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Abstract

The hallmark of topological phases of matter is the presence of robust boundary
states. In this dissertation, a formalism is developed with which analytical solutions
for these states can be straightforwardly obtained by making use of destructive
interference, which is naturally present in a large family of lattice models. The
validity of the solutions is independent of tight-binding parameters, and as such
these lattices can be seen as a subset of solvable systems imbedded in the landscape
of tight-binding models. The approach allows for a full control of the topological
phase of the system as well as the dispersion and localization of the boundary states,
which makes it possible to design lattice models possessing the desired topological
phase from the bottom up. This may then be used to capture boundary states of
any noninteracting topological model, such as chiral edge states in Chern insulators,
helical edge states in Z2 insulators, Fermi arcs in Weyl semimetals, and Dirac
surface states in three-dimensional topological insulators as well as to gain insight
into for example bulk-band attachment, the surface state topology, and correlation
functions. Further applications of this formalism can be found in the fields of
higher-order topological phases—where boundary states localize to boundaries with
a codimension larger than one—and of non-Hermitian Hamiltonians—which is a
fruitful approach to describe dissipation, and feature many exotic features, such
as the possible breakdown of bulk-boundary correspondence—where the access to
exact solutions has led to new insights.
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Preface

I am proud to present the work I did during my PhD in this dissertation titled “Solv-
able Topological Boundaries”. The overarching subject of my research is topologi-
cal phases of matter, which is one of the main research topics in condensed matter
physics. The fascination for studying these phases does not only find its root in
the fact that their discovery in 1980 marked a paradigm shift in the treatment
of phases, but is also due to the many exotic properties displayed by topological
systems. The most important of these features, at least for the purposes of my
work and the content of this dissertation, is the presence of robust states localized
to the boundaries. These boundary states are studied extensively in this disserta-
tion, where a formalism is developed with which exact solutions can be found to
describe them by making use of techniques known from geometrically frustrated
lattices. This method also finds applications in the context of higher-order topolog-
ical phases and non-Hermitian physics, where the access to exact solutions has led
to new insights. I hope the reader will enjoy reading this work, and be as excited
about these subjects as I am after reading this dissertation.

My contributions

Here I outline my contributions to each of the projects as is customary. The
majority of my research has been done in close collaboration with my supervisor
Emil Bergholtz, where I greatly benefitted from his knowledge and insights. While
the directions of research of most projects were initially driven by Emil, the extent
of my personal contributions to each of the projects in determining the research
direction increased gradually over time and resulted in crucial contributions to
several of the later projects. Indeed, while doing the bulk of the work on most
of the papers, I made explicit contributions important for the scientific directions
of papers V-VIII. Below a detail list of my specific contributions to each paper is
given:

Paper I I proposed several of the toy models, and wrote the initial draft.
All models except for the model in section III.D were computed
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by me. The code for generating the figures was based on code
written by Maximilian.

Paper II The initial draft was written by me. I proposed the solvability of
the breathing kagome and pyrochlore lattices, and I performed
all calculations concerning these models. I also made all the
figures.

Paper III The scientific direction of this work was mostly determined by
many discussions between Emil and myself. I wrote the initial
draft, and performed all calculations in the main text and the
supplementary material. I also produced all the figures.

Paper IV The paper was written mostly by myself in close collaboration
with Guido. I performed the calculations for the models in sec-
tions III-V and produced all figures.

Paper V The paper was written mostly me and I worked out all the expli-
cit examples.

Paper VI I contributed to the early discussions leading up to the main
idea and wrote early notes for the paper.

Paper VII I helped supervise the project and wrote most of the paper.

Paper VIII I formulated several of the ideas worked out in the paper, was in-
volved in the writing process, and explicitly worked out the ex-
amples.

Paper A This paper presents the work resulting from my Master thesis
project. The draft was written by me. I performed all the cal-
culations except for those leading to the results in table I. The
paper was finished during my PhD.

Paper B I contributed to the calculations performed in sections II-IV and
the results shown in figure 2. This work was finished during my
PhD.

Paper C I performed the theoretical calculations and contributed to the
writing.
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Note on overlap between this dissertation and my Licentiate thesis:
Parts of the contents of this dissertation are inspired by my Licentiate thesis,
which was completed on December 12, 2017 [1]. More specifically, there are several
overlaps between the contents of chapter 1 in this work and chapter 1 in the latter.
Additionally, the contents of chapter 2 and section 3.1 are to a great extend based
on chapters 2 and 3, respectively, in Ref. 1, while parts of section 3.4 in this
dissertation overlap with section 2.4 in Ref. 1.
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Sammanfattning på svenska

Topologiska materiefaser kännetecknas av exotiska och robusta ytillstånd. I denna
avhandling utvecklas en formalism genom vilken analytiska lösningar för dessa till-
stånd kan erhållas via destruktiv interferens som naturligt förekommer i ett stort
antal gittermodeller. Lösningarnas giltighet är oberoende av modelparametrar och
kan därmed system ses som stabila delmängder av lösbara modeller inbäddade i ett
mer generellt landskap av gittermodeller. Metoden möjliggör fullständiga lösningar
av topologiska, såväl som icke-topologiska, faser inklusive energierna och lokalise-
ringen av ytillstånden, vilket gör det möjligt att enkelt designa nya gittermodeller
som har önskade egenskaper. Exempel på detta inkulderar de kirala kanttillstån-
den hos Chern isolatorer, de spiralformiga tillstånden på kanterna av Z2 isolatorer,
Fermi bågar i tredimensionella Weyl semimetaller och Dirac tillstånd på ytorna
av tredimensionella topologiska isolatorer. I varje fall ger de exakta lösningarna in-
sikter om exemplevis fasövergångar, ytillståndstopologi och korrelationsfunktioner.
Ytterligare tillämpningar av denna formalism kan hittas inom högre ordningens to-
pologiska faser—där ytillstånden lokaliseras till ytan med en kodimension större än
en—och inom icke-hermitiska Hamiltonoperator som beskriver dissipativa system
med många exotiska egenskaper, såsom en ovanlig form av bulk-yt korrespondens,
och där tillgången till exakta lösningar har lett till nya insikter.
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Chapter 1

Introduction

Topological phases of matter are one of the main research subjects in condensed
matter physics due to their fascinating properties, such as the presence of dissi-
pationless, robust boundary states. These types of phases were first discovered in
1980 with the experimental realization of the integer quantum Hall effect [2] but
were only established as a prominent research subject with the theoretical pro-
posal of the quantum-spin-Hall phase in graphene in 2005 [3,4]. Initially, the focus
was on studying models with gapped bulk spectra known as topological insulators.
Famous examples of such insulators are the two-dimensional lattice realizations
of the aforementioned flavors of the quantum Hall effect, which are referred to
as Chern insulators [5–7] and Z2 insulators [3, 4, 8–10], and support chiral and
helical edge states, respectively. Other types of topological insulators were also
proposed and experimentally observed, such as three-dimensional topological in-
sulators in Bi1−xSbx [11–16], which feature two-dimensional Dirac nodes on their
surfaces protected by time-reversal symmetry, and topological crystalline insula-
tors [17–20], where the boundary states are protected by the crystalline symmetry
of the lattice. The role of symmetries in facilitating the occurrence of topological
phases was further investigated and resulted in the classification of noninteracting
systems in terms of the ten-fold way [21,22] as well as classifications based on crys-
tal symmetry groups [23]. It was soon after realized that gapless systems may also
host topologically nontrivial phases. A prototypical example of such phases is the
three-dimensional Weyl semimetal, which was first theoretically predicted [24–27]
before being experimentally observed in 2015 [28–30], and supports the appearance
of Fermi arcs on its surfaces.
The discovery of topological phases of matter marks a paradigm shift in the

treatment of quantum systems in the sense that these topological models defy the
theory of phases and phase transitions as defined by Landau due to the lack of
a local order parameter [31]. To characterize the topological phase of a material,
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Chapter 1 Introduction

one needs to compute a quantized topological invariant, which is derived from the
(periodic) Bloch Hamiltonian. The value of this invariant relays information di-
rectly relevant for the existence of boundary states thus establishing the famed
bulk-boundary correspondence. Indeed, despite the qualitative differences between
various topological models, the hallmark of all single-particle, topological systems
is the appearance of robust, boundary states. They may in fact be seen as the most
important aspect of topological states of matter from a technological perspective,
and can be experimentally observed in crystals by measuring the resistance of
two-dimensional materials in a Hall bar geometry, or by using angle-resolved pho-
toemission spectroscopy to probe the surface of three-dimensional systems. The
latter technique can also be used to project the Fermi surface onto the surface of
the material as to gain access the bulk spectrum. This way of detecting topological
boundary states has resulted in the experimental confirmation of many theoreti-
cal proposals such as the aforementioned existence of two- and three-dimensional
topological insulators [10, 15, 16] and Weyl semimetals [28–30] in actual crystals.
Additionally, boundary states have also been realized in artificial lattices, such as
cold atom systems [32] and optical waveguide lattices [33].
In this dissertation, a straightforward and transparent formalism is developed

with which exact wave-function solutions for these boundary states can be found,
which are valid both in the topologically trivial and nontrivial regime, exist inde-
pendent of tight-binding parameters, in the entire Brillouin zone, independent of
system size, and can be generalized to any dimension. The solutions are obtained
by making explicit use of destructive interference, which is naturally present on a
large family of lattice models and which greatly simplifies the problem of finding
analytical results contrary to standard beliefs. The lattices consist of two recurring
motifs, A and B, which are stacked in an alternating fashion such that a quasi
one-dimensional lattice is constructed, which terminates with A motifs on both
boundaries. By imposing that the hopping from the A motifs may only occur to
neighboring B motifs, the following exact wave-function solutions can be found

|Ψ(k)〉 = N (k)
∑
m

[r(k)]m c†A,m(k) |0〉 , (1.1)

with k the crystal momentum parallel to the open boundaries, m labeling the
unit cells, N (k) the normalization constant, and c†A,m(k) creates an electron in
the vacuum |0〉 with energy E(k) on the A motif in unit cell m. Wave functions
of this form have an exactly disappearing weight on all B motifs due to local
destructive interference, which provides a boots-trapping condition for finding exact
solutions for r(k). The further details of this wave function depend solely on
the “on-site” terms on the A motifs, such that it is possible to fully control the
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dispersion as well as localization of this state. Indeed, the localization properties
are determined by r(k), and the state is exponentially localized to a boundary for
|r(k)| 6= 1, while being a bulk state when |r(k)| = 1 in the sense that the state
in Eq. (1.1) is equally localized to all A motifs in the system. This then provides
an alternative approach to characterize phase transitions directly in systems with
open boundary conditions: When |r(k)| = 1, the boundary state becomes a bulk
state marking a gap closing in the band spectrum and a phase transition has to
occur. The exact solution in Eq. (1.1) is the main result of paper I, and reappears in
papers II, IV and V, where it is shown to describe the end states of the Su-Schrieffer-
Heeger model [34], the chiral edge states of Chern insulators, the helical edge states
of Z2 insulators, the Fermi arcs of Weyl semimetals, the Dirac surface states of
three-dimensional topological insulators, and the drumhead state of a nodal-line
semimetal [35]. It should be noted that other boundary-state solutions have also
been found in a number of specific cases relying on approximations and fine-tuning
[36–44], while additional programs exist to find analytical solutions [45–50]. The
approach described in this dissertation and the accompanying papers stands out by
its simplicity and transparency, which not only results in key insights concerning for
example the role played by lattice geometry and the surprising similarities between
the wave functions describing different types of boundary states, but also allows
for its generalization beyond the standard topological phases.

The technique used to find the generic wave-function solutions in Eq. (1.1) is
inspired by the appearance of strictly localized modes associated with flat bands
in fully-periodic geometrically frustrated lattices. The academic interest in these
flat bands originates from the fact that they provide the perfect platform to study
interactions and strongly-correlated phases. In the early nineties, it was shown
that both ferromagnetic Hubbard models on line graphs [51–53]—a line graph of a
lattice is defined as the connection of the edges of adjacent vertices of the latter, e.g.,
a kagome lattice is the line graph of a honeycomb lattice—and antiferromagnetic
Heisenberg models on frustrated lattices [54,55] have a ground state that is formed
by a flat band, where this band corresponds to localized magnons for the latter
[56,57]. These two models are related through a mapping onto a classical hard-core
problem [58, 59], and the growing body of theoretical [60–64] and experimental
[65, 66] contributions highlight the ongoing activity in the field. The developed
formalism resulting in Eq. (1.1) thus successfully consolidates the research fields of
frustrated physics and topology.

As was already alluded to, this approach for finding exact boundary states may
be applied to other realms of physics beyond the aforementioned “ordinary” topo-
logical phases. Indeed, the solution in Eq. (1.1) may be generalized to describe
the boundary states of the recently proposed higher-order topological insulators.

3



Chapter 1 Introduction

TheseD-dimensional models feature boundary states that localize to d-dimensional
boundaries with a codimension dco larger than one, i.e., dco ≡ D − d > 1, such
as corners and hinges [67–71]. Early examples of such models are the proposal of
hinge states in three-dimensional topological insulators subjected to a magnetic
field in 2012 [67], and electric multipole insulators featuring corner states with a
fractionalized charge in 2017 [68]. This was followed by an avalanche of publica-
tions varying from the proposal of lattice models with chiral hinge states in the
absence of a magnetic field to classification schemes in terms of crystalline symme-
tries [67–79]. While strained tin telluride [71] and bismuth [79] have been proposed
to host hinge states, higher-order topological phases have so far only been observed
in experiments on artificial lattices [80–84]. Such an example is also featured in
paper C, where corner states are realized in optical waveguide lattices. The wave
function in Eq. (1.1) can be generalized to capture such higher-order states. Indeed,
by considering D-dimensional lattices that consist of d-dimensional motifs, A, B,
B′, . . ., B(D−d−1), and by stacking these A and B(s) motifs in an alternating fash-
ion such that all terminations are made up of A motifs, lattices can be engineered
that support a judicious superposition of the wave function in Eq. (1.1), which has
disappearing amplitudes on all B(s) motifs. The localization of this higher-order
state is then controlled by r(s)(k), and the state may localize to the D-dimensional
bulk, d-dimensional boundary or any other d+ 1, . . . , D− 1-dimensional structure.
This construction is developed in detail in papers II, IV, and V, where in explicit
examples, the exact wave-function solution is shown to describe the corner states
on different geometries of the breathing kagome and pyrochlore lattice, and the
hinge states on the pyrochlore lattice as well as on two variations of a mirror-
symmetric lattice. To date, this is the only approach with which exact solutions
for higher-order boundary states can be obtained.

Another interesting application of the method for finding exact solutions is in
the field of non-Hermitian physics. Non-Hermitian Hamiltonians can be used to
describe dissipation [85–87] with direct applications in optical setups [88–96]. Such
Hamiltonians possess many exotic properties that have no counterpart in the Her-
mitian limit. For example, in the spectrum of non-Hermitian Hamiltonians degen-
eracies may occur, which are called exceptional points, at which the Hamiltonian
becomes defective [97–99]. This means that not only the eigenvalues coincide but
also that the eigenvectors collapse, where the number of coalescing eigenvectors sets
the order of the exceptional point. Interestingly, second-order D − 2-dimensional
exceptional structures appear generically in the spectrum of D-dimensional non-
Hermitian Bloch Hamiltonians [100, 101], and even in D − 1 dimensions in the
presence of a symmetry, as is shown in paper VI. This is in stark contrast to
the Hermitian case, where D − 3-dimensional degeneracies appear generically in
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D-dimensional models of which the aforementioned Weyl node is the primal exam-
ple. When the properties of non-Hermitian models are studied in the case of open
boundary conditions in the context of topology [102] other unexpected features can
be observed, such as the breakdown of conventional bulk-boundary correspondence,
the piling up of bulk states at the boundaries known as the non-Hermitian skin
effect, and the appearance of exceptional points with an order scaling with system
size. Topological invariants derived from the Bloch Hamiltonian fail to describe the
boundary behavior of these systems, and instead these models need to be character-
ized by considering open boundary conditions from the start. This necessitates the
access to exact boundary-state solutions, which are straightforwardly obtained by
generalizing the aforementioned method to the non-Hermitian context. Indeed, ex-
act solutions for the right and left boundary wave functions, |ΨR(k)〉 and |ΨL(k)〉,
can be readily obtained for these models, where their localization is now determined
by rR(k) and rL(k). The phase transitions of these systems are characterized by
considering the biorthogonal properties of these states, i.e., 〈ΨL(k)|ΨR(k)〉, such
that phase transitions occur when |r∗L(k)rR(k)| = 1. This insight was gained by the
knowledge of the exact solutions of the boundary states of these models, and results
in the natural definition of a so-called biorthogonal bulk-boundary correspondence.
This is the main subject of paper III, and in paper VII, both applications of the
exact method are combined by using exact solutions to study higher-order topolog-
ical phases in the context of non-Hermitian hopping terms. Non-Hermitian phases
are also studied in the context of transfer matrices in paper VIII, where a formal
connection is established between the non-Hermitian skin effect, the appearance
of exceptional points whose order scales with systems size, and the breakdown of
conventional bulk-boundary correspondence.
This dissertation aims at unifying and placing the work in the accompanying

papers into context. To that end, chapter 2 provides an introduction into topolog-
ical phases of matter focusing on those aspects that are relevant for the contents of
the accompanying papers. The exact formalism is developed in chapter 3 by first
discussing the appearance of exactly localized states in geometrically frustrated
lattices, and continues by generalizing this idea to a much larger family of lattice
models. Other methods for finding exact solutions are also discussed including a
brief summary of the transfer matrix approach. This is followed by a short review
on higher-order topological phases and the implementation of the exact method to
obtain boundary states for these models in chapter 4. Chapter 5 focusses on non-
Hermitian Hamiltonians by highlighting several of their interesting aspects as well
as by showing that the exact solutions are pivotal in a full understanding of these
systems. Lastly, a discussion of the results, and new directions and applications
are presented in chapter 6.
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Chapter 2

Topological phases of matter

Topological phases of matter form one of the main topics in condensed matter
physics as well as in the accompanying papers, and are introduced in this chapter.
These phases are treated within the scope of topological band theory [103, 104],
and are described by a topological invariant, which is calculated from the bulk
Hamiltonian and characterizes the boundary physics thus establishing the famous
bulk-boundary correspondence. Topological invariants can only change under ex-
treme transformations in accordance with the robustness of topological phases,
where this change only occurs in finite steps due to the fact that these invariants
are integers. Quantum systems are said to be topologically equivalent if they have
the same topological invariant, or, alternatively, topological equivalence dictates
that the Hamiltonians associated with these systems can be transformed into each
other by making use of continuous transformations only, e.g., two bulk-insulating
systems are topologically equivalent if they can be deformed into each other without
closing the gap in the bulk spectrum. In the following sections, several different
topological phases with a gapped (section 2.1) and gapless bulk spectrum (sec-
tion 2.2) are discussed with a special focus on topological boundary states, which
are the most important feature of topological systems—at least for the purposes
of this dissertation—and are the main subject in several of the accompanying pa-
pers, i.e., papers I-V, VII and VIII. The content of this chapter is set up with a
focus on those subjects that are relevant for the accompanying papers, and is by no
means exhaustive on the topic of topological matter. For more details the reader is
directed to several review papers [104–109], which were of great help to the author.

2.1 Gapped topological phases

We start by focusing on insulating variations of topological phases by first intro-
ducing the integer quantum Hall effect, which is followed by examples of lattice
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Chapter 2 Topological phases of matter

realizations thereof. The importance of the fundamental physics presented in this
section is emphasized by the high density of Nobel Prizes that have been awarded
to scientists in the field. Klaus von Klitzing won the Nobel Prize in Physics in 1985
for his discovery of the integer quantum Hall effect [110], Robert Laughlin, Horst
Strömer and Daniel Tsui received the Nobel Prize in Physics in 1998 for discover-
ing and explaining the fractional quantum Hall effect [111], and David Thouless,
Michael Kosterlitz and Duncan Haldane were awarded the Nobel Prize in Physics
in 2016 “for theoretical discoveries of topological phase transitions and topological
phases of matter” [112].

