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Abstract

This thesis consists of two papers, enumerated by Roman numerals.
The main focus is on the spectral theory of n-Laplacians. Here, an n-
Laplacian, for integer n, refers to a metric graph equipped with a differ-
ential operator whose differential expression is the 2n-th derivative.

In Paper I, a classification of all vertex conditions corresponding to self-
adjoint n-Laplacians is given, and for these operators, a secular equation
is derived. Their spectral asymptotics are analysed using the fact that the
secular function is close to a trigonometric polynomial, a type of almost
periodic function. The notion of the quasispectrum for n-Laplacians is
introduced, identified with the positive roots of the associated trigono-
metric polynomial, and is proved to be unique. New results about almost
periodic functions are proved, and using these it is shown that the quasis-
pectrum asymptotically approximates the spectrum, counting multiplici-
ties, and results about asymptotic isospectrality are deduced. The results
obtained on almost periodic functions have wider applications outside the
theory of differential operators.

Paper II deals more specifically with bi-Laplacians (n = 2), and a
notion of standard conditions is introduced. Upper and lower estimates
for the spectral gap — the difference between the two lowest eigenvalues
— for these standard conditions are derived. This is achieved by adapting
the methods of graph surgery used for quantum graphs to fourth order
differential operators. It is observed that these methods offer stronger
estimates for certain classes of metric graphs. A geometric version of the
Ambartsumian theorem for these operators is proved.
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Sammanfattning

I denna avhandling hänvisar en n-Laplaceoperator, för heltal n, till
en metrisk graf utrustad med en differentiell operatör med differentiellt
uttryck som ges av 2n:e-derivatan. Det primära fokuset är p̊a dessa op-
eratörers spektrala teori.

Denna avhandling best̊ar av tv̊a artiklar, uppräknade av romerska siffror.
I Paper I ges en klassificering av alla hörnvillkor som motsvarar själv-

adjungerade n-Laplaceoperatorer, och för dessa operatörer härleds en
sekulär ekvation. Deras spektrala asymptotik analyseras med hjälp av
det faktum att den sekulära funktionen ligger nära ett trigonometriskt
polynom, en typ av en nästan periodisk funktion. Begreppet kvasispek-
trum för n-Laplaceoperatorer introduceras, identifierat med de positiva
rötterna till det tillhörande trigonometriska polynomet, och det visas vara
unikt. Nya resultat om nästan periodiska funktioner bevisas, och med
användning av dessa visas det att kvasispektrum asymptotiskt approx-
imerar spektrumet, räknar multiplikationer, och resultat om asymptotisk
isospektralitet härleds. Resultaten om nästan periodiska funktioner har
bredare tillämpningar utanför teorin för differentiella operatörer.

Paper II behandlar mer specifikt bi-Laplaceoperatorer (n = 2), och en
uppfattning om standardvillkor införs. Övre och undre uppskattningar
för spektralgapet — skillnaden mellan de tv̊a lägsta egenvärdena — för
bi-Laplaceoperatorer med dessa villkor bevisas. Detta uppn̊as genom att
anpassa metoderna för grafkirurgi som används för kvantgrafer till fjärde
ordningens differentiella operatörer. Det observeras att dessa metoder
erbjuder starkare uppskattningar för vissa klasser av metriska grafer. En
geometrisk version av Ambartsumiassats för nätverk av balkar bevisas.
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List of papers

The following papers, referred to in the text by their Roman numerals,
are included in this thesis.

Paper I: Higher order differential operators on graphs and al-
most periodic functions
Pavel Kurasov, Jacob Muller, submitted.

Paper II: On the spectral gap for networks of beams
Pavel Kurasov, Jacob Muller, submitted.
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General introduction



1. Introduction

The main objects of study in this thesis are differential operators on
metric graphs. Their domains consist of functions which on each edge of
the graph live a certain Sobolev space and satisfy some boundary condi-
tions at the vertices.

The most well-understood differential operatorsin this category are quan-
tum graphs. These include Laplacians, which have differential expression
∆ = d2

dx2
, but more generally often include an electric potential and some-

times even a magnetic potential so that the corresponding differential ex-
pression has the form (−i d

dx − a(x))2 + q(x). This thesis begins a pursuit
of investigating how existing results about spectral theory for quantum
graphs can be extended to much more general differential operators on
graphs, particularly those of higher order than 2. The focus in the two
papers of included in this work is on operators with differential expression
(−∆)n for n ∈ N. These are what we refer to as n-Laplacians.

Operators on metric graphs are not to be conflated with those on com-
binatorial or directed graphs, which each have their own distinct, albeit
connected, theory.

1.1. Metric graphs. In this section, we introduce the main notation
and conventions concerning metric graphs that are used throughout the
thesis.

Let E = {e1, . . . , eN} be a finite collection of edges. These are identified
as compact or semi-infinite intervals from different copies of R. Let d be
the total number of endpoints of the edges. The endpoints themselves are
enumerated x1, . . . , xd in some order. Vertices are identified with subsets
vm of the set of all endpoints. The set V of all vertices is a partition of
{x1, . . . , xd}. The metric graph Γ associated with the pair (E, V ) is

Γ =

N⊔
n=1

en

/
∼ (1.1)

where x ∼ y if and only if either x and y lie on the same edge and x = y,
or x, y ∈ vm for some vm ∈ V . The corresponding metric is defined by

d(x, y) = min
P(x,y)

length(P(x, y)).

where the minimum is taken over all paths P(x, y) between x and y. The
graph is not assumed to be embedded in any kind of manifold.

Our usual convention for metric graphs corresponding to differential
operators will be to assume that the edge set is fixed. The vertex set



will depend on the so-called vertex conditions for the operator. This
dependence is detailed in the following section. One typically will want to
be able to study graph operators on a particular set of edges but allowing
for the choice of many different possible vertex conditions, which often
means different vertex sets and thus different metric graphs. As such we
will sometimes omit an identification of the metric graph as it may change
with a different choice of vertex conditions.

2. Quantum graphs — a source of inspiration

In this section, we give an overview of the known results for quantum
graphs that will be of relevance for our studies of higher order operators.

