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Abstract

Sunspots stand out on the visible solar surface. They appear as dark structures evolving and changing over time. They
host energetic and violent events, like coronal mass ejections and flares, and concentrate strong magnetic fields. Hundreds
of years of studies provide a record of sunspot cycles, as reported by the well-known butterfly diagram, as well as some
of their general observational properties, such as size, maximum field strength, and lifetime. However, we lack a general
theory that explains how the magnetic field cluster in the spots and how it evolves over time.
This thesis studies the negative effective magnetic pressure instability (NEMPI) as a mechanism able to form such
magnetic flux concentrations and thus magnetic spots. A weak magnetic field suppresses the turbulence locally and reduces
the turbulent pressure. The resulting contraction concentrates the field further, which reduces the turbulent pressure even
more, and so on. We study the conditions where NEMPI is excited, trying to reproduce some of the complexities of the solar
environment. We focus on the effects of rotation, the change of stratification, and the influence of a simplified corona. We
solve the magnetohydrodynamic equations using both direct numerical simulations and mean-field simulations of strongly
stratified turbulence in a weak magnetic field.
Even slow rotation with a Coriolis number of 0.01 can suppress the instability. Higher values of rotation lead to dynamo
action, increasing the magnetic field in a new coupled dynamo-NEMPI system. In the solar case, the dependence of NEMPI
on rotation constrains the depth where the instability can operate: since the Coriolis number is very small in the uppermost
layers of the Sun, NEMPI can only be a shallow phenomenon. Changing the type of stratification from isothermal to
polytropic pushes the instability further to the upper parts of the computational domain. Unlike the isothermal case, in
the polytropic cases the density scale height is no longer constant, but the stratification decreases deeper down, making it
increasingly difficult for NEMPI to operate.
A corona changes dramatically the semblance of flux concentrations. A bipolar region is formed, instead of a single spot.
It develops at the interface between the turbulent and the non-turbulent layers, forming a loop-like structure in the coronal
layer. The bipoles move apart and finally decay and disappear. We study the structure in a wide range of parameters and test
the physical conditions of its appearance. Higher stratification and imposed field strength intensify the magnetic structures,
which reach even equipartition values, until a plateau and subsequent decrease occur. The increase of the domain size
strengthens the maximum magnetic field and gives more coherence to the spots, keeping their sizes. We measure a strong
large-scale downward and converging flows associated with the concentration of flux. Finally, we also include rotation in
the two-layer model, confirming the previous results: slow rotation suppresses the formation of bipolar regions. A stronger
imposed magnetic field alleviates the suppression somewhat and strengthens the structures.
These studies demonstrate the viability of NEMPI to form magnetic flux concentrations in both monopolar and bipolar
structures. We find that NEMPI can only develop in the uppermost layers, where the local Coriolis number is small and
the stratification strong.
Keywords: Magnetohydrodynamics (MHD), turbulence, dynamo, Sun: magnetic fields, Sun: rotation, Sun: activity, Sun:
dynamo.
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Sammanfattning

Solfläckarna är de tydligaste fenomenen på solytan, där de är synliga som mörka
strukturer vilka utvecklas med tiden. De utgör starka magnetfältskoncentrationer
och associeras med energetiska och våldsamma fenomen såsom koronamassutkastningar och flares. Århundraden av observationer har gett oss en bild av solfläckarnas
cykliska variationer, bland annat i form av det så kallade fjärilsdiagrammet. Också
andra observationella egenskaper har kartlagts såsom storlekar, magnetfältsstyrkor,
livstider, osv. Trots detta saknas fortfarande en övergripande teori som förklarar hur
och varför magnetfältet koncentreras i fläckarna och hur dessa sedan utvecklas med
tiden.
Denna avhandling behandlar en möjlig instabilitetsmekanism som kan vara ansvarig för att skapa magnetfältskoncentrationer och därmed fläckar: den så kallade
NEMPI (Negative Effective Magnetic Pressure Instability). Ett redan existerande svagt
magnetsält undertrycker turbulensen lokalt. Den resulterande sammandragningen
koncentrerar fältet vilket ytterligare reducerar det ekvivalenta turbulenta trycket, och
så vidare. Vi studerar de omständigheter under vilka NEMPI aktiveras och försöker
därvid att reproducera några av komplexiteterna hos solen. Med hjälp av numeriska
simuleringar fokuserar vi på effekterna av rotation, förändringar i stratifieringen och
närvaron av en förenklad korona. Vi löser MHD-ekvationerna för ett plasma med
starkt stratifierad turbulens och svaga magnetfält genom direkta numeriska simuleringar men också genom så kallade medelfältsimuleringar.
Även förekomsten av en mycket långsam rotation, motsvarande ett Coriolis-tal
på 0,01, undertrycker instabiliteten. Högre värden leder däremot till en dynamoeffekt som föestäeker magnetsälitet i ett nytt kopplat dynamo-NEMPI-system. I
fallet solen visar det sig att NEMPI:s rotationsberoende avgränsar det djup där den
kan aktiveras: eftersom Coriolis-talet är mycket litet i det översta lagren i solen kan
NEMPI bara förekomma där och är alltså ett grunt fenomen. Om stratifieringen
i modellen ändras från att vara isotermisk till att beskrivas av en polytrop, flyttas
instabiliteten ändå högre upp i simuleringsdomänen. I det polytropiska fallet är
densitetsskalhöjden inte längre konstant, utan stratifieringen minskar med djupet
vilket gör det allt svårare för NEMPI att verka.
Introduktion av ett korona-likt lager ändrar på ett dramatiskt sätt hur magnetfältskoncentrationerna ter sig. Istället för en ensam fläck uppstår en bipolär region.
Denna utvecklas vid gränsskiktet mellan de turbulenta och icke-turbulenta lagren
och bildar en bågliknande struktur i koronan. De två polerna glider isär för att slut-

ligen sönderfalla och försvinna. Vi studerar den uppkomna strukturen för olika parametervärden och testar vilka fysikaliska förhållanden som får den att uppstå. Kraftigare stratifiering och ett starkare pålagt magnetfält intensifierar de magnetiska strukturerna, som till och med kan nå värden motsvarande ekvipartition, intill dess att
en platåfas nås följt av ett sönderfall. Om simuleringens storlek ökas blir fläckarnas
magnetfält starkare och de blir mer samlade medan deras storlek inte förändras. Associerade till den magnetfältskoncentrationen ser vi kraftiga storskaliga flöden som
är nedåtriktade och konvergenta. Slutligen introducerar vi också rotation i denna
tvålagersmodell och bekräftar de tidigare resultaten att en långsam rotation undertrycker bildandet av bipolära regioner. Ett starkare pålagt magnetfält minskar effekten av detta undertryckande något och förstärker strukturerna.
Dessa studier demonstrerar möjligheten för NEMPI att bilda magnetiska flödeskoncentrationer i både monopolära och bipolära strukturer. Vi finner att NEMPI i
solen endast kan förväntas uppstå i de översta lagren, där det lokala Coriolis-talet är
litet och stratifieringen stark.
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Abbreviations and Symbols

Abbreviations
DNS

DirecNumericalSimulations

ILES

Implicit Large Eddy Simulations

LES

Large Eddy Simulations

MFS

Mean Field Simulations

MHD

Magnetohydrodynamics

NEMPI

Negative Effective Magnetic Pressure Instability

NSSL

Near Surface Shear Layer

Greek symbols
η

Magnetic diffusivity

kd

Disipative wavenumber

kf

Forcing wavenumber

µ0

Vacuum permeability

ν

Hydrodynamic diffusivity

Ω

Angular velocity

Π

Stress tensor

ρ

Density

σ

Electrical conductivity

τtd

Turbulent diffusive time

k

Wavenumber

Roman symbols
A

Magnetic vector potencial

B

Magnetic field

Beq

Equipartition field strength

f

Forcing function

Fν

Viscous force

g

Gravity

J

Current density

Pr

Prandtl number

Re

Reynolds number

ReM

Magnetic Reynolds number

U

Velocity

cp , cv

Specific heats at constant pressure and volume

Hρ

Density scale height

p

Pressure

s

Specific entropy

T

Temperature

Co

Coriolis number

E

Energy

Prologue

“No book, however good, can
survive a hostile reading.”
Orson Scott Card, Ender’s Game

This work started in May 2012, when I first visited Nordita. It was a time when a
new theory for the formation of magnetic flux concentrations on the solar surface
began to take shape. This theory is based on the suppression of turbulent pressure
by magnetic fields and goes back to early work by Kleeorin, Rogachevskii, and Ruzmaikin in 1989 and 1990, but it became computational reality only with the thesis
work of Koen Kemel in October 2012. While the essence of this effect was already
demonstrated in his thesis, a number of important questions remained unanswered:
can this theory explain active regions and even sunspots under more realistic conditions? Can it survive changes in stratification or rotation? These are questions that
are addressed in the present thesis.
There were several other open questions at the time, such as the importance of
spherical geometry and the interaction with an underlying dynamo that is responsible of maintaining the overall magnetic field. Those questions were addressed in the
thesis work of Sarah Jabbari, who started a bit earlier than me. Some of her work on
the dynamo involves the presence of rotation and therefore naturally connects to my
work, leading to a joint publication, which is listed on page ix.
Eventually, of course, we need to address the broader implications of this new
theory for the formation of coronal mass ejections that can affect us here on Earth.
One must therefore include an outer corona, which was already done by Jörn Warnecke in 2013 just after he finished his PhD thesis. The connection with magnetic
flux concentrations opened up new research paths, and resulted in the first of a series
of joint publications that showed the formation of bipolar spots.
At the heart of the new developments discussed in the present thesis is turbulence
and its interaction with magnetic fields, specially in the presence of rotation.

1

Framework

“Big whirls have little whirls
That feed on their velocity,
And little whirls have littler whirls
And so on to viscosity”
L.F. Richardson

The framework of the present thesis comprises magnetic fields, mean field theory,
and turbulence. This chapter reviews some of the fundamental equations in solar
physics and introduces some new concepts that we develop in this work. The basic
equations are adapted from general books, like Schrijver & Siscoe (2011) or Carroll
& Ostlie (1996).

1.1 Fundamental equations
The Sun is a big ball of plasma. A plasma is a fluid state of charged particles. The
main difference with ordinary gases is that plasmas are electrically conducting and
can therefore interact with electromagnetic fields. The aim of the present work is
then to describe the characteristics and evolution of plasma and its interaction with
electromagnetic fields.
We consider the continuum approximation and assume that we can describe
the fluid by its macroscopic properties. This approximation is valid when the mean
distance between particles is much smaller than the typical scales of the system, i.e.,
the macroscopic scale of the system is much bigger than the microscopic one. In the
solar interior, for example, the typical mean inter-particle distance is 10−10 m, while
the macroscopic scale of the system is 108 m (Charbonneau, 2013). Even the meanfree path of photons is much larger (10−4 m) than the inter-particle distance.

1.1.1 Magnetohydrodynamics
Magnetohydrodynamics (MHD) is the study of the interaction between magnetic
fields and plasma flow. We consider here the case of non-relativistic, slowly varying
plasmas (Choudhuri, 1998).
The basic MHD equations describe the evolution of the thermodynamic variables density ρ and specific entropy s, velocity U , and magnetic field B through the
following equations:
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1. Framework
1. continuity equation (conservation of mass):
∂ρ
= −∇ · (ρU ),
∂t

(1.1)

2. momentum equation (conservation of momentum):
ρ

DU
= −∇p + J × B + ρg + F ν + ...,
Dt

(1.2)

3. induction equation:
∂B
= ∇ × (U × B − ηµ0 J ),
∂t

(1.3)

4. energy equation (conservation of energy):
ρT

Ds
= 2νρS + ηµ0 J 2 − ∇ · (F rad + F cond + ...) ,
Dt

(1.4)

where the dots indicate the possibility of additional terms. In these equations, D/Dt =
∂/∂t + U · ∇ is the advective derivative1 with respect to the actual (turbulent) flow,
B = B0 + ∇ × A is the magnetic field, written here in terms of the magnetic
vector potential A, B0 is an imposed uniform field, J = ∇ × B/µ0 is the current
density, µ0 is the vacuum permeability, η = 1/(µ0 σ) is the magnetic diffusivity, σ
is the electrical conductivity of the plasma, F ν = ∇ · (2νρS) is the viscous force,
and Sij = 12 (∂j Ui + ∂i Uj ) − 13 δij ∇ · U is the traceless rate-of-strain tensor of the
flow. The viscous force can also be written as
F ν = ∇ · (2νρS) = νρ(∇2 U + 31 ∇∇ · U + 2S · ∇ ln νρ).

(1.5)

In Equation (1.4), T is the temperature, which is related to ρ and s via s = cv ln T −
(cp −cv ) ln ρ+const, where cp and cv are the specific heats at constant pressure and
constant volume, respectively. The specific entropy is defined only up to an additive
constant that needs to be fixed a priori to the calculation. In the Pencil Code,
which is used in this thesis, this constant is chosen to be zero. F rad and F cond are
the forces due to radiation and conduction, respectively.
Often, we will not solve the energy equation, but we will assume an isothermal
setup (T = const) or an isentropic atmosphere (s = const). Also, we will drive
turbulence “by hand”, using an external source, modeled using a forcing function, f .
In the numerical modeling, this forcing function f is a sequence of random, whitein-time2 , Gaussian distributed, plane, non-polarized waves with a certain average
1

The term advection means the transport of some substance or quantity by the fluid due to its own
motion, i.e., moving of oil in a river or change in temperature due to wind motions. It is not the same as
convection, since convection implies the transport both by diffusion and advection. Mathematically,
the advection operator is U ·∇ and the advection equation for a vector quantity Λ in an incompressible
fluid (hence, ∇ · U = 0 and U is solenoidal), is: ∂Λ/∂t + (U · ∇)Λ = (Λ · ∇)U for a line
element.
2
White-in-time means that the temporal frequency spectrum is flat.
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wavenumber kf , which represents the inverse scale of the energy-carrying eddies in
the system.

1.1.2 Some derivations from the momentum equation.
The term J × B in the momentum equation is called the Lorentz force, and it can
be rewritten, using the current density, as
( 2)
B
1
1
J ×B =
(∇ × B) × B =
(B · ∇)B − ∇
,
(1.6)
µ0
µ0
2µ0
where the first term on the right-hand side (rhs) comprises the magnetic curvature
and tension forces and the second term is the magnetic pressure gradient.
Using the definition of the advective derivative and Equation (1.6), we can write
the momentum equation as:
( 2)
∂U
1
B
1
1
= − |U ·{z
∇U} − ∇p + g +
(B · ∇)B − ∇
∂t
ρ
ρµ
ρ
2µ0
| {z } | 0
{z
}
advection
environment

Lorentz force

1
+ ∇ · (2νρS) + f .
|{z}
ρ
|
{z
} forcing

(1.7)

diffusion

We now discuss further the meaning of the rhs terms in this equation. The first one,
U · ∇U , which is the advection term, is nonlinear in the velocity U . The second
and third terms, ρ1 ∇p and g, respectively, are due to the environment or the state
of the fluid. Next, we have the Lorentz force, which is the only one that includes
the magnetic field. The diffusion term, F ν , includes second derivatives and tends to
smooth gradients in the velocity. Finally, we have the forcing. This term is needed
in the cases where we drive turbulence in the system, but we do not solve an energy
equation that could lead to turbulent convection. This formulation ensures a welldefined and controlled turbulent medium, and allows for an isolation of the specific
mechanism under study.
Since the advection term is nonlinear in the velocity, it can introduce chaotic
behavior and hence turbulence in the system. On the other hand, the diffusion term
smoothes velocity gradients, so it will favor laminarity. So their comparison defines
a dimensionless quantity that is called the Reynolds number, which characterizes the
flow pattern:
∥ U · ∇U ∥
UL
Re =
≈
,
(1.8)
−1
∥ ρ ∇ · (2νρS) ∥
ν
where U is the typical velocity of the plasma and L its typical length scale. At low
Reynolds number, the diffusion term dominates, so the flow is laminar; but for high
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Reynolds number the advection term dominates, so the flow becomes turbulent.
Figure 1.1 shows examples of flows at different Reynolds numbers, which are here
only moderately large, because the flow speeds exceed ν/L by less than a factor 400.

Figure 1.1: Effect of the Reynolds number on the flow pattern around a cylinder.
(Chuck Bodeen improvement of an illustration from Physics Knowledge, in http:
//forums.x-plane.org/index.php?showtopic=69180).