2.1.1 Integer quantum Hall effect

The importance of topology in condensed matter physics was recognized three
decades ago with the experimental and theoretical investigation of the integer quan-
tum Hall effect [2]. Upon applying a strong, perpendicular magnetic field, B =
13− 18T, to a two-dimensional electron gas at low temperatures, T = 1.5− 1.8K,
and probing this setup with a weak, longitudinal electrical current, I = 10−6A,
where the stated values correspond to the ones used by von Klitzing in his experi-
ment [2], the Hall conductivity σxy quantizes to extremely good precision

σxy = ν
e2

h
, ν ∈ Z,

with h the Planck constant, e the electron charge and |ν| the number of filled Lan-
dau levels, Eν = ~ωc(|ν| + 1/2) with ~ = h/(2π) and ωc = eB/me the cyclotron
frequency with me the electron mass, where the Landau levels form the energy
bands of an electron confined to a two-dimensional space exposed to a perpendicu-
lar magnetic field. The physics of this system can be understood in a single-particle
picture due to the Landau levels being completely filled or empty as dictated by the
strictly integer value of ν. The exact quantization of σxy is related to the appear-
ance of gapless, chiral states on the edges, while the bulk spectrum simultaneously
features a gap. These concurrent properties can be understood from the nature
of the Landau levels: The bulk of the system is gapped and the Fermi energy is
chosen such that |ν| Landau levels are filled. By mimicking the edges of the system
with a potential wall, the Landau levels are deformed such that they curve up and
|ν| levels cross the Fermi energy leading to the appearance of |ν| gapless, chiral
modes localized to the edges.
This simplistic picture does not explain the robustness of the quantization of

the Hall conductivity. From Drude’s model, which considers electron transport in
the classical context, it is known that σxy = ρe/B with ρ the electron density,
which suggests that σxy is inversely proportional to B. However, in experiments it
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2.1 Gapped topological phases

Figure 2.1: Schematic figure of the semi-
classical picture of the integer quantum Hall
effect. Upon the application of a strong, per-
pendicular magnetic field B, electrons con-
fined to a two-dimensional space acquire a
circular motion whose direction is dictated
by the direction of the magnetic field, and the
frequency of rotation is set by the cyclotron
frequency ωc. The electrons are locked in
their orbits, which results in insulating be-
havior in the bulk and the appearance of skip-
ping orbits on the edges, such that a chirality
can be associated with the edge electrons.

is observed that the Hall conductiv-
ity forms plateaux while varying the
applied magnetic field. In a semi-
classical picture, this can be under-
stood from the bulk and edge behav-
ior, which is schematically shown in
Fig. 2.1. Varying the magnetic field
results in a change in the number of
available states in the system as each
flux quantum φ0 = h/e is associated
with one electronic state in each Lan-
dau level (see, e.g., Ref. 113). Due
to the confinement of the bulk states
to an orbital motion (cf. Fig. 2.1),
only the edge states contribute to the
conductivity such that the latter forms
plateaux when the number of electrons
in the bulk states changes while the
number of edge states is left unaltered.
Interestingly, by increasing disorder in
the system, the plateaux become larger,
whereas they completely disappear in
the limit of vanishing disorder. Indeed, disorder plays a key role, and leads to the
natural occurrence of localized and extended states [114–118]. What happens is
that disorder smears out the Landau levels, where the perturbation away from the
original Landau levels is formed by the localized states in the bulk, such that in-
stead of an actual energy gap the system now has a so-called mobility gap. Through
the mapping of the problem onto a cylinder, Laughlin showed by making use of
gauge invariance that as long as the Fermi energy lies inside the mobility gap,
the Hall conductivity is insensitive to edge effects and is quantized [118]. A more
quantitative result was provided by Thouless, Kohmoto, Nightingale and Den Nijs
(TKNN) [119], who showed that the Hall conductivity is a topological invariant.
By placing the integer quantum system on a torus and assuming that the Fermi
energy lies inside the mobility gap, they used linear-response theory to find the
Kubo formula for the Hall conductivity

σxy =
ie2

A~
∑

Eα<EF
Eβ>EF

〈ψα| ∂H∂kx |ψβ〉 〈ψβ|
∂H
∂ky
|ψα〉 − 〈ψα| ∂H∂ky |ψβ〉 〈ψβ|

∂H
∂kx
|ψα〉

(Eα − Eβ)2
= ν

e2

h
.

(2.1)
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Chapter 2 Topological phases of matter

Here, the derivative is understood to only be over the momentum-space Hamilto-
nian H, A is the area of the sample, |ψα〉 (|ψβ〉) and Eα (Eβ) are the eigenfunctions
and eigenenergies of H, respectively, with α (β) filled (empty) bands, and the inte-
ger ν is also known as the TKNN invariant [119]. TKNN showed that this equation
indeed leads to a quantization of the Hall conductance both in the presence of a
weak and strong periodic potential, whereby they demonstrated the robustness of
the quantum Hall effect. In fact, the TKNN invariant equals the first Chern num-
ber [120], which is indeed an integer as is illuminated in a lattice model in the next
section. The occurrence of the integer quantum Hall effect thus explicitly relies on
the TKNN invariant being nonzero, which does not necessarily require the presence
of a magnetic field. Indeed, in the next section we explore such a case.

2.1.2 Quantum Hall effect without a magnetic field

The stark contrast between the beauty of the physics displayed by the integer
quantum Hall effect and the experimental difficulty to observe it — one needs ex-
tremely clean samples, extremely strong magnetic fields, and do the experiment
at extremely low temperatures — led Haldane to propose a theoretical model in
which the integer quantum Hall effect is realized on the honeycomb lattice [5]. In-
stead of applying an actual magnetic field, the presence of a zero-average magnetic
field is mimicked through the inclusion of time-reversal-symmetry breaking, com-
plex next-nearest-neighbor hopping terms in the tight-binding Hamiltonian. The
real-space Hamiltonian H reads

H = t
∑
〈i,j〉

(
c†A,icB,j + h.c.

)
+ t2

∑
〈〈i,j〉〉

eiφij
(
c†A,icA,j + c†B,icB,j

)
+ V

∑
i

(
c†A,icA,i − c

†
B,icB,i

)
, (2.2)

where the sum over 〈i, j〉 (〈〈i, j〉〉) runs over all (next-)nearest-neighbor sites, c†α,i
(cα,i) creates (annihilates) an electron on sublattice α at site i, t (t2) is the
(next-)nearest-neighbor hopping parameter, V is a staggering potential and the
phase φij = (−)φ for (anti-)clockwise next-nearest-neighbor hopping as shown in
Fig. 2.2(a), where the phase φ is related to the flux Φ going through the shaded area
via φ = 2πΦ/φ0 [5]. The momentum-space Hamiltonian is found by performing a
Fourier transform

cα,i =
1√
Nα

∑
k

eik·ricα(k), α ∈ {A,B}, (2.3)

where NA (NB) is the total number of A (B) sublattice sites in the system and ri
are the spatial vectors with ai the lattice vectors a1 = δ1 − δ3, a2 = δ3 − δ2 and
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2.1 Gapped topological phases
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Figure 2.2: (a) The honeycomb lattice with A and B sublattices in red and blue, re-
spectively. The dashed lines indicated the next-nearest-neighbor hopping with a positive
(negative) phase φ when hopping along (opposite) the direction of the arrows. A flux Φ
penetrates the gray shaded area and the total flux through a unit cell is zero. (b) The
energy spectrum of the honeycomb lattice with open boundary conditions in x with t = 1,
t2 = 1/5 and V = 0 for M = 40 unit cells. The red and blue bands correspond to the
edge and bulk states, respectively. (c) The weight distribution of the right mover on each
unit cell m for M = 10 unit cells determined by computing the expectation value of the
projection operator onto each unit cell m, 〈Πm〉+,k [cf. Eq. (2.14)]. When the right mover
is inside the gap, it strongly localizes to the “bottom” edge, m = 1, of the cylinder shown
in dark blue, whereas it has zero weight on the “top” edge, m = 10, in dark red. The
weight on the unit cells in between is shown on a gradient scale. When the right mover
attaches to the bulk bands in the band spectrum, the state indeed localizes to the bulk.

a3 = δ2−δ1, and δi the nearest-neighbor vectors δ1 = (1,
√

3)/2, δ2 = (1, −
√

3)/2
and δ3 = −(1, 0) with the lattice constant a = 1. The Hamiltonian reads

Hk =
∑
k

c†(k)Hkc(k), Hk = d(k) · σ + d0(k)σ0, (2.4)

where c(k) = (cA(k), cB(k))T , σ is the vector of Pauli matrices

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (2.5)

acting in sublattice space, σ0 is the 2× 2 identity matrix, and

d0(k) = 2 t2 cos(φ)

3∑
i=1

cos(k · ai), dx(k)− idy(k) = t

3∑
i=1

eik·δi ,

dz(k) = V − 2 t2 sin(φ)
3∑
i=1

sin(k · ai). (2.6)
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Chapter 2 Topological phases of matter

The eigenvalues read
E±(k) = d0(k)± |d(k)| . (2.7)

The Hamiltonian in Eq. (2.4) is expressed in the most generic (Hermitian) form for
writing a two-band model, and Hamiltonians of this form are used frequently in
this dissertation. From now on, all Hamiltonians are written directly in momentum
space, while keeping in mind that the corresponding real-space Hamiltonians can
be recovered by performing an inverse Fourier transformation.
The same topological invariant as in the case of the integer quantum Hall effect

can be associated with this model. Using 〈ψα| ∂kxH |ψβ〉 〈ψβ| ∂kyH |ψα〉 = (Eα −
Eβ)2(∂kx 〈ψα|) |ψβ〉 〈ψβ|∂ky |ψα〉 for α 6= β, replacing 1/A → 1/(2π)d

∫
ddr with

d = 2 the dimensions of the model and the integral running over the real-space
unit cell, and replacing the sum over filled bands by a sum over filled states and
an integral over momentum with the integral running over the first Brillouin zone,
Eq. (2.1) can be rewritten into the following form

σxy = (2.8)
ie2

2πh

∑
α∈occ

∫
d2r

∫
BZ

d2k
[
∂

∂kx
〈ψα(k)| ∂

∂ky
|ψα(k)〉 − ∂

∂ky
〈ψα(k)| ∂

∂kx
|ψα(k)〉

]
.

This equation for the Hall conductivity closely resembles the relation for the first
Chern number C (see, e.g., Ref. 121), which can be computed for each well-
separated band in the energy spectrum of a Bloch Hamiltonian. Indeed, assuming
|ψ(k)〉 is associated with such an isolated band, the following may be defined

C =
i

2π

∫
BZ

d2k
[
∂

∂kx
〈ψ(k)| ∂

∂ky
|ψ(k)〉 − ∂

∂ky
〈ψ(k)| ∂

∂kx
|ψ(k)〉

]
,

where k is the Bloch momentum. The integrant is the Berry curvature

Fxy(k) = [∇k ×A(k)] · ẑ =
∂Ay(k)

∂kx
− ∂Ax(k)

∂ky
, (2.9)

which can be interpreted as a magnetic field acting in momentum space with

Aj(k) = i 〈ψ(k)| ∂
∂kj
|ψ(k)〉 ,

the Berry connection, which acts as the vector potential in momentum space, and
|ψ(k)〉 some isolated band [122]. The Chern number thus reads

C =
1

2π

∫
BZ

d2kFxy(k) ∈ Z, (2.10)
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2.1 Gapped topological phases

Figure 2.3: Plot of d(k) = (sin(kx), sin(ky), m + cos(kx) + cos(ky)) for kx, ky ∈ (0, 2π),
and (a) m = 3 and (b) m = 0.5. The insets show d̂(k) = d(k)/|d(k)| plotted on a sphere.
This model [cf. Eq. (2.4)] is topologically nontrivial with Chern number 1 (−1) when
0 < m < 2 (−2 < m < 0) and trivial otherwise.

where this integral always yields an integer value. Note that the total Chern
number of a band spectrum should always equal zero because a nonzero Chern
number implies it is not possible to choose a smooth gauge [123]. The Chern
number for a two-band model [cf. Eq. (2.4)] simplifies to

C =
1

4π

∫
BZ

d2k d̂(k) ·

(
∂d̂(k)

∂kx
× ∂d̂(k)

∂ky

)
, (2.11)

where d̂(k) = d(k)/|d(k)|, which maps the two-dimensional Brillouin zone to the
unit sphere. The Chern number can now be reinterpreted as the number of times
d̂(k) wraps the sphere, i.e., when d̂(k) points outward over the entire surface, the
Chern number C = 1 and when d̂(k) points inward, the Chern number C = −1.
Indeed, by studying the example in Fig. 2.3, one finds that in the topologically
trivial case [cf. Fig. 2.3(a)], d(k) does not have a topological structure and does
not wind around the sphere. However, in the nontrivial case [cf. Fig. 2.3(b)], d(k)
has a skyrmionic configuration, and indeed wraps around the sphere in accordance
with the nonzero Chern number. Turning to the Hamiltonian in Eqs. (2.4)-(2.6),
Eq. (2.11) is used to find, e.g., C = 1 and C = −1 for the valance and conduction
band, respectively, for the parameters φ = π/2, t = 1, t2 = 1/5 and |V | < 3

√
3/5.

The finite value of the Chern number for each individual band in this model can
be understood from the way the degeneracy in the energy spectrum is lifted. In
the case of real nearest-neighbor hopping only, i.e., t2 = 0 in Eq. (2.6), the band
spectrum features gapless Dirac points (cf. section 2.2.1) at the K and K ′ points
in the hexagonal Brillouin zone of the honeycomb lattice. Turning on t2, which

13



Chapter 2 Topological phases of matter

mediates the strength of the time-reversal-symmetry-breaking mass term, a gap is
opened in these Dirac points with opposite mass at the K and K ′ points in the
Brillouin zone such that d̂(k) is ensured to point in- or outward everywhere on the
unit sphere [104].
Similar to the integer quantum Hall effect, the nonzero Chern number implies

the existence of nontrivial, chiral edge states, which can be studied by changing
the geometry of the honeycomb lattice by wrapping it in a cylinder with zigzag
edges. In this geometry, the system acquires open boundary conditions in the
direction perpendicular to the edges (x in this case), while retaining periodicity in
the direction parallel to the edges (y). The corresponding Hamiltonian reads

H =
∑
k

c†(k)HMk c(k), HMk =


Hk H⊥ 0 0 0

H†⊥ Hk H†⊥ 0 0
0 H⊥ Hk · · · 0

0 0
...

. . . H†⊥
0 0 0 H⊥ Hk

 , (2.12)

where k is the crystal momentum parallel to the edges, M is the total number of
unit cells, where in this context a single unit cellm is understood to refer to a zigzag
chain consisting of A and B sublattice sites, such that M counts the total number
of zigzag chains in the cylinder, c(k) = (cA,1(k), cB,1(k), cA,2(k), . . . , cA,M (k),
cB,M (k))T with cα,m(k) annihilating an electron with momentum k on sublattice
α in unit cell m. The entries of the Hamiltonian read

Hk = 2 t cos
(
k

2

)
σx − [V − t2 sin (k)]σz, H⊥ = t2 sin

(
k

2

)
σz + t σ−, (2.13)

where σ± = (σx ± i σy)/2 and φ is chosen to be π/2.1 The energy spectrum
is shown in Fig. 2.2(b) and features two states (shown in red) crossing the bulk
gap, a right and a left mover, where the chirality is determined by the sign of
dE/dk. The presence of these states is a strong indication that there are indeed
localized boundary states in the system as these bands necessarily break transla-
tional invariance implying they live near a boundary or defect of another type. To
demonstrate that this is indeed the case, the expectation value of the projector
Πm = |eA,m〉 〈eA,m|+ |eB,m〉 〈eB,m| with |eα,m〉 ≡ c†α,m |0〉 onto each of the sublat-
tice sites A and B in unit cell m is computed with respect to the wave functions
|ψ±(k)〉 associated with the chiral states, where ± relates to the chirality, which
reads

〈Πm〉±,k = 〈ψ±,m(k)|Πm|ψ±,m(k)〉 . (2.14)

1 This model is also used in section III E of paper I, and the supplementary material of paper III,
while variations of this model are featured in papers II, IV, and V.
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2.1 Gapped topological phases

The results are shown in Fig. 2.2(c) for 〈Πm〉+,k, and it is observed that the right
mover is strongly localized to one edge of the cylinder. Performing the same compu-
tation for the left mover reveals that it localizes to the opposite edge in accordance
with the behavior of the edge states in the integer quantum Hall effect. These edge
states are extremely robust and can only disappear if the gap in the bulk spectrum
closes. They are thus protected by the bulk gap.
Lattices exhibiting this type of physics are known as Chern insulators. The

understanding of the theory as well as the computation of the topological invariant,
i.e., the Chern number, are much more straightforward for these models than for the
quantum Hall effect itself due to the fact that no actual magnetic field nor disorder
are required. Such lattice realizations of the integer quantum Hall effect can be
achieved on any two-dimensional lattice, such as for instance the checkerboard
lattice shown in Fig. 2.4(a) with the Bloch Hamiltonian and its eigenvalues given
in Eqs. (2.4) and (2.7), respectively, with

d0(k) = 0, dx(k) = t sin
(
kx√

2

)
, dy(k) = t sin

(
ky√

2

)
,

dz(k) = V + t2

[
cos
(
kx + ky√

2

)
+ cos

(
kx − ky√

2

)]
, (2.15)

where the lattice constant a is set to one.2 Computing the Chern number, one
finds C = 1 and C = −1 for the valence and conduction band, respectively, when
t = t2 = 1 and |V | ≤ 2. Taking open boundary conditions in y and periodic
boundary conditions in x, the lattice is wrapped in a cylinder with edges that are
made up of a chain consisting of A and B sublattice sites, and the corresponding
Hamiltonian is given by Eq. (2.12) with

Hk = t sin
(
k

2

)
σx + V σz, H⊥ = −i t

2
σy + t2 cos

(
k

2

)
σz, (2.16)

where k is the crystal momentum parallel to the edges, and each individual unit
cell m now refers to a single chain consisting of A and B sublattice sites. The
corresponding energy spectrum with two states crossing the bulk gap shown in red
is shown in Fig. 2.4(b). The expectation value 〈Πm〉+,k [cf. Eq. (2.14)] associated
with the right mover is shown in Fig. 2.4(c), and it can clearly be seen that the state
localizes to one edge of the cylinder as expected. While Chern insulators initially
only existed in the realm of theory, advancements of experimental techniques have
resulted in their realization in several setups such as cold atom systems [7,32], and
optical waveguide lattices [33]

2 This model is also featured in section III C of paper I.
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Figure 2.4: (a) The checkerboard lattice with two sublattices A and B shown in red
and blue, respectively. (b) The energy spectrum of the checkerboard model with open
boundary conditions in y with t = t2 = 1 and V = 1/2 for M = 40 unit cells, where the
red (blue) bands correspond to the edge (bulk) states. (c) The weight of the wave function
associated with the right mover on each unit cell m for M = 10 unit cells determined by
computing 〈Πm〉+,k [cf. Eq. (2.14)]. When the right mover is inside the gap, it strongly
localizes to the “top” edge, m = 10, of the cylinder shown in dark red, whereas it does
not localize to the “bottom” edge, m = 1, in dark blue with the expectation value on the
other unit cells in between shown on a gradient scale. When the right mover attaches to
the bulk bands, a delocalization occurs in the sense that the right mover localizes to the
bulk of the system.