2.1. Quantum graphs and vertex conditions. Quantum graphs and
more generally differential operators on the metric graph Γ associated with
(E, V ) are operators in the Hilbert space

L2(Γ) :=

N⊕
n=1

L2(en).

This is the space of functions on which are L2-integrable on each edge.
The inner product for this space is given by

〈φ, ψ〉 =

∫
Γ
φ(x)ψ(x) dx =

N∑
n=1

∫
en

φ(x)ψ(x) dx.

This Hilbert space depends only on the edge set E and not on how the
edges are connected, so it is sometimes written L2(E), especially when
the vertex set has not yet been determined. When a graph operator is
described as being self-adjoint, it is meant with respect to this Hilbert
space.

The domains of differential graph operators of order r ∈ N are restricted
to functions from a particular Sobolev space

H̃r(Γ) :=

N⊕
n=1

Hr(en). (2.1)

Here, Hr(en) is the Sobolev space of L2-integrable functions whose first r
derivatives are also L2-integrable on en. The tilde appearing in definition
(2.1) is there to indicate that functions in this space need not be contin-
uous at vertices. Again, this space depends only on the edge set, so it is
often written Hr(E) := H̃r(Γ).
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Definition of quantum graphs. A quantum graph is an operator in
L2(Γ), where Γ is a finite metric graph, with the Schrödinger differential
expression

− d2

dx2
+ q(x),

for some potential q. This potential is usually assumed to be a real L1(Γ)
function satisfying the Faddeev condition

∫
Γ(1 + |x|)|q(x)|dx < ∞. The

domain of this operator consists of functions ψ ∈ H̃2(Γ) satisfying some
conditions at the vertices of Γ. A quantum graph on Γ with potential
q shall be denoted Lq(Γ); the superscript position will be reserved for
indicating the vertex conditions. If q ≡ 0, then the operator is simply a
Laplacian, and is usually denoted simply by L(Γ).

One sometimes includes a real magnetic potential a, continuous on each
edge, so that the operator has the magnetic Schrödinger differential ex-
pression (−i d

dx − a(x))2 + q(x). However, this can usually be accounted
for by modifying the vertex conditions of the Schrödinger operator, and
as such magnetic potentials are not discussed here.

Standard vertex conditions. The most widely studied vertex condi-
tions are so-called standard conditions (also referred to by some authors
as Kirchhoff, natural or Neumann). Standard conditions at a vertex vm
of Γ are given by {

ψ(xi) = ψ(xj) ∀xi, xj ∈ vm,∑
xj∈vm ∂ψ(xj) = 0,

(2.2)

Here ∂ψ(xj) denotes the normal derivative of ψ at the endpoint xj , di-
rected inside the respective interval. The first condition ensures that the
function is continuous at the vertex, whilst the second says that the sum
of normal derivatives there is zero — this can be thought of as zero-flux.

Standard quantum graphs have the conditions (2.2) imposed at every
vertex. The quantum graph on Γ with potential q and standard conditions
everywhere shall be denoted by Lst

q (Γ), or simply Lst(Γ) for Laplacians
(where q ≡ 0).

General vertex conditions. The most general vertex conditions of in-
terest for quantum graphs are linear conditions of the form

AΨ +B∂Ψ = 0, (2.3)

where A,B are matrices. Here Ψ denotes the vector of values of ψ at
the endpoints of the edges in E (ordered according to the indices), and
likewise ∂Ψ is the vector of normal derivatives.
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There remains the question of which conditions correspond to which
metric graph. Mathematically speaking, the notion of the underlying
metric graph is superficial to the operator as all of the relevant information
is encoded in the domain. However, in applications there are practical
reasons for why it may be useful to speak in terms of the underlying
metric graphs.

Given a graph Γ with edge set E, it is generally assumed that at each
vertex vm:

(1) there is no dependence between the boundary terms of functions (or
derivatives) at endpoints from vm and those at any other vertex of
Γ.

This clearly holds for the conditions (2.3) if, after some manipulation,
the matrices A,B have a certain block decomposition with respect to the
vertices. The following is often also required at each vertex vm:

(2) the vertex cannot be cut into smaller vertices in such a way that
property (1) holds for any of the new vertices.

Vertex conditions which satisfy (1) and (2) for a vertex vm of Γ are called
properly connecting at vm. In this case, the aforementioned block decom-
position of A and B should be irreducible. In general, vertex conditions
may be presented in a way in which the appropriate irreducible decom-
positions are not obvious. For this reason, we introduce the following
equivalent definition of proper connecteness:

Definition. Given a subset v of the set {x1, . . . , xd} of endpoints, denote
by Pv the projection from Cd onto the subspace span{ej : xj ∈ v}, where
u1, . . . ,ud are the standard basis vectors for Cd. The vertex conditions
(2.3) are called properly connecting at a vertex vm of Γ if and only if
v = vm is the smallest set of endpoints for which

A(PvΨ) +B(Pv∂Ψ) = 0

for all ψ satisfying the vertex conditions (2.3).

From this definition one has the set V of vertices, and thus it is clear
how the vertex conditions induce the unique metric graph for which they
are properly connecting at all vertices.

An important class of vertex conditions are those for which the con-
ditions on the functions can be written separately from the conditions
on the derivatives. In other words, they can be expressed in the form
AΨ = B∂Ψ = 0. One usually works with the following definition to
identify these conditions:
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Definition. Vertex conditions of a quantum graph on Γ are called scaling-
invariant if and only if, for every c > 0, ψ(x) satisfies the vertex condi-
tions on Γ whenever ψ(cx) does on cΓ.

For Laplacians, such conditions have the property that λ is an eigen-
value of L(Γ) if and only if c2λ is an eigenvalue of L(cΓ). Standard vertex
conditions (2.2) are scaling-invariant.

