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Abstract
This thesis presents experimental x-ray scattering studies on supercooled liquid water. A liquid-liquid transition between 
two structurally distinct configurations has been found in deeply supercooled water, indicating the existence of a liquid-
liquid critical point. The experiments were performed at large-scale x-ray facilities, mostly using free electron x-ray lasers 
including PAL-XFEL in Korea, SACLA in Japan, LCLS in the USA, SwissFEL in Switzerland and European XFEL in 
Germany, as well as using synchrotrons including APS in the USA, PETRA III in Germany and ESRF in France.

Two conceptually different experimental approaches have been used to investigate the metastable phase of supercooled 
water. The first approach is based on rapid evaporative cooling of μm-sized water droplets that are injected into a vacuum 
chamber. Using this method, supercooled liquid water samples with temperatures down to approximately 227 K have been 
obtained, with the lowest temperature limited by homogeneous ice crystallization occurring after just a few milliseconds. 
In a second approach, structurally arrested high-pressure and therefore high-density amorphous ice samples are heated by 
an ultrafast infrared laser pulse. The fast heating melts the ice into a corresponding high-density liquid. At short time delays 
between the heating laser pulse and a subsequent x-ray probe pulse, the supercooled liquefied sample still experiences 
the high internal pressure of the initial state. At longer pump-probe delay times the supercooled water sample releases 
its internal pressure through structural relaxation. Hence, varying the pump-probe delay allows to probe the sample at 
different pressures.

Together, these two approaches have been used to access a region within the metastable phase diagram of supercooled 
water that has previously been inaccessible. Using elastic x-ray scattering measurements as a structural probe of the liquid, 
we identified the existence of a liquid-liquid phase transition in deeply supercooled water. The observed phase transition is 
interpreted as the transition between a high-density and a low-density liquid phase. At high pressure this phase transition is 
discontinuous or first-order like, featuring a characteristic double-peak feature in the observed x-ray scattering intensity of 
the first diffraction maxima. At ambient pressure, however, we observe a continuous shift of the first diffraction maxima that 
is consistent with a continuous or second-order phase transition between the two liquids. Further evidence of a continuous 
phase transition at ambient pressure is seen in the temperature dependent maxima of the measured correlation length, 
isothermal compressibility and heat capacity, which indicate the existence of a Widom line.

In summary, the experiments support the existence of a liquid-liquid critical point where the experimentally observed 
Widom line and phase coexistence line would both meet. The main result, however, is the first experimental observation 
of a liquid-liquid transition within a pure liquid.

Keywords: water, supercooled water, x-ray scattering, free electron x-ray laser, liquid-liquid phase transition, liquid-
liquid critical point, x-ray speckle visibility spectroscopy.
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To my uncle Richard





“Es ist nun begreiflich, dass man nach einer Erklärung dieser
auffälligen Erscheinungen sucht, und eine solche dürfte, nach
meiner Ansicht in der Annahme gefunden sein, dass das flüssige
Wasser aus einem Aggregat von zwei Arten verschieden
constituirter Molecüle besteht. [...] Ich habe mich mit
dieser Frage wohl beschäftigt, möchte jedoch auch in diesem
Falle die Antwort schuldig bleiben, weil vorläufig noch zu
wenig Beobachtungen vorliegen, durch welche man eine solche
Vorstellung genügend begründen könnte.”

Wilhelm Conrad Röntgen (1891)†

“Water is not a complicated liquid, but two simple liquids
with a complicated relationship.”

Lars G. M. Pettersson (2017)‡

†Röntgen, Wilhelm Conrad. “Ueber die constitution des flüssigen wassers” Annalen
der Physik 281.1 (1892): 91-97.

‡Stockholm University press release “Water Exists as Two Different Liquids” (2017);
Pettersson, Lars G. M. "A Two-State Picture of Water and the Funnel of Life.” Interna-
tional Conference Physics of Liquid Matter: Modern Problems. Springer, Cham, (2018):
3-39.
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1 Introduction

Water is one of the most anomalous liquids [1]. As such, water is an im-
portant subject of current research in chemical physics and physical chem-
istry [2–12]. In spite of its molecular simplicity, consisting only of one
oxygen and two hydrogen atoms, water as a liquid is most peculiar [13,14].
The complex interplay between the water molecules, makes water behave
very different in almost all of its properties when compared to other liq-
uids [15–21]. Almost needless to say is the relevance of water for nearly all
biological, geological and chemical processes [22–24]. A better understand-
ing of water is therefore of great interest to many scientific disciplines.

To explain water’s anomalous behavior, Wilhelm Conrad Röntgen pro-
posed the provocative idea that water might consist of an aggregation of
two distinct configurations of water molecules [25]∗. Each of the two con-
figurations itself behaving as a normal liquid. We can explain this idea on a
particular example, using water’s most prominent anomaly, i.e. the density
maximum at 4 ◦C. Figure 1 schematically shows the density of water as
a function of temperature. It also shows the density of the two proposed
configurations of water molecules, indicated by the dashed lines. The two
configurations differ in density, with a high-density liquid at high temper-
atures and a low-density liquid at low temperatures. Each configuration
of water molecules for itself behaves as a normal liquid with the density
monotonically increasing upon cooling. According to the idea of Röntgen,
the anomalous behavior of water, i.e. the decrease in density upon cooling
and the corresponding existence of a density maximum, are explained by
a temperature dependent transformation from one configuration into the
other. This also means that water at very high temperatures as well as at
very low temperatures behaves like a normal liquid. Below 0 ◦C, however,
liquid water is metastable with respect to its solid ice phase [26]. Due to this
circumstance, experimental investigation of Röntgen’s idea has been com-
plicated by rapid ice crystallization, and already Röntgen himself noted,
that experimental observations were missing at that time to support his
hypothesis.

