Stochastic dynamic modelling and statistical
analysis of infectious disease spread and cancer
treatment
Theresa Stocks
Academic dissertation for the Degree of Doctor of Philosophy in Mathematical Statistics at
Stockholm University to be publicly defended on Thursday 13 December 2018 at 10.00 in sal
14, hus 5, Kräftriket, Roslagsvägen 101.
Abstract

Mathematical models have proven valuable for public health decision makers as they can provide insights into the
understanding, control and, ultimately, the prevention of diseases. This thesis contains four manuscripts dealing with
stochastic dynamic modelling and statistical analysis of infectious disease spread and optimization of cancer treatment.
Paper I is concerned with deriving a patient- and organ-specific measure for the estimated negative side effects of
radiotherapy using a stochastic logistic birth-death process. Our analysis shows that the region of a maximum tolerable
radiation dose can be related to the solution of a logistic differential equation; we illustrate our results for brachytherapy
for prostate cancer.
Paper II and III deal with inference for stochastic epidemic models. Parameter estimation for this model class can be
challenging as disease spread is usually only partially observed, e.g. in the form of accumulated reported incidences within
specified time periods. To perform inference for these types of models, a useful method for maximum likelihood estimation
is iterated filtering which takes advantage of the fact that it is relatively easy to generate samples from the underlying
transmission process while the likelihood function for the given data is intractable.
Paper II is an application-oriented introduction to iterated filtering via the R package pomp (King et al., 2016) which
contains a wide collection of simulation-based inference methods for partially observed Markov processes. We review
the theoretical background of the method and discuss by two examples its performance and some associated practical
difficulties.
Paper III is concerned with model selection for partially observed epidemic models that differ with respect to the amount
of variability they allow for and parameter estimation of those models from routinely collected surveillance data. We
illustrate the model selection and inference framework via the R package pomp for rotavirus transmission in Germany,
however, the method can be easily adapted to other diseases.
In Paper IV we develop a transmission model for hepatitis C virus (HCV) infection among people who inject drugs
(PWIDs) to enable countries to monitor their progress towards HCV elimination. In the scope of the WHO’s commitment
to viral hepatitis elimination, this topic is highly relevant to public health since injection drug use is the main route of
transmission in many countries. From the model and using surveillance data, we derive estimates of four key HCVindicators. Furthermore, the model can be used to investigate the impact of two interventions, direct-acting antiviral drug
treatment and needle exchange programs, on the disease dynamics. In order to make the model and its output accessible
to relevant users, it is made available through a Shiny app.
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1. Introduction

Understanding the causes and dynamics of a particular disease to control
and, ultimately, eradicate the disease from the population remains one of
the most important issues of our time. The rapid spread of communicable diseases in a world that is becoming increasingly interconnected as well
as the rising invasion of non-communicable diseases in an ageing society
which is progressively exposed to poor lifestyle choices is an ubiquitous
threat to human health worldwide. Moreover, from an economical point of
view a high disease burden imposes a constant clinical and financial pressure on national healthcare systems. Traditionally, disciplines such as epidemiology, medicine, biology and public health are concerned with the understanding and control of diseases. Depending on which approach is chosen such investigations may be very expensive in order to finance the necessary people and services or they may present risks for patients in timeconsuming pilot studies. A long-standing research field, which can help to
inform the traditional fields listed above in an efficient way, is mathematical modelling; in epidemiology, for example, the first mathematical model
dates back to Bernoulli (1760). Mathematical models can provide both significant insights into disease progression as well as scenario analysis and
risk assessment of potential control measures. By describing an ideal world
in which distinctive determinants can be investigated ceteris paribus, mathematical models offer a way to disentangle how various factors influence the
progression of a disease and predict future scenarios depending on which
measures are implemented (Keeling and Rohani, 2008). For a comprehensive introduction to the use of mathematical models in biology see e.g. Allen
(2007) and Brauer and Castillo-Chavez (2012). Equally important is the evaluation of a model with adequate data – without data a meaningful statistical
model assessment is not possible. A good introduction to statistical inference with applications in medicine, epidemiology and biology can be found
in Held and Sabanés Bové (2013).1
This thesis demonstrates how stochastic dynamic modelling and statistical
analysis can contribute to increase the understanding of infectious disease
1 This paragraph is a slightly modified replication of the introduction of Stocks (2017).
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spread and enhance cancer treatment, in four explicit examples. In Chapter
2 we give a brief general introduction to mathematical disease modelling via
compartment models and model-calibration from data, followed by a more
specific introduction and summary of each of the four papers contained in
this thesis (Chapter 3).
In a nutshell, Paper I is concerned with the quality assessment of radiotherapy for cancer treatment. Paper II discusses a method for simulationbased inference for partially observed stochastic epidemic models. Paper
III uses this inference framework to focus on the methodological question
of the role of stochasticity in transmission models to explain infectious disease surveillance data. Paper IV develops a model to monitor key indicators
for hepatitis C virus transmission among people who inject drugs and to investigate the effect of potential control measures.