Self-adjointness. Let T be a densely-defined operator in a Hilbert
space H (i.e. dom(T) is dense in H). The operator is called symmet-
ric if and only if 〈f,Tg〉H = 〈Tf, g〉H for all f, g ∈ dom(T). The adjoint
of T is defined to be the operator T∗ in H with domain

dom(T∗) = {f ∈ H : ∃f∗ ∈ H : 〈f,Tg〉H = 〈f∗, g〉H, ∀g ∈ dom(T)},

and is given by T∗f = f∗. Then T is symmetric if and only if T ⊂ T∗.
Moreover, T is called self-adjoint if and only if T = T∗.

Quantum graphs on Γ with general vertex conditions (2.3) are densely-
defined operators in L2(Γ). The standard quantum graph Lst

q (Γ) is well-
known to be self-adjoint. For those with more general conditions (2.3), it
is shown in [17] that they are self-adjoint if and only if

(i) AB∗ is Hermitian (i.e. AB∗ = BA∗), and

(ii) rank(A|B) = d.

In what follows, it will always be assumed that the quantum graphs are
self-adjoint, in other words that their vertex conditions have this form. In
this case, it can be assumed without loss of generality that the matrices
A,B have size d× d.

The scattering approach for Laplacians. Solutions of the Laplacian
eigenfunction equation −∆ψ = k2ψ on Γ have the form

ψ(x) = aje
ik|x−xj | + bje

−ik|x−xj | (2.4)

on the edge containing the endpoint xj . Here, e−ik|x−xj | and eik|x−xj |

are interpreted as incoming and outgoing plane waves at xj , and their
coefficients are the corresponding amplitudes.

It is shown in [17] that the matrix

Sv(k) := −(A+ ikB)−1(A− ikB) (2.5)

describes the scattering at vertices of plane waves satisfying the vertex
conditions (2.3) in the sense that if ψ is given by (2.4) for x near each
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xj , then the amplitude vectors a = (a1, . . . , ad)
t and b = (b1, . . . , bd)

t are
related via

a = Sv(k)b. (2.6)

This means that the incoming plane wave e−ik|x−xj | to the endpoint xj
is scattered as ψ(x) = Sijv (k)eik|x−xi| + δije−ik|x−xj | for x near xi. The
matrix Sv(k) is called the vertex scattering matrix.

Parameterisation of vertex conditions by Sv(k). In [15, 22], it is
proved that the set of all self-adjoint Laplacians formed from the edge set
E can be parameterised by d× d unitary matrices S via

i(I− S)Ψ = (I + S)∂Ψ. (2.7)

In particular it is shown in [22] that S coincides with Sv(1), the vertex
scattering matrix at k = 1. Comparing this equation with (2.3), it is clear
that Sv(k) can be expressed in terms of S using formula (2.5). In fact one
can write the vertex conditions in terms of the vertex scattering matrix
for any k ∈ R\{0}:

ik(I− Sv(k))Ψ = (I + Sv(k))∂Ψ. (2.8)

Observe that Sv(k) depends only on the vertex conditions and not, for
instance, on the lengths of the edges or any other property of the operator.
Thus even for quantum graphs with a non-zero potential q, the same
matrix defined via (2.5) describes the vertex conditions. However, in this
case, the plane waves are not solutions of the corresponding eigenfunction
equation, so from a scattering theory perspective, Sv(k) is still interpreted
as the scattering matrix for the associated Laplacian.

For standard vertex conditions, the vertex scattering matrix is indepen-
dent of k:

Sv(k) =


1− 2/d −2/d . . . −2/d
−2/d 1− 2/d . . . −2/d

...
...

. . .
...

−2/d −2/d . . . 1− 2/d

 .

However, for general conditions the vertex scattering matrix may depend
on k (in which case they are called energy-dependent). Given self-adjoint
vertex conditions of the form (2.3), generically B will be invertible, in
which case it is clear from (2.5) that limk→∞ Sv(k) = I. It follows from
(2.8) that the quantum graph with scattering matrix I has Neumann
conditions (∂ψ(xj) = 0) at every endpoint. Thus the high-energy limit
of ‘most’ quantum graphs on Γ corresponds to a metric graph which is
completely decoupled.
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The quadratic form. For self-adjoint quantum graphs, the quadratic
form QLq(Γ) for Lq(Γ) was derived in [19], using the fact that the vertex
conditions (2.3) can be written in the equivalent form

PΨ = 0, P⊥∂Ψ + TP⊥Ψ = 0 (2.9)

where P is an orthogonal projection onto a subspace of Cd, P⊥ := id−P ,
and T is a linear map P⊥Cd → P⊥Cd. The first condition PΨ = 0
is often referred to as the Dirichlet part of the vertex conditions. The
domain of QLq(Γ) is given by the set of functions ψ ∈ H̃1(Γ) satisfying
only the Dirichlet part PΨ = 0. The form itself is

QLq(Γ)(φ, ψ) = 〈φ′, ψ′〉+ 〈φ, qψ〉 − 〈Φ, TΨ〉Cd . (2.10)

The term −〈Φ, TΨ〉Cd is called the Robin part of the quadratic form.
Operators (or the vertex conditions corresponding to operators) for which
this term is identically zero are called non-Robin.

In the case of zero potential, it turns out that the following are all
equivalent for a self-adjoint Laplacian L(Γ):

(i) the operator is non-Robin,

(ii) the vertex conditions are scaling-invariant,

(iii) the operator is a product of a two first-order differential operators,

(iv) the vertex scattering matrix Sv(k) is independent of k,

(v) Sv(k) = Sv(k)∗ for some (and hence any) k ∈ R\{0}.

Since L(Γ) is self-adjoint, (iii) specifically means that it must be a product
of a first-order differential operator P and its adjoint, that is, L(Γ) =
P∗P.

