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The present study investigated how 259 grade 9 students solved two test items in algebra involving 

linear expressions. Some students were early or newly immigrated second language students in 

Sweden, The findings are based on a categorization of the students’ written responses. The results 

show that for the more advanced test item on linear expressions and unknowns, early arrived 

second language students achieved worse than newly arrived and other second language students 

with statistical significance, while there was a minor achievement difference when solving an 

elementary linear equation. The interpretation of the results is that the early arrived immigrants 

suffer from having larger parts of their mathematics education as second language students and 

thus struggle with advanced mathematics.  
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Introduction 

In research, second language immigrants are often described in the two perspectives of being 
second language learners and of their present socioeconomic status (Ufer, Reiss, & Mehringer, 
2013; Hansson, 2012). Following Cummins (2008), the present study acknowledges that early 
arrived immigrants have been second language students large parts of their schooling while newly 
arrived immigrants likely have been first language students most of their schooling. Here their 
knowledge in linear expressions is explored. 

First and second language students’ achievements in mathematics  

In large scale studies such as TIMSS, second language students in many countries are reported to, 
on average, achieve below first language students (Mullis, Martin, Foy, & Arora, 2012). Petersson 
(2017) observed that in national tests in mathematics in Sweden, there was a smaller achievement 
gap between first and second language students in algebra than in other mathematical content areas. 
Petersson hypothesized that students immigrating in late school years have contributed to that 
result. In TIMSS students are defined as second language test takers depending on the test takers’ 
self-reported estimation of how frequently they speak the language of test at home (Mullis et al., 
2012). In Swedish school, the students are assigned to follow one of the courses ‘Swedish’ and 
‘Swedish as second language’ based on regulations stated in the school act (Skolförordning, 2011). 
Based on empirical and linguistic arguments, Cummins (2008) distinguished between 
conversational and academic proficiency in the language of instruction and found the academic 
proficiency to take much longer time to develop than conversational proficiency. Cummins 
indicated that an approximate time span for reaching conversational proficiency in a second 
language is about within two years and academic proficiency in about five to seven years. This 
means that second language students that have immigrated early in compulsory school, have 



 

 

Source: Petersson, J. (2018). Second language students’ achievement in linear expressions and time 
since immigration. In E. Norén, H. Palmér & A. Cooke (Eds.), NORMA 17 – Nordic Research in 

Mathematics Education. (pp. 179-187). Skrifter från SMDF, nr 12 Göteborg: Svensk förening 
för matematikdidaktisk forskning. ISBN 978-91-984024-1-4. 

experienced most of their mathematics education without full access to academic school language. 
This may have negative effect on their success in learning mathematics. For example Ufer et al. 
(2013) found small achievement differences between first and second language students for 
algorithmic tasks, but large achievement differences for conceptually demanding mathematical 
tasks. Another explaining factor is a positive correlation between having high proportions of second 
language students in the school and having a larger proportion of individual school work in the 
mathematics classroom, which is known to correlate with lower achievement (Hansson, 2012). 

Mathematical background 

Linear expressions are a part of algebra. It occurs frequently in various problems in school 
mathematics. Good knowledge in working with linear expressions and unknowns is a gateway for 
the individual student to continued studies in mathematics since much of upper secondary school 
mathematics and mathematical modelling builds on linear expressions. The mathematical area of 
linear expressions, cover several mathematical ideas. There is the concept of unknown. The 
perception of unknowns has been described as a hierarchy of seeing unknowns as a multiple 
number, a specific number, an unknown digit etc. (Asquith, Stephens, Knuth, & Alibali, 2007). 
There is the concept of algebraic syntax. Students’ difficulty in parsing algebraic expressions have 
been explained as a difficulty in making productive use of the information and relationships carried 
in algebraic expressions (Humberstone & Reeve, 2008; MacGregor & Stacey, 1997). For example, 
some students might confuse the implicitly given multiplication in ‘2x’ with an explicit addition 
‘2+x’ or with a power 2x. MacGregor and Stacey (1997) explained the confusing with a power with 
a combination of the following three arguments. First it is necessary that the students have been 
taught about powers. Secondly, some students may not have learnt to clearly distinguish between 
repeated addition and repeated multiplication. Thirdly, some students may think that the test items 
is too easy for them and expect to use more advanced mathematics. 

