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Abstract
Actuarial reserving deals with the problem of predicting outstanding claims payments on policies issued up to today to
find an appropriate amount of capital, the claims reserve or technical provisions, to set aside in order to be able to meet
obligations to policyholders. Historically, and commonly still today, this has been approached using purely algorithmic and
deterministic methods, not based in any statistical models. This thesis contains five individual papers, mainly concerned
with statistical models for use in the area of reserving in non-life insurance.

Paper I sets out all the components needed for the valuation of aggregate non-life insurance liability cash flows based on
data in the form of claims triangles. The paper contains all necessary ingredients for use in practice, including the estimation
of model parameters and a bias correction of the plug-in estimator of the valuation formula. The valuation framework that
the paper takes as its starting point is compatible with the view of the Solvency IIdirective on how to compute the value of
the technical provisions, i.e. that the value should equal the amount which a so-called reference undertaking would demand
in order to take over and handle the run-off of the liability cash flow.

Paper II deals with the problem of estimating the conditional mean squared error of prediction(MSEP), conditional on the
observed data. The paper presents an approach that yields analytically computable estimators for a wide range of different
models — otherwise readily computable using simple numerical methods — and, moreover, it shows that the approach
reproduces the famous MSEP formula for the distribution-free chain ladder model given by Mack in 1993. The approach is
particularly useful when considering run-off triangles since itis then not feasible to perform a prediction assessment based
on out-of-sample performance.

Paper III is concerned with properties of the variance of the variance parameter estimator ina general linear model,
mainly in the form of finite sample size bounds that are independent of the covariates and that are such that, asymptotically,
the lower and upper bounds are the same. As opposed to the other papers of this thesis, this paper is purely theoretical
without an immediate insurance context — except for a small example.

Paper IV introduces a discrete-time micro-model called the collective reserving model (CRM). The model is highly
accessible since, even though it is a micro-model, it is modelled on the aggregate level using two triangles, one for the
number of reported claims and one for the claims payments. The paper shows, among other things, how the model gives
predictors of outstanding claims payments separately for incurred but not reported and reported but not settled claims, and,
interestingly, shows that the chain ladder technique is a large exposure (e.g. the number of contracts) approximation of
the CRM.

Paper V is chiefly concerned with deriving closed-form expressions for moments in a class of continuous-time micro-
models. It is the first paper to accomplish this task, hopefully making continuous-time micro-models accessible to a broader
audience.
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Introduction





Chapter 1

Reserving in non-life
insurance

Many events in life are uncertain; as an example, even the best driver out there
can end up in an accident. These uncertain events might lead to financial losses.
The role of insurance is to protect persons and entities from such financial
losses. The insured person or entity trades a potential future substantial loss
for a guaranteed small loss today, i.e. for an insurance premium. The insured
and insurer agree on a contract, called an insurance policy, determining what
claims are and what period is covered. In the case that a loss, covered by the
policy, occurs, the policyholder reports a claim to the insurance company, which
is then reviewed by a so-called claims handler. Once finished with the review,
the insurance company can reimburse the policyholder for the incurred losses.

The fundamental idea behind insurance is that of risk pooling. Insurance com-
panies collect many similar insurance policies in order for the procured premi-
ums to cover the costs of the claims that will occur. Ideally, these policies should
be independent so that the law of large numbers and central limit theorem ap-
ply — then, given a large enough pool of insurance policies, the uncertainties,
or risks, that the insurance company accepted for the premiums collectively
become small.

Whether the uncertainty is large or small, the insurance company needs to
set aside an adequate amount of funds to cover the future costs of claims on
policies written up until today. These funds are usually called the claims reserve
or the technical provisions. This quantity is usually represented as the sum of
two components, the best estimate reserve and the risk margin (or safety load-
ing), where the first is an expected value of the outstanding claims payments
(adjusted for the time value of money), and the latter is some amount that
protects the insurance company from the inherent uncertainty in the problem.
How this risk margin should be defined is up for debate. However, the EU
regulatory framework Solvency II defines the risk margin as an amount such
that the value of the technical provisions is the amount another entity would
demand in order to take over and handle the run-off of the liabilities of the
insurer. The main goal of this thesis is to set out mathematical methods for
the quantification of this reserve and its uncertainty, more specifically within
the sub-field of non-life insurance.

Non-life insurance, usually called Property & Casualty insurance in the USA or
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general insurance in the UK, typically entails, as the name implies, everything
that is not life insurance. These two types of insurance, life and non-life, differ
in several fundamental characteristics, therefore creating a need to consider
them separately. In life insurance, contracts are usually life-long, while non-life
insurance contracts are typically one year in duration. Life insurance contracts
usually specify the future claim amounts, while these are uncertain in non-life
insurance, depending on the severity of the accident. The payment times are
usually pre-specified in life insurance, e.g. one payment at death or periodically
until death, while these are uncertain in non-life insurance. Finally, while death
may occur only once, a single individual may, for instance, get into multiple
traffic accidents in a year, i.e. non-life insurance can involve multiple claims on
the same policy. In addition to the above differences, the Solvency II directive
mandates that insurers involved in both life and non-life ventures must manage
those ventures separately, although the reason for this is to protect the interests
of life insurance policyholders rather than any inherent differences in the two
types of insurance.

Accurate computation of the claims reserve is essential. Underestimating the
reserve produces more risk than acceptable of the insurance company not being
able to meet its obligations to the policyholders while overestimating it requires
the insurance company to hold excessive amounts of funds instead of using this
capital to make investments or to pay shareholders. Moreover, the technical
provisions are usually the biggest component of an insurance company’s balance
sheet, and therefore, small errors in the estimation of it can translate into
substantial amounts of capital.

There is a multitude of different methods for computing the (best estimate)
reserve. In practice, a lot of these methods are deterministic, with the most well
known and used method being the chain ladder technique. The chain ladder
technique is a simple algorithm used to predict outstanding claims payments
based on aggregated payment data in the form of so-called run-off triangles.
The popularity and long-time use of this method seem to imply that it performs
reasonably well. Possibly in part because of this, a quite considerable amount
of attention has been given to finding models that reproduce the reserve es-
timator of the chain ladder technique. With these models, it is then possible
to quantify the uncertainty in the point estimate of the claims reserve that
the chain ladder technique gives. We will explore this historically significant
method, the chain ladder technique, and two particular models that reproduce
its reserve estimator in Section 1.2.

