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Abstract
In this project we introduced a spatial frequency-based objective function for optimization of
dose distributions used in spatially fractionated radiotherapy (also known as grid therapy).
Several studies indicate that tissues can tolerate larger mean doses of radiation if the dose is
delivered heterogeneously or to a partial volume of the organ. The objective function rewards
heterogeneous dose distributions in the collaterally irradiated healthy tissues and is based on the
concept of a maximum stem-cell migration distance. The stem-cell depletion hypothesis stipulates that damaged tissues can be repopulated by nearby surviving stem-cells within a critical
volume outlined by the maximum migration distance.
Proton grid therapy dose distributions were calculated to study the viability of our spatial
frequency-based objective function. These were computed analytically with a proton pencil
beam dose kernel. A multi-slit collimator placed flush against the surface of a water phantom
defined the entrance fluence. The collimator geometry was described by two free parameters:
the slit width and the number of slits within a specified field width. Organs at risk (OARs) and
a planning target volume (PTV) were defined. Two dose constraints were set on the PTV and
objective function values were computed for the OARs. The objective function measures the
high-frequency content of a masked dose distribution, where the distinction between low- and
high frequencies was made based on a characteristic distance. Out of the feasible solutions, the
irradiation geometry that produced the maximum objective function value was selected as the
optimal solution.
With the spatial frequency-based objective function we were able to find, by brute-force search,
unique optimal solutions to the constrained optimization problem. The optimal solutions were
found on the boundary of the solution space. The objective function can be applied directly
to arbitrarily shaped regions of interest and to dose distributions produced by multiple field
angles. The next step is to implement the objective function in an optimization environment of
a commercial treatment planning system (TPS).
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1 Introduction
1.1

Dose heterogeneity and grid therapy

The normal tissue response to ionizing radiation depends on both the dose and the size of the
volume being irradiated. Organs can tolerate larger doses of radiation if the irradiated volume
is small, a phenomenon known as the volume-effect [1]. The relationship between field size and
dose has been studied on animals, including rats, pigs, monkeys and dogs. Results from irradiations of the spinal cord, skin, and lungs, indicate that there are significant differences between
different organs and between anatomical and functional radiation damage. They further suggest that there exists a threshold field size below which there is a steep increase in tolerance
dose [2, 3]. To explain this steep increase in tolerance dose, the stem-cell depletion hypothesis
stipulates that damaged tissue can be repopulated by nearby surviving stem-cells and the maximum migration distance of stem-cells is believed to outline a critical volume. According to the
hypothesis, a depletion of stem-cells within the critical volume will cause irreversible damage [4].
A simple cell-survival calculation (see Appendix B) also shows that a heterogeneous dose distribution yields a larger fraction of surviving cells, without considering stem-cell migration and
tissue regeneration. For tumour control, this implies that the most effective use of the incoming
radiant energy is to distribute it homogeneously over the tumour volume.
The volume-effect can be split into a longitudinal volume-effect (length-effect) and a lateral
volume-effect. A four-fold increase of tolerance dose (ED50) was seen when the (homogeneously)
proton-irradiated length of the cervical spinal cord of rats was decreased from 20 mm to 2 mm [3],
see Fig. 1.1 (a). The lateral volume-effect have been studied by irradiating the spinal cord of
rats and pigs with a heterogeneous dose in the axial direction (i.e. partial-volume irradiation)
and results indicate that stem-cells are able to migrate in the order of 2-3 mm to remyleniate
damaged nerve cells [5,6]. The lateral volume-effect was smaller in pigs compared to that in rats,
probably due to the much larger diameter of the spinal cord in pigs. Another interesting result
is the low-dose bath-effect which decreases the tolerance dose of the spinal cord when regions
adjacent to high-dose regions are exposed to a sub-threshold dose (too low to induce any tissue
damage by its own) [7].
In the early 1900’s, Köhler suggested that a grid made of iron wires could be placed close to the
patient’s skin during irradiation to increase the normal tissue tolerance [8]. Köhler tested his
concept on several patients between 1909–1913, and ’grid therapy’ got increasing interest in the
1950’s [9]. Between 1995-1998, 71 patients with bulky tumours were treated with megavoltage
(MV) photons collimated through a hexagonal pattern of circular holes in a metal block [10].
The technique is now used clinically to treat patients at a few hospitals. To build further on
this concept, dosimetric studies on highly collimated synchrotron-generated X-rays have been
conducted from the 1990’s and onward [11, 12]. These X-rays have been delivered in an array of
narrow beamlets to produce a dose distribution consisting of regularly spaced high-dose regions
2

(peaks) and low-dose regions (valleys) in the lateral direction. The method is refered to as ’microbeam radiation therapy’ (MRT) when the full-width-at-half-maximum (FWHM) of a single
beamlet is in the order of micrometre, and ’minibeam radiation therapy’ (MBRT) for FWHMs
in the order of millimetre. More generally the method is refered to as ’spatially fractionated
radiation therapy’ (SFRT).
There is now a rising interest in utilizing the radiobiological benefits of ions in combination with
spatially fractionated narrow beamlets. Due to multiple small-angle scattering of ions in the tissue the array of narrow beamlets will spread out with depth and a relatively uniform target dose
can be produced. ’Proton minibeam radiation therapy’ (pMBRT) with sub-millimetric proton
beamlets was proposed in 2013 by Prezado [13]. Numerous studies on protons and carbon–ions
have since been conducted to investigate different irradiation geometries [14–25]. For example,
Henry et al. [21, 22] and Tsubouchi et al. [25] describe an irradiation geometry where several
grid patterns are delivered from different angles (cross-fired) to be interlaced in the target to
increase the dose homogeneity in the target while achieving high dose heterogeneity in normal
tissue. A lateral dose profile produced by a proton grid geometry is shown in Fig. 1.1 (b).
Synchrotron MRT, MBRT, and pMBRT have been used on small animals to study the biological effect of spatially fractionated radiation fields and promising tissue sparing effects were
found [26–29]. These tissue sparing effects may be linked to the reparation of irradiated microvasculature. It was shown that capillaries damaged by microbeam irradiations were removed within
hours and replaced by capillary bridges from unirradiated adjacent cells within 24 hours [30].
Microbeam irradiations of the spinal cord also indicate that the regeneration of glial cells and
restoration of myelin are important tissue sparing factors that may be explained by migration
of glial cell progenitors that proliferate and differentiate. It has been hypothesized that ’bystander effects’ may be involved in normal tissue regeneration as well as in tumour cell killing.
A ’bystander effect’ is induced at an unirradiated location by nearby irradiated cells. One such
bystander effect may be the release of growth factors that influence the proliferation of glial cell
progenitors [30].
Four patients have already been treated with a form of proton grid therapy [31] in which relatively large beamlets were used to treat bulky tumours. The goal was not to achieve a uniform
dose in the target, as is intended with the interlacing technique, but rather to implement a grid
pattern based on the already implemented MV photon grid therapy where an inhomogeneous
target dose distribution is produced.
The combination of beamlet size and center-to-center spacing between the individual beamlets making up the grid pattern is believed to influence the normal tissue tolerance, altough
it is not known to what degree and what the optimal grid parameters are. The concept of
stem-cell migration may guide the search for such optimal parameters. The standard figure of
merit is the valley-to-peak-dose ratio (VPDR), usually reported together with the full-widthat-half-maximum (FWHM). In a recent review of the existing research on spatially fractionated
radiotherapy [32], the authors highlight the need for more biological data and clinical indications
in order to formulate grid therapy standards.
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Figure 1.1: (a) Example of the length-effect. Four-fold increase of ED50 (endpoint paralysis of
fore or hind limbs) was seen experimentally when the proton-irradiated length of the cervical
spinal cord of rats was decreased from 20 mm to 2 mm. Adapted from Bijl et al. [3]. (b) Onedimensional lateral dose profile at 5.5 cm depth in water produced by a proton grid geometry.