2.2. On the spectra of quantum graphs. Let T be a densely-defined
operator in a Hilbert space H. The spectrum σ(T) of T is defined to be the
set of λ ∈ C for which the resolvent (T−λ)−1 is a bounded operator. The
set of eigenvalues of T is called the point spectrum σp(T). The continuous
spectrum σc(T) of T is the set of values λ ∈ C for which T − λ injective
and has dense range in H, but such that the range does not equal H. The
residual spectrum σr(T) of T is the set of values λ ∈ C for which T − λ
injective but does not have dense range. Then

σ(T) = σp(T) ∪ σc(T) ∪ σr(T). (2.11)

If the spectrum is discrete, containing no finite accumulation points,
then σ(T) = σp(T). For operators with a real, discrete spectrum which
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is semibounded from below, the eigenvalues shall be labelled λ1(T) ≤
λ2(T) ≤ λ3(T) ≤ . . . , counting multiplicities. The spectrum of most
operators considered in Papers I and II are of this type, in which case
spectral analysis reduces to studying the eigenvalues.

In what follows, it shall always be assumed that Γ is a compact fi-
nite metric graph (unless specifically stated otherwise). In this case the
number of endpoints is twice the number of edges, that is d = 2N .

Discreteness of spectrum and the Weyl law. It is proved that the
spectrum of a self-adjoint quantum graph Lq(Γ) is discrete and satisfies
the Weyl law

λj(Lq(Γ)) =

(
π

L(Γ)

)2

+ o(j2) (2.12)

using the fact that it is a finite rank perturbation of a Laplacian (specifi-
cally the one with Dirichlet conditions ψ(xj) = 0 at all endpoints) whose
spectrum is easy to calculate (see [6]).

The secular equation. Label the endpoints such that e1 = [x1, xN+1],
e2 = [x2, xN+2], . . . , eN = [xN , x2N ]. For a self-adjoint Laplacian L(Γ) on
Γ, formal (non-zero) eigenstates have the form (2.4) near each endpoint
xj . Since each edge is a compact interval and thus has two endpoints,
there are two distinct expressions for the function on each edge. These
expressions all coincide if and only if the amplitudes satisfy

Se(k)a = b, (2.13)

where the d × d matrix Sv(k), called the edge scattering matrix, is given
by

Se(k) =

(
0 eikΛ

eikΛ 0

)
. (2.14)

Here Λ := diag(`1, . . . , `N ) and `n := |xN+n−xn| is the length of the edge
en. Moreover, the resulting function ψ satisfies the vertex conditions if
and only if (2.6) holds. In other words, this function ψ is in the domain
of L(Γ) if and only if both (2.6) and (2.13) are satisfied. Thus λ = k2 6= 0
is an eigenvalue of L(Γ) if and only if there exists a nontrivial vector
( a
b ) solving these equations simulteneously, that is, if and only if k is a

solution of the secular equation

det[I− Sv(k)Se(k)] = 0. (2.15)

The eigenvalue zero must be accounted for separately as the corresponding
eigenfunctions do not have the form (2.4). Note that since Sv is constant
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for scaling-invariant vertex conditions, the secular function in that case
is a trigonometric polynomial. The secular equation first appeared in
the form (2.15) in [18]. A similar notion of the secular equation can be
found for standard conditions in the earlier work [3], or later for general
conditions in [17].

The geometric multiplicity of the non-zero eigenvalue λ (the dimension
of the λ-eigenspace of L) is equal to its algebraic multiplicity (the multi-
plicity of k as a root of (2.15). This is a consequence of unitarity of the
product Sv(k)Se(k) (see e.g. Theorem 3.7.1, [5]).

Eigenvalue estimates. Given a self-adjoint operator T whose spectrum
is discrete and whose quadratic form QT is semibounded from below, the
eigenvalues satisfy

λj(T) = min
Vj⊂dom(QT),

dim(Vj)=j

(
max
u∈Vj

QT(u, u)

‖u‖2

)
(2.16)

= max
Vj−1⊂dom(QT),
dim(Vj−1)=j−1

(
min
u∈V⊥j−1

QT(u, u)

‖u‖2

)
(2.17)

The expression QT(u, u)/‖u‖2 is called the Rayleigh quotient for T. In-
serting eigenfunctions into this expression yields the corresponding eigen-
value. As evidenced from (2.16) and (2.17), computing the Rayleigh quo-
tient for certain trial functions u in the domain of the quadratic form
leads to estimates for eigenvalues.

As an example, consider the the orthogonal set of functions {ψm}jm=1,
where ψm(x) = sin(mπx`n ) for x ∈ en = [0, `n]. These are clearly contin-
uous at the vertices of any graph Γ formed of the edges e1, . . . , eN , and
thus lie in the domain of the quadratic form of Lst(Γ). Taking these as
trial functions, one obtains for each j the following estimate for the j-th
eigenvalue:

λj(L
st(Γ)) ≤ max

1≤m≤j

∑N
n=1

∫ `n
0 |ψ

′
m(x)|2 dx∑N

n=1

∫ `n
0 |ψm(x)|2 dx

=

(
jπ

`(Γ)

)2 N∑
n=1

`(Γ)

`n
,

where `(Γ) is the total length of Γ. One can easily see that this estimate
is exact if Γ is an interval.

The spectral gap. In this thesis, the spectral gap shall be interpreted
to mean distance between the two lowest eigenvalues, that is, λ2 − λ1.
For (positive) quantum graphs having ground state eigenvalue zero (with
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multiplicity one), the spectral gap simply equals the second eigenvalue λ2.
In particular, when the corresponding ground eigenstate is the constant
function, such as is the case for the standard Laplacian, then using (2.17),
one has

λ2(L(Γ)) = max
ψ⊥1

(∫
Γ |ψ

′(x)|2 dx∫
Γ |ψ(x)|2 dx

)
, (2.18)

where the functions ψ are taken from the domain of the quadratic form.
Thus the Rayleigh quotient of any function ψ from the domain of the form
such that

∫
Γ ψ(x) dx = 0 gives a lower bound for the spectral gap.

Eigenvalue bracketing. Many eigenvalue inequalities are proved for
quantum graphs with so-called δ-type conditions. These are conditions of
the form {

ψ continuous at vm,∑
xj∈vm ∂ψ(xj) = αmψ(vm),

(2.19)

at each vertex vm, where αm ∈ (−∞,∞] is referred to as the strength
of the δ-condition at vm. Note that αm = 0 corresponds to standard
conditions, whilst αm =∞ corresponds to Dirichlet conditions.

