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Abstract

In the papers presented here, approaches to multi-period valuation
of a liability cashflow in runoff, subject to repeated capital require-
ments, are developed and analyzed. The valuation approaches are
inspired by current risk-based regulatory frameworks for the insur-
ance industry, and consistent with the fundamental principles under-
lying them. The capital requirements are partly financed by capital
providers with limited liability, meaning that the capital providers can-
not lose more than the provided capital. Limited liability is an essential
ingredient in the considered multi-period valuation framework.

In the first paper, multi-period cost-of-capital valuation is consid-
ered. The liability value is defined in terms of the capital provider’s
criterion for accepting to provide capital which gives rise to a back-
ward recursion from which the liability value can be computed. Ex-
plicit solutions to the recursion are obtained when the cashflows can
be expressed in terms of multivariate Gaussian distributions.

The second paper recognizes that due to limited liability (an option
to default) the cashflow to the capital provider can be seen as that of
a financial derivative instrument with optionality. Arbitrage-free val-
uation of this cashflow, similar to the valuation of so-called American
type contingent claims, forms the basis of the multi-period approach
to liability cashflow valuation considered here. The issue of selection of
a replicating portfolio for offsetting the hedgeable part of the liability
cashflow is investigated.

The first two papers consider cashflows and valuations at a fixed
set of times to be interpreted as the years from current time until the
runoff of the liability is complete. In the third paper, the valuation and
cashflow times are allowed to be arbitrary in the form of an arbitrary
partition of the entire runoff period. The focus here is to properly
define and analyze the effects of letting the mesh of the partition tend
to zero, exploring the continuous-time value processes that appear.
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Introduction

Filtrations and Lp-spaces

Consider a probability space (Ω,F ,P). A filtration F = {Ft}Tt=0 is a sequence
of sigma algebras such that F0 ⊆ F1 ⊆ · · · ⊆ FT . We say that a stochastic
process Z = {Zt}Tt=0 is F - adapted if Zt is Ft-measurable, Zt ∈ Ft. F is
usually thought of as describing the increasing information available as time
passes. A common filtration is the natural filtration of a stochastic process
Z, given by FZt := σ(Z0, ..., Zt), which is the smallest filtration to which Z
is adapted. Furthermore we define

L0(Ft) := {X ∈ Ft},
Lp(Ft) := {X ∈ Ft | E[|X|p]1/p <∞}, p ∈ (0,∞),

L∞(Ft) := {X ∈ Ft | ∃b ∈ R, |X| < b a.s.}.

These so-called Lp-spaces are vector spaces. Note that L∞(Ft) is the space of
essentially bounded random variables. All of the definitions above are com-
pletely analogous for the case of a continuous-time filtration F = {Ft}t∈[0,T ]
and continuous-time processes {Zt}t∈[0,T ].

Conditional monetary risk measures

Consider a probability space equipped with a filtration F = {Ft}Tt=0. We
define a dynamic monetary risk measure as a sequence of mappings ρ =
{ρt}T−1t=0 where for some p > 0 and each t, ρt : Lp(Ft+1)→ Lp(Ft) satisfying
the following ([5]):

if λ ∈ Lp(Ft) and Y ∈ Lp(Ft+1), then ρt(Y + λ) = ρt(Y )− λ,

if Y, Ỹ ∈ Lp(Ft+1) and Y ≤ Ỹ , then ρt(Y ) ≥ ρt(Ỹ ),

ρt(0) = 0,

where all relations relations such as Y ≤ Ỹ between random variables are
to be interpreted in the almost sure sense. These properties are called
translation invariance, monotonicity and normalization, respectively. Each
of the individual mappings ρt for t = 0, ..., T − 1 is called a conditional
risk measure. The risk measure is called positively homogeneous if for all
λ ∈ R+, Y ∈ Lp(Ft+1), ρt(λY ) = λρt(Y ). Furthermore the risk mea-
sure ρt is called subadditive if ρt(Y + Ỹ ) ≤ ρt(Y ) + ρt(Ỹ ) and convex if
ρt(λY + (1 − λ)Ỹ ) ≤ λρt(Y ) + (1 − λ)ρt(Ỹ ) for λ ∈ [0, 1]. Many studies of
conditional monetary risk measures, for instance [1], explore risk measures
which are either convex or sub-additive.

An important construction is to consider the mappings ρt,T : Lp(FT )→
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Lp(Ft), defined recursively by the relations, for any X ∈ Lp(FT ),

ρT−1,T (X) := ρT−1(X),

ρt,T (X) := ρt(−ρt+1,T (X)) for t = 0, . . . , T − 2.

