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Abstract

In this thesis we study the phase diagrams of Zn symmetric chains. We start
with investigating the topological phases of the Kitaev chain, a Z2 symmetric
model, with long range couplings and a phase gradient. Then we go beyond
the free fermion classification of topological phases and consider the effect of
interactions by studying the Kitaev-Hubbard chain, incorporating a density-
density interaction. Next we move on to the Z3 symmetric models and present a
frustration free model with an exact three-fold degenerate ground state. In the
end we present the phase diagram of a hopping model of Z3 Fock parafermions,
the generalization of polarized Dirac fermions which could host at most two
particles per site. The model has a pairwise hopping which is forbidden for
fermions. In our studies we use analytical methods like the Lieb-Schultz-Mattis
method, bosonization and conformal field theory, as well as numerical ones like
exact diagonalization and the density matrix renormalization group.





Svensk Sammanfattning

I den här avhandlingen studerar vi fasdiagrammen av kedjor som har Zn sym-
metri. Vi börjar med att undersöka de topologiska faser i Kitaev kedjor (med
Z2 symmetri) som har hoppning över längre avstånd och en fas gradient. Vi
fortsätter med system som inte faller i den klassificeringen av topologiska faser i
system bestående av fria fermioner, genom att studera effekten av växelverkan
mellan fermionerna. Vi gör det genom att studera Kitaev-Hubbard kedjan,
som har en täthet-täthet term i hamiltonianen.

Sedan tittar vi på kedjor med Z3 symmetri, och vi beskriver en kedja som
inte har frustration i grundtillståndet, som har en exact trefaldig degenera-
tion. Till slut ger vi fasdiagrammet av en model som beskriver hoppande Z3

parafermioner. Z3 parafermioner är en generalisering av (polariserade) Dirac
fermioner, i bemärkelsen att det kan finnas maximalt två Z3 parafermioner på
en site, istället av bara en i det fermioniska fallet.

I våra studier använder vi analytiska metoder som Lieb-Schultz-Mattis meto-
den, bosonisering och konform fältteori, samt numeriska metoder som exakt
diagonalisering och täthetsmatris renormaliseringsgruppen.
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Chapter 1

Introduction

Phases of matter and phase transitions

In the field of theoretical condensed matter and statistical physics, a main
goal is understanding, determining and classifying different phases of matter
and the properties of each phase. One can track this back to the classical
elements, earth, water, air and fire. With the progress in physics and chemistry
the classification of states of matter evolved and changed to the three main
categories, namely solid, liquid and gas §. Each state has its own properties.
For instance, a typical solid can resist external pressure to some extend and
for many applied purposes one can assume that a solid has a constant volume.
Although the volume of a liquid is fixed and typically has negligible dependency
on the pressure, the volume of a gas does depend on the external pressure and
temperature. One can also consider other properties like thermal and electrical
conductivity. Usually metals are efficient in thermal conduction and gasses are
quite poor. For instance the thermal conductivity of air at room temperature
and 1 Bar presssure is κair ≈ 3×10−2W/mK, negligible in comparison with the
thermal conductivity of Copper, κCu ≈ 6× 102W/mK [1]. As it is clear, theys
are different by four orders of magnitude. The electrical conductivity of these
two are also different by many orders of magnitude. The electrical conductivity
of air in the earth’s atmosphere ranges form σair ≈ 10−131/Ωm to 10−91/Ωm.
Copper, however, is a very good conductor with electrical conductivity σCu ≈
5× 1071/Ωm [2].

This variety of properties makes the importance of having a phase diagram
clear. A phase diagram shows the possible phases of a material, a substance
or in theoretical studies a model, as a function of a set of parameters. These
parameters could be external parameters like temperature and pressure over
which we have control. On the other hand we do not have control over the
interaction strength between the constituents of a material, say electrons in a
solid. In such a case we consider the interaction as a parameter and study the
behaviour of, say, a theoretical model over a range of it. By knowing the exact
parameters for a specific material, either from an experiment or an ab-initio
numerical study, one can predict the behaviour of the given material. Moreover
having a phase diagram at hand, we can contemplate about the possibility of

§Some scientists later added plasma as the fourth category.
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engineering new phases or desired behaviour by tuning the control parameters
appropriately. This can be done in ultra-cold atom setups [3–5].

Defining a phase of matter is rather hard task. An intuitive definition is that
all the points which belong to a phase share the same properties. For instance
if the parameters of a given system belong to a point in the solid phase of the
phase diagram, the system has a rather constant volume but if they lie in the
gas phase, one can change its volume by applying appropriate pressure §. In
quantum systems, as we will discuss in this thesis, one is usually interested in
the presence of the gap ∆, the energy difference between the first excited state
and the ground state, in the thermodynamic limit. A model with a finite gap
is called gapped and otherwise the model is gapless. If a set of points in the
phase diagram belong to the same phase, for all of them the system of interest
or the model is either gapped or gapless. Therefore if the gap closes along a
manifold in the phase diagram, that manifold can in principle separate two
different phases ¶. In general we are also interested in correlation functions
(the connected ones where the averages are subtracted) in physical models.
For a gapped system these are usually exponentially decaying functions with a
correlation length ξ of the order of the inverse gap ∆−1 [6]. For gapless systems,
however, the correlation functions usually decay as a power law in the absence
of any characteristic length scale [7] ‡.

Defining phase transitions is simpler than defining phases of matter. Let
us continue with the phase diagram of a typical substance as is shown in
Fig. 1.1 [8]. There are three regions indicated by solid, gas and liquid in the
phase diagram. Nonetheless one may wonder whether they are all different
phases?

As we mentioned defining the phase itself is rather a hard task and usually
it is done intuitively. To be rigorous and be able to do calculations we can,
however, focus on the transitions. About half a century ago this was a major
subject in statistical mechanics and condensed matter physics. It turns out
that one can pinpoint a phase transition by studying the free energy density
f = F/V , where V is the volume and F is the free energy of a system at finite
temperature [6,8] and the ground state energy density eg = Eg/V where Eg is
the ground state energy of a quantum system at zero temperature [6,9]. Phase
transitions are nailed down and classified (to some extend) by determining the
order of the derivative of the free energy density or the ground state energy
density with respect to a coupling, either an external one like temperature or a
parameter in the model, at which it is not smooth and continuous.

Consider the phase diagram in Fig. 1.1. For simplicity one may imagine
the water as the substance, though note that for water the slope of the line
separating solid and liquid is negative. Here the external parameters or the

§Note that these are the statements in the thermodynamic limit.
¶As we will later discuss there could be just a crossover rather than a phase transition.
‡This is guaranteed if the model has conformal symmetry [7].



1.1. Phases of matter and phase transitions 3

P

T
Gas

LiquidSolid

Figure 1.1: Schematic phase diagram of a substance as a function of temper-
ature T and pressure P . The blue circle and the red star indicate the triple
point and the critical point respectively.

couplings are the pressure P and the temperature T . The triple point where
the three “phases” meet is marked with a blue circle. There are solid black lines
separating apparent different phases, namely solid, liquid and gas. Across the
solid lines a phase transition occurs. In this case the transition is of first order.
Recall that a typical substance needs a latent heat to, say, melt or evaporate.
Therefore there is a discontinuity in the entropy of the system S across the solid
lines. Note that at finite temperature, entropy of a system can be calculated
by taking a derivative of the free energy with respect to the temperature at
constant volume, i.e. S = − (∂F/∂T )V .

In the same way the first order transition in the quantum systems shows
itself in the discontinuity of the first derivative of the ground state energy. This
is usually the case when a level crossing occurs [8] as it is depicted in Fig. 1.2.
In such a case close to the critical coupling λc at which the transition occurs,
the two lowest eigenstate change their role. For λ < λc the ground state is |0〉
and for λ > λc the ground state is |0′〉 = |1〉. Therefore although the ground
state energy is continuous across the transition, its first order derivative with
respect to λ at λ = λc has a discontinuity. Such a transition is a first order
quantum phase transition at zero temperature and we will see its examples in
this thesis.

We now go back to the phase diagram in Fig. 1.1. The line which separates
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E

λ

|0〉

|0〉 → |1′〉

|1〉

|1〉 → |0′〉

λc

Figure 1.2: Schematic first order quantum phase transition at λc. The states |0〉
and |1〉 are the ground state and the first excited states for λ < λc respectively.
The states |0′〉 and |1′〉 are the ground state and the first excited states for
λ > λc respectively.

the liquid and solid phases “in principle” § continues [8]. Therefore there is
always a first order transition between the solid phase and the rest of the phase
diagram. For the gas and liquid regions, however, this is not the case. There
is a critical point, marked with a red star at (Tc, Pc), at which the solid line
separating them ends. For a temperature higher than the critical temperature
Tc there is no transition between the two “phases”. Actually as it is shown in
the figure with a dashed line, one can connect any two points in these regions
to each other without passing the solid line. Therefore the gas and the liquid
are actually the same phase with our definition.

Having a connected path between the two points, representing a set of cou-
plings, in the phase diagram is an important argument and will be also used
for the quantum systems and later in the case of topological phases as well.
Given two points in the phase diagram one asks whether a path between them
exists along which the gap does not close? If such a path exists the two points
belong to the same phase. If not, for any given path in the phase diagram which
connects the two points, there is at least a point where the gap closes. This,
however, does not imply that the two points belong to two different phases.
Gap closing is a necessary condition but not sufficient for a phase transition.
Usually when the gap closes a phase transition occurs but there could be a
crossover as well. To claim that a phase transition occurs, one should also
check it by studying the derivatives of the ground state energy and be sure

§This phrase is exactly quoted from Ref. [8].
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that there is a discontinuity or divergence at some order §. For a crossover,
although some behaviours of the system change, but there is no discontinuity
or divergence in the derivatives of the ground state energy. We will encounter
such a case in chapter 2.

Order parameter and symmetry breaking

The phases in Fig. 1.1 can be distinguished by means of an order parameter.
The order parameter could be, for instance, a real scalar field or a vector field.
A real scalar order parameter divides a phase diagram into two phases. One
phase is usually called the disordered phase and the other is called the ordered
phase. In the case of our substance in Fig. 1.1 the order parameter is the
deviation from the average density. In the liquid/gas phase we have a uniform
density. This is the disordered phase. In the solid phase, however, the atoms
reside on the special positions determined by the lattice structure. Therefore
there is indeed a deviation from the average density. In a more technical manner
we can look at the Fourier transform of the density field. For the liquid/gas
phase the main component is the one with zero momentum, the average. In the
solid phase, however, we expect non-zero Fourier modes at specific momenta
due to the lattice structure. In this sense the solid phase is the ordered phase.
Therefore there is jump in the order parameter across the solid-liquid/gas phase
boundary. The presence of a jump in the order parameter is a typical signature
of a first order phase transition.

To shed more light on the names of the phases, ordered and disordered,
we consider the Hamiltonian. Assume that we have a set of atoms which
have kinetic and potential energy. If we assume that the atoms are simple
spheres with no structure the potential energy between two atoms would only
depend on their relative distance. In such a case the Hamiltonian describing
the system has both translational and rotational symmetries. Although the
liquid/gas phase respect these symmetries, the solid phase breaks both. In a
solid one can only have translation symmetry if the translation is done by a
vector belonging to the lattice. Moreover the system is not symmetric under
an arbitrary rotation, though it may still respect a subgroup of the full group,
say, SO(3).

The concepts of order parameter and symmetry breaking were among the
most important and useful ones in condensed matter physics. They led to a
deep understanding of phase transitions in general, and second order transitions
in particular. A classic example of such a transition is the magnetic phase
transition. Let us study this in some detail.

Consider a cubic lattice with the lattice constant a where on each site a
magnetic atom lives. The spin of an atom on site ~ri will be treated classically

§The case of Berezinskii-Kosterlitz-Thouless transition is more involved. Sometimes it is
called an infinite order transition.
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and is represented by a vector ~s(~ri). We are not interested in the details of the
spin configuration and do not need to know which spin is in what direction.
Therefore we define a coarse-grained field ~m(~r), the magnetization, and will
work with it. To define a continuous and smooth field we consider a cube C
of size l around a point ~r in space. The cube should enclose a considerable
number of spins, l � a, and at the same time must be much smaller than the
system size l � L, since we would need to consider the fluctuations in space.
By averaging over the atoms residing in the cube we define the magnetization,

~m(~r) =
1

l3

∑
~ri∈C

~s(~ri) . (1.1)

This field is the order parameter in magnetic systems. At high temperatures
and zero external magnetic field there is no magnetization (~m(~r) = ~0). This is
the paramagnetic phase. By decreasing the temperature however, in the limit of
zero external magnetic field, the system becomes magnetic with non-zero mag-
netization. This is the ferromagnetic phase. In this transition, unlike the first
order transition, the order parameter does not jump and it actually increases
slowly below a critical temperature Tc which depends on the details of the
material. In Fig. 1.3 we present the schematic behaviour of the magnetization
across the phase transition [8].

m

T
Tc

Figure 1.3: Schematic behaviour of magnetization close to the critical temper-
ature.

As it is evident in Fig. 1.3, for temperatures lower than critical temperature
the magnetization gradually increases, and one can define the exponent β as,

m(T ) ∼ (Tc − T )β . (1.2)

This is one of the critical exponents which characterize a critical point. Two
other exponents can be defined using the divergence of the correlation length
ξ and specific heat C close to the transition,

ξ ∼ |T − Tc|−ν , (1.3)
C ∼ |T − Tc|−α . (1.4)
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One, however, does not need to know all the exponents since having two critical
exponents and the space dimension d, fixes all the other exponents [8,10]. For
example we have,

ν =
2− α
d

. (1.5)

The theoretical framework for critical phenomena was developed by Landau
and Ginzburg [8, 10]. The main idea, in a nutshell, is as follows. To calculate
the partition function Z one needs to know the Boltzmann weight of each
configuration. As we said we rather work with a smooth field, say ~m(~r), and
need a Boltzmann weight for a given configuration of fields. In principle one can
start from the microscopic model, and derive the corresponding weight, which is
a complicated task. Instead one can take the phenomenological approach [8,10].

We first note that we are looking for a functional H, the celebrated Landau-
Ginzburg (LG) effective Hamiltonian, with which one can calculate the weight,

Z =

∫
D~m(~r)e−H[~m(~r)] . (1.6)

The integral is a functional integral over all the realizations of the vector field
~m(~r) and we absorbed the β = 1/kBT in H where kB is the Boltzmann con-
stant. Second we assume that the effective interaction between the fields are
also local and the functional H does only depend on the order parameter, its
derivatives and the external local magnetic field. In addition since we are in-
terested in the physics at the vicinity of the transition, we will expand the LG
Hamiltonian in a power series of the order parameter and its derivatives.

The very crucial piece of the recipe is respecting the symmetries. In the
case of spins, we know that the interaction between the two spins does only
depend on their relative orientation and by rotating the full system (both spins
simultaneously) nothing changes. Hence we put the same constraint on the LG
Hamiltonian and demand that it should be invariant under rotation, i.e. for an
arbitrary rotation R we should have H[R~m(~r)] = H[~m(~r)].

Putting this together, one can write the LG Hamiltonian,

H[~m(~r)] =

∫
dd~r

[
K

2
(∇~m)2 +

t

2
m2 +

u

4
m4 − ~h(~r).~m(~r) + · · ·

]
. (1.7)

The first term, the natural generalization of the simple harmonic oscillator
potential energy, tries to reduce the fluctuations and is minimized by a constant
order parameter. The coupling K is usually called the stiffness. The quadratic
term, m2 = ~m(~r).~m(~r), is the lowest order term in the field respecting the
desired rotational symmetry. The next order is m4 and, of course, one can add
higher order terms but there is no need to do so [8, 10]. The term −~h(~r).~m(~r)
represents the effect of an external magnetic field. The other two real couplings
are t and u. The coupling t ∼ T − Tc controls the phase transition. As
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we mentioned there is no need to consider higher order terms (in the “Taylor
expansion”) and it suffices to keep what we already have in Eq. 1.7. Since the
integral in the partition function should be well-defined and we do not expect
large magnetization to have a considerable probability, in the case of Eq. 1.7
we should only consider u > 0. This concludes our brief discussion about the
LG effective Hamiltonian §.

We can now explain the concept of symmetry breaking. Consider the case
with no external magnetic field, i.e. ~h(~r) = ~0. We constructed the LG Hamil-
tonian such that it has rotational symmetry. For t > 0, T > Tc, the lowest
energy is obtained by the configuration ~m(~r) = ~0. This is the paramagnetic
phase where the system has no magnetization and its configuration does also
respect rotational symmetry. Below the critical temperature t < 0, the mean-
field solution ~m(~r) = mm̂, which has no fluctuation in space, is,

m =

(
− t
u

) 1
2

, t < 0 . (1.8)

Note that by minimizing the LG Hamiltonian we can only get the magnitude
of the magnetization and have no information about its direction m̂. The mag-
netization in fact could be in any direction and there is no preference for one ¶.
No matter which direction the magnetization has, this configuration of magne-
tization represents the ferromagnetic phase and breaks the rotational symmetry
of the underlying LG Hamiltonian. This is the spontaneous symmetry break-
ing (SSB) mechanism which can be used to distinguish different phases and
describes many phase transitions.

A set of critical exponents defines a universality class, describes a critical
point and the behaviour of a given model across the transition. It turned
out that the phase transition in many materials and models fall in to the
same universality class, although the underlying microscopic details are quite
different [11]. It is also worth to mention that from Eq. 1.8 we can read the
mean-field prediction for one of the exponents, βMF = 1/2. This is, however,
different from many experimental results [8,10] and to get the correct exponent
one needs to, of course, not only consider the fluctuations around the mean-
field solution but also use the techniques like renormalization group and the
so-called ε−expansion [8,10]. These methods are very well established but will
not be treated in this thesis.

Spontaneous symmetry breaking was (and still is) a quite powerful and
fruitful framework to understand phases and phase transitions. Among the
well-known examples in condensed matter we can mention the superconductiv-

§In Ref. [8] and in the literature in general this is also called Landau-Ginzburg free energy.
However, since it appears in the Boltzmann weight of a given configuration, we prefer to call
it an effective Hamiltonian. In any case the concept is much more important than the name.

¶In practice, however, any small external magnetic fixes the direction.
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ity phenomena where below the transition temperature the global U(1) symme-
try is broken down to the Z2 symmetry. The global U(1) symmetry represents
the conservation of total number of electrons. In a superconductor, however,
the parity of the number of electrons is conserved and there is a possibility
for an electron pair annihilation or creation. It is also worthwhile to mention
that applications of the SSB mechanism were not restricted to condensed mat-
ter systems and statistical physics models. The celebrated Higgs mechanism
(in high-energy physics) with which elementary particles acquire mass uses the
same framework [12].

The Berezinskii-Kosterlitz-Thouless transition

Symmetry breaking and the presence of an ordered phase is not always possible.
For instance the Peierls argument shows that in one dimension there is no
ordered phase at finite temperature [8]. To see this consider the Ising model
on an open chain of size L. A classical spin si = ±1 lives on each site and the
energy of a spin configuration s = (s1, s2, · · · ) is,

E[s] = −
∑
〈ij〉

Jsisj . (1.9)

The coupling J is a positive real number with the dimension of energy. At zero
temperature (T = 0) the two configurations with the lowest possible energy
are (+1,+1, · · · ,+1) and (−1,−1, · · · ,−1). These are clearly ordered. So an
ordered phase exists at zero temperature. At finite temperature we need to
consider the other states as well. The lowest possible “excitions” are domain
walls, like

(+1,+1, · · · ,+1, +1︸︷︷︸
ithsite

, −1︸︷︷︸
i+1thsite

,−1, · · · ,−1,−1) . (1.10)

Although the excitation energy of such a domain wall is finite, +2J , it can
happen on any bond on the chain for which there are L− 1 choices. Therefore
the presence of such a domain wall changes the free energy as follows,

∆F = 2J − kBT ln(L− 1) . (1.11)

As it is evident due to the entropy contribution, presence of the domain walls
are favourable in the thermodynamic limit and hence the order will be destroyed
at any finite temperature. We note that the Ising model in two dimensions,
however, has a phase transition at finite temperature and the ordered phase
does also exist at finite temperature [10,13].

There is an analogous situation for models with a continuous symmetry. A
model with a continuous symmetry has massless Goldstone modes as excita-
tions in its ordered phase [10,12]. The Mermin-Wagner theorem states that the
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presence of Goldstone modes destroy the order and prevents the SSB in models
with a continuous symmetry at finite temperature in dimensions d ≤ 2 [10,14].
Note that the theorem requires a continuous symmetry. Hence the phase tran-
sition in the Ising model in two dimensions which is a Z2 symmetry breaking
transition does not violate this theorem.

Having all these concepts and consistent framework, studies on the classical
XY model § came as a surprise. Let us first define the classical XY model and
explain its peculiar behaviour. Consider a two dimensional square lattice. A
two dimensional unit vector ŝi (a “spin”) lives on each site. The vectors lie in
the lattice plane, say the xy-plane. The angle between the vector and, say, the
x−axis is θi. For a given configuration of vectors ŝ = (ŝ1, ŝ2, · · · ) the energy is,

E[ŝ] =
∑
〈ij〉

−Jŝi.ŝj =
∑
〈ij〉

−J cos(θi − θj) . (1.12)

As before J is a positive real coupling constant and the sum is over nearest
neighbours.

As it is clear this model has a continuous symmetry, namely the global
rotation around the z−axis which leaves all the angle differences invariant.
Since the model is defined on a two dimensional lattice, the Mermin-Wagner
theorem dictates that there is no ordered phase in the model. On the other hand
the high temperature expansion of the model, done by Stanley and Kaplan [15],
showed a divergence in the susceptibility at some finite temperature. This
was a clear signature of a phase transition and yet an ordered phase at low
temperature was not an option.

To distinguish between the two phases let us consider the two-point spin-
spin correlation function. At high temperature T � J/kB one gets,

〈ŝ(~0).ŝ(~r)〉 ≈ e−r/ξ, ξ =
1

ln(2kBT/J)
, (1.13)

as the dominant term [10]. The 〈O〉 denotes the thermal ensemble average.
The exponential decay with a correlation function which decreases as the tem-
perature increases is a signature of a disordered phase. This is also intuitive.

At low temperature the two-point spin-spin correlation function behaves
differently,

〈ŝ(~0).ŝ(~r)〉 ≈
(a
r

) kBT
2πJ

, (1.14)

where a is the short distance cutoff. This is not a constant function but it is not
decaying exponentially fast either. More importantly it can also be shown that
the interaction among Goldstone modes does not change the presence of the
power law decay [10]. Therefore there are clearly two distinct phases separated

§In the next chapters we will study the quantum XY model in one dimension.
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by a phase transition. Note that the Mermin-Wagner theorem states that there
is no ordered phase at low temperature, but it does not say anything about the
presence of another type of phase.

Unravelling the nature of the low temperature phase and the phase transi-
tion was done by an important observation by Berezinskii [16] and Kosterlitz
and Thouless [17]. The crucial point is that all the “spin” configurations are
not topologically equivalent. To understand this, consider the situation where
∇θ represents a vortex and is given by (in the continuum limit) [10],

∇θ(x, y) =
n

r2
(−y, x) , (1.15)

where n ∈ Z and r =
√
x2 + y2. The n = 0 case has no topological defect. The

cases with n 6= 0 are rather different. For these cases for a closed loop enclosing
the origin C, no matter what the shape of the loop is, we have,∮

C
∇θ.d~̀= 2πn , (1.16)

and otherwise the integral gives zero. A configuration with such a defect can
not be continuously deformed to the case without any defect (regardless of
the energy cost). Even it is not possible to continuously deform configurations
with different topological number n. This is simply due to the fact that n is
an integer and a continuous deformation can not change it §.

The responsible constituents for the transition are actually these vortices.
To see the role of the vortices it suffices for our purpose to study the free
energy of a single vortex (n = 1) of size a within a system of linear size L in
the continuum limit [10],

U1 ≈
J

2

∫ L

a

d2r (∇θ)2
= πJ ln

(
L

a

)
, (1.17)

S1 ≈ kB ln

(
L

a

)2

, (1.18)

F1 = U1 − TS1 ≈ (πJ − 2kBT ) ln

(
L

a

)
. (1.19)

This clearly shows a transition at Tc = πJ/2kB . At high temperature T >
πJ/2kB the presence of vortices will lower the free energy. In low temperatures,
however, their presence increases the free energy and hence they are absent.
In addition it can be shown that a dipole, a bound configuration of a vortex,
say n = +1, and an anti-vortex, say n = −1, has finite energy and can be
present at any temperature. This indicates that the transition is driven by the

§I do accept that this is not a proof, but I think it is sufficiently rigorous and intuitive
for physicists.
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vortices. At low temperature the model is described by a gas of dipoles without
any free vortices and in the high temperature it consists of free vortices. This
is the Berezinskii-Kosterlitz-Thouless (BKT) transition. We note that across
the BKT transition, although there are divergences in different quantities, the
energy and its derivatives are smooth and continuous. In this sense this transi-
tion is sometimes called an infinite order transition. As a consequence probing
this transition numerically is a quite hard task.

