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SURGERY OF GRAPHS AND SPECTRAL GAP:

TITCHMARSH-WEYL OPERATOR-FUNCTION APPROACH

PAVEL KURASOV AND SERGEY NABOKO

Abstract. Assume that two metric graphs are joined together by gluing few

vertices. We investigate the behaviour of the spectral gap for the corresponding
standard Laplacians. It appears that a precise answer can be given in terms of

the corresponding Titchmarsh-Weyl (matrix) functions of the two subgraphs,

more precisely in terms of their negative spectral subspaces. We illustrate our
findings by considering explicit examples.

1. Introduction

Spectral theory of quantum graphs - ordinary differential operators on metric
graphs - is a rapidly developing area of modern mathematical physics [4, 19, 12].
In particular it was realized that the spectral gap - the difference between the two
lowest eigenvalues is an important characteristics entirely connected with combina-
torial, metric and topological properties of the underlying metric graph [6, 9, 14, 17],
much in analogy to the classical discrete graph theory, where the spectral gap is
usually called algebraic multiplicity [7]. The goal of the current paper is to under-
stand spectral gap behavior as two graphs are glued together. This phenomena
has already been discussed in [13], where we studied what happens to the spectral
gap as an edge is added to a graph. It appears that the result depends not only
on the length of the added edge, but on the characteristics of the first non-trivial
eigenfunction on the original graph.1 We decided to pursue this investigation fur-
ther considering gluing of arbitrary finite connected graphs. To our opinion the
most appropriate object to formulate the answer is the corresponding M -function
- a straightforward analog of Titchmarsh-Weyl M -function introduced to describe
spectral properties of one-dimensional operators. The M -function associated with a
quantum graphs is a matrix valued Herglotz-Nevanlinna function, which reflects not
only the potential in the Schrödinger equation, but the geometric structure of the
underlying graph as well. This structure brings in new interesting and non-trivial
features compared to the scalar case.
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Our main mathematical tool is exploiting analytic properties of graphM -functions,
which appear to be meromorphic functions with only real poles and zeroes. On this
way we develop elegant technique that can be used in further studies of higher eigen-
values or to prove spectral estimates. Thus the main result of this paper is not only
a systematic description of possible behavior of the spectral gap, but developing of
new methods that might be useful for further investigations.

2. Preliminaries

In this section we provide a rigorous definition for the Schrödinger operator on a
metric graph and few elementary theorem to be used in the sequel. We also define
what is understood under graph surgery. Also this section takes couple of pages, it
will be helpful for a reader to understand our approach, since some of the notions
we discuss are spread over numerous articles.

2.1. Definitions, gluing. Let Γ be a finite compact metric graph formed by N
edges [x2j−1, x2j ] ⊂ R connected together at M vertices understood as sets of
identified edge end points. With the graph Γ we associate the Hilbert space L2(Γ)
formed by all square integrable functions, where the measure is inherited as the
edges are identified with intervals on individual copies of the real line. The Laplace

operator L = − d2

dx2 is defined on the functions from the Sobolev space W 2
2 (Γ \

{Vm}Mm=1) = ⊕nn=1W
2
2 [x2n−1, x2n]. To make the operator self-adjoint and to connect

different edges together, certain vertex conditions should be imposed. We are going
to consider two types of conditions:

• Standard vertex conditions:

(1)
∑

xj∈Vm

∂u(xj) = 0 and u is continuous at Vm;

• Dirichlet conditions

(2) u(xj) = 0, xj ∈ Vm.
Here we denoted by u(xj) the limiting values of the functions at the end points,
when limits are taken from inside the corresponding interval. Similarly ∂u(xj)
denote the normal derivatives taken in the direction towards the corresponding
interval. A Laplace operator defined on the functions from W 2

2 (Γ \ {Vm}Mm=1)
satisfying either standard or Dirichlet conditions at each vertex is self-adjoint [4, 12].

It is customary to associate with the a finite compact metric graph Γ the standard
Laplace operator L defined on the functions satisfying standard vertex conditions
with all vertices. Its spectrum is discrete and usually refereed to as the spectrum of
Γ [12] since such differential operator is uniquely determined by the metric graph.

As already mentioned our goal is to understand behavior of the spectrum when
two metric graphs are joined together. Let us define the gluing procedure in a more
rigorous mathematical way. Consider two finite compact metric graphs Γ1 and Γ2

and the corresponding standard Laplace operators L(Γj). Consider also the graph
Γ obtained from Γ1 and Γ2 by identifying K vertices. This procedure can formally
be described as follows: let us mark K vertices in Γ1 and denote them by ∂Γ1:

∂Γ1 = {Vj1(Γ1), Vj2(Γ1), . . . , VjK (Γ1)}.
In a similar way we choose ∂Γ2:

∂Γ2 = {Vi1(Γ2), Vi2(Γ2), . . . , ViK (Γ2)}.
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It is important that the sets ∂Γ1 and ∂Γ2 contain the same number of points. Then
the glued graph Γ = Γ1t∂ Γ2 can be seen as the set of points from the union Γ1∪Γ2

with points belonged to ∂Γ1 and ∂Γ2 identified pairwise:

(3) Γ = Γ1 t∂ Γ2 = Γ1 ∪ Γ2/x∼y,

where the equivalence relation ∼ is defined as

(4) x ∼ y ⇔
[
∃j : x, y ∈ Γj and x = y;
∃n : x ∈ Vjn(Γ1) and y ∈ Vin(Γ2).

Our interest is to describe the spectrum of L(Γ) = L(Γ1t∂Γ2), provided the spectra
of L(Γj) are known. It appears that precise answer can be given in terms of the
corresponding M -functions.

In what follows it will be convenient to consider ∂Γj as a certain boundary of
the graph Γj , also some of the vertices Vik(Γj), k = 1, 2, . . . ,K can be situated well
hidden inside the corresponding graph. Then the boundary of Γ is naturally the
set of identified vertices

(5) ∂Γ = {x ∈ Γ : ∃k, x ∈ Vjk(Γ1)} ≡ {x ∈ Γ : ∃k, x ∈ Vik(Γ2)} .