Using aggregated data today in the age of big data, data science, and machine
learning might seem somewhat absurd. Therefore we turn to models that use
a more granular level of data. Introduced in the late 80s and recently gaining
interest and tractability is such a class of models called micro models, a class
of models that use data on the individual claim level. This class of models
forms an integral part of this thesis, and Section 1.3, therefore, gives a brief
introduction to it.
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This thesis contains five individual papers. Paper I deals with valuation of
non-life insurance liability cash flows based on aggregated data in the form of
run-off triangles. The valuation uses a so-called cost-of-capital approach and is
highly relevant for the computation of the risk margin following Solvency II.
Paper II deals with the estimation of the uncertainty of, among other quantities,
the claims reserve. It does this by giving a simple method of estimating the
conditional mean squared error of prediction (MSEP) that is applicable for a
wide range of model classes and quantities. Paper III is not directly related
to insurance; however, it was born out of theoretical results investigated for
Paper II. It deals with properties of the variance of the variance parameter
estimator in a general linear model. Paper IV introduces a model for computing
the claims reserve called the collective reserving model (CRM). It is a model
that makes assumptions on the level of individual claims in discrete time, i.e.
it is a micro model, but the modelling is then performed on the aggregate
level using two triangles, one for the claims payments and one for the number
of reported claims. Paper V deals with the computation and estimation of
moments of the outstanding claims payments in a class of continuous-time
micro models. Previously, this required Monte Carlo methods, which quickly
become computationally heavy when considering, for instance, the one-year
perspective of Solvency II — see Section 1.5 for details on this — which requires
nested simulations to compute an expectation of the estimated claims reserve
in one-years time.

The rest of this thesis summary is laid out as follows. This chapter continues
with a comprehensive review of some relevant concepts relating to reserving
in non-life insurance. First, the development of a claim and the type of data
available is presented in Section 1.1 followed by Section 1.2 which details the
historically significant chain ladder technique and two models that reproduce its
reserve estimator. Then Section 1.3 moves on to describe micro-models, which
are models for data on a granular level. Section 1.4 describes the importance
of quantifying prediction and reserve uncertainty and how this is usually quan-
tified through the MSEP. Section 1.5 gives a brief presentation of the one-year
perspective on risk of the Solvency II directive and its view on how to compute
the risk margin, also containing the Subsection 1.5.1 which describes a method
for valuation of liability cash flows for risk margin computations in accordance
with Solvency II. Chapter 2 and the sections it contains give short overviews
of the five individual papers.

1.1 Data

Figure 1.1 shows an example of a claim’s development. At some point, the
insurance company and the policyholder enter into a contract. This contract
covers a specific set of accidents (or events) and lasts for a pre-specified period,
usually one year. During this time, one or more accidents can occur. In such
a case, they are reported to the insurance company at some point after their
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occurrence. In the case of a minor traffic accident, reporting of damages are
(mandated to be) immediate; however, reporting can also occur with some non-
negligible delay, usually in situations when the insured does not immediately
notice the damages, examples of which can be damages to a summer cabin
in the winter or to the hull of a boat or ship. In any case, once reported, a
claims handler reviews the claim, payments are made to reimburse the insured,
and then the claim is settled/closed. It is not uncommon that the insurance
company makes multiple payments to the insured, and furthermore, that the
time between reporting and settlement is of considerable length. In the case of
bodily injury, for example, it may be that the insured needs first to recover (to
the extent possible) before it is conceivable to evaluate the extent of the claim
in its entirety.

Throughout the lifetime of a claim, from the occurrence of the originating
accident to the claim’s settlement, it goes through two distinct phases. Once
the accident occurs the claim is incurred but not reported (IBNR) and then, once
reported up until it is settled, it is reported but not settled (RBNS). Predictions
of outstanding claims payments are usually given separately for these two types
of claims when possible. Notably, this is the case for the two micro-models of
Paper IV and V.

Figure 1.1: Example of a claim’s development in non-life insurance.

We can represent the above-described sequence of events by the following ran-
dom variables:

• T , the time of occurrence of the accident;

• U , the reporting delay, i.e. the time between reporting and occurrence of
the accident;

• V , the settlement delay, i.e. the time between settlement and reporting;
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• Y (v′), the total amount paid to the claimant between T+U and T+U+v′;

• Y = Y (V ), the final claim amount.

These random variables usually carry an index representing that they corres-
pond to a specific claim. Models on this level of data are usually referred to
as micro-models, and the above notation is in line with the foundational work
on micro-models in Norberg (1993). When considering micro-models, it is also
common to introduce some exposure measure w(t), which could, for instance,
be the number of contracts the insurance company has written in a specific
line of business that are active at time t. The number of claims generated up
to time t, N(t), is then usually generated by some stochastic counting process
with some base rate λ(t), which is then scaled by the exposure measure w(t).
Since micro-models form an integral part of this thesis, we examine them closer
in Section 1.3.

Even though there exists data on this granular level, it is common that the data
is aggregated into so-called run-off (or development) triangles (trapezoids) and
then modelled on this cruder level. Let J := {1, . . . , J} and I := {i0, . . . , J}
with i0 ≤ 1. Then, at calendar year t ∈ {i0 − J, . . . , J}, we have access to the
run-off triangle (trapezoid)

Dt := {Cij : (i, j) ∈ I × J , i+ j ≤ J + 1 + t},

where the current year would correspond to t = 0. Table 1.1 shows an example
of such a triangle with t = 0, i0 = 1 and J = 5. The values Cij of these triangles
correspond to the sum of all claims payments made within j years (or another
period length) from claims that occurred in the ith calendar year. The rows
and columns are usually referred to as the accident years and the development
years, respectively. Notice that accident years with i ≤ 1 are fully developed
years.

Table 1.1: An example of a run-off triangle of aggregated payments accumulated
over the development years.

Development year
Accident year 1 2 3 4 5

1 C11 C12 C13 C14 C15
2 C21 C22 C23 C24
3 C31 C32 C33
4 C41 C42
5 C51

Whichever level of granularity we use, when predicting outstanding claims pay-
ments we usually want to condition on what is known today. Therefore we in-
troduce the notation Ft, which represents the statistical information known at
time t, with t = 0 being the current time. For instance, if we consider only the
aggregated claims payments for modelling and prediction, then Ft := σ(Dt).
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The goal of claims reserving is to predict the outstanding claims payments based
on the information in F0. In a run-off triangle scenario, at time t = 0, this would
amount to predicting the lower right triangle {Cij : (i, j) ∈ I×J , i+j > J+1}.
An example of this lower right triangle, in line with the example in Table 1.1,
is given in Table 1.2. A problem with standard run-off triangle methods, such
as the chain ladder technique described in Section 1.2, is that predicting the
payments CiJ might not capture all of the outstanding payments. In long-tailed
businesses, some payments will be made later than development year J . In such
a case, these standard methods usually require some form of extrapolation
technique to acquire prediction in this tail. A handy property of the model
introduced in Paper IV is that, although it bases its predictions on aggregated
data in the form of these kinds of triangles, its underlying micro-level structure
provides a constructive method of acquiring predictions in this tail.

Table 1.2: An example of a lower right triangle of future aggregated payments
accumulated over the development years.

Development year
Accident year 0 1 2 3 4

1
2 C25
3 C34 C35
4 C43 C44 C45
5 C52 C53 C54 C55

Usually, triangles of aggregated cumulative payments are the sole basis for
predictions of outstanding payments. However, in recent years, model develop-
ments have been made where the predictions are also based on the incremental
number of reported claims, denoted by Nij , notably in Verrall et al. (2010),
which is the paper that Paper IV takes as its starting point. Moreover, some
models use incremental claims payments, denoted by Iij , instead of the cumu-
lative ones Cij . A notable example in this thesis is one of the models of Paper
I.