Topological phases at zero temperature

Later deviations from the SSB scheme were found in quantum systems (se-
tups): the integer and fractional quantum Hall effects [18,19], topological insu-
lators [20–23] and topological superconductors [24,25], to name a few. Based on
these experimental and theoretical studies, and many others, concepts of topo-
logical phases and phase transitions of quantum systems emerged. Such phases
occur at zero temperature where any phase transition is driven by quantum
fluctuations.

In a very general classification topological phases can be divided into two
groups. The gapped topological phases and the gapless ones. Although the
gapless phases have a quite rich and intriguing physics, here we will only focus
on the gapped topological phases. The gapped topological phases can further be
divided into two rich groups. There are the so-called intrinsically topologically
ordered phases and the symmetry protected topological (SPT) phases.

In systems and models with an intrinsic topological order, the main role is
usually played by a strong interaction. The well-known examples of such sys-
tems are fractional quantum Hall effect and the Toric code model [26]. Distin-
guishing features of these systems are the presence of fractional excitations and
anyonic statistics [27]. We will show an example of anyons, namely semions,
in the Toric code model.

The very existence of SPT phases, however, does depend on a specific sym-
metry or a set of symmetries. In an SPT scheme, we have the trivial phase
where the ground state is a simple product state. For example in a system
of S = 1/2 spins such a state (a reference state) is, say, all spins in the +z-
direction (|↑〉⊗L where L is the total number of spins). For a fermionic system
the trivial state could be filling all the states or leaving them all to be empty.
Hamiltonians with the trivial state as their ground state belong to the trivial
phase.

In addition we need to provide a rather rigorous definition for being in the
same phase. To do so given the Hamiltonians Hi and Hf one asks whether it
is possible to connect them adiabatically? To assert that it is possible to do so,
one needs to find a one parameter family of Hamiltonians H(s) for s ∈ [0, 1]
such that,
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1) We have H(0) = Hi and H(1) = Hf .

2) The Hamiltonian H(s) is gapped all along the path.

3) The HamiltonianH(s) respects the desired symmetries all along the path.

If such a family of Hamiltonians exists, the given Hamiltonians and their ground
sates belong to the same phase. Hence if one can not connect a given Hamil-
tonian HT to a Hamiltonian with the reference state as its ground state, the
Hamiltonian HT and its ground state belong to a topological phase. Since along
the above mentioned path one needs to respect a specific set of symmetries,
these phases are called symmetry protected topological phases and, of course,
can be adiabatically connected to the trivial phase by breaking at least one of
the protecting symmetries.

We will name a few properties which usually distinguish topological phases.
We note that a topological phase can only have some of these properties. As
we mentioned earlier intrinsic topological phases hosts fractional excitations
in their bulk. To the best of our knowledge, however, so far no fractional
excitations were found in the bulk of an SPT phase. Another important fea-
ture of a topological phase is the dependency of the ground state degeneracy
on the topology of manifold on which the model is defined. As we show be-
low, the Toric code on a torus with genus g has 22g degenerate ground states.
The so-called localized gapless edge modes are another property of topological
phases. These appear on the boundary between a topological phase and a triv-
ial phase. We will see examples of them in chapter 2, chapter 3 and chapter 5.
In addition these phases have quantized transport properties. For instance
in the integer and fractional quantum Hall effects where electrons interact in
an effectively two-dimensional system and a strong external magnetic field is
also applied, plateaus in the conductance (σ) were found upon increasing the
magnetic field [18,19]. The conductance on these plateaus is quantized as,

σ = ν
e2

h
, (1.20)

where e is electron charge, h is the Planck constant and ν takes the integer or
fractional values. Aspects of entanglement, like the degeneracy in the entan-
glement Hamiltonian, also play crucial roles in detecting topological phases.

In what follows we first present the Toric code and discuss its proper-
ties. This is an exactly solvable model where we can see, for instance, frac-
tional statistics of excitations. After that we discuss the classification of non-
interacting fermionic systems which includes the systems like integer quantum
Hall effect, quantum spin Hall effect and the Kitaev chain, to name a few.
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The Toric code

An exactly solvable model of spins which shows some of the above mentioned
properties was introduced and solved by Kitaev [26]. Since the features like
the dependency of the ground state degeneracy on the manifold on which the
model lives and anyonic excitations can be rather easily seen in this model, it
is quite fruitful if we briefly discuss it.

2

3

S  1

4

23
p

'

4

Figure 1.4: Star and plaquette operators in the Toric code.

The model is defined on a square lattice. A spin− 1
2 lives on each edge and

the Hamiltonian reads,

H = −Je
∑
s

As − Jm
∑
p

Bp , (1.21)

in which Je and Jm are positive couplings. The first sum is over all the stars,
the second sum is over all the plaquettes (see Fig. 1.4) and the operators are
defined as follows,

As =
∏
j∈s

σzj , Bp =
∏
j∈p

σxj . (1.22)

This model is exactly solvable since all the star and plaquette operators
commute with each other. Moreover note that,

A2
s = B2

p = 1 , (1.23)

where 1 is the identity operator. This means that the ground state of the model
is an eigenstate of all the star and plaquette operators with the eigenvalue +1.
A state where all the spins are aligned in +z-direction, |↑↑ · · ·〉 (usually called
the reference state), does the job for the star operators. But it is not the
only state with such a property and any state where two or four edges of each
star are flipped is also acceptable. These states can actually be constructed
by applying plaquette operators and to get the ground sate it suffices to sum
them all,

|GS〉 =
∏
p

(1 +Bp) |↑↑ · · ·〉 . (1.24)
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It is straight forward to show that As |GS〉 = Bp |GS〉 = |GS〉 for all s and p.
Moreover one can be convinced that the down spins form a set of closed loops
in the states which appear in Eq. 1.24. As example in Fig. 1.5 we show the
following two terms,

Bp1Bp2Bp3 |↑↑ · · ·〉 ,
Bp1Bp2Bp3Bp4Bp5 |↑↑ · · ·〉 .
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Figure 1.5: Examples of closed loops of down spins which appear in Eq. 1.24.

One may now wonder does the state in Eq. 1.24 include all the possible
loops? The answer to this question depends on the manifold on which we want
to study the model on. On a plane the answer is yes. Since any loop on a
plane (without a defect) is contractible to a point, a finite number of plaquette
operators is sufficient to form any desired loop. Therefore, owing to the product
in Eq. 1.24, we get all the possible loops on an plane.

What about other manifolds? To be specific let us consider periodic bound-
ary conditions and study the model on a torus with genus g = 1. In this case
we can see that Eq. 1.24 does not include the non-contractible loops of a torus.
There are two of them on a torus with genus g = 1. One of the non-contractible
loops and the corresponding configuration are depicted in Fig. 1.6.
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Figure 1.6: A configuration of flipped spins along a non-contractible loop of a
torus.
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To appreciate the importance of the non-contractible loops on a torus §

and understand the degeneracy of the ground state we need to consider the
constraints and the excitations. On a torus with N vertices there are, of course,
N star and N plaquette operators with the following two constraints due to
the periodic boundary conditions,∏

s

As =
∏
p

Bp = 1 . (1.25)

The number of edges, where the spins live on, is 2N . Therefore the Hilbert
space is 22N dimensional. Although all the star and plaquette operators do
commute with the Hamiltonian and with each other, due to the above men-
tioned constraints there are only 2N − 2 independent of them to label the
states, and hence we need two more operators with which one can label the
full many-body spectrum without any ambiguity. These two operators are not
local, and need to be defined along the non-contractible loops of the torus. To
further motivate them (and although it may sound counter intuitive) let us
study the excitations and introduce the other two operators using them.
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Figure 1.7: (a) Electric and (b) magnetic excitations of the toric code.

There are two types of excitations in the Toric code. On can either make
an excitation in the star operators, the so-called electric charges (Fig. 1.7a), or
in the plaquette operators, the so-called magnetic charges (Fig. 1.7b). For the
path in Fig. 1.7a we define the operator which flips the spins,

W e
l1 =

∏
j∈l1

σxj = σxaσ
x
b σ

x
c . (1.26)

The operator W e
l1

commutes with all star and plaquette operators except As1
and As2 , with which it anticommutes. Therefore by defining an excited state

§From now on we will only consider the case g = 1 and just mention the result for g > 1
in the end.
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as,
|s1, s2〉 = W e

l1 |GS〉 , (1.27)

we have,

As1 |s1, s2〉 = − |s1, s2〉 , As2 |s1, s2〉 = − |s1, s2〉 , (1.28)

which results in ,
H |s1, s2〉 = (EGS + 4Je) |s1, s2〉 , (1.29)

where EGS is the ground state energy. An intriguing feature of these excitations
is that their energy does not depend on the length of its string, namely l1.
Hence these excitations, if exists, can freely move without costing any energy.
In addition they always appear in pairs.

The so-called magnetic excitations can also be defined as it is shown in
Fig. 1.7b,

Wm
l∗2

=
∏
j∈l∗2

σzj = σzaσ
z
bσ

z
cσ

z
d . (1.30)

With the same type of reasoning as presented above, one can show that the
state,

|p1, p2〉 = Wm
l∗2
|GS〉 , (1.31)

is an excited state with energy EGS + 4Jm.
To study the degeneracy in the ground state, without losing generality, we

continue with the electric charges. The string operator W e
l flips all the spins

on the path l. For an open path, as discussed above, this results in an excited
state. One can, however, study the closed ones as well. In such a case the
two ends fuse and one get a closed loop of flipped spins. The energy of such
a state is the ground sate energy. The important question is about the path
l: Is it possible to contract it to a point or is it one of the non-contractible
loops of the the torus (see Fig. 1.8)? In the former case, the state has been
already considered in the ground state wavefunction in Eq. 1.24. In the later
case, however, we end up at another ground state.
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Figure 1.8: Two non-contractible loops of a torus.

In fact the other two operators with which we can close the set of operators
needed for labeling the full many-body Hilbert space are W e

L1
and W e

L2
which

should be defined along the two non-contractible loops of a torus (see Fig. 1.8).
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These two operators commute with all star and plaquette operators and hence
the Hamiltonian. These two are nonlocal operators and since they also com-
mute with each other, their eigenvalues, (±1), can distinguish different ground
states. The four ground states can be written as follows,

|w1, w2〉 =
(
1 + w1W

e
L1

) (
1 + w1W

e
L2

)
|GS〉 , (1.32)

and we have,
W e
Li |w1, w2〉 = wi |w1, w2〉 . (1.33)

One can also show that the degeneracy of the model on a torus with genus g
is 22g where 2g is the number of non-contractible loops.

Before closing this section we mention the statistics among the excitations.
Since electric charges are always formed by applying σx operators along some
paths, they behave like bosons and by exchanging them nothing happens. The
same is true for magnetic ones. Therefore these are bosons among themselves.
However, the mutual statistics between an electric charge and a magnetic charge
is more involved. As it is depicted in Fig. 1.9 by taking an electric charge, go-
ing around a magnetic charge and arriving the initial position, the two stings
attached to the charges cross. Due to this the wavefunction picks up a minus
sign. This is usually called the semionic statistics and it shows that in two di-
mensional systems, statistics beyond bosonic and fermionic is possible. Remind
that this behaviour is quite different from fermionic and bosonic ones where
under double exchange of particles nothing happens to the wavefuncion §.

e*
•

P

e

:• p Av

>is

Figure 1.9: Braiding (two exchanges) an electric charge around a magnetic one.

§Note that we do not consider the dynamical phase. We are only interested in the mutual
statistics
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Topological phases of non-interacting fermions

In this section we will discuss the classification of topological phases of non-
interacting fermions. This will include phenomena and models like the integer
quantum Hall effect, the quantum spin Hall effect, the Kitaev chain any many
more. These are the non-interacting SPT phases and the resulting classification
is known as the Altland-Zirnbauer table [28].

Consider a second quantized Hamiltonian as follows,

Ĥ =
∑
αβ

Ψ†αHαβΨβ = Ψ†HΨ , (1.34)

where Ψ = (Ψ1,Ψ2, · · · )T is a column vector of annihilation operators on dif-
ferent sites, and in case it is needed one can also include the spin index as
Ψ = (Ψ1↑,Ψ1↓,Ψ2↑,Ψ2↓, · · · )T . The matrix H with the entries Hαβ is called
the first quantized or single-particle Hamiltonian [29]. In the presence of super-
conductivity paring one needs to use the Bogoliubov–de–Gennes (BdG) form,

Ĥ =
1

2

∑
αβ

Ψ†αHαβΨβ =
1

2
Ψ†HΨ , (1.35)

where Ψ =
(

Ψ1,Ψ2, · · · ,Ψ†1,Ψ
†
2, · · ·

)T
is a column vector of annihilation oper-

ators on different sites followed by the creation operators.
We assume that all the unitary symmetries of the first quantized Hamil-

tonian have been already used and they are block-diagonalized using all the
generators of the unitary symmetries. Therefore the above mentioned Hamil-
tonian needs to be treated as it is one of the blocks of the Hamiltonian [29]. In
such a case we are only left with the anti-unitary symmetries (and their com-
bination) and should study them. Hence three symmetries which should be
considered and play the crucial role in this classification are the time-reversal
symmetry, the particle-hole symmetry and the chiral symmetry (sublattice sym-
metry) [29–32]. We introduce and summarize their properties in what follows:

• Time-reversal symmetry : The first quantized Hamiltonian is time-reversal
symmetric if an anti-unitary operator T exists such that,

THT−1 = H . (1.36)

The operator T can also be written as,

T = UTK , (1.37)

in which UT is a unitary matrix and K is the complex conjugate operator.
Using the Schur’s Lemma one can show that there are two possibilities
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for T2 §,
T2 = ±1 . (1.38)

• Particle-hole symmetry : The first quantized Hamiltonian is particle-hole
symmetric if an anti-unitary operator P exists such that,

PHP−1 = −H . (1.39)

The operator P can also be written as,

P = UPK , (1.40)

in which UP is a unitary matrix and K is the complex conjugation op-
erator. Like what we had for the time-reversal operator, there are two
possibilities for the particle-hole operator,

P2 = ±1 . (1.41)

• Chiral symmetry : The first quantized Hamiltonian has the chiral symme-
try if a unitary operator C exists such that,

CHC−1 = −H . (1.42)

If the operators T and P exist, the operator C can be written as,

C = TP = UTU
∗
P . (1.43)

We can always choose the unitary matrices such that [29],

C2 = 1 . (1.44)

In Table. 1.1 we present all the possible classes based on the above men-
tioned symmetries. There are eight classes where at least either time-reversal
or particle hole symmetry exists. In these eight classes the presence or absence
of the chiral symmetry can be concluded from the other two. In the Table. 1.1
we present all of these eight cases. In addition using ±1 we show the squared of
the time-reversal or particle-hole symmetry operator if they exist. The squared
of the chiral symmetry, as discussed above, is always +1, and hence its presence
(absence) is shown by 1 (0).

If neither time-reversal symmetry nor particle-hole symmetry exists, still the
chiral (sublattice) symmetry can exist. This gives two more classes, namely the
Cartan classes A and AIII.

§One may recall this is also the case for the time-reversal operator for spins. For integer
spins we have T2 = +1 while for half-integers we have T2 = −1.
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Symmetries d
Cartan label T P C 1 2 3
A 0 0 0 0 Z 0
AIII 0 0 1 Z 0 Z
AI +1 0 0 0 0 0
BDI +1 +1 1 Z 0 0
D 0 +1 0 Z2 Z 0
DIII −1 +1 1 Z2 Z2 Z
AII −1 0 0 0 Z2 Z2

CII −1 −1 1 2Z 0 Z2

C 0 −1 0 0 2Z 0
CI +1 −1 1 0 0 2Z

Table 1.1: The Altland-Zirnbauer table for the classification of free fermionic
Hamiltonians. The label is named after Élie Cartan who studied symmetric
spaces [28, 29]. The entry ±1 shows the squared of the operator. The entry
1/0 shows whether a symmetry exists/does not exist. The spatial dimension is
represented by d.

For each class depending on the spatial dimension d we have 0 or a group.
If all the phases of a given Hamiltonian belong to the same phase, the trivial
phase, we have 0. Therefore in such a case there is no topological phase at all.
However, if we have a group, say Z, elements of the group distinguish different
phases. The identity element represent the trivial phase and the other ones
represent the topological ones.

For example the integer quantum Hall effect is a two-dimensional setup
which belongs to the class A (no symmetry). Therefore different phases are
classified with the group Z. This integer is exactly the one that we had in
quantized conductance. Physically the conductance and this integer are related
to the Chern invariant of the occupied bands in the system [33].

In chapter 2 we will discuss the Kitaev chain [25] and its generalization
with phase-gradients and longer range couplings. The Kitaev chain with real
couplings belongs to the class BDI. The topological phases of this class in
one dimension are classified with the group Z which represents the number of
Majorana zero modes on the edges. Upon breaking the time-reversal symmetry
the class changes to D where in one dimension we have the Z2 classification.

Therefore given a Hamiltonian and a spatial dimension one can figure it out
which group distinguishes different phases. In the case of interacting fermions,
however, there is no full classification yet. We will comment on this in chapter 3
and chapter 6.



22 Chapter 1. Introduction

Summary and the outline of the thesis

In summary we briefly discussed the meaning of a phase and phase transitions.
We presented the spontaneous symmetry breaking scheme which was a tremen-
dously powerful method in classifying phase transitions. We then showed that
the phase transition of the classical XY model can not be described by the SSB
scheme. Then we continued with the topological phases at zero temperature,
discussed their properties and presented the classification of the non-interacting
fermionic Hamiltonians.

In chapter 2 we will be discussing generalizations of the Kitaev chain and
specifically focus on the Majorana zero modes in the topological phases. In
chapter 3 we discuss Zn frustration free models. We present some introductory
material on Bosonization and matrix product sates in chapter 4 and chapter 5
respectively. These will be extensively used in our study on the Kitaev-Hubbard
chain in chapter 6 and hopping models of Fock parafermions in chapter 7.



Chapter 2

The Kitaev chain with phase-gradients and longer range couplings

Introduction

The classical Ising model, which is quite simple to state, turned out to be one
of the most fruitful models in theoretical physics. The model is defined as
follows. Consider a lattice (or graph) with N sites (or nodes). A classical spin
si = ±1 lives on each site. For a given configuration of spins s = (s1, s2, · · · ),
the energy is defined as follows,

E[s] = −
∑
〈ij〉

Jsisj , (2.1)

where J is the interaction strength and one needs to sum over all the nearest
neighbour pairs, i.e. bonds or edges of the graph. In statistical mechanics the
main goal is the calculation of the partition function for arbitrary temperature
and study the phase diagram of the model.

The classical Ising model has been exactly solved on a chain (one dimen-
sion) [8], the two dimensional square lattice [10, 13] and the hexagonal lat-
tice [34]. The mean field solution is valid in d > 4 dimensions [8]. The model
does not show any phase transition in one dimension. In two dimensions,
however, it has two phases. For low temperatures it has an ordered phase in
which the net magnetization

∑
i si/N is non-zero in the thermodynamic limit.

For high temperatures the model is in a disordered phase where the spins are
randomly oriented with no net magnetization. The critical temperature Tc
separates the ordered and the disordered phases [13],

Tc =
2J

kB ln(1 +
√

2)
, (2.2)

where kB is the Boltzmann constant.
To study the phase transition and the behavior of the model close to the

critical point one can use the classical to quantum map as discussed by Frad-
kin and Susskind [6, 35]. One can show that by taking an appropriate limit
properties of the classical Ising model can be inferred from the the transverse



24 Chapter 2. The Kitaev chain with phase-gradients and longer range couplings

field Ising model (TFIM) [6, 35],

HTFIM = −Jx
L−1∑
j=1

σxj σ
x
j+1 − h

L∑
j=1

σzj , (2.3)

in which σαj are Pauli matrices, Jx, and h are real coupling constants and L
is number of sites. One can calculate Jx and h in terms of the energy unit J ,
the temperature T , the classical system’s size and the lattice spacing of the
classical model. We do not need the exact relation in what follows. Note that
the classical model has been defined in two spatial dimensions and through the
map we get a (1 + 1)-dimensional quantum model.

To make the connection between these two models more clear, we present a
short “dictionary”. The ground state energy of the TFIM is the free energy of
the classical Ising model. Therefore divergences in the derivatives of the free
energy will be also seen in the derivatives of the ground state energy of the
quantum model (see chapter 1). This means that the quantum model also has
different phases. In addition the gap and the ground state expectation values of
operators in the TFIM correspond to the correlation length and the ensemble
averages in the classical model [6, 35].

One can solve the TFIM exactly [36] by mapping it to a free fermionic model
using the Jordan-Wigner (JW) transformation [37]. As one expects the TFIM
has also two phases, namely an ordered phase for |h| < |Jx| and a disordered
phase for |h| > |Jx|. The model has a Z2 symmetry which simply means that
the Hamiltonian is invariant under flipping all the spins. In the disordered
phase 〈σxi 〉 = 0 the ground state is unique and respects the symmetry. In the
ordered phase 〈σxi 〉 6= 0, however, the Z2 symmetry is broken and the ground
states are not invariant under the generator of the Z2 symmetry.

As we mentioned the exact solution was done by mapping the model to free
fermions. This map has always been thought of as a trick to solve the model.
Nevertheless one can ask, as Kitaev did [25], about the meaning of the two
phases in the fermionic incarnation. Put it another way, what would have been
the phases of the fermionic model, had the fermions been the constituents of a
physical system?

Kitaev showed that the fermionic incarnation of the model, nowadays known
as the Kitaev chain, does have two phases indeed. Although these two phases
can not be distinguished by a local order parameter, as it can be done for the
ordered phase and the disordered phase of the TFIM, they can be differenti-
ated by a topological invariant ν (see chapter 1). The ordered phase of the
TFIM corresponds to the topological phase of the fermions with ν = 1 and
the disordered phase corresponds to the trivial phase of the Kitaev chain with
ν = 0.

One can, of course, wonder about the physical meaning of the topological
invariant. Is it just a number distinguishing the two phases of the fermionic
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model or does it have a meaning? Kitaev showed that the topological invariant
(the non-trivial topology of the bulk) represents itself in terms of the zero energy
edge modes of an open chain [25]. Hence the topological invariant is interpreted
as follows. The model in the trivial phase with ν = 0 has no zero mode for an
open chain. In the topological phase with ν = 1, however, the model hosts one
Majorana zero mode (MZM) on each edge of an open chain [25]. The crucial
point is that the number of MZMs per edge is the same as the topological
invariant. In addition note that a Majorana fermion is “half” of a fermion, in
the sense that one needs two Majorana fermions to form one Dirac fermion.
Therefore in the topological phase of the Kitaev chain on an open chain with
ν = 1, the model has one non-local fermionic state with support on the two
edges. This non-locality makes the zero mode quite robust and resilient against
local perturbations and disorder.

Following the presence of the zero mode we can contrast the bosonic and
the fermionic incarnation of the model. The TFIM in the ordered phase has
two degenerate ground states no matter the model lives on an open or a closed
chain. The Kitaev chain, however, responds to the manifold on which it lives
on. Although it has a unique ground state on a ring [38], on an open chain it
has a unique ground state in the trivial phase and doubly degenerate one in
the topological phase [25]. Therefore independent of the manifold, the model
has a unique ground state in the trivial phase. But the degeneracy of the
ground state in the topological phase does depend on the manifold. Actually
the presence of the non-local fermionic mode in the topological phase of the
model on an open chain results in the two-fold degeneracy of the model in such
a case.

In this chapter we briefly review our results in paper I. We present the exact
solution for the full many-body spectrum of the Kitaev chain. Then we study
the effect of longer range hopping and pairing as well as the phase-gradient
on the Kitaev chain. Throughout this chapter we will specifically focus on the
MZMs wavefunctions.

The Kitaev chain and its symmetries

To motivate the Kitaev Hamiltonian, show its relations with spin models and
for our interests in the next chapters we consider a more general model rather
than the TFIM. Let us consider the XY model in a longitudinal magnetic field,

H = −
L−1∑
j=1

(
Jxσ

x
j σ

x
j+1 + Jyσ

y
j σ

y
j+1

)
− h

L∑
j=1

σzj , (2.4)

in which σαj (α = x, y, z) are the Pauli matrices, Jx, Jy and h are some real
coupling constants and L is the system size. Note that the Hamiltonian is
defined on an open chain.
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To solve the model and introduce the Kitaev model, we use the JW trans-
formation [37],

σxj =

[
j−1∏
k=1

(1− 2nk)

]
(cj + c†j) , (2.5)

σyj =

[
j−1∏
k=1

(1− 2nk)

]
(cj − c†j)

i
, (2.6)

σzj = 1− 2nj , (2.7)

in which cj is a spinless fermion annihilation operator acting on site j and it
satisfies the usual fermionic algebra,

{ci, cj} = 0 , (2.8)

{ci, c†j} = δij . (2.9)

The operator nj = c†jcj is the number operator. Performing the transformation,
we map the model to a free fermionic model,

HKC =
1

2

L−1∑
j=1

(c†jcj+1 + ∆c†jc
†
j+1 + h.c.)− µ

L∑
j=1

(c†jcj −
1

2
) , (2.10)

in which we defined the pairing ∆ = 2(Jy−Jx), the chemical potential µ = −2h
and set Jx + Jy = −1/2. As it is evident in the fermionic language the model
is solvable since it is quadratic.

