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Abstract

Realistic numerical simulations of the solar atmosphere can be used to interpret different phenomena observed on the
solar surface. To gain insight into the atmospheric physical conditions, we compare the observations with 3D radiative
magnetohydrodynamic models combined with forward modeling (radiative transfer). This thesis focuses particularly on the
less understood chromospheric layer between the photosphere and the transition region. Only a few and complex spectral
lines can probe the chromosphere making its observations a real challenge. The chromospheric environment is strongly
influenced by departures from local thermodynamic equilibrium (non-LTE), horizontal radiative transfer (3D effects), and
partially-coherent scattering of photons (partial redistribution effects). All these effects make the detailed 3D non-LTE
radiative transfer very computationally demanding.
In paper I, we focus on increasing the efficiency of non-LTE modeling of spectral lines in realistic solar models. We
implemented a non-linear multigrid solver into the Multi3D code and showed that the method can handle realistic model
atmospheres produced by radiative-MHD simulations. We obtained a speed-up of a factor 4.5-6 compared to multilevel
accelerated lambda iteration.
In paper II, we studied the chromospheric resonance lines Ca II H&K. Understanding their formation is crucial to
interpreting the observations from the new imaging spectrometer CHROMIS, recently installed at the Swedish 1-m Solar
Telescope. We investigated how the synthetic observables of Ca II H&K lines are related to atmospheric parameters.
In paper III, we investigated a simulated active region including flux emergence that produced a flare. We modeled
strong chromospheric lines, such as Ca II H&K, 8542 Å, Mg II h&k, and H-alpha, to investigate how it appears in synthetic
images and spectra.
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1. Introduction

The Sun is an ordinary star in terms of size and brightness. But its proximity to
the Earth makes it a unique astronomical object for us. This gives solar physics
a unique position in astronomy. We can observe solar events in space and time
in great detail. All radiation we observe from the Sun originates from the core,
the energy is produced through fusion processes. It is transported outwards by
radiative diffusion of the photons. At locations where this radiative diffusion
of energy is not efficient, convection takes over and transfers the energy to the
surface. At the surface, the gas becomes almost transparent, allowing most of
the photons to escape into space and the hot gas to cool down and sink down
to the bottom of the convection zone, creating the granulation pattern at the
surface. This layer is called the photosphere and it is a few hundred kilometers
thick. Above the photosphere, we find the chromosphere, the transition region, and the corona. With instruments, we can observe these layers at specific
wavelengths (see for example Fig. 1.1). These regions have a higher temperature than the photosphere. The chromosphere reaches up to 20,000 Kelvin,
the corona roughly 1,000,000 Kelvin, and the transition region is the interface
between these two layers where the temperature rapidly increases. Still, today,
the heating processes in the solar atmosphere are not fully understood. The
solar magnetism is an important key to understand the outer solar atmosphere.
It is thought to be partly generated by dynamo processes in the solar interior,
but it manifests itself at the surface with phenomena such as sunspots. Further
out in the atmosphere the magnetic field plays a dominant role in setting the
plasma structure, as seen in Figure 1.1. By combining numerical modeling
and observations, we can explore the magnetic processes of the Sun. The simulations try to reproduce the local quantities of the Sun that can be compared
with observations. Eventually, a comparison can tell whether the simulations
include the necessary physical processes to explain the observations. To make
such a comparison, we need to synthesize spectral lines from the simulations.
However, synthesizing the spectral lines in detail with 3D radiative transfer is
computationally more expensive than the actual simulations of the solar atmosphere. This thesis aims to interpret the chromosphere using simulations, with
a focus on the resonance lines Ca II H&K, using 3D non-LTE radiative transfer
and solving the problem more efficiently than with current methods.
In this chapter, we describe why it is essential to investigate the chromo7

Figure 1.1: A sunspot as seen with the Swedish 1-m Solar Telescope (Scharmer
et al. 2003) in the line core of H-α. The image shows sunspot in the chromosphere. Credit: J. Joshi and J. P. Bjørgen, SST, 2015.

sphere, to understand the heating processes and how simulations might explain
the physical processes in the chromosphere. This thesis is based on the unpublished Licentiate thesis ’3D non-LTE radiative transfer with a multigrid
scheme’, written by the present author and defended on the 19th April 2017.
Chapter 1 is mostly taken from my Licentiate thesis, whereas Section 1.2 is
updated with new simulations and Figure 1.5 has been added. Chapter 2 is
entirely new to relate Paper II and III. In Chapter 3 the following sections
have been added: 3.2.8, 3.2.9, and 3.3.1. Some sections have been revised and
with added new content. Chapter 4 is taken from my Licentiate thesis with
only minor changes.

1.1

The solar chromosphere

The chromosphere is probably the least understood atmosphere layer of the
Sun. It is a dynamic and inhomogeneous layer, about 1.5 Mm thick according
8

Figure 1.2: An active region at the limb observed with the Swedish 1-m Solar
Telescope (Scharmer et al. 2003). Observed in the line core of H-α (right) and
at ∆λ = -1 Å from the line core (left). The left panel shows dark elongated structures, spicules, with faculae seen in the lower left corner. A sunspot is located at
the limb but we do not see it. Credit: J. Joshi and J. P. Bjørgen, SST, 2015.

to the classical semi-empirical models (Vernazza et al. 1981). The temperature increases from a minimum of about 4200 K towards the transition region
reaching up to 20 000 K and the gas density drops exponentially by many
orders of magnitude in the chromosphere. This makes the modeling complex.
While the photosphere is weakly ionized and the corona is fully ionized,
the chromosphere is a partially ionized magneto-fluid. The chromosphere is
the region where the magnetic pressure starts to dominate the gas pressure.
The ratio between the gas pressure and magnetic pressure can be defined as:
β=

Pgas
.
Pmag

(1.1)

At the photosphere, the gas pressure dominates (β > 1) while in the chromosphere, the gas density drops exponentially and the magnetic pressure starts
to dominate over the gas pressure. The magnetic field expands into a canopy
shape and ultimately fills all space. Therefore, the magnetic field strength decreases with height. Since the Zeeman splitting scales linearly with the magnetic field strength, the study of the magnetic properties via Zeeman splitting
becomes quite challenging. Understanding how the magnetic field behaves in
the chromosphere is essential to study the heating processes and the structuring
of the region (e.g. de la Cruz Rodríguez et al. 2013).
Different mechanisms have been suggested to explain chromospheric heat9

Figure 1.3: The formation height of different spectral lines. The average temperature profile is based on fitting observations with synthetic spectral lines from
models. The observations are from a quiet-Sun region. Taken from Vernazza
et al. (1981).

ing. One hypothesis is that the chromosphere is heated by Alfvén waves. A
possible scenario is that they propagate upwards from the photosphere into
the chromosphere/corona (Alfvén 1947), where the waves are dissipated and
release magnetic energy. Another possibility is heating by magnetic reconnection (Parker 1972), which consists of a rearrangement of the magnetic field
lines into a lower energy state. It is now believed that the chromosphere is not
heated by a single process, but rather a combination of several processes (e.g.
Parnell & De Moortel 2012).
Similar mechanisms are required for heating the corona. However, the
chromosphere has a higher density than the corona. Therefore, the radiative
losses are much higher in the chromosphere than in the corona. To compensate
the radiation losses in the chromosphere, most of the heat has to be deposited
in this layer. Therefore, it is essential to understand how the chromosphere
behaves.
Figure 1.3 shows some of the most important spectral lines for solar observations, such as the H-α, Ca II K, and Mg II k line. We use spectral lines to
10

probe the chromosphere by means of space-borne satellites and ground-based
facilities. To interpret these spectral lines and understand the observations, we
need to create models of the solar atmosphere. One way to create a model
atmosphere is based on fitting spatially and temporally averaged line and continuum intensity with a 1D model. Such an example is seen in Figure 1.3,
which shows the fitted temperature profile. To get a more realistic picture of
the solar atmosphere, we have to simulate the conditions at the Sun in threedimensional models.

1.2

Modeling of the chromosphere

The Sun consists of partially ionized gas. It can be modeled by solving the
hydrodynamic equations with the Maxwell equations (magnetohydrodynamics, MHD). Realistic three-dimensional time models of the solar atmosphere
were pioneered by Nordlund (1982). He was able to simulate realistic granulation patterns in the solar photosphere produced by convective flows (examples of granulation can be seen in Figure 3.5). This was further improved
and showed agreement with observed properties of the granulation (Stein &
Nordlund 1998).
The assumption of local thermodynamical equilibrium (LTE) together with
an opacity-binned method (group the opacity into a few bins) by Nordlund
(1982) is used to solve the radiative transfer problem, and so model the energy
exchange between plasma and radiation in the atmosphere. This works well for
the upper convection zone and the photosphere. In contrast, the chromosphere
needs more accurate radiative transfer than LTE due to its low density which
leads to non-LTE effects. Skartlien (2000) proposed a method using coherent
isotropic scattering with opacity-bins. This provided a better approximation
of the radiation interactions with the plasma in the chromosphere than LTE.
The advantage of these assumptions, coherent scattering and a limited number of frequency, is that non-LTE effects can be implemented in an approximate way with much less effort than solving the full radiative transfer problem, since the radiative MHD simulations require only frequency-integrated
radiative gains and losses. Skartlien et al. (2000) was the first to include the
chromosphere into the three-dimensional (3D) models with the spatial resolution of ∆x, y = 188 km. Wedemeyer et al. (2004) included the chromosphere
using 3D models with higher spatial resolution, ∆x, y = 40 km and a simple
LTE description of the radiative transfer. This high-resolution model allowed
them to investigate the small-scale structures of the chromosphere. Wedemeyer
et al. (2004) observed acoustic waves from the convection motions propagating upwards into the chromosphere. Here they deposited mechanical energy
and added heat to the chromosphere. Using 3D models, they showed that the
11

Figure 1.4: Volume rendering of two temperature distributions at different angles; T=6.3kK (left) and T=79.4kK (right) from a Bifrost simulation. The left
panels are seen from the top and right panels at the side of the atmosphere. The
magnetic strength, Bz , is seen as positive polarity (blue) and negative polarity
(red). Adapted from Carlsson et al. (2016).
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Figure 1.5: Volume rendering of two temperature distributions at two different
angles; T=32.2kK (top/middle) and T=103 kK (bottom) from a MURaM simulation of an active region. The top panel is seen from the top and middle/bottom
panels from the side of the atmosphere. The vertical magnetic field strength, Bz ,
is seen as positive polarity (red) and negative polarity (blue).
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chromosphere could be cool or hot at the same time due to large temperature
fluctuations. Wedemeyer et al. (2004) confirmed the results of Carlsson &
Stein (1994, 1997) showing that the shocks provided an increase in the radiation temperature without increasing the mean gas temperature.
Numerous studies have used three-dimensional radiative MHD simulations
to explain different solar phenomena: the formation of umbral dots (Schüssler
& Vögler 2006), penumbral fine structure (Heinemann et al. 2007), faculae
(Carlsson et al. 2004; Keller et al. 2004; Steiner 2005). Hansteen (2004) performed the first three-dimensional model from the upper convection zone to
the corona with a non-LTE chromosphere. The Bifrost code is an improved
version built on the older STAGGER code (Gudiksen et al. 2011). Bifrost is
now regarded as the state of the art radiative MHD code for the entire upper
solar atmosphere. It uses domain decomposition and the Message Passing Interface (MPI) for parallelization. This allows it to run models with high spatial
resolution, and simulate all the layers, from the convection zone to the corona,
together in one system. Bifrost includes radiative transfer with scattering in
the photosphere and the chromosphere (Hayek et al. 2010), optically thin radiative losses in the chromosphere and the corona, and heat conduction along
the magnetic field in the transition region and the corona. Non-equilibrium ionization of hydrogen (Leenaarts et al. 2007) and helium (Golding et al. 2016)
are included. The models from Bifrost are used as a laboratory to study line
formation in the chromosphere and find correlations between line observables
and atmospheric parameters (see Section 3.3). PAPER I and II used model
atmospheres from Bifrost (Carlsson et al. 2016; Gudiksen et al. 2011), see
Figure 1.4 for a volume rendering for one of the models.
More recently the radiative MHD code MURaM (Vögler et al. 2005) has
extended the simulations from the upper convection zone up to the corona
(Rempel 2017). Currently, the chromosphere in the simulations is treated
in LTE with grey-approximation for the radiative transfer without scattering.
Nevertheless, combined with other approximations, such as an artificially lower
the speed of light, allowed Rempel et al. (2017) to perform a simulation spanning an entire active region containing a bipolar sunspot pair (Cheung et al.
2018). Figure 1.5 shows the volume rendering of the temperature stratification. The simulated chromospheric temperature shows large elongated structures originating from the sunspot and the simulated corona temperature shows
many thin loops expanding up into the atmosphere. It is obvious that this simulation portrait a different chromosphere than the simulated one in Bifrost, see
Figure 1.4. This model contains a strong magnetic field and higher temperature at larger mass density than the model atmosphere from Bifrost. PAPER
III uses a snapshot from this latest simulation of an active region, but at twice
increased resolution than used by Cheung et al. (2018).
14

The current MHD simulations are performed without any constraints from
the observations, minimizing the number of free parameters required. However, the magnetic field is still a free parameter. To verify whether the MHD
models contain the properties of the Sun in a statistical sense, we compare
them to high-resolution observations. Then, we can study how synthetic observables are related to atmospheric parameters.
The MHD models only involve the computations of the intensity for few
frequency bins in non-LTE. To be able to compare the individual spectral lines
with observations we need the detailed spectrum which consists of hundreds
of frequency points. That can be obtained by solving the full radiative transfer.
In PAPER I, II, and III we retrieved the detailed spectrum of the chromospheric lines Ca II H&K. To these and other important spectral lines we
devoted Chapter 2. Chapter 3 gives an overview of the non-LTE radiative transfer problem, with particular emphasis on the requirement to solve the problem
and applications to calculate the detailed spectrum with 3D non-LTE radiative
transfer. Chapter 4 focusing on the numerical multigrid method and its usage
in non-LTE radiative transfer calculations.