Let Lα
q (Γ) be the quantum graph with the δ-type condition (2.19) at one

vertex v and fixed arbitrary self-adjoint conditions at the other vertices.
If −∞ < α < α′ ≤ ∞, then the eigenvalues λj := λj(L

α
q (Γ)) and λ′j :=

λj(L
α′
q (Γ)) satisfy

λj ≤ λ′j ≤ λj+1. (2.20)

The inequalities in (2.20) turn out to be strict if the eigenvalue λj is strict
and the corresponding eigenfunction ψj is such that at least one of ψj(v)
or
∑

xi∈v ∂ψj(xi) is zero (see [5]).

Graph surgery. The same inequality (2.20) holds if the new eigenvalues
λ′j instead correspond to the quantum graph one gets by gluing together
two δ-type vertices of Γ to form a new vertex whose strength equals the
sum of the strengths of the original vertices. Gluing vertices an example
of graph surgery, an umbrella term describing operations on graphs which
affect the eigenvalues in a predictable way. Other examples include cut-
ting through vertices, lengthening edges or adding edges. See [4] for an
overview of graph surgery.

The significance of graph surgery is that it enables the estimation of
eigenvalues of one quantum graph if it can be transformed to another
whose eigenvalues are easier calculate explicitly or at least which yields
stronger estimates. For instance, in [20] it is shown that eigenvalues of
the standard Laplacian can be estimated by duplicating each edge to
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form an Eulerian graph and unfolding the it into the loop. This estimate
is stronger if the graph is already Eulerian as accuracy is lost in the
duplication procedure.

Isospectral quantum graphs. Two quantum graphs are called isospec-
tral if they have the same spectrum. It was proved in [14, 21] that the
spectrum of the Laplacian on a compact finite graph uniquely determines
the metric graph and vertex conditions, provided that the the edge lengths
are rationally independent. A counterexample is provided in [14] to this
statement in the case that the lengths are not rationally independent: it
consists of two non-isomorphic metric graphs on which the corresponding
Laplacian operators are isospectral. Methods for constructing isospectral
quantum graphs are described in [2, 27].

Inverse problems. It has been proved by a number of authors, but
most generally by Davies in [9] for q ∈ L∞(Γ), that the quantum graph
Lst
q (Γ) and the Laplacian Lst(Γ) are isospectral if and only if q ≡ 0 almost

everywhere. This is generalises the much earlier result on the interval I
for q ∈ L1(I), known as Ambartsumian’s Theorem, proved in [1]. In [20],
it is shown that if λ2(Lst(Γ)) = λ2(Lst(I)) for an interval I of length
equal to the total length `(Γ) of Γ, then Γ = I.

These results combined imply that given Γ and an interval I (of some
unspecified length), λj(L

st(Γ)) = λj(L
st(I)) for all j if and only if Γ = I.

For q ∈ L1(Γ), the stronger result that λj(L
st
q (Γ)) = λj(L

st
0 (I)) for all j

if and only if Γ = I and q ≡ 0 is proved in [8].
Given even two graphs Γ1,Γ2, it is proved in [23] that for q ∈ L∞(Γ1)

that if Lst
q (Γ1) and Lst

0 (Γ2) are isospectral, then q ≡ 0.

Asymptotic isospectrality. Two differential operators of order r (with
discrete, lower semibounded spectra) shall be called asymptotically isospec-
tral if and only if their respective eigenvalues (λj)j∈N and (µj)j∈N satisfy

lim
j→∞

∣∣∣λ1/r
j − µ1/r

j

∣∣∣ = 0.

In [8], it is proved that if Lst
q (Γ) and Lst

q (I) are asymptotically isospectral,

then Γ = I. Moreover, it is proved in [23] that if LS1
q (Γ) and LS2

0 (Γ)
are asymptotically isospectral (and zero is an eigenvalue of both with
the same multiplicities), then they are in fact isospectral. This means
that two Laplacians are asymptotically isospectral if and only if they
are isospectral. The existance of a similar notion of ‘quasi-isospectrality’
among non-isospectral Laplacians was disproved earlier in [28].
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3. Higher order operators

The purpose of this thesis is to explore the methods of generalising some
of the known results for quantum graphs to higher order differential oper-
ators. Some work in this direction has been carried out for bi-Laplacians,
most notably in [13], as we discuss in the following section. These are
graph operators whose differential expression is the fourth derivative ∆2

(sometimes also called beam operators). On an interval, they describe the
transverse deflection of a beam (see [24]). Networks of beams (with condi-
tions imposed at the vertices) leads one to study bi-Laplacians on metric
graphs. Mathematical interpretations of particular vertex conditions are
discussed in [16].

3.1. Bi-Laplacians. In [13], general vertex conditions for bi-Laplacians
are written in the form

A

(
Ψ
∂Ψ

)
+B

(
−∂3Ψ
∂2Ψ

)
= 0. (3.1)

Here the notation for the vectors of functions and normal derivatives at
endpoints is generalised to higher order derivatives in the obvious way.
Proper connectedness is interpreted in the obvious analogous way to quan-
tum graphs. In this form, the requirements for self-adjointness are es-
sentially identical to those for quantum graphs: the bi-Laplacian with
conditions (3.1), whose domain is the set of functions ψ ∈ H̃4(Γ) satisfy-
ing these conditions, is self-adjoint if and only if AB∗ is Hermitian and
rank(A|B) = 2d. Hence one can assume without loss of generality that
A,B are 2d× d matrices.

It is also shown in [13] that an equivalent condition for self-adjointness
is the existence of a subspace X ⊂ C2d and a linear map T ∈ L(X) such
that the vertex conditions can be written in the form(

Ψ
∂Ψ

)
∈ X,

(
−∂3Ψ
∂2Ψ

)
+ T

(
Ψ
∂Ψ

)
∈ X⊥. (3.2)

Note that the quantum graph vertex conditions (2.9) can also be realised
in this form, with the subspace of Cd identified as the kernel of the or-
thogonal projection. The quadratic form for the bi-Laplacian B(Γ) with
vertex conditions (3.2) has domain the set of functions ψ in H̃2(Γ) such

that

(
Ψ
∂Ψ

)
∈ X, and is given explicitly by

QB(Γ)(φ, ψ) = 〈φ′′, ψ′′〉 −
〈(

Φ
∂Φ

)
, T

(
Ψ
∂Ψ

)〉
C2d

. (3.3)
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Known results concerning the spectra of bi-Laplacians include Weyl
asymptotics for some specific vertex conditions (see e.g. [10]).

