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Abstract

The theory of almost periodic functions is used to investigate spectral prop-
erties of Schrödinger operators on metric graphs, also known as quantum
graphs. In particular we prove that two Schrödinger operators may have
asymptotically close spectra if and only if the corresponding reference Lapla-
cians are isospectral. Our result implies that a Schrödinger operator is
isospectral to the standard Laplacian on a may be different metric graph
only if the potential is identically equal to zero.
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Introduction.

The current paper is devoted to the spectral theory of quantum graphs,
more precisely to the direct and inverse spectral theory of Schrödinger op-
erators on metric graphs [3, 20, 24]. Such operators are defined by three
parameters:

• a finite compact metric graph Γ;

• a real integrable potential q ∈ L1(Γ);

• vertex conditions, which can be parametrised by unitary matrices S.

Our main goal is to shed new light on the structure of the spectrum by
considering operators with close eigenvalues. Such operators will be called

Preprint submitted to J. Math. Anal. Appl. May 15, 2018



asymptotically isospectral, also the difference between the eigenvalues may
grow with the index, but not too fast. We manage to prove that two Schrö-
dinger operators are asymptotically isospectral if and only if corresponding
reference Laplacians are (precisely) isospectral (Theorems 10 and 11). The
reference Laplacians are uniquely determined by the original metric graph
and the asymptotics of the vertex scattering matrices. This statement does
not imply that the Schrödinger operators are determined on the same met-
ric graph, since isospectrality of Laplacians does not imply that the graphs
coincide. One may just conclude that the two metric graphs belong to the
same isospectral class.

One of the most spectacular corollaries of this result is a generalisation of
the celebrated Ambartsumian theorem [1], originally derived for the Schrö-
dinger operator on a single interval. It is already proven that a standard
Schrödinger operator on a metric graph is isospectral to the Neumann Lapla-
cian on the interval if and only if the graph coincides with the interval and
potential is zero almost everywhere [6]. A natural extension of that result
is to understand what could be said about the Schrödinger operator if it is
isospectral to the Laplacian on the same metric graph (not necessarily an
interval). E.B. Davies [9] showed that for standard conditions this implies
that the potential is zero, and we extend this result by showing that it is
enough for the standard Schrödinger operator to be isospectral with a stan-
dard Laplacian on some (may be different) metric graph for the conclusion
to be true.

Our approach is to study the zero sets of holomorphic almost periodic
functions, as the spectrum of Laplacians with vertex conditions determined
by a combination of Dirichlet and Neumann conditions (so-called non-Robin
Laplacians) is given by the zeros of generalised trigonometric polynomials,
which is a special case of almost periodic functions. The role of non-Robin
Laplacians in the spectral theory of quantum graphs is explained by the fact
they are used to describe the asymptotics of the spectrum of all Schrödinger
operators with L1-potentials and arbitrary vertex conditions [6, 19].

1. Quantum graphs

In this section we give a very brief introduction to quantum graphs. For
details we refer to [3], [20], and [24].

A quantum graph is a metric graph equipped with a Schrödinger operator,
or more formally, a triple (Γ, L,S) with Γ a metric graph, L a differential
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operator, and S unitary matrix parametrising the vertex conditions that are
imposed to connect the edges and ensure the self-adjointness of L. We limit
our considerations to compact finite quantum graphs.

Metric graph

A compact finite metric graph is a finite collection of compact intervals
of separate copies of R glued together at some endpoints. We denote edges
by En = [x2n−1, x2n] and vertices by Vm with V = {Vm}Mm=1. We let `n =
x2n − x2n−1 denote the length of the edge En.

Differential expression

The Schrödinger operator Lq acts as −d2/dx2 +q on each edge separately
for some real potential function q defined on each edge (L0 denotes −d2/dx2).
The action is in the Hilbert spaces L2(Ei) of square integrable functions on
the edges Ei with Lebesgue measure on the interval. Lq then acts in

L2(Γ) =
N⊕

i=1

L2(Ei).

For q ∈ L1(Γ) the differential operator is defined on functions u from the
Sobolev space W 1

2 (Γ \V) such that −u′′ + qu ∈ L2(Γ). Every such function
is continuous on every edge En as a function from W 1

2 (En). Therefore qu ∈
L1(En) and hence u′′ ∈ L1(En), so the first derivative u′ is an absolutely
continuous function on each edge.

