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Abstract
The thesis consists of three related projects where attempts have been made to simulate X-Ray Absorption (XAS) spectra
of water and hexagonal ice, static non-resonant X-ray Emission (XES) spectrum of water and to apply the semi-classical
approximation to Kramers-Heisenberg formula (SCKH) formalism to calculate the non-resonant XES spectrum of water
and methanol. The first project is devoted to an investigation of the performance of damped response theory in combination
with the DFT electronic structure method (CPP-DFT) in XAS spectrum simulations of liquid water. Based on this study
the basis set and cluster size have been determined. The summed CPP-DFT XAS water spectrum was able to reproduce
well the three main water absorption spectrum features - pre, main and post edge.

The investigation of the CPP-DFT approach in case of hexagonal ice reveals that neither of four tested ice models
with gradually increased degree of structural disorder can reproduce correctly the hexagonal ice spectrum features. A
critical investigation of the available experimental ice spectra showed that those spectra are quite different depending on
the sample preparation procedure and registration mode. This leads to questioning which ice structures have been actually
measured. This was investigated using a Reverse Monte-Carlo based technique which fits the reference spectra using a
library of pre-computed structures and assigns weights to each structure. The obtained weights were then used to generate
the corresponding radial distribution functions (RDFs). The calculated RDFs have peaks corresponding to perfect lattice
distances, but significantly broader than expected for the ideal lattice. In conclusion it was suggested that the available
XAS ice spectra do not correspond to the perfect hexagonal ice, but rather samples with varying fraction of defects and
possible impurity of amorphous ice.

Simulation of the static non-resonant XES spectrum of water has been performed based on time-dependent density
functional theory with the Tamm-Dancoff approximation (TD-DFT/TDA) level of theory. The simulation reveals that the
1b1 peak position is sensitive to the number of H-bonds and to the tetrahedrality of the environment as measured by the
local structure index (LSI). The 1b1 peak splitting is observed between two structure sets - tetrahedrally coordinated, low
density liquid (LDL) like, structures and asymmetric, high density liquid (HDL) like, structures. The magnitude of the peak
splitting depends also on the H-bond lengths. A maximum value 0.6 eV is obtained between LDL structures with short
bonds (< 2.68 Å) and HDL structures with long bonds (> 2.8 Å).

The influence of core-hole induced dynamics on the spectrum profile has been studied based on the SCKH approximation
for liquid water and methanol. The lone pair 2aʺ peak splitting in liquid methanol was explained based on methanol
molecules in different H-bond coordination. The low energy 2aʺ peak is assigned to strongly H-bonded methanol molecules
while weakly bonded or non-bonded methanol molecules contribute mainly to the high energy 2aʺ peak. The 2aʺ peak
splitting is observed in the static XES spectrum, while inclusion of the core-hole induced dynamics preserves the split
and does not generate additional spectrum features, but broadens and smears out spectrum features seen in the static case.
Inclusion of the dynamical effects in the water case has revealed that the 1b1 peak splitting is preserved for LDL structures
with short bonds and HDL structures with long bonds while unbalanced water structures with odd number of H-bonds
generate peaks in between these two extreme cases.

Keywords: water, x-ray absorption, non-resonant x-ray emission, damped linear response theory, time-dependent
density functional theory, semi-classical approximation to Kramers-Heisenberg formula, Reverse Monte-Carlo.
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1. Introduction

Fresh water is one of the important human resources. Nowadays, according
to the data obtained by World Health Organization, approximately 2 billion
people use contaminated water sources. Before 2025 around one half of the
world human population will experience problems with accessing safe fresh
water sources [1; 2]. This problem mainly concerns people who live in devel-
oping countries and leads to health problems, premature deaths and possible
conflicts for access to fresh water sources in the future. This enforces scientists
to develop new approaches for water purification and desalination.

Liquid water participates in almost all biological processes where it plays
a role as a solvent where such processes occur or directly takes part in them as
a necessary compound. This stimulates water-related research in cell-relevant
reactions like ion hydration, protein hydration and so on [3–7]. From the fun-
damental science point of view, water exhibits many unusual properties, such
as increasing density upon melting, maximum in density observed at T=4 0C,
high surface tension and divergence of the thermodynamic response functions
upon cooling and many more [8]. Such structural anomalies become sharply
pronounced in the supercooled regime, but they are also present at normal
conditions. Based on these facts it is important to understand the macroscopic
water properties based on its microscopic structure where the most important
role belongs to the H-bonds. The H-bonds are obviously responsible for such
unusual water properties and behavior.

During the last years, the spatial water structure was imagined similar to
ordinary hexagonal ice where each molecule has in average four H-bonds and
is situated in asymmetrically distorted but tetrahedrally coordinated local en-
vironment. This picture was challenged in 2004 in the publication by Wer-
net et al.[9] who proposed that at normal conditions the major part of water
molecules are located in asymmetrical local environment with one intact do-
nated and one intact accepted H-bond. Such conclusions have been obtained
based on X-ray absorption and Raman scattering measurements coupled with
theoretical DFT spectrum simulations. Later, the new structure hypothesis has
been proposed which explains the water anomalous structural behavior based
on two structure motifs - low-density water (LDL) with preferably tetrahe-
drally coordinated water molecules and the high-density water (HDL) with
asymmetrically distorted first hydration shell and broken H-bonds [10–12]. In
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the present thesis, the two-state water model is a working hypothesis which is
used to explain the observed spectrum properties.

X-ray absorption and emission spectroscopies may give unique informa-
tion about the instantaneous structure and dynamics of water H-bond networks
due to the large difference in the timescale between X-ray photon interaction
time with water ( attosecond in XAS and femtosecond in XES) and the typical
time of H-bond re-arrangement ( hundreds femtosecond [13]). The interpre-
tation of the XAS liquid water spectrum is well-established. The pre-edge
(centered at 535 eV) and main-edge (located at 537 eV) features are connected
mainly with water molecules with broken and weakened H-bonds, while the
post-edge feature (lies around 541 eV) corresponds to water molecules situated
in tetrahedral environment with intact H-bonds. The experimental absorption
spectra for the different water phases are shown in figure 1.1. The XAS liquid
water absorption spectrum is also sensitive to temperature. When the temper-
ature is increased, the pre-edge and main-edge regions grow in intensity while
the post-edge intensity comes down which is explained by the increasing frac-
tion of broken H-bonds induced by the thermal disorder [14–16].

100 A. Nilsson et al. / Journal of Electron Spectroscopy and Related Phenomena 177 (2010) 99–129

Fig. 1. XAS spectra of water in the gas-phase, liquid and ice [3–5]. The intensity
above the dotted line in the ice spectrum is related to mixtures of various amorphous
phases (see Section 5.1).

nated with neighboring water molecules giving rise to DD species.
Thereby the contribution to the intensity at the post-edge will be
nearly twice as large compared to from an SD configuration. In this
sense, part of the intensity of the post-edge is transferred to the pre-
edge and main-edge upon breaking one donor H-bond forming SD
from DD configurations.

Fig. 2 shows a comparison between XRS spectra of room tem-
perature water (25 !C) and hot water (90 !C) [5]. The changes are

Fig. 2. XRS spectra of liquid water at 25 !C (solid line) and 90 !C (dashed line) (nor-
malized to the same area) and difference spectra: 25 !C water minus bulk ice (solid
curve) and 90 !C water minus 25 !C water (circles with error bars, curve has been
multiplied by factor 8 which is lower than the original scaling of a factor of 10 in
Wernet et al. [5]).

small compared to the changes observed between ice and the liquid
indicating that room temperature and hot water have very simi-
lar local structures. Intensities in the pre- and main-edge regions
increase while post-edge intensities decrease upon heating. Con-
figurations with one uncoordinated or weakly H-bonded OH group
replace tetrahedral ones in the ice-liquid phase transition, and heat-
ing liquid water causes very similar types of spectral changes, but
of "8 times smaller magnitude. This was interpreted as conversion
of DD species to SD with increasing temperature. Based on model
experiments on bulk and surface of ice (see below), as well as the-
oretical calculations and modeling of ice spectra from the bulk and
the surface, it was suggested that 60–95% of the structures in the liq-
uid are of SD character and the rest DD or non-donor (ND) species.
The estimated error bar was quite large since the exact line shape
of the spectra from the different species is not known.

Smith et al. studied supercooled and room temperature water
using a liquid jet [25] with XAS and indicated a larger tem-
perature dependence compared to the results in Fig. 2. It was
suggested, based on a temperature-dependent Boltzmann distribu-
tion analysis similar to previous OH stretch Raman studies [30], that
the conventional homogeneous near-tetrahedral water structure
model is consistent with the energetics derived from the large spec-
tral changes [25]. However, Nilsson et al. showed in a comment [20]
that the latter study is inconsistent with previously published spec-
tral changes [5], that it appears to be victim of self-absorption (often
denoted “saturation effects”) resulting in experimental artifacts,
and that the spectral analysis was furthermore based on incorrect
assumptions of spectral intensities [20].

The interpretation in Wernet et al. was also supported based
on the difference between spectra of the bulk and surface of ice,
where in the latter case free dangling OH groups generate SD
species with a small post-edge and strong pre-edge [4,5]. Upon
adsorption of ammonia to saturate the dangling OH the surface
spectrum becomes more similar to that of bulk ice [4,5]. A sub-
traction between bulk and surface spectra was carried out in order
to enhance the surface contribution [5]. The interesting observa-
tion was the similarity of the ice surface spectrum to that of bulk
water in terms of the pre-edge peak and smaller intensity of the
post-edge in comparison to bulk ice. The use of the surface of ice
spectrum was criticized by Smith et al. [24] who pointed out that
there is a major discrepancy between the surface ice spectrum in
Wernet et al. [5] and the ion-yield spectrum of Parent et al. [31]
where the latter shows a much stronger pre-edge. Smith et al. [24]
also raised severe questions regarding large variations of the rel-
ative spectral intensities between the pre-edge and main-edge in
the experimental studies in Myneni et al. [3], Bergmann et al. [32]
and Wernet et al. [5]. This was also brought up in a recent study by
Tse et al. applying the XRS technique to various ice forms and liquid
water [27]. The latter study also claimed that the pre-edge feature
is more a spectroscopic core-excitonic feature and not particularly
sensitive to the local H-bonding environment [27].

The core-excitonic nature of the pre-edge features was pre-
viously demonstrated through resonant Auger measurements
[21,33] where, after excitation at the pre-edge, the electron stays
localized on the water molecule for longer than 20 femtoseconds
(fs) whereas it delocalizes on a time-scale of around 500 attosec-
onds (as) for post-edge excitations [21]. This was interpreted as
the pre-edge excited orbital being strongly localized on the non-H-
bonded OH group with a larger part of the wave function in the void
outside the hydrogen atom where other molecules are not present.
The wave function of the post-edge excited state is mainly located
along the H-bonds connecting the various molecules which allows
for fast delocalization.

The localization upon excitation to the pre-edge state was also
observed in resonant X-ray emission spectroscopy (XES) through
a spectator shift [26]. It has been shown [15,26] that the lone pair

Figure 1.1: Experimental O K-edge absorption spectrum of the different water
aggregation states taken from reference[10]. The different spectrum features are
depicted for water and ice in comparison with the gas phase spectrum.

Nevertheless there are still some problems in the spectrum interpretation.
The extent of distortions of the H-bonds contributing to the pre-edge spectrum
region is not exactly known and still under debate. None of the attempts made
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to simulate XAS liquid water spectrum can give correct intensity distribution
between the pre, main and post-edge. This behavior can be related either to the
structure uncertainty in the used theoretical water model or with the chosen
theoretical approach to calculate the absorption spectrum. One part of the
thesis work is devoted to a performance investigation of the response theory
technique in combination with density functional electronic structure theory
(CPP-DFT) in application to the liquid water and ice. The CPP-DFT method
was compared with the transition potential approach (TP-DFT) as this method
has been applied many times in the water absorption spectrum simulations and
its behavior is well understood.

Figure 1.2: Experimental XES spectrum of H2O and D2O water taken from
reference[17]. The different spectrum features are labeled according to the va-
lence molecular orbital symmetry of the gas phase water.

X-ray emission spectroscopy (XES) is the complementary tool to XAS
that probes the structure of occupied valence states by the electronic transi-
tions from the occupied valence orbitals to the core hole. The experimental
non-resonant XES spectra of the H2O and D2O water are shown in figure 1.2.
The emission peaks are marked with respect to the orbital symmetry found in
gas-phase water. The signature of forming the liquid water phase observed
in the emission spectrum is the splitting of the 1b1 emission peak into two
sharp peaks rather than the one sharp 1b1 of the gas-phase spectrum. Several
explanations have been proposed in order to understand the splitting mecha-
nism. One explanation attributes the two peaks to intact water molecules and
OH species that are created due to the ultrafast dissociation process during
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the core-excitation [18]. Another explanation connects the two emission 1b1
peaks with two different H-bond local environments - HDL and LDL [17; 19].
A third explanation attributes the 1b1 splitting to core-hole induced dynamics
effects and furthermore assigns them to different symmetries [20]. However,
the true origin of 1b1 peak splitting is not fully clear and still also under debate.

The second part of the thesis is devoted to attempts to reproduce the lone-
pair 1b1 peak splitting in non-resonant XES based on two structure motifs -
HDL and LDL liquids without including the core-hole induced dynamics. In
addition, the XAS spectra have been computed for the corresponding liquid
water structures contributing to the different 1b1 emission peaks in order to
connect the two spectroscopies.

The core-hole induced dynamics effects are important in reproducing the
emission spectral profile. This is clearly seen in figure 1.2 by comparison of
the H2O and D2O emission spectra. The heavy D2O water is characterized by
slower dynamics in comparison with H2O that results in intensity redistribution
between the two lone-pair peaks. One of the methods to incorporate the core-
hole induced dynamics in emission spectrum simulations is the semi-classical
approximation to the Kramers-Heisenberg formula (SCKH). The third part of
the thesis work is devoted to application of the SCKH formalism to simulate
the lone-pair peak splitting in the case of liquid water and methanol. Liquid
methanol is a H-bonded liquid, but with simpler structure as each methanol
molecule has only one OH group participating in forming H-bonds. At the
same time, the XES methanol spectrum is characterized by the lone-pair emis-
sion 2a′′ peak splitting similar to liquid water. First, the SCKH approach has
been tested based on liquid methanol as a computationally much simpler model
system than liquid water. Then, the SCKH method has been applied to liquid
water where the influence of core-hole induced dynamics has been studied on
the HDL and LDL structure emission spectra.
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2. Electronic structure theory

The work behind this thesis is devoted to X-ray spectrum calculations per-
formed on water and methanol. Spectrum simulations are usually started by
obtaining a starting reference electronic structure. This section will describe
briefly the theoretical framework of the different electronic structure methods
used in spectrum simulations.

2.1 Born-Oppenheimer approximation

The cornerstone equation in non-relativistic quantum mechanics is the time-
dependent Schroedinger equation (TD-SE) [21]:

i
∂

∂ t
|Ψ〉= Ĥ|Ψ〉 (2.1)

where Ĥ is the system Hamiltonian equal to the sum of kinetic and potential
energy operators. The solution of TD-SE is the wave function |Ψ〉 which con-
tains all accessible information about the system under consideration. If the
potential energy operator does not depend explicitly on time, the space and
time variables can be separated, resulting in a stationary wave function and
time-independent SE:

Ĥ(r,R)Ψ(r,R) = EΨ(r,R) (2.2)

where Ψ(r,R) is the stationary wave function, E is the total energy of the
system and r and R collect all electron and nuclei coordinates.

In the case of an unperturbed molecular system consisting of N electrons
and Q nuclei, the non-relativistic molecular Hamiltonian can be expressed as
follows (in atomic units):

Ĥ(r,R) = T̂N + Ĥe (2.3)

where the nuclear kinetic energy operator T̂N is given by expression

T̂N =−
Q

∑
i=1

1
2Mi

∇
2
Ri
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and Ĥe refers to the electronic Hamiltonian. The electronic Hamiltonian Ĥe

can be written as

Ĥe =−
N

∑
i=1

1
2

∇
2
ri
+

N

∑
i=1

N

∑
j>i

1
|r j− ri|

+
Q

∑
A=1

N

∑
j=1

ZA

|RA− r j|
+

Q

∑
A=1

Q

∑
A>B

ZAZB

|RA−RB|

= T̂e +V̂ee +V̂ne +V̂nn(2.4)

where the first term is the electronic kinetic energy operator while the last three
terms are electron-electron, electron-nuclei and nuclei-nuclei Coulombic inter-
actions. The solution of stationary Schrodinger equation 2.2 is a many-body
wave function Ψ(r,R) which depends on 3Q× 3N space variables. The an-
alytical solution exists only for the smallest possible systems - hydrogen-like
atoms, while the treatment of larger systems requires introducing additional
approximations in order to reduce the level of complexity. Among such ap-
proximations, the Born-Oppenheimer approximation (BO)[22] is a common
starting approximation which enables us to separate the electronic and nuclear
degrees of freedom and break down the stationary SE 2.2 into two parts.

Forces acting on electrons and nuclei are electrostatic and determined by
the particle charges. This means that forces acting on electrons and nuclei in a
molecular system are approximately of the same order of magnitude. However,
the nuclei masses are much larger than the electron mass (larger by at least a
factor 1800) and as a consequence the nuclear velocities are much smaller than
those of electrons. Due to this, electrons can almost instantaneously adjust
their configuration to the motion of nuclei. This observation gives one the
ability to solve the stationary SE in two steps. First, electrons may be treated
as moving in the static potential generated by the stationary nuclei. Second,
the motion of nuclei is described by the effective electronic potential computed
in the first step. This is the main idea of BO-approximation.

Mathematically, this means that the total molecular wave function Ψ(r,R)
may be represented as a product of the electronic ψk(r,R) and the nuclear
ΦK

k (R) wave functions:

Ψ(r,R) = Φ
K
k (R)ψk(r,R) (2.5)

As the electrons and the nuclei move on very different time scales, in addition,
the action of nuclear kinetic energy operator T̂N on electronic wave function
ψk(r,R) can also be neglected.

Under such assumptions, the SE for a molecule is separated into two cou-
pled equations:

Ĥeψk(r,R) = εk(R)ψk(r,R) (2.6)

the electronic SE which describes the electronic motion under fixed nuclei and(
T̂N + εk(R)

)
Φ

K
k (R) = EΦ

K
k (R) (2.7)
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nuclear SE equation which describes the movement of nuclei in the effective
electronic potential εk(R) corresponding to the electronic state ψk(r,R), E
is the total energy of the molecule. The BO approximation implicitly intro-
duces the concept of potential energy surface (PES) and molecular structure.
Equation 2.7 defines a complete set of nuclear wave functions ΦK

k (R) for each
electronic state ψk(r,R).

The BO approximation is very accurate in most cases and is based on the
strict mathematical assumption that the last two terms

T̂NΦ
K
k (R)ψk(r,R) = ψk(r,R)

[
T̂NΦ

K
k (R)

]
+ (2.8)

Φ
K
k (R)

[
T̂Nψk(r,R)

]
−∑

i

1
Mi

[
∇RiΦ

K
k (R)

][
∇Riψk(r,R)

]
in the expansion of the total nuclear kinetic energy operator vanish. This im-
plies that electronic wavefunctions are very slowly varying functions with re-
spect to the nuclear displacements, i.e the term ∇Riψk(R,r) needs to be small.
This assumption is very accurate but it breaks down when two or more solu-
tions of the electronic SE equation come close together energetically, i.e. in
case of degenerate electronic states [23].

Due to the BO approximation, the task of solving the total molecular Hamil-
tonian is reduced to finding the solution of the electronic problem. But the
electronic problem is still too complicated to be treated exactly, so additional
approximations are needed. Below, a short description of the electronic struc-
ture methods used to solve the electronic SE equation will be given.

2.2 Density Functional Theory

The solution of the electronic SE 2.6 is the electronic wave function ψk(r,R)
which depends on 3N spatial and N spin electronic coordinates. Such complex-
ity makes solving the electronic SE extremely difficult. Also the wave function
contains all information about electronic system, a great part of which is chem-
ically non-interesting. Naturally, that some attempts have been made in order
to find a more simple quantity to describe the electronic system.

In the case of the ground state, such a quantity was assigned to the electron
density ρ(r) of the ground state which depends on only three spatial coordi-
nates. The electron density contains information about the electron distribution
and the number of electrons, while the positions of the nuclei can be obtained
from the cusps in the electron density and the heights of cusps should be pro-
portional to the nuclear charges ZA. The electronic Hamiltonian, in principle,
can be constructed if we know the number of electrons N and nuclear positions
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and charges. As these quantities, in principle, can be extracted from the elec-
tron density, properties of an electronic system are expected to depend on the
density. Schematically, this can be expressed as the following logical chain:

ρ(r)⇒
{

N,ZA,RA
}
⇒
{

Ĥe
}
⇒
{

ψ0(r,R)
}
⇒
{

properties
}

In mathematical notation, this means that there is one-to-one mapping be-
tween the ground state wavefunction and electron density: ρ(r) 7→ ψ0(r,R),
or that the ground state wavefunction is a functional of the density ψ0 = ψ[ρ].
Further, this intuitive statement will be proved more rigorously based on the
Hohenberg-Kohn theorems.

2.2.1 Basic concepts

The central quantity in ground DFT theory is the concept of the electron den-
sity. The electron density is defined as a multiple integral over the squared
many-body wavefunction with respect to spin and spatial coordinates

ρ(r) = N
∫
· · ·
∫
|Ψ(x1,x2 . . .xN)|2dσ1dx2 . . .dxN (2.9)

where xi = σiri collects the spin and spatial variables. ρ(r) gives the probabil-
ity to find any of the N electrons inside the volume dr regardless of the spin,
while the other N-1 electrons can be anywhere in space. The total number of
electrons can be obtained via integration of the density over all space

N =
∫

ρ(r)dr

The strict theoretical formulation of the density functional theory (DFT)
has been given by Hohenberg and Kohn in 1964 [24] based on two fundamen-
tal theorems formulated for the non-degenerate ground state. Theorem I states
that for any system of interacting electrons subjected to some external potential
Vext(r), this external potential is determined uniquely by the ground state elec-
tron density ρ(r) up to some additive constant. In the strict form, this means
that the external potential is a functional of the electron density Vext =Vext [ρ].
If the number of electrons is fixed, the external potential also fixes the hamil-
tonian Ĥ and, as a consequence, the ground state wavefunction and all related
properties. In the case of molecules, the electron-nuclei interaction plays the
role of the external potential Vext and this interaction is determined by the po-
sitions of the nuclei. Based on these observations, the ground state energy can
be written on the form of a functional of electron density:

E[ρ] = T [ρ]+
∫

ρ(r)Vne(r)dr+Vee[ρ] (2.10)
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where T [ρ] is the kinetic energy, Vee[ρ] is the electron-electron interaction
energy functional and Vne(r) is the potential created by the nuclei (external
potential).

The second theorem introduces the variational principle with respect to the
electron density. Theorem II states that the total energy functional 2.10 has a
minimum at the correct ground state density. A trial density must satisfy the
normalization condition

∫
ρ(r)dr = N, where N is the number of electrons.

Also it should be noted that the functional

F [ρ] = T [ρ]+Vee[ρ] (2.11)

is universal and does not depend on the external potential Vne. If the explicit
form of F [ρ] is known, then all electronic structure calculations reduce to min-
imization of the total energy functional. Unfortunately the functional F [ρ] is
unknown and should be approximated. This is also the reason why DFT in
such a formulation is seldom used in practical calculations.