3.2. Higher order operators. It is not difficult to see that what has
been said so far about bi-Laplacians can be generalised to other higher
order differential operators on metric graphs. Besides simply the bi-
Laplacian with an added potential, there are other concrete physical ap-
plications. Sixth order differential operators for instance appear in the
theory of vibrations of curved arches for sixth order (see [26], although in
that paper the boundary conditions are eigenvalue-dependent).

However, to go further than what has been done in [13], even for bi-
Laplacians, many of the techniques employed to prove results for quantum
graphs as discussed in Section 2 will no longer work: such operators cannot
be parameterised by a unitary d × dbscattering matrix, nor can one in
general write down the general solution to the eigenvalue problem in the
presence of a lower order term.

The natural starting point would be the study of n-Laplacians, by which
we mean operators on metric graphs with differential expression (−∆)n.
It is operators of this type that form the basis of Papers I and II.

3.3. Summary of Paper I, Sections 1–6 and 8–C. The first part
of Paper I concerns the classification of all possible vertex conditions
corresponding to self-adjoint n-Laplacians on metric graphs formed from
a particular set of edges (with d endpoints). This was done using the
theory of boundary triples which yields an nd × nd unitary matrix pa-
rameter for these conditions (Theorem ??). This is akin to the vertex
scattering matrix for quantum graphs, but for n ≥ 2 this neither has an
obvious physical interpretation, nor does it give rise to a convenient secu-
lar equation. The reason for this is that it describes the relation between
amplitudes of solutions of

(−∆)nψ = λψ (3.4)

in an inconvenient basis; the higher order analogue of the edge scattering
matrix in this basis is not practical to work with.

Instead, we encode the vertex conditions in a new matrix Tv(k), called
the vertex transmission matrix, by relating the amplitudes of solutions of
the differential equation written in the form

ψ(x) =
n−1∑
l=0

alje
iωlk|x−xj | +

n−1∑
l=0

blje
−iωlk|x−xj |, (3.5)
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where ω := eπi/n, via a = Tv(k)b.1 This matrix does not function so well
as a parameter for self-adjoint conditions, but may still be computed ex-
plicitly in terms of the vertex conditions using an equation similar to (2.5).
Unlike the vertex scattering matrix for Laplacians, Tv(k) may contain real
singularities, but there can be at most finitely many. The upper-left d×d
block of Tv(k) describes the scattering of plane waves at vertices, and we
prove that this is unitary (Theorem ??) and is thus referred to as the
vertex scattering matrix for n-Laplacians: we denote it by Sv(k).

The advantage of the basis used here is that connecting the two ex-
pressions for solutions of (3.4) at two endpoints of the same edge can be
done in much the same way as for Laplacians, for which we have the edge
scattering matrix Se(k). This relation is given by Te(k)a = b, where

Te(k) =


Se(k) 0 . . . 0

0 Se(ωk) . . . 0
...

...
. . .

...
0 0 . . . Se(ω

n−1k)


is the edge transmission matrix. The upper-left d× d block of this matrix
is again unitary, whilst the other blocks are exponentially decreasing as k
moves to the right. We prove (Theorem ??) that the non-zero spectrum
of the n-Laplacian is given by the set of roots of the secular equation

det[I− Tv(k)Te(k)] = 0 (3.6)

(except for the possible eigenvalues λ for which λ1/2n coincides with a
singularity of Tv, but these can easily be accounted for by a simple mod-
ification).

We show that Tv(k) is independent of k if and only if the vertex condi-
tions are scaling invariant (Theorem ??). For such vertex conditions, the
solutions of (3.6) are asymptotically close to the roots of the trigonometric
polynomial

det[I− SvSe(k)]. (3.7)

By this we mean the following:

Definition. Let P,Q ⊂ C be countable multisets. If they have no finite
accumulation points, then we say that P,Q are asymptotically close, if
and only if there exists an integer m ∈ Z such that they can be enumerated
P = {p0, p1, p2, . . . } and Q = {q0, q1, q2, . . . }, counting multiplicities, such
that

lim
j→∞

|qj − pj+m| = 0. (3.8)

1Here we order the components of the column vectors first by superscript,
then by subscript, so that a = (a01, a

0
2, . . . , a

0
d, a

1
1, . . . , a

n−1
d )t and likewise for b.
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Asymptotic closeness of the r-th roots of the spectra of a pair of order-r
differential operators is not totally dissimilar from the notion of asymp-
totic isospectrality. In fact, if the operators are asmyptotically isospectral,
then the roots of their spectra are asymptotically close. However, the con-
verse is only true if the integer m in (3.8) is zero.

Now, the function (3.7) looks like the secular function for a scaling-
invariant Laplacian, but in general this is not the scase since Sv is gener-
ically not Hermitian for (n ≥ 2)-Laplacians (see e.g. Corollary ??).
Rather, it is the secular function for a Dirac operator on the same met-
ric graph: for this operator, the geometric and algebraic multiplicities of
non-zero eigenvalues are equal (Theorem ??). The proof of this works
similarly for Laplacians, but for (n ≥ 2)-Laplacians this is much harder
since the product TvTe(k) is not unitary. Nevertheless, using results that
we prove from the theory of almost periodic functions, together with clas-
sical results about the preservation of the discreteness of spectra under
finite rank perturbations (in the resolvent sense), we prove that the geo-
metric and algebraic multiplicities coincide at least for sufficiently large
eigenvalues.