Vertex Conditions

We study quantum graphs with local vertex conditions parametrised by
a unitary matrix S. By u(xj) we denote the limiting values of the functions
at the end points of the edges:

u(xj) = lim
x→xj

u(x),

where the limit is taken over x inside the edge. The normal derivatives are
defined similarly and are independent of the chosen parametrisation of the
edge:

∂n~u(xj) =

{
u′(xj) xj left end-point,
−u′(xj) xj right end-point.
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It is well known that vertex conditions at any vertex Vm = {xm1 , . . . , xmdm} of
degree dm can be written by imposing relations between the dm-dimensional
vectors

~u(Vm) := (u(xm1), . . . u(xdm)) ∈ Cdm ,
∂n~u(Vm) := (∂nu(xm1), . . . , ∂nu(xdm)) ∈ Cdm ;

as follows:
i(Sm − I)~u(Vm) = (Sm + I)∂n~u(Vm). (1)

Here Sm is an arbitrary unitary matrix. We shall require that each Sm is
irreducible, which ensures that the conditions are properly connecting, i.e.
the vertex conditions reflect the topology of the graph. We form the matrix
S as the block-diagonal matrix with blocks equal to the Sm (in the basis
where all boundary values u(xj), ∂nu(xj) are arranged in accordance to the
vertices they belong to).

The operator

We may now define the Schrödinger operator on a metric graph.

Definition 1. Let Γ be a finite compact metric graph, q a real valued ab-
solutely integrable potential on the graph q ∈ L1(Γ), and Sm be dm × dm
irreducible unitary matrices. Then the operator LS

q (Γ) is defined on the
functions from the Sobolev space u ∈ W 1

2 (Γ \V) such that −u′′+ qu ∈ L2(Γ)
and satisfy vertex conditions (1).

On Vertex Conditions

The most common conditions, namely the standard vertex conditions (also
known as Kirchoff-, Neumann-, free, and natural conditions), are given by
the relations





u continuous at Vm,
∑

xj∈Vm
∂nu(xj) = 0. (2)

In other words, u is required to be continuous in each vertex Vm and the sum
of normal derivatives should vanish there. In this case Sm is given by:

(Sst
m)ij =

{
− 2
dm
, i 6= j,

1− 2
dm
, i = j.

(3)
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We denote corresponding self-adjoint operator by Lst
q (Γ).

The vertex scattering matrix Sv(k) has a block-diagonal form correspond-
ing to different vertices and is given by

Sv(k) =
(k + 1)S + (k − 1)I

(k − 1)S + (k + 1)I
, (4)

provided the vertex conditions are given by (1) [13, 14, 17]. In particular
we have that S is corresponds to the vertex scattering matrix for k = 1,
i.e. S = Sv(1). Since Sv(k) is unitary it may be written using the spectral
representation of S, with eigenvalues eiθn and eigenvectors ~en, as [11, 12, 17]

Sv(k) =
∑

θn=π

(−1)〈~en, ·〉Cd~en +
∑

θn 6=π

k(eiθn + 1) + (eiθn − 1)

k(eiθn + 1)− (eiθn − 1)
〈~en, ·〉Cd~en. (5)

Thus Sv(k) has the same eigenvectors as S but the corresponding eigenvalues
are in general k-dependent. The eigenvalues ±1 are invariant, and all other
eigenvalues tend to 1 as k →∞. Thus, if S is Hermitian – so that eiθn = ±1
for all n – Sv(k) does not depend on k. The corresponding vertex conditions
can be sees as a combination of Dirichlet and Neumann conditions. Therefore
we are going to call such conditions non-Robin and refer to corresponding
operators as non-Robin Laplace or Schrödinger operators. We note that
standard conditions (3) are non-Robin. If S is not Hermitian we define the
high energy limit of Sv(k) as follows:

Sv(∞) = lim
k→∞

Sv(k) = −P (−1) + (I − P (−1)) = I − 2P (−1), (6)

where P (−1) is the orthogonal projection onto the eigenspace associated with
−1. The high-energy limits Sm(∞) of vertex scattering matrices associated
with each particular vertex are defined in an analogous way.

We let L
Sv(∞)
0 denote the operator obtained from LS

0 by letting the vertex
conditions be given by Sv(∞) instead of S, i.e. we substitute S (= Sv(1))

with Sv(∞). It may happen that the operator L
Sv(∞)
0 (Γ) is not equal to

Lst
0 (Γ), even though eigenvalues of Sv(∞) can only be 1 and −1. In fact the

vertex conditions given by Sv(∞) need not even be properly connecting –
the blocks Sm(∞) might be reducible and the operator therefore appropriate
to a graph Γ∞ obtained from Γ by dividing some vertices in Γ into several
vertices. In what follows the operator L

Sv(∞)
0 (Γ∞) will be called reference

Laplacian for the Schrödinger operator LS
q (/Gamma).
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The spectrum

The spectrum σ(LS
q (Γ)) is pure point tending to infinity for any finite

compact Γ and q ∈ L1(Γ). The main tool for the investigation of the spectrum
in this paper is the fact that the positive spectrum of a Laplacian on a metric
graph Γ, σ(LS

0 (Γ))\{0} is determined by the secular equation [15, 10, 16, 18]

det(Sv(k)Se(k)− I)︸ ︷︷ ︸
=: p(k)

= 0, (7)

where Sne (k) is the edge-scattering matrix given by 2×2 blocks

(
0 eik`n

eik`n 0

)

on the diagonal in the representation where the end-points are arranged in
accordance to the edges. For non-Robin vertex conditions (i.e. Hermitian S)
this is a generalised trigonometric polynomial, since Sv(k) does not depend
on k in that case Sv(k) ≡ S.