1.2 The chain ladder technique and stochastic
claims reserving

The unquestionably most common method of projecting future losses is the so-
called chain ladder technique, which is an old algorithmic method that at first
was not based on any statistical model. It uses a triangle of aggregated accu-
mulated claims payments, such as the one in Table 1.1, to predict the ultimate
losses, i.e. the total sum of all future fully developed losses. More precisely, to
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predict future losses in the ith accident year, it uses the development factors

f̂j =
∑J−j
i=i0 Ci,j+1∑J−j
i=i0 Cij

(1.1)

in the following equation

ĈiJ = Ci,J−i+1

J−1∏
j=J−i+1

f̂j , (1.2)

where Ci,J−i+1 is the latest available observation for accident year i, i.e. the
ith diagonal value.

The chain ladder technique is as mentioned just an algorithm for projecting
future losses. It had initially no stochastic model that motivated its use and,
moreover, it had no natural method of measuring any sources of uncertainty,
such as the uncertainty in the ultimate losses or the uncertainty in the point
estimate of the claims reserve. For this reason, much attention has been given
to the objective of finding stochastic models that underpin the chain ladder
technique.

The most famous model that reproduces the chain ladder technique estimators
of future losses is the so-called distribution-free chain ladder model introduced
by Mack (1993). The primary reason for introducing this model was to compute
the conditional MSEP to get an assessment of the uncertainty in the estimates
of future losses given by the chain ladder technique. The model is defined by a
simple time series structure with the following assumptions: for j = 1, . . . , J−1,
there exist constants fj > 0 and σ2

j ≥ 0 such that

E[Ci,j+1|Cij , . . . , Ci1] = fjCij ,

Var(Ci,j+1|Cij , . . . , Ci1) = σ2
jCij , (1.3)

for i = i0, . . . , J . Furthermore, assume that the aggregated payments in differ-
ent accident years,

{Ci01, . . . , Ci0J}, . . . , {CJ1, . . . , CJJ}, are independent.

The variance assumption was natural to introduce since, as mentioned in Mack
(1993), the estimator f̂j in (1.1) is the Cij-weighted average of the individual
development factors Ci,j+1/Cij , i.e. given the variance assumption (1.3), f̂j is
the inverse-variance weighted average of the individual development factors.
Since the inverse-variance weighted average has minimal variance among all
weighted averages, it is natural to assume (1.3) if the estimators in (1.1) are
considered reasonable. Another thing to note is that the assumed independence
of the accident years often is unrealistic. A simple example to illustrate this
is that the claims handling might have changed over time due to what has
occurred in previous years.
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Given the above assumptions, it holds, by repeated applications of the tower
property, that

E[CiJ |F0] = E[CiJ |Ci,J−i+1, . . . , Ci1]
= E[E[CiJ |Ci,J−1, . . . , Ci1]|Ci,J−i+1, . . . , Ci1]
= E[Ci,J−1|Ci,J−i+1, . . . , Ci1]fJ−1

...
= E[Ci,J−i+1|Ci,J−i+1, . . . , Ci1]fJ−i+1 · . . . · fJ−1

= Ci,J−i+1

J−1∏
j=J−i+1

fj , (1.4)

and therefore (1.2) is a natural estimator of the ultimate losses. Moreover, by
letting

Bk := {Cij |(i, j) ∈ I × J , i+ j ≤ J + 1, j ≤ k}, 1 ≤ k ≤ J,

be only the values Cij of the development triangle D0 with development years
j ≤ k, we can show that

E[f̂j ] = E[E[f̂j |Bj ]] = fj ,

i.e. the estimators of the development factors are unbiased. Additionally, for
j < k,

E[f̂j f̂k] = E[E[f̂j f̂k|Bk]]

= E[f̂jE[f̂k|Bk]]

= E[f̂j ]fk
= fjfk.

This result is also possible to extend to the more general case

E

 J−1∏
j=J−i+1

f̂j

 =
J−1∏

j=J−i+1
fj ,

which shows that under the distribution-free chain ladder model, the estimator
(1.2) of the ultimate losses is an unbiased estimator of (1.4), i.e.

E[ĈiJ ] = E[E[CiJ |F0]].

Another famous model that was shown to reproduce the estimators from the
chain ladder technique is the overdispersed Poisson model introduced in Ren-
shaw (1994a). It is defined by the assumption that the incremental claims Iij
are independent over-dispersed Poisson random variables with

E[Iij ] = mij = xiyj

Var(Iij) = φmij , (1.5)
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where
J∑
j=1

yj = 1.

By this last sum-to-one constraint, it can be shown that xi is the expected
ultimate claims payments in accident year i and yj is the expected proportion
of these paid in development year j. Overdispersion or underdispersion relative
to the Poisson distribution is possible by the added parameter φ in the variance
assumption. The way the parameters are estimated in the model is not affected
by this additional parameter, but the standard errors of the parameters are,
and anything relating to the variance of the process, such as the MSEP.

A common parametrisation of this model is to use

logmij = η + αi + βj ,

with α1 = β1 = 0 and then to estimate the parameters η, αi and βj using
a Poisson-likelihood. A natural predictor of the ultimate claim amount for
accident year i is then

Ê[CiJ |F0] = ĈiJ = Ci,J−i+1 +
J∑

j=J−i+2
eη̂+α̂i+β̂j . (1.6)

The fact that we may use a Poisson likelihood can be motivated using quasi-
likelihood theory with the variance assumption (1.5) since the quasi-likelihood
is then proportional to a Poisson likelihood. For an introduction to the theory
of quasi-likelihoods, see McCullagh and Nelder (1989).

Now, to see the connection of the overdispersed Poisson model with the chain
ladder technique, Renshaw and Verrall (1998) noted that the conditional likeli-
hood, where we condition on the latest row totals, gives the same estimates of
{CiJ , i = 2, 3, . . . , J}. Since a set of independent Poisson random variables, con-
ditional on their total, is distributed according to a multinomial distribution, it
is possible to show that this conditional likelihood is the following multinomial
likelihood

Lc =
J∏
i=1

 Ci,J−i+1!∏J−i+1
j=1 Iij !

J−i+1∏
j=1

y
Iij

ij

 ,

where

yij := yj∑J−i+1
k=1 yk

,

i.e. yij is the proportion of claims payments made in development year j out
of all claims payments made between the first and the latest observed develop-
ment year. Maximising this likelihood yields estimators ŷj , and, by substituting
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eη̂+α̂i+β̂j for x̂iŷj = ĈiJ ŷj in (1.6), we see that the ŷjs satisfy

ĈiJ = Ci,J−i+1

1−
∑J
j=J−i+2 ŷj

.