The notion that time-reversal symmetry needs to be broken to find anything
of topological interest prevailed for a long time in the community until it was
realized in 2005 that the preservation of time-reversal symmetry could also lead
to an interesting topological phase. Indeed, Kane and Mele introduced a model
in which they allow for a spin degree of freedom [3], which is absent in Haldane’s
model, thus realizing the quantum spin Hall effect on a lattice. Taking two time-
reversed copies of Haldane’s model in Eqs. (2.4) and (2.6) with V = 0 and φ = π/2,
one finds H =

∑
k,s,s′ c

†
s(k)Hk;s,s′cs′(k) where s labels the spin degrees of freedom,

cs(k) = (cA,s(k), cB,s(k))T , and

Hk;s,s′ = [dx(k)σx + dy(k)σy]⊗ τ0 + dz(k)σz ⊗ τz, (2.17)

with σ and τ vectors of Pauli matrices acting in pseudo-spin, i.e., sublattice, and
spin space, respectively, and τ0 is the 2 × 2 identity matrix.3 The last term is a
spin-orbit coupling term, which can be seen more clearly when considering its real-
space expression, ∼ (δ1 × δ2)·τ . Similar to the Haldane model, this model features
edge states, which due to the presence of the spin-orbit coupling term appear in

3 A variation of this model is featured in paper V.

16



2.2 Gapless topological phases

the form of time-reversal-symmetry protected, helical edge states. Their presence
is defined by a Z2-topological invariant ν2, which is zero if the system is in a topo-
logically trivial phase and one if it is topologically nontrivial. The Z2 invariant
is found by using the parity eigenvalues ξm (Γi) = ±1 of the Bloch states um (Γi)
at the four time-reversal invariant points Γi in the two-dimensional Brillouin zone,
where Kramers’ theorem requires the states to be doubly degenerate [124], such
that (−1)ν2 =

∏4
i=1

∏
α ξ2α (Γi), where α are the occupied bands [125]. This equa-

tion for computing the Z2 invariant requires the preservation of inversion symme-
try. In case this symmetry is broken, other equations are available to compute
the invariant (see, e.g., Ref. 4). The topological insulator model in Eq. (2.17)
was initially thought to be relevant for graphene but unfortunately, the value of
the spin-orbit-coupling parameter in graphene is too small and such a phase does
not exist [126]. However, the same phase was subsequently proposed in zinc-blende
semiconductors [8] and HgTe quantum wells [9], and experimentally detected in the
latter [10]. Similar to Chern insulators, any two-dimensional lattice can be turned
into a Z2 insulator, which, in the simplest case, amounts to gluing two time-reversed
Chern-insulator copies together. However, the fundamental difference between the
Chern and Z2 insulators is that the first are protected by topology whereas the
latter are protected by a symmetry: By breaking time-reversal symmetry in the
spinfull system, the helical edge states annihilate and gap out. This discovery re-
sulted in a great appreciation for the role of symmetry and led to the theoretical
proposal and experimental discovery of three-dimensional topological insulators in
Bi1−xSbx [11–16], where the surface states are formed by gapless, two-dimensional
Dirac fermions, which are protected by time-reversal symmetry, and topological
crystalline insulators [17–20], where the boundary states are protected by crys-
talline symmetries.

2.2 Gapless topological phases

Soon after the discovery of gapped topological systems, it was realized that systems
that feature a gap closing in the bulk spectrum can also harbor a topological phase.
These gap closings are closely related to Dirac theory, which we review at the start
of this section. This is followed by a discussion on the condensed-matter realization
of the closely related Weyl fermions in Weyl semimetals.

2.2.1 Dirac theory

In 1928, Paul Dirac presented the famous Dirac equation [127], which describes
massive spin-1/2 particles, in order to reconcile special relativity with quantum
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Chapter 2 Topological phases of matter

mechanics,
(i~γµ∂µ −mc)ψ = 0, (2.18)

where ψ is the wave function of the electron, m is the particle mass, c is the speed
of light, and γµ are the 4× 4 gamma matrices, which generate the Clifford algebra
{γµ, γν} = 2ηµν14 with ηµν = (+, −, −, −) the Minkowski metric, and

γ0 =

(
σ0 0
0 −σ0

)
, γi =

(
0 σi

−σi 0

)
,

with σi = σi the Pauli matrices and σ0 the 2 × 2 identity matrix as before.4

Particles obeying this equation are called Dirac fermions, and the corresponding
Dirac Hamiltonian can be found by rewriting Eq. (2.18) in the form of a Schrödinger
equation

i~ ∂tψ =
(
−~c γ0γiki + γ0mc2

)
ψ,

where it is used that ∂0 = ∂t/c and −i∂i = ki, such that

HDirac = ψ†HDiracψ, HDirac = −~c γ0γiki + γ0mc2. (2.19)

The Hamiltonian reveals that the dispersion relation of a Dirac fermion has a
linear dependence on the momentum in contrast to the usual quadratic momentum-
dependence of free fermions.
A year after the introduction of the Dirac equation, Hermann Weyl proposed the

existence of Weyl fermions [128], by rewriting the massless (m = 0) Dirac equation
in the Weyl or chiral basis

γ0 =

(
0 σ0
σ0 0

)
, γi =

(
0 σi

−σi 0

)
,

such that the Dirac equation reduces to

HDirac =

(
~c σiki mc2σ0
mc2σ0 −~c σiki

)
.

When m = 0, this Hamiltonian can be projected onto two chiral subspaces ψ =
(ψL, ψR)T , which are defined by the following chiral projections

ψL =
1− γ5

2
ψ =

(
12 0
0 0

)
ψ, ψR =

1 + γ5

2
ψ =

(
0 0
0 12

)
ψ,

4 Note that by following the conventional notation used for Dirac theory, a different notational
style is used in this subsection as compared to the rest of this dissertation. The Einstein
convention is employed in all equations in this subsection, which means a sum over repeated
indices is implied.
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where

γ5 = iγ0γ1γ2γ3 =

(
−σ0 0

0 σ0

)
.

This leads to a decoupling into a left- and right-handed Weyl spinor

σ̄µ∂µψL = 0, σµ∂µψR = 0,

where σ̄µ = (σ0, −σx, −σy, −σz). The Hamiltonian for a Weyl fermion with
chirality χ = ±1 is thus given by

HWeyl = ψ†HWeylψ, HWeyl = χ~c σiki. (2.20)

Similar to the Dirac fermions, Weyl fermions have a linear momentum dispersion.
Surprisingly, it turns out Dirac and Weyl fermions do not only exist as fundamen-

tal elementary particles but can be realized in the low-energy theory of condensed
matter systems in which case the fermions are described by the Hamiltonians in
Eqs. (2.19) and (2.20) with the speed of light c replaced by the Fermi velocity vF .
Systems that realize Dirac fermions in their spectrum are called Dirac semimet-
als. The first example of such a realization is the aforementioned appearance
of two-dimensional, massless Dirac fermions in the effective low-energy theory of
graphene [126, 129]. The Dirac fermions are found around the K points in the
hexagonal Brillouin zone, and reside exactly at the Fermi energy. The Haldane
model and the model proposed by Kane and Mele introduce mass terms that open
a nontrivial gap in these Dirac cones to find a Chern and Z2 insulator, respec-
tively. The close relation between topology and Dirac theory is also revealed in the
appearance of topologically nontrivial, massless two-dimensional Dirac fermions
at the surfaces of three-dimensional strong topological insulators. Similarly, sys-
tems that feature Weyl fermions are called Weyl semimetals. The most prominent
examples of such systems are three-dimensional Weyl semimetals that were first ex-
perimentally discovered in TaAs in 2015 [29,30]. In analogy with three-dimensional
topological insulators, a Weyl semimetal can be interpreted as the surface theory
of a four-dimensional topological insulator. Whereas massless Dirac nodes and
two-dimensional Weyl nodes can easily be gapped out because a mass term pro-
portional to γ0 and, e.g., σz, respectively, can straightforwardly be introduced into
their respective Hamiltonians, three-dimensional Weyl fermions are protected by
the specific form of their Hamiltonian to which a mass term cannot be added. These
Weyl fermions are thus extremely robust against perturbations, and a topological
invariant can be associated with them as is shown in the next subsection.
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2.2.2 Weyl semimetals

The close relation between topological phases and Dirac theory inspired the search
for a similar connection between topology and other gapless phenomena. This
resulted in the theoretical proposal [24–27] of the Weyl semimetal, where the low-
energy theory of Weyl nodes is given by

HWeyl = ψ†HWeylψ, HWeyl = χ~vFk · σ + [χvF pF + f(k)]σ0, (2.21)

which is closely related to the Hamiltonian in Eq. (2.20) but with the additional
momentum-dependent term f(k)σ0 that tilts the Weyl cone and is usually forbid-
den in the high-energy context due to Lorentz invariance [130]. Note, however,
that a strong contribution from gravity, which can for instance be found near the
event horizon of a black hole, does allow for the tilting of the Weyl cone [131].
Under certain conditions, f(k) can overtilt the Weyl cone resulting in an infinite
Fermi surface. These systems are called type-II Weyl semimetals [132, 133]. Such
overtilted cones are suspected to be the origin of many exotic features exhibited by
Weyl semimetals, such as for instance extremely high magnetoresistance [134–136].
The specific form of the Weyl Hamiltonian in Eq. (2.21), i.e., all three Pauli matri-
ces are being used, prevents the addition of a mass term that would result in a gap
in the Weyl spectrum hinting at the robustness of Weyl nodes against perturba-
tions. Indeed, the Weyl node has a topological invariant associated with it, which
corresponds to the chirality χ of the node and is given by the Chern number in
Eq. (2.11) with the integration now running over a sphere encapsulating the Weyl
node. A Weyl node thus acts as a source or sink of Berry charge depending on
its chirality. The chirality associated with the node also gives rise to the chiral
anomaly (see, e.g., Ref. 108). Upon applying a magnetic field, the Weyl cone splits
into Landau levels in the direction of the field, and retains its linear dispersion in
the other directions. While all the Landau levels acquire a parabolic structure, the
zeroth Landau level remains linear with the same chirality as the Weyl node and
crosses the Fermi energy at EF = χvF pF . Upon the application of an electric field
in the same direction as the magnetic field, electrons start moving, which results
in an imbalance between the valence and conduction electrons, such that the elec-
tromagnetic current is not preserved. As this is not allowed, there must always
be an equal number of Weyl nodes in the system with opposite chirality. Another
way to see this is by realizing that a Weyl node can be interpreted as a “magnetic”
monopole, which is prohibited to exist without the simultaneous existence of an
antimonopole by the Nielsen-Ninomiya theorem [137,138].
There are a plethora of tight-binding models, which realize Weyl fermions in

their low-energy theory. Due to the nondegenerate nature of the Weyl nodes, such
theories need to include a (pseudo-)spin-orbit interaction to force the opposite
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2.2 Gapless topological phases

Figure 2.5: (a) The eigenvalues of the Weyl semimetal in Eq. (2.22) with t = V = 1
for the momentum cut kx = ky = 0. (b) The same model as in (a) with open boundary
conditions in y and plotted for M = 40 unit cells for the momentum cut kx = 0. The red
bands are the Fermi arcs and the blue bands correspond to the bulk states. Note that the
tilt set by t0 is not visible in the cut kx = 0.

(pseudo-)spin nodes apart. An example of a Weyl semimetal phase in a cubic
lattice is presented here to illustrate the relative ease with which these models can
be obtained. The tight-binding model considered is introduced in Ref. 139 and
corresponds to the Hamiltonian given in Eq. (2.4) with

d0(k) = −2 t0 sin(kx), dx(k) = 2 t sin(kx), dy(k) = 2 t sin(ky),

dz(k) = 2 t cos(kz) + 2V [2− cos(kx)− cos(ky)], (2.22)

where t0 is the tilt parameter, t is the nearest-neighbor hopping parameter and V is
a staggering potential. This model features two Weyl nodes at k± = (0, 0, ±π/2)
as is shown in Fig. 2.5(a). Similar to the previously-discussed topological systems,
Weyl semimetals possess robust surface states in the form of chiral Fermi arcs.
They are a projection of the Fermi surface onto the boundaries of the system,
and can be interpreted as remnants of the chiral edge states of a Chern insulator.
Indeed, when a two-dimensional slice in a Weyl semimetal sweeps past a Weyl node
with nonzero Chern number, the slice is penetrated by a Berry flux and picks up
the Chern number of the node, as is shown in Fig. 2.6. The slice is now a Chern
insulator with chiral edge states. When sweeping past a Weyl node with opposite
Chern number, the Chern number of the slice returns to zero and the slice is again
in a topologically trivial state (cf. Fig. 2.6). The space between the two Weyl
nodes with opposite Chern number can thus be interpreted as a stacking in k space
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Chapter 2 Topological phases of matter

Figure 2.6: Schematic depiction of a Weyl semimetal with periodic boundary conditions
in x and y, and open boundary conditions in z. The Weyl nodes are depicted as sources
and sinks of Berry charge, and the Fermi arcs are shown in orange. The two-dimensional,
gray slices correspond to three different cuts in momentum space with Chern numbers
C = 0 and C = 1 as indicated.

of Chern insulators with chiral edge states on the open boundaries. From each of
these edge states a point corresponding to the Fermi energy of the Weyl semimetal
surfaces is picked up. These points form chiral Fermi arcs (in orange in Fig. 2.6)
that live on opposite surfaces and are connected via the Weyl nodes. Similar to
boundary states of topological insulators, Fermi arcs can be identified in the energy
spectrum with open boundary conditions as bands crossing through the bulk gap.
Indeed, taking open boundary conditions in y for the example on a cubic lattice,
the Hamiltonian in Eq. (2.12) is obtained, where M now labels the total number
of two-dimensional square lattices out of which the cubic lattice is build, and

Hk = 2 t sin(kx)σx + {2 t cos(kz) + 2V [2− cos(kx)]}σz − 2 t0 sin(kx)σ0,

H⊥ = −it σy − V σz. (2.23)

The energy spectrum is shown in Fig. 2.5(b) with the Fermi arcs in red.
It should be noted that in general the Chern number associated with a Weyl

node with a linear dispersion always equals ±1. Higher values for the Chern num-
ber can be achieved by generalizing the Hamiltonian to include higher-order terms
in ki, e.g., HWeyl = χ~vF [(k2x − k2y)/2σx + kxkyσy + kzσz] describes a Weyl node
with Chern number C = 2χ [140]. Such Weyl nodes can be interpreted as con-
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sisting of two “C = χ” Weyl nodes sitting on top of each other, and need to be
stabilized via a crystalline symmetry [141, 142], i.e., C4 rotation in the case of the
example. Moreover, it is possible to show that if time-reversal symmetry is broken
and inversion symmetry is preserved, a minimum of two Weyl nodes with opposite
chirality has to appear, whereas when the opposite situation occurs, a minimum
of four Weyl nodes is required. If both symmetries are broken simultaneously, the
only restriction on the number of Weyl nodes is that it has to be even so that
the total Chern number of the single nodes adds up to zero. In case both time-
reversal symmetry and inversion symmetry are preserved, it automatically follows
that Fij(k) = 0 [cf. Eq. (2.9)] and there are no Weyl nodes. In fact, the preser-
vation of both symmetries forces two Weyl nodes with opposite charge to sit at
the same place in momentum space, such that in the presence of a space-group
symmetry, which prevents the opening of a gap, they form a two-fold degenerate
Dirac node and the system is a three-dimensional Dirac semimetal [143–147].
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Chapter 3

Exact boundary states

Now that topological phases of matter in the single-particle picture and their in-
triguing properties, in particular the presence of topological boundary states, have
been introduced, we are ready to continue by discussing the formalism with which
exact solutions for these boundary states can be found, which was first presented
in paper I and further developed in papers II, IV, V and VII. The method in those
papers makes explicit use of destructive interference, which is naturally present on
a large family of lattice models, and is inspired by the retrieval of exact solutions
for strictly localized states known from the study of flat (dispersionless) bands on
geometrically frustrated lattices.
Geometrically frustrated lattices are lattices whose geometry prevents the ener-

getic minimization of all interactions at the same time, which leads to interesting
phenomena such as the appearance of spin-liquid phases or spin ice [148]. This type
of frustration occurs naturally on lattices with lattice sites arranged in triangles or
tetrahedra—e.g., realizing a antiferromagnetic phase on a triangular lattice imme-
diately leads to frustration because the spins cannot be antialigned simultaneously
on all three corners of a triangle—but may also be achieved by implementing in-
tricate tight-binding Hamiltonians on an otherwise “unfrustrated” lattice. Indeed,
in Ref. 149, a p-band model is introduced on the honeycomb lattice that features
two flat bands in the band spectrum associated with strictly localized states.
A prototypical example of geometrically frustrated lattices is the kagome lattice

[cf. Fig. 3.1(a)], which is used throughout this chapter as an explicit example to
show how exact solutions may be recovered in different scenarios. In section 3.1,
a real nearest-neighbor hopping model is implemented on this lattice both with
periodic boundary conditions and with open boundary conditions in one direction.
In the first case, a flat band appears in the energy spectrum associated with strictly
localized states for which exact solutions can be readily obtained. When bound-
aries are introduced, the flat band survives, while additional states appear whose
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energy bands are dispersive and which are semi-localized in the sense that they
are equally distributed over the lattice while having a disappearing weight on a
recurring motif. Following the same logic as for the localized states, it is possible
to find exact wave-functions solutions that capture these semi-localized states in
an exact fashion. In section 3.2, it is shown that these solutions exist on a large
number of lattice models beyond geometrically frustrated lattices, may be gener-
alized to any dimension, and that their existence is independent of tight-binding
parameters. More profoundly, in section 3.3, we will see that if additional con-
ditions are satisfied, these exact solutions may in fact correspond to topological
boundary states. Indeed, by considering a model that realizes a Chern insulator
on the kagome lattice as an example, we will find that the exact solutions capture
the chiral edge states. In fact, it is possible to find wave-function solutions for
boundary states of any noninteracting topological model following this recipe, as
is shown explicitly in papers I, II, IV and V, where exact solutions are found for
the zero-energy end modes of a Su-Schrieffer-Heeger chain, the chiral edge states of
Chern insulators, the helical edge states of Z2 insulators, the Dirac surface states of
weak and strong three-dimensional topological insulators, the Fermi arcs of Weyl
semimetals, and even the drumhead state of a nodal-line semimetal. In the last
section, other methods that exist to find such solutions are briefly touched upon
including a short summary on the transfer matrix approach, which is the main
subject of paper VIII.

3.1 Geometrically frustrated lattices

A prime example of geometrically frustrated lattices is the kagome lattice [cf.
Fig. 3.1(a)], which is used in this section as an example to show how exact wave
functions can be found both in the case of periodic and open boundary conditions.

3.1.1 Periodic boundary conditions

The kagome lattice is shown in Fig. 3.1(a), and has three sublattice sites in the
unit cell, A, B and B′ shown in red, blue and green, respectively. The basis vec-
tors ai and the unit vectors δi read ai = 2δi with i = 1, 2, 3, and δ1 = (1,

√
3)/4,

δ2 = (1, −
√

3)/4 and δ3 = (1, 0)/2 with the lattice constant a = 1. Consid-
ering a real nearest-neighbor hopping model, the Bloch Hamiltonian reads H =∑

k c†(k)Hkc(k), where c(k) = (cA(k), cB(k), cB′(k))T , and

Hk = 2t

 0 cos (k · δ3) cos (k · δ2)
cos (k · δ3) 0 cos (k · δ1)
cos (k · δ2) cos (k · δ1) 0

 (3.1)
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3.1 Geometrically frustrated lattices

Figure 3.1: (a) The kagome lattice with three sublattices A, B and B′ in red, blue and
green, respectively. (b) The energy spectrum [cf. Eq. (3.2)] with t = 1.

with t the nearest-neighbor hopping amplitude. The eigenvalues are

E0 = −2t, E±(k) = t
(

1±
√

1 + 8 cos (k · δ1) cos (k · δ2) cos (k · δ3)
)
, (3.2)

and are shown in Fig. 3.1(b). The band E0 (shown in blue) is an exactly flat band,
and there are touching points between E0 and E−(k) (yellow) at the Γ = (0, 0)
point in the Brillouin zone, and between E+(k) (red) and E−(k) at the K =
(4π/3, 0) and K ′ = 2π(1,

√
3)/3 points.