101 years later, Röntgen’s idea was recycled and put into a rigorous
thermodynamic context, proposing that the anomalous behavior of water
is actually related to supercritical fluctuations between two normal liquids
[28]. Again the idea is the same, relating water’s anomalous behavior to
a phase transition between two simple liquids. The character of the phase
transition, however, is characterized by fluctuations that emanate from a
critical point between the two liquids. Other examples of critical points
and related phase transitions are commonly observed in binary systems

∗An original citation from reference [25] is given in German, together with a con-
densed version of this quote in English, at the beginning of the thesis.
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Figure 1: Schematic of water’s density as a function of temperature, indi-
cated as solid line. Dashed lines indicate the temperature dependence of
two normal liquids with monotonically increasing densities upon cooling.
Water’s anomalous density maximum can be explained due to a transition
between the two simple liquids of different density. Below 0 ◦C water is
metastable with respect to ice, complicating experimental investigation of
the liquid. Adopted from reference [27].

such as mixtures and solutions [29–31]. However, the proposed existence of
a critical point within a single component liquid such as liquid water has
led to heavy disputes within the scientific community [32–50].

In a simplified picture this liquid-liquid critical point is thought to be
similar to the well-known liquid-gas critical point of water. In contrast to
the liquid-liquid critical point which is proposed to be hidden deep in the
metastable phase of supercooled water, the liquid-gas critical point is easily
observed in experiments, as for example shown in Figure 2. Here, the two
contributing phases are the liquid and the gas phase, i.e. liquid water and
water vapor. In panel a), liquid water and water vapor form a uniform
mixture, with the mixing ratio between the two phases dependent on tem-
perature. Close to the critical point the water sample turns opaque as seen
in panel d). This is because the uniform mixture becomes increasingly non-
uniform due to growing regions of the pure phases, i.e. pure liquid water
or pure water vapor. Eventually these regions grow in size comparable to
the wavelength of visible light, causing light to be scattered and the sample
to appear cloudy. This phenomenon is known as critical opalescence. At
temperatures below the critical point liquid water and water vapor separate
and coexist as macroscopic phases, as shown in panel i). Now, coming back
to the discussion of the liquid-liquid critical point, at ambient conditions
liquid water itself is thought to be a fluctuating mixture between two liquids
of distinct densities, i.e. a high-density liquid and a low-density liquid. Cor-
respondingly, changing temperature and pressure to the proper conditions,
liquid water is expected to show a phase separation into a high-density
liquid and a low-density liquid.

2



a) b) c)

d) e) f)

g) h) i)

Figure 2: Back-illuminated microscope images of water close to its liquid-
gas critical point. Decreasing temperatures from a) the uniform mixture
between liquid water and water vapor, i.e. the so-called single-phase region,
at T > Tc to d) critical opalescence at T ≈ Tc to i) the phase separation
between liquid water and water vapor at T < Tc. Here, T is temperature
and Tc ≈ 374 ◦C is the critical temperature of water’s liquid-gas critical
point. We note that water at the liquid-gas critical point is often seen as a
milky colored substance when illuminated from the front. Here however, the
back-illumination of the sample causes the water sample to appear black,
i.e. opaque to visible light. Reproduced from reference [51] with permission
of T. Walstra and F. Kayzel.
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Figure 3: Droplet setup used at the Linac Coherent Light Source (LCLS).

Experimental observation of these two structurally distinct configura-
tions within liquid water, requires to resolve the intermolecular configura-
tion of the liquid. Ironically, it was again Röntgen, who himself provided
the crucial key to help answer his own idea. His discovery of the x-ray radi-
ation has nowadays become the most powerful tool to investigate processes
and structures on the intermolecular length scale. However, we should
note that modern x-ray sources provide x-rays of much higher quality than
compared to conventional x-ray tubes that have been developed based on
Röntgen’s discovery. A typical measure of the quality of x-ray sources is the
brilliance, defined by the number of photons per second in relation to the
angular divergence, focus size and spectral bandwidth of the x-ray beam.
As a comparison, the brightest modern x-ray sources, namely free electron
x-ray lasers, have a brilliance that is approximately 30 orders of magnitude
higher than the first x-ray tubes. We should also note that these modern
x-ray sources are large-scale facilities that can be several kilometers long.
Conventional x-ray tubes instead easily fit on a small laboratory desk.

In this thesis we make use of such modern x-ray sources to probe the
intermolecular structure of water. Figure 3 shows one of the experimental
setups at a free electron laser facility. Usually these experiments are per-
formed in a vacuum environment to prevent background scattering from
surrounding air molecules. The left panel of the figure shows detectors,
microscopes, vacuum pumps and motorized manipulators for sample diag-
nostics and manipulation. The middle panel takes a direct look into the
interaction zone where the x-ray beam hits the sample. The visible glow

4
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Figure 4: a) Droplet setup to produce µm-sized water droplets. The wa-
ter droplets are injected into a vacuum chamber where they rapidly cool
due to evaporative cooling. High-intensity x-ray pulses are used to obtain
single-shot scattering images of individual water droplets. Changing the
height of the droplet dispenser controls the time span in which the droplet
is exposed to the vacuum environment and therefore controls the droplet
temperature. b) High-density amorphous ice samples with a thickness of
less than 100 µm are prepared on a copper grid. The gird is attached to
the tip of a liquid nitrogen cooled cryostat in order to keep the samples
at cryogenic temperature and avoid structural transformation. Before the
sample is probed by a single x-ray pulse, an infrared laser pulse heats the
sample into the supercooled liquid state.

however is due to the sample illumination that is needed for the microscope.
On the right panel a vertical array of four x-ray detectors is installed to
measure the scattered x-ray intensity at a certain scattering angle. For
each experiment details of the setup change according to the needs of the
experiment. Hence, the details of each experiment are found in the scien-
tific papers at the end of this thesis. Here instead, we like to introduce
two conceptually different experimental approaches that have been used to
obtain supercooled water samples at temperatures and pressures that have
not been accessible previously.

