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Abstract

This licentiate thesis consists of two papers treating subjects in rational homo-
topy theory.

In Paper I, we establish two formality conditions in characteristic zero. We
prove that a dg Lie algebra is formal if and only if its universal enveloping
algebra is formal. We also prove that a commutative dg algebra is formal as a
dg associative algebra if and only if it is formal as a commutative dg algebra.
We present some consequences of these theorems in rational homotopy theory.

In Paper II, we construct a differential graded Lie model for the universal
cover of the classifying space of the grouplike monoid of homotopy automor-
phisms of a space that fix a subspace.





Sammanfattning

Denna licentiatavhandling består av två artiklar som behandlar ämnen inom
rationell homotopiteori.

I Artikel I, bevisar vi två formalitetsvillkor i karakteristik noll. Vi visar att
en dg Liealgebra är formell om och endast om dess universella envelopperande
algebra är formel. Vi visar även, att en kommutativ differentialgraderad algebra
är formell som en kommutativ algebra om och endast om den är formell som
en associativ algebra.

I Artikel II beräknas en dg Liemodell för den universella täckningen av det
klassificerande rummet av den grupplika monoiden av homotopiautomorfier
av ett topologiskt rum som fixerar ett delrum.
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1. Introduction

One of the most fundamental invariants in algebraic toplogy and homotopy
theory is the collection of homotopy groups {πn(X)}n≥1 associated to a (con-
nected) topological space X . Even though these groups are easily defined,
they are in general very hard to compute (until this moment there is no known
closed formula for the higher homotopy groups of the n-dimensional spheres
when n ≥ 2). A standard fact is that the higher homotopy groups, i.e. πn(X),
n≥ 2, are abelian. Consequently, for n≥ 2, πn(X) may decompose as a direct
sum πn(X) = Fn(X)⊕Tn(X) of a free part Fn(X) and a torsion part Tn(X).

Rational homotopy theory is a simplified approach to homotopy theory in
which simply connected spaces are considered and in which torsion parts of
the higher homotopy groups are killed by tensoring by the field of the rational
numbers Q (or any other field of characteristic zero). The torsion-free group
πn(X)⊗Q is called the n-th rational homotopy group of a space X . We refer
to [FHT01] for further reading on rational homotopy theory.

In this simplified approach to homotopy theory, we say that a map f : X→
Y is a rational homotopy equivalence if it induces isomorphisms on all rational
homotopy groups. We say that two spaces X and Y are rationally homotopy
equivalent if there exists a zig-zag of rational homotopy equivalences

X ∼←− Z1
∼−→ ·· · ∼←− Zn

∼−→ Y.

The localization of the category of simply connected spaces with respect
to rational homotopy equivalences is called the rational homotopy category
of simply connected spaces. One of the main features of the rational homo-
topy category is that it is algebraically modelled by the homotopy category of
connected dg Lie algebras [Qui69] (i.e. the localization of the category of con-
nected dg Lie algebras at the quasi-isomorphisms) and the homotopy category
of simply connected commutative dg algebras [Sul77] (i.e. the localization of
the category of simply connected dg algebras at the quasi-isomorphisms). In
particular, for every space X there exists an associated algebraic model MX

such that X is rationally homotopy equivalent to Y if and only if MX is quasi-
isomorphic to MY ; we say that two algebras are quasi-isomorphic if they are
connected by a zig-zag of quasi-isomorphisms that preserve the algebra struc-
ture (here an algebra is either a dg Lie algebra (dgl) or a commutatuve dg
associative algebra (cdga)).
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1.1 Algebraic models and (co)formality

A dgl model LX for a space X captures the rational homotopy type of X and
is unique up to quasi-isomorphism in the category of connected dgl algebras.
Of course a dgl model could not be simpler than its homology H∗(LX) (which
is in many cases is much smaller than LX and has also a trivial differential).
It is not true that every dgl model is quasi-isomorphic to its homology, but
sometimes that happens and in these cases we say that the Lie model LX is
formal as a Lie algebra and that the space X is a coformal space. We have that
H∗(LX) is isomorphic to the graded Lie algebra of rational homotopy groups
π∗(ΩX)⊗Q of the based loop space on X , endowed by the Samelson Lie
bracket (see [Whi78] for defintion). In particular, we have that the rational
homotopy type of a coformal space is determined by the Lie algebra structure
given on the rational homotopy groups π∗(ΩX)⊗Q.