The Reynolds number provides scalability: two different systems with the same
Reynolds number should have similar flow patterns. This features is used in the
design of ships or planes, or even for cars, testing the behavior of smaller models in
high speed flow channels or wind tunnels.
The total momentum in the system is defined from the momentum equation,
just grouping some terms and rewriting the equation as:
(
)
∂U
1
B2
= − ∇ · pI + ρU U +
I − BB + 2νρS + g + f , (1.9)
∂t
ρ
2µ0
where I is the unit matrix while U U and BB denote dyadic products. The term in
parenthesis is the total momentum tensor:
Π = pI + ρU U +

B2
I − BB + 2νρS.
2µ0

(1.10)

1.1.3 Some derivations from the induction equation
Using Maxwell’s equations, we can rewrite the induction equation as:
∂B
= ∇ × (U × B) + η∇2 B.
∂t

(1.11)

In this case we can also define a dimensionless number, the magnetic Reynolds number, ReM , by comparing the relative strengths of both terms on the rhs of Equation (1.11):
UL
∥∇×U ×B ∥
ReM =
≈
.
(1.12)
∥ ∇ × ηµ0 J ∥
η
Although the definition is similar to that of the Reynolds number, the magnetic
Reynolds number is not just a hydrodynamic effect, but also takes into account the
diffusive properties of magnetic fields. For low values of ReM , the second term on

1.1. Fundamental equations

5

the rhs of Equation (1.11), a diffusion term, dominates; whereas for large enough
values, ReM ≫ 1, the first term, advection, does. In hydromagnetic turbulence we
can define a critical magnetic Reynolds number, ReM,crit , above which small-scale
dynamo action is possible.
Both numbers, Re and ReM , measure the importance of advection versus diffusion. In the first case, from purely hydrodynamic contributions (momentum equation) and in the second one, from the magnetic counterpart (induction equation).
We can combine both definitions and define the magnetic Prandtl number PrM , as
the ratio between hydrodynamic and magnetic diffusivity:
PrM =

ν
.
η

(1.13)

Usually, the actual values of Re and ReM do not agree with the estimates in Equations (1.8) and (1.12) because they depend on the definition of the length scale of the
system L, used in the approximation, as has been illustrated with examples shown by
Chatterjee et al. (2011).
The magnetic Prandtl number weights the importance of the mechanisms responsible for diffusion in the system. Using Spitzer values for ν and η (Brandenburg
& Subramanian, 2005), we obtain the following result for PrM :
PrM =

ν
T 5/2 ρ−1
T4
∝
=
η
ρ
T −3/2

(1.14)

and can compare, for instance, a typical galaxy and the Sun. The temperature is
roughly similar in both cases (106 K), but the densities differ by around 24 orders of
magnitude, so for the Sun the magnetic Prandtl number is very small (roughly 10−4 ),
whereas for galaxies it will be orders of magnitude larger (roughly 1011 ) (Brandenburg & Subramanian, 2005). Therefore, the nature of the dynamo may be quite
different in stars and in galaxies (Schekochihin et al., 2002).

1.1.4 Turbulence
The word turbulence is generally associated with random motions and instability.
Mathematically, the Reynolds number characterizes the amount of turbulence of a
system, and a fluid is considered turbulent for large values, Re ≫ 1.
1.1.4.1 Energy spectrum
In a turbulent system, the energy flux between different length scales or wavenumbers
is constant within a certain range, which is called the inertial range. We can define
the energy spectrum of the turbulence, E(k, t), as the amount of energy in each
wavenumber interval, δk. The wavenumber, k, defines the k-space of the Fourier

6

1. Framework

transformation for the velocity:
1
û(k, t) =
(2π)3 V

∫
eik·x u(x, t) d3 x.

(1.15)

V

The minimum wavenumber in our domain will then be kmin = 2π/L, where L is
the length scale of the system under consideration (i.e., size of the box for a simulation
or the depth of the convection zone for the Sun), and V = L3 is the volume for a
cubic domain. Thus, the smaller the value of k, the bigger the length scale.
The kinetic energy spectrum counts the energy stored in the velocity field:
EK (k, t) =

1
ρ0
2δk

∑

|û(k, t)|2 ,

(1.16)

k− <|k|⩽k+

where ρ0 is the averaged density, k± = k ± δk/2 defines the interval around the
∫wavenumber k, and1 δk2 = 2π/L is the spectral resolution. The spectrum obeys
EK (k, t) dk = 2 ⟨u ⟩.
The actual form of the spectrum depends on the type of turbulence in the system,
e.g, if it is isotropic or anisotropic; homogeneous or inhomogeneous. It will peak
at some energy-carrying scale lf , with a wavenumber kf = 2π/lf . Sometimes, the
energy spectrum will be time-dependent, so the energy-carrying scale will change
in time, especially if there is an inverse energy cascade (Brandenburg & Nordlund,
2011).
Turbulence is commonly associated with vorticity, and can have a systematic
twist, ω = ∇ × u, so it is also useful to define the kinetic helicity spectrum as:
HK (k) =

1
2

∑

(ω̂ ∗ · û + ω̂ · û∗ ),

(1.17)

k− <|k|⩽k+

This kinetic helicity spectrum always obeys the realizability condition (Moffatt, 1978):
|HK (k)| ⩽ 2kEK (k) .

(1.18)

Kinetic helicity is an important quantity in the Sun, since it defines a threshold for
the onset of an α-effect dynamo, see Paper II.
In a similar fashion, it is possible to define the magnetic energy spectrum EM (k)
and the corresponding magnetic helicity spectrum HM (k).
1.1.4.2 Turbulent cascade and Kolmogorov turbulence
Kolmogorov theory (Frisch, 1995) describes isotropic homogeneous turbulence. This
theory can be applied, for example, to a fluid in a statistically stationary state where
we inject energy at a given wavenumber to maintain turbulence. The energy spectra
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will show a peak at the injection scale, so if the scale is large, the spectra will peak at
a correspondingly small wavenumber.
Nonlinearities in the hydrodynamic equations produce a cascade of energy from
large to small scales, with a slope k −5/3 . This standard Kolmogorov k −5/3 spectrum can only occur at wavenumbers k larger than the energy injection wavenumber. This slope changes to an exponential decrease at the scale where the local (kdependent) Reynolds number becomes about 1, Re(k) = u(k)/kν ≈ 1, and this
defines the dissipative scale kd , where the energy is dissipated into heat. Therefore, a
small Reynolds number implies that the wavenumber interval between the injection
wavenumber and the dissipation wavenumber is short. The range of wavenumbers
where energy is transferred without dissipation from the injection wavenumber, kf ,
to the dissipation wavenumber, kd , is called the inertial range, see Figure 1.2.

Figure 1.2: Kolmogorov energy spectrum: it peaks at the injection scale, the energy
cascades towards small scales with a −5/3 slope and decreases exponentially at the
dissipation scale. Figure extracted from Berselli et al. (2005).

The slope of the cascade can be obtained from dimensional analysis using the
following ansatz for the energy spectrum (e.g. Brandenburg & Nordlund, 2011):
E(k) = CK εa k b ,

(1.19)

where ε is the energy flux and CK is a constant, called the Kolmogorov constant.
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We can obtain the exponents a and b using dimensional analysis:
[E] = L3 /τ 2 ,
[k] = 1/L,
2

(1.20)
3

[ε] = L /τ .
Thus, for dimensional compatibility, we get the following equations:
}
{
3 = 2a − b
a = 2/3
⇒
2 = 3a
b = −5/3

(1.21)

So, the Kolmogorov spectrum is:
E(k) = CK ε2/3 k −5/3 .

(1.22)

1.1.4.3 Inverse cascade

(a) Energy and helicity spectra, both kinetic and magnetic. Here we can see the
energy peak at the injection scale, the decay towards the dissipation range and the
transfer of energy (specially magnetic) towards big scales. Extracted from Paper II

(b) Evolution of the spectra of Bz at different
times, ranging from tηt0 /Hρ2 ≈ 0.2 (blue solid
line), 0.5 (dotted line), 1 (dashed line), and 2.7
(red dot-dashed line). We can see how magnetic
energy is transported towards bigger scales in this
MHD simulation. Extracted from Brandenburg
et al. (2014a).

Figure 1.3: Inverse cascade: in this case energy is injected at small scales and cascades
towards big ones. Normally, one can find this kind of cascade in the case of small-scale
helical turbulence that excites a large scale instability, like the dynamo instability.

The term inverse cascade is a process that refers to a stepwise transfer of energy from one wavenumber to the next smaller one. Is a reverse process of the Kolmogorov turbulence. Prominent examples include two-dimensional hydrodynamic
turbulence and three-dimensional hydrodynamic turbulence with helicity. An example is the generation of large-scale magnetic fields from a small-scale one. Figure 1.3 shows an example of this type of energy transfer. In Figure 1.3a, we drive
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the turbulence at a high wavenumber (small scale, kf /kmin = 30) and the energy
is transported towards larger scales. The change in the spectrum is more evident in
Figure 1.3b, where the temporal evolution of the magnetic spectrum shows how the
energy increases towards the big scales in the simulation, keeping the same turbulent
cascade towards the dissipative scale.

1.1.4.4 Driven turbulence
In any given system, turbulence can be driven either by an instability or by explicit
stirring. For example, in the outer layers of the Sun, turbulence is driven by convection, an instability resulting from the interaction between specific entropy of the
system and the vertical velocity. But in simulations it is convenient to emulate this
turbulence with explicit stirring. This allows us to control the type and properties
of the turbulence. Therefore we introduce the already mention forcing function f ,
which injects the turbulent eddies in the system.
Solving turbulence is computationally very demanding: we have to solve at the
same time many different scales of the system to have a full description of the turbulence. As discussed above, in astrophysical systems the Reynolds number is usually
huge, i.e., up to Re ∼ 1014 in the solar interior. Since the length of the inertial
range scales with the Reynolds number as kd /kf ∼ Re3/4 , this range is also huge.
The hope is often that the physics of interest happens at scales far from the dissipation
range, and assume the process is independent of it. Moreover, we model the behavior
at intermediate scales, and cut off small scales impossible to resolve. Thus, we are
normally not interested in the full inertial range, but only in the scales of interest
where our process evolves.
Chapter 2 describes in more detail how different kinds of simulations model
turbulence. In particular, we consider numerical aspects and the application to the
mean-field concept and direct numerical simulations.

1.1.5 Mean-field equations
The mean-field approach, also known as the Reynolds-averaged Navier-Stokes equations, models turbulent systems by writing all the quantities (such as F ) as averages (F ) and fluctuations f , without making any assumption about their relative
strengths:
F = F + f,

(1.23)
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where F is a Reynolds average that must satisfy the Reynolds rules (Krause & Rädler,
1980):
f = 0,

(1.24)

F = F,

(1.25)

F + H = F + H,

(1.26)

F H = F H = F H,

(1.27)

F H ′ = 0.

(1.28)

1.1.5.1 Mean Field MHD equations
We now rewrite the velocity and magnetic field in the MHD equations as sums of
mean values and fluctuations:
U = U + u,
B = B + b,

(1.29)

assuming that the mean values satisfy exactly or approximately the Reynolds rules.
Now, the MHD equations are averaged and rewritten as:
the continuity equation:
Dρ
= −ρ∇ · U ,
Dt

(1.30)

the momentum equation:
DU
= −c2s ∇ ln ρ + g + F,
Dt
the induction equation:

(1.31)

∂B
= ∇ × (U × B + E − ηµ0 J ).
(1.32)
∂t
Most of the computational approaches , e.g. the so-called implicit large eddy simulations (ILES), ignore the terms F and E. We see however that these terms can have
non-diffusive contributions that lead to important effects (see Chapter 2 for more
on the computational approach).
The E in the induction equation: dynamo instability. The term E in the meanfield induction equation, Equation (1.32), is the mean electromotive force:
E = u × b,

(1.33)

which correlates the velocity and magnetic field fluctuations. The α effect refers to
the possibility that this correlation has a component parallel to the mean magnetic
field, i.e., E = αB + . . . (where the dots refer other terms). This can lead to an
amplification of the mean magnetic field; see, e.g., Moffatt (1978).
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Figure 1.4: Solar structure. Credit: NASA/Goddard

The F in the momentum equation: negative effective magnetic pressure instability (NEMPI). Just like in the induction equation, the nonlinear terms in the
momentum equation leads to small-scale correlations in the term Fi = −∇j Πfij ,
2

b
is the stress tensor resulting from the fluctuwhere Πfij = ui uj − µ10 bi bj + δij 2µ
0
ating velocity and magnetic fields. One of the contributions to F is parameterized as
a turbulent viscosity that depends just on the mean flow and is denoted by FK , while
the other contribution is parameterized as a negative effective magnetic pressure that
depends quadratically on the mean magnetic field and is denoted by FM . Further
details will be described in Chapter 3.

1.2 The Sun
We apply the MHD equations in the model and the description of the Sun. We
give here only a hint on the current solar model, focusing on its structure, energy
transport, and some characteristic numbers.
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1.2.1 Structure
Different kinds of observations and models shape the structure of the Sun, see Figure 1.4. Its basic structure is summarize in Table 1.1.
Table 1.1: Basic structure of the Sun.

Solar interior
from models, helioseismology
Core
Radiative zone
Tachocline
Convection zone
Near surface shear layer

Solar atmosphere
from observations over a wide range of wavelengths
Photosphere
Chromosphere
Transition region
Corona

1.2.2 Energy transport
The basic mechanisms for transporting the energy generated at the Sun’s core to the
surface are radiation, convection and conduction (see, e.g Carroll & Ostlie, 1996).
Radiation transports energy via photons, which are absorbed and re-emitted randomly, thus its efficiency depends strongly on the opacity1 . Convection transports
energy via the motion of buoyant hot mass elements outward and cold elements
inward. Conduction transports energy via collisions between particles such as electrons. Generally this transport mechanism is not important, except in the corona.
The mechanism that dominates the energy transport depends on the conditions
of the gas. In the Sun, the energy is transported via radiation in the interior out to
around 0.7R⊙ . via convection together with progressively less radiation from this
point onward all the way to the surface, and via conduction in the corona, although
most of the energy is radiated away from the photosphere. Magnetic fields and sound
waves can also transport energy, and mechanisms involving these must be important
for heating the corona.
The layers where the mechanism transporting energy change, the tachocline in
the solar interior, and the near surface shear layer, are of special interest, since other
solar properties also change abruptly. Rotation rates change very rapidly in these
layers, therefore they have a large shear. For instance, the Sun transition from a solidbody type of rotation in the interior, to differential rotation in the tachocline.
1

Opacity is defined as the cross section for absorbing photons of wavelength λ per mass unit of
stellar material, i.e., the bigger it is, the more difficult it is for the photons to diffuse. Opacity is a
function of the composition, density and temperature of the gas.
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1.2.3 Convection zone: some numbers
The physics of interest in this thesis develops in the turbulent layer of the Sun, where
energy is transported by convection and a number of instabilities develop. Therefore,
it is of interest to summarize some of the values that characterize this layer.
• Depth: 200 Mm
• Reynolds number, Re: 1010 − 1015 (bottom - top)
• Magnetic Reynolds number, ReM : 106 − 1010 (bottom - top)
• Equipartition field strength, Beq : 3 kG − 300G (bottom - top)
• Turnover time, τc : 103 − 10−1 hours (bottom - top)
Many of the values that characterize the solar convection zone depends on the
depth, hence bottom here refers to the bottom of the convection zone and top refers
to the upper layer of the zone. In both cases, just before the transition region, where
quantities change even exponentially in some cases.

2

MHD simulations

“1. A robot may not injure a human being, or, through
inaction, allow a human being to come to harm.
2. A robot must obey the orders given by human beings
except where such orders would conflict with the First Law.
3. A robot must protect its own existence as long as such
protection does not conflict with the First or Second Laws.”
Isaac Asimov

The solution of the second order, nonlinear, MHD equations presented in the previous chapter requires numerical tools and several approximations. Scientifically, once
we settle on the basic equations and tools, we will use them in the theoretical study
of the formation of sunspots in the Sun.
Numerical simulations have proven to be an essential tool in nowadays physics.
However, analytic solutions often restrict the physics in unacceptable ways, and we
have to keep in mind their nature and limitations. Therefore it is crucial to develop
meaningful numerical simulations that are able to test the analytic theories in our
physical problem. This chapter describes briefly different kinds of simulations, the
computational code, and some of the basic setups used in this thesis.