10

2. Compartment models

A useful way of modelling population dynamics (e.g. of cells, animals or humans, hereafter referred to as individuals) is by dividing the population into
different categories assuming that all individuals in the same category have
the same characteristics. The way individuals change over time can then be
described as flows through those categories and is the essence of compartment models.
In order to prepare the ground for the manuscripts contained in this thesis,
especially Papers II-IV, we will start by introducing the general formulation
of compartment models and, thereafter, discuss three different interpretations of this model class that will be relevant to us, namely as A. ordinary
differential equations, B. continuous-time Markov chains (CTMC) with demographic noise and C. CTMC with demographic and extra-demographic
noise, following mainly the exposition and notation in Bretó et al. (2009);
He et al. (2009). A good overview of compartment models can be found
in Jacquez (1996); Matis and Kiffe (2000). We will explain how to generate
samples from these models and briefly mention how to perform inference
for them if only specific aspects of the models are observed – a detailed description thereof is the topic of Paper II. We give a numerical illustration for
each of those three interpretations in Figure 2.1.
Note that this section is meant as a general introduction in order to give the
reader a better intuitive understanding of the models presented in this thesis rather than providing a comprehensive overview of analytical results. We
refer the interested reader to the literature pointed out throughout this section for further reading.
Compartment models divide the population into k ∈ N+ distinct categories
and describe the movement dynamics as a vector-valued time-continuous
process X (t ) = (X 1 (t ), . . . , X k (t )), t ≥ 0 that counts the number of individuals in each compartment X i , i ∈ 1, . . . , k at time t . The counts can be either
integer- (counting distinct individuals) or real-valued (describing the population as a concentration or proportion). For the remainder of this section X (t ) is assumed to be non-negative, hence, X i (t ) ≥ 0 should hold for
11

P
all i , t . The total population size at time t is P (t ) = ki=1 X i (t ). Let the nondecreasing function Ni j (t ) ≥ 0 denote the cumulative number of individuals that have moved from compartment i directly to j up until time t . By
the conservation of mass identity the number of individuals in compartment
X i , i ∈ 1, . . . , k at that time is then given as
X
X
X i (t ) = X i (0) +
N j i (t ) −
Ni j (t )
(2.0.1)
i 6= j

i 6= j

where j ∈ 1, . . . , k and X i (0) denotes the initial population. Each flow Ni j (t )
is associated with a rate function µi j (t , X (t )) which denotes the per capita
rate at which an individual in compartment i moves to compartment j with
i , j ∈ 1, . . . , k. In this formulation, the population is closed in the sense that
no individuals leave or enter the population – this assumption can be circumvented by introducing additional source and sink compartments of the
population accounting for birth, death and migration. In the following we
present three different interpretations of a compartment model; for simplicity we write µi j = µi j (t , X (t )) for the remainder of this section.

2.1 Ordinary differential equations
We start by considering a deterministic system to be defined by differential equations below. Assuming that the counts are continuous rather than
integer-valued, one description of a compartment model X (t ), given the
rates µi j , is to write the flows Ni j (t ) as a system of coupled ODEs
d
Ni j (t ) = µi j X i (t )
dt
for i 6= j and i , j ∈ {1, . . . , k}. Then Equation (2.0.1) becomes
X
d X i (t ) X
=
µ j i X j (t ) −
µi j X i (t ).
dt
i 6= j
i 6= j

(2.1.1)

This deterministic, continuous-time process is also known as the deterministic skeleton (Coulson et al., 2004; Cushing et al., 1998; He et al., 2009). Usually population dynamics are only suitably described by highly nonlinear
processes which means that the solution of (2.1.1) is often not available in
closed form. However, there exists an extensive literature on how to solve
nonlinear ODEs numerically, see e.g. Atkinson et al. (2011).
In the model formulation (2.1.1) no uncertainty is involved in the evolution
of the states of the system and, as a consequence, the model will always
produce the same output for a given parameter constellation and initial values, i.e. there is no randomness in the transitions. Such models can have
12

the advantage that analysis and inference is easier compared to stochastic
systems making their use popular. Deterministic compartment models are
preferably used when the target population is large and randomness is believed to be of less importance.
However, the population dynamics that compartment models aim to describe are often exposed to many sources of uncertainty and fluctuations.
Hence, stochastic models might be more suitable to describe these inherently variable systems, however, their analysis is usually more complicated.
We present a stochastic version of this model in the next section.