Theorem 2 (After Theorem 5.1 [6]). Let the vertex conditions on Γ be non-
Robin, then the non-zero eigenvalues of LS

0 (Γ) are given as zeros of a gener-
alised trigonometric polynomial:

• The function p(k) defined by (7) can be written in the form:

p(k) := det(Sv(k)Se(k)− I) ≡ det(SvSe(k)− I) =
J∑

j=1

aje
iωjk, (8)

with k-independent coefficients aj ∈ C and ωj ∈ R.

• A point λ = k2 > 0 is an eigenvalue of LS
0 (Γ) if and only if p(k) = 0.

• The multiplicity of every eigenvalue λn(LS
0 (Γ)) = k2

n > 0 coincides with
the order of the corresponding zero of the function p.

Proof. The first two claims are well known [10]: on each edge [x2n−1, x2n] a
solution to −ψ′′ = λψ for λ > 0 can be written in terms of incoming and
outgoing waves:

ψ(x) = a2n−1e
i(x−x2n−1) + a2ne

−i(x−x2n) (9)

= b2n−1e
−i(x−x2n−1) + b2ne

i(x−x2n). (10)
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These two representations are related by the edge scattering matrix Sne (k):

(
b2n−1

b2n

)
=

(
0 eik`n

eik`n 0

)

︸ ︷︷ ︸
=: Sne (k)

(
a2n−1

a2n

)
. (11)

Putting together all these relations we obtain ~B = Se(k) ~A, where Se(k) is

block diagonal with entries Sne (k), and the entries of ~A, ~B are ordered as
the edges of Γ. With Sv(k) the vertex scattering matrix we must also have
~A = Sv(k) ~B, so Sv(k)Se(k) ~A = ~A, which has a solution if and only if the

det(Sv(k)Se(k)︸ ︷︷ ︸
S(k)

−I) = 0.

Now, since the vertex conditions are non-Robin the vertex scattering matrix
is independent of k, so the matrix S(k) − I has entries that are generalised
trigonometric polynomials and therefore its determinant is also a generalised
trigonometric polynomial.

To prove the last statement denote by eiθn(k), n = 1, 2, . . . , 2N and An(k)
the eigenvalues and eigenvectors respectively of the unitary matrix S(k) =
SvSe(k), so

S(k)An(k) = eiθn(k)An(k). (12)

Then we may factor p(k) as

p(k) = det(SvSe(k)− I) =
2N∏

n=1

(
eiθn(k) − 1

)
. (13)

The correspondence ψ ∼ ~A given by (9) is one to one, so λj = k2
j > 0 is

an eigenvalue of multiplicity m(λj) if and only if dim ker(S(k)− I) = m(λj)
which by (13) implies that exactly m(λj) of the θn(kj) satisfy θn(kj) = 0
mod 2π. So p has a zero of order at least m(λj) at kj. To prove that kj is a
zero of p of exactly order m(λ) we thus need to prove that θ′n(kj) 6= 0 for all
θn(kj) = 0. We expand S(k) analytically by noting that

Se(k)′ = iSe(k)D, D := diag(`1, `1, `2, `2, . . . , `N , `N),

so
S(k) = S(kj) + S(kj)iD(k − kj) + . . . .
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Since S(k) is analytic in k we also have analytic expansions at kj

eiθn(k) = 1 + iθ′n(kj)(k − kj) + . . . ,
An(k) = An(kj) + A′n(kj)(k − kj) + . . . ,

since θ(kj) = 0. Plugging the three expansions into (12) we have
(
S(kj) + S(kj)iD(k − kj) + . . .

)(
An(kj) + A′n(kj)(k − kj) + . . .

)

=
(

1 + iθ′n(kj)(k − kj) + . . .
)(
An(kj) + A′n(kj)(k − kj) + . . .

)
.