15
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2. Chromospheric spectral lines

The Ca II H&K lines are prominent features in the solar spectrum because
of their broad line wings and characteristic double emission peaks in the line
core. The lines are formed in the transition between the ground state of Ca II
(4s2 S1/2 ) and upper levels of 4p2 P. These two transitions produce a photon
with the wavelength of 3968.469 Å for the H line and 3933.663 Å for K line.
Figure 2.1 shows the solar spectrum at the wavelengths where Ca II H&K
lines are located. Other strong resonance lines, such as Ly-α (1215.7 Å) and
Mg II h&k (2803.5 Å and 2796.4 Å) are in the near-UV and these lines can
only be observed from space, because O2 and O3 in the Earth’s atmosphere
absorb strongly below 3000 Å. The Mg II h&k and Ly-α lines were only first
observed in the solar spectra in the 40s and 50s (Hopfield & Clearman 1948;
Pietenpol et al. 1953) using V-2 rockets. The Ca II H&K lines are unique in
the visible solar spectra since they are the only resonance lines of an abundant
element in its dominant stage of ionization (Ca II). These lines are the most
opaque lines in the visible part of the solar spectrum and are formed in the
upper chromosphere where they provide unique diagnostic of its dynamics and
structures. Hence, the Ca II H&K are among the preferred chromospheric
spectral lines for ground-based solar facilities.
This chapter gives a brief overview of the spectral lines used to observe the
chromosphere, with particular focus on the Ca II H&K lines.

2.1

Overview of the formation of Ca II H&K

The Ca II H&K lines were first categorized by Joseph Fraunhofer in 1814,
which still holds its original designation, H and K. The information about the
chromosphere is encoded in the line core and requires a fairly high spectral
resolution to resolve the emission peaks and the core. One example of such
an observation was performed by Hale (1892), shown in Fig. 2.2. Due to the
peculiar shape of the resonance lines, Hale & Ellerman (1904) designated three
distinct features for each of the spectral lines. The first minima are identified
as H1 /K1 , the emission peaks as H2 /K2 , and the line core absorption as H3 /K3 .
Later, it was more common to give an additional designation, depending on
the position relative to the line core, V or R, which correspond to the violet or
17
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Figure 2.1: The spatially averaged intensity spectrum which covers the range
of the Ca II H&K lines. The spectra is taken from quiet-Sun observations of
the solar disk center observed at Kitt Peak Observatory, from the Hamburg atlas
(Neckel 1999; Neckel & Labs 1984).

Figure 2.2:
Ca the
II H&K
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Spectroheliograph
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troheliograph, observed in December 1891 at the Kenwood Observatory in USA.
Observatory, Chicago, by George E. Hale.
Taken from Hale (1892).
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red part of the lines. Figure 2.1 shows the classifications of the Ca II K line
features.
The origin of the double reversal has been intriguing since the first observations of Ca II H&K. Early laboratory experiments showed that the UV
lines of aluminum passing through a cool and a heated vapor produced a double reversed spectral lines, similar to the Ca II H&K lines (e.g. Hale 1894).
This lead Hale (1894) to suggest that the solar chromosphere had a thermal
inversion layer, where there existed a hot gas layer above a cool layer, which
could explain the double emission peaks. At that time, there was no evidence
for a temperature rise in the chromosphere. However, ten years later, Hale &
Ellerman (1904) abandoned the idea of high temperatures in the solar chromosphere, since it would have been abnormal to have a hot layer above a cold
layer (the photosphere), and they speculated that other effects (chemical or
electrical, but not thermal) could produce the emission peaks. Several other
authors investigate the Ca II shape (see review by Linsky & Avrett 1970). One
of them was Miyamoto (1953) who suggested that the Ca II H&K lines should
be treated with non-coherent scattering (commonly referred as complete redistribution, CRD) in the line core and partial coherent scattering (partial redistribution, PRD) in the line wings. Miyamoto (1953) could reproduce the emission peaks with an isothermal semi-infinite atmosphere, however, the model
did not include important aspects such as a chromospheric temperature rise.
Jefferies & Thomas (1959) proposed that the cause of the double reversal is that the line source function maps the chromospheric temperature rise,
and the peaks are formed at the maximum of the line source function, which
higher up decrease in strength with height. This became the standard explanation. Most studies assumed complete redistribution and frequency independent source function until the 70’s (e.g. Athay & Skumanich 1968; Jefferies &
Thomas 1960). Still, the models performed with complete redistribution could
not explain several observational characteristics, such as the increasing emission peak separation (∆λ = λ (K2R ) − λ (K2V )) and a decreasing intensity at
H1 /K1 /H2 /K2 features toward the limb (limb darkening).
A turning point came in the 70s when semi-empirical 1D plane-parallel
models and more powerful computers became available, to allow detailed calculations with partial redistribution (see Section 3.2.8), so far neglected in previous calculations. One example of such a semi-empirical model is shown in
Figure 1.3. Vardavas & Cram (1974) were the first to include both a chromospheric temperature rise and partial redistribution with a two-level model atom
of Ca II. Vardavas & Cram (1974) concluded that partial redistribution must be
included in the calculations because it is needed to reproduce, quantitatively,
an increase of the limb darkening, which is not possible with the complete redistribution assumption. The limb darkening is caused by the frequency depen19

dence of the source function that in partial redistribution, is coupled separately
to the temperature at each frequency.
Based on the previous study of Vardavas & Cram (1974), Shine et al.
(1975) and Uitenbroek (1989), performed more detailed studies with a fivelevel Ca II model atom plus continuum, including the H/K-line with the infrared triplet lines. Their conclusions support the results from Vardavas &
Cram (1974). All these studies relied on the common assumption of planeparallel model atmospheres (HSRA,VAL3C Gingerich et al. 1971; Vernazza
et al. 1981). However, these model atmospheres do not represent the highly inhomogeneous and a dynamic solar chromosphere. Jewell (1896) observed that
the emission peaks of Ca II H&K are frequently asymmetric and frequently
the violet peak (K2V ) is stronger than K2R . Other authors suggested that the
cause of the asymmetrical peaks of Ca II H&K are due to the presence of some
velocity gradients in the atmospheres (Cram & Dame 1983). Carlsson & Stein
(1992, 1997) used 1D non-LTE radiative hydrodynamical simulations to show
that acoustic shocks from the photosphere can cause the asymmetric peaks.
The most significant limitation of these one-dimensional radiative hydrodynamical simulations is the assumption of horizontal homogeneity. Further
up in the chromosphere the mass density drops and collisions become less frequent, completely uncoupling the radiation field from the local conditions. For
strongly scattering resonance lines, such as Ca II H&K, the mean free path of
a photon can be much larger than the scale of the horizontal inhomogeneities
in the atmosphere. Therefore, to compute their line-core intensity we need
to take into account the horizontal inhomogeneities in the calculations of the
radiation.
It was only in the late 80’s the first realistic model atmospheres in 3D
arose, usually limited to the lower-chromosphere regime. With a larger computational power and efficient numerical methods, the first model of the whole
solar atmosphere, including the chromosphere and corona, was created in the
late twentieth century (See chapter 1.2). Still, including both partial redistribution and three-dimensional radiative transfer in the calculations was computationally infeasible, due to instabilities in the convergence to solve the radiative
transfer problem (Leenaarts et al. 2013a). This problem was solved by Sukhorukov & Leenaarts (2017), who introduced an efficient algorithm to include
3D partial redistribution in the calculations.
This implementation opens the possibility to study the Ca II H&K including the two critical components: the partial redistribution and 3D effects simultaneously. Both these effects are included in PAPER II and PAPER III in
the radiative transfer calculations for the Ca II H&K lines.
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2.2

Observations of Ca II H&K

The chromospheric spectral lines of H-α and Ca II 8542 Å show that the solar
surface is covered by a carpet of fibrils. In contrast, in the Ca II H&K lines the
fibrils were absent from most observations (e.g. Rutten 2006). The reason is
a combination between observational constraints and the short wavelength of
Ca II H&K lines. The line core is rather narrow (∼ 0.4 Å) whereas all observations were performed with broader filters having wide transmission profiles
of the order of 0.3-3 Å (e.g. Kosugi et al. 2007; Zirin 1974). As a result, the
line core intensity is contaminated with photospheric and lower chromospheric
signal, and thus contains less structure from the upper layers of the chromosphere. Also, the combination of the shorter wavelengths, (∼ 3900-4000 Å)
cause an increase in seeing disturbances, fewer photons due to the slope of the
Planck curve of the Sun, and to some extent also lower sensitivity of detectors. All these issues increase the exposure time, therefore reducing the spatial
resolution of the observations (e.g. Cauzzi et al. 2008; Reardon et al. 2009).
Therefore, it is challenging to observe the Ca II H&K lines with an imaging
system.
Spectrographs have a high spectral resolution that can resolve the line core
of Ca II H&K (Rezaei et al. 2008). Such observations were made by De Pontieu et al. (2012) who used the TRIPPEL spectrograph (Kiselman et al. 2011)
with a spectral resolution of 0.016 Å to measure the torsional motions in type
II spicules, short jet-like features heated to coronal temperatures. Still, raster
scans are not coherent in time in contrast to an imaging system.
Narrow-band imaging systems provide images that are coherent in time,
such as IBIS (Dunn Solar Telescope) and CRisp Imaging SpectroPolarimter
(CRISP, Swedish 1-meter Solar Telescope). These systems only work at wavelengths longer than about 5000 Å and for example provide excellent images of
the infrared triplet line, Ca II 8542 Å (Cauzzi et al. 2008; Scharmer et al. 2008).
In August 2016, the CHROMospheric Imaging Spectrometer (CHROMIS,
Scharmer 2017) was installed at the Swedish 1-meter Solar Telescope. It
is a Fabry-Pérot interferometer designed for the blue part of the spectrum
(3800 − 5000 Å), unlike CRISP/SST instrument which operates in the red part
(5000 − 8600 Å). CHROMIS is optimized to study the Ca II H&K lines with a
narrowband filter with a theoretical transmission profile of 80 mÅ (Scharmer
2017), but can also observe the Hβ line. With CHROMIS we can for the first
time observe the upper chromosphere at a high resolution with narrow-band
imaging. Figure 2.3 shows the first light image of CHROMIS.
Figure 2.4 displays images observed in different chromospheric lines, such
as H-α, Ca II 8542 Å, and Ca II K. With CHROMIS, we can now see that the
line core of Ca II K shows fibrils, similarly to Ca II 8542 Å and H-α. We can
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Figure 2.3: First observations taken with CHROMIS at the 31st August 2016
with the Swedish 1-m Solar Telescope. The left image shows H-β wing and
right image shows Ca II K wing. Courtesy of Göran Scharmer.
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observe at a spatial resolution that is superior to that of previous observations,
close to the theoretical diffraction limited spatial resolution of 1.22λ /D ≈ 0.00 1
at the wavelength of Ca II K with SST.
Several studies have already utilized the CHROMIS instrument, mainly
using the Ca II K line, such as investigations of plasmoids (Rouppe van der
Voort et al. 2017), chromospheric heating during flux emergence (Leenaarts
et al. 2018) the velocity field of a supergranular structure (Robustini et al.
2018), and penumbral microjets (Esteban Pozuelo et al. 2018).