The eigenfunction solution associated with the flat band |ψ0(k)〉 can be straight-
forwardly computed

|ψ0(k)〉 =

(
3∑
i=1

sin2 (k · δi)

)− 1
2 3∑
j=1

sin (k · δj) c†j(k) |0〉 , (3.3)

where c†j(k) creates an electron with momentum k on sublattice site j in the vacuum
|0〉. This eigenfunction can be used to construct a localized mode in the kagome
lattice of the form shown in Fig. 3.2(a). Following Ref. 64, the following creation
operator for a localized mode A†R on a hexagonal plaquette is defined

A†R = N
∫

BZ
d2k e−ik·R

3∑
j=1

sin (k · δj) c†j(k), (3.4)

where N is the normalization constant, the integral is over the first Brillouin zone
and R is chosen to be at the center of the plaquette.1 By explicitly writing out

1 Note that the normalization factor of the eigenfunction |ψ0(k)〉 has been neglected because it
unnecessarily complicates the integral while it does not influence the qualitative properties of
the state created by A†R.
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Figure 3.2: (a) Localized mode on a hexagonal plaquette as described by the operator in
Eq. (3.5). The wave function has nonzero and equal weight on the orange sites, and zero
weight on all other sites. The sign of the phase changes as indicated by the + and − signs.
The hopping on the gray-shaded triangle via the dashed arrows interferes destructively on
the third site. (b) Sum of three localized modes, and (c) two non-contractible loops on
the torus at k = 0.

the sum over j, inverse Fourier transforming c†j(k) [cf. Eq. (2.3)], and normalizing
properly, the creation operator reduces to

A†R =
1√
6

6∑
j=1

(−1)j+1c†j . (3.5)

The state A†R |0〉 ≡ |ψ7〉 is shown in Fig. 3.2(a). Considering the gray-shaded trian-
gle in Fig. 3.2(a), whose corner sites have the amplitudes 1/

√
6, −1/

√
6 and 0, it is

straightforward to see that hopping from the first two sites to the third site [cf. the
dashed arrows in Fig. 3.2(a)] leads to a disappearing amplitude. This phenomenon
is called destructive interference, and a mode is localized if the hopping to all the
sites outside the mode interfere destructively in an exact fashion. To see that this
localized mode is indeed an eigenfunction, the real-space nearest-neighbor hopping
Hamiltonian Hnn, which may be constructed via performing an inverse Fourier
transform to the Bloch Hamiltonian in Eq. (3.1), is applied to the wave function
|ψ7〉 [cf. Fig. 3.2(a)] leading to Hnn |ψ7〉 = −2t |ψ7〉. Therefore, |ψ7〉 is indeed an
eigenfunction and its corresponding eigenvalue is −2t in accordance with Eq. (3.2).
Whereas the band touchings in the energy spectrum in Fig. 3.1(b) at the K

and K ′ points are required by symmetry arguments, the band touching at the Γ
point is more interesting, and is present due to a redundancy of states in the flat
band. This can understood by making use of the counting argument presented
in Ref. 64. Assuming that the kagome lattice is fully periodic by wrapping it in
a torus, one finds that the sum of the plaquette operator is zero at k = 0, i.e.,
A†k=0 ∼

∑
RA

†
R = 0. This can be straightforwardly understood from the example
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shown in Fig. 3.2(b), where the sum over three plaquette operators reveals that
the amplitude on each site shared by neighboring plaquettes is cancelled out while
making use of the fact that the Bloch phase vanishes for k = 0. This means that
in a system with N7 plaquettes, there are N7 − 1 linearly independent, strictly
localized states and there is thus a state missing in the flat band. This state is
found upon realizing that there are two noncontractable loops in the torus that
correspond to localized states on one-dimensional loops as shown in Fig. 3.2(c).
There are thus N7 + 1 states in the flat band instead of the required N7 states.
Therefore, invoking also the continuity of the Bloch spectrum, there is necessarily
a touching point at the Γ point in the energy spectrum.
The results presented in this subsection are well-known, and based on Ref. 64.

They are rederived here by the author of this dissertation for the sake of completion
and in order to illustrate how destructive interference can be used to derive exact
solutions. In the following, we will see how this mechanism can be generalized
to accommodate for the presence of boundaries. This application of destructive
interference was new when first discussed in paper I, and greatly simplifies the
retrieval of exact wave-function solutions.

3.1.2 Open boundary conditions

Now, we consider the case of open boundary conditions in y by wrapping the
lattice in a cylinder as shown in Fig. 3.3(a). In this geometry, it is useful to think
of the lattice as being composed of red-blue and intermediate green chains that
are stacked in an alternating fashion. From now on, these chains are referred to as
A and B motifs, respectively, not to be confused with the A and B sublattices in
the previous subsection, such that the A motif contains two sublattices, labeled AI
and AII and shown in red and blue, respectively, and the B motif only contains
one sublattice in green. Choosing the terminations on both ends to be made up of
A motifs [cf. Fig. 3.3(a)], the real nearest-neighbor hopping Hamiltonian reads

H =
∑
k

c†(k)HMk c(k), HMk =


HA HA←B 0 0 0

H†A←B HB H†B→A 0 0
0 HB→A HA · · · 0

0 0
...

. . . H†B→A
0 0 0 HB→A HA

 ,

(3.6)
with k the crystal momentum parallel to the edges, M the total number of unit
cells, where each unit cell m is understood to consist of an A and B motif, such
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Figure 3.3: (a) The kagome lattice wrapped in a cylinder with open boundary conditions
in y. (b) The energy spectrum with t = 1 for M = 27. The flat band in cyan is 26-
fold degenerate, and the bands in cyan and red are associated with the modes shown in
Figs. 3.4 and 3.5, respectively.

that the last unit cell m = M only contains an A motif,

c(k) = (cA,1(k), cB,1(k), cA,2(k), cB,2(k), . . . , cB,M−1(k), cA,M (k))T

with cA,m(k) = (cAI ,m(k), cAII ,m(k))T and cα,m(k) annihilating an electron on
sublattice α in unit cell m. HA and HB are the Hamiltonians on the A and B
motifs, respectively, and HA←B and HB→A describe how the A and B motifs are
connected to each other inside the unit cell m and between unit cells m and m+ 1,
respectively, and read

HA = 2t cos
(
k

2

)
σx, HB = 0, HA←B = (HB→A)∗ = t

(
e−i

k
4

ei
k
4

)
. (3.7)

The energy spectrum of this model is shown in Fig. 3.3(b) and features a degenerate
flat band (in cyan) where the degree of degeneracy equals the number of B motifs,
M − 1. This can be understood from the fact that due to the open boundary
conditions in y, there are now M − 1 different plaquettes on which a localized
mode can be defined as shown schematically in Fig. 3.4(a). Similar to the kagome
lattice on a torus, there is a touching point in the band spectrum at k = 0. In
this case, however, the sum over the plaquette operators does not vanish, i.e.,
A†k=0,m7 ∼

∑
RA

†
R,m7 6= 0, where m7 labels the M − 1 different plaquettes, but
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Figure 3.4: Localized modes, which correspond to the flat band in Fig. 3.3(b), on the
kagome lattice in a cylinder configuration (a) away from k = 0 and (b) at k = 0 with the
same conventions as in Fig. 3.2.

instead reduces to a state with an exactly disappearing weight on the B motifs and
nonzero weight on the two A motifs m and m + 1 contained in the plaquette. At
k = 0, it is thus possible to findM linearly independent, exactly localized states on
each A motif as shown in Fig. 3.4(b). The band spectrum also features a touching
point at k = ±π, where there are three energy eigenvalues. This can be understood
by realizing that at k = ±π the Hamiltonian terms reduce to HA(k = ±π) = 0
and HA←B(k = ±π) = t√

2
(1∓ i, 1± i)T such that diagonalizing HMk leads to

E(k = ±π) = 0,±2t for any M . The appearance of these touching points is thus
a consequence of the inherent symmetry of the model.
In addition to the flat band, two semi-localized modes are found in the system,

which are shown in Fig. 3.5, and correspond to the red bands in Fig. 3.3(b). Study-
ing the exact form of the wave functions of these modes [cf. Fig. 3.5], one notices
they resemble the eigensystem of the Hamiltonian on the A motif, HA, i.e.,

E±(k) = ± 2t cos
(
k

2

)
, |ψ±〉 =

1√
2

2∑
j=1

ψ±,jc
†
Aj ,±(k) |0〉 , ψ± =

(
1
±1

)
,

(3.8)
where c†Aj ,±(k) creates an electron with energy E±(k) on site Aj . This leads to the
following ansatz for the wave function of the two semi-localized modes in Fig. 3.5

|Ψ±(k)〉 = N±
M∑
m=1

rm±

 1√
2

2∑
j=1

ψ±,jc
†
Aj ,±,m(k)

 |0〉 , (3.9)
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Figure 3.5: Semi-localized modes on the kagome lattice wrapped in a cylinder with the
total unit cell indicated by dashed lines and the Bloch phase written inside each unit cell.
The same conventions are used as in Fig. 3.2. The modes correspond to the (a) bottom
and (b) top red band in Fig. 3.3(b).

where N± is the normalization constant

N± =

√
|r±|2 − 1

(|r±|2)M − 1
. (3.10)

Solving the eigenvalue equation for this wave function, i.e.,

HMk |Ψ±(k)〉 = EM± (k) |Ψ±(k)〉 ,

leads to the following two equations

HA |ψ±〉 = EM± (k) |ψ±〉 , H†A←B |ψ±〉+ r±H
†
B→A |ψ±〉 = 0, (3.11)

with |ψ±〉 in Eq. (3.8). The first equation reveals that the eigenvalues EM± (k)
are equal to the eigenvalues of the Hamiltonian HA, i.e., EM± (k) = E±(k) [cf.
Eq. (3.8)], which is indeed in accordance with the red bands in Fig. 3.3(b). The
second equation arises due to local destructive interference on the B motifs, and
yields

r± = −
H†A←Bψ±
H†B→Aψ±

, (3.12)

where it should be noted that H†A←Bψ± and H†B→Aψ± reduce to scalars. From
Eq. (3.12) in combination with Eqs. (3.7) and (3.8) it then follows that r+ = −r− =
−1, such that the ansatz in Eq. (3.9) indeed correctly describes the semi-localized
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Figure 3.6: Generic D-dimensional lattice with open boundary conditions consisting of
d = D− 1-dimensional A and B motifs shown in red and blue, respectively. The unit cells
indicated by black circles are labeled by m with at total of M unit cells, and the last unit
cell M only contains an A motif and is thus considered to be broken.

modes in Fig. 3.5 associated with the red bands in Fig. 3.3(b), where it is used
that N± → 1 for these values of r±.
From the Hamiltonian in Eq. (3.6), it can be seen that the existence of the wave-

function solution in Eq. (3.9) with Eq. (3.12) is independent of the specific choice
for the hopping terms as long as the A motifs are only coupled to their neighboring
B motifs. The validity of the wave-function solution in Eq. (3.9) thus originates
directly from the lattice geometry as long as the lattices are translation invariant,
and is independent of tight-binding parameters. Indeed, in the next section we will
see that such solutions can be found on a large family of lattice models beyond
the kagome lattice, and we will find that they naturally correspond to localized
boundary states.

3.2 Boundary states

We start by considering D-dimensional lattices with open boundary conditions,
which consist of two recurring d = D − 1-dimensional motifs, A and B, that are
stacked in an alternating fashion such that a quasi one-dimensional lattice model
is formed with A motif as its boundaries as shown schematically in Fig. 3.6. In
the following, it is assumed that there are nA degrees of freedom on A while for
simplicity the number of degrees of freedom on B is restricted to one whereas this
may be generalized as will be discussed at the end of this section. By imposing a
single constraint, namely, hopping from the A motifs may occur to the neighboring
B motifs, destructive interference occurs naturally on these lattices, which results
in the disappearance of the wave-function amplitude of nA wave functions on the
B motifs. These wave functions are captured by the following generalized ansatz

|Ψi(k||)〉 = Ni (k||)
M∑
m=1

[
ri(k||)

]m nA∑
j=1

ψi,j(k||)c
†
Aj ,i,m

(k||)

 |0〉 , (3.13)
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where i = 1, 2, . . . , nA labels the degree of freedom, k|| is the d-dimensional momen-
tum parallel to the open boundaries, ψi,j(k||) corresponds to the jth component
of the ith normalized eigenfunction of the Hamiltonian HA, c†Aj ,i,m(k||) creates an
electron with energy Ei(k||) on sublattice site Aj in unit cell m, Ni(k||) is the
normalization factor

Ni(k||) =

√
|ri(k||)|2 − 1

(|ri(k||)|2)M − 1
, (3.14)

and ri(k||) is determined exactly by making use of the local destructive interference.
Indeed, when solving the eigenvalue equation, equations corresponding to those in
Eq. (3.11) are obtained, such that one finds that the energy eigenvalues of |Ψi(k||)〉
equal those of the Hamiltonian HA, and

ri(k||) = −
H†A←Bψi(k||)

H†B→Aψi(k||)
. (3.15)

As before, H†A←Bψi(k||) andH
†
B→Aψi(k||) reduce to scalars, which is due to the fact

that the B motifs have a single degree of freedom such that H†A←B and H†B→A are
1×nA matrices. Note that as a consequence of the exact zeros of Eq. (3.13) on the B
motifs, these motifs may be coupled to each other in any way without impairing the
validity of Eq. (3.13). Moreover, the exact wave function is completely independent
of the Hamiltonian HB on the B motifs.
Taking a closer look at the wave function |Ψi(k||)〉, it is found that its localization

is dictated by |ri(k||)|, which can be seen both from the inverse localization length,
i.e.,

ξ−1i (k||) = ln|ri (k||)|, (3.16)

and from the expectation value of the projection operator, Πm = |eA,m〉 〈eA,m| +
|eB,m〉 〈eB,m|, onto each unit cell m [cf. Eq. (2.14)] with respect to |Ψi(k||)〉, i.e.,

〈Πm〉i,k|| = |Ni(k||)|2|ri(k||)|2m. (3.17)

When |ri(k||)| = 1, the solution in Eq. (3.13) is thus equally localized to each A
motif, and corresponds to a bulk state, as in the preceding discussion in section 3.1.
The associated energy band of the wave function should thus attach to the bulk
bands in the spectrum when |ri(k||)| = 1, which can be used as an alternative
approach to diagnose phase transitions. When |ri(k||)| 6= 1, on the other hand,
|Ψi(k||)〉 localizes to one of the boundaries. Indeed, when |ri(k||)| < 1 or > 1 the
wave functions is exponentially localized to m = 1 or M , respectively.
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Figure 3.7: The kagome lattice with the A
motifs m and m+ 1, and the unit cell on the
A motifs indicated by black circles. The local
constraint involves more than one unit cell on
one of the A motifs for this lattice.

To obtain boundary states, we thus
need to find solutions with |ri(k||)| 6= 1.
This can be achieved by considering lat-
tices where the A and B motifs are cou-
pled to each other in such a way that
the coupling between different degrees
of freedom in the A motif in unit cell m
to the degree of freedom in the B mo-
tif also in unit cell m is different from
the coupling of the degrees of freedom
in A motifs in unit cell m+ 1 to the B
motif in unit cell m (cf. Fig. 3.7). In
this case, a solution for ri(k||) is found,
which does not trivially equal one. To
illustrate this, we consider the example
of the kagome lattice studied in the pre-
vious section, which satisfies this condition as shown in Fig. 3.7. If Eq. (3.15) for
this lattice is now written in the Bloch basis, i.e., hopping inside the unit cell occurs
without a phase and a phase is only picked up by hopping between unit cells, we
find

r±(k) = − ψ±,1(k) + ψ±,2(k)

ψ±,1(k) + eikψ±,2(k)
,

which has an extra phase appearing in the denominator.2 |ri(k||)|, therefore, does
not trivially reduce to one for lattices that satisfy this constraint, and a pivotal
role is played by the wave functions ψi(k||). Indeed, for the example of the real
nearest-neighbor hopping Hamiltonian on the kagome lattice in Eqs. (3.6) and (3.7),
we found |r±(k)| = 1 for all k. Therefore, assuming the hopping between the A
and B motifs to be of equal strength, to find |ri(k||)| 6= 1 for lattices satisfying
this constraint, the Hamiltonian on the lattice needs to support the pertinent
topological phase, as we will see in the next section.
An alternative way to satisfy |ri(k||)| 6= 1 is to implement an anisotropic hopping

between the A and B motifs in the sense that different hopping strengths are
imposed between the A and B motifs inside the unit cellm as compared to between
unit cells m and m+ 1. This approach, however, eliminates the role played by the
Hamiltonian on A, and is generally independent of the topological nature of the
wave function |Ψi(k||)〉.
The approach described above is still valid if the assumption that the B motifs

2 Note that ψ±(k) do not correspond to the solution in Eq. (3.8) for this equation due to the
change of basis.
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only contain a single degree of freedom is lifted. Indeed, the B motifs may consist
of multiple degrees of freedom as long as ri(k||) can still be obtained in an unam-
biguous fashion. For example, if we consider spin degree of freedom on the lattice,
ri(k||) can be solved in a consistent fashion, when, firstly, the spin is well-defined
on the A motifs, i.e., HA needs to be of the form

HA = HA,SOC(k||)⊗ d(k||) · τ +HA,0(k||)⊗ τ0,

where τi acts in spin space, and secondly, the coupling between the A and B motifs
is invariant under spin rotation, i.e., hopping may only occur between the same
degrees of freedom, which is achieved by considering Hamiltonians of the form

HA←B = HA←B,0 ⊗ τ0 +HA←B,z ⊗ τz,
HB→A = HB→A,0 ⊗ τ0 +HB→A,z ⊗ τz.

Therefore, upon including multiple degrees of freedom in B and in extension thus
also on A, one needs to make sure that mixing terms between these degrees of
freedom only appear in the Hamiltonians on the A and B motifs, i.e., HA and
HB, respectively, and not in the hopping Hamiltonians, HA←B and HB→A, that
connect the A and B motifs to each other.
Lastly, it should be pointed out that if we instead consider a lattice that ter-

minates with an A motif on one end and a B motif on the other, such that the
unit cell M is no longer broken, the wave-function solutions in Eq. (3.13) are no
longer exact but are nevertheless relevant: The wave functions |Ψi(k||)〉 associated
with states in the model with a broken unit cell may be mapped onto either end of
the lattice as long as |ri(k||)| < 1 and the lattice is sufficiently long, such that the
states are exponentially localized to the A (B) motifs at the end m = 1 (M) and do
not feel each other. This approximation breaks down when |ri(k||)| > 1, in which
case the boundary states enter the bulk of the system and interfere. Nevertheless,
|ri(k||)| = 1 should still predict the attachment of the bands associated with the
boundary states to the bulk bands up to finite-size corrections. The wave-function
solutions in Eq. (3.13) thus still render relevant information for the appearance and
disappearance of boundary states in lattices without broken unit cells, as we will
indeed see in the next section.
The formalism described in this section was first presented in Ref. 150 for a

specific example, and generalized to the context of geometrically frustrated lattices
in paper I. This was followed by a further extension to more general lattices (cf.
Fig. 3.6) in papers II, IV, V and VII. Remarkably, the exact wave-function solutions
in Eq. (3.13) are valid on any lattice of the form as described in this section, and
depend only on the explicit details of a small recurring motif, A, as well as the local
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coupling between the A and B motifs. It is thus surprisingly straightforward to
find such exact solutions, which correspond to boundary states when |ri(k||)| 6= 1.
In the next section, we will see that they in fact correspond to topological boundary
states when the relevant Hamiltonian is implemented on the lattice.