2.2 CTMC with demographic noise
We now consider a related but stochastic model by assuming that individuals move from one compartment to another according to some probability
distribution rather than deterministically. The simplest version of this assumption is that Ni j (t ) is a Poisson process (Brémaud, 1999). For this, it is
assumed that the probability of moving from one compartment to another
during an infinitesimal time interval (t , t +τ] does not depend on the history
of the process but only on the state of the system at time t and that the infinitesimal probability of simultaneous transitions between compartments
is negligible. The infinitesimal transition probabilities that define such a
Markov process are given as
P(∆Ni j (t ) = 0|X (t ) = x) = 1 − µi j x i τ + o(τ)
P(∆Ni j (t ) = 1|X (t ) = x) = µi j x i τ + o(τ)

(2.2.1)

P(∆Ni j (t ) > 1|X (t ) = x) = o(τ)

for ∆Ni j (t ) = Ni j (t +τ)− Ni j (t ) and x = (x 1 , . . . , x k ). Note, that in this formulation the process X (t ) accounts for the integer nature of individuals in the
compartments. The implicit assumption in this Poisson system is that the
individual waiting time to move from compartment i to j is exponentially
distributed to the respective per capita rate µi j .
Compared to the deterministic model described by (2.1.1) where the state
vector X (t ) is a point mass at the solution of the ODE system at time t , it can
quickly become challenging to find the distribution of the state vector X (t )
at a given time t for the stochastic model described by (2.2.1). A direct way
to obtain the distribution of X (t ) is to derive the differential equations that
govern the state probabilities Px1 ,...,xk (t ) = P((X 1 (t ), . . . , X k (t )) = (x 1 , . . . , x k ))
P
with 0 ≤ x 1 , . . . , x k ≤ P (t ) and ki=1 x i = P (t ) for the population size P (t ) and
given initial conditions, also known as the Kolmogorov forward equations,
see e.g. Ross (1995). This system of differential equations can then be solved
13

numerically. However, the size of the system depends on the number of
possible states and therefore population size. As a consequence, solving the
system of equations becomes computationally very expensive for large population sizes.
A different approach from the Kolmogorov forward equations is to instead
approximate the distribution of X (t ) by simulation-based techniques, e.g.
using Monte Carlo methods. For this, one can directly simulate from the system with exact methods, e.g. using the Gillespie algorithm (Gillespie, 1977).
Given the current state of the system, the algorithm simulates the time until the next event and determines from which to which compartment the
jump occurred. Then, the number of individuals in each compartment is
updated and time is incremented accordingly. This step is repeated until a
pre-defined stopping time is reached. However, here as well, the method
scales badly if the population size is large because of the immense number
of events that can take place.
One way to speed up the simulations is by using the so called τ-leaping algorithm (Gillespie, 2001), an approximate method based on Gillespies algorithm, where all rates are assumed constant for a small time interval. As a
special case, the algorithm in Box 1 reduces to the τ-leaping algorithm when
Var(∆Γi j ) = 0 for all i , j . For further details about approximation methods
see e.g. Gillespie (2001), Tian and Burrage (2004), Cai and Xu (2007), Matis
and Kiffe (2000) and Wilkinson (2006).
The stochasticity in the model described by (2.2.1) arises from the unpredictability of event times such as birth, death and interactions between individuals. This kind of variability is also know as demographic stochasticity. It can be shown that demographic stochasticity for population fractions
decreases as population size increases and approximates the deterministic
skeleton as described in (2.1.1) (Andersson and Britton, 2000, Chapter 5).
For a fixed finite population size, using that µi j X i (t ) ≤ κ where κ is a uniform bound for all i , j , it can be shown that the Poisson system as formulated in (2.2.1) is equi-dispersed (Bretó et al., 2009; Bretó and Ionides, 2011).
This means that the infinitesimal mean of the increments ∆Ni j (t ) is equal
to the infinitesimal variance of the increments, more precisely
E(∆Ni j (t )|X (t ) = x) = µi j x i τ + o(τ)