2.3

Overview of other chromospheric lines

Hydrogen is the most abundant element in the solar atmosphere and produces
the most popular spectral line to study the chromosphere, the H-α line (6563
Å). The H-α line is very broad because of the large thermal broadening, due
to the low atomic mass. This makes the H-α line easier to observe compared
to other narrower lines, such as the Ca II H&K lines.
Thanks to its optically thick line core H-α is excellent for studying the
morphology of the chromosphere. H-α forms in the low-β regime, therefore
the fibrils, elongated structures with lower intensity with respect to the mean
chromosphere intensity, tend to follow the magnetic field (Leenaarts et al.
2012a), shown in Figure 1.2.
The next line in the Balmer series is the H-β line (4861 Å), formed in
the chromosphere. Capparelli et al. (2017) used this line combined with H-α
to study the intensity ratio in a solar flare to estimate the energy input in the
chromosphere. With the installation of CHROMIS, H-β can be observed with
a narrow-band imaging system which opens new possibilities for the chromosphere.
A popular line to measure polarization to obtain the magnetic field vector
in the mid-chromosphere is Ca II 8542 Å, one of the infrared triplets lines.
It is one of the main lines for studying the chromosphere from ground-based
facilities since the wavelength is in the near infrared, resulting in a shorter
exposure time. An effective Landé factor of geff = 1.1 makes it sensitive for
detecting polarization signals through the Zeeman effect. The line has been
used to study the magnetic field orientation along fibrils in the chromosphere
(de la Cruz Rodríguez & Socas-Navarro 2011).
He 10830 Å and the He D3 (5876 Å), are usually employed to obtain the
magnetic properties in the upper chromosphere. These lines get their opacity
from EUV radiation from the transition region and corona that irradiates the
chromosphere (Leenaarts et al. 2016). Radiation ionizes neutral singlet helium,
allowing it to populate the triplet system through subsequent recombination
(Centeno et al. 2008). These lines have been used to investigate the magnetic
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Figure 2.4: A unipolar region at the limb (µ=0.3) observed with the Swedish
1-m Solar Telescope. The following panels show: (a) Contiuumn at 4000 Å, (b)
Ca II 8542 Å (c) H-α (d) Ca II K, blue wings intensity of H-α at ∆λ = −0.6 and
(f) Ca II K Å at ∆λ = −0.34 Å, respectively. Image courtesy of C. Robustini,
based on Robustini et al. (2018).
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properties in the upper chromosphere (Schad et al. 2015). He I D3 has been
used to estimate the temperature range of Ellerman bombs (Libbrecht et al.
2017) and magnetic field topology of a C-class flare (Libbrecht et al. 2018).
The Mg II h&k (2802.7 Å and 2795.5 Å) lines sample the upper chromosphere higher up than the Ca II H&K lines, since magnesium is more abundant and ionizes at higher temperatures (15 eV) than calcium (11.9 eV). With
the Interface Region Imaging Spectrograph (IRIS) satellite (De Pontieu et al.
2014) we can study the chromosphere right below the transition region using
the Mg II h&k lines, see Figure 1.3. The Mg II h&k line profiles share many
similarities with the Ca II H&K lines, such as double emission peaks in the
line core. However, the spatial resolution of Mg II h&k observations is much
lower than of Ca II H&K observations.
Further up in the chromosphere and the transition region, the strong resonance line Ly-α (1216 Å) can be observed. By using the Hanle effect, it is in
principle possible to obtain the magnetic properties of a quiet region on the Sun
(Kubo et al. 2014) at the upper chromosphere and transition region. Schmit
et al. (2017) observed the UV resonance lines Ly-α and Mg II h&k simultaneously and found some similarities between these spectral lines. However, they
did not find as tight correlation as expected. Schmit et al. (2017) argued the
lack of correlation is caused by a larger offset in the formation height between
the spectral lines than expected.
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3. Radiative transfer

Almost all our understanding of astrophysical objects relies on information
from the electromagnetic spectrum. There are only a few in-situ experiments,
which however are limited to exploring extraterrestrial bodies in the solar system. So we are left with observing and analyzing the spectra of astrophysical
objects. The electromagnetic spectrum provides us with a great deal of information about the local conditions of the objects we are observing. To decode
this information, we need an instrument to observe the spectrum with high fidelity and good understanding of radiative transfer. However, coupling the theory with observation is not an easy task. Decoding the spectrum is a complex
undertaking, both theoretically and numerically. When observing the spectrum from a star, we often see a continuum with a few or many dark lines in
the spectrum. These lines can in general terms be explained as the result of an
interaction between the radiation field and the atoms of the stellar atmosphere.
The goal of decoding the spectrum is to infer the thermodynamic properties of
the gas. This is a non-trivial task because the photons can originate from different depths in the stellar atmosphere with different local conditions. In this
chapter, we will address how to solve the radiative transfer problem, mainly in
the context of solar applications, both theoretically and numerically.

3.1

Theory

We will go trough the basic theory to solve the time-independent non-linear
radiative transfer problem.

3.1.1

Radiation

Radiation propagating from the surface of an object is quantified as intensity
Iν . If there are no contributions or absorption along the sight of the observer,
then it is constant. The change of the intensity along a path can be described
by the transport equation:
dIν
= ην − χν Iν ,
ds

(3.1)
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where ds is the geometrical path length, ην is the emissivity, χν , is the
absorption, and ν for a certain frequency. It can be reformulated in terms of
the source function Sν , the ratio between the emissivity and absorption, and
the optical path length τν :
dIν
= Sν − Iν .
(3.2)
dτν
In integral form, this equation is often called the formal solution:
∗

Iν (τν∗ ) = Iν (τν )e

−(τν∗ −τν )

Zτν

+

∗

Sν (tν )e−(τν −tν ) dtν .

(3.3)

τν

Eq. 3.3 describes the emergent intensity trough a medium, where we add
all the contributions from each source point in the range τν → τν∗ .

3.1.2

Processes

To describe how the intensity changes we need to couple it to the microscopic
processes. Different mechanisms can contribute to the intensity.
Bound-bound transitions
A photon emitted or absorbed via an electron transition depends on the energy
of the transition levels, hν = E j − Ei , where j is the upper state and i is the
lower state. We consider four mechanisms here:
• Spontaneous emission:
An electron in an upper state has a finite lifetime before it makes a transition to a lower state emitting a photon with a given frequency. This is
defined by the Einstein coefficient A ji , often called the inverse lifetime.
The photon is emitted in a random direction.
• Stimulated emission:
The radiation influences the atomic state by deexciting an electron, from
an upper to a lower level. The emitted photon has the same direction as
the inducing one. This is characterized by the Einstein coefficient B ji ,
often regarded as a negative absorption contribution.
• Absorption:
An electron bound to an atom makes a transition to a higher level by
absorbing a photon with a given frequency. This is characterized by the
Einstein coefficient Bi j .
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• Collisional:
Collisional excitation and de-excitation couple the radiation field to the
temperature of the gas and are sinks and sources for photons.
Bound-free transitions
A photon ionizes an atom and transfers a part of its energy to the kinetic energy
of the electron. When the electron interacts with the other particles in the gas,
it connects its kinetic energy to the thermal pool. The reverse happens when an
electron gets bound to an atom. Then it emits a photon having an energy equal
to the sum of its kinetic energy and binding energy. These processes lead to
the connection between the radiation field and the thermal pool.
Free-free transitions
A photon is absorbed by an electron that is moving freely in the electric field of
an ion. This changes the kinetic energy of the electron relative to the ion. When
an electron passes by an ion, a photon can be released during its deacceleration,
and this is called bremsstrahlung. In both cases, the electron and ion are free
before and after the interaction.

3.1.3

Thermodynamic equilibrium

When the gas is in equilibrium with a constant temperature and density, then
the particles are governed by the Saha-Boltzmann equations, that describe the
occupation number of each energy states. The Maxwellian distribution gives
the velocity distribution of the particles. All these properties are given by a
single temperature. Deep in the solar atmosphere, local thermodynamic equilibrium (LTE) is valid. Here the collisional rates dominate, coupling the radiation strongly to the local properties of the gas. In this regime, the radiation
field is isotropic and given by the Planck function.

3.1.4

Non-local thermodynamic equilibrium

In the chromosphere, the assumption of LTE fails since the radiative rates generally dominate over the collisional rates due to low chromosphere densities.
The source function does not follow the Planck function, and we have to apply non-local thermodynamic equilibrium (non-LTE). The general line source
function with Einstein coefficients, assuming complete redistribution 1 (see
Section 3.2.8), is defined as followed
1 We

assume that during a scattering event of a photon the absorbed and emitted photon are
uncorrelated. Then the line source function is frequency independent.
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Sl =

n j A ji
,
ni Bi j − n j B ji

(3.4)

where ni is the population number for a certain level i. The source function
contains the population of the upper and lower level of the transition. To obtain
the occupation state, we need to solve the statistical equilibrium equations.
Statistical equilibrium
We need to include the micro processes that can make a transition from one
state to the other to obtain the occupation state for the species. The general
form that governs the conservation of particles is
N
N
∂ ni
+ ∇ · (ni~v) = ni ∑ Pi j − ∑ n j Pji ,
∂t
j6=i
j6=i

(3.5)

where Pi j is the probability for an atom in level i making a transition to
∂
level j, and N is the number of levels. For a steady-state, ∂t
= 0, and static
atmosphere (~v = 0) we get the statistical equilibrium equations
N

N

ni ∑ Pi j − ∑ n j Pji = 0.
j6=i

(3.6)

j6=i

To close the set of statistical equilibrium equations, we demand particle
conservation:
N

ntot =

∑ n j.

(3.7)

j=1

The transition rates, Pi j , in Eq. 3.6 contain radiative (Ri j ) and collisional
(Ci j ) rates:
Pi j = Ri j +Ci j .

(3.8)

These processes govern which states the species occupy.
Radiative rates
The rates for the radiative transitions include the spontaneous deexcitation
(A ji ), stimulated emission (B ji ), and absorption (Bi j ), are:
(
Ai j + Bi j J¯i j if i > j
Ri j =
(3.9)
Bi j J¯i j
if i < j
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Where J¯i j is the mean radiation field, that is the profile-weighted intensity
integrated over all angles and frequencies.
Collisional rates
In the plasma of the solar atmosphere, there are atoms, ions, and electrons that
interact with each other through collisions. We will only consider electron
collisions, because they are typically more frequent than collisions with ions
and neutrals (Rutten 2003). Electron collisions lead to excitation/de-excitation
or ionization/recombination that contribute to the intensity. We need to model
the interaction based on each transition for every atom species. The collisional
rate is given by:
Z ∞

Ci j = ne

σi j (v) f (v)v dv,

(3.10)

v0

where f (v) is the distribution of electron velocities (Maxwellian) and σi j is
the cross-section for producing the transition by collisions with electrons. Ci j
depends on the parameters of the model atmosphere: electron density and temperature through the electron velocity distribution. The collisional rates can be
non-linear if the charge conservation equation is included with the statistical
equilibrium equation (see Section 3.2.9).

3.1.5

Rate matrix

When solving for multiple transitions, we need to solve for the populations at
all levels simultaneously. Statistical equilibrium (Eq. 3.6) can be written as
a matrix equation, where every row is an atomic level and each column is a
transition from a given level i to j:
Wn = f .

(3.11)

For a three-level atom the rate matrix, for each spatial grid point, can be
written as following:


 
1
1
1
n1



W = P12 −Σ P32 , n = n2  .
(3.12)
P13 P23 −Σ
n3
l
Where ∑ = ∑Ni=1,i6
= j Pi j is the total outgoing rate from level i and the other
elements are the transition probabilities, Eq. 3.8, i.e., the summation of the
radiative and collisional transitions. The first row contains the particle conservation equation (Eq. 3.7) to close the system of equations. The right hand side
is:
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ntot
f =  0 .
0

(3.13)

The particle conservation equation usually replaces the rate equation (Eq.
3.6) for the atom level with the largest population, because it is numerically
more stable. The construction of the W-operator depends on how the radiative
transfer is treated. The choice of W is a large topic in radiative transfer theory.

3.2

Numerical approach

Provided that we know the state of the material, opacity, and emissivity at each
discrete point in the atmosphere, the transport equation can be solved directly.
However, we do not know this. To determine it, we need to know the state
of the population and thermodynamic quantities at each discrete point in the
atmosphere.
The thermodynamic quantities are obtained from the model atmosphere,
such as the gas temperature, mass density, electron density, and velocity field.
Therefore, we are left with the populations as unknowns. However, we know
that the intensity influences the populations through the radiative rates:
Nl

Nl

ni ∑ Pi j (Iν ) − ∑ n j Pji (Iν ) = 0.
j6=i

(3.14)

j6=i

The intensity can influence the population from all spatial points in the
atmosphere. The emissivity and opacity (and thus the source function) depend
on the population as well:
dIν
= Sν (ni ) − Iν .
dτν (ni )

(3.15)

So, in order to obtain the opacity, emissivity, and population, we need to
solve the whole radiative transfer problem simultaneously, that is Eq. 3.14 and
3.15. All these issues make the problem highly non-linear and non-local. One
way to solve this problem is by using an iteration scheme to get the populations
and radiation consistent with each other. The basic idea to solve the non-LTE
radiative transfer problem iteratively is the following:
1. Initialize the population with LTE based on the gas temperature and electron density.
2. Solve for the intensity for all angles and frequencies, Eq. 3.3.
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3. Solve the statistical equilibrium equations, Eq. 3.11, to obtain the population.
(a) Go back to 2, use the updated populations in the source function
and opacity.
4. Populations are obtained after a certain convergence criterion is achieved.
5. Obtain the formal solution from Eq. 3.3 to calculate the emergent intensity.
These are the principles behind an iteration scheme. The following sections will describe some techniques to solve this problem by different iterations
schemes.

3.2.1

Two-level atom

For simplicity, we will have a look at a sharp-line two-level atom with complete
redistribution. We will study the properties of the iteration scheme to evaluate
the source function in the presence of scattering. The problem is discretized
on an optical depth grid. For a two-level atom, the general source function is
Sν (τν ) = (1 − εν (τν )) J¯ν (τν ) + εν (τν )Bν (τν ),

(3.16)

where εν is the photon destruction probability per extinction,
εν =

Cul
,
Cul + Aul + Bul Bν

(3.17)

and Bν is the Planck function. The mean radiation field is calculated as
J¯ν (τν ) = Λν [Sν (τν )],

(3.18)

where Λν is a matrix operator acting on the source function at all depths.
To obtain J¯ν we need to know Sν at every τν . This makes the problem nonlocal. For the remaining derivation, we drop the indices ν and τν .
Using Eq. 3.16 and 3.18 the two-level source function can be written as
S = (1 − ε)Λ[S] + εB.

(3.19)

Using direct method for solving this equation system, we invert the operator Λ, to get the source function
S = (1 − (1 − ε)Λ)−1 εB.