Due to the importance of the symmetries of the model and the resulting
simplifications in studying the phase diagram, we first discuss the symmetries
of the model. We start with the particle-hole symmetry which states that H
and −H have the same spectrum. Consider −H,

−H =

L−1∑
j=1

(
Jxσ

x
j σ

x
j+1 + Jyσ

y
j σ

y
j+1

)
+ h

L∑
j=1

σzj . (2.11)

The spectrum of a Hamiltonian does only depend on the algebra of the opera-
tors in it. Hence one can consider another representation of the SU(2) algebra,

σxj → (−1)jσxj ,

σyj → −(−1)jσyj ,

σzj → −σzj .
(2.12)

Using the new representation we would retrieve H. Therefore the full many-
body spectrum of H and −H are the same, though the eigenstates change. In
the fermionic picture this is called the particle-hole symmetry.
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Another symmetry of the model is the Z2 symmetry which will be exten-
sively used. One can define the parity operator as,

P =

L∏
k=1

σzk

=

L∏
k=1

(1− 2nk)

= (−1)
∑L
k=1 nk ,

(2.13)

which has two eigenvalues, ±1, since P 2 = 1 (the identity operator). The
parity commutes with the Hamiltonian, [H,P ] = 0, and hence can be used to
label the eigenstates. The states with P = +1 form the even sector and those
with P = −1 form the odd sector. This is the so-called Z2 symmetry.

We also note that the Hamiltonian in Eq. 2.10 is time-reversal symmetric.
In this case the time-reversal T is simply the complex conjugation K. Due
to the pairing term the model is also particle-hole symmetric. If we write the
Hamiltonian like what we have in Eq. 1.35 one can see that the particle-hole
operator is P = (σx ⊗ 1L×L)K. Since we have T2 = P2 = 1, the model
belongs to the class BDI (see chapter 1).

The spectrum of the Kitaev chain

Although the Kitaev chain has been extensively studied in the past two decades,
to the best of our knowledge, the exact spectrum and eigenstates of the model
for an open chain were not investigated in full generality. In this section
we present all the eigenvalues and wavefunctions of the Kitaev chain for ar-
bitrary pairing and chemical potential using the Lieb-Schultz-Mattis (LSM)
method [39]. Since we will later consider the cases where the couplings are
not real we consider the most general case of a quadratic Hamiltonian and pay
special attention to the possible zero mode solutions.

Consider the following quadratic model,

H =

L∑
i,j=1

c†iAijcj +
1

2
(c†iBijc

†
j + h.c.) , (2.14)

where i labels the sites, A is a hermitian matrix, B is an antisymmetric matrix
and L is the number of sites. We consider a Bogoliubov-like transformation in
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the real space which diagonalizes the Hamiltonian,

ηα =

L∑
i=1

(gα,ici + hα,ic
†
i ) , (2.15)

H =

L∑
α=1

Λαη
†
αηα , Λα > 0 , (2.16)

in which α labels the eigenstates and gα,i and hα,i are two functions that need
to be found. We note that the transformation is canonical and the ηα operators
do also satisfy the fermionic algebra. One can use use the equation of motion
[H, ηα] = −Λαηα to find equations governing gα,i and hα,i,

hα,iB
∗
ij − gα,iAij = −Λαgα,j , (2.17)

hα,iA
∗
ij − gα,iBij = −Λαhα,j . (2.18)

To further simplify we need to assume that the matrix elements of A and B
are real numbers. This is our case of interest for the Kitaev chain. Assuming
this, we define new functions,

φα,i = gα,i + hα,i , (2.19)
ψα,i = gα,i − hα,i , (2.20)

which are a set of row vectors, φα = (φα,1, . . . , φα,L) and ψα = (ψα,1, . . . , ψα,L).
From Eqs. 2.17 and 2.18 we get,

φα(A−B) = Λαψα , (2.21)
ψα(A+B) = Λαφα . (2.22)

Combining these two we get,

φα(A−B)(A+B) = Λ2
αφα , (2.23)

ψα(A+B)(A−B) = Λ2
αψα . (2.24)

Therefore to get the full spectrum of a quadratic model one needs to solve these
two equations. We will solve them for the open Kitaev chain.

Before going through the details of the Kitaev chain, due to our interest
in the MZMs solutions of the models with the complex A and B matrices we
simplify the Eq. 2.17 and 2.18 for a MZM solution with the label α∗. To get a
real solution (see below), a Majorana mode, we set hα∗,i = g∗α∗,i,

Re[g(A−B)] = 0 , (2.25)
Im[g(A+B)] = 0 . (2.26)
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These equations will be valuable when we add a phase-gradient to the pairing
term of the Kitaev chain.

We also remind the reader of Majorana fermions. With a given set of
creation and annihilation operators (cj , c

†
j) we can form two real fermions,

γA,j = c†j + cj ,

γB,j = i(c†j − cj) ,
(2.27)

which satisfy,
{γr,i, γr′,j} = 2δrr′δij . (2.28)

For convenience and the future reference we rewrite the MZM operators,
ηα∗ , in terms of Majorana fermions,

ηα∗ =

L∑
j=1

(Re[gα∗,i]γA,j − Im[gα∗,i]γB,j) . (2.29)

We now move on to the Kitaev model. We first solve the model in Eq. 2.10
on a ring. Consider the following Hamiltonian,

HPBC = HKC +HN ,

HN =
1

2
(c†Nc1 + ∆c†Nc

†
1 + h.c.) .

(2.30)

We read the matrices A and B and plug them in Eq. 2.23,

(1−∆2)φα,j−2 − 4µφα,j−1 + [4µ2 + 2(1 + ∆2)]φα,j

+(1−∆2)φα,j+2 − 4µφα,j+1 = 4Λ2
αφα,j . (2.31)

Since we know the momentum k is a good quantum number, we consider a
plane wave ansatz φj ∼ eikj and get the dispersion relation,

Λ2
k = (µ− cos k)2 + ∆2 sin2 k , k =

2πm

L
,m ∈ {0, · · · , L− 1} . (2.32)

Writing Eq. 2.23 for the Kitaev Hamiltonian with an open boundary con-
dition (OBC) gives Eq. 2.31 for 3 ≤ j ≤ L − 2. We would, however, get
different equations for the boundary sites j = 1, 2 and j = L − 1, L. Since
we are still dealing with a linear recursion relation we consider a power law
ansatz φα,j ∼ xjα for a state with label α. Moreover since the bulk equation
remains the same, we use the functional form of the dispersion relation for the
eigenvalues, though now is parametrized by α,

Λ2
α = (µ− cosα)2 + ∆2 sin2 α . (2.33)
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Due to the order of the recursion relation we get four independent solutions,
xα = e±iα and xβ = e±iβ , where,

cosα+ cosβ =
2µ

1−∆2
. (2.34)

As described in detail in paper I, by considering a linear combination of the
four solutions and the boundary conditions one gets φα,

φα,j = A1

{
sin[(L+ 1)β] sin(jα)− sin[(L+ 1)α] sin(jβ)

}
+A2

{
sin[(L+ 1)β] sin[(L+ 1− j)α]

− sin[(L+ 1)α] sin[(L+ 1− j)β]
}
,

(2.35)

and a transcendental equation for α,

sin2 α+ sin2 β +
1

∆2
(cosβ − cosα)2

− 2
sinα sinβ

sin[(L+ 1)α] sin[(L+ 1)β]
× {1− cos[(L+ 1)α] cos[(L+ 1)β]} = 0 .

(2.36)

By solving Eqs. 2.34 and 2.36 simultaneously, one gets all the possible values
of α. This can be done numerically as we show in the paper. We are, however,
interested in the phase diagram in the thermodynamic limit and these equations
can be simplified in this limit. Specifically these can be solved for a MZM
solution which is present in the topological phase.

Before going through the results we mention that the signs of µ and ∆ do
not affect the phase diagram. The insignificance of the chemical potential’s
sign can be easier seen in the spin incarnation, Eq. 2.4. To flip the sign of a
given field h, one needs to perform an on-site rotation like, σx,z → −σx,z. For
the sign of ∆ it is easier to consider the Kitaev Hamiltonian. For ∆ < 0 we can
perform a gauge transformation on fermionic operators as cj → eiπ/2cj which
keeps the hopping and chemical potential terms intact and flips the sign of the
pairing term. Hence we assume that the chemical potential and the pairing
term are both positive, µ,∆ > 0.

It can be checked that for large chemical potential (µ � 1) Eqs. 2.34 and
2.36 give a set of L distinct real solutions, 0 < α0, · · · , αL−1 < π. By decreasing
the chemical potential the smallest label will be lost for µ < 1 + O(1/L) and
one only gets L−1 real solutions. This means that in the thermodynamic limit
for µ < µc = 1 one solution to the Eqs. 2.34 and 2.36 does not lie on the real
axis and becomes imaginary. This imaginary solution represents a MZM.

To find the imaginary solutions for α we need to consider three different
cases:
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1) For ∆ < 1 and
√

1−∆2 < µ < 1 we have,

α∗ = i(
1

ξ1
+

1

ξ2
) ,

cosh
1

ξ1
=

1√
1−∆2

,

β∗ = i(
1

ξ1
− 1

ξ2
) ,

cosh
1

ξ2
=

µ√
1−∆2

,
(2.37)

for which one can check that Λα∗ = 0. For this solution the MZM on the
left edge takes the following form,

φα∗,j = Ce−j/ξ1 sinh

(
j

ξ2

)
, (2.38)

with the normalization factor C. Since ξ1 < ξ2 this is localized on the
left edge. One can also calculate ψα∗,j which would be localized on the
right edge.

2) For ∆ < 1 and µ <
√

1−∆2 we have,

α∗ = q + i
1

ξ
,

cos q =
µ√

1−∆2
,

β∗ = q − i1
ξ
,

cosh
1

ξ
=

1√
1−∆2

,
(2.39)

which gives the left MZM as follows,

φα∗,j = Ce−j/ξ sin(nj) . (2.40)

In this case the correlation length ξ does only depend on the pairing ∆
and the chemical potential affects the oscillatory behaviour of the wave-
function.

3) For ∆ > 1 we have,

α∗ = i(
1

ξ1
− 1

ξ2
)

sinh
1

ξ1
=

1√
∆2 − 1

,

β∗ = π + i(
1

ξ1
+

1

ξ2
) ,

sinh
1

ξ2
=

µ√
∆2 − 1

.
(2.41)

The left MZM reads,

φα∗,j = Ce−j/ξ1 ×
{

cosh(j/ξ2) if j is odd ,
sinh(j/ξ2) if j is even . (2.42)

Being in the topological phase, µ < 1, results in ξ1 < ξ2 which guarantees
the localization of φα∗ on the left edge.
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In any of the above mentioned cases the model hosts two localized MZMs, φα∗
on the left edge and ψα∗ on the right edge. By fusing these two MZMs we form
the zero energy fermionic state which can be filled or left to be empty. Note
that there is no concept of filling for Majorana fermions and we need to make
Dirac fermions out of them to be able to talk about the filling.

Since filling an empty fermionic state changes the parity of a given many-
body state, the presence of a zero energy fermionic state results in a full doubly
degenerate many-body spectrum and pair up the even and the odd sectors. For
a finite system, but large in comparison with the correlation length, the edge
modes has an exponentially small energy in the system size, Λα∗ ∼ exp(−L/ξ)
and hence the degeneracy is not exact.

The effect of next nearest neighbour terms and phase-gradient in the
pairing term

So far we have studied the Kitaev chain with real couplings. The model was
time-reversal symmetric and belonged to the classBDI. Adding phase-gradient
changes the model drastically since it breaks the time-reversal symmetry and
changes the class to which the model belongs to the class D of non-interacting
fermions. In the class D the possible phases are distinguished by the group
Z2 [30–32]. This means that the topological invariant can only take two values,
ν = 0 and ν = 1. The ν = 0 phase is the trivial phase without any edge mode
and the ν = 1 phase is the topological phase with one MZM on each edge.

Sticlet et al. [40], however, found a model (see below) in the class D which
can host two MZMs on one edge in a certain regime of parameters and no
zero mode on the other edge. Put in another way they found a regime of
parameters where there is a localized Dirac fermion on one edge. This is, of
course, not a topological phase and required fine tuning of the parameters. But
since the observation by Sticlet et al. was done using the numerical analysis, we
were motivated to use the LSM method and investigate the model analytically.
In what follows we present the model studied in Ref. [40], present its phase
diagram and MZMs’ wavefunctions when they are present. We will also study
the phase transition between different phases.

Consider the following model,

H =
t

2

L−1∑
j=1

(c†jcj+1 + eij∇θc†jc
†
j+1 + h.c.) +

λ

2

L−2∑
j=1

(c†jcj+2 + eij∇θc†jc
†
j+2 + h.c.)

− µ
L∑
j=1

(c†jcj −
1

2
) , (2.43)

where the hopping and pairing terms for the nearest and next nearest neigh-
bours are t and λ respectively. The phase gradient is∇θ per site and is constant.
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To write the Hamiltonian in Eq. 2.43 within the LSM form in Eq. 2.14 we
perform a gauge transformation cj → eij∇θ/2cj and get,

H =
t

2

L−1∑
j=1

(ei
∇θ
2 c†jcj+1 + e−i

∇θ
2 c†jc

†
j+1 + h.c.)

+
λ

2

L−2∑
j=1

(ei∇θc†jcj+2 + e−i∇θc†jc
†
j+2 + h.c.)

− µ
L∑
j=1

(c†jcj −
1

2
) . (2.44)

The phase diagram of this model can be obtained by either studying the
model on a ring and performing the Fourier transformation or finding the MZMs
solutions on an open chain. We will follow the later approach and then comment
on the former one which also gives the same phase diagram, as it should.

We need to solve Eqs. 2.25 and 2.26 for which we plug in gj =
1

2
(φj + iψ̃j).

For the “bulk” equations we get,

− µψ̃j + t cos(
∇θ
2

)ψ̃j−1 + λ cos(∇θ)ψ̃j−2 = 0 , (2.45)

− µφj + t cos(
∇θ
2

)φj+1 + λ cos(∇θ)φj+2 =

t sin(
∇θ
2

)
(
ψ̃j−1 − ψ̃j+1

)
+ λ sin(∇θ)

(
ψ̃j−2 − ψ̃j+2

)
. (2.46)

The general solution to these equations are,

ψ̃j = R+x
L−j+1
+ +R−x

L−j+1
− ,

φn = L+x
j
+ + L−x

j
− + S+x

L−j+1
+ + S−x

L−j+1
− ,

S± = κ±R± , (2.47)

where,

x± =
−t cos(

∇θ
2

)±
√
t2 cos2(

∇θ
2

) + 4λµ cos(∇θ)

2λ cos(∇θ)
, (2.48)

κ± = − tan(∇θ) +
t sin(∇θ2 )

cos(∇θ)
[
µ+ λ cos(∇θ)

]x± . (2.49)

The constants R± and L± will be determined using the boundary equations,

−µψ̃1 = 0 , (2.50)

t cos(
∇θ
2

)ψ̃1 − µψ̃2 = 0 , (2.51)
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and

− µφL−1 + t cos(
∇θ
2

)φL = t sin(
∇θ
2

)(ψ̃L−2 − ψ̃L) + λ sin(∇θ)ψ̃L−3 , (2.52)

− µφL = t sin(
∇θ
2

)ψ̃L−1 + λ sin(∇θ)ψ̃L−2 . (2.53)
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Figure 2.1: The Phase diagram for the model in Eq. 2.44 for µ = 1 and
∇θ = π/3. The pairs (l, r) represent the number of MZMs on each edge.
The solid blue lines show phase transitions and the dashed blue line represents
the crossover. Note that the points |λ| = 2 and t = 0 do also represent phase
transitions. Taken from paper I.

In Fig. 2.1 we present the phase diagram of the model for µ = 1 and
∇θ = π/3. We now look at different cases as follows.

1) For |x±| > 1 there is no MZM. This corresponds to the triangle in the
middle of Fig. 2.1.

2) For |x+| < 1 and |x−| > 1 we have one MZM on each edge with the
following wavefunctions,

ψ̃j = R+x
L−j+1
+ , (2.54)

φj = L+x
j
+ + S+x

L−j+1
+ + L̃−(

1

x−
)L−j+1 , (2.55)

where

S+ = κ+R+ , (2.56)

L̃− = −R+
t sin(∇θ/2)

cos(∇θ)(µ+ λ cos(∇θ))
. (2.57)

This case is rather different from what we have seen so far, since φ localizes
on both edges rather than just on the left one. This follows from Eqs. 2.46
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and 2.45 which couple φ and ψ̃. A similar analysis can be done for the
case where |x+| > 1 and |x−| < 1. This phase where the model has one
localized MZM on each edge is the topological phase, indicated by (1, 1)
in Fig. 2.1.

3) For |x±| < 1 one gets no solutions on the right edge, i.e. ψ̃ = 0. For φ,
however, we get,

φj = L+x
j
+ + L−x

j
− , (2.58)

which shows that two MZMs live on the left edge. This corresponds to
the Sticlet et al. observation and we indicated it by (2, 0) in Fig. 2.1.

Using the above mentioned conditions, we plotted the phase diagram. The
solid lines in Fig. 2.1 correspond to λ = µ/ cos(∇θ) ± t cos(∇θ/2)/ cos(∇θ).
These two lines separate the topological phase from the trivial ones. The dashed
line λ = −µ/ cos(∇θ) represents the boundary between the two “different”
trivial phases, the one with a localized fermionic mode on the left edge and the
one with no zero mode at all.

We also calculated the bulk gap by solving the model on a ring. It turned
out that the gap closes along all the lines (solid and dashed) in Fig. 2.1. Gap
closing is a necessary condition for a phase transition, but it is not a sufficient
one. Therefore the very fact that the gap closes along the solid lines agrees
with our conclusion that the region indicated by (1, 1) is a topological phase,
separated by a phase transition from the trivial ones.
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Figure 2.2: The second order derivative of the ground state energy for µ = 1
and ∇θ = π/3 is plotted for t = 0 (the blue dashed line) and t = 0.1 (the solid
black line). Taken from paper I.

Gap closing along the dashed line may lead one to conclude that there is a
phase transition between the two trivial regions marked by (0, 0) and (2, 0). But
this is not the case. A quantum phase transition reveals itself in a discontinuity
or a divergence in the derivatives of the ground state energy. So we calculated
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the ground state energy E and its first and second derivatives for fixed values
of t across the lines numerically. In Fig. 2.2 we present the result for t = 0 and
t = 0.1 with µ = 1 and ∇θ = π/3. Therefore one can compare with Fig. 2.1.

Note that for t = 0 we have two decoupled chains and one needs to study
the model separately, as we did in the paper. One can show that for t = 0
for |λ > µ/ cos(∇θ)| (in this case λ > 2) the model is in the topological phase
and for |λ < µ/ cos(∇θ)| is in the trivial phase. This shows itself in the two
sharp peaks in −d2E/dλ2, indicated by the dashed blue line in Fig. 2.2. For
t = 0.1, however, −d2E/dλ2 has two sharp peaks close to λ = +2 and just a
bump at λ = −2. The two sharp peaks correspond to the entering and leaving
the topological phase. The bump at λ = −2 reveals the fact that there is no
phase transition between the regions labeled by (2, 0) and (0, 0) and they do
belong to the same phase, namely the trivial phase (ν = 0). There is simply a
crossover between these two regions §.

In summary we showed that by using the LSM method one can get the phase
diagram of one-dimensional quadratic fermionic models with open boundary
conditions. In such a case the model hosts localized zero modes on its edges in
a topological phase. The wavefunction of zero modes and hence the localization
length of them can be calculated exactly. In addition we showed that although
the bulk gap closes across a transition between different phases, gap closing
does not guarantee the very existence of different phases. It could simply pin
a crossover. Studying the ground state energy and its derivatives could, of
course, be helpful in distinguishing the phase transitions from the crossovers.

§We would like to thank the anonymous referee for her/his suggestion to check the energy
derivatives.



Chapter 3

A frustration free Z3 symmetric model

Introduction

In the previous chapter we studied the Kitaev chain and some its variations.
We showed how the Kitaev chain is related to the celebrated Ising model. As
we discussed the Kitaev/Ising chain has a Z2 symmetry, namely the parity of
total number of fermions (Eq. 2.13). Hence it is natural to ask whether models
with Zn symmetry have the same features as we discussed in chapter 2: Do Zn
symmetric models support zero modes on their edges? Do they have topological
phases? Is there any classification scheme?

To investigate these questions, we will study the Z3 symmetric generaliza-
tion of the TFIM. This is the so-called three-state quantum Potts model, also
known as the (chiral) clock model [41]. To define the model consider a chain
of size L. On each site there is a “spin” with the local Hilbert space spanned
by an orthonormal basis {|n〉} with n = 0, 1, 2. The Hamiltonian reads,

H = −J
L−1∑
j=1

(
eiθX†jXj+1 + h.c.

)
− f

L∑
j=1

(
eiφZ†j + h.c.

)
, (3.1)

where the Pauli matrices σx and σz are generalized to X and Z respectively,

X =

 0 1 0
0 0 1
1 0 0

 , Z =

 1 0 0
0 ω 0
0 0 ω̄

 , (3.2)

with ω = exp (i2π/3). In above we wrote the operators in the {|n〉} basis, i.e.
the eigenvectors of the Z operator with the eigenvalues ωn. The X operator
acts as a shift operator in the {|n〉} basis. The anticommutation relation among
Pauli matrices changes to,

XZ = ωZX . (3.3)

The parity symmetry in the TFIM also leverages to the Z3 symmetry,

P =

L∏
j=1

Zj , P 3 = 1 , [H,P ] = 0 . (3.4)
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Unlike the TFIM this model can not be solved exactly except for special
cases or relations between the couplings. For example for the case of θ = φ = 0
we can see that in the limiting case of f = 0 the model has three ordered
ground states and for the case of J = 0 has a paramagnet (disordered) ground
state. One can use a duality map [42] and show that f = J is the transition
point. It is well-known indeed that the for θ = φ = 0 and f = J the model
is integrable and can be described by a conformal field theory (CFT) with the
central charge c = 4/5 [7].

The phase diagram of this model has been recently investigated using den-
sity matrix renormalization group (DMRG) and consists of three phases: an
ordered phase, a disordered phase and an incommensurate (IC) phase [42]. The
ordered phase and the disordered phase are gapped. The IC phase, however,
is gapless with central charge c = 1.

In chapter 2 we showed that by using a JW transformation the ordered
phase of the TFIM transforms to the topological phase of the fermions, where
the model hosts MZMs on the edges of an open chain. Motivated by this,
Fendley used the Fradkin-Kadanoff transformation [43] to study the model
in the parafermionic incarnation [41]. The Fradkin-Kadanoff transformation,
which is used to define parafermions, is,

η2j−1 =

(
j∏

k=1

Zk

)
Xj , η2j = ω

(
j∏

k=1

Zk

)
XjZj , (3.5)

and the set of parafermions {ηk} satisfy the following algebra,

η3
k = 1 , η2

k = η†k , ηjηk = ωsgn(k−j)ηkηj . (3.6)

Applying this transformation to the model in Eq. 3.1 for f = 0 we get,

H = −J
L−1∑
j=1

(
eiθω̄η†2jη2j+1 + h.c.

)
. (3.7)

It is clear that the very first and last parafermions, η1 and η2L, do not appear
in the Hamiltonian. Importantly they are conserved quantities,

[η1, H] = [η2L, H] = 0 . (3.8)

So at this point the model supports parafermionic edge zero modes. Since each
original degree of freedom, “spin” or clock variable, gives two parafermions,
using the two free edge parafermions one can build a non-local state by using the
inverse of the Fradkin-Kadanoff transformation. This non-local clock variable
would also have three states and gives rise to the three-fold degeneracy of the
full many-body Hamiltonian.
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Whether the parafemerionic edge zero modes are present for finite f is a
under debate [41, 44, 45]. One should notice that being in the ordered phase
of clock variables corresponds to the topological phase of the parafermions.
Although this topological phase has a three-fold degenerate ground state, pres-
ence of the parafermionic edge modes would guarantee the degeneracy in the
full many-body spectrum upto exponentially small corrections in the system
size.