In addition to the standard Laplacians L(Γj) we are going to consider the Dirich-
let Laplacians LD(Γj) defined on the functions satisfying Dirichlet boundary condi-
tions on ∂Γj and standard vertex conditions at all other vertices. There is no much
sense to introduce the corresponding Dirichlet operator for Γ, since it would be equal
to the orthogonal sum of the Dirichlet operators on Γ1 and Γ2: LD(Γ1)⊕ LD(Γ2).
We would like to stress that the Dirichlet operator does not require that Dirichlet
conditions are imposed at all vertices, like it is done in some recent publications
[12, 20]. The operator LD(Γj) depends not only on Γj , but on the choice of the
boundary ∂Γj as well.

Gluing together two graphs implies that the functions from the domain of L(Γ1t∂
Γ2) satisfy standard vertex conditions even at the glued vertices. Let us make two
elementary observations:

• if λ is an eigenvalue for both standard Laplacians operators L(Γ1,2), then

λ is also and eigenvalue for L(Γ), provided the eigenfunctions ψL(Γ1,2) of
L(Γ1,2) can be chosen so that

(6) ψL(Γ1)|∂Γ1
= ψL(Γ2)|∂Γ2

holds;
• if λ is an eigenvalue for both Dirichlet operators LD(Γ1) and LD(Γ2), then

λ is also and eigenvalue for L(Γ), provided the eigenfunctions ψL
D(Γ1,2) of

LD(Γ1,2) can be chosen so that

(7) ∂ψL
D(Γ1)|∂Γ1

= ∂ψL
D(Γ2)|∂Γ2

holds.

Here f |∂Γ and ∂f |∂Γ denote the vectors of values of the function f and the sums of
normal derivatives of f at the vertices belonging to the boundary.



4 P. KURASOV AND S. NABOKO

2.2. Courant theorem and variational approach. In this section we obtain
few elementary estimates using only variational approach. Some of these estimates
will be used later to derive important properties of graph M-functions. We also
establish a counterpart of Courant theorem for quantum graphs ensuring that the
ground state eigenfunctions for the standard Laplacian never vanish. Similarly we
show that for Dirichlet Laplacian the ground state eigenfunctions are different from
zero in all internal points, i.e. everywhere except the boundary ∂Γ. This allows us
to show that the ground state is never degenerate, of course provided the graph is
connected. This Theorem may be proven for arbitrary Schrödinger operators on
metric graphs [2], but we present here a simplified proof for the case of Laplacians.

Theorem 1 (following Courant [18] ). Let L(Γ) and LD(Γ) be the standard and
Dirichlet Laplace operators on a connected finite compact metric graph Γ. Then
the corresponding ground state eigenfunction ψ0 can be chosen nonnegative (real).
Moreover it holds

• for the standard Laplacian

(8) ψ
L(Γ)
0 (x) 6= 0 (i.e. ψ

L(Γ)
0 (x) > 0, x ∈ Γ); 2

• for the Dirichlet Laplacian with Dirichlet conditions introduced on a subset
of vertices denoted by ∂Γ

(9) ψ
LD(Γ)
0 (x) = 0⇔ x ∈ ∂Γ,

provided the graph Γ \ ∂Γ is also connected.

Proof. The theorem is trivial in the case of standard Laplacian, since the unique
ground state eigenfunction is a constant function, which of course can be chosen
positive.

Consider the case of Dirichlet Laplacian LD(Γ) with Dirichlet conditions imposed
on ∂Γ. Assume that ψ0 is a ground state eigenfunction. It is a minimizer for the
quadratic form ∫

Γ

(
|ψ′(x)|2 + |ψ(x)|2

)
dx.

Note first that the function |ψ0(x)| is also admissible (i.e. belong to the domain
of the quadratic form) and gives the same value of the quadratic form. Therefore
the function |ψ0(x)| is also a ground state eigenfunction and therefore satisfies the
differential eigenfunction equation and vertex conditions. We have proven that
the ground state eigenfunction can be chosen nonnegative. It remains to show
that the function cannot have zeroes except on ∂Γ, where Dirichlet conditions are
introduced.

Assume first that ψ0(x0) = 0 for a certain x0 being an internal point on one
of the edges. The function |ψ0(x)| is a solution to the eigenfunction equation
−f ′′ = λ0f and therefore its first derivative is continuous on every edge. On the
other hand the first derivative should vanish at x0, since otherwise the function
|ψ0(x)| cannot be nonnegative. It follows that |ψ0(x)| satisfies trivial Cauchy data
at x0: |ψ0(x0)| = 0, |ψ′0(x0)| = 0 and therefore is identically equal to zero on the
whole edge as a solution to a homogenous second order differential equation. IT

2Since the graph Γ is compact, the last strict inequality implies that there exists δ > 0, such

that ψ
L(Γ)
0 (x) > δ > 0.
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follows that such ψ0 vanishes at both edn points of the edge. One of these vertices
does not belong to ∂Γ unless Γ is formed by one edge.

It remains to consider the case when ψ0 vanishes at a vertex, say ψ(V1) = 0, V1 /∈
∂Γ, since every function identically zero on an edge is also zero at one of the vertices.
The function |ψ0(x)| is nonnegative, hence each of the normal derivatives at V1 is
also nonnegative, but their sum is zero. Hence each of the normal derivatives is zero.
This implies that |ψ0(x)| is identically equal to zero on all edges joined together
at V1, since it is a solution to a second order homogeneous differential equation
satisfying trivial conditions at the end point belonging to V1 (both the values of
the function and its first derivative are zero).

Repeating this procedure we conclude that every |ψ0(x)| vanishing at any point
not belonging to ∂Γ is identically equal to zero. Here it is important to take into
account the extra requirement that Γ \ ∂Γ is connected. (Note that in general it is
not enough to assume that just Γ is connected. If Γ \∂Γ is not connected, then the
ground state eigenfunction may vanish on one of the connected components.)