Research question 

Combining the results from Cummins (2008), Petersson (2017) and Ufer et al. (2013), the present 
study suggests comparing second language students’ achievement in algorithmic versus demanding 
test items in algebra. Since there might be a large span in experience of Swedish language and 
schooling among second language students, the students were divided in the following categories, 
where ‘2L student’ denotes those following the course ‘Swedish as a second language’ in school.  

Newly2L: Second language student, who due to immigration entered the Swedish school 
system during school years 8–9 and thus is newly immigrated. 

Early2L: Second language student, who due to immigration entered the Swedish school 
system during school years 1–7 and thus is early immigrated. 

Other2L: Second language student that have immigrated before school start age or have not 
immigrated at all. 

Swe1L: Student following the course ‘Swedish (as a first language)’ in school. 
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Formal linear expressions with unknowns are introduced late in compulsory school mathematics in 
Sweden. This implies that second language students, with the possible exception of some newly 
immigrated students, have experienced probably most of their teaching in this area in their second 
language. Moreover, before immigration the newly immigrated students may have experienced 
most of their mathematics education in their first language. Given that second language students 
may have different length of experiences of the language of instruction in the country of 
immigration, the present study asks the following question: When tested in both algorithmic and 
demanding test items involving linear expressions, what differences, if any, are there in 
achievement between second language students with different length of experiences as second 
language mathematics students in Sweden? 

Method 

Test responses from 259 students were analyzed together with a survey used for categorizing the 
students as Newly2L, Early2L, Other2L and Swe1L.  

Test instrument 

To answer the research question, the author composed a test using old national test items since these 
have been piloted by the Swedish national test group. The following two test items involved 
working with linear expressions.  

Item A:  Solve the equation 2x+3=11. (Original formulation in 2009 mathematics national 
test in school year 9, item B7 was “Solve the equation 17=3x+5”). 

Item B:  4x+5y=11. What is 12x+15y? (Original formulation in 2009 mathematics national 
test in school year 9, item B15 was “How much is 4x+6y if 2x+3y=12?). 

Test item A can be solved by direct substitution 2·4+3=11 or by inverse operations x=(11-3)/2. For 
test item B, the context of a mathematics test implies a proportional relation between the two 
expressions. This relation can be used explicitly by solving as 3·11=33 or implicitly by finding 
values of the unknowns that solves the equation (e.g. y=1 & x=1.5) and substitute these into the 
linear expression. The students’ written responses to the test items were compiled into a database 
and were categorized by solution strategy. Test items A and B have the same mathematical structure 
as the source formulations in the 2009 national test, but the coefficients have been altered. Though 
language gives meaning to e.g. mathematical tasks, it might also be a source of added challenges for 
second language students and could obscure the mathematical meaning of the test problems (e.g. 
Campbell, Davis, & Adams, 2007). With the aim to minimize context and language obstacles, the 
test items were chosen to have problem formulations with low text intensity. Calculators were not 
allowed on the test. Test time was about 40 minutes.  

Student sample 

The participants in the present study were chosen from the last year of the compulsory school since 
this school year can be expected to have the largest span of experiences from Swedish language 
among newly arrived and early arrived immigrants. One reason for separating between Newly2L, 
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Early2L and Other2L is their different proficiency in Swedish language, see table 1. Another reason 
is that while Early2L probably have had all their algebra lessons in their second language, Newly2L 
are likely to have met some algebra lessons in their first language before immigration. Other2L and 
Swe1L have experienced all their schooling in Sweden.  

In the study a total of twelve entire classes of a possible thirteen, in five schools with a high 
proportion of immigrant students, agreed to participate in the study. Information about the students’ 
migration background was collected in a written survey, to which the students gave their written 
consent. Among Swe1L no students had immigrated during school years 1–9. The sample was 
purposive in choosing schools with an above average proportion of immigrant students. When 
making a purposive sampling, there is a risk of losing external validity since the purposive sample 
may have other properties than a random sample (Kruuse, 1998). To control for this, the students in 
the present study were compared to a national random sample with respect to achievement on the 
written part B1 on the national test. While the purpose of test items A and B is to answer the 
research question, the purpose of measuring their national test achievement is different. It is to 
make it possible to discuss the generality of the results in this study – to compare the students in the 
present study with other students. The national random sample was collected by the Swedish 
National Agency for Education and is a part of the annual evaluation of the national test 
(Skolverket, 2013). The author received data from the national random sample from the National 
Test Team. The random sample only categorizes students as first or second language students and 
has no information about the students’ school year of immigration. In the national random sample, 
the second language students achieved 46% correct responses. This is identical to the average of all 
second language students in the present study, whose results are given in Table 1. The first language 
students in the national random sample achieved 60% correct responses, which is similar to the 
achievement of the first language students in the present study.  