Since many of the previous results were obtained using a kind of perturba-
tive calculation or numerics, we aimed for exact results. One way to have exact
results is looking for frustration free models, where one can obtain the exact
form of the ground state. To do so, we first briefly review the Peschel-Emery
line, a frustration free model for an interacting Ising model. After that we
present the generalization of it to the three-state clock variables. In the paper
II one can find more details.

The Peschel-Emery line

In what follows we define the Hamiltonians on bonds between the sites,

H =

L̃∑
j=1

hj,j+1 , (3.9)

where hj,j+1 is a two-body Hamiltonian defined on a link between the sites j
and j+1. The upper limit in the sum for a system of size L could be L̃ = L−1
for an open chain or L̃ = L for a closed one.

Consider the following two-body Hamiltonian for the interacting Ising model,

hj,j+1 = −σxj σxj+1 +
h

2
(σzj + σzj+1) + Uσzjσ

z
j+1 , (3.10)

in which U is a new coupling constant. The phase diagram of this model will
be discussed in detail in chapter 6. For the moment it is sufficient to know
that this model is not integrable [46], hence the presence of a MZM is not
guaranteed.

To construct the Hamiltonian along the Peschel-Emmery (PE) line, a frus-
tration free model, we start with h = U = 0. We know that |→〉⊗L and |←〉⊗L
are eigenstates at this point. We now show that it is possible to tune the two
couplings h and U such that for finite values of them the ground states of the
model are still product states [47,48].

We recall that the parity,

P =

L∏
k=1

σzk , (3.11)
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is a good quantum number. In the even sector (P = +1) of the two-body
Hamiltonian we have,

|↑↑〉 |↓↓〉

hej,j+1 =

(
U + h −1
−1 U − h

)
, (3.12)

with the lowest eigenestate,

εe = U −
√

1 + h2 , |ψe〉 ∼ | ↑↑〉+
(
h+

√
1 + h2

)
| ↓↓〉 . (3.13)

In the odd sector (P = −1) of the two-body Hamiltonian we have,

|↑↓〉 |↓↑〉

hoj,j+1 =

(
−U −1
−1 −U

)
, (3.14)

with the lowest eigenestate,

εo = −U − 1 , |ψo〉 ∼ | ↑↓〉+ | ↓↑〉 . (3.15)

To find a frustration free Hamiltonian with a product state as the ground
state we demand, first the two lowest eigenvalues in the even and odd sectors
to be equal,

εe = εo ⇒ 2U + 1 =
√

1 + h2 , (3.16)

and second, a linear superposition of the two lowest eigenstates exists such that
it takes the product state form,

|ψe〉+ x|ψo〉 = (| ↑〉+ α| ↓〉)⊗ (| ↑〉+ α| ↓〉) , (3.17)

in which x and α are unknown.
It can be shown that these two requirement are fulfilled by,

U =
1

2
[cosh(l)− 1] , h = sinh(l) , (3.18)

α = el/2, l ≥ 0 , (3.19)

where l parametrizes the line. Therefore there is a line of frustration free
Hamiltonians §, known as the Peschel-Emery (PE) line [47]. Along this line
the ground state is two-fold degenerate with a product state form,

|ψ+(l)〉 = (| ↑〉+ α| ↓〉)⊗L, |ψ−(l)〉 = (| ↑〉 − α| ↓〉)⊗L , (3.20)

§Adding the term Jyσ
y
j σ

y
j+1 to Eq. 3.10 will yield a surface. It can be derived by the

same type of calculations [48].
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Since we are interested in the eigenstates with a well-defined parity, we
make the parity eigenstates out of these product states which are simply the
cat states,

|P = ±1(l)〉 = |ψ+(l)〉 ± |ψ−(l)〉 . (3.21)

These states have a definite fermionic parity. This can be seen by employing
the JW transformation on the product states [48],

|ψ±〉 = (| ↑〉 ± α| ↓〉)⊗L

=
[
1± ασ−1

] [
1± ασz1σ−2

]
. . .1± α

 L−2∏
iL−1=1

σziL−1

σ−L−1

[1± α(L−1∏
iL=1

σziL

)
σ−L

]
| ↑〉⊗L

= (1± αc†1)(1± αc†2) . . . (1± αc†L−1)(1± αc†L)|0〉⊗L

= e±αc
†
1e±αc

†
2 . . . e±αc

†
L−1e±αc

†
L |0〉⊗L , (3.22)

in which σ− = (σx − iσy)/2. Now it is evident that |P = +1(l)〉 has even
number of fermions and |P = −1(l)〉 has odd number of them, just like what
we had in the TFIM. In addition these states have high entanglement entropy
(see chapter 5). There is also a path (in the space of coupling constants) which
smoothly connects the PE line to the topological phase of the Kitaev chain (the
free model) without closing the gap. Putting all these together we conclude
that the PE line in the fermionic incarnation belongs to the topological phase
of interacting fermions.

Strong and weak zero modes

In chapter 2 we discussed the presence of MZMs in the topological phase of
the Kitaev chain. We showed that in the topological phase the model has a
non-local Dirac mode which can be constructed from the two MZMs living on
the two edges of an open chain.

It can be shown that for a system with a finite size L, the zero mode f0

has an exponentially small energy in the system size, i.e. ε0 ∼ exp(−L/ξ)
where ξ is the correlation length [39, 41]. As a result the model has not only
a degenerate ground state, but all the states are doubly degenerate upto an
exponentially small correction in the system size. Put in another way, for each
state in the even or odd sector there is partner in the opposite sector with the
same energy §. The only difference between the two partners is that in one the
zero mode is left to be empty and in the other is filled.

§We do not keep repeating upto an exponentially small corrections in the system size.
The reader should have this in mind.
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Acting by a MZM on a given state in the many-body spectrum of the Kitaev
chain maps it to its partner in the opposite sector. Fendley found the same
type of operator for the XYZ model [49] and dubbed it strong zero mode. A
strong zero mode, Ψ has the following properties,

(1) [H,Ψ] = O
(
e−L/ξ

)
in the the thermodynamic limit with ξ > 0.

(2) Given the parity operator (the generator of a discrete symmetry) P where
[H,P ] = 0 and Pn = 1 for a positive integer n, we have [P,Ψ] 6= 0.

(3) The operator should be normalizable, i.e. Ψn = 1.

(4) Ψ† = Ψn−1.

Finding such an operator is a hard task and to the best of our knowledge
the only interacting model for which such an operator was found is the XYZ
model. The current understanding is that the strong zero mode can only exist
in integrable models, although there is no proof for it. In chapter 6 we discuss
the presence of the strong zero mode in a non-integrable model. Using an
analytical argument and numerical analysis, we rule out the presence of a strong
zero mode in a vast part of the phase digram.

One can, however, relax the first requirement of the strong zero mode and
instead ask for an operator which only maps the ground states with different
parities to each other. Such an operator is called a weak zero mode and should
still satisfy the other requirements. Finding a weak zero mode could be an easier
task, since it only deals with the ground states and in the case of frustration
free models one may hope to write them down exactly.

For the PE line the weak zero modes which live on the edges can be written
explicitly [48],

WL = N
L∑
n=1

qn−1γA,n , (3.23)

WR = N
L∑
n=1

qL−nγB,n , (3.24)

q =
1− α2

1 + α2
, N =

√
1− q2L

1− q2
. (3.25)

These operators are localized on the edges and satisfy the requirements (2) -
(4). It can also be checked that they map the two ground states with opposite
parities to each other.
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A frustration free Z3 symmetric model

In this section we present a frustration free model analogue to the PE line.
The goal is to modify the quantum Potts model such that its ground state is a
product state and three-fold degenerate. Having Eq. 3.9 in mind, we will start
with,

hj,j+1 = −X†jXj+1 + h.c. , (3.26)
with the three-fold degenerate ground state,

|G0〉 = (|0〉+ |1〉+ |2〉)⊗L , (3.27)

|G1〉 = (|0〉+ ω|1〉+ ω̄|2〉)⊗L , (3.28)

|G2〉 = (|0〉+ ω̄|1〉+ ω|2〉)⊗L . (3.29)

Recall that the generator of the Z3 symmetry is P =
∏L
j=1 Zj . Since

P 3 = 1, its eigenvalues can be written as P = ωQ with Q = 0, 1, 2. We want
to write a Hamiltonian with the Z3 symmetry. By analogy to the Z2 case in
Eq. 3.10 we will add an “external magnetic field”, just like what we have in
the quantum Potts Hamiltonian, and two other terms which are the natural
generalizations of σzjσzj+1,

hZ3
j,j+1(r) =−X†jXj+1 − f(r)(Zj + Zj+1)

− g1(r)ZjZj+1 − g2(r)ZjZ
†
j+1 + h.c. . (3.30)

This Hamiltonian respects the Z3 symmetry. By calculating the ground state
energy in the three sectors of the two-body Hamiltonian and setting them to be
equal and, demanding a product state as a ground state, we found the following
line parametrized by r > 0,

f(r) = (1 + 2r)(1− r3)/(9r2) , (3.31)

g1(r) = −2(1− r)2(1 + r + r2)/(9r2) , (3.32)

g2(r) = (1− r)2(1− 2r − 2r2)/(9r2) . (3.33)

The model has a three-fold degenerate ground state along this line,

|G0(r)〉 = (|0〉+ r|1〉+ r|2〉)⊗L , (3.34)

|G1(r)〉 = (|0〉+ rω|1〉+ rω̄|2〉)⊗L , (3.35)

|G2(r)〉 = (|0〉+ rω̄|1〉+ rω|2〉)⊗L . (3.36)

The energy per bond is εb(r) = −2(1 + r+ r2)2/(9r2). We can also write down
the ground states with a definite eigenvalue for the Z3 symmetry generator,

|Q = 0〉 = N1 (|G0(r)〉+ |G1(r)〉+ |G2(r)〉) , (3.37)
|Q = 1〉 = Nω (|G0(r)〉+ ω̄|G1(r)〉+ ω|G2(r)〉) , (3.38)
|Q = 2〉 = Nω̄ |G0(r)〉+ ω|G1(r)〉+ ω̄|G2(r)〉) , (3.39)
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with

N1 =
[
3(1 + 2r2)L + 6(1− r2)L

]− 1
2

, (3.40)

Nω,ω̄ =
[
3(1 + 2r2)L − 3(1− r2)L

]− 1
2

. (3.41)

Using the operators,

Σ0 =
X

3

(
1 + Z + Z†

)
, (3.42)

Σ1 =
X

3

(
1 + ω̄Z + ωZ†

)
, (3.43)

Σ2 =
X

3

(
1 + ωZ + ω̄Z†

)
, (3.44)

we define,

AZ3
(r) =

1

r
Σ1

1 + Σ2
1 + rΣ0

1 , (3.45)

BZ3
(r) = ω̄P

(
1

r
Σ1
L + Σ2

L + rΣ0
L

)
. (3.46)

They act as follows on the ground states,

AZ3
|0〉 =

N1

Nω̄
|2〉 , AZ3

|1〉 =
Nω
N1
|0〉 , AZ3

|2〉 = |1〉 , (3.47)

BZ3
|0〉 = ω

N1

Nω̄
|2〉 , BZ3

|1〉 = ω̄
Nω
N1
|0〉 , BZ3

|2〉 = |1〉 , (3.48)

where |n〉 stands for the many-body parity eigenstate |Q = n〉.
In the parafermionic representation the operators AZ3 and BZ3 are localized

on the left edge and the right edge respectively. They also have the requirements
(2) and (3) of a weak zero mode as we discussed in section 3.3. But they do not
satisfy the requirement (4) for finite system sizes, i.e. A†Z3

6= A2
Z3

and B†Z3
6=

B2
Z3
. Nevertheless in the thermodynamic limit, L→∞, we have N1/Nω → 1.

Therefore in the thermodynamic limit we have weak parafermionic zero modes.
Iemini et al. [50] studied a different generalization of the quantum Potts

Hamiltonian. They also found a line in the topological phase of parafermions
along which the ground state is three-fold degenerate and can be written ex-
actly. Having these two separate lines with common features suggests that there
is a manifold in the coupling constants’ space (the space of all models) where
the model is gapped, the ground state is three-fold degenerate and belongs to
the topological phase of parafermions.

These are the very first steps towards analytical studies of parafermions and
their possible phases and, hopefully will be enriched by experimental efforts in
the near future. In paper II we also discuss the spin-S generalization of the PE
line and present a few excited states in all of these models.



Chapter 4

A short introduction to Bosonization

Introduction

In chapter 2 we presented the Jordan-Wigner (JW) transformation, Eq. 2.5,
which transforms bosons and fermions in one-dimension to each other. Al-
though bosons from different sites commute with each other, a string operator
can transform this algebra to the anticommutation relation which is needed for
fermions. As we showed the JW transformation is useful to solve some spin
models exactly. In such cases JW helps to transform the model of interest to
a free fermionic model which can be easily solved. On the other hand for a
typical bosonic model or an interacting fermionic model a JW transformation
does not help.

In this chapter we will briefly review Bosonization, another technique es-
sentially doing the same job. It is actually a kind of JW transformation for
relativistic Dirac fermions in one dimension and makes it possible to write the
low-energy Hamiltonian in terms of a set of bosonic fields. This approach, as
will be shown in a set of examples, can be applied not only to free fermionic
models but also to models with local interactions. We will show that calcu-
lating the correlation functions and the renormalization group (RG) flow of
coupling constants in the bosonic theory are quite straightforward and handy,
facilitating the exploration of the low-energy physics of different interacting
models. Although bosonization is more complicated, but it is more powerful in
studying the one-dimensional models indeed.

This chapter is devoted to the bosonization technique which will be used
in chapter 6 and chapter 7. We will mainly follow the book by Shankar [6] for
this brief review. The other noteworthy and classic references to the subject
are the book by Giamarchi [51], the review by von Delft and Schoeller [52] and
the lecture notes by Sénéchal [53].

We will start by introducing Massless fermions and scalar fields in one
dimension. By calculating special two-point correlation functions in each theory
we introduce the bosonization dictionary. After that we apply this technique to
the Kitaev-Hubbard chain which will be used in chapter 6 and then, following
Shankar, to the XXZ chain to introduce the Luttinger parameter,K, setting the
scene for chapter 7. In the end the RG flow, a powerful approach to determine
the phase diagram, will be also discussed in a nutshell.
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Massless Dirac fermion in one dimension

Consider the following Hamiltonian which is the Kinetic term for a one dimen-
sional fermionic quantum field §,

H =

∫
ψ†(x)σz(−i∂x)ψ(x)dx , (4.1)

where ψ has upper and lower components, the so-called right and left movers,

ψ(x) =

(
ψ+(x)
ψ−(x)

)
. (4.2)

These fields obey the fermionic anticommutation algebra,{
ψ†s(x), ψs′(y)

}
= δss′δ(x− y) , (4.3)

and the other anticommutators vanish.
The model in Eq. 4.1 can be solved by Fourier transformation,

ψ±(x) =

∫ ∞
−∞

dp

2π
ψ±(p)eipxe−

1
2α|p| , (4.4)

ψ±(p) =

∫ ∞
−∞

ψ±(x)e−ipxdx , (4.5)

in which α is the convergence factor and in the end we will take the limit α→ 0.
The Fourier modes also obey the fermionic algebra,{

ψ†s(p), ψs′(q)
}

= δss′2πδ(p− q) , (4.6)

and the other anticommutators vanish. Rewriting the Hamiltonian in terms of
the Fourier modes we get,

H =

∫
dp

2π
ψ†+(p) p ψ+(p) +

∫
dp

2π
ψ†−(p) (−p) ψ−(p) . (4.7)

Therefore the right and the left movers have a relativistic dispersion relation,

ε(p) = ±p . (4.8)

We can conclude that at zero temperature the ground state is a “Dirac sea”
where all the right movers with negative momentum, p < 0, and all the left
movers with positive momentum, p > 0, are filled. This will actually result in
some infinities, like the local particle density in Eq. 4.42, and will be taken care

§As Shankar mentioned from the very beginning we will work in the thermodynamic limit
and drop the terms O

(
1
L

)
, where L is the system size.
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of using normal ordering. We can now calculate different correlation functions.
Let us first consider a right movers’ two-point correlation function,

〈ψ+(x)ψ†+(0)〉 =

∫
dp

2π
eipxe−

1
2α|p|

dq

2π
e−

1
2α|q| 〈ψ+(p)ψ†+(q)〉

=

∫
dp

2π
eipxe−

1
2α|p|

dq

2π
e−

1
2α|q| 2πδ(p− q) Θ(q) , (4.9)

where Θ is the Heaviside step function. In the last line we used both the
fermionic algebra and the fact that ψ†+(q) can only create a new fermion with
a positive momentum since all the right movers with negative momentum have
been already filled. Doing the rest of the calculation for the right movers and
the same type of calculation for the left movers is rather straightforward and
yields,

〈ψ+(x)ψ†+(0)〉 =
i

2π

1

x+ iα
, (4.10)

〈ψ−(x)ψ†−(0)〉 =
−i
2π

1

x− iα
. (4.11)

These two-point correlation functions will guide us to establish the bosoniza-
tion dictionary and will be used in the following calculations, for example in
writing the density operator in terms of the bosonic fields.

Massless scalar field

Let us study a massless scalar field in one dimension with the following Hamil-
tonian,

HB =
1

2

∫ (
Π2 + (∂xφ)

2
)
dx , (4.12)

where φ and Π are conjugate fields,

[φ(x),Π(y)] = iδ(x− y) . (4.13)

We can use the Fourier modes φ(p) with the bosonic algebra,[
φ(p), φ†(q)

]
= 2πδ(p− q) , (4.14)

to expand the operators,

φ(x) =

∫
dp

2π
√

2|p|
[
φ(p)eipx + φ†(p)e−ipx

]
e−

1
2α|p| , (4.15)

Π(x) =

∫
dp
√
|p|

2π
√

2

[
−iφ(p)eipx + iφ†(p)e−ipx

]
e−

1
2α|p| . (4.16)
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One can check that,

[φ(x),Π(y)] =
i

π

α

α2 + (x− y)2

=
α→0

iδ(x− y) , (4.17)

and the Hamiltonian reads,

: HB : =

∫
dp

2π
φ†(p)φ(p)|p| , (4.18)

where : O : means normal ordering, i.e. putting all the annihilation operators
to the right.

We now define the right and left movers for the scalar field,

φ±(x) =
1

2

[
φ(x)∓

∫ x

−∞
Π(x′)dx′

]
= ±

∫ ±∞
0

dp

2π
√

2|p|
[
φ(p)eipx + φ†(p)e−ipx

]
e−

1
2α|p| , (4.19)

which satisfy the following algebra §,

[φ+(x), φ+(y)] = [φ−(x), φ−(y)] = ± i
4
sgn(x− y) , (4.20)

[φ+(x), φ−(y)] =
i

4
. (4.21)

It is clear that
φ(x) = φ+(x) + φ−(x) . (4.22)

It would be fruitful to calculate the following correlation function,

〈φ+(x)φ+(0)〉 =

∫ ∞
0

dp

2π

∫ ∞
0

dq

2π

1

2
√
|pq|

eipx−
α
2 (|p|+|q|)〈φ(p)φ†(q)〉

=

∫ ∞
0

dp

2π

∫ ∞
0

dq

2π

1

2
√
pq
eipx−

α
2 (p+q)2πδ(p− q)

=

∫ ∞
0

dp

2π

1

2p
e−(α−ix)p . (4.23)

To continue, we need to calculate the following integral,

f(β) =

∫ ∞
0

dp
1

p
e−βp . (4.24)

§As Shankar noted, in the “more careful treatment” the left and the right movers commute
and the current commutation is for consistency in the thermodynamic limit.
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It is easy to show that,
df

dβ
= − 1

β
, (4.25)

and conclude that §,
f(β) = −ln(β) + f(1) . (4.26)

As a result we have,

〈φ+(x)φ+(0)〉 =
1

4π
[−ln(α− ix) + f(1)] , (4.27)

G+(x) = 〈φ+(x)φ+(0)− φ2
+(0)〉 =

1

4π
ln

α

α− ix
. (4.28)

Using the same set of calculations one can show that,

G−(x) = 〈φ−(x)φ−(0)− φ2
−(0)〉 =

1

4π
ln

α

α+ ix
, (4.29)

G(x) = 〈φ(x)φ(0)− φ2(0)〉 =
1

4π
ln

α2

α2 + x2
. (4.30)

The Bosonization dictionary

To establish the connection between fermions and bosons, we start by studying
the following correlation function,

G+β(x) = 〈eiβφ+(x)e−iβφ+(0)〉 . (4.31)

To proceed we need to know that,

eAeB =: eA+B : e〈AB+A2+B2

2 〉 , (4.32)

〈: eO :〉 = 1 , (4.33)

if [A, [A,B]] = [B, [A,B]] = 0. Using these we can simplify Eq. 4.31,

G+β(x) = 〈: eiβ(φ+(x)−φ+(0)) :〉eβ
2〈φ+(x)φ+(0)−

φ2+(x)+φ2+(0)

2 〉

=

(
α

α− ix

) β2

4π

. (4.34)

We can also calculate the same correlation function for φ−(x),

G−β(x) = 〈eiβφ−(x)e−iβφ−(0)〉

=

(
α

α+ ix

) β2

4π

. (4.35)

§The constant f(1) is related to the Gamma function through f(1) = Γ(0) and is not
well-defined. Since it will be canceled out, we will ignore this issue.
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These results and what we had for the fermion correlation functions in
Eq. 4.10, suggest that we can do the following replacement to calculate the
correlation functions,

ψ±(x) =
1√
2πα

e±i
√

4πφ±(x) . (4.36)

It is really crucial to keep in mind that this is not an operator identity and it is
only valid for calculating the correlation functions of a fermionic model using
a free massless scalar field.

For future calculations it would be handy to define the dual field θ,

θ(x) = φ−(x)− φ+(x) . (4.37)

It can also be written as,

θ(x) =

∫ x

−∞
Π(x′)dx′ , (4.38)

which means that
Π(x) =

dθ

dx
. (4.39)

Finally for later applications it is helpful to know the following correlation
function as well,

〈eiβφ(x)e−iβ
′φ(0)〉 = 〈eiβθ(x)e−iβ

′θ(0)〉 = δβ,β′

(
α2

α2 + x2

) β2

4π

. (4.40)

The presence of the Kronecker delta is due to the invariance of the Hamiltonian,
Eq. 4.18, with respect to a constant shift in φ or θ. This is the so-called
neutrality condition.

Applications

In this section we will first calculate the fermion density operator in terms of
the bosonic fields as an example of using the bosonization dictionary. After
that we will present a detailed derivation of the bosonized Hamiltonian for the
XY model in a longitudinal field. This was used in paper III to study the phase
diagram of the Kitaev-Hubbard (KH) model in the attractive regime. We then
present the bosonized Hamiltonian of the XXZ spin chain where we introduce
the Luttinger parameter K. These two bosonized Hamiltonians contain a term
like cos(βφ) or cos(βθ). Hence to conclude this chapter we study the RG flow
for the coupling constant of such terms. This was used in the study of the KH
model.
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The fermion density operator

The fermion density operator is

j0 = ψ†ψ

= ψ†+ψ+ + ψ†−ψ− . (4.41)

We will rewrite the first term using Eq. 4.36 and the “point splitting” trick,

ψ†+(x)ψ+(x) = lim
`→0

ψ†+(x+ `)ψ+(x)

= lim
`→0

1

2πα
e−i
√

4πφ+(x+`)ei
√

4πφ+(x)

= lim
`→0

1

2πα
e4πG+(`) : e−i

√
4πφ+(x+`)+i

√
4πφ+(x) :

= lim
`→0

1

2πα

α

α− i`
: e−i

√
4π`∂xφ++O(`2) :

= lim
`→0

i

2π(`+ iα)
: 1− i

√
4π`∂xφ+ +O(`2) :

Note that α is a regularizing length scale and is much smaller than any other
length scale, even `. As a result we can neglect α in the denominator,

ψ†+(x)ψ+(x) = lim
`→0

[
i

2π`
+

1√
π

∂φ+

∂x
+O(`)

]
= lim
`→0

(
i

2π`

)
+

1√
π

∂φ+

∂x
. (4.42)

In above the first term represents the Dirac sea in the ground state. Since we
are interested in excitations on top of the Dirac sea we do the normal ordering
and drop the first term, hence we are left with only the second one. Doing the
same calculation for the left movers follows the same path and gives the final
result for the density operator as follows,

: ψ†(x)ψ(x) : =
1√
π

∂φ

∂x
. (4.43)

The XY model in a longitudinal field

As we will later see in chapter 6 the Kitaev-Hubbard model can be mapped to
the XY model in a longitudinal field with the following Hamiltonian,

H = −
∑
j

Jσxj σ
x
j+1 − hσzj + Uσzjσ

z
j+1

= −
∑
j

Jσyj σ
y
j+1 − hσ

x
j + Uσxj σ

x
j+1 , (4.44)
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where the first two terms in the first line are the bosonic incarnation of the
Kitaev model, namely the TFIM (see chapter 2), and the last term represents
a density-density interaction between fermions, i.e. the Hubbard term. Moving
to the second line we used the fact that the physical properties of the model
only depend on the algebra among the operators, and hence made an on-site
rotation on all the lattice sites, x→ y → z → x. Without loss of generality we
assume that J > 0.