The first approach, schematically shown in Figure 4a, is based on rapid
evaporative cooling of µm-sized water droplets that are injected into a vac-
uum chamber [52]. Using this method, supercooled liquid water samples
with temperatures down to approximately 227 K have been obtained, with
the lowest temperature limited by homogeneous ice crystallization occur-
ring after just a few milliseconds. The second approach is illustrated in
Figure 4b. Here, structurally arrested high-density amorphous ice samples,
prepared by applying high-pressure, are heated by an ultrafast infrared laser

5



a) b)

100 µm 100 µm

Figure 5: a) Microscope image of a H2O droplet train with droplets of
approximately 40 µm in diameter. Breakup of the continuous water jet
into droplets at the top of the image. Image was taken using stroboscopic
illumination. b) Microscope image of an ice sample mounted on a copper
grid. Holes of the grid are approximately 800 µm in diameter.

pulse. The fast heating melts the ice into a corresponding high-density liq-
uid. At short time delays on the order of a few nanoseconds between the
heating laser pulse and a subsequent x-ray probe pulse, the supercooled
liquefied water sample still experiences the high internal pressure of the ini-
tial state. At longer pump-probe delay times the supercooled water sample
releases its internal pressure through structural relaxation. Hence, vary-
ing the pump-probe delay allows to probe the sample at different pres-
sures. Figure 5 shows microscope images of both sample preparations. To-
gether, these two approaches have been used to access a region within the
metastable phase diagram of supercooled water that has previously been
inaccessible.

The content of the thesis is divided into two chapters. The first chapter
gives an intuitive introduction to the thermodynamics of liquid water in
proximity of a critical point. For this purpose we briefly explain the two-
dimensional Ising model and make use of it to introduce the concepts of
phase transitions and a critical point as well as we define properties such as
the correlation length, density-density pair correlation function, isothermal
compressibility and heat capacity. Finally we introduce the liquid-liquid
critical point scenario for water in greater detail. The second chapter is a
summary of the experimental observations that are content of this thesis.
Here we only focus on the main results in connection with the observed
liquid-liquid transition. Detailed discussions of the experiments can be
found in the corresponding scientific papers of this thesis.
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2 Liquid Water: A Simplified View

The concept of a liquid-liquid critical point and its implications on the
thermodynamic properties of water are the main subject of this chapter.
A rigorous theoretical description of phase transitions and critical phenom-
ena is out of scope of this thesis and is provided by the renormalization
group theory which lead to the Nobel prize in physics in 1982 [53]. For the
framework of this thesis instead, the two-dimensional square-lattice Ising
model serves as a simplified model to qualitatively examine phase transi-
tions and critical phenomena. Simulations on the two-dimensional Ising
lattice are used to illustrate and introduce the concepts of the pair corre-
lation function and correlation length. Thermodynamic response functions
such as isothermal compressibility and heat capacity are derived from the
density and energy fluctuations in the system. Finally, the picture of the
liquid-liquid critical point scenario in supercooled water is presented.

2.1 In Brief: The 2D Ising Model

The Ising model consists of a discrete lattice with each lattice point occu-
pying one of two states. The original interpretation of the Ising model is
a magnetic system with each lattice point represented by a particle. Each
particle has a magnetic moment or spin that is found in one of two states,
i.e. ’parallel’ or ’anti-parallel’ with respect to an external magnetic field [54].
The energy or Hamiltonian, Ĥ, of the Ising system is given by:

Ĥ = −1

2

∑
i,j

Jijsisj −H
∑
i

si (1)

Here, H denotes the magnitude of the external magnetic field. The two
possible states of each Ising lattice point are given by the particle spins,
si. These are oriented parallel or anti-parallel to the external field, with
spin values si = ±1, respectively. The first term of equation (1) resembles
the energy contribution to the system due to interactions between differ-
ent spins. A positive interaction energy, Jij , prefers a parallel alignment
between the two spins i and j, as it is the case in a ferromagnetic system.
A negative interaction energy instead, will result in an anti-parallel align-
ment between the spins comparable to an anti-ferromagnet. Note that the
factor of 1/2 is due to double counting of the pair interactions. The sec-
ond term of equation (1) is related to the interaction of the spins with an
external magnetic field. Hence, a spin orientation parallel to the external
field is energetically favored whereas an anti-parallel orientation increases
the system’s energy†. For the rest of this thesis we will limit ourselves to

†Strictly speaking, the second term of the Hamiltonian in equation (1) should be

7



Figure 6: Two-dimensional Ising model on a 5×5 square lattice. Each lattice
point is occupied by one of two states, i.e. either ’blue’ or ’yellow’. Nearest
neighbours of opposite states increase the total energy of the configuration,
which is illustrated by the red boundaries between opposite colored lattice
points. a) Example of an Ising configuration that is favored by energy. b)
Example of an Ising configuration that is favored by entropy.

positive spin-spin interactions, Jij , as in the case of a ferromagnetic system.
Furthermore, we will only consider nearest-neighbour interactions between
spins, i.e. up, down, left and right. The latter is usually applied in the case
of a two-dimensional square-lattice Ising model.