3.3 Topological boundary states

The wave-function solution in Eq. (3.13) possesses all the properties that are desired
of topological boundary states. However, for this state to indeed have a topological
character, the correct hopping terms for the sought-after topological phase need
to be implemented in the Hamiltonian, such that the relevant symmetries are re-
spected and/or broken, and the correct spatial dimensions are present. This can be
achieved by including such terms in the Hamiltonian on the A motifs, HA, which
dictates the form of the wave functions ψi(k||) in ri(k||) [cf. Eq. (3.15)]. Alterna-
tively, such terms may be implementing in the hopping Hamiltonians HA←B and
HB→A, or in HA, and HA←B and HB→A simultaneously. Note, however, that the
wave-function solutions in Eq. (3.13) are entirely independent of the Hamiltonian
on the B motifs, HB, such that details of the latter are only relevant in the sense
that they can alter bulk-band behavior and drive phase transitions, while being
unable to change the localization and dispersion of the states in Eq. (3.13). In
the following, we will consider an explicit example to show that Eq. (3.13) indeed
captures topological boundary states.
Returning to the example of the kagome model, we now consider a realization

of a Chern insulator on this lattice. As discussed in the previous chapter, Chern
insulators are two dimensional systems that break time-reversal symmetry (cf. sec-
tion 2.1). The kagome lattice thus satisfies the first requirement, and to accomplish
the latter, its tight-binding Hamiltonian with open boundary conditions in y, which
is given in Eq. (3.6), contains the following hopping terms

HA = 2t cos
(
k

2

)
σy+V σz, HB = 0, HA←B = (HB→A)∗ = t

(
e−i

k
4

ei
k
4

)
, (3.18)

which differs from the Hamiltonian in Eq. (3.7) in that the nearest-neighbor hop-
ping terms in HA now have a phase associated with them introduced by σy, such
that time-reversal symmetry is broken. Additionally, a staggering potential V is
included, which lifts degeneracies in the spectrum.3 The spectrum is shown in
Fig. 3.8(a), and reveals the presence of in-gap states (shown in red). By using
Eq. (2.11), it is found that this model indeed realizes a Chern insulator with Chern

3 This model is also considered in paper I.
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Figure 3.8: (a) The energy spectrum of the Chern-insulator model on the kagome lattice
[cf. Eq. (3.18)] with t = V = 1 for M = 27. The red bands correspond to chiral edge
states and are associated with the wave functions in Eq. (3.13). The blue bands are bulk
states. (b) The weight of the wave function associated with the lower band on each unit
cell m for M = 10 unit cells is determined by computing 〈Πm〉−,k [cf. Eq. (3.17)]. The
band is a left mover in the region k = (−π, 0) and a right mover in the region k = (0, π).
The right mover localizes to the “bottom” edge, m = 1, of the cylinder shown in dark blue,
whereas the left mover localizes to the “top” edge, m = 10, shown in dark red, and the
localization on the unit cells in between is shown on a gradient scale.

number one at half filling for the parameter choice plotted in Fig. 3.8(a), i.e.,
t = V = 1. The bands in red correspond to the exact wave-functions solution in
Eq. (3.13) with energy

E±(k) = ±

√
4t2 cos2

(
k

2

)
+ V 2,

which corresponds to the eigenvalues of HA, and

r±(k) = −eik/4ψ±,1(k) + e−ik/4ψ±,2(k)

e−ik/4ψ±,1(k) + eik/4ψ±,2(k)
, (3.19)

with ψ±,j(k) corresponding to the jth component of the eigenfunction ψ±(k) of
HA:

ψ±(k) =

(
2it cos

(
k
2

)
V − E±(k)

)
.

The localization of the lower band is computed using Eq. (3.17) and shown in
Fig. 3.8(b). It can be seen that in the region k = (0, π), where the red band is

38



3.3 Topological boundary states

�������

Figure 3.9: (a) The energy spectrum of the Chern-insulator model on the kagome lattice
[cf. Eq. (3.18)] with no broken unit cells with t = V = 1 for M = 27. The red bands
correspond to chiral edge states and the blue bands are bulk states. (b) The weight of
the wave function associated with the right mover in the lower gap on each unit cell m
for M = 17 unit cells determined by computing 〈Πm〉−,k [cf. Eq. (2.14)]. The state
localizes to the “bottom” edge, m = 1, of the cylinder shown in dark blue in the region
k = (0, π), while it reveals both bulk behavior and edge behavior in the region k = (−π, 0]
in accordance with the behavior of the band in the spectrum, i.e., towards k = −π the
band becomes a left mover and localizes to the opposite edge m = 17 shown in dark red.
The localization on the unit cells in between is shown on a gradient scale.

associated with a right mover, the state localizes to the edge m = 1 of the cylinder,
i.e., |r−(k)| < 1, while in the region k = (−π, 0) the red band is a left mover
and localizes to the opposite edge, m = M , i.e., |r−(k)| > 1. This localization is
in full agreement with the behavior of the edge states of Chern insulators, where
states with opposite chirality live on opposite edges. At k = {0,±π}, |r−(k)| = 1
and the exact wave function in Eq. (3.13) describes a bulk state. This is indeed
in agreement with the delocalization observed in Fig. 3.8(b) at these values for k.
The same behavior is found for the upper band, where the right and left movers
now localize to opposite edges with respect to the lower band, i.e., |r+(k)| < 1 and
> 1 in the regions k = (−π, 0) and k = (0, π), respectively, and |r+(k)| = 1 for
k = {0,±π}. This example thus explicitly shows that the wave-function solutions
in Eq. (3.13) indeed capture topological boundary states.

Next, we consider the same model but now on a lattice that terminates with an
A and B motif on either end. As discussed in the previous section, Eq. (3.13) is no
longer an exact solution in this case but nevertheless conveys relevant information
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on the existence of boundary states. Indeed, in the spectrum shown in Fig. 3.9(a),
in-gap states (in red) only appear in those regions where |r±(k)| < 1 [cf. Eq. (3.19)],
i.e., k = (−π, 0) and k = (0, π) for r+(k) and r−(k), respectively, and attach to the
bulk bands when |r±(k)| = 1, i.e., at k = {0,±π} for both bands, up to finite-size
corrections. Indeed, while the band attachment at k = 0 is apparent, there is not
a full band attachment of all in-gap states at k = ±π. By increasing M , however,
the band attachment approaches k = ±π, such that for M →∞ the bands should
attach at k = ±π. The localization of the right mover in the lower energy gap is
shown in Fig. 3.9(b), and reveals that the state is strongly localized to the unit
cell m = 1 in the region k = (0, π], similar to the model considered in Fig. 3.8. In
the region k = (−π, 0], the band attaches to the bulk, which is also displayed by
the localization in Fig. 3.9(b), while also revealing boundary-band behavior: Due
to finite-size effects, the band detaches from the bulk bands close to k = −π, and
becomes a left mover. It now localizes to the opposite edge in accordance with the
change of chirality. The wave functions in Eq. (3.13) are thus not only relevant
on the large family of lattice models for which they are exact solutions but also
contain important information for models with an unbroken unit cell.
The solutions in Eqs. (3.13)-(3.15) form the central result in paper I, and are

elaborated upon in papers II, IV and V. In these papers, explicit examples are
included beyond the example on the kagome lattice treated here, where the exact-
wave function solutions in Eq. (3.13) are shown to describe the zero-energy end
modes of the Su-Schrieffer-Heeger model, the chiral edge states of a Chern insulator
on the honeycomb lattice, the Fermi arcs of a Weyl semimetal in a model based on
the checkerboard model [cf. Eq. (2.15)] and in the pyrochlore lattice, the drumhead
states of a nodal-line semimetal on the hyperhoneycomb lattice, the helical edge
states of a two-dimensional Z2-insulator on the honeycomb lattice, and the Dirac
surface states of a weak and strong three-dimensional topological insulator on the
diamond lattice. The formalism described in this and the previous section thus
captures the topological boundary states of any noninteracting topological model,
and stands out by its simplicity and transparency, as outlined in detail in the
previous section. In the next two chapters, two applications of this method are
explored, namely, in the field of higher-order topological phases and that of non-
Hermitian models, where it provides novel insights. However, before we continue,
we first review several other approaches that exist to find such solutions.

3.4 Other solutions and methods

While the formalism described in the previous sections is extremely powerful, it
should be noted that other solutions and methods exist with the aim of finding
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topological boundary states. Indeed, even though theoretical studies have mostly
relied on numerical calculations, some examples of analytical results for bound-
ary modes exist. Famous exact solutions of boundary states in one-dimensional
chains are the spin-1/2 boundary states in the Affleck-Kennedy-Lieb-Tasaki model
that investigates the spin-1 Heisenberg chain [36], as well as, the Majorana modes
obtained in the Kitaev chain [37]. Other efforts rely on the investigation of the suit-
ability of Dirac Hamiltonians to model topological insulators. Edge states for Dirac
Hamiltonians on a lattice with nearest-layer coupling have been found in Ref. 38,
whereas, modified Dirac Hamiltonians are discussed in Ref. 39, where boundary
solutions are obtained at interfaces separating sections with opposite Dirac mass
in one- and two-dimensional systems, as well as, solutions in semi-infinite, one-,
two- and three-dimensional models under some parameter conditions making use
of effective Hamiltonians. Solutions are also found in two-dimensional topologi-
cal insulators for the helical states in the HgTe quantum well approximated by a
four-band model finding its origin in k ·p perturbation theory [40,41], and in two-
dimensional topological insulators modeled by the Bernevig-Hughes-Zhang model
presented in Ref. 9 on a square lattice [42], as well as in three-dimensional weak
topological insulators at special points in the surface Brillouin zone [43]. An an-
alytical solution for the Fermi arcs in a Weyl semimetal on the [001]-surface of a
zinc-blende lattice with broken inversion symmetry is presented for semi-infinite
system with a linearized model in Ref. 44. Solutions for the Andreev bound state
in topological superconductors also exist [151].4

While these results are model specific and thus do not encompass a general ap-
proach to finding analytical boundary-state solutions, there are several methods
besides the one described in the previous sections that provide such a program.
The method by Duncan et al. in Ref. 48 focusses on finding the full spectrum of
quasi one-dimensional, time-reversal-symmetry preserving systems, and also allows
for the inclusion of impurities. Interestingly, in paper V it is found that it is not
time-reversal-symmetry but instead a spectral mirror symmetry in the spectrum
of the Bloch Hamiltonian, which relates the momentum k⊥, which is perpendic-
ular to the open boundary conditions, to −k⊥, that is the necessary condition to
find all bulk states in the system with open boundary conditions (see chapter 6
for more details). Another method to finding analytical solutions for topological,
boundary states is described by Alesa et al. in Refs. 49 and 50, and is valid for
arbitrary boundary conditions, encompasses an extensive formalism that gives ac-
cess to the complete spectrum and bears some resemblance to the transfer-matrix

4 These results were found after extensive literature research but it can by no means be guar-
anteed that it captures all the published work related to analytically obtained equations de-
scribing topological boundary states.
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approach. Lastly, a well-known and effective method is that of transfer matrices,
which allow for a straightforward computation of the boundary and bulk states in
semi-infinite systems and quasi-one dimensional systems with open boundary con-
ditions [152,153]. This method treats eigenvalues as a free parameter as opposed to
deriving them by solving the characteristic equation of the Hamiltonian, and has
been successfully applied to find solutions for topological boundary states [45–47].
This approach is briefly summarized here as transfer matrices form the central sub-
ject of paper VIII, where they are studied in the context of non-Hermitian physics
(cf. chapter 5). Starting by considering a lattice with open boundary conditions
in one direction, and partitioning the lattice into supercells such that the hopping
between these cells only occurs in a nearest-neighbor fashion, its single-particle
Hamiltonian reads

H(k||) =
∑
n

(
c†nJcn+1 + c†nHcn + c†n+1J

†cn
)
, (3.20)

where n labels the supercell, J is the hopping matrix between supercells, and
H contains information on the hopping between degrees of freedom inside the
supercell, as well as, the on-site energies. Solving the Schrödinger equation for
some state, |Ψ〉 =

∑
n ψnc

†
n |0〉, yields the following recursion relation

Jψn+1 +Hψn + J†ψn−1 = Eψn,

which may be recast into an alternative form

ψn = (E1−H)−1
[
V ΞW †ψn+1 +WΞV †ψn−1

]
, (3.21)

where the singular value decomposition of J is used, i.e., J = V ΞW †. In this
construction, it is required that J2 = 0, such that not only V †V = W †W = 1 but
also V †W = 0. Eq. (3.21) can then be rewritten into the transfer-matrix equation,
i.e., (

W †ψn+1

V †ψn

)
= T

(
W †ψn
V †ψn−1

)
,

where T is the 2r× 2r-dimensional transfer matrix with r = rank J , and explicitly
depends on H, E, V , Ξ and W . The eigenvalues of T then contain information
about the bulk and boundary states: By imposing the correct boundary conditions
on T , equations can be found, which depend on the energy E as a free parameter
as well as on other parameters, and solutions to these equations then correspond
to the bulk and boundary states in the system. In Ref. 47, it is shown by Dwivedi
et al. that the transfer matrix is always unimodular, i.e., detT = 1, for Hermitian
Hamiltonians. One of the consequences of this quality of T is that the bulk states
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derived from the eigenvalues of T are always evenly distributed in the lattice,
i.e., they are indeed bulk states. Interestingly in paper VIII, it is shown that for
some non-Hermitian models, detT 6= 1 in which case bulk states may pile up at
the boundaries. This phenomenon is known as the non-Hermitian skin effect and
discussed in more detail in section 5.4.
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Chapter 4

Higher-order topological phases

In this chapter, it is shown that the formalism developed in the previous chapter
can be naturally generalized to also capture boundary states that localize to bound-
aries with a codimension, dco, higher than one, i.e., the dimension of the boundary
d and the dimension of the bulk D are related via dco ≡ D − d > 1. Topological
phases featuring robust boundary states of this type are called higher-order topo-
logical phases [67–71], and are briefly discussed in section 4.1. In section 4.2, it
is shown that exact solutions of the form of Eq. (3.13) can be derived for these
higher-order states on lattices that are constructed by a judicious superposition of
lattices of the form shown in Fig. 3.6. By returning to the kagome lattice as an
explicit example, we will find that by taking open boundary conditions in all direc-
tions exact solutions for corner states can be obtained. This generalization of the
formalism to higher-order states was first presented in paper II, and is explained in
great detail in paper IV. Additionally, higher-order phases are the main subject of
paper VII, where they are investigated in the context of non-Hermitian terms (cf.
chapter 5), and of paper C, where they are realized in optical waveguide lattices.
They also appear in paper V, where it is shown that it is possible to compute the
entire eigenspectrum of the lattice with open boundary conditions from the Bloch
spectrum in the presence of spectral mirror symmetries.

4.1 Higher-order topological insulators

The D-dimensional topological phases discussed in the previous chapter all fea-
ture d-dimensional boundary states localized to boundaries of codimension one,
i.e., dco = D − d = 1. Recently, it was realized that this family of topological
phases can be extended to include higher-order topological phases, where localized
states appear on boundaries with a codimension larger than one, dco > 1, such
as corners and hinges [67–71]. A schematic depiction of such localized states is
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Figure 4.1: Schematic figures of zero-dimensional corner states in (a) two- and (b) three-
dimensional models as well as (c) one-dimensional chiral hinge states in three-dimensional
models. The models in (a) and (c) are second-order topological phases with states local-
ized to boundaries with codimension dco = 2. The model in (b) is a third-order topolog-
ical phase with states localized to boundaries with dco = 3. Note that the d-dimensional
higher-order boundary states do not appear on all d-dimensional boundaries, as is schemat-
ically shown, but only on those boundaries that form domain walls to their neighboring
edges/surfaces.

shown in Fig. 4.1 with zero-dimensional corner states appearing on two- and three-
dimensional systems in Figs. 4.1(a) and (b), respectively, and one-dimensional hinge
states living on the hinges of three-dimensional systems in Fig. 4.1(c). These mod-
els are examples of second- and third-order topological phases, where the order
refers to the codimension, dco, of the boundary state. One of the main differences
between corner and hinge states is that the latter have a spectral flow, similar to the
edge states of Chern and Z2 insulators, whereas the first do not. The higher-order
phases shown in Fig. 4.1 are examples of systems that may exist in the physical
world, where the maximum value of the spatial dimension D is three but in prin-
ciple more spatial dimensions could be considered. Time can be regarded as an
additional dimension, and indeed, in papers II and IV, temporal hinge states are re-
alized in a mirror-symmetric lattice model with two spatial dimensions. The main
focus in this chapter, as well as in the literature, is on insulating variations of these
higher-order phases [67–77], where only the d-dimensional boundary has a gapless
spectrum, whereas the d+1, . . . , D−1, D-dimensional edge, hinge, surface and bulk
spectra are gapped. Nevertheless, examples of second-order topological semimetals
also exist in which case either the bulk, or one or more of the D − 1-dimensional
boundaries are also gapless [78].
An early example of a higher-order topological phase is the appearance of one-

dimensional chiral states on the hinges of a strong three-dimensional topological
insulator under the application of a magnetic field [67]: By applying a magnetic field
to a three-dimensional topological insulator model in a cuboid geometry such that
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4.1 Higher-order topological insulators

half of the two-dimensional surfaces feel an incoming magnetic field and the other
half feel an outgoing magnetic field, the hinges that separate these two topologi-
cally distinct regions support the existence of a chiral state (cf. Fig. 4.2). This was
later complemented by the proposal of electric multipole insulators, which feature
localized corner states with a fractional charge protected by crystalline symme-
tries [68], after which a surge in publications followed suggesting many more such

Figure 4.2: Schematic depiction of the
model proposed in Ref. 67: A magnetic
field (gray arrows) is applied to a three-
dimensional topological insulator such that a
finite flux threads each surface, and a chiral
hinge state (in red) appears on those hinges
separating surfaces with opposite flux.

systems ranging from chiral and heli-
cal hinge state models to classification
schemes of higher-order phases on the
basis of crystalline symmetries [69–78].

In these recent works, two differ-
ent approaches to engineering higher-
order topological phases can be distin-
guished. Indeed, the basis for the ex-
ample in Ref. 67 and the classification
schemes in Refs. 72, 74 is the construc-
tion of second-order topological insula-
tors by gluing D− 1-dimensional “ordi-
nary”, or rather first-order, topological
insulators to the D− 1 boundaries of a
D-dimensional model such that corner
and hinge states appear. In contrast,
the derivation of the multipole insula-
tors proposed in Refs. 68,69 makes use
of a generalization of the dipole polar-
ization to higher electric multipole mo-
ments.

According to the classification scheme in Ref. 74, second-order topological phases
constructed with the method of gluing of first-order topological insulators can be
further grouped into two types. Indeed, while the so-called “extrinsic” phases are
dependent on lattice termination, the “intrinsic” second-order phases are not [74].
In practice, this distinction means that in the case of extrinsic second-order topo-
logical phases, topological equivalence dictates that a gap needs to remain open in
all spectra except that of the second-order boundary under continuous, symmetry-
preserving deformations to the model. The example in Ref. 67 (cf. Fig. 4.2) is such
an extrinsic phase. For intrinsic models, on the other hand, topological equiva-
lence means that only a gap in the D-dimensional bulk spectrum needs to persist.
As a consequence, intrinsic phases require the presence of crystalline symmetries,
such that boundary states appear on those second-order boundaries that are either
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Chapter 4 Higher-order topological phases

invariant under the pertinent symmetries or related to each other via symmetries
such as rotation [74]. Note, however, that these intrinsic phases are stable against
weak perturbations that break the crystal symmetry as long as the gap in the
D − 1-dimensional boundaries remains open [74].