2.1 DNS and MFS
The finite machine power and its discrete nature forces the simulations to obey certain constraints and limitations. There are numerous ways to solve equations on
machines, but each problem requires an understanding of the physical process under
study to translate it into a computational code in a meaningful way. MHD equations
are solved using different schemes, with Direct Numerical Simulations (DNS), Mean
Field Simulations (MFS), and/or Large Eddy Simulations (LES) being the most popular ones. In this thesis, we describe just the first two kinds of simulations, DNS and
MFS, since those are the ones used in the calculations.
DNS provide a solution to the MHD equations as stated, with the corresponding expansion for the terms describing the physical problem (like F ν , F rad , or F cond )
and the thermodynamics relations. DNS cannot be used for the values of Re, ReM
and PrM measure in the Sun, since Re and ReM are too large, and PrM too small.
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MFS, on the other hand, allow us to extend the regime of applicability, by parametrizing these numbers, provided we can establish sufficient faith in its accuracy. It is
therefore important to develop both approaches and perform comparisons wherever
possible.

2.1.1 DNS
One of the major problems of solving the MHD equations in a high-Reynolds-number
regime is the range of different scales: from small-scale features to global scales. In the
case of the Sun, the spatial scales range from the size of the entire Sun (mean radius of
700 Mm) to the small granules at the surface (of roughly 1 Mm). Time scales range
from that of the solar cycle (around 22 years) to the turnover time of the granules
(around 5 minutes). The dissipative time scale is shorter still. Direct numerical
simulations (DNS) solve the full MHD equations on all scales – from the scale of
the system down to the viscous dissipation scale. Here one does not assume any
model for turbulence, so its full spatial and temporal range must be resolved. We can
estimate the spatial and temporal resolution needed to perform such a simulation,
and find that the computational cost is very high.
Solving problems with computers requires discretization in space, usually with a
mesh, and in time with a finite time step. We estimate the computational resolution
of both scales.
Length scale: The strength of turbulence is characterized by the Reynolds number,
so, the resolution scales with it. The Kolmogorov scale ℓK is:
ℓK = (ν 3 /ϵ)1/4 ,

(2.1)

where ν is the kinematic viscosity and ϵ is the rate of kinetic energy dissipation. To
resolve this scale, the increment ∆x of the mesh must be smaller than ℓK :
∆x ≤ ℓK .

(2.2)

The number N of points in the mesh must obey:
N ∆x = L ≫ ℓf ,

(2.3)

where ℓf is the integral scale and L is the size of the domain.
We can also approximate the rate of kinetic energy dissipation as:
ϵ ≈ u3rms /ℓf ,

(2.4)

where urms is the root-mean square (rms) velocity. Inserting this into eq. (2.1) yields:
(
ℓK =

ν
urms ℓf

)3

4

ℓf .

(2.5)
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Taking into account the definition of the Reynolds number, we find, using (2.2)
and (2.3), that the number of mesh points N 3 required scales as:
N 3 ≥ Re9/4 = Re2.25 .

(2.6)

Temporal resolution: We can also make some estimates of the required temporal
resolution. The time step ∆t must be chosen small enough not to lose track of the
fluid particles. In fact, when we solve partial differential equations using a finite
differences method, we must satisfy the Courant-Friedrich-Lewy condition (CFL
condition, Courant et al., 1967) for a stable scheme. This condition defines the
Courant number:
u∆t
C=
≤ Cmax ,
(2.7)
∆x
where u is the velocity. Since there are also sound waves with speed cs , and Alfvén
2 )1/2 .
waves with speed vA , the time step is controlled by u = max(u2 + c2s + vA
Cmax depends on the discretization method. The Pencil Code uses Cmax = 0.9
with its third order Runge-Kutta scheme.
The turbulence time scale τ is:
τ=

ℓf
,
urms

(2.8)

so the time step must typically be less than:
∆t =

τ
.
Re3/4

(2.9)

Total resolution: Combining both scales, it turns out that the number of operations scales as Re3 , or as Re4 , if we take the length of the steps into account. So
we have computationally an upper limit on the Reynolds number, and it becomes
impossible to reach solar interior conditions, where the Reynolds number is of the
order of Re ∼ 1012 ...1013 . Due to intrinsic limitations on memory and CPU capacity, we cannot perform DNS on the full range of scales, so we limit the resolution
of our simulations, trying to cover the physics of interest.

2.1.2 MFS
Mean field simulations (MFS) solve an averaged version of the original MHD equations. All linear terms translate trivially into averaged terms, but for all nonlinear
terms one has at least one extra term that captures the correlations between fluctuations. A famous example is the α effect in dynamo theory. Turbulent viscosity and
turbulent magnetic diffusivity are other such terms.
In principle there can be a large amount of extra terms, but most of the time they
do not change the character of the solution. In the case of turbulent viscosity and
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turbulent magnetic diffusivity, turbulence just enhances the micro-physical values
of viscosity and magnetic diffusivity. In other cases, extra terms may be too small
to affect the nature of the system. The α effect is obviously an exception in that it
produces a linear instability that leads to the growth of a large-scale magnetic field
until this growth is limited by other new nonlinear effects.
The subject of this thesis is another mean-field effect that also leads to an instability, the negative effective magnetic pressure instability (NEMPI), but in this case,
the origin is not found in the mean-field induction equation, but in the mean-field
momentum equation. The nature of this instability is the concentration of magnetic
flux and it is therefore potentially relevant to sunspot formation.

2.2 Pencil Code
The Pencil Code is the computational environment used in all the simulations
included in this thesis. As side projects from my thesis, I have been involved in the development of the current web-page interface for the code (http://pencil-code.
nordita.org/), a quick guide for beginners, apart from some additions and modifications to the code itself.
The Pencil Code is an open source project initiated by Brandenburg & Dobler
(2002) during a one-month Summer School. In its core, it is a framework of FORTRAN90 for solving partial differential equations in 3D, 2D, 1D, and even in 0D,
using either a laptop or a supercomputer with up to tens of thousands of processors.
The code is currently hosted by Github at https://github.com/pencil-code.
There are now over 28,000 revisions of the code, which have been done by over 90
people during various stages. The integrity of the code is monitored automatically by
hourly and nightly tests running some 60 samples of particular applications. On top
of this, the Travis-CI software (https://travis-ci.org/) on Github checks
some of the tests after each check-in separately.
Basically, the code solves the equations using high-order explicit finite differences for the first and second derivatives, i.e., the quantity is first discretized and its
derivative is computed using high-order finite differences. For a sixth order case, the
first and second derivatives need the value of the function in the six surrounding
points:
fi′ = (−fi−3 + 9fi−2 − 45fi−1 + 45fi+1 − 9fi+2 + fi+3 )/(60∆x), (2.10)
fi′′ = (2fi−3 −27fi−2 +270fi−1 −490fi +270fi+1 −27fi+2 +2fi+3 )/(180∆x2 ),
(2.11)
Thus, we need to define ghost zones on the boundaries with the proper values of
the variables. Also, the code uses a pencil decomposition scheme to improve cacheefficiency: the equations are solved on pencils in the x direction. This formulation
reduces the required memory of auxiliary and derived variables, since they are defined
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just on one pencil. The code is highly modular, which implies large flexibility. The
magnetic field is implemented using the magnetic vector potential A instead of the
magnetic field B itself. This way the divergence-free condition is always fulfilled.
Most of the applications are in, but not limited to, astrophysics. In fact, given the
highly modular structure of the code, it is ideally suited for adding new equations,
new terms, etc, without affecting the working of the other users who want to stay
clear of particular developments that are useful only to a subgroup of people. One of
these developments includes the treatment of mean-field terms. With this in place,
it is easy to do both DNS and MFS of the same problem and compare the results of
these two kind of simulations. This will be of crucial importance for the rest of this
thesis. Of course, the success of MFS hinges on the correctness of the parametrizations used. But even for that there is a tool in the code called the test-field method to
compute mean-field coefficients (used in, e.g., Jabbari et al., 2014). This technique is
well developed for the terms in the induction equation, but it is not so well developed
for parameterizations in the momentum equation. Nevertheless, even in that case it
is possible to compute mean-field coefficients using more primitive methods that will
be explained below in Section 3.3.

2.3 Simulation setup
All simulations discussed in this thesis are enclosed in a 2D or 3D Cartesian domain.
The specific physical conditions, like density stratification or imposed magnetic field,
depend on the problem we want to study, but they share some basic initial setup.
The initial physical conditions of the simulations may have a big impact on the
final result and the solution to the actual problem, so they must be chosen carefully.
Not all have the same impact, and ideally, the problem should be independent of
the boundary conditions, but, for instance, the initial stratification may impact the
evolution of the system.

2.3.1 Boundary conditions
We aim to solve the full set of equations representing the physical system on the
computer, but generally this is impractical and not really useful. We are limited by
the computer power and our specific problem might be well localized and, to some
extent, independent of the rest of the system. For example, if we are studying the convection zone in the Sun, we are not interested in resolving the radiative atmosphere
or the core. In this case, boundary conditions become a crucial part of the problem.
In the previous case, we can approximate the radiative interior and the surface by
a radiative boundary layer, and solve the problem between this layers. Obviously,
boundary conditions are problem-dependent and must be meaningful.
Numerically, the need for boundary conditions comes from the computation
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of derivatives. Their computation requires the value of the variables in the adjacent
points, so we need to fill these “ghost zones” with the appropriate values. In practice,
in our simulations, this requires also a way of filling the ghost zones even for the
density, even though there is no boundary condition for it. One could do this using
a one-side finite difference formula (called 1s in the Pencil Code), but often a
hydrostatic condition, hs, or an extrapolating condition, a2, is numerically better
behaved.
MHD simulations require boundary conditions for the velocity u, the vector
potential A, and the entropy s or the temperature T . In our simulations, we are not
solving the entropy or temperature equations, so we need to set boundary conditions
just for the velocity and the magnetic field. We have chosen small domains near the
top of the convective layer, so we impose periodic boundary conditions in the horizontal directions (typically x and y). The vertical boundary conditions are different
for velocity and magnetic field. We will use stress-free boundary conditions for the
velocity and either perfect-conductor or vertical-field conditions for the magnetic
field in the top and bottom layers. We can summarize these conditions as follows
(Pétrélis et al., 2003):
Stress-free boundary conditions (for the velocity):
We assume that the flow is enclosed within the domain. Therefore, the top and
bottom layers act as a plane of reflection. In this case, the tangential components of
the velocity obey the stress-free boundary conditions:
∇z Ux = ∇z Uy = Uz = 0 .

(2.12)

Perfect-conductor (especially for a horizontally imposed magnetic field):
If we assume that the boundary is a perfect conductor, then the magnetic field is
frozen into this layer, and there is no potential difference along the boundary (E ∥ =
0). In this case, the continuity of the normal component of the magnetic field at the
interface implies:
Ex = Ey = Bz = 0 .
(2.13)
In the Pencil Code we use the Weyl gauge for the vector potential:
dA
= −E ,
dt

(2.14)

where E = ηµ0 J − U × B is the electric field, so this condition implies:
Ax = Ay = ∇z Az = 0 .

(2.15)

We use this boundary condition especially in the cases of a horizontally imposed
initial field.
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Vertical-field condition (especially for a vertically imposed magnetic field):
In the cases where we impose a vertical field, we set the tangential components
of the magnetic field on the boundaries to zero, i.e. Bx = By = 0. In this case, we
apply a condition similar of that of the velocity:
∇z Ax = ∇z Ay = Az = 0 .

(2.16)

This condition approximates the conditions of a vacuum outside, although the correct vacuum condition is more complicated and would involve solving a potential
problem in the outer space.

2.3.2 Non-dimensional numbers
The simulations are controlled by a set of non-dimensional numbers describing their
physical conditions, like the turbulence we have in the system, the energy injection
scale, etc. We try to use the same numbers in the different kinds of simulations for a
better comparison of the results. However, the different kinds of simulations (DNS
vs MFS) define different kinds of basic numbers.
Reynolds number: We perform DNS with a Reynolds number of Re = urms /νkf ≈
36 in the cases of a full turbulent box, or Re ≈ 29 − 38 for the coronal layer
cases. This number is much less than the actual Reynolds number in the Sun,
but here we are strongly limited by the simulation. However, we expect to
capture the physics of interest.
Magnetic Reynolds number: ReM = urms /ηkf ≈ 14 in the cases of a full turbulent box, and ReM ≈ 2–39 in the cases with corona.
Prandtl number: Pr = ν/η ≈ 0.5. We choose this value to ensure the development of the instability, since other studies suggested a limit value of 1, see
Brandenburg et al. (2012b) and references therein.
Energy injection scale: kf /k1 = 30. The injection scale constrains also the maximum wavenumber we resolve in the system, namely the Nyquist wavenumber,
kNy ≫ kf . It is defined as kNy = π/∆x and corresponds to the smallest scale
(twice the mesh size 2∆x) where a sine wave is resolved by just two points.
Strength of the imposed magnetic field: We adopt different values for the imposed
magnetic field. We normalize the value of the magnetic field by the equipar√
tition field strength, Beq , which we define as Beq = µ0 ρ urms , and it is
a measure of the kinetic energy available in a turbulent medium. In the Sun,
the equipartition field varies significantly with depth, due to the strong density stratification and the change in the strength of the convective motions.
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Therefore, we use the value of the equipartition field strength at some depth,
typically Beq0 = Beq (z = 0).
We then impose magnetic fields of different strengths: B0 /Beq0 = 0.1 and
0.05 in the cases with rotation; and B0 /Beq0 = 0.1, 0.02, 0.05 for the
polytropic stratification (see Chapter 4).
In the case of a coronal layer, we use values of the imposed field ranging from
B0 /Beq0 = 0.001 to B0 /Beq0 = 0.9.

2.4 Computational resources
The simulations required in the present thesis were possible thanks to the computational resources of different countries and institutions. The computational time
in the Nordic supercomputers were granted by the Swedish National Allocations
Committee (SNIC). We extensible used supercomputers from:
• Nordic High Performance Computing (NHPC) Project in Reykjavik (Gardar),
• National Supercomputer Centre in Linköping,
• PDC Center for High Performance Computing at the Royal Institute of Technology in Stockholm,
• High Performance Computing Center North in Umeå,
• GWDG, on the Max Planck supercomputer at RZG in Garching,
• CSC-IT Center for Science in Espoo, Finland, financed by the Finnish Ministry of Education.
In this work, I used more than 3000 × 1000 core-h divided among all the Nordic
supercomputer centers. As an example, I ran the highest resolution simulation for
over 3 months using 1024 cores.
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Mechanisms to produce flux concentrations

“ ’E’s not pinin’! ’E’s passed on! This parrot is no more! He
has ceased to be! ’E’s expired and gone to meet ’is maker!
’E’s a stiff ! Bereft of life, ’e rests in peace! If you hadn’t
nailed ’im to the perch ’e’d be pushing up the daisies! ’Is
metabolic processes are now ’istory! ’E’s off the twig! ’E’s
kicked the bucket, ’e’s shuffled off ’is mortal coil, run down
the curtain and joined the bleedin’ choir invisible!! THIS
IS AN EX-PARROT!!”
Monty Python

The formation of magnetic flux concentrations in the Sun, like sunspots, is still an
unresolved problem in solar physics. Different kinds of observations constrain the
problem and the theories that might explain them. Furthermore, any complete theory must involve the solar dynamo, another problem still under debate. This chapter
describes different mechanisms that have been proposed to produce magnetic flux
concentrations and eventually sunspots. We start with the more widely used model:
the flux-tube model, continue briefly with another theoretical ideas, like the convective collapse or the turbu-thermomagnetic instability, and finish with the mechanism
central to this thesis, the negative effective magnetic pressure instability.

3.1 Parker instability: flux-tube model
The most popular theory to explain magnetic flux concentrations links these concentrations and the solar dynamo through flux tubes of strong magnetic field, which
rise throughout the convection zone due to the Parker instability, and emerge at the
surface.

