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1. Introduction

How do cells create and maintain their geometry? This is one of the
central questions in cell biology. For many cellular processes, the asso-
ciated machinery of the cell needs to be recruited to the proper place
at specific times. For example, during endocytosis (a cellular process
where the cell absorbs a molecule by engulfing it) appropriate concen-
trations of certain membrane lipids and proteins need to be present at
the site of absorption in order to form the engulfing vesicle. What is the
mechanism by which these biomolecules localize to the specific mem-
brane region?

The ancients saw the cell membrane as a lipid barrier with selec-
tive permeability. The modern picture is far more complex. Membrane
proteins typically constitute about 50% of the membrane volume. Each
of these proteins performs some biological activity, including the pas-
sive or active transport of molecules which are involved in the cell’s
metabolism, in the communication of the cell with other cells, among
many others. While some of these functions can happen anywhere in
the membrane and thus the associated proteins are distributed all over
it (for example proteins acting as mechanosensitive channels that let
water out when the cell’s internal pressure is too high), others require
the localization of the corresponding proteins to a specific region, for
examples during cell division or endocytosis mentioned above.

Several mechanisms are responsible for localizing biomolecules to
appropriate regions within cells. One of these mechanisms is the sens-
ing of membrane curvature by proteins and other biomolecules, that is,
by expressing a positional preference for membrane regions within a
certain range of local curvature. In this project we study how mem-
brane proteins and lipids interact to sense the shape of lipid mem-
branes. Thus, we develop a novel computational method based on
molecular dynamics simulations of buckled membranes. The basic idea
is to construct a lipid bilayer, compress it so it acquires a buckled shape
with known curvature parameters, and observe how probe molecules,
like an embedded peptide, or a particular lipid species, prefer a certain
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curved regions within the bilayer patch. For pure lipid membranes,
we develop a simple theory, based on the Helfrich model of cell mem-
brane elasticity, to describe how lipids sort themselves between curva-
ture regions. When we consider the localization of peptides and mem-
brane proteins, not only the position but also the orientation of the
molecules becomes relevant. Similarly, we propose a phenomenolog-
ical model to describe the curvature sensing properties of the peptides,
in terms of position- and direction-dependent curvature. In addition to
tracking the joint distribution of position and orientation along buckled
membranes, we also simulate multimeric model proteins in cylindrical
membrane patches, where only the orientation is relevant. For this case
we develop a theory to explain why monomeric, dimeric an tetrameric
protein models have much stronger orientational preferences than their
trimeric, pentameric and hexameric analogues.

The main focus of this research are the mechanisms by which pro-
teins and lipids induce and regulate the spatial organization of the cell
membrane. The principal questions we attempt to investigate can be
formulated in terms of the curvature dependent free energy of the sys-
tems we study. What is the shape of the free energy landscape for dis-
tinct types of curvature sensing molecules? How does the shape asym-
metry of these peptides, which brings an orientational dependance on
the binding energy, affect the free energy landscape? We thus test if the
orientation of curvature sensors corresponds to theoretical predictions
of the corresponding curvature sensing mechanisms. Our first goal is to
develop a computational method that is fast and accurate, and ideally
suited to answer these questions.

Aside from the intrinsic interest associated with the study of curva-
ture sensing and generation, and the identification of its underlying
mechanisms, our method should provide a novel tool in membrane
biophysics, which complements existing approaches. Particular ap-
plications include finding the orientational preferences of key mem-
brane peptides, and the examination of adsorption of biomolecules or
nanoparticles in curved interfaces. This, we hope, will promote the de-
velopment of experimental techniques to tackle these issues. On the
side of medical applications, we believe that deeper understanding of
the interplay between antimicrobial peptides, as described above, will
prove useful in antibiotic development.
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2. Lipid bilayers

Biological bilayers are composed of amphiphilic phospholipids, which
typically consist of two hydrophobic fatty acid tails, a hydrophilic phos-
phate head. Lipids dissolved in water self-assemble into quasi two
dimensional aggregates known as lipid bilayers, which are the sim-
plest and main structural component of cellular membranes, includ-
ing the plasma membrane, the vesicles used in cell-cell communication
and viruses, organelle membranes, and other subcellular structures. As
Fig. 2.1 illustrates, membranes in cells are highly complex and highly
dynamic structures, containing a variety of lipid species, many kinds
of surface bound, and transmembrane proteins, and sterols. However,
in vitro experiments and computer simulations often deal with simpli-
fied membrane models which contain a reduced variety of lipid com-
ponents, and only a few proteins.

Figure 2.1: Schematic picture of a cell membrane patch (Figure credit:
Mariana Ruiz, Wikimedia Commons, public domain)

Lipid bilayer patches with lateral length scales only a few times
the height of a lipid molecule are remarkably well described by con-
tinuum models with a very small number of parameters (the material
constants). A few theoretical models have been developed to describe
curvature sensing. These include theories based on Helfrich-type or
Leibler-type free energy functionals, and the bending stiffness model,
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as well as thermodynamic models fitted to experimental observations
[1]. Typically, continuum models rely on a second order expansion of
the local coupling. Specifically, the bilayer is modeled by an energy
functional quadratic in the local curvature tensor elements. These kinds
of models have their shortcomings though. Quadratic theories imply
intrinsic curvature preferences which have proven hard to experimen-
tally observe, as in almost all experimental curvature sensing assays,
curvature sensors localize to the maximal curvature available to them
[2–4]. Experimental observation of this phenomena, where the sensors
actually show a preference for intermediate curvature within an assay,
is very scarce, but two examples were shown in Refs. [5, 6]. Contin-
uum models have been shown to underpredict induced curvature [7].
Quadratic theories also imply certain symmetries [1]. In Chapter 7 we
show that some of these expected symmetries are violated in our sim-
ulated systems, and we discuss the implications to curvature sensing
phenomena.

2.1 Elasticity of cell membranes

A buckled bilayer geometry is likely inaccessible in experiments, how-
ever, it offers several pragmatic advantages in simulations. Namely, it
presents a continuous range of curvature including both positive and
negative curvature in both leaflets (thus lipids can access curvature of
either sign without the need of lipid flip-flops), and a curved structure
with high curvatures can be constructed with a small number of lipids.
To provide a mathematical description of a buckled lipid bilayer, in this
section, we follow the derivation presented in Ref. 8. The curvature en-
ergy of a lipid bilayer can be expressed by a functional F of the surface
shape S,

F[S] =

∫
S

dA
(
1

2
κ(K(S) − K0)

2 + κ̃KG(S)

)
, (2.1)

where κ is the mean curvature modulus, κ̃ is the Gaussian curvature
modulus, K the total curvature (the sum of the two local principal cur-
vatures), K0 the spontaneous curvature, and KG the Gaussian curva-
ture (the product of the two principal curvatures). Equation (2.1) is
known as the Helfrich functional [9]. Due to the Gauss-Bonnet theo-
rem [10], the contribution from Gaussian curvature is constant if the
buckled membrane is a periodic surface with constant topology.
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A buckled membrane can be obtained by lateral compression of a
flat bilayer patch. This is the two dimensional analogue of compress-
ing an elastic rod, a problem known as the Euler elastica [11]. In terms
of the functional F[S], we can achieve this by adding a constraint term
which fixes the projected length along the membrane’s long axis, which
we set as the x-axis, while at the same time, parameterizing the surface
in terms of the bilayer’s tangent angle ψ (Fig. 2.2). Eq. (2.1) thus be-
comes

F[ψ] = Ly

∫L
0

ds ′
(
1

2
κψ̇2 + λ

(
cosψ−

Lx

L

))
(2.2)

where L is the length of the bilayer along the buckle, Lx the projected
length on the x-axis, and λ is a Lagrange multiplier that fixes Lx. We
describe the buckled shape in terms of a normalized arc length param-
eter s = s ′/L (0 ≤ s ≤ 1), so that K = ψ ′(s)/L, and the projected length
is Lx = L

∫1
0 ds cos(ψ(s)). The shape of the buckled bilayer is obtained

by minimizing F, with fixed Lx. The Euler-Lagrange equation yields

∂2ψ(s)

∂s2
= −λL sin(ψ(s)) , (2.3)

where λL is a Lagrange multiplier that has absorbed the bending mod-
ulus κ. Equation (2.3) can be solved analytically, and the solution is
given in terms of Jacobi elliptic functions in Ref. [8, 12]. To avoid han-
dling special functions, we follow a different route. We solve Eq. (2.3)
numerically for ψ(s) (using Matlab’s boundary problem solver) with
the boundary conditions

ψ(0) = ψ(L) = 0, X(0) = Z(0) = Z(L) = 0, X(L) = Lx, (2.4)

and obtain the buckled shape in Cartesian coordinates

X(s) =

∫ s
0

dσ cos(ψ(σ)) , (2.5)

Z(s) =

∫ s
0

dσ sin(ψ(σ)) . (2.6)

The buckle shape (X(s), Z(s)) is symmetric: X(s) − sLx has period 1/2,
is even around s = 0, and odd around s = 0.25; Z(s) has period 1,
is even around s = 0.5 and odd around s = 0.25. Thus the buckled
shape can be accurately approximated by a Fourier series with many
zero terms due to the symmetries, as we discuss in Paper I. The Fourier
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representation of the buckled shape is given by

XM(s, γ) = Lx

[
s+

M∑
n=1

a
(x)
n (γ) sin(4πns)

]
,

ZM(s, γ) = Lx

[
a
(z)
0 (γ) +

M∑
n=1

a
(z)
n (γ) cos

(
2π(2n− 1)s

)]
, (2.7)

where
γ = 1−

Lx

L
, (2.8)

is the compression factor (γ = 0 indicates a flat bilayer). The coefficients
a
(x)
n (γ), a(z)

n (γ) in Eq. (2.7) are computed through a least-squares fit to
the numerical solution Eq. (2.5).

In Chapter 5, we describe a procedure to align the frames of a result-
ing trajectory in a simulated buckled bilayer. This procedure requires
the repeated evaluation of X(s) and Z(s). For fast evaluation, we con-
struct lookup tables for a

(x)
n (γ), a(z)

n (γ) in the range 0 ≤ γ ≤ 0.85 (for
higher values of γ, the buckled bilayer intersects itself). For arbitrary
values of γ, the coefficients are computed by spline interpolation. These
splines can be analytically differentiated, thus derivatives with respect
to s and γ can be efficiently computed during the alignment procedure
in Chapter 5. In practical terms, 3 Fourier components are sufficient
for moderate values of γ, while 7 Fourier components are required for
precision of at least 5 significant digits for large compression values.