The equivalent predictor in the chain ladder technique is given by (1.2) and
what can now be shown is that, by assuming that the f̂js satisfy

J−1∏
i=J−i+1

f̂j = 1
1−

∑J
j=J−i+2 ŷj

,

we arrive at (1.1), which is what Renshaw and Verrall (1998) showed through
a technique from Rosenberg (1990) for computing the maximum likelihood
estimates ŷj .

Renshaw and Verrall (1998) were not the first to connect the Poisson dis-
tribution/likelihood with the chain ladder technique. However, they were the
first to generalise the connection using quasi-likelihood theory and to connect
the model with the analysis of contingency tables. For instance, Mack (1991)
noted that the chain ladder predictor is reproduced by the so-called ’marginal
totals condition’, which, without going into detail, is maximum likelihood un-
der the assumption that the incremental data of the cells in the triangle are
independent and Poisson distributed. For other models reproducing the reserve
estimators of the chain ladder technique, see England and Verrall (2002) for,
among a plethora of results relating to stochastic claims reserving, an excellent
overview of these different models.

1.3 Micro-level models

As previously mentioned, the prediction of the total amount of outstanding
claims payments has traditionally been based on data aggregated into triangles.
In the late 80s and the 90s, there was a small stream of literature aimed at
introducing models for so-called micro-level data, which are models for data
on a more granular level, usually involving individual policies or claims. This
push mainly considered models in continuous-time, arguably starting with Ar-
jas (1989) who formulated a general stochastic process framework for predict-
ing outstanding claims in a micro-level and time-continuous setting. The paper
laid the foundation through some structural ideas, setting up the problem as a
marked point process and deriving general results regarding the prediction of
outstanding claims payments. For practical purposes, these results can, how-
ever, be considered a bit too general. Norberg (1993) later continued this work
of Arjas (1989) by setting up a marked Poisson process approach.

In the marked Poisson process approach of Norberg (1993), all variables not
related to the occurrence times are collected into a mark

Z = (U, V, Y, {Y (v′); 0 ≤ v′ ≤ V }).
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Then a claim is represented by the pair (T,Z), which is modelled as a marked
Poisson process, meaning that claims are assumed to occur according to a non-
homogeneous Poisson process with intensity w(t) at time t ≥ 0, generating
some occurrence times {Ti}1≤i≤N , where N is the total number of claims. This
intensity w(t) is not to be confused with the exposure measure introduced
in Section 1.1. Although, if w(t) is completely known at the current time, it
might be more natural to extend the intensity to be λ(t)w(t) for some unknown
function λ(·), as is done in e.g. Antonio and Plat (2014) and Paper V. The w(t)
is then an exposure measure while λ(t) is some unknown base rate generating
claims for each policy. Here, however, we let the intensity be w(t) to keep in
line with Norberg (1993).

In the marked Poisson process approach, the distribution of the mark, Z, is
kept general and is denoted by PZ|t. Given this set-up, a corollary to Theorem 1
in Norberg (1993) gives the first three moments of the total claim amount as∫

t>0
w(t)

∫
y>0

ykPY |t(dy)dt, k = 1, 2, 3,

where PY |t is the distribution of the final claim amount Y given that the claim
occurred at time t. This integral might look simple; however, it should be noted
that PY |t is the distribution of the final claim amount, which might depend,
in a complicated manner, on the reporting delay and the underlying process
generating the payments and their severities. In practice, to perform estimation
one would most likely have to split this into its components since we usually
have only partial information, e.g. some claims have occurred but have not
yet been reported and a number of claims will have generated a payment but
not yet be closed, which introduces some form of censoring in the final claim
amount.

The work of Norberg (1993) was later expanded on in several other works, not-
ably in, Norberg (1999), the extensive case study of Antonio and Plat (2014),
and Haastrup and Arjas (1996) in a Bayesian framework. Haastrup and Arjas
(1996) and Antonio and Plat (2014) are similar in that they analyse the same
subclass of models of the class of models introduced in Norberg (1993). Pa-
per V of this thesis is a continuation of the work in Antonio and Plat (2014),
showing how one can analytically compute moments of the outstanding claims
payments in this subclass of models, instead of using Monte Carlo methods as
is introduced in Antonio and Plat (2014). For the interested reader, Mikosch
(2009) gives an excellent textbook introduction to the area of continuous-time
micro-level modelling, among other things relating to non-life insurance math-
ematics.

There has also been a small stream of literature dealing with micro-level mod-
els in discrete-time, usually modelled on the aggregate level. The most notable
of these is Verrall et al. (2010) in which a model is set-up with detailed as-
sumptions on the individual claim level that is then modelled on the aggregate
level (by an approximation) using two triangles, the usual one containing the
aggregated claims payment data and an additional one containing the reported
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number of claims. This paper was expanded on by Miranda et al. (2011, 2012),
the latter of which introduced the now-famous Double Chain Ladder method.
The model in Verrall et al. (2010) is generalised by the collective reserving
model (CRM) introduced in Paper IV of this thesis. The original model allowed
only one payment per claim, which the CRM generalises to multiple payments
per claim, and moreover, the approximation that allowed the modelling on the
aggregate level is not needed.

1.4 Assessment of prediction uncertainty

An essential part of reserving, and the topic of Paper II, is the quantification
of prediction uncertainty, both in terms of the inherent randomness of the out-
standing claims payments and the uncertainty of the parameter estimators. Of
course, one would also like to quantify the uncertainty stemming from model
misspecification, though this makes the problem a lot more complicated. In
this thesis, only the first two sources of uncertainty are considered. A standard
measure of the uncertainty of predictions is the MSEP, and, within insurance,
it is common to consider the conditional version of it since one wants to assess
the prediction uncertainty given the specific set of data that has been observed.
Other measures of uncertainty could also be considered. However, these gen-
erally require stronger assumptions on the underlying data generating process
and, furthermore, generally do not yield analytical expressions.

Let us begin by defining the conditional MSEP. Consider the assessment of some
arbitrary prediction method given an arbitrary model. Let X be a random vari-
able that we want to predict, F0 some σ-algebra representing the observations
(or information) available today, and X̂ an F0-measurable predictor of X. The
conditional MSEP is then defined as

MSEPF0(X, X̂) := E[(X − X̂)2|F0]

= Var(X|F0) + E[(X̂ − E[X|F0])2|F0]. (1.7)

The first term is usually called the process variance and the second term the
estimation error. Since both X̂ and E[X|F0] are F0-measurable, the expectation
in the estimation error is redundant, i.e.

E[(X̂ − E[X|F0])2|F0] = (X̂ − E[X|F0])2 ≥ 0.

The quantity MSEPF0(X, X̂) is F0-measurable; however, it depends on un-
known parameters θ. Therefore the goal now in the quest of assessing prediction
uncertainty using the conditional MSEP should be to find a suitable estimator
of MSEPF0(X, X̂). The typical first idea is to use plug-in estimation using an
estimator of θ, which here is denoted by θ̂. A problem with this is that, typic-
ally, X̂ is already the plug-in estimator of the conditional expectation E[X|F0].
Therefore, if we estimate the estimation error by replacing θ in (1.7) with our
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estimator θ̂, the resulting estimator of MSEPF0(X, X̂) is

MSEPF0(X, X̂)(θ̂) = Var(X|F0)(θ̂).

