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The role of language representation for 
triggering students’ schemes

Linda Marie ahL and OLa heLenius

Schemes were Piaget’s most important concept. Through work of Vergnaud, schemes 
were connected to representations and theoretical models from Piaget were con-
nected to principal insights from Vygotsky. We suggest that the scheme concept can 
be elaborated further by detailing the relationship between schemes and semio-
tics. We consider a case of an adult student’s work on a situation involving average 
speed. Linguistic representations in the problem formulation triggers two separate 
schemes for the student, one associated to the speed concept and one to the arith-
metic average. By identifying exemplary phenomena in the presented case, we show 
how previous theory connecting schemes and representations can be extended to 
allow alternative explanations for a well-known class of students’ errors.

Scheme may be the most important concept in both Kant’s theory of know-
ledge and in Piaget’s genetic epistemology. Yet, schemes are sparsely described 
in their respective writings. In Kant’s extensive production, it covers only 11 
pages and Piaget does not even describe his scheme theory formally (Hei-
degger, 1997, von Glasersfeld, 1995). For both Kant and Piaget, the purpose 
of the scheme concept is to account for the relationship between individuals’ 
mental activity and empirical objects in the world. Before Kant, the empiricist 
tradition of Locke and Hume saw knowledge as originating in impressions 
from our senses while the rationalist tradition of Descartes and Leibniz saw 
knowledge as originating in the inner mental activity of reason. The scheme is 
the instrumental construct in Kant’s theory that combines these two traditions. 
When Piaget, inspired by Kant, built his own scheme theory, it was rather to 
counter the, at the time, dominant behaviorist tradition. For Piaget, mental or 
physical action was not just a result of experiential stimuli. Mental constructs 
shape our interpretation of the world and shape our actions on the world. At 
the same time mental constructs are shaped by the experiences and actions in 
a dynamic equilibrium process. The scheme is the construct that Piaget gives 
the role as a mediator in this process. The principal characteristics of schemes 
are that they must be rigid enough to organize behavior associated to classes of 
known situations, flexible enough to allow association to new situations where 
the behavior is still viable, and adaptable enough for allowing re-organization 
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when new situations so require. This is what Piaget describes by the concepts 
accommodation and assimilation. 

In mathematics education Piaget’s theories have had the largest influence 
through constructivism as an epistemological perspective, as for example for-
mulated by von Glasersfeld. Analyses, principles, theories and debates have 
built on the constructivist grounding principle, i.e. knowledge can not be trans-
mitted in a direct way to students, instead students construct knowledge them-
selves, based on their encountered experiences. Von Glasersfeld (1995) himself 
relates very strongly to scheme theory, but interestingly, in much of the mathe-
matics education research that builds on constructivism, schemes are invisible. 
Schemes are also absent from much of the socio-constructivist tradition that, 
inspired by Vygotsky’s focus on language and social settings as the core of 
learning and knowing, develops theories aiming to bridge the divide between 
cognitive- and sociocultural theories (Cobb, 1994, Mason, 2007). Such theories 
are epistemologically interesting and important (Noorloos, Taylor, Bakker & 
Derry, 2017) perhaps in particular since they offer interesting ways of connect-
ing the classroom culture with individuals’ conceptualization of mathematical 
matters (e.g. Yackel & Cobb, 1996). 

In the present theoretical article, however, these epistemological and philo-
sophical perspectives are backgrounded. Instead, by using work from in par-
ticular Vergnaud, we use an exemplary case to show how an increased atten-
tion to how language representations relate to schemes provides additional  
explanatory power for interpreting students’ actions. We conclude the paper 
by arguing for an extension of Vergnaud’s scheme theory, and thereby further 
connect core concepts from Piagetian and Vygotskian thinking. 

Schemes and language
Mathematics itself is organized in concepts, which makes it appealing to 
think about students’ knowledge in terms of their conceptual understanding. 
However, the concept ”understanding” is both very difficult to use analytically 
for researchers and the mind does not seem to be organized by understanding, 
neither do behaviors seem dependent on understanding. Schemes on the other 
hand provide a theoretical connection between classes of situations in which we 
expect the student to act, and the ensuing actions. If you accept that schemes 
decide behavior, you can create hypotheses about students’ actual schemes, 
by analyzing their observable behaviors. This is the reason why schemes are 
both analytically and didactically more useful than for exampel the idea of  
conceptual understanding. 

