under the assumption of the normality of data, probabilistic inferences about the
degree of fit are possible, although this may require fairly large samples.
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a perfect fit to the data is that each of its free parameters can be uniquely
determined from the equations in the system of equations Σ = Σ(θ), given
Σ, fixed parameters and constraints. Therefore, each parameter of such
models and the models themselves are called just-identifed ([5], [29]). Even-
tually, we have come to one of the critical concepts of structural equation
modelling, namely the concept of identification.

Being closely related to the ability to estimate the parameters of a model
from a sample generated by the model, identification is not a problem of too
few cases, i.e. observations. The population covariance matrix is the source
of identified information. If a parameter can be determined from the equa-
tions in Σ = Σ(θ), this parameter is identified.

Imposing additional constraints on the model parameters may lead to
overidentification, meaning an excess of identifying information in Σ =
Σ(θ). We say that a parameter θi is overidentified if more than one distinct
subset of equations in Σ = Σ(θ) may be found that is solvable for θi. If
at least one free parameter of a model is overidentified, while the remaining
ones are just-identified, we say the model is overidentified. In sum, a free
parameter is identified if it is either just-identified or overidentified. On the
other hand, we say that a parameter is underidentified if it is not identified.
A model is underidentified if at least one of its parameters is underidentified.

An alternative definition of identification ([5], [10]), referred to in the li-
centiate thesis, states that the parameter θi in θ is identified if no two values
of θ, say θ1 and θ2, belonging to the space of possible parameter values Θ,
for which θi differ, lead to the same sampling distribution of the indicators.
If θ1 �= θ2, while Σ(θ1) = Σ(θ2), then θ is not identified. The model is
identified if and only if every element of θ is identified.

The easiest test to discover underidentified models is to apply a necessary
but not sufficient condition of identification, known as the t-rule ([5], Ch.
4). This rule states that the number of unique (nonduplicated) elements
in the covariance matrix of the observed variables must be greater than or
equal to the number of unknown free parameters in θ.

However, by virtue of being a necessary condition, the t-rule does not
guarantee identification even if its conditions are met. To be able to resolve
the identification problem, one needs to examine the equations in Σ = Σ(θ).
Note that it is not necessary to solve the equations, only to determine which
of the parameters can be solved and which cannot. But for complex SEM
models, even this may be burdensome and error-prone. Therefore, several
additional procedures for assessing identification have been devised. Re-
searchers may examine the structure of the B and Γ matrices from (2.1)
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(see e.g. [5], [31]) 5, or use empirical tests for identifiability (the latter ones
will be described in Paper II).

Just-identified models, although estimable, are not very informative be-
cause they will perfectly reproduce the data, making attempts to assess the
model fit logically unmotivated. These models can only be used as a basis
for comparison in the testing of more constrained (overidentified) models.
Under the assumption of the normality of data (assumed throughout the
whole thesis), the discrepancy is measured with a function closely related
to the log-likelihood ratio. Provided that the solution for the hypothesised
(overidentified) model is proper and interpretable, the degree of fit between

S and Σ(θ̂) can be assessed statistically by the χ2 goodness-of-fit test statis-
tic, and heuristically using a number of goodness-of-fit indices (more about
this topic is discussed in the licentiate thesis and in Paper I and III).

2.4 Statistical models of interest

Let us begin by describing the common questions that can be addressed by
the statistical models considered within the present thesis. Depending on
their structure, their application enables us to investigate:

Q. 1 whether the simulated overall forcing effect of all forcings included
in the combination of interest is correctly represented in the cli-
mate model under consideration, compared to its real-world coun-
terpart, embedded in observations, and

Q. 2 the magnitude of the overall effect of all forcings included in the
combination of interest on the observed/reconstructed tempera-
ture,

or

Q. 1a whether the individual forcing effect of a given forcing is correctly
represented in the climate model under consideration, compared
to its real-world counterpart, embedded in observations, and

Q. 2a the magnitude of the individual effect of a given forcing included
in the combination of interest on the observed/reconstructed tem-
perature.