This expression fails to account for the estimation error since it estimates it to
be 0, which is the lower bound of the estimation error and not a reasonable
estimator. Therefore, the plug-in estimation will yield an underestimation of
the conditional MSEP.

Much attention has been given to finding estimators of the conditional MSEP
that do not possess the above problem, specifically for the chain-ladder model.
Mack (1993) provided an estimator of the conditional MSEP for the reserve pre-
dictor in the chain ladder technique using the assumptions of the distribution-
free chain ladder model. Even though this was a significant breakthrough, the
estimator is based on a somewhat opaque approximation that seems to lack
a motivating statistical principle. In Buchwalder et al. (2006), the problem is
revisited by constructing a time series framework over the development years
in which one can use the concept of (theoretically) re-sampled estimators in
order to account for the parameter uncertainty when estimating the estimation
error. Other papers with similar approaches are Diers et al. (2016) and Röhr
(2016). In Diers et al. (2016), pseudo-estimators, closely connected to the re-
sampled estimators, are introduced and used together with a first-order Taylor
approximation in order to analyse the prediction error in the setting of the
distribution-free chain ladder model. Röhr (2016) uses an error propagation
argument for assessing the effect of the uncertainty in the parameter estimat-
ors when assessing prediction error, also in the distribution-free chain ladder
model. The Taylor approximation has seen much use in MSEP-estimation, for
instance, for the over-dispersed Poisson model introduced in Renshaw (1994a),
Renshaw (1994b) and England and Verrall (1999) derived an estimator of the
MSEP using a first-order Taylor approximation. More precisely, they did it for
a generalisation of the over-dispersed Poisson model with Var(Iij) = φmp

ij .

Although analytical formulae are generally preferable, they are not always
tractable. Another method of estimating the MSEP is to use bootstrap meth-
odology, which can be either parametric or non-parametric depending on the
model under consideration. A significant advantage of using bootstrap meth-
odology is that one does not only acquire a point estimate of, for instance, the
conditional MSEP, but one can also acquire the complete predictive distribu-
tion. The most significant contribution in this area was the paper by England
and Verrall (1999) which introduced the bootstrap to actuarial science. Several
papers have been written on the subject, but since this thesis does not involve
any bootstrap methodology, the interested reader is directed to the PhD thesis
of Björkwall (2011).

When assessing prediction uncertainty, ideally one would have a large amount
of data in which case it would be prudent to consider prediction assessments
based on out-of-sample performance. However, within insurance, it is common
that data is aggregated into triangles, in which case the data is rather small. If,
on the other hand, we consider reserving methods based on micro-level data,
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then it would be possible to split the data into training and testing samples and,
based on this, assess the predictive performance. This method, however, dif-
fers in that the conditional MSEP considers future observations, e.g. the lower
right triangle, while this approach would only consider past observations, e.g.
the upper left triangle. This distinction is vital since assessing the predictive
performance based on past observations can give skewed results unless observa-
tions are weighted appropriately. To illustrate, without weighting observations,
a model that performs well on the first accident year, but not so well on the
last, will be deemed to perform better than a model where the opposite is the
case. However, for predicting the future, the latter model would be the better
one since there are still a lot of outstanding payments stemming from accidents
in the latest accident year, but not so many from the first accident year.

1.5 Solvency II: The one-year perspective on
risk and the risk margin

Solvency II takes a one-year perspective on risk. In Article 101.3 by the European
Commission (2009), it is stated that the so-called Solvency Capital Require-
ment (SCR), i.e. the amount of capital an EU insurance company is required
to hold,

shall be calibrated so as to ensure that all quantifiable risks to which
an insurance or reinsurance undertaking is exposed are taken into
account. . . . It shall correspond to the Value-at-Risk of the basic
own funds of an insurance or reinsurance undertaking subject to a
confidence level of 99.5% over a one-year period.

The basic own funds is, more or less, the excess of assets over liabilities. Exact
computation of the SCR is a complex task, however, the regulators provide
standard formulae, see Annex IV of EIOPA (2015), that can be used to weigh
together the SCRs of different individual risk modules

SCR =
√∑

i,j

Corri,j ×SCRi×SCRj ,

where the indexes i and j correspond to the different risk modules and Corri,j
corresponds to cell (i, j) in a, by the regulators, pre-defined correlation matrix.
These different risk modules can themselves be divided into subgroups which
are allowed to be weighed together similarly. For instance, according to Solvency
II, the one-year SCR for reserve risk is the 95% Value-at-Risk (VaR) of the
claims development result, which is defined as

CDR := E[U |F0](θ̂0)− E[U |F1](θ̂1). (1.8)

Here U is the ultimate claims payments, and θ̂t is a Ft-measurable estimator of
the parameter vector θ based on the data in Ft. Here we see the impact of the
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closed-form expressions for the expectations in (1.8) given by Paper V for the
class of continuous-time micro-models analysed in Antonio and Plat (2014). If
one needs to simulate in order to compute the expectations, one needs nested
simulations, i.e. one has to simulate one year ahead multiple times, and for each
simulation, compute the expectation E[U |F1] by simulations. Computing a VaR
of the CDR of a single line of business can, in and of itself, be a complicated
task; therefore the regulators also allow the individual SCRs to be computed
according to standard formulae, with the one-year SCR for reserve risk being
approximated by a volume (exposure) measure and a standard deviation, see
Article 115 by the European Commission (2015).

As mentioned in the introduction, the Solvency II risk margin should be such
that the value of the technical provisions is the amount another entity, called the
reference undertaking, would demand in order to take over and handle the run-
off of the liabilities of the insurer. There is, however, no theoretical framework
laid out on how this value should be computed. Nevertheless, Article 37 by the
European Commission (2015) prescribes the ill-defined formula

RM = CoC
∑
t≥0

SCR(t)
(1 + r(t+ 1))t+1 ,

where CoC is the so-called cost-of-capital rate (the rate of return an investor
requires to invest), SCR(t) is the SCR after t years, and r(t + 1) denotes the
risk-free interest rate for the maturity of t + 1 years. This formula is rather
strange since SCR(t) depends on the data available at time t and, therefore,
RM is a random variable today. In any case, since this formula can itself be
complicated to calculate, Guideline 61 of EIOPA (2015) allows the risk margin
to be approximated by

RM ≈ CoC
∑
t≥0

BE(t)
BE(0) SCR(0),

where BE(t) is the best estimate reserve at time t.