The two main results in Paper I concern n-Laplacians with scaling-
invariant vertex conditions. The first of these states that, if A is such an
operator, then σ(A)1/2n is asymptotically close to the positive spectrum
of the corresponding Dirac operator (Theorem ?? and Corollary ??). The
2n-th powers of the positive Dirac eigenvalues form the so-called quasis-
pectrum of A, denoted by σq(A). The quasispectrum is unique among all
sets which are both described by the set of positive roots of a trigonomet-
ric polynomial (or even more generally by an almost periodic function)
and are such that σq(A)1/2n is asymptotically close to σ(A)1/2n.

The second, and final major result in the paper states that two n-
Laplacians with scaling-invariant vertex conditions have asymptotically
close spectra if and only if their quasispectra coincide (Theorem ??).

3.4. Standard conditions for bi-Laplacians. The results in Paper I
are applicable to n-Laplacians with very general vertex conditions. For
quantum graphs, there is a particular set of conditions — standard con-
ditions — for which a lot more is known. In contrast to quantum graphs
for which there is only one obvious candidate for what could be consid-
ered ‘standard’, this notion is less clear-cut for bi-Laplacians. Given a
graph Γ, the standard Laplacian Lst(Γ) is characterised by the following
properties:

(1) the vertex conditions are properly connecting at all vertices of Γ;
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(2) the operator self-adjoint;

(3) functions in its domain are continuous at all vertices;

(4) the vertex conditions are non-Robin;

(5) the vertex conditions are scaling-invariant;

(6) the vertex conditions are are invariant under permutations of end-
points at each vertex (i.e. if xi, xj belong to the same vertex, then
permuting xi ↔ xj and applying the same vertex conditions will
not change the operator).

It’s obvious that we should want to assume (1) and (2), and it’s natural
to require property (3). For Laplacians under (2), properties (4) and (5)
are equivalent. In requiring (2), (3), and either (4) or (5) to hold uniquely
determines the Laplacian Lst(Γ), which trivially also satisfies (1) and (6).

It is reasonable to require that the standard bi-Laplacian should also
satisfy these properties. Note that for bi-Laplacians, (5) implies (4), but
they are not equivalent. Conditions (1)—(6) do not uniquely determine
a bi-Laplacian operator: there are precisely four bi-Laplacians satisfying
these properties, characterised by the conditions on the derivatives at each
vertex vm:

(A) ∂ψ(xj) = 0 ∀xj ∈ vm;

(B) ∂ψ(xi) = ∂ψ(xj), ∀xi, xj ∈ vm;

(C)
∑

xj∈vm ∂ψ(xj) = 0;

(D) no conditions on ∂ψ(xj), ∀xj ∈ vm.

The task remains to identify which of these can be viewed as the ‘most
natural’. The simplest way would be to look at further properties satisfied
by the standard Laplacian:

(7) degree two vertices are removable,

(8) the sum of normal derivatives at each vertex is zero.

Now, (8) is clearly very specific, but in fact enforcing properties (1)—(6)
together with either one of (7) or (8) uniquely determines option (C) as the
only admissible condition. However, we see that option (C) corresponds
to nothing other than the square of the standard Laplacian, which is the
least interesting of the four from a spectral theory standpoint.

Let us instead consider the quadratic forms of the corresponding op-
erators. Firstly, note that conditions (A) and (D) are unaffected by the
graph surgery operation of cutting through vertices, which is not the case
for (B) or (C).
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Assuming that Γ is connected, any bi-Laplacian satisfying properties
(1)—(3) has eigenvalue zero with multiplicity one, corresponding to the
constant eigenfunction. Among all of these operators, the bi-Laplacian
B(A)(Γ) corresponding to option (A) has the smallest quadratic form
domain: the domain of this form consists of all functions ψ ∈ H̃2(Γ)
which are continuous at vertices and satisfy the condition (A) itself. As
a consequence of (2.16), the eigenvalues of this operator are the largest
among those self-adjoint operators whose domains consist of functions
all of which are continuous at the vertices of Γ. In particular, since
0 = λ1(B(A)(Γ)) < λ2(B(A)(Γ)), it also has the largest spectral gap among
these operators.

Hence we define the standard bi-Laplacian graph operator on the
graph Γ with edges E to be the bi-Laplacian operator Bst(Γ) with domain
being the set of functions ψ ∈ H̃4(E) satisfying

ψ(xj) = ψ(xj′) ∀xj , xj′ ∈ vm,
∂ψ(xj) = 0 ∀xj ∈ vm,
∂2ψ(xj) arbitrary ∀xj ∈ vm,∑

xj∈vm ∂
3ψ(xj) = 0,

(3.9)

One could also argue that (A) is the most appropriate option using
physical intuition. Suppose that the graph is such that it can be embed-
ded in R2. The operator then applies to a planar network of beams whose
transverse deflections are all orthogonal to the plane in the sense that if
ψ is an eigenstate then ψ(x) is the corresponding deflection at the point
x ∈ en on the beam en. Continuity of ψ at the vertices is already spec-
ified, courtesy of (3). It is perhaps natural to enforce the condition that
the tangents to the beams at each endpoint of a given vertex should all
be coplanar. If the angles between the beams are all known then this is
enough to be able to construct vertex conditions satisfying (1)—(5), but
not (6) (see [16] for details). However in general the geometry of the graph
may be unknown, and it is not possible to ensure coplanarity without fur-
ther restrictions. In case (A), the tangents to the deflected beams at each
vertex vm are all coplanar, but more precisely are all coplanar with the
underlying plane of unperturbed beams. In case (B), the normal deriva-
tives of functions at all endpoints in vm are equal, so the angles between
all of the tangents to the deflected beams at vm and the vertical are equal.
These tangents are coplanar if and only if all edges at each vertex coincide
when embedded in the plane. Coplanarity holds only in special instances
of case (C): specifically for two or three beams meeting at a vertex but
only if the angles between all beams are equal. In case (D), the directions
of the tangents at each vertex vm are completely arbitrary, in which case
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coplanarity may never be enforced. Since we have coplanarity in case (A)
independently of the embedding of the underlying network in the plane,
and for any numbers of beams meeting at each vertex, the qualification
of coplanarity points to (A) as the most physically natural option.