The local curvature of the buckled shape is given by the standard
formula

K(s) =
Z ′(s)X ′′(s) − X ′(s)Z ′′(s)

(X ′(s)2 + Z ′(s)2)3/2
, (2.9)

with the sign convention that the curvature is positive if the membrane
bends away from the probe, that is, for a probe in the upper monolayer,
the curvature is positive if the membrane is locally concave (in Fig. 2.2,
the curvature is positive at the position of the probe). For transmem-
brane probes, we take the perspective of the upper monolayer.

2.2 Cardiolipin as a curvature sensor in lipid mem-
branes

Cardiolipin (CL) is the signature lipid in mitochondria, where it con-
stitutes 10-20% of mitochondrial membranes [13]. It is also found in
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Figure 2.2: Schematic representation of a buckled membrane with a
bound probe molecule (green arrow). The position of the probe along the
buckle is described by the normalized arc length parameter s (red), and
corresponds to the probe’s center of mass, projected to the membrane
midplane (blue surface). The angle ψ corresponds to the angle formed
by the x-axis and the tangential angle t. The orientation angle θ is that
between t and the projection of the peptide’s backbone to the tangential
plane. Adapted with permission from Paper I. c© 2018 ACS.

bacterial membranes, at 5-10% concentration [14]. The special struc-
ture of CL, essentially two phosphatidylglycerol lipid molecules joined
together via their phosphate head groups, gives it a distinctly conical
shape, making it a relatively strong curvature sensor among phospho-
lipids. For this reason, in Chapter 6, where we study redistribution
of lipids in terms of curvature, we pay special attention to cardiolipin,
present in simulated buckled bilayers mimicking E. Coli lipid composi-
tion.

The curvature preferences of CL are also of general interest since CL
deficiency is associated with numerous diseases [15–18], and it is be-
lieved that CL stabilizes respiratory chain complexes in mitochondrial
membranes, and plays a role for proton transport along the mitochon-
drial membrane surface [19–21]. ATP synthase, which synthesizes ATP
using energy released via transmembrane proton transport, associates
with the highly curved edges of the mitochondrial membrane cristae
[22], where the high curvature might also promote local enrichment
of CL. In bacterial membranes, CL has been shown to localize to the
curved poles of rod-shaped bacteria [23], and to promote polar localiza-
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tion of certain membrane proteins [24, 25]. An elegant theory of how
cardiolipin, above certain critical concentration, forms microdomains
that localize in the cell poles through cell-wall mediated interactions is
presented in [26]. These same results were obtained through numerical
simulations in [27]. The effects of cardiolipin localization have impor-
tant consequences, for example, in the membrane insertion of antimi-
crobial peptides [28] or amphipathic helices in general [29].
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3. Curvature sensing

Recently, substantial efforts have been made in the study of the spatial
organization of lipids and proteins within the cell membrane. Mem-
brane curvature is increasingly recognized as an important factor for
cellular organization and membrane protein function [1, 30–34].

Curvature sensing and curvature generation are intrinsically linked,
as both are essentially a response to the same condition: mismatch be-
tween local membrane shape and the three dimensional structure of
the membrane-bound biomolecules in question. A curvature sensing
molecule lowers its curvature-dependent binding energy by localiz-
ing to a more convenient membrane region. If the energetics are high
enough, curvature sensing molecules can induce membrane deforma-
tions for the same purpose. These deformations, however, need to be
paid with bending energy (for simulated membranes, this also implies
additional bending energy to compensate for the initial deformation
so that periodic boundaries are respected), and the energy decompo-
sition between the two phenomena is non-trivial. It is therefore more
computationally tractable to provide a pre-curved membrane and fol-
low curvature sensing exclusively, which is the approach we take in the
following chapters.

Understanding the mechanisms for curvature sensing and gener-
ation should prove useful for medical applications and drug design,
as many diseases are associated with curvature sensing proteins. Just
one example, Endophilin-B1 is a BAR-domain protein involved in au-
tophagy, whose malfunction is implicated in neurodegenerative, car-
diovascular and neoplastic diseases [35]. Furthermore, synthetic bi-
ology offers novel avenues for curvature sensing applications. Mem-
brane protein mimics built using DNA nanostructures (with some added
hydrophobic molecules so that the DNA constructs can insert into the
membrane) can perform biological functions [36]. Since it is easier to
design their three dimensional shape than it is for polypeptides, engi-
neered curvature sensing could play an important role in the design of
membrane devices.
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3.1 Curvature sensing and generation mechanisms

Membrane curvature is generated through complex interactions be-
tween lipids, membranes and other physical forces, like interactions
with the cytoskeleton, with the hydrodynamic flow, or through con-
tact with other membranes or substrates [31]. Several curvature sens-
ing and generation mechanisms are now recognized. These include
hydrophilic protein domains on the surface (scaffolding), hydrophobic
protein domain insertion (wedging) [1], steric interactions (crowding)
[37], and membrane protein oligomerization [38]. In intracellular or-
ganelles the first two appear to be the most effective [38].

The interaction between lipids and membrane curvature is more
subtle, because the small area per lipid molecule (compared to many
proteins) generally prohibits efficient curvature localisation of individ-
ual lipid molecules for entropic reasons [39–42]. In principle, lipids can
generate membrane curvature if the monolayers are very asymmetrical,
with one monolayer having many non-bilayer lipids mixed in, this is
however unlikely [32]. Nevertheless, lipids can show significant curva-
ture sensing and generating effects through cooperative effects. Lipid
packing defects, small membrane surface areas where the hydropho-
bic bilayer core is exposed, can arise from membrane bending. Thus
localization of membrane proteins so that they cover such defects are
favoured [29, 43]. Some proteins bind preferentially to membrane re-
gions enriched with a particular lipid [41]. Interaction between lipid
domains and the cell wall may also be significant [23, 26].

3.2 Curvature sensing experiments

The majority of principles for production of membrane shape were dis-
covered in experiments of clathrin-mediated endocytosis [32]. Exper-
imental studies of curvature sensing by lipids and proteins use vari-
ous methods to create a membrane structure with a range of curva-
tures, and then measure how the molecule of interest partitions be-
tween different curvatures [1]. These experiments have identified sev-
eral proteins that can both sense and generate curvature. These include
membrane associated proteins such BAR domains [2, 44–49], various
amphipathic and antimicrobial peptides, [4, 50–53], as well as trans-
membrane proteins [22, 54–57].

Curvature partitioning assays between vesicles and tubes show that
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several kinds of proteins strongly localize to high curvature domains
[1]. N-BAR domains cause strong deformations, and usually induce
the formation of tubules [58]. The strength of curvature sensing on
tube structures depends on protein density. Amphiphysin 1, (N-BAR
domain) binds to highly curved membranes and triggers deformations
[44]. Dynamin-like proteins are the only known proteins known to me-
chanically drive membrane fission. By pulling a tubule from a giant
unilamellar vesicle, using optical tweezers, and measuring the force
required to hold the tube, the force generated by dynamin polymer-
ization can be deduced (18 pN). This force is enough to deform mem-
branes but still can be counteracted by membrane tension [59].

These approaches face several experimental challenges. One is that
it is difficult to ensure that the properties of the curvature sensor, or the
surrounding membrane, are not influenced by the dye or other addi-
tives [60]. There are experimental difficulties to study sensors for high
curvatures in vivo. Total internal reflection fluorescence microscopy of-
fers good resolution but is only applicable to the plasma membrane. It
is also difficult to study low curvatures in vitro (it is straightforward for
large positive curvatures, more difficult for weak positive curvatures,
and very difficult for negative curvatures) [61]. In the case of supported
lipid bilayers [46, 62], care must also be taken to minimize unwanted
interactions with the supporting surface. Finally, localisation with flu-
orescence microscopy generally does not provide much details beyond
the position and local density of the fluorescent labels [63], and hence
give only indirect information about the structural basis of curvature
sensing.
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4. Molecular dynamics

Molecular dynamics (MD) is a computer simulation technique, in which
the simulated system evolves by numerically solving Newton’s equa-
tions of motion for each particle (atom or molecule) of the system, where
the forces are defined by intermolecular potentials. These potentials de-
scribe all the particle interactions, that is, the bonded interactions and
non-bonded interactions including electrostatic and Van der Waals in-
teractions. A typical potential has the form

U =
∑

bonds

kb(r − r0)
2 +

∑
angles

ka(θ− θ0)
2 +

∑
torsions

kd(1+ cos(nφ− δ))

+
∑
i,j�=i

4εij

[(
σij

rij

)12

−

(
σij

rij

)6]
+

∑
i,j�=i

qiqj

εrij
, (4.1)

where the first three terms correspond to the bonded interactions (bond
stretching, angle bending and torsions), the fourth term describes Van
der Waals interactions (by means of a Lennard-Jones potential), and the
last term corresponds to the Coulombic interactions. Functions such as
Eq. (4.1), along with the values of the parameters (kb, ka, kd, r0, θ0, n,
δ, εij, σij, qi, qj) for each kind of particle (be it an atom, or a coarse-
grained interaction site), form what is known as a force field. The val-
ues of these parameters can be derived from quantum mechanical cal-
culations, by fitting statistics from simulations to physical and chemical
experiments or a combination of both.

In this project, all molecular dynamics simulations were performed
using the Gromacs software [64, 65], and employing two different coarse
grained force fields known as the Cooke and Martini models, detailed
description of which is given below. In paper I we developed the buck-
ling method employing the Cooke model, which represents lipids with
only three coarse grained beads, allowing for very fast computations.
In papers II and III we used the buckling method while employing
the Martini force field, where the lipids we used are represented by
13 coarse grained beads (25 for cardiolipin), and unlike for the Cooke

13



model, explicit solvent is also simulated with coarse grained water molecules.1

Although the computational requirements are much greater than for
the Cooke model, the Martini model is still several orders of magni-
tude faster than atomistic simulations, while retaining much molecular
detail and is thus amenable to semiquantitative physical interpretation.
In paper IV we return to the Cooke model, but do away with simulated
buckling, instead simulating model multimers in cylindrical bilayers,
where the curvature free energy is dependent only on orientation.

The trajectory alignment was performed by a custom module for
PLUMED [66], written in C++ and using the dlib library for linear al-
gebra and non-linear optimizations [67]. The statistical analysis was
performed in MATLAB [68], and VMD was used for graphical visual-
ization of simulated trajectories [69].

