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Abstract

Portfolio theory is a large subject with many branches. In this thesis
we concern ourselves with one of these, the precense of uncertainty in the
portfolio allocation problem and in turn, what it leads to. There are many
forms of uncertainty, we consider two of these. The first being the opti-
mization problem itself and optimizing what might be the wrong objec-
tive. In the classical mean-variance portfolio problem we aim to provide
a portfolio with the smallest risk while we constrain the mean. However,
in practice we might not assign a fixed portfolio goal but assign proba-
bilities to the amount of return a portfolio might give and its relation to
benchmarks. That is, we assign quantiles of the portfolio return distribu-
tion. In this scenario, the use of the portfolio mean as a return measure
could be misleading. It does not take any quantile into account! In the
first paper, we exchange the portfolio moments to quantile-based mea-
sures in the portfolio selection problem. The properties of the quantile-
based portfolio selection problem is thereafter investigated with two dif-
ferent (quantile-based) measures of risk. We also present a closed form
solution under the assumption that the returns follow an elliptical distri-
bution. In this specific case the portfolio is shown to be mean-variance
efficient.

The second paper takes on a different type of uncertainty which is clas-
sic to statistics, the problem of estimation uncertainty. We consider the
sample estimators of the mean vector and of the covariance matrix of the
asset returns and integrate the uncertainty these provide into a large class
of optimal portfolios. We derive the sampling distribution, of the esti-
mated optimal portfolio weights, which are obtained in both small and
large dimensions. This consists of deriving the joint distribution of sev-
eral quantities and thereafter specifying their high dimensional asymp-
totic distribution.
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1 Introduction

Markowitz (1952) introduced portfolio theory in the 1950’s. Broadly speaking,
his idea was to frame the expression ”don’t put all your eggs in the same basket”
into a mathematical optimization problem. By doing so, the investor needs to
be more specific than the saying goes, since finding an optimal choice or port-
folio to a hypothetical optimization problem, one needs to specify what has to
be optimized. The saying sheds some light on the principle of diversifying. The
investor should not place all his/hers money on one single bet. That contains
too much risk. In the context of finance and risk management, this is very natu-
ral. Investors might want to maximize their profit while constraining risk or they
simply want to invest in a portfolio that contains the least amount of risk. The
investor now faces the issue on defining how he/she measures risk and return.
The risk measure is often constrained by financial regulations such as the Basel
4 and Solvency 2 requirements. In consequence, a large number of portfolio se-
lection problems using the different risk measures imposed by the regulations
have been considered/investigated in the literature, see e.g. Alexander and Bap-
tista (2002), Alexander and Baptista (2004), Goh et al. (2012), Yao et al. (2013)
to name a few. The references presented and the portfolios therein rarely dis-
cuss why the mean and/or risk measure are chosen. It common to state that we
are restricted by financial regulations and therefore chose one risk measure over
the other. There is, however, very little detail or discussion put into the portfolio
mean.

In Markowitz portfolio allocation problem the risk was measured by the port-
folio variance. The return of the portfolio does not have to be considered in
the portfolio allocation problem. We can simply choose to minimize the risk.
If the investor believes that the portfolio should deliver upon some return re-
quirements then it will be integrated in the portfolio allocation problem. In
Markowitz portfolio it was through the average or percentage return, which is
most often taken as a default as a measure for the portfolio return (see Bodnar
and Schmid (2011), Bauder et al. (2018)). The portfolio selection problem then
states that the average portfolio return should at least deliver a certain target re-
turn. One can argue that promising a such a goal on the portfolio is too strict.
There is too much uncertainty in that promise! In practice, we believe that it is
more sensible for stakeholders and/or investors to fix returns with probabilities.
They are specifying the quantiles of the return distribution. The first paper tries
to incorporate this point of view in the optimization problem. We replace the
mean with a quantile-based return measure.