To understand the role played by symmetries in these intrinsic phases, we start
by noting that these second-order topological insulators have a topologically trivial,
insulating bulk spectrum. Therefore, the appearance of a second-order boundary
state relies on the topological properties of its adjacent first-order boundaries: If
these first-order boundaries are in topologically distinct phases, the second-order
boundary at their juncture serves as a domain wall on which a band gap closing
necessarily has to occur as shown schematically in Fig. 4.1 [72]. This topologi-
cal distinction between neighboring boundaries can be ensured by the presence of
symmetries, which may be understood by considering an explicit example from
Ref. 72: Consider a d-dimensional second-order boundary that is invariant under
reflection symmetry, such that its two neighboring D − 1-dimensional first-order
boundaries are mapped onto each other by this symmetry. On each of these two
neighboring first-order boundaries a reflection-symmetric topological insulator is
implemented. Such insulators are rendered topologically trivial when reflection
symmetry is broken with a gap-opening mass term that is odd under reflection
symmetry. As a consequence, the first-order boundaries that are related to each
other via a reflection are in topologically trivial yet distinct phases. Therefore,
the second-order boundary at the interface of these first-order boundaries forms
a domain wall on which a gap necessarily has to close. Due to this pivotal role
played by symmetries for intrinsic phases, second-order states do not generally ap-
pear on all d-dimensional boundaries, but only on those boundaries that connect
two topologically distinct d + 1-dimensional first-order boundaries. In this sense,
these higher-order topological insulators may be considered to be similar to the
so-called weak topological insulators, which are contrasted from strong first-order
topological insulators, where localized states appear on all boundaries. All first-
order topological phases discussed in chapter 2 are thus strong topological phases.

Symmetries also play an important role in the case of multipole insulators (cf.
Refs. 68 and 69). This approach for finding higher-order phases is inspired by the
fact that the Hall conductance [cf. Eq. (2.8)] and the magnetoelectric polarizability
defined for three-dimensional topological insulators with time-reversal or inversion
symmetry can be viewed as generalizations of the dipole polarization to higher
dimensions, or in other words, as higher-dimensional bulk multipole moments. The
topological stability of a these models is established through the computation of
the polarization, which can be expressed in terms Wilson loops, which may in turn
be related to the Wannier centers of the bands, where a nontrivial value of the
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4.2 Exact higher-order states

polarization explicitly depends on the symmetries present in the model [68,69,73].
Artificial lattices provide a suitable platform to investigate higher-order phases,

and indeed, the quadropole topological insulator proposed in Ref. 68 has been
realized in topoelectric circuits [80], phononic systems [81], and microwave circuits
[82]. Similarly, the corner modes in the breathing kagome lattice [77], which is also
studied theoretically in papers II and IV and in the following section, have been
observed in acoustic metamaterials [83,84] as well as in optical waveguide lattices in
paper C. Corner modes were also realized in optical waveguide lattices in a lattice
variation to the honeycomb lattice in Ref. 154. In addition to these realizations in
artificial systems, second-order topological insulators with hinge states have also
been predicted to exist in strained tin telluride [71] and bismuth [79].

4.2 Exact higher-order states

In this section, it is shown that the wave-function solutions in Eq. (3.13) can
be naturally generalized to capture higher-order boundary states of any codimen-
sion, which is the main subject of papers II and IV. We start by considering d-
dimensional motifs, A, B, B′, . . ., B(D−d−1), with nA degrees of freedom on the A
motifs and one degree of freedom on the B(s) motifs. D-dimensional lattices may
then be constructed, which consist of alternating stacks of A and B(s) motifs in
different directions for each s, and have A motifs as their boundaries. The sim-
plest examples of such lattices are shown in Fig. 4.3 for models with boundaries
of codimensions two and three in Fig. 4.3(a) and (b), respectively. Additional ge-
ometries with more intricate structures are also considered in papers II and IV.
As long as the A motifs are only connected to their neighboring B(s) motifs, exact
wave-function solutions of the form of Eq. (3.13) can be obtained on lattices of this
type, which have the special property that they interfere destructively on all B(s)

motifs, and may localize to the bulk, edges, surfaces, hinges and corners.
To see how this works, the lattice in Fig. 4.3(a) is used as an example, and for

simplicity it is assumed that D = 2 such that d = 0 and that the Hamiltonian on
the A motifs, HA, is written in its diagonal basis. Each of the individual chains m
and m′ in Fig. 4.3(a) have the same structure as the lattice in Fig. 3.6, such that
each individual chain m′ is described by the Hamiltonian in Eq. (3.6) and supports
the wave-function solutions given in Eq. (3.13), i.e.,

|Ψi〉 = Ni
M∑
m=1

(ri)
mc†Ai,m |0〉 , ri = −

H†A←B
H†B→A

, i = 1, 2, . . . , nA.

Here, m label the unit cells as indicated in Fig. 4.3(a) with a total of M unit cells,
and HA←B and HB→A describe how the A and B mofits are connected to each
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Figure 4.3: Generic lattice structure of D-dimensional lattices with boundaries of codi-
mension (a) dco = 2 and (b) dco = 3. The d-dimensional A, B, B′ and B′′ motifs are
shown in red, blue, green, and lilac, respectively. The unit cells in different directions,
indicated by black circles, are labeled by m, m′ and m′′ with a total of M , M ′ and M ′′
unit cells, respectively.

other inside the unit cellm and between unit cellsm andm+1, respectively. These
solutions may then be superposed in such a way that they interfere destructively
on the B′ motifs. This results in the following ansatz

|Ψi〉 = NiN ′i
M∑
m=1

M ′∑
m′=1

(ri)
m
(
r′i
)m′

c†Ai,m,m′ |0〉 , (4.1)

with r′i reading

r′i = −
H†A←B′
H†B′→A

, (4.2)

wherem′ label the unit cells as indicated in Fig. 4.3(a) with a total ofM ′ unit cells,
and HA←B′ and HB′→A describe how the A and B′ sublattices are connected to
each other inside the unit cellm′ and between unit cellsm′ andm′+1, respectively.
The energies Ei of the wave functions in Eq. (4.1) correspond to the eigenvalues
of the Hamiltonian HA, and describe bulk, edge or corner states depending on
the values of ri and r′i. Indeed, the wave function displays bulk behavior when
|ri| = |r′i| = 1, while it localizes to the edges m = 1 (M) for |ri| < 1 (> 1) and
|r′i| = 1, and m′ = 1 (M ′) for |ri| = 1 and |r′i| < 1 (> 1). When both |ri| 6= 1
and |r′i| 6= 1, the state localizes to one of the four corners, e.g., when |ri| < 1 and
|r′i| < 1, the state is exponentially localized to the corner {m,m′} = {1, 1}.
To corroborate that Eq. (4.1) indeed describes exponentially localized corner

states, we return to the kagome lattice as a concrete example. In contrast to the
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Figure 4.4: (a) The kagome lattice in the geometry of a rhombus with the A, B and
B′ sites in red, blue and green, respectively. (b) The energies with t1 = 0.25 and t2 = 1
for M = M ′ = 5 where i labels the degrees of freedom. The green dots correspond to
exactly localized plaquette states with E = −1.25 and are 16-fold degenerate. The red
dot has zero energy, and is associated with the exact wave-function solution in Eq. (4.1).
(c) The localization of the exact wave-function solution is plotted on a logarithmic scale,
f(x) = ln(x/min)/ln(max/min), such that the maximum and minimum values are mapped
to one and zero, respectively, with max = Max(〈Πm,m′〉) and min set to 10−8 to avoid
dividing by zero. The state is exponentially localized to the corner {m,m′} = {1, 1} and
has an exactly zero weight on the B and B′ sites.

cases studied in chapter 3, the kagome lattice now has open boundary conditions
in all directions, and may assume different geometries depending on the choice of
termination. We start by considering the rhombus geometry shown in Fig. 4.4(a),
which has a structure similar to the schematic lattice in Fig. 4.3(a), and is only
different in that B motifs are connected to B′ motifs to form triangles. This,
however, does not impede the validity of the wave-function solution in Eq. (4.1).
Indeed, this solution has an exactly zero weight on the B and B′ motifs and is
therefore unaffected by how these motifs are connected. We assume a single degree
of freedom on all motifs, and refer to the motifs as sites in the following. The
nearest-neighbor hopping Hamiltonian reads

H = c†HM,M ′c,

HM,M ′ =


HM,m′ HAB←B′ 0 0 0

H†AB←B′ HM,m′

B′ H†B′→AB 0 0

0 HB′→AB HM,m′ · · · 0

0 0
...

. . . H†B′→AB
0 0 0 HB′→AB HM,m′

 ,

where
c = (cAB,1, cB′,1, cAB,2, cB′,2, . . . , cB′,M ′−1, cAB,M ′)T ,

with cAB,m′ = (cA,1,m′ , cB,1,m′ , cA,2,m′ , . . . , cB,M−1,m′ , cA,M,m′)
T , and cB′,m′ =

(cB′,1,m′ , cB′,2,m′ , . . . , cB′,M−1,m′)
T , and cα,m,m′(k) annihilates an electron on sub-
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Figure 4.5: (a) The kagome lattice in the geometry of a triangle with the A, B and B′
sites in red, blue and green, respectively. (b) The energies with t1 = 0.25 and t2 = 1 for
a triangle with 12 sites on each edge. The green dots correspond to localized plaquette
modes with energies E = −1.25, and are 15-fold degenerate. The three red dots have
approximately zero energy, and correspond to corner states. (c) The localization of the
wave functions associated with the red dots plotted on a logarithmic scale as in Fig. 4.4(c).

lattice α in unit cell {m,m′}. HM,m′ is the (2M − 1) × (2M − 1)-dimensional
Hamiltonian on the A and B sites in each chainm′ given by the matrix in Eq. (3.6),
HM,m′

B′ is the M ×M -dimensional Hamiltonian on the B′ sites in each chain m′,
and HAB←B′ and HB′→AB are (2M −1)×M dimensional matrices describing how
the A and B sites are connected to the B′ sites inside the unit cell m′ and between
unit cells m′ and m′ + 1, respectively. They read

HM,m′

B′ = HB′1M×M , HAB←B′ =



HA←B′ 0 0 0
HB←B′ 0 0 0

0 HA←B′ 0 0
0 HB←B′ . . . 0

0
...

. . . 0
0 0 0 HA←B′


,

HB′→AB =



HB′→A 0 0 0
0 HB′→B 0 0
0 HB′→A . . . 0

0
...

. . . 0
0 0 0 HB′→B
0 0 0 HB′→A


.

The on-site terms are set to zero, and the hopping parameter in the up (down)
triangles is assumed to be t1 (t2), such that

HA = HB = HB′ = 0, HA←B = HA←B′ = HB←B′ = t1,

HB→A = HB′→A = HB′→B = t2.
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4.2 Exact higher-order states

The energy spectrum for this model is shown in Fig. 4.4(b) for t1 = 0.25 and
t2 = 1, and an (M − 1) × (M ′ − 1)-fold degenerate eigenvalue is observed at
E = −(t1 + t2) shown in green. The degree of degeneracy equals the number of
hexagonal plaquettes available in the lattice suggesting that these eigenvalues are
associated with plaquette modes of the form of Eq. (3.5) [cf. Fig. 3.2(a)]. Indeed,
the same logic as in section 3.1 applies here, namely, a plaquette operator can
be defined, which has nonvanishing weight on the six sites of a hexagon that is
an eigenstate of the real-space Hamiltonian with energy −(t1 + t2). Additionally,
one exactly zero-energy eigenvalue appears, shown in red in Fig. 4.4(b), which
corresponds to the wave-function solution in Eq. (4.1) with

r = r′ = − t1
t2
,

0

0.01

0.02

0.03

0.04

Figure 4.6: (a) Energy spectrum and (b)
localization of the breathing kagome lattice
in a triangle geometry for t1 = t2 = 1 with
the same conventions as in Fig. 4.5. Note
that the localization in (b) is plotted on an
normal scale here. The three wave functions
associated with the red dots in (a) are jointly
normalized to one in (b).

where the index i is dropped be-
cause nA = 1. For the parameter
choice in Fig. 4.4, i.e., t1/t2 = 0.25
such that |r| = |r′| < 1, the exact
wave function is exponentially local-
ized to the corner {m,m′} = {1, 1}.
This is indeed shown in Fig. 4.4(c),
where the expectation value of the
projection operator onto each unit
cell, Πm,m′ = |eA,m,m′〉 〈eA,m,m′ | +
|eB,m,m′〉 〈eB,m,m′ |+|eB′,m,m′〉 〈eB′,m,m′ |,
with respect to the exact wave-function
solution in Eq. (4.1) is plotted on a log-
arithmic scale.
Similar to the discussion of exact

wave-function solutions in the previ-
ous chapter, the exact solution [cf.
Eq. (4.1)] is still relevant when consid-
ering geometries that do not terminate
with A motifs alone. Indeed, by con-
sidering the kagome lattice in a trian-
gle geometry with an A, B and B′ site
as its corners as shown in Fig. 4.5(a), it
can be seen that each individual corner
resembles the corner {m,m′} = {1, 1}
of the rhombus [cf. Fig. 4.4(a)]. It can
thus be distilled that the wave function
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in Eq. (4.1) can be mapped onto each of these three corners as long as |r| < 1 and
|r′| < 1. Considering the same Hamiltonian as before, i.e., t1 (t2) hopping in the
up (down) triangles, the energy spectrum shown in Fig. 4.5(b) for t1/t2 = 0.25
reveals that there are indeed three energies close to zero, which are each approx-
imately described by the wave-function solution in Eq. (4.1). The wave functions
are localized to the three corners as shown in Fig. 4.5(c). These states interfere
with each other, such that the zero-energy states have a nonzero weight everywhere
in the lattice, albeit small away from the corners as compared to the weight at the
corners. When tuning the hopping parameters to t1 = t2, a gap in the spectrum
closes as shown in Fig. 4.6(a) and the zero-energy eigenstates are equally localized
everywhere in the lattice [cf. Fig. 4.6(b)].
The corner states in the rhombus and the triangle, also with a defect, are realized

experimentally in paper C in optical waveguide lattices, where the localization as
predicted by Eq. (4.1) is clearly visible. They have also been observed in acoustic
metamaterials [83]. Other geometries of the kagome lattice also host wave functions
of the form of Eq. (4.1), and such geometries are also explored in papers II and C.
Once the mechanism behind the generalization of the wave-function solution in

Eq. (3.13) is understood, it is straightforward to generalize the solutions in Eq. (4.1)
further. Indeed, wave functions that live on lattices such as the examples shown in
Fig. 4.3 can be written in the following generic fashion

|Ψi(k||)〉 =
∑
{m(s)}

{
D−d−1∏
s=0

N (s)
i (k||)

[
r
(s)
i (k||)

]m(s)
}
c†
Ai,{m(s)}(k||) |0〉 , (4.3)

where k|| is the crystal momentum parallel to the open boundaries, the sum over
m(s) runs over all unit cells in the lattice with a total of M (s) unit cells, and
c†
Ai,{m(s)}(k||) creates an electron with energy Ei(k||) in the A motif in unit cell

{m(s)}. Exact solutions for r(s)i (k||) can be obtained by making use of exact de-
structive interference on the B(s) sublattices in a similar fashion as before. It should
be noted that if HA is not written in its diagonal form, an additional amplitude
originating from the eigenfunctions of HA appears in the expression in a similar
fashion as in Eq. (3.13). This wave function is valid for boundary states of any
codimension, dco = D − d, and localizes exponentially to any d, d + 1, . . . , D − 1-
dimensional boundary when one or more |r(s)i (k||)| is unequal to one. To date,
this is the only known formalism with which exact higher-order boundary-state
solutions can be found.
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Chapter 5

Non-Hermitian physics

In this chapter, we discuss another useful application of the method in section 3.2,
namely, in the field on non-Hermitian physics. Non-Hermitian Hamiltonians, in
which case the Hamiltonian H is unequal to its adjoint, i.e., H 6= H†, provide a
useful approach to describe dissipation [85–87] with direct applications in optical
systems with gain and loss [88–96]. Besides the immediate use of non-Hermitian
Hamiltonians in experimental setups, a strong motivation for studying these sys-
tems is also provided by novel theoretical aspects. Indeed, it was realized that when
Hermiticity is broken, the reality of the energy eigenspectrum, one of the fundamen-
tal concepts of quantum mechanics, can still be ensured upon considering certain
symmetries, such as parity-time (PT ) symmetry, in which case the eigenspectrum is
strictly real when the system is in the so-called PT -unbroken phase, i.e., when the
eigenvectors of the system are also PT -symmetric [90, 155, 156], or the presence
of the generalized pseudo-Hermiticity symmetry [157]. Non-Hermitian descrip-
tions also appear in the theoretical treatment of for example bosonic superconduc-
tors [158] and finite lifetime quasiparticles in heavy fermion systems [101,159], and
have also been studied in the context of superconductors subject to an imaginary
vector potential [160].
Recently, the study of non-Hermitian Hamiltonians has shifted to the field of

topology [102], where many intriguing features appear that have no counterparts
in the Hermitian limit, such as the possible breakdown of bulk-boundary corre-
spondence [161, 162], the appearance of exceptional points with an order scaling
with system size [163], and the piling up of bulk states at the boundaries known
as the non-Hermitian skin effect [162]. In this chapter, we focus on such non-
Hermitian topological systems, which are also discussed in papers III, and VI-VIII,
and start by reviewing biorthogonal quantum mechanics [164, 165], which can be
seen as a generalization of “ordinary” quantum mechanics and allows for the treat-
ment of non-Hermitian observables. We continue in section 5.2 by studying the
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properties of exceptional structures—at an exceptional structure, the Hamiltonian
is defective, which means that the algebraic multiplicity is larger than the geomet-
ric multiplicity [97–99]—and focus on their generic appearance in the spectrum of
non-Hermitian Bloch Hamiltonians in the absence and presence of symmetries, as is
discussed in paper VI. In section 5.3, we turn to the case of non-Hermitian models
with open boundary conditions, where the possible breakdown of bulk-boundary
correspondence means that topological invariants generically fail to describe phase
transitions. Instead, these models need to be studied with open boundary condi-
tions from the start, which can be done by making use of the formalism developed
in section 3.2. We will find that Eq. (3.13) can indeed be generalized to capture the
right and left wave functions of the boundary states of these models, which leads to
the crucial insight that one needs to consider the biorthogonal properties of these
systems to understand them. This results in the notion of a so-called biorthogonal
bulk-boundary correspondence directly in the case with open boundaries, which is
the main result of paper III and is generalized to higher-order states in paper VII.
Finally, in section 5.4, we study the non-Hermitian skin effect and the appearance
of exceptional points in the spectrum of models with open boundary conditions.

5.1 Biorthogonal quantum mechanics

By allowing observables to be non-Hermitian, i.e., O 6= O†, one of the fundamental
constraints of “ordinary” quantum mechanics is violated, and a new recipe needs to
be developed to accommodate for these systems. Indeed, several approaches exist
to address this issue, such as the introduction of a metric in order to restore the va-
lidity of “ordinary” quantum mechanics [166,167], a complex extension of quantum
mechanics in the case of PT -symmetric models [168], and a generalization making
use of the notion of biorthogonality resulting in a formalism known as biorthogonal
quantum mechanics [164,165]. This latter concept is used in papers III and VII to
address non-Hermitian models in the context of topology (cf. section 5.3), and is
reviewed in this section in the spirit of Ref. 165.
The right and left eigenvectors, |ΨR,i〉 and |ΨL,i〉, respectively, of a non-Hermitian

Hamiltonian H read

|ΨR,i〉 = NR,i
∑
j

ψR,i,jc
†
i |0〉 , |ΨL,i〉 = NL,i

∑
j

ψL,i,jc
†
i |0〉 , (5.1)

where i labels the degree of freedom, NR/L,i is the normalization constant, ψR/L,i,j
corresponds to the jth component of the ith eigenvector, and c†i creates a particle
in the vacuum |0〉. They can be found by solving the eigenvalue equations

H |ΨR,i〉 = Ei |ΨR,i〉 , 〈ΨL,i|H = Ei 〈ΨL,i| ,
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where the latter can equivalently be written as

H† |ΨL,i〉 = E∗i |ΨL,i〉 .