Besides its original magnetic interpretation, the Ising model has been
applied to many other systems [55], as well as to describe the thermody-
namics of supercooled water [41,56–58]. For our purpose, the interpretation
of the Ising lattice as a liquid with discrete local densities may be most ap-
propriate. We will therefore consider the two possible states of each lattice
point to resemble configurations of either a ’high’ or a ’low’ local density
within the liquid. Furthermore, the external magnetic field, that was used
in the magnetic picture of the Ising model, is equivalent to an external pres-
sure acting on the liquid. As a result, high external pressures favor Ising
configurations with an increased number of ’high’ density states, whereas
’low’ density states are preferred by low external pressures.

Examples of a two-dimensional 5 × 5 square-lattice Ising model are
shown in Figure 6. Here, and throughout the rest of the thesis, the two
possible states of a ’high’ or ’low’ local density are represented by ’yellow’ or
’blue’ colored lattice points, respectively. Both of the lattice configurations
shown in Figure 6 contain four lattice points that resemble a high local
density within the simulated liquid, i.e. four yellow squares. Hence, both

positive because the the magnetic moment of an electron is anti-parallel to its spin.
However, by convention a negative term is used.
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configurations have the same mean density. The total energy of the two con-
figurations is easily obtained from equation (1). For now, we will consider
the case of no external field or pressure, i.e. we will neglect the second term
in equation (1). For each pair of nearest neighbours that contains different
states, the energy of the system is increased by the amount of the spin-spin
interaction energy, Jij . In Figure 6, this energy increase is illustrated by
the red boundaries between opposite colored lattice points. Hence, for a
configuration that contains exactly four yellow states, the compact cluster
shown in Figure 6a minimizes the energy of such a configuration. Any de-
viation from the compact yellow cluster, as for example in Figure 6b, will
increase the boundary between yellow and blue states and hence increase
the total energy of the system.

Now that we know how to calculate the energy of a particular lattice
configuration, the next step is to ask, which of all the possible configura-
tions is most likely to occur during a simulation of the Ising liquid? The
answer, of course, depends on the temperature of the simulation and the
distribution of lattice configurations has to follow a Boltzmann probabil-
ity distribution. A method to incorporate the Boltzmann distribution into
the simulation is achieved by the Metropolis algorithm [59], that works as
follows: In a first step, starting from a given lattice configuration, states
of random lattice points are flipped over into opposite states such that a
new lattice configuration is obtained. In a second step, we make a decision
if the new configuration is accepted or rejected. If the energy of the new
configuration is lower then the energy of the initial configuration, the newly
obtained configuration is directly accepted. However, if the energy of the
new configuration is higher then the energy of the previous configuration,
the newly obtained configuration is only accepted with a probability that is
proportional to the Boltzmann factor of the two configurations and rejected
otherwise.

We can illustrate a simulation step of the Metropolis algorithm in case
of the two lattice configurations shown in Figure 6. First, let us consider
lattice configuration shown in Figure 6a as the initial configuration. We
obtain the new configuration that is shown in Figure 6b by flipping the
states of two lattice points; i.e. one flip of states from yellow to blue and one
flip of a blue state to a yellow state. Then, we calculate the energy of the two
configurations using equation (1) and label the energy of the initial state Ea
and the energy of the new configuration Eb. From the previous discussion
we know that Eb > Ea. Therefore we do not accept the new configuration
right away but instead make a decision if the new configuration is accepted
or rejected. The probability that we accept the new configuration is given by
the Boltzmann factor between the two configurations which is calculated as
exp(−∆E/kBT ). Here, ∆E = Eb−Ea is the energy difference between the
two configurations, kB is the Boltzmann constant and T is the temperature
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of the simulated liquid.
A closer look at the Boltzmann factor reveals that, the higher the en-

ergy of a configuration, the less likely it is to be accepted. Likewise, a
configuration of lower energy will always be accepted. Hence, we may raise
the question if this implies that the simulation will always tend toward the
lowest energy configuration? To answer this question we have to include
another thermodynamic property of the system, namely its entropy

S = kB ln Ω. (2)

Here, kB is the Boltzmann constant. The entropy S, of a system reflects the
number of individual microstates Ω, that resemble the same macroscopic
configuration that is characterizing the system. As such, the entropy af-
fects how often a configuration is sampled simply because of the number of
microstates that resemble the same configuration. Hence, the answer to the
question above is, that both energy and entropy of a system will determine
the configuration near equilibrium.

Again, we can make use of the two lattice configurations shown in Fig-
ure 6 to exemplify the concept of entropy and its influence on the system.
First, we want to assign a measure of the number of possible microstates,
i.e. the entropy, to each of the two configurations. The 5× 5 square-lattice
configuration of Figure 6a features a closed cluster made of four lattice
points in the yellow state. Assuming periodic boundary conditions, it is
possible to obtain 5 × 5 = 25 microstates of the same configuration by
simple translation of the yellow cluster along the horizontal and vertical
directions. The same is true for the lattice configuration in Figure 6b. In
addition however, since the yellow cluster of Figure 6b is not symmetric, it
is possible to rotate or mirror the yellow cluster to obtain eight additional
orientations of the cluster and thus eight-times more microstates of the
same configuration. This means that the lattice configuration of Figure 6b
has eight-times more possibilities to be realized than the lattice configura-
tion shown in Figure 6a. As a consequence, the entropy of the configuration
in Figure 6b is higher than the entropy of the configuration in Figure 6a.

In order to see how energy and entropy affect the evolution of the Ising
system, we again recall the Metropolis algorithm and its two steps: First,
obtain a new lattice configuration by random state flips. Second, accept or
reject the new lattice configuration. The first step is obviously influenced
by the entropy of the new configuration, since it is more likely to end up in a
configuration that has many microstates associated to it, i.e. a configuration
that has a high entropy. The second step is obviously influenced by the
energy of the new configuration, since, according to the Boltzmann factor,
it is more likely to accept a configuration that has a low energy.