5Here, we can mention the Null B rule, or the Recursive rule, or Rank and Order Con-
ditions. However, their application within the present thesis was not so useful because
they do not take into account the presence of equality-constraints and possible restrictions
placed on the variances of the error-variables, denoted ε and δ in (2.1). Identifiability
status of the statistical models analysed was determined on a case-by-case basis by ex-
amining first the associated implied variance-covariance matrix and by applying further
empirical tests.
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In what follows, we give the basic definitions of the statistical models, em-
ployed in the present thesis either in their original form or in a modified
one. To this end, the notations of (2.1) are used. Note that they do not
necessarily coincide with those used in the present doctoral thesis.

Statistical model 1: Factor Model with one latent variable and two indi-
cators (abbr. FA(2,1)) {

x1 t = λx1 · ξ t+ δ1 t,

x2 t = λx2 · ξ t+ δ2 t.
(2.3)

where (ξt, δt) ∼ NI
[
(0,0)′, block diag(σ2

ξ ,Σδδ)
]
, where σ2

ξ > 0 and ∼NI is

an abbreviation for ”distributed normally and independently”. All variables
are given in mean-centered form so that intercepts terms do not enter the
equations. The latent factor ξ represents a latent forcing effect on the tem-
perature, or stated another way, a latent temperature response to a given
forcing. Note that the forcing can be either of a single type or a combination
of forcings.

Suppose that a set of restrictions, leading to just-, or over-identifiability,
are imposed. Assume further that this set of restrictions presupposes the
fixing one of the λ-coefficients to 1. This transforms the FA(2,1)-model into
a Measurement Error (ME) model with a single latent variable, for example,{

x1 t = λx1 · ξ t+ δ1 t,

x2 t = ξ t+ δ2 t.
(2.4)

The ME specification was utilized in many Detection and Attribution (D&A)
studies, mentioned in the Introduction. Paper I (Sec. 2) examines in detail
the assumptions of ME models used in D&A studies. In Sec. 5, this is used
to motivate the usage of factor models as an alternative statistical tool for
addressing the questions posed in D&A studies. Note that in D&A studies,
the ME model with a single latent variable is associated only with an overall
effect of a combination of forcings, i.e. with Q.1-2. In addition, ξ represents
there a simulated overall temperature response to reconstructed forcings,
included in the combination of interest.

The ME specification is also suggested by SUN12, but in contrast to D&A
studies, SUN12 justifies its usage even with respect to individual forcing ef-
fects, which enables addressing Q.1a-2a. This, of course, changes the struc-
ture of the error variables, requiring other identifiability assumptions than
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those imposed in D&A studies. Moreover, within the SUN12 framework,
the latent factor ξ represents a true temperature response to a real-world
forcing(-s), which changes the interpretation of the remaining variables in
(2.4) accordingly.

Statistical model 2: Factor model with q indicators and n latent factors,
abbr. FA(q,n),

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x1 t = λx1 1 · ξ1 t + λx1 2 · ξ2 t + . . . + λx1n · ξn t + δ1 t,

x2 t = λx2 1 · ξ1 t + 0 · ξ2 t + . . . + 0 · ξn t + δ2 t,

x3 t = 0 · ξ1 t + λx3 2 · ξ2 t + . . . + 0 · ξn t + δ3 t,

...
...

...
...

...
...

xq t = 0 · ξ1 t + 0 · ξ2 t + . . . + λxq n · ξn t + δq t,

(2.5)

where (ξt, δt)
′ ∼ NI

[
(0,0)′, block diag(Σξξ,Σδδ)

]
. All variables are given

in mean-centered form so that intercepts terms do not enter the equations.
A key feature of the FA(q, n)-model is that each latent factor is associated
with only two observed variables, serving as indicators of the latent factor.
Moreover, one of these indicators, namely x1, is a complex indicator, mean-
ing that it is an indicator for several latent factors.