When the Hamiltonian is Hermitian, we find |ΨL,i〉 = |ΨR,i〉, and {|ΨR,i〉} form
an orthogonal basis. In the case of a non-Hermitian Hamiltonian, however, this is
no longer generally true: Indeed, as is pointed out in Ref. 165, when decomposing
H in terms of a Hermitian, HH , and anti-Hermitian part, HA, as H = HH +
iHA with H†H = HH and H†A = HA, it is possible to show that 〈ΨR,i|ΨR,j〉 =
2 〈ΨR,i|HH |ΨR,j〉 /(E∗i + Ej) = −2i 〈ΨR,i|HA|ΨR,j〉 /(E∗i − Ej) for i 6= j with a
similar result derived for 〈ΨL,i|ΨL,j〉. From these expressions, it can be deduced
that 〈ΨR,i|ΨR,j〉, and thus also 〈ΨL,i|ΨL,j〉, is not generally zero for all eigenstates
of H, while it could possibly be zero for some of the eigenstates. However, by
making use of 〈ΨL,i|H|ΨR,i〉 = Ei, it is possible to show that the sets {|ΨR,i〉} and
{|ΨL,i〉} can be normalized as to form a biorthogonal basis away from exceptional
structures in the eigenspectrum (cf. section 5.2), such that

〈ΨL,j |ΨR,j〉 = δi,j 〈ΨL,i|ΨR,i〉 = δi,j , (5.2)

where the normalization 〈ΨL,i|ΨR,i〉 = 1 is used from now on. Well-known quantum-
mechanical quantities can now be expressed in terms of these biorthogonal sets,
e.g., the biorthogonal projection operator Πi is defined as Πi = |ΨR,i〉 〈ΨL,i| such
that

∑
i Πi = 1, and the biorthogonal expectation value of an operator O is given

by
〈ΨL,i|O|ΨR,i〉 ∈ C. (5.3)

While this generalized version of quantum mechanics allows for the proper treat-
ment of non-Hermitian observables, it may result in interpretational challenges.
Indeed, the eigenenergies Ei, which are computed by taking the biorthogonal ex-
pectation value of H, are generically complex, where the real part corresponds to
the physical energies of the model, while the imaginary part is related to a life-
time: By considering the time evolution of a state |Ψ(t)〉 = U(t) |Ψ(0)〉, where U =
exp(−iHt/~) is the time-evolution operator, one finds |Ψ(t)〉 = exp[−iRe(E)t/~+
Im(E)t/~] |Ψ(0)〉 such that the state decays (grows) when the imaginary part of
the energy, Im(E), is smaller (larger) than zero.
To illustrate this formulation, we consider the following example

H =

(
0 α
β 0

)
,

which is non-Hermitian when α 6= β∗. The eigenvalues read E± = ±
√
αβ, and are
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generally complex. The right and left eigenvectors are given by Eq. (5.1) with

ψR,± =

( √
α

±
√
β

)
, ψL,± =

( √
β∗

±
√
α∗

)
,

where the convention is used that H†ψL = E∗ψL. These eigenvectors are indeed
inequivalent

ψR,± 6= ψL,±, (5.4)

and not orthogonal [
ψR/L,±

]†
ψR/L,∓ = |α| − |β| 6= 0. (5.5)

Instead, a biorthogonal basis can be chosen:

〈ΨL,i|ΨR,j〉 = δi,j , i, j ∈ ±, (5.6)

where the normalization constants are [NL,±]∗NR,± = (2
√
αβ)−1. Note again

that these statements concerning the biorthogonal basis are only valid away from
αβ 6= 0. In the Hermitian limit, i.e., α = β∗, we find ψR,± = ψL,±, such that a
standard orthogonal basis is restored.

5.2 Exceptional structures and Fermi volumes

In this section, we study the properties of exceptional structures in the spectrum
of the Bloch Hamiltonian. These structures appear in the form of points, lines and
surfaces at which the algebraic multiplicity, i.e., the multiplicity of the root of the
characteristic equation, is larger than the geometric multiplicity, i.e., the number
of eigenvectors that span the eigenspace [97–99]. This means that the number of
linearly independent eigenvectors is insufficient to span the eigenspace at an ex-
ceptional structure, and these structures thus naturally have an order associated
with them, which is set by the number of eigenvectors that coalesce. Theoreti-
cal and experimental studies of second-order exceptional points have revealed they
possess many intriguing qualities, such as chirality [169–175], unidirectional trans-
mission [176–178], unidirectional invisibility [179,180], single-mode lasing [181,182],
and an increased sensitivity to perturbations [183], while a recent shift has been
made to the study of higher-order exceptional points [184–194].
Nevertheless, exceptional structures are typically studied in their second-order

variation, i.e., in the case where two eigenvalues and eigenvectors coalesce, which
finds its origin in the fact that they are the most common type of exceptional
structure. Indeed, they appear generically in two-dimensional systems [100, 101].
To see this, we consider the following generic two-band Hamiltonian
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5.2 Exceptional structures and Fermi volumes

Figure 5.1: Solutions to Eq. (5.9) form closed curves in a two-dimensional parameter
space, where the black (light blue and pink) loop surrounding the purple (green) area
corresponds to d2R(k) − d2I(k) = 0 (dR(k) · dI(k) = 0) such that d2R(k) − d2I(k) < 0
(dR(k)·dI(k) < 0) inside the purple (green) region and d2R(k)−d2I(k) > 0 (dR(k)·dI(k) >
0) outside of it. The black dots correspond to exceptional points, and the pink (light blue)
line corresponds to a Fermi arc in the real (imaginary) part of the energy.

Hk = d(k) · σ + d0(k)σ0, (5.7)

where d(k) ∈ C3 and d0(k) ∈ C, whose eigenvalues read

E±(k) = d0(k)±
√
d2R(k)− d2I(k) + 2idR(k) · dI(k), (5.8)

where the definition d(k) ≡ dR(k) + idI(k) with dR(k),dI(k) ∈ R3 is used. These
eigenvalues are degenerate, E+(k) = E−(k), when

d2R(k)− d2I(k) = 0, dR(k) · dI(k) = 0, (5.9)

i.e., the vectors consisting of the real and imaginary parts of d(k) need to have an
equal magnitude and be orthogonal to each other. In a two-dimensional parameter
space, these equations are satisfied on closed curves, which is shown schematically in
Fig. 5.1. By appropriately tuning the parameters, the two curves may overlap, such
that the exceptional points appear at their intersections (shown with black dots in
Fig. 5.1). In general, D − 2-dimensional second-order exceptional structures thus
appear generically in D-dimensional systems [100]. This is in sharp contrast with
the Hermitian case, where a generic two-band crossing appears in three dimensions
as exemplified by the Weyl point discussed in section 2.2.21, which appear thus far
less commonly.

1 In the Hermitian case, the eigenvalues of a two-band model read E± = d0 ±
√
d2x + d2y + d2z
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Figure 5.2: The (a) real and (b) imaginary part of the eigenvalues of the Hamiltonian in
Eqs. (5.7) and (5.10) with γ = 1. The black dots indicate the exceptional points, and the
Fermi arc in the real and imaginary spectrum are shown with a pink and light blue line,
respectively.

Interestingly, these D − 2-dimensional exceptional structures are connected by
D− 1-dimensional Fermi volumes [100,101]. To see this, we return to the example
in Fig. 5.1. Satisfying dR(k) · dI(k) = 0, the exceptional points separate two
regions on this one-dimensional curve with d2R(k) − d2I(k) < 0 (the purple area in
Fig. 5.1) and d2R(k) − d2I(k) > 0 (outside the purple area). We then find that the
energy difference, ∆E(k) ≡ E+(k)− E−(k), is either real or imaginary, i.e.,

Re[∆E(k)] = 0 when dR(k) · dI(k) = 0 and d2R(k)− d2I(k) < 0,

Im[∆E(k)] = 0 when dR(k) · dI(k) = 0 and d2R(k)− d2I(k) > 0,

as indicated with a pink and light blue line, respectively, in Fig. 5.1. The excep-
tional points are thus connected via a Fermi arc in the real and imaginary plane
of the energy. Such Fermi arcs have recently been observed in a two-dimensional
photonic crystal [195], and their realization in coupled resonator arrays has been
proposed [92, 196]. At this point, a comment is warranted in relation to the use
of terminology stemming from fermionic models: Fermi volumes do not exist in
bosonic systems, but are nevertheless common terminology when discussing gap
closings in the spectrum of non-Hermitian Bloch Hamiltonians. Indeed, in Ref. 195
Fermi arcs refer to open-ended isofrequency contours.
To study second-order exceptional structures in more detail, we now turn to a

two-dimensional example, whose Bloch Hamiltonian is given in Eq. (5.7) with

d(k) = (kx, ky + iγ, 0) , d0(k) = 0, (5.10)

where the non-Hermiticity is mediated by γ. The eigenvalues [cf. Eq. (5.8)] are
E±(k) = ±

√
k2x + k2y − γ2 + 2ikyγ, and are shown in Fig. 5.2. Exceptional points

with di ∈ R, i = 0, x, y, z, such that E+ = E− is satisfied for d2x + d2y + d2z = 0, which requires
the tuning of three parameters.

60



5.2 Exceptional structures and Fermi volumes

appear when kx = ±γ and ky = 0, and they are connected by Fermi arcs as shown
in Fig. 5.2. At these points, the eigenvectors [cf. Eq. (5.1)] read ψR(k) = (0, 1)T

and ψL(k) = (1, 0)T , such that they are orthogonal to each other, which is known
as self-orthogonality [99, 197]. Expanding around one of the exceptional points,
kEP = (γ, 0), yields

|E±(k)|kEP
=
√

(|k| − γ)(|k|+ γ)
∣∣∣
kEP
≈
√

2kEP|k− kEP| =
√

2γ(|k| − γ),

which reveals a square-root dispersion around the second-order exceptional point
as shown in Fig. 5.3 rather than a linear dispersion, which is found near two-fold
degeneracies in the Hermitian case. This property is at the root of the increased

Figure 5.3: Absolute value of the energy of
the model in Eqs. (5.7) and (5.10) with γ = 1
revealing the square root dispersion close to
the exceptional points (black circles).

sensitivity to perturbations experimen-
tally demonstrated in Refs. 183, 190,
and can be generalized further for
higher-order exceptional points. In-
deed, perturbing with ω around an nth-
order exceptional point results in the
Puiseux series, E ≈ E0 + ω1/nE1 +
ω2/nE2 + O(ω3/n), although, as is
pointed out in Ref. 184, this is not nec-
essarily always the case.
In paper VI, it is shown that in

the presence of a symmetry one of the
equalities in Eq. (5.9) may be generi-
cally satisfied. This leads to a dimen-
sional reduction for the appearance of
exceptional structures and Fermi vol-
umes in the sense that they generically
appear in one dimension less as compared to the case with no symmetries. Equiv-
alently, the presence of symmetries thus results in a dimensional extension of the
exceptional structures and their concomitant Fermi volumes. Following paper VI,
this is demonstrated here by way of an example through considering the so-called
Q+ symmetry:

H = qH†q−1, q†q−1 = qq† = 1,

which, together with its partner Q−, which is an “antisymmetry” in the sense that it
introduces a relative minus sign in the equality, is known as pseudo-Hermiticity, and
is one of the four symmetry relations for non-Hermitian Hamiltonians as defined
in the 43-fold classification by Bernard and LeClair [198].2 Q+ is a trivial unitary

2 It should be noted that in a recent work non-Hermitian topological models have been classified
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transformation in the Hermitian case, H = H†, but leads to nontrivial results for
non-Hermitian Hamiltonians. Indeed, again considering the two-band model in
Eq. (5.7), two inequivalent choices for q can be made in order to satisfy the Q+

symmetry. Firstly, q can be chosen to equal identity, which renders the Hamiltonian
Hermitian, and is thus not of interest here. Alternatively, q can be identified with
one of the Pauli matrices [cf. Eq. (2.5)]. For example, considering q = σx leads to
dx(k), d0(k) ∈ R and dy(k), dz(k) ∈ iR, such that exceptional structures appear by
solving d2R(k)−d2I(k) = 0, which requires the tuning of only one parameter. Similar
to before, these exceptional structures are connected via Fermi volumes. Indeed,
it can be straightforwardly deduced that the difference between the eigenvalues,
∆E(k) = 2

√
d2R(k)− d2I(k), is either real or imaginary resulting in the appearance

of Fermi volumes in the imaginary and real part of the energy, respectively.
Up to this point, exceptional structures have been considered that appear in the

spectrum of the Bloch Hamiltonian. When instead the energy spectra of lattice
models with open boundary conditions are studied, exceptional structures of a
different type may occur. They are called “real-space exceptional structures” in
paper VIII, and do not find a counterpart in the Bloch spectrum. Such structures
have an order that scales with system size and only appear in the spectrum of
models whose continuum eigenstates pile up at the boundaries, which is discussed
in more detail in section 5.4. Note that exceptional structures may also appear
in the spectrum of models that do not exhibit the non-Hermitian skin effect. In
this case, these structures coincide with those in the Bloch spectrum and are thus
called “Bloch exceptional structures” (cf. paper VIII). Lastly, it should be pointed
out that not all degeneracies in non-Hermitian Hamiltonians are automatically
exceptional structures. Only if the geometric multiplicity is less than the algebraic
multiplicity do the eigenvectors collapse, and are the degeneracies also exceptional.
For example, the generic two-band model in Eq. (5.7) features such an “ordinary”
degeneracy when d(k) is a null vector in which case there is a two-fold degenerate
eigenvalue with energy d0(k). To achieve this, however, requires the fine-tuning
of three parameters, and such degeneracies are thus less common than exceptional
ones.

5.3 Exact right and left wave-function solutions

In this section, we turn to studying non-Hermitian systems in the presence of
open boundary conditions, and will see that the method for finding exact wave-
function solutions in section 3.2 can be straightforwardly generalized to this set-

in terms of 38 symmetry classes rather than 43 [199].
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ting, which is the main subject of papers III and VII. We start by considering the
generic lattice in Fig. 3.6 with the same restrictions and simplifications as in sec-
tion 3.2, and implement the following D-dimensional non-Hermitian Hamiltonian
H =

∑
k|| c

†(k||)HMk||c(k||) with

HMk|| =


HA HA←B 0 0 0

H̃A←B HB H̃B→A 0 0
0 HB→A HA · · · 0

0 0
...

. . . H̃B→A
0 0 0 HB→A HA

 , (5.11)

with k|| the D − 1-dimensional crystal momentum parallel to the boundaries, M
the total number of unit cells with the last unit cell m = M only consisting of an
A motif,

c(k||) = (cA,1(k||), cB,1(k||), cA,2(k||), . . . , cB,M−1(k||), cA,M (k||))T ,

with cA,m(k||) = (cA1,m(k||), . . . , cAnA ,m(k||))T and cα,m(k||) annihilating an elec-
tron on sublattice α in unit cell m. HA and HB are the Hamiltonians on the A
and B motifs, respectively, which may be non-Hermitian, and HA←B and HB→A
(H̃A←B and H̃B→A) describe the hoppings from the B to the A (A to the B) motifs
inside the unit cell m and between unit cells m and m+ 1, respectively. Assuming
that HA is written in a diagonal form, this model has exact wave-function solu-
tions of the form of Eq. (3.13), except that now there is both a right and a left
wave-function solutions, written as

|Ψα,i(k||)〉 = Nα,i(k||)
M∑
m=1

[rα,i(k||)]
mc†Ai,m(k||) |0〉 , (5.12)

where α ∈ {R,L} labels the right and left wave function, and destructive interfer-
ence on the B motifs yields

rR,i(k||) = −H̃A←B
H̃B→A

, rL,i(k||) = −
H†A←B
H†B→A

,

which are a straightforward generalization of the solutions in Eq. (3.15). If HA is
not written in its diagonal form, additional amplitudes originating from the eigen-
functions of HA appear in these expressions similar to Eqs. (3.13) and (3.15).
When H̃A←B = H†A←B and H̃B→A = H†B→A, rR,i(k||) = rL,i(k||) such that
|ΨR,i(k||)〉 = |ΨL,i(k||)〉, and the solution in Eq. (3.13) is retrieved. This method
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is thus compatible with the formalism in chapter 3 for Hermitian systems. As-
suming the generic case, however, i.e., rR,i(k||) 6= rL,i(k||), the states in Eq. (5.12)
may localize to the same or opposite boundaries. Now, there are three quantities
that may be considered: |rR,i(k||)|, |rL,i(k||)| and r∗L,i(k||)rR,i(k||). The first two
quantities, |rR,i(k||)| and |rL,i(k||)|, come about by taking the expectation value of
Πm

〈Πm〉αα′;i,k|| ≡ 〈Ψα,i(k||)|Πm|Ψα′,i(k||)〉 (5.13)

with respect to the right and left wave functions, i.e., 〈Πm〉RR;i,k|| and 〈Πm〉LL;i,k|| ,
such that

〈Πm〉αα;i,k|| = |Nα,i(k||)|2|rα,i(k||)|2m, α ∈ {R,L}.

r∗L,i(k||)rR,i(k||), on the other hand, is obtained by computing the biorthogonal
expectation value 〈Πm〉LR′;i,k|| [cf. Eq. (5.3)], such that

〈Πm〉LR;i,k|| = 〈ΨL,i(k||)|Πm|ΨR,i(k||)〉 = N ∗L,i(k||)NR,i(k||)
[
r∗L,i(k||)rR,i(k||)

]m
.

(5.14)
When studying the spectrum of these non-Hermitian systems, we will find that
the bulk-band attachment of the boundary states in Eq. (5.12) is determined by
this later quantity, i.e., occurs when |r∗L,i(k||)rR,i(k||)| = 1, which generally leads
to a different result from what is predicted by |rR,i(k||)| = 1 and |rL,i(k||)| = 1.
This mechanism, where the left and right wave functions of the boundary states
jointly determine the bulk-band attachment, is at the heart of the biorthogonal
bulk-boundary correspondence introduced in paper III, and is relevant for all non-
Hermitian models, also for those where no exact solutions exist.
To elucidate on this method, we consider a non-Hermitian variation of the Su-

Schrieffer-Heeger (SSH) chain [34] as an explicit example, which is also discussed
in paper III. The SSH model is defined on a lattice with two sites in the unit cell,
and corresponds to the schematic lattice in Fig. 3.6 with one degree of freedom on
each A and B motif. Its Bloch Hamiltonian is given by Eq. (5.7) with

dx(k) = (t1 + t2) cos
(
k

2

)
+ iγ sin

(
k

2

)
,

dy(k) =− (t1 − t2) sin
(
k

2

)
+ iγ cos

(
k

2

)
, dz(k) = 0, (5.15)

where k is the one-dimensional momentum, t1, t2 and γ are nearest-neighbor hop-
ping parameters, and γ changes the magnitude of the hopping to the left with
respect to hopping to the right.3 The Hermitian SSH chain is retrieved when

3 Note that a different convention is used here from the one in paper III, where the Bloch
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Figure 5.4: The real (solid line) and imaginary (dashed line) part of the eigenvalues of
the Bloch Hamiltonian in Eq. (5.15) for (a) k = 0 and (b) k = π with t2 = 1 and γ = 3/2
for a varying value of t1. The exceptional points are shown by black dots, and the Fermi
arcs in the real (imaginary) part of the energy are shown with a pink (light blue) line.