3.1.1 Initial work and recent simulations
The model is based on the idea of strong magnetic flux tubes rising from the bottom
of the convection zone all the way into the photosphere. There, they would create
bipolar active regions and sunspots, and give rise to filaments in the chromosphere
and magnificent loops in the corona.
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This idea was first proposed by Parker in 1955 (Parker, 1955), who initially placed
the tubes at a depth of merely 2 × 104 km, but later sunk them to the bottom of
the overshoot layer (Parker, 1975). A wealth of numerical studies and theoretical
additions follow up Parker’s initial model, schematically represented in Figure 3.1.
Figure 3.1: Polar diagram of a flux
tube emergence. The initial equilibrium flux tube is located at a latitude
of 15° near the lower boundary of
the overshoot region and the initial
field strength is 1.2×105 G. (Caligari
et al., 1995)

In more detail, the Sun’s poloidal field is sheared by differential rotation, which
turns it into a toroidal field transported down the convection zone by turbulent
pumping. Over the period of a cycle, the magnetic field strengthens and gets stored
at the bottom of the convection zone, where the subadiabaticity ensures the mechanical equilibrium. When the field becomes strong enough, magnetic buoyancy
takes over and the flux tube rises. Basically, hydrostatic equilibrium requires that the
gas pressure po outside the tube must be balanced by the magnetic pressure pm and
gas pressure inside the tube pi : po = pm + pi , thus pi < po . If the temperature
inside the tube equals the one outside, then ρi < ρo , so the tube is lighter than the
surroundings and rises.
On top of the mechanical equilibrium, and to ensure long enough storage time
and the right eruption latitude, the poleward slip from the latitudinal component of
the magnetic curvature force (Rempel et al., 2000) and the buoyancy from radiative
heating have to be balanced (Rempel, 2003). There are then three main sources of
instability:
• Magnetic buoyancy force: balanced by the subadiabatic, convectively stable
stratification in the overshoot region.
• Magnetic curvature force: balanced by the Coriolis force due to toroidal flow
along field lines (Coriolis balance) in weakly subadiabatic regions, like the
overshoot region (Rempel et al., 2000)
• Radiative heating buoyancy force: balanced by the reduction of the convective heat exchange if the field is stored in a magnetic layer. A magnetic layer,
instead of isolated flux tubes, reduces convective flux and convective heat conductivity, leading to a stabilization of the stratification. When the magnetic
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field becomes strong enough to suppress the convection near completely, radiative heating destabilized the magnetic layer and flux tubes erupt into the
convection zone (Rempel, 2003).
The fine characteristics of the model are still under development, since there are
still a lot of unanswered questions regarding the tube’s formation, evolution and
structure. How do the tubes maintain the coherence while raising in a turbulent
medium? How are they reconcentrated at the surface to form the spots? Are the
tubes monolithic or spaghetti-like? What is exactly the initial magnetic field needed
for the rise? What is the initial width of the tubes? Do they need to be twisted?
Different studies try to answer these questions using MHD equations in a solar-like
environment with different levels of complexity.
A lot of the initial work in this field has been done using the thin flux tube approximation (Spruit, 1981). Using this model, Moreno-Insertis (1986) showed that
the rise time of magnetic flux tubes can be as short as 36 days. This is short compared
with the period of the solar cycle. Subsequently, much attention has been paid to
the relation between the strength of flux tubes and the tilt angle of the resulting
bipolar regions. This led to the estimate of some 100−200 kG to produce tilt angles
compatible with and not much larger than the observed ones (D’Silva & Choudhuri,
1993).
While the thin flux tube approximation focuses on the rise of tubes through
the convection zone and is valid just before reaching the atmosphere, non-thin approaches focus on the eruption of the tube into the atmosphere and comprise only
the top layer of the convective medium and the different atmosphere layers. Subsequent simulations prescribe a strong magnetic flux tube, initially placed at the bottom of the computational domain. The initial buoyancy of the tube is controlled
by choosing a certain velocity, and either a temperature, entropy or density profile.
For instance, Fan (2001) used a specific density profile and studies the emergence of
a twisted tube into the atmosphere. Archontis et al. (2004a) included Ohmic and
viscous dissipation, expanded the analysis, and focused on the shocks caused by the
rising plasma, and reconnection in a magnetized corona (Archontis et al., 2005a)
The resolution and smaller scale details of these numerical simulations have been
increasing with the computational power and the development of numerical codes,
which also include radiative transfer and partial ionization Rempel et al. (2009);
Rempel (2011); Rempel & Cheung (2014).

3.1.2 Problems
Although the flux-tube model is successful in forming magnetic flux concentrations,
and reproducing some of the observational features, it also has some problems in a
solar context and in the formation of actual sunspots. This section summarizes some
of these problems.
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Initial field strength: One might expect tubes with an initial field strength of the
order of the available equipartition field1 in the overshoot layer. But a field of the
order of 103 G (Figure 3.2) is not enough to make buoyancy dominate over the
Coriolis and the convection forces and the tube diffuses before reaching the solar
surface or cannot reproduce the observational constraints. Simulations of Caligari
et al. (1995) show that tubes with initial equipartition field strength are unstable
and deflected by the Coriolis force, so that they emerge at higher latitudes than actual
active regions. Also the emergence tilt of the pair of spots produced by a flux tube,
is not in agreement with Joy’s law 2 (Hale et al., 1919) and the flux tube is unable to
maintain its identity against dynamical effects of convective flows.
D’Silva & Choudhuri (1993) calculated the minimum initial field strength necessary for the buoyancy force to dominate and concentrate flux tubes that erupt
roughly along radial paths. They found a value of around 105 G, i.e., more than
100 times bigger than the equipartition value in the overshoot region. The studies
of Weber et al. (2011) alleviate a bit this constraint adding the effects of turbulent
convection. Now, fields of the order 104 G in a convective medium can produce
emerging loops with the observed properties of solar active regions. But still, the
minimum field strength is 10 times larger than the available equipartition value.
Getting and maintaining such a super-equipartition field strength is still a puzzle
for dynamo theorists. Simulations by Guerrero & Käpylä (2011) suggest that it is
1

The equipartition field is a measure of the available kinetic energy in the turbulent convective
√
flow Beq ≈ µρurms
2
Sunspots usually form in pairs or groups. The preceding, western, spot (usually larger and more
concentrated) is normally formed first and crosses earlier any point on the disk. Thus it is referred to
as the leading spot. Joy’s law describes the systematic tilt observed in the alignment of pairs of sunspots
with the east-west direction. This tilt is about 4o with respect to the solar equator with the leading spot
nearer to the equator.
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very hard to get shear-generated magnetic flux tubes to reach the surface without
losing too much of their initial coherence and orientation.
Role of the overshoot layer: The role of the overshoot layer is unclear. Studies of
the magnetic field of fully convective stars, i.e. stars without a radiative interior and
therefore no overshoot region, also show the presence of magnetic fields (Browning, 2008; Dobler et al., 2006; Johns-Krull, 2007; Mohanty & Basri, 2003). One is
therefore tempted to suggest that the overshoot layer is not an essential part of the
dynamo.
Thickness of the tubes: The thickness of the flux tubes is also important. They
expand during rising. A simulation that generates tube-like structures from just shear
was presented by Cline et al. (2003). This model would suggest that, on theoretical
grounds, the thickness of flux tubes would be comparable to the thickness of the
shear layer, i.e., the tachocline, which is about 13 Mm (Elliott & Gough, 1999). This
would be about one third of the typical size of sunspots, which would severely limit
the maximally allowed expansion of a rising tube, if a sunspot was to be explained by
a flux tube piercing the surface.
Helioseismology: This is the only technique that can provide a glimpse of the solar interior, but there is no unanimous agreement on the analysis and interpretation
of this kind of data in the case of sunspots. Most of the inversion techniques rely
on a weak field approximation, invalid in the case of such strong fields as the ones
in active regions. In this case, the current methods miss the correct separation of
magnetic and thermal effects on the acoustic traveling waves (Kosovichev, 2012).
Although any conclusions derived from this technique must be examined carefully,
local helioseismology studies on pre-emergence regions disagree with the predictions
of a flux tube model: the detected flows are small and only detected one day before
the emergence, they find some signatures of downflows, and no signatures of strong
magnetic flux tubes rising from the deep interior of the convection zone (Birch et al.,
2013, 2016a; Leka et al., 2013; Schunker et al., 2016). Measurements of variation
of the amplitude of the f -mode – known to reside in a depth of just the first few
megameters below the surface – in sunspot regions indicate a strengthening of the
f -mode 1–2 days before their emergence (Singh et al., 2016). This suggests a rather
gradual build-up near the surface rather than a buoyant rise, which would take just
some 8 hours to traverse a depth of about 10 Mm (Cheung et al., 2010).
Dynamo mechanism: Dynamo solutions of convection with a lower shear layer
computed by Guerrero & Käpylä (2011) result in the production of magnetic flux
tubes, but only of equipartition strength. This is simply because the energy needed to
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produce both shear and magnetic fields comes ultimately from the convection itself,
and is therefore limited.
The global dynamo simulations of Chen et al. (2017) produce sunspots on the
surface, but not from flux tubes emerging all the way up from the tachocline. Instead,
they obtain coherent flux bundles that fragment into small magnetic elements of size
of granules, which keep rising to the photosphere and coalescence into large flux
concentrations. The cause of this coalescence is not examined though. A sunspot
eventually forms, but it is anchor only at 32 Mm beneath the photosphere, not at
the base of the convection zone.
Horizontal-velocity maps: Using a technique based on velocity maps and localcorrelation-tracking methods, Getling et al. (2015) computed the horizontal-velocity
field of a bipolar magnetic structure. These maps show features that do not fit the
scale of the moving structures which correspond to those of mesogranules: they
are not big enough for the flux tube expectation, nor small enough to fit into the
convective scale. The magnetic field lacks the typical imprint on the velocity map
expected from flux tubes and the vertical velocity shows a different direction inside
regions of a given magnetic polarity.

3.2 Magnetic self-organization in numerical simulations
Self-organization of magnetic fields inducing the concentration of structures of different sizes – from the scale of pores to that of sunspots – develop in different types
of numerical simulations. Some of the simulations are setup to prove an already
proposed theoretical background, like the negative effective magnetic pressure instability (which is at the core of this thesis and whose detailed analysis is given in
Section 3.3), while others arise in numerical simulations, leading to new theoretical
developments, like Masada & Sano (2016) or Kitchatinov & Mazur (2000). In the
following, we discuss some of those in more detail.

3.2.1 Convective collapse
The idea of a convective collapse is related to the work of Parker (1978, 1979), who
suggested that sunspots consist of many small flux tubes in the convection zone.
They all rise through magnetic buoyancy and when they reach the surface, they form
a single large flux tube. This is known as the cluster model of sunspot formation,
which competes against the traditional monolithic picture. The coalescence and
enhancement of the surface magnetic field of such tubes can, then, be caused by
the superadiabatic effect on the magnetic field process (Parker, 1978). Basically, the
magnetic flux in the photosphere is concentrated into small tubes, located in strong
downdrafts at the intersection of supergranules. Such magnetic fields will reduce
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convective heat transport inside the tubes, reducing the temperature, and producing a sinking of the gas, which enhances the magnetic field pressure, ending up in a
coalescence of magnetic field at the surface.
Employing Parker’s ideas, Spruit (1979) used the fact that for a magnetic fields
above a critical value, the magnetic field suppresses convection. He calculated this
critical value for the convection zone and showed that it is about 1270 G at the solar
surface. Using this critical value, he divided the flux tubes into two groups, stable
flux tubes with magnetic field larger than the critical value and unstable ones with
magnetic field less than the critical value. When the field strength is below the critical
value, the instability sets in and, and, according to Parker, leads to downward flow,
the temperature decreases, which results in magnetic field concentration in the upper
layers. This is what is called the convective collapse of flux tubes (Spruit, 1979). On
the other hand, if the field strength exceeds the critical value, the tube reaches a new
equilibrium state with lower energy, but if the resulting magnetic field concentration
is still smaller than critical value, the tube continues to sink and will disappear from
the surface.
This radiative cooling and convective downdraft, which lead to flux tube contraction and increase the magnetic field strength, could produce sunspots with magnetic
fields of the order of 3000 G at the surface (Zwaan, 1978).

3.2.2 Turbu-thermomagnetic instability
A local suppression of turbulent heat flux by magnetic fields is possible and this can
result in an instability able to concentrate a magnetic field, and stabilize a sunspotlike structure. A similar idea has also been invoked to explain the decay sunspots
(Kitchatinov & Olemskoi, 2006).
The idea for producing flux concentrations is: a local increase of the magnetic
field suppresses the turbulent heat influx, so the gas cools and the density increases
to maintain pressure equilibrium. This means that the gas contracts and sinks, so
more magnetic field lines will be drawn together and, as a result, the magnetic field
increases further, leading to even more heat suppression and a surface converging
flow (baroclinic circulation). After the sunspot is formed, it reaches a new dynamical
equilibrium. On longer timescales, however, it stabilizes, and loses of weak magnetic
field far from the sunspot formed cause the slow decay of the sunspot due to diffusion.
Not much work has been done on this since the original paper by Kitchatinov
& Mazur (2000), but preliminary investigations by Matthias Rheinhardt (personal
communication) suggest that this instability exists only because of the assumption of
a radiative boundary condition. Such a boundary condition sets the turbulent diffusive flux at the top equal to the value of the radiative flux that would occur if all the
energy was removed by radiation at the surface. While such a condition captures the
essence of radiation, it is only an approximation to a more complete treatment that
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would involve radiative transfer. So far, there are no successful simulations involving
such a more complete description.

3.2.3 Magnetic structures from vorticity
Kitiashvili et al. (2010) proposed to explain stable magnetic structures through the
formation of small-scale filamentary magnetic structures associated with concentrations of vorticity and whirlpool-type motions. They argue that these structures will
concentrate due to the vortex attraction caused by converging downdrafts around
magnetic concentration below the surface. Their simulations demonstrate the formation of magnetic structures converging plasma motions resulting in magnetic field
strengths of the order or 1.5 kG at the surface and 6 kG in the interior. The structures are found to resembles solar pores. These magnetic structures remain stable for
the whole duration of their simulation of several hours with no sign of decay.

3.2.4 Bipolar regions from hierarchical convection
In the solar convection zone, there is a large range of structures of different sizes. In
addition to the granulation pattern with typical sizes of about 1 Mm, there is the
supergranulation with typical sizes of about 30 Mm. It is seen clearly when tracking structures at the solar surface for long times about many hours. Also magnetic
structures outline a similar pattern. It is therefore a natural idea to associate also
the formation of bipolar regions and sunspots with the supergranulation. The simulations of Stein & Nordlund (2012a,b) demonstrate that this actually works. By
just injecting an unstructured horizontal magnetic field of 1 kG at a depth of about
20 Mm, they found the formation of a bipolar structures at the surface. It led to the
formation of a pore, but they speculate that it would just be a matter of accumulating
more flux to form eventually also proper sunspots.

3.2.5 Observational aspects
In a more recent paper, Getling et al. (2016) elaborated on their earlier work (Getling
et al., 2015) and discussed an effect that they called the bordering effect. This refers
to the idea that in a rising flux tube model, one expects the magnetic field to be
dominated at first by vertical components associated with the two spots, and later
to be dominated by horizontal field. What they found instead, using Hinode data
of AR11313, is that the two components track each other reasonably well, i.e., both
vertical and horizontal fields emerge and strengthen at the same time. They use this
finding to argue that the magnetic fields develop locally and is not associated with a
rigidly rising magnetic structure.

3.3. Negative effective magnetic pressure instability
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3.3 Negative effective magnetic pressure instability
Another possible mechanisms for a local concentration of magnetic field is the negative effective magnetic pressure instability (NEMPI), see Kleeorin et al. (1990);
Kleeorin & Rogachevskii (1994); Kleeorin et al. (1996, 1989); Rogachevskii & Kleeorin (2007) and Brandenburg et al. (2016) for a recent review. This mechanism
can concentrate an otherwise turbulently distributed magnetic field at the top of the
convection zone. Similarly to the turbu-thermomagnetic instability, the field can be
concentrated by the suppression of turbulent pressure by a weak magnetic field. In
this case the source of free energy would be the small-scale turbulence instead of the
gravity field in the flux tube theory; see Table 3.1.
Table 3.1: Comparison between different aspects of NEMPI and the Parker Instability

Turbulence
Scale
B stratification

NEMPI
turbulent
sufficiently many eddies
continuous stratified B

Energy source
Initial field
Density variation
Instability criterion

turbulent energy
−1
≡ |∇ ln B| small
smooth: HB
−1
Hρ ≡ |∇ ln ρ| large
HB /Hρ ≫ 1

Parker Instability
non turbulent
small
non-uniform and initially
separated flux tubes
gravitational field
structured: |∇ ln B| large
Hρ−1 ≡ |∇ ln ρ| small
HB /Hρ ≪ 1

The local reduction of turbulent pressure combined with strong stratification
(corresponding to a small density scale height, Hρ 1 ) can lead to an instability that
concentrates magnetic field. Basically, the effective magnetic pressure, i.e., the combination of mean magnetic pressure and turbulent pressure, can add a negative contribution to the total pressure. Since the total pressure (gas + effective magnetic
pressure) is assumed to be constant at each height, the gas pressure must increase to
balance the total pressure. This disequilibrium in the different pressures changes the
density and causes an converging downflow movement. Gas density is increasing,
sucking and concentrating the otherwise disperse magnetic field towards the area
(somewhere deeper down) where the turbulence is suppressed.
In principle, flow movements and magnetic field strengths before the appearance
of any kind of magnetic flux concentration might shed some light on the mechanism
responsible for that concentration. A traditional flux tube model predicts an upward
diverging flow movement, caused by the rise of the tube, which also carries with it
the strong magnetic field typical of a sunspot (around 2 kG). On the other hand, a
NEMPI model predicts a downward converging flow movement, caused by the onset
1

The density scale height, Hρ , is the vertical distance over which the density decays by a factor 1/e
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of the instability somewhere below the surface, which sucks down and organizes the
plasma at the top. Ideally, the instability starts operating in a relatively weak field
environment, like the equipartition field strength Observations, however, are a bit
more complicated. Some observational evidence measures flux tubes with intensities
of no more than 0.5 kG as they first reach the surface, compressed afterwards to 1 or
2 kG as the gas within the tube cools and collapses downward out of each flux tube.
Direct observation of the downward collapse of the gas as the field increases to 2/3×
103 G is measured in the formation of pores (Parker, 1987). Helioseismology data
hint to a downward converging flow movement toward the emergence site before the
formation of sunspots (Birch et al., 2013). In principle, convective collapse of flux
tubes could explain this kind of dynamics in a flux tube model, but this dynamics
comes naturally in a NEMPI framework, inherited to the instability behavior.
Although NEMPI and the Parker instability are very different in nature, see
Table 3.1, it is also possible that both instabilities operate together somehow in the
Sun. For example, we can imagine a scenario of flux tube formation in the bulk
of the convection zone, where the flux tubes are concentrated locally by NEMPI
near the surface. According to Parker (1987), flux tubes alone cannot cause their
own spontaneous coalescence and compression to the degree observed, but some
mechanism that drives converging flows of gas somewhere below the surface. In this
context, NEMPI could ignite this kind of flow movement of the tubes.
The following subsections describe the mathematical model of the negative effective magnetic pressure instability, the mean-field parameterization, some results
from previous works, as well as some useful quantities used in the present thesis.