By setting all coefficients except those associated with the complex in-
dicator x1 to 1, the FA(q, n)-model can be transformed into an ME model
with a vector of explanatory variables. Such ME models were used in D&A
studies to investigate individual influences of the forcings of interest on the
temperature, or more precisely to address the questions Q.1a-2a. Within the
present thesis, namely in Paper I, the FA(q, n)-model was used as a basis
for constructing more complex factor models, allowing the inclusion of at
least one latent factor representing the latent temperature response(-s) to
possible interactions between the forcings in question. This was achieved by
using simulated temperatures, generated by various multi-forcing climate
models, as additional complex indicators of latent temperature responses.

Concerning the relationships between the latent factors, we see that a
distinct feature of the common-factor model is that the relations other than
their correlations (or lack of correlations) are not examined. ME models
used in D&A studies always assume that all latent temperature responses
are correlated to each other, which is a typical way of reasoning in regression
models. In our opinion, the impossibility to set some correlations to zero
a priori prevents researchers from endowing latent temperature responses
with interpretations reflecting climate-relevant features of the underlying
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forcings. As elucidated in Part I, moving from the ME model specification
to the factor model makes the introduction of such restrictions and the es-
timation of resulting models straightforward.

Further, discussing climatological properties of forcings led us to the idea
that relating latent factors exclusively through correlations may be insuffi-
cient and unjustified for describing the relationships among all latent tem-
perature responses. Realising that some processes in the climate system can
be viewed as effects of other processes or climate factors (through changes
in the temperature), we argued in Paper II for the application of structural
equations models, allowing us to move beyond correlations to cause-effect
relationships among factor model variables.

Statistical model 3: The general Structural Equation Model given in (2.1)

where the normality of data is still assumed. In addition to the distribu-
tional assumptions of the FA(q, n)-model, the following assumptions are to
be made: (i) ζ, also mean-centered and associated with the covariance ma-
trixΨ, is uncorrelated with ξ, and (ii) ζ, ε, and δ are mutually uncorrelated.

Importantly, when formulating a SEM model on the basis of the factor
model in (2.5), we do not introduce additional latent factors corresponding
to η-variables in (2.1). Instead, some ξ-variables, viewed as latent exoge-
nous variables under the factor model specification, become latent endoge-
nous variables. From the climatological and climate modelling points of
view, such a transformation is justified (i) when changes in a certain compo-
nent/process of the climate system can be both of natural and anthropogenic
origin, for example, changes in vegetation and in the levels of greenhouse
gases, and (ii) when climate model simulations driven by the correspond-
ing natural and anthropogenic forcings separately are not available, that is,
when there exists no indicator of each type of the temperature response,
but instead an indicator of a joint temperature response to both types of
changes is available. From the statistical point of view, this implies that a
latent temperature response, interpreted in a factor model as purely anthro-
pogenic, transforms from a one-component exogenous variable into a two-
component endogenous variable, whose variability can be explained by the
remaining exogenous variables, representing temperature responses of nat-
ural or anthropogenic character. More precisely, the relation between such
joint two-component latent temperature responses and other one-component
temperature responses is studied by means of regression models, where one-
component temperature responses to natural forcings are viewed as ’causes’
of natural components of these joint temperature responses, while their an-
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thropogenic components have to be modelled as disturbance terms, denoted
ζ in (2.1). Obviously, the latter prevents us from analysing statistically pos-
sible systematic effects of anthropogenic components: their contribution to
the variability of the associated joint temperature responses can be assessed
only by judging the significance of their variances. However, this drawback
can be overcome when climate model simulations driven by the correspond-
ing natural and anthropogenic forcings separately are available.

In sum, reasoning in the spirit of SEM models, combining the features
of factor and regression analysis, allows statistical modelling and investi-
gation of many relationships not possible within factor analysis. First, in-
troducing causal relationships between latent variables themselves permits
us to reflect the idea that some processes in the climate system are phys-
ically dependent on the external natural forcings such as the solar, orbital
and volcanic forcings. Examples of such physically dependent processes are
natural changes in vegetation and in the levels of greenhouse gases, which
are obviously coupled to the above-mentioned natural forcings. Further, it
should be added that SEM models enable us to to reflect the idea that not
only the forcings but also internal factors may influence the temperature by
causing changes in physically dependent climate processes. This is achieved
by letting observed variables affect those joint two-component latent tem-
perature responses, which in addition allows us to express the idea that the
changing climate itself can be a cause of subsequent climate changes.