γ = 0, and is commonly studied in the case of open boundary conditions with no
broken unit cell: In this case, the spectrum features two zero-energy end modes
when |t1| < |t2|, where t1 is understood to be the hopping on the bonds at the
end, which are protected by a nonzero winding number. Assuming γ 6= 0, the
eigenvalues and eigenvectors are given in Eqs. (5.1) and (5.8) with

E± = ±
√
t21 + t22 + 2t1t2cos(k)− γ2 + 2it2γ sin(k),

ψR,±(k) =

(
E±(k)

(t1 − γ)e−ik/2 + t2eik/2

)
, ψL,±(k) =

(
E∗±(k)

(t1 + γ)e−ik/2 + t2eik/2

)
,

such that [NL,±(k)]∗NR,±(k) = [2E2
±(k)]−1 [cf. Eq. (5.2)]. By tuning the parame-

ters such that the two equalities in Eq. (5.9) are satisfied, four exceptional points
are found in the Bloch spectrum, namely, t1 = −t2 ± γ at k = 0, and t1 = t2 ± γ
at k = π, which are connected via Fermi arcs as is shown in Fig. 5.4. Taking
open boundary conditions and considering a chain with an odd number of sites,
the Hamiltonian is given by Eq. (5.11) with

HA = HB = 0, HA←B = t1+γ, H̃A←B = t1−γ, HB→A = H̃B→A = t2.
(5.16)

Hamiltonian for the SSH chain is written in the Bloch form—only hoppings between unit cells
pick up a phase whereas hopping inside the unit cell is phaseless—and a factor of 2 on γ has
been dropped.
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Figure 5.5: The (a) absolute value, (b) real and (c) imaginary part of the energy spec-
trum of the SSH chain in Eqs. (5.11) and (5.16) with open (blue) and periodic (gray)
boundary conditions with t2 = 1, γ = 3/2, and M = 46 unit cells. The zero-energy state
associated with the wave-function solution in Eq. (5.12) is shown in red. The green solid
lines correspond to solutions to |r∗LrR| = 1 [cf. Eq. (5.20)], while the black dotted lines cor-
respond to solutions to |rR| = 1 and |rL| = 1 [cf. Eqs. (5.18) and (5.19), respectively]. The
latter coincidentally coincide with gap closings in the spectrum with periodic boundary
conditions. The magenta dashed lines correspond to the exceptional points at t1 = ±γ.

The wave functions in Eq. (5.12) are exact solutions with energy E = 0 and

rR = − t1 − γ
t2

, rL = − t1 + γ

t2
, (5.17)

such that

|rR| = 1 ⇒ t1 = ±t2 + γ (5.18)
|rL| = 1 ⇒ t1 = ±t2 − γ (5.19)

|r∗LrR| = 1 ⇒ t1 = ±
√
γ2 + t22, ±

√
γ2 − t22. (5.20)

The spectrum for this model is plotted in Fig. 5.5 both in the case of open bound-
ary conditions (blue), and periodic boundary conditions (gray), where the latter
are obtained by connecting the ends of the open chain to each other,4 The energy
corresponding to the exact solution is shown in red. We immediately see that
there is a discrepancy between the spectrum of the open and periodic boundary
conditions such that conventional bulk-boundary correspondence is broken by this
model. The gap closings in the spectrum with open boundary conditions corre-
spond exactly with solutions to Eq. (5.20) (green lines in Fig. 5.5), i.e., |r∗LrR| = 1,
as predicted. Solutions to |rR| = 1 and |rL| = 1 (black dotted lines), on the other
hand, do not relay any relevant information for the spectrum with open bound-
ary conditions, while coinciding with gap closings in the spectrum with periodic

4 Note that for the case of periodic boundary conditions, it is assumed that the system does not
have a broken unit cell.
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boundary conditions, which is understood to be a coincidence. This model thus
exhibits a biorthogonal correspondence between bulk and boundary.
The discrepancy between the spectrum with open and periodic boundary condi-

tions has a profound consequence, namely, topological invariants (cf. chapter 2),
which are derived from the Bloch Hamiltonian, no longer have any predictive power.
Indeed, even if it is possible to calculate such an invariant—due to the fact that
the energy eigenvalues have access to the complex plane, the definition of a band
gap is ambiguous in this context [199, 200]—it would predict phase transitions
inaccurately. This highlights the importance of the insight gained via the ex-
act solutions, namely, when their biorthogonal product delocalizes, expressed by
|r∗L,i(k||)rR,i(k||)| = 1 in the case of the exact wave-function solutions, there is bulk-
band attachment in the spectrum with open boundary conditions. In paper III,
this insight is used to define the following so-called biorthogonal polarization for
systems with open boundary conditions

Pi(k||) = 1− lim
M→∞

〈
ΨL,i(k||)

∣∣∣∣∑mmΠm

M

∣∣∣∣ΨR,i(k||)
〉
, (5.21)

where the expectation value is taken with respect to the wave functions of the
boundary state. Inserting the exact solution in Eq. (5.12) and using the result in
Eq. (5.14), this equation reduces to

Pi(k||) = 1− lim
M→∞

N ∗L,i(k||)NR,i(k||)

∑
mm

[
r∗L,i(k||)rR,i(k||)

]m
M

,

such that Pi(k||) = 1 for |r∗L,i(k||)rR,i(k||)| < 1, Pi(k||) = 0 for |r∗L,i(k||)rR,i(k||)| >
1, and Pi(k||) jumps when |r∗L,i(k||)rR,i(k||)| = 1. The biorthogonal polarization
can thus be viewed as a real-space topological invariant.
This becomes especially apparent in the case of models without a broken unit

cell, i.e., with an A and B motif at either boundary, in which case the wave-
function solution in Eq. (5.12) can be mapped to either end of the system when
|r∗L,i(k||)rR,i(k||)| < 1, as we also saw in chapter 3 for Hermitian models. In this
case, the end modes attach to the bulk bands when |r∗L,i(k||)rR,i(k||)| = 1, and
disappear into the bulk when |r∗L,i(k||)rR,i(k||)| > 1. In Fig. 5.6, the absolute value
of the energy spectrum of the non-Hermitian SSH chain with an even number of
sites is shown. Now, the biorthogonal polarization equals one when end states are
present and goes to zero when the end states disappear into the bulk. We should
remember that the biorthogonal polarization is also relevant beyond the realm of
solvable models, as is the case for the biorthogonal bulk-boundary correspondence,
which can thus be directly used in systems for which no exact solutions exist.
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{{ { {{
Figure 5.6: Absolute value of the en-
ergy of the non-Hermitian SSH model [cf.
Eqs. (5.11) and (5.16)] with the same con-
ventions as in Fig. 5.5 with no broken unit
cell. The value of the biorthogonal polariza-
tion P is explicitly indicated, and jumps at
the green lines.

It should be noted that the non-
Hermitian models in this section are
named after known topological Her-
mitian models by virtue of the fact
that they reduce to these models when
the non-Hermitian terms are turned
off. Indeed, the concept of topology is
not manifested in the traditional sense
for these systems due to the general
failure of topological invariants to de-
scribe models with open boundary con-
ditions. Even though the topology of
non-Hermitian Bloch Hamiltonians has
recently been classified in Refs. 199,
200—in these works, the topology of
a system is determined by consider-
ing so-called point and line gaps in the
complex energy spectrum, which are
defined by the non-Hermitian Hamil-
tonian being invertible and having no

zero-energy eigenstates when such gaps are present [199]—the topology predicted
by these non-Hermitian Bloch Hamiltonians may be extremely different from the
properties displayed by the model when considering open boundaries. For example,
for the non-Hermitian Chern insulator considered in paper III, it is found that the
spectrum with periodic boundary conditions displays metallic behavior as opposed
to the insulating properties of the spectrum with open boundary conditions. To
accurately determine the topological character of non-Hermitian systems, it is thus
paramount to consider these models with open boundaries from the start, in which
case they may be characterized by studying the behavior of their boundary states.

5.4 The non-Hermitian skin effect and higher-order
exceptional points

In this section, we discuss two additional features displayed by the non-Hermitian
SSH chain in Eqs. (5.11) and (5.16) that do not find a counterpart in the Her-
mitian limit, namely, the non-Hermitian skin effect and the appearance of excep-
tional points with an order scaling with system size. Indeed, by studying the
localization of the bulk bands, they display peculiar behavior: They pile up at
the boundaries. By computing the expectation value of the projection operator
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Figure 5.7: Localization of (a) right and (b)
left wave functions of five states in the con-
tinuum of the SSH model in Fig. 5.5 with
t1 = t2 = 1, γ = 3/2, M = 16, and j labels
the sites. The associated energies are shown
in the legend.

Πm onto each unit cell with respect to
the right and left wave functions of the
continuum states, i.e., 〈Πm〉RR;i and
〈Πm〉LL;i [cf. Eq. (5.13)], a piling up
of these states at the ends of the chain
can be observed as shown in Fig. 5.7
for five randomly chosen states. This is
related to the discrepancy between the
spectra for open and periodic boundary
conditions in Fig. 5.5, and connected to
the strong sensitivity to boundary con-
ditions for these models. Indeed, when
the ends of the SSH chains are cou-
pled to each other by a term Γ, the
bulk states can tunnel through for a
crossover value Γc ∼ exp(−εM), where
ε depends on the model. This results in
a transformation in the band spectrum
such that it displays the same qualita-
tive features as the spectrum in case
of periodic boundary conditions, as is
shown in paper III. When instead the
biorthogonal expectation value of the
the projection operator is considered
for these five states, as shown in Fig. 5.8, we observe that these states behave
as bulk states, and may thus be called “biorthogonal bulk states”, a term coined in
paper VII. This is in line with the previous finding that these models should be con-
sidered in light of their biorthogonal properties. Note, however, that 〈Πm〉LR;i ∈ C,
such that the biorthogonal “localization” has an imaginary part, which does not
have a clear physical interpretation in terms of probabilities.

Another phenomenon displayed by this model is the appearance of exceptional
points with an order scaling with system size in the spectrum with open boundary
conditions. They are called real-space exceptional structures in paper VIII, and do
not have a counterpart in the spectrum with periodic boundary conditions. These
exceptional points appear at the pinching points at t1 = ±γ (indicated by magenta
dashed lines in Fig. 5.5) with energy ±t2. When t1 = ±γ, the number of eigenval-
ues and eigenvectors collapse from 2M−1 to 3, and two exceptional points of order
(2M − 2)/2 appear. These exceptional points are associated with a strict unidi-
rectional hopping: When t1 = ±γ, hopping in one direction is entirely cut off. For
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Figure 5.8: (a) Absolute value, (b) real and (c) imaginary part of the biorthogonal
expectation value of the projection operator 〈Πm〉LR;i for the same states as in Fig. 5.7.

example, for t1 = γ, the associated right wave functions with the energies t2 and−t2
read (2γ/t2, 1, 1, 0, . . . , 0)T and (2γ/t2, −1, 1, 0, . . . , 0)T , respectively, whereas
the zero-energy mode inside the gap has an associated wave function that reads
(1, 0, . . . , 0)T . Similarly, the left wave functions read (0, . . . , 0, 1, 1, 2γ/t2)

T ,
(0, . . . , 0, 1, −1, 2γ/t2)

T , and (0, . . . , 0, 1)T . The states at these higher-order
exceptional points are thus pinned to the ends, and are self-orthogonal (cf. sec-
tion 5.2).
Models that break conventional bulk-boundary correspondence typically have an

explicit directionality build into their hopping Hamiltonian as in the example in
Eq. (5.16) but can also be created through the clever implementation of onsite
dissipation as is shown in an explicit example in Ref. 161. This breakdown of
conventional bulk-boundary correspondence is naturally accompanied by a piling
up of bulk states and the appearance of exceptional structures that scale with
system size. A formal link between these features is established in paper VIII,
where non-Hermitian models are studied in the context of transfer matrices by
demanding H 6= H† in Eq. (3.20). In this context, it is found that these phenomena
occur when the transfer matrix T is not unimodular, i.e., detT 6= 1. Indeed, this
quality of the transfer matrix not only marks a discrepancy between the spectra of
the system with open and periodic boundary conditions, but also leads to bulk-state
solutions that pile up at the boundaries. Moreover, for two-dimensional transfer
matrices, it is shown that when detT → 0,∞, where the latter case is equivalent to
detT → 0 by reversing the order of the supercells, real-space exceptional structures
appear. This is in agreement with the unidirectional behavior observed at these
points: When detT → 0, the inverse of T does not exist and it is therefore possible
to only hop in one direction.
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Discussion and outlook

In this dissertation, the results from the accompanying papers are summarized and
contextualized. More specifically, a formalism is presented for finding exact wave-
function solutions for the boundary states of any noninteracting topological model
by making explicit use of destructive interference. The existence of these exact
solutions is independent of tight-binding parameters, systems size, and the phase
of the model. Rather, a pivotal role is played by the lattice geometry: Destructive
interference, which is naturally present on quasi one-dimensional lattices of the
generic form shown in Fig. 3.6, leads to a bootstrapping condition to determine
the amplitudes r(k||) [cf. Eq. (3.15)], which dictate the localization of |Ψ(k||)〉
[cf. Eq. (3.13)], while the further properties of |Ψ(k||)〉, such as the dispersion, are
determined by the Hamiltonian terms on a small, recurring motif, A. It is thus
possible to fully control the character of |Ψ(k||)〉 by making the appropriate choice
for the Hamiltonian terms on the lattice, and, in extension, to engineer lattices with
the desired topological phase from the bottom up. Moreover, |Ψ(k||)〉 corresponds
to a boundary state when |r(k||)| 6= 1, while being a bulk state for |r(k||)| = 1,
such that the latter property can be used to diagnose phase transitions, and can
be interpreted as defining a bulk-boundary correspondence in real space directly.
The glaring simplicity of the approach allows for its generalization beyond “ordi-

nary” topological phases of matter to the fields of higher-order topological phases
and non-Hermitian physics (cf. chapters 4 and 5, respectively). Indeed, to date,
this is the only method with which exact solutions for higher-order boundary states
can be obtained, while its importance in the field of non-Hermitian physics lies in
the fact that the possible breakdown of conventional bulk-boundary correspondence
necessitates the access to exact boundary-state solutions resulting in the notion of
a biorthogonal bulk-boundary correspondence. The transparency of the approach
also makes it the prefect guide towards the engineering of artificial lattices for ex-
periment. Indeed, the breathing kagome model in section 4.2 has already been
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realized in several experiments [83, 84] as well as in optical waveguide lattices in
paper C.
In the following, several interesting aspects and implications following from the

exact formalism are discussed after which future directions of research are proposed.

6.1 Discussion

It is important to note that while all noninteracting topological models feature
boundary states, not all models with boundary states are also topological. There-
fore, finding solutions with |r(k||)| 6= 1, in which case |Ψ(k||)〉 in Eq. (3.13) describe
boundary states, does not suffice to determine the topological character of the
model hosting these solutions. Indeed, one needs to compute topological invariants
to properly establish the topological robustness of a phase. Nevertheless, studying
the localization of |Ψ(k||)〉 together with the behavior of its energy bands in the
band spectrum may give a strong hint as to the topological phase: For example, in
the case of the model in Fig. 3.8, the exact wave-function solutions correspond to
the two in-gap states, which localize to the opposite edges of a cylinder depending
on their chirality, which is in perfect agreement with the expected behavior of a
Chern insulator.
In chapter 3, it is implicitly assumed that Eq. (3.13) describes all boundary states

that may exist. One may wonder, however, whether additional boundary states of
a different form may also appear. This point is addressed in paper V, where it is
shown that Eq. (3.13) captures all boundary wave functions: By making use of a
result derived in Ref. 47 in the context of transfer matrices—namely, on the lattices
considered in this dissertation all boundary states must decay exponentially with
a single exponent—it is possible to deduce that the amplitude of these boundary
states must be zero on all B motifs, thus proving that the solutions in Eq. (3.13)
are indeed unique.
While exact boundary states can be found on any lattice of the form of Fig. 3.6

without reference to any symmetry constraints, it is shown in paper V that it is
possible to additionally find all bulk-state solutions by solving a problem akin to
that of standing waves on a string when the spectrum of the Bloch Hamiltonian re-
spects a mirror symmetry, which relates the energy at momentum k⊥ to the energy
at momentum −k⊥, i.e., E(k⊥) = E(−k⊥), with k⊥ the momentum perpendicular
to the open boundary conditions.1 Indeed, in this case, the remaining states that
are not found are exactly the nA boundary wave functions in Eq. (3.13) thus pro-
viding an additional argument in this context that these solutions in Eq. (3.13) are

1 Note that in the case of one-dimensional systems, the operation of mirror symmetry is equiv-
alent to that of inversion or time-reversal symmetry.
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indeed the only boundary states in the system.
From knowing the exact boundary-state solutions, it is possible to show that in

the case of models with three spatial dimensions with the two-dimensional A motif
containing two degrees of freedom, i.e., HA is of the form d(k||) ·σ, the solution in
Eq. (3.13) always describes a Fermi arc when the A motifs support a model with
a nonzero Chern number, as is pointed out in paper I. The argument relies on the
fact that in such a case the Chern number can be found by computing Eq. (2.11),
i.e., by determining how often d̂(k||) = d(k||)/|d(k||)| wraps around a sphere (cf.
Fig. 2.3), such that in case of a nonzero Chern number the vector d(k||) must point
in every direction in the Brillouin zone. This means that d(k||) always results in
the vanishing of either the numerator or the denominator of r(k||) for a different
k||. r(k||) thus has zeros and infinities, which in turn implies that the solution in
Eq. (3.13) must switch surfaces and describes a Fermi arc.

6.2 Outlook

There are several further directions of research that can be explored based on the
work in this dissertation. One such direction may be to investigate the stability
of Fermi arcs in models without Weyl nodes against disorder. In paper I, Weyl
semimetal models are found, which have Fermi arcs described by Eq. (3.13), but
no Weyl nodes in the spectrum. This result is derived in an exact fashion, and
this phenomenon has also been observed in experiment [201,202]. While one would
initially think that these arcs must be trivial, they in fact have a nonzero Chern
number associated with them. The degree of protection of these states is thus not
a priori clear.
Another interesting project would be to expand the approach in paper V for

finding all bulk states to the field of non-Hermitian physics, where continuum
states may pile up at the boundaries. Revealing the exact form of these states may
provide deeper insights in how they localize.
In paper VIII, it is shown that in the eyes of the transfer matrix, a Hermitian

model is equivalent to a model that is in the PT -unbroken phase. It would be
interesting to use the same approach to characterize the impact of symmetries
further on non-Hermitian models with open boundary conditions, which may be
vastly different from the case of periodic boundary conditions, in terms of the
Bernard-LeClair classification for non-Hermitian matrices [198].
We saw in the previous chapter that rR,i(k||) = rL,i(k||) when H̃A←B = H†A←B

and H̃B→A = H†B→A, i.e., when the hopping matrices connecting A and B motifs
respect Hermiticity. It would be interesting to investigate whether this is related
to the observation of the non-Hermitian skin effect in the sense that the latter can
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only be observed when rR,i(k||) 6= rL,i(k||), or whether models can be found where
the boundary state behaves in the “usual” manner, while the bulk states do not.
The role of dissipation may also be further explored to answer questions of the

type of whether it is possible to drive a system to operate at a real-space exceptional
point, or whether something like the skin effect could also be engineered in many-
body systems, where interactions and disorder play a role. Additionally, it could
be investigated whether solvable boundary states can also be found in interacting
systems.
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