Comparing the coefficients of k − kj we must then have

S(kj)iDAn(kj) + S(kj)A
′
n(kj) = iθ′n(kj)An(kj) + A′n(kj),

or
(S(kj)− I)A′n(kj) = −S(kj)iDAn(kj) + iθ′n(kj)An(kj). (14)

Since θn(kj) = 0 the corresponding An(kj) is an eigenvector for the eigenvalue
1, and as S(kj) is unitary, S(kj)−I projects orthogonally onto the orthogonal
complement of An(kj), so the left hand side of (14) is orthogonal to An(kj):

((S(kj)− I)~v, An(kj)) = (~v, (S∗(kj)− I)An(kj)) = (~v, 0) = 0, (15)

since S∗(kj)An(kj) = An(kj). Assuming that θ′n(kj) = 0 then the right hand
side of (14) must also be orthogonal to An(kj)

0 = (An(kj),S(kj)iDAn(kj)) = (S(kj)
∗An(kj), iDAn(kj))

= i(An(kj), DAn(kj)),

but this is impossible, since D is positive definite. Hence θ′n(kj) 6= 0 for all
θn with θn(kj) = 0.

An alternative but similar proof can be found in [26].

Remark. We stress that the zeros of the generalised trigonometric polynomial
associated with a quantum graph only gives the correct multiplicity of the
non-zero eigenvalues. For the circle S1 of length π with one vertex Lst

0 (S1)
has spectrum 0, 22, 22, 42, 42, . . . , so that it has one eigenvalue of multiplicity
1 and all other eigenvalues are of multiplicity 2. This is not the zero set of
a generalised trigonometric polynomial, and indeed the generalised trigono-
metric polynomial associated with Lst

0 (S1) is p(k) = (eiπk − 1)2 which has a
zero of order two at k = 0.
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2. Asymptotically close zeros of generalised trigonometric polyno-
mials and holomorphic almost periodic functions.

We have seen that the spectra of quantum graphs are given by the zeros
of generalised trigonometric polynomials which, along with constant and pe-
riodic functions, are the most basic examples of almost periodic functions.
Almost periodic functions received their first major study by H. Bohr in
[4] (see also [5]) who proved that generalised trigonometric polynomials are
dense in the set of almost periodic functions equipped with the supremum
norm. Before proving the main theorem of this section we show that for any
finite set of generalised trigonometric polynomials one may find a common
set of ε-shifts. To prove this we first recall a Lemma from a previous paper
of the authors:

Lemma 3. [6] Given ω1, . . . , ωJ ∈ R there exists a subsequence {mn} of the
natural numbers such that

eiωjmn → 1

for each ωj.

For a proof, see [6]. With this we may deduce the existence of common
ε-shifts

Lemma 4. For any finite set of generalised trigonometric polynomials pi, i =
1, 2, . . . , I

pi =

Ji∑

j=1

aj,ie
iwj,ik,

and any h > 0 one may find common shifts t(δ)→∞, as δ → 0, such that

|pi(k + t(δ))− pi(k)| ≤ δ (16)

for all k ∈ C, |=k| < h.

Proof. Lemma 3 implies that for any ε > 0 one may choose t(ε) such that :

|ei(k+t(ε))ωj,i − eikωj,i | < ε

for all ωj,i and k : |=k| < h. Then

|pi(k + t(ε))− pi(k)| ≤
(

Ji∑

j=1

|aj,i|
)
ε.
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Choosing ε(δ) =
δ

max
i
{∑Ji

j=1 |aj,i| }
, the corresponding sequence t(ε(δ)) satis-

fies the claim of the Lemma.

In particular we have proven that every generalised trigonometric poly-
nomial is an almost periodic function in any strip along the real axis in
accordance with the following definition.

Let f be a continuous function in the strip {z = x + iy ∈ C, |y| < h}. A
number τ is called an ε-shift of f if for all z in the strip it holds

|f(z + τ)− f(z)| < ε.

A set {τ} is relatively dense if there exists an ` such that any interval of
length at least ` contains an element from {τ}. A function f in a strip is
called almost periodic if there for any ε > 0 exists a relatively dense set of
ε-shifts.

Our aim is to study zeroes of such functions assuming in addition that the
functions are holomorphic. Therefore instead of considering almost periodic
functions on the real axis R we are going to work with functions defined in
a certain strip along the real axis.

In the rest of this section we are going to work with holomorphic almost
periodic functions, also our main theorem (which is our main analytic tool
in Section 3) will be applied to just generalised trigonometric polynomials.
Therefore we do not require any knowledge of the theory of almost periodic
function. For the results presented in this paper, it is enough to assume
that the functions are generalised trigonometric polynomials, which slightly
simplifies the proof. On the other hand we think that even the more general
result is interesting and may find its own applications. The literature on
almost periodic functions is somewhat scattered and we could not find this
result explicitly stated anywhere. Theorem 6 below was proven in [27] using
the theory of almost periodic discrete sets, the proof presented here uses just
basic complex analysis, and we feel that it provides further insight into the
problem.