2.2.2 Kohn-Sham equations

The practically applicable equations based on the DFT formalism have been
derived by W.Kohn and J.Sham in 1965 [25]. Kohn and Sham suggested that
instead of treating the system of interacting electrons, it could be replaced by a
reference non-interacting electron system. This system of non-interacting elec-
trons moves in some external potential ve f f and yields the same ground state
density as the system of interacting electrons. This auxiliary non-interacting
system is significantly easier to consider, while the ground state properties
will be identical to the original one. The identical density requirement im-
plies that the density of the non-interacting system also should minimize the
energy functional written for interacting electrons in equation 2.10. In order to
determine the external potential ve f f , E[ρ] can be partitioned as

E[ρ] = Tnon[ρ]+
∫

ρ(r)Vne(r)dr+ J[ρ]+Exc[ρ] (2.12)

where Tnon[ρ] describes the kinetic energy of non-interacting electrons,

J[ρ] =
1
2

∫
ρ(r1)ρ(r2)

|r2− r1|
dr1dr2 (2.13)

J[ρ] is the Coulomb interaction. The exchange-correlation functional EXC col-
lects the remaining part of the total kinetic and exchange-correlation energy:

Exc = (T [ρ]−Tnon[ρ])+(Vee[ρ]− J[ρ]). (2.14)
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The introduction of non-interacting electrons covers a large part of the total
kinetic energy as well as the major part of the interaction energy expressed
via the Coulomb term. Due to such decomposition of the energy functional,
most part of the system energy is computed exactly while the unknown term
EXC covers a small fraction of the total energy. The total wave function of the
auxiliary non-interacting system is a Slater determinant based on one-electron
Kohn-Sham (KS) orbitals φ(r). The kinetic energy of non-interacting elec-
trons can be expressed via KS orbitals as follows

Tnon[ρ] =−
1
2

N

∑
i=1
〈φi|∇2|φi〉 (2.15)

The electron density can be obtained using the following expression:

ρ(r) =
N

∑
i=1
|φi(r)|2 (2.16)

The KS orbitals can be obtained via the minimization of the total energy func-
tional 2.12 variationally and using the constraint that the KS orbitals are or-
thogonal 〈φi|φ j〉 = δi j. After performing the variational procedure, the KS
equations are obtained which the KS orbitals should satisfy:

[−1
2

∇
2 + ve f f ]φi = εiφi (2.17)

where the effective one electron potential is defined as:

ve f f (r) =
∫

ρ(r1)

|r− r1|
dr1 +

δExc[ρ]

δρ(r)
−

M

∑
i=1

Zi

|r−Ri|
. (2.18)

ve f f itself depends on the KS-orbitals which are unknown. This means that
equation 2.17 should be solved iteratively. At this point no approximation has
been introduced and the KS equations are exact.

2.2.3 Approximate exchange-correlation functionals

The main disadvantage of DFT lies in the fact that the exact exchange-correlation
functional is unknown. In order for the DFT formalism to be used in practical
calculations, an approximate exchange-correlation functional should be intro-
duced. A great number of approximate exchange-correlation functionals have
been developed based on parameterization derived from theoretical considera-
tions or fitting to experimentally derived data. Empirically derived functionals
typically give higher accuracy for systems similar to those which have been
used in the fitting process but generate large deviation otherwise[26].
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The second great disadvantage of DFT is that there is no systematic strat-
egy to improve the accuracy of exchange-correlation functionals. The parame-
terization is a process that even now contains great fraction of "trial and error"
approach and is based on scientific intuition.

Further, the four most widely-used approximations for exchange-correlation
functionals will be described, while the detailed description of other approxi-
mations can be found elsewhere[27].

Local density approximation

The most simple exchange-correlation functional, originally proposed by Kohn
and Sham in their article [25], is the Local Density Approximation (LDA).
LDA implies that the exchange-correlation energy can be approximated by the
energy of a homogeneous electron gas with the same density as the system
under consideration. This assumption requires that the electron density of the
system is a slowly varying function, and as a consequence, the LDA functional
can be written on the form

ELDA
XC =

∫
ρ(r)εxc[ρ(r)]dr (2.19)

where εxc is the exchange-correlation energy per particle in a uniform electron
gas with density ρ(r). This quantity εxc is usually divided further into a sum
which consists of exchange and correlation contributions, εx and εc respec-
tively. The exact expression for the exchange energy per particle is known and
given by the formula

εx =−
3
4

(3ρ(r)
π

) 1
3

(2.20)

which is often called Slater exchange S. The correlation part εc does not have
such a simple analytical expression. The correlation energy of a homogeneous
electron gas has been numerically computed using the quantum Monte-Carlo
method in the work of Ceperly and Alder[28] for various densities. Based on
that result, various authors derived analytical expression for εc using different
interpolation schemes. The most widely used representations of εc have been
developed by Vosko, Wilk and Nusair [29], Perdew and Wang [30]. The LDA
functional was developed for the case of slowly varying density, and in gen-
eral, it is not a suitable choice for molecular systems where more advanced
approximations should be employed.

General Gradient Approximation

The more advanced Generalized Gradient Approximation (GGA) includes the
dependence on the electron density gradient in order to take into account the
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non-homogeneity of the electron density. The GGA functional may be written
in a general form as

EGGA
XC [ρα ,ρβ ] =

∫
f (ρα ,ρβ ,∇ρα ,∇ρβ )dr (2.21)

where ρα and ρβ mean the density for the electrons with α and β spin respec-
tively and f is a functional. In practice, the exchange-correlation functional
is split into exchange and correlation parts for which the approximations are
sought separately. In general, EGGA

X can be written in such a form

EGGA
X = ELDA

X +∑
σ

∫
F(sσ )ρσ (r)

4
3 dr (2.22)

where σ denotes the electron spin, and sσ is the reduced density gradient de-
fined as

sσ =
|∇ρσ |

ρ
4
3

σ

(2.23)

and can be understood as a local inhomogeneity parameter. For the functional
F two main classes of realization have been proposed. The first one is based
on the exchange functional developed by Becke [31] where F is written as

FB =
β s2

σ

1+6β sσ sinh−1(sσ )
(2.24)

where β is an empirical parameter determined by fitting the known exchange
energies of the noble gases.

The second class of exchange GGA functionals employs F as a rational
function of a reduced density gradient. Examples of such exchange functionals
are the early developed functionals by Becke (B86) [32], Perdew exchange
functional (P) [33] and popular Perdew, Burke and Ernzerhof (PBE) [34].

The corresponding gradient-corrected correlation functionals usually have
more complicated analytical form and can not be classified based on one math-
ematical expression. Nowadays, the most popular GGA correlation functionals
are Perdew, Burke, Ernzerhof correlation[34], refined correlation functional
Perdew and Wang (PW91)[30], and Lee, Yang, Parr (LYP) correlation func-
tional [35]. The latest LYP functional has been derived based on the expres-
sion of the correlation energy of helium atom computed using a very accurate,
correlated wave function.
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Hybrid functionals

The GGA functionals discussed in previous sections are local as their values
are determined by the values of the density and the density gradient computed
at a particular point of space. In order to address additional non-local effects,
the next logical step is to include some fraction ζ of the exact Hartree-Fock
exchange energy [36] computed using KS-orbitals φi(r) in the expression of
the GGA functionals

Ehybrid
XC = EGGA

XC +ζ EHF
X (2.25)

This idea was originally proposed by Becke [37; 38] based on the adiabatic
connection formula for the exact exchange-correlation energy. According to
that approach, the Eexact

X can be expressed as an integral [39]

Eexact
XC =

∫ 1

0
Eλ

XCdλ (2.26)

where Eλ
XC is the exchange-correlation energy of partially interacting electron

systems with the fixed density, λ is the parameter responsible for gradually
switching on the Coulomb interaction between electrons. The case λ = 0 cor-
responds to the non-interacting electron system with only the exchange en-
ergy, while the case λ = 1 corresponds to the real interacting electron sys-
tems. Becke suggested that the expression of the exchange-correlation func-
tional should give the correct asymptotic behavior for λ = 0 and λ = 1. This
requirement needs admixing of some fraction of HF exchange energy to the
GGA functional.

The most frequently used B3LYP functional [38] in molecular calculations
also belongs to the hybrid functional family and it is often associated with
whole DFT theory. This functional takes the form

EB3LY P
XC = EV MN

X +a
(
EHF

X −EV MN
X

)
+b
(
BB88

X −EV MN
X

)
+

ELDA
C + c

(
ELY P

C −ELDA
C
)

with parameters a = 0.2, b = 0.72 and c = 0.81 which have been fitted to
experimental data. Modified version of the B3LYP functional has been used to
calculate the X-ray emission spectrum.

Range-corrected functionals

Although hybrid functionals like B3LYP demonstrate good performance in
the calculations of general chemical properties, they still fail to capture correct
results in some important tasks. These functionals are unsuccessful in calcula-
tions of excitation energies using TDDFT for Rydberg[40] and charge transfer
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states [41]. The reason is well known and lies in the wrong asymptotic be-
havior of the exchange potential vx. In the case of hybrid functionals, the vx

potential decays as −ar−1 where a is the constant proportional to the fraction
of HF exchange energy, instead of the correct behavior as −1r−1 [42]. Within
DFT this problem can be resolved by partitioning the two-electron repulsion
operator 1

r12
, using the standard error function, into short-range and long-range

parts as
1

r12
= SR+LR =

1− er f (µr12)

r12
+

er f (µr12)

r12
(2.27)

where µ is the parameter responsible for the division ratio. The long-range
part in equation 2.27 is then used in the expression for the exact HF exchange
while the short-range is substituted with GGA DFT exchange potential[43] so
the total echange-correlation functional can be written as

ELRC
XC = ESR−DFT

X +ELR−HF
X +EDFT

C (2.28)

Although the range-separated functionals according to 2.27 demonstrate good
performance in calculations of Rydberg and CT transition energies, they give
worse results for atomization energies in comparison with hybrid functionals.
In order to solve this issue, Yanai, Tew and Handy proposed a new range-
separated scheme implemented for the standard B3LYP functional (CAM-
B3LYP) [44]. According to them the electron-electron repulsion operator is
partitioned as

1
r12

= SR+LR =
1− [α +βer f (µr12)]

r12
+

α +βer f (µr12)

r12
(2.29)

where the α and β are additional parameters. The division of the repulsion
operator given in equation 2.29 allows to keep the fraction both of HF and
DFT exchange over the whole distance range. The optimal parameter values
are α = 0.19, β = 0.46 and µ = 0.33, obtained by fitting to CT excitation and
atomization energies.

But range-separated functionals partitioned according to the scheme 2.27
underestimate excitation energies which involve the core orbitals. Recently,
Besley and coworkers found that a proper description of core excitation ener-
gies requires incorporating HF exchange in the DFT functional for the short
range[45; 46]. They proposed using a similar range-separated scheme, as 2.27
but with two attenuated parameters µLR and µSR, for the short and long ranges,
separately. Such optimized functionals give core excitation energies with an
error within 1 eV, although separate parameter sets should be used for the first
and the second-row elements.
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2.3 Wave function based methods

This section describes briefly wave function based methods developed for the
solution of the electronic SE 2.6. Almost all these approaches are based on the
variational principle which states that the energy functional

E[Ψ] =
〈Ψ(r,R)|Ĥ|Ψ(r,R)〉
〈Ψ(r,R)|Ψ(r,R)〉

(2.30)

reaches the minimum when the trial wave function Ψ(r,R) is equal to the
true ground state wave function. If the class of trial electronic wave function
Ψtrial is chosen, the best approximation to the exact ground state wave func-
tion within the selected function class can be obtained via minimization of
the energy functional 2.30. Different approximation approaches differ by the
mathematical form of the trial wave function.

2.3.1 Hartree-Fock approximation

In the Hartree-Fock (HF) approximation the electronic wave function is ap-
proximated by the N electron Slater determinant [47]

Ψ(x1,x2, . . . ,xN) =
1√
N!

∣∣∣∣∣∣∣∣∣
ψ1(x1) ψ1(x2) . . . ψ1(xN)
ψ2(x1) ψ2(x2) . . . ψ2(xN)

...
...

. . .
...

ψN(x1) ψN(x2) . . . ψN(xN)

∣∣∣∣∣∣∣∣∣ (2.31)

where ψi(x) denotes the i-th one-electron spin-orbital and xi collects the spa-
tial ri and spin σi coordinates of the i-th electron. The electronic Hamiltonian
in equation 2.6 depends on spatial but not an spin electron coordinates. How-
ever, the electron spin participates in the Pauli exclusion principle which states
that the electron wave function should be antisymmetric with respect to ex-
change of both spatial and spin coordinates. This means that electrons with
different spins can share the same spatial orbital, but electrons with the same
spin can not. Due to this the Slater determinant is constructed using spin or-
bital ψ(xi) = φ(ri)α(σi) where φ(ri) is the spatial one-electron wave function,
α(σi) is one of the two possible spin functions describing the spin up electronic
state (the other possible function is β (σi) which corresponds to the spin down
electronic state). In this approach, the movement of the electron is considered
to be independent from the motion of all other electrons. The Pauli exclusion
principle is automatically taken into account through the Slater determinant
which is antisymmetric.
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The optimal form of the one-electron spin-orbitals ψi can be found by the
substitution of the HF wave function in the energy functional 2.30 with sub-
sequent minimization with respect to the one-electron spin-orbitals and the
additional constraints of their orthogonality 〈ψi|ψ j〉 = δi j. The resulting one-
electron spin-orbitals should satisfy the Fock equation which can be written
as:

(−1
2

∇
2 +

M

∑
j=1

Z j

|R j− r|
+

N

∑
j=1

(K j−J j))ψi(x) = εiψi(x) (2.32)

where J j is the Coulomb operator

Ji|ψ j(x1)〉= 〈ψi(x2)|
1

|r1− r2|
|ψi(x2)〉|ψ j(x1)〉 (2.33)

and K j is the exchange operator

Ki|ψ j(x1)〉= 〈ψi(x2)|
1

|r1− r2|
|ψ j(x2)〉|ψi(x1)〉 (2.34)

εi is the orbital energy. The operator which acts on the one-electron spin-
orbital on the left hand side of equation 2.32 is called the Fock operator and
commonly labelled as F̂. Obviously the Fock operator F̂ is Hermitian. Both
the exchange and Coulomb operators in equation 2.32 depend on all the HF
electron spin-orbitals which are unknown and should be determined. Due to
this, the Fock equation is nonlinear and should be solved iteratively.

In real calculations it is easier to deal with spatial one-electron wave func-
tions than with spin-orbitals. In order to remove the dependence on the spin
coordinates, the Fock equation 2.32 should be integrated with the spin coor-
dinate σ . The result depends on which calculation scheme is used. There are
two main possibilities in the HF formalism - the restricted Hartree-Fock (RHF)
scheme and the unrestricted Hartree-Fock (UHF) scheme. In the RHF scheme
two electrons with different spins occupy the same spatial orbital, while in
UHF scheme only one electron is placed in one spatial electron orbital. As
result, in the UHF schem the spatial orbitals are different for the α and β

electrons. Later in this chapter the RHF scheme will be discussed. After the
integration in the RHF formalism, the Fock equation may be rewritten with the
spatial orbitals:

(−1
2

∇
2 +

M

∑
j=1

Z j

|R j− r|
+

N
2

∑
i=1

(2Ji−Ki))φi(r) = εiφi(r) (2.35)

where the Coulomb and exchange operators Ji and Ki are defined as in equa-
tions 2.33 and 2.34, but the spin-orbitals ψi are replaced by the spatial orbital
φi.
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In order to solve the Fock equation the one-electron orbital functions are

expanded in pre-defined basis functions: φi(r) =
K
∑
j=1

C jiχ j(r) where χ j(r) are

the basis functions, C ji are the unknown numerical coefficients and K is the
basis set size. This expansion can be inserted in the Fock equation 2.35 and
after multiplication on the left side by φ ∗k (r) and the subsequent integration, it
results in the Roothaan-Hall equations [36; 48] for the closed-shell system:

K

∑
j=1

Fk jC ji = εi

K

∑
j=1

C jiSk j (2.36)

where Fk j = 〈φk|F̂|φ j〉 and Sk j = 〈φk|φ j〉. Equation 2.36 can be rewritten in a
more compact matrix form:

FC = SCε (2.37)

where ε is a diagonal matrix with orbital energies on the main diagonal, S
is the overlap matrix for basis functions which in general are not orthogonal.
Equation 2.37 can be transformed into an ordinary eigenvalue problem via the
new orthogonal basis sets φ ′µ . This transformation is given by some matrix X
which satisfies the condition:

X†SX = I (2.38)

in order for the new basis φ ′µ to be orthogonal. The new coefficient matrix
C′ is transformed according to the formula C′ = X−1C. After applying this
transformation the Roothaan-Hall matrix equation 2.37 is reduced to the trivial
eigenvalue problem

F′C′ = C′ε (2.39)

Solving equation 2.37 starts from forming some guess set of basis coefficients
C for which the Fock matrix F is computed. Using equation 2.37 the new
set of coefficients can be obtained by diagonalization of the Fock matrix in
an appropriate basis. These coefficients replace the old ones in constructing
a new Fock matrix, and so on. This procedure is repeated until the desired
convergence level is achieved.

In the HF approach the electron-electron interaction is taken into account
only in an average way via the effective potential equal to the last term in
equation 2.32. Obviously this approach neglects the electron correlation ef-
fects which are caused by the instantaneous repulsion of the electrons which is
not covered by the effective HF potential. The electron correlation effects give
relatively small contributions to the system total energy, but this additional part
of energy is extremely important in order to describe properties of real systems
with practically relevant accuracy.

17



In order to take into account the correlation effects several post-HF ap-
proaches have been developed in which the HF wave function is taken as the
starting point. There are the configuration interaction (CI), the coupled cluster
(CC) approaches and Møller-Plesset perturbation theory. The basic aspects of
CC theory will be described in the next section.

2.3.2 Coupled Cluster theory

The natural way to get a more accurate wave function than the HF approach
is to use more than one Slater determinant. The solution of equation 2.36
gives not only the N occupied one electron orbitals but also the (K−N) vir-
tual unoccupied orbitals. Using these additional virtual orbitals new determi-
nants can be constructed by excitation of some electrons from the occupied
to the virtual orbitals. The improved total wave function can be constructed
as Ψ = a0ΦHF +∑

i
aiΦi, where ΦHF denotes the reference HF determinant,

Φi are the differently excited determinants with respect to the HF configura-
tion and ai are numerical coefficients. The coefficients ai can be obtained by
substitution of the wave function Ψ in the energy functional 2.30 with subse-
quent minimization. Different correlation methods differ by the inclusion of
the excited determinants in the expression for the total wave function.

The CC approach utilizes excitation to unoccupied orbitals with an excita-
tion operator which is defined as

T̂ = T̂1 + T̂2 + T̂3 · · ·+ T̂N (2.40)

for the system with N electrons. Each term Ti denotes an excitation operator
which simultaneously excites i electrons from occupied to unoccupied orbitals.
If all possible excitations are included, as in equation 2.40, the CC approach
gives an exact description of the many-particle wave function. But using the
full expansion 2.40 is computationally very demanding and can be applied
only for small systems. Due to this, the truncation of the excitation operator is
needed. The level of this truncation determines the particular coupled cluster
model. Including only the single excitation operator T̂1 yields coupled cluster
singles (CCS), including both the single and the double excitation operators
T̂1 + T̂2 yields coupled cluster singles and doubles (CCSD).

The result of the single and double excitation operators acting on the HF
reference determinant can be explicitly written as:

T̂1|ΦHF〉=
occup.

∑
i

virt.

∑
a

ta
i |Φa

i 〉 (2.41)

T̂2|ΦHF〉=
occup.

∑
i< j

virt.

∑
a<b

tab
i j |Φab

i j 〉 (2.42)
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where ta
i and tab

i j denote the expansion coefficients (in CC theory known as the
coupled cluster amplitudes), |Φa

i 〉 and |Φab
i j 〉 are the singly and doubly excited

HF determinants where the occupied ψi and ψ j spin orbitals are replaced by
the virtual unoccupied ψa and ψb spin-orbitals.

The corresponding CC wave function is defined via the exponential ansatz
by the equation

ΨCC = eT̂ |ΦHF〉 (2.43)

The exponential operator in the expression 2.43 may be expanded in a Taylor
series:

eT̂ = 1+ T̂ +
1
2

T̂ 2 + · · ·= 1+ T̂1 +

(
T̂2 +

1
2

T̂1
2
)
+

(
T̂3 + T̂2T̂1 +

1
6

T̂1
3
)
+ . . .

(2.44)
with reordered terms. The first term generates the reference HF state and the
second term gives all singly excited states. The first parenthesis generates all
doubly excited states which can be obtained by the connected double excita-
tion T̂2 or disconnected simultaneous single excitations T̂1

2. Again the second
parenthesis produces all triply excited states generated by the connected ex-
citation T̂3 or disconnected simultaneous triples T̂2T̂1, T̂1

3. Such a form of the
CC wave function makes the CC approach size-extensive in comparison with
the CI approach which also includes different excited determinants, but is not
size-extensive.

The ground-state energy ECC, in principle, can be obtained by substitution
of the CC wave function 2.43 into the energy functional 2.30 with subsequent
minimization with respect to the coupled cluster amplitudes tab...

i j... . But due to
the non-linear expansion of the coupled cluster wave function defined by equa-
tion 2.43 the variational approach generates too complex non-linear equations
to determine coupled cluster amplitudes. Due to this, the variational technique
is computationally feasible only for small systems.

An alternative way to get the CC ground state energy ECC is to project the
time-independent Schrödinger equation onto the reference HF state:

〈ΦHF |ĤeT̂ |ΦHF〉= ECC〈ΦHF |eT̂ |ΦHF〉 (2.45)

〈ΦHF |ĤeT̂ |ΦHF〉= ECC〈ΦHF |(1+ T̂ + 1
2 T̂ 2 + . . .)|ΦHF〉= ECC

where the fact, that the overlap between two Slater determinants which differ
by one or more spin orbitals is equal to zero, is used. Using the expansions
2.40, 2.44, Brillouin’s theorem [49], and the fact that Hamiltonian is a two-
particle operator, the CC energy expression can be simplified as

ECC = 〈ΦHF |Ĥ(1+ T̂2 +
1
2

T̂1
2
)|ΦHF〉, (2.46)
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because higher order excitation operators generate states which are orthogonal
to the reference state |ΦHF〉 due to Brillouin’s theorem.

Usually the CC equations are written in terms of the similarity-transformed
Hamiltonian

ĤT = e−T̂ ĤeT̂ (2.47)

For this, the Schrodinger equation should be multiplied by 〈ΦHFe−T̂ | from the
left hand side where the exponential de-excitation operator e−T̂ is introduced.
In this formulation, the Schrodinger equation and CC ground state energy ex-
pression can be re-written as:

ĤT |ΦHF〉= ECC|ΦHF〉 (2.48)

〈ΦHF |e−T̂ ĤeT̂ |ΦHF〉= ECC

Expressions 2.46 and 2.48 are equivalent because 〈ΦHF |e−T̂ = 〈ΦHF | since
de-excitation operator e−T̂ can not generate de-excitations from the reference
HF state.

But in order to compute the CC ground state energy ECC using equation
2.46, the CC amplitudes ta

i , t
ab
i j should be known. CC amplitudes can be ob-

tained by requiring that the off-diagonal elements of the similarity-transformed
Hamiltonian 2.48 with respect to the excited and reference determinants should
be zero

〈Φa
i |e−T̂ ĤeT̂ |ΦHF〉= 0 (2.49)

〈Φab
i j |e−T̂ ĤeT̂ |ΦHF〉= 0

〈Φabc
i jk |e−T̂ ĤeT̂ |ΦHF〉= 0

...

The number of equations 2.49 depends on the truncation level of the excitation
operator 2.40. In the CCS model only singly-excited determinants should be
considered, while in the CCSD approximation all singly- and doubly-excited
determinants should be included. Equations 2.49 and 2.46 form a complete set
of equations and their solutions fully determine the CC energy and wave func-
tion. The detailed derivation of the coupled cluster approach and the explicit
form of the coupled cluster amplitude equations may be found elsewhere[50–
52].
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3. Spectrum simulation

In the one-electron picture, X-ray absorption can be represented as a process
where a photon is absorbed by a core electron that is excited to an unoccupied
orbital. When the incident X-ray photon has enough energy to extract a core
electron from a particular electronic shell, a sharp increase in absorption cross
section occurs. That is called an absorption edge. Absorption edges are named
according to the principal quantum number of electron that has been excited:
K for n=1, L for n=2, M for n=3 and so on.