One of the second founding fathers of portfolio theory is Merton (1972). He
realized that the characteristics of the Markowitz portfolio allocation problem
constitute a parabola in the plane defined by the portfolio mean and portfolio
variance. The ”upper” part of the parabola (usually indicated by its tendency
to give positive returns) is now known as the efficient frontier. A large num-
ber of portfolios can be shown to lie on the efficient frontier, see e.g. Bodnar
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et al. (2013). We usually call the portfolios that lie on the efficient frontier op-
timal portfolios. They are optimal in the sense that the theory states that we
cannot do any better than those portfolios, which gives us a direct reason to
study their behaviour and characteristics. It is also a large reason to why we try
to deduce if a new portfolio allocation problem is mean-variance efficient. This
is of course conditioned on the fact that the investor must accept the portfolio
allocation problem itself, and that he/she believes that it represents their beliefs,
constraints and requirements.

Assuming that the investor has decided on how to measure the risk and re-
turn we can construct the portfolio selection problem. Most often we solve the
selection problem under the assumption that we know the true distribution or
probability measure. This is most often not true. It might happen that we have
some information on the asset return distribution and with that assume that it
belongs to some parametric family. In other cases we cannot. Given that infor-
mation we still have to tackle the fact that we do not know the true parametric
family or probability measure. We have to approximate it. Assuming that we
have a sample we can at least estimate the unknown objects of interest. How-
ever, we are now introducing parameter uncertainty into the portfolio selection
problem and hence, into its solution. The investor might not care, but doing so
might result in poor performance, just because of chance. It might that the in-
vestor never should have taken positions the portfolio suggested to begin with.
How should the investor act in the portfolio problem when parameter uncer-
tainty is present? How should they act when knowingly integrating uncertainty
in the portfolio selection problem? The second paper tries to integrate the esti-
mation uncertainty into the portfolio weights. In that way, we try to understand
the positions the portfolio selection problem suggests and the uncertainty that
comes with it.

This thesis is outlined as follows. In this part we briefly introduce portfo-
lio selection, some results on multi- and matrixvariate distributions and high
dimensional asymptotics. These aim to prepare the reader for the two papers
included in this thesis. We present a small summary of the two papers as well
as a short discussion on what could be done next. Thereafter the two papers are
presented.

1.1 Portfolio selection

At the core of portfolio theory lies an optimization problem. The portfolio se-
lection problem may aim to maximize the utility, to minimize the risk or to
maximize the profit under some general constraints. It is up to the investor
to choose the utility, the risk or the measure of profit such that his/her pref-
erences are reflected. However, any investor that works in financial or actuarial
institutions must abide the Basel 4 and Solvency 2 requirements. These require-
ments constraint the use of different risk measures. Basel 4 requires that the
investor measures the risk by Conditional Value-at-Risk (CVaR) while Solvency 2
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constraints the measure of risk to Value-at-Risk (VaR). In line with the mean-
variance portfolio selection model of Markowitz (1952) we can exchange the
risk measure such that they fulfill these described financial requirements and
consider mean-VaR or mean-CVaR models, as done by Alexander and Baptista
(2002) and Alexander and Baptista (2004). To consider these modified ”Markowitz
mean-variance” models in the most general setting as possible, consider the
probability space (Ω,F ,P ), with an adapted random variable (vector) x of di-
mension p and a constraint set W for the portfolio weights. In our applications
the components of x represent risky assets while the constraint set W can con-
tain restrictions on positions in the assets or other preferences. We thereafter
consider a function f : W ×Ω→R which represents the return of the portfolio
and consider the portfolio selection problem

max
w∈W

E [ f (w,x)]

s.t. w>1 = 1

ρ( f (w,x),α) ≤ v0

(1.1)

where ρ( f (w,x),α) is a risk measure, which might depend on a confidence level
α and E [ f (w,x)] is the expected return. The risk and return measures directly
depends on the measure P though we omit the notation as this time for brevity.
The two most famous examples of quantile based risk measures are is Value-at-
Risk and Conditional Value-at-Risk, at least in a financial situation. It might also
be that the risk measure is independent of the confidence level, which we in-
clude in this notation, such as the portfolio variance. The configuration param-
eter v0 can be interpreted as how much money invested which we are willing at
a certain risk level. One might assume that it needs to be a proportion but if we
allow loans we can always risk more money than we have.