Theorem 5. Let kn and ln inside the strip {z = x + iy : |y| < h} be zeroes
of two almost periodic functions f1 and f2, respectively, both holomorphic
in a slightly larger strip {z = x + iy : |y| < H}, h < H. If there exists a
subsequence lnm of ln such that

lim
n→∞

(kn − lnm) = 0, (17)
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then all the zeros of f1 inside the smaller strip are zeros of f2 with at least
the same multiplicity.

Proof. Let k′ be any zero of f1 inside the smaller strip {z = x+ iy : |y| < h},
and denote its order by m′. We may find an ε, 0 < ε < (H − h)/2 such that
f1 has no other zeros in the disc B2ε(k

′) of radius 2ε centered at k′, and such
that f1, f

′
1, f2, and f ′2 have no zeros on the boundary of Bε(k

′) and B2ε(k
′).

This choice implies that there are common constants 0 < c,C such that

c < |f1(k)|, |f ′1(k)|, |f2(k)|, |f ′2(k)| < C, (18)

on the boundaries ∂Bε(k
′), ∂B2ε(k

′). Choose approximating generalised
trigonometric polynomials

p1(k) =

N1∑

i=1

aie
iωik and p2(k) =

N2∑

i=1

bie
iνik,

such that
|f1(k)− p1(k)| , |f2(k)− p2(k)| < c/2. (19)

The inequalities (18) and (19) together with Rouche’s Theorem imply that
p1 has m′ zeros in Bε(k

′) (see Hurwitz’s theorem). In particular we have

∫

∂Bε(k′)

p′1(k)

p1(k)
dk =

∫

∂B2ε(k′)

p′1(k)

p1(k)
dk = 2πim′, (20)

and ∫

∂B2ε(k′)

p′2(k)

p2(k)
dk = 2πim′′, (21)

for some m′′ ∈ N. We now choose a δ satisfying

δ < min

{
1

16

c2

Cε
,
c

2

}
(22)

(the specific choice of constants play a role in the estimates of the integrals
below (23)) and a common shift t(ε, δ) such that

• |kn − lnm| < ε, for <kn, <lnm > <k′ + t(ε, δ)− 2ε.

• |p(j)
i (k + t(ε, δ))− p(j)

i (k)| < δ, i = 1, 2, j = 0, 1.
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We first show that with this choice of δ and t(ε, δ) the integrals over
the boundaries of the shifted discs Bε(k

′ + t(ε, δ)), B2ε(k
′ + t(ε, δ)) and the

unshifted discs are equal. Consider the difference:

∫

∂Bε(k′)

p′1(k)

p1(k)
dk −

∫

∂Bε(k′+t(ε,δ))

p′1(k)

p1(k)
dk

=

∫

∂Bε(k′)

(
p′1(k)

p1(k)
− p′1(k + t(ε, δ))

p1(k + t(ε, δ))

)
.

We estimate:
∣∣∣∣
∫

∂Bε(k0)

(
p′(k)

p(k)
− p′(k + t(ε, δ))

p(k + t(ε, δ))

)
dk

∣∣∣∣

≤
∫

∂Bε(k0)

{
|p′(k)− p′(k + t(ε, δ))| |p(k + t(ε, δ))|

|p(k)| |p(k + t(ε, δ))|

+
|p′(k + t(ε))| |p(k + t(ε, δ))− p(k)|

|p(k)| |p(k + t(ε, δ))|

}
dk

≤ 2πε

(
δ(C + δ)

c(c− δ) +
(C + δ)δ

c(c− δ)

)
= ε

4πδ(C + δ))

c(c− δ)
≤ ε

4πδ2C

c2/2
= ε

16πC

c2
δ < π,

(23)

where we used (22) directly together with its implication δ < c/2 < C. The
reason to choose δ satisfying (22) is clear now. It follows that the difference
between the two integrals is less than π and therefore they are equal, so

∫

∂Bε(k′+t(ε,δ))

p′1(k)

p1(k)
dk = 2πim′, (24)

and m′ zeros of p1(k) lie inside the shifted disc Bε(k
′ + t(ε, δ)). In the same

way one shows that

∫

∂B2ε(k′+t(ε,δ))

p′1(k)

p1(k)
dk = 2πim′,

∫

∂B2ε(k′+t(ε,δ))

p′2(k)

p2(k)
dk = 2πim′′,

so p1 has m′ zeros in B2ε(k
′ + t(ε, δ)) all of which are actually contained in

Bε(k
′ + t(ε, δ)), and p2 has m′′ zeros in B2ε(k

′ + t(ε, δ)). The choice of δ and
t(ε, δ) ensures that |pi(k+ t(ε, δ)| > |(fi− pi)(k+ t(ε, δ))| on ∂Bε(k