 

Students’ background Newly2L Early2L Other2L Swe1L 

Number of students 23 67 56 113 

Proportion of students with leaving grade in 
Swedish language ≥ passed 

52% 78% 86% 97% 

Proportion of correct responses in national test 
in mathematics 

49% 43% 48% 56% 

Table 1. Participating students’ achievement in Swedish language and in national mathematics tests 

The research question was implemented as comparing the achievement of the Early2L students with 
that of Newly2L and Other 2L students using Cliff’s d for measuring the effect size and a Mann-
Whitney test, corrected for the occurrences of equal ranks, for measuring the statistical significance.  
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Results 

Responses to item A 

The responses to item A are summarized in Table 2. A majority of the students in each student 
category gave correct response to item A by giving a series of inverse operations or substituted the 
solution into the original equation or just gave the solution. Only three students gave both a series 
of inverse operations to find the solution and substituted the solution into the original equation. Of 
students giving an incomplete or erroneous solution, most used a series of inverse operations. One 
group of responses was various incomplete responses similar to that in Figure 1a. These students 
had responded 2x=8 or x=8 or made a calculation error corresponding to 2x=9 or 2x=7.  

 

 

 

 

 

 

 

 

 

Figure 1a: Incomplete / 

erroneous solution 

Figure 1b: Confusing 2x with 

2+x 

Figure 1c: Confusing 2x with 

2
x
 

In the students’ attempts to make a series of inverse operations during the solving process, many 
responses contained algebraic errors. One kind of error was to confuse the implicitly given 
multiplication of coefficient and unknown with an addition instead as in Figure 1b. The student in 
Figure 1b started with a correct subtraction of the constant term from both sides of the equality. In 
the second row the student erroneously confused 2x with 2+x with a consequential error. Some 
students made multiple errors. For example, one student first stated that 2x=11+3=14 and then 
continued with setting x=14–2, that is, confusing 2x with 2+x as in Figure 1b. Moreover, there were 
three responses of confusing the multiplication with a power as in Figure 1c.  

 

Response category Newly2L Early2L Other2L Swe1L 

Correct 14 (61%) 40 (60%) 39 (70%) 82 (73%) 

Incomplete or only calculation error 
(2x=11–3; x=11–3; 11–3=9 or 11–3=7) 

2 (9%) 3 (4%) 2 (4%) 3 (3%) 

Algebraic error 3 (13%) 9 (13%) 4 (7%) 10 (9%) 

Unclassified 0 (0%) 1 (1%) 2 (4%) 2 (2%) 

No response 4 (17%) 14 (21%) 9 (16%) 16 (14%) 
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Table 2. Response categories and proportions per student category for test item A 

A Mann-Whitney test, found the achievement differences for test item A to not be statistically 
significant neither between Early2L and Newly2L (� = 0.46) nor between Early2L and Other2L 
(� = 0.13). 

Responses to item B 

The responses to item B are summarized in Table 3. Less than 40% of the students in each student 
category gave correct response to item B. The students who responded correctly to item B gave 
three kinds of responses. One correct response was to substitute for example y=1 into the first 
expression and then solve this equation for the other unknown, followed by substituting the values 
for the unknowns into the linear expression 12x+15y and evaluating it. Some students made 
calculation errors during this substitution procedure. Another correct strategy was to explicitly 
calculate 11·3=33, where 3 is the ratio between the coefficients in the linear equation and the linear 
expression in test item B. A third alternative was to only give the answer 33. Just as for test item A, 
some students confused the multiplication of the coefficient and its unknown with an addition. The 
main idea in the response in Figure 2a is to sum the coefficients 4+5=9 in the linear equation in 
item B and from this suggest that x+y=2. The next step is to sum the coefficients 12+15=27 in the 
expression and add the number 2 from x+y and get 29. This algebraic error led to several different 
responses such as 27, 27xy, 30 and setting 3(12x+15y)=81xy. Figure 2b gives an example of the 
response 30, where a student added three, which is the ratio relating the coefficients in the linear 
equation and the expression in item B. 