1.5.1 The risk margin and valuation of liability cash flows

Instead of these ill-defined formulae, Engsner et al. (2017) provide risk mar-
gin calculations with a strong theoretical foundation that are in line with the
definition of the risk margin of Solvency II. The paper provides formulae for the
valuation of insurance liability cash flows based on a cost-of-capital approach,
i.e. that investors expect a minimum (expected) return in order to provide cap-
ital. The valuation is consistent with Solvency II in that it considers a transfer
of the liability cash flow to a reference undertaking which is subject to capital
requirements. Engsner et al. (2017) form the basis for Paper I of this thesis,
and this section, therefore, aims to give a brief non-technical introduction to
the underlying assumptions of the valuation framework.
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Consider integer times 0, 1, . . . , T at which the capital requirements are eval-
uated, assuming that the run-off is complete at time T . The first step of the
valuation is to choose an (imperfect) static replicating portfolio of the liability
cash flow, consisting of traded financial instruments. We denote the liability
cash flow by (Xo

t )Tt=1 and the replicating portfolio by (Xs
t )Tt=1. The replicating

portfolio and the liability cash flow generate a residual cash flow (Xt)Tt=1, where
Xt = Xo

t − Xs
t , which is subject to capital requirements. Based on this, the

value of the liability cash flow is defined as the sum of the market value of the
replicating portfolio and the value of the residual cash flow at time 0, where
the latter is denoted by V0. The question now is how do we determine V0?

To begin valuing the residual cash flow, let Vt be the value of the remaining
residual cash flow at time t, (Xs)Ts=t+1, noting that VT = 0 since the run-off is
complete after time T . In line with Solvency II, consider a hypothetical transfer
of the liability and the replicating portfolio to a reference undertaking, whose
one purpose is to manage the run-off of the liability cash flow in question. The
reference undertaking is subject to capital requirements and has to hold the
capital ρt = ρt(−Xt+1 − Vt+1) at time t, where ρt is a conditional monetary
risk measure, conditional on Ft. The exact definition of a conditional monetary
risk measure is out of the scope of this introduction, and for our purposes, it
suffices to consider either the conditional Value-at-Risk VaRt,p or the condi-
tional expected shortfall ESt,p, conditional of Ft, for Paper I. The prescription
of Solvency II is to use Value-at-Risk with p = 0.005. Also, notice that this
valuation framework is in line with Solvency II in that it uses conditional risk
measures over a one-year period, and that the total liabilities at time t + 1 is
the sum of the technical provisions Vt+1 and the residual cash flow Xt+1.

Assuming that the reference undertaking is still solvent at time t, the capital
provider is asked to provide the capital ρt − Vt to ensure solvency, i.e. the
reference undertaking has −Vt but has to hold ρt. Any surplus available at
time t+ 1, i.e. (ρt −Xt+1 − Vt+1)+, is then given back to the capital provider.
If there is no surplus, the reference undertaking is insolvent. This investment
is, of course, risky for the capital provider with the possibility of not getting
the invested capital back, introducing the need to demand an appropriate rate
of return to make the investment acceptable. This acceptability condition is
given by

(1 + ηt)(ρt − Vt) = E[(ρt −Xt+1 − Vt+1)+|Ft],

where ηt is the cost-of-capital rate. This condition must be fulfilled for the
capital provider to provide any capital.

The above valuation program introduces the following recursive relationship

VT (X) := 0,

Vt(X) := ρt −
1

1 + ηt
E[(ρt −Xt+1 − Vt+1)+|Ft].

Engsner et al. (2017) derive formulae for computation of this recursion in order
to find V0; however, in general, no explicit expressions can be derived. One
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notable exception, one that is made use of in Paper I, is when all cash flows
are jointly Gaussian, and the cost-of-capital rates ηt are F0-measurable. The
latter is the case in Solvency II, where it is given as a fixed 6%.

For more details regarding this method of valuation, the interested reader is
directed to Engsner et al. (2017) and the licentiate thesis of Engsner (2018).
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Chapter 2

Overview of papers

2.1 Paper I

Paper I deals with valuation of non-life insurance liability cash flows based on
aggregated data in the form of claims triangles. As we have seen, this is essential
in order to compute the risk margin of the technical provisions as specified by
Solvency II. The paper uses the general formulae from Engsner et al. (2017)
for the valuation of insurance liability cash flows.

As mentioned in Section 1.5.1, Engsner et al. (2017) show that the valuation
formulae are analytically tractable given that the liability cash flows are jointly
Gaussian, and the cost-of-capital rates ηt are F0-measurable. If we, in addition,
assume that the cash flow of the replicating portfolio is F0-measurable, then
the value, denoted by L0, takes the form

L0 = E[R|F0] +
T∑
t=1

c(p, ηt)
(

Var(R|Ft−1)−Var(R|Ft)
)1/2

,

with

c(p, ηt) := r(p)− 1
1 + ηt

(
r(p)Φ(r(p)) + ϕ(r(p))

)
,

where R =
∑T
t=1 X

o
t is the total of the outstanding liability cash flow, Φ and ϕ

are the distribution and density functions, respectively, of the standard normal
distribution, and the function r(·) depends on the choice of conditional risk
measure ρt. If it is chosen to be the conditional Value-at-Risk VaRt,p, condi-
tional on Ft, as is the case in Solvency II, then r(p) = Φ−1(1 − p). Solvency
II gives the cost-of-capital rate as a fixed 6% and the probability of the VaR
to be 0.5%. The only parts of the above valuation formula that are unknown
are the expectation E[R|F0] and the variances Var(R|Ft). To compute these in
practice, we need a model and a corresponding estimation method.

It is therefore natural to examine some examples of Gaussian time series models,
particularly for the frequently used data consisting of claims triangles. We
specifically examine two such models. One is the following autoregressive model
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for the cumulative amounts

C̃ij := Cij/vi,

C̃i1 := α1 + σ1√
vi
εi1,

C̃ij := γj−1C̃i,j−1 + σj√
vi
εij , j ≥ 2,

and the other is the following autoregressive model for the incremental amounts

Ĩij := Iij/vi,

Ĩi1 := α1 + σ1√
vi
εi1,

Ĩij := αj + βj Ĩi,j−1 + σj√
vi
εij , j ≥ 2,

where, for both models, εij are mutually independent and standard normally
distributed for all (i, j) ∈ I ×J , and vi is some exposure measure, such as the
premium volume.

Given these models, it is possible to compute the expectation E[R|F0] and the
variances Var(R|Ft). Moreover, estimation is easily performed using weighted
least squares. Therefore all ingredients necessary for computing the valuation
formula in practice are present.

Generally, we want a valuation to be unbiased. The value of the liability cash
flow L = L(θ) is a function of the unknown model parameters θ. This func-
tion is, as a rule, non-linear and therefore, given an unbiased estimator of this
parameter vector θ̂, it is not necessarily the case that the plug-in estimator of
the valuation formula, L̂ := L(θ̂), is unbiased. Therefore, a bias correction of
this plug-in estimator is given in the paper.

When considering these models, one should be aware that the assumption of
jointly Gaussian cash flows is not always realistic, of course. However, insurance
is based on the idea of pooling risks, i.e. given enough independent and identic-
ally distributed (or at least similar enough) insurance contracts, the central
limit theorem (approximately) applies.