′+ t(ε, δ))
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and ∂B2ε(k
′ + t(ε, δ)), so Rouche’s Theorem then implies that f1 have m′

zeros in Bε(k + t(ε, δ)) and no further zeros in B2ε(k
′ + t(ε, δ)), while f2 has

m′′ zeros in B2ε(k
′ + t(ε, δ)). But by the choice of t(ε, δ) to every zero of f1

inside the smaller shifted ball Bε(k + t(ε, δ)) corresponds a zero of f2 at a
distance less than ε. Hence f2 has at least m′ zeroes inside the bigger shifted
ball B2ε(k

′ + t(ε, δ)), so m′ ≤ m′′.
Letting ε→ 0 — while choosing correspondingly different polynomials p1

and p2 and suitable δ’s and shifts t(ε, δ) — we conclude that k′ is a zero of
f2 of multiplicity at least m′.

By applying Theorem 5 twice we obtain the following result as a special
case.

Theorem 6. Let kn and ln inside the strip {z = x + iy : |y| < h} be zeroes
of two almost periodic functions f1 and f2, respectively, both holomorphic in
a slightly larger strip {z = x+ iy : |y| < H}, h < H. If

lim
n→∞

(kn − ln) = 0, (25)

then the zeros of the functions are identical.

This theorem will be our main tool to prove that two asymptotically
isospectral non-Robin Laplacians are isospectral. In that case the spectrum
is given by zeroes of generalised trigonometric polynomials which are entire
functions and all the zeroes are real.

3. Asymptotically isospectral quantum graphs

Definition 7. Two unbounded, semi-bounded self-adjoint operators A and
B with discrete spectra {λn(A)}∞n=1, {λn(B)}∞n=1 are called almost isospectral
if √

λn(A)−
√
λn(B)→ 0, as n→∞. (26)

Assume in addition that the eigenvalues grow to infinity like n2 (Weyl’s
asymptotics hold like in the case of quantum graphs), then it is enough to
require that

|λn(A)− λn(B)| < Cn1−ε

for certain positive C and ε.
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We start by showing that two asymptotically isospectral non-Robin Lapla-
cians are in fact isospectral. This implies that zeroes of generalised trigono-
metric polynomials have certain rigidity, so that their zeroes are determined
by the asymptotics.

Theorem 8. Let LS1
0 (Γ1) and LS2

0 (Γ2) be two Laplace operators defined on
finite compact metric graphs Γ1 and Γ2 by certain non-Robin vertex condi-
tions given by S1 and S2 respectively. If the operators are asymptotically
isospectral, then they are isospectral.

Proof. The positive eigenvalues of non-Robin Laplacians are given by certain
generalised trigonometric polynomials (Theorem 2). Then Theorem 6 implies
that the zeroes of these polynomials coincide, since they are asymptotically
close. We have thus proven that all positive eigenvalues coincide.

The non-Robin Laplacians are non-negative operators, hence it remains to
show that the multiplicities of the eigenvalue zero coincide. But this trivially
follows from the fact that the lowest non-zero eigenvalues not only coincide
but have the same index.

Taking into account the above theorem one may think that the notion
of asymptotic isospectrality is redundant. This is not completely true, for
example Schrödinger operator on an interval is asymptotically isospectral but
not isospectral to the Laplacian, unless the potential is identically zero.

The following estimate allows us to include Schrödinger operators with
arbitrary vertex conditions in our analysis.

Theorem 9. [19] Let Γ be a finite compact metric graph, q ∈ L1(Γ) and S
be a unitary matrix parametrising properly connecting vertex conditions. Let
Sv(∞) be the high-energy limit of the corresponding vertex scattering matrix
and Γ∞ – the corresponding metric graph so that Sv(∞) determines properly
connecting vertex conditions on Γ∞.

Then the Schrödinger operator LS
q (Γ) and its reference Laplacian L

S(∞)
0 (Γ∞)

are asymptotically isospectral, moreover the difference between the eigenval-
ues λn(L

Sv(∞)
0 (Γ∞)) and λn(LS

q (Γ)) is bounded by a constant, i.e.

|λn(LS
q (Γ))− λn(L

Sv(∞)
0 (Γ∞))| ≤ C, (27)

where C = C(Γ, ‖q‖L1(Γ),S) is independent of n.
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In other words, Schrödinger operator on a metric graph Γ with vertex
conditions determined by a unitary properly connecting matrix S is asymp-
totically isospectral to the reference Laplacian, which is uniquely determined
by the original Schrödinger operator, more precisely by Γ and S as described
above. The vertex conditions for the reference Laplacian are given by the
high-energy limit S(∞) of the vertex scattering matrix determined by S (see
formula (6)). The vertex conditions determined by S(∞) might be not prop-
erly connecting for the original graph Γ, therefore the reference Laplacian is
determined on a graph Γ∞ obtained from Γ by chopping those vertices, for
which S(∞) is not properly connecting.