3.3.1 Total pressure
In order to study the mathematical nature of the instability, we have to study the
pressure in the system. The total pressure in a turbulent magnetic system is a combination of the kinetic pressure of the gas, the turbulent pressure and the magnetic
pressure of the large-scale field.
Ptotal = PK,gas + Pt + PB .

(3.1)

The combination of magnetic pressure and turbulent pressure is the effective magnetic pressure:
Peﬀ = Pt + PB .
(3.2)
If this effective magnetic pressure becomes negative through the suppression of the
turbulent pressure, the gas pressure must compensate this lost and maintain the total
pressure constant. This is the first condition to trigger the instability. We can now
study further the different pressure terms either by global considerations or using the
mean-field approach.
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Global considerations: We can compute the total stress tensor from the momentum equation:
DU
= −c2s ∇ ln ρ + g + FM + FK .
(3.3)
Dt
Where the Lorentz force FM and the Reynolds stresses FK defines the total stress
tensor:
1
FM + FK = − ∇ · Π .
(3.4)
ρ
In the case of isotropic turbulence, the isotropic part of this tensor, Π = δij Πij , is:
(
)
Π = δij ρUi Uj − Bi Bj + 21 δij B 2 ≈
3
≈ ρU 2 − B 2 + B 2 = ρU 2 + B 2 − 21 B 2 .
2

(3.5)

The energy is approximately conserved in the system, so it is useful to rewrite this
expression as:
3
ρU 2 − B 2 + B 2 = ρU 2 + B 2 − 21 B 2 .
(3.6)
| {z }
2
const

Thus, any increase in the magnetic field will reduce the turbulent pressure in the
system.
Mean-field considerations: This approach is useful for the study of NEMPI since
it splits the problem into large-scale, mean quantities, and fluctuations, or a turbulent
part. Therefore, we can parameterize the system and isolate the essential contributions that trigger the instability.
Using the mean momentum equation:
DU
= −c2s ∇ ln ρ + g + FM + FK ,
Dt

(3.7)

it is possible to compute the magnetic stress tensor from the Lorentz force, FM and
the kinetic stress tensor form the Reynolds stresses, FK :
Magnetic stress tensor: It is derived from the Lorentz Force, FM . The total magnetic stress tensor from the momentum equation takes the form:
(f)

FM i = (J × B)i = − 12 ∇i B 2 + (B · ∇)B =
[
]
M (f)
= −∇j 12 B 2 δij − Bi Bj = −∇j Πij ,
where the subscript f means fluctuating field.

(3.8)
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The mean equation counterpart is:
[ 2
]
⟨b ⟩
(f)
M (f)
FM = −∇j
δij − ⟨bi bj ⟩ = −∇j Πij ,
2

(3.9)

where Πm
ij is the magnetic stress tensor. In the presence of isotropic turbulence, the magnetic stress tensor is reduced to:
M (f)

Πij

=

⟨b2 ⟩
⟨b2 ⟩
⟨b2 ⟩
δij − ⟨bi bj ⟩ =
δij −
δij =
2
(2 2 ) 3
1 ⟨b ⟩
WM
=
δij =
,
3
2
3

(3.10)

where Wm is the energy density of the magnetic fluctuations.
Kinetic stress tensor: In the same fashion, we can compute the kinetic stress tensor
from the Reynolds stresses in the momentum equation:
(f)

k (f)

Fk = −∇j ⟨ρvi vj ⟩ = −∇j Πij ,

(3.11)

considering also isotropic turbulence:
k (f)

Πij

= ⟨ρvi vj ⟩ =

⟨ρv 2 ⟩
2 ⟨ρv 2 ⟩
2
δij =
δij = WK δij .
3
3 2
3

(3.12)

Here, WK is the kinetic energy density of the turbulent motions.
Total turbulent pressure: It is then the sum of the kinetic and magnetic contributions:
2
1
pturb = WK + WM .
(3.13)
3
3
To understand the suppression of total pressure by a mean magnetic field, we
note that an increase in the mean magnetic field usually implies also an increase in
the fluctuating field, i.e., in WM . However, as WM increases, and since WK + WM is
approximately constant in homogeneous turbulence, we see that the total turbulent
pressure,
2
1
2
1
pturb = WK + WM = WK + WM − WM ,
(3.14)
|
{z
}
3
3
3
3
≈const

decreases with increasing values of WM :
1
δpt = − Wm .
3
This idea is at the heart of NEMPI.

(3.15)
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Now, using this mean-field approach we can parameterize the system. We have
seen that the turbulent pressure decreases with increasing values of WM = 12 ⟨b2 ⟩.
Here ⟨b2 ⟩ represents the magnetic fluctuations of the mean magnetic field, thus mathematically will be related with this mean field through an, a priori, unknown function
f (B). From now on, instead, we will use a proportional function qp (B):
⟨b2 ⟩ = f (B)B 2 = 3 qp (B)B 2 .

(3.16)

One of the goals of the present thesis is the characterization of this function qp (B),
which can be approximated analytically with numerical solutions of the system.
Effective pressure: We have derived the turbulent contribution to the large-scale
magnetic pressure, therefore, using Equation (3.2), we find:
Peﬀ =

1
1 1
B2 −
3qp (B)B 2 →
2µ0
3 2µ0
(
) B2
Peﬀ = 1 − qp (B)
.
2µ0

(3.17)

3.3.2 Computation of the effective magnetic pressure.
The effective magnetic pressure measures the effects of the mean magnetic fields on
the turbulence. Therefore, it is some function of the mean magnetic field B, through
the function qp (B). To ensure this function to be independent of effects non related
with the mean magnetic field (like turbulent viscosity and background turbulent
pressure), we need to explicitly remove the non-magnetic effects, and split the turbuf
lent stress tensor, Πxx into a magnetic and non-magnetic part (Brandenburg et al.,
2012b):
gi gj
B2
f
f,B
f,0
∆Πij = Πij − Πij = −qp δij
+ qs B i B j − qg 2 B 2 ,
2
g

(3.18)

where qp , qs , and qg are parameters related with the mean-field magnetic pressure,
mean-field magnetic stress, and vertical anisotropy caused by gravity, respectively (gi
are components of the gravity g). This parameters are computed from numerical
solutions of the system.
In particular, for the computation of the effective magnetic pressure, we are interested in qp (Paper V):
(
2
2)
Bx + By
1
qp = − 2 ∆Πxx + ∆Πyy − (∆Πxx − ∆Πyy ) 2
.
(3.19)
2
Bx − By
B
Here we can deduce an analytical ad-hoc formulation for qp (B) empirically with
two DNS simulations: one without imposed field (where the long-scale structures
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are not developed) and another one with a small imposed field and a fully developed
instability. The difference in the pressure for both simulations corresponds to the
effects of the instability.

3.3.3 Parameterization
We define the normalized effective magnetic pressure as:
Peﬀ = 12 (1 − qp )β 2 ,

(3.20)

where β = B/Beq (z) is the normalized magnetic field and qp = qp (β).
Following Kemel et al. (2012a), the function qp (β) is approximated in an ad-hoc
fashion, as a result of the DNS, by:
qp (β) =

β⋆2
,
βp2 + β 2

(3.21)

where β⋆ and βp are constants, β = B/Beq is the modulus of the normalized mean
magnetic field, and
√
β⋆ = qp0 βp .
(3.22)
The parameters β⋆ and βp are related with the minimum of the effective magnetic
pressure Pmin , and the magnetic field in that minimum, βmin , as:
√
√
2
βp = βmin
/ −2Pmin ; β⋆ = βp + −2Pmin .
(3.23)
According to Brandenburg et al. (2012b), the following approximate formulae apply:
βp ≈ 1.05 Re−1
M,

β⋆ = 0.33 (for ReM < 30),

(3.24)

and
βp ≈ 0.035,

β⋆ = 0.23 (for ReM > 60),

(3.25)

where ReM = urms /ηkf is the magnetic Reynolds number. Similar values for βp
and β⋆ have also been confirmed in Paper II as well as various other subsequent
papers (Brandenburg et al., 2014b; Jabbari et al., 2014). However, we compute this
parameters also in Paper III, Paper V and Paper VI and find a range of implicit values
possible for this parameters:
βp ≈ 0.03 ∼ 0.3,

(3.26)

β⋆ ≈ 0.3 ∼ 0.6.

(3.27)

Different values of βp change the magnitude of the minimum value of Peﬀ ,
according to Equation (3.21) (see Figure 3.3), whereas changes in β⋆ have a strong
impact on the derivative of Peﬀ before such minimum (check Figure 3.4).
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Figure 3.3: Theoretical dependence of Peﬀ with the magnetic field in equipartition
units, β, using the fitting formula Equation (3.21), with a constant value β⋆ = 0.5 and
different values of βp .

0.0
= 0.33,qp0 = 32.37
= 0.44,qp0 = 57.55
= 0.5,qp0 = 74.32
= 0.6,qp0 = 107.02
= 0.7,qp0 = 145.66
= 0.8,qp0 = 190.25
= 0.9,qp0 = 240.78

Peff

0.2
0.4
0.6
0.0

0.1

0.2

0.3

0.4

Figure 3.4: Theoretical dependence of Peﬀ with the magnetic field in equipartition
units, β, using the fit formulae Equation (3.21), with a constant value βp = 0.058 and
different values of β⋆ .

3.3.4 Growth rate of NEMPI
We can derive an analytical approximation for the growth rate of NEMPI. We use
analytical theory, neglect dissipation processes, use the anelastic approximation and
assume a constant density scale height. The growth rate depends on the orientation
of the initial imposed magnetic field, therefore we study two cases: horizontal and
vertical initial fields.
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Horizontal fields:

In Paper I we find:
λ20 (z) = −2

2 (z)
vA
dPeﬀ (z)
.
Hρ2
dβ 2

(3.28)

Rewritten in Brandenburg et al. (2016):
]
2 (z) [
vA
dPeﬀ (z) 1/2 kx
λ=
−2
.
Hρ2
dβ 2
k

(3.29)

From this, we can extract a necessary condition for the instability:
dPeﬀ
< 0.
dβ 2

(3.30)

We can also note the strong dependence of the growth rate with the density stratification: the bigger the stratification (smaller scale height, Hρ , the stronger the growth
rate is. And the influence of the scale separation ratio kx /k, which needs to include
enough number of turbulent eddies, see Brandenburg et al. (2016) for a summary.
In the ideal case, without turbulent diffusion, Kemel et al. (2013a), the growth
rate can be approximate as:
λ ≈ β⋆ urms /Hρ
(3.31)
wheres, adding turbulent magnetic diffusion, ηt , Paper III, the growth rate become:
λ
κf
= 3β⋆ 2 − 1.
ηt k 2
κ
Vertical fields:

(3.32)

In this case, the analytical growth rate is (Brandenburg et al., 2016):
λ=

2
vA
(z)kr

[
]
dPeﬀ (z) 1/2
−2
.
dβ 2

(3.33)

And we find the same necessary condition 3.30 for the instability.
In all cases, the growth rate depends on the derivative of the effective pressure,
Peﬀ , whose variation is related with the parameter β⋆ , as noted in the previous section.

4

Effects of rotation and variable stratification on NEMPI

“I had nothing to do, so I started to figure out the
motion of the rotating plate.”
Richard P. Feynman

This chapter focuses on the papers included in the licentiate thesis, which form the
ground work of the present thesis. The first section highlights the effects of rotation on NEMPI (Paper I; Paper II) while the second section describes the effects of
changing the stratification profile (Paper III).

4.1 Effects of rotation
We undertake a study of the effect of rotation on NEMPI by adding the effects of the
Coriolis force in the MHD equations. We perform the analysis both using DNS and
MFS. To put our results into perspective, we consider relevant timescales that need
to be compared with the rotational timescale (Paper I; Paper II).

4.1.1 The Model
Since we are interested in quantifying the effects of rotation in the system, we consider in this section the simplest possible case, with isothermal stratification. This
allows for a comparison with and the use of previous results (e.g. Brandenburg et al.,
2012b; Kemel et al., 2012a). For an isothermal equation of state, the sound speed cs
is constant and the gas pressure is given by p = ρc2s . We use the MHD equations
described in Chapter 1 and Section 3.3, but we include the Coriolis force in the
momentum equation:
∂U
= ... − 2Ω × U
∂t

(in DNS, Paper II)

(4.1)

or
∂U
= ... − 2Ω × U (in MFS, Paper I).
(4.2)
∂t
The angular velocity vector Ω is characterized by its scalar amplitude Ω and colatitude θ, such that
Ω = Ω (− sin θ, 0, cos θ) .
(4.3)
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In our Cartesian model, the z coordinate corresponds to radius, x to colatitude, and
y to azimuth.
The Sun is not a solid body rotator, but the rotation speed varies with colatitude
and depth, i.e., the effect of the Coriolis force on the turbulence varies throughout
the solar convection zone. Helioseismology provides measurements of the angular
velocity at different depth, latitude and time, providing the characteristic solar differential rotation profile of Figure 4.1 (time averaged). This implies an angular velocity
range in the Sun from around 2.8×10−6 rad s−1 at the equator at a depth of 0.91R⊙
to around 2.3 × 10−6 rad s−1 at 60◦ latitude and near the surface.

Figure 4.1: Internal rotation of the Sun. Comparison of data from GONG
and MDI. In the right panel, black denotes GONG data, red denotes MDI
data. The rotation profile is the result of the inversion of helioseismological
data. Taken from R. Howe, National Solar Observatory, Tucson; more at
http://nsokp.nso.edu/ (image added 2003-09-12)

It is important to note the drop in angular velocity in the near-surface shear
layer (NSSL). The different angular velocities spanned within this layer have certain surface manifestations. For instance, we measure different velocities using the
Doppler effect and when tracking surface features. The Doppler technique measures
the velocity at the slower surface layer; whereas sunspots rotate faster, therefore they
may be rooted at a faster-rotating layer deeper down (Howe, 2009).
Instead of using the dimensional angular velocity, it can be useful to express the
rotational dependence in terms of the local turnover time as a position-dependent
Coriolis number, Co. To understand its definition and meaning, we describe first
the turnover time and its depth dependence.