This mapping, itself is a conditional monetary risk measure with respect to
times T and t, is time-consistent in the sense of [3],

∀X,Y ∈ Lp(FT ), ρt+1,T (X) ≤ ρt+1,T (Y ) =⇒ ρt,T (X) ≤ ρt,T (Y ).

For a much more detailed exposition on the subject, see e.g. [2].

Some specific conditional monetary risk measures

Two common risk measures, which can be easily converted to dynamic or
conditional risk measures, are Value-at-Risk (VaR) and Expected Shortfall
(ES). Consider a probability space (Ω,F ,P) equipped with a filtration F =
{Ft}Tt=0. For t ∈ {0, 1, . . . , T −1}, x ∈ R, u ∈ (0, 1) and an Ft+1-measurable
Z, let

Ft,−Z(x) := P(−Z ≤ x | Ft),
F−1t,−Z(1− u) := min{m ∈ R : Ft,−Z(m) ≥ 1− u}.

Value-at-Risk and Expected Shortfall as conditional monetary risk measures
are defined as

VaRt,u(Z) := F−1t,−Z(1− u),

ESt,u(Z) :=
1

u

∫ u

0
VaRt,v(Z)dv.

Expected Shortfall satisfies the positive homogeneity, subadditivity and con-
vexity properties while Value-at-Risk satisfies only the positive homogeneity
property.

Cost-of-capital valuation of a liability cashflow in runoff

The main theme of the thesis is multi-period valuation of liability cashflows.
Cost-of-capital valuation in the multi-period setting is studied in papers [5]
and [7], and closely related to the multi-period valuation approach in [6].
Here follows a non-technical summary of the key steps. The procedure is
based on that introduced in [8], inspired by what is prescribed by EIOPA
[4].

Consider integer times 0, 1, . . . , T . All values considered are discounted
by a numeraire asset or equivalently counted in units of the numeraire as-
set. A suitable choice of numeraire asset could be a rolling one-period zero
coupon bond. The valuation of a liability cashflow begins by considering a

7



hypothetical transfer of the liability cashflow along with a replicating portfo-
lio to a company, whose only purpose is to manage the runoff of the liability
cashflow, i.e. until no further liability payments will be made. We denote
the net liability cashflow, or residual cashflow, of the reference undertaking
by X = {Xt}Tt=1. Here it is thus assumed that the runoff is complete at
time T . The reference undertaking is assumed to be given, at time 0, the
liability cashflow, the replicating portfolio and the current value V0 of the
residual cashflow ensuring that it is solvent. The reference undertaking has
to meet externally imposed capital requirements due to regulation and thus
needs injections from an external capital provider.

Now, let Vt be the value of the residual cashflow {Xs}Ts=t+1, i.e. of the
remaining cashflows at time t. We first note that VT = 0, since there is
no liability cashflow after time T . We now assume that Vt is available at
time t, i.e. the company is solvent, and that the capital requirement is given
by Rt = ρt(−Xt+1 − Vt+1) ≥ Vt, where ρt is a conditional monetary risk
measure. For many practical applications, ρt = VaRt,p, i.e. Value-at-Risk
conditional on the information available at time t. The capital provider is
then asked to provide Ct := Rt−Vt at time t, recieving the surplus available
at time t+ 1, which is given by

surplust+1 = (Rt −Xt+1 − Vt+1)+, (·)+ := max(·, 0).

Hence, the capital provider recieves all the surplus capital at time t + 1 or
nothing if the company turns insolvent at time t+1, i.e. if Rt−Xt+1−Vt+1 <
0. This procedure is illustrated in Figure 1.

The capital provider will only make this investment if the acceptability
criterion,

(1 + ηt)Ct = E[(Rt −Xt+1 − Vt+1)+ | Ft], (1)

is met. Here −1 < ηt ∈ Ft is the cost-of-capital rate of the capital provider,
e.g. ηt = 5%. From this, we may solve for the value at time t and get the
recursive relationship

VT (X) := 0,

Vt(X) := ρt(−Yt+1)−
1

1 + ηt
E
[(
ρt(−Yt+1)− Yt+1

)
+
| Ft

]
, (2)

Yt+1 = Xt+1 + Vt+1(X).

Here we make the dependence of the process X explicit by writing Vt(X)
instead of Vt. Defining the mapping

ϕt(Y ) := ρt(−Y )− 1

1 + ηt
E
[(
ρt(−Y )− Y

)
+
| Ft

]
, (3)

the recursion can be written as Vt(X) = ϕt(Xt+1 + Vt+1(X)). The concept
of writing the recursion in the form of a mapping and the properties of such
a mapping are investigated in all three papers.
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Figure 1: Figure illustrating of the valuation procedure. At time t, the company is
assumed to be solvent and thus in possession of the amount Vt, recieveing the capital
injection Ct from the capital provider. This ensures that the company has the amount Rt
available at time t with which to meet its obligations at time t + 1. If Xt+1 + Vt+1 ≤ Rt,
the surplus capital is paid out to the capital provider. If Xt+1 + Vt+1 > Rt, the company
is insolvent and the capital provider recieves nothing, but has no obligation to offset the
deficit.