Two asymptotically isospectral Schrödinger operators are not necessarily
isospectral – Theorem 8 does not hold for Schrödinger operators. On the
other hand one may generalise it by proving that the corresponding reference
Laplacians are isospectral.

Theorem 10. Let LS1
q1

(Γ1) and LS2
q2

(Γ2) be two Schrödinger operators on
finite compact metric graphs Γi with qi ∈ L1(Γi) and vertex conditions de-
termined by unitary matrices Si, for i = 1, 2. Suppose that the operators
are asymptotically isospectral, then the corresponding reference Laplacians
LS1(∞)(Γ∞1 ) and LS1(∞)(Γ∞1 ) are isospectral.

Proof. In accordance with Theorem 9 the operators

LS1
q1

(Γ1) and LS1(∞)(Γ∞1 ),

LS2
q2

(Γ2) and LS2(∞)(Γ∞2 )

are pairwise asymptotically isospectral. One of the conditions in the theo-
rem is that the Schrödinger operators LS1

q1
(Γ1) and LS2

q2
(Γ2) are asymptotically

isospectral, hence the reference Laplacians are also asymptotically isospec-
tral. Then Theorem 8 implies that they are in fact isospectral.

The above theorem does not imply that the underlying reference graphs
Γ∞i coincide, since there exists isospectral non-Robin Laplacians. The theo-
rem just implies that the reference Laplacians belong to the same isospectral
class.

One may strengthen the above theorem by assuming that two Schrödin-
ger operators are not necessarily asymptotically isospectral, but just have
asymptotically close spectra. The only new point is that the multiplicities of
zero as the eigenvalue of the two reference Laplacians may be different.
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Theorem 11. Let LS1
q1

(Γ1) and LS2
q2

(Γ2) be two Schrödinger operators on
finite compact metric graphs Γi with qi ∈ L1(Γi) and vertex conditions deter-
mined by unitary matrices Si, for i = 1, 2. Suppose that their spectra

{k2
n} = σ(LS1

q1
(Γ1)), and {l2n} = σ(LS2

q2
(Γ2)),

are asymptotically close in the sense that

kn+m − ln → 0, as n→∞ (28)

for some m ∈ N. Then all non-zero eigenvalues of the corresponding reference
Laplacians LS1(∞)(Γ∞1 ) and LS2(∞)(Γ∞2 ) coincide and m is the difference in
the multiplicity of the eigenvalue 0 of the operators.

Proof. Repeating major part of the proof of Theorem 10 we conclude that all
non-zero eigenvalues of the reference Laplacians coincide including multiplic-
ities. This time nothing can be said about the multiplicity of the eigenvalue
zero – one may only conclude that the difference between its multiplicities
is equal to the difference of the indices of the first non-zero eigenvalue and
therefore is equal to m.

We add two observations. First, the rate of convergence in (28) plays
no role in the above proof. Second, and more importantly, Theorem 11
can not be strengthened by proving that the eigenvalue 0 is of the same
multiplicity. Consider the circle graph S1 of length 2π with one vertex with
standard conditions and the graph Γ consisting of two disjoint intervals of
length π with standard conditions (i.e. Neumann) at all endpoints. Then
σ(Lst

0 (S1)) = 0, 1, 1, 22, 22, . . . while σ(Lst
0 (Γ)) = 0, 0, 1, 1, 22, 22, . . . . All non-

zero eigenvalues coincide, but the multiplicity of the eigenvalue λ = 0 is
determined by the number of connected components in the corresponding
graph.

Remark. In [25] the following limit was studied:

lim
N→∞

1

N

∑

N>x∈R+

|m1(x)−m2(x)|,

for mi(x) the multiplicity of x2 as an eigenvalue of Lst
0 (Γi), i = 1, 2 for two

finite compact metric graphs Γ1 and Γ2. If the limit is 0 the graphs were called
quasi-isospectral, and it was proved that two graphs are quasi-isospectral only
if they are isospectral and that this result is sharp. Almost isospectrality is
a concept with a similar flavour and our results above show that for Laplace
operators, it as well is a redundant concept.
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4. Uniqueness theorems

The celebrated Ambartsumian theorem stated that a Neumann Schrödin-
ger operator on an interval is isospectral to the Neumann Laplacian on the
same interval if and only if the potential is equal to zero almost everywhere
[1]. It is hard to overestimate the role of this theorem in the inverse spec-
tral theory for one-dimensional Schrödinger operators. In this theorem zero
potential and Neumann boundary conditions are crucial, since the theorem
does not hold for non-zero potential and general boundary conditions. Our
interest in this section is to generalise this result for the case of arbitrary
metric graphs. It is more or less clear that the zero potential and so-called
standard vertex conditions are going to play an exceptional role.