Humans’ intuitive knowledge of space, quantities and order relations is the 
foundations of mathematics but every analysis of such an intuitive framework 
must be performed in mathematical terms since, ”there is no way to reduce 
mathematical knowledge to any other conceptual framework” (Vergnaud, 1998, 
p. 167). Vergnaud emphasizes two psychological constructs to mimic the roles 
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that concepts and theorems have in mathematical theorization: concepts-in-
action and theorems-in-action. These notations are important for the definition 
of a scheme. A scheme is the invariant organization of behavior for a certain 
class of situations. For such a class of situations, certain propositions are (expli-
citly or implicitly) held to be true. Those are termed theorems-in action. Simi-
larly, some objects, predicatives or categories are held to be relevant in a class 
of situations and these are the concepts-in-action (Vergnaud, 1998). This part 
of the theorization largely builds on Piagetian ideas. But Piaget’s scheme theory 
lacks too many central components to be applicable to educational research, 
perhaps since he was never interested in didactical matters (Vergnaud, 1996). 
In particular, Piaget did not pay enough attention to the importance of language. 
Vygotsky, on the other hand, did. Of all Vygotsky’s work, the systematic treat-
ment of how the use of signs, language and other artifacts organizes the mind 
is his most seminal contribution to our understanding of knowing and learning. 
Vergnaud combined Vygotskian insights with semiotics and developed a theory 
for the role of representation in scheme theory. 

In figure 1, arrow 0 symbolizes the relationship between situations and schemes, 
while arrow 1 show the main function of operational invariants, namely to 
identify objects, their properties, relationships and transformations. Arrows 
3, 3’ denotes the relationship between signifiers (words and other signs) and 
the signified, the operational invariants, as indicated by 2 and 2’. Arrow 4 
denotes the relationship between language systems. It should be noted that in 
general there is no one to one correspondence between signifier and signified 
or between natural language and a semiotic system, because the same word or 
sign can signify different objects and ideas, and the same idea can be signified by  
different words or signs. We refer to Vergnaud (1998) for further elaboration.

In this paper we will develop how Vergnaud’s theory, structuring knowledge 
within individuals (cf. figure 1), can be complemented with Vygotskian theory 
of language and other symbol systems, structuring interpersonal knowledge, 
in order to obtain a didactically useful extended theory (symbolized in figure 3)  
where semiotics and language representations have a more decisive role than 
in Vergnaud’s theory.

Figure 1. Vergnaud’s development of the classical semiotic triangle. Adapted 
from Vergnaud (1998)
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Schemes in mathematics education research
Schemes have played an important role in educational research for its explana-
tory potential of students’ behaviour. There are many examples of studies that 
use the with a Piagetian interpretation of the concept, without reference to 
Piaget, like the great number of studies on schema-based instruction (e.g. Fuchs 
et al., 2004; Jitendra et al., 2009). Among research that closely follow Piaget’s 
track, some use scheme theory to try to classify development, as exemplified 
by Noelting (1980). Others use schemes as a language for describing individual 
cases. Lo and Watanabe (1997), for example use the scheme concept to frame a 
fifth grader’s process of schematizing his informal strategies for proportional 
reasoning over a period of six months. With reference to von Glasersfeld’s (1989) 
they defined schemes as consisting of three parts: ”(a) the child’s recognition of 
an experiential situation as one that has been expe-rienced before; (b) the spe-
cific activity the child has come to associate with the situation; and (c) the result 
that the child has come to expect of the activity in a given situation” (p. 219). 

Vergnaud’s variant of scheme theory has also been used by others. One promi- 
nent example is Schliemann and Nunes’ (1980) investigation of fishermen with 
low schooling that apply schemes for mental calculations in their everyday prac-
tice. Schliemann and Nunes, conclude that applicable schemes of proportional-
ity can develop without formal schooling, on the basis of everyday experience. 

Highly relevant for the case to be presented to support this article’s theo-
retical construction is the work by Thompson (1994), where he uses scheme 
theory to examine a student’s development of the concept of speed and their 
relationship to concepts of rate. We will return to this paper in our analysis and 
discussion. 

It is however through the work of Vergnaud that scheme theory has been most 
clearly elaborated. In particular, and in addition to complementing schemes 
with semiotic perspectives, Vergnaud stresses the role of situations. For didac-
tical purposes it is through creation of different situations that the teacher can 
plan for expansion and development of students schemes. We will illustrate 
this by a student solution to a problem involving the concept of average speed.

A situation about average speed
Problems where students have to consider two different speeds during the same 
journey appear in many settings and are classical in school mathematics. The 
problem below is adapted from a screening test by Niss and Jankvist (2013).