3.5. Summary of Paper II. In Paper II, we refer to bi-Laplacians as
beam operators, and the bi-Laplacian with standard vertex conditions as
the standard beam operator. The focus of this paper is on estimating the
spectral gap for the standard beam operator on compact finite metric
graphs.

We demonstrate that the methods of graph surgery used in obtaining
spectral estimates for quantum graphs are also applicable to beam op-
erators, and similar eigenvalue estimates hold. In particular, we show
that the technique used in [?KuNa14] to derive an upper estimate for the
spectral gap of Lst(Γ), works similarly for the standard beam operator
Bst(Γ) to obtain such an estimate (Theorem ??). Recall that this consists
of first duplicating the edges of Γ to form a Euclidean graph, then cutting
through the vertices to form a closed path of length 2`(Γ), consisting of
the original edges (and their copies) connected at vertices of degree 2.
The eigenvalues on this path are then estimated by the eigenvalues on
the loop of the same length as the latter are explicitly computable. This
method would not work for B(D)(Γ) since the quadratic form for B(D) on
the loop is smaller than that for B(D) on the path: continuity of functions
and derivatives is not required at the vertices on the path.

The paper concludes with an Ambartsumian-type result (Theorem ??):
if the spectral gap for Bst(Γ) on some graph Γ coincides with the upper
estimate from Theorem ?? on the interval I of length `(Γ), then in fact
Γ = I.

4. Almost periodic functions

The remaining piece of the puzzle in Paper I is the theory of almost
periodic functions. This was a key ingredient in the proofs of (asymptotic)
isospectrality and Ambartsumian-type theorems for quantum graphs in
[23], and this hinged on the fact that the secular function for Laplacians
is almost periodic. This prompted the idea to use it for higher order
operators as well. However, since the secular function for n-Laplacians is
not almost periodic when n ≥ 2, but rather something which is in some
sense close to an almost periodic function, further results needed to be
proved first in order to be able to apply the theory here.
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We begin this discussion with a brief introduction to almost periodic
functions.

4.1. Definition and properties. There are two commonly-used but
equivalent definitions for almost periodic functions (and a number of not-
so-equivalent ones as well). On R, the simplest definition of the set of
almost periodic functions is as the closure in L∞(R) of the set of (complex-
valued) trigonometric polynomials. According to the Approximation The-
orem (Paragraph 84, [7]), this is precisely the set of functions g satisfying
the following property:

(1) for every ε > 0, there exists a relatively dense set of numbers τ ∈ R
such that |f(x+ τ)− f(x)| < ε for all x.

More generally, we are interested in almost periodic functions which are
not confined only to the real line, but which are instead defined on hori-
zontal strips in C, i.e. sets S of the form

S = {z ∈ C : a < Im z < b}.

We define almost periodic functions on S to be the set of holomorphic
functions on S satisfying property (1) for x ∈ S. A similar Approxima-
tion Theorem holds for these functions too (see Paragraph 107, [7]). In
particular, this means that all that follows for almost periodic functions on
S also applies to trigonometric polynomials. An almost periodic function
g on S satisfies the following properties (see [7, 25]):

(2) g is bounded,

(3) g is uniformly continuous,

(4) g′ is almost periodic.

Moreover, for η � 1, let Sη be the strip which is η-narrower top and
bottom. Then for any almost periodic function g on S, the following hold
(see [25]):

(5) there exists a number N(η) ∈ N such that every segment of Sη of
width 1 contains at most N(η) roots of g,

(6) there exists µη > 0 such that |g| > µη in Sη but outside discs of
radius η centred at roots of g.

More recent developments in [8,23] play a key role in deriving isospec-
trality results for quantum graphs in these papers. One such theorem,
proved in [23], states that for two almost periodic functions on a strip S
whose roots are all contained in a smaller (closed) strip inside S, if the
sets of their positive roots are asymptotically close, then in fact all of their
roots are equal.
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4.2. Summary of Paper I, Section 7. The kind of ‘nearly almost
periodic functions’ to which this theory needs to be expanded in order
to deal with the spectra of higher order operators are what we refer to
in Paper I as holomorphic perturbations of almost periodic functions. A
function f on an unbounded set U is said to be a holomorphic perturbation
of an almost periodic function g if it is holomorphic and satisfies

lim
|z|→∞
z∈U

|f(z)− g(z)| = 0, lim
|z|→∞
z∈U

|f ′(z)− g′(z)| = 0. (4.1)

Typically, U will be a half-strip. On a sector containing most of the
positive real axis, the solutions of the secular equation are the same as
the roots of a holomorphic perturbation of the trigonometric polynomial
(3.7), counting multiplicities. This is proved in Section ?? of Paper I,
and enables the use of the following results to deduce the theorems from
Section ??.

There are two main theorems proved in Section 7. The first of these
states that if f is a holomorphic perturbation of an almost periodic func-
tion g on a half-strip, then in fact the set of roots of f is asymptotically
close to the set of positive roots of g (Theorem ??). The second states
that if f1, f2 are holomorphic perturbations of g1, g2 respectively on a
half-strip, then the sets of roots of f1 and f2 are asymtotically close if and
only if g1 and g2 have the same roots counting multiplicities (Theorem
??).

It should be clear how these two theorems are tied to the two main
results in Section 8 of Paper I about the spectra of n-Laplacians with
scaling-invariant vertex conditions. In fact, under appropriate hypotheses,
they can be applied to the spectra of more general operators than are
treated in this paper.
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[26] M. Möller and B. Zinsou, Sixth order differential operators with eigenvalue
dependent boundary conditions, Applicable Analysis and Discrete Mathe-
matics 7 (2013), 378–389, DOI 10.2298/AADM130608010M.

[27] O. Parzanchevski and R. Band, Linear representations and isospectrality
with boundary conditions, J. Geom. Anal. 20 (2010), no. 2, 439–471, DOI
10.1007/s12220-009-9115-6. MR2579517

[28] R. Rueckriemen, Quasi-isospectrality on quantum graphs, J. Geom. Anal.
25 (2015), no. 1, 306–316, DOI 10.1007/s12220-013-9428-3. MR3299282

35