1.2

Treatment goals and optimization in radiotherapy

Patient-specific dose plans are routinely optimized with a treatment planning system (TPS) [33]
which outputs a set of optimal machine parameters (beam angles, fluences, energies, etc.) based
on multiple criteria on the dose distribution. A preparatory step of the treatment planning
process is to delineate different anatomic regions in a 3D-volume of the patient. These regions
of interest (ROIs) can be tumour targets or organs at risk (OARs) to which safety margins can
be added to account for inter-fractional variations in patient positioning, and organ motion.
Optimization criteria can be implemented either as objective functions or constraints. The
purpose of the objective function is to quantify with a number how good the dose distribution
is, and the constraints outline an allowed region in the parameter space (i.e. the solution space).
The most common approach is to minimize the objective function, but it could equally well be
designed to be maximized. The optimization can thus be mathematically formulated as
arg min

f (d(q))

q

(1.1)

subject to

C

where f is the objective function, d(q) is the dose distribution produced with input parameters
q, and C is a set of constraints. In other words, the value of the objective function is to
be minimized by finding a set of optimal input parameters qoptimal . The objective function is
generally a linear sum objective function
f (d) = w1 f1 (d) + w2 f2 (d) + · · · + wn fn (d) = w · f
4

(1.2)

and it is the task of the dose planner to prioritize between different goals, i.e. define the objective function vector f and set the weights w in the TPS. It is generally a conflict between
achieving high and homogeneous dose levels in the target and low dose levels in nearby OARs [34].
A general goal in radiotherapy is to achieve high tumour control probability (TCP) while keeping
the normal tissue complication probability (NTCP) low. Formulated differently, the so-called
therapeutic window should be widened [35], see Fig 1.2 (a-b). A widening of the therapeutic
window has been made possible largely due to advancements in medical imaging techniques, dose
optimization algorithms, and the development of machines with multi-leaf collimators (MLC)
which are able to shape the radiation fields based on the patient geometry. TCP and NTCP are
organ-specific probabilistic models that relate dose-volume metrics with quantifiable biological
endpoints. Some models require that a three-dimensional dose distribution is first reduced to
a dose-volume histogram (DVH), see Fig 1.2 (c). Spatial information of the dose within an
organ is thus discarded. The DVH may be transformed to a generalized effective uniform dose
(gEUD) and probabilities can be computed for an organ receiving a homogeneous dose equal to
the gEUD, which is computed as
X

1/n n
gEUD(n) =
vi Di
(1.3)
i

where vi is the fractional volume receiving dose Di and n is a variable related to the volumeeffect. The volume-effect can partly be understood by modelling organs as a set of functional
subunits (FSUs) which can be connected in series or in parallel (or both). A parallel organ is able
to function with some of the FSUs inactive, whereas a serial organ will fail. With this model,
completely serial organs experience no volume-effect [36]. However, as previously mentioned,
volume-effects for serial organs (such as the spinal cord) have been observed with small radiation
fields. The concept of FSUs and different irradiation lengths of the spinal cord was discussed by
Withers [6] and is relevant to the discussion on grid therapy and a maximum stem-cell migration
distance. Attempts have been made to include stem-cell migration into NTCP models [37–39].
Objective functions should be formulated to capture the goals of a radiotherapy treatment and
can be formulated either as physical- or biological objective functions [40,46]. The former describe
directly the characteristics of a dose distribution, whereas the latter (e.g. based on TCP- and
NTCP models) introduce the biological effect into the optimization. With the growing interest in
spatially fractionated radiotherapy comes the need for a metric that includes spatial fractionation
of the dose in organs at risk, and in this project we aim to provide such a metric as an addition
to the already established valley-to-peak-dose ratio.

1.3

Project aims

In the previous sections we introduced the concepts of grid therapy and dose heterogeneity. We
see that there is a need to define an objective function that incorporates these concepts into
the optimization of patient-specific dose plans in treatment planning systems. In summary, the
aims of this project are to
• define an objective function that incorporates dose heterogeneity based on a characteristic
distance between high- and low-dose regions in organs at risk, and
• explore the potential of the proposed objective function in optimization of proton grid
geometries.
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Figure 1.2: Panels (a-b): the TCP and NTCP as a function of target dose. A general aim in
radiotherapy is to widen the therapeutic window. Panel (c): a cumulative dose-volume histogram
(DVH) for a target volume. The near-min dose D98% , prescribed (median) dose D50% , and the
near-max dose D2% are shown.
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2 Theory
2.1

Proton therapy

The motivation for using protons and heavier ions, instead of photons, lies in how energy is deposited in matter. To a first approximation, protons can be seen as interacting continuously in
a medium. During their travel, small amounts of energy are transferred to secondary electrons.
Protons lose more energy per unit distance when they have low velocities. For a broad beam
this results in a depth-dose distribution that begins with a plateau, increases slowly, and ends
with a sharp peak (the Bragg peak) at a certain depth, see Fig 2.1 (c) [41]. The finite range of
protons is an advantage in situations where organs at risk are located close to the tumour.
The shape of the dose distribution is influenced by range-straggling, caused by statistical fluctuations in the amount of energy that is transferred to secondary electrons in a collision. Thus,
some protons will be able to travel beyond the Bragg peak and create the distal penumbra. The
shape is moreover influenced by elastic scattering on target nuclei. This effect will lead to a
broadening of the beam with depth, influencing the lateral penumbra. In a broad beam there
exists transversal particle equilibrium at all depths, so outscattered protons are compensated by
inscattered protons. This is not true for a narrow pencil beam where the scattering of protons
effectively removes energy from the central axis. Due to the large number of small-angle scattering collisions, the lateral distribution of the dose from a pencil beam can be approximated
with a Gaussian distribution (the core). For a better approximation, a nuclear halo can be
included to take into account elastic (and inelastic) scattering at large angles. Although rare, a
non-negligible amount of protons will undergo nuclear reactions with target nuclei. This leads
to a reduction of the primary proton fluence with depth. Secondary charged particles from these
nuclear reactions will also influence the nuclear halo. There is also an initial machine-dependent
energy spread that will influence the shape of the dose distribution [42].
There are several types of clinically operational proton therapy beam lines. These types differ
in how protons are distributed in the lateral direction to create a field large enough to cover a
tumour. Passive scattering beam lines start with a narrow beam and use a set of scatterers to
create a large field which is later shaped by patient-specific collimators. Pencil beam scanning
(PBS) beam lines use two scanning magnets to deflect a narrow beam to prescribed coordinates.
The energy is modulated with degraders in the proton transport system, and possibly a range
shifter at the nozzle exit, such that the Bragg peak is placed at a prescribed depth. A single Bragg
peak can not cover a tumour in the depth direction. For this purpose, a weighted superposition
of several mono-energetic proton beams is used. The set of beam line components influences the
quality of the beam, for example the energy spread and spot size [41].