3 Conclusions

The main aim of this thesis is to develop a statistical framework for eval-
uation of climate model simulations against observational data with a par-
ticular focus on the ability to make statistical inferences about influences of
different climate factors on the temperature. To this end, the two already
existing statistical frameworks, both mentioned in Sec. 1, were first exam-
ined. The first one, known as ’optimal fingerprinting’, is associated with
the so-called Detection and Attribution (D&A) studies, while the second
framework, SUN12, has been developed by [37].

A thorough comparative analysis of the theoretical properties of these
two frameworks gave rise to the idea that their further extensions can be
achieved by taking climatological properties of the forcings considered into
account. From the statistical modelling viewpoint, this motivated the use
of factor models instead of Measurement Error models, which is a statistical
technique both frameworks are based on. For this purpose, a specific type of
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factor analysis known as confirmatory factor analysis (CFA) is considered
as the most suitable choice. The strength of CFA consists in providing a
possibility to test specific theories for substantive phenomena and to rule
out competing theories. This is achieved by prespecifying a specific pattern
of parameters reflecting only one theory.

Although our knowledge about the climate system is not complete, we
argue in the thesis that it is absolutely feasible to formulate a priori ex-
pected relationships between factor model variables, in particular between
latent factors representing latent temperature responses to the forcings in
question. Another example of prespecified hypotheses concerns zero val-
ues for parameters associated with latent temperature responses to forcings,
whose influence of the temperature is expected to be negligible during the
time period and seasons of interest. Statistically, the main advantage of
such specifications is the increased stability of estimation procedures, and
as a result, the increased confidence in the conclusions drawn.

Another advantage of reasoning in terms of factor analysis is the pos-
sibility to investigate the effect of possible interactions on temperature.
Hence, this thesis provides an additional approach to addressing the ques-
tion whether the forcings act additively beside those suggested earlier by
D&A researchers (see, for example, [11], [25], and [34]).

Finally, the discussions in this thesis elucidate that climatological prop-
erties of forcings are of particular importance for providing unambiguous
climatological interpretations of joint two-component temperature responses
that can be both of anthropogenic and natural origin. Examples of climate
processes that can give rise to joint two-component temperature responses
are changes in the concentrations of greenhouse gases in the atmosphere,
and changes in vegetation/land cover. Within the simulated climate sys-
tem, difficulties with interpretations emerge when separate reconstructions
of human-induced and natural changes do not exist, meaning that climate
model simulations driven by separate reconstructions do not exist either.
Instead, there are climate model simulations, driven by reconstructions of
forcings containing the information of both types of changes. As a result,
effects of both types of changes on the temperature are coupled together
within a single latent temperature response.

This led to deeper discussions of climatological character, in which nat-
ural changes in complex climate processes were viewed as effects of other
(physically independent) natural climate factors such as the incoming solar
radiation, changes in the orbital position of the Earth and volcanic erup-
tions. Realising that the statistical modelling of such relationships requires
a movement from correlations to causation, a major part of the thesis is de-
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voted to the formulation of appropriate structural equations models capable
of modelling cause-effect relationships between latent factors. In the course
of the development process, it was also realised that structural equation
modelling enables researchers to reflect the idea that the changed climate
itself can be a cause of subsequent changes in the climate system. This is
achievable by letting observed variables influence latent variables.

Compared to ME models and factor models, the SEM approach is defi-
nitely a more sophisticated statistical technique, whose applications require
multidisciplinary collaboration between statisticians, palaeoclimatologists
and climate modellers. Such collaboration can be considerably facilitated
by expressing complex conceptual hypotheses visually by means of so-called
path diagrams. As an inalienable component of the SEM approach, path
diagrams provide a common graphical language, which may lead to a clearer
understanding of other components of this approach, for example, the dis-
tinction between direct, indirect, and total effects of one variable on another.
Although the discussions and conclusions in the thesis are confined to the no-
tion of a direct effect, future investigations of the SEM properties in respect
to all types of effects are highly motivated, as one of the basic phenomena
in the real-world climate system, namely feedbacks, does involve each type
of the mentioned effects.

