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GLUING GRAPHS AND SPECTRAL GAP:
TITCHMARSH-WEYL OPERATOR-FUNCTION

APPROACH

PAVEL KURASOV AND SERGEI NABOKO

Abstract. Assume that two metric graphs are joined together by glu-
ing a few vertices. We investigate the behaviour of the spectral gap for
the corresponding standard Laplacians. It appears that a precise answer
can be given in terms of the corresponding Titchmarsh-Weyl (matrix)
functions of the two subgraphs, more precisely in terms of their nega-
tive spectral subspaces. We illustrate our results by considering explicit
examples.

1. Introduction

Spectral theory of quantum graphs - ordinary differential operators on
metric graphs - is a rapidly developing area of modern mathematical physics
[5, 27]. In particular it was realized that the spectral gap - the difference
between the two lowest eigenvalues is an important characteristics entirely
connected with combinatorial, metric and topological properties of the un-
derlying metric graph [4, 10, 15, 22, 25]. The goal of the current paper is
to understand spectral gap behavior as two graphs are glued together. This
phenomena has already been discussed in [21], where we studied what hap-
pens to the spectral gap as an edge is added to a graph. It appears that
the result depends not only on the length of the added edge, but on the
characteristics of the first non-trivial eigenfunction on the original graph.1

We decided to pursue this investigation further considering gluing of arbi-
trary finite connected graphs. To our opinion the most appropriate object
to formulate the answer is the corresponding matrix-valued M -function -
a straightforward analog of Titchmarsh-Weyl M -function introduced to de-
scribe spectral properties of one-dimensional operators. The M -function
associated with a quantum graph is a matrix-valued Herglotz-Nevanlinna
function reflecting in particular the geometric structure of the underlying
graph. This structure brings in new interesting and non-trivial features com-
pared to the scalar case.

2010 Mathematics Subject Classification. Primary 47A10; Secondary 35P25.
Key words and phrases. quantum graphs, spectral gap, Titchmarsh-Weyl function.
1One may observe certain analogy with [9], where behavior of the ground state in

relation to stretching of one of the edges was investigated.
1
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Our main mathematical tool is exploiting analytic properties of graph
M -functions, which appear to be meromorphic functions with only real poles
and zeroes. On this way we develop an proper technique that can be used
in further studies of higher eigenvalues or to prove spectral estimates. The
results are formulated for the Laplacian, but it is not hard to modify the
formulas to include Schrödinger operators and arbitrary vertex conditions.
Thus the main result of this paper is not only a systematic description of
possible behaviour of the spectral gap, but developing of new methods that
might be useful for further investigations.

Although no explicit answer can in general be given the presented anal-
ysis provides a complete picture of all possible scenarios in terms of graph’s
M -functions.

2. Preliminaries

2.1. Definitions. Let Γ be a finite compact metric graph i.e. a graph
formed by N compact edges [x2j−1, x2j] ⊂ R connected together at the
vertices Vm,m = 1, 2, . . . ,M understood as sets of identified end points of
the intervals. Every edge is compact and their number is finite, hence the
metric graph is compact. The graph is called finite since it is formed by a
finite number of edges (see [5] for details).

With the graph Γ we associate the Hilbert space L2(Γ) =
N
⊕
n=1

L2[x2n−1, x2n].

The Laplace operator L = − d2

dx2
is defined on the functions from the Sobolev

space ⊕Nn=1W
2
2 [x2n−1, x2n] satisfying certain vertex conditions making the

opeator self-adjoint and connecting together the edges. Two types of vertex
conditions will be used:

• standard vertex conditions

(2.1) u is continuous at Vm and
∑

xj∈Vm
∂u(xj) = 0;

• Dirichlet conditions

(2.2) u(xj) = 0, xj ∈ Vm.

Here we denoted by u(xj) the limiting values of the functions at edge’s
end points. Similarly ∂u(xj) denote the derivatives taken in the direction
towards the corresponding interval. The Laplace operator defined on the
functions satisfying either standard or Dirichlet conditions at each vertex is
self-adjoint and have discrete spectrum satisfying Weyl’s law [5].
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It is customary to associate with a finite compact metric graph Γ the
standard Laplace operator L defined on the functions satisfying stan-
dard vertex conditions at all vertices. Its spectrum is usually refereed to
as the spectrum of Γ since such differential operator is determined by the
metric graph alone.

As already mentioned our goal is to understand behavior of the spectrum
when two metric graphs are joined together. Consider two finite compact
metric graphs Γ1 and Γ2. Let us mark K different vertices in Γ1 and in Γ2

denoting them by ∂Γi, i = 1, 2:

∂Γ1 = {Vj1(Γ1), Vj2(Γ1), . . . , VjK (Γ1)},
∂Γ2 = {Vi1(Γ2), Vi2(Γ2), . . . , ViK (Γ2)}.

It is important that the sets ∂Γ1 and ∂Γ2 contain the same number of points.
Then the glued graph Γ = Γ1t∂Γ2 can be seen as the set of points from the
union Γ1 ∪ Γ2 with points belonged to Vjk(Γ1) and Vik(Γ2), k = 1, 2, . . . , K

identified.
Our interest is to describe the spectrum of the standard Laplacian on

Γ = Γ1t∂ Γ2, provided the spectra of standard Laplacians on Γj are known.
It appears that complete answer to this question cannot be given using just
the spectra of glued graphs: the two spectra alone can only provide a partial
answer (see Theorem 2.2 below), while precise answer requires knowledge
of the corresponding M -functions.

In what follows we are going to consider ∂Γj as a certain boundary of
the graph Γj, although some of the vertices Vik(Γj), k = 1, 2, . . . , K can be
situated well hidden inside the corresponding graph. Discussing gluing it
is natural to choose the boundary of Γ to be the set of identified vertices.
Hence the boundaries of Γ, Γ1 and Γ2 contain precisely the same number of
points.