The absorption edge is not simply a sharp and drastic increase the absorp-
tion cross section, but it also shows significant structure both in the vicinity of
the edge jump as well as above the edge. Spectral features near the edge con-
tain sharp and well-resolved peaks that arise due to electron excitations into
bound states below the ionization energy. This near-edge region is called the
Near Edge X-ray Absorption Fine Structure (NEXAFS). The spectrum fea-
tures above the ionization potential correspond to excitations into continuum
states. They demonstrate an exponential decay and oscillation structure of the
absorption cross section that is explained by the multiple scattering of the out-
going photoelectron waves on the surrounding atoms and subsequent interfer-
ence. This oscillation structure is known as Extended X-ray Absorption Fine
Structure (EXAFS). In the following only the NEXAFS will be considered.

The excited state with a core hole is unstable. Typical lifetimes are around
few femtoseconds. Core-hole states can decay by radiative or non-radiative
processes. In non-radiative (Auger) decay, an electron from an outer valence
shell falls down and fills the core hole while the released excess energy is used
to eject another valence electron, leaving the system with two valence holes.
In the radiative process, the excess energy is released through the emission of
X-ray photon. This process is called X-ray emission (XES). Emission probes
the structure of occupied electronic states while XAS probes properties of the
unoccupied orbitals. If used together, these experimental approaches may give
complete information about the electronic structure.
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3.1 Dipole Approximation

The absorption cross section σ(ω) between an initial |I〉 and a final |F〉 elec-
tronic state can be calculated based on first-order perturbation theory. If the
applied external electric field is sufficiently small in comparison with the in-
ternal molecular field, the assumption that the applied perturbation does not
modify the eigenstates of the unperturbed Hamiltonian, but induces transitions
between ground and different excited states, can be applied.

The full Hamiltonian of the system that interacts with the external electric
field can be partitioned as Ĥ0+ Ĥint , where Ĥ0 means the sum of Hamiltonians
of the electric field and unperturbed system, while Ĥint describes the interaction
between the system and the electromagnetic field. The interaction Hamiltonian
Ĥint may written in explicit form as

Ĥint =
e

mec
Âp̂+

e2

2mec2 Â2 (3.1)

where c is the speed of light, Â is the vector potential of the electromagnetic
field, p̂ is the electron momentum operator, e and me are the electron charge
and mass. For simplicity we may assume that only one electron interacts with
the electric field and the applied external electric field is monochromatic. In
this case the vector potential is given by the expression

Â = A0(âk,pepei(kr)+ â†
k,pepe−i(kr)) (3.2)

where A0 is the normalization constant, âk,p and â†
k,p are the annihilation and

creation operators, ep is the polarization vector. Operator Â changes the num-
ber of photons by±1, while the second term in equation 3.1 which is quadratic
with respect to Â, changes the number of photons by 0 or ±2. Due to this in
the weak-field limit, only the first term in equation 3.1 will contribute to ab-
sorption or emission processes. In case of absorption, an effective interaction
Hamiltonian will be given by the expression

He f f =
e

me
A0âk,pepp̂ei(kr) (3.3)

The Hamiltonian in equation 3.3 describes the transition between the initial
|I〉 = |i〉|nk,p〉 and final |F〉 = | f 〉|nk,p−1〉 states, where |i〉 and | f 〉 are states
of the system while |nk,p〉 and |nk,p−1〉 correspond to the states of the electro-
magnetic field. The initial and final state energies can be expressed as follows

EI = Ei +nk,ph̄ωk

EF = E f +(nk,p−1)h̄ωk
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Using perturbation theory, it can be shown that the transition rate between the
initial |I〉 and final |F〉 states with absorption of one photon is proportional to

wIF ' |〈 f |eikrepp̂|i〉|2δ (E f −Ei− h̄ωk) (3.4)

where k is the wave vector of the applied electric field, ep is the polarization
vector, ωk is the harmonic frequency, and p̂ is the momentum operator.The
exponent eikr can be approximated by 1 if kr << 1. The latter situation is
known as the electric dipole approximation. This approximation works very
well for electronic transitions involving core orbitals because of their local
character. Using the dipole approximation and commutation relation

p̂ =
ime

h̄
[Ĥ0,r] (3.5)

the transition matrix element in equation 3.4 may be rewritten in the form

〈 f |eikrepp̂|i〉= ep〈 f |p̂|i〉= imeωkep〈 f |r|i〉 (3.6)

if we assume that |i〉 and | f 〉 are exact states of the system Hamiltonian. In DFT
calculations, only minor difference is observed between momentum and length
representations in equation 3.6. However, in the case of HF, this difference can
be significant.

3.2 Transition potential approach

According to Fermi’s golden rule, the absorption cross section σ(ω) is given
by the expression

σ(ω)∼ 2π

h̄ ∑
f
|〈Ψ f |D|Ψi〉|2δ (h̄ω−E f i) (3.7)

where Ψi and Ψ f denote the many-body wave functions of the initial and fi-

nal states, D =
N
∑
i

riep is the dipole operator responsible for the interaction of

the electronic system with the external electromagnetic field. In case of KS-
DFT, Ψi means the ground state, while Ψ f corresponds to various core-excited
states. Although KS-DFT theory strictly speaking was justified only for opti-
mization of the ground states, it can also be applied to determine the low-lying
core-excited states using the variational principle. This procedure is called
∆KS approach [53]. Within this procedure, the lowest core-excited state can
be obtained by removing an electron from the core level and placing it in the
LUMO orbital with subsequent SCF optimization with fixed occupation num-
bers. The second excited state is derived by moving the excited electron to the
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next lowest unoccupied orbital, removing the previously variationally deter-
mined excited orbital from the variational space and applying the variational
principle under these constraints. Removing a particular orbital from the vari-
ational space can be done by transforming the Kohn-Sham matrix to the orbital
basis and deleting the off-diagonal elements that include this particular orbital.
This means that it cannot change during the SCF optimization. Performing
these step-by-step calculations, higher relaxed core excited states can be de-
termined. However, due to convergence problems this approach can only be
applied to a few low-lying excited states. In addition, in order to get a full
absorption spectrum, we need to perform separate calculation for each excited
state.

Another approach to take into account relaxation effects was developed by
Slater. Slater devised the transition state method [54; 55] for the calculation of
excitation energies that are obtained as the orbital energy difference between
two levels of a variationally determined transition state with one-half electron
excited from an occupied core to an unoccupied level. According to Janak’s
theorem, the orbital energy εi is given by the derivative of the KS energy with
respect to the occupation number ni: εi =

∂E
∂ni

. In the one-electron picture, dur-
ing excitation only two orbitals change occupations. Thus, the Slater transition
state (ST) corresponds to the occupations nS

i = 0.5 and nS
f = 0.5 with total en-

ergy denoted E(nS
i ,n

S
f ). The total energies of the initial and final states can

be expanded in a Taylor series with the ST state taken as a center of Taylor
expansion with respect to the ST n f and ni occupation numbers

Ei(nS
i +

1
2 ,n

S
f −

1
2) = E(nS

i ,n
S
f )−

1
2(ε

S
f − εS

i )+
1
8(

∂ 2E
∂ 2nS

i
+ ∂ 2E

∂ 2nS
f
−2 ∂E

∂nS
i

∂E
∂nS

f
)

E f (nS
i − 1

2 ,n
S
f +

1
2) = E(nS

i ,n
S
f )+

1
2(ε

S
f − εS

i )+
1
8(

∂ 2E
∂ 2nS

i
+ ∂ 2E

∂ 2nS
f
−2 ∂E

∂nS
i

∂E
∂nS

f
)

where Janak’s theorem was used in order to replace the first energy deriva-
tives with respect to the occupation number by the orbital energies. Taking the
difference between the two energies, the transition energy can be computed
simply as the difference between the ST orbital energies, εS

f − εS
i , where the

contribution from higher energy derivatives is assumed to be negligible. The
corresponding transition moment can be computed using the ST half-occupied
orbitals, which reduces the computational cost of spectrum calculations. How-
ever in spectrum simulation this approach also requires state-by-state calcula-
tions when one-half electron is sequentially placed in each unoccupied orbital.

The transition potential approach introduced by Triguero et al. [56] is
an approximation to the Slater transition state where the presence of half an
electron in the excited orbital is neglected. The spectrum energies and intensi-
ties are obtained using variationally relaxed orbitals of the resulting molecular
ion with a half occupied core level in one global diagonalization procedure.
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Neglecting half an electron in the excited molecular orbital leads to the abil-
ity to obtain the whole spectrum in one calculation, avoiding optimization of
each excited state. The transition energies, similar to the Slater transition state
approach, are equal to the orbital energy differences, while the spectrum in-
tensities are proportional to the transition element ∼ ω|〈ψ f |er|ψi〉|2, where ψi

denotes the half occupied core orbital and ψ f are the final unoccupied orbitals.
Neglecting the half electron in the final level assumes that the orbital charac-
ters of empty and half-occupied final orbitals are the same and interaction with
the occupied orbitals is weak. As excited states are typically very diffuse and
spatially extended, these assumptions are usually well satisfied.

In the transition potential approach, the half-occupied core level gives the
main relaxation effects, so it is important to use special basis set designed
for the core-excited atom in order to provide an accurate description of the
core-level relaxation effects. Usually the special NMR IGLO-III basis set of
Kutzelnig et al. [57] is used for the description of the core-excited atom. This
basis was specially constructed for NMR calculations allowing an improved
description of the relaxation effects in the core orbital. If there is more than
one atom of the same element for which the core excitations are considered,
the other atoms are described by effective core potentials (ECPs) in order to
facilitate the identification of the core orbital used in the spectrum simulation.
The orbital basis set used in generation of the electron density usually lacks
enough diffuse basis functions for a reliable representation of the continuum
electronic states. Due to this, a double-basis set technique [58; 59] is em-
ployed when an accurate continuum state representation is required. When the
electron density has been generated, the orbital basis set is extended using a
suitable set of diffuse functions [58] and the spectrum energies and intensities
are obtained in an additional diagonalization step of the Fock matrix.

When the XAS spectrum of a partially ordered system like liquid water
is computed, a few hundred or more spectra of different local configurations
should be obtained and summed up together in order to get a reliable total XAS
spectrum. Using the energy position obtained in transition potential calcula-
tions with subsequent shifting to the experimental peak is a valid calibration
procedure only in the case of a single geometry, but not when spectra from
different local structures are summed up. In the latter case, the correct energy
scaling to each spectrum contribution should be applied before summation.
As the transition potential approach neglects the relaxation of the remaining
molecular ion core in the presence of the excited electron, additional energy
corrections should be introduced in order to obtain a correct relative energy
scale. Relaxation effects for the lowest valence-excitations can be included us-
ing the ∆KS correction, i.e. as the total energy difference between ground state
and variationally computed fully relaxed core-excited state [53; 59]. For the
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remaining states the same shift should be applied as for the last fully relaxed
core-excited state. Other types of energy discrepancies such as the DFT func-
tional deficiencies, relativistic effects and basis set incompleteness are con-
nected with the core-level and can be estimated as the difference between cal-
culated and experimental core-electron binding energy (CEBE) for a reference
system [60] and added as a constant shift to the previously shifted transition
potential XAS spectrum.

3.3 Time-dependent density functional theory

The KS formulation of the DFT is time-independent, which makes its appli-
cation to the many areas of optics and spectroscopy involving time-dependent
fields problematic. Although the time-independent KS-DFT can be used for
calculation of excitation energies via the ∆KS approach, there is the problem
with formal justification because the DFT formalism is formally valid only for
the ground state. Application of the DFT formalism for calculations of dynam-
ical response properties and excitation energies requires the extension of DFT
into the time-dependent domain.

3.3.1 General concepts

Formally the modern time-dependent density functional theory (TDDFT) was
founded by Runge and Gross paper in the year of 1984 [61]. If the molec-
ular system is placed into the external time-dependent potential vext(r, t), the
system’s states are described by the time-dependent wave function Ψ(r, t) that
is the solution of the time-dependent SE 2.2. Using the time-dependent wave
function Ψ(r, t), the time-dependent electron density ρ(r, t) can be obtained.
Runge and Gross have shown that this relationship between density and po-
tential is invertible and that the external potential is determined by the time-
dependent electron density up to the spatially constant time-dependent func-
tion c(t). The electron density also determines the Hamiltonian of the system
and time-dependent wave-function up to an unknown time-dependent phase
factor

Ψ(r, t) = ei
∫

c(t)dt
Ψ[ρ(r, t),Ψ0] (3.8)

If the initial state is the ground state which is a functional of the ground state
density according to ordinary DFT, the initial state dependence may be elimi-
nated from equation 3.8.

The role of the second Hohenberg-Kohn theorem in the time-dependent
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case is filled by a variational principle involving the action functional

A[ρ(r, t)] =
t1∫

t0

〈Ψ[ρ(r, t)]
∣∣∣∣i ∂

∂ t
− Ĥ(t)

∣∣∣∣Ψ[ρ(r, t)]〉dt (3.9)

According to this principle the true electron density ρ(r, t) makes the action
functional 3.9 stationary.

Repeating the KS DFT formalism for the stationary case, one can de-
fine the additional non-interacting electron system that has the same time-
dependent density as the real system under consideration. This additional
system is described via the set of time-dependent KS one-electron orbitals
φi(r, t). The density of such a system is given by equation 2.16, where the
time-dependent KS orbitals are used. Using KS orbitals the action functional
can be rewritten on the form

A[ρ] =
N

∑
i

t1∫
t0

dt〈φi(r, t)|i
∂

∂ t
− 1

2
∇i|φi(r, t)〉−

1
2

∫ t1

t0
dt
∫∫

dr1dr2
ρ(r1, t)ρ(r2, t)
|r1− r2|

−Axc[ρ]−
t1∫

t0

dt
∫

drvext(r, t)ρ(r, t)

where the time-dependent exchange-correlation functional Axc contains all un-
known terms. Applying the variational principle to the action functional 3.8
with the additional requirement that the occupied KS orbitals should be or-
thogonal leads to the time-dependent KS equations

(−1
2 ∇i + ve f f (r, t))φi(r, t) = i ∂

∂ t φi(r, t) (3.10)

ve f f (r, t) =
∫

dr1
ρ(r1,t)
|r1−r| + vext(r, t)+ vxc(r, t)

where the exchange-correlation functional is defined as an ordinary functional
derivative

vxc(r, t) =
δAxc[ρ]

δρ(r, t)
(3.11)

The explicit form of the time-dependent functional is unknown and much more
complicated than in the time-independent case.

3.3.2 Casida equation

There are two possibilities to obtain the excitation energies. One way is the
real-time propagation of the TD-KS equations 3.10. The obtained solutions
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may be used to construct the time-dependent dipole moment of the system.
Taking the Fourier transform of the time-dependent dipole moment, the exci-
tation spectrum may be obtained.

An alternative way is to use linear response TD-DFT. The most simple way
to derive the working equations is to use ordinary perturbation theory. Usually
the probing, laser-induced, external time-dependent electric field is weak in
comparison with the intramolecular field. This external time dependent po-
tential vext(r, t) generates small changes in the electron density δρ(r, t). Due
to the Runge-Gross theorem, this change in density is the same for interacting
and adjoint non-interecting KS electron systems and can be computed from the
changes in the time-dependent KS orbitals. In this regime, we may assume that
the time-dependent KS orbitals differ only slightly from the solutions φi(r) of
the unperturbed ground state equation 2.17.

Following the Casida approach [62; 63], the equations of linear response
TDDFT may be derived using the density matrix formalism. In the HF and
DFT theories, the density matrix is defined as:

γσ (r,r′) = ∑
i

niσ φiσ (r)φ ∗iσ (r
′) (3.12)

where niσ is occupation number, indices σ ,τ label different spins. On the other
hand, the density matrix definition may be rewritten on the form

γσ (r,r′) = ∑
p,q

φpσ (r)Ppqσ φ
∗
qσ (r

′);Ppqσ = npσ δpq (3.13)

where matrix the Ppqσ also is called the density matrix (density matrix rep-
resentation in the basis of unperturbed KS orbitals). When an external time-
dependent potential is applied, the density matrix can be written on the form

γσ (r,r′, t) = γσ (r,r′)+δγσ (r,r′, t)

where
δγσ (r,r′, t) = ∑

i
φi(r)niδφ

∗
i (r
′, t)+δφi(r, t)niφ

∗
i (r
′) (3.14)

defines the linear response of the density matrix to the applied perturbation.
Moving from time to frequency domain and using definitions 3.12 and 3.13,
the linear response of the density matrix δγ(r,r′,ω) (in frequency domain)
can be expressed in two ways

δγσ (r,r′,ω) = ∑
p
(φpσ (r)npσ δφ

∗
pσ (r

′,ω)+δφpσ (r,ω)npσ φ
∗
pσ (r

′)) (3.15)

δγσ (r,r′,ω) = ∑
p,q

φpσ (r)δPpqσ (ω)φ ∗qσ (r
′)
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where the Fourier transforms for all time-dependent quantities have been taken.
On other hand, the value δφpσ (r,ω) can be computed using standard Rayleigh-
Schrodinger perturbation theory applied to the TD-KS equation 3.10

δφpσ (r,ω) = ∑
q

φqσ (r)
〈φqσ |v̂ext(ω)|φpσ 〉
ω− (εqσ − εpσ )

(3.16)

where εpσ is the unperturbed orbital energy.
Combining expressions of the KS orbital response 3.16 and the density

matrix response 3.15, an expression for δPpqσ (ω) can be obtained

δPpqσ (ω) =
nqσ −npσ

ω− (εpσ − εqσ )
〈φpσ |v̂ext(ω)|φqσ 〉 (3.17)

under the assumption that

vext = bcos(ω0t) (3.18)

and that the applied electromagnetic field is monochromatic. However, the
effective one-particle potential ve f f in equation 3.10 depends on the perturbed
KS orbitals, which are changed due to the applied perturbation. Due to this,
the vext potential in equation 3.17 should be replaced by the effective potential
ve f f . After replacement, the equation for δPpqσ (ω) is transformed to

δPpqσ (ω) =
nqσ −npσ

ω− (εpσ − εqσ )
(vext

pq (ω)+∑
rsτ

Kpqσ ,rsτδPrsτ(ω)) (3.19)

where the Kpqσ ,rsτ is the coupling matrix that describes the first-order changes
in Coulomb and vxc potentials. The explicit form of the coupling matrix can
be easily obtained from linearization of ve f f in equation 3.10 and expression
of the first-order electron density variation δρ(r,ω) in terms of the δPrsτ(ω)
matrix

δve f f (r,ω) = vext(r,ω)+
∫

δρτ(r1,ω)

|r− r1|
dr1 +

∫
fxc(r,r1)δρτ(r1,ω)dr1

δρτ(r,τ) = ∑
r,s

φrτ(r)δPrsτ(ω)φ ∗sτ(r)

(3.20)

Taking the matrix element of ve f f
pq and taking into account the expressions in

3.20, we obtain an explicit form of the K matrix:

Kpqσ ,rsτ =
∫

φ
∗
pσ (r1)φqσ (r1)(

1
|r1− r2|

+ fxc(r1,r2))φrτ(r2)φ
∗
sτ(r2)dr1dr2

(3.21)
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where the fxc exchange-correlation kernel was introduced. The exchange-
correlation kernel is defined as a second-order functional derivative of the time-
dependent exchange correlation functional with respect to the density as

fxc(r, t,r′, t ′) =
δ 2Axc

∂ρσ (r, t)∂ρτ(r′, t ′)
(3.22)

The exchange-correlation kernel is unknown and needs to be approximated.
The most simple approximation is the adiabatic approximation that states that
the time-dependent exchange-correlation kernel fxc may be evaluated using the
instantaneous electron density and the usual static DFT exchange-correlation
functional according to the formula

f adiabatic
xc = δ (t− t ′)

∂ 2Exc

∂ρσ (r)∂ρτ(r′)
(3.23)

Obviously this approximation assumes a slowly changing electron density in
time and neglects any retardation and memory effects. Further, for simplic-
ity, the adiabatic approximation is commonly used. Within this approxima-
tion, the Fourier transform from the exchange-correlation kernel becomes the
time-independent function fxc = fxc(r,r′). Also, the adiabatic approximation
introduces a natural connection between static DFT and its time-dependent
analogue and gives the ability to use well-known static exchange-correlation
functionals in time-dependent calculations.

The δPpq matrix elements are zero if the indices (p,q) label two occupied
or two unoccupied orbitals at the same time. Using this fact, it is possible
to separate the occupied-unoccupied and unoccupied-occupied transitions in
equation 3.17 and obtain two new equations (indices p and r label occupied
orbitals, while q and s correspond to unoccupied orbitals)

npσ>nqσ

∑
rsτ

{
δστδprδqs

ω− (εpσ − εqσ )

nqσ −npσ

−Kpqσ ,rsτ

}
δPrsτ(ω)

−
npσ>nqσ

∑
rsτ

Kpqσ ,srτδPsrτ(ω) = vext
pqσ (ω)

npσ>nqσ

∑
rsτ

{
δστδprδqs

ω− (εqσ − εpσ )

npσ −nqσ

−Kqpσ ,srτ

}
δPsrτ(ω)

−
npσ>nqσ

∑
rsτ

Kqpσ ,rsτδPrsτ(ω) = vext
qpσ (ω) (3.24)

As δP∗pq(ω) = δPqp(ω) and assuming occupation numbers n equal to 0 or 1
and real orbitals, equations 3.24 can be rewritten in short matrix form after
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some algebraic transformations{
ω

[
−1 0
0 +1

]
−
[

A B
B A

]}(
δP(ω)

δP∗(ω)

)
=

(
vext(ω)
v∗ext(ω)

)
(3.25)

where the matrices A and B are defined as

Aiaσ , jbτ = δστδi jδab(εaσ − εiσ )+Kiaσ , jbτ

Biaσ , jbτ = Kiaσ ,b jτ (3.26)

and indices (i, j) label occupied orbitals, while indices (a,b) label unoccupied
orbitals. Matrix equation 3.25 may be used to compute the response matrix
δP(ω) at any frequency. At the true excitation frequency, the density matrix
response δP(ω) should be infinite, even if the applied perturbation vext is finite.
This means that the true excitation frequencies ωI must satisfy the pseudo-
eigenvalue equation[

A B
B A

](
XI
YI

)
= ωI

[
+1 0
0 −1

](
XI
YI

)
(3.27)

Equation 3.27 is the famous Casida equation that is implemented in most
quantum-chemical codes. The Casida equation can be derived using pure ma-
trix techniques [64] or based on the energy-dependent density-density response
function χ(r,r′,ω) of the interacting electron system [65–67].

If the coupling matrix B is ignored in equation 3.27, it leads to the Tamm-
Dancoff approximation [68] and a simple eigenvalue equation is obtained to
get the excitation energies

AX = ωIX (3.28)

Standard implementations of the TDDFT based on the Tamm-Dancoff ap-
proximation 3.28 use the Davidson iterative subspace algorithm [69] to extract
the excitation energies appearing as eigenvalues of the A matrix. This approach
is ineffective however in the case of core-excited states: the core excitations lie
high in energy, so a very large number of eigenvalues are required to compute
before to access the core excitation energies. This makes a direct XAS spec-
trum calculations very expensive even for small molecules. A few methods
have been proposed to overcome this problem. The most simple solution is to
restrict the excitation space and include excitations only from a relevant subset
of core orbitals [70; 71]. Other approaches use the Sakurai-Sugiura projection
method in order to find the excitation energies in specified range [72] or the
complex polarization propagator method [73].

The accuracy of the TDDFT results is determined by the quality of the em-
ployed exchange-correlation functional. Unfortunately the standard general-
ized gradient and hybrid functionals typically fail for core excitations resulting
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in an underestimation of core excitation energies. This behavior comes from
the approximate exchange within the exchange-correlation functional and is
associated with self-interaction error. One way to correct the excitation en-
ergies is to use a self-interaction correction scheme applied to the KS-DFT
orbital energies based on experimental values of ionization potentials [74]. An-
other approach is based on special short-range corrected functionals where the
exact HF exchange has been included for the short-range region [45; 46; 75].