The portfolio selection problem (1.1) contains a large number of models. To
obtain the classical mean-variance model we let E[x] = µ and Var(x) = Σ and
define f (w,x) = w>x together with ρ( f (w,x),α) = Var(w>x) = w>Σw and then
E[ f (w,x)] = w>µ. This specific portfolio selection model has a closed form solu-
tion which is convenient from a practical but also for computational viewpoint.
However, it might not be necessary for an investor to have a closed form solu-
tion. He or she might see it sufficient with certain guarantees of the solution and
optimum of (1.1). Such an example could be the uniqueness of the optimum.
In prediction or the field of Machine learning, uniqueness and/or convexity of
(1.1) is usually less valued as long as our model produces a good objective, loss
or forecast (however we choose to measure it). That can of course be the view of
an investor as well. From a statistical point of view, whenever we want to make
inference of the true parameters or perform hypothesis testing, convexity and
uniqueness is paramount. It now stands to characterize what constraints we
need to place on P , f and ρ such that the sought after guarantees can be given.
Under some measures P the risk measure ρ might be of kind nature and in other
cases the risk measure might be kind, regardless of P . We will now assume that
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f (w,x) = w>x which is sufficient for most practical purposes. Assuming that all
functions in (1.1) are differentiable we can usually characterize necessary and
sufficient conditions through the Karush-Kuhn-Tucker (KKT ) conditions. As-
sume that W := {w : gi (w) ≤ 0, i = 1,2, ...,m} and we have a point w̄ which solves
(1.1) at least locally. With the application of Theorem 4.2.13 Bazaraa et al. (2013)
the KKT conditions of (1.1) states that w̄ is the global optimum if there exist La-
grange coefficients λ1,λ2, ...,λm such that

µ+λ11+λ2∇ρP (w̄>x,α)+
m∑

i=3
λi∇g (w̄) = 0 (1.2)

λ2
(
ρP (w̄>x,α)− v0

)= 0 (1.3)

λi g (w̄) = 0, i = 3,4, ...,m (1.4)

λ j ≥ 0, j = 2, ...,m

where ∇ρP (w̄>x,α) is the gradient of the risk measure evaluated at the point w̄.
The KKT conditions is a generalization of the traditional Lagrangian. It handles
inequality constraints in comparison. If one can show that the risk constraint
results in equality, then we can continue with optimization of the Lagrangian.
From a practical stand point, the KKT conditions given above can tell us if the
solution w̄ is a global solution if we find the Lagrange coefficients which fulfill
the above. If the system of equations is large enough, that is if m is large, it might
be troublesome (inefficient) to solve those directly. It might even be hard to find
w̄ to begin with. However, it is always feasible to verify the solution in such a
manner. From a theoretical perspective they at least offer us some guidance
to what system of equations we can consider to determine whether or not the
solution is a global optimum.

1.2 Multi- and Matrixvariate distributions

This section aims to give some results on important classes of multi- and matrix-
variate distribution as well as to discuss the importance of the stochastic repre-
sentation.

1.2.1 Elliptically contoured distributions

The stochastic representation is a simple concept most often introduced in con-

nection with the normal distribution. Let
d= denote equality in distribution. The

equation X
d= µ+σZ where σ > 0 and Z ∼ N (0,1) decomposes the normal dis-

tribution into its moments and a standard normally distributed random vari-
able. The stochastic representation extends to other distributions, such as the
beta, t- and F-distribution to name a few. The stochastic representation plays
a very central role in elliptically contoured distributions. We even have that it
can completely define the whole class of elliptically contoured distributions, in
accordance with Fang and Zhang (1990, p. 65) we have the following
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Lemma 1.1. x is a k dimensional elliptically contoured distributed random vari-
able with mean µ and dispersion matrix Σwhere rk(Σ) = p, if and only if

x
d=µ+ r Vu

where r > 0 is a random variable, u is a random vector which is uniformly dis-
tributed on the sphere, inRk , VV> =Σ, and r and u are independent.