In addition to the standard Laplacians L(Γj) we are going to consider the
auxiliary Dirichlet Laplacians LD(Γj) defined on the functions satisfying
Dirichlet boundary conditions on ∂Γj and standard vertex conditions at
all other vertices. There is no much sense to introduce the corresponding
Dirichlet operator for Γ, since it would be equal to the orthogonal sum of
the Dirichlet operators: LD(Γ1)⊕LD(Γ2). Note that the Dirichlet Laplacian
does not require that Dirichlet conditions are imposed at all vertices like it
is done in some recent publications [28]. The operator LD(Γj) depends not
only on Γj, but on the choice of the boundary ∂Γj as well.
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Gluing together two graphs implies that the functions from the domain
of L(Γ1 t∂ Γ2) satisfy standard vertex conditions even at the glued vertices.
Let us make two elementary folklore-type observations:

• if λ is an eigenvalue for both standard Laplacians operators L(Γ1,2),

then λ is also an eigenvalue for L(Γ), provided the corresponding
eigenfunctions ψL(Γ1,2) of L(Γ1,2) can be chosen so that

(2.3) ψL(Γ1)|∂Γ1 = ψL(Γ2)|∂Γ2

holds;
• if λ is an eigenvalue for both Dirichlet operators LD(Γ1) and LD(Γ2),

then λ is also an eigenvalue for L(Γ), provided the corresponding
eigenfunctions ψLD(Γ1,2) of LD(Γ1,2) can be chosen so that

(2.4) ∂ψL
D(Γ1)|∂Γ1 = ∂ψL

D(Γ2)|∂Γ2

holds.

Here f |∂Γ and ∂f |∂Γ denote the vectors of values of the function f and the
sums of the derivatives of f at the vertices belonging to the corresponding
boundary.

Trivially the ground state of the standard Laplacian is just the constant
function and it is unique, provided the graph is connected. Otherwise the
multiplicity is equal to the number of connected components in Γ. This is in
complete agreement with the classical Courant theorem. In particular the
restriction of the corresponding eigenfunction to the boundary ∂Γ is just
the K-dimensional vector (1, 1, . . . , 1), i.e. the ground state of the standard
Laplacian is always a singularity in the corresponding M−function (see the
following section).

A similar result holds for the Dirichlet operator, but the ground state in
general cannot be calculated explicitly. Let ψ0 be a ground state eigenfunc-
tion. It is a minimiser for the quadratic form

∫

Γ

(
|ψ′(x)|2 + |ψ(x)|2

)
dx.

The quadratic form is invariant under the procedure of taking the absolute
value, hence the function |ψ0(x)| is also a ground state eigenfunction. We
have proven that the ground state eigenfunction can be chosen nonnegative.

Assume first that ψ0(x0) = 0 for a certain x0 being an internal point
on one of the edges. The function |ψ0(x)| is a solution to the eigenfunction
equation −f ′′ = λ0f and therefore its first derivative is continuous on every
edge. On the other hand the first derivative should vanish at x0, since oth-
erwise the function |ψ0(x)| cannot be nonnegative. It follows that |ψ0(x)|



GLUING GRAPHS AND SPECTRAL GAP: 5

satisfies trivial Cauchy data at x0: |ψ0(x0)| = 0, |ψ′0(x0)| = 0 and therefore
is identically equal to zero on the whole edge as a solution to a homogenous
second order differential equation. It follows that such ψ0 vanishes at both
end points of the edge, hence it vanishes at certain vertices.

Assume now that ψ0 vanishes at a vertex, say ψ(V1) = 0, V1 /∈ ∂Γ.
The function |ψ0(x)| is nonnegative, hence each of the normal derivatives
at V1 is also nonnegative, but their sum is zero. Hence each of the normal
derivatives is zero. This implies that |ψ0(x)| is identically equal to zero
on all edges joined together at V1, since it is a solution to a second order
homogeneous differential equation satisfying trivial Cauchy data at the end
point belonging to V1.

Repeating this procedure and connectedness of Γ we prove that ψ0 is
identically equal to zero. Contradiction proves that the ground state eigen-
function cannot vanish inside of the graph. Moreover, the normal derivatives
at the boundary are non-zero, since otherwise |ψ0| is identically zero on the
edges connected to boundary points and therefore vanishes on the whole Γ.

The following lemma summarising the above studies will be used:

Lemma 2.1 (following Courant [26] ). Let L and LD(Γ) be the standard
and Dirichlet Laplacians on an arbitrary connected finite compact metric
graph Γ. Then the corresponding ground state eigenfunction ψ0 can be chosen
nonnegative (real). Moreover it holds

• for the standard Laplacian

(2.5) ψ
L(Γ)
0 (x) ≡ 1, in particular ψ

L(Γ)
0 |∂Γ = (1, 1, . . . , 1);

• for the Dirichlet Laplacian provided the graph Γ\∂Γ is also connected

(2.6) ψ
LD(Γ)
0 (x) = 0⇔ x ∈ ∂Γ, moreover ∂ψ

LD(Γ)
0 |∂Γ 6= 0.

If the graph Γ \ ∂Γ is not connected, then the operator LD(Γ) may be
considered as an orthogonal sum of operators on different connected com-
ponents. In that case the ground state may have multiplicity not exceeding
the number of connected components in Γ \ ∂Γ.

The following theorem can be proven if just the spectra of Diriichlet
Laplacians on glued graphs are known.

Theorem 2.2. The first (nontrivial, i.e. non-zero) eigenvalue λ1(Γ) of the
standard Laplacian on Γ = Γ1 t∂ Γ2 cannot exceed the second lowest point
in the joint spectrum (counted with multiplicities) σ(LD(Γ1))∪σ(LD(Γ2)) of
the Dirichlet Laplacians on Γ1 and Γ2:

(2.7) λ1(Γ) ≤ min
{

max{λD0 (Γ1), λD0 (Γ2)},min{λD1 (Γ1), λD1 (Γ2)}
}
.
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Assume in addition that the ground states of LD(Γj), j = 1, 2 are non-
degenerate, then the inequality is strict unless λD

0 (Γ1) = λD
0 (Γ2) or at least

one of ψLD

1 (Γj) is orthogonal to the constant function.

Proof. The first non-trivial eigenvalue is given as the minimum of the Rayleigh
quotient

(2.8) λ1(Γ) = min∫
udx=0

〈Lu, u〉
‖u‖2

.

The lowest points in σ(LD(Γ1)) ∪ σ(LD(Γ2) are either the two Dirichlet
ground states or the two lowest eigenvalues for one of the Dirichlet operators.
Let us denote the corresponding eigenfunctions by ψ1 and ψ2 extending
them by zero to the whole Γ, note that ψ1 ⊥ ψ2, since they either are
eigenfunctions of the same Dirichlet operator or are supported by different
graphs Γ1 and Γ2. The corresponding eigenvalues will be denoted by λ1

and λ2 respectively. Consider any function ψ given as a non-trivial linear
combination

ψ = αψ1 + βψ2.