4.1. Effects of rotation
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Figure 4.2: Turnover time τ versus depth
computed from the solar interior model of
Spruit (1974), using his updated electronic table, which corrects errors in the printed version.
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Turnover time τ : It is a characteristic timescale of the system. Its value depends
on the system scale and the relevant velocities we are interested in.
In a convective medium, the convective turnover time τc is a dynamical timescale
of a flow parcel of the turbulent eddies moving over a correlation length. It represents
therefore a small-scale characteristic of the system, which depends on the typical
velocity and length scales of the convective eddies:1
τc =

lc
1
≈
.
vc
urms kf

(4.4)

In the deeper layers of the convection zone, the turnover time can range between a
week and a month (Schrijver & Zwaan, 2000).
Figure 4.2 shows the τ dependence with depth, computed from the solar convection model of Spruit (1974). Using mixing-length theory, it tries to match an
empirical model for the solar atmosphere with an interior model. In the Sun, τ
cannot be measured directly, since it depends strongly on the solar convection model
used. For example, Landin et al. (2010) compares the value of τ , for different models, at a distance of one-half the mixing length above the bottom of the convection
zone. They obtain differences of up to 150% due to details in the convection model,
around 50% due to the inclusion of rotation and another 70% due to the upper
boundary atmosphere chosen (gray or non-gray).
In the solar convection zone, we can also define another timescale due to turbulent resistive processes. It measures the typical time of decay of a magnetic field in
the domain:
1
τd =
.
(4.5)
ηt k12
1

Here a 2π factor not included in the relation between lc and kf , so one should regard lc simply as
a shorthand for kf−1 . This normalization is motivated by results for the turbulent magnetic diffusivity
used the test-field method (Sur et al., 2008).
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Figure 4.3:
Coriolis
number versus depth. τ
is computed from the
mixing length model
of Spruit (1974) (also
shown in the figure)
and Ω is computed
from a simple expansion
(Brandenburg
&
Chatterjee, 2018). We
also show a zoom for
Coriolis numbers smaller
than 0.1, in the case of
the pole (θ = 0).
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This timescale is now associated with a large-scale characteristic time of the system.
Yet another timescale arises in the study of the effects of rotation on NEMPI:
τNEMPI =

1
,
λ∗0

(4.6)

where λ∗0 ≡ β⋆ urms /Hρ represents the theoretical growth rate of structures in the
presence of rotation. We recall that β⋆ is a non-dimensional parameter of the order of
unity associated with NEMPI (Section 3.3.3). Furthermore, since τc < λ−1
∗0 < τ ,
this is an intermediate time scale in the system. It turns out that NEMPI is suppressed
when 2Ω > λ∗0 (Paper I).
Coriolis number, Co
Co: It is a non-dimensional parameter that measures the relative importance of rotation and convection:
Co = 2Ωτc =

2Ω
.
urms kf

(4.7)

Using kf = urms /3ηt and the parameter CΩ = Ω/ηt k12 , which is often used in
mean-field dynamo theory, the Coriolis number can also be expressed as
Co = 6ηt Ω/u2rms = 6 (ηt k1 /urms )2 CΩ (2/3) (k1 /kf )2 CΩ ,

(4.8)

so CΩ is much larger than Co, when the scale separation, kf /k1 is large. In the Sun,
Co has a strong radial dependence, varying from 10−4 at the surface to 10 at the
bottom of the convection zone.
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For the Sun, the radial dependence of Co is shown in Figure 4.3. The values are
computed using the model of Figure 4.2 and a simple model for the angular velocity,
where the solar like profile arises from the superposition of contributions from the
tachocline, a small positive differential rotation throughout the convection zone and
a sharp negative contribution in the near surface layer. The local angular velocity is
then computed from the expansion:
5/2

Ω(r, θ) = ω0 (r) − ω2 (r)C2 (cos θ),
5/2

where the C2

is the Gegenbauer polynomial:

3/2

C2 (cos θ) = −

)
3(
P31 (cos θ)
=
5 cos2 θ − 1 ,
sin θ
2

and ωn (r) are fits to the helioseismic observations (Brandenburg & Chatterjee, 2018).
One should notice here that the angular velocity throughout the solar interior
varies by 30%, whereas the corresponding turnover time varies by more than four
orders of magnitude. This implies that Co will be much more sensitive to the variation of the turnover time than to that of the Sun’s differential rotation. In fact,
Figure 4.3 shows that the change in the angular velocity between different latitudes
is unimportant for the Coriolis number, but it shows a strong similarity with the
turnover time profile, specially if we show it in the same depth units; see the solid
black line in Figure 4.3.
Mean field parameters: As mean field parameters for Equation (3.21), we primarily use qp0 = 20 and βp = 0.167, which correspond to β⋆ = 0.75. We
compute the actual best-fit values of these parameters in Paper II and arrive at the
conclusion that they might not be accurate enough, see Sections 4.1.2.1 and 4.2.3.1,
but NEMPI develops even for this set of parameters, which we use to compare with
the results of Kemel et al. (2013b). Moreover, the results seem independent of the set
of parameters chosen, see Figure 4.5, but they do depend on the thermodynamical
properties (such as the type of stratification) and on the orientation of the initial
imposed magnetic field. The dependence of the effective pressure with different sets
of parameters is show in Figure 4.4.

4.1.2 Numerical results
We summarize here some of the numerical results of Paper I and Paper II.
4.1.2.1 Effective magnetic pressure
Using DNS, we can compute directly the effective magnetic pressure, Peﬀ (β), and
hence qp (β) in the system (see Section 3.3.2). Peﬀ (β) is indeed negative and independent of Co in the range considered. We also computed the best fit parameters
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Figure 4.4: Theoretical dependence of Peﬀ with the magnetic field in equipartition
units, β, using the fit formulae Equation (3.21), with the fit parameters, β⋆ and βp
used in the simulations

for the MFS coefficients, which turn out to be β⋆ = 0.44 and βp = 0.058, and
therefore qp0 = 57, see Figure 1 of Paper II.
However, in Paper I we use a different set of parameters: qp0 = 20 and βp =
0.167 (corresponding to β⋆ = 0.75), hereafter MFS(i), based on a fit by Kemel et al.
(2013b) and compare with the set qp0 = 32 and βp = 0.058 (corresponding to
β⋆ = 0.33), hereafter MFS(ii), based on the results by Brandenburg et al. (2012b).
Despite these different sets of parameters, the fact that an increase of β⋆ deepens the
minimum of Peﬀ (Figure 3.4) and increases the growth rate of the resulting structure
(Brandenburg et al., 2014b), the effects of rotation on the growth rate are the same
in all the cases, see Figure 4.5. Therefore, we can conclude that, qualitatively, the
response of rotation to NEMPI is independent of the set of parameters chosen as
long as the instability develops.
4.1.2.2 Dependence on the Coriolis number
Surprisingly, we find that both in DNS and MFS, NEMPI gets strongly suppressed
even for slow rotation, with values of Co around 0.014, see Figure 4.5. Applied to
the Sun with Ω ≈ 2 × 10−6 s−1 , we find for the corresponding correlation time
τ = 2 h. This suggests that NEMPI can explain the generation of structures only if
they are confined to the uppermost layers. Basically, the combination of Figures 4.3
and 4.5 constrains the depth where NEMPI can operate. In the case of the Sun, this
corresponds to the NSSL.
The suppression of NEMPI is similar in both types of simulations and for different sets of MFS parameters, up to a Coriolis number of about 0.13, where we see a
recovering in the growth rate in the DNS. The disagreement between the MFS and
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Figure 4.5: Dependence of λ/λ∗0 on 2Ω/λ∗0 for DNS (red dashed line), compared
with MFS (i) where qp0 = 20 and βp = 0.167 (black solid line), and MFS (ii) where
qp0 = 32 and βp = 0.058 (blue dash-dotted line). In this case no growth was found
for Co ≥ 0.03. In all cases we have B0 /Beq0 = 0.05 (Paper II).

the DNS requires further investigation. First of all, up to this point it is important to
note the relatively high degree of predictive power of the MFS, provided we include
the physics relevant to the problem. Second, we show that testing the results with
DNS is important, since we can be missing some of the crucial aspects of the problem.
In this case, we link the recovery of the instability, for large enough values of Co, to
the onset of the dynamo, as we discuss later in Section 4.1.2.6.
We emphasize that the value of the turnover time and the NEMPI structures
developed in the simulations are very sensitive to the value of Co. Therefore, they
have a strong dependence on the size of the turbulent eddies, see Equation (4.4).
4.1.2.3 θ dependence
The study of the θ dependence was first done in MFS (Paper I). The colatitude is included in the definition of the angular velocity vector, and since gravity and rotation
are important, the value of the dot product g · Ω might change the growth rate of
the instability according to the value of θ:
}
Ω = Ω (− sin θ, 0, cos θ)
Ω · g = −gΩ cos θ.
(4.9)
g = (0, 0, −g) ,
However, g · Ω changes sign about the equator, even though the growth rate is
independent of the hemisphere. Therefore, the growth rate can only depend only
on (g · Ω)2 . A detailed calculation presented in Paper I shows that the growth rate
increases when (g · Ω)2 increases. Thus, a larger growth rate is expected at the poles
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Figure 4.6:
Dependence of
λ/λ∗0 on θ for two values of
2Ω/λ∗0 in 2-D (upper panel) and
comparison of 2-D and 3-D cases
(lower panel) (MFS, paper I).

and NEMPI is strongly suppressed at the equator, see Figure 4.6, where we perform
MFS for different values of θ.
We note a similar behavior between 2D and 3D MFS simulations, although the
growth rate in the 2D case is about twice smaller than in the 3D counterpart. This is
true even in the absence of rotation. This difference in the growth rate represents a
3D feature on the solution, as we can see in the next section.
4.1.2.4 Spatial structure
Figures 4.7 and 4.8 show the spatial structure of the simulations in the MFS and
DNS. The MFS displays a dependence on y (expanding to the azimuthal direction)
that changes with the colatitude. The structure shifts by 90◦ at the south pole, see
Figure 4.7. By contrast, this dependence is totally absent in the DNS, see Figure 4.8,
right-most panel.
Also, the DNS structures are much more confined to the uppermost layers with
increasing Coriolis number. These differences in the structures might be related to
the neglect of additional mean-field transport coefficients (qs , qg , qa ), although they
were previously shown to be small and have a negligible effect (Brandenburg et al.,
2012b; Käpylä et al., 2012). In these simulations, we are just including qp , ηt , and νt
in the mean-field equations. Nevertheless, the agreement between DNS and MFS is
still remarkably good.
4.1.2.5 Dynamics
Dynamically, we find the typical “potato sack” structure of previous papers (Brandenburg et al., 2011, 2012b; Kemel et al., 2012a,b): the magnetic field gets concentrated and sucked down, since the effective magnetic pressure is negative, so magnetic
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Figure 4.7: Visualization of By on the periphery of the computational domain during
the nonlinear stage of the instability for θ = 0◦ (corresponding to the north pole) and
Co = 0.03 (left figure) and Co = −0.03 (Paper I).

Figure 4.8: Visualization of By on the periphery of the computational domain for
θ = 0◦ and Co = 0.03 in MFS (i) (qp0 = 20, βp = 0.167)(left figure), MFS(ii)
(qp0 = 32, βp = 0.058) (center) and DNS (right figure) (Paper II).

structures are negatively buoyant and sink. However, this effect is less prominent in
DNS as the Coriolis number increases.

Figure 4.9: Visualization of By on the periphery of the computational domain for four
times (normalized in terms of Tη ) during the nonlinear stage of the instability for θ =
90◦ (corresponding to the equator) and Co = 0.013, corresponding to 2Ω/λ∗0 ≈ 0.5
(Paper I).

Besides, in MFS we found two structures in the computational domain that
begin to oscillate in the saturated regime. At angles θ ̸= 0, we note a slow migration
of the magnetic pattern to the left and for θ = 90◦ (equator) the magnetic pattern
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shows a prograde motion, see Figure 4.9.
4.1.2.6 Interaction with dynamo instability
Since we have rotation and stratification in the simulation, we expect to find kinetic
helicity and the onset of dynamo action for high enough Coriolis number.

Figure 4.10: Relative kinetic helicity spectrum as a function of Gr Co for Gr = 0.03
with Co = 0.03, 0.06, 0.13, 0.49, and 0.66 (red and blue symbols) compared with
results from earlier simulations of Brandenburg et al. (2012a) for Gr = 0.16 (small
dots connected by a dotted line). The solid line corresponds to ϵf = 2Gr Co. The
two horizontal dash-dotted lines indicate the values of ϵ∗f ≡ k1 /kf for which dynamo
action is possible for kf /k1 = 5 and 30. Runs without an imposed field (blue filled
symbols) demonstrate dynamo action in the two cases. The blue open symbol denotes
a case where the dynamo is close to marginal (Paper II).

Actually, in these MFS a dynamo instability is not possible, since we have not
included the necessary ingredients. In DNS, however, we note the subsequent increase of the growth rate with Co at around Co = 0.13 and we argue that this is
the growth rate corresponding to the coupled system consisting of NEMPI-dynamo
instability (Jabbari et al., 2014).
Indeed, in our system the threshold of the dynamo instability is reached at the
largest Coriolis number, see Figure 4.10. Nevertheless, it is important to note that
the recovery of the growth starts before the conditions for the onset of a dynamo in
a system without NEMPI is possible.
This idea is further studied in Jabbari et al. (2014), where we confirm the onset of
a dynamo with a Beltrami-like magnetic field and relax the constraints on the maximum value of Co where NEMPI can still form till Co ≈ 0.1, which corresponds to
τ = 5 h.
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4.2 Effects of stratification
Despite the relative success of previous NEMPI studies in forming magnetic flux
concentrations, in order to apply this theory to the Sun, we need to implement more
realistic setups. For this purpose, we now study the effects of a polytropic stratification on NEMPI (Paper III).
The density scale height, Hρ , is constant for an isothermal stratification, i.e., the
density variation is uniformly distributed over the entire depth of the domain. By
contrast, in a polytropic stratification, Hρ has a minimum in the upper layers, so the
stratification is very high in these layers and decreases sharply towards the bottom of
the domain.
Stratification is essential in triggering NEMPI, since a fundamental requirement
is that the density scale height must be much smaller than the scale of the system, L
(Hρ ≪ L); see Section 3.3.4. Therefore, including a polytropic stratification might
have dramatic impacts on the development of the instability.
Previous MFS studies have already shown the effects of an isentropic stratification with an isothermal equation of state and constant sound speed cs (Brandenburg
et al., 2010). However, while their DNS studies showed signs of negative contributions to the effective magnetic pressure, they could not find the onset of the instability, which was probably because of insufficient scale separation. In turbulent
convection, this is an output parameter of the simulation that is in many setups too
small for NEMPI to develop (Käpylä et al., 2012, 2016).

4.2.1 Brief notes about thermodynamics
We would like to remind the reader of some basic thermodynamic equations relevant
for the further discussion in this chapter. The equations and definitions are adapted
from Chandrasekhar (1939) and Fitzpatrick (2006).
4.2.1.1 Ideal gas equation of state
An ideal gas is the simplest theoretical approximation to a real gas, governed by the
following equation of state:1
P V = N RT ,
(4.10)
where P is the pressure, V is the volume, N is the amount of substance (measured
in moles), R is the gas constant, and T is the temperature.
However, Equation (4.10) is not well defined in the case of the Sun. How can
we define the volume there? Volume of the entire Sun? Of the convection zone? So,
1

An equation of state is a relation between thermodynamical variables, such as pressure, temperature, volume or density; assuming that there are no independent quantities. In general, we can write
it as f (p, V, T ) = 0
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in general, instead of expressing the ideal gas equation of state in units of volume, we
use density:
R
P = ρT ,
(4.11)
µ
where µ is the molar mass.
4.2.1.2 Gas laws
We can consider the expansion of an ideal gas under constant temperature (isothermal expansion) or without exchange of heat (adiabatic expansion).
Isothermal expansion: If the temperature of the gas is kept constant during the
expansion, we can derive the isothermal gas law from the ideal gas equation of state
as
P V = const .

(4.12)

Adiabatic expansion: If the system is insulated, i.e., there is no flow of energy in
or out of the system, the process takes place under constant heat conditions and we
can derive the adiabatic gas law:
P V γ = constant .

(4.13)

Here γ = cp /cv is the ratio of specific heats at constant pressure, cp , and constant
volume, cv , respectively. It is also useful to write this expression in terms of pressure
and temperature:
P 1−γ T γ = constant .