In case of the two example lattice configurations in Figure 6, we can
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summarize our previous discussions as follows. The configuration of Fig-
ure 6a is favored by energy whereas the configuration of Figure 6b is favored
by entropy. Which of the two configurations is more likely to be found dur-
ing a simulation of the Ising lattice is therefore a question of the energy
and entropy differences between the two configurations as well as the tem-
perature of the simulation. In general this leads to quite complex lattice
configurations, as can be seen in Figure 7 for Ising simulations of a two-
dimensional 512× 512 square lattice at various temperatures.

As discussed previously, every pair of nearest neighbour lattice points
with opposite states, i.e. opposite colors, increases the energy of the config-
uration. Hence, at low temperatures, where the energy of the system is low,
the system tends toward configurations that are dominated by one of the
two states, i.e. configurations of either mostly yellow or mostly blue. This
behavior can also be seen from the Boltzmann factor, exp(−∆E/kBT ),
which leads to very small acceptance rates and thus prefers low energy con-
figurations if the temperature, T , is low. In fact at T = 0, the system
will converge to the lowest energy configuration with all lattice points in
the same state, i.e. completely yellow or completely blue. In contrast, at
very high temperatures the energy of the system is large enough to easily
allow for state flips even if they correspond to an energy increase of the
configuration. Hence, the Ising lattice tends toward a random mixture of
all possible configurations. Again, this behavior is reflected in the Boltz-
mann factor which becomes close to one at very high temperatures and
therefore almost any configuration is accepted in the Metropolis algorithm.
Thus, at high temperatures, the simulation is dominated by configurations
of high entropy. These high entropy configurations typically feature about
the same amount of the two states, i.e. roughly equal amounts of yellow
and blue.

For temperatures that are neither very low nor very high, there is a
complex interplay between energy and entropy. Energy minimization on
the one side, favors clustering of lattice points of the same state as well
as configurations that are dominated by one of the two colors. Entropy
maximization on the other side, prefers configurations with an equal amount
of both colors and leads to more open and distorted cluster shapes. Which
of the two effects dominates is a function of temperature and typically
leads to the formation of regions that are locally dominated by one of the
two states, as it can be seen in Figure 7. These regions are fluctuating in
space and time during a simulation, and, it is worth noting, that Figure 7
shows a set of representative snapshots of configurations that occur during
these simulations. The size of the fluctuating regions is rather small at
temperatures that are either very low or very high. However, starting at
a low temperature and then increasing the temperature, or starting from
a high temperature and then decreasing the temperature, the fluctuating
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Figure 7: Two-dimensional 512× 512 square-lattice Ising configurations at
various reduced temperatures T/Tc.

12



regions increase in size until eventually their size reaches infinity. The
temperature at which this happens, i.e. where the size of the fluctuations
becomes infinite, is called the critical temperature and is denoted by Tc. A
practical simulation, such as the one shown in Figure 7, is always limited by
its simulation-box size, e.g. 512× 512 lattice points in the case of Figure 7.
This means that close to Tc, the maximum size of the fluctuations becomes
comparable to the simulation-box size itself rather than infinite. However,
for a simulation with periodic boundary conditions this essentially means
that the fluctuating regions become infinite. Finally we should note, that
sometimes it is common to express the temperature, T , of the simulation
by the so-called reduced temperature that is given by T/Tc.

2.2 Phases and Phase Transitions

We will start this section with a brief comparison between the Ising model,
shown in Figure 7, and the behavior of water close to its liquid-gas critical
point, depicted in Figure 2. However, before we continue, we should clarify
the notations that are used in the two cases. In the case of the Ising model,
which is related to a more microscopic representation, the wording of a
’state’ has been used to describe the condition of a single lattice point. In
the case of water instead, where we usually think of in a more macroscopic
picture, the phrase of a ’phase’ is usually used to describe the condition
of the system. The difference may sound subtle, but, indeed, a phase is
defined as a part of a system which is uniform in its physical state [60].
We can therefore also interpret the Ising model to resemble a phase when
its configuration is uniform. This is usually the case far away from the
critical point. As such, we will say that the Ising lattice is in a yellow or
blue phase, depending on whether the lattice is uniform, and dominated by
lattice points being in either a yellow or blue state, respectively.

Of course it is usually the case, that the Ising lattice contains thermal
fluctuations, i.e. the appearance of states of opposite color. Notably, these
thermal fluctuations are spread uniformly throughout the simulation box,
and we are, therefore, still justified to call it a phase. However, the sit-
uation changes near the the critical point where non-uniform anomalous
fluctuations dominate. Hence, the assignment of properties to the system
becomes dependent on the specific choice of the macroscopic subset of the
simulation box and the assignment of phases becomes arbitrary.

Now, let us have a look at the Ising model depicted in Figure 7, and
the behavior of water close to its liquid-gas critical point shown in Fig-
ure 2. First, we want to draw the analogy between the two phases that
are present in each system. In case of the Ising model, the two obvious
phases are the yellow phase and the blue phase, i.e. uniform configurations
of the Ising lattice that are dominated by yellow or blue states. Within the
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interpretation of the Ising model as a liquid, these two phases correspond to
a high density and a low density liquid phase, respectively. The analogous
phases in case of water are the liquid phase with a high density, and the
low density gas phase. At temperatures above the critical temperature Tc,
we can observe a mixture of the two phases. For temperatures that are far
above the critical temperature, this mixture of phases becomes uniform,
and it is justified to refer to the condition of the system as a separate,
so-called supercritical phase. In both systems, i.e. the Ising lattice in Fig-
ure 7 and water in Figure 2, we can see how the systems become uniform
when we approach the supercritical phase at temperatures far above Tc.
At temperatures that are below the critical temperature, however, we can
see a separation of phases. This is seen in Figure 7 where the Ising lattice
condenses into one of the two canonical phases, i.e. yellow or blue, as well
as in Figure 2, where the phase separation is observed by the separation
into the liquid and the gaseous phase. At temperatures very close to Tc,
we can observe the phenomena of critical opalescence, which means that
the system becomes opaque at all wavelengths, including the wavelength of
visible light. In the back-illuminated microscope images of Figure 2, this is
seen as the water sample becomes opaque and turns black. The underlying
principle is illustrated by the Ising model in figure Figure 7, where critical
opalescence corresponds to the infinite growth of fluctuating regions and
hence the scattering of light at all length scales.