Notice that V can be any square root of the dispersion matrix, symmetric or
not. Moreover, the stochastic representation need not be unique, which can be
seen from the result of Theorem 3.2 in the second paper where we find an alter-
native stochastic representation for the F-distribution. There will exist a number
of stochastic representations for the same object, all equivalent in distribution
which can be seen as a direct consequence of Lemma 1.1. To give a concrete ex-
ample of a random variable r and its corresponding distribution x we are going
to make use of the multivariate normal distribution. We take the time to present
the density of the multivariate normal distribution. We have

Definition 1.2. A random vector x ∈Rp is multivariate normally with mean vec-
torµ ∈Rp and positive definite covariance matrixΣ ∈Rp×p if its density is given
by

|Σ|−1/2

2π
exp

{
−1

2

(
x−µ)>

Σ−1 (
x−µ)}

(1.5)

where |B| is the determinant of the matrix B. We usually use the notation x ∼
Np (µ,Σ) to indicate the above.

The multivariate normal distribution belongs to the elliptically contoured
distribution and therefore with the application of Lemma 1.1 we have that if

x ∼ Np (µ,Σ) then y :
d= Σ−1/2(x−µ)

d= r u, where y ∼ Np (0,Ip ). Note that in the
Gaussian case the dispersion matrix is equal to the covariance matrix which
is not true for all elliptically contoured distributons. Since u is uniformly dis-
tributed on the unit sphere, i.e. u>u = 1 we have that

y>y
d= (

x−µ)>
Σ−1 (

x−µ) d= r 2.

A sum of independent squared standard gaussians y>y follows a chi square dis-
tribution where the degrees of freedom is equal to the number of terms in the
sum. In this case it is equal to p. This shows that one stochastic representation
for the multivariate normal distribution is when r follows a chi distribution with
p degrees of freedom. Another property of the class of elliptically contoured dis-
tribution (ECD) is the following result from Fang and Zhang (1990, p. 66)

Theorem 1.3. Let x be a p dimensional elliptically contoured distributed random
vector with mean µ and dispersion matrix Σ where rk(Σ) = p. Let B be an n ×p
matrix and γ is an m ×1 vector. Then γ+Bx follows the same type of elliptically
contoured distribution but with dimension m, mean γ+Bµ and dispersion ma-
trix BΣB>.
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The theorem states that the distribution is closed under affine transforma-
tions. The result of Theorem 1.3 is very commonly used in portfolio theory, es-
pecially when calculating quantile-based risk (or return) measures. Let l be a
vector of size p ×1 and x follow an ECD distribution. Through the application
of Theorem 1.3 it becomes fairly straightforward to determine quantiles. Con-
sider finding x which solves F (l>x < x) = α. Through straightforward algebra,
this results in

x = l>µ+F−1(α)
√

l>Σl

where F−1(α) := inf(y : F (y) ≥α) and y follows the same type of elliptically con-
toured distribution as x, with the only difference in that it is one dimensional
and standardized.

1.3 Wishart and inverse Wishart distributions

In this section we provide some important results for the Wishart distribution.
The Wishart distribution can essentially be seen as a matrixvariate version of
the chi-square distribution. The Wishart distribution is most often defined as
the following (see e.g. Muirhead (1982) or Gupta and Nagar (2000))

Definition 1.4. The random matrix S of size p ×p follows a p ×p dimensional
Wishart distribution with n degrees of freedom, n > p, if its density is given by

|S|(n−p−1)/2|Σ|−n/2

2pn/2Γp (n/2)
exp

{
−1

2
tr(Σ−1S)

}
(1.6)

where Γp (·) is the multivariate gamma function and tr(·) is the trace operator, i.e.
the sum of the diagonal elements andΣ,S are both positive definitie. We use the
notation S ∼ Wp (n,Σ) to indicate that S follows a Wishart distribution with the
given parameters.