(4.14)

4.2.1.3 Stratification of the atmosphere
The equation of hydrostatic equilibrium of an atmosphere describes how pressure (or
density) changes with height in the absence of net movement of the gas:
dp
= −ρg .
dz

(4.15)

We can combine this equation with the ideal gas equation of state (Equation (4.10)),
and write the variation of pressure with height in the form:
dp
µg
=−
dz.
p
RT

(4.16)
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Isothermal atmosphere: In this case, we assume that the temperature is uniform.
Then the solution of Equation (4.15) is simply:
)
(
z
p = p0 exp −
,
(4.17)
Hρ0
where Hρ0 = RT /µg is the isothermal density scale height of the atmosphere. Thus
the pressure varies exponentially with height. Since the density is proportional to the
pressure ρ ∝ p/T , its variation is also exponential with height:
(
)
z
ρ = ρ0 exp −
.
(4.18)
Hρ0
Adiabatic atmosphere (polytropic stratification): In a non-isothermal atmosphere,
there will be, in general, a heat flux proportional to K∇T , where K is the heat
conductivity. In thermodynamic equilibrium, the divergence of the flux must vanish.
Assume that the flux is in the z direction, and K is constant, therefore, we have
dT /dz = const, so T (z) must be linear in z. Now, ignoring ionization effects,
the ratio of specific heats is constant throughout the atmosphere. Since P 1−γ T γ =
const, we can use the hydrostatic equilibrium equation (Equation (4.16)), to see that
dP
γ dT
=
P
γ−1 T

dT
γ − 1 µg
=
.
dz
γ R

→

(4.19)

Using the adiabatic gas law (Equation (4.14)), we also see that the pressure and the
density are proportional to the temperature:
P

∝ T n+1 ,

ρ ∝ T ,
n

(4.20)
(4.21)

where n = 1/(γ − 1). Now, the dependence of the density and pressure with height
is very different than in the isothermal case. Instead of the isothermal exponential
dependence, we have now a power law. So, in the cases where z → 0, the temperature
will drop to zero, and so will density and pressure. This atmosphere presents a sharp
boundary for the thermodynamic variables, as can be seen in Figure 4.11.
In terms of the speed of the process, an isothermal change must be slow to keep
the temperature constant and an adiabatic process must be very rapid to avoid flows
of energy.

4.2.2 The model of polytropic stratification
We now solve the MHD equations in the case of an isentropic atmosphere (the entropy is held constant, so we do not need to solve the entropy equation) and the two
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different stratifications described in the previous section. The solar convection zone
is nearly isentropic, mixing any entropy inhomogeneities fast, so for the purpose of
studying the effects of different stratification on NEMPI, we consider this a good
approximation. Also, this simplification was already used in the model described
in Brandenburg et al. (2010), where the DNS uses isothermal stratification and the
MFS and adiabatic one.
In the previous section we showed that the isothermal and adiabatic atmospheres
have a very different change of density with height. In particular, there is a priori
no obvious way of going from an isothermal atmosphere to an adiabatic one in a
continuous fashion. Therefore, instead of the usual stratification equations, we use
a generalized exponential function that allows us to show the variation in density of
the different atmospheres in a continuous way, see Figure 4.12.
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ρ/ρ0
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γ =5/3
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0.1

γ =5/3

Hρ /Hρ0

3.0

Figure 4.11: Isothermal and polytropic relations for different values of
γ using ρ ∝ (z∞ − z)n with n =
1/(γ − 1).
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Figure 4.12: ρ and Hρ from polytropes
computed as q-exponentials (Paper III).

Using the generalized “q-exponential”, the density stratification is now given by:
[
(
)]1/(γ−1) (
)n
ρ
z
z
= 1 + (γ − 1) −
= 1−
,
ρ0
Hρ0
nHρ0

(4.22)

and the density scale height is:
Hρ (z) = Hρ0 − (γ − 1)z = Hρ0 − z/n ,

(4.23)

allowing the change between different stratification to be a continuous one. Here
Hρ0 is the density scale height at some reference position, which we chose to be z =
0, so Hρ0 = Hρ (z = 0). In an isentropic stratification, the density scale height is
give by Hρ = c2s /g.
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Actually, with this model we are choosing a reference point arbitrarily at z = 0,
such that the scale height is the same at this point, so that now the top of the polytropic layer shifts with different polytropic indices, i.e., z∞ = nHρ0 = Hρ0 /(γ −
1). By contrast, in the usual model, z∞ is chosen such that ρ = ρ0 and cs = cs0
at z = zref , which implies z∞ = zref in the isothermal case, while z∞ = zref +
(m + 1)cs /(−γgz ) in the polytropic one. The total density contrast is similar in the
different cases chosen, but the vertical density gradient increases in the upper layers
with the increase of γ.

4.2.3 Numerical results
We solve the MHD equations for different kinds of stratification (depending on the
parameter γ) in DNS and MFS. We also use initially imposed field B0 horizontally
or vertically oriented.
4.2.3.1 Effective magnetic pressure
We use DNS to compute the value of the effective magnetic pressure and MFS parameters. We study different values of the polytropic index and the two types of
imposed field. The results are plotted in Figures 4.13 and 4.14.

Figure 4.13: Effective magnetic pressure obtained from DNS in a polytropic layer with
different γ for horizontal (H, red curves) and
vertical (V, blue curves) mean magnetic fields
(Paper III)

Figure 4.14: Parameters qp0 , βp ,
and β⋆ vs. γ for horizontal (red
line) and vertical (blue line) fields
(Paper III)

Similar to the difference in parameters we found in Paper II in the case of rotation, the values of the mean-field parameters, qp , βp , and β⋆ , depend both on the
stratification and on the initially imposed field. We note that Peﬀ becomes much
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more negative for a vertical field and for γ = 5/3, where qp0 is smaller and βp
larger. On the other hand, the variation of β⋆ is small in all cases, so we expect that
the growth rate is similar in the different cases. To address this different range of
parameters, we solve the MFS for two models, chosen such as to represent a strong
(large β⋆ ) and weak (small β⋆ ) effect of NEMPI:
• Model I (weak): β⋆ = 0.33, qp = 32 and βp = 0.058,
• Model II (strong): β⋆ = 0.63, qp = 9 and βp = 0.021.
Both models result in the development of the instability, and the overall results are
similar, even though qp and βp appear to be rather different.
4.2.3.2 Structures
Both DNS and MFS display the concentration of magnetic field associated with the
development of NEMPI. We see the structures for both orientations of the initial
homogeneous magnetic field. However, while in the case of a horizontal initial field
the structures sink after saturation (referred to as “potato-sack effect” owing to rapid
downward sinking of gas), in the case of a vertical field these structures no longer sink
and are therefore able to lead to a greater growth rate. As we see in Figure 4.15, nice
spot-like structures can be produced near the surface. The magnetic field lines tend
to concentrate at the surface and broaden out in deeper layers.
The stratification decreases with depth faster in a polytropic atmosphere in such
a way that the instability cannot operate any further down. The stratification becomes so small that NEMPI cannot be excited. Therefore, in the case of a polytropic
stratification, the structures are more confined to the upper layers of the simulations.
We can test this by comparing the DNS results shown in Figure 3 of Brandenburg
et al. (2013) with Figure 4.15: in our case the depth of the structure is less than 3Hρ0 ,
whereas in the former one it extends over more than 4Hρ0 .
This behavior has implications on the maximum value of the initial field strength
leading to the development of the instability. Kemel et al. (2012a) showed that an
increase of the initial field strength depends on the position where the instability
develops, and we see a dependence of the maximum value of the growth rate with the
imposed field strength and the stratification. For increasing values of the polytropic
index, the maximum value of the growth rate decreases with the initial field strength
B0 ; see Figure 10 of Paper III.
4.2.3.3 Dynamics
Two-dimensional MFS have displayed tremendous surface dynamics of the generated magnetic structures. Generally, and in the case of polytropic stratification, smaller
structures tend to merge into bigger ones, as can be seen in Figure 4.16. The bigger
the structure, the stronger are the downflows generated at the center.
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Figure 4.15: Cuts of Bz /Beq (z) in (a) the xy plane at the top boundary (z/Hρ0 =
1.2) and (b) the xz plane through the middle of the spot at y = 0 for γ = 5/3 and
β0 = 0.05. In the xz cut, we also show magnetic field lines and flow vectors obtained
by numerically averaging in azimuth around the spot axis (Paper III).

Figure 4.16: Merging of two smaller flux concentrations into a larger one, as shown by
Bz /Beq (z) in the xz plane for γ = 5/3 and β0 = 0.02. The arrows represent the
velocity field.

The instability is excited at some depth near the surface, and starts sucking material downward. This triggers an overall movement of the flow towards the point
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of decreased magnetic pressure. This flow drags the magnetic field lines with it and
increase the gas pressure, generating the final flux concentration. The movement can
be clearly seen in Figure 4.16, where the vector field traces velocities.

4.3 Final remarks
Although the different setups vary, the specific properties of the final flux concentration, such as horizontal extend, maximum value of the magnetic field and depth extension remain similar in all cases. We confirm that the instability survives the change
of stratification and imposed field direction, and even the addition of rotation. It is
clear that all the simulation results shown here display strong field concentrations just
at the surface of the computational domain. In reality, the magnetic fields continue
into the gas above the photosphere, which is ignored in the present simulations. This
is the subject topic of the next section.

5

Implications on coronal fields

“We are constructing a case on circumstantial
evidence, and we must be prepared to modify our
views as fresh evidence, and fresh understanding
of old evidence, come to light.”
E.N. Parker

Most sunspots erupt in pairs with opposite polarities. Their magnetic fields strongly
distort the outer corona, even carrying explosive events like coronal mass ejections
and flares. We extend our study of NEMPI to model this outermost part of the Sun,
and find, for the first time, the natural formation and subsequent decay of bipolar
regions (Paper IV). We also constrain the parameter regime where bipolar regions
form (Paper V), and study the effects of rotation on the bipoles (Paper VI).

5.1 Model
All the previous simulations and analyzes were based on turbulent boxes with certain
boundary conditions in all three coordinates. Therefore an initial vertical magnetic
field could get concentrated to form spot-like structures. Likewise, an initial horizontal field could also form magnetic flux concentrations (Brandenburg et al., 2011),
but those tend to be sucked downward (potato-sack effect), so the maximum concentration was limited because of the lack of field amplification by the return flow in
the upper layers.
Boundary conditions can change the behavior of the simulations. For example,
the top boundary condition played an essential role in the formation of a penumbra
in the sunspot simulations of Rempel (2011). Therefore, we extended our study of
NEMPI to the case of a free boundary on the top of the turbulent layer, mimicking
the solar corona.
The solar corona comprises the outer atmospheric part of the Sun, with high temperatures and very low density. There, heat and energy are not longer transported by
convection, but by radiation and thermal conduction, therefore turbulence is absent
in the plasma. We model then the corona in a very simple way: as a non-turbulent
layer on top of the previously described turbulent environment.
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5.1.1 DNS
Turbulence in these simulations is carried by a forcing function, f (see Section 1.1.1).
Hence, we mimic the presence of a non-turbulent coronal layer by modulating the
forcing with a profile function Θw (z),
(
z)
Θw (z) = 21 1 − erf
,
(5.1)
w
which changes smoothly from unity in the lower turbulent layer to zero in the upper
non-turbulent one. We solve the momentum equation including this forcing profile
in the form
DU
1
= −c2s ∇ ln ρ + g + F ν + J × B + Θw (z)f .
Dt
ρ

(5.2)

We study the effects of rotation in some of the runs, in the same fashion as in Section 4.1.1, by including the Coriolis force:
DU
1
= −2Ω × U − c2s ∇ ln ρ + g + F ν + J × B + Θw (z)f .
Dt
ρ

(5.3)

In order to include the coronal layer, we increase the size of the box in the z direction,
and we solve the whole set of equations in a Cartesian box of size 2π × 2π × 3π,
although we test the importance of the box size in some of our simulations. We also
use different resolutions, but we find that a resolution of 3842 × 768 meshpoints
already reproduces the dynamics of the system correctly; see Paper VI.

5.1.2 MFS
Modeling a corona on top of a turbulent medium must be handled somewhat differently in the MFS compared to the DNS. Turbulence is not explicitly present in
the system, since it is just parameterized. We aim to understand the behavior of
NEMPI in a two-layer model, hence we apply the same profile function as we use
for turbulence in DNS, but now we use it in the NEMPI parameters, for example to
the function qp (β) in
qp (B, z) = qp(B) (β 2 ) Θw (z).

(5.4)

In this way, we turn off the instability in the corona, because the absence of turbulence makes it impossible for NEMPI to operate, and turn the instability on in the
turbulent layer, where it is essential for the development of spots. We then solve the
mean-field momentum equation, as defined in Chapter 1 and Section 3.3,
DU
= −c2s ∇ ln ρ + g + FK + FM ,
Dt

(5.5)
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but including the error function in the parameterization of the effective magnetic
pressure.
We also study the effects of rotation in MFS, including the Coriolis force in the
momentum equation and write it as:
DU
= −2Ω × U − c2s ∇ ln ρ + g + FK + FM .
Dt
The details of this study are the essence of Paper VI.

(5.6)

5.2 Formation of bipolar regions
The coronal envelope replaces the rigid upper boundary imposed at the top of the
turbulence layer. Hence, magnetic fields can rearrange themselves in a more natural
way, and we witness, for the first time, the spontaneous formations and decay of
bipolar regions. DNS tend to form a pair of strong bipoles, while MFS show both
bipolar and isolated structures.

5.2.1 Surface view of bipolar regions
Active regions and sunspots usually come in pairs. The regions were spots appear can
be quite different: from the appearance of a clean single bipolar region, to complicated multiple regions with several bipoles. As an example, we take a rather simple
active region that generates only one bipole; see Fig. 5.1. The two bipoles start growing and moving apart as more flux pierces in the center. Eventually the bipolar region
lose its integrity and diffuses away.
In our simulations, Figure 5.2, the bipole forms in the middle of the periodic
domain. The two magnetic flux concentrations appear approximately circular. They
form within about one turbulent-diffusive time and reach approximate equipartition
field strength with respect to the kinetic energy density. Shortly after their initial
appearance, the two structures appear to move together, as is also expected if they
are a consequence of NEMPI. However, after 2–3 turbulent-diffusive times, they
start also moving apart, and, finally, the bipolar region disintegrates.
In our model, we see typically only a single appearance of a bipolar region. To
understand how in a more realistic model such regions could form, we imagine that
the magnetic field is being supplied by a turbulent dynamo in the deeper layers. It
would bring stronger magnetic fields into the proximity of the surface where NEMPI
can form spots. Eventually, however, the field from the dynamo would change and
would later bring field into the proximity of the surface at some other location. This
is how we would imagine such a model could explain the repeated occurrence of
bipolar regions in a more realistic scenario.
The process of active region formation by NEMPI is fundamentally different
from that of standard flux emergence, which has been modeled by many groups. Fan
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Figure 5.1: Observed evolution of the magnetogram of the sunspot AR11645 on January 2013. Data from the SDO/HMI satellite.

et al. (1993) and Fan (2001) considered the rise of deep-seated flux tubes and studied
morphological asymmetries of the resulting spots. Archontis et al. (2004a, 2005a)
considered flux emergence from the upper layers of the convection zone and its appearance in the upper corona and Fournier et al. (2017) modeled flux emergence
from a rotating interior. The most realistic models are arguably those of Cheung et al.
(2010) and Rempel & Cheung (2014); see Fan (2009) and Cheung & Isobe (2014)
for reviews. The simulations of Rempel & Cheung (2014) incorporate realistic surface physics such as radiation transport, a realistic equation of state with ionization,
and a realistic density stratification. However, in all those models, the formation
of active regions is put into the model by hand. For example in the simulation of
Rempel & Cheung (2014), shown in Fig. 5.3, a semi-torus representing a magnetic
flux tube is imposed at the bottom of the domain and then allowed to be advected
through the lower boundary. Their simulations showed that the magnetic field is
able the rise through the top 16 Mm of the convection zone to form spots; see the
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Figure 5.2: Evolution of the magnetic field of one of the simulations included in Paper IV. Showing a cut of the horizontal cross-sections of Bz (x, y)/Beq through z = 0.

review by Schmieder et al. (2014). Interestingly, twist is found not to be a defining
factor in the active region formation in their simulations. Rempel & Cheung (2014)
argue that the idea of using a twisted flux tube to prevent the excessive expansion of
the rising tube is needed mainly in the deeper parts, which is the region modeled in
the simulations of Fan (2009), where twist was found to be important.
In the simulations of Rempel & Cheung (2014), flux emergence is significantly
faster than what one might expect to occur in the real Sun (Birch et al., 2016b).
Recently, however, Chen et al. (2017) were able to reproduce a complex sunspot
emergence using a modified magnetic flux bundle from a dynamo simulation in a
spherical shell (Nelson et al., 2011). The simulations of Rempel & Cheung (2014)
indicated that spot formation is sensitive to the persistence of upflows at the bottom
boundary and that a continuing upflow would prevent spot formation. While such
models teach us a great deal about the detailed physics of active region formation,
they do not really explain their origin.
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Figure 5.3: Evolution of the magnetic field, Bz , in the photosphere in the Rempel &
Cheung (2014) simulation.