7

Figure 2.1: Panel (a): 2D depth-dose distribution of a mono-energetic pencil beam with a
Guassian entrance fluence (σx = σy = 2 mm and E = 111.8 MeV). Panel (b): Two lateral dose
profiles from the dose distribution in (a), one at the entrance surface (solid) and one at the
Bragg peak (dotted). For this plot, the dose was divided with the average entrance fluence Φ̄,
which was computed for a 2 × 2 cm2 square centred around the Gaussian peak. Panel (c): the
corresponding central-axis depth-dose distribution. Panel (d): A spread-out Bragg peak created
from a weighted superposition of 10 mono-energetic proton beams with uniform entrance fluence
Φ (broad beam).
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If the target volume is box-shaped, a uniform spread-out Bragg peak (SOBP) can be created
to cover the target. Bortfeld and Schlegel derived an expression (assuming transversal particle
equilibrium) to analytically compute the weights needed to produce such an SOBP in a homogeneous medium, and the expression was later modified by Jette and Chen [43]. Consider
a box-shaped target in a homogeneous medium with length ztarget = zend − zstart in the depth
direction and splitting the beam into an n-length sequence of ranges rk = zstart +k ·ztarget /(n−1)
where k ∈ {0, . . . , n − 1}. The corresponding weights are then given by

1
1 − (1 − 2(n−1)
)1−1/p
k=0


 
1−1/p 
1−1/p
1
1
wk =
(2.1)
− 1 − n−1
k = 1, . . . , n − 2
(k − 12
(k + 21
1 − n−1


 ( 1 )1−1/p
k =n−1
2(n−1)

P
where p > 1 is a variable that can be adjusted to produce a flat SOBP and n−1
k=0 wk ≡ 1.
The energies (in MeV) that correspond to rk (in cm) can be approximated with the standard
energy-range power formula rk = αepk0 , where for water α = 0.0022 (cm MeV−p0 ) and p0 = 1.77.
The resulting depth-dose distribution from a broad beam with energies ek and weights wk will
then be given by
DSOBP (z) =

n−1
X

wk D(z, ek )

(2.2)

k=0

where D(z, ek ) is the dose produced at depth z by a mono-energetic proton beam of energy ek .

2.2

Constraints and objective functions in dose optimization

Standardized radiotherapy protocols guide the dose planner in choosing prescription dose and
dose constraints for a certain treatment situation. For a region of interest, such constraints can
often be formulated as a function of dose-volume metrics. For example, the near-min dose D98%
and near-max dose D2% can be forced to lie above or below a specified dose-value, where Dv%
is the minimum dose that a fractional volume v% receives. Constraints can also be set on the
maximum volume v that receives a minimum dose D, formulated as VD < v. TCP- and NTCP
models can be used to define biologically based constraints. It is in general advised, however,
to only use these models in dose reporting and not implement them directly into the optimization [44, 45].
The complexity of dose optimization depends to a large extent on the number of free parameters.
In intensity-modulated radiotherapy (IMRT) and intensity-modulated proton therapy (IMPT)
the beam angle and corresponding fluences are free parameters that can vary continously, and it
is not possible to test by trial-and-error all combinations of input parameters [45]. Optimization
algorithms are thus implemented to minimize the objective function (or maximize if it is based
on benefits and not costs), but in many cases it is not possible or too time-consuming to find
a global minimum (maximum). Then it may be sufficient to use a local minimum (maximum).
The characteristics of the objective function will influence the complexity of the optimization
problem. Solving convex optimization problems (where the optimization is performed on a
convex objective function over a convex domain and with convex constraints [47]) is in general
more straight-forward compared to solving non-convex optimization problems.
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2.3

Frequency analysis in medical applications

There are many examples of medical applications where frequency analysis is used. For imaging
systems, the modulation transfer function (MTF) describes how spatial frequencies are modulated by the system. In other words, it tells how well the system is able to resolve small objects.
The total MTF of a chain of several sub-systems is easily computed in the frequency domain
as a product of each system’s MTF [48]. In magnetic resonance imaging (MRI) the image information is acquired directly in the frequency domain (k-space) and is later transformed to
the spatial domain to form the final image. Tumours can be found in medical images with
texture analysis to identify heterogeneities based on filtering at different spatial scales. These
filters are most efficiently applied in the frequency domain [49]. Treatment planning systems
(TPSs) utilize the convolution theorem to increase computation speed in dose calculations [50].
In conclusion, the tools for frequency analysis are already available in many medical applications
(most importantly in TPSs). Therefore, it comes natural to study the spatial frequency content
of dose distributions.
In the following sections, some methods for analysing the frequency content of a signal is introduced together with a discussion on problems that may arise in discrete implementations of
these methods. Finally, a spatial frequency-based objective function for dose heterogeneity is
introduced and will be the main focus of this project.

2.3.1

Fourier series and Fourier transform

A well-behaved function f (x) defined on a bounded domain D = [− L2 , L2 ] can be represented
exactly by an infinite series of sinusoids, i.e. by a Fourier series [51], such that
f (x) = a0 /2 +

NX
=∞ 

an cos(

n=1

2πnx
2πnx 
) + bn sin(
)
L
L

where the Fourier coefficients an and bn can be computed as
Z
Z
2
2πnx
2
f (x) dx
an =
f (x) cos(
) dx, n > 0
a0 =
L D
L D
L
Z
2
2πnx
bn =
f (x) sin(
) dx, n > 0
L D
L

(2.3)

(2.4)

Joseph Fourier found, when searching for a solution to the heat equation [52], that the domain D
can be extended to cover the entire real domain R if the summation is exchanged with an integral
over a continuous number of frequencies. The Fourier transform fˆ of a function f : Rn → Cn
may be defined with complex exponentials instead of real sinusoids [51] as
Z
Z
−i2πk·x n
ˆ
fˆ(k) ei2πk·x dn k
f (k) =
f (x) e
d x ⇔ f (x) =
(2.5)
Rn

Rn

where n-dimensional vectors x, k, and dot products in the exponentials have been introduced.
The complex exponentials are plane waves with frequency k = ||k||2 † and direction θ = arg(k).
This is best visualized in two dimensions. Two real-valued functions and the absolute values of
their Fourier transforms are presented in Fig. 2.2. The wave vector k is a normal vector to the
plane wave.
†

|| · ||2 denotes the Euclidean norm
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Figure 2.2: Panels (a,c): Two plane waves in 2D with different spatial frequencies displayed in
the spatial domain. Panels (b,d): The corresponding frequency domain representations.
According to Parseval’s theorem
Z

Z

2 n

|f (x)| d x =
Rn

|fˆ(k)|2 dn k

(2.6)

Rn

where |fˆ(k)|2 is the power spectrum and |fˆ(k)| is the frequency spectrum of f (x). The power
spectrum of a dose distribution may thus be given in units of integral squared-dose per spatial
frequency-volume (e.g. Gy2 cm6 ) such that multiplication by d3 k yields a quantity with the
same unit as the left-hand side of Eq. (2.6).

2.3.2

Discrete Fourier transform (DFT)

In general, there may be no closed-form solution to the Fourier transform integral. It is also
often the case that signals are sampled discretely at a finite number of points, and functional
relationships may be unknown. Discrete methods can then be employed. The popular Fast
Fourier Transforms (FFT) are efficient implementations of the Discrete Fourier Transform (DFT)
that enhance computation speed [53]. The one-dimensional DFT (which is naturally extended
to higher dimensions) takes as input a finite sequence of complex numbers y = {y0 , . . . , yN −1 }
of length N and returns an equal number of complex numbers Y = {Y0 , . . . , YN −1 } where
Yk =