3.3.3 TDDFT and emission energy simulation

The TDDFT theory within the TDA approximation may also be used in cal-
culations of the emission energies. The underlying procedure to compute the
X-ray emission energies and associated spectra can be summarized as follows
[76]

• Calculate the self-consistent KS-DFT orbitals for the system’s ground
state.

• Use the obtained ground state orbitals for a subsequent Kohn-Sham cal-
culation performed on the core-excited molecule where a core hole has
been introduced in the relevant orbital.

• Perform a standard TDDFT calculation using core-hole state orbitals as
the reference unperturbed state, and the X-ray emission transitions are
obtained as negative eigenvalues.

In principle, as reference state for TDDFT the ground state orbitals with an
appropriate core hole may be used. However, using the core-excited state gives
the ability to take the relaxation of the orbitals in presence of the core hole
into consideration. In case of systems with a few equivalent core orbitals, the
desired core excited state can be selected by invoking the maximum overlap
method (MOM)[46; 77; 78], which also prevents collapse of the core hole
during the SCF process.

The basis set also plays an important role for the accuracy of the emis-
sion calculations. Basis functions describing the core orbitals should ensure
sufficient flexibility in order to capture the core-orbital relaxation in the core-
ionized state. Such special basis sets have been shown to give significant im-
provement in calculating emission energies[76].

As in case of absorption spectrum calculations, the key to obtaining accu-
rate emission energies lies in choosing a good exchange-correlation functional.
One option is to use an optimized short-range corrected functional as in the
XAS case, another option was proposed by Wadey and Besley [76] and uti-
lizes a modified version of the famous B3LY P exchange-correlation functional
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on the form

BX LY P = XHF +(0.92−X)B+0.08S+0.19V MN +0.81LY P (3.29)

where HF, B, S are the Hartree-Fock, Becke [31] and Slater[79] exchange func-
tionals, and V MN[29] and LY P[35] are correlation functionals, the parameter
X sets up the fraction of Hartree-Fock exchange and should be optimized. In
case of oxygen and other second-row elements, the optimal value of X is found
to be 0.66 [76]. This BX LY P functional with X = 0.66 was used in all XES
water calculations presented in the present thesis.

3.4 Response theory

A common way to probe the electronic structure of a molecular system is to
measure the response of some property as reaction to an applied external elec-
tromagnetic field. In quantum mechanics, an operator Ω̂ is connected with
each observable property. In experiment, we always measure observable val-
ues 〈ψ(t)|Ω̂|ψ(t)〉 where |ψ(t)〉 means the perturbed time-dependent wave
function in the presence of the external electromagnetic field. Response theory
proposes methods to calculate observables as an expansion based on different
orders of the perturbation field. In this chapter, a short overview of exact state
response theory will be given and the working equations for response function
calculations in the KS-DFT theory will be presented.

3.4.1 General concepts

When the molecular system is exposed to an external electromagnetic field,
the molecular system responds to this perturbation by changing its initial state.
In this case, the time-dependent Hamiltonian is expressed as

Ĥ(t) = Ĥ0 +V (t) (3.30)

where V (t) denotes the external time-dependent potential, Ĥ0 is the time-
independent unperturbed Hamiltonian with known eigenstates and eigenval-
ues. In most spectroscopic experiments, the laser field is weak in comparison
with the intramolecular fields why the response properties can be computed
within the framework of perturbation theory. In the general case, the external
potential V̂ (t) can be expanded in a Fourier series as

V ω
α = ∑

ω

V̂ ω
α F̂ω

α e−iωteεt (3.31)

where F̂ω
α is the Fourier amplitude of the electric field along a particular Carte-

sian axis α , operator V̂ ω
α describes the interaction between the monochromatic
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electromagnetic wave with frequency ω and the electrons in the molecular sys-
tem. The parameter ε is a small positive number that ensures the slow switch-
on of the perturbing potential as t→ 0, where we assume that observation time
started at t=−∞ and continue up to the time t=0. We treat the system states at
times close to t=0. Parameter eεt is close to 1 at time t=0 (time of the obser-
vation) and ensures that system remained in the ground state for sufficiently
long time in order that the memory about the perturbation switch-on process
has been lost. The summation includes both positive and negative frequencies,
and the requirement of a real-valued perturbation corresponds to [F−ω

α ]∗ = Fω
α

and V̂−ω
α = V̂ ω

α .
The time-dependent molecular response property is connected with the ex-

pectation value of the time-dependent observable of some operator Ω̂. As the
perturbing potential is small, the perturbed wave function can be expanded to
arbitrary order as

|ψ(t)〉= |ψ(0)(t)〉+ |ψ(1)(t)〉+ |ψ(2)(t)〉+ |ψ(3)(t)〉 . . . (3.32)

where the wave function |ψ(t)〉 is assumed to be normalized at all times. Using
this wave function expansion, the expectation value of the observable Ω̂ can
be written in orders of the perturbation as

〈ψ(t)|Ω̂|ψ(t)〉 = 〈ψ(0)(t)|Ω̂|ψ(0)(t)〉 (3.33)

+ 〈ψ(1)(t)|Ω̂|ψ(0)(t)〉+ 〈ψ(0)(t)|Ω̂|ψ(1)(t)〉
+ 〈ψ(2)(t)|Ω̂|ψ(0)(t)〉+ 〈ψ(1)(t)|Ω̂|ψ(1)(t)〉+ 〈ψ(2)(t)|Ω̂|ψ(0)(t)〉
+ . . .

By the use of the explicit form of the external potential from equation 3.31,
the previous expression for the expectation value 3.33 may be rewritten on the
form

〈ψ(t)|Ω̂|ψ(t)〉 = 〈ψ0(t)|Ω̂|ψ0(t)〉 (3.34)

+ ∑
ω1,α

〈〈Ω̂;V̂ ω1
α 〉〉Fω1

α e−iω1teεt

+
1
2 ∑

ω1,ω2,α,β

〈〈Ω̂;V̂ α
ω1
,V̂ β

ω2〉〉F
ω1

α Fω2
β

e−i(ω1+ω2)te2εt

+ . . .

where the explicit expressions for the zero, first and second order properties
are given. The term 〈〈Ω̂;V̂ ω1

α 〉〉 corresponding to the first-order properties is
called the linear response function and contains all linear contributions to the
expectation value of operator Ω̂ with respect to the applied electromagnetic
field. The term 〈〈Ω̂;V̂ α

ω1
,V̂ β

ω2〉〉 includes all first-order non-linear terms.
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Using standard perturbation theory [80], the linear response function 〈〈Ω̂;V̂ ω
α 〉〉

can be obtained in explicit form

〈〈Ω̂;V̂ ω
α 〉〉=−

1
h̄ ∑

n
(
〈0|Ω̂|n〉〈n|V̂ ω

α |0〉
ωn0−ω− iε

+
〈0|V̂ ω

α |n〉〈n|Ω̂|0〉
ωn0 +ω + iε

) (3.35)

In the limit of slow onset of the perturbation when ε→ 0, the last term in both
denominators will vanish. However, such a response function will diverge
when the exciting frequency approaches one of the resonant frequencies ω →
ωn0.

3.4.2 Damped response theory

As mentioned in the previous subsection, the response function in equation
3.35 is diverging when the external laser frequency approaches one of the res-
onant frequencies ωn0 which is not the case in real applications. The reason
for this is neglect of the finite lifetime of the excited states in the theoretical
approach. In reality, in the absence of intramolecular interactions and exter-
nal fields, the excited states have finite lifetimes due to spontaneous relaxation
to lower states. In the presence of intramolecular interaction, the lifetime be-
comes shorter as the system can relax via additional relaxation channels (radia-
tive or non-radiative relaxation). The external perturbative field can affect the
population of ground and excited states due to absorption and stimulated emis-
sion processes. Taking into account all these relaxation processes results in
that the population of the excited states will be small why perturbative theory
may still be used to derive the formula for the response function also including
relaxation.

A suitable approach for inclusion of the relaxation effects and finite life-
time is the density matrix formalism. In quantum mechanics, the density ma-
trix operator is defined according to the formula

ρ̂ = ∑
s

p(s)|ψs(t)〉〈ψs(t)| (3.36)

where index s runs over the statistical ensemble, p(s) denotes the probability
to find the molecular system in state |ψs(t)〉. Each possible wave function
in the ensemble may be expanded using eigenfunctions of the unperturbed
Hamiltonian Ĥ0

|ψs(t)〉= ∑
n

cs
n|n〉 (3.37)

Using the previous expansion, the density matrix elements in the basis of un-
perturbed eigenfunctions can be written on the form

ρmn = ∑
s

p(s)cs
mcs∗

n (3.38)
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where cs
m are the expansion coefficients. For simplicity, we consider ensembles

that are characterized by a single wave function, i.e. pure ensembles. The time
evolution of the density matrix operator is governed by the Liouville equation

∂ ρ̂

∂ t
=

1
ih̄
[Ĥ, ρ̂] (3.39)

where Ĥ is the time-dependent Hamiltonian. The Liouville equation can be
used for incorporation of the relaxation effects, which can be easily achieved
by adding the damping term to the equation

∂ρmn

∂ t
=

1
ih̄
[Ĥ, ρ̂]mn− γmn(ρmn−ρ

eq
mn) (3.40)

where γmn corresponds to the relaxation rate at which ρmn decays to its equilib-
rium value ρ

eq
mn. Since we want to estimate response functions for the electronic

structure, we may assume that thermal electronic excitations are negligible.
Due to this, the equilibrium state is the ground state and ρ

eq
mn = δn0δm0. Diag-

onal elements of the damping matrix γnn determine the average lifetime of the
particular excited state and this lifetime τn is given by

τn =
1

γnn
(3.41)

We may simply denote this excited state decay rate as γnn =Γn. Since the decay
rates for states n and m are Γn and Γm and we examine the pure ensemble, we
may conclude that the off-diagonal elements of the damping matrix should
have the following dependence on time

|ρmn(t)|= |cm(t)c∗n(t)|= |cm(0)c∗n(0)|e−
(Γn+Γm)t

2

or that the off-diagonal elements of the damping matrix are

γmn =
(Γn +Γm)

2
(3.42)

The damped Liouville equation 3.40 can be solved using perturbation theory
and an expansion of the density matrix to arbitrary order

ρmn(t) = ρ
0
mn +ρ

1
mn +ρ

2
mn + . . . (3.43)

with the zero order value obtained from the ground state, i.e. ρ0
mn = δn0δm0.

Since the unperturbed part of the total Hamiltonian in equation 3.30 yields the
contribution

[Ĥ0,ρ]mn = h̄ωmnρmn (3.44)
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the solution of equation 3.40 for order N is derived by straightforward integra-
tion as

ρ
(N)
mn = e−(iωmn+γmn)t

∫ t

−∞

1
ih̄
[V̂ , ρ̂(N−1)]e(iωmn+γmn)t ′dt ′ (3.45)

Inserting the explicit form of the perturbative potential 3.31 in equation 3.45
and performing the time integration, we may derive the first-order response in
the density matrix

ρ
(1)
mn =

1
ih̄ ∑

ω

[V̂ ω

β
,ρ(0)]mnFω

β

iωmn− iω + γmn + ε
e−iωteεt = (3.46)

1
ih̄ ∑

ω

[
〈m|V̂ ω

β
|0〉δn0

iωm0− iω + γm0 + ε
−

〈0|V̂ ω

β
|n〉δm0

−iωn0− iω + γn0 + ε

]
Fω

β
e−iωeεt

In the density matrix formalism the expectation value of an observable Ω̂ is
defined as the trace of the following matrix

〈Ω〉= Tr(ρ̂Ω̂) (3.47)

Using this definition, the first order correction to the expectation value of an
operator Ω̂ can be expressed as

〈Ω̂〉(1) = Tr(ρ1
Ω̂) = ∑

mn
ρ
(1)
mn Ωnm =

−1
h̄ ∑

n

[
〈0|Ω̂|n〉〈n|V̂ ω

β
|0〉

ωn0−ω− iγn0− iε
+
〈0|V̂ ω

β
|n〉〈n|Ω̂|0〉

ωn0 +ω + iγn0 + iε

]
Fω

β
e−iωteεt (3.48)

Comparing the obtained expression in 3.48 with the definition of the response
function in 3.34, we can write the expression for the linear response function

〈〈Ω̂;V̂ ω

β
〉〉=−1

h̄ ∑
n

[
〈0|Ω̂|n〉〈n|V̂ ω

β
|0〉

ωn0−ω− iγn0− iε
+
〈0|V̂ ω

β
|n〉〈n|Ω̂|0〉

ωn0 +ω + iγn0 + iε

]
(3.49)

Some simplifications of this expression are possible. Approaching the limit
ε −→ 0, we may eliminate the parameter ε from both denominators. Addi-
tionally, we can make the assumption that all excited states have the same
average lifetime and replace all parameters γn0 by one common value γ . After
such transformations, the final expression for the linear response function can
be written on the form

〈〈Ω̂;V̂ ω

β
〉〉=−1

h̄ ∑
n
(
〈0|Ω̂|n〉〈n|V̂ ω

β
|0〉

ωn0−ω− iγ
+
〈0|V̂ ω

β
|n〉〈n|Ω̂|0〉

ωn0 +ω + iγ
) (3.50)
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If light-matter interaction is described in the dipole approximation, the po-
tential V̂ ω

β
is the dipole operator −µ̂β . Letting Ω̂ = µ̂α and V̂ ω

β
= −µ̂β and

substituting these values in 3.50, we can get an expression for the complex
polarizability ααβ (−ω;ω)

ααβ (−ω;ω) =
1
h̄ ∑

n

(
〈0|µ̂α |n〉〈n|µ̂β |0〉

ωn0−ω− iγ
+
〈0|µ̂β |n〉〈n|µ̂α |0〉

ωn0 +ω + iγ

)
(3.51)

The complex polarizability can be decomposed into a real and an imaginary
part as

ααβ (−ω;ω) = α
R
αβ

(−ω;ω)+ iα I
αβ

(−ω;ω) (3.52)

The real part of the electronic polarizability is connected to the refractive in-
dex, while the imaginary part describes the linear absorption process. The
linear absorption cross section [81] is equal to (in atomic units)

σ(ω) =
4πω

c ∑
β=x,y,z

α
I
ββ

(ω;−ω) (3.53)

where c is the speed of light and α I denotes the imaginary part of electronic
polarizability 3.52.

The computation of an absorption spectrum is reduced to evaluating the
complex polarizability in equation 3.51. The equation for electronic polariz-
ability is in principle exact and valid for exact unperturbed excited states. The
expression to determine the complex polarizability is transformed into differ-
ent forms of matrix equations if approximate electronic structure theories are
used.

3.4.3 Approximate response theory

The previous theory has been derived under the assumption that the exact states
of the unperturbed hamiltonian Ĥ0 are known. However, in real calculations
this is not true. In that case we only have access to the variationally determined
ground state wave function. In case of KS-DFT theory, the ground state wave
function is given by the Slater determinant constructed from one-electron KS
orbitals. In order to calculate the linear response function, the general time-
dependent wave function is parameterized as a phase-isolated single Slater de-
terminant

|ψ(t)〉= eik̂(t)|0〉 (3.54)

where the Hermitian operator k̂(t) is given by the formula

k̂(t) =
unocc

∑
s

occ

∑
i
(ksi(t)â†

s âi + k∗si(t)â
†
i âs) (3.55)
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and â†
s , âi are the annihilation and creation operators, and the ksi(t) are un-

known functions of time. The time-dependent expectation value for some ob-
servable Ω̂ is expressed as

〈ψ(t)|Ω̂|ψ(t)〉= 〈0|e−ik̂(t)
Ω̂eik̂(t)|0〉 (3.56)

Based on such an assumption and by using the Ehrenfest theorem, the matrix
equation to determine the linear response function can be obtained. The de-
tailed description of the full derivation process can be found elsewhere[82; 83],
while here only the final equation is shown

〈〈Ω̂;V̂ ω〉〉=−Ω̄
†(E− h̄ωS

)−1V̄ ω (3.57)

In the above equation E refers to the electronic Hessian, S is the overlap matrix,
V̄ ω and Ω̄ are the property gradients. Direct calculation of the inverse matrix
in equation 3.57 is the most time-consuming part and it is usually replaced by
finding the solution to the response equation(

E− h̄ωS
)
X̄(ω) = V̄ ω (3.58)

Here the response vector X̄(ω) is unknown and should be determined. The
explicit form of the Hessian matrix is written according to the expression

E =

(
A B
B∗ A∗

)
(3.59)

where the elements of matrix the A are obtained as

Asi,t j = 〈0s
i |Ĥ0|0t

j〉−〈0|Ĥ0|0〉δstδi j (3.60)

and for the B matrix

Bsi,t j =−〈0st
i j|Ĥ0|0〉(1−δi j)(1−δst) (3.61)

Where the indices i, j refer to the occupied and s, t to the unoccupied orbitals.
The overlap matrix S and property gradient V̄ ω matrices are expressed as

S =

(
1 0
0 −1

)
V̄ ω =

(
〈0|[â†

s âi,V̂ ω ]|0〉
〈0|[â†

i âs,V̂ ω ]|0〉

)
(3.62)

The damped counterpart of equation 3.57 is obtained by substituting the real
frequency ω by its complex value ω −→ z = ω + iγ .

The damped equation 3.57 with complex frequency may be solved using
the iterative subspace algorithm, which gives the ability to get solutions for
arbitrary frequencies and without restrictions on the excitation channels. De-
tailed descriptions of the iterative subspace algorithm can be found elsewhere
[84; 85].
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3.5 Semi-classical approximation to the Kramers-Heisenberg
formula

The electron excitations are also accompanied by simultaneous vibrational ex-
citations. This can be understood in the Franck-Condon picture, which as-
sumes that nuclei positions are frozen during electron excitation process. In
case of water and other hydrogen-bonded systems, the potential energy sur-
face (PES) along the internal OH bonds in the core-hole state are significantly
different compared to the PES in the ground state [86]. This leads to excita-
tions of vibrational states in the core-hole electronic states. As the 1s oxygen
core-hole lifetime is around 4 fs, the radiative emission transition may occur
during this wide time interval and the initial geometry will be modified by the
vibrational motion. This model consideration shows that dynamical aspects
affect the XES spectrum profile. Importance of the dynamical effects in water
XES spectrum is supported by the large isotope effect influencing the shape
of the 1b1 peak in the D2O XES spectrum in comparison with the H2O spec-
trum. A similar isotope effect is also observed in case of liquid methanol in
the lone-pair emission region at non-resonant excitation [87].

The most rigorous and theoretically justified approach to take the core-
induced dynamics and vibrational interference effects into account is to use
the Kramers-Heisenberg (KH) formula [88; 89]:

σ(ω,ω ′)∼∑
f

∣∣∣∣∑
n

〈 f |D′|n〉〈n |D| i〉
ω ′−En f + iγ

∣∣∣∣2 Φ(ω−ω
′−E f i,Γ) (3.63)

where ω,ω ′ and D′, D are the frequency and dipole operators of the incoming
(unprimed) and the emitted photon (primed). En f = En−E f is the energy dif-
ference between intermediate and final states, index i denotes the initial state,
γ is the lifetime broadening parameter and Φ is the instrumental broadening
function with the FWHM Γ.

The direct application of the Kramers-Heisenberg formula requires knowl-
edge of the full range of vibrational eigenstates belonging to each electronic
state which is practically possible to obtain only for systems with a few vibra-
tional degrees of freedom. In order to treat larger systems, the semi-classical
approximation to the KH formula (SCKH) has been developed by M. Ljung-
berg and coworkers [90] by transforming the KH formula from frequency to
time domain and treating the nuclei as classical particles, while electrons are
still described quantum mechanically.
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3.5.1 Kramers-Heisenberg formula for non-resonant excitations

The derivation of the SCKH approximation is based on ref. [90; 91] and ob-
tained for non-resonant excitation i.e. when the core electron is excited to the
continuum. In this case, we may write the wave functions for intermediate and
final states as |n〉= |n′〉|εn〉 and | f 〉= | f ′〉|ε f 〉 where the primed wave function
denotes the remaining ion states while |ε〉 is the wave function of the emitted
electron labeled according to the electron energy. Using this notation, the state
energies are rewritten as En = En′ + εn and E f = E f ′ + ε f , while the sum over
states becomes ∑n = ∑n′

∫
dεn and ∑ f = ∑ f ′

∫
dε f . With such notations, the

KH formula 3.63 can be rewritten as

σ(ω,ω ′)∼∑
f ′

∫
dε f

∣∣∣∣∣∑n′
∫

dεn

〈
ε f | 〈 f ′|D′|n′〉|εn

〉
〈εn| 〈n′ |D| i〉

ω ′−En′ f ′− εn + ε f + iγ

∣∣∣∣∣
2

(3.64)

Φ(ω−ω
′−E f ′i− ε f ,Γ)

The transition dipole operator can be written on the form D = DN−1 +Dpe

where DN−1 corresponds to the remaining ion while Dpe comes from the out-
going photoelectron. Using this partition of the dipole operator, the transition
dipole moment can be transformed as

〈ε f |〈 f ′|DN−1 +Dpe|n′〉|εn〉= 〈ε f |εn〉〈 f ′|DN−1|n′〉+ 〈ε f |Dpe|εn〉〈 f ′|n′〉(3.65)

≈ δ (ε f − εn)〈 f ′|DN−1|n′〉

where the assumption has been made that there are no transitions for the pho-
toelectron and the last term in 3.65 can be neglected. After putting expression
3.65 into equation 3.64 and subsequently integrating over εn, the dependence
on εn is removed due to the presence of the δ -function δ (ε f − εn)

σ(ω,ω ′)∼∑
f ′

∫
dε f

∣∣∣∣∣∑n′
〈

f ′|D′N−1

∣∣n′〉〈ε f | 〈n′ |D| i〉
ω ′−En′ f ′+ iγ

∣∣∣∣∣
2

Φ(ω−ω
′−E f ′i− ε f ,Γ)

(3.66)

For further simplification, the assumption that the transition dipole matrix ele-
ment between intermediate and initial state is independent of the state |ε f 〉 of
the outgoing photoelectron can be made. Under such assumption, the integral
over dε f in 3.66 is just over the broadening function, which gives a constant or
just 1 if the broadening function is normalized. For the resulting KH formula,
the following expression may be written

σ(ω ′)∼∑
f

∣∣∣∣∑
n

〈 f |D′|n〉〈n |D| i〉
ω ′−En f + iγ

∣∣∣∣2 (3.67)
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where all the primes were omitted for the final and intermediate states that refer
to the molecular ion. This approximation is applicable when the intermediate
state is core ionized and the interaction with ejected photoelectron and the
remaining ion core can be neglected.

3.5.2 Kramers-Heisenberg formula for non-resonant excitations in the
time domain

The dipole operator D describing the interaction between photon and electrons
of a molecule can be written as

D = ep ∑
i

ri (3.68)

where ep is the polarization vector of emitted or incoming photons and the
sum runs over all electronic coordinates. If the BO approximation is valid, the
total wave function can be written as a product of an electronic wave function
(parametrically dependent on the nuclear coordinates) and the nuclear wave
function

|i〉= |I〉|iI〉 (3.69)

In the last term of this expression, the |I〉 denotes the electronic state, while |iI〉
denotes the vibrational state belonging to the corresponding electronic state.
Using the wave function partition in 3.69, the dipole operator between inter-
mediate and final state may be written as

〈 fF |〈F |D|N〉nN〉= 〈 fF |DFN |nN〉

where DFN is the dipole matrix elements between two electronic states. With
this notation, the KH formula for the non-resonant case is re-written on the
form

σ(ω ′)∼∑
F

∑
fF

∣∣∣∣∣∑nN

〈 fF |D′FN |nN〉〈nN |DNI| iI〉
ω ′−EnN fF + iγ

∣∣∣∣∣
2

(3.70)

where the existence of only one intermediate state is assumed. EnN fF is the
transition energy between states fF and nN (including the electronic energy).