(3.20)
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However, inverting a matrix is an expensive operation. For example solving for the source function
for a 3D-atmosphere, with N 3 points (typically

9
N = 500), costs O N operations! This is too expensive in terms of computing power and memory. An alternative is to use iterative methods.

3.2.2

Lambda iteration

The straightforward method to find the source function is called lambda iteration, which was introduced in radiative transfer by Hopf (1928). We set the
following initial approximation for the source function as the Planck function,
Sνi=0 = Bν . We then update the source function iteratively:
Si+1 = (1 − ε)Λ[Si ] + εB.

(3.21)

If no scattering is present, ε = 1, we retrieve that the source function is
equal to the Planck function. This is valid in the deep layers of the Sun, where
the source function is coupled to the local conditions. For scattering lines, such
as Mg II h&k and Ly-α, the photon destruction probability are ε ≈ 10−4 and
ε ≈ 10−8 , respectively. The source function decouples from the local conditions and lambda iteration will fail or converge extremely slowly.
Let us study the lambda iteration in an optically thick regime where scattering dominates, ε << 1, to see how the source function changes (Rutten
2003)
Si+1 − Si = (1 − ε)Λ[Si ] + εB − Si ,

(3.22)

where i is the iteration step. The thermalization term, εB, appears negligible when scattering dominates. The change in the source function is therefore:
Si+1 − Si ≈ (1 − ε)Λ[Si ] − Si .

(3.23)

In an optical thick regime, Λ ≈ 1, and the local source function is coupled
to the radiation field, J = S, so that
Si+1 − Si ≈ Si − Si ≈ 0.

(3.24)

The change in the source function is negligible and far from the correct
result. Often a small relative change in an iteration scheme means that we are
close to the true solution. This is not true for lambda iteration in an optical
thick regime with strong scattering.
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Numerical Analysis
Let us study how the error propagates throughout the iteration scheme (e.g.
Briggs 2000; Hubeny & Mihalas 2014; Trottenberg et al. 2000). An initial
approximation of the source function can be written as the sum of the solution
and the error
S i = S ∞ + ei ,

(3.25)

where e is the error and S. When i → ∞ the error will go to zero, e∞ → 0,
and we obtain the exact solution. Provided that we know the exact solution we
can see how the error behaves. The lambda iteration for a two-level atom is
the following:
Si+1 = (1 − ε)Λ[Si ] + εB.

(3.26)

By using Eq. 3.25 and Eq. 3.26, we get an equation for the error:
ei+1 = (1 − ε)Λ[ei ].

(3.27)

We define an iteration matrix, M = (1 − ε)Λ, that operates on the initial
error:
ei+1 = M i [e0 ].

(3.28)

This equation expresses how many iterations are required to obtain an error
close to zero,
M i→∞ [e0 ] → 0.

(3.29)

Then by writing the system as eigenvalues, Mx = λ x,
ei+1 ≤ ρ(M)i [e0 ],

(3.30)

where the spectral radius of the matrix, ρ(M) = max|λ |, is the largest
eigenvalue. We have obtained a relation between the eigenvalues of the iteration matrix and the error. The largest eigenvalue has to be less than one to
reduce the error:
ρ(M)∞ [e0 ] → 0.

(3.31)

With this relation, we can estimate how many iterations are required to
perform to obtain the source function.
In an optical thick regime, the diagonal Λii ≈ 1 and the other elements are
close to zero, so the iteration matrix is
35

Mii = (1 − ε)Λii ≈ (1 − ε).

(3.32)

By using the theorem of Gershgorin (Olson et al. 1986), we can estimate
the largest eigenvalue of the iteration matrix:
j=1,N

ρ(M) ≤

∑

|Mi j | + Mii .

(3.33)

i6= j

So for a convergent method, we require the spectral radius of the iteration
matrix to be less than one. Then for an optical thick regime (τ > 1) and strong
scattering, say ε = 10−4 , we obtain an estimate of the spectral radius:
ρ(M) ≈ 0.9999

(3.34)

This demonstrates that lambda iteration requires an enormous number of
iterations to reduce the error to zero. By using the spectral radius (Eq. 3.30),
we can estimate how many iterations we need to reduce the error to a certain
factor:
ρ(M)i ≤ 10−m .

(3.35)

Reducing the relative error by a factor thousand we need to apply 69000
iterations. For the purpose of an optically thick atmosphere, this method is not
useful. The largest eigenvalue of the iteration matrix is Λ ≈ (1 − ε)(1 − T −1 )
(Olson et al. 1986), where T is the total optical depth of the atmosphere. Physically speaking, lambda iteration propagates information about changes in the
population with steps of ∆τ = 1 per iteration. In an optically thin atmosphere,
this is highly desirable. However, for an optical thick problem, we need a
better method.

3.2.3

Accelerated lambda iteration

The solution to overcome the slow convergence is to apply an operator splitting on the lambda operator and construct an approximate lambda operator
(Scharmer 1981):
Λ = Λ∗ + (Λ − Λ∗ ).

(3.36)

The left approximate lambda operator, Λ∗ , acts on the new source function
(Si+1 ), while the right part, (Λ − Λ∗ ), acts on the old source function (Si ). The
two-level source function is evaluated as:
Si+1 = (1 − ε)Λ∗ [Si+1 ] + (1 − ε)(Λ − Λ∗ )[Si ] + εB,
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(3.37)

so that Si+1 is:


Si+1 = (1 − (1 − ε)Λ∗ )−1 (1 − ε)Λ[Si ] + εB − (1 − ε)Λ∗ [Si ] .

(3.38)

This is called accelerated lambda iteration (ALI). If we set Λ∗ = 0 we
recover Λ-iteration, if we set Λ∗ = Λ we solve the problem by inverting the
whole matrix to obtain the solution. Further mathematical insight is provided
in Olson et al. (1986). To see why this method solves the flaw of lambda
iteration, we follow the same approach as the last section, by studying the
error:
The iteration matrix for the accelerated lambda iteration is defined as:
M = (1 − (1 − ε)Λ∗ )−1 (1 − ε)(Λ − Λ∗ ).

(3.39)

Then by iteration, we find how the error propagates:
ei+1 ≤ M i [e0 ].

(3.40)

Therefore the maximum eigenvalue according to theorem of Gershgorin of
the iteration matrix is:
j=1,N

ρ(M) ≤ (1 − ε)

∑

1 − (1 − ε)Λ∗i j

−1

(Λi j − Λ∗i j )
(3.41)

i6= j


+ (1 − (1 − ε)Λ∗ii )−1 (Λii − Λ∗ii ) .
In the deep layers, where τ > 1, and with strong scattering, ε << 10−4 ,
the diagonal part dominates, Λii ≈ 1. By setting the approximated lambda
operator, Λ∗ii = Λii , the second term on the right hand side is zero. The resulting
eigenvalues are now significantly smaller than one. This was the main issue
of the slow convergence of lambda iteration. The remaining eigenvalues will
dominate the iteration matrix:
j=1,N

ρ(M) ≤ (1 − ε)

∑

Λi j .

(3.42)

i6= j

From a computational point of view, we should construct the optimal Λ∗
by following these criteria: fast to invert and rapid convergence. The straightforward choice for the approximate lambda operator is the diagonal of the Λoperator (also called the local-operator). Then the computation of the inverse
(see Eq. 3.38) involves only simple scalar division, which makes approximate
lambda operator computationally cheap to invert in 3D. Another choice is the
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tridiagonal part of the operator Λ∗ (called the non-local operator). It represents the scattering part that occurs locally (between adjacent grid points) in
the atmosphere in the optically thick parts of the line. If the non-local operator is used, the convergence speed will increase (Hauschildt 1992; Olson et al.
1986). A third choice is the global operator of Scharmer (1981).
The non-local operator has been implemented in the three-dimensional numerical code of Hauschildt & Baron (2006). Since it requires computation of
the inverse of the non-local operator Λ∗ , it sets limits of which problems can be
solved, due to memory constraints and computational expense (Hubeny 2003).
Therefore the local operator is preferred in multidimensional numerical codes.
The physical reason why accelerated lambda iteration works, is that when
scattering is present, passive photons are scattered in the line core and do not
contribute to the emergent intensity. By splitting the lambda operator, we can
treat the passive photons and remove them from the line core (Scharmer 1981).
ALI with the local-operator is based on the Jacobi method (Jacobi 1845), a
well-known iteration scheme. It scales with O(N 2 ), where N denotes the total
number of unknowns. This method works well for a coarse grid, but when the
discretization gets finer the spectral radius asymptotically goes to one (Fabiani
Bendicho et al. 1997). Physically it means that the information propagates
one grid point per iteration (Olson et al. 1986), in contrast to lambda iteration,
where information only propagates with a step of ∆τ = 1.

3.2.4

Multilevel accelerated lambda iteration

In the previous sections, we studied only a two-level atom for the sake of
simplicity. For a multi-level problem, Eq. 3.36 with the approximate lambda
operator which acts on the new source function is a nonlinear function of the
new population (see Chapter 14.5, Hubeny & Mihalas 2014). To solve this,
Rybicki & Hummer (1991, 1992) preconditioned the equations to achieve the
linearity of the ALI method, in a multilevel setting.
Multilevel accelerated lambda iteration (MALI) has been shown to work
for multidimensional geometries, such as cylindrical and spherical (van Noort
et al. 2002), three-dimensional polarized transfer including Hanle and Zeeman
(Štěpán & Trujillo Bueno 2013), for partially-coherent scattering of photons in
resonance spectral lines in one or two dimensions (Uitenbroek 2001) and three
dimensions (Sukhorukov & Leenaarts 2017).
Another approach is to linearize the set of nonlinear equations and solve it
using the Newton-Rapshon method (MULTI1D, Scharmer & Carlsson 1985).
Linearization has been successfully performed with one-dimensional and threedimensional1 multilevel non-LTE problems (Botnen & Carlsson 1999; Carls1 Only
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the local-operator was implemented.
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Figure 3.1: The relative maximum error as function of iteration number for a
two-level plus continuum model atom of Ca II in the FAL-C model atmosphere
(Fontenla et al. 1993). Three methods are shown: MALI, Gauss-Seidel (MUGA),
and MUSOR. The latter is Gauss-Seidel iteration with successive over-relaxation.
MUGA has been performed two ways: updating the source function at incoming
or outgoing radiation (up/down). MUSOR used ω = 1.5 for MUSOR to amplify
the correction. In this test case, one MUGA/MUSOR iteration takes the same
CPU time as one MALI iteration. All methods are implemented into Multi3D
(Leenaarts & Carlsson 2009) for one CPU (serial version).

son 1986) with a local operator (Scharmer & Carlsson 1985) and the Scharmeroperator (Scharmer 1981). Socas-Navarro & Trujillo Bueno (1997) showed
that the preconditioning (MALI) and linearizion strategy used in MULTI1D
are equivalent when used with a local operator.

3.2.5

Other iteration schemes

Today MALI is the standard iteration scheme of solar 3D non-LTE radiative
transfer codes: RH (Uitenbroek 2001), Multi3D (Leenaarts & Carlsson 2009),
and PORTA (Štěpán & Trujillo Bueno 2013). However, there exist other methods with better convergence than MALI. Some of them are Gauss-Seidel (GS,
Trujillo Bueno & Fabiani Bendicho 1995), GS with successive over-relaxation
(SOR, Trujillo Bueno & Fabiani Bendicho 1995), forth-and-back implicit Λiteration (Atanacković-Vukmanović et al. 1997; Milić & Atanacković 2014),
conjugate gradient (Paletou & Anterrieu 2009) and, Broyden’s method (Nicolas et al. 2011). These have been tested to solve radiative transfer problems,
but not implemented into a parallel 3D non-LTE code.
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Gauss-Seidel is the method which has been studied in greatest detail (Fabiani Bendicho et al. 1997) and applied on several problems (Asensio Ramos &
Trujillo Bueno 2006; Léger et al. 2007; Sampoorna & Trujillo Bueno 2010).
In the Gauss-Seidel method, the source function is updated using the populations as soon as they are known while solving the formal solution. The
advantage of the Gauss-Seidel method is that it has a factor two speed-up improvement compared to MALI in two-level linear radiative transfer (Trujillo
Bueno & Fabiani Bendicho 1995). This can be increased by another factor two
if symmetric Gauss-Seidel is used (Trujillo Bueno 2003). Symmetric GaussSeidel is obtained by updating the populations for both incoming and outgoing
rays, essentially doing two Gauss-Seidel iterations at once. The computational
cost is comparable as one MALI iteration. The SOR method is an extension
of GS, where a free parameter, ω, is used to amplify the correction to achieve
better convergence .
Figure 3.1 illustrates how Gauss-Seidel method performs in a non-linear
problem. Gauss-Seidel and SOR is roughly a factor two and four faster than
MALI to reach a solution. Gauss-Seidel will always be faster than MALI in
the serial case. However, it can be shown that if you have a large number of
processors, parallel Jacobi/MALI will always be faster than parallel GaussSeidel (Tsitsiklis et al. 1988) for certain problems. This is true for the radiative
transfer case.
The difference between MALI and Gauss-Seidel is that MALI updates the
source function only after the formal solution is computed in the entire domain.
For Gauss-Seidel, the source function must be updated every time the formal
solution has been computed for all frequencies in a given grid plane (see Algorithm 1). This destroys the efficient parallelism of Gauss-Seidel. While GS
requires fewer iterations to reach a converged solution, the time per iteration
is much longer compared to MALI in parallel applications. GS thus performs
worse than MALI, therefore is currently not used in parallel 3D non-LTE radiative transfer codes.