Here we will show how the bosonization technique can be applied to this
lattice model and derive the continuum field theory which describes the low
energy physics of it. Then by applying the RG techniques to the field theory
one finds the phase boundary between the trivial phase and the topological
phase of the KH model for attractive interactions, i.e. U < 0. This was done
in paper III .

In the first step we need to find the gapless points of the model for some
specific coupling constants to construct the massless Dirac fermion Hamiltonian
and its operators ψ±. It is well-known that the XY model, Eq. 4.44 with h = 0,
has two gapless points, namely U = ±J [7]. Since we are interested in attractive
interactions we choose U = −J and expand the Hamiltonian around it,

H =
∑
j

−J
(
σxj σ

x
j+1 + σyj σ

y
j+1

)
+ δUσxj σ

x
j+1 − hσxj , (4.45)

where

δU = U + J . (4.46)

We now use the following convention for the JW transformation (different
from Eq. 2.5) [37],

σzj = 2ψ†jψj − 1 ,

σ+
j =

(
eiπ

∑
k<j ψ

†
jψj
)
ψ†j , (4.47)

in which ψj are spinless fermions,

{ψj , ψk} = 0 , (4.48){
ψj , ψ

†
k

}
= δjk . (4.49)

We also use the raising and lowering operators,

σ± =
1

2
(σx ± iσy) . (4.50)
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The XY Hamiltonian in Eq. 4.45 becomes,

HXY =
∑
j

−J
(
σxj σ

x
j+1 + σyj σ

y
j+1

)
=
∑
j

−2J
(
σ+
j σ
−
j+1 + σ−j σ

+
j+1

)
=
∑
j

−2J
[
ψ†j exp(iπnj)ψj+1 + h.c.

]
=
∑
j

−2J
[
ψ†j

(
1− 2ψ†jψj

)
ψj+1 + h.c.

]
=
∑
j

−2J
(
ψ†jψj+1 + ψ†j+1ψj

)
. (4.51)

This can be diagonalized using the Fourier transformation,

ψj =

∫ π

−π

dk

2π
ψ(k)eijk . (4.52)

Performing the Fourier transformation we get,

HXY =

∫ π

−π

dk

2π
(−4J cos k)ψ†(k)ψ(k) . (4.53)

This implies that all the states with momentum −π/2 ≤ k ≤ π/2 are occu-
pied and the other states are empty. The model has a Fermi “surface” which
actually consists of two Fermi points KF = ±π/2. At this point we make an
approximation with which we can read the right and left movers. Since we are
interested in the low energy physics of the model and the low energy excitations
around the two Fermi points, we linearize the model around these two points
with a cut-off Λ,

ψj =

∫ π

−π

dk

2π
ψ(k)eijk

'
∫ Λ

−Λ

dk

2π
ψ(KF + k)eiKF jeijk +

∫ Λ

−Λ

dk

2π
ψ(−KF + k)e−iKF jeijk

=
√
a
[
eiKF jψ+(x) + e−iKF jψ−(x)

]
, (4.54)

where x = ja is the continuum position, a is the lattice size and we defined the
right and the left movers respectively,

ψ±(ja) =

∫ Λ

−Λ

dk

2π
ψ(±KF + k)eijk . (4.55)
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The factor
√
a in Eq. 4.54 is necessary for the correct dimension of the

operators.
Therefore the first hopping term in Eq. 4.51 can be simplified as,∑

j

ψ†jψj+1 '
∑
j

a
[
e−i

π
2 jψ†+(x) + e+iπ2 jψ†−(x)

]
[
ei
π
2 (j+1)ψ+(x+ a) + e−i

π
2 (j+1)ψ−(x+ a)

]
=
∑
j

a
[
ψ†+(x) iψ+(x+ a) + ψ†−(x) (−i)ψ−(x+ a)

]
+
∑
j

a(−1)j
[
(−i)ψ†+(x)ψ−(x+ a) + iψ†−(x)ψ+(x+ a)

]
.

Since the last line is rapidly oscillating over a lattice size we can drop it in the
continuum limit. We also use the fact that ψ±(x) are continuous fields and can
be Taylor expanded,

ψ±(x+ a) = ψ±(x) + a∂xψ± +O(a2) . (4.56)

So the hopping term becomes,∑
j

ψ†jψj+1 '
∑
j

a
[
ψ†+(x) iψ+(x) + ψ†−(x) (−i)ψ−(x)

]
+
∑
j

a2
[
ψ†+(x) i∂xψ+(x) + ψ†−(x) (−i)ψ−(x)

]
+O(a3) .

By adding the Hermitian conjugate to above, the first line will be cancelled
and we arrive at §,

HXY = −4J
∑
j

a2
[
ψ†+(x) i∂xψ+(x) + ψ†−(x) (−i)ψ−(x)

]
(4.57)

→ (4Ja)

∫
dx
[
ψ†+ (−i∂x)ψ+ + ψ†− (i∂x)ψ−

]
. (4.58)

To get the Hamiltonian for a massless Dirac fermion as discussed earlier we
rescale the Hamiltonian,

H0,c =
HXY

4Ja
=

∫
dx
[
ψ†+ (−i∂x)ψ+ + ψ†− (i∂x)ψ−

]
(4.59)

=
1

2

∫ (
Π2 + (∂xφ)

2
)
dx . (4.60)

§We also replace the sum over lattice sites with an integral, i.e.
∑

j afj →
∫
dxf(x = ja).
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The last equality can be shown using Eq. 4.36.
Having the free model at our hand, we can now study the other terms in

the Hamiltonian, Eq. 4.45. We first study the term with the coupling δU ,∑
j

σxj σ
x
j+1 =

∑
j

σ+
j σ

+
j+1 + σ−j σ

−
j+1

+
∑
j

σ+
j σ
−
j+1 + σ−j σ

+
j+1 .

The last two terms are the XY Hamiltonian. Hence they only renormalize the
free Hamiltonian and we neglect them. The first two terms, however, are more
involved,

δU
∑
j

σxj σ
x
j+1 → δU

∑
j

σ+
j σ

+
j+1 + σ−j σ

−
j+1

= δU
∑
j

[
ψ†j exp(iπnj)ψ

†
j+1 + h.c.

]
= δU

∑
j

[
ψ†jψ

†
j+1 + h.c.

]
.

Employing Eq. 4.54 we can further simplify the above equation. For sim-
plicity we continue with the first term,

ψ†jψ
†
j+1 ' a

[
e−i

π
2 jψ†+(x) + e+iπ2 jψ†−(x)

]
[
e−i

π
2 (j+1)ψ†+(x+ a) + e+iπ2 (j+1)ψ†−(x+ a)

]
' 2 i aψ†+(x)ψ†−(x) ,

where in the last term we dropped the fast oscillating and higher order terms
in the Taylor expansion. As a result we have,

δU
∑
j

σxj σ
x
j+1 → 2δU

∑
j

a
[
iψ†+(x)ψ†−(x)− iψ−(x)ψ+(x)

]
= 2δU

∫
dx
[
iψ†+(x)ψ†−(x)− iψ−(x)ψ+(x)

]
. (4.61)

Using the Baker–Campbell–Hausdorff (BCH) formula and the bosnization
dictionary we can rewrite the above equation in terms of bosonic fields,

ψ−ψ+ =
1

2πα
e−i
√

4πφ−e+i
√

4πφ+

=
1

2πα
e−i
√

4π(φ−−φ+)e
1
2 [−i

√
4πφ−,i

√
4πφ+]

=
1

2πα
e−i
√

4πθe−i
π
2 . (4.62)
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Substituting Eq. 4.62 in Eq. 4.61 and rescaling the Hamiltonian we get,

δU
∑
j

σxj σ
x
j+1 → −

1

4Ja

∫
dx

2δU

2πα

[
ei
√

4πθ + e−i
√

4πθ
]

= − δU

2Jaπα

∫
dx cos

(√
4πθ

)
. (4.63)

The last term in the Hamiltonian in Eq. 4.44 corresponds to the longitudinal
field. We can find the bosonic continuum of it as follows,

σxj = σ+
j + σ−j

=
(
eiπ

∑
k<j ψ

†
jψj
)(

ψ†j + ψj

)
.

To simplify we first calculate the exponent in the string operator,

iπ
∑
k<j

ψ†jψj = iπ
∑
k<j

(
: ψ†jψj : +

1

2

)
= iπ

∫ x

0

∂xφ√
π
dx+ i

πj

2

= i
√
π [φ(x)− φ(0)] + i

πj

2
.

Using this result we can continue to simplify, say, σ−j ,

σ−j = ei
√
π[φ(x)−φ(0)]ei

πj
2 ψj

= e−i
√
πφ(0)ei

√
πφ(x)ei

πj
2
√
a
[
ei
πj
2 ψ+(x) + e−i

πj
2 ψ−(x)

]
= e−i

√
πφ(0)ei

√
πφ(x)

√
a
[
(−1)jψ+(x) + ψ−(x)

]
= e−i

√
πφ(0)ei

√
π[φ+(x)+φ−(x)]

√
a

2πα
e−i
√

4πφ−

= e−i
√
πφ(0)eic0e−i

√
πθ(x)

√
a

2πα
,

where we dropped the rapidly oscillating term and defined a phase c0 coming
from the commutation relations of the right and the left movers to get the θ
field. As Giamarchi noted [51] we can choose φ(0) such that it cancels this
phase. Since we are interested in the bulk properties in the continuum limit,
this would not affect the final result. Hence after the rescaling we have,

−h
∑
j

σxj → −
1

4Ja
h

√
a

2πα

∑
j

2 cos
(√
πθ(ja)

)
→ − h

2Ja

1√
2πaα

∫
cos(
√
πθ)dx . (4.64)
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By summing up all the contributions we get the final result,

H =

∫
dx

[
1

2
Π2 +

1

2
(∂xφ)

2 − h

2Ja

1√
2πaα

cos(
√
πθ)− δU

2Jaπα
cos
(√

4πθ
)]

.

(4.65)
We will use the bosonized Hamiltonian in above equation in chapter 6 to

study the phase diagram of the KH model. This will help us to find the phase
boundary between the trivial phase and the topological phase in the attractive
regime. To do so we will also need to know the RG flow of the coupling
which will be presented in the following sections. The predictions for the phase
boundary between the trivial phase and the topological phase based on this
low-energy effective field theory match very well with our numerical results.
More details are presented in chapter 6 and paper III.

In principle we could have done the same for repulsive interactions, i.e.
U > 0. However one needs to note that in the current approach we are im-
plicitly assuming that the RG flow would not generate any new operator to
the Hamiltonian or if new operators are generated they would have a negligi-
ble effect. This assumption breaks down for the repulsive interactions and the
bosonization approach becomes much more involved [54,55].

The spin- 1
2 XXZ chain

Although the spin- 1
2 XYZ chain is exactly solvable by means of Bethe ansatz

[13], it is quite convenient to have a low-energy field theory description of it.
This is practical in performing detailed calculations regarding the ground state
properties of the model and in recognizing the connections between this model
and the other ones where much less is known. The Hamiltonian of the spin- 1

2
XXZ chain reads,

HXXZ =
∑
j

−J
(
σxj σ

x
j+1 + σyj σ

y
j+1

)
+ Jzσ

z
jσ

z
j+1 . (4.66)

Without loss of generality we can assume that J > 0. Using the JW transfor-
mation and our previous result in Eq. 4.51 we get,

HXXZ =
∑
j

−2J
(
ψ†jψj+1 + ψ†j+1ψj

)
+ 4Jz

(
ψ†jψj −

1

2

)(
ψ†j+1ψj+1 −

1

2

)
.

(4.67)
First of all we note that the total number of particles is conserved. Moreover the
free hopping Hamiltonian has a cos k band where all the modes with −π/2 ≤
k ≤ π/2 are filled. Therefore the ground state of the first two terms is at half-
filling. Since the free hopping model gives us the massless Dirac Hamiltonian,
we use the half-filled ground state to study the effect of the interaction on it
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and simplify the last term in above equation,

ψ†jψj −
1

2
= : ψ†jψj : . (4.68)

Now we use Eq. 4.54 to rewrite the interaction term,

: ψ†jψj : = a :
[
e−i

π
2 jψ†+(x) + e+iπ2 jψ†−(x)

]
[
ei
π
2 jψ+(x) + e−i

π
2 jψ−(x)

]
:

= a
[
: ψ†+(x)ψ+(x) + ψ†−(x)ψ−(x) :

]
+ a(−1)j

[
ψ†+(x)ψ−(x) + ψ†−(x)ψ+(x)

]
= a

1√
π

∂φ

∂x
+ a(−1)j

[
ψ†+(x)ψ−(x) + ψ†−(x)ψ+(x)

]
,

where in the last line we also used Eq. 4.43. As a result we have,

(
ψ†jψj −

1

2

)(
ψ†j+1ψj+1 −

1

2

)
= a2

(
1√
π

∂φ

∂x

)2

− a2
[
ψ†+(x)ψ−(x) + ψ†−(x)ψ+(x)

]2
, (4.69)

in which we dropped the oscillatory terms with the factor (−1)j and neglected
the terms of the order O(a3). The first term is already in terms of bosonic
fields. Utilizing Eq. 4.36 we carry on with second one,

ψ†+(x)ψ−(x) + ψ†−(x)ψ+(x) =
1

2πα
e−i
√

4πφ+(x)e−i
√

4πφ−(x) + h.c.

=
1

2πα
e−i
√

4πφ(x)e−
1
2 4π i4 + h.c.

= − 1

πα
sin(
√

4πφ) ,
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where in the second line we used the BCH formula in accompany with Eq. 4.20.
Now we use point splitting,[
ψ†+(x)ψ−(x) + ψ†−(x)ψ+(x)

]2
=

[
1

πα
sin
(√

4πφ(x)
)]2

= lim
`→0

1

π2α2

(
1

2i

)2

[
ei
√

4πφ(x+`) − e−i
√

4πφ(x+`)
]

[
ei
√

4πφ(x) − e−i
√

4πφ(x)
]

= lim
`→0

−1

2π2α2
cos
(√

4πφ(x+ `) +
√

4πφ(x)
)

+ lim
`→0

1

2π2α2
cos
(√

4πφ(x+ `)−
√

4πφ(x)
)

=
−1

2π2α2
cos
(√

16πφ(x)
)

+ lim
`→0

1

2π2α2
cos
(√

4πφ(x+ `)−
√

4πφ(x)
)
.

To simplify the second term we use Eqs. 4.30 and 4.32,

lim
`→0

1

2π2α2
cos
(√

4πφ(x+ `)−
√

4πφ(x)
)

= lim
`→0

1

4π2α2

[
ei
√

4π(φ(x+`)−φ(x)) + e−i
√

4π(φ(x+`)−φ(x))
]

= lim
`→0

e4πG(`)

4π2α2
:
[
ei
√

4π(φ(x+`)−φ(x)) + e−i
√

4π(φ(x+`)−φ(x))
]

:

= lim
`→0

1

2π2 (`2 + α2)
: cos

(√
4πφ(x+ `)−

√
4πφ(x)

)
:

= lim
`→0

1

2π2 (`2 + α2)
: 1− 1

2

(√
4π`

∂φ

∂x

)2

+O(`4) :

= − 1

π

(
∂φ

∂x

)2

.

Putting it altogether we get,[
ψ†+(x)ψ−(x) + ψ†−(x)ψ+(x)

]2
= − 1

π

(
∂φ

∂x

)2

− 1

2π2α2
cos
(√

16πφ(x)
)
.

(4.70)
Using Eqs. 4.69 and 4.70 we conclude that,∑

j

Jzσ
z
jσ

z
j+1 = 4Jza

2
∑
j

[
2

π

(
∂φ

∂x

)2

+
1

2π2α2
cos
(√

16πφ(x)
)]

.
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By changing the sum to integral and scaling it with 1/4Ja we get,

∑
j

Jzσ
z
jσ

z
j+1 →

Jz
J

∫
dx

[
2

π

(
∂φ

∂x

)2

+
1

2π2α2
cos
(√

16πφ(x)
)]

. (4.71)

Having the low-energy field theory for the interaction term, we can write the
full bosonized Hamiltonian,

HXXZ =

∫
dx

[
1

2
Π2 +

1

2

(
1 +

4Jz
πJ

)
(∂xφ)

2
+

Jz
2π2α2J

cos
(√

16πφ(x)
)]

.

(4.72)
Defining the Luttinger parameter K, as,

K =
1√

1 + 4Jz
πJ

, (4.73)

and multiplying the Hamiltonian with K, we get,

Heff = KHXXZ

=

∫
dx

[
K

2
Π2 +

1

2K
(∂xφ)

2
+

KJz
2π2α2J

cos
(√

16πφ(x)
)]

.

We can rescale the bosonic fields such that they still satisfy their commu-
tation relation,

φ′ =
1√
K
φ (4.74)

Π′ =
√
KΠ . (4.75)

By defining a new effective coupling ∆,

∆ =
KJz

2π2α2J
, (4.76)

we have the final result for the effective low-energy Hamiltonian,

Heff =

∫
dx

[
1

2
Π2 +

1

2
(∂xφ)

2
+ ∆ cos

(√
16πKφ(x)

)]
. (4.77)

The important property of this effective Hamiltonian is that it still has
the free part and the interaction is absorbed in the Luttinger parameter K
and presented through the cos term. For some interactions, everything can
be absorbed in the Luttinger parameter and hence in the end the bosonized
Hamiltonian has only the free term [51, 53]. One should note that, however,
in such cases two-point correlation functions in the fermionic model will be
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affected by the Luttinger parameter, since we need to make the appropriate
changes in the bosonization dictionary,

ψ± =
1√
2πα

e
i
√
π
(
± φ√

K
−
√
Kθ
)
. (4.78)

This new bosonization dictionary and the Luttinger parameter will be used in
chapter 7 to study effective low-energy properties of Fock parafermions hopping
on a one dimensional lattice.

The renormalization group flow

We derived the effective low-energy model for the both Kitaev-Habbuard model
and the spin- 1

2 XXZ chain. In addition to the Hamiltonian they both have cos
terms. Except studying the saddle points of the cos terms one can derive the
RG flow for them which also helps to explore the phase diagram.

The essential idea of RG is that the phase diagram and the low-energy
properties of a given system do not depend on the details. These “details”
represent themselves through the high-energy/momentum modes. These high-
energy modes in a free model are decoupled from the low-energy modes, and
hence can be simply ignored. For an interacting model, however, all the modes
are interacting with each other and hence should be taken into account. There-
fore to consider the effect of the high-energy modes, one integrates them out
which in turn gives rise to effective couplings for the low-energy modes. During
this procedure the original coupling constants in the model get “renormalized”
and new couplings could be also generated. This procedure can be done per-
turbatively using the standard path integral techniques [6, 8, 10].

For a free scalar field in two dimensions, or 1 + 1 as it is the case here, the
dominant term in the RG flow of a term like ∆ cos(βx) is,

d log ∆

dl
= 2− β2

4π
, (4.79)

where we used l to parametrize the RG flow. This will help us in chapter 6 to
find the phase boundary between the topological phase and the trivial phase of
the KH model in the attractive regime. As we will show, the predictions from
the field theory match very well with the numerics. Hence the first term in the
RG flow captures the essential physics.

We can again comment on the bosonization for the KH model with repulsive
interactions. In general one needs to treat ∆ and K in Eq.4.77 independently
and study their coupled flow equations. This procedure, although it can be
done to some extend, is usually involved. For the attractive regime, as it turns
out, we can ignore the RG flow of the Luttinger parameter and set K = 1, but
this very assumption breaks down in the repulsive regime. Moreover the RG
flow in the repulsive regime generates new operators which were not originally
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in the model. This means that to study the model we need to start with a more
general model from the very beginning to keep everything under the control.
We do not go through this analysis in this thesis.



Chapter 5

A short introduction to matrix product states

Introduction

This chapter is devoted to the matrix product states (MPS) which is the build-
ing block of density matrix renormalization group (DMRG). This is the nu-
merical method which was used in paper III (see chapter 6) and paper IV (see
chapter 7). The basic idea is that to write down the ground state and the
few low-lying excited states there is no need to use the full Hilbert space and
one can restrict the numerical optimization to a subspace of it. This subspace
has a special feature, namely the entanglement entropy of a subsystem scales
with its area rather than its volume [56]. This is an important feature of the
ground state wavefunction of one dimensional gapped systems [57], the systems
of our interest in many cases. In addition the MPS ansatz can also capture
one dimensional critical models where the entanglement entropy of a subsystem
grows logarithmically with its size. Let us make this more concrete.

Consider a chain of size L. On each lattice site i, there exists a “spin” si
which can take values si = 0, 1, · · · , q − 1. Therefore the full Hilbert space has
the dimension D = qL. In principle any given state |ψ〉 can be written as a
linear combination of all the states,

|ψ〉 =
∑
{si}

cs1,··· ,sL |s1, · · · , sL〉 . (5.1)

This means that to specify a typical state we need to determine qL complex
numbers cs1,··· ,sL .

But what are we interested in? Are we interested in the full many-body
spectrum or just the ground state and maybe the few low-lying ones?

If we are interested in the zero temperature behaviour of a system, we need
to know the ground state §. Therefore, one would ask: Does the ground state
of a quantum Hamiltonian with local interactions have a special feature with
which one can simplify the general linear combination in Eq. 5.1 or put some
constraint on it?

It turns out that entanglement entropy (EE) is the feature which distin-
guishes the ground state from a typical state at finite energy density in the

§For a gapped system with a gap ∆, this can be relaxed to the cases where T � ∆/kB
where kB is the Boltzmann constant.
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middle of the many-body spectrum [56]. To quantify EE consider a biparti-
tion of a system described by a state |ψ〉, to two subsystems A and B with
the Hilbert spaces HA of dimension DA and HB of dimension DB respectively.
The state can be expanded as,

|ψ〉 =
∑
a,b

ψab |ea〉 |ẽb〉 , (5.2)

where the sets {ea} and {ẽb} form a complete orthonormal basis for the Hilbert
spaces HA and HB respectively. Using the singular value decomposition and
defining M as the Schmidt rank (M ≤ min(DA,DB)) we can get the Schmidt
decomposition of the state,

|ψ〉 =

M∑
i=1

λi |i〉A |i〉B , (5.3)

where the sets {|i〉A} and {|i〉B} are orthonormal vectors in HA and HB and
λi ∈ R+. Note that, unlike Eq. 5.2, there is a single sum in above equation.

To define the EE between the two subsystems we need to use the reduced
density matrix for one of the subsystems, say A,

ρA = TrB |ψ〉〈ψ|

=

M∑
i=1

λ2
i |i〉A A〈i| , (5.4)

where TrB is the trace over the B subsystem. It is also easy to calculate the
reduced density matrix for B,

ρB = TrA|ψ〉〈ψ|

=

M∑
i=1

λ2
i |i〉B B〈i| . (5.5)

Now we are in the position to define entanglement entropy (also known as
von-Neumann entropy) between the two subsystems:

SA|B = −TrρA ln ρA = −TrρB ln ρB . (5.6)

This can be written in terms of the Schmidt eigenvalues {λi} (which also proves
the equality in above equation),

SA|B = −
M∑
i=1

λ2
i lnλ2

i . (5.7)
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Note that in literature one can also find the definition with log2 λ
2
i which

changes SA|B in Eq. 5.7 by a factor of 1/ ln 2.
We may interpret the EE as follows. Intuitively EE captures the “deviation”

from a “classical” state namely a product state. Consider a sate which can be
written as a product state |ψ〉 = |fA〉 |f̃B〉 with |fA〉 and |f̃B〉 two unit vectors
in HA and HB . Such a state is already in the Schmidt form with M = 1 and
λ1 = 1. Therefore there is no EE between the two subsystems, i.e. SA|B = 0. A
simple example of this case for two spins is |↑↑〉, for which both reduce density
matrices are |↑〉 〈↑|. However the state

1√
2

(|↑↑〉+ |↓↓〉) , (5.8)

gives,

ρA =
1

2
1A , ρB =

1

2
1B , (5.9)

for which the von-Neumann entropy is SA|B = ln 2. The state in Eq. 5.8 is a
maximally entangled state. This was a simple example to show that non-zero
EE of a given state shows that how much the state “deviates” from a simple
product state.