Note that on ∂Γ the eigenfunction satisfies just Dirichlet condition and not the
standard condition, therefore vanishing of |ψ0| at a certain point on the boundary
is not enough to conclude that |ψ′0| is also zero at that point. �

This theorem has several important implications:

• the ground states of the standard and Dirichlet operators are always visible
in the corresponding M−function (see the following section);
• the ground state is not degenerate.

Theorem 2. The ground state for the standard Laplacian L(Γ) is not degenerate,
provided the graph Γ is finite, compact and connected. If in addition the graph
Γ \ ∂Γ is connected, then the ground state of the Dirichlet Laplacian LD(Γ) is not
degenerate.

Proof. Assume on contrary, that there exists two eigenfunctions corresponding to
the lowest eigenvalue of the Laplacian. Previous theorem implies that these func-
tions are never equal to zero, but their linear combination is also an eigenfunction
corresponding to the lowest eigenvalue. Consider any internal point x0 /∈ ∂Γ.
Among the linear combinations there are always functions vanishing at x0, which
is a contradiction to the previous theorem. Hence the ground state is unique up to
multiplication by a constant. �

If the graph Γ\∂Γ is not connected, then the operator LD(Γ) may be considered
as an orthogonal sum of operators on different connected components. In that case
uniqueness of the ground state may be destroyed.

Theorem 3. The first (nontrivial, i.e. non-zero) eigenvalue λ1(Γ) of the standard
Laplacian on Γ cannot exceed the second lowest point in the joint spectrum (counted
with multiplicities) σ(LD(Γ1))∪σ(LD(Γ2)) of the Dirichlet operators on Γ1 and Γ2:

(10) λ1(Γ) ≤ min
{

max{λD0 (Γ1), λD0 (Γ2)},min{λD1 (Γ1), λD1 (Γ2)}
}
.

The inequality is strict unless λD
0 (Γ1) = λD

0 (Γ2).

Proof. The first non-trivial eigenvalue is given as minimum of the Rayleigh quotient

(11) λ1(Γ) = min
u⊥1

〈Lu, u〉
‖ u ‖2 .



6 P. KURASOV AND S. NABOKO

The lowest points in σ(LD(Γ1)) ∪ σ(LD(Γ2) are either the two Dirichlet ground
states or the two lowest eigenvalues for one of the Dirichlet operators, say Γ1. Let
us denote the corresponding eigenfunctions by ψ1 and ψ2 extending them by zero
to the whole Γ, note that ψ1 ⊥ ψ2. The corresponding eigenvalues will be denoted
by λ1 and λ2 respectively. Consider the function ψ given as a non-trivial linear
combination of the introduced functions

ψ = αψ1 + βψ2.

It is clear that the coefficients α and β can be found to satisfy the orthogonality
condition ψ ⊥ 1. For any such values of the parameters we have

λ1(Γ) ≤ 〈Lψ,ψ〉‖ ψ ‖2 =
λ1|α|2 + λ2|β|2
|α|2 + |β|2 ≤ min

{
max{λD0 (Γj)}2j=1,min{λD1 (Γj)}2j=1

}

where we assumed that ψ1,2 are normalized.
The equality may occur only if λ1 = λ2. Since we already know that the ground

state is not degenerate λD
0 (Γj) < λD

1 (Γj), the equality may occur only if λD
0 (Γ1) =

λD
0 (Γ2). �

The theorem can also be proven in the case of ∂Γ containing just one point by
taking into account that changing Dirichlet to standard conditions on ∂Γ is a rank
one perturbation. Since λ0(Γ) = 0, the first nontrivial eigenvalue should lie in
between the lowest two eigenvalues of the Dirichlet Laplacian on Γ.

In what follows it will be very important to know that the case λ1(Γ) = maxj{λD0 (Γj)}
never occurs.

3. Surgery and graph M-functions

Consider a finite compact graph Γ with a boundary ∂Γ. The boundary is just
a finite set of vertices which may be situated well inside the graph. We do not
restrict our consideration to vertices of degree one and not all vertices of degree one
necessarily belong to the boundary. Every point inside an edge may be considered
as a vertex of degree two, such vertices may be present in ∂Γ. For any nonreal
λ ∈ C \ R consider the function u(x, λ) solving the differential equation

(12) − d2

dx2
u(x, λ) = λu(x, λ)

on every edge in Γ and standard vertex conditions (1) at all vertices that do not
belong to the boundary ∂Γ. Such solution is uniquely determined by its values on
the boundary u(·, λ)|∂Γ, since otherwise the corresponding Dirichlet operator has a
non-real eigenvalue.3

For every vertex Vj ∈ ∂Γ consider the sum of normal derivatives at Vj

∂u(Vj , λ) :=
∑

xl∈Vj

∂u(xl, λ),

and form the corresponding vector ∂u|∂Γ of the dimension equal to the number
of points in ∂Γ. The vector ∂u|∂Γ can be chosen arbitrary [12] and is is uniquely

3Assume that u1(x, λ) and u2(x, λ) are two solutions described above. Then the function

u(x, λ) = u2(x, λ)−u1(x, λ) is also a solution to equation (12), satisfies standard vertex conditions
at all vertices not belonging to ∂Γ and obviously u(·, λ)|∂Γ = 0, i.e. the function u satisfies

Dirichlet conditions on ∂Γ.
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determined by the vector u|∂Γ, and the relation is linear. Therefore there exists a
matrix valued function MΓ(λ) such that [12]

(13) MΓ(λ) : u|∂Γ 7→ ∂u|∂Γ.

In what follows we call matrix M(λ) graph’s M -function. It is a direct analog
of Titchmarsh-Weyl M -function widely used in the studies of spectral properties
of the Schrödinger equation in dimension one. It depends not only on the metric
graph Γ, but on the choice of ∂Γ as well.

Lemma 4. Graph’s M -function MΓ(λ) is a matrix valued Herglotz-Nevanlinna
function:

• analytic outside of the real axis;
• having positive imaginary part in the upper half-plane:

(14) =λ > 0⇒ =M(λ) > 0;

• satisfying symmetry relation

(15) M(λ) = M∗(λ).