N
−1
X
n=0

−i 2π kn
N

yn e

N −1
kn
1 X
⇔ yn =
Yk ei 2π N
N

(2.7)

k=0

An implicit assumption when computing the DFT is that the sequence y contains regularly
spaced samples from one period of an L-periodic signal. The sampling frequency fs is given by
1/∆l, where ∆l = L/N is the discrete grid spacing, and the corresponding frequencies fk are
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given by
fs
· {0, 1, . . . , N/2 − 1, −N/2, . . . , −1}, if N is even
N
(2.8)
fs
fk ∈
· {0, 1, . . . , (N − 1)/2, −(N − 1)/2, . . . , −1}, if N is odd
N
If the sampled signal contains frequencies above the Nyquist-frequency (fNyquist = fs /2) then
these will not be resolved. Instead, these frequencies will wrap around and cause a phenomenon
known as aliasing. The sampling frequency determines the maximum frequency one is able to
resolve, and the interval length L determines the spacing between frequencies. Before computing
the DFT, the sequence y may be zero-padded. M zeros are then appended at the end of y
resulting in a sequence ypad of length N + M . Depending on the nature of the sampled signal,
the resulting frequency spectrum after zero-padding may approximate the Fourier transform to
a better or worse extent. If the signal is in fact periodic and y contains an integer number
of periods, zero-padding will lead to spectral leakage. As an example, consider the function
f (x) = 2 cos(2π · 4x) = ei 2π·4x + e−i 2π·4x evaluated at a discrete number of evenly spaced points
xn ∈ {−1, 1} such that yn = f (xn ). The Fourier transform of f (x) is the sum of two Dirac-delta
functions, fˆ(k) = δ(4 − k) + δ(4 + k). The respective DFTs of the original sequence yn and
the zero-padded version are shown in Fig. 2.3 (a-d), where the spectral leakage effect due to
zero-padding can be seen in the lower-right panel. If a signal with finite support is sampled and
the samples contain all non-zero values, zero-padding will yield a better approximation to the
Fourier transform.
fk ∈

Figure 2.3: Panel (a): A sinusoidal signal, N = 103 . Panel (b): The same signal is zero-padded
with M = 2N + 1 zeros. Panels (c-d): the corresponding DFTs.

2.4

Definition of spatial frequency-based objective function

The repeating patterns of peaks and valleys in dose distributions used in grid therapy inspired
us to define a dose heterogeneity metric based on frequency content. A maximum stem-cell
migration distance dthr , which is discussed in relation to the stem-cell depletion hypothesis,
provides a link to the spatial frequency domain where we defined the threshold frequency as
fthr = 1/(2dthr ).
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Figure 2.4: The concept of a maximum stem-cell migration distance dthr was a motivation for
introducing a spatial frequency-based objective function.
Two formulations of objective functions were tested. Both objective functions should be maximized and reward dose distributions dROI (r) with large high-frequency content. The first definition is based on two-dimensional Fourier transforms of lateral dose profiles (xy-planes) perpendicular to the beam direction (z). For multiple beam angles i, it is necessary to include a
summation over all angles
XZ
Lateral profile-based: OLAT (dROI , fthr ) :=

z2,i

Z

i

XZ
i

|dˆROI,z,i (k)|2 d2 k dzi

k>fthr

z1,i
z2,i

z1,i

Z

(2.9)

|dˆROI,z,i (k)|2 d2 k dzi

R2

where z1,i and z2,i are the boundaries of the region of interest in the depth-direction defined by
beam angle i. The second definition is based on a three-dimensional Fourier transform of the
dose volume, and is therefore independent of beam angles
Z
|dˆROI (k)|2 d3 k
k>f
(2.10)
Volume-based: O3D (dROI , fthr ) := Z thr
2 3
ˆ
|dROI (k)| d k
R3

where, in both cases, k is equal to the magnitude of the spatial frequency vector, ||k||2 . The
objective functions take as input a masked dose distribution dROI (r) which can be arbitrarily
shaped. The window function WROI (r) should be applied to the full dose distribution in the
patient d(r) to cut out the region of interest
dROI (r) = WROI (r)d(r)

(2.11)

The objective function is formulated based on the assumption that surviving stem-cells are able
to migrate a distance dthr from a low-dose region (valley) into a high-dose region (peak) and
repopulate damaged tissue. A dose distribution with large spatial frequency content above fthr
is believed to spare normal tissue as compared to a homogeneous dose distribution with equal
mean dose.
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3 Methods
To test the viability of a spatial frequency-based objective function for dose heterogeneity it is
necessary to
• create a set of dose distributions d(q) as a function of input parameters q,
• define organs at risk (OARs) and a planning target volume (PTV),
• define dose constraints C to define the allowed region in the parameter space, and
• compute the objective function values and search for arg max O(d(q)).
q

These steps are described in the following sections, and an overview is presented in Fig. 3.1. All
computations were performed with the NumPy and SciPy libraries in Python. Sample code is
presented in Appendix D.

3.1
3.1.1

Dose calculations
Pencil beam dose kernel and fluence convolution

Given an energy-dependent spatially invariant pencil beam dose kernel PB and a mono-energetic
proton fluence distribution Φ(x, y) defined at the entrance surface of a rectangular and homogeneous medium, the full dose distribution D can be computed with a convolution/superposition
integral


D(E, x, y, z) = PB(E, z) ∗ Φ (x, y) =
ZZ


(3.1)
Φ(x0 , y 0 ) · PB E, z, (x − x0 ), (y − y 0 ) dx0 dy 0
R2

where it is implicitly assumed that protons impinge normally on the medium. Bortfeld’s analytical approximation of the Bragg curve [54] (see Appendix C) was used to construct an analytical
pencil beam dose kernel, PB(E, σE , x, y, z). The kernel consists of a broad beam factor for dose to
water DBB (Φ0 , E, σE , z) multiplied with a radially symmetric Gaussian lateral distribution [55]
with an energy- and depth-dependent standard deviation σr (E, z)
PB(E, σE , x, y, z) =

DBB (Φ0 , E, σE , z)
1
2
2
2
e−(x +y )/σr (E,z)
2
Φ0
πσr (E, z)

(3.2)

where σE is the machine-dependent initial energy-spread for a mono-energetic proton beam
with energy E. The machine-dependent energy-spread was computed with data derived for the
Skandion Clinic PBS beam line (Uppsala) [56].
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Figure 3.1: An overview of the method. A set of dose distributions (divided into three geometries
A, B and C) was computed with an analytical pencil beam dose kernel. Two organs at risk
(OAR1, OAR2) and one planning target volume (PTV) were defined. Two PTV constraints
(one coverage and one hotspot constraint) were set to outline an allowed region in the parameter
space of irradiation geometries. The objective function values were computed as the fraction of
the power spectrum above a threshold frequency fthr .
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The depth-dependent standard deviation [57] was computed as
T (E) 3 
z S(R) 
(3.3)
z 1+
3
2 E
where the scattering power T and stopping power S at the entrance surface were computed as
 1 + τ 2
E
T (E) = 1.085 · 10−5
τ=
τ (2 + τ )
Ep
(3.4)
1
1/p0 −1
p0
R
R
=
αE
S(R) =
p0 α1/p0
σr (E, z) =

where Ep is the rest mass energy of a proton in MeV, α = 0.0022 (cm MeV−p0 ), and p0 = 1.77.
A broadening, and corresponding inverse-square-law reduction, of the primary proton fluence
with depth due to beam divergence was incorporated. It was assumed that the protons were
emitted from an effective point-source located at a finite distance from the water phantom
surface, SSD = 2 m. A spread-out Bragg peak was created with 20 energies to fully cover
the PTV (defined later). The energies ek ranged from 94.5 MeV to 118.8 MeV. Corresponding
weights wk were computed with Eq. (2.1).