So far, we have neglected the second term of equation (1), which rep-
resents the interaction between lattice states and an external field. As a
next step external fields will be considered as well. As discussed previously
in the case of a magnetic system, the external field is a magnetic field H.
For a liquid however, the external field corresponds to an external pres-
sure P , instead. The influence on the system by both temperature and
pressure is conveniently depicted in two-dimensional phase diagrams, with
temperature and pressure defining the two axis of the diagram. A part of
water’s phase diagram and the phase diagram of the Ising model are shown
in Figure 8.

A look at the phase diagram of water in Figure 8a shows the stable
phases of water under certain conditions in terms of temperature and pres-
sure. The region of the phase diagram at moderate temperatures and to-
wards high pressures is occupied by the liquid phase of water, whereas at
moderate pressures and towards high temperatures water tends to be in
the gas phase. The two regions of the liquid phase and the gas phase are
connected by a phase coexistence line, also referred to as binodal, that ter-
minates at the liquid-gas critical point of water, located at approximately
374 ◦C and 220 bar. Beyond the critical point, water is found in the super-
critical phase that resembles a uniform but fluctuating mixture of the liquid
and gas phases. The beginning of the supercritical region in the phase di-
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Figure 8: Phase diagram of water and the Ising model. Phase coexistence
lines are show as red solid lines. Critical points are shown as red points.
Widom lines are shown as red dashed lines. Supercritical regions are indi-
cated by grey dashed lines.

agram is indicated by grey dashed lines. However, the exact boundaries of
the supercritical region, can be rather difficult to define, especially near the
critical point, where uniformity breaks down and the assignment of phases
becomes arbitrary. A very similar picture is obtained for the Ising model.
The phase diagram of Figure 8b is partitioned in three regions as well,
where the respective phases of a yellow phase and a blue phase resemble
the high and low density phases, in addition to the supercritical phase that
starts beyond the critical temperature, Tc. Again, a phase coexistence line
separates the yellow phase from the blue phase and terminates in a critical
point. We note, that in the simple case of the Ising model, the phase co-
existence line is actually a straight line. For a real system such as water,
though, the phase coexistence curve is in general more complicated.

Finally, we like to address the process of a phase transition. Or in other
words, ask the question, how to convert from one phase into another phase.
The obvious answer is, of course, by changing the temperature or pressure
of the system. However, there are two fundamentally different approaches
to go from one phase to the other phase. The straight forward procedure
is to cross the phase coexistence line. In this case, there is a rather abrupt
change from one phase into the other phase. This kind of phase transition
is called a discontinuous or first-order phase transition. An example of a
discontinuous phase transition is water at its boiling point, i.e. at a pressure
of 1 bar and a temperature of 100 ◦C. When boiling water, the temperature
stays at a constant 100 ◦C although heat is added to the system. This latent
heat is used to gradually convert parts of the system from the liquid phase
into the gas phase.

As a side note, it is worth mentioning that the phase coexistence line
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defines the loci of phase coexistence for a system at thermodynamic equi-
librium. However, it is often possible to cross the phase coexistence line
without the phase transition taking place. This phenomenon is referred to
as supercooling or superheating, depending if the phase coexistence line is
crossed by decreasing or increasing temperature, respectively. In such a
case, the system is in a metastable state, where thermal fluctuations may
spontaneously trigger a phase transition into the thermodynamic stable
phase. There is a limit on how far a system can be supercooled or super-
heated, namely when an infinitesimal small energy fluctuation is already
large enough to overcome the local energy barrier and initiate the phase
transition. This limit is called a spinodal. Depending on the extend of su-
percooling or superheating the phase separation is described by nucleation
growth or spinodal decomposition [61]. In general, it is possible to super-
cool or superheat a system more, the further away from the critical point.
At the critical point the spinodal and the phase coexistence line meet.

Another approach to realize a phase transition is to not cross the phase
coexistence line, but instead take a detour through the supercritical phase.
In this case there is no abrupt phase change, and instead the phases in-
terchange continuously within the supercritical region. Such phase transi-
tions are named second-order or continuous phase transitions. Previously,
we have introduced the supercritical phase as a uniform mixture between
the two contributing phases. Starting from one phase, entering the super-
critical phase, and finally fully converting into the other phase, the ratio
between the relative amount of water molecules resembling the initial and
final phases, gradually changes. The loci of the phase diagram with an even
ratio between the two interchanging phases is called a Widom line. Hence
the Widom line can be thought of as a kind of continuation of the phase
coexistence line into the supercritical phase. Widom lines in the case of
supercitical water and the Ising model are shown in Figure 8 as dashed red
lines.

We note that there can be several Widom lines associated with different
thermodynamic properties. Each of them is defined as the line of maxima
in the phase diagram for the given property. The most prominent Widom
line is defined by the line of maxima of the correlation length, which we’ll
introduce in the next section.