4.1 Coarse-grained models

Additional challenges are present in MD simulations. One of the most
obvious is that for systems containing a large number of atoms, MD
may prove to be too computationally expensive. Several approaches
exist to deal with this situation. Coarse-graining is an approach where
the system is described by so called coarse-grained beads, each repre-
senting a group of atoms and its collective behaviour. This approach
can speed-up simulations by several orders of magnitude, while still
retaining significant molecular detail, but carries along its own limita-
tions. Forcefields for a particular coarse-grained approach are generally
non transferable to simulation settings which are different from the set-
ting for which it was developed. Another fundamental limitation of
note comes in the form of the balance between enthalpy and entropy.
As the degrees of freedom in a CG description are reduced so is the en-
tropy, which is compensated by reduced enthalpy terms. Thus, while
free energy differences may be accurate, free energy decomposition is
not possible.

1For reference, POPE has 125 atoms (76 of which are hydrogen), POPG has
128 atoms (77 hydrogen), and the cardiolipin molecule we employ contains
242 atoms (146 hydrogen).
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4.1.1 The Cooke lipid model

The solvent-free Cooke model represents lipids with three beads [70].
The units of length, energy and time in the Cooke model are σ, ε, and
τ, respectively. The sizes of the lipid beads are determined by the pa-
rameter b in a Weeks-Chandler-Andersen potential[71]

VWCA(r) =

⎧⎨
⎩
4ε
[
(b/r)12 − (b/r)6 + 1

4

]
, r ≤ rc

0 , r > rc ,
(4.2)

with rc = 21/6b. Values of bhead,head = bhead,tail = 0.95σ and btail,tail = σ,
give the lipids an effective cylindrical shape [72]. The two bonds in
a lipid are modeled with a finite extensible nonlinear elastic (FENE)
potential

Vbond(r) = −
1

2
kbondr

2
∞

log
[
1− (r/r∞)2

]
, (4.3)

with values for stiffness kbond = 30ε/σ2 and divergence length r∞ =

1.5σ. Lipids are kept straight by means of a harmonic potential between
the first and third beads, with equilibrium length 4σ and bending stiff-
ness 10ε/σ2.

In lieu of solvent particles, hydrophobicity is mimicked by a long-
range attractive potential between tail beads:

Vcos(r) =

⎧⎪⎪⎨
⎪⎪⎩
−ε , r < rc

−ε cos2 π(r−rc)
2wc

, rc ≤ r ≤ rc +wc

0 , r > rc +wc .

(4.4)

The potential (4.4) has a decay range parameter set to wc = 1.6σ. In
all our simulations with the Cooke model, the temperature is set to
kBT = 1.08ε. This combination of wc and T yields a stable fluid bilayer
phase [72]. Cooke simulations were run at constant volume, using the
leap-frog stochastic dynamics integrator with time step of 0.01τ. The
friction constant, which defines the time scale, is Γ = τ−1 All CG beads
are electrically neutral.

The model reproduces bilayer self-assembly, phospholipid phase
diagrams and elastic properties that are qualitatively correct [72]. Of
course, such a highly coarse-grained model has it’s disadvantages. In
particular, the Cooke model introduces some peculiar behaviour in-
cluding an artificially high lipid flip-flop rate, and a tendency for indi-
vidual lipids to detach from the bilayer and wonder around the simu-
lation box (i.e. going into gas phase) for a limited time before returning
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into the bilayer. About 1% of lipids can be found in this gas phase at
any given time [70].

Based on typical values of bilayer thickness and lipid diffusion, the
mapping of length and time scales are roughly given by σ ≈ 1nm, and
τ ≈ 10ns [70].

4.1.2 The Martini force field

Martini [73–76] is based on a mapping of 4 heavy atoms, along with
their associated hydrogens, to one CG bead, of which four types are
defined: polar, apolar, non-polar and charged. The force field provides
a speed-up of several orders of magnitude compared to atomistic simu-
lations, while still retaining significant molecular detail. For the param-
eterization of Martini, bonded interactions were derived from atomistic
simulations, while non-bonded interactions were fitted to reproduce
partitioning free energies from experiments. Martini has been heav-
ily tested and validated against biomolecular systems, and it is known
to accurately reproduce the elastic properties of lipid bilayers. In par-
ticular, the Martini force field has proven very successful in the sim-
ulation of membrane-protein lipid interplay, for example the domain
partitioning of membrane peptides, or the prediction of binding modes
of proteins to membranes. Martini topologies are available for many
lipids and surfactant molecules, all amino acids, and several sugars,
nanoparticles and polymers. Topologies can also be easily constructed
for arbitrary proteins and peptides from available software. These re-
quire addition of elastic networks that constrain secondary structure.

All our Martini simulations were run at constant temperature of 300
K using the Bussi velocity-rescaling thermostat [77] with coupling con-
stant of 1 ps. Pressure was maintained at 1 bar with semiisotropic cou-
pling and 12 ps time constant, using the Parrinello-Rahman barostat,
and with constant xy area. Electrostatics were handled with the PME
method [78]. The time step was set at 25 fs.
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Figure 4.1: Representation of lipids investigated in this work. On the
left, Cooke lipids with to cylindrical shape (lipC), big headed lipid (lipB)
and small headed lipid (lipS). On the right, Martini representations of
1-palmitoyl-2-oleoyl phosphatidylethanolamine (POPE), 1-palmitoyl-2-
oleoyl phosphatidylglycerol(-1) (POPG) and cardiolipin(-1) (CL), anno-
tated with the head group charges. Left panel adapted with permission
form Paper I. c© 2018 ACS. Right panel adapted from Paper II.
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5. Simulated buckling (I)

In Paper I, we develop a computational method to study curvature
sensing based on simulated buckling. This chapter gives a description
and evaluation of the method, though some of the results reported in
Paper I are deferred to Chapter 6 (namely Sections 3.2 and 3.3 in the
paper), and to Chapter 7 (Section 3.4).

Computer simulations can provide additional insights into the mech-
anisms of curvature sensing, but suffer from other kinds of difficulties.
Simulations of flat bilayers rely on detecting induced local membrane
deformations [22, 53, 79] which can be difficult to interpret. Simula-
tions of bilayers having shapes of spheres [80] or cylinders [81] require
equilibration between lipids and solute between the inside and outside
of the system, which can be difficult unless very coarse-grained models
are used.

Simulated buckling can circumvent some of these difficulties. Yet,
another obstacle arises: the buckled shape is subject to strong fluctua-
tions, particularly in the phase of the buckled shape along the compres-
sion axis. Thus, in order to be able to collect statistics of positional data,
each frame of a simulated buckled bilayer trajectory must be aligned to
some reference shape.

To obtain a buckled membrane the following procedure is followed.
First, a flat membrane is constructed using a Matlab script for a given
number of lipids and xy aspect ratio. The aspect ratio should be such
that even after compression, the projected length Lx is larger than the
length Ly, otherwise the buckle is subject to orientation transitions, that
is, if Lx ≈ Ly the buckle can transition from being along the x direc-
tion to the y direction, back and forth. This membrane patch is then
energy minimized, and a short equilibration is run. Then the mem-
brane patch is compress along the x axis by a given buckling factor, by
rescaling the x position of each molecule. If the buckling factor is large,
this may be problematic, as some atoms can end up in very high poten-
tial energy positions. This problem can be resolved by compressing in
stages, and/or by manually relocating the offending atoms. After com-
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pression the system is again energy minimized and equilibrated, after
which production runs are performed.

Experimental assays [44, 82] have established the curvature prefer-
ences of several peptides, as well as lipids, of which cardiolipin, given
it’s particularly conical shape has relatively pronounced intrinsic cur-
vature preference. On the following chapters, we will use our compu-
tational method to simulate systems that somewhat mimic these exper-
iments.

In our approach, we simulate a buckled bilayer, which is formed by
compressing a flat bilayer along its long axis. This approach provides
a profile which is symmetric between monolayers, and gives a contin-
uous range of curvatures.

To filter out phase and length fluctuations in the simulated buckled
bilayer, we have developed an alignment procedure, which relies on fit-
ting the surface formed by the lipid’s innermost tail beads (the bilayer
midplane) to the theoretical buckled shape of a compressed fluid mem-
brane described in Section 2.1. The first step is thus to calculate this
theoretical shape. We follow the approach presented in [8] and proceed
as follows.

First, the energy of a lipid bilayer can be expressed as a Helfrich-
type functional of its surface shape, Eq. (2.1) [9]. Minimization of this
energy, with appropriate boundary conditions yields an expression for
the theoretical shape of a buckled membrane. We then proceed to fit
each simulated frame of the buckled bilayer to this reference shape,
by minimizing the mean squared distance from the bilayer mid-plane
to the theoretical shape, the parameters of which are the minimiza-
tion variables. For practical reasons (so that the method can be im-
plemented in reasonable time) the alignment procedure must be both
accurate and efficient.

5.1 Frame alignment

The theoretical buckled shape (X(s;γ), Z(s;γ)), given in Eqs. (2.7), was
described in Section 2.1. To align each frame in a simulated trajectory,
we fit this curve to the positions, in the xz plane, of the innermost lipid
tail beads, denoted below as (xj, zj) for j = 1, . . . ,N, where N is the
number of beads. The fit is achieved by minimizing the sum of squared

20



distances, χ2, from these beads to the curve (X(s;γ), Z(s;γ))

min
x0,z0,γ,sj

χ2 = min
x0,z0,γ,sj

1

2

N∑
j=1

(x0+X(sj;γ)−xj)
2+(z0+Z(sj;γ)−zj)

2 . (5.1)

The minimization parameters are the offsets x0 and z0, the compression
factor γ (since the membrane length L fluctuates), and the sj, corre-
sponding to the projected positions of the innermost tail beads in terms
of the normalized arc length s. As simulations are performed with pe-
riodic boundaries, the differences in Eq. (5.1) must adhere to the mini-
mum image convention.

Figure 5.1 shows an aligned frame, together with the fitted buckled
shape. Position data along the buckle is described by the parameter
0 ≤ s ≤ 1.

Figure 5.1: Snapshot of an aligned buckled membrane. This particular
frame corresponds to the CL12 simulation (Table 6.1), where cardiolipin
molecules are shown in red, POPG in green, and POPE in blue. The curve
in orange corresponds to the fitted theoretical buckled shape. Positions
along the buckle are described in terms of the normalized arc length pa-
rameter s (red). Adapted from Paper II.