This function is continuous on Γ and therefore belongs to the quadratic
form domain of L(Γ). It is clear that the coefficients α and β can be chosen
to satisfy the orthogonality condition to the constant function. For any such
pair of parameters we have

λ1(Γ) ≤ 〈Lψ, ψ〉‖ψ‖2
=
λ1|α|2 + λ2|β|2
|α|2 + |β|2 ≤ min

{
max
j
{λD0 (Γj)},min

j
{λD1 (Γj)}

}
,

where we assumed that ψ1,2 are normalised.
The equality may occur only if λ1 = λ2 or αβ = 0. Since we assumed

that the ground states are not degenerate λD
0 (Γj) < λD

1 (Γj), the equality
may occur only if λD

0 (Γ1) = λD
0 (Γ2) or at least one of ψ1, ψ2 is orthogonal

to the constant function. �

Under conditions of Theorem 2.2 the equality holds only if λD
0 (Γ1) =

λD
0 (Γ2) and the function ψ = αψ

LD(Γ1)
0 +βψ

LD(Γ2)
0 is not only continuous on

∂Γ but satisfies standard vertex conditions there. The continuity condition
always holds, since both ψL

D(Γj)
0 satisfy Dirichlet condition on ∂Γ, but there

is no reason for the derivatives to be balanced.
If the boundary ∂Γ is given by just one point, then the theorem is a trivial

implication of standard perturbation theory, since the Dirichlet Laplacian
on Γ is a positive rank one resolvent perturbation of the standard Laplacian
in that case.
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2.2. Graph M-functions and gluing. Consider an arbitrary finite com-
pact graph Γ with a boundary ∂Γ. The boundary is just a finite set of
vertices which may be situated well inside the graph. We do not restrict
our consideration to vertices of degree one and not all vertices of degree
one necessarily belong to the boundary. Every point inside an edge may be
formally considered as a vertex of degree two, such vertices may also be
present in ∂Γ. For any non-real λ ∈ C \ R consider the function u(x, λ)

solving the differential equation

(2.9) − d2

dx2
u(x, λ) = λu(x, λ)

on every edge in Γ, satisfying standard vertex conditions (2.1) at all vertices
that do not belong to the boundary ∂Γ and extra continuity condition on
the boundary. Such solution is uniquely determined by its (well-defined)
values on the boundary u(·, λ)|∂Γ since otherwise the corresponding Dirichlet
operator has a non-real eigenvalue. For every vertex Vj ∈ ∂Γ consider the
sum of derivatives at Vj

∂u(Vj, λ) :=
∑

xl∈Vj
∂u(xl, λ),

and form the corresponding vector ∂u|∂Γ of the dimension equal to the
number of points in ∂Γ. The vector ∂u|∂Γ is uniquely determined by the
vector u|∂Γ, and the relation is linear. Then graph’s M-function MΓ(λ)

is defined by

(2.10) MΓ(λ) u|∂Γ = ∂u|∂Γ.

It is a well-known direct analog of Titchmarsh-WeylM -function widely used
in the studies of spectral properties of the Schrödinger equation in dimension
one [29]. In particular this notion was generalised to arbitrary symmetric
operators with finite deficiency indices in [8] following ideas of M. Krein [17]
and the theory of boundary triples [13, 16]. The matrix-valued M -function
for a quantum graphs depends not only on the metric graph Γ, but on the
choice of ∂Γ as well.

In accordance to general theory, graph’s M -function is a matrix valued
Herglotz-Nevanlinna function:

• analytic outside of the real axis;
• having non-negative imaginary part in the upper half-plane:

=λ > 0⇒ =MΓ(λ) ≥ 0;

• satisfying symmetry relation MΓ(λ) = M∗
Γ(λ).
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Every invertible at one point Titchmarsh-Weyl M -function is invertible ev-
erywhere outside the real axis [11]. It is easy to see that if a certain µ ∈ R
does not belong to the spectrum of the Dirichlet Laplacian, then MΓ(λ)

can be continued analytically to a neighbourhood of µ. Moreover, if such
µ is an eigenvalue of the standard Laplacian and the corresponding eigen-
function is not identically zero on ∂Γ, then detM(µ) = 0. In other words
there exists a vector u|∂Γ 6= ~0 such that the corresponding function u(x, µ)

satisfies standard conditions even on the boundary ∂Γ. On the other hand,
if µ is an eigenvalue of the Dirichlet Laplacian and the sum of derivatives
of the eigenfunction at some vertex from ∂Γ is not zero, then the solution
u is not uniquely determined by its values on the boundary, hence MΓ(λ)

is necessarily singular at µ.
Note that standard and Dirichlet eigenvalues may occur simultaneously.

As an example consider a graph containing a loop having empty intersection
with the boundary. The Laplace operator has eigenfunctions supported by
the loop and equal to zero on the rest of the graph. Such eigenfunctions
obviously satisfy both Dirichlet and standard conditions on ∂Γ, but the
corresponding MΓ(λ) is not singular at these points and detMΓ(λ) is not
necessarily equal to zero. MΓ(λ) does not notice such eigenvalues.

Taking into account that the spectrum of the Dirichlet operator is dis-
crete we conclude that MΓ(λ) is a Herglotz-Nevanlinna function with a
discrete set of real singularities accumulating towards +∞.

The lowest eigenvalue of the standard Laplacian is always visible from
the M -function (Lemma 2.1). Moreover using the fact that the standard
Laplacian is a positive operator, the following elementary statement can be
proven.

Lemma 2.3. Consider the standard Laplace operator L(Γ), the correspond-
ing M-function is negative on the semiaxis (−∞, 0) and it holds

(2.11) MΓ(0) ≤ 0,

µ = 0 is an eigenvalue of MΓ(0).

Proof. λ = 0 is an eigenvalue of the Laplace operator on Γ with the eigen-
function ψ0 ≡ 1. Hence by definition vector (1, 1, . . . , 1) belongs to the kernel
of MΓ(0), which means that λ = 0 is an eigenvalue of MΓ(0). Consider the
function u(x, 0) used in the calculation of MΓ(0):
(2.12)

0 = 〈−u′′, u〉 = ‖u′‖+
∑

Vm


 ∑

xj∈Vm
∂nu(xj)u(xj)


 = ‖u′‖2+〈MΓ(0)u|∂Γ, u|∂Γ〉,
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implying 〈MΓ(0)u|∂Γ, u|∂Γ〉 ≤ 0. Hence by monotonicity on each interval of
continuity MΓ(λ) < 0 for λ < 0. �

The following obvious but important lemma characterises how to deter-
mine theM -function for the glued graph Γ = Γ1t∂Γ2 from theM -functions
associated with the subgraphs.