Var(∆Ni j (t )|X (t ) = x) = µi j x i τ + o(τ).
However, there is evidence that data is often over-dispersed, i.e. the infinitesimal variance is larger than the infinitesimal mean (McCullagh and Nelder,
1989) and that this overdispersion can be explained as extra-demographic
stochasticity in particular (Bjørnstad and Grenfell, 2001). In this section,
14

we use the term extra-demographic stochasticity is a collective term for all
fluctuations that go beyond demographic stochasticity. Extra-demographic
stochasticity can include environmental stochasticity arising from external
fluctuations, e.g. changes in temperature or precipitation, but can also arise
due to unmodelled processes or model misspecifications. We come to an extension of the model presented here accounting for demographic and extrademographic stochasticity in the next section.

2.3 CTMC with demographic and extra-demographic noise
In the following we give a brief introduction to a general framework for continuous-time Markov processes for discrete populations that combine demographic noise (infinitesimal increment mean = infinitesimal increment
variance) and extra-demographic noise (infinitesimal increment mean < infinitesimal increment variance). Note that the mathematical theory behind
this model class is quite deep and goes beyond the scope of the thesis; we
refer the interested reader to Bretó et al. (2009), Bretó and Ionides (2011)
and Bretó (2018) for further reading. The idea is that extra-demographic
variability arises because the transition rates between compartments are
not deterministic, as was assumed previously, but are exposed to random
fluctuations. In order to model those fluctuations it is assumed that the
rates vary according to some multiplicative white noise process ξi j (t ) with
mean one and hence the transition rates can be written as µi j ξi j (t ). Here,
ξi j (t ) denotes the derivative of an integrated noise process Γi j (t ) such that
ξi j (t ) = ddt Γi j (t ). The integrated noise processes {Γi j (t ), 1 ≤ i ≤ k, 1 ≤ j ≤ k}
are required to fulfill the following properties (Bretó et al., 2009):
(P1 ): Independent increments: {Γi j (t 2 )−Γi j (t 1 ), 1 ≤ i ≤ k, 1 ≤ j ≤ k} is independent of {Γi j (t 4 ) − Γi j (t 3 ), 1 ≤ i ≤ k, 1 ≤ j ≤ k} for all t 1 < t 2 < t 3 < t 4 .
(P2 ): Stationary increments: {Γi j (t 2 ) − Γi j (t 1 ), 1 ≤ i ≤ k, 1 ≤ j ≤ k} has a
joined distribution which depends only on the time increment t 2 − t 1 .
(P3 ): Non-negative increments: {Γi j (t 2 )−Γi j (t 1 ) ≥ 0, 1 ≤ i ≤ k, 1 ≤ j ≤ k} for
all t 2 > t 1 .
(P4 ): Unbiased multiplicative noise: E(Γi j (t )) = t .
(P5 ): Partial independence of noise processes: For each i , {Γi j (t )} is independent of {Γi k (t )} for all j 6= k.
Properties (P1 ) and (P2 ) ensure that the integral over ξi j (t ) is well defined
even when the sample paths of Γi j (t ) are not formally differentiable (Karlin
15

and Taylor, 1981). It is shown in (Bretó et al., 2009, Theorem A.1) that, if
conditions (P1 )-(P5 ) hold, the implicitly formulated infinitesimal transition
probabilities

P(∆Ni j (t ) = n i j , ∀1 ≤ i ≤ k, 1 ≤ j ≤ k|X (t ) = (x 1 , . . . , x k ))
(2.3.1)
Ã ÃÃ
!Ã
!r i
!!
k
Y
X
Y ni j
xi
=E
1 − pi l
pi j
i =1 n i 1 · · · n i ,i −1 n i ,i +1 · · · n i k r i
j 6=i
l 6=i

where r i = x i −

P

l 6=i

n i l and

n ¢
n 1 ···n k is a multinomial coefficient with

¡

p i j = p i j ({µi j (t , x)}, {∆Γi j })
Ã
Ã
!!
.X
X
= 1 − exp − µi l ∆Γi l µi j ∆Γi j
µi l ∆Γi l ,
l