In [6] we have already proven a strong version of Ambartsumian theorem
for quantum graphs, namely that a Schrödinger operator Lst

q (Γ) with stan-
dard vertex conditions on a finite compact metric graph Γ and the Neumann
Laplacian on an interval are isospectral if and only if the graph coincides
with the interval and the potential is zero. The hard part in our studies was
to show that the graph coincides with the interval, since if this is known,
then the classical Ambartsumian theorem implies that the potential is zero.

Let us discuss now what happens if one studies the case where the Schrö-
dinger operator is isospectral not to the Neumann Laplacian on the interval,
but to the Laplacian on a metric graph different from the interval. The case
where the vertex conditions are standard and the metric graphs where the
Schrödinger and the Laplace operators are defined coincide was considered
by several authors [22, 23, 7, 8, 28, 21]. The final point in these studies was
put by E.B. Davies, who proved that a standard Scrödinger operator Lst

q (Γ)
on a finite compact metric graph Γ is isospectral to the standard Laplacian
Lst

0 (Γ) on the same metric graph if and only if the potential is zero [9]. Using
the result from the previous section we are able to show that it is enough to
assume that the Schrödinger operator is isospectral to a standard Laplacian
on some graph. We reformulate a (special case) of Davies Theorem in our
notation:

Theorem 12. [9] Let Γ be a connected finite compact metric graph and let
q ∈ L∞(Γ). If

λn(Lst
q (Γ)) = λn(Lst

0 (Γ))

for all n then q(x) ≡ 0.
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Theorem 13 (Ambartsumian-type Theorem). Let Γ1 be a finite compact
graph, q ∈ L∞(Γ1) and suppose that the corresponding Schrödinger operator
is isospectral to the standard Laplacian on a (may be different) finite compact
graph Γ2

σ(Lst
q (Γ1)) = σ(Lst

0 (Γ2)).

Then q(x) ≡ 0.

Proof. Theorem 11 implies that σ(Lst
0 (Γ1)) = σ(Lst

0 (Γ2)), since standard con-
ditions are non-Robin and therefore σ(Lst

q (Γ1)) = σ(Lst
0 (Γ1)) and from The-

orem 12 we obtain q(x) = 0.

Note that we do not claim that the graphs Γ1 and Γ2 coincide – just
the corresponding standard Laplacians are isospectral. To characterise all
isospectral graphs is a different question [2, 10].

Assume that the operators LS
q (Γ) and LS′

0 (Γ′) are isospectral. In gen-
eral, it is impossible to prove that the graphs Γ and Γ′ are identical, since
explicit examples of isospectral Laplacians are known [10]. For graphs with
rationally independent lengths of edges isospectrality of standard Laplacians
implies that the graphs are identical (Gutkin-Kottos-Smilansky [15] [10] and
Kurasov-Nowaczyk [16]).

Theorem 14. [16] The spectrum of a Laplace operator with standard con-
ditions on a metric graph determines the graph uniquely, provided that the
graph is finite and connected, has no vertices of degree 2, and the edge lengths
are rationally independent.

We now extend this theorem by including Schrödinger operators as well,
but we need another definition first:

Definition 15. We say that vertex conditions on Γ given by S are asymp-
totically standard if Sv(∞) = Sst(Γ).

In other words, vertex conditions are asymptotically standard if and only
if the reference Laplacian coincides with the standard Laplacian on the same
metric graph.

Theorem 16. Let Γ be a finite compact connected quantum graph and let q ∈
L1(Γ) and let S determine asymptotically standard vertex conditions. Assume
that the set of edge-lengths of Γ is rationally independent, then σ(LS

q (Γ))
determines Γ uniquely, provided Γ has no vertex of degree 2.
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Proof. If there were two graphs Γ1 and Γ2, both with rationally indepen-
dent edge lengths, for which there exists qi ∈ L1(Γi), i = 1, 2 such that
σ(LS

q1
(Γ1)) = σ(Lst

q2
(Γ2)), then Theorem 11 implies that the spectra of two

standard Laplacians Lst
0 (Γ1) and Lst

0 (Γ2) coincide, which implies that Γ2 = Γ1

by Theorem 14.

We note that in [10] and [16] an explicit method for reconstructing Γ was
provided. For the reconstruction one needs the spectrum σ(Lst

0 (Γ2)), which
is given by the (squared) zeros of a generalised trigonometric polynomial
p. Theorem 9 implies that kn(LS

q (Γ)) − kn(Lst
0 (Γ)) and with Theorem 6

we have that p is the unique generalised trigonometric polynomial (up to a
constant factor) with zeros asymptotically close to kn(LS

q (Γ)). The authors
are however not aware of any explicit method for determining p from such
approximate information.
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