The KH formula in 3.70 is written in the frequency domain, which is not an
appropriate form to evaluate based on classical molecular dynamics for nuclear
degrees of freedom. In order to do this we should transfer the formula 3.70
to the time domain, which can be done via a Fourier transformation of the
denominator according to the relation

1
ω ′−EnN fF + iγ

=−i
∫

∞

0
dte−iEnN fF t−γteiω ′t (3.71)
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If we introduce the vibrational Hamiltonian ĤN = 〈N|Ĥ|N〉 for the BO PES
of the electronic state N (the same is valid for state F) and use the relations
e−iEnN t |nN〉 = e−iĤNt |nN〉 and 〈 fF |eiE fF t = 〈 fF |eiĤF t , the KH formula for the
non-resonant case in 3.70 may be transformed to:

σ(ω ′)∼∑
F

∑
fF

∣∣∣∣∣−i
∫

∞

0
dt ∑

nN

〈 fF |D′FN |nN〉〈nN |DNI|iI〉e−iE fF nN t−γteiω ′t

∣∣∣∣∣
2

=

∑
F

∑
fF

∣∣∣∣∣−i
∫

∞

0
dt ∑

nN

〈 fF |eiĤF tD′FNe−iĤNt |nN〉〈nN |DNI|iI〉e−γteiω ′t

∣∣∣∣∣
2

(3.72)

Expanding the square and using the resolution of the identity in order to re-
move the sum over intermediate and final vibrational states, equation 3.72 can
be transformed to:

σ(ω ′)∼∑
F

∫
∞

0

∫
∞

0
dtdt ′e−γ(t+t ′)eiω ′(t−t ′)

〈iI
∣∣∣DINeiĤNt ′D′NFe−iĤF t ′eiĤF tD′FNe−iĤNtDNI

∣∣∣ iI〉
(3.73)

This can be re-written as

σ(ω ′)∼∑
F
〈iI|D̃†

F(ω
′)D̃F(ω

′)|iI〉= Tr(∑
F

D̃†
F(ω

′)D̃F(ω
′)ρ̂) (3.74)

with ρ̂ being the density matrix of the system and where D̃F(ω
′) is defined as:

D̃F(ω
′) =

∫
∞

0
dteiĤF tD′FNe−iĤNtDINe−γte−iω ′t (3.75)

3.5.3 Semiclassical approximation

The explicit definition of D̃F(ω
′) in equation 3.75 can be used to derive the

semiclassical approximation to the KH formula. However, this definition in-
cludes the time evolution on both the intermediate and final state PES. To avoid
this we should rewrite the final state time evolution operator on the form

eiHF t = ei
∫

∞

0 [HF (τ)−HN(τ)]dτ

− eiHNt (3.76)

where the negative time-ordered exponent of a Hermitian operator A is defined
according to the formula[92]

ei
∫ t

0 A(τ)dτ

− = 1+
∞

∑
n=1

(i)n
∫ t

0
dτn

∫
τn

0
dτn−1 . . .

∫
τ2

0
dτ1A(τ1)A(τ2) . . .A(τn−1)A(τn)

(3.77)
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and the Hamiltonian operator is written in Heisenberg representation

HF(t)−HN(t) = e−iHN(t)(HF −HN)eiHNt

Using the time-ordered exponent and the expression for the time-dependent
dipole matrix element DFN(t) in the Heisenberg representation with

DFN(t) = eiHNtDFNe−iHNt (3.78)

we can rewrite the expression for D̃F(ω
′) as

D̃F(ω
′)∼

∫
∞

0
dtei

∫ t
0(HF (τ)−HN(τ))dτ

− eiHNtD′FNe−iHNtDINe−γteiω ′t = (3.79)∫
∞

0
dtei

∫ t
0(HF (τ)−HN(τ))dτ

− D′FN(t)DIN(0)e−γteiω ′t

Equation 3.79 is formally exact and no approximation has been introduced.
However, we move to the semi-classical approximation, which assumes that
the time evolution will be treated classically while evaluation of the electronic
properties will be represented quantum-mechanically. This means that the
trace in equation 3.74 is replaced by a sum over classical MD trajectories,
which are evaluated on the intermediate PES with initial conditions derived
from a zero-point energy ground state distribution. The time-ordered exponent
is replaced by the ordinary exponent where Hamiltonians are also replaced by
the instantaneous intermediate and final state energies computed at each MD
time step. Taking into account these approximations, we arrive at the final
formulas to compute the emission cross-sections

σ(ω ′)∼ ∑
ntra j

∑
F

∣∣D̃class
F (ω ′)

∣∣2 (3.80)

D̃class
F =

∫
∞

0
dtei

∫ t
0 [EF (τ)−EN(τ)]dtD′FN(t)DIN(0)e−γteiω ′t (3.81)

In this work, formula 3.80 has been used in the calculations of non-resonant
spectra of liquid methanol and water.
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4. Structure Simulation

4.1 Local order parameters

When different H-bonded local structures are compared, some numerical order
parameters are needed in order to distinguish the different structures. In the
case of water, a large number of different geometrical order parameters have
been suggested: angular q[93] and radial Sk[94] tetrahedral order parameters,
local structure index (LSI) [95], local density parameter ρ and asphericity of
the Voronoi cell[96].

4.1.1 Local Structure Index

Among this variety of structural parameters, the LSI is the most simple and
more suitable parameter to describe the difference between ordered and dis-
ordered local environments in liquid water. The definition of the LSI is quite
simple and can be quickly evaluated for a particular molecule in the MD sim-
ulation box. The definition of the LSI can be made as follows. If the distances
between the central water molecule and the nearest neighbor are sorted in an
ascending order where r1 < r2 < · · · < ri < ri+1 < · · · < rn < 3.7 < rn+1, the
LSI is defined as:

LSI =
1
n

n

∑
i=1

(∆(i)− ∆̄)2 (4.1)

where ∆(i) = ri+1− ri and ∆̄ is the average value of ∆(i).
The LSI measures the extent of separation between the first and second hy-

dration shells in water. In the case of tetrahedrally coordinated water molecules,
the difference ∆(i)− ∆̄ in equation 4.1 demonstrates large variations as the
molecules are well ordered in the first and second hydration shell without
interstitial molecules in between which leads to high LSI values. For the
molecules in an asymmetrically distorted local H-bond environment, the differ-
ences between nearest neighbors ∆(i)− ∆̄ will be small as there are interstitial
molecules in the gap between the first and second hydration shells.

The LSI parameter exhibits a bimodal distribution [97] between high and
low LSI species only for the inherent structure, which is generated by quench-
ing to the nearest potential local minimum by removing the thermal excita-
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Figure 4.1: Schematic local ordering for water molecules with high and low
LSIs. Panel A - a molecule with large LSI value (0.3), panel B - a molecule with
small LSI values (0.003). In both case the targeted molecule is highlighted.

tions. As, it was shown in [97], high and low LSI species are equivalent
to LDL and HDL water. When temperature is included in simulations, the
LSI distribution becomes unimodal with no clear separation between LDL and
HDL local structures.

4.1.2 Tetrahedrality Q parameter

Another alternative order parameter which can be used for such purposes is
the orientational tetrahedrality parameter Q [93]. In the case of the LSI, the
definition of the Q parameter is based only on the oxygen-oxygen radial posi-
tions. The orientational tetrahedrality parameter Q is defined according to the
formula

Q = 1− 1
8

3

∑
j=1

4

∑
k= j+1

(cos(ψ jk)+1)2 (4.2)

where ψ jk is the angle defined by the lines, which join the oxygen atom in a
particular molecule and the oxygens belonging to its nearest neighbors j and k
( j,k 6 4).

If the water molecule is situated in the center of a perfect tetrahedron,
cosψ jk = −1

3 and the corresponding Q value should be equal to 1 (like in
perfect hexagonal ice). If the mutual molecule arrangement is random, like in
the gas phase, the mean value of Q vanishes resulting in an average Q = 0. In
the case of liquid water, where molecules have both tetrahedral and asymmetric
local environments, Q lies in the range between 0 and 1.
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4.2 H-bond cone criterion

The definition of the LSI and Q parameters is based only on the oxygen posi-
tions. So that the given Q and LSI values really do not reflect any information
about the presence or absence of H-bonds. From previous studies[9; 10] it has
been observed that the XAS water spectrum is sensitive to the number of do-
nated H-bonds. On the other hand, the 1b1 peak in the non-resonant XES water
spectrum should be sensitive to the properties of the 1b1 lone-pair electronic
orbital, which obviously is affected by the presence of accepting H-bonds. If
we want to classify water structures based on XAS and XES data, we also need
a second parameter responsible for the counting of H-bond numbers and being
able to distinguish water molecules which are differently H-bond coordinated.
There are a few definitions of when two water molecules are treated as H-

Figure 4.2: Illustration of the oxygen-oxygen distance rOO and angle θ used in
the cone criterion definition of H-bonding.

bonded, but probably the most convenient definition for X-ray spectroscopy is
the geometrical cone criterion, originally developed by Wernet et al. [9] based
on XAS spectroscopy data. The H-bond cone criterion is purely geometrical,
where the two water molecules are treated as bonded when the oxygen-oxygen
distance rOO is less than the computed threshold

rOO < rmax−0.00044∗θ
2 (4.3)

where θ is the angle between the internal OH bond and the outer oxygen-
oxygen distance. The parameter rmax defines the strength and directionality of
the H-bonds. rmax corresponds to the maximum length of H-bonds, when angle
θ is equal to zero. Changing the rmax allows us to select the water molecule
with desired strength of H-bonds from the simulation.
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4.3 SpecSwap-RMC

The Reverse Monte Carlo (RMC) algorithm suggested by MCGreevy and Pusz-
tai [98] has been used for over 20 years to model geometrical structure in ac-
cordance with available experimental data or some additional geometrical con-
straints. The idea of the RMC approach is quite simple. If the starting model
geometry structure is generated, a trial move can be made by moving one par-
ticle in a random direction, for simplicity we may denote such a change in all
atomic coordinates as ∆r. For this new configuration we calculate the updated
value of the modeled property fc(r+∆r). fc(r) can be any structure property
which depends on geometrical coordinates and may be evaluated sufficiently
fast when a trial spatial configuration is probed. For both configurations the
error function χ2

0 (r) is calculated based on the expression

χ
2
0 (r) = ∑

i

( fc,i(r)− fr,i

σi

)2
(4.4)

where fr is the experimentally measured counterpart to the modeled property
fc and the sum is taken over all available data points. σi is the weight in the
error function of a particular point i, and in most cases it can be set equal to the
experimental uncertainty. The acceptance criterion for the difference between
two error functions ∆χ2

0 = χ2
0 (r+∆r)−χ2

0 (r) is written in the form

accept i f rnd[0,1]≤ e−∆χ2
0

re ject i f rnd[0,1]> e−∆χ2
0 (4.5)

where rnd[0,1] is a random number between 0 or 1. Particularly, this means
that the new configurations with ∆χ2

0 < 0, i.e. when the fit is improved, are
always accepted. If the configuration is accepted, it replaces the old one and
a new trial move generated from the new configuration will be probed, other-
wise a new random move from the previous configuration will be evaluated.
The computer program can perform such trial movements until the error func-
tion begins to oscillate around some converged value χ2

0 . The outcome of the
RMC simulation is a range of geometrical structures which fit in the best way
the available experimental data fr. In principle, the RMC technique may be
extended to model a few experimental properties at the same time.

The RMC approach is limited to simulating data which can be computed
on-the-fly. But in the case of X-ray or vibrational spectroscopies the calcula-
tion of each property for each trial move requires time-consuming quantum-
chemical calculations. This makes impossible the direct application of the
RMC approach, as each trial move needs hours or days of computer time. In
order to overcome this disadvantage, the SpecSwap-RMC approach[99; 100]
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has been developed, where the continuous phase space is replaced by a discrete
set of configurations, for which all properties have been computed before the
RMC run. A short description of SpecSwap-RMC, based on the reference[99],
will be given in the next section.

4.3.1 SpecSwap-RMC

In the SpecSwap-RMC approach, before the actual Monte-Carlo simulation
is run, a large library of different structures is created for which all relevant
properties are pre-computed and stored. This library L with NL elements plays
the role of a discrete basis which is used to sample the available phase space.
The structures for the library may be derived from conventional RMC or MD
simulations and should represent a sufficiently good sampling of the phase
space of the investigated system. For each structure in the library, all properties
should be calculated beforehand and the resulting data are stored in the library.
This approach eliminates time-consuming calculations for the trial probe like
in the ordinary RMC method. Briefly the SpecSwap-RMC algorithm can be
summarized as follow:

• Select the trial subset of structures B with M elements, M << NL, where
NL is the library size.

• Compute the error function χ2
P as

χ
2
P =

M

∑
i=1

(Pi(B)−R)2

σ2

where Pi(B) is the pre-computed property of the structure i ∈ B, R is
the reference value for a particular property ( it can be the some exper-
imental data or some constraints to be applied ), σ is the weight which
defines the contribution of the particular property to the error function.
If the experimental data are modeled, this value can be simply set up
to the experimental uncertainty. If we fit more than one property, the

total error function χ2
tot is defined as a sum

Pk

∑
i

χ2
Pi

of error functions χ2
Pi

computed for each property Pi.

• Replace one randomly selected structure n ∈ B by a randomly selected
structure m from the library, n 6= m.

• Compute the new error function χ2
new. If χ2

new < χ2
P, the replacement is

always accepted and the new set Bnew replaces the old one B.
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• If χ2
new > χ2

P, then the replacement is accepted if

rnd[0,1]< e−[χ
2
new−χ2

P] (4.6)

where rnd[0,1] is a random number between 0 and 1. Otherwise the
replacement is rejected.

• The result of the simulation is weights wi, where each wi defines how
often the library element i appears in B. The SpecSwap-RMC simulation
is stopped when the generated weights converge.

The obtained weights are used to calculate the weighted and unweighted prop-
erties according to the expressions:

Pw =
1

NL

NL

∑
i

Piwi

Punw =
1

NL

NL

∑
i

Pi (4.7)

Comparison of the weighted and unweighted properties can reveal which struc-
tures are important to reproduce the data and subsequently also uses to reweight
other properties in a simulation.
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5. Summary of main results

This chapter is devoted to the summary of the main results derived from the
papers included in the thesis. The chapter is divided into three parts. In the
first part, we discuss the calibration calculations of the X-ray absorption spec-
trum using the transition potential DFT approach and the response theory with
different electronic structure methods performed for water and ice structures.
These results are presented in Paper I and II (water and ice).

The second part is devoted to the non-resonant XES spectrum simulation
performed for the static structures without the inclusion of dynamical effects.
These results are presented in Paper III, where the 1b1 peak splitting in the
XES spectrum has been attributed to the two structure classes - tetrahedrally
coordinated, LDL like, water molecules and HDL like water molecules in dis-
torted asymmetric environment. The 1b1 peak splitting is enhanced, when an
additional constraint concerning the H-bond lengths is applied.

In the third section, we discuss the influence of dynamical effects on sim-
ulated XES spectra of the liquid water and methanol. The dynamics is incor-
porated in the XES spectrum simulation via the SCKH formula discussed in
the theoretical section.The SCKH approach has been applied to simulate the
non-resonant O 1s XES spectrum of liquid methanol (Paper IV) and liquid wa-
ter (Paper V). In both these H-bonded systems, the SCKH approach is able
to reproduce the splitting of the lone-pair emission peaks and in the case of
methanol the effect of the replacement of the OH group by OD, resulting in
the capture of the redistribution of intensity between the lone-pair peaks.

5.1 Simulation of XAS liquid water spectrum

The interpretation of the XAS spectrum of water is well established. The
XAS water spectrum is usually divided into three main parts - pre, main and
post edges. The pre-edge is a sharp peak located at 535 eV, while the main-
edge has intense spectrum features located at 537 eV. Broad and smeared out
spectrum features at 541 eV form the post-edge. The pre-edge is associated
with water molecules with broken or weakened H-bonds [9; 16; 59; 101–103],
while the post-edge spectrum features belong to tetrahedrally coordinated wa-
ter molecules with four intact H-bonds [16; 59; 102; 103]. The main-edge
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feature also corresponds to water molecules with broken H-bonds, but they are
also sensitive to the distortion of the second hydration shell[10; 104].

During the last decade, many theoretical approaches have been applied
in order to simulate the XAS spectrum of water and ice, such as the static
exchange (STEX) [105], the Bethe-Salpeter equation in different approxima-
tions [106; 107], the excited-state-core hole approach (XCH) [108], the tran-
sition potential approach [56]. But none of them can reproduce XAS water
spectrum correctly in all spectrum regions (pre, main and post edge). There
are two possible reasons for this: the deficiency in the structures that are used
in spectral simulations or the imperfection of ab-inito XAS simulation tech-
niques used to obtain the model water spectrum. On the other hand, the ability
to accurately calculate the XAS spectrum is crucial for finding the relationship
between spectrum features and the underlying structures.

Water is a disordered system which means that in order to get a reli-
able XAS spectrum, a large number of spectrum contributions from differ-
ent local environments should be summed up. On the other hand the clus-
ter size should be sufficiently large to correctly capture properties of spa-
tially extended electronic excited states. This implies that the used theoreti-
cal methods should be computationally inexpensive and accurate at the same
time. Particularly interesting from this point of view is the TP-DFT approach
which has been used many times to simulate the XAS spectrum of water and
ice[9; 59; 101; 109; 110]. The TP-DFT approach gives ice-like XAS spectrum
for water and this information was enough to draw a conclusion about the re-
lationship between the spectrum and the structures. Another approach is the
response theory coupled with KS-DFT (CPP-DFT) which demonstrates good
performance in the case of small molecules. In Paper I the relative perfor-
mances of these two approaches (TP-DFT and CPP-DFT) has been evaluated
using small water clusters and also for the summed spectrum which modeled
bulk water. As a benchmark we used the experimental spectrum for bulk and
gas phases or theoretical spectra for small water clusters obtained with re-
sponse theory and the CCSD electronic structure method.

5.1.1 XAS spectra of small water clusters

In the calibration calculations, the TP-DFT approach utilized the gradient cor-
rected PBE-PBE exchange correlation functional[34], while response theory
in combination with DFT for electronic structure used the CAM-B3LYP [44]
functional with modified parameters (α = 0.19, β = 0.81, µ = 0.33). The
basis sets were the same for all theoretical approaches.

Before the we move to the bulk liquid water, the relative performance of
the TP-DFT and CPP-DFT approaches had been evaluated on small water clus-
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ters, since in that case the additional issues concerning the cluster size, finding
appropriate basis set, etc are avoided.

The theoretical spectra which are calculated with TP-DFT, CPP-DFT and
response theory with the CC electronic structure method for gas phase water,
are shown in figure 5.1. Results for the water dimer are presented in figure 5.2,
while trimer water spectra are shown in figure 5.3.

The monomer water spectra have been computed using two augmentation
basis sets - 6s6p6d and 19s19p19d which give similar spectrum features for
all computational approaches. The obtained spectra have been aligned with
respect to the first experimental absorption peak, where the applied shift is re-
ported in eV. Although the CCSD method should be the most sensitive to the
basis set size, in the case of the water monomer, this approach demonstrates
a small basis set sensitivity in terms of relative intensities and energies. As
we may see from figure 5.1, the response CCSD spectrum demonstrates the
best agreement with experiment with respect to the relative spectrum features,
followed by TP-DFT and then CPP-DFT. The CC2 implementation [111] of
the coupled cluster response theory reproduces well the relative intensities and
peak position of 4a1 and 2b2 peaks but generates a compressed spectrum and
does not reproduce correctly the high energy data. In addition the CC2 spec-
trum intensities are smaller than those obtained by other methods. This is con-
sistent with previous studies [112; 113], but the exact reason for this behavior
of the absolute intensities is currently unknown.

In terms of absolute energetics the most accurate result belongs to the
TP-DFT approach, where the disagreement with the experimental spectrum
is around 0.42 eV. This can be explained by using the semi-empirical CEBE
correction, which corrects the basis set incompleteness and relativistic effects.
The shift values are the same for both augmentation basis sets as these basis
sets are used only in the spectrum calculations and do not participate in gener-
ating the electron density. The largest error in absolute energetics is observed
in the case of CPP-DFT (around 15 eV), which is linked with the approximate
nature of the exchange-correlation functional resulting in the self-interaction
error. In the case of CC response spectra the deviation in absolute energet-
ics is equal to -1.36 eV for the CCSD approach and the 19s19p19d basis set
and -0.15 eV for the CC2 approach and the 19s19p19d augmentation basis set.
The reason why the more approximate CC2 method gives better absolute en-
ergies than the more accurate CCSD approach is due to the error cancellation
between the approximation treatment of the double excitations and neglecting
the connected triples for CC2[112]. In terms of the relative peak positions, all
approaches (TP-DFT, CPP-DFT, CCSD ) give good agreement with the exper-
imental spectrum, with the largest discrepancy at around 0.17 eV for the 4a1
and 2b2 peaks at the CPP-DFT level of theory. For the first Rydberg 2b1 state,
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2b2
2b1

Figure 5.1: X-ray absorption spectra calculated for a free water molecule using
TP-DFT, CPP-DFT compared with the experimental water spectrum[114] and
theoretical spectra obtained with damped linear response theory at the CC2 and
CCSD levels of theory.
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the CPP-DFT agreement with the experiment is reduced with a deviation of
0.44 eV compared to the experimental reference spectrum. On the other hand,
the TP-DFT and response CCSD approach demonstrate almost perfect agree-
ment in terms of the 4a1, 2b2 and 2b1 peak positions. A detailed comparison
of calculated transition energies and oscillator strengths can be found in Table
1 in Paper I.

The obtained spectra do not intend to reproduce the experimental data
and have been calculated only for performance testing between different ap-
proaches and only for equilibrium geometry without taking into account the
zero-point vibrational effects resulting in too sharp 4a1 and 2b2 absorption
peaks corresponding to the anti-bonding molecular orbitals. For these absorp-
tion peaks, the transition energies should be strongly dependent on the initial
geometry given by the zero-point vibrational distribution which introduces ad-
ditional broadening. In ref. [59] the theoretical TP-DFT absorption spectrum
for the gas phase water has been calculated as a weighted sum of over 8000
spectrum contributions obtained for vibrationally distorted geometries result-
ing in the correct broadening of the 4a1 and 2b2 states.

In liquid water, water molecules with different H-bonded local environ-
ment contribute to different parts of the absorption spectrum. Due to this, the
chosen theoretical techniques should also be tested using small water clusters
(dimer and trimers), where the targeted water molecule is placed in a prede-
fined H-bond coordination. The XAS spectra were calculated for the water
dimer (for both molecules) and water trimers for the double-donor, double-
acceptor and single donor/single acceptor configurations. In all small clusters
the oxygen-oxygen distances were adjusted to 2.8 Å which corresponds to the
first peak in the O-O RDF of liquid water. In the case of trimers the angle be-
tween the two lines connecting the central and solute oxygens was set close to
the tetrahedral or 1800. The cluster geometries were optimized under such ad-
ditional constraints. Since for these model structures the experimental spectra
are not accessible, the CC response spectra have been used as a benchmark.