(2.3.2)

l

with µi j = µi j (t , x), ∆Ni j (t ) = Ni j (t + τ) − Ni j (t ), ∆Γi j = Γi j (t + τ) − Γi j (t )
specify a Markov process.
A wide range of Lévy processes satisfy the properties (P1 )-(P5 ) above (Sato,
1999). A particularly convenient choice are processes Γi j (t ) such that marginally Γi j (t + τ) − Γi j (t ) ∼ Gamma(τ/σ2i j , σ2i j ), where Gamma(α, β) denotes
the gamma distribution with shape parameter α and scale parameter β with
corresponding mean αβ and variance αβ2 . In the special case when the
over-dispersion parameters σ2i j = 0 for all i and j , Gamma(τ/σ2i j , σ2i j ) is
defined to take the non random value τ and hence (2.3.1) reduces to the
Poisson system (2.2.1). As a consequence, the model presented here is also
sometimes referred to as Poisson system with stochastic rates (Bretó et al.,
2009). Additionally, if the processes with gamma distributed infinitesimal
increments as described above are fully independent, i.e. {Γi j (t )} is independent of {Γkl (t )} for all pairs (i , j ) 6= (k, l ), an explicit formulation of the
transition probabilities can be derived, see (Bretó et al., 2009, Theorem A.2).
In this case, Gillespie’s exact algorithm can be used for simulation (Gillespie,
1977).
16

Box 1. Euler scheme for a numerical solution of the Markov chain with
stochastic rates cf. Bretó et al. (2009)
Procedure:
1. Divide the time interval [0,T] into N intervals of width τ = T /N
2. Set the initial value X (0)
3.
4.
5.

For n = 0 to N − 1
Generate noise increments {∆Γi j = Γi j (nτ + τ) − Γi j (nτ)}
Generate process increments

6.

(∆Ni 1 (nτ), . . . , ∆Ni ,i −1 (nτ), ∆Ni ,i +1 (nτ), . . . , ∆Ni k (nτ), R i (nτ))

6.
6.

P
∼Multinomial(X i (nτ), p i 1 , . . . , p i ,i −1 , p i ,i +1 , . . . , p i k , 1 − l 6=i p i l )
where p i j = p i j ({µi j (nτ, X (nτ))}, {∆Γi j }) is defined as in Equation (2.3.2)

6.

and R i counts the number of individuals remaining in compartment i

6.
6.
7.

during the current Euler increment.
P
j 6=i ∆N j i (nτ)

Set X i (nτ + τ) = R i (nτ) +
End For

In the more general case where Γi j (t ) only fulfill properties (P1 )-(P5 ), numerical solutions of (2.3.1) are available by the discrete-time Euler scheme
as described in Box 1. The Euler scheme is a discrete-time approximation to
a continuous-time stochastic process and can be made arbitrary exact for
τ → 0. For a thorough analysis it is always good to investigate if decreasing the time step has an impact on the conclusion of the analysis. However,
sometimes a very fine time discretization is not feasible with respect to computational power/time. In that case numerical solutions can still have some
value – one can see the continuous model with a specific time discretization
as a model itself rather that treating the continuous-time model as the only
true model that everything must compare to (Bretó et al., 2009).
The model formulation (2.3.1) accounts for the possibility that multiple individuals move simultaneously between compartments. In infectious disease modelling this is reasonable: it can be transmission events such as influenza spreading in a closed bus or cholera spreading when several people drink from the same contaminated water source. This more flexible
model formulation hence allows for the presence of super-spreaders (one
infectious individual infects more than one individuals in an infinitesimal
time increment). He et al. (2009) and Bretó et al. (2009) found that it is important to account for extra-demographic noise because otherwise strong
limitations are put on the noise structure which can lead to bias in the parameter estimates. Hence, the model formulation in (2.3.1 )is an interesting
model generalization and with the procedure in Box 1 it is convenient to
simulate from the model. This convenience, however, comes at the cost of
17
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Figure 2.1: Numerical example of a compartment model X (t ) =
(S(t ), I (t ), R(t )) as A. an ordinary differential equation as described in
(2.1.1), B. a CTMC with demographic noise as in (2.2.1), and C. a CTMC
with demographic and extra-demographic noise as in (2.3.1). The rates are
µSI = βI (t )/P = 1 and µI R = γ = 0.5 with population size P = 10000 and
initial values S(0) = 9990, I (0) = 10 and R(0) = 0. The integrated noise process
in C. has gamma distributed increments with noise parameters σ2SI = 0.5
and σ2I R = 0. For simulation of the 20 model realizations in B. and C. the
Euler scheme as described in Box 1 was used. For an interpretation of this
compartment model see Section 3.2.