To appreciate an important feature regarding the EE of the ground state
of local Hamiltonians, we need to recall extensive quantities in thermodynam-
ics. Studying thermodynamics and statistical mechanics of quantum systems
in equilibrium at finite temperature T § can be done by replacing the von-
Neumann entropy as the entropy of the system [58,59] (for dimensional reasons
we need to multiply by kB),

kBSvN = −kBTrρ ln ρ . (5.10)

By plugging the thermal density matrix,

ρTh =
e−βH

Z
, (5.11)

where β = 1/kBT , H is the Hamiltonian and Z is the partition function in
Eq. 5.10 we get,

kBSvN =
U − F
T

. (5.12)

where U is the total energy and F is the free energy of the system and they are
both extensive quantities in the system’s volume. The entropy probes all the
many-body spectrum and hence is extensive in the system’s volume, a quite
crucial feature for the thermodynamics.

Naively we may expect that the EE between the subsystems does also scale
with the volume. This, however, turns out to be wrong. It has been shown that

§Just for the systems which thermalize.



66 Chapter 5. A short introduction to matrix product states

for the ground state of a gapped local Hamiltonian, the EE between the two
subsystems scales with the size of the boundary between them [56, 57, 60–62].
This is the so-called are law and has been proved for one dimensional gapped
systems [57] for which the EE between two subsystems is simply constant.

Now we can rephrase our previous questions. How can we rewrite the
wavefunction or “compress” our representation such that it captures the ground
state of gapped one-dimensional systems?

Historically DMRG and MPS were not started in this way. In the begin-
ning DMRG was proposed to overcome the failure of the block renormalization
group [63–65]. Later the connection between the DMRG and an MPS repre-
sentation of an infinite system was found [66]. It was also shown that based
on the DMRG algorithm for a finite system size, the quantum state which is
being variationally minimized has an MPS form [67].

In what follows we present the basics of an MPS representation, mainly
following Ref. [65]. As an example we write down the exact ground state of
the Affleck-Kennedy-Lieb-Tasaki (AKLT) Hamiltonian in the MPS form and
calculate some two-point correlation functions of it [68,69]. Implementation of
MPS as an ansatz for the ground state wavefunction and discussing efficient
numerical algorithms for variational optimization of it are beyond the scope of
this thesis. For the numerical simulations in the following chapters we have
used the ALPS libraries [70–72], one of the standard and very well optimized
packages §.

Canonical matrix product states

An essential tool to use MPS is the singular value decomposition (SVD) of a
matrix. Given an arbitrary rectangular matrix C of size Nr ×Nc, matrices U ,
Λ and V † exist such that,

C = UΛV † , (5.13)

in which U has the dimension Nr × min(Nr, Nc) with orthonormal columns
U†U = 1, Λ is a min(Nr, Nc) × min(Nr, Nc) diagonal matrix with real non-
negative elements and V † has the dimension min(Nr, Nc)×Nc with orthonormal
rows V †V = 1. In what follows we reduce the dimension of the matrix Λ from
min(Nr, Nc) to M ≤ min(Nr, Nc) which is defined as the (Schmidt) rank of
the matrix C and denotes the number its non-zero Schmidt eigenvalues.

Using SVD we can actually prove the Schmidt decomposition and under-
stand the role of the matrix Λ. We rewrite the matrix ψab in Eq. 5.2 using

§The author of this thesis is mainly interested in analytical approaches. Simultaneously
the author is completely aware of the importance of numerical simulations and appreciate
their values. The main goal, however, is understanding the basic underlying ideas and con-
cepts of numerical approaches and be able to use the tools developed in such fields.



5.2. Canonical matrix product states 67

SVD,

|ψ〉 =

NA∑
a=1

NB∑
b=1

ψab |ea〉 |ẽb〉

=

NA∑
a=1

NB∑
b=1

(
UΛV †

)
ab
|ea〉 |ẽb〉

=

NA∑
a=1

NB∑
b=1

min(NA,NB)∑
i=1

UaiλiV
†
ib |ea〉 |ẽb〉

=

M∑
i=1

λi

(
NA∑
a=1

Uai |ea〉

)(
NB∑
b=1

V †ib |ẽb〉

)
. (5.14)

We applied SVD to the matrix ψab which gives the second line. In the third
line § we expanded the matrix multiplication in terms of the matrices’ elements
and group them appropriately to read the orthonormal set of vectors {|i〉A/B}.
Note that in the last line we only kept the M non-zero entries.

We need to show that the new set of vectors defined in the parenthesis in
above equation are orthonormal,

(
NA∑
a′=1

U∗a′j 〈ea′ |

)(
NA∑
a=1

Uai |ea〉

)
=

NA∑
a=1

NA∑
a′=1

U∗a′jUai 〈ea′ |ea〉

=

NA∑
a=1

NA∑
a′=1

U∗a′jUaiδa′a

=

NA∑
a=1

U∗ajUai

=

NA∑
a=1

(
U†
)
ja
Uai

=
(
U†U

)
ji

= δji .

In the same way one can show that the new set of vectors in the B subspace

§V †
ib is the ib entry of the matrix V †.
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are also orthonormal. So by defining,

|i〉A =

NA∑
a=1

Uai |ea〉 , (5.15)

|i〉B =

NB∑
b=1

V †ib |ẽb〉 , (5.16)

Eq. 5.14 simplifies to the Schmidt decomposition as we had in Eq. 5.3. There-
fore the eigenvalues of the matrix Λ determine the EE between the two sub-
systems.

Now we want to write down an arbitrary wavefunction in an MPS form.
We first present the so-called left-canonical form which will be used in studying
the AKLT model and then discuss the mixed-canonical form which is useful
for understanding some of the concepts and the numerical implementations in
DMRG.

Left-canonical MPS

Consider a one dimensional system of size L. On each site a “spin” variable
lives which can take the values s = 0, 1, · · · , q− 1. In general the wavefunction
is,

|ψ〉 =
∑
{si}

cs1,··· ,sL |s1, · · · , sL〉 . (5.17)

We want to rewrite the coefficients in the MPS form. We need to use SVD for
which we should reshape the coefficients cs1,··· ,sL and make a matrix C(1),

C(1)
s1s2

= cs1,··· ,sL , (5.18)

where we used the notation sn = sn, · · · , sL. The matrix C(1) is of dimension
q × qL−1. Applying SVD we get,

cs1,··· ,sL = C(1)
s1s2

=

M1∑
i1=1

U
(1)
s1i1

Λ
(1)
i1
V

(1)†
i1s2

.

Note that M1 ≤ q. We define a set of vectors {As1} with the elements,

As1i = U
(1)
s1i

. (5.19)

So we have,

cs1,··· ,sL =

M1∑
i1=1

As1i1

(
Λ(1)V (1)†

)
i1s2

. (5.20)
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We now reshape the matrix
(
Λ(1)V (1)†),(

Λ(1)V (1)†
)
i1s2

=
(

Λ(1)V (1)†
)

(i1s2)s3

= C
(2)
(i1s2)s3

The matrix C(2) has the dimension (M1q)× qL−2. Using SVD we get,

cs1,··· ,sL =

M1∑
i1=1

As1i1C
(2)
(i1s2)s3

=

M1∑
i1=1

As1i1

M2∑
i2=1

U
(2)
(i1s2)i2

Λ
(2)
i2
V

(2)†
i2s3

.

Note thatM2 ≤M1q. We now define a set of matrices {As2} with the elements,

As2i1i2 = U
(2)
(i1s2)i2

. (5.21)

Therefore we have,

cs1,··· ,sL =

M1∑
i1=1

M2∑
i2=1

As1i1A
s2
i1i2

(
Λ(2)V (2)†

)
i2s3

. (5.22)

One can, of course, continue by defining the matrices C(n) using the matrix
Λ(n−1)V (n−1)†, applying SVD and reading the set of matrices {Asn}. Doing so
we get the MPS form,

cs1,··· ,sL =
∑

i1,··· ,iL−1

As1i1A
s2
i1i2
· · ·AsL−1

iL−2iL−1
AsLiL−1

(5.23)

= As1As2 · · ·AsL−1AsL . (5.24)

We need to make a few comments.

1) In general the matrices are site dependent. For a model defined on a ring,
as we will discuss for the AKLT Hamiltonian, or an infinite system we can
assume that we only need to determine a set of q matrices A0, · · · , Aq−1.

2) For an open chain as we discussed above {As1} are row vectors and {AsL}
are column vectors. Therefore Eq. 5.23 does give a number indeed. Using
the braket notation we may write it as

cs1,··· ,sL = 〈As1 |As2 · · ·AsL−1 |AsL〉 . (5.25)

3) In principle we haveM1 ≤ min(q, qL−1), which can be simplified toM1 ≤
q. The same simplification was done for M2. Continuing this procedure,
one can show that in the middle of the chain the rankM saturates to qL/2
and then it decreases again. This can be shown either by the definition
of M or simply by starting from the other end of the chain. For instance
as we mentioned in 2) the matrices AsL are actually column vectors.



70 Chapter 5. A short introduction to matrix product states

4) The fact that U†U = 1 in SVD implies that,∑
si

Asi†Asi = 1 . (5.26)

This is usually called left-normalization.

5) We can rewrite the wavefunction and decompose it at an arbitrary site l
as follows,

|ψ〉 =
∑
{si}

cs1,··· ,sL |s1, · · · , sL〉

=
∑
{si}

As1As2 · · ·AsL−1AsL |s1, · · · , sL〉

=
∑
il

 ∑
{s1,··· ,sl}

(As1As2 · · ·Asl)il |s1, · · · , sl〉


 ∑
{sl+1,··· ,sL}

(Asl+1Asl+2 · · ·AsL)il |sl+1, · · · , sL〉

 .

One can check that the set {|il〉A},

|il〉A =
∑

{s1,··· ,sl}

(As1As2 · · ·Asl)il |s1, · · · , sl〉 , (5.27)

consists of orthonormal vectors in the subsystem A, owing to the left-
normalization of the As matrices (Eq. 5.26). The set {|ĩl〉B}

|ĩl〉B =
∑

{sl+1,··· ,sL}

(Asl+1Asl+2 · · ·AsL)il |sl+1, · · · , sL〉 , (5.28)

however, is not an orthonormal set.

Above we started from the left side of the chain, but one can also start
from the right side of the chain. To connect this formalism with the Schmidt
decomposition and the EE we look into the mixed-canonical form, in which we
somehow discuss the the right-canonical one as well.

To have an MPS in its left-canonical form the set of matrices {As} should
satisfy Eq. 5.26 as well Eq. 5.43 which will be discussed in the next section.

Mixed-canonical MPS

Let us assume that we have found the Asi matrices upto site l,

cs1,··· ,sL = As1i1A
s2
i1i2
· · ·Aslil−1il

Λ
(l)
il
V

(l)†
ilsl

. (5.29)
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In above the sum over repeated indices is implicit. We now focus on V (l)†. One
can reshape it as,

C̃
(l)
(il,sl,··· ,sL−1)sL

= V
(l)†
ilsl

, (5.30)

and perform SVD starting from site L,

C̃
(l)
(il,sl,··· ,sL−1)sL

= Ũ
(l)
(il,sl,··· ,sL−1)iL−1

Λ
(L−1)
iL−1 Ṽ

(L−1)†
iL−1sL

, (5.31)

with which we can define the set of column vectors {BsL} with the elements

BsLi = Ṽ
(L−1)†
i sL

. (5.32)

We can repeat this procedure as we did for the A matrices and define the Bsj
matrices upto the site l + 1. Having done that Eq. 5.29 simplifies to,

cs1,··· ,sL = As1i1A
s2
i1i2
· · ·Aslil−1il

Λ
(l)
il
B
sl+1

ilil+1
B
sl+2

il+1il+2
· · ·BsLiL−1

. (5.33)

In matrix notation we can write it as,

cs1,··· ,sL = As1As2 · · ·AslΛ(l)Bsl+1 · · ·BsL−1BsL . (5.34)

We remind that the set {As1} are row vectors and the set {BsL} are column
vectors. So the right hand side of the above equation returns a number. As it
was the case for the A matrices, the fact that V †V = 1 implies that,

∑
si

BsiBsi† = 1 . (5.35)

Now consider the following set of vectors,

|il〉A =
∑

s1,··· ,sl

(As1As2 · · ·Asl)il |s1, · · · , sl〉 , (5.36)

|il〉B =
∑

sl+1,··· ,sL

(Bsl+1 · · ·BsL−1BsL)il |sl+1, · · · , sL〉 , (5.37)

where in the first equation we need the il-th component of the row vector
(As1As2 · · ·Asl) and in the second one we need the il-th component of the
column vector (Bsl+1 · · ·BsL−1BsL). These are orthonormal sets. The proof is
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as follows,

A 〈jl|il〉A =
∑

s′1,··· ,s′l

∑
s1,··· ,sl

A
s′l∗
α′l−1jl

· · ·As
′
2∗
α′1α

′
2
A
s′1∗
α′1
As1α1

As2α1α2
· · ·Aslαl−1il

× 〈s′1, · · · , s′l|s1, · · · , sl〉

=
∑

s1,··· ,sl

Asl∗α′l−1jl
· · ·As2∗α′1α′2A

s1∗
α′1
As1α1

As2α1α2
· · ·Aslαl−1il

=
∑

s2,··· ,sl

Asl∗α′l−1jl
· · ·As2∗α′1α′2

(∑
s1

As1†As1

)
α′1α1

As2α1α2
· · ·Aslαl−1il

=
∑

s2,··· ,sl

Asl∗α′l−1jl
· · ·As2∗α′1α′2δα′1α1

As2α1α2
· · ·Aslαl−1il

=
∑

s3,··· ,sl

Asl∗α′l−1jl
· · ·

(∑
s2

As2∗α1α′2
As2α1α2

)
· · ·Aslαl−1il

=
∑

s3,··· ,sl

Asl∗α′l−1jl
· · ·

(∑
s2

As2†α′2α1
As2α1α2

)
· · ·Aslαl−1il

=
∑

s3,··· ,sl

Asl∗α′l−1jl
· · · δα′2α2

· · ·Aslαl−1il

= δjlil .

In above derivation we just used the normalization property of the sets of
{Asi} matrices, Eq. 5.26, for si ∈ {s1, · · · , sl}. In the same way, using the
normalization of the sets of {Bsi} matrices, Eq. 5.35, for si ∈ {sl+1, · · · , sL}
one can show that,

B 〈jl|il〉B = δjlil . (5.38)

Therefore we conclude that the sets {|i〉A} and {|i〉B} consist of orthonormal
vectors. We are now prepared to make the connection with the Schmidt de-
composition,

|ψ〉 =
∑
{si}

cs1,··· ,sL |s1, · · · , sL〉

=
∑
{si}

As1As2 · · ·AslΛ(l)Bsl+1 · · ·BsL−1BsL |s1, · · · , sL〉

=
∑
il

∑
{si}

(As1As2 · · ·Asl)il Λ
(l)
il

(Bsl+1 · · ·BsL−1BsL)il |s1, · · · , sL〉

=
∑
il

|il〉A λ
(l)
il
|il〉B , (5.39)
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where in the last line we used λ(l)
il

to denote the il-th diagonal element of the
matrix Λ(l).

We can now derive [73] another requirement for the set of {As} matrices
to be in the canonical form. To do so consider the Schmidt decomposition of
a state |ψ〉 for two cases. In one case the subsystem A consists of the sites
1, · · · , l − 1, l as we have in Eq. 5.39 and in the other it consists of of the sites
1, · · · , l − 1,

|ψ〉 =
∑
il−1

|il−1〉Al−1
λ

(l−1)
il−1

|il−1〉Bl−1
. (5.40)

To avoid confusion we changed the subscripts of the Schmidt eigenvectors to Al
and Bl. We can easily calculate the reduced density matrix for the subsystem
Al−1,

ρAl−1
=
∑
il−1

(
λ

(l−1)
il−1

)2

|il−1〉Al−1 Al−1
〈il−1| (5.41)

Using Eq. 5.36 we can rewrite Eq. 5.39,

|ψ〉 =
∑
il

|il〉Al λ
(l)
il
|il〉Bl

=
∑
il

∑
s1,··· ,sl

(As1As2 · · ·Asl)il |s1, · · · , sl〉λ(l)
il
|il〉Bl

=
∑
il,il−1

∑
s1,··· ,sl−1

(As1As2 · · ·Asl−1)il−1
|s1, · · · , sl−1〉︸ ︷︷ ︸

|il−1〉Al−1∑
sl

Aslil−1il
|sl〉λ(l)

il
|il〉Bl

=
∑
il−1

|il−1〉Al−1

∑
il

∑
sl

Aslil−1il
|sl〉λ(l)

il
|il〉Bl .

Employing the above equation we can calculate the reduced density matrix for
the subsystem Al−1 in another way,

ρAl−1
=
∑
il−1

∑
sl,il

Aslil−1il

(
λ

(l)
il

)2

Asl†ilil−1

 |il−1〉Al−1 Al−1
〈il−1| . (5.42)

The second requirement is based on Eqs. 5.41 and 5.42 and demands that,∑
sl

Asl
(
λ(l)
)2

Asl† =
(
λ(l−1)

)2

. (5.43)

The set of {As} matrices which satisfy both Eqs. 5.26 and 5.43 are called left-
canonical matrices. In above we showed that by our construction Eq. 5.43 is
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already satisfied for the diagonal entries. One can prove that using the freedom
in the matrices, namely Asi → AsiTi and Asi+1 → T−1

i Asi+1 for an invertible
matrix Ti, the full matrix equation can be satisfied [74].

As it is clear using the mixed-canonical MPS we get the Schmidt decom-
position. Now it became clear that the information on the entanglement is
encoded in the matrices Λ(l). We mentioned that for one dimensional gapped
local Hamiltonian the EE between two subsystems in the ground state, SA|B ,
is constant. Moreover recall that for a maximally entangled state the von-
Neumann entropy is lnχ where χ is the Hilbert space dimension. We conclude
that the subspace of the full many-body Hilbert space, of dimension qL, in
which the ground state lives has the dimension χ ∼ eSA|B . Since the EE, SA|B ,
is a constant, the dimension of this subspace is finite. This means that in
Eq. 5.39 it is sufficient to only consider a finite number of eigenvalues, inde-
pendent of the system size.

We can further expand this and say that for all the Schmidt decomposition
that we made through the procedure of finding the MPS form, it is actually
sufficient to only keep a finite number of states. Therefore we do not need
to keep growing the size of the matrices, i.e. Mn. One can simply consider
a fixed bond dimension χ for all the matrices A and be sure that such an
ansatz can encode the ground state information in itself. It has been shown
that for a gapped system SA|B ∼ ln ξ where ξ is the correlation length and
of the order of inverse of the gap, 1/∆ [75]. This means that χ ∼ ξ ∼ 1/∆.
Variational optimization of such an ansatz is the main task of the density matrix
renormalization group (DMRG).

Usually gapped systems in one dimension are separated by a second order
phase transition which can be described by a conformal field theory (CFT) [7].
Approaching the critical point results in the divergence of the correlation length
and hence one can wonder whether the MPS ansatz is useful. The EE of a one
dimensinal system at criticality has been calculated [75–77]. For a system of
size L the maximum EE is between the two halves of the system and it scales
as S(L/2) ∼ (c/6) lnL where c is the central charge. Therefore the bond
dimension scales as χ ∼ Lc/6 with the system size. Although this is not a
constant, it is not an exponential function either. It has a power law form
and it is possible indeed to use an MPS ansatz at critical points or in critical
phases with a rather small central charge. As we will show in the next chapters
DMRG can capture the gapless phases with the central charge c = 1 and c = 2,
though in such cases the numerics is usually more time consuming.

The AKLT chain

To illustrate the MPS formalism in this section we go through the Affleck-
Kennedy-Lieb-Tasaki (AKLT) chain and present its ground state in an MPS
form and calculate a few correlation functions of it. Consider a closed chain
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(a ring) of size L with a S = 1 spin on each site. The AKLT Hamiltonian
is [68,69],

H =
∑
j

[
1

6
(Sj .Sj+1)

2
+

1

2
Sj .Sj+1 +

1

3

]
(5.44)

=
∑
j

P (2) (Sj + Sj+1) . (5.45)

The Hamiltonian acts on all bonds between two neighbouring spins and project
them to the S = 2 subspace. Since the Hamiltonian is a sum of projectors, the
lowest possible energy is zero. Hence if we find a state which is annihilated by
the projection operators, it is a ground state.

There is a nice trick to find the ground state [68]. Based on the SU(2)
algebra we know that, fusing two spin− 1

2 gives a spin−0 sector with a singlet
state,

|0; 0〉 = |S = 0;Sz = 0〉 =
|↑↓〉 − |↓↑〉√

2
, (5.46)

and a spin−1 sector,

|1; +1〉 = |S = 1;Sz = +1〉 = |↑↑〉 , (5.47)

|1; 0〉 = |S = 1;Sz = 0〉 =
|↑↓〉+ |↓↑〉√

2
, (5.48)

|1;−1〉 = |S = 1;Sz = −1〉 = |↓↓〉 . (5.49)

Figure 5.1: The ground state of the AKLT chain. Each small circle is a S = 1/2
spin. Two of them, a white and a black one, fuse to a S = 1 spin, indicated
by a solid black line and a larger circle. Two S = 1/2 spins from neighbouring
S = 1 spins form a singlet, shown by a wavy blue line.

As it is shown in Fig. 5.1 consider L pairs of S = 1/2 spins. A pair, consists
of a white circle and a black circle, is shown by a big circle. By fusing a pair of
S = 1/2 spins, we can choose the S = 1 sector and retrieve the original degrees
of freedom. To have a state annihilated by the projection in Eq. 5.44, we make
a singlet out of two S = 1/2 spins from neighbouring pairs. This is shown with
a wavy blue line in Fig. 5.1. For example for the pairs j and j + 1 we perform



76 Chapter 5. A short introduction to matrix product states

this as follows, (
1

2
⊗ 1

2

)
︸ ︷︷ ︸

j

⊗
(

1

2
⊗ 1

2

)
︸ ︷︷ ︸

j+1

=
1

2
⊗
(

1

2
⊗ 1

2

)
⊗ 1

2

=
1

2
⊗ (0⊕ 1)︸ ︷︷ ︸

Choose singlet

⊗1

2

=
1

2
⊗ 0⊗ 1

2

=
1

2
⊗ 1

2
= 0⊕ 1 ,

which is of course annihilated by P (2) (Sj + Sj+1).
We now put this ground state into an MPS form. We first write the singlets’

wavefunction. The jth singlet consists of the black spin− 1
2 from the pair j and

the white spin− 1
2 from the pair j + 1. Such a singlet can be written as,

|↑↓〉 − |↓↑〉√
2

=
∑
bj=↑,↓

∑
wj+1=↑,↓

S
(0;0)
bjwj+1

|bjwj+1〉 , (5.50)

with,

S(0;0) =

(
0 1√

2

− 1√
2

0

)
. (5.51)

Therefore making all the singlets gives us,

|All singlets 〉 =
∑
{b},{w}

S
(0;0)
b1w2

S
(0;0)
b2w3
· · ·S(0;0)

bL−1wL
S

(0;0)
bLw1

|w1b1 · · ·wLbL〉 , (5.52)

where we considered the model on a closed chain.
We now need to fuse the pair (wj , bj) and form a S = 1 spin to retrieve the

original degrees of freedom. Note that the fusion can give any of the triplet
states in Eq. 5.47. Therefore a general fusion can be done by,

F =
∏
j

 ∑
Sz,j ,wjbj

S
(1;Sz,j)
wjbj

|S = 1;Sz,j〉 〈wjbj |

 , (5.53)

where,

S(1;+1) =

(
1 0
0 0

)
, S(1;0) =

(
0 1√

2
1√
2

0

)
, S(1;−1) =

(
0 0
0 1

)
. (5.54)
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We can now write down the ground state in the Sz basis (not normalized),

|G̃〉 = F |All singlets 〉

=
∑

{Si},{b},{w}

S
(1;S1)
w1b1

S
(0;0)
b1w2

S
(1;S2)
w2b2

S
(0;0)
b2w3
· · ·S(0;0)

bL−1wL
S

(1;SL)
wLbL

S
(0;0)
bLw1

|S1 · · ·SL〉

=
∑
{Si}

Tr
[
S(1;S1)S(0;0) · · ·S(1;SL)S(0;0)

]
|S1 · · ·SL〉 .

One can read the set of ASi = N (Si)S
(1;Si)S(0;0) matrices upto the normal-

ization N (Si) which can be find using Eq. 5.26,

|G〉 = Tr
(
AS1 · · ·ASL

)
|S1 · · ·SL〉 , (5.55)

with,

A+1 =

(
0
√

2
3

0 0

)
, A0 =

−√ 2
3 0

0
√

1
3

 , A−1 =

(
0 0

−
√

2
3 0

)
.