Proof. The analyticity of the matrix follows from the fact that the solutions u(x, λ)
for a fixed u|∂Γ depend analytically on λ. Moreover we have

λ

∫

Γ

|u|2dx =

∫

Γ

(−u′′)udx = 〈M(λ)u|∂Γ, u|∂Γ〉`2(∂Γ) +

∫

Γ

|u′|2dx

⇒ 〈=M(λ)u|∂Γ, u|∂Γ〉`2(∂Γ) = =λ
∫

Γ

|u|2dx.

Since the vector u|∂Γ is arbitrary [12] and
∫

Γ
|u|2dx 6= 0, (14) follows.

The last assertion follows from the fact that if u(x, µ) is a solution of (12) with

µ = λ, then u(x, µ) is a solution of the same equation with λ = µ. �
It follows that every Titchmarsh-Weyl M function is invertible outside the real

axis [12].
It is easy to see that if a certain µ ∈ R does not belong to the spectrum of the

Dirichlet Laplacian, then MΓ(λ) can be continued analytically to a neighborhood
of µ. Moreover, if such µ is an eigenvalue of the standard Laplacian and the corre-
sponding eigenfunction is not identically zero on ∂Γ, then detM(µ) = 0. In other

words there exists a vector u|∂Γ 6= ~0 such that the corresponding function u(x, µ)
satisfies standard conditions even on the boundary ∂Γ. On the other hand, if µ is
an eigenvalue of the Dirichlet Laplacian and the sum of normal derivatives of the
eigenfunction on ∂Γ is not identically zero, then MΓ(λ) is necessarily singular at
µ, since the vector u(x, µ) is not uniquely determined by u|∂Γ, which in addition
cannot be chosen arbitrarily.

One should take into account two complications:

(1) standard and Dirichlet eigenvalues may occur simultaneously, provided ∂Γ
contains more than one point;

(2) not all eigenvalues of L(Γ) are visible from the boundary - it might happen
that the corresponding eigenfunctions are identically equal to zero near ∂Γ.

As an example for the second point, one may consider a graph containing a loop
having empty intersection with the boundary. The Laplace operator has eigen-
functions supported by the loop and equal to zero on the rest of the graph. Such
eigenfunctions obviously satisfy both Dirichlet and standard conditions on ∂Γ, but
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the corresponding MΓ(λ) is not singular at these points and detMΓ is not neces-
sarily equal to zero.

Taking into account that the spectrum of the Dirichlet operator is discrete we
conclude that M -function MΓ(λ) is a Herglotz-Nevanlinna function with a discrete
set of real singularities accumulating towards +∞. It will be shown later that MΓ

has first order poles at these points.
The lowest eigenvalue of the standard Laplacian is always visible from the M -

function. Moreover using the fact that the standard Laplacian is a positive operator,
the following statement can be proven.

Lemma 5. Consider the standard Laplace operator L(Γ), the corresponding M-
function is negative on the semiaxis (−∞, 0) and it holds

(16) MΓ(0) ≤ 0

µ = 0 is an eigenvalue of MΓ(0).

Proof. λ = 0 is an eigenvalue of the Laplace operator on Γ with the eigenfunction
ψ0 = 1. Hence by definition

MΓ(0)




1
1
...
1


 =




0
0
...
0


 ,

which means that µ = 0 is an eigenvalue of MΓ(0).
Consider the function u(x, 0) used in the calculation of MΓ(0):

(17)

0 = 〈−u′′, u〉

= ‖ u′ ‖2 +
∑

Vm


 ∑

xj∈Vm

∂nu(xj)u(xj)




= ‖ u′ ‖2 +〈MΓ(0)u|∂Γ, u|∂Γ〉C#∂Γ

It follows that

〈MΓ(0)u|∂Γ, u|∂Γ〉C#∂Γ ≤ 0.

�

The following obvious lemma characterizes how to determine the M -function for
the glued graph Γ = Γ1t∂ Γ2 from the M -functions associated with the subgraphs.

Lemma 6. Assume that MΓj (λ) are the M -functions associated with the graphs Γj
and their boundary sets ∂Γj . Then the M -function for the glued graph Γ = Γ1t∂ Γ2

is equal to the sum of MΓ1 and MΓ2

(18) MΓ(λ) = MΓ1(λ) +MΓ2(λ).

This lemma is going to play one of the central roles in our investigations. We
are going to deduce information about the spectrum of the operator on Γ from the
matrix M. It is important to take into account that not all eigenvalues are visible
from the matrix MΓ (as well as from the matrices MΓj ).
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4. On matrix valued Wigner functions

Important properties of the M -function can be deduced from the fact that it
is a meromorphic Herglotz-Nevanlinna function. We are going to call a subclass
of such functions by Wigner functions and devote this section to describing their
properties [21, 22].

Definition 1. We say that a matrix valued function Q(λ), λ ∈ C belong to the
Wigner class if and only if

(1) Q(λ) is analytic on C outside a discrete set of real singularities;
(2) =Q(λ) ≥ in the upper halvplane =λ > 0;
(3) Q(λ) = Q∗(λ).

In our presentation we are not going to use general theory of Herglotz-Nevanlinna
functions, therefore we present elementary proofs of all fact about functions from
Wigner class that we need. For example we are going to prove that functions from
Wigner class are in fact meromorphic on C with only simple poles on the real axis.

Functions from Wigner class are characterized by the following theorem

Proposition 1. An N ×N matrix valued function belongs to Wigner class if and
only if there exists self-adjoint matrices A = A∗, B ≥ 0, Cj ≥ 0, j ∈ J ⊂ N and
real numbers aj ∈ R, j ∈ J such that

(19) Q(λ) = A+Bλ+
∑

j∈J

(
1

aj − λ
− aj
a2
j + 1

)
Cj

and the series
∑

j∈J

1

1 + a2
j

Cj converges strongly.

Proof. Let E be a Hilbert space. Then following Remark (1) on page 123 in [15]
every Nevanlinna function E → E possesses the representation

(20) Q(λ) = A+Bλ+R∗(I + λL)(L − λ)−1R
for some bounded in E operators A = A∗, B ≥ 0 and R - a bounded operator
mapping the Hilbert space E into an auxiliary Hilbert space H where the operator
L = L∗ is self-adjoint. The representation can be re-written as

Q(λ) = A+ (B +R∗R)λ+ (1 + λ2)R∗(L − λ)−1R
and it follows that the function R∗(L− λ)−1R is an operator-valued meromorphic
Nevanlinna function. The poles are real and will be denoted by aj ∈ R, j ∈ J ⊂ N.