The resulting spectra for the water dimers are presented in figure 5.2. The
theoretical absorption spectra have been calculated for each water molecule
in a dimer and have been aligned with respect to the first peak of the CCSD
spectrum via applying the corresponding energy shift (in eV). Due to the large
calculation expenses related to the CPP-CC approach, the dimer spectra have
been calculated using a smaller 6s6p6d augmentation basis set. In addition, in
the case of the TP-DFT approach, the spectra with inclusion of three explicitly
relaxed Slater transition states have been added (it has been done via replace-
ment of the TP transition energies by the orbital energy differences between the
1s core and the unoccupied orbitals obtained from optimized Slater transition
states (ST), when one-half of the excited electron is saved at an unoccupied
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orbital).
In the case of accepting molecules (left panel at figure 5.2), the absorp-

tion spectrum is similar to the free water molecule. This can be understood
in a one-electron picture. In the case of the free water molecule the occupied
orbitals are strongly polarized towards the oxygen atom due to the large differ-
ence in eletronegativity between oxygen and hydrogen. The molecular orbitals
are orthogonal which leads to the polarization of the lowest unoccupied or-
bitals towards the hydrogens. In the case of the dimer accepting molecule the
hybridization of these states is not affected by the presence of the accepted H-
bond and should be similar to the monomer orbitals. In the case of the TP-DFT
approach, the first two low-lying peaks demonstrate good agreement with the
CCSD spectrum in terms of relative positions and intensities, although the fine
structure details appear at lower energies in comparison to the CCSD reference.
The inclusion of the low-lying ST states in the TP-DFT spectrum improves the
relative energy position of the second peak and combines the third and forth
spectrum features in one peak appearing at higher energies. The CPP-DFT
approach generates a spectrum with improved relative energy positions of the
first two peaks, but with underestimated intensities and fine structure features
appearing at lower energies in comparison with the CCSD reference spectrum.
The CPP-CC2 spectrum shows smaller absolute intensities for the overall spec-
trum and similar problems as in the case of the monomer - the first two peaks
are well reproduced, but with disagreement in fine structure positions and in-
tensities. Also, all methods generate an intense broad peak at higher energies
with a relative position similar for all approaches used.

In the case of the H-bond donating molecule (right panel at figure 5.2), the
absorption spectra were substantially changed and differed greatly in compari-
son with the free water molecule spectrum. The intensity of the two low-energy
absorption peaks is decreased while the intensity in the post-edge region is in-
creased. Such spectrum changes may be explained by the hybridization of the
unoccupied orbitals under the presence of the donated H-bond. When the do-
nated H-bond is formed, the lowest unoccupied orbitals are localized on the
uncoordinated OH bond via 4a1− 2b2 orbital mixing, while the rest of the
states are localized on the coordinated OH bond and simultaneously shifted to
the post-edge position[103]. The CPP-DFT approach resembles the reference
CCSD spectrum although the second and third peaks are shifted to lower en-
ergies compared to the CCSD reference, while the most intense band at the
post-edge position appears at approximately the same position as in the CCSD
spectrum. At the same time, the intensity of the first CPP-DFT peak is under-
estimated in comparison with CCSD. TP-DFT demonstrates qualitative agree-
ment with the CCSD reference - the second peak appears at a lower relative
energy, while the post-edge features are located at lower energies with over-
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Figure 5.2: XAS spectra of water dimer calculated for both water molecules.
Theoretical spectra have been obtained using TP-DFT together with damped lin-
ear response theory using DFT, CC2 and CCSD electronic structure methods.
TP-DFT spectra were calculated using half-core hole potential (red) and using
fully variationally relaxed states for the first three low-lying transitions (black).

estimated intensities compared to the CCSD reference. The CC2 spectrum
demonstrates similar problems as in the case of the water monomer - general
intensity underestimation and compression of all spectrum features. We also
may note general decreasing of spectrum onsets for all the methods in com-
parison with the H-bond accepting molecule. The donated spectra are shifted
towards lower energies by 0.61, 0.61, 0.67 and 0.46 eV for TP-DFT, CPP-DFT,
CC2 and CCSD respectively. This finding is consistent with ref.[103], where
the spectra of small water clusters have been studied at the TP-DFT level ot
theory.

Computed trimer spectra are shown in figure 5.3. Due to problems in the
CCSD implementation, the trimer spectra have been evaluated based on CC2
reference spectra. For comparison, only the first two transitions have been cal-
culated at the CCSD level of theory and only for the acceptor-acceptor trimer
case. The TP-DFT trimer spectra have been obtained with direct inclusion of
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the first six explicitly relaxed Slater transition states. The absorption spectra
calculated for the acceptor-acceptor trimer (figure 5.3, top panel) are similar
for the acceptor dimer and monomer cases and all theoretical approaches give
perfect agreement in the positions of the first two peaks in comparison with
the CCSD reference (figure 5.3, top panel, dashed gray line). For this case,
the CPP-DFT and TP-DFT approaches generate very similar spectrum shape
with a disagreement in the relative positions of high energy spectrum features.
CC2 gives similar acceptor-acceptor spectrum in comparison with previous
approaches, but with underestimated intensities and compressed high energy
features. In the case of donor-acceptor trimer (middle panel at figure 5.3), the
agreement between the used theoretical methods is reduced although the effect
of H-bond donation is properly captured and the spectrum features are similar
for the donating dimer case. In the case of the donor-donor trimer, the dis-
agreement is further increased, although the TP-DFT and CPP-DFT demon-
strate similar spectrum shape and relative peak positions, especially for the
spectrum features in the post-edge region.

As a preliminary observation, we may say that the TP-3DFT method gen-
erates spectrum with higher intensities for molecules having donated H-bonds,
as donor molecule in dimer, donor-acceptor and donor-donor trimers, for tran-
sitions contributing to the post-edge region. In liquid water, most part of the
molecules is in single donor (corresponding molecules in asymmetrically dis-
torted H-bond environment with one broken donated H-bond ) or double donor
(corresponding to tetrahedrally coordinated water molecules with two intact
donated H-bonds) local configurations, it is expected that the TP-DFT ap-
proach generates an ice-like spectrum with the main intensity contribution to
the post-edge region.

5.1.2 XAS spectrum of liquid water

Liquid water is a disordered system, which means that in order to calculate
adequate XAS spectrum large numbers of local spectrum contributions should
be summed up together. When such summation is performed, it is important
to ensure the common absolute energy scale for each spectrum.

In the TP-DFT method this is done via ∆-KS and CEBE corrections. In
the case of CPP-DFT the obtained core-excitation energies are greatly un-
derestimated [45; 46]. This discrepancy in core transition energies is due
to the self-interaction error that is connected with the approximate exchange
within exchange-correlation functionals [41; 115]. This underestimation value
is roughly constant across different excitations, involving a particular core or-
bital. In the case of water, the O 1s ground state orbital is very spatially con-
fined and insensitive to the surrounding local H-bond situation meaning that
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Figure 5.3: XAS spectra of water trimers calculated using the TP-DFT approach
and linear damped response theory with DFT, CCSD (only for acceptor-acceptor
trimer) and CC2 electronic structure methods.

the correct energy scale may be achieved by using a general constant shift for
all the summed spectra in order to match the experimental reference.

The water XAS spectrum is formed by the transition from an O 1s core or-
bital to bound and unbound delocalized excited states. If a local Gaussian basis
set is employed, only a discrete sampling of continuum states, contributing to
the post-edge spectrum region in water and ice, is possible to obtain even with
the use of the extended augmentation basis set. In this case the encountered
problem is how to convert the obtained set of discrete oscillator strengths into a
smooth experimental cross-section. The most theoretically justified approach
is to use the Stieltjes imaging technique to convert discrete transition ener-
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gies ωk and oscillator strengths fk [116] into a continuum cross-section. But
this method requires the calculated ionization potential which makes it unable
be used in the case of the condensed system, where the ionization potential
can not be simply defined. Another pragmatic approach to convert discrete
data into continuous cross section is to use a broadening scheme where each
transition is convoluted by a Gaussian or Lorentzian curve with a broaden-
ing parameter which linearly depends on the transition energies. The viability
of the broadening approach in combination with an extended local Gaussian
basis has been demonstrated in ref.[59] for the TP-DFT XAS spectrum of a
single water molecule. It was shown that with a very extended localized Gaus-
sian basis set distributed not only on the oxygen but also over 9 fictitious sites
the absorption cross section was quite well reproduced in agreement with the
experiment for energies up to 20 eV beyond the O 1s absorption edge. In
addition to that work, an additional comparison has been performed between
TP-DFT summed ice spectra calculated for 174 different ice clusters with 39
water molecules obtained with localized Gaussian basis set and a full unit cell
containing 192 molecules using plane-wave basis and periodic boundary con-
ditions. The shapes of the obtained spectra were almost identical, supporting
the assumption that the extended localized Gaussian basis set is able to de-
scribe well the continuum excited states contributing to the post-edge. Based
on these results the augmentation basis set 19s19p19d was employed on core-
excited oxygen in order to improve the sampling of the continuum states.

Before moving to the comparison of the summed spectra, an investigation
has been performed for one structure XAS spectrum in order to study the ba-
sis set effects and the convergence of both approaches in terms of cluster size.
The selected structure is characterized by an LSI value equal to 0.005 which
assumes that the central core excited molecule is located in a disordered envi-
ronment. The dependence of the XAS spectrum on variation of the number of
closest water molecules described by triple-ζ (TZ) basis set is shown in fig-
ure 5.4, left panel. In this study there are 96 water molecules in the cluster
while the number of nearby TZ water molecules was varied from 0 to 31. The
rest of the molecules in the cluster have been described using a double-ζ basis
set (DZ). Both the TP-DFT and CPP-DFT approaches are shown to be almost
insensitive to the number of TZ molecules, with small deviations mainly lo-
cated at the post-edge region. Both methods give the pre-edge features with
approximately the same intensity, but the remaining part of the spectrum is
significantly different. The CPP-DFT spectrum demonstrates an intense and
pronounced main-edge, while in the TP-DFT spectrum the most intensity is
located in the post-edge region. This observation is consistent with small wa-
ter clusters, where the TP-DFT usually gives spectra with overestimated post-
edge. For the rest of XAS water and ice calculations the six closest water
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Figure 5.4: XAS spectra of single water cluster calculated with TP-DFT and
CPP-DFT methods. Left column - changing number of water molecules with
triple-ζ (TZ) and double-ζ (DZ) basis set in a cluster with 96 molecules. Right
panel - varying the size of the water cluster using the TZ basis for the six closest
neighbors to the core-excited molecule and DZ basis for the rest. In all cases the
core-excited oxygen was described using the IGLO-III+19s19p19d basis set.

molecules to the central one were described using the TZ basis set, while for
the remaining molecules in the cluster the DZ basis set has been utilized. A
more extended IGLO-III+19s19p19d basis was assigned to the oxygen in the
core-excited molecule in order to improve the sampling of continuum excited
states and description of the core. Such division ensures that the first hydra-
tion shell where H-bonds with the core-excited molecule are formed is well
described.

Effects of the cluster size on the spectra are shown in figure 5.4, right panel,
where the single structure spectra have been calculated with varying cluster
size. TP-DFT spectra are evaluated in comparison to the XAS spectrum com-
puted for a cluster with 170 molecules, while CPP-DFT spectra were bench-
marked against a 96 molecule cluster spectrum. Both approaches demonstrate
large fluctuations in spectral features converging to the spectrum of the largest
cluster size. Clearly, that 170 molecules in the case of TP-DFT and the 96
water molecules for CPP-DFT are not sufficient to converge spectrum features
in terms of a single structure.

When the summed spectrum is considered, it is possible to utilize much
smaller cluster sizes, because in this case possible errors are averaged and can-
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Figure 5.5: Summed XAS spectra calculated for 100 different structures. Top
panel - TP-DFT spectra obtained with ordinary TP-DFT (red line) or with inclu-
sion of first nine fully relaxed core-excited states (black line). Middle panel -
CPP-DFT spectrum, bottom panel - reference experimental XAS water spectrum
[59].

celed out. Since in realistic calculations the summed spectrum is computed for
further comparison with the experimental counterpart, the assessment between
CPP-DFT and TP-DFT has been performed in terms of averaged spectra. The
summed XAS spectrum was calculated as a sum of 100 single spectrum con-
tributions obtained for 100 randomly selected water clusters. The cluster size
was restricted to 32 water molecules. Although such a cluster size is not suffi-
cient to get convergence in terms of a single spectrum, it has been shown in ref.
[59] that the ice summed spectrum is converged with cluster size equal to 39
molecules in comparison to a periodic unit cell calculation with 192 molecules
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inside and a plane wave basis set. The comparison between the summed ab-
sorption spectra computed with TP-DFT and CPP-DFT is shown in figure 5.5.
The average LSI for the 100 selected structures was equal to 0.03, indicating
that core-excited molecules are located in an asymmetrically disordered lo-
cal environment with interstitial water molecules present between the first and
the second hydration shells. This implies that the summed absorption spec-
trum should be characterized by sharp pre-edge and most intense main-edge
in comparison with the full spectrum. The CPP-DFT XAS spectrum demon-
strates a good agreement with the experiment showing sharp and well resolved
pre-edge, most intense main-edge and decreased post-edge region. All spec-
trum features give qualitatively correct relative intensities and energies relative
their experimental counterparts. But the obtained pre-edge is broader than the
experimental result and there is also a dip in the intensity distribution between
the main and the post-edge. The disagreement in the pre-edge may be ex-
plained by shifted onset of spectrum features due to the small utilized cluster
size. As shown in figure 5.4, the position of the pre-edge feature may vary
by a few tenths of eV depending on the used cluster size and this effect can
broaden the pre-edge of the summed spectrum. The intensity dip between the
main and the post-edge may be explained by the constant life-time broadening
γ (see equation 3.51) used in the current CPP-DFT implementation for both
localized and delocalized excited states or small cluster size. In the case of
TP-DFT the summed absorption spectrum is characterized by a very broad
and smeared out peak covering the experimental main and post-edge features
and very smeared out pre-edge which can not be fully resolved (figure 5.5, top
panel, red line). The inclusion of nine ST transitions in the TP-DFT spectrum
(figure 5.5, top panel, black line) slightly improves the shape of the pre-edge
feature, shifting it to smaller energies. However this still is not in satisfactory
agreement with the experiment.

5.2 XAS spectrum simulations of hexagonal ice

Although the CPP-DFT approach has been calibrated against small water clus-
ters and model liquid water structures, there are still some unresolved issues.
The most important problem lies in the fact that the true local water struc-
tures are still undefined. The summed CPP-DFT XAS water spectrum demon-
strated good agreement with experiments, but there are some discrepancies in
the spectrum shape, such as the too broad pre-edge and the dip in intensity
between the main and post-edge. This may be related to the current CPP-DFT
method implementation, a possible inappropriate basis set, pure statistics or
uncertainties in the used model structures. A natural way to resolve the struc-
ture uncertainty and the statistics issues is to calibrate the CPP-DFT approach
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against hexagonal ice, where the structure uncertainty is much reduced com-
pared with liquid water. Besides, due to the more ordered structure of the
crystalline phase, the spectrum convergence may be achieved with a smaller
number of separate spectrum contributions.

Ice XAS calibration calculations with the CPP-DFT technique have been
done in Paper II. The crystalline structure of hexagonal ice (Ih) is well estab-
lished. The oxygen atoms in ice Ih are ordered in a spatial hexagonal lattice,
where each oxygen is H-bonded to four closest neighbors, which are located
at the corners of an almost perfect tetrahedron. The shortest O-O distance in
such lattice is equal to 2.75 Å, while the intra-molecular bond angles are close
to the 104.90 [117]. The possible hydrogen positions can be found by satisfy-
ing the Bernal-Fowler ice rules, which state that in hexagonal ice each oxygen
is covalently bonded to the two closest hydrogen atoms and that between two
oxygen atoms, only one hydrogen atom is allowed to be. According to the ice
rules, for a given oxygen configuration, there are several possible ways to ar-
range hydrogens, with approximately the same potential energy, which results
in zero-point entropy [118]. These ice rules also introduce the ice structure
uncertainty which is often called "proton disorder" and which should be taken
into account when the XAS ice spectrum is calculated.

Before calculating the absorption spectrum for different ice models, the
effects of different basis sets placed on core-excited oxygen have been inves-
tigated (see figure 1 in Paper II). Only basis sets on the core-excited oxygen
were varied, since for a significant transition probability the overlap with the
very localized 1s O orbital is required. This overlap becomes significantly
smaller for basis functions centered on other oxygen atoms. Basis set ef-
fects have been studied using summed ice spectrum computed for 47 different
structures derived from PIMD SPC/E simulations [59], which are then com-
pared with the experimental ice spectrum registered in Scanning Transmission
X-ray Microscopy (STXM) mode at T=232 K for a thin ice sample placed
between Si3N4 windows [14]. The basis sets used for the description of the
core-excited oxygen, were IGLO-III and different Dunning correlation consis-
tent basis sets [119], augmented by additional sets of diffuse functions (7s7p,
19s19p and 19s19p19d). It was shown that the IGLO-III+19s19p19d basis
set gives the most balanced description of the main and post-edge regions, re-
moving the discrete artificial peaks in the post-edge. Further, this basis was
employed for simulation of the XAS spectrum of the different theoretical ice
models.
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5.2.1 XAS spectra of different theoretical ice models

In all the used ice models, the covalent OH distance distribution was adjusted
in order to coincide with the quantum distance distribution derived from the
zero-point vibrational wave function of a quantum harmonic oscillator with a
frequency of 3300 cm−1. This frequency corresponds to the maximum of the
OH stretch vibrational band in the IR ice spectrum.

The structures used to calculate the XAS spectrum in figure 5.6, panel A
were derived from an ice cell with 768 molecules [120]. In this cell, oxy-
gens were arranged at perfectly hexagonal lattice points, while the protons
were distributed according to the ice rules and with the additional constraint
that the total cell dipole moment is minimal. The geometrical parameters are
ROO = 2.76 Å and θ = 104.5◦. The perfect oxygen positions are reflected in
the very sharp peaks in the corresponding radial distribution function shown
in figure 5.7. The corresponding summed XAS spectrum is characterized by a
very intense and sharp post-edge, a very sharp and pronounced main-edge and
a weak pre-edge. Although these features, namely pre, main and post edges,
can be identified in the theoretical spectrum, the agreement with the experi-
mental spectrum is rather poor, with a dip between the main and the post edge
intensity, absent in the experimental spectrum.

The second investigated hexagonal ice model was obtained using the GenIce
code [121], which was designed to generate various types of water ices. This
ice model introduces additional disorder in the O-O distances, which can be
seen in the smeared-out peaks of the O-O RDF (see figure 5.7, panel B). The
resulting absorption spectrum (figure 5.6, panel B) is similar to ice with perfect
lattice, but the post-edge decreases in intensity and becomes broader. The dip
between the main and the post-edge is still present and the overall agreement
with experiment is still not satisfactory.

The third ice model has been obtained using PIMD trajectories employing
the SPC/E water force field. This model introduced additional O-O disorder
resulting in much broader peaks in the O-O RDF, in particular around 4-6 Å
(figure 5.7) in comparison with previous ice models. The simulated XAS ab-
sorption spectrum is shown in figure 5.6, panel C). The obtained theoretical
spectrum is characterized by a much broader and decreased post-edge in com-
parison with the previous two models and a reduced dip between the main and
the post-edge. Although a clear improvement of spectrum quality is seen by
introducing additional O-O disorder, the agreement between experimental and
simulated spectra is far from perfect.

The fourth and last ice model investigated, has been obtained using the
Empirical Potential Structure Refinement (EPSR) procedure, which generated
ice structures compatible with neutron diffraction data measured at T=258 K.
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Figure 5.6: Summed CPP-DFT ice spectra (red curves) computed for different
ice models: panel A - perfect ice lattice, panel B - GenIce structures, panel C
- PIMD SPC/E, panel D - EPSR model. The experimental STXM absorption
spectrum (black curve) reported in every panel has been taken from ref. [14]

A detailed description of the EPSR approach and ice simulation conditions
can be found elsewhere [122]. The obtained ice structure was very disordered
in terms of O-O distances and with non-negligible probability to find water
molecules in interstitial position between the first and second hydration shell
(figure 5.7, panel D). The resulting theoretical spectrum is shown in figure 5.6,
panel D. It is characterized by a sharp pre-edge, an intense main-edge and a
quite weak post-edge. Globally, the shape of the total spectrum is much closer
to the water absorption spectrum than to ice. Such spectrum behavior is fully
consistent with a non-zero probability of finding water molecules between the
first and second hydration shells at distances around 3-4 Å, which is the char-
acteristic signature of more closed-packed HDL-like structures, with broken
and weakened H-bonds. In general, this model gives the worst agreement with
experiment of the four structural models indicating too large extent of O-O
distance disorder.

None of the investigated ice models with various extent of O-O distance
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Figure 5.7: Oxygen-Oxygen radial distribution functions calculated for the sam-
pled structures (red line) and full model (blue lines). Panel A - perfect ice lattice,
panel B - GenIce cell, panel C - PIMD SPC/E, panel D - EPSR ice model.

.

disorder, does produce a XAS spectrum of ice with an acceptable agreement
with the experiment. One explanation for this, is that the CPP-DFT approach
is not accurate enough. However, this method has been very successful in re-
producing the absorption spectrum of molecular systems for which the exact
geometrical structures are known [123]. This prompts another possible expla-
nation, that none of our model ice structures corresponds to the ice samples
used in experimental measurements.

5.2.2 SpecSwap modeling of measured ice structure

To support the statement that the ice samples used in the experiments are not
perfect hexagonal lattice and therefore that they may contain significant frac-
tions of defects or inclusions of amorphous ice, we performed a deep inspec-
tion of the available experimental ice spectra formally assigned to hexagonal
ice. Different experimental spectra are shown in figure 5.8. All spectra were
area normalized between 534 and 545 eV in order to facilitate the comparison.
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Although all spectra show qualitatively the same spectrum profile, they differ
significantly in the intensity ratio between the pre, main and post-edge.

The STXM ice spectrum recorded for a thin ice film at T=232 K (red line
in figure 5.8) has a small pre-edge, an intense main-edge and a dominating in
intensity post-edge, with a maximum at 540.7 eV. According to ref. [14], this
spectrum is attributed to an ice film which has inhomogeneous structure with
a large fraction of defects and grain boundaries.

The spectrum registered with the Secondary Electron Yield (SEY) detec-
tion mode for an ice film grown on BaF2 surface at T=144 K (black line in
figure 5.8), is characterized by a reduced pre-edge intensity compared to the
other shown experimental spectra, together with an enhanced and extended
post-edge with a maximum at 541 eV. Such spectrum changes are explained
by the fact that ice films grown on hydrophobic surfaces have fewer defects
and grain boundaries.

The SEY spectrum obtained for an ice film grown on Pt(111) at T=130 K
(blue line in figure 5.8) shows an increased pre-edge and a higher post-edge in
comparison with the previous cases. The post-edge maximum is also shifted
to lower energies and is located at 540.4 eV.

The SEY spectrum recorded for bulk ice at T=125 K (orange line in figure
5.8) shows intermediate pre-edge, reduced main-edge and the most intense and
sharp post-edge among the presented experimental spectra, with a maximum
at 540.5 eV.

Such significant variations among spectra imply that in each case the mea-
sured ice sample has different local spatial structure, with differences in the
fraction of grain boundaries, defects or impurities of amorphous ice. There is
also the possibility that the local structure of the investigated sample changes
during the interaction with the X-ray beam. The hypothesis about differences
in local structures is supported by the XAS spectra for different ice models
calculated in previous subsection, where it has been shown that the intensity
and the width of the post-edge depend on the level of oxygen-oxygen distance
disorder.

Since hexagonal ice is frequently used as benchmark system to test dif-
ferent theoretical approaches, it is important to determine which experimental
spectrum should be used as reference and to understand the connection be-
tween each experimental spectrum and the underlying local structure of the
sample. The latter issue can be resolved by using SpecSwap-RMC approach.
The key idea is to build a structure library which consists of all the ice struc-
tures given by the four different ice models, for which CPP-DFT XAS spectra
have been computed, and then perform SpecSwap-RMC fitting of all the XAS
experimental spectra using this library. The outcome of the XAS SpecSwap-
RMC fitting are the weights of each library structure element. These weights
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Figure 5.8: Experimental XAS ice spectra obtained with different experimental
techniques and sample preparation procedures. Black line - ice spectrum ob-
tained with Secondary Electron Yield (SEY) mode for a thin ice film grown on
a BaF2 surface [14], red line - ice spectrum registered in Scanning Transmission
X-ray Microscopy (STXM) detection mode for a thin ice film [14], blue line -
SEY ice spectrum recorded for an ice film grown on a Pt(111) surface [102],
orange line - SEY absorption spectrum of bulk ice [9].

can be used to calculate the weighted OO and OH radial distribution functions
(RDF), the Q parameter distribution and so on. The weighted properties are
defined according to equation 4.7. By comparing weighted and unweighted
RDFs, we can deduce which is the local order in the measured samples and
also evaluate the difference between measured samples and a perfect hexag-
onal ice lattice. In performing such simulations, we implicitly introduce the
assumption that CPP-DFT approach gives a reliable predicted spectrum for
each library structure.