Steep hill: There is a path up a quite steep hill in Athens. Rickard, who is 
in good shape, is going up the hill in an average speed of 3 km per hour. 
He goes down in double speed. What is Richard’s average speed for the 
whole walk? 



Proceedings of Madif 11

Ahl and Helenius

53

Rate concepts such as speed, density and unit prices are widely applied in school 
mathematics and everyday life. In contrast to ratios dealing with the relations 
between dimensionless quantities, such as the ratio between base and height 
in a triangle, the interpretation of the relations between quantities with dimen-
sions is more challenging (Thompson, 1994). Central to the problem above is 
the concept of speed. Let’s ponder the speed concept for a while in the simp-
lest situations where we only deal with constant speeds. Then, it is enough to 
divide a distance by time, to obtain the average speed of the journey, since 
speed is proportional to the distance, when time is kept constant. Distance is a 
bi-linear function of time and speed, d(v, t) = vt, where the distance is propor-
tional to both time and speed, why in situations where either time or speed is 
kept constant, students get away with relying on theorems-in-action involving 
linearity. However, speed is inversely proportional to time when the distance is 
kept constant. Therefore, when the situation involves the distance being cons-
tant, a theorem in action based on linearity does no longer apply. The situa-
tion above involves two average speeds, over the same distance. Therefore, 
simplistic manipulation of the d = vt formula, fails as a scheme for calculating 
the answer. Another hurdle is that no distance is specified. Thus, the problem 
includes an element of modeling. Those who have an appropriate scheme for the 
situation can make an easy mathematization and assume that the hill is 3 km. 
The journey will then take one hour up and one half-hour down. Then Rickard 
has walked 6 km in 1.5 hours, so by elementary calculation, his average speed 
is 6 km/1.5 h = 4 km/h. 

Schemes triggered by the representation of the problem
The following excerpt illustrates the student Emilé’s solution to the average 
speed problem, Steep hill, collected during a problem solving session in the 
Swedish prison education program. 

As seen in the upper central part of the solution (figure 2), Emilé provides the 
answer 4.5 obtained by adding 3 and 6 and dividing by 2, that is by averaging 
the two average speeds (we do not deal with the handling of units here), some-
thing which is very common (Ahl, submitted). When asked about his solution 
afterwards, Emilé says:

Emilé: I added 3 km with 6 km and divided by 2.
Linda: Why?
Emilé: Well, the average.

We will come back to the rest of the solution after discussing the analysis by 
Thompson (1994), in his well-cited book chapter. Thompson carries out a long 
teaching experiment with the fifth grader JJ, and analyses her responses and 
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progress by means of scheme theory. In a similar manner to Emilé, JJ also 
responds to the same type of average speed problem by calculating the arith-
metic average. Later in the teaching experiment, JJ learns to handle the situa-
tion appropriately. Thompson’s explanation of her behavior is conceptual, and 
to some extent developmental, coinciding with observations by Piaget (1977). 
Intuitions of speed precede those of time. It is only through conceiving time 
as a unit and then later speed as a ratio and, later still, a rate that make it pos-
sible for JJ to develop a scheme that lets her handle the problem above. Hence, 
Thompson explains JJ’s error by seeing it as a consequence of her undeveloped 
speed scheme. 

Let us now return to Emilé’s notes. Emilé uses several concepts-in-action 
related to speed. The triangle top right is a well-known schematic representa-
tion of a theorem-in-action involving the concepts of speed, time and distance 
and their arithmetic relationship. A different representation of the same theorem 
in action can be found in the upper left corner. The drawing of the top of the 
hill, bottom left, shows that the student also makes an appropriate real-world 
interpretation of the situation described in the problem. Emilé also makes an 
appropriate mathematization of the situation by assuming the distance to be 
3 km, which leads to the uphill walk taking 60 minutes and the faster down-
hill walk taking 30 minutes. Emile is hence very close to a solution, which 
would involve dividing the sum of the up- and downhill distances with the 
total time. It is known from Emilés previous work that he knows how to solve 
the standard situation, where distance and time are given and speed is asked 
for. Here however, this theorem in action is not invoked. The added complexity  
of first adding the distances to get 3 + 3 = 6 km and then dividing by the time 
1 + 0.5 hours = 1.5 hours might be outside of what Emilé associated with this  
scheme-situation pair. Instead, the student invoked the arithmetic mean value, 
and then swiftly calculated the mean. 