Since the fit is strongly nonlinear, good initial conditions are re-
quired to ensure fit convergence. We can obtain these by first perform-
ing a preliminary fit to a trigonometric function, acting as an approxi-
mation to the buckled shape. We define

zj = z1 + b sin(2π(xj − x0)/Lx − π/2) , (5.2)

and fit the innermost tail bead positions (xj, zj) to Eq. (5.2) in the least-
squares sense, thus obtaining good estimates to x0 and z0 = z1 − |b|.
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If b is negative the value of the x-offset is adjusted to x0 = mod(x0 +
Lx/2, Lx) (where mod is the modulo operator). The initial guess for the
s-values of the beads is sj = (xj − x0)/Lx. For subsequent frames these
initial conditions can be taken from the previous fit, thus eliminating
the need for the preliminary fit, unless the frames are far apart in time.

Once a frame has been aligned, the position sp or the curvature sens-
ing probe needs to be determined. It corresponds to the projection of
the probe’s center of mass (x̄p, z̄p) to the fitted buckled shape (X,Z),
obtained through minimization of the squared distance

sp = arg min
s

(x0 + X(s, γ) − x̄p)
2 + (z0 + Z(s, γ) − z̄p)

2 . (5.3)

5.2 Orientation Analysis

The orthogonal Procrustes problem [83, 84]

R = arg min
Ω

||ΩP − Q|| , Ω ∈ SO(3) , (5.4)

where Q = (q1, . . . , qN) denotes the set of points representing the posi-
tion of the probe atoms, P = (p1, . . . ,pN) represents the reference probe,
|| · || denotes the Frobenius norm, and SO(3) indicates the 3D rotation
group. The solution is the rotation matrix closest to M = QPT. We com-
pute the singular value decomposition M = UΣVT, where U and V are
orthogonal matrices, the columns of which contain the left- and right-
singular vectors, respectively, and Σ is a 3× 3 diagonal matrix, contain-
ing the singular values of M, which are real and non-negative. Σ needs
to be modified into a proper rotation matrix Σ′ where the smallest sin-
gular value is replaced by d = sign(det(UVT)). Finally, the optimal
rotation matrix is given by R = UΣ′VT.

From R we compute the Euler angles corresponding to the rotation.
Considering the intrinsic rotation sequence z − y − z, the angles from
R = RηRζRξ are given by

η = atan2 (R23, R13)

ζ = arccosR33

ξ = atan2 (R32,−R31) . (5.5)

where Rij are matrix elements. If cos ζ ≈ ±1, the matrix R contains
only one independent degree of freedom. In this case, we arbitrarily
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set η± = 0 and determine the remaining angle from

ξ± = arccos(R22) . (5.6)

Finally, the orientation angle of the probe molecule is θ = η+ ξ.

5.3 Method evaluation

As the alignment procedure is performed for every simulated frame,
this procedure needs to be robust and efficient. Here we investigate the
stability of the method with respect to two factors, namely the presence
of noise, and a decrease in the number of beads used in the fit. First, to
evaluate robustness to noise, we perform simulations where, for each
frame, a given number of noise beads are added in random positions in
the simulation box. The noise level is defined as the number of added
noise beads, divided by the number N of innermost tail beads used in
the fit, Eq. (5.1). Second, we reduce the number of optimization param-
eters in (5.1) by selecting a random subset of the innermost tail beads
used for the fit (thus reducing N) and evaluate the quality of the fits.
We define N divided by the total number of lipids as the fit resolu-
tion. Reducing the fit resolution can lead to significant improvement
in computational performance. To validate and evaluate the method
described above, we performed simulations of buckled bilayers com-
posed of 1024 Cooke lipids, compressed to a value of γ = 0.2 and ran
for a time of 107 τ.

Figure 5.2 shows the root mean squared deviation, (χ2/N)1/2 as a
function of time for a 106 τ slice of a simulated trajectory, where N = 256

were used for the fit, and for two different noise levels. We observe that
even for the worst case present, the fit is fairly reasonable.

In addition to the RMSD, we also evaluate the fit in terms of serror =

|s − s∗|, where s∗ is the fitted value where the noise level is 0%, and
the resolution 100%. Figure 5.3 shows both these indicators as func-
tions of the noise level and resolutions in box plots. We observe that
for noise levels below 10%, we get RMSD values below 0.9σ and serror

below 0.015 with 98% confidence. Even the worst outliers give errors
below 5%, and RMSD of 1.2 σ, which are reasonable values as Fig. 5.2
indicates. Higher noise levels can introduce bigger deviations, while
also affecting performance, as indicated by Fig. 5.4b. Regarding the fit
resolution, we see that similar accuracy is achieved with a resolution as
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low as 25%. This is a particularly important feature, since we use stan-
dard optimization algorithms for the optimization of Eq. (5.1), which
scale cubically with N (Fig. 5.4a). Reducing the resolution further how-
ever, not only introduces larger errors, but it also negatively impacts
the performance of the method, as the initial fit of each frame fails to
converge with increasing frequency. Repeated attempts (with different
initial conditions) negatively affect performance, as is clear in Fig. 5.4a
for N < 250.

Figure 5.2: The root mean squared deviation (RMSD) of the fit to Eq. (5.1)
as a function of time. 256 beads were used for the fit, corresponding to
resolution of 25%. The blue curve corresponds to a trajectory with no
added noise, while the trajectory in red contains 24 added noise beads in
each frame. The snapshots correspond to the best and worst fits for each
of the noise levels. The black curves are fitted curves, while the colored
circles represent the beads used for the fit. The figure shows a trajectory
of duration 106τ. Reprinted with permission from Paper I. c© 2018 ACS.

24



Figure 5.3: (a) Box plot of the fitted RMSD as function of noise level
(percentage of added noise beads with respect to the number N = 256

of beads used for the fit). (b) RMSD as a function of resolution level in-
dicated by the percentage of innermost tail beads used for the fit. (c–d)
Same as panels a,b but for serror. The simulated bilayers consist of 1024
lipids, the buckling factor is γ = 0.2, simulation time is 106τ, from which
2 × 104 data points were taken. The whisker length is 1.5 times the in-
terquartile range. Reprinted with permission from Paper I. c© 2018 ACS..
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Figure 5.4: (a) Computational time (in seconds) as a function of the num-
ber of lipids N used in the frame alignment in a simulation of length 106τ,
of a membrane patch with 1024 lipids and γ = 0.2. 20,000 frames were
fitted. The red line indicates that the time complexity of the current im-
plementation of the method which is O(N3). The blue line corresponds
to O(N2) scaling, which is in principle possible, as the Hessian of the
objective function (5.1) can be inverted in linear time using Schur decom-
position. (b) Fraction of frames in which the initial fit failed to converge,
as a function of fit resolution. Adapted with permission from Paper I. c©
2018 ACS.
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6. Lipid Sorting (I,II)

In this chapter we investigate how the spatial distribution of lipids in a
membrane is affected by bending it. Curvature sensing effects on lipids
are weak, due to the small area footprint of individual lipids. Simulated
buckling however, allows for the efficient study of lipid distribution as
a function of curvature, as these systems present a continuous range of
curvature which can include very high values while simulating small
membrane patches. In Paper I we investigate how lipids redistribute
according to curvature in single- and two-component lipid bilayer sim-
ulations using the Cooke model for coarse-graining. In Paper II we also
analyze lipid redistribution, but for Martini model simulations of one-
to three-component lipid systems, with particular focus on the distri-
bution of cardiolipin, a lipid with a unique structure which makes it a
relatively strong curvature sensor. We also study how curvature affects
membrane lipid structure, in terms of lipid order parameters. Table 6.1
summarizes the simulated systems reported in this chapter.

All lipid distributions depicted here correspond to the spatial dis-
tributions of the innermost lipid tail beads. Both leaflets are symmetric
and equivalent: the curvature at some point in the upper monolayer
is the same in magnitude, but of opposing sign at the same point the
lower monolayer. Equivalently, the curvature at s0 in one monolayer,
is the same as in s0 + 0.5 in the other, and K(s) = −K(s + 0.5). Re-
ported monolayer densities take the perspective of the upper mono-
layer.1 These densities are constructed by taking directly the s-positions
from lipids in the upper monolayer, and the s-positions of lipids in the
lower monolayer shifted by a half period.

6.1 Geometric effects of curvature on lipid packing

In bilayers composed by a single lipid species, curvature sensing is ab-
sent, as the lipid positions are constrained to form continuous mono-

1Figure 6.1 shows, however, distributions for each monolayer separately.
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layers. Simulation of single-component bilayers however is important
as it allows us to study how the lipids redistribute due to membrane
bending, to establish a standard for data sampling, and to evaluate
the methodology, as done in Chapter 5, as well as to compute certain
membrane properties, like lipid diffusion constants and autocorrelation
times.

These observations are also applicable to multi-component lipid bi-
layers, when all lipids are taken together irrespective of lipid species.
The lipid distributions show the geometric effects of membrane bend-
ing on lipid tail positions. When a bilayer is bent towards the lower
monolayer, lipid head groups in the upper monolayer acquire increased
available area, while the opposite is true for the innermost region of
their tails. This is reflected in the single-component position distribu-
tions, as well as the distributions for all lipids taken together in multi-
component distributions. As the simulated buckles contain fairly large
curvatures, this effect is large and of order γ (Figs. 6.1 and 6.2).

Figure 6.1 shows the probability densities ρ(s) for each monolayer,
and the midplane density ρ̂(s) (taking into account lipids from both
monolayers). Figure 6.2 depicts the same data as Fig. 6.1, but as a func-
tion of curvature K(s), and where we have combined the data of both
monolayers, by shifting the s-values of the lower monolayer by a half
period:

ρ(s) =
1

2

[
ρupper(s) + ρlower(mod(s+ 0.5, 1))

]
. (6.1)

For all the simulated systems with varying γ, the density is to excellent
approximation a function of curvature only. The simplest geometric
model is linear in curvature:

ρ(s) = ρ0 + a1K(s) . (6.2)

As Fig. 6.2a shows, this linear model is an excellent approximation.
However, higher order deviations, though small can be observed. Al-
though the linear model implies that the upper and lower monolayer
densities balance out, I can be seen that the midplane density, though
well approximated by ρ̂(s) = 1, contains systematic deviations. This
density is maximal where the bilayer is flat (K(s) = 0), since lipid pack-
ing is best in those regions, and minimal around |K| 0.2σ−1.