We have an analogous story for the cdga models. A cdga model AX cap-
tures the rational homotopy type of X and its cohomology coincides with the
singular cohomology H∗(X ;Q) of X with rational coefficients. When the cdga
model AX is quasi-isomorphic to its cohomology we say that the space is ratio-
nally formal. In particular if X is rationally formal, then the rational homotopy
type of X is captured by H∗(X ;Q).

Formality and coformality simplifies computations in many situations and
are important concepts in rational homotopy theory ([DGMS75]), deformation
quantization ([Kon03]), deformation theory ([GM88]), and other branches of
mathematics where differential graded homological algebra is used.

1.2 Algebraic operads and P∞-algebras

In Paper I, we need results which apply to dga’s, cdga’s and dgl’s simultane-
ously. In such situations the language of algebraic operads can be useful. An
algebraic operad P is an object that encodes a type of algebra (e.g. associa-
tive, commutative, Lie, Poisson or Gerstenhaber algebras). If one proves a
property for P-algebras without specifying P , then that property is valid for
all types of algebras that are encoded by an operad (and thus we do not need
to make separate proofs for every type of algebras).

Over a field of characteristic zero the category of dg P-algebras admits
a model category structure, which basically means that there is a natural set-
ting for homotopy theory in the category (see [DS95] for an introduction to
the subject). The weak equivlances in the category of P-algebras are the
quasi-isomorphisms, and two objects are called weakly equivalent if they are
connected by a zig-zag of weak equivalences.
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It is always possible to embed the category of dg P-algebras in the cat-
egory of so called ‘homotopy P-algebras’, also called the category of P∞-
algebras with ∞-morphisms (denoted by ∞-P∞-alg).

Proposition 1.2.1 ([LV12]). If P be an algebraic operad. The category of dg
P-algebras is embedded in a category ∞-P∞-alg such that:

(a) ∞-P∞-alg is the smallest category containing the category of dg P-
algebras as a subcategory in which quasi-isomorphisms are invertible
up to homotopy.

(b) Two P-algebras are weakly equivalent as P-algebras if and only if
they are weakly equivalent in ∞-P∞-alg.

(c) Every P∞-algebra is weakly equivalent to a dg P-algebra; in particu-
lar Ho(dgP-alg)∼= Ho(∞-P∞-alg).

Corollary 1.2.2. A dg P-algebra A is a formal if and only if there exists an
∞-P∞-quasi-isomorphism A→ H∗(A).

In this setting the notion of formality is simpler since one is not longer
forced to deal with zig-zags of quasi-isomorphisms, but a single quasi-
isomorphism.

1.3 Classification of fibrations and homotopy automorphisms

The theory of fibrations is very fundamental for homotopy theory. A map
π : E→ B is called a Serre fibration if the map has the homotopy lifting prop-
erty with respect to all CW-complexes, which means that for any CW-complex
X , any homotopy h : X × I → B and any map h̃0 : X → E that is a lifting of
h|X×{0}, there exists a homotopy h̃ : X × I → E that is a lifting of h. If B is
connected, the fibers π−1(b), i.e. the inverse images of points of in B, are all
weakly equivalent, so it makes sense to consider ‘the fiber’ F of a fibration
E → B. We will refer to a fibration with fiber F as an F-fibration. Associated
to an F-fibration

F ↪→ E π−→ B

there is a long exact sequence

· · · → πn(F)→ πn(E)→ πn(B)
δ−→ πn−1(F)→ ·· · → π0(F)→ π0(E).

which is functorial with respect to maps of fibrations. This long exact sequence
is one of the most useful tools homotopy theory.
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Moreover, any map Y → B can be ‘replaced’ by a fibration E → B where
E is weakly equivalent to Y over B.

A map of fibrations over B is a commutative triangle

E
f //

π
��

E ′

π ′��
B

where π : E → B and π ′ : E → B are fibrations. We say that the map of fibra-
tions above is a weak equivalence if f is a weak equivalence. Two fibrations
are said to be weakly equivalent if there is a zig-zag of weak equivalences con-
necting these two fibrations. It follows that weakly equivalent fibrations have
weakly equivalent fibers.

The F-fibrations are classified by the so called classifying space Baut(F)
of the monoid of homotopy automorphisms of the space F , in the following
sense: For every CW-complex B, there is a functorial bijection between the set
of equivalence classes F-fibrations over B and the set of homotopy classes of
maps [B,Baut(F)] from B to Baut(F) (we refer to [May75] for details).