3.2.6

Initial population

The convergence of iterative schemes partly depends on how far the initial
approximation is from the solution. If the approximation is too far from the
correct solution, the method can fail. In non-LTE radiative transfer codes, we
need an initial approximation for the population. The most common approach
is to set the population according to LTE population, by using the gas temperature and density. Another method is to use the zero radiation approximation
(Scharmer & Carlsson 1985). In that case, the initial populations are obtained
by setting the radiation field to zero in the entire atmosphere and solving the
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Algorithm 1 A schematic how MUGA solves the radiative transfer problem,
where dir is direction of integration, k is depth point, µ is angle, and ν is
frequency. In contrast with MALI, a specific loop order is required. In this
way no inversion of the upper or lower diagonal part of the iteration matrix is
needed. Adapted from Asensio Ramos & Trujillo Bueno (2006).
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

procedure MUGA
for dir for ↑↓ do
for k do
for µ do
for ν do
Propagate the radiation with short characteristic
end for
end for
if dir =↓ then
Obtain the mean radiation field, J¯
Solve the statistical equilibrium, Wk (nk ) = f
end if
end for
end for
end procedure

statistical equilibrium equations:

∑ n j A ji + ∑ (n jC ji − niCi j ) = f ,
j>i

(3.43)

j>i

where f is the right-hand-side including particle conservation (Eq. 3.13).
For strong lines, the zero-radiation approximation is preferred (Pereira & Uitenbroek 2015; Sukhorukov & Leenaarts 2017, PAPER I). In some cases where
the iterative method fails to converge, a possible solution is to use collisionalradiative switching (Hummer & Voels 1988). A large multiplicative factor is
applied to the collisional rates, and this factor is decreased for every iteration, allowing the iteration to smoothly move from the collisionally dominated
(LTE) regime to the radiative dominated regime. This method is implemented
in RH and Multi3D (Leenaarts & Carlsson 2009; Uitenbroek 2001).

3.2.7

Convergence acceleration

Acceleration methods are used to increase the convergence of MALI, such as
Ng-acceleration (Ng 1974) and Orthomin (Klein et al. 1989). Provided that the
iterations have reached a regime where the correction behaves close to linearly.
41

We can then create a linear combination of the previous successive iterations,
to obtain a better estimate. The two methods differ in the way to calculate
the coefficients for the linear combination are calculated. Ng-acceleration performs residual minimization and Orhtomin calculates them based on a conjugated vector. If acceleration is used too soon, the iteration will not converge
(Rybicki & Hummer 1991; Sukhorukov & Leenaarts 2017), for both one- and
three-dimensional problems. It has to reach the regime where the population
correction is steadily decreasing. Moreover, it can be shown that if the photon destruction probability is small, the acceleration effect is reduced (Trujillo
Bueno & Fabiani Bendicho 1995). Similar behavior can be demonstrated for a
finer spatial grid.
Another acceleration method is the grid doubling strategy proposed by
Auer et al. (1994) an idea similar to the multigrid method (see chapter 4). The
convergence rate of MALI is grid-dependent, the coarser the grid the faster
is the convergence. Based on this, they proposed to initialize the radiative
transfer problem at a coarser grid, apply several iterations and interpolate the
population to the finest grid. The approximation should be closer to the correct
solution at virtually no cost since the convergence rate is higher and combined
with fewer grid points at the coarser grid. Auer et al. (1994) demonstrated
that with this method the computational cost can be reduced by a factor two.
The double grid strategy has so far only been demonstrated for 1D and 2D
problems.

3.2.8

Partial redistribution

We have so far assumed complete redistribution (CRD) for the source function (See Eq. 3.4). During a scattering event in CRD, a photon absorbed in
the line wing has the largest probability to be re-emitted at the line center as
a function of frequency, as the emissivity profile has a sharp peak there. If
emitted in the line core, the photon gets trapped locally where it is eventually
destroyed by a collisional process or escapes by an emission in the optically
thin wings. The photon during a scattering event is uncorrelated in both frequency and direction. This approximation works nearly for all spectral lines
in the solar spectrum. However, for a few spectral lines neither the CRD approximation nor full coherent scattering are sufficient. We need to take into
account partially coherent scattering, often called partial redistribution (PRD).
A photon absorbed in the line wing at a certain frequency can be re-mitted
around the same frequency within a few Doppler widths. In the extreme case,
the photon scattering can be fully coherent, the absorbed and re-emitted photon have the same frequency. Note, also the direction can be partially or fully
correlated. A general rule is that PRD is important for spectral lines that have
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these properties: strong lines, resonance lines, and lines formed in low-density
media (infrequent collisions) (Hubeny & Mihalas 2014). Some of these lines
are formed in the solar chromosphere: Ly-α (Milkey & Mihalas 1973), Ly-β
(Hubeny & Lites 1995), Mg II h&k (Milkey & Mihalas 1974), and Ca II H&K
(Vardavas & Cram 1974).
The general source function is
Sν =

n j A ji ψ(ν, n)
,
ni Bi j φ (ν, n) − n j B ji ψ(ν, n)

(3.44)

where ψ(ν, n) is the normalized emission profile, φ (ν, n) is the normalized absorption profile, and n is the direction. In the case of CRD, these profiles are identical, making the source function frequency independent (See Eq.
3.4). When the profiles are not equal, the source function becomes frequency
dependent and more computationally demanding to solve. The reason is the
profiles are dependent on the intensity through a redistribution integral (not
shown here, see Sukhorukov & Leenaarts (2017)).
Another effect that can be important for transitions which share a common
upper level is called resonance Raman scattering (often called cross redistribution, X-PRD). Cross redistribution allows a photon to be absorbed in a transition and be re-emitted in another transition, redistributing the photons from
one transition to another. Such effects are important for Ly-β (Hubeny & Lites
1995), where H-α shares the same upper level as Ly-β . This was included for
the infrared triplet lines and Ca II H&K lines in PAPER II.
Uitenbroek (2001) implemented PRD effects into the 1D MALI scheme,
while Leenaarts et al. (2012b) implemented a new method which reduced the
computational work significantly. The former opens the possibility to perform
PRD calculations on large model atmospheres with the Mg II h& k lines where
PRD effects are important (e.g. Leenaarts et al. 2013a,b; Pereira et al. 2013).
Sukhorukov & Leenaarts (2017) further reduced the memory requirement of
the previously method, allowing, for the first time, to include the PRD effects
simultaneous with 3D radiative transfer.

3.2.9

Charge conservation

In the solar atmosphere we assume that the plasma is charge neutral, the number of free electrons are equal to the proton plus total non-hydrogen ionic
charge
ne − n p − nions = 0,

(3.45)

where ne is electrons, n p protons, and nions are all ions from non-hydrogen
species. In the solar chromosphere, hydrogen is the most abundant element and
43

0.5

Height [Mm]
1.0

nlte
e

1015

nnlte
e

1.5

2.0

Tgas

1014

10
9

Density [cm−3 ]

8

1013

7

1012

6

1011

5

1010

Tb (I)[kK]

5.5
5.0

Ca ii K

Ca ii 8542 Å

Temperature [kK]

0.0

4

nnlte
e
nlte
e

4.5
4.0
−1.0 −0.5

0.0 0.5
∆λ [Å]

1.0 −0.4 −0.2 0.0 0.2 0.4
∆λ [Å]

Figure 3.2: The effect of the charge conservation on the electron density and
emergent intensity in the FAL-C model atmosphere (Fontenla et al. 1993) without
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is the major electron donor. Hydrogen is partially ionized in the chromosphere
and the electron densities are then far from the LTE values due to radiative
rates dominates over the collisions rates.
To obtain a correct electron density, the MHD calculations includes the
non-equilibrium (non-eq) ionization of both hydrogen and helium, which includes the charge conservation equation to get an electron density consistent
with the number of charged particles (Golding et al. 2016; Leenaarts et al.
2007). MHD calculations in general do not solve the non-eq ionization of hydrogen and helium and instead assume LTE for the electron density. This is a
crude approximation for the chromosphere.
In the radiative transfer calculations, we usually assume that the electron
densities are fixed. This result in no feedback from the NLTE ions from the
radiative transfer computations to the electron density prescribed in the model
atmosphere. Therefore, the set of precondition statistical equilibrium equations are linear in level population (the radiative transfer is still nonlinear).
If we demand charge conservation, the problem becomes non-linear due to
various dependencies on the electron densities. The charge conservation is implemented into Multi3D and used in PAPER III which allow us to obtain a
NLTE electron densities which are consistent with the hydrogen proton densities, ensuring charge neutrality at all grid points in the model atmosphere.
Figure 3.2 shows the effect of charge conservation on the emergent intensity of Ca II K and 8542 Å with LTE and NLTE electron densities. Since the
collisional de-excitation is proportional to the electron density, C ji ∝ ne , the
source function couples more strongly to the local temperature with a higher
electron density. Therefore, the emission peaks and line core have a lower
intensity in the NLTE case.
A detailed description of the implementation of the method can be found
in the appendix of PAPER III.

3.2.10

Formal solver

To obtain the radiation field, we need the intensity for every angle and frequency at all grid points in the atmosphere. This is done by solving the transport equation (Eq. 3.2). Having an efficient method to perform a formal solution is critical, since this is the most time-consuming part of the non-LTE
radiative transfer code.
There are two methods used in 3D-radiative transfer: long characteristics (LC) and short characteristics (SC). The LC propagate the ray through all
the grid points, which scales as n4 in 3D (Kunasz & Auer 1988). The scalar
Feautrier method (Feautrier 1964) is a popular LC method to solve the transport equation. This method obtains the radiation field, Jν , from a given source
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Figure 3.3: Illustration of short characteristics, with the ray starting from the
plane k at the upwind point, through the central point which is the corner of a cell
in the k + 1 plane and further until it hits the downwind point in the last plane
k + 2. Taken from Ibgui et al. (2013).

function, Sν . Instead of solving the two first-order differential equations for the
incoming and outgoing rays (Eq. 3.2), they are combined to one second-order
differential equation with two boundary conditions.
In parallel computations, LC method requires huge communication along
the ray through the whole atmosphere. However, there are schemes allowing
the use of LCs efficiently in multidimensional parallel schemes (Heinemann
et al. 2006), but their implementation requires much more complicated administration.
A more efficient method is SC, proposed by Kunasz & Auer (1988) where
the computation time scales n3 in 3D. This is desirable for a 3D radiative transfer problem. The intensity is obtained by solving Eq. 3.3 in small segments
around the grid points. Each segment contains an upwind boundary, a central
point, and a downwind point, as illustrated in Figure 3.3. The source function
and opacity are known from the estimated populations. Then we propagate the
ray from the upwind point, where the upwind intensity is known, to the central
point. The intensity at the central point is obtained by interpolation:
Ic = Iu e−∆τc + Ψu Su + Ψc Sc + Ψd Sd ,

(3.46)

where Ψ are the interpolation weights were the superscripts u, c, and d
stand for upwind, central and down point, and ∆τc is evaluated from the upwind to the center point. With SC the intensity is evaluated locally, which
makes it suitable for parallel computations. The drawback of SC is that it
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produces diffusion of the intensity. This is unavoidable because that the interpolation of the upwind intensity from the grid points will always introduce a
small error, which propagates trough the whole domain. Still, SC is the most
common scheme used to solve the transfer equation in multidimensional radiative transfer.
Different interpolation schemes can be used: linear, Hermite or Bézier
(Auer 2003). The difference is the trade-off between accuracy and efficiency.
However, it is still questionable if high-order methods increase the accuracy
of solving the radiative transfer problem of model atmosphere with large gradients, such as from 3D R-MHD simulations. Janett et al. (2018) showed
that with 3D R-MHD models, the low-order interpolation scheme outperforms
high-order ones. For example, using SC with Hermite-spline (Ibgui et al. 2013)
for a 3D applications, takes twice the time and it is not guaranteed to increase
the accuracy for the intensity. Therefore, with 3D R-MHD with sharp gradients
and non-smooth quantities it can be meaningless to use high-order schemes,
due to computational time versus accuracy.
For PAPER I, II, III, we used linear and bilinear interpolation (for the
intersection of a ray at a plane to obtain the opacity and source function) for
radiative transfer calculations. For PAPER I we experienced instabilities with
the 2D cubic convolution for the opacity and source function with the numerical multigrid method.

3.3
3.3.1

Modeling of chromospheric spectral lines
Model atom properties

Table 3.1: Properties of hydrogen, magnesium and, calcium. Abundances obtained from Asplund et al. (2009), atomic weight from Coursey et al. (2015), and
ionziation potential from Kaufman & Martin (1991); Miyabe et al. (2006); Sugar
& Corliss (1985).