Lemma 2.4. Assume that MΓj
(λ) are the M-functions associated with the

graphs Γj and their boundary sets ∂Γj. Then the M-function for the glued
graph Γ = Γ1 t∂ Γ2 is equal to the sum of MΓ1 and MΓ2

(2.13) MΓ(λ) = MΓ1(λ) + MΓ2(λ).

This lemma is going to play one of the central roles in our investigations.
We are going to deduce information about the spectrum of the operator
on Γ from the matrix M. It is important to take into account that not all
eigenvalues are visible from the matrix MΓ (as well as from the matrices
MΓj

).

3. Explicit formulas for the M-function

Using spectral representation of the standard Laplacian the resolvent
kernel possesses the following representation in terms of othonormalised
eigenfunctions (see Theorem 3.1):

(3.1) rλ(x, y) =
∞∑

n=0

ψst
n (x)ψst

n (y)

λst
n − λ

.

The restriction of the resolvent kernel to the boundary can be used to cal-
culate the corresponding M -function.

Theorem 3.1. Let us denote by λst
n and ψst

n all the eigenvalues and or-
thonormalised eigenfunctions of the standard Laplacian Lst on the graph Γ

with the boundary ∂Γ. Then it holds

(3.2) MΓ(λ) = −
( ∞∑

n=1

〈ψst
n |∂Γ, ·〉`2(∂Γ)ψ

st
n |∂Γ

λst
n − λ

)−1

, =λ 6= 0.

Proof. We start by noting that the series in formula (3.2) converges abso-
lutely since the normalised eigenfunctions are uniformly bounded and the
eigenvalues λn grow as n2 following Weyl’s law. We continue by proving the
following identity for the resolvent kernel at the vertices

(3.3)
∑

xi∈Vm
∂rλ(Vm, xi) = −1, m = 1, 2, . . . , K,
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where the derivative is taken with respect to the second argument. This
formula can be applied even for inner points on edges, since every such
point can be considered as an artificial degree two vertex. In that case the
sum of normal derivatives coincides with the jump of the derivative. We
prove formula (3.3) for m = 1.

Let ϕ be any function from the domain of the standard Laplacian, then
the equation

(Lst − λ)−1(Lst − λ)ϕ(x) = ϕ(x)

can be written for x = V1 using the resolvent kernel as

(3.4)
∫

Γ

rλ(V1, y) (−ϕ′′(y)− λϕ(y)) dy = ϕ(V1).

Considering smooth ϕ with the support separated from the vertices we
see that the resolvent kernel is a solution to the homogenous differential
equation

− ∂2

∂y2
rλ(V1, y)− λrλ(V1, y) = 0,

where V1 is considered as a parameter. Assume again that ϕ is from the
domain of the standard Laplacian and integrating in (3.4) by parts twice

M∑

m=1

( ∑

xi∈Vm
rλ(xi, xi)∂ϕ(xi)

)
−

M∑

m=1

( ∑

xi∈Vm
∂yrλ(Vm, y)|y=xi

)
ϕ(Vm)

+

∫

Γ

(
− ∂2

∂y2
rλ(V1, y)− λrλ(V1, y)

)

︸ ︷︷ ︸
= 0

ϕ(y)dy = ϕ(V1),

where we used that ϕ is continuous as a function from the domain of Lst(Γ).

Consider now functions ϕ with the support containing vertex V1, but not
containing V2, . . . , Vm. Taking ϕ in addition having zero derivatives at all
xi ∈ V1 we conclude that (3.3) holds.

Removing the later condition on the derivatives at V1 and using that∑
xi∈V1 ∂ϕ(xi) = 0 since it is a function from the domain of Lst, we conclude

that the resolvent kernel rλ(V1, y) is continuous at y = V1.

Taking test functions ϕ with supports containing each other vertices
one-by-one we prove that rλ(V1, y) satisfies standard vertex conditions at
V2, V3, . . . , VM .

Summing up the resolvent kernel rλ(·, V1) is a solution to the differential
equation (2.9) satisfying standard vertex conditions outside the boundary,
continuous at the boundary vertices and having the following boundary



GLUING GRAPHS AND SPECTRAL GAP: 11

values by (3.3):

rλ(V1, ·)|∂Γ =




rλ(V1, V1)
rλ(V1, V2)

...
rλ(V1, VK)


 , ∂rλ(V1, ·)|∂Γ =




−1
0
...
0


 ,

where we assumed that the boundary ∂Γ is formed by the first K vertices
V1, V2, . . . , VK . It follows that the matrix −{rλ(Vi, Vj)}Mi,j=1 is inverse to the
MΓ(λ).Then explicit formula (3.1) implies (3.2). �

A similar formula can be proven using the eigenfunctions of the Dirichlet
Laplacian LD - the Laplace operator on Γ with Dirichlet conditions on ∂Γ

and standard conditions at all other vertices. The main difference is that the
corresponding series is not absolutely converging and needs a regularisation
as follows:

(3.5) MΓ(λ) = MΓ(λ′) +
∞∑

n=1

λ− λ′
(λD

n − λ)(λD
n − λ′)

〈∂ψD
n |∂Γ, ·〉`2(∂Γ)∂ψ

D
n |∂Γ,

where λD
n and ψD

n are the eigenvalues and orthonormalised eigenfunctions
of LD.

Formulas (3.2) and (3.5) are of general character [1, Section 3.1.3] and
can be proven using just the theory of boundary triples. In particular it
is not important that standard conditions are assumed at internal vertices
and one may consider Schrödinger operators instead of Laplacians. This
case will be described in a forthcoming publication. One may just compare
obtained formulas with equation (4.73) in [7] as well as formula (3.20) in
[12], hence the formula derived here is a direct generalisation of the later
formula for the case of quantum graphs.

4. M-function as a meromorphic Herglotz-Nevanlinna
function

Important properties of the M -function can be deduced from the fact
that it is a meromorphic Herglotz-Nevanlinna function. This will be dis-
cussed in a separate publication. Here we are going to use explicit represen-
tations obtained in the previous section.