2.3 Pair Correlation Function and Correlation Length

The aim of this section is to make use of the Ising model in order to intro-
duce the density-density pair correlation function and the concept of the
correlation length which we’ll encounter later in the discussion of super-
cooled water. For a real system such as water, it can be very challenging to
obtain these properties from experiments. Ising model simulations, in con-
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trast, serve as a simplistic model that allows to illustrate and calculate these
properties directly. For this purpose, simulations on a two-dimensional
square-lattice have been performed and the results are discussed in the fol-
lowing. It is worth to note, that all simulation results are given without er-
ror estimation and shall be considered as an explanatory illustration rather
than precise readings. For our purpose, however, this will be adequate.

For an isotropic system, such as a liquid or the Ising lattice, there is
no distinguished spatial orientation and the density-density pair correlation
function, G(r), simplifies to a function of a scalar length scale, r:

G (r) = 〈n(r)n(r′)〉 − n2 (3)

Here, r and r′ are positions within the liquid or the Ising lattice and r =
|r− r′| is the distance between the two positions. Furthermore, n(r) and
n(r′) are the densities at corresponding positions. Angular brackets, 〈...〉,
denote the ensemble average and n = 〈n(r)〉 = 〈n(r′)〉 is the average density
of the system. Note that the average density is independent of the position
within a spatially uniform system. We can interpret the term 〈n(r)n(r′)〉 as
a measure of a conditional probability to find a particle at position r, when
there is also a particle at position r′. In other words, this term corresponds
to the spatial correlation of local densities that are separated by a distance
r = |r− r′|. At very long distances the two densities become uncorrelated

〈n(r)n(r′)〉 → 〈n(r)〉〈n(r′)〉 = n2 [as r →∞], (4)

and hence the density-density correlation function converges to zero

G (r)→ 0 [as r →∞]. (5)

With the help of equation (3), it is straightforward to calculate the
density-density pair correlation function, G(r), from simulations of the two-
dimensional Ising lattice. Therefore, we assign the two possible states of the
Ising model to two distinct local densities. For example, a straightforward
approach would be to assign the yellow Ising state with a local density
of value 1 and interpret this density as the presence of a particle at the
given lattice point. Analogously, we assign the blue Ising state to a local
density of value 0 and interpret this density as the absence of a particle,
i.e. an empty lattice point. Figure 9a shows calculated density-density pair
correlation functions of the two-dimensional Ising lattice. Here, we use the
same conditions that have been used previously in Figure 7, i.e. no external
field and the same set of reduced temperatures, T/Tc. As expected, G(r)
approaches zero at long distances. In fact, the asymptotic behavior of the
pair correlation function at large r is close to an exponential decay and the
the density-density pair correlation function for the two-dimensional Ising
model is given by
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G (r) ∝ 1

r1/4
e−r/ξ. (6)

The exponential decay constant of G(r) is the so-called correlation length,
ξ, and serves as a characteristic measure of the spatial extent up to which
density correlations occur in the system. It is important to note that density
correlations also exist on length scales that are both shorter and larger than
the given correlation length, but correlations that are larger than ξ become
exceedingly rare. Fits of the calculated pair correlation functions using
equation (6) are shown in Figure 9a. The corresponding values for the
correlation length are given in the figure legend.

It is possible to relate the correlation length to the size of the clusters
that occur in an Ising simulation, e.g. the clusters shown in Figure 7. This is
typically done in terms of a Guinier analysis [27,62]. Assuming a simplified
spherical shape of the clusters, it can be shown that the diameter of such
clusters is approximately five times the size of the correlation length∗. This
is also seen in the Ising simulations of Figure 7, where the largest clusters
have a spatial extend of approximately five times the correlation lengths
that have been calculated in Figure 9a. In general however, clusters that
form during an Ising simulation feature a distorted or fractal-like shape
and the assignment of a cluster size becomes ambiguous. In this case, a
common approach is to take the radius of gyration of those clusters, i.e.
the root mean square distance from the center of mass, as a measure of the
cluster size.

To briefly summarize the last few paragraphs, we conclude that the three
observations, i.e.: the growth of clusters in the Ising model, the density-
density pair correlation function becoming long ranged, and the increase of
the correlation length, are all interrelated. The dependence of this behavior
on both the temperature and an external field, is shown in Figure 9b by
means of the correlation length. Of particular interest is the growth of the
correlation length in proximity of the critical point, i.e. close to T = Tc and
H = 0. Exactly at the critical point, the correlation length diverges and
the density fluctuations in the Ising liquid become infinite. Remember, that
in case of our finite Ising simulation, this corresponds to the fluctuations
approaching the size of the simulation box. The solid lines in Figure 9b are
guides to the eye. We note that the solid lines are slightly misleading in
two ways. First, the decay of the correlation length is not necessarily the
same above and below the critical temperature, as it can clearly be seen

∗The correlation length ξ, typically used in Ornstein-Zernike analysis of critical phe-
nomena, can be approximately related to the radius of gyration RG, that is commonly
used in the Guinier analysis of particle solutions, by RG ≈

√
3ξ. [27] Furthermore, the

radius of gyration for a two-dimensional disk or a three-dimensional sphere of radius R
is given by, RG =

√
1/2R or RG =

√
3/5R, respectively. [63]
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Figure 9: a) Pair correlation function, G(r), (grey dots) and fitted expo-
nentials (colored lines) according to equation (6). Reduced temperatures,
T/Tc, and extracted correlation lengths, ξ, are given in the figure legend. b)
Correlation length as a function of reduced temperature for a set of external
fields H. Solid lines as a guide to the eye.