Atomic weight [u]
Abundances
Ionization potential I → II [eV]
Ionization potential II → III [eV]

H
1.008
12.00
13.598
-

Mg
24.304
7.60 ±0.04
7.646
15.035

Ca
40.078
6.34 ±0.04
6.113
11.872

The model atom contains all the transitions, collisional rates, etc. and it is
a crucial part of the non-LTE radiative transfer calculation. In this section, we
will discuss some of the assumption and simplification we applied during our
47

eV
12

⁄2

1
4p ⁄2

1 218
3d

⁄2

⁄2

5

3

K

2

8 6 8 49 8 54
62 8 2

H3
96
39 8
34

1 044

3

3

1 219

1 417

4

1 422

Ca III

1

0 4s

4 291
7 32 7
Ca II

⁄2

1

2 e

S

2 o

P

2

De

Figure 3.4: The term diagram for a five-level Ca II model plus continuum. The
dashed lines correspond to forbidden transitions, dotted lines to bound-free transitions, solid lines to bound-bound transition (orange is treated in PRD and black
in CRD). Taken from Paper II.

calculations in PAPER II and PAPER III and present some improvements
that can be important for future studies of Ca II H&K lines.
Table 3.1 shows a summary of the basic properties of the hydrogen, magnesium, and calcium atoms. All these three atoms contain strong resonances
lines formed in the upper chromosphere, Ly-α, Mg II h&k, and Ca II H&K. Ca
II ionizes at slightly lower temperatures than Mg II , combined with the abundances differences of 18.2, the Ca II H&K lines form below the Mg II h&k
lines. Due to atomic weight differences the Ly-α has largest Doppler width,
and Mg II h&k have slightly larger Doppler width than the Ca II H&K lines.
Table 3.1 shows that neutral calcium has an ionization potential of only 6.1
eV. Previous studies have shown that the fraction of Ca I is less than 2 · 10−3
throughout the solar atmosphere in plane-parallel models (Uitenbroek 1990).
Therefore, for the line cores of Ca II H&K, it is safe to neglect neutral calcium
during the non-LTE calculations. It can be treated as a LTE background element. However, as shown by Leenaarts et al. (2013a) when including Mg I in
non-LTE calculations, the outer line wings of Mg II h&k showed an increase in
intensity, due to depletion of Mg II. Therefore, similar result can be expected
for the Ca II H&K lines but to a lesser extent since the ionization potential is
lower and calcium is less abundant than magnesium.
In the PAPER II and PAPER III, we did not treat the full hyperfine split48

ting of 8542 Å produced by the isotopic composition of the calcium atom
(Leenaarts et al. 2014). In that case, we would have needed to run the computations with at least three active atoms of 40 Ca, 42 Ca, and 44 Ca and treat
the redistribution in overlapping blends of H, K, and infrared triplet lines separately. This would increase the memory resources and, more importantly,
increase the computation time by an order of magnitude. Another approach, is
to include the hyperfine splitting into the absorption profile of 40 Ca, to mimic
the effect of hyperfine splitting (Leenaarts et al. 2014).
Linsky & Avrett (1970) pointed out the near coincidence of Ly-α (1216
Å) at the photoionization edge of Ca II at 1218 Å and 1219 Å, from the lower
levels of the infrared triplets to the continuum, see Figure 3.4. Rowe (1992)
showed that the photoionization by Ly-α has an impact on the ionization balance of Ca II/Ca III and affects the emergent intensity. Currently, detailed 3D
calculations can only treat one element in NLTE1 .

3.3.2

Radiative transfer diagnostic

One dimensional non-LTE radiative transfer problems can be solved with a
standard workstation today, such as with the popular codes MULTI (Carlsson 1986) and RH (Uitenbroek 2001). To reproduce a synthetic image from a
3D model atmosphere, we can employ so-called 1.5D radiative transfer (e.g.
Pereira & Uitenbroek 2015). By solving each column in the atmosphere independently from each other, each column is treated as a plane-parallel atmosphere. The advantage is that one column cannot destroy the global convergence, and it allows to perform more sophisticated methods on certain ’problematic’ columns without slowing down the global convergence. The administration of the parallel setup is easier in 1.5D, because there is no communication between the columns.
For some spectral lines, such as H-α, horizontal radiative transfer (3D effects) are important. These lines have a formation height where the mean free
path of the photon is larger than the horizontal grid spacing of the model atmosphere. Therefore, a typical photon can traverse through several columns
before undergoing interaction. So the evaluation of the radiation field in 3D is
required to obtain the non-local source function.
In the case of the 1.5D scheme, the approach overestimates the radiation
field in hotter regions and underestimates it in cooler regions (de la Cruz Rodríguez et al. 2012; Pereira & Uitenbroek 2015). This leads to inaccuracies in
1 The

non-LTE radiative transfer code RH (Uitenbroek 2001) can do 3D calculations with
multiple NLTE atoms simultaneous. But the code does not have a domain decomposition or
frequency parallelization implemented. Therefore, the RH code cannot fit a 3D MHD model
atmosphere into memory.

49

20

Y [Mm]

15

10

5

0
0

5

10

0

5

10

X [Mm]

15

20

15

20

20

Y [Mm]

15

10

5

0
X [Mm]

Figure 3.5: The vertically emergent intensity of H-α computed from a snapshot
of a Bifrost simulation (Carlsson et al. 2016). The upper panel shows the linecore image and the lower panel an image at ∆λ = -1 Å from the line-core.

50

Figure 3.6: The vertically emergent intensity from the Mg II k line core from
a Bifrost snapshot of 504 × 504 × 496 points. The upper panels show 1.5D and
lower panels 3D-radiative transfer. Both are done in complete redistribution.
Each column represents a spectral feature of the line-core, k2v and k2r are the
emission peaks and k3 the central absorption of the line core. Each column has
the same brightness scale. Taken from Leenaarts et al. (2013a).
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the population number, the source function, and the emergent intensity.

3.3.3

Three-dimensional non-LTE radiative transfer

When solving the 3D non-LTE radiative transfer with horizontal radiative transfer, things get more complex. To solve a six-level hydrogen model atom with
an atmosphere consisting of N = 7683 grid points, 2.7 billion coupled equations have to be solved. They are coupled together due to the non-locality from
the photon scattering. Each grid point is a source point and can contribute to
the whole domain. With a frequency grid of 440 points and 24 angles, the
memory requirement is roughly 6000 GB. This requires solving the problem
in parallel. One way is to use domain-decomposition, which means splitting
up the whole domain in smaller sub-domains. With this method, we can fit
the problem in today’s supercomputers. With 3D effects, the rays can propagate to neighboring sub-domains. This requires communication between the
sub-domains.

3.3.4

3D radiative transfer codes

There exist several 3D non-LTE radiative transfer codes and we will only
briefly mention some of those which are 3D parallelized and focus on solving problems in solar and stellar applications.
The Multi3D (Leenaarts & Carlsson 2009) code is based on the serial version of Multi3D (Botnen 1997) which has been upgraded to include domain
decomposition in all three directions and frequency parallelization. It uses
3D SC formal solver with MALI to solve the NLTE problem. Additionally,
it includes various modules, such as: 3D partial redistribution (Sukhorukov
& Leenaarts 2017), charge conservation equation together with the statistical
equilibrium equations (implemented in PAPER III, see Section 3.2.9), and
multigrid to accelerate the convergence (implemented in PAPER I, see chapter 4). This code was used for the studies in PAPER I, II, and III.
Balder (Amarsi et al. 2018) is a code based on Multi3D with a focus on
stellar problems, such as iron abundance analyses. The core of the code is
the same as Multi3D, but upgraded with a different equation-of-state (EOS)
and background opacities. This code is optimized to run large iron atoms with
hundreds of levels and thousands of spectral lines. This is possible since the
model atmosphere consists of only N = 703 grid points and with the frequency
parallelization, the problem can fit into memory.
PORTA (Štěpán & Trujillo Bueno 2013) code is the first 3D parallel code
which can solve the polarized radiative transfer including scattering polarization, Zeeman, and Hanle effects. The code solves the radiative transfer for
the Stokes parameters (I,Q,U,V)T . The code uses MALI in combination with
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multigrid, and uses a domain decomposition along the z-axis and parallelization over frequency.
Phonenix/3D (Hauschildt et al. 1997) is a highly modular code that can
solve model atmospheres discretized on a spherical, cylindrical, and Cartesian
coordinate system. It uses a non-local ALI scheme, with a convergence that is
superior to that of MALI and uses 3D long characteristic as the formal solver.
Most studies of unpolarized chromospheric spectral lines for solar applications in 3D have used the Multi3D code, while for polarized studies in 3D,
the PORTA code was used.

3.3.5

Diagnostic

One of the first examples of 3D NLTE line formation studies was performed
by Nordlund (1985). He used a 3D model atmosphere of the photosphere
consisting of 8 × 8 × 32 grid points with a two-level atom of neutral iron to
study the NLTE effects. Since then, the models now include the chromosphere
and corona and more importantly a larger field of view.
Fe I lines formed in the photosphere are often treated with one-dimensional
LTE radiative transfer (e.g. Asplund et al. 2000a). However, if the grid spacing
gets close to the mean free path of the photons, NLTE and horizontal radiative
transfer become more important. Holzreuter & Solanki (2013, 2015) found
that horizontal transfer effects reduced the contrast on the same order of the
LTE assumption. The difference is greatest for high-resolution observations,
highlighting the need for full 3D radiative transfer to interpret the results even
for photospheric spectral lines. Inversions1 of Fe lines typically ignore the
horizontal transfer effects, and this can lead to an underestimate of the temperature by on the order of 100-200 Kelvin for non-LTE computations or 200-400
Kelvin if the LTE assumption is made. Lind et al. (2017) argued that the simplified 33-level Fe I model atom used in the study by Holzreuter & Solanki
(2013) overestimated the NLTE effects of the spectral lines of Fe I. Still, this
needs further investigation, since Lind et al. (2017) with a 463 level Fe I model
atom used a much coarser grid resolution than Holzreuter & Solanki (2013).
To properly understand the formation of H-α it is necessary to include
horizontal radiative transfer to account for the smoothing of the radiation field
(Leenaarts et al. 2012a). If 1.5D is assumed, the synthetic line-core image will
be dominated by photospheric features, such as granulation patterns because
the line thermalizes in the photosphere. Previous attempts have shown that the
line core of H-α was transparent in the chromosphere (See Fig.1 Leenaarts
2010). In 3D this is different. 3D effects smooth out the radiation field, and
1 Inversion

is based on fitting observed spectral lines to a model atmosphere by iterative
guessing the thermodynamic quantities and the magnetic field.
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the line-core intensity correlates with the formation height, and thus chromospheric density. Using 3D, synthetic line-core images computed from MHD
simulations reproduce the observed chromospheric fibril structures. Figure 3.5
shows the view of the chromosphere seen in a synthetic image of the H-α line
core. Cauzzi et al. (2009) argued that the line-width of H-α correlates with the
temperature, which was confirmed by the 3D radiative transfer computations
(Leenaarts et al. 2012a).
Lines formed in the UV are now routinely observed with the IRIS satellite
(De Pontieu et al. 2014). To understand the spectral lines formed in this spectral range several studies have been carried out. A similar approach as H-α
study was used to study the 3D effects on Mg II h&k formation (Leenaarts
et al. 2013a). They found out that h3 and k3 1 are strongly affected by 3D
effects. The line-core features have larger mean free path than the horizontal
inhomogeneities, Figure 3.6 illustrates this clearly in the k3 feature. The 3D
image shows smoother structures than the 1D image. The h3 and k3 spectral
features are important diagnostic to study the velocity field (Leenaarts et al.
2013b).
A similar study was performed with C II, one of the strongest lines in the
solar UV spectrum. The C II lines (1334 Å and 1335 Å) are formed in the
optically thick regime and the line core of C II (1334 Å) is strongly affected by
3D effects (Rathore & Carlsson 2015). The formation height depends on the
amount of matter in the temperature range of 14 000-50 000 K (Rathore et al.
2015).
The Na I (5895.94Å) was thought to be formed in the chromosphere but it
was showed by Leenaarts et al. (2010) that is formed in the upper photosphere.
A clear example of its strong scattering is observed in the core of this spectral
line as a bright ring around photospheric magnetic concentrations. The ring is
caused by scattering of the radiation that is emitted from the bright magnetic
concentration, which is reproduced by including 3D effects, but not in 1.5D.
Uitenbroek (2006) investigated the Ca II 8542 Å line using a snapshot of
solar convection, extending up to 1000 km above the visible surface (Asplund
et al. 2000b). They obtained lower intensity in the line core and a narrower
width than the observations. The reason could be that their study did not cover
the whole chromosphere. Leenaarts et al. (2009) included a larger extent of the
chromosphere, and their simulation reproduced some properties similar to the
observation. However, they showed that the simulation did not have enough
resolution to capture the dynamics of the solar atmosphere, especially at small
scales. With a high Landé factor of geff = 1.1, Ca II 8542 Å has been popular to use in inversion to obtain the magnetic field in the lower chromosphere
1 Line-core
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feature of the Mg II h&k lines.

trough the Zeeman effect. de la Cruz Rodríguez et al. (2012) showed by inverting the 3D computed synthetic spectra, that the 1.5D inversion approach
underestimated the intensity in low chromospheric temperature.
Cosmic abundances are often measured relative to the oxygen abundance.
This makes it important to determine the absolute abundance of oxygen in the
Sun. Kiselman & Nordlund (1995) were the first to investigate whether 3D
effects were important for the line formation of O I 7770 Å. They showed
that the 1.5D approximation is enough for studying this line. Since then the
solar simulations have been extensively updated with better microphysics and
radiative transfer. With these improvements, Pereira et al. (2009) found good
agreement between observations and synthetic 3D non-LTE computations of
oxygen lines.
Leenaarts et al. (2016) investigated the formation of 10830 Å with 3D
effects, with the particular goal of explaining why observation shows subarcsecond scale structures in the images (Ji et al. 2012). The strongly inhomogeneous sources of UV radiation in the transition region lead to inhomogeneous UV radiation in the chromosphere and thus structures in 10830 Å.