Although the Wishart distribution has many applications in statistics it rarely
appears in the area of portfolio theory. In portfolio theory we are more con-
cerned about the inverse of S. If S ∼Wp (n,Σ) then S−1 follows what is known as
the inverse Wishart distribution. The distribution is very closely related to the
density given in (1.6). From Gupta and Nagar (2000) we have that

Definition 1.5. A positive definitie random matrix A is said to be distributed
according to a p ×p dimensional inverse Wishart distribution with n degrees of
freedom and positive definitie parameter matrix V if its density is given by

2−(n−p−1)p/2|Σ|(n−p−1)/2

Γp ((n −p −1)/2)|A|n/2
exp

{
−1

2
AV

}
, n > 2p (1.7)

which we denote A ∼ W −1
p (n,V) to indicate that V follows an Inverse Wishart

distribution with the given parameters.
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To keep the this section brief we merely state that this distribution, in con-
trast to the Wishart distribution, is not as nice in terms of their moments. We will
touch more upon this in the next section as part of the motivation of the high di-
mensional asymptotics. Before we close of this section we present a number of
important results for the inverse Wishart distribution. Consider two p ×p ma-
trices with the following structure

A =
(

A11 A12

A21 A22

)
, V =

(
V11 V12

V21 V22

)
(1.8)

where dim(A11) = dim(V11) = m×m, m < p. Let A11·2 := A11−A12 A−1
22 A21 denote

the Schur complement of the matrix A and define V11·2 in the same manner. We
assume that p < n. Now, let ⊗ denote the Kronocker product. In the second
paper we make extensive use of the following theorem

Theorem 1.6 (Thrm. 3 in Bodnar and Okhrin (2008)). Suppose A ∼ W −1
k (n,V),

where A and V are partitioned as in (1.8). Then

(a) A11·2 ∼W −1
m (n −k +m,V11·2) and is independent of A22;

(b) A12|A22, A11·2 ∼N (V12V−1
22 A22, A11·2 ⊗ A22V−1

22 A22);

(c) A22 ∼W −1
p−m(n −2m,V22);

(d) A12 A−1
22 is independent of A22, with density given by

f A12 A−1
22

(X) =|V11·2|− 1
2 (p−m)|V22| 1

2 m

π
(p−m)m

2

Γm
(n−m−1

2

)
Γm

(
n−p−1

2

)
×

∣∣∣I+V−1
11·2

(
X−V12V−1

22

)
V22

(
X−V12V−1

22

)>∣∣∣− 1
2 (n−m−1)

(1.9)

where Γm(·) is the multivariate Gamma function;

(e) A22 is independent of A12 A−1
22 and A11·2;

(f ) A11·2|A12 A−1
22 = X ∼W −1

m (n,V11·2 +
(
X−V12V−1

22

)
V22

(
X−V12V−1

22

)>
)

Theorem 1.6 connects different transformations of the inverse Wishart dis-
tribution to well known distributions such as the multivariate Gaussian or the
inverse Wishart distribution. The only distribution which may not be well known
at first glance is the density function given by (1.9). It is almost a (or closely re-
lated to the) matrixvariate t distribution, which will be used in the second paper
to derive the sampling distribution of portfolio weights. It turns out that under
the assumption that the returns follow a Gaussian model, and using a number
of intermediate results, the conditional sampling distribution of the portfolio
weights can be described by the transformations above.
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1.4 High dimensional asymptotics

As previously mentioned, many portfolios work with the mean vector and the
inverse covariance matrix of the asset return distribution. If we were to as-
sume that we have n i.i.d p-dimensional random vectors xi , i = 1, ...,n where
x1 ∼ Np (µ,Σ), then we can show that the sample covariance matrix

Σ̂= 1

n

n∑
i=1

(xi −µ)(xi −µ)>

follows a Wishart distribution of p dimensions with n degrees of freedom and
parameter matrix Σ. The first moment of the sample covariance matrix is equal
to E[Σ̂] = Σ. It is unbiased regardless of the dimension p. Let us now devote
ourselves to the inverse sample covariance matrix. Through some tedious but
standard algebra, one can use the inverse Wishart density (1.7) to calculate the
first moment. It is equal to

E[Σ̂
−1

] = 1

n −p −1
Σ−1. (1.10)