Consider now the spectral resolution for the operator L

L =

∫

R
tdEt,

where Et is the spectral projector. Since the function R∗(L−λ)−1R is analytic on
every interval s ∈ (ai, ai+1) we have in the operator topology

0 = lim
ε↘0
R∗
(
(L − s− iε)−1 − (L − s+ iε)−1

)
R

= lim
ε↘0
R∗
(∫

R

2iε

(t− s)2 + ε2
dEt

)
R

= lim
ε↘0

(∫

R

2iε

(t− s)2 + ε2
d (R∗EtR)

)
.
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Hence for any f ∈ E we also have

lim
ε↘0

∫

R

2iε

(t− s)2 + ε2
d 〈R∗EtRf, f〉E = 0.

By Stieltjes theorem for Poisson transform [16] and scalar measures it follows

d

dt
〈R∗EtRf, f〉E ≡ 0, t ∈ (ai, ai+1),∀f ∈ E .

Therefore for any f ∈ E and ai < t1 ≤ t2 < ai+1 it holds

‖(Et2 − Et1)Rf‖2 = 0.

Moreover, since the resolvent commutes with the spectral projector, it holds

(Et2 − Et1)

(
M∑

m=1

αm(L − λm)−1Rfm
)

= 0

for any αm ∈ C and fm ∈ E . In other words

(Et2 − Et1)|Closed Linear Span
λ /∈ R{(L−λ)−1RE} = 0.

The auxiliary Hilbert space H can always be chosen equal to the closed linear span:

H = Closed Linear Spanλ /∈ R{(L − λ)−1RE},
otherwise L can be reduced to this subspace preserving (20). It follows that Et
is equal to a constant on each interval (ai, ai+1) and therefore L has pure discrete
spectrum being subset of {aj}j∈J :

L =
∑

j∈J
ajPj , Pj = lim

ε↘0
Eaj+ε − Eaj−ε.

It follows that the function Q possesses the representation

Q(λ) = A+Bλ+R∗
∑

j∈J

1 + λaj
aj − λ

PjR

= A+Bλ+
∑

j∈J

1 + λaj
aj − λ

R∗PjR.

The operators R∗PjR ≥ 0 are nonnegative and the series
∑
j∈J R∗PjR converges

strongly to R∗R. Introducing notation

Cj = (1 + a2
j )R∗PjR

we obtain representation (19). The series
∑
j∈J

1
1+a2

j
Cj converges strongly to R∗R.

The inverse statement is straightforward. �

Formula (19) implies in particular that every function from Wigner class is mero-
morphic with only simple poles. Moreover the function is Hermitian almost every-
where on the real axis (between the singularities).

Lemma 7. Let Q(λ) be a K×K matrix function from Wigner class. Assume that
λ0 is one of its singularities.

Then the matrix function Q possesses the following representation in a neigh-
borhood of λ = λ0

(21) Q(λ) =
1

λ0 − λ
C + F (λ),
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where C is a nonnegative Hermitian matrix C = C∗ ≥ 0 and F (λ) is analytic in
the neighborhood.

Let us denote the rank of the matrix C by r. Then the eigenvalues µj(λ) of Q(λ)
for real λ from the neighborhood of λ0 can be devided into two classes:

• K − r bounded eigenvalues given by monotonic analytic in a neighborhood
of λ0 functions;
• r singular eigenvalues, piecewise monotonic for λ 6= λ0 and possessing the

asymptotic representation

(22) µj(λ) =
σj

λ− λ0
+O(1), λ→ λ0,

where σj , j = 1, 2, . . . , r are nonzero eigenvalues of C (counting multiplici-
ties).

Proof. Representation (21) follows directly from formula (19). Consider the matrix
valued function

(λ0 − λ)Q(λ) = C + (λ0 − λ)F (λ).

It is analytic in the nighbourhood and Hermitian on the real axis, therefore its
eigenvalue branches µ̃j(λ) can be chosen analytic [8] such that

µ̃j(λ) = σj +O(λ0 − λ), λ→ λ0,

where σj are the eigenvalues of C. It follows that the eigenvalue branches µj(λ) of
Q(λ) can be chosen so that

µj(λ) =
σj

λ0 − λ
+O(1).

�

We are ready now to define poles and generalized zeroes of Wigner functions.
Certain accuracy is required, since poles and generalized zeroes may occur simul-
taneously.

Definition 2. We say that a Wigner function Q(λ) has a singularity at the point

µ if and only if there exists a vector ~b such that

(23) ‖Q(λ)~b‖ → ∞ as λ→ µ.

In other words, µ should coincide with one the numbers aj in the representation
(19). The multiplicity of the singularity is equal to the dimension of the corre-
sponding matrix Cj .

Remark A Wigner function Q(λ) does not need to be invertible outside the real
axis. Take for example A = 0, B = 0, Cj = 0, j > 1 and C1 having rank 1 in formula
(19).

Definition 3. A Wigner function Q(λ) which is invertible at some λ ∈ C \ R is
called invertible Wigner function.

Wigner functions as well as any Herglotz-Nvanlinna functions possess the follow-
ing important property: if such a function is invertible for one non-real λ0, then it
is invertible for all non-real λ. Really, assume that Q(λ) is invertible for a certain
λ0 ∈ C+ (The case λ0 ∈ C− can be considered in a similar way.) Without loss of
generality we may assume that λ0 = i, since Möbius transform can be used to map
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any λ0 into i. If Q(i) is not invertible, then there exists a non-zero vector h such
that

Q(i)h = 0⇒ 〈Q(i)h, h〉CN = 0⇒ 〈=Q(i)h, h〉CN = 0

holds. Using representation (20) we see that

=Q(i) = B +R∗R
and therefore it holds

Bh = 0 and Rh = 0,

since both matrices B and R∗R are nonnegative. It implies in particular that
Ah = 0 due to the following calculations

0 = Q(i)h = Ah+ i Bh︸︷︷︸
=0

+iR∗ Rh︸︷︷︸
=0

.