3.1.2

Irradiation geometries

Three categories of irradiation geometries (A, B and C) were defined, see Table 3.1 and Fig.
3.1. All geometries are based on collimation through a multi-slit collimator which is placed
flush against the phantom surface. For convenience, the word slit refers to both rectangular
and square-shaped holes. Geometries A have infinitely long slits, geometries B have rectangular
slits, and geometries C have square-shaped slits (holes).
The entrance fluence is a function of two free parameters q = (sw, N ) where sw is the slit
width and N is the number of slits that divide a length L on the entrance surface. The slit
height is denoted by sh. The center-to-center spacing between slits is ctc = L/(N − 1). sw
was constrained to widths smaller than half the ctc distance. This constraint is necessary for
geometry C to prevent overlapping slits, but could be loosened for geometries A and B to
sw < ctc. Φ0 was defined as the constant fluence inside of a slit. For geometries A the slit
widths were increased in steps of 0.02 cm and for geometries B and C the slit widths were
increased in steps of 0.04 cm, starting from sw = 0.04 cm and N = 5.
Table 3.1: Irradiation geometries
Geometry
A
B
C

Description
Infinite strip approximation
Rectangular slits
Squares in hexagonal pattern

Free parameters, q
sw < ctc/2, N
sw < ctc/2, N
sw < ctc/2, N

Other
L = 5 cm, sh → ∞
L = 2.5 cm, sh = 2 cm
L = 2.5 cm, sh = sw

For all geometries, the convolution integral (Eq. 3.1) was evaluated to
1
D(E, sw, N, x, y, z) = DBB (E, z)Φz
4
 x − (x + sw /2) i
X X h  x − (xi,z − swz /2) 
i,z
z
erf
− erf
σ
(E,
z)
σ
(E,
z)
r
r
xi,z yj,z
h  y − (y − sh /2) 
 y − (y + sh /2) i
j,z
z
j,z
z
erf
− erf
σr (E, z)
σr (E, z)
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(3.5)

with different sets of slit placements and slit dimensions. With sh → ∞ the y-dependent terms
goes to 2 (geometry A), and when all slits are placed at y = 0 the y-dependent terms can be
factored out (geometry B). For geometries A and B the slits were placed at (yi = 0)
xi = −

L
L
+
·i
2
N −1

for i = 0, 1, . . . , N − 1

(3.6)

For geometry C the slits were placed at
yi = xi ∈ {xi,outer , xi,inner }
L
L
xi,outer = − +
·i
2
N −1
L
L
L
+
·i
xi,inner = − +
2
2(N − 1) N − 1

for i = 0, 1, . . . , N − 1

(3.7)

for i = 0, 1, . . . , N − 2

and the total number of slits is N 2 + (N − 1)2 . Points r = (x, y) and fluences Φ0 defined at the
surface of the phantom were scaled at depth z according to
 SSD n
SSD + z
(3.8)
rz = r
Φz = Φ0
SSD
SSD + z
where n = 1 for geometry A, and n = 2 for geometry B and C. The total radiant energy Rin
incident on the water phantom can be computed as
X
Rin = K · sw · sh · Φ0
wk e k
(3.9)
k

where K is the total number of slits, which for geometries A and B is equal to N . For geometry C,
K = N 2 +(N −1)2 . For geometry A, as the incident energy is infinite, it is appropriate to instead
consider the incident energy per unit height (y) distance. For a completely stopped proton beam
Rin should be equal to the total energy imparted  to the water phantom (bremsstrahlung losses
are negligible), which can be computed as
Z
=
DSOBP (sw, N, x, y, z)ρ(x, y, z)dxdydz
(3.10)
V

where V is the phantom volume and ρ is the density.

3.1.3

Water phantom, OARs and PTV

A rectangular phantom with dimensions X × Y ×Z was discretized into NX ×NY ×NZ voxels in
which the dose to water was computed (voxels of size 0.1 × 0.1 × 1 mm3 were used). Dose values
were sampled at the center coordinate of each voxel. For each dose distribution two regions of
interest were defined: one planning target volume (PTV) with centre at 8 cm depth and one
organ at risk (OAR1) from 0 to 7 cm depth. For irradiation geometries B and C an additional
organ at risk (OAR2) was defined. The phantom dimensions and ROI dimensions are defined
in Table 3.2.
Table 3.2: Phantom- and ROI dimensions
Geometry
A
B
C

Phantom (cm3 )
8 × ∞ × 10
4 × 4 × 10
4 × 4 × 10

OAR1 (cm3 )
8 × 7 cm2 (xz-plane)
4×4×7
4×4×7
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PTV (cm3 )
4.5 × 2 × 2
2 × 1.5 × 2
2×2×2

For geometries B and C, OAR2 was defined as a ball with radius 1 cm centred on the central
axis at depth z = 4 cm.
OAR2 = {(x, y, z) : x2 + y 2 + (z − 4)2 ≤ 1 cm2 }

3.2

(3.11)

PTV constraints

Two PTV constraints C = {C1 , C2 } were defined as
C1 :

D98% > 0.95D50%

C2 :

VD115% < 1.5 cm3

(3.12)

where Dv% is the minimum dose that a fractional volume v% receives and VD is the volume that
receives a dose greater than or equal to D. C1 ensures a minimum target dose coverage, while
C2 prevents hotspots to occur within the PTV.

3.3

Implementation of spatial frequency-based objective function

Discrete Fourier Transforms (DFTs) were used to implement the objective function for all dose
distributions produced (geometries A, B and C). The discrete frequencies fk = (fk,1 , fk,2 , fk,3 )
are given by
fk,i ∈

1
· {0, 1, . . . , (Ni − 1)/2, −(Ni − 1)/2, . . . , −1} (Ni odd)
Xi

(3.13)

where Xi is the phantom side length and Ni is the number of voxels along the corresponding
dimension. To select optimal dose distributions an arbitrary threshold frequency fthr = 1 cm−1
was used corresponding to a stem-cell migration distance of 0.5 cm.
The lateral profile-based definition of the objective function (OLAT , Eq. (2.9)) was implemented for the box-shaped organ at risk, OAR1. The volume-based definition of the objective
function (O3D , Eq. (2.10)) was implemented for the ball-shaped organ at risk, OAR2. The
influence of threshold frequency fthr on objective function values was studied for geometry A.

3.3.1

OAR window function
2

A window function WOAR (r) for OARs was defined as e−s·dmin (r,R) where dmin (r, R) is the
minimum distance between r and any R ∈ OAR. The parameter s determines the smoothness
of the cut-out, and influences the amount of excess high-frequencies originating from the window
function itself. With this window function, all dose values inside the ROI will be included and
unattenuated. s = 40 cm−2 was chosen to create a cut-out of OAR2, see Fig. 3.2 for an example.
dOAR2 (r) = WOAR2 (r)d(r) WOAR2 (r) = e−40·dmin (r,R)

2

R ∈ OAR2
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(3.14)

Figure 3.2: Window function WOAR2 (r) for ball-shaped organ at risk, OAR2, applied to one
dose distribution d(r) in geometry C (N = 7, sw = 0.16 cm) in order to finally compute the
objective function value O3D (dOAR2 ) with Eq. (2.10).

3.3.2

Analytical Fourier transform

For geometry C, the two-dimensional power spectrum of Eq. (3.5) was evaluated to
h1
i 2  2 2
2 2
2
2
|D̂(E, z, L, sw, sh, k1 , k2 )|2 = DBB (E, z)Φz
e−2π (k1 +k2 )σr (E,z)
4
π






i2



h

N Lπk2
Lπk1
(3.15)
sin
+
sin
Lπk
sin
Lπk
sin2 swz · πk1 sin2 shz · πk2
sin N
1
2
(N −1)
(N −1)




Lπk2
Lπk1
2
k12 k22
sin
sin2 (N
−1)
(N −1)
The expression consists of a Gaussian factor which is the transform of the dose kernel, a second
factor which is the transform of a rectangular function, and a third which incorporates interference (phase differences) between slits. The expression can be slightly simplified to also apply to
geometries A and B.