Let us start by discussing how to define zeroes and singularities of such
functions since one has to be careful dealing with matrix-valued functions
for which singularities and zeroes may occur simultaneously.
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Definition 4.1. We say that function MΓ(λ) has a singularity at the
point a if and only if

(4.1) ‖MΓ(λ)‖ → ∞ as λ→ a.

As can be seen from formula (3.5), a coincides with one of the eigenvalues
λD
n of the Dirichlet Laplacian. The multiplicity m(a) of the singularity is

equal to the dimension of Span
{
ψD
n |∂Γ : λn = a

}
.

Note that not all eigenvalues of the Dirichlet operator lead to the singu-
larities - the eigenvalues with ψD

n |∂Γ = 0 are not visible in the M -function.
Lemma 2.1 implies that the Dirichlet ground state is always visible.

Definition 4.2. A point b is a generalised zero ofMΓ(λ) if and only if b is
a singularity of−M−1

Γ (λ). As can be seen from formula (3.2), bmust coincide
with one of the eigenvalues λst

n of the standard Laplacian. The multiplicity
of the generalised zero is equal to the dimension of Span {ψst

n |∂Γ : λn = b} .

As in the case of singularities, not all eigenvalues of the standard Lapla-
cian lead to the generalised zeroes - the eigenvalues with ψst

n |∂Γ = 0 are not
visible in the M -function. Lemma 2.1 implies again that the ground state
of the standard Laplacian is also always visible as a generalised zero.

Considered here Herglotz-Nevanlinna functions have discrete sets of sin-
gularities and generalised zeroes tending to +∞, let us denote them mono-
tonically by aj and bj respectively.

Lemma 4.3. Let aj be a singularity of the Titchmarsh-Weyl M-function
MΓ(λ). Then the following representation is valid in a certain complex
neighbourhood of aj

(4.2) MΓ(λ) =
1

aj − λ
Cj + F (λ),

where

Cj =
∑

λn=aj

〈∂ψD
n |∂Γ, ·〉`2(∂Γ)∂ψ

D
n |∂Γ

is a non-negative Hermitian matrix and F (λ) is analytic in the neighbour-
hood.

The rank of Cj is equal to the multiplicity mj. The eigenvalue branches
µi(λ) of MΓ(λ) for real λ near aj can be divided into two classes:

• K −mj locally bounded eigenvalues given by monotonic analytic in
a neighbourhood of aj functions;
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• mj singular eigenvalues, piecewise monotonic for λ 6= aj and pos-
sessing the asymptotic representation

(4.3) µi(λ) =
σi

λ− aj
+O(1), λ→ a,

where σi, i = 1, 2, . . . ,mj are non-zero eigenvalues of Cj (counting
with multiplicities).

Proof. Representation (4.2) follows directly from formula (3.5). Consider
the K ×K matrix valued function

(aj − λ)MΓ(λ) = Cj + (aj − λ)F (λ).

It is analytic in the neighbourhood and Hermitian on the real axis, therefore
its eigenvalue branches µ̃i(λ) can be chosen analytic [14] such that

µ̃i(λ) = σi +O(aj − λ), λ→ aj, , i = 1, 2, . . . , K,

where σi are all K eigenvalues of Cj. Therefore the eigenvalue branches
µi(λ) of MΓ(λ) can be chosen so that µi(λ) = σi

aj−λ +O(1). �

The following geometric lemma is central for our method, since it deter-
mines a relation between the number of generalised zeroes and singularities
of an M -function to the left of any real point x. This results is of general
interest and hopefully will be used not only for graph M -functions. The
proof presented here can without any problem generalised to include arbi-
trary meromorphic operator-valued Herglotz-Nevanlinna functions from the
Stieltjes class.

Lemma 4.4. Let MΓ(λ) be a Titchmarsh-WeylM-function. Then the num-
ber r(x) of generalised zeroes (counted with multiplicities) strictly to the left
of any point x ∈ R can be calculated using the following formula

(4.4) r(x) =
∑

aj<x

rankCj︸ ︷︷ ︸
= mj

+ lim
ε→0

# {positive eigenvalues of MΓ(x− ε)} .

Corollary 4.5.
To the left of each x there exists at least

∑

aj<x

mj generalised zeroes of MΓ(λ).

Proof. The inverse function −MΓ(λ)−1 as also a Herglotz-Nevanlinna func-
tions: analytic outside the real axis and has non-negative imaginary part
in the upper half-plane. The symmetry relation is also satisfied. The singu-
larities of −M−1

Γ (λ) may be situated only at the spectrum of the standard
Laplacian (see (3.2) and therefore form a discrete set.
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Between the singularities aj the energy curves are continuous monotonic
functions. Following Lemma 4.3 let us divide the energy curves near any
singular point aj into two classes:

• regular curves - continued monotonically across aj;
• singular curves - those approaching +∞ on the left and −∞ on the
right of aj.

The singular curves obviously are not monotonic on any interval containing
corresponding singular points. In order to repair this, let us apply modified
arctan map as follows. The function arctanx is defined up to πn, n ∈ Z.
In accordance with Lemma 2.3 in the region λ < 0 all energy curves are
negative and regular, therefore we define yj(λ) = arctanµj(λ) to have values
in the interval (−π/2, 0). For general real λ each curve arctanµj(λ) is defined
as continuous and monotone (globally for all λ ∈ (−∞,∞)): each time when
µj crosses its singular point (jumping from +∞ down to −∞) we add extra
+π to the value of the function arctanµj(λ).

Described procedure gives us precisely K continuous monotonic curves
on the (λ, y)-(half)-plane

{−∞ < λ <∞;−π/2 < y <∞} .

Note that we do not assume global analyticity of the branches yj(λ). Gener-
alized zeroes of MΓ(λ) correspond to those λ for which one of the modified
energy curves crosses the horizontal lines y = πn, n = 0, 1, 2, . . . . The hor-
izontal lines y = π/2 + πn, n = 0.1.2, . . . correspond to the singularities of
MΓ(λ).

Consider any nonsingular point x 6= aj, j = 1, 2, . . . The branch yj

crosses the horizontal lines y = πn, n = 0, 1, 2, . . . , on the interval (−∞, x]

precisely
⌊
yj(x)

π

⌋
+ 1 times, where byc denotes the integer part, i.e. the

largest integer not greater than y. Hence the total number of crossings is
K +

∑K
j=1

⌊
yj(x)

π

⌋
.