In conclusion, despite the complexity of climatological relationships, we
nevertheless believe that given the correct understanding of the properties
and limitations of the statistical framework presented here, this framework
has the potential to become a standard approach in exploring the features
of temperature data (both simulated and real-world) and in confirming vari-
ous hypotheses about latent structures. This may contribute to an improved
understanding of underlying climatological mechanisms and, as a result, to
an increased confidence in conclusions about the ability of climate models
to simulate observed climate changes.

4 Overview of the licentiate thesis and Papers

Summary of the licentiate thesis
In the theoretical part of the licentiate thesis, several factor models of dif-
ferent complexity are suggested. Within the context of the whole thesis,
the most important of them is the FA(2,1)-model, defined here generally in
Eq. (2.3) (see Sec. 2.4). Its properties arising under different identifiabil-
ity restrictions were examined theoretically and practically in a numerical
experiment. Special attention is devoted to the estimation of the FA(2,1)-
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model under heteroscedasticity. The method suggested can be applied to
any factor (or SEM) model. Importantly, the numerical experiment was per-
formed without involving observed/reconstructed temperatures. More pre-
cisely, observed/reconstructed temperatures were replaced by temperature
data from a suitable climate model simulation distorted iteratively by simu-
lated sequences representing noise in the real-world observed/reconstructed
temperature. For realistic noise levels, the results of this numerical experi-
ment indicated a good performance of the FA(2,1)-model both in the absence
and presence of heteroscedasticity.

Summary of Paper I
Paper I provides a purely theoretical discussion about several factor mod-
els with a varying number of latent factors that can be used for evalution
of climate model simulations against observational data sampled over the
last millennium or so. A special emphasis is laid on discussing the model’s
identifiability status depending on the parameter restrictions imposed. The
discussion also reflects the idea that forcings may have different climatolog-
ical properties that may motivate different relations among latent tempera-
ture responses in terms of correlations. The paper also provides a detailed
comparative analysis of the theoretical properties of the method of ’opti-
mal fingerprinting’ i.e. the statistical method used in many Detection and
Attribution studies, and its relation to our factor models.

Summary of Paper II
In Paper II, we continue to develop the theoretical ideas of Paper I by giv-
ing a higher degree of attention to the interpretation of latent temperature
responses and to the modelling their mutual relationships depending on cli-
matological properties of the forcings. The discussion is exemplified by pre-
senting two alternative statistical models. The first one is a factor model,
formulated in the spirit of confirmatory factor analysis, that can be used
for evaluating climate model simulations driven by five specific forcings of
natural and anthropogenic origin. Introducing further causal links between
some latent variables, the factor model is extended to a structural equation
model (SEM), which allows us to reflect more complicated climatological
relationships with respect to all SEM’s variables.

Summary of Paper III
Paper III, accompanied by the Supplement, illustrates the application of
our statistical framework by describing the results of a controlled numerical
experiment, whose main aim is to evaluate and compare the performance
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of the statistical models developed in Paper II. To increase the confidence
in our conclusions, the (true unobservable) temperature is replaced by a
pseudo true temperature represented by temperature data from a suitable
climate model simulation. Applying both statistical models to each regional
data set revealed a varying degree of complexity of underlying latent regional
structures. For most regions, the factor model failed to capture the relations,
detected by the SEM model, which indicates quite complicated features of
the simulated data analysed.

5 Sammanfattning

Utvärdering av klimatmodeller, i synnerhet de som används för att göra
prognoser för framtida klimatförändringar, är en viktig fr̊aga inom klimat-
forskningen.