Figure 3.3: Comparison of two power spectra for one irradiation geometry in A (N = 11,
sw = 0.1 cm) obtained with the discrete Fourier transform (left panel), and with the (continuous) Fourier transform (right panel). Continuous frequencies are denoted with k, and discrete
frequencies with fk .
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4 Results
The lateral profile-based definition of the objective function OLAT (Eq. (2.9)) was evaluated for
geometry A. The results are presented in Fig. 4.1. Relationships between objective function
values and the near-min dose (D98% ), the maximum OAR1 dose (Dmax ), the valley-to-peak-dose
ratio (VPDR), and the choice of threshold frequency (fthr ) were studied for geometries A, see
Fig. 4.2. Both the lateral profile-based definition OLAT (Eq. (2.9)) and the volume-based definition of the objective function O3D (Eq. (2.10)) were evaluated for geometries B and C. The
results are presented in Fig. 4.3 and Fig. 4.5.
The lateral profile-based objective function was evaluated for the rectangular organ at risk
(OAR1) and the volume-based objective function was evaluated for the ball-shaped organ at risk
(OAR2). For geometries B, the two different combinations of organ at risk and formulation of the
objective function gave two different optima. For geometries C, the two different combinations
gave the same optimal irradiation geometry, see Table 4.1.
Table 4.1: Optimal solutions qoptimal to the constrained maximization problem evaluated with
threshold frequency fthr = 1 cm−1 .
Geometry

OAR

Function

O(fthr = 1 cm−1 , qoptimal )

A
B
B
C
C

OAR1
OAR1
OAR2
OAR1
OAR2

OLAT
OLAT
O3D
OLAT
O3D

0.55
0.54
0.39
0.90
0.63

qoptimal =
sw (cm), N
0.04, 19
0.04, 11
0.08, 9
0.04, 7
0.04, 7

Spacing,
ctc (cm)
0.28
0.25
0.32
0.42
0.42

The optimal solutions were found on the boundary of the solution space. The allowed dose
distributions met the two dose constraints C1 (coverage constraint) and C2 (hotspot constraint).
For the allowed dose distributions the following holds:
• For fixed N , the objective function values are increasing with decreasing slit widths sw
• For fixed sw, the objective function values are increasing with decreasing number of slits
• Geometry A: the optimal dose distribution has the second lowest valley-to-peak-dose ratio
(VPDR)
• Geometry A: the optimal dose distribution has the largest maximum dose (Dmax /D50% )
in the organ at risk (OAR1)
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Figure 4.1: Results for geometry A. The upper panels show two dose distributions: one optimal
distribution (with maximum objective function value) and one non-optimal example. Doses
above 1.5D50% have maximum gray-scale value. Both of the two distributions pass the two
PTV constraints. The objective function values for all irradiation geometries are shown in the
lower right panel together with linearly interpolated objective function values (surface plot).
The solution space is marked with crosses.
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Figure 4.2: Results for geometry A. (a) Objective function values as a function of threshold
frequency fthr . (b) Contribution to the objective function values as a function of depth. (c)
PTV coverage vs. objective function values. (d) VPDR vs. objective function values. (e)
Maximum OAR1 dose Dmax vs. objective function values.
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Figure 4.3: Results for geometries B and C. Optimal dose distributions (with maximum objective
function values) and non-optimal examples are shown. Doses above 1.5D50% have maximum
gray-scale value. The objective function values corresponding to these distributions are marked
with arrows in Fig. 4.5. Cumulative dose-volume histograms are presented in Fig. 4.4.
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Figure 4.4: Cumulative dose-volume histograms of dose distributions shown in Fig. 4.3. Solid
lines are used for geometries B and dotted lines are used for geometries C. a) PTV-B, b) PTV-C,
c) OAR1, d) OAR2.
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Figure 4.5: Results for geometries B (left panels) and C (right panels). Objective function values
for all irradiation geometries. The lateral profile-based definition OLAT was used in (a-b). The
volume-based definition O3D was used in (c-d). Linearly interpolated objective function values
are shown (surface plots). The solution space is represented by crosses. A two-dimensional
presentation of the same data is given in Appendix A, Fig. 7.1.
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5 Discussion
5.1

TPS implementation and computational cost

The viability of our spatial-frequency based objective function for optimization of grid therapy
dose distributions was studied in this project. We have showed that the objective function can
provide unique optimal solutions on the boundary of a set of allowed dose distributions. The
next step is to implement the objective function into an optimization environment which is
available in commercial treatment planning systems (TPSs). Further studies should also include
additional free parameters. The mathematical tools necessary to compute the objective function
are already available in most TPSs and the main question, which is still to be answered, is how
large the computational cost of the objective function is. The cost grows with the number of
voxels. In this project, voxels of size 0.1 × 0.1 × 1 mm3 were used to avoid undersampling. In
a TPS, the dose is computed in voxels with side lengths in the order of millimetre. The voxel
size provides an upper limit to how steep dose variations, and equivalently to how large spatial frequencies, the system can resolve. In this project, the three-dimensional discrete Fourier
transform was computed on a region of interest with equal number of voxels as the full water
phantom (401 × 401 × 101 = 1.6 × 107 ) and the approximate time needed for one such DFT was
18 seconds with NumPy’s FFT library in Python on a 2.9 GHz Intel Core i7 processor. One
way of reducing the number of voxels is to create a rectangular box just large enough to fully
cover the region of interest. With the ball-shaped organ at risk (OAR2) defined in this project
the number of voxels was reduced to 198 × 198 × 19 = 7.4 × 105 and the computation time was
reduced to 0.2 seconds. In RayStation (TPS) [33], a research environment is provided where
objective functions can be implemented in C++ and managed via a Python interface. In C++,
efficient FFT algorithms can be implemented with e.g. the FFTW library [58]. FFT algorithms
utilize symmetric properties of the DFT to reduce the number of operations. Such algorithms
are also implemented in NumPy. With the FFT, the overall complexity is reduced from O(N 2 )
to O(N log(N )) where N is the number of elements.
Convex optimization problems are in general easier to solve compared to non-convex optimization
problems. In convex optimization the minimization is performed on a convex function over a
convex domain and with convex constraints. Convex minimization is equivalent to concave
maximization [47]. The concavity of our spatial frequency-based objective function was not
studied, but a graphical representation of the function suggests that the function is not concave
over the full domain of studied geometries. The function is concave if the domain is restricted
to the solution space, see Fig. 5.1. The discrete nature of the input parameters in this project
(integer number of collimator slits) may increase the complexity of the algorithm required to
find an optimal solution. It is in general easier to solve optimization problems with continuous
variables (with e.g. the gradient descent method). However, many problems include optimization
over discrete variables, which is the subject of mixed-integer programming (MIP) where both
integer- and continuous variables are allowed as input parameters. In e.g. IMRT beam angle
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optimization (BAO), MIP may be used to find a discrete set of optimal beam angles under the
constraint of a fixed total number of beams [59].

Figure 5.1: The analytical expression of the power spectrum (Eq. (3.15)) was used to compute objective function values for geometries A (infinite strips) with two different threshold
frequencies. A local maximum which was not a global maximum was found.

5.2

Advantage over the VPDR

Out of the allowed dose distributions the optimal distribution in geometry A has the second lowest valley-to-peak-dose ratio (VPDR). The most important factor for low VPDR is the number
of slits (i.e. large center-to-center spacing), see Fig 4.2. The volume-based objective function
(O3D ) is more general than the VPDR, based on two properties of the objective function:
• It is independent of field angle
• It is not limited to symmetric patterns of peaks and valleys

Figure 5.2: An arbitrary dose distribution to illustrate the generality of the objective function
defined in this project as compared to the VPDR. In this dose distribution there is not a unique
valley-to-peak dose ratio. The spatial frequency-based objective function can still be computed.
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5.3

Maximum dose in organs at risk

In Fig. 4.2, the relationship between objective function values and maximum doses can be studied. The optimal solution (coloured red) has the largest maximum dose out of the allowed dose
distributions (coloured green and blue). This result is expected as the energy delivered to the
PTV is constrained by the prescription dose D50% .
If we assume a constant radiant energy impinging on the phantom, then from Eq. (3.9) we
can obtain the following relationship for two different irradiation geometries q1 = (sw, K1 ) and
q2 = (sw, K2 ), where Ki is the total number of slits
K1 · sw · sh · Φ1 = K2 · sw · sh · Φ2

(5.1)

and if K1 > K2 then Φ1 < Φ2 . From Eq. (3.5) we can see that the dose has its maximum at the
center of a slit and that it is proportional to the fluence. Hence, for a constant radiant energy in
the maximum dose will be inversely proportional to the number of slits. The optimal solution
in geometry C had a maximum OAR dose of Dmax ≈ 29D50% . The maximum dose to organs
at risk may be implemented as a further constraint in the dose optimization. This was done by
Henry et al. [22] who formulated a selection scheme (with the aim of minimizing VPDR) where
the maximum dose in normal tissue (2 cm proximal to the target) was restricted to doses lower
than the prescribed target dose.