The obtained formula is possibly hard to apply, since to calculate r(x)

one needs to know the history of all energy curves yj for λ < x. To derive a
more suitable formula, let us note that by monotonicity each energy curve
crosses the lines y = π/2+πn on the interval (−∞, x) at least as many times
as the lines y = πn. The difference is at most equal to one and is different
from zero if and only if µj(x) > 0. Hence the total number of generalised
zeroes to the left of x is equal to the number of singular points to the left of
x, counted summing up the ranks of matrices Cj, plus the number of positive
eigenvalues of MΓ(x). We obtain formula (4.4) for nonsingular points x.
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To prove the formula for all x ∈ R it remains to consider the case where
x = aj0 for a certain j0. Take any nonsingular point s < x close enough to
x so that in particular no other singular point or zero lies between s and x.
Then obviously r(s) = r(x) and we may use (4.4) in the regular situation.
We get formula (4.4) in the limit s→ aj − 0. �

Generically all eigenvalues of the standard and Dirichlet Laplacians can
be seen from graph’sM -function, but it is not hard to present counterexam-
ples. The eigenvalues that can be detected from the M -function are called
visible. It appears that the ground states of the standard and Dirichlet
Laplacians are always visible. For the standard Laplacian this follows from
the fact that the vector (1, 1, . . . , 1) is the eigenvector of MΓ(0) with the
eigenvalue 0 (see Lemma 2.3). For the Dirichlet Laplacian visibility of the
ground state follows from Lemma 2.1 implying that the ground state is
simple and the sum of derivatives restricted to the boundary is not zero
everywhere. Any higher eigenvalues may be invisible - this fact should be
taken into account in the proofs. General discussion of visible (detectable)
subspaces can be found in [6] (see also references therein).

Consider as an example gluing of two intervals of lengths `1 and `2 into
one circle. The resulting graph is a circle of length `1 +`2 with the boundary
given by two points. The spectra of the corresponding 2 × 2 matrixM -
functions are plotted in Fig. 1 and 2 with parameter k = sign(λ)

√
|λ| on

the horisonthal axis.
One clearly sees that in the symmetric case (see Fig, 1) the singularity

at π/2 has multiplicity 1 (not 2). The reason is that the antisymmetric
eigenfunction has both Dirichlet and Neumann boundary data equal to zero,
hence this eigenfunction is invisible from MΓ(λ). Breaking of the symmetry
makes the second eigenfunction immediately visible (see Fig, 2).

5. Gluing and spectral gap

Our main focus will be on the behavior of the spectral gap under the
gluing procedure described above. We are interested in comparing the spec-
tral gap λ1(Γj)− λ0(Γj) of the original graphs Γ1 and Γ2 with the spectral
gap of Γ. The glued graph Γ contains both Γ1 and Γ2 as subsets. There-
fore it is natural to expect that the spectral gap becomes smaller under the
gluing since Weyl’s asymptotic law says that the eigenvalues are (asymp-
totically) inverse proportional to the squares of the total length. It appears
that distinct eigenvalues may increase, in particular λ1, therefore we focus
our attention on the cases when the spectral gap increases [21].
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Figure 1. Eigenvalue curves the loop, two boundary points,
symmetric case `1 = `2 = π.
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Figure 2. Eigenvalue curves the loop, two boundary points,
non-symmetric case `1 = π − 0.2, `2 = π + 0.2.

It is tempting to use standard perturbation theory based on perturbation
determinant, however the nature of the phenomena we investigate is such
that one has to rely on the matrix analysis more than exploring a certain
scalar function like perturbation determinant. It may be used in the case
of single gluing point, while all other cases require use of the matrix M -
function.

To warm up we prove the first assertion of Theorem 2.2 using M-function
approach

(5.1) λ1(Γ) ≤ max{λD0 (Γ1), λD0 (Γ2)},

provided λD0 (Γ1) 6= λD0 (Γ2). Consider any point x > max{λD0 (Γ1), λD0 (Γ2)}.
The functions MΓ1(λ) and MΓ2(λ) have singularities at the corresponding
Dirichlet bound states due to formula (2.13) and visibility of the ground
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states from MΓ(λ). According to Lemma 2.3 every such singularity remains
a singularity for MΓ(λ). Lemma 4.4 implies that r(x) is at least two and
(5.1) holds.

One may repeat the proof without any modification to get the second
inequality of Theorem 2.2, provided λ1(Γj) are visible as singularities of the
corresponding M -functions.

Lemma 5.1. The eigenvalues of the standard Laplacian on Γ = Γ1 t∂ Γ2

situated below the ground states of both Dirichlet Laplacians on Γ1 and Γ2

are always visible.

Proof. Assume that λst
j (Γ) < λD

0 (Γ1), λD
0 (Γ2). The M -function is regular at

this point, since it lies to the left of the spectra of the Dirichlet Laplacians.
Hence the eigenvalue is invisible only if the trace of the corresponding eigen-
function on ∂Γ is identically zero. This implies in particular that λst

j belongs
to the spectra of the Dirichlet operators on Γ1 or Γ2, which is impossible
since λst

j is situated below the ground states. �

Theorem 5.2. Let Γ = Γ1 t∂ Γ2 be the metric graph obtained by gluing
together two finite compact graphs Γ1 and Γ2. The spectral gap for the stan-
dard Laplacian on Γ is less than the ground state energies of the Dirichlet
Laplacians on Γ1 and Γ2 if and only if the M-function immidieately to the
left of λ = min{λD0 (Γ), λD0 (Γ2)} has at least two positive eigenvalues, i.e.

λ1(Γ) < min{λD0 (Γ1), λD0 (Γ2)}
⇔MΓ(min{λD0 (Γ), λD0 (Γ2)} − ε) has at least 2 positive eigenvalues

for sufficiently small ε.

Proof. Every eigenvalue of Lst(Γ) below λD
0 (Γ1) and λD

0 (Γ2) is visible (Lemma
5.1). Consider any point min{λD0 (Γ), λD0 (Γ2)}−ε for sufficiently small ε > 0.

Obviously there are no singular points to the left and Lemma 4.4 implies
that there are two zeroes there. It follows that for all such ε the M -function
should have two positive eigenvalues. �

The following theorem provides the answer to our main question: under
which conditions the spectral gap increases under the gluing procedure?