Summary of papers

Paper 1

In the first paper [5], we study relation (2) under the slightly more general
setting where the conditional expectation is replaced by a conditional utility
function Ut : Lp(Ft+1)→ Lp(Ft):

VT (X) := 0,

Vt(X) := ρt(−Yt+1)−
1

1 + ηt
Ut
(
ρt(−Yt+1)− Yt+1

)
+

∣∣), (4)

Yt+1 = Xt+1 + Vt+1(X).

The properties of the corresponding mapping, which in [5] is denoted by
Wt, is explored and closed-form values are calculated for some models of the
cashflow X. In particular, cashflows with a Gaussian structure are shown to
have values with closed-form expressions. Conditions are provided for which
Wt is a mapping Wt : Lp(Ft+1) → Lp(Ft) with monotonicity, translation
invariance and normalization properties and the value Vt(X) is shown to
be time-consistent, with a structure very similar to that of a dynamic risk
measure.
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Paper 2

The second paper [6], can be considered a natural extension of [5] . One
of the main differences is that now we assume the existence of a pricing
measure Q with the property that market prices of traded assets are Q-
expectations of the corresponding discounted payoffs. Hence, the capital
provider’s acceptability criterion is given by

Ct = EQ[(Rt −Xt+1 − Vt+1)+ | Ft],

with the same notation as in (1). Notice that X is not a traded cashflow.
Therefore the choice of Q is not possible to infer completely from market
prices and is a modeling choice. However, the capital requirements are
given by the P-dynamics of the value of the liability cashflow, complicating
things slightly. Another difference from the first paper is that the value
of the residual liability cahsflow is now motivated by a optimal stopping
problem from the point of view of the capital provider, providing an alternate
approach to defining the value of the residual cashflow.

Furthermore, the choice of replicating portfolio is considered, and the
liability value is defined as the sum of the cost of the replicating portfolio
and the value of the residual liability cashflow. For a change of measure
given by a Girsanov transformation, a closed form value for cashflows with
a Gaussian structure is derived.

Paper 3

In the third paper, [6], we again study the value given by (2), but with
the re-valuations occurring at arbitrary points of time 0 = τ0 < τ1 < τ2 <
... < τm = T , rather than at integer times. Denote by τ this partition of
the interval [0, T ]. The residual cashflow correpsonding to the time period
(τi, τi+1] (to be paid out at time τi+1) is now assumed to be given by the
increment ∆Lτi+1 := Lτi+1 − Lτi of a continuous-time stochastic process
{Lt}t∈[0,T ]. The cost-of-capital rate of the capital provider in this paper is

given by ηδ = (1 + η)δ − 1. η can be thought of as the yearly, fixed, cost-
of-capital rate for the capital provider. Furthermore we specify the capital
requirement with respect to the net asset value −Yt+δ ∈ Ft+δ at time t+ δ,
Yt+δ to be given by VaRt,1−αδ(−Yt+δ) where αδ := αδ. α can be thought of
as the required yearly probability of staying solvent. This setup leads to the
following recursive definition of the general multi-period value, with respect
to the partition τ :

V τ
τk

(L) := W δk
τk

(∆Lτk+1
+ V τ

τk+1
(L)), V τ

T (L) := 0,
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where

W δk
τk

(Y ) := VaRτk,1−αδk (−Y )− 1

1 + ηδk
Eτk
[
(VaRτk,1−αδk (−Y )− Y

)
+

]
,

δk := τk+1 − τk.

This definition of the value is completely analogous to that of Paper 1, but
the main object of the paper is to study the existence of a limit, ”V τ

t (L)→
Vt(L)” as the mesh of τ goes to zero, similar to the definition of a Riemann
integral. The main results of the paper are the properties of this limit object
for some specific processes. Put informally, we prove that if a process X is
tame enough,

Vt(X + L) = Vt(X) + Vt(L) = E[XT −Xt | Ft] + Vt(L).

We secondly prove that a large class of Itô diffusions satisfy this tameness
property. Our third result is to derive the continuous-time value Vt(L) in
the case where L lies in a class of additive processes where certain regularity
conditions apply. This class includes, as an example, time-inhomogeneous
compound Poisson processes with deterministic and differentiable intensity.
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