Similar observations are applicable for the Martini systems, where
the densities ρ(s) are also well described by Eq. (6.2) (Fig. 6.3b), for
the single-component bilayers as well as for the multi-component ones,
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where ρ(s) is the all-lipid density. For these systems, however, the
asymmetries in curvature-dependent lipid distribution are stronger. As
shown in Fig. 6.3a,b, the depletion at minimal curvature is larger than
the enrichment at the largest curvature region, while the profile of ρ(s)
present a plateau around maximal K. The midplane density also devi-
ates weakly from a flat density ρ̂(s) = 1 (Fig. 6.3c), showing maximal
density at flat regions (s = {0.25, 0.75}), where the tightest lipid packing
occurs.

6.2 Curvature-dependent lipid distribution and struc-
ture

In multi-component bilayers, we can study how different lipid species
redistribute due to curvature. The appropriate observables are the lipid
distributions relative to the all-lipid density ρ(s) which was the subject
of Section 6.1. Relative densities are defined as

φj(s) =
ρj(s)∑
k ρk(s)

=
ρj(s)

ρ(s)
, (6.3)

where ρj(s) is the monolayer distribution for lipid species j, normalized
as ∫ 1

0

dsρj(s) = fj , (6.4)

where fj is the fraction of that lipid in the monolayer, while ρ(s) is nor-
malized to unity. For clarity, in Fig. 6.4, the depicted relative densities
are normalized as

Φj(s) =
φj(s)∫1

0 dsφj(s)
. (6.5)

In Fig. 6.4 we observe how different lipids sense curvature with varying
strengths. In the two-componet bilayer, POPG redistributes towards
positive curvature, while POPE is enriched in negative curvature re-
gions. As CL is added to the mixture in increasing concentrations,
it shows a stronger preference for negative curvature, outcompeting
POPE for the largest negative curvature region, partially displacing
POPE.

To investigate how curvature affects lipid structure, we calculate the
second rank order parameter

P2(s) =
1

2

(
3〈cos2 θ〉− 1

)
, (6.6)
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Figure 6.1: Probability densities for lipid position for different values of
γ for the Cooke systems. The first column corresponds to the lipids in the
upper leaflet, the second column to the lower leaflet, and the third column
to both leaflets. The fourth column corresponds to the fitted theoretical
buckled shape, in units of the bilayer arc length L. The analyzed data
includes the positions of all lipid tails. Simulation time is 107 τ. Adapted
with permission from Paper I. c© 2018 ACS.
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Figure 6.2: (a) Monolayer lipid densities as functions of curvature for dif-
ferent values of γ, for the Cooke simulations (Table 6.1). Same data as
in the first two columns of Fig. 6.1, but plotted as function of K(s). The
dashed line is the linear model Eq. (6.2), with ρ0 = 1 (a flat monolayer)
and a1 = 1.42 σ, obtained from a least-squares fit. (b) Midplane density
ρ̂(s)corresponding to the third column in Fig. 6.1. Adapted with permis-
sion from Paper I. c© 2018 ACS.

Figure 6.3: Monolayer density ρ(s) for all lipids, as function of s (a) and
of curvature K(s) (b), and midplane density ρ̂(s) (c), for the Martini sim-
ulations listed in Table 6.1. Adapted from Paper II.
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Figure 6.4: Normalized relative densities Φj(s) as functions of curva-
ture K(s) for the Martini simulations. Panels correspond to (a) POPG, (b)
POPE, and (C) CL. Symbols correspond to the simulated systems listed
in Table 6.1. Adapted from Paper II.

for the lipid tails as a function of local curvature. Here θ is the an-
gle between a lipid tail bond and the bilayer normal at the location of
the lipid. For each bond, the average is done over all lipids within the
same bin in s. Figure 6.5 shows the order parameter 〈P2〉, averaged
over all the tail bonds for each lipid species, as functions of curvature
K(s). The order parameters for POPG and POPE are very similar. This
is expected since the tail compositions for these two lipids are identi-
cal, only varying in their head groups. For all the multi-component
simulations, the P2-values for POPG are slightly larger, likely due to
the fact that the charged head group in POPG keeps the molecules a
little more elongated. As expected, in all cases P2 is maximal at flat re-
gions, K ∼ 0, and is minimal at the most negative curvature region. CL
molecules are the most affected by curvature in terms of P2, consistent
with the picture of CL preferring negative curvature regions, where
there is increased available area for the lipid tails to spread, making it
entropically favourable. This mechanism is similar to the role of choles-
terol, filling the gaps left in fluid bilayers with many unsaturated lipids
[85], and is also consistent with CL function to stabilize protein-lipid
domains, by filling the gaps in the protein-membrane interface [86].

6.3 Theoretical analysis of lipid sorting for two- and
three-component bilayers

Here we provide a derivation of the so-called enhancement ratio [39],
a quantity that measures lipid partitioning between regions of positive
and negative curvature, for two- and three-component lipid mixtures.

33



Figure 6.5: Average order parameter 〈P2〉 as a function of curvature K(s).
Panels correspond to (a) POPG, (b) POPE, and (C) CL. Symbols corre-
spond to the simulated systems listed in Table 6.1. Adapted from Paper
II.

Following Ref. [39], we model the curvature energy per lipid of species
j as

Ej =
1

2
Mj

(
K(s) − Kj

)2
, (6.7)

where Mj is the bending modulus, and Kj the lipid’s intrinsic curvature.
Mixing entropy per lipid in the monolayer is given by the ideal gas
relation

S = −kB
(

logφj(s) − 1
)
, (6.8)

where φj(s) is the local mole fraction for lipid species j defined in Eq. (6.3).
Consider a three-component lipid mixture. From Eqs. (6.7,6.8), the

free energy per monolayer is given by

F = LyL

∫ 1
0

dsρ̃(s)
3∑

j=1

(φj(s)

2
Mj(K(s) − Kj)

2 + kBTφj(s)(logφj(s) − 1)
)
,

(6.9)
where ρ̃(s) = nρ(s) is the lipid number density, with n being the to-
tal number of lipids in the monolayer. Equation (6.9) is subject to the
constraints ∫ 1

0

dsρ̃(s)φj(s) = nj , (6.10)

which fixes the number nj of lipids of species j in the monolayer, and

3∑
i=1

φi(s) = 1 , (6.11)
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which ensures point-wise normalization of the molar fractions. Mini-
mizing Eq. (6.9) with respect to φi(s) yields

− kBT logφj(s) =
Mj

2
(K(s) − Kj)

2 + μj + α(s) . (6.12)

Here μj is a Lagrange multiplier, corresponding to a chemical potential,
that arises from condition (6.10), and α(s) is a function which enforces
the point-wise constraint (6.11). For the function α(s) we find

eα(s) =
3∑

j=0

e−μj−
Mj
2

(K(s)−Kj)
2

. (6.13)

The curvature at any given point s in opposing monolayers has the
same magnitude and opposing sign (Kupper(s) = −Klower(s)). Thus,
from Eq. (6.12), and taking both monolayers into account leads to the
expression

log
φ+
j (s)

φ−
j (s)

=
2

kBT
K(s)

(
KjMj

)
+ μ+

j − μ−
j − (α+(s) − α−(s)) , (6.14)

where φ+
j (s) is the mole fraction of lipid species j at point s in the leaflet

with positive curvature, and conversely φ−
j (s) is the same quantity at

the leaflet with negative curvature. The same notation applies for μ±

and α±. Since the monolayers are symmetric the chemical potentials
are the same. The function α(s) on the other hand is not symmetric
across the bilayer. Fortunately, however, it cancels out for expressions
of relative fractions (log(φi/φj)). Incorporating these considerations,
we arrive at the enhancement ratio equation for a three-component
mixture

log
φ+
i (s)φ

−
j (s)

φ−
i (s)φ

+
j (s)

= 2K(s)
KiMi − KjMj

kBT
. (6.15)

For a two-component bilayer, if one assumes KjMj = 0, it follows
that

log
φ+(s)

φ−(s)
= 2K(s)

KiMi

kBT
, (6.16)

which was derived in Ref. [39], where the quantity on the left hand
side is referred to as the enhancement ratio, and measures the degree
of partitioning, through lipid flip-flop, of big-headed Cooke lipids be-
tween the outer monolayer (corresponding to positive curvature) and
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the inner monolayer (which has negative curvature) in vesicles of vary-
ing sizes.

Analogously to [39], we simulated buckled membranes with 1:1
mixtures of small-headed and big-headed Cooke lipids, varying the de-
gree of buckling, and the head size ratio, which is achieved by varying
the parameter b in the potential (4.2). These simulations are listed as
CD1.05, CD1.05b and CD1.1 in Table 6.1, where the simulation param-
eters are reported. In Fig. 6.6 we compare the results of these simula-
tions, to those obtained in [39] with simulated vesicles. We find excel-
lent agreement, except for the two highest curvature points, which we
suspect may be outliers. The results are in agreement with Eq. (6.16),
which predicts a linear relation between the enhancement ratio and lo-
cal curvature, and that the slope of the line depends only on the mate-
rial constants Ki and Mi, and not the particular geometry of the mem-
brane. Here, a particular advantage of the simulated buckling is that a
continuous range of curvature can be investigated in a single simula-
tion, in contrast to the assay in [39], where each data point corresponds
to a distinct simulated vesicle.

For the two- and three-component Martini simulations, Fig. 6.7
shows weak competition between POPG and POPE (KPGMPG−KPGMPG ≈
1.2kBTnm), strong competition between POPG and CL, since the lipids
redistribute to curvatures of opposing signs (KPGMPG − KCLMCL ≈
4.6kBTnm), and intermediate competition between POPE and CL (KPEMPE−

KPGMPG ≈ 3.4kBTnm), consistent with our previous results indicating
that CL outcompetes POPE for negative curvature. Equation (6.15) pre-
dicts a linear relation between curvature and the enhancement ratios
for each pair of lipids, which moreover should be the same for all mix-
tures. Figure 6.7 shows good agreement between our simulations and
Eq. (6.15).

In Ref. [87], a similar system of a buckled bilayer containing a mix-
ture of POPC, POPE and CL was studied. Our results are in agreement
to their findings that CL strongly prefers negative curvature, in con-
trast to POPE which, though having a similar inverted conical shape,
appears to be fairly curvature agnostic. Their parameterization of the
buckled membrane consists of fitting local curvature in terms of the
buckling axis coordinate (x in our nomenclature), thus assigning a cur-
vature value to each lipid based on the x coordinate of the lipid’s head
bead. This allows for the study of lipid species concentration gradients
as functions of curvature, but lacking a position coordinate relative to
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Figure 6.6: Enhancement ratio as function of absolute total curvature |K|

(twice the mean curvature), for different head-size ratios. The colored
symbols correspond to the CD1.05, CD1.05b and the CD1.1 simulations
(see Table 6.1). The data marked C&D in the legend was taken from Fig.
4 in Ref. [39]. Reprinted with permission from Paper I. c© 2018 ACS.