difficulty in computing analytic properties of the continuous-time process
(Bretó et al., 2009). Hence, simulation-based inference for this model e.g.
regarding simulation and robustness studies are often limited by computational time and power.
The modelling framework we have presented here has already been used in
many applications, see e.g. Bhadra et al. (2011); Bretó et al. (2009); He et al.
(2009); Martinez et al. (2016).
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2.4 A first glimpse at statistical inference
Mathematical modelling of biological systems can be interesting on its own
because it increases the understanding of how different components of the
model are related or because it poses mathematically interesting questions.
However, if the model is supposed to inform decision making in other disciplines such as clinical medicine or public health, it is crucial to evaluate the model with data. Statistical inference provides the tools to link a
model to the available data in order to estimate model parameters with corresponding uncertainty measures, evaluate the performance of the model
by comparing simulations to the available data and to assess which of competing models might be preferable (Keeling and Rohani, 2008). However,
model evaluation can be a difficult endeavor because sufficient data is not
always present, mathematical parameters are not easily measurable or calculations are computationally not feasible. The restricted availability of data
applies especially for infectious diseases since data is rarely the result of
a planned experiment and mostly disease progression is only partially observed (O’Neill, 2010). Hence, traditional statistical approaches are not always directly applicable.2
In a compartment model context, one is often interested in estimating the
unknown transition rates µi j or over-dispersion parameters, e.g. σ2i j . However, instead of observing the full transition process usually only a specific
aspect of the system is observed. The observations can be connected with
the underlying Markov process via an observation model; this model class is
called partially observed Markov processes (POMP). Given the observations,
a likelihood function can be formulated. Inference for this model class can
be challenging as transition probabilities might not be available in closed
form and the likelihood of the given data quickly becomes intractable. Inference for this model class is an active research area and many different methods, which all have advantages and shortcomings have been proposed, e.g.
iterated filtering (Ionides et al., 2006, 2015), simulated moments (Kendall
et al., 1999), nonlinear forecasting (Sugihara and May, 1990), synthetic likelihood (Wood, 2010) or Bayesian approaches such as approximate Bayesian
computations (Toni et al., 2009) and particle MCMC (Andrieu et al., 2010).

2 This paragraph is a slightly modified replication of Section 1.3 of Stocks (2017).
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3. Summaries of Papers

3.1 Summary of Paper I
Paper I is concerned with the mathematical modelling of quality measures
for radiotherapy and their optimization.
In this century, cancer has become one of the leading causes of death (WHO,
2016). Common treatment strategies to eradicate the tumorous tissue from
the human body are surgery, chemotherapy and radiation therapy (National
Cancer Institute, 2018). In this paper we focus on radiation therapy which is
an efficient and often used treatment strategy- more than 50% of all patients
receive a radiation therapy during their treatment (Delaney et al., 2005).
During treatment, energetic beams from an external or internal source are
sent through the body. The beams have the ability to harm a cell structurally
so it cannot divide any longer and dies (Symonds et al., 2012). The goal of
radiotherapy is to achieve a high probability of cure while the surrounding
healthy tissue is left functionally and structurally competent. A common
quality measure for radiotherapy treatments is the tumor control probability (TCP) which is the probability that no cancer cell has survived the treatment in the irradiated domain (Munro and Gilbert, 1961). Mathematically
speaking, if P i (t ) denotes the probability that a number i of cancer cells are
‘alive’ in an irradiated domain at time t , then the tumor control probability
at that time is defined as
TCP(t ) = P 0 (t ),
where all cells are assumed to be identical. Depending on the model, the
term of a cell being ‘alive’ would have to be thoroughly defined (Zaider and
Minerbo, 2000). Clearly, a treatment aims at obtaining a value for TCP which
is close to one, however, there is a natural bound to how much radiation
can be absorbed by the surrounding healthy tissue before the patient experiences some serious side effects. A not so well explored research area
is the mathematical modelling of these unwanted byproducts of radiotherapy which are however crucial to assess for finding an optimal treatment
schedule. A quality measure for the damage on healthy tissue is the so called
normal tissue complication probability (NTCP) which is the probability that
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a fatal number of healthy tissue cells has been damaged. Two early approaches are described in Lyman (1985) and Niemierko and Goitein (1993).
For example, if we now assume that Q i (t ) denotes the probability that a
number i of healthy tissue cells are ‘alive’ in an irradiated domain at time
t and the organ works properly if more than L healthy cells are ’alive’ the
normal tissue complication probability at that time is defined as
NTCP(t ) =

L
X

Q i (t ).