5.4

Challenges associated with large dose gradients

Dose distributions with sharp dose gradients put high demand on precision in dose delivery,
dose optimization (computation time), dose validation (spatial resolution of detectors) and on
minimization of inter-fractional variations in patient positioning (increasing the need for image
guidance). The introduction of mechanical collimators will decrease the useful fraction of the
beam and lead to an increased production of neutrons and induced radioactivity of the collimator. These effects are important to consider from a radiation protection perspective. A decreased
useful fraction of the beam may also lead to an increase in delivery time (in the case of limited
beam current) which is not only cost-inefficient, but will increase the effect of intra-fractional
organ motions. Magnetic focusing of ions is not associated with these problems, but clinically
available PBS beam lines can not produce as narrow beams as can be done with mechanical
collimation.
In relation to large dose gradients, Brahme proposed a metric based on frequency content [46]
not very different from the objective function used in this project. However, its thought use was
to reduce the high-frequency content in order to obtain clinically realizable dose distributions:
"Another parameter which also may be useful to quantify the clinical value of a
beam is its content of spatial frequencies, u. Generally, it is fields with low spatial
frequencies that can be most easily produced so an integral over the absolute value of
the low frequency portion of the Fourier transform of the optimal dose distribution,
D̃, may be a useful quantifier of gross structure in a beam:
Z umax
Z=
|D̃(u)|du
(5.2)
0

Here it is natural to set the upper integration limit to correspond to the smallest
structure of interest in the target volume, the resolution of the leaf collimator or the
precision of patient setup, depending on the situation."
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5.5

Squaring the dose

In the early stages of this project we aimed at computing the Fourier transform of the squareroot of the dose distribution, such that Parseval’s theorem could be utilized to partition the
integral dose into a low- and high-frequency component
Z p
Z
Z
h√ i
2
2
3
3
F D (k) d3 k =
D(r)d r =
D(r) d r =
3
R3
R3
ZR
Z
(5.3)
h√ i
h√ i
2
2
F D (k) d3 k
=
F D (k) d3 k +
k<fthr

k>fthr

where F [·] is the Fourier transform operator. The purpose was to provide a close connection
between the objective function and the energy deposition in the medium. The integral dose
(with the integral performed over mass elements) is equal to the radiant energy in (for protons
that are completely stopped). The objective function would then help in finding an optimal
spatial distribution of the incoming energy (with respect to normal tissue complications). It
soon became clear, however, that such a simple connection dose not exist (or at least could not
be explained in this work). Frequency decomposition of a signal is based on the existence of
signals that take both negative and positive values. Moreover, it is based on the assumption that
signals can interfere and cancel each other. It can not be guaranteed, however, that an arbitrary
dose distribution (see e.g. Fig. (5.3)) can be split into non-negative low- and high-frequency
components. The non-existence of negative doses have been discussed before in relation to
radiotherapy optimization, as it turned out that negative particle fluences are needed in order to
find an exact inverse to the dose optimization problem [46]. We abandoned the idea presented
above due to two reasons. Firstly, it requires extra operations to compute the square root of the
dose distribution, and secondly the frequency content is altered by the square-root operation
(and we analyse frequencies of a different function). It remains an open question if some other
formulation of the objective function (than the one used in this project) is better suited for
optimization or can provide easier interpretation of its meaning (what does it mean to integrate
the squared dose distribution?). Furthermore, instead of computing a relative quantity (as was
done in this project) it may be possible to use the absolute value of the power spectrum integral,
or simply use the frequency spectrum integral to remove the number of operations otherwise
needed to obtain the power spectrum.

Figure 5.3: Low-frequency component (a) and high-frequency component (b) of a lateral doseprofile (c) consisting of five rectangular beamlets (FWHM = 0.1 cm and center-to-center spacing
0.5 cm). The distinction between low- and high frequencies was made at 2 cm−1 . The corresponding squared dose distributions are shown in (d-f).
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6 Conclusion
We introduced a spatial frequency-based objective function for dose heterogeneity to be used
in optimization of dose distributions in grid therapy. We gave two definitions: one based on
frequency content in lateral dose profiles, and one based on frequency content in a full dose
volume. The viability of the objective function was studied on proton grid therapy dose distributions but should be equally applicable to other treatment modalities. For both formulations,
a unique optimal solution was found on the boundary of the solution space. The solution space
was outlined by one coverage- and one hotspot constraint. The spatial frequency-based objective
function is more general than the valley-to-peak-dose ratio and can be applied to
• arbitrarily shaped region of interests,
• dose distributions with varying center-to-center spacing between the narrow beams, and
• dose distributions produced by multiple field angles.
The tools necessary for computing the objective function are available in commercial treatment
planning systems (TPSs). Further studies should investigate the feasibility of implementing
the objective function in a TPS, include additional free parameters into the optimization, and
further estimate the computational cost of the objective function.
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7 Appendices
7.1

Appendix A: Objective function values, geometries B and C

Figure 7.1: Two-dimensional presentation, including isocontours, of the objective function values
shown in Fig. 4.5.
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7.2

Appendix B: Cell-survival and TCP for a heterogeneous dose
distribution

Consider a volume V with a uniform distribution of equal cells per unit volume χ. The linearquadratic (LQ) model can be used to compute the probability for cell-survival as
S(D) = e−(αD+βD

2)

(7.1)

where D is the uniform dose given to the volume, and α > 0 and β > 0 are cell-type specific
dose-response parameters. The mean number of surviving cells N is thus given by
N (D) = χ · V · S(D)

(7.2)

The probability of killing all clonogenic tumour cells (the tumour control probability, TCP) is
given by
T CP = e−N (D)
(7.3)
We would like to show that if the dose D is instead distributed heterogeneously (keeping the
mean dose as an invariant) the mean number of surviving cells will be larger, and the TCP (for
tumours) will be lower. The proof below is performed for the case when β = 0, i.e. for the
single-target single-hit model.
Proof
Consider dividing the volume into k sub-volumes, such that V = V1 + · · · + Vk and DV =
D1 V1 + · · · + Dk Vk (the mean dose D is kept constant). We would then like to show that
v1 · S(D1 ) + · · · + vk · S(Dk ) ≥ S(D)

(7.4)

P
P
where i vi = 1 and i vi Di = D. Without loss of generality the sub-volumes can be divided
such that all are of equal volume vi = 1/k (sub-volumes of equal dose may be grouped together).
It remains to show that
k
k 
1/k
Pk
Y
1 X −αDi
e
≥ e−α i=1 Di /k =
e−αDi
= e−αD
k
i=1

(7.5)

i=1

where equality holds when Di = D ∀ i ∈ {1, · · · , k}, i.e. for a homogeneous dose distribution.
The inequality follows from the fact that the arithmetic mean is always greater than or equal
to the geometric mean. Note that the arithmetic/geometric mean refers to the mean of e−αDi .
Hence, the mean number of surviving cells is larger for a heterogenous dose distribution, and it
follows that the TCP is lower (which is assumed to be a monotonically decreasing function of
increasing number of surviving cells).
A more general proof is given in [60] where it is shown that the TCP is larger for a homogeneous
distribution independent of the TCP model used (if it meets certain criteria, consult the reference
for details). For tumour control, the most effective use of the incoming radiant energy is by
distributing it homogeneously over the PTV.
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7.3