Figure 6.7: Enhancement ratios for the two- and three-component Mar-
tini simulations, as functions of total curvature |K|. The black lines are
least-squares fits to Eq. (6.15). Adapted from Paper II.

the buckle (s), the parameterization is not amenable to the kind of anal-
ysis presented in this section.
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7. Curvature sensing by
proteins and peptides (I,III,IV)

In this chapter we investigate curvature sensing by peptides and pro-
teins. We start with a short overview of the theory for direction-dependent
curvature sensing, and make an argument for the need of quadratic
models in the curvature tensor. We then proceed to study three kinds
of simulated types of curvature sensing assays, with peptides and pro-
teins acting as curvature sensors. First, we constructed a system con-
sisting of a model trimeric transmembrane protein in a buckled mem-
brane employing the Cooke model for Coarse-graining, where we stud-
ied the curvature preferences of the trimer both in terms of its position
along the buckle, and it’s orientation within the buckle (Paper I). Sec-
ond, we simulated three Martini systems, each containing a small am-
phipathic peptide bound to the surface of a buckled membranes (Pa-
per III). Third, using again the Cooke model, we simulated a series of
model multimeric transmembrane proteins, with 1- to 6-fold rotational
symmetry, attached to a cylindrical membranes (Paper IV). The princi-
pal curvatures in cylinders are zero in the longitudinal direction, and
1/R in the circumferencial direction, thus the local curvature of the pro-
teins is a function only their orientation angle. Table 7.1 summarizes
the simulations reported in this chapter.

7.1 Position- and orientation-dependent curvature sens-
ing

We model the position distribution of a curvature sensing probe as de-
pending on local curvature, G = G(K(s)), where G is the orientation
averaged binding free energy in units of kBT . The distribution is pro-
portional to the Boltzmann factor exp(−G(s)), so we calculate the free
energy G from curvature histograms by weighting the bins by its trans-
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Figure 7.1: Side and top views of a simulated buckled membrane with
a bonded peptide (green). The red curve is the fitted theoretical buckled
shape. The position of the peptide correspond to the projection of it’s
center of mass to the red curve, in terms of the normalized arc length
s. Lipid phosphate groups are marked in pink, lipid tails in gray, and
the innermost tail beads in blue. The orientation angle θ is defined as the
angle between the local tangent angle t and the projection of the peptide’s
backbone to the local tangent plane. These snapshots correspond to the
LL-37 simulation. Adapted from Paper III.

formation Jacobian factor |dK/ds|

ρ̃(s)ds ∝ e−G(K(s))ds ∝ e−G(K)

∣∣∣∣dK
ds

∣∣∣∣−1

dK ∝ ρ(K)dK . (7.1)

The Jacobian factor can be understood as compensating for the fact that,
in a buckled shape, near flat curvatures have short arc length footprints
while larger curvature bins correspond to longer ranges in s. Thus, the
curvature dependent free energy is given by

G(K) = − log
(
ρ(K)

∣∣∣∣dK
ds

∣∣∣∣)+ const. (7.2)

Alternatively, the same curve can be obtained by plotting G(s) as a
function of K(s), though the data points in the x-axis will be unevenly
spaced (Fig. 7.3d).

A common approach to modeling direction-dependent curvature
sensing is to take the binding energy as a function of the local curvature
tensor seen from a coordinate system bound to the protein [88–91]. In
a coordinate system rotated by θ with respect to one of the principal
curvature directions (Fig. 7.1), the local curvature tensor is given by

Cij =

(
C‖ CX

CX C⊥

)
=

(
H+D cos 2θ D sin 2θ

D sin 2θ H−D cos 2θ

)
, (7.3)
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where H = (c1+ c2)/2 and D = (c1− c2)/2 are the mean and deviatoric
curvatures, and c1 and c2 the principal curvatures. The total curvature
is K = c1 + c2 = C‖ +C⊥, and Gaussian curvature is given KG = c1c2 =

C‖C⊥−C2
X. For both the buckled shape, and the cylinders, c2 = 0, hence

KG = 0, and H = D = K/2. In (7.3), the orientation angle θ enters only
in terms cos 2θ and sin 2θ. Thus, if the binding energy is a function
only of Cij, the Boltzmann distribution is invariant under 180-degree
rotations, (s, θ) → (s, θ+ 180).

A general linear model in Cij can be written as E1 = aH+bD cos(2(θ−
α)) [88]. Integrating out the angular dependence, and setting H = D =

K/2 yields

G1 = − log
∫ 2π
0

dθe−E1 = aK/2− log I0(bK/2) + const. . (7.4)

The modified Bessel function I0 is convex. Therefore G1 is concave, for
b 	= 0, or linear as b → 0. This argument rules out linear models, as
the functions G(K), for the systems presented here are convex (Figs. 7.3
and 7.6).

A general quadratic model takes the form

E2 = a1(C‖ − a2)
2 + a3(CX − a4)

2 + a5(C⊥ − a6)
2

+ a7C‖C⊥ + a8C‖CX + a9C⊥CX . (7.5)

For our systems, this model is however unidentifiable, since the Gaus-
sian curvature KG = 0. Based on a quadratic models studied in [89,
90, 92, 93], we propose a simplified quadratic model with curvature
sensing along the longitudinal and transverse directions only, and in-
corporating the observation that the curvature sensing direction may
not be necessarily aligned with the peptide backbone’s used to define
the probe orientation (Fig. 7.4):

EC =
κ

2
(2H− K0)

2 + bD cos(2(θ− α)) + κGKG . (7.6)

The coefficient κG is unidentifiable since KG = 0. Since Gaussian cur-
vature is rotationally invariant, this terms affects overall preference to
membranes with Gaussian curvature but does not affect orientational
preferences. Integrating out the orientation angle θ, and again setting
H = D = K/2 yields

GC = − log
∫ 2π
0

dθe−EC =
κ

2
(K− K0)

2 − log I0(bK/2) . (7.7)
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Figure 7.2: Side and top view of (b) the asymmetric monomer (C1); and
(c-f) the dimer (C2), trimer (C3), tetramer (C4), and pentamer (C5), which
are formed with rotated copies of the monomer. Panel (a) shows a single
Cooke lipid. All the structures are constructed using these Cooke lipid
beads. Adapted from Paper IV.

An important observation is that the model predicts the presence of a
preferred curvature K0.

7.2 Trimer in a buckled membrane (Paper I)

We constructed a model trimeric protein consisting of three copies of
an asymmetric monomer. This monomer is formed by 54 Cooke tail
beads, sandwiched between two layers of 9 Cooke head beads each.
The monomers have a wedge-like shape with curvature radii of 5σ

in the transverse direction, and 25σ in the longitudinal direction (Fig.
7.2b). Given this shape, we expect that the monomer and the trimer to
show a preference for curved membranes. Three rotated monomers are
placed together to from a trimer with three-fold rotational symmetry
(Fig. 7.2d). The structure is stabilized by an elastic network of harmonic
bonds with strength 100ε/σ2 between all bead pairs within a distance
4σ.

We simulated a buckled membrane consisting of 5966 Cooke lipids
and one copy of the trimer just described, acting as the curvature sens-
ing probe, listed as C3γ in Table 7.1. We used custom Matlab scripts
to construct a flat bilayer, insert the transmembrane trimeric proteins,
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and remove overlapping lipids. The membrane was then energy mini-
mized and equilibrated with pressure coupling in the x-direction. Then,
the membrane was compressed with factor γ = 0.2 along the x-axis,
again energy minimized and equilibrated for 105 τ at constant volume.
We ran one thousand replicas, with different initial positions, each for
106 τ. The initial 5×105 τ in each replica were discarded as equilibration
(based on the trimers autocorrelation time, see Appendix A).

Figure 7.3 depicts the results form the C3γ system. The position
distribution depicted in Fig. 7.3a shows that the trimer prefers inter-
mediate curvature. From the quadratic fit in Fig. 7.3d, the estimated
preferred curvature is K0 = 0.035σ−1. This observation is remarkable
in the sense that the existence of a preferred curvature is predicted by
standard quadratic theoretical models, but it has shown elusive in most
curvature sensing assays, where curvature sensors typically localize to
the maximal curvature available [2–4, 45]. Recently, a couple of excep-
tions were presented in [5, 6].

The joint position-orientation distribution ρ(s, θ) of the trimer is
shown in Fig. 7.3b. The structural symmetry of the trimer implies that
ρ(s, θ) is invariant under ±120◦ rotations, (s, θ) → (1− s, θ+120◦). The
distribution is also symmetric to rotations of 180◦ to the entire system
around the z-axis, (s, θ) → (1 − s, θ + 180◦). Both this symmetries are
observed in Fig. 7.3b. Equation (7.3) implies an additional symmetry
of 180◦ rotations to the trimer, (s, θ) → (s, θ + 180). The symmetry is
however not present in Fig. 7.3b, likely due to the fact that the local
curvatures at which individual monomers are located are slightly dif-
ferent, thus the trimer effectively senses a curvature gradient, which is
not invariant under 180◦ rotations.

7.3 Amphipathic helices in a buckled membrane (Pa-
per III)

In this section we investigate the curvature sensing properties of three
amphipathic antimicrobial peptides: magainin [94], melittin [95], and
LL-37 [96]. Their structures are shown in Fig. 7.4. We simulated three
systems using Martini for coarse graining. Each system is composed
of a buckled membrane containing 1024 lipids of which 70% are POPE,
and 30% POPG, one of the peptides, solvated with around 21,000 polar-
izable water CG beads, and neutralized with Na+ CG beads (Table 7.1).
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Figure 7.3: (a) Normalized distribution of the arc length position s from
the trimer simulation. (b) Joint distribution ρ(s, θ) of the position and ori-
entation of the trimer. Density is indicated by colors from blue (low prob-
ability) to red (high probability). (c) Trajectory snapshots from top and
side perspectives, the s and θ values correspond to the star in panel b. (d)
Free energy G(K(s)) versus curvature, where G(K(s)) is given in Eq. (7.2),
and G̃(s) = − log(ρ̃(s)). The red dashed line is a quadratic least-squares
fit to the data shown in circles, with fitted parameters K0 = 0.035 σ−1,
b = 1005 kBTσ

2, and G0 = −1.26 kBT . Reprinted with permission from
Paper I. c© 2018 ACS.
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Figure 7.4: Structures of the amphipathic peptides magainin, melittin
and LL-37. Shown in orange are C-terminal α-helices, and in blue N-
terminal α-helices, with labels indicating the limiting amino acids. Shown
in grey are side-chains and non helical residues. Melittin and LL-37 con-
tain two α-helices, forming angles marked β. Adapted from Paper III.