5.2.2 Side view of bipolar regions
Particularly important insights into the operation of NEMPI can be gained by inspecting a side view of the bipolar regions in our model. Magnetic flux concentrations are seen to occur at a certain depth below the surface. Near the surface, on the
other hand, the magnetic flux structures seem to close upon themselves over relatively
large horizontal distances. Conversely, over short distances, bipolar magnetic flux
structures separate above the surface, which is consistent with them being the result
of a localized subduction of a horizontal flux structure. The essence of this was for
the first time studied in Paper IV.
In Figure 5.4 we show Bz together with Fourier-filtered magnetic field vectors
in an xz plane through the structure. We compare this with the results of a similar
MFS; see Figure 5.5. In the deeper parts of the MFS, there are magnetic structures
of significant strength, which are not so prominent in the DNS. This is an important
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Figure 5.4: DNS showing Bz (x∗ , y, z, t) (color coded) together with vectors of
Fourier-filtered magnetic field vectors (k < kf /2) superimposed for Run A4 at the
time t/τtd = 0.91 through x∗ = 0.5. Adapted from Paper VI.

difference that would affect global comparisons of, for example, the growth rates of
structures.
5.2.2.1 Ω- or ℧-loops?
While we lack a detailed observational description of the Sun’s interior, and we can
only infer some properties using helioseismology, we swim in a large amount of atmospheric data. We can try to use this data to infer and distinguish between different
models of sunspots.
Traditionally, we have interpreted magnetic loops in the solar atmosphere as Ωloops, in favor of a flux-tube model. On the other hand, from a NEMPI model, we
see the development of independent ℧-loops that would connect with other magnetic concentrations.
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Figure 5.5: A slice of B z (x∗ , y, z, t) (color coded) together with magnetic field vectors (white streak lines) through x∗ = 0 at an arbitrarily chosen time during the
saturated state for the large domain. The surface at z = 0 is shown as a white horizontal
line. Adapted from Paper VI.

Figure 5.6: Active regions 12418 and 12415 of September 22-23, 2015. Combined
observations in the two wavelengths 304Å and 171Å of extreme ultraviolet. Credit:
NASA/SDO
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Having a huge amount of data should make it easy to distinguish between the
two kinds of loops, but reality is a bit more complicated. Most of the data is only 2D,
and subject to interpretation. We can analyze the areas marked in figure Figure 5.6
and try to shed some light on the differences. Areas 2 and 3 of the figure show single
concentrations. These two concentrations have an ℧ shape, narrow near the surface
of the Sun and getting broader in the upper layers. This would be the type of shape
produced by a NEMPI concentration with horizontal field in the corona. Areas 1
and 4, however, can be interpreted in both ways: they can be considered as part
of a loop showing the typical Ω shape, or they can be considered as independent
concentrations of a ℧ shape interconnected.
Numerical studies of flux tube emergence and reconnection with a magnetized
corona suggest that the two polarities of a prescribed tube emerging into the upper
atmosphere connect to different magnetic areas instead of each other (Archontis
et al., 2004b, 2005b). Therefore, not even in a simpler flux-tube model the difference
between an Ω- and a ℧-loop is clear.

5.3 Formation scenario
Paper V studies the best formation scenario for this kind of magnetic field concentrations. We carry out a comprehensive examination of the influence of stratification,
magnetic Reynolds number, initial imposed field strength and inclination, box size,
and numerical resolution (Paper VI). We also analyze the impact of these changes
on the effective magnetic pressure as an indicator of the bipolar region formation
process.

5.3.1 Box size and resolution
Any theoretical model we extract from this numerical simulations should be independent of the setup of the simulations themselves. Therefore, we measure the possible effects of the modeling by studying the effects of changing the box size and
resolution (Paper VI; Paper V).
The decrease of the size of the corona has a minor effect on the bipolar regions.
We only measure a small reduction of the vertical component of the magnetic field,
both locally and globally, and a more diffuse concentration. An increase of the turbulent layer implies higher stratification and density contrast, therefore an increase
of urms and Beq0 , leading to a reduction of the vertical component of the magnetic
field, both locally and globally, and to a weaker and more diffuse concentration.
The extension of the horizontal size of the simulation, on the other hand, increases the amount of magnetic energy available in the simulation, and the amount
of flux that can be concentrated. Now the bipolar regions are well concentrated with
higher values of the vertical magnetic field, both local and globally, and a stronger
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response in the corona. But the size of the spots is the same as in the smaller cases,
hence the formation size is independent of the box size.
Small-scale turbulence triggers the instability, thus the numerical resolution of
the simulations might impact the model of the turbulence and the instability itself.
Paper VI shows that a resolution of 3842 × 768 meshpoints if enough to capture
turbulence and the development of the bipolar regions.

5.3.2 Stratification
We changed the stratification in Section 4.2, and analyze the impact on the formation
of spots. We vary the intensity of the density stratification by changing gravity, but
keeping an isothermal equation of state.
As already seen in Section 4.2, the formation of bipolar regions depends strongly
on the stratification: for small density contrasts, the amplification of the vertical field
is too weak, but it grows with increasing stratification. contrast of around ρbot /ρsurf =
42, and decreases again for higher values. Therefore, the instability can develop inside
a range of 23 < ρbot /ρsurf < 80. The coherence of the bipolar regions and the loop
structures also follow the same pattern: increasing with the density contrasts up to
ρbot /ρsurf = 42, and decreasing afterwards for higher values.

5.3.3 Magnetic Reynolds number
We changed the magnetic Reynolds number, ReM , by keeping the Reynolds number,
Re, constant and changing the magnetic Prandtl number PrM between 0.0625 and
1. For small values of PrM , the microscopic diffusion is on the order of the turbulent
diffusion, hence any NEMPI growth rate is smaller than the damping rate of both
diffusion and the effects of the instability are small.
We measure stronger fields with increasing values of PrM , reaching superequipartition strength for PrM < 0.5 (ReM ≳ 20). When PrM = 1, small-scale dynamo
onsets in the system, which weakens the formation of large-scale structures.
In the Sun, both Re and ReM are large. Therefore, we expect the presence of
small-scale dynamo, which weakens the instability. On the other hand, these large
values can also enhance the instability, due to the lower diffusion regime. At the
moment, any extrapolation to Sun values is risky.

5.3.4 Imposed magnetic field
The strength and direction of the imposed magnetic field also impacts the bipolar
region, BR, formation. For weak values of B0 , the instability is weak, hence the
amplification and the coherence of the BR are small. They increase with the imposed magnetic field strength, up to the point where the derivative of the effective
magnetic pressure becomes positive, and no instability can develop. The growth
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rate also increases with the strength of the imposed magnetic fields, but only in the
cases of well-developed concentrations. The optimal values for the imposed field are
0.012 < B0 /Beq0 < 0.12.
The inclination of the imposed field in this case is vital to generate BRs. In cases
where the field is completely vertical, only one spot develops, which is larger than
any of the two bipoles, more concentrated, and without signs of decay. For inclined
fields, the BR has a weak negative and a strong positive polarity. But the weaker part
reconnects with the stronger one and a single spot, similar to the pure vertical case,
results.
A horizontal component of the magnetic field is needed in the simulations to
form a BR, and this might also be responsible for its decay, as in the cases of the
potato-sack effect (Paper III).

5.3.5 Effective magnetic pressure
The effective magnetic pressure must be negative for the instability to develop, but
not too negative. In the end, the growth rate of the instability depends on the variation of the pressure with the magnetic field, and the more negative this variation
is, the better. Therefore, having a slight under-pressure that changes locally from
positive to negative will increase the growth rate and develop a stronger instability.
As seen in Paper III and Paper V, where we analyze different effects, the strongest
and most coherent concentrations are not the ones with most negative effective magnetic pressure. Instead, coherent concentrations are obtained for intermediate values.

5.4 Influence of rotation
NEMPI is strongly suppressed by rotation. However, the presence of an outer coronal envelope also seems to strengthen the flux concentrations and certainly make
them more prominent through the orderly fields in the coronal envelope. However,
as in our earlier work without a coronal envelope, even rather slow rotation is found
to suppress the formation of bipolar regions. Increasing the imposed magnetic field
strength does make the structures stronger and alleviates the rotational suppression
somewhat, but the presence of a coronal layer itself does not significantly alleviate
the effects of rotational suppression.
The effect of rotation is best seen by comparing growth rates. This is is done
in Figure 5.7, where we normalize the growth rate λ by the theoretically expected
value λ∗0 . We compare the results of MFS for large and small domains with various
DNS including those with and without coronal envelope. The latter agree with those
of Losada et al. (2013). We see that the value of λ/λ∗0 drops by about a factor
of five as 2Ω/λ∗0 increases from 0.2 to 3. As in Figure 4.5, we also show on the
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Figure 5.7: Dependence of λ/λ∗0 on 2Ω/λ∗0 for B0 /Beq0 = 0.1 and θ = 0 for
the MFS using the large (black line) and small domains (blue solid line), as well as the
DNS for neighboring magnetic field strength of B0 /Beq0 = 0.066 and 0.14 (dashed
and solid red lines, respectively). The green dashed line denotes the DNS of Losada
et al. (2013) without coronal layer and B0 /Beq0 = 0.05. The orange line refers to
MFS in a small domain with qp0 = 13 and βp = 0.18, so β∗ = 0.65. The blue
dashed line adjacent to the blue solid line denotes the results obtained when neglecting
the derivative term of the profile function Θw (z). Adapted from Paper VI.

right coordinate the growth rate normalized by the diffusion time, i.e., λHρ2 /ηt0 .
Note also the increase of the growth rate in the DNS without coronal layer at faster
rotation rates (Co > 0.1 or 2Ω/λ∗0 > 10). This has been explained as a result of
large-scale dynamo action; see Fig. 8 of Jabbari et al. (2014). Full details of this are
reported in Paper VI.

5.5 Final remarks
The corona layer probes to be essential for the formation of bipolar regions instead
of monopolar spots, but only in hand in hand with an initial imposed field attaining
an horizontal component.
Our work has shown that rotation has a strong impact on the process of bipolar
region formation. Even rather slow rotation is found to suppress it. Increasing the
imposed magnetic field strength makes the structures stronger and alleviates the rotational suppression somewhat. However, the presence of a coronal layer itself does
not significantly reduce the effects of rotational suppression.

6

Past, present and future

“Eppur si muove”
Galileo Galilei

The goal of this thesis was to incorporate some of the important effects into models
of spontaneous magnetic flux concentrations. In particular, we have now addressed
the effects of rotation on the one hand and those of an outer corona on the other.
Rotation was found to have an adverse effect, while an outer corona helped making
the magnetic structures more pronounced. In both cases, the underlying mechanism
causing these magnetic flux concentrations was the negative effective magnetic pressure instability (NEMPI).
One of the major shortcomings of NEMPI is its intrinsic limitation in the maximum strengths of the resulting magnetic flux concentrations. As we have seen in
this thesis, polytropic stratification has some effect in this, but it also shows that the
typical length scales on which NEMPI operates have to do with the local pressure
scale height.
NEMPI works by suction, i.e., it produces locally an underpressure. This pulls
gas downward – very much like a convective downdraft. This has two effects. On the
one hand, it operates at some depth beneath the surface, so it works with intrinsically
larger length scales. On the other hand, given that it is in many ways similar to
convection, it is hardly distinguisable from it. In any case, the resulting effect on the
magnetic field is a concentration of flux from the return flow at some larger height
above the point where NEMPI operates.
The solar atmosphere, just beneath the surface, changes dramatically. Therefore,
we might conceive processes affecting the development of the instability we have not
yet discovered, which could strenth the effect of NEMPI near the surface. Over a
distance of just a few tens of kilometers, the flux changes from being dominated by
radiation to being dominated by convection. The efficiency of the latter is very sensitive to the magnetic field and will be suppressed when the field becomes stronger.
The resulting radiative cooling in the upper layers makes the gas denser and heavier
than the surrounders, hence the gas sinks, reinforcing the original downdraft. This
could make NEMPI much stronger than what has been seen so far.
As we have seen, there are more possibilities that need to be explored. Coming
back to the topic of this thesis, one of the effects of rotation that one could have
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anticipated is a propagation or migration of structures. This is the case here, since
we measure a clear prograde rotation of the magnetic pattern near the equator. This
might be a possible explanation for the faster rotation speed of magnetic tracers relative to the plasma velocity on the Sun. Future work will need to show whether its
speed is comparable to the observed pattern speeds seen also in the supergranulation
pattern (Gizon et al., 2003).
Obviously, further effects need to be included to make more conclusive statements about the viability of NEMPI in explaining the formation of magnetic structures in the Sun. Our work could be extended by developing more specific analysis
tools to be used both in observations and realistic numerical simulations. In particular, it would be of interest to have quantitative tools at our disposal that could
distinguish between magnetically and thermally driven downflows.
Further developmets on the observational side could help constraining the models presented in this thesis. We could use new insights from helioseismology about
the sub-surface structure of sunspots. Nowadays, we lack a concensus on the interpretation of helioseismology data, finding opposite results in some cases. Highresolution, stereoscopic data of flows and magnetic fields around sunspots could decrease the degeneracy in the computation of velocity and magnetic field lines. Hence,
we could distinguish between inflows and outflows in cases where the direction of
the flows is unclear.

Epilogue

“We are constructing a case on circumstantial evidence, and we
must be prepared to modify our views as fresh evidence, and
fresh understanding of old evidence, come to light. It is essential
to understand the basis for the existing limited theoretical
treatment of convective dynamics and to keep clearly in mind
the limitations of the arguments presented in this paper.
Therefore, we proceed slowly, asking the reader’s indulgence in a
review of some of the known facts.”
Parker (1987)

The present thesis ended as it started, with frequent visits to Nordita. After six
years of involvement in the project, a lot of progress has been made, and around 27
papers have been published studying the idea of NEMPI in different conditions. This
instability has proved to be an elegant idea to explain magnetic flux concentrations,
but it still is difficult to prove its role in the solar context.
Personally, the opportunity to engage in the development of the idea, and being
able to test alternative approaches to the more accepted theory in the field, gave me
a unique enrichment of my career. Unfortunately, not many PhD theses test the
frontiers of the field - nor are the frontiers questioned very often. Nowadays, we live
in the era of numbers in science: we have more data and better instrumentation than
ever, but we are not questioning the basic ideas. In general, we do not have time, nor
grants that allow for that.
We live in the time of capitalism -production of innumerable nonsense objects,
consume fast, and discard at the first scratch-, and science, as all the other parts of our
lives, suffers the same symptoms. You must write papers, raise your h-index, or your
m-index, or your g-index, or whatever other alternative, get citations, move around,
and apply for grant after grant in a never-ending cycle. Science itself is irrelevant,
new ideas are discarded (too risky), and actual impact of the new research is just notmeasured. Science has more money than ever, more scientists than ever, yet it is not
producing as many new discoveries as before (read for instance www.theatlantic.com/
science/archive/2018/11/diminishing-returns-science/ 575665).
The system turns scientists into robots. Cybermen. And new progress has always
depended on the irrational, capable of thinking out of the box, marvelous and unique
human mind. In turning scientists into robots, the probability of new discoveries is
also killed. And, as humans, we pay a high price for this dehumanization: the rate
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of depression, and even suicides, is alarming. Read for instance royalsociety.org/e/
media/news/2017/understanding-mental-health-in-the-re search-environment.PDF
It is a mistake to detach human nature from the scientist. We need our human
side to survive, we need connections and families (of any kind, and for any definition)
to achieve an integrated, fulfilled life. Moving around every two-three years just
makes it impossible: new country, new rules, new social conventions, new house,
new colleagues, new neighborhood. By the time you start managing that, you have
to move again. Some people just become detached, and don’t even bother to connect
anymore, some other people just don’t care, but most people end up just giving away
their scientific careers. Are they doing bad science? Are they able to make new
discoveries? It really does not matter. It is too high a price. And, of course, it is
totally incompatible with families. Kids cannot start over school in a different new
language every two years. Plus the neccesary time to reallocate the whole family.
I don’t think the problem we should be addressing is women in science, but
re-humanization of science. On the one hand, we celebrate diversity, but, on the
other hand, we crucified someone who dares to say man and woman are different.
And yes, we are different. We all are. And that’s exactly how we evolve: sharing
different perspectives from different points of view. Exterminating this difference
just exterminates science.
Over these years I have seen many people quitting, and the reason never was
never a dislike for science. Maybe we should start wondering who is staying in science, how, and why. Is it really innovation, new ideas, excellence? In the current
situation, is it really possible to pursue new horizons? Just, could had Einstein published his papers nowadays?
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