Appendix C: Derivation of Bortfeld’s analytical approximation of the Bragg curve

A reproduction of Bortfeld’s derivation of the analytical approximation of the Bragg curve [54]
is presented here to make clear underlying assumptions. This was primarily done as a means for
me to understand all the parameters that go into the equations. For a more detailed explanation,
the reader should consult the original reference.
Let Ψ(z) = Φ(z)E(z) be the energy fluence of a parallel mono-energetic proton beam impinging
on a homogeneous medium with density ρ. The total energy released per mass, TERMA, in the
medium can then be computed as

1 dΨ(z)
1 d
TERMA(z) ≡ −
=−
Φ(z)E(z) =
ρ dz
ρ dz
(7.6)
 1 dE(z) 
 1 dΦ(z) 


S(z)
1 dΦ(z)
= Φ(z) −
+ E(z) −
= Φ(z)
+ E(z) −
ρ dz
ρ dz
ρ
ρ dz
The first term on the right-hand side is recognized as the mass stopping power multiplied with
the proton fluence, and the second term is the energy released to secondary particles created
in nuclear reactions. Now assume that the ranges of secondary electrons are very small such
that the energy is completely deposited at the point of interaction, and further assume that a
fraction γ of the energy released in nuclear reactions is deposited at the point of interaction. If
also depth-straggling is neglected, the dose D̂mono (z) can be computed as
 1 dΦ(z) 
S(z)
(7.7)
D̂mono (z) = Φ(z)
+ γE(z) −
ρ
ρ dz
The energy-range power formula R0 = αE0p (α = 0.0022, p = 1.77 for water), where the mean
range R0 is given in cm and the initial energy E0 is given in MeV, is used to derive an approximate
expression for the stopping power
E(z) =

1
α1/p

(R0 − z)1/p ⇒ S(z) = −

dE
1
=
(R0 − z)1/p−1
dz
pα1/p

(7.8)

and the fluence reduction term is computed by assuming a linear decrease of the primary proton
fluence
Φ(z) = Φ0

1 + β(R0 − z)
dΦ(z)
β
= Φ0
⇒−
1 + βR0
dz
1 + βR0

(7.9)

where β ≈ 0.012 cm−1 and Φ0 is the proton fluence at z = 0. The dose can be written on the
form
(7.10)
D̂mono (z) = a1 (R0 − z)1/p−1 + a2 (R0 − z)1/p = D̂1 (z) + D̂2 (z)
where the first term (which is monotonically increasing) is dose created by protons that do not
undergo any nuclear reactions, and the second term (which is monotonically decreasing) is dose
created by secondary particles from nuclear reactions and from secondary electrons created before the nuclear reaction.
To include depth-straggling, assume that the depth at which protons have lost energy ∆E
(contributing to D̂1 or D̂2 ) is normally distributed around the mean depth z̄ with a depthdependent standard deviation σ(z̄). Then, the dose Dmono (z) can be computed by convolving
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D̂ with a Gaussian, G. It was shown that the convolution integral is well-approximated by
assuming a constant standard deviation σ(z̄) = σ.
2

R0

2

e(z−z̄) /σmono
Dmono (z) = D̂mono ∗ G (z) =
D̂mono (z̄) √
dz̄
2π σmono
−∞


Z

(7.11)

The standard deviation for a perfectly mono-energetic proton beam is approximated by
2
σmono
≈ α0

p3 α2/p 3−2/p
R
3p − 2 0

(7.12)

where α0 depends on the medium. For water, σmono ≈ 0.012R0.935 in cm. In reality, a
proton beam is not mono-energetic but has a spectrum of energies ΦE . This energy spectrum is approximated as a superposition of a Gaussian distribution and a linear spectrum,
ΦE = (ΦE )Gaussian + (ΦE )linear . The latter has the effect of adding a small tail to the Gaussian.
The (machine-dependent) standard deviation of the Gaussian energy spectrum σE,machine is assumed to be small, and can be translated into a range spread σR,machine by computing the Taylor
expansion around E. The machine-dependent spread adds in quadrature to the mono-energetic
depth spread
2
2
2
2
σ 2 = σmono
+ σR,machine
= σmono
+ σE,machine
α2 p2 E02p−2

(7.13)

Now assume that a fraction  of the proton fluence in the peak Φ0 constitutes the linear portion
of the energy spectrum
(ΦE (E))linear = 

2Φ0 E
E02

(7.14)

and (assuming p ≈ 2)
2/p−1

(ΦR (R))linear = (ΦE (E))linear

dR
2Φ0 R
Φ0
=  2 0 2/p ≈ 
dE
R0
E0 pα

(7.15)

If (at first) depth-straggling is neglected for the linear part of the energy spectrum, and nuclear
interactions are completely neglected, the tail-dose D̂tail can be computed by convolving D̂1 with
(ΦR (R))linear
D̂tail (z) = (D̂1 ∗ ΦR )(z) ≈

1
Φ0

Z

R0


z

Φ0

a1 (R − z)1/p−1 dR =
pa1 (R0 − z)1/p
R0
R0

(7.16)

The total dose D̂ (neglecting depth-straggling) is
D̂ = D̂mono + D̂tail = a1 (R0 − z)1/p−1 + (a2 +
where
a1 =

Φ0
,
ρpα1/p (1 + βR0 )

a2 =

pa1
)(R0 − z)1/p
R0

Φ0 (β + γβp)
ρpα1/p (1 + βR0 )

(7.17)

(7.18)

and thus
"
#

Φ0
p 
1/p−1
1/p
D̂ =
(R0 − z)
+ β + γβp +
(R0 − z)
R0
ρpα1/p (1 + βR0 )
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(7.19)

The total dose D(z) including depth-straggling is finally given by the convolution integral where
the machine-dependent part of the range spread is added
2

R0

2

e(z−z̄) /σ
dz̄ =
D(z) = D̂ ∗ G (z) =
D̂(z̄) √
2π σ
−∞
#
"
2
β
e−ζ /4 σ 1/p Γ(1/p)
1
 
= Φ0 √
D−1/p−1 (−ζ)
D−1/p (−ζ) +
+ γβ +
p
R0
2π ρ p α1/p (1 + βR0 ) σ


Z

(7.20)

where ζ = (R0 − z)/σ, Γ is the gamma function, and Dy is the parabolic cylinder funtion. If
ρ is given in g/cm3 , Φ0 in cm2 , and σ in cm, then the dose is given in MeV/g. The parabolic
cylinder function is difficult to evaluate numerically for large values, and the dose can instead
be approximated as

z < R0 − 10σ
 D̂(z) if
D(z) ≈
(7.21)
D(z) if R0 − 10σ ≤ z ≤ R0 + 5σ

0
if
z > R0 + 5σ
For water, D̂H2 O and DH2 O can be computed as
D̂H2 O =

h
i
Φ0

17.93 (R0 − z)−0.435 + (0.444 + 31.7 ) (R0 − z)0.565
1 + 0.012R0
R0
2

(7.22)

2

e−(R0 −z) /4σ σ 0.565
×
1 + 0.012 R0
"
#

11.26
R0 − z
 
R0 − z
D−0.565 (−
) + 0.157 + 11.26
D−1.565 (−
)
σ
σ
R0
σ
DH2 O = Φ0
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(7.23)

7.4

Appendix D: Sample code

Figure 7.2: Sample code of the spatial frequency-based objective function (power_fraction) and
the three-dimensional DFT implementation (frequency_domain).
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Figure 7.3: Work flow. Each dose distribution was implemented as an object in which regions
of interests were added and information about coordinate systems etc. was stored.
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