The explanation Thompson provides for JJ’s actions does not hold here. 
Being a grown up, Emilé has certainly conceptualized time as a unit and in his 

Figure 2. Emilé’s solution. 
Note. Sträcka means distance, hastighet means speed, tid means time
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notes, he illustrates a rather well developed scheme concerning speed, including 
a concept in action of speed as a ratio. Before providing an alternative explana-
tion, we will return to Vergnaud’s theory that indicates how schemes relate to 
linguistic representations. In terms of Vergnaud’s schematic image presented 
in figure 1 above, Thompson’s analysis concerns the situation-scheme-object 
triangle. His assertion amounts to saying that the student has not objectified 
speed in an appropriate manner. We claim that in particular for students with 
more school experience, but perhaps also for the fifth grade student JJ in Thomp-
son’s study, the semiotic representation of the problem also has an important 
influence. In Vergnaud’s schematic representation (figure 1), the semiotic per-
spectives, whether natural language or other semiotic systems are connected 
to the schemes. It is operational invariants residing in situation-scheme pairs 
that are signified by symbols and then projected back into the situations as 
objects. However, a fundamental aspect of scheme theory is the interpretation of  
situations. Schemes are invoked when situations associated to the schemes are 
encountered. Since a mathematical problem is presented by semiotic systems, 
the wordings, terms and other symbolic expressions used may themselves 
trigger different interpretations of the situations. This is particularly apparent 
in the case of average speed where one single expression (in the Swedish lan-
guage even one single word ”medelhastighet”) signifies both the idea of average 
and the idea of speed. Emilé’s solution shows how he invokes a scheme related 
to speed first, but then moves to using a scheme related to arithmetic average. 
It will in fact be typical that situations are already symbol-laden when encoun-
tered. Some symbols might be unknown to the student and some may be known 
and associated to particular signifiers, and particular schemes, and hence be 
instrumental for how situations are interpreted and acted on. We therefore 
propose that Vergnaud’s schematic description of how scheme theory is related 
to semiotics should be complemented according to figure 3.

As seen, we add paths between the semiotic block and the reference side, con-
sisting of situations and objects. The motivation is the type of phenomena seen 
in Emilé’s case, but also general sociocultural theory that gives language a 
stronger role for forming thoughts. In Vergnaud’s interpretation, the signified 

Figure 3. Extended relation of scheme theory and semiotics
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part of the semiotic systems relates to mental constructs. This is the only way 
they can signify something. But still, symbols (and here we include written or 
spoken words) are distinctively present in situations too. They are put there by 
someone with some intent, but left there for others to interpret. This represents 
that while semiotic systems are products of minds in society or history, the 
signifier part of the systems are made available outside of those minds. Arrow 
2” denotes, that the imprints of semiotic systems can be found in situations, in 
the form of words and other symbols used to describe the problem. Once there 
they are potential carriers of meaning for someone encountering the situation, 
like Emilé. The symbols trigger some scheme (arrow 0), which acts as a signi-
fier for the signified concepts (arrows 2 and 2’), which are mental constructs 
associated to an individual’s scheme. Our case with Emilé’s solution is illu-
strational because of how the same word triggers two schemes. Depending on 
which scheme that is invoked, the same word (in Swedish) triggers different 
concepts-in-action and theorems-in-action that also produce different answers. 

We can compare this with JJ’s statements, commented in two footnotes in 
Thompson (1994). Footnote 11 reveals that JJ already knew about the arithmetic 
average after having been taught it earlier by her teacher Mrs. T, causing great 
confusion, which Thompson tried to remedy by telling JJ that this interpretation 
of average should from now on be termed Mrs. T’s average. But later, as revealed 
in footnote 12, JJ’s sister had again told her that averages were dealt with by 
adding up and dividing. ”It took two full sessions to deal with this confusion; 
those sessions could be the subject of another paper” (Thompson 1994, p. 41). 
Thompson deals with this as a ”confusion” more or less unrelated to what JJ 
has to do to develop her average speed scheme. But by our extension of scheme 
theory it can be described in detail. We propose that the phenomenon is the one 
encountered in the description of Emilé’s actions, and the mechanism involved 
is very general. Both JJ and Emilé have strong schemes related to arithmetic 
averages. The arithmetic average scheme is very strong since it is effective and 
produces an answer. Effective schemes are dominant because efficacy is one of 
the drivers of schemes. The signifier of the signified arithmetic average scheme 
is the term average, and when this term is encountered in a new situation; it is 
interpreted semiotically (arrow 2”) and triggers the arithmetic average scheme 
(arrow 2). As observed in both the JJ and the Emilé case, this happens even when 
another scheme, a speed scheme, has already been invoked. 