3.3.6

Polarized radiative transfer

If the radiation field is anisotropic, then photon scattering leads to linear polarization. In the presence of a weak magnetic field, on order of 10 − 100 Gauss,
the Hanle effect depolarizes the scattered light. This depolarization is used
as a diagnostic for magnetic fields (e.g. Trujillo Bueno & Shchukina 2007).
Anisotropy caused by horizontal variations in the solar atmosphere is ignored
in the 1.5D approximation, so full 3D radiative transfer is needed to accurately model scattering polarization and the Hanle effect. Štěpán et al. (2015)
studied the polarization signal of Ly-α in the transition region with a 3D model
with the 3D non-LTE radiative transfer code PORTA (Štěpán & Trujillo Bueno
2013) which includes the Hanle effect. They found that the linear polarization
was stronger when 3D transfer effects were taken into account. Similar effects
were reported by Štěpán & Trujillo Bueno (2016) for Ca II 8542 Å.

3.4

Challenges with three-dimensional radiative transfer

The next-generation solar telescopes are in the planning or construction phase.
They will observe at a higher spatial resolution than what is presently possible.
The first of these is the Daniel K. Inouye Solar Telescope (DKIST), a fourmeter telescope that is under construction on Hawaii (Tritschler et al. 2015).
The telescope will have a diffraction limit of 0.02500 and 0.04100 at wavelengths
of 390 nm and 650 nm respectively, corresponding to 18 km and 30 km on the
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solar surface. Even at the formation height of most photospheric spectral lines,
the mean free path will be larger than the diffraction limit of the telescope. To
be able to compare the high-resolution observations to radiative-MHD simulations, 3D non-LTE radiative transfer is required (Judge et al. 2015). Synthesizing spectral lines at the DKIST spatial resolution requires formidable
computational effort, especially for strongly scattering lines such as the chromospheric Ca II H&K and H-α lines.
Furthermore, the resonance lines are not only strongly influenced by nonLTE effects and horizontal radiative transfer, but also by partial redistribution
(see sec. 3.2.8). With partial redistribution, the computational time to reach
a converged solution increases up to a factor ten (Sukhorukov & Leenaarts
2017).
In addition to these difficulties, studies of several chromospheric lines
(Leenaarts et al. 2013b; Rathore et al. 2015) already show that there are some
discrepancies between the synthesized and observed spectral lines in the chromosphere. The observed spectral lines are broader than the synthesized ones.
It seems that the simulations are lacking either some physics in the model or
might lack sufficient spatial resolution to explain the non-thermal broadening
of the lines (Carlsson et al. 2016). If the latter one is true, that means we need
to perform radiative transfer on ever-increasing grid sizes. This poses a problem because computing synthetic spectra from the radiation-MHD simulations
take more time than running the simulation itself.
In fact, today it takes roughly nine days to simulate one hour of solar time
with modest resolution, ∆x, y = 48 km and a box size of 5123 grid points using 4096 cores. Typically one snapshot is stored for every 10 s of solar time.
For more violent events, such as a simulating a flare event, this can be further
reduced to ∼ 0.02 s. Solving the 3D non-LTE radiative transfer problem for
all these snapshots for even a single atom assuming complete redistribution
takes roughly 250 days of computing time using the same number of cores as
for the simulations. Therefore, most 3D radiative transfer studies are presently
limited to studying a single snapshot. Preferably an analysis of a time series of snapshots would increase the statistic for correlations and give more
clues to understanding dynamics events. So far this has only been performed
by Leenaarts et al. (2015) (61 snapshots) to investigate in the magnetic field
alignment in fibrils and Hansteen et al. (2017) (11 snapshots) to simulate the
line wing emission of Ellerman bombs in H-α.
With all these demanding tasks, we need a robust numerical method that
can solve the 3D non-LTE radiative transfer problem more efficiently. A solution might be the multigrid method.
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4. Multigrid

Multigrid was originally developed by Fedorenko (1962) to solve an elliptic
partial differential equation for weather forecasting. Later, the actual efficiency
of multigrid was proven by Brandt (1977), leading to the development of the
non-linear multigrid and full-multigrid methods. Multigrid is regarded as the
fastest method for solving elliptic partial differential equations, and among
the fastest for other problems (Trottenberg et al. 2000). In the previous chapter, we saw that the ALI-method exhibits slower convergence when the grid
gets finer (Olson et al. 1986). Multigrid does not exhibit this problem. The
idea of multigrid is to accelerate the iterative methods, such as Jacobi and
Gauss-Seidel, by solving the problem on a fine grid and coarser grids together.
The computing time scales linearly with the number of grid points. This is
an advantage over all other iteration schemes, and multigrid is therefore also
called an optimal solver. A significant advantage with multigrid is that it does
not need to reach the linear regime before it can be applied, unlike the often used Ng-acceleration (Ng 1974) and orthomin method (Klein et al. 1989).
The main requirement for multigrid is that the error and/or residual of the
problem must be smooth enough to be mapped onto a coarser grid. Jacobi
and Gauss-Seidel iteration exhibit smoothing behavior, both methods quickly
smooth out the high-frequency errors in the solution, but only slowly reduce
the low-frequency error. Fedorenko (1962) developed multigrid based on this
observation. The Jacobi and Gauss-Seidel schemes spend most of the time
reducing low-frequency errors. In multigrid, the problem is transferred to a
coarser grid. Here the low-frequency errors appear as high-frequency errors,
and hence can be removed much faster by the iteration scheme. Therefore, the
problem can be solved fast on the coarse grid. This results in a correction to the
fine-grid error. The correction is interpolated to the finest grid and added to the
intermediate solution. Now the low-frequency error is reduced significantly at
lower computation cost than possible using only the fine grid.
In this chapter, we will address the linear and non-linear multigrid implementation, and give an overview of radiative transfer applications performed
with multigrid.
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Figure 4.1: Schematic representation of a V-cycle with three grid levels. →
means restricting the residual with the operator R, 99K means interpolating the
correction with the operator I. The iterations parameters are the following: presmoothing ν1 , post-smoothing ν2 , and coarse-grid iterations ν3 . The grid is defined as Ω with corresponding grid spacing h, which is doubled the mesh size
successively at each grid.

4.1

Linear multigrid

To provide an insight into how multigrid works, we first have a look at a linear
problem. A linear system is given as
Ax = f ,

(4.1)

where we assume that A is a linear operator, strictly diagonally dominant
and very large. We want to solve for x with a given source term, f . The
equation system is too large to be solved by inversion. Instead, we apply an
iteration scheme, for example a Jacobi scheme:
(U + L + D) x = f .

(4.2)

The operator A has been split in upper diagonal (U), lower diagonal (L)
and the diagonal (D). We want to solve for the diagonal:
Dx = f − (L +U)x.

(4.3)

Therefore, we only need to invert the diagonal which is simply a scalar
division:
xi+1 = D−1 ( f − (L +U)xi ) ,

(4.4)

where i is an iteration step. Note that this procedure is essentially the same
as ALI (see Section 3.2.3). We require to calculate the residual for multigrid.
The residual is given as
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Figure 4.2: Smoothing properties of the MALI scheme performed with the FALC model atmosphere (Fontenla et al. 1993) using a five-level plus continuum
model atom of H I. We initialize with LTE populations with extra high-frequency
noise added. MALI achieves a smooth error after three iterations, leaving only a
low-frequency errors.

ri = f − Axi ,

(4.5)

where xi is the current estimate. The residual can be rewritten with Eq. 4.1
as
ri = Ax − Axi ,

(4.6)

where the residual is zero only if the approximation xi exactly equals the
solution x. We define the error as
ei = x − xi ,

(4.7)

and we get the residual equation by combining Eq. 4.6 and 4.7:
Ae = r.

(4.8)

Solving the residual equation is as expensive as solving the original equation 4.1. However, the advantage with the residual equation is that the righthand-side is guaranteed to be smooth after several Jacobi or Gauss-Seidel
iterations which smooths out the high-frequency errors, but leaves the lowfrequency errors, as can be seen in Figure 4.2. The requirement for multigrid
to work is that the residual has to be smooth enough to be represented on a
coarser grid, which is now achieved.
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Therefore we map the residual to a coarser grid, by using a restriction operator R2h
h . Here h is the grid spacing at the finer grid and 2h is the coarse grid
spacing. In multigrid, it is often sufficient to remove every second grid point
to obtain the coarse grid (Trottenberg et al. 2000). The coarse-grid operator,
A2h is obtained by discretizing the fine-grid operator on the coarse grid. The
coarse residual is defined as:
h
r2h = R2h
h r .

(4.9)

Then our coarse-grid equation for the error is:
A2h e2h = r2h .

(4.10)

By doing this, a low-frequency error at the finer grid will be represented
as a high-frequency error at the coarser grid. The coarse-grid equation is then
solved by a direct solver or by applying several Jacobi iterations. The preferred
option is applying several iterations to obtain an approximation for the error.
The error is then transferred by an interpolation operator, Ih2h , to the finest grid:
eh = Ih2h e2h .

(4.11)

The interpolation operator can be of higher order, but linear interpolation
is enough in most cases (Briggs et al. 2000). We add the error to the approximation at the finest grid:
h
h
xnew
= xold
+ eh .

(4.12)

The fine grid error will now again contain some high-frequency components, owing to the different accuracy with which the problem is represented
on the different grids as well as interpolation noise. These components are
removed by again applying several iterations to the updated approximation,
h .
xnew
We remind the reader that the accuracy of the correction depends on the
residual. So, often we do not solve the coarse-grid equation exactly, but only
apply a sufficient number of iterations to obtain the correction. Successive
multigrid cycles have to be performed to achieve a converged solution.
The scheme that we just discussed is called the two-grid linear multigrid
scheme. To extend it into the general linear multigrid method, we can apply
the same two-grid approach to Eq. 4.10, which has the same form as Eq. 4.1.
This approach is called the V-cycle.
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4.2

Non-linear Multigrid

Adaptations to the linear multigrid scheme are needed if the equations are nonlinear. The linear residual equation, Eq. 4.8, is not valid if A is a non-linear operator. There are two methods to solve non-linear systems with multigrid: the
full approximation storage (FAS) scheme (Brandt 1977) and Newton-multigrid
(Briggs 2000). The latter one involves linearizing the equations to obtain a linear equation system. This requires calculating the Jacobian matrix, which complicates the implementation for a multidimensional radiative transfer problem.
Therefore, we do not treat the Newton method here. The FAS scheme solves
the non-linear equation directly without any linearization and only minor modifications to the iterative scheme itself. This method is preferred to tackle the
radiative transfer problem.
We restate our equation system,
Ah (xh ) = f h ,

(4.13)

where A is now a non-linear operator. The residual equation is as following
rih = f h − Ah (xih ).

(4.14)

We rewrite the residual equation with Eq. 4.13:
rih = Ah (xh ) − Ah (xih ).

(4.15)

All these quantities can be mapped to a coarser grid. Therefore we restrict
the residual and the approximated solution:
ri2h = A2h (x2h ) − A2h (xi2h ).

(4.16)

This is the residual equation for the non-linear case. The residual equation
is rewritten to solve for the coarse-grid solution with fine-grid information:
x2h

r2h

z
}|
{ z
}|
{
2h
2h h
2h
2h h
h h
h
A (Rh (xi ) + e ) = Rh ( f − A (xi )) +A2h (R2h
h (xi )).

(4.17)

The final equation can be written in a compact form:
h
A2h (x2h ) = r2h + A2h (R2h
h xi ).

(4.18)

This is the coarse-grid equation, where we are solving the full problem.
The right-hand side contains known quantities from the fine grid, which are
restricted by the R2h
h operator. The right-hand side forces the coarse-grid equation to have the same accuracy as the fine-grid equation. An approximation of
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the solution x2h is obtained by applying multiple iterations on the coarse grid.
Then we calculate the correction:
2h
2h
e2h = xold
− xnew
,

(4.19)

2h is the restricted population and x2h is the new approximation
where xold
new
on the coarse grid. The correction is then interpolated to the finest grid because
the full solution is not guaranteed to be smooth. The interpolated correction is
then added to the fine-grid approximation:
 
h
h
= xold
+ Ph2h e2h
xnew
(4.20)

in the same way as in the linear case, we then apply a number of iterations
on the fine grid to get rid of the high-frequency interpolation errors. Now the
approximation should be closer to the solution. Also in the non-linear regime
we typically need several V-cycles to reach a converged solution. Just as in the
linear case one can apply the non-linear two-grid strategy to Eq. 4.18 and so
obtain a general non-linear multigrid solver.
There are more strategies than V-cycles, such as the W-cycle and fullmultigrid (Briggs et al. 2000), both of which can be more efficient than the
V-cycle. The W-cycle spends more time at the coarser grids, by successively
visiting the coarsest grid instead of going straight up to the finest grid. Fullmultigrid starts iteration at the coarsest grid in order to obtain a better initial
approximation at the finest grid (e.g. Fabiani Bendicho et al. (1997), PAPER
I).
Many books provide a detailed analysis of multigrid convergence and implementations: (e.g. Briggs et al. 2000; Hackbush 1985; Trottenberg et al.
2000). The number of different components that go into multigrid, complicates the implementation (Joppich & Mijalkovic 2012). Therefore, it is hard
to know what kind of efficiency and accuracy can be expected from multigrid.