En klimatmodell är en matematisk representation av det verkliga klimat-
systemet uttryckt som ett system av partiella differentialekvationer baser-
ade p̊a fysiska, biologiska och kemiska principer. Beroende p̊a den veten-
skapliga fr̊agan och egenskaperna hos den klimatmodell som studeras, kan
utvärderingsmetoderna använda olika statistiska metoder med olika grader
av komplexitet. Inom ramen för den presenterade analysen läggs vikten vid
univariata metoder som (i) omfattar endast temperatur som klimatologisk
variabel av intresse och som (ii) gör det möjligt att ta hänsyn till osäkerheten
hos b̊ada temperaturdata genererade av klimatmodeller och klimatdata (en-
gelska: observational data), best̊aende av observerade och/eller rekonstrue-
rade 6 temperaturmätningar. Notera ocks̊a att tidsperioden av intresse är
approximativt det senaste årtusendet, fastän utvigningar till andra tidsperi-
oder (och även andra kontinuerliga klimatvariabler än temperaturen) ocks̊a
är möjliga s̊a snart data, b̊ade simulerade och observerade/rekonstruerade,
är tillgängliga.

I denna avhandling föresl̊as ett flexibelt statistiskt ramverk för utvärder-
ing av klimatmodellssimuleringar mot klimatdata i termer av latenta tem-
peratursvar till olika drivkrafter (engelska: forcings). Exempel p̊a processer
som anses vara drivkrafter för klimatförändringar är variationer i den inkom-

6Klimatrekonstruktioner f̊as from proxydata, som inneh̊aller information om kli-
matförh̊allanden under perioder när instrumentella data saknas. Proxydata samlas fr̊an
naturliga klimatarkiv av klimatvariation, t. ex. trädringar, iskärnor, historiska data.
I v̊art sammanhang, best̊ar skillnaden mellan instrumentella observationer och klima-
trekonstruktioner fr̊an proxydata i att rekonstruerade data är mindre exakta p̊a grund
av ett större icke-klimatiskt brus och måste statistiskt kalibreras mot instrumentella data
för tidsperioder d̊a b̊ada typer av data är tillgängliga.
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mande solstr̊alningen, ändringar i Jordens bana runt solen och explosiva
vulkanutbrott som spyr ut stora mängder små partiklar i atmosfären och
därigenom blockerar den inkommande solstr̊alningen.

Vid utvecklingen av detta ramverk, läggs särskild vikt vid förmågan att
göra statistiska inferenser om bidrag fr̊an olika drivkrafter till temperatur-
variationer. Med flexibilitet menas först och främst att de statistiska mod-
eller som ing̊ar in det presenterade ramverket kan tillämpas under olika
omständigheter med avseende p̊a s̊adana aspekter som tillg̊angen p̊a simuler-
ade data, antalet drivkrafter i fr̊aga, de klimatologiska egenskaperna hos
dessa klimatfaktorer och egenskaperna hos den klimatmodell som studeras.

Som grunden till det nya statistiska ramverket, har tv̊a redan existerande
statistiska ramverk använts. Det första, känt som ”optimalt fingeravtryck”,
förknippas med de s̊a kallade Detection and Attribution (eng.; kort D&A)
studierna ([17], [18], [28]), medan den andra ramen, SUN12, har utvecklats
av [37].

En grundlig jämförande analys av de teoretiska egenskaperna hos dessa
tv̊a ramverk gav upphov till tanken att de skulle kunna modifieras ytterligare
genom att man tog hänsyn till klimatrelevanta egenskaper hos drivkrafterna
av intresse. Fr̊an statistisk modelleringssynpunkt motiverade detta använd-
ningen av faktormodeller istället för mätfelsmodeller, vilket är en statistisk
teknik som b̊ada ramverk är baserade p̊a. Vi har använt en specifik typ
av faktoranalys som kallas confirmatory factor analysis (eng.; kort CFA),
som vi anser vara det mest lämpliga valet. Styrkan av CFA best̊ar i att den
ger möjlighet att testa specifika teorier för substantiva fenomen och utesluta
konkurrerande teorier. Detta uppn̊as genom att förutbestämma ett specifikt
mönster av parametrar som återspeglar endast en teori.