(5.56)
We now want to calculate a few observables and correlation functions. It

would be quite handy to define the transfer matrix,

T =
∑
S

AS∗ ⊗AS =


1
3 0 0 2

3
0 − 1

3 0 0
0 0 − 1

3 0
2
3 0 0 1

3

 . (5.57)

The transfer matrix can be diagonalized, D = RTR−1,

D =


1 0 0 0
0 − 1

3 0 0
0 0 − 1

3 0
0 0 0 − 1

3

 ,

R =


1√
2

0 0 1√
2

0 1 0 0
0 0 1 0
− 1√

2
0 0 1√

2

 .
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To calculate the magnetization along the z−axis we can do as follows,

〈G|Ŝz1 |G〉 = Tr
(
AS1∗ · · ·ASL∗

)
S1Tr

(
AS1 · · ·ASL

)
= Tr

(∑
S1

S1A
S1∗ ⊗AS1

)(∑
S

AS∗ ⊗AS
)L−1


= Tr

[(
A+1 ⊗A+1 −A−1 ⊗A−1

)
TL−1

]
= Tr




0 0 0 2
3

0 0 0 0
0 0 0 0
− 2

3 0 0 0

R−1DL−1R



= Tr

R


0 0 0 2
3

0 0 0 0
0 0 0 0
− 2

3 0 0 0

R−1DL−1



= Tr




0 0 0 2
3

0 0 0 0
0 0 0 0
− 2

3 0 0 0




1 0 0 0

0
(
− 1

3

)L−1
0 0

0 0
(
− 1

3

)L−1
0

0 0 0
(
− 1

3

)L−1




= 0 .

Therefore there is no magnetization. Note that we used the fact that the state
is normalized in the thermodynamic limit,

〈G|G〉 = Tr TL

= 1 + 3

(
−1

3

)L
→ 1 .

To proceed it is helpful to define S̃z,

S̃z =
∑
S

S1A
S1∗ ⊗AS1 =


0 0 0 2

3
0 0 0 0
0 0 0 0
− 2

3 0 0 0

 , (5.58)

and note that it has the following property,

RS̃zR
−1 = S̃z . (5.59)
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We are now equipped to calculate the two-point correlation function for
points separated by r lattice sites,

〈G|Ŝz1 Ŝzr+1|G〉 = Tr
[
S̃zT

r−1S̃zT
L−(r+1)

]
= Tr

[
S̃zR

−1Dr−1RS̃zR
−1DL−(r+1)R

]
= Tr

[(
RS̃zR

−1
)
Dr−1

(
RS̃zR

−1
)
DL−(r+1)

]
= Tr

[
S̃zD

r−1S̃zD
L−(r+1)

]
= −4

9

(
−1

3

)r−1

− 4

9

(
−1

3

)L−(r+1)

.

Hence in the thermodynamic limit we have,

〈G|Ŝz1 Ŝzr+1|G〉 =
4

3

(
−1

3

)r
(5.60)

= (−1)r
4

3
e−(ln 3)r . (5.61)

It was proved that the model has a finite gap [69] which shows itself in
an exponential decay of the two-point correlation function. The correlation
length, ξ = 1/ ln 3 ≈ 0.91, is of the order of a lattice spacing.

Although there is no local order parameter, one can calculate a string cor-
relator which can serves as an “order parameter”. Using the same type of
calculations one can show that in the thermodynamic limit,

〈G|Ŝz1

(
r∏

k=2

eiπŜk

)
Ŝzr+1|G〉 = −4

9
. (5.62)

One may think of this as an analogue of two-point correlation functions for
fermions which using JW transformation transforms to a string correlation
function of S = 1

2 spins.
Therefore although the model does not have a local order parameter, the

expectation value of a string operator is non-zero in the ground state. Moreover
note that the model has a unique ground state on a ring, but has a fourfold
degenerate ground state on an open chain [78]. This can be seen from Eq. 5.52
as well as Fig. 5.1 where in the case of an open chain there is no singlet pairing
between the first white and the last black S = 1/2 spins on the chain. Hence
the state in Eq. 5.52 can be written for any configuration of these two edge
spins §. This gives rise to the fourfold degenerate ground state.

§This means that one should not do the sum over w1 and bL. Instead for each configu-
ration of these two free spins one would get one wavefunction as the starting point.
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Actually the research on the AKLT chain was motivated by the earlier
studies on the spin-S antiferromagnetic (AF) Heisenberg chain with a uniaxial
anisotropy, D > 0, for which the Hamiltonian is,

H =
∑
j

Sj .Sj+1 +D (Sj,z)
2
. (5.63)

Haldane predicted that the although the AF Heisenberg chain (D � 1) is
gapless for half-integer spins which results in power law correlation functions,
it has a finite gap for the integer ones with an exponentially decaying correlation
functions [79]. In the limit of large anisotropy D � 1, however, the model has
unique ground state of the product state form, namely |Sz = 0〉⊗L where L is
the system size. In this limit, the model is also gapped. The easiest excitation
is changing one of the spins to be in Sz = ±1 which costs the energy D. But
there is neither degeneracy in the ground state nor free spins on the edges.
These two phases are distinct gapped phases, separated by a phase transition
at D ≈ 1, which can not be distinguished by a local order parameter or any
type of symmetry breaking [80]. The high anisotropy phase is a trivial phase.
The low anisotropy phase is a symmetry protected topological (SPT) phase and
in this case is also called the Haldane phase.

For an adiabatic change (as we discussed in chapter 1) one needs to build
a path in the space of Hamiltonians without any gap closing. If such a path
exists between two Hamiltonians, the ground state of them belong to the same
phase. An SPT phase is protected by a symmetry or a set of symmetries in the
sense that the ground state in such a phase can not be adiabatically connected
to a trivial product state if one respects the necessary symmetries. In the above
case, as it is discussed in the Ref. [80], the Haldane phase is protected any of
the following symmetries:(1) time-reversal symmetry, (2) π rotations around
x, y and z− axes, (3) reflection around middle of a bond §. The AKLT chain
was proposed to show the ideas by Haldane in a solvable model (in the sense
that the ground state is known exactly) and its ground state belongs to the
Haldane phase [80].

As we described above an SPT phase is gapped, does not break any sym-
metry, can not be described by a local order parameter, usually has a non-local
string order parameter and commonly has edge modes. Nevertheless a much
more robust signature of an SPT phase is the degeneracy in the entanglement
Hamiltonian HEE of a subsystem which is defined as HEE ∼ − ln ρ where ρ is
the reduced density matrix of the subsystem [81].

Density matrix renormalization group

Previously we discussed the MPS ansatz and how it is useful for one dimensional
systems. Using such an ansatz and variationally optimize it is the modern

§Ref. [80] also shows that only odd integer S case belongs to the SPT phase.
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approach in DMRG. Here we briefly discuss how the ground state can be found.
To use an MPS ansatz one also needs to write the Hamiltonian in an appro-

priate form. This is calledMatrix product operators. The natural generalization
of an MPS such that it captures an operator acting on the Hilbert space is,

Ô =
∑
{s},{s′}

Ks1s
′
1Ks2s

′
2 · · ·KsL−1s

′
L−1KsLs

′
L |s〉 〈s′| , (5.64)

where {Kss′} is a set of matrices. This form is appropriate to act on an
MPS and performing the numerical analysis. To continue and writing the local
Hamiltonian in such a form it would be easier to rewrite the MPO as follows,

K̂ [j] =
∑
sjs′j

Ksjs
′
j |sj〉 〈s′j | , (5.65)

Ô = K̂ [1]K̂ [2] · · · K̂ [L−1]K̂ [L] . (5.66)

Let us show how these matrices may look like for an example of our interest.
Consider the Kitaev-Hubbard chain,

H =

L−1∑
j=1

(
σxj σ

x
j+1 + Uσzjσ

z
j+1

)
+ h

L∑
j=1

σzj , (5.67)

where σα are Pauli matrices. In this case the K̂ [j] are,

K̂ [1] =
(
hσz σx Uσz 1

)
, (5.68)

K̂ [j] =


1 0 0 0
σx 0 0 0
σz 0 0 0
hσz σx Uσz 1

 , 2 ≤ j ≤ L− 1 (5.69)

K̂ [L] =


1
σx

σz

hσz

 . (5.70)

To show that this works, let us recall that how a term in the Hamiltonian looks
like with the tensor product notation,

σxj σ
x
j+1 = 1⊗ · · ·1⊗ σx︸︷︷︸

j

⊗ σx︸︷︷︸
j+1

⊗1⊗ · · ·1 . (5.71)

It is now easy to check that our proposed MPO work for three sites§,

§This makes it easier to show.
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H = K̂ [1]K̂ [2]K̂ [3]

=
(
hσz σx Uσz 1

)
1 0 0 0
σx 0 0 0
σz 0 0 0
hσz σx Uσz 1




1
σx

σz

hσz



=
(
hσz σx Uσz 1

)
1⊗ 1
σx ⊗ 1
σz ⊗ 1

hσz ⊗ 1 + σx ⊗ σx + Uσz ⊗ σz + h1⊗ σz


= hσz ⊗ 1⊗ 1︸ ︷︷ ︸

hσz1

+ σx ⊗ σx ⊗ 1︸ ︷︷ ︸
σx1σ

x
2

+ Uσz ⊗ σz ⊗ 1︸ ︷︷ ︸
Uσz1σ

z
2

+ h1⊗ σz ⊗ 1︸ ︷︷ ︸
hσz2

+1⊗ σx ⊗ σx︸ ︷︷ ︸
σx2σ

x
3

+U1⊗ σz ⊗ σz︸ ︷︷ ︸
Uσz2σ

z
3

+h1⊗ 1⊗ σz︸ ︷︷ ︸
hσz3

.

Having an MPS ansatz and the MPO form of a Hamiltonian one can vari-
ationally minimize the energy. In fact in practice it is easier to use a Lagrange
multiplier λ and minimize the following,

〈ψ|Hψ〉 − λ (〈ψ|ψ〉 − 1) . (5.72)

Having done that |ψ〉 will be the ground state wavefunction and λ is its energy.
To do this in practice one fixes all the matrices and minimizes the function with
respect to the matrix on one site (or a bond, i.e. two sites), say Asi . Since
the above function is quadratic in Asαβ , the minimization problem becomes a
manageable problem of finding the lowest eigenvalue and eigenvector which can
be symbolically written as HAsi = λGAsi . To reach convergence, one starts
from the first site and does the optimization and then moves to second and so
on till the last site, the Lth one. Then one changes the direction and optimizes
the site L − 1, followed by the site L − 2 till one reaches the first site. This
procedure is usually called one sweep. Number of sweeps necessary to reach
convergence does really depend on the system size and Hamiltonian. Therefore
in practice we need to try different bond dimension χ and number of sweeps to
be sure about the convergence of the results.



Chapter 6

The Kitaev-Hubbard chain

Introduction

In chapter 2 we discussed the Kitaev model for arbitrary real pairing and
chemical potential and derived the MZMs’ wavefunctions. We also studied the
Kitaev chain with longer range hopping and pairing. In all these cases the
model is exactly solvable due to the fact that the Hamiltonian was quadratic
in the fermionic creation and annihilation operators. In addition the full clas-
sification of the possible gapped phases of free fermions, based on time-reversal
symmetry, particle-hole symmetry, chiral symmetry and spatial dimension, is
very well understood [30, 82–84]. For example the Kitaev chain with real cou-
plings has all three symmetries and they square to one. This is known as the
class BDI. In one dimension one can distinguish all the phases of it with the
group Z which essentially reflects the number of MZMs on each edge.

The presence of interaction in physical systems and realistic situations is
inevitable. Therefore we need to address the role of interactions and study
how its presence affects the free fermionic classification. In comparison with
free fermions much less is known and the full classification is lacking. In the
special case of the class BDI in one dimension, however, Fidowski and Kitaev
showed that in the presence of local interactions the gapped phases can be
classified by the group Z8 [85, 86].

In this chapter we study the effect of a density-density interaction, i.e.
a Hubbard-like term, on the Kitaev model. As a result we refer to it as the
Kitaev-Hubbard (KH) chain. We consider both the repulsive and the attractive
regimes. Although the attractive regime for spinless fermions, say polarized
electrons, may sound unphysical, the connection between the KH model and the
axial next-nearest neighbour Ising (ANNNI) model [87] encourages a thorough
study.

We first describe the KH model and briefly mention its relation to the
ANNNI model, namely the bosonic incarnation of the model. After presenting
the phase diagram of the model we address the main properties of each phase.
We briefly comment on the phase transitions between different phases. For
more details we refer to paper III.
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The Kitaev-Hubbard model

In chapter 2 we discussed the Ising/Kitaev chain with the Hamiltonian, Eq. 2.3,

HTFIM = −Jx
L−1∑
j=1

σxj σ
x
j+1 − h

L∑
j=1

σzj .

To have a density-density interaction in the fermionic incarnation of the model,
the JW transformation suggests the following Hamiltonian,

HKH−B = −Jx
L−1∑
j=1

σxj σ
x
j+1 − h

L∑
j=1

σzj + U

L−1∑
j=1

σzjσ
z
j+1 . (6.1)

The last term breaks the integrability [46] which in turn makes it challenging
to study the model. This is exactly the same Hamiltonian that we studied in
chapter 3 to discuss the PE line, a fine-tuned frustration free model for which
the ground states are exactly known. In this chapter, however, we do not put
any constraint on the couplings and we study the model in its general form.

Topological

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

Trivial

●

●

●

●

●

●

●

●

●

●

●

●

●

●

IC

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

CDW

-1.0 -0.5 0.0 0.5 1.0 1.5
U

0.2

0.4

0.6

0.8

1.0

1.2

h

Figure 6.1: The phase diagram for the model in Eq. 6.2. The green region,
between the IC and CDW phase, is the esCDW phase. Taken from paper III.

Using the JW transformation and setting Jx = 1 we get the KH model, i.e.
the fermionic incarnation of the model,

HKH = −
L−1∑
j=1

(
c†j − cj

)(
c†j+1 + cj+1

)
− h

L∑
j=1

(
1− 2c†jcj

)

+ U

L−1∑
j=1

(
1− 2c†jcj

)(
1− 2c†j+1cj+1

)
. (6.2)
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As it is evident the last term yields the density-density interaction as desired
and a chemical potential term which was already present in the Ising/Kitaev
chain.

The phase diagram of the KH model, our main result, is presented in
Fig. 6.1. Note that the sign of Jx and h are immaterial and can always set
to be positive using on-site rotations. The sign of the interaction has clearly
far-reaching consequences. The model has five different phases, namely a triv-
ial phase (the yellow region), a topological phase (the white region), an in-
commensurate (IC) phase (the orange region), an excited state charge-density
wave (esCDW) phase (the green region) and a charge-density wave (CDW)
phase (the cyan region). In what follows we present a summary of our results
regarding each phase.

Before starting our tour through the phase diagram, we remind that the
parity P ,

P =

L∏
j=1

σzj =

L∏
j=1

(1− 2nj) , (6.3)

is a “good quantum number” since it is a conserved quantity. Since P 2 = 1 we
will label the states with their parity eigenvalue. The states with p = +1 are
called the even sector and those with p = −1 belong to the odd sector.

The attractive interaction case

In the attractive regime where U < 0, the model has the same two phases as
in the case of the non-interacting model. Along the h−axis the model is the
Ising/Kitaev chain and as we discussed in chapter 2 it has two phases, namely
a trivial phase for h > 1 and a topological phase for h < 1. These two phases
extend to the U < 0 regime.

To recall the properties of these two phases we study the limiting cases
for U = 0. For h � 1 the ground state of the Hamiltonian in Eq. 6.2 is the
vacuum. For negative h with |h| � 1 the ground state has each site filled with
a particle. Both of these states are trivial product states. Hence there is no
entanglement between different parts of the chain. For |h| � 1 the model has
a doubly degenerate ground state with different parity. These states (the cat
sates with definite parity as we discussed in chapter 3) are highly entangled
and the EE, S(l), as a function of subsystem size l saturates quite fast to a
high value.

The topological phase in the non-interacting case (U = 0) supports MZMs
localized on its edges, which was discussed in detail in chapter 2. In the topo-
logical phase in the presence of interaction, the model has still two highly
entangled ground states, but the presence of strong MZMs all through this
phase is not a likely scenario. We will comment on this issue, later in this
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chapter. Nevertheless the weak MZMs exist, at least along the PE line [48]
(see chapter 3 for more discussion on weak MZMs).

To determine the phase boundary between the trivial phase and the topolog-
ical phase analytically, we performed an RG analysis on the bosonized Hamil-
tonian derived in Sec. 4.5.2, Eq. 4.65, and used DMRG to do finite size scaling
(FSS). We start with the RG analysis.

As we pointed out in Sec. 4.5.2, we assume that in the attractive regime
the RG flow of the Luttinger parameter K can be neglected and it set to be
K = 1. Therefore we are left with the two operators in Eq. 4.65, the RG flow
of which can be determined using Eq. 4.79,

h cos(
√
πθ) :

dh

dl
=

7

4
h , (6.4)

δU cos
(√

4πθ
)

:
dδU

dl
= δU . (6.5)

From these flow equations, starting from h = 0, δU = 0 we conclude that the
boundary between the two phases can be described by

h ∼ (U + 1)7/4 . (6.6)

We use DMRG and FSS to check this result and the assumption on the
Luttinger parameter. For a given U we want to find the corresponding h where
the transition between the two phases happens. Based on the FSS, close to
a critical point the energy difference between the ground state and the first
excited state, δ, has the following scaling [88],

δ(L, h) = L−zF
(
L1/ν (h− hc)

)
, (6.7)

where L is the system size, z is the dynamical critical exponent, ν is the ex-
ponent for the diverging behaviour of the correlation length close to the tran-
sition, hc is the critical magnetic field and F is a scaling function. In Fig. 6.2
we present the FSS procedure for U = 0.4. It is known that z = ν = 1 for the
TFIM, i.e. at U = 0. As we see the same exponents work perfectly fine in the
interacting case as well. The upper plot shows that Lδ for a set of system sizes
cross at h = 0.406. From Eq. 6.7 we see that,

Lδ(L, hc) = F(0) , (6.8)

which means that at the transition the quantity Lδ is independent of system
size. As a result we conclude that for U = 0.4, the transition occurs at hc =
0.406 . The lower plot in Fig. 6.2, which was plotted using this value of hc,
shows a perfect collapse of data for all system sizes close to the critical point,

Lδ(L, h) = F (L (h− hc)) . (6.9)
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Figure 6.2: Finite size scaling for U = −0.4. The quantity Lδ = L(E1 − E0)
for different system sizes cross at h = 0.406. Taken from paper III.
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Figure 6.3: The phase boundary between the trivial band insulator and the
topological phase. The blue line is hc(U) = 0.99(U + 1)1.73. The red line is
hc(U) = 0.97(U + 1)

7
4 . Taken from paper III.

We employed FSS and found the critical magnetic field for a set of U . The
result is given in Fig. 6.3. To compare with the bosonization prediction, we
fitted a power law function,

h = a(U + 1)b , (6.10)

to the DMRG data. Once we did this with free a and b coefficients which gives
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a ' 0.99 and b = 1.73 and another time we did the fit with b = 7/4, which
is the bosonization prediction. As it is evident the DMRG data confirms our
bosonization prediction and more importantly the assumption that the RG flow
of the Luttinger parameter K can be neglected.

The repulsive interaction case

In this section we present the model in the regime of repulsive interactions. As
a first step, using DMRG, we present the energy of the ground state, denoted
by n = 0, and the first excited state, denoted by n = 1, in each sector for
a range of U for h = 0.7 in Fig. 6.4. We use EPn to refer to these energy
levels. We see four different behaviours in Fig. 6.4, which is the signature of
four different phases. We will explain each phase separately by presenting their
EE as a function of subsystem size and the (site dependent) expectation value
of the occupation number. For the DMRG we use a system of size L = 240
and the bond dimension χ = 500.

1.0 1.1 1.2 1.3 1.4 1.5 1.6
U

0.0

0.1

0.2

0.3

0.4

EP n
E G

P=+1, n=0
P=+1, n=1
P=-1, n=0
P=-1, n=1

Figure 6.4: The energy levels with respect to the ground state energy, EPn −EG
as a function of U for h = 0.7 along the dashed line in Fig. 6.1. Taken from
paper III.
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The topological phase

For h = 0.7 and U . 1.05 the model has a doubly degenerate ground state
with opposite parity. There is a finite gap in both sectors to the first excited
state (the levels with n = 1) and these two are also degenerate. In Fig. 6.5
we present the EE as a function subsystem size which saturates quite fast to a
high value in both ground states. All of these observations lead us to conclude
that this is the topological phase indeed.
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Figure 6.5: For a point in the topological phase, h = 0.7 and U = 0.95, EE as
a function of subsystem size is plotted for both ground states. The system size
is L = 240. Taken from paper III.

The incommensurate phase

By increasing the interaction strength U we enter the incommensurate (IC)
phase which, for h = 0.7, is present for 1.05 . U . 1.29 . This phase has a
unique ground state, the parity of which depends on the system size and the
coupling constants. This behaviour shows itself in many level crossings between
the ground states of the two parity sectors as is clear from Fig. 6.4.

The IC phase is a gapless phase. To verify this we looked at the energy
difference between the first excited state and the ground state in each parity
sector, i.e. δP (L) = EP1 (L)−EP0 (L) for P = ±1. The energy difference δP (L)
vanishes as 1/L in each parity sector, as it is the case for one dimensional critical
systems. Below we also see that the main growth of the EE can be captured
by the Calabrese-Cardy (CC) formula which was derived for one dimensional
critical systems [75–77].

To further investigate the properties of this phase we present the EE and
the occupation number in Figs. 6.6a and 6.6b respectively. The IC phase of the
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Figure 6.6: For a point in the IC phase, h = 0.7 and U = 1.2, EE as a
function of subsystem size and the occupation number are plotted in (a) and
(b) respectively. The system size is L = 240. Taken from paper III.

Z3 chiral clock model has been previously detected by fitting the CC formula
with the central charge c = 1 to the EE [42]. The CC formula for an open
chain reads [75–77],

S(l) =
c

6
log

[
L sin

(
πl

L

)]
+ S0 , (6.11)

where S(l) is the EE of a subsystem of size l, c is the central charge and S0 is a
constant. By fitting the CC formula to the DMRG data we get central charge
c = 1.03 for the chosen sample point (h = 0.7, U = 1.2) in Fig. 6.6a. The
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red solid line in this figure shows the fitted curve. From our numerical data
analysis we can conclude that the CC formula with the central charge c = 1
can capture the main behaviour of the EE in the IC phase.

Another characteristic feature of the IC phase is the presence of the oscil-
lations. As it is evident there are oscillations in both EE and the occupation
number. Note that the oscillations in the EE are not captured by the CC
formula.

We studied the transition between the topological phase and the IC phase by
calculating the ground state energy, EG = min(E+1

0 , E−1
0 ), and its first, ∂EG∂U ,

and second order, −∂
2EG
∂U2 derivatives with respect to U for a cut along the

U−axis. All of them were smooth and continuous. Hence these are compatible
with the conjecture that the transition from the topological phase to the IC
phase is of the Berezinskii-Kosterlitz-Thouless type [87,89].

In Fig. 6.7 we present the the ground state energy, EG, and its first, ∂EG∂U ,
and second order, −∂

2EG
∂U2 , derivatives with respect to U for a cut along the

U−axis at h = 0.7. The level crossings in Fig. 6.4 reveal themselves through
the discontinuities (jumps) in the first order derivative and hence peaks in the
second order derivative of the ground state energy. Although these peaks are
also present in different system sizes, they occur at different points along the
U -axis (though in the same interval). The precise positions of level crossings
does vary depending on the couplings and the system size. These observations
justify our (and the previous) conclusion that this is an IC phase.
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Figure 6.7: The derivatives of the ground state energy, ∂EG∂U (the blue circles)
and −∂

2EG
∂U2 (the red squares) are plotted as a function of U for h = 0.7. Taken

from paper III.

There was an open question regarding the presence of the IC phase in the
limit h → 0. Having the essential features of the IC phase in our hand, we
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looked at small magnetic fields. Specifically we performed DMRG for h = 0.05
and h = 0.1 and looked at the energy levels, oscillations in the EE and the
derivatives of the ground state energy. They all show the signatures of the IC
phase like c = 1 in a very small interval of U and a peak in the second order
derivative of the ground state energy. As a result we concluded that the IC
phase continues down to the XY critical point on the U -axis (h = 0, U = +1).
This scenario is both intuitive and consistent with the fact that the XY critical
point has central charge c = 1 [7] and the IC phase is also a gapless phase
where the essential features of the EE can be captured by the CC formula with
central charge c = 1.

The esCDW phase and the CDW phase

Before entering the charge-density wave (CDW) phase which is the phase for
large interaction U , for the systems with an even number of sites the model has
another phase, the exited state CDW (esCDW). Since this part of the phase
diagram only appears for the even number of sites, one can argue that this part
should not be considered as a phase. Moreover in this regime of parameters the
energy per unit site (or per bond) for an odd number sites is slightly lower than
the one for even number of sites. A system with odd number of sites has CDW
ground state in this regime of parameters. As a result this is another reason
to object calling this region a “phase”. Nevertheless the very fact that the bulk
properties of the model are sensitive to the number of sites motivates us to
study this regime more thoroughly. In addition it is relevant for finite system
sizes and hence one needs to be aware of it for finite-size numerical simulation.