Hence the vector valued function Q(λ)h is identically equal to zero

Q(λ)h = Ah︸︷︷︸
=0

+λ Bh︸︷︷︸
=0

+R∗(1 + λL)(L − λ)−1 Rh︸︷︷︸
=0

:

It follows that the matrix valued function Q(λ) is not invertible for any λ ∈ C \R.
According to this observation one can reduce a general Wigner function to the

invertible one. Indeed, the kernel KerQ(λ) is invariant with respect to λ ∈ C \ R.
Moreover using property 3 in Definition 1 we see that

Range (Q(λ))⊥ = Ker (Q∗(λ)) = KerQ(λ).

Therefore restricting Q(λ) to the invariant subspace CN 	 Ker (Q(λ)) we get an
invertible Herglotz-Nevanlinna function. In other words, any Herglotz-Nevanlinna
function can be written as an orthogonal sum of an invertible and a zero-valued
function. In what follows we may ignore the zero part of such a function, assuming
without loss of generality that all Herglotz-Nevanlinna functions in question are
invertible.

Similarly we introduce generalized zeroes of Q(λ) as singularities of −Q−1(λ),
which is well-defined, since the matrix Q(λ) is invertible outside the real axis. It
is more convenient to have extra minus to guarantee that the new function is also
of Herglotz-Nevanlinna type. Moreover, −Q−1(λ) is also a meromorphic matrix
valued function.

Definition 4. A point µ is a generalized zero of the inverible function Q(λ) if
and only if µ is a singularity of −Q−1(λ). The multiplicity of the generalized zero
is equal to the multiplicity of the singularity of −Q−1(λ).

We are going to apply the theory of Wigner functions to study spectral proper-
ties of graphs. In this application singularities correspond to the spectrum of the
Dirichlet operator, while generalized zeroes - to the spectrum of the standard oper-
ator. The following lemma is central for our method, since it determines a relation
between the number of generalized zeroes and singularities of a Wigner function Q
to the left of any real point λ.

Lemma 8. Assume that Q(λ) is an invertible N×N matrix function from Wigner
class, then the inverse matrix −Q−1(λ) is also a Wigner function. Assume further
that the set {aj}j∈J is bounded from below and Q(µ) ≤ 0 for sufficiently small
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µ < µ0.
4 Then the number r(x) of generalized zeroes of Q to the left of any point

x ∈ R counted with multiplicities can be calculated using the following formula

(24) r(x) =
∑

aj≤x
rankCj + lim

ε→0
#
{

positive eigenvalues of Q−1(x− ε)
}
.

Corollary 1.

• To the left of each aj there exists at least
∑

i:ai≤aj
rankCi zeroes of Q(λ)

counted with multiplicities.
• If for a non-singular point λ, Q(λ) has n positive eigenvalues, then to the

left of λ there are precisely
∑
i:ai<λ

rank (Ci) + n generalized zeroes of Q
counted with mulltiplicities.

Proof. The inverse function is analytic outside the real axis and has positive imagi-
nary part in the upper half-plane. The symmetry relation (15) is also satisfied. The
singularities of −Q−1(λ) coincide with the zeroes of detQ(λ) and therefore form a
discrete real set.

Between the singular values aj the energy curves are continuous monotonic func-
tions. Ar any singular point aj the curves can be divided into two classes:

• regular curves - continued monotonically across aj ;
• singular curves - those approaching +∞ on the left and −∞ on the right

of aj .

The singular curves obviously are not monotonic on any interval containing corre-
sponding singular points. In order to repair this, let us apply modified arctan map
as follows. As it is well-known, arctanx is defined up to πn, n ∈ Z. In the region
λ � 0 all energy curves are negative and we define yj(λ) = arctanµj(λ) to have
values in the interval (−π/2, 0). For general real λ each curve arctanµj is defined
as continuous and monotone (globally for all λ ∈ (−∞,∞)): each time when µj
crosses a singular point (jumping from +∞ down to −∞) the value of the function
arctanµj(λ) gains extra item +π.

Described procedure gives us precisely N continuous monotonic curves on the
(λ, y)-(half)-plane

{−∞ < λ <∞;−π/2 < y <∞} .
Note that we do not assume global analyticity of the branches yj(λ). Generalized
zeroes of Q(λ) correspond to those λ for which one of the modified energy curves
crosses the horizontal lines y = πn, n = 0, 1, 2, . . . . The horizontal lines y = π/2 +
πn, n = 0.1.2, . . . correspond to the singularities.

Consider any nonsingular point x 6= aj , j = 1, 2, . . . The branch yj crosses the

horizontal lines y = πn, n = 0, 1, 2, . . . , on the interval (−∞, x] precisely
[
yj(x)
π

]
+1

times, where [x] denotes the integer part, i.e. the largest integer not greater than

x. Hence the total number of crossings is N +
∑N
j=1

[
yj(x)
π

]
.

The obtained formula is hard to apply, since to calculate r(x) one needs to know
the history of all energy curves yj for λ < x. To derive a more suitable formula,
let us note that each energy curve crosses the lines y = π/2 + πn on the interval
(−∞, x) at least as many times as the lines y = πn. The difference is at most equal

4This condition is equivalent to assuming B = 0 and A ≤ ∑
j

aj

1+a2
j

Cj , where the right hand

side may be divergent.
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to one and is different from zero if and only if µj(x) > 0. Hence the total number of
generalized zeroes to the left of x is equal to the number of singular points to the
left of x counted summing up the ranks of matrices Cj plus the number of positive
eigenvalues of Q(x). We obtain formula (24) for nonsingular points x.