i =0

In Paper I we provide a short review of relevant existing model-based TCP
concepts and from there derive a stochastic, dynamical model for NTCP
which is organ, patient and treatment specific. In the model, cell growth
is modelled as a stochastic birth and death process. The resulting solution
for the NTCP is numerically feasible only for a small number of cells. We
hence derive an asymptotic limit for a large carrying capacity and relate the
NTCP to the solution of an ordinary differential equation. We conclude that
a deterministic solution of the NTCP is a good indicator of where radiation
exposure of the normal tissue becomes critical. This framework is based on
simple modelling assumptions and aims at preparing a framework for clinical practice. We illustrate our findings for brachytherapy of prostate cancer.3

3.2 Summary of Papers II-IV
Papers II-IV are concerned with the dynamic modelling and statistical analysis of infectious disease spread.
Mathematical modelling of infectious diseases aims at understanding, controlling and, ultimately, preventing infectious disease outbreaks or reducing endemic incidence and to inform public health decision makers about
the possible impact of interventions such as treatment, vaccination, travel
bans or other control measures. A comprehensive overview for mathematical modelling of infectious disease transmission is given e.g. in Anderson
and May (1991), Keeling and Rohani (2008), Vynnycky and White (2010) and
Diekmann et al. (2013).
A common approach to model the spread of infectious diseases is via compartment models as described in Section 2, where individuals belong to
the different compartments dependent on their health status (Kermack and
McKendrick, 1927). Depending on the complexity of the models these can
3 Section 3.1 is a slighly modified replication of Section 1.4 of Stocks (2017).
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also account for heterogeneities such as age of the individuals or spatial distributions. In the simplest case, individuals are grouped into three different
categories: they are either susceptible to the disease (S), infected and infectious (I), or recovered and immune (R). A susceptible individual can acquire
an infection from an infectious individual and then recovers after a certain
time, staying immune to the disease for the rest of its life. With the notation
in Section 2 the vector-valued process counting susceptible, infectious and
recovered individuals at time t can be written as X (t ) = (S(t ), I (t ), R(t ), t ≥
0). Assuming that the population is closed, i.e. S(t ) + I (t ) + R(t ) = P , with
P constant, for all t ≥ 0, the per capita transition rates can be defined as
µSI = βI (t )/P and µI R = γ where β denotes the average number of infectious contacts an infected individual has with susceptible individuals per
time unit and γ denotes the recovery rate. If X (t ) follows the model interpretation of (2.2.1) in Section 2, hence being a CTMC with demographic noise,
this model is called the general stochastic epidemic (Bartlett, 1949). For a
numerical example of this compartment model see Figure 2.1. In real-world
applications, the population size is often not closed and models might, dependent on the disease and the question the model is supposed to answer,
include demography, seasonality, environmental factors, over-dispersion or
further compartments e.g. maternal and latent states.
An important mathematical indicator of an infectious disease is its basic reproduction number R 0 . The basic reproduction number is defined as the
expected number of secondary cases caused by a typical infectious individual during the early stage of an epidemic when everyone is susceptible (Andersson and Britton, 2000, Chapter 1, p. 6). It is a useful parameter because
in many epidemic models R 0 = 1 is a threshold value indicating whether or
not a infectious disease may spread through a population, which is the case
for R 0 > 1 or R 0 < 1, respectively.
As touched upon briefly in Section 2.4, inference for stochastic (epidemic)
compartment models can be challenging because often only certain aspects
of the disease spread are observed. Public health surveillance systems, for
example, often routinely collect the reported number of newly infected cases
within a given time interval. In the model presented above, the accumulated
number of newly infected individuals in a time period (t m−1 , t m ] with m ∈
R tm
1, ..., M is given as HSI (t m ) = tm−1
NSI (s)d s. This quantity can then be related to the observations via an observation model, resulting in a POMP. Additional challenges might arise because of reporting delays, under-reporting,
case miss-classifications etc. (Gibbons et al., 2014); usually, these complications become more prominent the less severe the disease is.
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The inference method we focus on in Papers II and III is called iterated filtering (Ionides et al., 2006, 2015) and is a simulation-based method to find
the maximum likelihood estimate for a POMP where the underlying transmission process can, in particular, be of the form presented in (2.3.1) in Section 2.3. The method uses the fact that is it simple to generate sample paths
from the model, as described in Box 1 in Section 2.3, while the transition
probabilities and the likelihood for given data are analytically intractable.
More specifically, Paper II gives a thorough introduction to inference for
partially observed Markov process epidemic models via iterated filtering. It
discusses potential challenges of the method and demonstrates its performance by two concrete examples using the R packages pomp (King et al.,
2016) which contains a wide selection of simulation-based inference algorithms. Paper III uses this framework for model selection and parameter
estimation focusing on the question which choice of underlying transmission model ((2.1.1), (2.2.1) or (2.3.1) from Section 2) and which observation
model is best suited to explain available surveillance data. We illustrate
this approach for rotavirus in Germany, however the method can be easily adapted for other infectious diseases. In both papers, we assume that
the increments of the integrated noise process are gamma distributed (cf.
Section 2.3) and that the most variable transitions are the infection events,
hence setting all other extra-demographic noise parameters σ2i j to zero.
In Paper IV hepatitis C virus (HCV) transmission among people who inject
drugs is modeled based on a model interpretation as described in (2.1.1) in
Section 2.1. From the model and based on routinely collected surveillance
data, we derive four key HCV-indicators recommended to be monitored by
the WHO. This topic is highly relevant to public health as in many countries injection drug use is the main route of transmission and the WHO has
committed to eliminate viral hepatitis by 2030. The model is intended to
be used by public health professionals in order to monitor their countryspecific disease situation and investigate how intervention strategies might
affect the transmission dynamics. Hence, we have converted the model into
an accessible, web-based tool which can be used for resource allocation
and treatment planning to prevent potentially costly but inefficient interventions and support evidence-based public health decision-making.
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4. Sammanfattning