I licentiatavhandlingen, som utgör en del av den föreliggande doktor-
savhandlingen, har flera faktormodeller med antingen en eller tv̊a latenta
faktorer formulerats. Inom ramen för denna avhandling är den mest rele-
vanta modellen faktormodellen med en latent faktor, som representerar tem-
peratursvar till en viss drivkraft, och tv̊a observerade variabler som tjänar
som indikatorer för det latenta temperatursvaret, kort FA-(2,1)-modell. Denna
modell har utvärderats i ett kontrollerat numeriskt experiment där den
sanna observerbara temperaturen ersätts av temperaturdata fr̊an en lämplig
klimatmodelsimulering. Ett av licentiatavhandlingens viktigaste bidrag är
att den diskuterar skattningen av faktormodeller även i närvaro av het-
eroskedasticitet. Den föreslagna metoden kan appliceras även p̊a de statis-
tiska modeller som föreslogs i Artikel I och Artikel II.

I Artikel I, som är av en ren teoretisk karaktär, presenteras flera fak-
tormodeller av olika komplexitet som kan användas för utvärdering av tem-
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peraturdata fr̊an simuleringar av klimatmodeller som drivs av olika antal
drivkrafter. Dessutom är länken mellan v̊ara faktormodeller och de statis-
tiska metoderna som används D&A-studier belyst i mer detalj jämfört med
diskussionen i licentiatavhandlingen. Vi visar i synnerhet att v̊ara faktor-
modeller kan användas som ett alternativ till de metoder som används i
D&A-studier. En ytterligare fördel med deras tillämpning är att de, i mot-
sats till de vanliga D&A-metoderna, gör det i princip möjligt att undersöka
huruvida drivkrafter agerar additivt, d v s. huruvida interaktionseffekter p̊a
temperaturen föreligger.

I Artikel II, som är ocks̊a av en ren teoretisk karaktär, betraktar vi
fem specifika drivkrafter av naturligt och antropogent ursprung. Genom
att diskutera deras klimatologiska egenskaper, s̊asom deras ursprung och
fysiskt beroende eller oberoende, kunde vi motivera att vissa latenta tem-
peratursvar i den motsvarande faktormodellen kan modelleras apriori som
okorrelerade. Vidare, i samma artikeln, argumenterar vi att korrelationer
kan vara otillräckliga för att beskriva komplicerade relationer mellan de in-
volverade latenta temperatursvaren. Istället, är det lämpligare att applicera
konceptet av orsakssamband. Fr̊an den statistiska synpunkten, ledde det till
formuleringen av en Structural Equation Model (eng.; kort SEM).

B̊ada modellerna, som föreslagits i Artikel II, har utvärderats och jämförts
i ett kontrollerat numeriskt experiment, där den sanna latenta temperaturen
ersätts av temperaturdata fr̊an en lämplig klimatmodelssimulering (se Ar-
tikel III som åtföljas av Supplementet). Som framg̊ar av de observerade
resultaten, visade sig de underliggande latenta relationerna vara ganska kom-
plexa (i den klimatmodell som vi analyserade ([32])). Tydligen, med endast
faktormodeller i handen, skulle det vara omöjligt att komma fram till rimliga
och tolkbara slutsatser för alla regioner 7. Detta visar att tillg̊angen till flera
statistiska modeller formulerade under delvis olika antaganden definitivt är
en viktig faktor för flexibla undersökningar, vilket gör det mer sannolikt
att komma fram till statistiskt acceptabla och klimatologiskt försvarbara
slutsatser. Därför tycks framtida förändringar/förbättringar av v̊ara statis-
tiska modeller och utveckling av nya modeller vara en riktning för framtida
forskning som vi måste följa. Av särskilt intresse är närmare undersökningar
av SEM-modeller som möjliggör, till exempel, icke-linjära relationer, och av
SEM-modeller för multiregionala analyser, som dessutom kan generaliseras
till diskreta klimatologiska variabler. Detta kräver naturligtvis ett djupare
samarbete mellan statistiker, paleoklimatologer och klimatmodellerare. Ett

7Det fanns data samlade över sju regioner. Inom varje region konstruerades 10 dataset
vilket möjliggjorde genomförandet av en form av cross-validation (eng.) av de betraktade
statistiska modellerna.
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s̊adant samarbete behövs ocks̊a för en korrekt tillämpning av statistiska
modeller av ökad komplexitet i verkliga analyser.
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