Of course one could put restrictions on the F-fibrations, which result in
other classifying spaces. In Paper II, we study the rational homotopy type of
classifying spaces for so called relative fibrations. If A ⊂ F is a cofibration,
then an F-fibrations relative to the trivial A-fibration is an F-fibration F →
E→ B under the trivial A-fibration A→ A×B→ B, such that over each b ∈ B,
the canonical map from A to im(A→ Eb) is a weak equivalence.
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2. Summaries of Papers

2.1 Summary of Paper I

In Paper I we prove two formality conditions in characteristic zero and present
some consequences of these theorems in rational homotopy theory.

It is known that the universal enveloping algebra functor U : DGLDGLDGLk →
DGADGADGAk preserves formal objects ([FHT01, Theorem 21.7]). That means that
the formality of a dg Lie algebra L implies the formality of UL (as a dg asso-
ciative algebra). But what about the converse? Does the formality of UL imply
the formality of L? In Paper I we show that this holds for dg Lie algebras over
a field of characteristic zero.

Theorem 2.1.1. A dg Lie algebra L over a field of characteristic zero is formal
if and only if its universal enveloping algebra UL is formal as a dga.

The rational homotopy type of a simply connected space X is algebraically
modeled by Quillen’s dg Lie algebra λ (X) over the rationals ([Qui69]). The
space X is called coformal if λ (X) is a formal dgl. It is known that there exists
a zig-zag of quasi-isomorphisms connecting Uλ (X) to the algebra C∗(ΩX ,Q)
of singular chains on the Moore loop space of X ([FHT01, Chapter 26]). From
Theorem 2.1.1 the following corollary follows immediately:

Corollary 2.1.2. Let X be a simply connected space. Then X is coformal if
and only if C∗(ΩX ;Q) is formal as a dga.

Our second formality result is concerning the forgetful functor from the
category of commutative dg associative algebras to the category of dg associa-
tive algebras. This functor preserves formality; a cdga which is formal as a
cdga is obviously formal as a dga. Again, we ask whether this relation is re-
versible or not. We will prove that over a field of characteristic zero the answer
is positive.

Theorem 2.1.3. Let A be a cdga over a field of characteristic zero. Then A is
formal as dga if and only if it is formal as a cdga.

Recall that a space X is called rationally formal if the Sullivan-de Rham
algebra APL(X ;Q) is formal as a cdga ([FHT01, Chapter 12]). In that case
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the rational homotopy type of X is a formal consequence of its cohomology
H∗(X ;Q), meaning that H∗(X ;Q) determines the rational homotopy type of X .
Moreover, it is known that there exists a zig-zag of quasi-isomorphisms con-
necting APL(X ;Q) with the singular cochain algebra C∗(X ;Q) of X ([FHT01,
Theorem 10.9]). An immediate topological consequence is the following corol-
lary:

Corollary 2.1.4. A space X is rationally formal if and only if the singular
cochain algebra C∗(X ;Q) of X is formal as a dga.

2.2 Summary of Paper II

In Paper II, we compute a differential graded Lie model for the universal cover
of the classifying space of the grouplike monoid of homotopy automorphisms
of a space that fix a subspace.

Theorem 2.2.1 ([BM14, Theorem 3.4.]). Let A⊂ X be a cofibration of simply
connected spaces with homotopy types of finite CW-complexes, and let i : LA→
LX be a cofibration that models the inclusion A⊂ X and where LA and LX are
cofibrant Lie models for A and X respectively. A Lie model for the universal
covering of BautA(X) is given by the positive truncation of the dg Lie algebra
of derivations on LX that vanish on LA, denoted by Der(LX‖LA)〈1〉.

This theorem is stated in [BM14] together with the suggestion that a proof
can be given by generalizing [Tan83, Chapitre VII] , but no detailed proof
exists in the literature. One purpose of this paper is to fill this gap. However,
instead of following the suggested route (which seems to yield a rather tedious
proof), we give a proof that is perhaps more interesting. Namely, we show
that the model for relative homotopy automorphisms can be derived from the
known model for based homotopy automorphisms together with general result
on rational models for geometric bar constructions.

We give two computational applications of this theorem.

Example 2.2.2. For any k ∈ Z>0 one can show that the rational homotopy
groups of BautCPk(CPk+1) are given by

π
Q
∗+2k+1(BautCPk(CPk+1)) = π

Q
∗ (CPk+1).

Example 2.2.3. If X is a simply connected manifold with boundary ∂X ∼=
Sn−1, then there exists a dg Lie model for Baut∂ (X) with the underlying graded
Lie algbebra given by Der(L(s−1H̃∗(X),u,v)‖u).
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