First, flat bilayers were assembled, energy minimized, and equilibrated
for 25 ns. Then the bilayers were compressed with factor γ = 0.2, and
again minimized and equilibrated for another 25 ns. Then, a peptide
molecule was placed about 3 nm above the membrane, which quickly
attached to the bilayer surface. Finally we started production runs of
20 μs, of which the first 5 μs were discarded as equilibration. Three
independent replicas were run for each of the three peptides.

All the peptides show a preference for positive curvature, localizing
to the region around maximum curvature at s = 0.5 (Figs. 7.5 and 7.7b).
This is consistent with the cylindrical hydrophobic insertion mecha-
nism. In the case of LL-37, the peptide localizes slightly off s = 0.5.
This is likely due to the actual curvature sensing site not coinciding
with the center of mass of the protein, used to define its s-position.

The orientation angle distributions (Figs. 7.5 and 7.7a) are how-
ever different for each of the peptides. Magainin shows very weak
orientational preference, likely because it’s α-helix is very short, and
creates a near-symmetric insertion footprint. The angle β between the
N-terminal and the C-terminal helices of melittin is broadly distributed,
yet both helices show a preferred orientation towards θmax ≈ −15◦, 165◦,
close to parallel to the x-direction. LL-37 maintains a linear structure
(β ≈ 180◦), and shows preferred orientation at θmax ≈ 70◦,−110◦.
In disagreement with the prediction of cylindrical hydrophobic inser-
tion mechanism [97], none of the peptides aligns with the flat direction
θ = 90◦. Also absent is the mirror symmetry (θ → −θ) predicted by
cylindrical shaped inclusions. The symmetry is broken by the handed-
ness of the helices, and by the sequences of the peptides, indicating that
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Figure 7.5: Joint distributions for the orientation angle θ and position s in
the buckled bilayer for magainin, melittin (the angle corresponds to that
of the C-terminal) and LL-37. Adapted from Paper III.

there is more to the picture than shape-based effects. The EC model,
Eq. (7.6), successfully describes these distributions, as it does not as-
sume that the curvature sensing directions are necessarily aligned to
the peptides helices, but to be offset by the angle α, leading to effec-
tive curvature sensing directions θ∗ = θ − α = 0, 90◦, which map unto
themselves under reflection.

We fit the (s, θ) distributions in Fig. 7.5 to Boltzmann distributions
exp(−E(s, θ))/Z, for the EC model, (7.6). The resulting fit parameters
are given in Table 7.2. Figure 7.6 shows the orientation averaged free
energy profiles G(K), Eq. (7.2), for the three peptides. These are well
described by quadratic fits. Fig. 7.6 also shows a comparison to the
free energy for the EC model, Eq. (7.7), using the fit parameters in Table
7.2. There is good agreement for magainin and melittin, but less so
for LL-37. This is most likely a consequence of the effective curvature
sensing site of LL-37, not coinciding with its center of mass. Figure 7.7
shows the marginal distributions of the angle θ and of position s. The
distributions are reasonably well described by the EC model. The fits
are not improved by using the full quadratic model E2, Eq. (7.5).

7.4 Symmetric proteins in cylindrical bilayers (Paper
IV)

Homo-oligomeric proteins are composed of a few, non-covalently bonded,
identical protein chains. The majority of proteins found in living cells
form symmetric oligomers [98]. For transmembrane proteins, the most
common symmetry present corresponds to rotational symmetry around
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Table 7.2: EC-fit parameters. For each system, the listed val-
ues correspond to least-squares fits of the Boltzmann distributions
exp(−EC(s, θ))/Z to (s, θ) histograms of the aggregated data from the
three replicas, and bootstrap SD from 1000 realizations using blocks of
500 ns (100 data points) as the unit for resampling.

κ [kBT nm2] K−1
0 [nm] b [kBT nm2] α [◦]

magainin 72± 26 3.4± 0.7 −1.1± 0.3 −40± 8

melittin 150± 50 4.3± 0.5 −6.4± 0.4 −16± 2

LL-37 332± 140 4.2± 0.6 −8.9± 0.6 69± 2

Figure 7.6: Orientation averaged binding free energy G(K), Eq. (7.2), as
function of local curvature K at the peptide’s center of mass. The error
bars correspond to the minimum and maximum values obtained from
three independent simulations. Dashed lines are quadratic fits, and the
solid lines are fits to the EC model, using the fit parameters in Table 7.2.
Adapted from Paper III.
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Figure 7.7: Marginal distributions of (a) the orientation angle θ, and (b)
the position s, for the three peptides. The curves correspond to least-
square fits to the Boltzmann distributions exp(−E(s, θ))/Z. Solid line
corresponds to the EC model, Eq. (7.6), and dashed lines to the general
quadratic model (with a9 = 0), Eq. (7.5). The fitted parameters for the EC

model are given in Table 7.2. Adapted from Paper III.

the membrane normal. In this section, through coarse grained sim-
ulations, using the Cooke model, and theoretical arguments, we dis-
cuss how direction-dependent curvature sensing is easily observable
for monomers, dimers and tetramers, but largely absent for odd and
higher order symmetric multimers (unless curvatures are very high, as
was the case for the trimer in Section 7.2).

Starting with the asymmetric monomer described in Section 7.2 and
following the same procedure, we constructed a series of five multi-
mers with 2- to 6-fold cyclic symmetry (Fig. 7.2). First, we simulated
six systems, consisting of a cylindrical bilayer with radius R = 20σ, and
height H = 75σ, and one of the multimers or the asymmetric monomer.
Then, for the monomer and the tetramer systems, we varied the radius
of the cylinder from R = 7σ to R = 33σ, running nine additional simu-
lations. Finally, we also simulated a trimer in a cylinder with R = 7σ.
For each system, multiple independent replicas were set up, and pro-
duction runs of 106τ or 2× 106τ were simulated. Table 7.1 summarizes
relevant simulation parameters. The remaining parameters, common
to all the Cooke simulations, are listed in Section 4.1.1.

Cylindrical membranes present uniform curvature across the mem-
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brane surface, therefore the curvature tensor associated with the curva-
ture sensing protein, Eq. (7.3), depends only on the protein’s in-plane
orientation angle θ. The protein position along the membrane surface
is not relevant. Fig. 7.8 shows the θ distributions of a single subunit
for each of the different proteins. It also shows the corresponding free
energy profiles, where we have enforced the structural rotation sym-
metry of the proteins (by taking the aggregated θ value of all subunits),
and the invariance to 180◦ rotations of the whole system, around an
axis perpendicular to the axis of the cylinder. The monomer, dimer and
tetramer show non-flat distributions, revealing their orientational pref-
erences, while the trimer, pentamer and hexamer appear insensitive to
orientation-dependent curvature.

To answer why this is the case, we model the binding free energy
as a function of the local curvature tensor, Eq. (7.3), G = G(Cij), and
Taylor expand in terms of C1 = (C‖ + C⊥)/2 = H, C2 = (C‖ − C⊥)/2 =

D cos(2θ), and C3 = CX = D sin(2θ):

G =
∑
i

α
(1)
i Ci +

∑
ij

α
(2)
ij CiCj + · · · , (7.8)

where the coefficients α(m) are of order m in curvature. There are in
general (1+m)(1+m/2) coefficients of order m, but many are incom-
patible with the rotational symmetries of the proteins. To see this, we
write Eq. (7.8) as a Fourier series

G =

∞∑
n=0

a2n sin(2nθ) + b2n cos(2nθ) . (7.9)

The coefficients a2n and b2n are functions of H and D. Eqs. (7.8) and
(7.9) relate to each other through trigonometric addition formulas [99]

Dn sin(2nθ) =
n∑

k=0

sin
[
π

2
(n− k)

](
n

k

)
Ck
2C

n−k
3 ,

Dn cos(2nθ) =
n∑

k=0

cos
[
π

2
(n− k)

](
n

k

)
Ck
2C

n−k
3 . (7.10)

It follows that the lowest order terms in a2n and b2n are of order Dn.
Since θ enters the curvature tensor (7.3) through D cos(2θ) and D sin(2θ)
terms, Eq. (7.8) contains only even terms. Also, for proteins in M-fold
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Figure 7.8: Orientational distributions on cylinders. (Left) Raw his-
tograms of 1- to 6-mers in cylinders of radii R = 20σ, with aggregated
distribution (black) and 95% bootstrapped confidence intervals (gray).
(Right) Corresponding orientation free energy, where the symmetries of
the cylinder and protein structures have been imposed to improve the
statistics. Solid black lines are averages, and red lines are least-square fits
of two-term Fourier series. Reprinted from Paper IV.
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rotational symmetry, the orientation-dependent free energy should be
invariant to the corresponding rotations

G(θ) = G

(
θ+

2π

M

)
, (7.11)

which implies that Eq. (7.9) contains only terms where 2n are multi-
ples of M. Therefore, for M-mers with even M, the lowest order terms
in G(θ) are DM/2 cos(Mθ) and DM/2 sin(Mθ), while for odd M they are
DM cos(2Mθ) and DM sin(2Mθ). As linear and/or quadratic terms are
required for significant angular dependence at moderate curvatures,
monomers, dimers and tetramers show orientation dependent curva-
ture sensing in Fig. 7.8, while trimers, pentamers and hexamers do not.

Higher order terms should become relevant at higher curvatures.
To test this, we ran a trimer simulation in a cylinder with radius R = 7σ.
Here, the lowest order terms are D3 cos(6θ) and D3 sin(6θ), so Eq. (7.9)
predicts a 6-fold symmetric free energy profile. Fig. 7.9 shows that
this is indeed the case. Although the trimer molecule is identical to
that studied in Section 7.2, the change in membrane topology leads to
some qualitative differences in the results. In the buckled membrane,
the presence of a curvature gradient breaks the 180◦ rotation symmetry
implied by Eq. (7.3), and thus we observe the trimer’s 3-fold structural
symmetry at the preferred curvature K0 = 0.035 σ−1 on each side of the
buckle. Cylindrical membranes have no curvature gradient, leading to
the 6-fold symmetry just discussed, which is however not observable
until the curvature K � 0.1 σ−1 (Figs. 7.8, 7.9).