In Fig. 6.4 we see that for large U the ground state is doubly degenerate and
belongs to the even sector. These states are separated by a finite energy gap
from the ground state in the odd sector. These states have no entanglement
and S(l) as a function of subsystem size saturates fast to a very low value. The
occupation number in these two states, as it is presented in Fig. 6.8, also shows
a density wave pattern as expected. In the bosonic incarnation of the model,
Eq. 6.1, this phase is usually called the Néel phase.

By starting from large U and decreasing it, we see that the ground state’s
parity changes. For 1.28 . U . 1.41 the two lowest states belong to the odd
sector and are separated by a finite gap from the ground state in the even
sector. In this regime there is no crossing between the energy levels and the
parity of the ground state is determined by the system size. For L = 4n with
an integer n the ground state has an odd parity, as it is the case in Fig. 6.4,
and for L = 4n+ 2 it has an even parity. This is the esCDW phase.

In Figs. 6.9a and 6.9b we show the EE and the occupation number for a
point in the esCDW phase. One would see the same patterns in the low lying
excited states in the CDW phase. Hence we label this region with esCDW.
From the EE in Fig. 6.9a we see that the EE grows as a function of subsystem
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Figure 6.8: For a point in the CDW phase, h = 0.7 and U = 1.5, the occupation
number of the two states n = 0 and n = 1, belonging to the even sector, are
plotted for a system of size L = 240. At this point and with this system size,
these two states are degenerate and have lower energy than the ground state
in the odd sector (see Fig. 6.4). Taken from paper III.

size and the growth can not be captured by the CC formula. This is one
of the characteristic features of the esCDW phase. Moreover the occupation
number in this phase, as it is evident from Fig. 6.9b, is characterized with two
oscillations. One has a long wavelength, roughly twice the system size, and
one has a lattice constant wave length, i.e. a phase shift between neighbouring
sites.

The esCDW phase is a gapless phase with an unusual dynamical critical
exponent. In Figs. 6.10a and 6.10b we present the scaling of the energy differ-
ences in the odd sector, to which the ground state belongs, as well as the gap
between the two sectors. The energy difference between the ground state and
the first excited state in the odd sector, namely E−1

1 − E−1
0 , goes to zero as

L−1.8. The same scaling was observed for the second excited state as well, i.e.
E−1

2 − E−1
0 ∼ L−1.8. These observations suggest that this is a gapless phase

with the dynamical critical exponent z = 1.8. Since for a conformal field theory
(CFT) the dynamical critical exponent should be z = 1, we conclude that this
phase, although gapless, can not be described by a CFT. This is in agreement
with our previous observation that the EE profile can not be captured by the
CC formula. The ground state of the even sector, however, is separated by a
finite gap from the ground state in the odd sector. For a point in the esCDW
this is shown in Fig. 6.10b.

Finally we note that in the paper III we show that the width of the esCDW
phase is sensitive to the boundary magnetic fields and one can control its width
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Figure 6.9: For a point in the esCDW phase, h = 0.7 and U = 1.325, EE as a
function of subsystem size and the occupation number are plotted in (a) and
(b) respectively. The system size is L = 240. Taken from paper III.

with the magnetic field on the very first and the very last spins. The model for
odd system sizes, however, directly enters the CDW phase from the IC phase.
For odd system sizes the ground state is unique in the CDW phase and there
is a finite gap to the first excited state. In the limit of large U , however, this
gap closes as one expects.
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Figure 6.10: (a) Scaling of the gap in the odd sector, E−1
1 −E

−1
0 , for systems of

the size L = 4n in the range of L = 64− 240 as a function of L−z with z ' 1.8.
(b) Scaling of the gap between the two sectors, E+1

0 −E−1
0 , for systems of the

size L = 4n in the range of L = 144−480. In the thermodynamic limit the gap
is ∆ = 0.077. These are for the point h = 0.7, U = 1.325. Taken from paper
III.

On the degeneracy of the full many-body spectrum

The model in Eq. 6.1 is exactly solvable for U = 0 (TFIM) [36] and h = 0
(the XY model) [39]. Based on the solution for the TFIM we reviewed that
the model hosts strong MZMs on the h-axis for |h| < 1 in chapter 2 and
Sec 3.3. The situation is the same along the U -axis except on the two points
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with U = ±1, namely the critical points [39, 41]. The presence of a strong
zero mode guarantees that the model has a doubly degenerate spectrum upto
an exponentially small correction in the system size. As a result asserting the
presence of such a mode/operators, is a statement about the full many-body
spectrum rather than only the ground state degeneracy which is typically the
case of interest in studying the topological phases.
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Figure 6.11: Selected part of the phase diagram. The solid blue line, an ar-
bitrary line parametrized by s, lies in the topological phase. The dashed blue
line is the mirrored blue line with respect to the h−axis. The dashed red line
is the mirrored of a part of the solid red line with respect to the h-axis. Taken
from paper III.

In this section we will ask whether such an operator is present in the topo-
logical phase of the KH model. Here we present an argument which rules out
the possibility of the existence a strong zero mode for a large part of the topo-
logical phase. In the paper by studying the edge magnetization we further
shrink the region where a strong zero can exist.

Consider the solid blue line, an arbitrary line parametrized by s, in Fig. 6.11.
Since this line lies in the topological phase, it has a doubly degenerate ground
state. Although we expect that the low lying states are also doubly degenerate,
it is a nontrivial step to generalize this to the full many-body spectrum. We can,
however, investigate the highest excited state. Note that the highest excited
state of a Hmiltonian H, is the ground state of the Hamiltonian −H. Therefore
we study the ground state of −H,

−H(h, U) =

L−1∑
j=1

σxj σ
x
j+1 + h

L∑
j=1

σzj − U
L−1∑
j=1

σzjσ
z
j+1 . (6.12)
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We know that the sign of the first two terms does not affect the properties, and
hence we absorb them by performing on-site rotations,

σxj → (−1)jσxj , σzj → −σzj . (6.13)

This transform the Hamiltonian as follows,

−H(h, U) = −
L−1∑
j=1

σxj σ
x
j+1 − h

L∑
j=1

σzj − U
L−1∑
j=1

σzjσ
z
j+1

= H(h,−U) . (6.14)

As a result the highest excited state of H(h, U) along the solid blue line in
Fig. 6.11 is the same as the ground state of the Hamitonian along the dashed
blue line. By starting at the origin, h = 0 and U = 0, and going along the
two lines, both Hamiltonians have a doubly degenerate ground state, since
they both lie in the topological phase. By reaching the point P ∗ the dashed
blue line enters the trivial phase. Hence from the point P onwards the highest
excited state of the original Hamiltonian along the solid blue line is not doubly
degenerate. We expect that the other states close to the highest one would
not be degenerate as well. The very fact that the highest excited state is not
doubly degenerate beyond the point P is sufficient to exclude the presence of
the strong zero mode beyond the dashed red line. As a result the region which
may support the strong zero mode is confined to the region between the U -
axis, the solid red line and the dashed red line in Fig. 6.11. As we mentioned
earlier by studying the time dependency of the edge magnetization for the finite
system sizes, we can further shrink this region to a small region close to the
origin. We refer to paper III for more detail on this.





Chapter 7

A tight-binding model of Z3 Fock parafermions

In chapter 2 we discussed Majorana fermions and their presence in the topo-
logical phase of the Kitaev chain. An important issue is that one can not talk
about the occupancy of a single Majorana fermion. Filling and occupancy
are only well-defined for Dirac fermions and one needs to fuse two Majorana
fermions, form a Dirac fermion and then discuss the occupancy of such a state.
This was the case in the topological phase of the Kitaev chain. Using the
MZM on the left edge, say γL, and the MZM on the right edge, γR, we can
construct f0 = (γL + iγR) /2 and f†0 = (γL − iγR) /2 which are the annihilation
and creation operators for the fermionic zero mode respectively. Having these
operators, one would be able to calculate the number operator n0 = f†0f0 with
the eigenvalues 0 and 1.

In chapter 3 we talked about the parafermions and just like the Majoranas
there is no notion of occupancy for them. One may, however, wonder about
the possibility of making a Fock state out of Zp parafermions in analogy with
Dirac fermions. For such a state, as the name Fock suggests, the occupancy
number would be a well-defined quantity.

This feat has been achieved by Cobanera and Ortiz [90]. Employing two
Zp parafermions with p ≥ 2 they constructed a Fock state which can be filled
with with at most p− 1 particles. In the special case of p = 2, the constructed
Fock state becomes a Dirac fermion. In general they show that by having 2L
parafermions one can pair them and construct a many-body Hilbert space for L
Fock parafermions (FPF) with the dimension pL in one dimension. Considering
a vacuum state |0〉 with no FPF, we can construct an arbitrary state in the
Hilbert state using the creation FPF operators.

A natural step after having a well-defined and self-consistent local and
many-body Hilbert space is studying model Hamiltonians. Along such a path
the first model of interest would be a hopping model. The hopping model
for fermions in one dimension (and in the higher dimensions), corresponding
to p = 2, can be easily solved using the Fourier transformation. The crucial
step in the solution is that the anti-commutation algebra of fermion operators
in real space will be inherited by the fermionc operators in momentum space.
This is not the case for FPFs with p ≥ 3 and there is no well-defined and easy
algebra in momentum space for FPFs. Therefore, as it will be shown in this
chapter, even studying a hopping model for p = 3 is quite involved and required
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numerics and other methods like bosonization.
In this chapter we will study a hopping model of Z3 FPFs with pairwise

hopping. The hopping term for spinless fermions is fixed due to the Pauli
principle. Since each fermionic state, say a given site on lattice, can host at
most one spinless fermion, the only possible kinetic term consists of single-
particle hopping. For p ≥ 3, however, there are more possibilities since there
can be p−1 particles per site. In the case of p = 3 one can imagine that a given
site is occupied by two FPFs and these two can hop together to a neighbouring
site. We call such a hopping a pairwise hopping.

In what follows a brief review of the FPF algebra will be followed by our
model and its phase diagram. After that we summarize important features of
each phase and in some cases we show how the bosonization can capture the
physics of this inherently interacting model. More details can be found in paper
IV.

Fock parafermions

Consider a set of 2L Zp parafermions {γj} with the algebra,

γjγk = ωsgn(k−j)γkγj , ω = exp(2πi/p) , (7.1)

γp−1
j = γ†j , γpj = 1 , (7.2)

in which 1 is the identity operator. We use the pair {γ2j−1, γ2j} and define the
annihilation FPF operator [90],

Fj =
p− 1

p
γ2j−1 −

1

p

p−1∑
m=1

ωm(m+p)/2γm+1
2j−1γ

†m
2j . (7.3)

For the FPF operators living on different sites we have,

FjFk = ωsgn(k−j)FkFj , F †j Fk = ω− sgn(k−j)FkF
†
j . (7.4)

The on-site algebra of FPFs is,

F †pj = 0 , (7.5)

F †mj Fmj + F p−mj F
†(p−m)
j = 1 , m ∈ {1, · · · , p− 1} . (7.6)

The first equation is the generalization of Pauli principle and tells us that
there can be at most p − 1 particles per site while the second equation is the
generalization of the on-site fermionic anticommutation relation.
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We are looking for a number operator with the usual algebra with the
creation and annihilation algebra. This can also be defined,

Nj =

p−1∑
m=1

F †mj Fmj , (7.7)[
Nj , F

†
j

]
= F †j , [Nj , Fj ] = −Fj . (7.8)

The number operator has p different eigenvalues, 0, 1, · · · and p− 1.

The model and its phase diagram

In this section we present the model and its phase diagram. The model is,

H(g) = −t
L−1∑
j=1

[
(1− g)F †j Fj+1 + gF †2j F 2

j+1 + h.c.
]
, (7.9)

in which Fj is the FPF annihilation operator on site j, the unit of energy t
will be set to one and g is a dimensionless coupling. The model is defined for
an open chain of size L. The first term in above equation is the single-particle
hopping of FPFs and the second term represents the pairwise hopping. The
coupling g controls the relative hopping strength and will be assumed to be
0 ≤ g ≤ 1. Using Eq. 7.8 one can show that the total number of particles
N =

∑L
j=1Nj is a conserved quantity, i.e. [H,N ] = 0. Moreover a useful

quantity in the thermodynamic limit is the filling n = N/L. Hence we can
study the model and present its phase diagram as a function of filling n and
the coupling g. As we proved in the paper due to the “particle-hole” symmetry
it is sufficient to restrict our study to the fillings 0 < n ≤ 1.

The Hamiltonian at g = 0, where the model has only the single-particle
hopping, was studied by Rossini et al [91]. It was found the model for n < 1
is a gapless Luttinger liquid [92] with central charge c = 1. At unit filling
n = 1, which can also be called “half-filling”, the model is gapped with high
entanglement entropy (EE).

The phase diagram of the model in Eq. 7.9 is presented in Fig. 7.1. The
model has four phases. The L phase and the R phase are the gapless phases
with central charge c = 1. The M phase is also a gapless phase, but with central
charge c = 2. The G phase, however, is a gapped phase. Properties of these
phases are summarized in Table 7.1. In addition to the gap § and the central
charge one can find the functional form of the following two-point correlation

§Note that by gap we do not necessary mean the finite bulk gap in the thermodynamic
limit. It could very well be the energy difference between the first excited state and the
ground state.
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Figure 7.1: The phase diagram for the model in Eq. 7.9. The four phases are
labeled by L, M, R and G. The gapped phase is only present at unit filling.
Detailed properties of each phases are discussed in the main text by presenting
the data for the points L1,2,3 etc. Taken from paper IV.

functions,

G1(r) =
∣∣∣〈F †L

2 −
r
2

FL
2 + r

2

〉∣∣∣ , (7.10)

G2(r) =
∣∣∣〈F †2L

2 −
r
2

F 2
L
2 + r

2

〉∣∣∣ . (7.11)

Intuitively these two correlation functions probe the single-particle and the
pairwise hopping terms. In the DMRG calculation, as it is evident in above
equations, we measure the two-point correlation functions for two symmetric
points around the middle of the chain separated by distance r. This is a strategy
to measure these correlation functions in the “bulk” and minimize the finite size
effects due to the edges.

In what follows we will describe the properties of the model in the L and
the R phases in detail. We will present the numerical results from DMRG
simulations and our analytical calculation using the bosonization technique. To
perform DMRG and make the connections with the Luttinger liquid it would
be handy to perform the Fradkin-Kadanoff transformation and write the model
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Phase Gap c G1(r) G2(r)

L gapless 1 r−2/3 r−α2(n,g)

R gapless 1 0 r−13/18

M gapless 2 r−α
′
1(n,g) r−α

′
2(n,g)

G gapped — exp [−r/ξ1(g)] exp [−r/ξ2(g)]

Table 7.1: Properties of the phases in Fig. 7.1. Taken from paper IV.

in a bosonic incarnation [43,90,91],

Fj =

(
j−1∏
k=1

Uk

)
Bj , (7.12)

where

Uk = 1⊗ · · · ⊗ U︸︷︷︸
k

⊗ · · · ⊗ 1 , U =

1 0 0
0 ω 0
0 0 ω2

 , (7.13)

Bj = 1⊗ · · · ⊗ B︸︷︷︸
j

⊗ · · · ⊗ 1 , B =

0 1 0
0 0 1
0 0 0

 . (7.14)

Note that the Hilbert space on the right hand side of the transformation belongs
to the Z3 clock variables and the Bj operator can be written in terms of Σ0 as
we defined in chapter 3,

Bj = Xj − Σ0
j

=
Xj

3
(2− Zj − Z†j ) ,

where 2 is twice the identity operator. One can check that the on-site algebra
is,

BjUj = ωUjBj , (7.15)

and the Hamiltonian in Eq. 7.9 in the bosonic incarnation reads,

H(g) = −t
L−1∑
j=1

[
(1− g)B†jUjBj+1 + gB†2j B

2
j+1 + h.c.

]
. (7.16)
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The results

We start with the L phase. In Figs. 7.2a and 7.2b we present the EE and the
two-point correlation function G1(r) for the three points L1,2,3 in the L phase.
This phase is also present at g = 0 and is, in fact, the extension of the phase
which was found in Ref. [91] for n < 1 to finite g.
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Figure 7.2: (a) Entanglement entropy, S(l), as a function of subsystem size l
and (b) the two-point correlation function G1(r) for the three selected points
in the L phase. The point are marked in Fig. 7.1. Taken from paper IV.

In Fig. 7.2a we have the data for the subsystem’s EE, S(l), as a function
of its size l from the DMRG simulation. We also plot the fitted CC formula,
Eq. 6.11, to the data with solid black lines. Employing the CC formula gives
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the central charge c = 1 all through the L phase. We have also checked the
energy difference between the ground state and the first excited state in this
phase for various system sizes L and verified that it goes to zero as 1/L. Hence
the L phase has the dynamical critical exponent z = 1 as it is predicted by
CFT. Our results are consistent with those in Ref. [91] for g = 0.

In Fig. 7.2b we present the two-point correlation function G1(r). There is a
clear power law decay, G1(r) ∼ r−α1 , as it should be for a two-point correlation
function in a CFT. An intriguing feature is that the exponent α1 = 2/3 does
neither depend on the filling n nor on the coupling g. The same exponent was
also observed in Ref. [91]. This exponent can be derived using the bosonization
technique. Recall that the free massless bosonic CFT has the central charge
c = 1 [7] which is the same as what we have in the L phase.

An essential observation to use bosonization is that deep in the L phase for
a typical point the probability of having two particles per site, P (2), is quite
small, say P (2) ≈ 0.05. Therefore we project the model on to the local Hilbert
space spanned by |0〉 and |1〉 states,

Bj → σ+
j =

(
0 1
0 0

)
, (7.17)

and

U
(p)
k = 1⊗ · · · ⊗ U (p)︸︷︷︸

k

⊗ · · · ⊗ 1 , U (p) =

(
1 0
0 ω

)
. (7.18)

Using these we can simplify the two-point correlation function G1(r),

G1(r) ∼
∣∣∣〈σ−0 U (p)

0 U
(p)
1 · · ·U (p)

r−1σ
+
r

〉∣∣∣ . (7.19)

In this case for the JW transformation we use the following convention (different
from Eq. 2.5) to relate the model to the fermions,

σzj = 2nj − 1 , σ+
j = eiπ

∑
k<j nkψ†j , (7.20)

with spinless fermions {ψj}. Hence the two-point correlation function G1(r)
can be written in terms of fermions,

G1(r) ∼
∣∣∣〈ψ0e

∑r−1
k=0 i

π
3 nkψ†r

〉∣∣∣ . (7.21)

To use the bosonization dictionary we use Eq. 4.54 to go to the continuum
limit. Moreover we consider the Luttinger liquid parameter K as a free param-
eter and use Eq. 4.78 to incorporate it and relate the fermions to the bosons.
In summary we use,

ψj =

√
a

2πα

[
eiKF re

i
√
π
(√

Kφ(r)− θ(r)√
K

)
+ e−iKF re

−i
√
π
(√

Kφ(r)+
θ(r)√
K

)]
. (7.22)
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By plugging the above form in Eq. 7.21 and using Wick’s theorem, we can show
that for K > 0 the dominant term in the two point correlation function is,

G1(r) ∼ r− 1
2K−

2
9K . (7.23)

It was previously predicted that the Luttinger parameter for Zp anyonic gas is
K = p/2 [92]. Therefore in the case of our interest the Luttinger parameter
is K = 3/2. This prediction was checked for the case of g = 0 in Ref. [91].
Plugging the Luttinger parameter K = 3/2 in Eq. 7.23 we get,

G1(r) ∼ r−2/3 , (7.24)

which is really close to what we get from the numerics (see Fig. 7.2b). We
emphasize that although the previous phenomenological approaches predict
the same power law decay for the two-point correlation function G1(r) as we
have in Eq. 7.23, we derived it from the microscopic model.

Although the correlation function G2(r) does also decay as a power law,
G2(r) ∼ r−α2 , it does not have a universal exponent all through the L phase
(details can be found in the paper IV). As it is mentioned in Table. 7.1 its
exponent varies with the filling n and the coupling g. The phenomenological
model, however, predicts α2 = 4α1 = 8/3 which is not consistent with the
numerical data [91,92].

In Figs. 7.3a and 7.3b we present the EE and the two-point correlation
function G2(r) for the three points R1,2,3 (marked in the Fig. 7.1). As we see,
this phase is also a gapless phase with central charge c = 1. The CC formula
with central charge c = 1 captures the growth of subsystem’s EE very well.
We have also checked that the energy of the first excited state in this phase
vanishes as 1/L by increasing the system size L.

We numerically found that the two-point correlation function G1(r) decays
exponentially fast with a correlation length of the order of one site deep in the
R phase. Therefore one can effectively assume that G1(r) = 0 in the R phase.
In the numerics we have also seen that the probability of having one particle
per site in the R phase is quite negligible in comparison with the probability
of having an empty site or a site with two particles. Therefore the low-lying
states are spanned by the local Hilbert space spanned by |0〉 and |2〉. Projecting
the model to this local Hilbert space gives the XX-Hamiltonian. It is known
that the XX model has central charge c = 1 [7]. This is in agreement with the
obtained value from the numerical data.

To obtain the two-point correlation function G2(r) using bosonization we
used the replacement,

B2
j → σ+

j . (7.25)

We showed that this yields the same expression as we had in Eq. 7.23 but
now for G2(r). Using the fact that the model reduces to the XX model after
the projection one expects no interaction among fermions. This justifies using
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Figure 7.3: (a) Entanglement entropy, S(l), as a function of subsystem size l
and (b) the two-point correlation function G2(r) for the three selected points
in the R phase. The point are marked in Fig. 7.1. Taken from paper IV.

the Luttinger parameter K = 1 in the R phase. As a result the bosonization
predicts,

G2(r) ∼ r−13/18 . (7.26)

As we see in Fig. 7.3b, the theoretical prediction matches very well with the
numerical data obtained from DMRG.

In paper IV we also present the our numerical results for the M and the G
phases. We show that the M phase is also gapless since the CC formula with
central charge c = 2 is in a very good agreement with the numerical data for the
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EE §. Hence intuitively one can imagine that the M phase has two copies of the
CFT with central charge c = 1 and by going to the L phase the pair excitations
gap out, whilst at the transition to the R phase the single particle excitations
gap out. Both two-point correlation functions G1(r) and G2(r) show a power
law decay, consistent with a CFT description.

The G phase for finite coupling g is the continuation of what has been
found at g = 0 in Ref. [91] and is a gapped phase. We calculated the energy
of the first excited state and showed that it converges to a finite value in the
thermodynamic limit. Both two-point correlation functions G1(r) and G2(r)
decay exponentially with a finite correlation length. The EE as a function of
subsystem size saturates to a high value quite fast, which is a signature of a
finite correlation length in this phase. These observations are all consistent
with interpreting the G phase as a gapped topological phase.

§This could also be c = 1 + 1 as well, which means that it consists of two CFT with
different velocities.
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Summary and Outlook

We studied Zp symmetric “spin” chains. We showed how one can analyti-
cally solve the non-interacting Z2 symmetric models on an open chain, where
the Fourier transformation can not be applied and momentum is not a good
quantum number, using the Lieb-Schultz-Mattis method. The LSM method is
also quite useful to derive the Majorana zero mode wavefunctions. We have
also examined the effect of density-density interaction on the Kitaev chain by
studying the Kitaev-Hubbard chain. As we saw the model has a rich phase
diagram which consists of a trivial phase, a topological phase, an incommen-
surate phase, a charge-density wave phase and an excited state CDW “phase”.
Exploring the esCDW phase that we discovered and applying bosonization to
understand different phases and phase transitions of the KH chain close to the
XY critical point where the four phases meet, are the natural future directions
of research.

In the case of Z3 symmetric chains we found a one parameter family of
frustration free models for which the model is gapped and the ground state
has an exact threefold degeneracy. After that we studied a hopping model of
Z3 Fock parafermions, the generalization of Dirac fermions which could host at
most two particles per site. We investigated the phase diagram of the model
in detail and showed how bosonization can be applied to the gapless phases.

There are also interesting problems on Fock parafermions to continue with.
To name a few I can mention exploring the nature of the gapped phase in
Fig. 7.1 that has a high entanglement entropy, about which we do not have
a good understanding. This is a rather peculiar case since for any other p
the hopping model at of Fock parafermions is gapless at “half-filling”, i.e. n =
(p − 1)/2. For fermions, p = 2, this can be easily seen from the cosine band
which is the solution to the fermion hopping problem. For p > 3 there is no
analytical solution, but the numerics show that the model is gapless at half-
filling. In addition one can also add pairing terms and break the U(1) symmetry
down to a Z3 symmetry. Such terms correspond to superconductivity terms
for the FPFs which can also relate the model to well-known models like the
three-state quantum Potts model.
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