 

 

 

 

 

 

Figure 2a: Confusing 4x with 4+x etc. Figure 2b: Erroneous use of factor 3 

 

Response category Newly2L Early2L Other2L Swe1L 

Correct answer only 1 (4%) 4 (6%) 7 (13%) 21 (19%) 

Correct substitution 1 (4%) 1 (1%) 3 (5%) 7 (6%) 

Correct factor 7 (30%) 8 (12%) 11 (20%) 14 (12%) 
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Incomplete or only calculation error 1 (4%) 2 (3%) 2 (4%) 3 (3%) 

Algebraic parsing error 

 

5 (22%) 21 (31%) 9 (16%) 18 (16%) 

Unclassified 0 (0%) 4 (6%) 2 (4%) 4 (4%) 

No response 8 (35%) 27 (40%) 22 (39%) 46 (41%) 

Table 3. Response categories and proportions per student category for item B 

Table 3 shows that the students in Early2L achieved less well than the other student categories and 
made more of especially algebraic errors similar those in Figures 2a and 2b. A Mann-Whitney test 
found the achievement differences for test item B to be statistically significant with low effect size 
between both Early2L and Newly2L (� = 0.03 Cliff’s 	 = 0.28) and Early2L and Other2L 
(� = 0.013, Cliff’s 	 = 0.22). 

Discussion and conclusion 

The research question in the present study was to explore relations between achievement in linear 
expressions and having different length of experiences being second language students, here 
exemplified with on the one hand Early2L students and on the other hand Newly2L and Other 2L. 
The main pattern in the results is the following: For the more demanding test item B the Early2L 
achieved significantly below Newly2L and Other2L, while the achievement difference was small 
for the elementary test item A, as seen in tables 2 and 3. Newly2L and Other2L achieved as Swe1L 
on the more demanding test item B. While in tables 2 and 3, the proportions of incomplete or only 
calculation errors and of unclassified errors were about the same for both test items in all student 
categories, the proportions of algebraic errors and ‘no response’ were larger for test item B. 
Especially Early2L students had large proportions of algebraic errors on test item B. The algebraic 
errors were essentially the same as have been observed in earlier research (MacGregor & Stacey, 
1997). Test item B was a challenge for students in all categories and many used the algebraic 
information in a pragmatic way to reach some erroneous answer (Humberstone & Reeve, 2008; 
MacGregor & Stacey, 1997). Choosing substitution as solution strategy in item B corresponds to 
seeing unknowns as carrying specific values while the strategy of identifying the factor 3 disregards 
any specific value of the unknowns (see Asquith et al., 2007). In all student categories similar 
proportions chose a correct substitution strategy, though calculation errors were common. However, 
Early2L had a smaller proportion of the factor 3 strategy than Newly2L. If ‘Correct answer only’ in 
table 3 was interpreted as a factor 3 strategy, Early2L had smaller proportions of factor 3 strategies 
than Other2L and Swe1L as well. Under this assumption, a smaller proportion of Early2L students 
reached the high level in the hierarchy of variable perception of Asquith et al. (2007).  

Now, Petersson (2017) observed that second language students had an achievement profile 
emphasizing algebra when compared with Swe1L and hypothesized that newly arrived students 
may have contributed to that result. The present study followed up this hypothesis by separating 
between Newly2L, Early2L and Other2L for the case of linear expressions. Despite Early2L on 
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average achieved higher than Newly2L in Swedish language as seen in table 1, Early2L students 
seem to face added challenges in advanced algebra learning. One interpretation is that this might be 
related to Early2L having received large parts of their mathematics education as beginner second 
language students, while Newly2L may have received a major part of their mathematics education 
and some of their algebra education as first language students before immigration. The results might 
also be interpreted as related to organization of the teaching for second language students due to 
socio-economic segregation (Hansson, 2012). With the first interpretation, the results are in line 
with Cummins (2008) and also with Ufer et al. (2013), who saw achievement differences between 
first and second language students for conceptually demanding mathematical tasks. The author 
suggests that the results, despite the use of only two test items, have some degree of generality at 
least in Sweden, since the test takers in the present study achieved similarly in the national test to a 
national random sample. However, there is a need of a larger study to confirm this suggestion.  
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