Matematiska modeller har visat sig vara värdefulla för beslutsfattare inom
folkhälsa då de, förutom att ge en fördjupad kunskap om olika sjukdomar,
också kan ge en förståelse av hur sjukdomar kan kontrolleras och förebyggas. Denna avhandling består av fyra manuskript, tre av dem behandlar
stokastiska dynamiska modeller och statistisk analys av spridningen av infektionssjukdomar, och ett manuskript behandlar optimering av cancerbehandling.
Studie I syftar till att härleda ett patient-och organspecifikt mått för skattningen av de negativa bieffekterna av strålbehandling, detta genom att använda en stokastisk logistisk födelse-och dödsprocess. Vi finner att den maximala tolererbara strålningsdosen kan approximeras av lösningen till en logistisk differentialekvation. Våra resultat illustreras för brakyterapi som används vid prostatacancer.
Studie II och III behandlar inferens för stokastiska epidemimodeller. Parameterskattningar för denna typ av modeller försvåras av det faktum att
spridningen av en sjukdom vanligtvis endast partiellt observeras, t.ex. genom
ackumulerad incidens under en given tidsperiod. En användbar metod för
att kunna utföra inferens för denna typ av modeller, med maximum likelihoodmetoden, är itererad filtrering. Denna metod använder sig av att det är relativt enkelt att generera stickprov från den underliggande spridningsprocessen även om likelihood-funktionen för observerade data är svårhanterlig.
Studie II är en applikationsorienterad introduktion till itererad filtrering
via R-paketet pomp (King et.al., 2016), som innehåller en bred samling simuleringsbaserade inferensmetoder för partiellt observerade Markovprocesser.
Vi ger en översikt av metodens teoretiska bakgrund och med hjälp av två exempel för vi en diskussion om hur väl metoden presterade samt går igenom
några praktiska svårigheter.
Studie III behandlar modellval för partiellt observerade epidemimodeller, där epidemimodellerna skiljer sig med avseende på hur stor variabilitet
de tillåter, och parameterskattningar av dessa modeller med rutinmässigt
insamlade övervakningsdata. Vi illustrerar det statistiska ramverket och hur
modellvalet görs via R-paketet pomp, illustrationen görs för spridningen av
rotavirus i Tyskland även om metoderna likväl kan tillämpas på andra sjuk25

domar.
I Studie IV utvecklar vi en spridningsmodell för hepatit C-virusinfektion
(HCV) bland personer med intravenöst drogmissbruk, detta i syfte att underlätta för länder att övervaka förloppet av att eliminera HCV. Intravenöst
droganvändande utgör den vanligaste smittvägen av hepatit C i många länder. Mot bakgrund av WHOs åtagande att eliminera hepatit är modeller av
denna typ av stort intresse för folkhälsomyndigheter. Med vår modell och
övervakningsdata härleder vi skattningar för fyra nyckelindikatorerna för
HCV. Modellen kan dessutom användas för att studera effekten av två typer
av intervention på smittspridningen: direktverkande antivirala substanser
och sprututbytesprogram. För att göra modellen lättförståelig för relevanta
användare har vi även gjort den tillgänglig via en Shiny app.
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