Theorem 5.3. Consider the standard Laplace operators on the metric graphs
Γ1, Γ2, and on the glued graph Γ = Γ1 t∂ Γ2. The spectral gap does not de-
crease under the gluing procedure:

(5.2) λ1(Γ) ≥ min
j
{λ1(Γj)},

if and only if one of the following conditions is satisfied
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(1) minj{λ1(Γj)} ≤ minj{λD0 (Γj)} and

lim
ε↘0

#

{
positive eigenvalues of MΓ(min

j
{λ1(Γj)} − ε)

}
= 1;

(2) minj{λD0 (Γj)} < minj{λ1(Γj)} < maxj{λD0 (Γj)} and

lim
ε↘0

#

{
positive eigenvalues of MΓ(min

j
{λ1(Γj)} − ε)

}
= 0;

(3) λD
0 (Γ1) = λD

0 (Γ2) = minj{λ1(Γj)} and

lim
ε↘0

#

{
positive eigenvalues of MΓ(min

j
{λ1(Γj)} − ε)

}
= 1.

To illustrate the geometric character of the theorem let us consider two
elementary examples:

• Gluing of two star-graphs.
This is an illustration for the first case in Theorem 5.3. Consider
two 3-star graphs with edge lengths 2, 1.5, 1 and 0.4, 0.2, 0.5 glued
together.

The corresponding 3 × 3 M -functions are plotted in Fig. 3 using
variable k again. The lengths of the edges are chosen so that λ1(Γ1)︸ ︷︷ ︸

(∼0.8)2

<

λD0 (Γ1)︸ ︷︷ ︸
(∼1.05)2

. It is easy to see that MΓ(λ1(Γ1)) has precisely one positive

eigenvalue. It follows that the spectral gap increases under gluing.

Proof. To prove the theorem one needs to consider the following four cases
cowering all possibilities in terms of the spectra of the standard and Dirichlet
Laplacians on Γj. The theorem is proved by contradiction on most of the
cases.

(1) minj{λ1(Γj)} ≤ minj{λD0 (Γj)}.
Every λj(Γ) which are less than minj{λD0 (Γj)} are visible due to
Lemma 5.1. Therefore it is enough to study the case when λ1(Γ) is
visible.

Consider a point minj{λ1(Γj)} − ε and apply Lemma 4.4. This
point is regular, there are no singular points to the left, then there
is precisely one zero of MΓ (equal to 0) to the left, i.e. the root
counting function for MΓ(λ) is equal to one r(minj{λ1(Γj)}−ε) = 1,
if and only if MΓ(minj{λ1(Γj)} − ε) has one positive eigenvalue for
sufficiently small ε implying (5.2).
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Figure 3. Eigenvalue curves for star graphs with edge
lengths 2, 1.5, 1 and 0.4, 0.2, 0.5 and for the glued graph.
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Glued graph.

Figure 4. Gluing together two star graphs.

(2) minj{λD0 (Γj)} < minj{λ1(Γj)} < maxj{λD0 (Γj)}.
Without loss of generality assume:

λD0 (Γ1) < min
j
{λ1(Γj)} < λD0 (Γ2).
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We apply Lemma 4.4 to the point minj{λ1(Γj)} − ε. There is one
singular point λD

0 (Γ1) to the left with the multiplicity one (Lemma
2.1). There is no other singular point in that region, since other-
wise λD

1 (Γ1) < λst
1 (Γ1) which contradicts the operator inequality

LD(Γ1) ≥ L(Γ1).

Assume that λ1(Γ) is visible, then r(minj{λ1(Γj)}2
j=1 − ε) = 1 if

and only if MΓ(minj{λ1(Γj)}2
j=1− ε) has no positive eigenvalues for

sufficiently small ε, i.e. it is strictly negative.
If λ1(Γ) is invisible, then it cannot be less than minj{λ1(Γj)}2

j=1.

Assume that this is the case. Then the corresponding non-zero eigen-
function satisfies Dirichlet conditions on ∂Γ. The restriction to Γ2 is
identically equal to zero, since otherwise it is a Dirichlet eigenfunc-
tion on Γ2 with the energy less than λD

0 (Γ2). Consider the restriction
of the eigenfunction to Γ1 - it is not identically zero and satisfies
both Dirichlet and standard conditions on ∂Γ1 and the correspond-
ing non-zero eigenvalue belongs to the spectrum of L(Γ1). We get a
contradiction to the violation of (5.2).

(3) maxj{λD0 (Γj)} = minj{λ1(Γj)}.
If λD

0 (Γ1) 6= λD
0 (Γ2), then there exist at least two zeroes of the

M -function to the left of maxj{λD0 (Γj)} and therefore due to our
assumption the spectral gap decreases, hence this case should be
excluded. It remains to study the case where

λD
0 (Γ1) = λD

0 (Γ2) = min
j
{λ1(Γj)}.

Every eigenvalue of L(Γ) to the left of λD
0 (Γ1) = λD

0 (Γ2) is visible
(Lemma 5.1). Hence there are no positive zeroes of M -function to
the left of λD

0 (Γ1) = λD
0 (Γ2) if and only if MΓ(minj{λ1(Γj)}− ε) has

precisely one positive eigenvalue for all sufficiently small ε > 0.

(4) maxj{λD0 (Γj)} < minj{λ1(Γj)}.
If λD

0 (Γ1) 6= λD
0 (Γ2), then there exist at least two zeroes of the M -

function to the left of maxj{λD0 (Γj)} and the spectral gap decreases.
Indeed in this case Theorem 2.2 implies that L(Γ) in addition to λ =

0 has at least one further eigenvalue less or equal to maxj{λD0 (Γj)}2
j=1

implying diminishing of the spectral gap.
The same proof applies if λD

0 (Γ1) = λD
0 (Γ2) and the matrices C1

for Γ1 and Γ2 in the representation (4.2) are not proportional.
In the double degenerate case λD

0 (Γ1) = λD
0 (Γ2) and the matrices

C1 are proportional Lemma 4.4 cannot be applied due to invisibility
of λ1(Γ). However considering as in the proof of Theorem 2.2 a linear
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combination of the extended by zero ground states for the Dirichlet
operators on Γ1 and Γ2 one obtains a trial function on Γ orthogonal
to the constant function with Rayleight quotient less or equal to
λD

0 (Γ1) = λD
0 (Γ2) which is less than minj{λ1(Γj)} implying that the

spectral gap decreases.

�

The result just proven can be formulated in a more transparent way
assuming by symmetry almost without loss of generality that

(5.3) λD0 (Γ1) < λD0 (Γ2).