To prove the formula for all x ∈ R it remains to consider the case where x = aj0
for a certain j0. Take any nonsingular point y < x close enough to x so that in
particular no other singular point or zero lies between y and x. Then obviously
r(y) = r(x) and we may use (24) in the regular situation. Taking into account
that the number of positive eigenvalues of Q(y) is equal to the rank of Cj0 plus the
number of positive eigenvalues of 1

2 (Q(x+ε)+Q(x−ε)) = 1
2 (Q(aj0 +ε)+Q(aj0−ε))

, 0 < ε� 1 we get formula (24) even for the singular point x = aj0 . �

5. Surgery and spectral gap

Our main focus will be on the behavior of the spectral gap under the glu-
ing procedure described above. We are interested in comparing the spectral gap
λ1(Γj) − λ0(Γj) of the original graphs Γ1 and Γ2 with the spectral gap of Γ. The
glued graph Γ contains both Γ1 and Γ2 as subsets. Therefore it is natural to expect
that the spectral gap becomes smaller under the gluing. It appears that this is not
always the case and we concentrate our attention on the cases when the spectral
gap increases [13]. We even formulate our results explaining under which condi-
tions λ1(Γ) > min {λ1(Γ1), λ1(Γ2)} . In our proofs we are going to use the developed
technique based on properties of M -functions.

To warm up we prove again Theorem 3 using M-function approach. We would
like to illustrate how our methods work in this elementary case.

Proof of Theorem 3 using M -functions. One may divide the proof into two parts,
showing that λ1(Γ) is less than max{λD0 (Γj)}2j=1 and than min{λD1 (Γj)}2j=1 sepa-
rately, but there is no need in it. Consider any regular point x to the right of the
maximum and minimum mentioned above. In both cases there are at least two
singular points of M(λ) to the left of x:

• λD0 (Γ1) and λD0 (Γ2), if max
{
λD

0 (Γ1), λD
0 (Γ2)

}
< min

{
λD

1 (Γ1), λD
1 (Γ2)

}
;

• or λD0 (Γj) and λD1 (Γj) for some j = 1 or j = 2, if max
{
λD

0 (Γ1), λD
0 (Γ2)

}
>

min
{
λD

1 (Γ1), λD
1 (Γ2)

}
.

Since the number of positive eigenvalues is a nonnegative integer, Lemma 8 implies
that r(x) ≥ 2. We have proven non-strict inequality in (10).

If λD
0 (Γ1) 6= λD

0 (Γ2), then the lowest singular points for M are distinct, let us
denote them by λ1 < λ2. Then for a regular point λ2 − ε for sufficiently small
ε > 0, there is just one singular point to the left and the M -matrix has at least one
positive eigenvalue, since M has a generalized pole at λ2. Lemma 8 implies that
there are at least two zeroes to the left, i.e. the inequality is strict. �

Theorem 9. Let Γ = Γ1 t∂ Γ2 be the metric graph obtained by gluing together two
finite compact metric graphs Γ1 and Γ2. The spectral gap for the standard Laplacian
on Γ is less than the ground state energies of the Dirichlet Laplacians on Γ1 and Γ2

if and only if the M -function immidieately to the left of λ = min{λD0 (Γ), λD0 (Γ2)}
has at least two positive eigenvalues:

λ1(Γ) < min{λD0 (Γ1), λD0 (Γ2)}
⇔M(min{λD0 (Γ), λD0 (Γ2)} − 0) has at least 2 positive eigenvalues.



SURGERY OF GRAPHS AND SPECTRAL GAP 15

Proof. The proof is again based on Lemma 8. Consider any point min{λD0 (Γ), λD0 (Γ2)}−
ε for sufficiently small ε > 0. Then there are two zeroes to the left and no singu-
lar points. It follows that for all such ε the M -function should have two positive
eigenvalues. �

The following theorem provides the answer to our main question: under which
conditions the spectral gap increases under the gluing procedure?

Theorem 10. Consider the standard Laplace operators on the metric graphs Γ1,
Γ2, and on the glued graph Γ = Γ1t∂Γ2. The spectral gap increases under the gluing
procedure:

(25) λ1(Γ) > min
j
{λ1(Γj)},

if and only if one of the following conditions is satisfied

(1) minj{λ1(Γj)} < minj{λD0 (Γj)} and M(minj{λ1(Γj))} has exactly one pos-
itive eigenvalue;

(2) minj{λD0 (Γj)} ≤ minj{λ1(Γj)} < maxj{λD0 (Γj)} and

lim
ε↘0

#

{
positive eigenvalues of M(min

j
{λ1(Γj)}+ ε)

}
= 0.

Proof. To prove the theorem one needs to consider the following three cases cow-
ering all possibilities:

a) minj{λ1(Γj)} < minj{λD0 (Γj)}.
Consider the point minj{λ1(Γj)} and apply Lemma 8. This point is regular,
there are no singular points to the left, then there is precisely one zero (equal
to 0) to the left, i.e. r(minj{λ1(Γj)}) = 1, if and only if M(minj{λ1(Γj)}) has
one positive eigenvalue.

b) minj{λD0 (Γj)} ≤ minj{λ1(Γj)} < maxj{λD0 (Γj)}.
Assume first that the left inequality is strict: minj{λD0 (Γj)}2j=1 < minj{λ1(Γj)}2j=1.
We apply Lemma 8 to the point minj{λ1(Γj)} again. The difference to the pre-
vious case is that there is one singular point to the left with the multiplicity
one. Hence r(minj{λ1(Γj)}2j=1) = 1 if and only if M(minj{λ1(Γj)}2j=1) has no
positive eigenvalues, i.e. it is strictly negative.

Assume now that minj{λD0 (Γj)}2j=1 = minj{λ1(Γj)}2j=1. Then the spectral
gap increases if and only if there exists ε > 0, such that λ = 0 is the only zero
of M to the left of minj{λ1(Γj)}2j=1 + ε. In that case M(minj{λ1(Γj)}2j=1 + ε)
has no positive eigenvalues.

c) maxj{λD0 (Γj)} ≤ minj{λ1(Γj)}.
In this case Theorem 3 implies that L(Γ) in addition to λ = 0 has at least one
further eigenvalue less or equal to maxj{λD0 (Γj)}2j=1, hence the spectral gap

cannot increase in this case. Note that in the case λD0 (Γ1) = λD0 (Γ2) it might
happen that L(Γ) has an invisible eigenvalue λ1(Γ) = λD0 (Γj),  = 1, 2, with the
eigenfunction combined from the Dirichlet eigenfunctions on Γ1 and Γ2, but this
implies that the spectral gap diminishes as well.