For moderate curvatures, our model predicts that the amplitude of
the orientation dependent free energy for the tetramer should follow
a purely quadratic law in curvature, while the monomer should also
include a linear term. For both the monomer and the tetramer, Fig.
7.10 compares the amplitude of the free energy profiles for cylinders of
varying radii, confirming this theoretical prediction.
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Figure 7.9: Shows the same functions as Fig. 7.8, but for the C3R07 simu-
lation. As expected from Eqs. (7.9), (7.10), at sufficiently high curvatures,
the free energy profile shows 6-fold symmetry. Adapted from Paper IV.

Figure 7.10: Curvature dependent rotation amplitudes. Theoretical ex-
pectation: The C1 protein amplitude follows a general quadratic depen-
dence through the origin A1 = αK2 + βK, while the C4 protein follows a
pure square law A4 ∝ K2. Adapted from Paper IV.
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8. Conclusions

Membrane curvature sensing is a key factor in the shaping and spatial
organization of biological cells and subcellular structures. Yet, both at
the microscopic level of single molecules, and at the mesoscopic level
where its effects are most apparent, we possess limited understanding.
Molecular dynamics simulations offer a powerful avenue for research
in this area, complementing biophysical experiments, though its impact
has been limited in part due to the lack of efficient computational meth-
ods to deal with the methodological difficulties of analyzing simulated
curved membranes. The majority of computational assays have relied
on studying undulations in flat membrane patches, but these signals
are weak and difficult to interpret.

Here we present a computational method to study curvature sens-
ing. The method is based on simulated buckling, where the main signal
is the position and orientation of a putative curvature sensing molecule
along the curved membrane. These quantities can be directly related
to the curvature-dependent binding free energy. A particular advan-
tage of simulated buckling is that it presents a static and continuous
range of curvature to the probes. Moreover, this range can include very
high curvatures while simulating relatively small membrane patches.
One of the main methodological challenges with this approach arises
from the fact that the buckled membrane is subject to strong thermal
fluctuations. Therefore, to be able to extract positional statistics of cur-
vature sensors relative to the membrane, we developed a procedure
which aligns each simulated frame to a theoretical shape. To evalu-
ate the method, we perform a series of coarse-grained simulations, and
show several of its features. The method is robust to noise, and is able
to resolve signals not easily observable through other methods, includ-
ing the nonlinear curvature dependence of lipid redistribution, and in-
plane orientations of proteins. The two-component Cooke lipid system
analyzed in Section 6.3 shows that coarse-grained lipids redistribute
curved regions as expected from their geometry, in quantitative agree-
ment with previous simulations of lipid vesicles. In Section 7.2, we
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determined the curvature sensing properties of a model trimer which
localizes to intermediate curvature. The presence of an intrinsic curva-
ture preference is an important feature predicted by standard theoreti-
cal models, but that has proven difficult to actually observe. Moreover,
we show that the trimer effectively senses the local curvature gradi-
ent, and not just the local curvature as usually assumed. A theory of
sensing of curvature gradients is lacking, offering a particular focus for
future work. As a buckled membrane is flat in the transverse direc-
tion, Gaussian curvature is everywhere zero (neglecting thermal undu-
lations). This is a significant limitation, as some proteins are known to
sense Gaussian curvature. An interesting avenue for further research
is to generalize the method to shapes including Gaussian curvature by
replacing the buckled shape parameterization.

In Chapter 6 we applied the buckling method to investigate three-
component lipid membranes with varying concentrations of cardiolipin,
which shows a strong preference for negative curvature, in agreement
with experiments showing that it localizes to the cell poles in E. Coli.
We calculated lipid order parameters, finding that the largest decrease
occurs in regions of maximal negative curvature, consistent with a ge-
ometric mechanism for curvature sensing. In contrast with some theo-
retical predictions, we do not find a minimum concentration required
for cardiolipin localization, because the simulated buckle probes high
enough curvatures that curvature mismatch energies are high enough
to localize single molecules. The curvature sensing properties of cardi-
olipin are essential to the understanding of several processes in mito-
chondria, as many proteins, including various respiratory complexes,
bind to cardiolipin with high affinity and are stabilized by its presence.
Similar calculations as those presented here could be performed to an-
swer if and how cardiolipin facilitates protein localization within the
inner mitochondrial membrane.

In curvature sensing and generation, the hydrophobic insertion mech-
anism is perhaps the most often discussed. Within our buckled mem-
brane assay, it predicts amphipathic helices to localize to positive curva-
ture, and to align to the flat direction [29, 97]. In Section 7.3 we studied
the curvature sensing properties of three small amphipathic peptides.
While they localize to positive curvature as expected, interestingly their
orientational preferences differ, with none aligning in the expected di-
rection perpendicular to the maximum curvature direction. Moreover,
the orientation distributions do not shoe reflection symmetry, which
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would be expected from shape-based effects. The actual peptide se-
quences break the symmetry, indicating a more complex underlying
mechanism.

The buckling method can be applied to many other systems as well,
including greater level of detail in atomistic simulations, although these
are limited by computational resources. Enhanced sampling methods
could alleviate this constriction. Metadynamics offers a promising path
for further method development, where the probe’s arc length position
and in-plane orientation angle offer natural choices pf collective vari-
ables to elucidate the free energy landscape of a curvature sensing as-
say.

Finally, in Section 7.4 turn to investigate orientation-dependent cur-
vature sensing by rotationally symmetric multimers in cylindrical mem-
branes. Through coarse-grained simulations and theoretical arguments
we show that the structural symmetry of multimeric proteins plays
an essential role in their ability to sense direction-dependent curva-
ture. While monomers, dimers and tetramers show anisotropic cur-
vature free energy profiles, orientation dependent curvature sensing is
strongly suppressed by odd and higher order symmetries, suggesting
a correlation between structural symmetry and biological function.
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A. Autocorrelation times

The autocorrelation time tac, defined as twice the exponential decay
time [100] is

tac = 2texp = 2

∫
∞

0

dt C̃(t) , (A.1)

where C̃(t) is the normalized autocorrelation function of each bin ρ̂i in
a one-component system

C(t) = (〈ρ̂i(t ′ + t)ρ̂i(t
′)〉− 〈ρ̂i〉2/(〈ρ̂2i 〉− 〈ρ̂i〉2) , (A.2)

averaged over all M bins and each lipid. ρ̂ is the single lipid midplane
distribution, that is, ρ̂i(t) = 1 if the lipid in question occupies bin i at
time t, and ρ̂i(t) = 0 otherwise (for a one-component bilayer, 〈ρ̂i〉 ≈
1/M).

Here we present the autocorrelation analysis for the Cooke one-
component simulation and for the Martini allPE simulation in Chapter
6. As the autocorrelation time depends on lipid diffusion, we expect
the results to be a reasonable approximations for all Martini and Cooke
lipids, respectively, in the simulations presented in this work. Addi-
tionally we give estimated autocorrelation times for the trimer system
of Section 7.2, and the multimers in Section 7.4.

From Fig. A.1b, we determine the autocorrelation time for the Cooke
lipids to be tac = 2texp ≈ 1090τ. For the trimer system, we collected
position data from a simulation of a trimer in a flat bilayer. The auto-
correlation time of the trimer is estimated to be tac ≈ 2.3 × 105τ based
on this simulation data.

Following the same procedure, the autocorrelation time for the Mar-
tini lipids, calculated from the allPE simulation is estimated at tac =

2texp ≈ 124ns (Fig. A.2b). In terms of the orientation angle θ, estimates
for the autocorrelation times for the multimers in Section 7.4 range from
1.2× 103τ for the monomer, to around 8× 103τ for the dimer, with the
rest of the cases about 5× 103τ.
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Figure A.1: (a) Normalized autocorrelation function C̃(t) for the one-
component Cooke lipid system, with γ = 0.2 (CC0.2 in Table 6.1). (b) Cu-
mulative integral of C̃(t), yielding the exponential decay time, Eq. (A.1).
The autocorrelation time is tac = 2texp ∼ 1090τ. Reprinted with permis-
sion form Paper I. c© 2018 ACS.

Figure A.2: (a) Normalized autocorrelation function C̃(t). (b) The expo-
nential decay time, given by texp =

∫
∞

0
dt ′C̃(t ′). The autocorrelation time

is tac = 2texp ∼ 124ns. Data from the allPE simulation. Reprinted from
Paper II.

60



Sammanfattning

Krökningen hos cellmembran utgör en viktig drivkraft för att skapa och
upprätthålla membranens form och sammansättning, genom mekanis-
mer som låter membranbundna makomolekyler växelverka med den
lokala krökningen hos membranen de binder till. De molekylära meka-
nismerna för krökningsberoende membranbindning är emellertid inte
särskilt väl kända. Biomolekylära simuleringar kan utgöra ett komple-
ment till experimentella studier av biomembran, men deras bidrag till
förståelsen av krökningskänslighet har begränsats av metodologiska
svårigheter att simulera deformerade membran. I den här avhandling-
en utvecklar vi en metod baserad på mekanisk knäckning, som tidigare
utnyttjas till att studera de mekaniska egenskaperna hos biomembran,
till att studera krökningskänslighet. Vi beskriver utvärderar och vali-
derar metoden, och tillämpar den för att studera krökningskänslighet
hos modellsystem.

För lipiden cardiolipin, en komponent i mitokondrie-membran och
vissa bakteriella membran, ser vi en preferens för negativ krökning som
inte är beroende av kooperativa effekter eller växelverkan med andra
krökningskänsliga molekyler. I en studie av korta amphipatiska pepti-
der ser vi en preferens för positiv krökning, i kvalitativ överrensstäm-
melse med tidigare teorier om hydrofob undanträngning när cylind-
riska inklusioner binder till membranets gränsskikt. Peptidernas konfi-
gurationer i membranets plan fördelar sig dock mindre symmetriskt
än man kunde förvänta sig av teorin för hydrofob undanträngning,
vilket vi tolkar som en effekt av peptidernas osymmetriska molekylä-
ra struktur. Slutligen studerar vi förenklade modeller av symmetris-
ka transmembranproteiner och relationen mellan proteinerstrukturers
symmetri och deras krökningskänslighet. Vi ser en stark koppling, där
möjligheten till anisotrop krökningskänslighet, dvs krökningskänslig-
het som beror av en molekyls riktning i membranets tangentplan, är
starkt begränsad utom för osymmetriska molekyler samt två- och fyr-
faldigt symmetriska proteiner.
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