Corollary 5.4. Assume (5.3), then it holds

• if minj{λ1(Γj)} < λD0 (Γ1) then
(5.4)
λ1(Γ) > min

j
{λ1(Γj)} ⇔MΓ(min

j
{λ1(Γj)}) has exactly one positive eigenvalue;

• if λD0 (Γ1) < minj{λ1(Γj)} < λD0 (Γ2) then

(5.5) λ1(Γ) > min
j
{λ1(Γj)} ⇔MΓ(min

j
{λ1(Γj)}) < 0;

• if λD0 (Γ2) < minj{λ1(Γj)} then
(5.6) λ1(Γ) < min

j
{λ1(Γj)}.

The above corollary is just a reformulation of Theorem 5.3 (and Theorem
2.2) ignoring the border cases. Below we present further implications of this
theorem. All these statements can be proven using Lemma 4.4.

Theorem 5.5. Consider the graph Γ = Γ1t∂ Γ2 obtained by gluing together
two compact finite graphs. Assume in addition (5.3), then the spectral gap
of Γ lies between the ground states for the Dirichlet Laplacians on Γ1 and
Γ2 if and only if the M-function is negative immediately to the right of the
lowest Dirichlet ground state (say λD0 (Γ1) wlog):

λD0 (Γ1) < λ1(Γ) < λD0 (Γ2)

⇔
lim
ε↘0

#
{
positive eigenvalues of MΓ(λD0 (Γ1)− ε)

}
= 1

and λD0 (Γ1) is not a generalised zero
⇔ lim

ε↘0
#
{
positive eigenvalues of MΓ(λD0 (Γ1) + ε)

}
= 0.

Proof. In this case λD0 (Γ1) is a simple singularity of MΓ(λ). We apply
Lemma 4.4 to the point λD0 (Γ1) + ε for a sufficiently small ε > 0. There
exists just one singularity to the left with rank C1 = 1 , hence the number
of zeroes is also equal to one, i.e. λ1(Γ) > λD

0 (Γ1), if only if the M -matrix
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is negative at this point. Remember that in accordance with Lemma 5.1
all eigenvalues below λD0 (Γ1) are visible. On the other hand Theorem 2.2
implies that λ1(Γ) < λD

0 (Γ2). �

The following theorem is also a straightforward corollary of our result:

Theorem 5.6. Assume (5.3) and that λ1(Γ) is visible, then

λ1(Γ) = λD0 (Γ1)⇔





lim
ε↘0

#
{
positive eigenvalues of MΓ(λD0 (Γ1)− ε)

}
= 1;

lim
ε↘0

#
{
positive eigenvalues of MΓ(λD0 (Γ1) + ε)

}
= 1.

Proof. We base our proof on applying Lemma 4.4 to points λD
0 (Γ1) ± ε for

a sufficiently small ε > 0. The point λD
0 (Γ1) is the first nontrivial eigenvalue

for L(Γ) if and only if there just one zero of MΓ to the left of λD
0 (Γ1) − ε

and there are two zeroes to the left of λD
0 (Γ1) + ε, for any sufficienty small

positive ε. Taking into account that there is no singular points to the left of
λD

0 (Γ1)− ε and there is precisely one singular point to the left of λD
0 (Γ1) + ε

we use Lemma 4.4 to conclude that MΓ(λD
0 (Γ1) ± ε) should have precisely

one positive eigenvalue. �

Consider now the degenerate case.

Theorem 5.7. Assume λD0 (Γ1) = λD0 (Γ2), then

λ1(Γ) ≤ λD0 (Γ1) = λD0 (Γ2).

Consider the matrix C describing the singularity of MΓ(λ) at λ = λD
0 (Γ1,2).

The inequality is strict
λ1(Γ) < λD0 (Γ1,2)

if and only if one of the following conditions is satisfied:

(1) the matrix C has rank two;
(2) the matrix C has rank one and

(5.7) lim
ε↘0

#
{
positive eigenvalues of MΓ(λD0 − ε)

}
≥ 2.

Note that the cases 1 and 2 can be joined together by just requiring that
(5.7) holds. It is satisfied automatically in the case 1.

Proof. The first inequality is just a special case of Theorem 2.2 already
proven using two different techniques.

The matrix C is a sum of the matrices C1 and C2 describing singularities
inMΓ1 andMΓ2 , each having rank one. Hence the matrix C may have either
rank two or one, it cannot have rank zero, since C1,2 are nonnegative and
nonzero.
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Assume first that rankC = 2. Consider any point λD
0 (Γ1,2)−ε, 0 < ε� 1.

The matrix MΓ(λD
0 (Γ1,2) − ε) is dominated by the term 1

ε
C and therefore

has at least two positive eigenvalues. Then Lemma 4.4 implies, that there
are at least two zeroes to the left of λD

0 (Γ1,2)− ε.
Assume now that rankC = 1 and again consider any point λD

0 (Γ1,2) −
ε, 0 < ε� 1. There are at least two zeroes to the left if and only if the matrix
MΓ(λD

0 (Γ1,2)− ε) has at least two positive eigenvalues for sufficiently small
ε. This condition is automatically fulfilled if the rank of C is two, but need
to be added as an extra requirement if rankC = 1. The inverse statement
follows from Lemma 5.1.

�

The rank of the matrix C is equal to 1 if and only if the matrices C1

and C2 describing the singularities in MΓ1 and MΓ2 respectively are pro-
portional: both matrices are up to a scalar multiple projectors. For example
if for the ground state eigenfunctions ψΓj

0

∂ψΓ1
0 |∂Γ1 and ∂ψΓ2

0 |∂Γ2

are proportional, then obviously λD0 (Γ1,2) is an eigenvalue even for L(Γ).

This happens for example if Γ1 = Γ2 and ∂Γ1 = ∂Γ2. Whether it is the
second lowest eigenvalue or not is governed by the number of positive eigen-
values of the M -matrix to the left of this point.

Conclusions. Obtained conditions may appear not always easy to check
in concrete examples, however we explained the mechanism behind spectral
gap grows under gluing providing a clear spectral picture. The answer is
given usingM -function which appears to be the most natural object for the
studied problem.

Developed methods can easily be applied to investigate not only the
spectral gap, but higher eigenvalues as well. Note that checking conditions
on the M -functions does not require calculation of their spectra, which
might be a complicated computational problem, - it is enough to determine
the number of positive or negative eigenvalues which can be done using
quadratic form technique. We are going to return back to this question in
one of future publications. It might be also interesting to combine obtained
results with estimates obtained in [3] for negative eigenvalues in the case of
arbitrary vertex conditions
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