�

The result just proven can be formulated in a more transparent way assuming
almost without loss of generality that

(26) λD0 (Γ1) < λD0 (Γ2).
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Corollary 2. Assume (26), then it holds

• if minj{λ1(Γj)} < λD0 (Γ1) then
(27)
λ1(Γ) > min

j
{λ1(Γj)} ⇔M(min

j
{λ1(Γj)}) has exactly one positive eigenvalue;

• if λD0 (Γ1) < minj{λ1(Γj)} < λD0 (Γ2) then

(28) λ1(Γ) > min
j
{λ1(Γj)} ⇔M(min

j
{λ1(Γj)}) < 0;

• if λD0 (Γ2) < minj{λD1 (Γj)} then

(29) λ1(Γ) < min
j
{λ1(Γj)}.

The above corollary is just a reformulation of Theorem 10 (and Theorem 3),
where the border cases are ignored. Below we present further implications of this
theorem. All these statements can be proven using Lemma 8.

Theorem 11. Consider the graph Γ = Γ1 t∂ Γ2 obtained by gluing together two
compact finite graphs. Assume in addition (26), then the spectral gap of Γ lies
between the ground states for the Dirichlet Laplacians on Γ1 and Γ2 if and only if
the M -function is negative immidiately to the right of the lowest Dirichlet ground
state:

λD0 (Γ1) < λ1(Γ) < λD0 (Γ2)⇔
lim
ε↘0

#
{

positive eigenvalues of M(λD0 (Γ1)− ε)
}

= 1

and λD0 (Γ1) is not a generalized zero

⇔ lim
ε↘0

#
{

positive eigenvalues of M(λD0 (Γ1) + ε)
}

= 0.

Proof. In this case λD0 (Γ1) is a simple singularity of M(λ). We apply Lemma 8 to
the point λD0 (Γ1) + ε for a sufficiently small ε > 0. There exists just one singularity
to the left, hence the number of zeroes is also equal to one, i.e. λ1(Γ) > λD

0 (Γ1),
if only if the M -matrix is negative at this point. On the other hand Theorem 3
implies that λ1(Γ) < λD

0 (Γ2). �

The following theorem is also a straightforward corollary of our result:

Theorem 12. Assume (26), then

λ1(Γ) = λD0 (Γ1)⇔





lim
ε↘0

#
{

positive eigenvalues of M(λD0 (Γ1)− ε)
}

= 1;

lim
ε↘0

#
{

positive eigenvalues of M(λD0 (Γ1) + ε)
}

= 1.

Proof. We base our proof on applying Lemma 8 to points λD
0 (Γ1)±ε for a sufficiently

small ε > 0. The point λD
0 (Γ1) is the first nontrivial eigenvalue for L(Γ) if and only

if there just one zero of M to the left of λD
0 (Γ1)− ε and there are two zeroes to the

left of λD
0 (Γ1)+ ε, ε� 1. Taking into account that there is no singular points to the

left of λD
0 (Γ1)− ε and there is precisely one singular point to the left of λD

0 (Γ1) + ε
we use Lemma 8 to conclude that M(λD

0 (Γ1)± ε) should have precisely one positive
eigenvalue. �

Consider now the degenerate case.
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Theorem 13. Assume λD0 (Γ1) = λD0 (Γ2), then

λ1(Γ) ≤ λD0 (Γ1) = λD0 (Γ2).

Consider the matrix C describing the singularity of M(λ) at λ = λD
0 (Γ1,2). The

inequality is strict
λ1(Γ) < λD0 (Γ1,2)

if and only if one of the following conditions is satisfied:

(1) the matrix C has rank two;
(2) the matrix C has rank one and

(30) lim
ε↘0

#
{

positive eigenvalues of M(λD0 − ε)
}
≥ 2.5

Proof. The first inequality is just a special case of Theorem 3 already proven using
two different techniques.

The matrix C is a sum of the matrices C1 and C2 describing singularities in M1

and M2, each having rank one. Hence the matrix C may have either rank two or
one, it cannot have rank zero, since C1,2 are nonnegative and nonzero.

Assume first that rankC = 2. Consider any point λD
0 (Γ1,2) − ε, 0 < ε � 1. The

matrix M(λD
0 (Γ1,2) − ε) is dominated by the term 1

εC and therefore has at least
two positive eigenvalues. Then Lemma 8 implies, that there are at least two zeroes
to the left of λD

0 (Γ1,2)− ε.
Assume now that rankC = 1 and again consider any point λD

0 (Γ1,2)− ε, 0 < ε�
1. There are at least two zeroes to the left if and only if the matrix M(λD

0 (Γ1,2)−
ε) has at least two positive eigenvalues for sufficiently small ε. This condition is
automatically fulfilled if the rank of C is two, but need to be added as an extra
requirement if rankC = 1.

�
The rank of the matrix C is equal to 1 if and only if the matrices C1 and

C2 describing the singularities in M1 and M2 respectively are proportional: both
matrices are up to a scalar multiple projectors. For example if for the ground state

eigenfunctions ψ
Γj

0

∂ψΓ1
0 |∂Γ1 and ∂ψΓ2

0 |∂Γ2

are proportional, then obviously λD0 (Γ1,2) is an eigenvalue even for L(Γ). This
happens for example if Γ1 = Γ2 and ∂Γ1 = ∂Γ2. Whether it is the second lowest
eigenvalue or not is governed by the number of positive eigenvalues of the M -matrix
to the left of this point.

Conclusions. Developed methods can easily be applied to study not only the
spectral gap, but higher eigenvalues as well. We are going to return back to this
question in one of future publications. It may also be interesting to combine ob-
tained results with estimates obtained in [3] for negative eigenvalues in the case of
arbitrary vertex conditions

5Note that the cases 1 and 2 can be joined together by just requiring that (30) holds. It is

satisfied automatically in the case 1.
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