2.2 Paper II

Paper II deals with the estimation of the conditional MSEP. The primary
motivation is the assessment of the predictive performance of actuarial reserving
methods given data in the form of run-off triangles, in which case, assessing the
predictive performance based on out-of-sample methods is out of the question.
Instead, a prediction assessment principle is introduced, which can be viewed as
a generalisation of the final prediction error of Akaike (1969, 1970). The paper
shows how the prediction assessment principle can easily be applied to a range
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of different types of models and that it reproduces estimators of the MSEP
for some well-studied models, such as the estimator given in Mack (1993) for
the distribution-free chain ladder model and the estimator given in Renshaw
(1994b) for the over-dispersed Poisson model.

The idea behind the prediction assessment principle is loosely based on a boot-
strap approach. As in Section 1.4, say we have some random variable X that
we want to predict based on the information contained in some σ-algebra F0.
Assume that conditional on F0, the distribution of X is parametrised by some
unknown parameter vector θ. To predict X, we consider the conditional ex-
pectation

h(θ;F0) := E[X|F0].

Since we do not know θ we have to estimate it, therefore, assume we have some
estimation method giving us the F0-measurable estimator θ̂. We then consider
plug-in estimation, giving the predictor

X̂ := h(θ̂;F0).

Based on this we can rewrite (1.7) as

MSEPF0(X, X̂) = Var(X|F0)(θ) + (h(θ̂;F0)− h(θ;F0))2.

The variance can, without much controversy, be estimated by its plug-in es-
timator

V̂ar(X|F0) := Var(X|F0)(θ̂).

The problem lies in how the estimation error (h(θ̂;F0)− h(θ;F0))2 should be
estimated. Plug-in estimation yields 0 and is an underestimation.

The essence of what we want to know is how much h(θ̂;F0) tends to differ
from h(θ;F0). The fact that they differ lies wholly in the fact that θ̂ is an F0-
measurable random variable that will never be exactly equal to θ. A possible
way forward to quantify this is to compute E[(h(θ̂;F0)−h(θ;F0))2]. However,
this also averages over the data F0 that enters into what we call the basis of
prediction z 7→ h(z;F0). The way the data enters into this basis of prediction
is the same for both h(θ̂;F0) and h(θ;F0) and is thus not the reason for
them differing. Furthermore, since we are considering the conditional MSEP,
we would ideally not want to average over the basis of prediction as this part
is the whole point of considering the conditional MSEP instead of the regular
MSEP. The goal then is to, in some way, separate the randomness of these
two ways the data enters into the estimation error, i.e. the randomness of the
basis of prediction and the randomness of the parameter estimator θ̂, and only
average over the latter.

This separation is formalised and made precise in the paper, the essence of
which is to introduce a random variable θ̂

∗
such that we may estimate (h(θ̂;F0)−
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h(θ;F0))2 by

E[(h(θ̂
∗
;F0)− h(θ;F0))2|F0]. (2.1)

The random variable θ̂
∗
is similar to the (theoretically) re-sampled estimators

of Buchwalder et al. (2006) and is constructed such that it is not F0-measurable
and such that its distribution, conditional on F0, captures the uncertainty in
the estimator θ̂. The paper deals with the choice of this random variable so that
it captures the uncertainty, but, importantly, also so that the expectation in
(2.1) is computable. Additionally, a first-order Taylor expansion is discussed as
a method of computing E[(h(θ̂

∗
;F0)−h(θ;F0))2|F0] without having to specify

more than the first two moments of θ̂
∗
. By assuming that E[θ̂

∗
|F0] = θ and

that Cov(θ̂
∗
|F0) exists finitely almost surely, then given the first-order Taylor

expansion, the suggested estimator of the conditional MSEP has the simple
computable form

Var(X|F0)(θ̂) +∇h(θ̂;F0)′Λ(θ̂;F0)∇h(θ̂;F0) (2.2)

where Λ(θ;F0) = Cov(θ∗|F0) and ∇h(θ;F0)′ denotes the gradient of z 7→
h(z;F0) evaluated at θ.

Finally, the ease of use and utility of this method is illustrated in Paper IV and
Paper V, where it is applied to the two micro-models of those papers.

2.3 Paper III

Paper III is a shorter theoretical note expanding on a result in Paper II. Paper
II uses asymptotic results regarding the covariances of the parameter estimators
in a general linear model. The class of general linear models considered are of
the form

y = Xβ + σΣ1/2e,

where X is a random n× px matrix of almost surely full column rank, Σ is a
symmetric almost surely strictly positive definite n × n matrix, β is a px × 1
vector, σ > 0 is a scalar, and e is some random n×1 vector whose elements are
independent and has conditional on X and Σ, mean 0 and the n× n identity
matrix, I, as covariance matrix.

Given this class of general linear models, it is shown in Paper II that the
unconditional and conditional covariances of

β̂ = (X ′Σ−1X)−1X ′Σ−1y,

conditional on X and Σ, converge to the same limiting object as the number
of observations (accident years) tends to infinity. This asymptotic equality is
used as a (weak) motivator of approximating the unconditional covariance by
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the conditional covariance, the relevance of which lies in the choice of θ̂
∗
. In

Paper II, this sufficed since the primary consideration was on models where the
conditional expectation of the ultimate losses is a function only of β and not on
the variance parameter σ2, and therefore only the parts of Λ(θ;F0) relating to
β had any effect in (2.2). However, there are models where this is not the case,
e.g. a log-normal model. Therefore an interesting question arose in the form of
how the variance parameter estimator in a general linear model behaves in the
presence of random covariates. More specifically, the main result acquired was
finite sample size bounds for the variance of the variance parameter estimator
Var(σ̂2|X,Σ), where

σ̂2 := 1
n− px

(
y −Xβ̂

)′
Σ−1

(
y −Xβ̂

)
,

which are independent of the covariates. These bounds are sharp in the sense
that the lower and upper limits, when scaled by the sample size, tend to
the same limiting point as the number of observations increases. Given these
bounds, it is a simple matter to show mean square convergence of the parameter
estimator of the variance parameter. The fact that we acquire finite sample size
bounds is particularly useful when considering, for instance, a general linear
model formulation of the chain ladder model where the sample size is often
around 10.

2.4 Paper IV

Paper IV introduces the collective reserving model (CRM), which is a discrete-
time micro model that is modelled on the aggregate level using two triangles,
one for the number of reported claims and one for the claims payments. It is
based on the following assumptions: Firstly the number of reported claims in
accident year i that are reported j periods later, Nij , are independent for all
indexes (i, j) and has the following first two moments

E[Nij ] = αiβj ,

Var(Nij) = φE[Nij ].

Secondly, each claim generates a series of payments according to a discrete-time
Poisson process, i.e.