4.3

Multigrid with radiative transfer

Steiner (1991) was the first to propose the use of multigrid to solve radiative transfer problems. Steiner (1991) applied the method to an one-/twodimensional atmosphere and a two-level atom, which corresponds to a linear
problem. Both the local and a non-local operator were used in the accelerated
lambda operator, which act as the smoothing operator for radiative transfer
problems
To investigate the smoothing capabilities, he mimicked a high-frequency
error by inserting a sharp peak in the initial approximation, to examine how
the iteration scheme could actually smooth it. The non-local operator obtained
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Figure 4.3: The observed spectral radius for non-local operator ALI and multigrid. ξ is the number of grid points per decade, l is the number of grid levels, n is
the number of grid points in the slab, and ε is the photon destruction probability.
Note that nALI /nMG has to be divided by 4.6 if l = 4 and 4 if l = 3 to obtain the
speed-up in CPU time. Taken from Steiner (1991).

Figure 4.4: The observed spectral radius (ρ) for multilevel accelerated lambda
iteration (MALI), Gauss-Seidel (MUGA), and two-grid multigrid (TGM) as a
function of vertical grid spacing (∆zl ). The TGM is performed with one presmoothing and post-smoothing iteration (ν1 + ν2 = ν). Taken from Fabiani Bendicho et al. (1997).
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Figure 4.5: Computation time for multilevel accelerated lambda iteration
(MALI), Gauss-Seidel (GSM), successive over-relaxation (SOR), and multigrid
(MG) with SOR as an operator. The computations were performed with an
isothermal 2D atmosphere (Avrett 1968) and a three-level H I with 8 frequency
point and 3 angles per quadrant. Taken from Léger et al. (2007).

a smooth source function after only one iteration. Multiple iterations were
needed with the local operator. The local operator fails for some of the examples he investigated. The author concluded that the reason behind this is
unclear. This could be similar to what is observed in PAPER I, the coarse-grid
iteration sometimes converges to a negative solution. The rest of the analysis was performed with a non-local operator. Figure 4.3 shows the relation
between the grid spacing, the photon destruction probability (ε) and the spectral radius of the various methods. The spectral radius for ALI increases for
smaller grid spacing and larger photon destruction probability. In contrast, the
spectral radius obtained for multigrid remains rather constant, demonstrating
its insensitivity to grid spacing and photon destruction probability.
However, his study showed that when there are only a few grid points per
decade of optical depth, the multigrid method diverges. The author concluded
that this might be due to large gradients at the boundaries, which the coarse
grid could not properly resolve. Therefore the correction from the coarse grid
did not add any significant improvement to the finest grid, leading to a stall in
the convergence. So there exists a lower limit for how coarse the grid can be
and still achieve convergence. Steiner (1991) also applied multigrid to a twodimensional atmosphere, where he obtained a speedup of a factor 40 in CPU
time.
Vath (1994) was the first to investigate the behavior of multigrid using 3D
radiative transfer. He showed that linear multigrid is not efficient for small
model atmospheres (57 × 57 × 57) in 3D.
The first implementation of non-linear multigrid was performed by Fabiani
Bendicho et al. (1997). It was shown that the multilevel Gauss-Seidel method
(see Section 3.2.5) has excellent smoothing capabilities at both fine and coarse
grids. This makes this operator more preferable to use with multigrid than
MALI, because the smoothing capability of the MALI operator deteriorates as
the grid spacing gets smaller. Due to high smoothing capabilities of MUGA,
only a few smoothing iterations are required during a V-cycle. Figure 4.4 il64

lustrates how the spectral radius behaves for the different methods. Multigrid
is insensitive to grid spacing, whereas MALI and MUGA get a larger spectral radius for smaller grid spacing. Fabiani Bendicho et al. (1997) performed
multigrid with a five-level Ca II model atom and a plane-parallel isothermal
atmosphere (Auer et al. 1994). Multigrid works well in situations where the
grid spacing ∆z ≤ 10 km in one-dimensional model atmospheres. The best
efficiency is obtained in multidimensional problems, as also pointed out by
Steiner (1991). Up to a factor 16 speed-up was obtained in 2D, proving that
multigrid works for non-linear radiative transfer problems. The full-multigrid
scheme increased the speed-up with another factor two.
Multigrid has been shown to be efficient in polarized radiative transfer
(Štěpán 2006) in 1D atmospheres, with an improvement in computation time of
a factor four compared to the MALI method. Multigrid with successive overrelaxation (SOR) as an operator was tested by Léger et al. (2007). Figure 4.5
shows that for the finest grid multigrid performs 3.5 times faster than SOR used
alone. However, it can be shown that choosing a relaxation parameter with
SOR (ω 6= 1) does not improve the smoothing capabilities (Trottenberg et al.
2000, See Figure 4.2), or in the worst case destroy the smoothing properties
(see Section 3.2.5). The reason this was not observed by Léger et al. (2007)
was probably that they used a isothermal atmosphere which leads to smooth
solutions and errors, which is typically not the case in realistic problems.
Štěpán & Trujillo Bueno (2013) were the first to perform 3D non-linear
multigrid with a non-isothermal atmosphere. In their study they applied the
method to a five-level Ca II model atom in the FAL-C model atmosphere
(Fontenla et al. 1993) with weak inhomogeneities in the horizontal temperature
(Auer et al. 1994, See Eq. 18). This was performed using parallelization with
domain decomposition and a MALI operator. However, they did not compare
the speed-up factor compared to that of plain MALI.
All previous work has been performed with smooth variations or constant
quantities in the model atmospheres. In PAPER I we performed the first study
applying non-linear multigrid to a non-homogeneous atmosphere with large
gradients in all atmospheric quantities from a 3D radiative MHD simulation
(Carlsson et al. 2016). In contrast, the demanding setup of the problem in PAPER I, with a very non-smooth atmosphere, required much more smoothing
iterations and consequently resulted in a lower speedup compared to previous
works (Fabiani Bendicho et al. 1997; Steiner 1991). We know that the nonlocal operators have excellent smoothing capabilities and could improve the
stability of multigrid. However, the non-local operators have yet to be proven
to work efficiently in parallel setups (see Section 3.2.5). Therefore MALI is
still the preferable method in parallel multidimensional schemes.
Multigrid is expected to increase its efficiency as the grid gets finer, as
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Figure 4.6: Convergence of multigrid performed with a one-dimensional test
atmosphere that was extracted from a radiative magnetohydrodynamics model.
Two different atoms were used, two-level plus continuum model atom of Ca II
(red) and five-level plus continuum model atom of H I (blue), with various gridspacings.

shown in Figure 4.6 for a one-dimensional case, in agreement with the result
in Figure 4.4. The reason is that the MALI spectral radius reduces with the
vertical grid spacing and multigrid is insensitive to the grid spacing.
With the new generation of 4-m telescopes aiming at observing the solar
chromosphere with high spatial resolution, formidable computational efforts
are required to synthesize spectral lines at that resolution. An efficient 3D radiative transfer code is crucial to investigate the simulations in high-resolution
model atmospheres. The most optimal choice for the next generation 3D radiative transfer codes appears to be the combination of a non-local operator
with multigrid.
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5. Summary of the papers

We briefly summarize the three papers that the thesis is based on. These papers
are appended to the end of this thesis.

5.1

Paper I

In PAPER I we address the slow convergence of present non-LTE radiative
transfer codes. Today, multilevel accelerated lambda iteration is the standard
method to synthesize non-LTE spectral lines in the solar and stellar community. The disadvantage of this method is that the computational work increases
quadratically with decreasing grid spacing. In recent years, there has been a
focus on multigrid methods for solving the non-LTE radiative transfer problem more efficiently. However, these methods have not been tested on realistic
problems: three-dimensional (3D) MHD model atmospheres and strongly scattering lines. We focuses on increasing the efficiency of non-LTE modeling of
spectral lines in realistic solar models.
In PAPER I we implemented a non-linear multigrid solver in an existing
3D non-LTE radiative transfer code. We showed that the method can handle realistic model atmospheres produced by radiative-MHD simulations. Choosing
the correct parameters and components for multigrid are critical for a successful convergence. With multigrid we found a speed-up of a factor 4.5-6 compared to multilevel accelerated lambda iteration. The speed-up is expected to
increase as the grid spacing of the model atmospheres gets smaller.

5.2

Paper II

The newly installed instrument at the Swedish 1-m Solar Telescope, CHROMIS,
allows us to investigate the chromosphere by observing Ca II H&K lines using
a narrow band-filter. The resonance lines of Ca II are formed in the chromosphere, where their formation is strongly influenced by departures from
LTE (non-LTE effects), horizontal radiative transfer (3D effects), and partiallycoherent scattering of photons (PRD effects). To interpret and understand such
observations, we have to model and investigate the formation of the lines. We
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carried out a similar study for the Ca II H&K lines in PAPER II as performed
by Leenaarts et al. (2013b) for the Mg II h&k lines.
Full 3D-non-LTE PRD radiative transfer modeling has become feasible
now with our Multi3D code. We used a five-level plus continuum model atom
of Ca II, which is minimally-sufficient to represent the physics of the line formation for the resonance H&K as well as the infrared triplet (8662, 8498, and
8542 Å) lines. We included PRD effects in the H&K lines as well as resonance
Raman scattering (cross-redistribution, XRD) from the infrared triplet into the
H&K lines. We employed 3D model atmospheres of the Sun, obtained from
three recent radiation-MHD simulations using the Bifrost code, to synthesize
the Ca II spectra. The largest simulation model we used has 7683 grid points
with 32 km resolution in the horizontal directions.
The high-resolution model resembles the observations the most, with thinner fibrils than lower-resolution models. Therefore, we expect simulations
with higher resolution to form smaller structures as seen in the observations.
We found several valuable diagnostic properties of the H&K lines, such as
temperature diagnostic of the temperature minimum, temperature and velocity diagnostic of the mid-chromosphere, and the central depression probes the
velocity of the upper chromosphere.

5.3

Paper III

Previous studies of chromospheric spectral lines have so far mainly used a
quiet-Sun simulation from the radiative-MHD code Bifrost, which is weakly
magnetized.
In PAPER III we use a model atmosphere that includes a simulated active
region containing sunspots and a solar flare with a strong magnetic field from
the radiative-MHD code Muram. We synthesized Ca II H&K, Mg II h&k, and
H-α using the Multi3D code, where we included horizontal radiative transfer (3D effects). We added the charge conservation equation to the statistical
equilibrium equations in order to obtain electron densities consistent with the
non-LTE hydrogen populations. For the Ca II K and Mg II k lines we included
partially-coherent scattering of photons (PRD effects).
This simulation reproduces long fibrils that span the active region in all the
synthetic chromospheric lines. The synthetic fibrils resemble the structures
seen in observations in contrast to the quiet sun simulations used in PAPER
II. We find that the H-α line is formed in the upper chromosphere in this
simulation which is supported by the observations of an active region in Ca II
K and H-α that show similar structures. We find structures resembling flare
ribbons in H-α and the Doppler compensated images of Mg II k, Ca II K, and
8542 Å. We identified the emission along the flare ribbon to be caused by a
68

strong coupling between the source function and temperature which is caused
by high mass density.
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6. Sammanfattning

Allt solljus som vi mottar på jorden kommer från solatmosfären. Information
om solatmosfärens fysiska förhållanden finns kodad i ljuset. Jag har använt 3Dsimuleringar, som försöker efterlikna solatmosfären, för att avkoda detta ljus. I
solkromosfären kan fotoner spridas mångn gånger, och därigenom färdas över
långa sträckor, innom de utbyter energi med gasen.
När jag ör beräkningar behöver jag därför ta hänsyn till kromosfärens komplicerade tredimensionella geometrin och detaljer i själva spridningsprocesser,
specielt att spridningen är delvis koherent, vilket är mycket krävande.
CHROMIS-instrumentet vid det svenska solteleskopet (SST) på La Palma
observerar kärnan av kalciumets H/K-linjer (Ca II H&K) i högre upplösning,
såväl rumsligt som spektralt, än vad något annat instrument någonsin kunnat.
För att förstå bildandet av linje kärnan, simulerade jag den med hjälp av tredimensionella modeller av solatmosfären. Med hjälp av de resulterande syntetiska spektrumen kunde jag etablera värdefulla diagnostiska egenskaper hos
linje, exempelvis viasar K-linjens kärna på ett utmärkt sätt hastighetsfälten i
den ovre kromosfären.
Tidigare avancerade 3D-modeller har huvudsakligen representerat lugna
solområden. Jag använde en mer aktiv simulering med solutbrott, solfläckar
och koronamassutkastningar. Jag studerade simuleringen genom att beräkna
syntetiska spektra för magnesium-, kalcium- och väte linjer. Jag fann att vätets Balmer-alfa (Hα) bildas rumsligt nära magnesium-k-linjen (Mg II k) och
kalcium-K-linjen (Ca II K). Detta förklarar varför observationer i Hα och K
visar liknande strukturer.
Den spatiala upplösningen i de numeriska simuleringarna fortsätter att öka
och detsamma gäller för observationerna där vi förväntar oss att teleskop i enmetersklassen (till exempel SST) ersätts med instrument i fyrametersklassen
(DKIST och EST). Strålningstransportproblem i icke-lokal (non-LTE) tredimensionell geometri kräver extremt tidskrävande datorkörningar. Jag har utvecklat en numerisk iterativ metod som löser problemet snabbare. Genom att
använda flera olika rutnät med olika upplösning tillåter jag att informationen
om strålningsfältet transporteras snabbare genom simuleringsdomänen. Detta
resulterar i en snabbare konvergens.
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