The SpecSwap-RMC fitting results for the STXM spectrum and for SEY
ice spectrum obtained for the ice film on the BaF2 surface are shown in fig-
ure 5.9. Although the unweighted sum over the whole library (figure 5.9, top
panels, blue line) is far away from both references, the weighted XAS spectra
can reproduce the corresponding experimental references nearly perfectly. The
weighted OO RDF using the weights obtained in absorption spectrum fitting
are shown in the bottom panels, same figures. The maximum of the weighted
RDF based on the STXM experimental spectrum is located at 2.74 Å, while the
weighted RDF corresponding to the SEY spectrum of ice film on BaF2 surface
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Figure 5.9: SpecSwap fit of the STXM spectrum and for a SEY spectrum
recorded for an ice film on BaF2(111) surface. Column a, top panel - unweighted
library XAS spectrum (blue line) compared with weighted library spectrum (red
line) and reference STXM ice spectrum (black line), bottom panel - unweighted
library OO RDF (blue line) and weighted OO RDF (red line) with weights ob-
tained from SpecSwap XAS fitting of the corresponding reference spectrum. Col-
umn b - the same but using as reference an SEY spectrum measured for ice film
on Pt(111) surface.

has the maximum of the first peak at 2.67 Å.
The SpecSwap-RMC results obtained from the fitting of the SEY spectrum

for the ice film on Pt(111) and for bulk ice are shown in figure 5.10, top pan-
els. In the case of the SEY spectrum for the ice film on Pt(111), the weighted
library XAS spectrum can reproduce the experimental reference quite well,
while in case of the bulk ice spectrum, the weighted library spectrum can not
fit completely well the main and the post edge intensity, although a signifi-
cant intensity redistribution between those regions compared to the library is
observed. The weighted OO RDFs with weights extracted from the SpecSwap-
RMC absorption simulation, are shown in figure 5.10, bottom panels. For both
experimental reference spectra, the weighted OO RDFs are similar in shape
and have the first peak maximum located at 2.74 Å.
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Figure 5.10: SpecSwap fitting results for the bulk SEY ice spectrum (column a)
and SEY absorption spectrum measured for an ice film prepared on a Pt(111) sur-
face. Top panel - unweighted (blue line) and weighted (red line) library spectrum
plotted together with the corresponding experimental reference. Bottom panel -
weighted (red line) and unweighted (blue line) O-O RDF plotted with weights
obtained in the SpecSwap XAS fitting procedure.

In addition to the weighted OO RDFs, the weighted and unweighted dis-
tribution of the tetrahedrality Q-parameter has been investigated using the
weights derived from the SpecSwap-RMC fitting (figure 7 in Paper II). Simi-
lar to the OO RDF, the weighted Q-distributions do not show the single peak
around Q=1, as would be expected for perfect hexagonal ice, but instead they
show broad peaks in the 0.9-1.0 Q-interval. The maximum of these peaks
is correlated with the post-edge spectrum intensity, i.e. the ice spectra with
highest post-edge intensities (SEY spectra for bulk ice and ice film on Pt(111)
surface) have also highest maxima in the weighted Q-distribution. A similar
behavior is also observed in the case of the average weighted Q-values. The
calculated average Q-value is 0.9499 for the thin ice film spectrum on BaF2,
0.9571 for the STXM experimental ice spectrum, 0.9602 for the SEY spectrum
obtained for the ice film on Pt(111) and 0.9675 for the SEY bulk ice spectrum.

A similar behavior is also observed in case of the weighted OH RDF us-
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ing XAS SpecSwap weights (figure 8 in Paper II). Earlier it was shown that
the post-edge intensity is strongly dependent on the OH bond-distance dis-
tribution. The post-edge intensity goes down when the OH bond-distribution
becomes broader [59]. It was shown that the weighted OH RDF for experimen-
tal ice spectra with sharp and intense post-edge (SEY spectra for bulk ice and
ice film on Pt(111)) are characterized by a sharp first peak, while the OH RDF
for STXM and thin film on BaF2 ice spectra with smeared out and less intense
post-edge have a broader first peak which is shifted to shorter distances.

Based on this investigation, we conclude that the measured ice samples
in XAS experiments, are characterized by a large deviation from the perfect
hexagonal ice lattice and by a large level of O-O disorder. Possible sources
of defects may be some fraction of low-density amorphous ice or to structural
defects induced in the samples by the X-ray beam during the XAS measure-
ments.

5.3 Non-resonant XES water spectrum simulation without
dynamical effects

X-ray emission spectroscopy (XES) probes the structure of occupied molec-
ular orbitals, via radiative transitions between occupied valence states and a
core orbital, which, in the case of water, is the oxygen 1s. The XES technique
is complementary to XAS spectroscopy, which probes the structure of unoccu-
pied states when the absorption process occurs. If a core-excited electron goes
into the continuum and becomes delocalized, which corresponds to the exci-
tation into states above the ionization threshold, the corresponding emission
process is called non-resonant. In this case the interaction between the excited
electron and the remaining ion can be neglected and the theoretical descrip-
tion of the process is greatly simplified. In this thesis, only non-resonant water
XES will be considered.

The XES spectrum of a water molecule consists of three peaks, labeled in
accordance with the symmetry of the involved valence orbitals. The emission
peaks arise from transitions from the bonding 1b2, 3a1 and the non-bonding
1b1 valence orbitals to the empty oxygen 1s. Correspondingly the 1b1 peak
is sharp, while the 3a1 and 1b2 peaks are smeared out due to vibrational mo-
tion [17; 19]. In the case of the liquid water XES spectrum, the 1b1 non-
bonding peak splits in two sharp peaks, denoted as 1b′1 (low emission energy)
and 1b′′1 (high emission energy). Several explanations have been suggested
to explain the 1b1 split in liquid water. Fuchs et al. [18] suggested that the
low energy 1b′1 peak belongs to OH species obtained from ultrafast dissocia-
tion of water molecules, a process enhanced by the presence of intermolecular
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H-bonds. The high energy 1b′′1 peak is assigned to intact water molecules.
Another interpretation of the split is based on the existence of two structural
motifs in liquid water - high density liquid (HDL) and low density liquid
(LDL) [17; 19; 124; 125]. According to this interpretation, the low energy 1b′1
peak is connected to tetrahedrally coordinated water molecules (LDL), while
the high energy 1b′′1 peak belongs to water molecules in asymmetrically dis-
torted H-bond environments (HDL). This two-state interpretation is supported
by symmetry measurements [126], which showed that both peaks have the cor-
rect 1b1 symmetry, and it is consistent with X-ray photoelectron spectroscopy
(XPS), because both the 1s and the 1b1 photoelectron peaks are broad enough
to support two unresolved peaks [127]. The oxygen 1s core hole lifetime is 3.6
fs [128], while the typical time of H-bond re-arrangement is hundreds fs [13],
meaning that XES probes the instantaneous local H-bond water structure, al-
though the dynamical effects can not be neglected. Nonetheless, the main
effect of dynamics is the redistribution of the intensity in the emission spec-
trum, and not the creation of additional peaks, as it has been shown in XES
simulations of small water clusters [86; 124], liquid ethanol [129], methanol
(discussed in Paper IV) and bulk liquid water [130]. Based on such obser-
vations and with the aim to reproduce the splitting of the 1b1 peak in liquid
water, we performed a simulation, without including dynamical effects, using
two types of local structures - asymmetric and tetrahedrally coordinated water
molecules corresponding to HDL and LDL structure motifs.

Usually XES spectra of liquid water are simulated without connection to
XAS spectra and viceversa. But these two types of X-ray spectroscopy are
strictly linked with each other, since the final state in XAS is the initial state
in XES and both spectra have features connected with water molecules in dif-
ferent H-bonded environments. The correlation between XAS and XES and
their connection to different types of H-bond coordination, has been proven
experimentally via selective excitation in the pre and post-edge of the absorp-
tion spectrum [124; 131]. In this way we found out the relationship between
the features of XAS and XES spectra with the local H-bond coordination.

XES water spectra have been calculated based on the TD-DFT/TDA com-
putational approach, using clusters with 32 water molecules and with the BXLYP
functional, where the fraction of HF exchange X was set to 0.66. Absorption
spectra were obtained using the same calculation setup as described in pre-
vious sections. The investigated model structures have been extracted from
PIMD trajectories with the MB-pol force-field [132; 133] and from abinito
DFT PIMD simulations using the opt-PBE-vdW exchange-correlation func-
tional. In order to distinguish differently H-bonded molecules, two structural
criteria have been used: the first one is based on the value of the local struc-
ture index (LSI), which takes into account the oxygen coordination, the second
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one is based on the H-bond cone criterion, which takes into account the pres-
ence/absence of the H-bonds. A summary of this investigation, done in Paper
III, will be given in next subsection.

5.3.1 Sensitivity of 1b1 peak position to H-bond coordination

Firstly, the static XES spectra have been computed for randomly selected
MD snapshots from MB-pol and opt-PBE-vdW PIMD trajectories, in order
to check the 1b1 peak splitting for the average structure produced in the MD
simulation. The static XES spectra are shown in figure 1 of Paper III. Although
both snapshot XES spectra have a spectrum profile which agrees well with the
experimental reference, they do not show the splitting of the lone-pair emission
peak observed in experiments. We also observe the computed spectra sharper
than the experimental one due to the lack of the dynamics. But as it was shown
in previous studies [17; 19; 124; 129] inclusion of core-hole induced dynamics
in non-resonant XES spectrum simulations cannot generate extra peaks which
could explain the 1b1 peak splitting. This suggests that, for obtaining the de-
sired lone-pair 1b1 splitting, the structure sets used in the simulation should be
selected according to some structural criteria.

Experimentally, it has been shown that the 1b1 peak position depends on
the H-bond situation of the water molecule [17] and according to the two-state
model interpretation it should also be sensitive to the local O-O arrangement.
Due to these observations, we classify MD structures by the LSI local order
parameter and by the number of donated and accepted H-bonds to find the
correlation between these parameters and the 1b1 peak position. The LSI is
defined based on O-O distances between the central target molecule and its
nearest neighbors and gives a measure of the separation between the first and
the second hydration shells. Structures with a low value of the LSI parameter
correspond to HDL-like local environment, while high LSI values correspond
to LDL-like local environment [97]. The number of H-bonds is determined
through the cone criterion developed for XAS data [9]. Water clusters have
been ordered based on the LSI value and the number of accepted or donated
H-bonds in the upper panels of figure 5.11. The LSI cutoff value was set to 0.05
Å2 and the number of H-bonds cutoff value was chosen equal to 1.5. These
two cutoffs set the straight lines in the plots and divided the water clusters into
four different classes, labeled I, II, III and IV. For each class, the summed XES
spectrum has been calculated and plotted in the bottom panels of the same
figure. From the spectra, the dependence of the lone-pair 1b1 peak position on
the H-bond coordination and LSI is clearly seen.

If we look at the classification done with the number of donated H-bonds,
HDL-like structures with low LSI and one donated H-bond (class I) have the
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Figure 5.11: Classification based on number of H-bonds and LSI parameter.
Column a, top panel - subdivision of structures according to the LSI parameter
(cutoff=0.05) and number of donated H-bonds (cutoff=1.5), column a, bottom
panel - computed summed XES spectra for different structure classes defined in
the top panel. Column b - same plot but using the number of accepted H-bonds.
H-bonds are defined based on the cone criterion with rmax=2.9 Å. Number of
structures falling in each class is indicated in the figure legend.

1b1 peak at the highest energy. The 1b1 peak of tetrahedral LDL-like struc-
tures with high LSI and two well-defined donated H-bonds (class III) and of
the structures with low LSI and two donated H-bonds (class II) lies at lowest
energy. Structures with high LSI and one well defined donated H-bond (class
IV) have the 1b1 peak at intermediate position. When we look at the classifi-
cation done with the number of accepted H-bonds, the situation remains quite
similar. We see a larger separation between the 1b1 peaks for class I and class
III, while class II and class IV give peaks in between. Based on these results,
we can conclude that the number of H-bonds is more important than the LSI
parameter to determine the 1b1 peak position.

To support this conclusion, another subdivision has been performed based
on the total number of H-bonds irrespective of the LSI values. All struc-
tures were divided into four classes - 2D2A (two well defined donated and

75



accepted H-bonds), 2D1A (two donated and one accepted H-bonds), 1D2A
(one donated and two accepted H-bonds) and 1D1A (one donated and one
accepted H-bond). For each class, the summed XES spectrum has been calcu-
lated and plotted in figure 5.12 (H-bonds were defined based on cone criterion
with rmax = 2.9 Å but the same spectral distribution may be obtained for other
rmax between 3.0 Å and 3.2 Å). According to this subdivision, the 2D2A class
generates the 1b1 peak at the lowest energy, while the 1b1 peak with the high-
est emission energy belongs to the 1D1A class. Other two classes generate
lone-pair peaks in between these two extreme cases. The positions of the 1b2
peak (521.5 eV) and of the 3a1 (524.5 eV) are similar for all the classes, which
suggests to attribute the 1b1 peak splitting to the final state and consequently
to exclude its early interpretation in terms of initial state effect or core level
shift [124]. This explanation agrees with water XPS where the total width of
the 1b1 photoelectron peak is around 1.4 eV, enough to support the existence
of the two peaks observed in XES (the splitting value is ∼ 0.9 eV depend-
ing on the temperature) [127; 134; 135]. In XES, both the initial core-ionized
and the final valence-ionized states contain extra positive charge, meaning that
both states have approximately the same screening response from the neigh-
boring molecules, which is canceled out when the energy difference is taken.
Due to this, the 1b1 splitting is observed in emission spectrum. For XPS, the
initial state is the ground neutral state while the final state is the charged va-
lence ionized state. This implies different final screening response depending
on the environment, for tetrahedrally and asymmetrically coordinated water
molecules, resulting in the broad structureless 1b1 valence photoelectron peak.

Based on these theoretical calculations, we can conclude that the split-
ting of the lone-pair emission peak is sensitive to the total number of H-bonds
(donated and accepted), in contrast to the XAS spectrum which is strongly
dependent only on the presence of donated H-bonds. The dependence of the
emission lone-pair peak position on the H-bond number is sketched in figure
5.12 (right), using a qualitative energy level diagram and the corresponding
emission energies shown via the emission spectrum. The different final hole
levels are shown with 1s−1 corresponding to the initial core-hole state with
highest energy followed by 1b−1

2 , 3a−1
1 and 1b−1

1 valence hole states (listed in
descending energy order). From the electrostatic point of view, the creation
of a valence hole is equivalent to adding an extra positive charge to that or-
bital. In the case of the 1b−1

1 valence hole state, this extra charge will increase
the valence-hole state energy via interaction with the partial positive charge
on the OH group of neighboring molecules when accepting H-bonds. This in-
crease in energy of the valence hole state will grow with increasing number
of H-bonds. Thus, the 1b−1

1 state in gas phase will have the lowest energy (or
highest emission energy), while adding one, two, three or four H-bonds will
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Figure 5.12: Left column - classification based on number of H-bonds as double-
donor/double-acceptor (2D2A), double-donor/single-acceptor (2D/1A),single-
donor/double-acceptor (1D2A) and single-donor/single-acceptor (1D1A) , right
column - schematic illustration of core-hole and valence hole states involved in
the X-ray emission process.

stepwise increase the energy of the 1b−1
1 state, with the maximum correspond-

ing to hexagonal ice.

5.3.2 XES and XAS spectra of asymmetric and tetrahedral water struc-
tures

In the previous subsection the sensitivity of the emission 1b1 peak position to
the LSI values and H-bond coordination has been shown and the largest split-
ting was observed between class I and class III. Based on the interpretation of
the XAS spectrum, it is expected that these classes of structures should also
give specific contributions to the absorption spectrum. In this subsection the
comparison between XAS and XES spectra is performed for very asymmetric
and tetrahedral structure sets. The targeted molecule in tetrahedral structures
is characterized by the presence of two donated and two accepted H-bonds
calculated using the cone criterion with rmax=2.9 Å and a high LSI varying
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between 0.1 and 0.29 Å2. The targeted molecule in asymmetric structures has
one strong donated and one accepted H-bond and a low LSI varying between
0.001 and 0.012 Å2. The chosen structure parameters are based in figure 5.11
and the XAS interpretation. The spectra calculated for these two classes are
shown in figure 5.13, left panel. The XES spectra (upper panel) show a clear
split of the lone-pair emission peak, with a splitting value equal to 0.3 eV. The
high energy 1b1 peak is observed for the asymmetric structure set, while the
low energy 1b1 peak is obtained for tetrahedrally coordinated clusters. Corre-
sponding XAS spectra are shown in the bottom panel. Asymmetric structures
generate an absorption spectrum with a sharp and well defined pre-edge at
534-535 eV and a most intense main-edge at 537 eV, which is in nice cor-
relation with the XAS interpretation. The asymmetric post-edge intensity is
weaker than the corresponding feature in the tetrahedral spectrum, but it is still
sharp and with significant intensity indicating that a broader range of donated
H-bonds should be considered. The XAS spectrum of tetrahedral molecules is
characterized by low pre-edge and enhanced post-edge intensity at 541 eV in
comparison with asymmetric counterpart. This observation connects XES and
XAS spectroscopy structurally, as it has been done previously in experiments
via selective excitation into pre- and post-edge with subsequent emission spec-
trum registration, and it puts additional constraints on liquid water structure.

Although the 1b1 peak splitting is observed for asymmetric and tetrahe-
dral structures, the split value of 0.3 eV is too small in comparison to the ex-
perimental value of 0.9 eV. Since both the asymmetric and the tetrahedral 1b1
peaks are quite broad, it is possible to increase the splitting value by putting ad-
ditional structure constraints. In figure 5.13, right column, the XES spectra for
asymmetric and tetrahedral structures with additional constraints on H-bond
lengths are shown. Asymmetric clusters have one strong donated and one ac-
cepted H-bond, while tetrahedral structures are characterized by the presence
of two strong donated and two accepted H-bonds. The H-bonds were defined
through the cone criterion with rmax=2.9 Å, while the H-bond length is de-
fined as the distance between the oxygen atoms of two H-bonded molecules.
There is a clear dependence of the lone-pair peak position on H-bond length.
The largest splitting equal to 0.62 eV is observed for tetrahedrally coordinated
structures with short H-bonds (<2.68 Å) and asymmetric structures with elon-
gated H-bonds (> 2.8 Å). In addition, the corresponding XAS spectra have
been computed also for (i) the asymmetric set with long H-bonds, (ii) the tetra-
hedral set with short H-bonds, (iii) asymmetric structures with short H-bonds
and (iv) tetrahedral structures with long H-bonds, giving the smallest lone pair
splitting value 0.21 eV. The corresponding absorption spectra are shown in fig-
ure 5.14. The XAS spectrum for the asymmetric set with long H-bonds (left)
is characterized by a sharp, well-defined pre-edge, intense main-edge and de-
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Figure 5.13: Left column - XES (top panel) and XAS spectra (bottom panel)
calculated for very asymmetric (solid) and very tetrahedral (dashed ) water struc-
tures. Right column - XES spectra for asymmetric and tetrahedral structure sets
with additional restrictions on H-bond lengths defined as distance between oxy-
gens in H-bonded water molecules. Applied distance restrictions are indicated in
the figure.

creased post-edge intensity. The XAS spectrum obtained for tetrahedral struc-
tures with short H-bonds (left) has a negligible pre-edge and a very intense
and broad post-edge. The XAS spectrum for the asymmetric structures with
short bonds (right) has a smeared-out, but still well-defined, pre-edge and an
increased post-edge intensity, in comparison with the asymmetric long bond
case. Tetrahedrally coordinated structures with elongated H-bonds (right) are
characterized by an increased main-edge, with almost the same intensity of the
post-edge.

In real water the dominant structures cannot be the short bond asymmetric
and long bond tetrahedral ones, because the spectrum will be in contradiction
with experiments. In this situation, in fact, we show with our theoretical calcu-
lations that the dominant contribution to the main-edge would come from the
tetrahedrally coordinated structures, while in experiments the excitation to the
main-edge leads to the enhancement of the high energy 1b1 peak correspond-
ing to asymmetric structures.

The hypothesis that the tetrahedral species contribute to the short distance
side of the O-O peak in the water RDF, is supported not only by XAS/XES the-
oretical calculation but also by EXAFS measurements of liquid water [136],
which show an O-O RDF with a first peak at 2.7 Å and with a height of 3.2.
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Figure 5.14: XAS spectra computed for asymmetric and tetrahedral structure
sets with additional constraints on H-bond lengths. Left panel - tetrahedral struc-
tures with short bonds (<2.68 Å, blue) together with asymmetric structures hav-
ing long H-bonds (>2.8 Å, green), right panel - tetrahedral structures with long
bonds (>2.75 Å, blue) together with asymmetric structures characterized by short
bonds (<2.65 Å, green ).

The first peak of the EXAFS O-O RDF is shifted to shorter distances and
has a higher height with respect to the benchmark X-ray diffraction (XRD)
RDF [137], where the first peak is found at 2.80 Å with a height of 2.57. The
discrepancy between EXAFS and XRD pair correlation functions has been re-
solved in reference [100], where the SpecSwap-RMC method was used to do
a joint fit of the XRD O-O RDF and the corresponding computed EXAFS sig-
nal. The structure solution found with this method requires some fraction of
tetrahedral structures with very short and directional H-bonds. The observed
disagreement is explained by the different structure sensitivity of XRD and
EXAFS. XRD is sensitive to the O-O correlation and rather insensitive to the
presence of H-bonds. The EXAFS signal is enhanced by the presence of short
and directional H-bonds via the focusing effect of a positively charged hydro-
gen between emitting and scattering oxygen atoms. Due to the focusing effect,
the backscattering is greatly increased for such local environments, which is
enhanced further if the nearest neighbor molecules are well ordered. Accord-
ing to these observations, the found short H-bond distances below 2.7 Å in
tetrahedral structures are consistent with theoretical XAS/XES simulation and
also with XRD/EXAFS experimental measurements.

5.4 XES simulations including dynamical effects

Although the O core-hole lifetime of 3.6 fs is small in comparison with the
typical timescale of H-bond dynamics in water (100 fs), taking into account
the core-hole induced dynamical effects is very important for the prediction
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of the correct emission spectrum shape. The most theoretically correct proce-
dure to include dynamical effects in XES spectrum simulations, is to use the
Kramers-Heisenberg formula (KH). The KH equation is however applicable
only for systems with a small number of degrees of freedom, for the case of
large systems with many degrees of freedom a semi-classical approximation
to the KH formula (SCKH) has been developed.

In this section the results of SCKH applications to simulate the non-resonant
XES spectrum of liquid methanol and water will be presented. Methanol has
only one OH group per molecule and it is one of the simplest H-bonded liquid.
This situation greatly simplifies the theoretical considerations. Liquid water
and methanol have, nonetheless, some similar features in the emission spec-
trum, notably is the splitting of the emission peak corresponding to the HOMO
orbital (1b1 orbital for water and 2a′′ for methanol) in two components. Al-
though in the case of methanol the origin of the 2a′′ peak splitting is still under
debate, the influence of core-hole induced dynamics should be very important,
since a large intensity redistribution between 2a′′ peaks is observed when OH
is replaced by the OD radical. Liquid methanol is used as a simple test system
to calibrate the SCKH approach in simulating 2a′′ peak splitting. For liquid
water we investigated the dependence of the SCKH emission spectra on initial
structures taken from different structure classes.