Npaid
ijk |Nij ∼ Po(λkNij), k = 0, . . . , d, (2.3)

whereNpaid
ijk is the number of payments made k periods in the future from claims

reported in cell (i, j). Finally, let Ỹijkl be the lth payment from claims reported
in (i, j) that are paid k periods later. These are assumed to be independent for
all l for fixed (i, j, k) with the following first two moment assumptions

E[Ỹijkl] = µ̃

Var(Ỹijkl) = σ̃2.
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In the paper, based on the above assumptions, reserve estimators are derived
at the collective level separately for IBNR and RBNS claims. The parameters
of the model are mainly estimated using quasi-likelihood theory, or more pre-
cisely, using a quasi-Poisson GLM estimation framework; that being said, the
renowned double chain ladder (DCL) method of Miranda et al. (2012) is also
discussed as an estimation method for the CRM. Both the GLM- and DCL-
based estimation methods are shown to yield consistent estimators in terms
of an exposure measure, and, based on this, it is shown that the predictors of
outstanding claims payments are asymptotically close to the regular chain lad-
der predictors if we restrict the prediction to the lower right triangle without
the tail. Therefore Paper IV shows that the chain ladder technique can be
seen as a large-exposure approximation of the CRM. Moreover, in the case of
a long-tailed business, the CRM yields tail predictions that are natural and
not ad hoc, as opposed to the chain ladder technique where some method of
extrapolation is needed.

In addition to the above results, the CRM is also related to the model it was
inspired by, i.e. the model of Verrall et al. (2010). The main difference between
the two models is the assumption in (2.3). In the model of Verrall et al. (2010),
each claim generates only one payment, which is distributed in time according
to

(Npaid
ij0 , . . . Npaid

ijd )|Nij ∼ Multi(Nij ; p0, . . . , pd).

The comparison of the two models primarily takes the form of variance inequal-
ities.

The assumptions of the CRM are reasonably general; however, one possible
point of criticism is that payments are independent and identically distrib-
uted, something unlikely to be valid in practice. While this is a valid criticism,
the problem with generalising this assumption is that estimation of the model
parameters would then be challenging to perform on the aggregate level. The
theoretical predictors are, however, simple to derive and can be found in the
paper.

2.5 Paper V

Paper V builds on the work of Antonio and Plat (2014), mainly by deriving
closed-form expressions for the micro-model they consider. The model con-
sidered in Antonio and Plat (2014) is based on the general continuous-time
micro-model of Norberg (1993) described in Section 1.3, but it makes one addi-
tional assumption that makes the model easier to manage. After reporting, the
development of a claim occurs according to a specific stochastic process con-
structed by three mutually independent non-homogeneous Poisson processes:
one generating payments at rate hp(t), one generating settlements at rate hse(t),
and one generating settlements with payments at rate hsep(t). Each event is
recorded until a settlement event occurs, at which time the processes are all
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stopped. Given this set-up, it is possible to compute moments of the outstand-
ing claims payments; however, these are then in terms of integrals that are
generally not analytically tractable. This problem is side-stepped by consid-
ering the discretisation scheme that Antonio and Plat (2014) considered for
estimation of parameters and simulation of claims. The discretisation scheme
is set up by introducing a finite partition T := {t0, t1, . . . , tr} of R+ on which
the three hazard rates are piecewise constant, i.e.

he(t) = he,l, t ∈ [tl−1, tl), l = 1, . . . , r,

for e ∈ {se, sep, p}. This assumption might seem restrictive, however, estimat-
ing rate functions of non-homogeneous Poisson processes by this type of dis-
cretisation scheme is an established heuristic which was shown in Henderson
(2003) to yield a consistent estimator if, as more data is available, one shrinks
the lengths of the intervals at an appropriate rate.

In addition to the closed-form expressions for the first two moments of the
outstanding claims payments, other aspects of the model are considered as
well. For instance, properties, such as bias and consistency of the maximum
likelihood estimators are investigated, and moreover, based on Paper II, it is
shown how to compute the mean squared error of prediction. The paper gives a
discussion on how to use simulations to compute the CDR and derivatives of it,
such as the SCR, which based on the closed-form expressions for the moments
does not need any nested simulations, which has previously been the case, see,
e.g. Sigmundsdóttir and Lindholm (2017).
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Sammanfattning

Reservsättning handlar om att förutspå utestående skadekostnader för att ett
försäkringsbolag ska kunna göra en lämplig avsättning av kapital för att kunna
tillgodose sina förpliktelser gentemot försäkringstagarna. Historiskt sett, och
vanligen än idag, har detta gjorts med hjälp av rent algoritmiska och deter-
ministiska metoder som inte har varit baserade på några statistiska modeller.
Denna avhandling innehåller fem individuella artiklar som huvudsakligen är
inriktade på statistisk modellering för användning vid reservsättning inom ska-
deförsäkring.

Artikel I innehåller alla beståndsdelar som behövs för värdering av kassaflöden
från försäkringsskulder baserat enbart på data i form av så kallade skadetriang-
lar. Artikeln innehåller alla nödvändiga ingredienser för användning i praktiken,
inklusive skattning av modellparametrar och korrektioner för väntevärdesrik-
tighet av värderingsformlerna då skattning sker med hjälp av ”plug-in”. Vär-
deringsramverket som artikeln tar som utgångspunkt är förenligt med Solvens
II-direktivets syn på beräkning av de försäkringstekniska avsättningarna (re-
serven). Detta betyder att värdet ska motsvara det belopp som ett så kallat
referensföretag skulle efterfråga för att ta över och hantera avskrivningen av
skuldens kassaflöde.

Artikel II behandlar problemet med att skatta det betingade medelkvadratfelet
av prediktioner (MSEP), betingat på det observerade datamaterialet. I artikeln
presenteras ett tillvägagångssätt som ger analytiskt beräkningsbara skattningar
för ett brett spektrum av modeller — och som annars ger enkelt beräknings-
bara skattningar numeriskt. Dessutom visas det att tillvägagångssättet återger
den berömda MSEP-formeln för den fördelningsfria chain ladder-modellen som
härleddes av Mack år 1993.

Artikel III handlar om egenskaper hos variansen av variansparameterskattaren
i en generell linjär modell, huvudsakligen i form av undre och övre gränser
av variansen vid ändliga stickprovsstorlekar. Dessa undre och övre gränser är
oberoende av kovariaterna i modellen och är sådana att de asymptotiskt är
lika. I motsats till de andra artiklarna i denna avhandling är denna artikel rent
teoretisk utan en omedelbar försäkringstillämpning — med undantag för ett
litet exempel.

Artikel IV introducerar en mikromodell i diskret tid som kallas the collective
reserving model. Trots att den är en mikromodell så är den lätt att använda
då den modelleras på aggregerad nivå med hjälp av två trianglar; en med ag-
gregerade skadebetalningar och en för antalet rapporterade skador. I artikeln
ges bland annat prediktorer av utestående betalningar separat för idag rap-
porterade och orapporterade skador. Intressant är att man kan visa att chain
ladder-metoden är en approximation av modellen vid stor exponering, t.ex. vid
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ett stort antal försäkrade.

Artikel V är huvudsakligen inriktad på att härleda slutna uttryck för moment i
en klass av mikromodeller i kontinuerlig tid. Det är den första artikeln att uppnå
sådana slutna uttryck, vilket förhoppningsvis kommer att göra mikromodeller
i kontinuerlig tid tillgängliga för en bredare publik.
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