The estimator is biased! To stress the magnitude of the bias that can occur if p
is comparable to n, we include a figure of its relation. In Figure 1 we see this
bias when n is equal to 1000 and p varies. Although p is always an interger in
practice, we have chosen to illustrate the bias in (1.10) by a line. When p is com-
parable to n it becomes increasingly important to understand the estimation
uncertainty since our portfolio weights depends on the inverse sample covari-
ance matrix, which will be biased. High dimensional asymptotics study what
happens to random quantities when n and p tends to infinity at the same time.
It is most often done under the constraint that p/n converge to some constant.
To give a brief example of how this can look in our application consider when
p/n converges to 1/2. We could then imagine that on each second day we ob-
tain some data on our stocks we include another stock into our portfolio.

1.5 Summary of Papers

This thesis contains two papers which are both submitted to international peer
reviewed journals. We provide short summaries for both in the following sec-
tions.

Quantile-based portfolio selection.

In this paper we introduce a quantile-based portfolio selection problem. The
motivation behind it is two-fold. First, we believe that the average return is
poor choice in the portfolio selection problems. We do not believe that investors
should communicate in terms of average returns when constructing portfolios
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Figure 1: The bias in the expectation of the inverse sample covariance matrix,
from equation (1.10). In this example we have fixed n = 1000 and values of p
range from 900 to 998.

but rather returns together with probabilities. If we accept this hypothesis, then
we certainly should not optimize towards the mean. We therefore propose a
quantile-based return measure, the Conditional Value-of-Return (CVoR), to be
used instead of the mean. The second reason is the constraints put on the in-
vestor on how to measure the risk. The new Basel 4 and Solvency 2 regulations
demand quantile-based risk measures. The portfolio selection is constructed
with that in mind. We show that under certain regularity assumptions, for both
financial regulatory frameworks, the portfolio selection problems are convex
optimization problems. Furthermore, we give a closed form solution for the
portfolio weights when the asset returns follow an elliptically contoured distri-
bution.

Sampling distribution of optimal portfolio weights and their characteristics.

In this paper we look upon the sampling distribution of a large class of estimated
optimal portfolio weights. The sampling distribution is obtained by using em-
pirical counterparts of the population mean vector and population covariance
matrix. These portfolios are optimal in the sense that they are mean-variance
efficient, defined by Merton (1972). We characterize the finite as well as the
asymptotic sampling distribution of this class of estimated optimal portfolio
weights and their estimated characteristics. The asymptotic distribution is also
derived in high dimensions. We investigate the effect of violating the model as-
sumptions within an extensive simulation study.
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2 Summary and future research

The sources of uncertainty in portfolio selection problems are many. In this the-
sis we have considered two possible ways of approaching the problem. This is
of course not the only ways and sources of uncertainty. There is uncertainty in
the choice of statistical model we make which is one of many future research
areas. The nonparametric portfolio presented in the first paper considered the
use of the empirical cumulative distribution function to approximate the true
measure P . This can be potentially risky since the weights will be determined
by a measure which has finite support, based on the sample. It might be argued
that the parametric model is then better since we integrate ”the possibility” of
outcomes not seen. One could continue to further develop nonparametric port-
folios which cope with the fact that there might be possible observations not
seen.

There are of course more extensions that may be of practical nature, such
as the introduction of cost models into the portfolio selection problem and how
these affect the uncertainty of the portfolio selection. If the investor is limited
to taking certain positions for certain stocks does such a portfolio contain less
estimation uncertainty? One can think of the cost model acting as a ”hard” type
of shinkrage, constraining the weights at certain level. Shrinkage type estimators
have been known to have good out-of-sample performance and also showing
great prospect in large dimensions.

A last subject of interest would be on the topic of how to use portfolio selec-
tion models in a high frequency setting. Is it always feasible to construct port-
folios through an optimization procedure rather than a closed form solution.
In this setting, computational efficiency competes with the performance of the
portfolio. Can we approximate complicated portfolio selection problems such
that they have closed form solutions, thus resulting in ”fast” solutions? Can we
answer the question of how wrong we are when approximating these portfolio
allocation problems?
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