Discussion
We have extended Vergnaud’s theoretical framing of schemes with an added 
attention to the relationship between language representations of situations. 
Mathematics education research has for many years been hugely influenced by 
socio-constructivist perspectives, joining ideas from both Piaget and Vygotsky. 
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But most of this has built on Piaget’s epistemological contributions, ignoring the 
scheme concept. It is, however, the scheme concept from Piaget’s theory that has 
the potential to account for individuals’ mathematical conceptual development. 
Vergnaud has developed the scheme concept by acknowledging the importance 
of language and representations. This can be understood as a development in 
sociocultural direction and Vergnaud clearly acknowledges that the importance 
of language and symbol systems are best described in Vygotsky’s contributions. 
We argue that semiotics has a more decisive role for children’s mathematical 
actions than suggested by previous scheme based theories. If we want to under-
stand students’ formation and use of concepts, there is a need to consider the 
relationship between language representation, situations and schemes. 

We displayed a situation where one composite word average speed trig-
gered two different schemes. ”The scheme always applies to a type of situa-
tion in which the subject can identify a possible target for his/her activity, and 
sometimes intermediary sub-targets too” (Vergnaud, 1996, p. 189). The possible 
target in the displayed situation above appears to be either ”average” or ”speed”. 
They are both examples of operational invariants, concepts-in-action, that can 
be efficient for dealing with the problem at hand. But they are not compatible. 
The average speed is not the average of the speeds. 

The special case illustrated made the importance of words visible. But it 
is reasonable to assume that words regularly have this effect on how scheme-
situation pairs are chosen. Therefore we suggest that Vergnaud’s schematic 
illustration of the relationship between schemes, situations and representations 
should be modified to also include a distinct connection between the semiotic 
representations and the situation. Once schemes are connected to symbols and 
language, the scheme itself can be said to contain such representations. There-
fore, even though the situations themselves are not symbolic, natural language 
representations in the description of the situation in the problem will influen-
ce what schemes that might get activated. This development of Vergnaud’s 
theory of schemes and representations corresponds to further incorporation  
of Vygotskian theories. 

With this model (figure 3), it can be explained how the same word can trigger 
different schemes. But classic scheme theory also gives a hint on why both 
Emilé and JJ do not readily abandon their average scheme. After all, Emilé had 
all the needed concepts and theorems-in-action ready for a proper handling 
of the speed concept but still abandoned the relation between distance, speed 
and time and invoked the arithmetic average scheme. One wonders why? We 
suggest that although Emilé’s speed scheme is effective in simple situations, 
involving one distance and one time, he does not have the competency to handle 
a situation involving two different average speeds on the same journey. His 
speed scheme is efficient also for such situations in the sense that it allows him 
to produce relevant and correct reasoning. But it is not effective in the sense 
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that it readily allows him to produce a final answer. His scheme of arithmetic 
average is on the other hand very effective. It is simple and produces an answer 
that is reasonable. However, in Emilé’s solution we can see that he is close to 
building a conceptual understanding of average speed, since he elaborates on 
all the necessary facts for making an efficient reasoning on the situation. We 
argue that confronting Emilé with situations where the arithmetic mean value 
scheme makes no sense, by for example producing an obviously unrealistic 
answer, may make him de-associate his arithmetic average scheme from the 
average speed scheme. But as we can see from Thompson’s description of JJ’s 
actions, this may take a lot of time and energy. It may involve both expanding 
the speed scheme by connecting it to more complex situations and by introduc-
ing new theorems and concepts-in-action. Thompsons article describe such a 
process. It may also involve invoking a ”catch mechanism” in the speed scheme, 
corresponding to a theorem in action stating, ”arithmetic average is not relevant 
here”. Thompson made this observation. 

From the cases we described, and the theory we have developed, we can gene- 
rate the following hypothesis: When an individual associates a linguistic rep-
resentation with some scheme, that contains theorems-in-action that produce 
answers in a simple way, it will be very difficult to make the individual abandon 
this initial scheme in favor of a more complex one, or a different one. The initial 
scheme will act like an irresistible escape route any time the second scheme 
gets cumbersome and does not produce swift answers. 

Mathematics education is in fact full of cases when linguistic representa-
tions are associated to new or expanded concepts. When we clarify the effects 
of interaction of schemes and semiotics, we can identify and understand such 
phenomena better and produce didactical suggestions for dealing with them.
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