Core-hole induced dynamics in case of liquid water and methanol has been
run using unrestricted KS-DFT theory with the PBE-PBE gradient corrected
exchange-correlation functional for a total time equal to 40 fs with a timestep
δ=0.25 fs, when the central molecule in the cluster has been core-ionized. The
cluster size was restricted to 17 molecules for methanol and 32 molecules for
water. The initial displacements and velocities for the H atoms of OH groups
have been evenly sampled from the ground state zero-point vibrational distri-
bution of the OH stretch mode of the central molecule in the cluster. The veloc-
ities of the remaining atoms have been set to zero. Each set of initial displace-
ments and velocities for H atoms, results in a separate core-hole trajectory.
This procedure generates a total of 8 core-hole trajectories per every initial
structure for methanol and 64 core-hole trajectories per every initial structure
for water, when 4 sampling points for velocities and 2 sampling points for dis-
placements are used. For each time step, the non-resonant emission energies
were evaluated using ground state orbital energy differences, while the corre-
sponding transition matrix elements were obtained as dipole matrix elements
with respect to the oxygen 1s and valence ground state orbitals.
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5.4.1 SCKH non-resonant emission spectrum of liquid methanol

Before showing the simulated emission spectrum of liquid methanol model
structures, we show the comparison between the SCKH approach and the full
quantum KH approach, using methanol dimers for a broad range of oxygen-
oxygen distances in the range 2.6 - 3.2 Å. Each SCKH dimer spectrum was
obtained via summing over 100 trajectories where the initial OH displacement
(10 points) and momenta (10 points) were evenly sampled using the ground
state vibration distribution of the OH vibrational mode. For the investigated
distance range, all the KH and SCKH spectra in the 2a′′ energy region perfectly
coincide (see figure 1 of Paper IV). Dimers with shorter distances give smeared
out and broad emission peaks, while dimers with longer distances generate
more sharp and narrow peaks. This implies that for strongly H-bonded dimers
with shorter distances, the dynamical effects become very important, while for
weakly H-bonded dimers with longer distances the averaged initial emission
spectra is already a reasonable approximation. This behavior can be explained
by the shape of the potential energy surface (PES). For short O-O bonding
distances, the PES is dissociative, without a local minimum close to the core-
excited oxygen, but with an energy minimum close to the accepting oxygen.
For longer O-O bonding distances, the PES shows a double-well shape, as was
found in case of water dimer [86], and there is a limited dynamical effect due
to the presence of the potential energy barrier between the two minima (see
figure 2 of Paper IV).

The model structures used to simulate liquid methanol were extracted from
an MD simulation at room temperature [138]. From those MD trajectories, a
total of 40 methanol clusters have been selected, giving rise to 320 core-hole
induced MD trajectories used in the calculation of the SCKH emission spec-
trum. In order to illustrate the influence of the core-hole induced dynamics
on the simulated SCKH spectra, the SCKH spectrum for deuterated methanol
MeOD has also been computed, using the same starting structures as for nor-
mal methanol MeOH. This means that the initial geometries used in the core-
hole induced dynamics were the same, except that the H atom belonging to
the OH group was replaced by a D atom and the initial velocities were sam-
pled using the ground state vibrational wave function of the OD stretch mode.
The calculated SCKH spectra are shown in figure 5.15. For both MeOD and
MeOH, the simulated peaks are approximately located at the correct exper-
imental positions - the split lone-pair 2a′′ peak arises at about 526-528 eV
together with two lower peaks at 520 and 525 eV and a weak peak at 515 eV.
For both systems, the SCKH spectra are smeared out and slightly compressed
in comparison with the experimental curve. The compression is clearly seen
for the weak emission peak located at 515 eV and it is a natural consequence
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Figure 5.15: SCKH spectra with inclusion of dynamical effects and compared
with experimental emission spectra. Top panel - SCKH spectrum computed for
normal methanol (MeOH, black line ) compared with experiment (blue line).
Bottom panel - SCKH spectrum obtained for deuterated methanol (MeOD, black
line) compared with experiment (blue line). To facilitate the comparison, all
spectra were area normalized over the energy window shown in the figure. The-
oretical spectra are shifted by -2.7 eV to match experiment. Experimental data
were taken from reference [87].

of the assumption that the neglected relaxation effects in the final valence hole
states are the same for outer and inner orbitals. For MeOH, the calculated
spectrum reproduces the lone-pair peak splitting well, although the simulated
peaks are too broad compared to experiment. In the case of MeOD, the low
energy 2a′′ peak is decreased in intensity, while the high energy counterpart
grows up when comparing to the ordinary MeOH spectrum, which is in excel-
lent agreement with experiment. The obtained results show that isotope effects
in the methanol XES spectrum can be attributed to the slower dynamics of
deuterium in MeOD in comparison with the lighter hydrogen in MeOH. Using
the same initial conditions, except the difference in zero-point vibrational en-
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ergy between O-H and O-D stretches, indicates that differences in the structure
of liquid MeOH and MeOD should induce only minor influences on the XES
spectrum.

5.4.2 XES spectrum sensitivity to the initial structures

The key task of each type of spectroscopy is to find a relationship between the
local structure environment and the observed spectrum features. In the case
of methanol, it is interesting to study the influence of the initial structures (in
particular their H-bond configurations) on the simulated XES spectrum. The
H-bond cone criterion has been applied in order to discriminate whether an
H-bond forms between two methanol molecules or not. Based on this crite-
rion, the sampled structures have been divided into groups according to the
value of rmax parameter which measures the strength of the H-bond. The first
group consists of structures with H-bonds calculated according to the cone cri-
terion with rmax = 2.9 Å, and corresponds to strongly H-bonded molecules.
The structures where the central molecule satisfies the cone criterion with rmax

varying between 2.9 and 3.1 Å constitute the second group, while for the third
group rmax lies in the range between 3.1 and 3.3 Å. The fourth, last group
collects structures with non-bonded central methanol molecule with respect to
rmax = 3.3 Å. In figure 5.16, left column, the static average spectrum taken
at t = 0 is shown together with its decomposition into the contributions of the
four different investigated groups. The obtained average spectra are too narrow
compared with the experimental spectrum, since the dynamics is not included
here. For this static case, we observe a clear dependence of the 2a′′ peak po-
sition on the H-bond coordination. Non-bonded or weakly bonded structures
contribute mainly to the higher energy lone-pair peak, while structures with
strongly H-bonded central molecules give rise to the low energy 2a′′ peak.
The splitting value is equal to 0.5 eV for the most extreme cases and it reduces
to 0.2 eV in the full spectrum. The spectrum decomposition with the inclu-
sion of dynamical effects is shown in figure 5.16, right column. Even with
dynamics, the trend remains the same as in the static case at t = 0 - strongly
H-bonded structures contribute mainly to the low-energy lone-pair peak, while
non-bonded and weakly bonded structures generate mainly the high-energy
lone-pair peak. The inclusion of the dynamics does not generate new spectrum
features, but only smears out and broadens peaks, which have been already set
at t = 0. These spectrum features are, therefore, uniquely defined by the initial
structures.

The spectrum dependence on H-bond coordination may be explained by
inspection of the dynamics of the involved hydrogen atoms. The structures
with hydrogen participating in a strong H-bond are characterized by dynami-
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Figure 5.16: Decomposition of the MeOH XES spectrum based on H-bond
situations. Left column - static average spectra calculated at t=0 and decom-
posed according to different H-bond coordinations. Black line corresponds to
the full spectrum, blue line collects contributions from molecules H-bonded at
rmax = 2.9, orange line collects contributions from H-bonded molecules for 2.9<
rmax < 3.1, purple line corresponds to H-bonded molecules for 3.1 < rmax < 3.3,
green line collects contributions from non-bonded molecules at rmax = 3.3 Å.
The full spectrum range is shown at upper panel, while the bottom panel shows
the energy range corresponding to the first two emission peaks. Right column -
the same decomposition but with inclusion of dynamics. Upper panel - differ-
ent non-normalized contributions plotted with full spectrum (black line), bottom
panel - different contributions from the top panel have been area normalized to
facilitate difference identification in the spectrum profiles.

cal movements where the hydrogen visibly bounces back and forth between the
covalently bonded oxygen and the oxygen of the H-bonded methanol molecule.
Such type of dynamics was found in approximately 75% of all the cases. In
non-bonded or weakly bonded methanol molecules, the hydrogen cannot get
enough energy in order to overcome the potential barrier and for most of the
time is located near its oxygen. Instead, all OH groups are gradually shifted
away from the CH3 fragment. Such type of dynamics was observed in ap-
proximately 25% of all the cases. In order to quantify these observations, ENF

(difference between intermediate and final state energies) has been plotted as
function of time along the trajectory. The oscillations of ENF in equation 3.80
are responsible for the spectrum broadening. The ENF has been plotted for
two typical cases - H-bonded methanol molecule (figure 5.17, top panel) and
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Figure 5.17: Transition energies, ENF , plotted as function of time along a core-
hole-induced trajectory. Top panel - ENF time-dependence for a typical trajectory
of a H-bonded methanol molecule, bottom panel - ENF time-dependence for a
typical trajectory of a non-H-bonded methanol molecule.

for a non-bonded methanol molecule (same figure, bottom panel). The tran-
sition energies for H-bonded molecules rapidly fall down with time reaching
the minimum at t = 10 fs and then they start to slowly oscillate, this corre-
sponds to the time at which the hydrogen was kicked off back to its parent
methanol molecule. In the case of non-bonded or weakly bonded molecules,
the transition energies show a slow gradual decay with time. Since the electron
transition happens with higher probability at earlier times, the dynamics shifts
the lone-pair 2a′′ peak to lower energies for strongly H-bonded molecules and
keeps it at higher energies for non-bonded or weakly bonded molecules.

5.4.3 Application of the SCKH approach to liquid water

We showed for methanol that the inclusion of core-hole induced dynamics
does not introduce new emission peaks in the spectrum, but only broadens
and smears out the spectrum features seen at time t = 0. For water in the
static case, the lone-pair 1b1 peak splitting of ∼ 0.6 eV has been observed
between tetrahedrally coordinated short-bonded molecules (2D2A class) and
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Figure 5.18: Static and derived SCKH XES spectra calculated for water struc-
tures derived from four structure classes: 2D2A - tetrahedrally coordinated (hav-
ing two donated and two accepted H-bonds) water structures with short H-bonds
(<2.7 Å), 1A1D - water cluster with central molecule in asymmetric environ-
ment (having one accepted and one donated H-bond) with long bond distance (>
2.8 Å), 2D1A - water structures with central water molecule having two donated
and one accepted H-bonds, 1D2A - water clusters with central molecules hav-
ing one accepted and two donated H-bonds. Left panel - static emission spectra
calculated for corresponding structure classes without dynamics with TD-DFT
approach, right panel - SCKH emission spectra calculated for structures defined
in the left panel and used as initial geometries for core-hole induced MD trajec-
tories. All spectra were normalized in order to facilitate comparison.

molecules in asymmetric environment (1D1A) with elongated H-bonds. The
unbalanced situations corresponding to the structure classes 2D1A and 1D2A,
generated lone-pair peaks lying in between these two extreme cases (see figure
5.13). A natural question which arises in the case of water is how the static
XES spectra of these four classes will be modified with inclusion of core-hole
induced dynamics and whether the 1b1 peak splitting will be preserved or not.

In order to answer these questions, the four structure sets, namely 2D2A,
2D1A, 1D2A and 1A1D, have been selected. The first 2D2A set contains
40 different water structures where the central molecule is LDL-like (tetrahe-
drally coordinated local environment) and has two donated and two accepted
H-bonds with short bond distances (< 2.7 Å). The LSI values of these struc-
tures are found to be in the range between 0.15 and 0.38 Å2. The second 1D1A
structure set contains 36 different water structures where the central molecule
is surrounded by asymmetrically distorted, HDL-like environment and has one
donated and one accepted H-bond with long bond distances (> 2.8 Å). The LSI
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parameters for this set are in the range between 0.002 and 0.012 Å2. The third
2D1A structure set consists of water clusters with central molecule having two
donated and one accepted H-bond and LSI parameters varying between 0.012
and 0.23 Å2. The fourth 1D2A structure set is characterized by a central wa-
ter molecule having one donated and two accepted H-bonds and LSI values in
range 0.005− 0.16 Å2. The total number of structures in each of the 2D1A
and 1D2A sets was equal to 5.

The static XES TDDFT spectra computed for these four classes are shown
in figure 5.18, left panel. The largest splitting value of the 1b1 peak is observed
between the HDL-like 1D1A structure set and the LDL-like 2D2A structure
set. The splitting value is equal to 0.6 eV, which is smaller than the observed
experimental split of 0.9 eV. The unbalanced, 1D2A and 2D1A, structure sets
give rise to the 1b1 peaks lying in between. In figure 5.18, right panel, the
resulting SCKH spectra with inclusion of core-hole dynamics and vibrational
interference effects are shown. These spectra were obtained using the struc-
tures of figure 5.18 as starting points. Due to the sampling of the quantum
initial conditions, each static structure generates 64 core-hole trajectories. The
obtained SCKH spectra were summed up within each class in order to deter-
mine the influence of dynamical effects depending on H-bond coordination
and local order given by the LSI.

Similar to the liquid methanol case, the inclusion of the dynamics does
not generate new peaks, but only broadens spectrum features and results in
intensity redistribution. The peak splitting seen in the static spectra is also
preserved in the dynamically broadened SCKH spectra. With dynamics, the
1b1 peak splitting between 2D2A and 1D1A structures is increased from the
static value of 0.6 eV to 0.9 eV. However, it should be noted that in spite of
more than 2500 trajectories used to generate the 1D1A SCKH spectrum, the
statistics is not enough in order to accurately determine the 1b1 peak position.
Most importantly, the unbalanced 1D2A and 2D1A structures generate the 1b1
peaks which lie in between the 2D2A and 1D1A peaks as in the static case. The
inspection of the shape of the obtained SCKH spectra, indicates a spurious
intensity for higher emission energies above 529 eV, which is absent in the
experimental spectrum. A possible explanation is the fact that the core-hole
induced dynamics leads to strongly distorted geometries, which may not be
accurately described based on one-determinant KS-DFT.
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6. Summary and Outlook

The work in this thesis was devoted to the simulation of oxygen 1s XAS and
XES spectra of water, ice and methanol. In the first part, calibration calcula-
tions using the damped linear response theory approach coupled with the den-
sity functional theory electronic structure method (CPP-DFT) have been done
for small water clusters and liquid water structures. As benchmarks, the avail-
able experimental spectra or results from high-level damped response CCSD
calculations have been used. The CPP-DFT method demonstrated good per-
formance for small water complexes compared to the reference data. In the
case of dimer and trimers, the effect of H-bond donation is properly captured.
In the case of liquid water, the summed CPP-DFT XAS spectrum obtained
as direct sum of 100 individual spectrum contributions was able to reproduce
quite correctly the main spectrum features - pre, main and post edge seen in
the experimental spectrum. It was demonstrated that the triple-ζ basis set for
the core-excited molecule and the double-ζ for the six closest neighbors is a
good compromise between precision and calculation time. The convergence in
terms of the cluster size has not been achieved even for the cluster size with 96
water molecules, but in the case of the summed XAS spectrum much smaller
clusters with 32 molecules can be used because the introduced errors are aver-
aged and canceled out.

In order to minimize the influence of a large structure uncertainty presented
in the case of water, the CPP-DFT method has also been applied to simulate
the XAS spectrum of hexagonal ice where the structure uncertainty is given
mainly by the proton disorder. Nevertheless a satisfactory agreement with ex-
periment has not been found for any of the four used ice models differing in
the level of structure disorder, starting from perfect hexagonal lattice and up to
the very disordered EPSR ice model. A critical investigation of the available
experimental ice XAS spectra revealed that the experimental references are dif-
ferent depending on the sample preparation procedure and the used detection
technique. In order to evaluate which structure has been found in the mea-
sured sample for each experimental spectrum, the SpecSwap-RMC approach
has been employed. SpecSwap-RMC uses a library of different structures with
pre-computed absorption spectrum and assigns a weight to each structure. The
structure weight reflects the importance of each structure in reproducing the
experimental reference. Based on the obtained weights in the SpecSwap-RMC
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fitting procedure, the corresponding weighted O-O and O-H RDFs have been
plotted together with the weighted distribution of the tetrahedrality parameter
Q. Although the weighted O-O RDFs have peaks located at the characteristic
distances of the hexagonal lattice, all of them are too broad and smeared out
which implies that each measured sample should contain some fraction of de-
fects or admixture of some extent of amorphous ice. The same is true in the
case of the weighted Q parameter distribution. For all experimental spectra,
the broad Q distributions with maxima around 0.96 are observed instead of the
sharp single peak around 1.0 as expected for the perfect hexagonal lattice.

The XES non-resonant static spectrum of liquid water has been simu-
lated using the TD-DFT/TDA approach without inclusion of core-hole in-
duced dynamical effects. The lone-pair 1b1 peak splitting was obtained for the
two structure sets - the very asymmetric, HDL-like, structures with one well-
defined accepted and donated H-bond and the tetrahedrally coordinated, LDL-
like, structures with two strong accepted and two strong donated H-bonds.
The value of the 1b1 peak splitting is also sensitive to the H-bond lengths.
The maximum splitting value 0.6 eV was observed between the asymmetric
structures with long H-bonds (>2.8 Å) and the tetrahedral structures with short
H-bonds (<2.68 Å). These two structure classes also generate characteristic
contributions in the absorption spectrum that are in good agreement with well-
established interpretations of the absorption spectrum features.

The effects of core-hole induced dynamics have been included via the
SCKH approach. Before using this approach in the water case, it has been
evaluated based on liquid methanol where a similar splitting of the lone-pair
2a′′ peak exists. Similar to the interpretation of the lone-pair 1b1 peak split-
ting in liquid water, the low-energy 2a′′ peak was assigned to strongly H-
bonded methanol molecules while weakly bonded and non-bonded methanol
molecules contributed mainly to the high-energy 2a′′ peak. The lone-pair peak
splitting was found to be present in static spectra computed at t=0 and the inclu-
sion of the core-hole induced dynamics did not generate new peaks, but mainly
broadened and smeared out the spectrum features present at t=0. The SCKH
approach has been able to reproduce the change in relative intensity of the 2a′′

peaks observed between MeOH and MeOD spectra. The observed spectrum
changes have been explained by the slower dynamics of the deuterium atom in
comparison with hydrogen or, equivalently, the enhanced life-time vibrational
interference effects for the heavier isotope. For water, the 1b1 peak splitting
has been obtained for the very asymmetric (1D1A) and for the tetrahedrally
coordinated (2D2A) water structures in the static case. Taking into account the
core-hole induced dynamics effects revealed that the obtained splitting value is
preserved. Water structures in unbalanced H-bond situations having odd num-
ber of H-bonds (2D1A or 1D2A) generated emission peaks lying in between.
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As closing remarks, a few general outlooks may be summarized. First, it
was shown that CPP-DFT approach demonstrates good accuracy in the case of
the liquid water absorption spectrum simulations. With the determined calcu-
lation conditions this method can be used to make a selection in terms of the
XAS data between possible future water structure models. Application of the
CPP-DFT approach to simulating the XAS spectrum of hexagonal ice raises
the question about what ice structure is actually measured in experiments. This
concerns the experimental reference hexagonal ice spectrum which can be used
for benchmarking the results of theoretical simulations. Currently such accu-
rate unique reference is not available, as the presented XAS ice spectra have
been measured without controlling that the underlying ice structure represents
the pure hexagonal ice and should be obtained in the future. This issue may be
resolved via design of new schemes which give ability to simultaneously con-
trol the structure of the measured ice sample, for example, via X-ray diffraction
measurements. Static TD-DFT XES spectrum simulations have shown that the
lone-pair 1b1 peak splitting can be explained based on a two-state water model
which assumes the existence of water molecules in tetrahedrally coordinated,
LDL-like, and asymmetric, HDL-like, local structure environments at ambi-
ent conditions. Including the core-hole dynamics preserves the split between
HDL and LDL species and puts the lone-pair peaks for unbalanced structures
in between. At the same time the splitting is absent when the XES spectrum
is computed for the full MD snapshots. This may indicate that in current MD
simulations the unbalanced structures are over-represented compared to real
water. This should enforce the searching and development of new water MD
potentials/force fields that could generate a liquid water structure model in
agreement with as many experimental properties as possible.
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Sammanfattning

Vatten är en av de mest välanvända kemiska föreningarna inom industrin, så
också i vardagslivet. Dessutom spelar vatten en avgörande roll för biologis-
ka processer i levande organismer. Vatten är kanske den allra mest värdefulla
naturresursen för oss människor. Dessvärre är bristen stor i många delar av
världen. Med detta i åtanke är det inte konstigt att man genom årens lopp har
studerat de kemiska och fysikaliska egenskaperna hos denna vätska i stor de-
taljrikedom, vilket har lett till att en omfattande mängd ovanliga egenskaper
hos vatten har identifierats. Exempel på detta är att vattnets densitet ökar un-
der smältning, att vatten har ett densitetsmaximum vid 4 0C, att dess viskositet
ökar under tryck, samt vattnets höga ytspänning. Strukturella avvikelser hos
vattnet är vanliga i dess underkylda tillstånd, men avvikelser finns även un-
der normala förhållanden vid vilka de flesta kemiska och fysikaliska processer
av intresse äger rum. Det är troligt att ursprunget till ovan nämnda avvikel-
ser är kopplade till existensen av vätebindningar i vattnet. Detta kan studeras
med röntgenspektroskopi. Genom att utnyttja att interaktionen mellan vätska
och röntgenstrålning sker på en mycket snabbare tidsskala än omstrukturering
av vätebindningsnätverket, kan man med hjälp av både röntgenabsorptions-
och emissionsspektroskopi extrahera detaljerad ögonblicksinformation om vä-
tebindningsmönstret.

I det här avhandlingsarbetet har röntgenabsorptionsspektrum för vatten och
hexagonal is simulerats med hjälp av linjär responsteori i kombination med
DFT baserade elektronstrukturberäkningar (CPP-DFT). De simulerade spekt-
ra för vatten i västskefas reproducerar väl olika detaljer i de experimentella
spektra. För isfasen framkom det efter en kritisk granskning av litteraturen att
rapporterade spektra varierar avsevärt beroende på preparationsprotokoll och
mätmetod, vilket väcker frågan vilka istrukturer som de facto har undersökts i
experimenten. Samtliga dessa spektra har inom detta avhandlingsarbete blivit
analyserade med en omvänd Monte-Carlo-teknik implementerad i SpecSwap-
RMC-koden med hjälp av vilken pardistributionsfunktionerna (PDF) för O-O
och O-H erhållits. Karakteristiskt för de beräknade PDF:en är att de har ett pe-
akmaximum som överensstämmer med hexagonal is men med en mycket stör-
re peakbredd än vad som förväntas från en perfekt kristall. Från ovanstående
kan slutsatsen dras att de tillgängliga experimentella spektra snarast överens-
stämmer med prover som har en större andel defekter än ren hexagonal is och



möjligen även inslag av amorf is.
Tidsberoende täthetsfunktionalteori (TD-DFT) användes för att simulera

statiska, icke-resonanta XES-spektra av vatten. Dessa simuleringar visar att
positionen för 1b1-peaken, som motsvarar det fria elektronparet, är känslig för
antalet vätebindningar och tetrahedraliteten lokalt runt molekylen vilket kan
mätas med det lokala strukturindexet (LSI). Skillnader i 1b1-peakens splittring
i två toppar observerades mellan två olika strukturkategorier: tetraedriskt ko-
ordinerat vatten med två donerade och två accepterade vätebindningar, samt
vatten i asymmetriska lokala miljöer med en donerad och en accepterad vä-
tebindning. Vidden av peakens uppsplittning beror även på vätebindningens
längd där ett maximalt värde observeras för tetraedriska strukturer med korta
vätebindningar (< 2.68 Å) och asymmetriska strukturer med långa vätebind-
ningar (> 2.8 Å). Storleken av splittringen bevaras även under påverkan av
kärnhålsinducerade dynamiska effekter för de tetraedriska och asymmetriska
fallen ovan där antalet vätebindningar är jämna. När antalet vätebindningar är
udda erhålls en topp mittemellan dessa två extremfall.
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