in the figure. Second, the maxima in correlation length at constant exter-
nal fields are very close to the critical temperature, even though the solid
lines indicate a drift towards higher temperatures with increasing external
fields. Indeed, the maxima in correlation length define the Widom line
and hence resemble the shape of the Widom line itself. For the simplistic
Ising model, the Widom line is expected to be a straight line, whereas, in
a real liquid, the Widom line usually exhibits a more complex shape in the
phase diagram, see Figure 8. The most striking feature, i.e. the sharpness
of the correlation function as a function of the external field, however, is
illustrated nicely by the solid lines in the figure. Close to the critical point,
i.e. H = 0, the correlation length increases very rapid and forms a very
sharp and rather narrow peak. Further away from the critical point, which
means with increasing external fields, the increase in correlation length is
smaller and the temperature dependence broadens, i.e. becomes less sharp.
A similar decrease and broadening, as shown for the correlation length, is a
common feature of all thermodynamic response and correlation functions.
We will discuss this so-called criticality again in section 2.5. In general,
the further away from the critical point in terms of external field, or equiv-
alently external pressure, the smaller and more broad the response and
correlation functions become [49, 64]. We will encounter this phenomena
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in the following sections for two more thermodynamic response functions,
namely the isothermal compressibility as well as the heat capacity.

2.4 Compressibility and Heat Capacity

In this section we introduce the isothermal compressibility and heat capac-
ity at constant volume, which serve as a measure of the density and energy
fluctuations of a system, e.g. in our case the fluctuations within the Ising
model or a liquid.

The isothermal compressibility, κT, is the relative volume change of the
system as response to a change of the external field or pressure, respectively.
As such, it can be shown that the compressibility depends on the density
variance, i.e. the density square deviation from the mean [65]:

κT ∝
〈(n− 〈n〉)2〉
〈n〉

(7)

Here, n is the number density. In the example of the Ising model, it is
straightforward to obtain the compressibility with help of equation (7).
Again, we assign the density values of n = 0 and n = 1 to the blue and the
yellow Ising states in order to calculate the ensemble averages and variance
of the density. It seems obvious that the variance of the density increases
with the growth of density fluctuations in the Ising model and hence the
compressibility increases towards the critical point, as shown in Figure 10a.

The heat capacity at constant volume, CV, is given by the temperature
change of the system as response to the transfer of heat. In other words,
the heat capacity is a measure of the amount of energy needed to raise
the systems temperature by a certain amount. As such, the heat capacity
is related to the energy fluctuations, or more precisely the variance of the
energy in the system [66]:

CV ∝
〈(E − 〈E〉)2〉

T 2
(8)

Here, T is temperature and E is the energy of the system. The energy
of an Ising configuration is given by evaluation of equation (1) and hence
allows calculation of the heat capacity via equation (8). The results of such
calculations on the 512× 512 Ising lattice are shown in Figure 10b.

Both κT and CV show a strong increase when approaching the criti-
cal temperature Tc. Furthermore, the increase in compressibility or heat
capacity is not just a function of temperature but also depends on the ex-
ternal field, H, of the simulation. At the location of the critical point, i.e.
at T = Tc and H = 0 in case of the Ising model, both quantities reach
their maximum value. In principle both response functions are expected
to diverge, but due to the limitation of a finite simulation box their values
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Figure 10: Compressibility, κT, and heat capacity, CV, as a function of
reduced temperature for a set of external fields H. Solid lines as a guide to
the eye. Data calculated from simulations of the 512×512 two-dimensional
Ising lattice.

stay finite. The further away from the critical point, in terms of both tem-
perature and external field, the increase in κT and CV becomes smaller. It
is important to note, that not only the values of the two quantities become
smaller, but also their distribution as a function of temperature broadens
with increasing external fields, as it is seen in Figure 10.

We have already seen a similar behavior in case of the density-density
pair correlation function, G(r), in Figure 9b. In general, similar behav-
ior is expected for other thermodynamic response functions as well, with
details, however, depending on the specific system and the property that
is considered. Again, as it was the case for G(r), also here the growth of
fluctuations due to the critical point are cause of the anomalous increase
of κT and CV. This is also seen from equation (7) and equation (8) where
density and energy fluctuations are directly related to the compressibility
and heat capacity, respectively.

2.5 Criticality

The divergence of response functions such as compressibility or heat capac-
ity is caused by the increasingly long-ranged correlations within a system.
We have seen that, in the vicinity of a critical point, the correlation length
grows without a limit and hence fluctuations occur on all length scales. This
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implies that systems that are close enough to its critical point become scale
invariant, i.e. unaffected by any change of length scales. A visualization of
the scale invariance is for example given by the Ising configuration at the
critical temperature T = Tc of Figure 7. Any change of length scales, i.e.
zooming in or out of the picture, will lead to a picture that is essentially
the same.

A striking consequence of the scale invariance is that systems which
may differ dramatically at finite scales will become increasingly similar as
criticality is approached. This phenomena, where dissimilar systems are
described through the same behavior, is called universality. Critical phe-
nomena are commonly described by power laws and a corresponding set
of critical exponents. The three-dimensional Ising model as well as liquids
are in the same universality class, which means that they feature the same
critical exponents. Therefore, we take a look again at the pair correlation
function of equation (6), but this time in more dimensions:

G (r) ∝ 1

rd−2+η
e−r/ξ (9)

Here, d is the dimensionality, ξ is the previously introduced correlation
length, and η is the critical exponent of the density-density pair correlation
function. We see that, close to the critical point where ξ is large, the
exponent in equation (9) vanishes, and G(r) reduces to a power law. In
two dimensions, when d = 2, we retrieve equation (6) and obtain the critical
exponent of η = 1/4 in two dimensions. In three dimensions, however, η
becomes very small. Some of the most important critical exponents for the
three-dimensional Ising universality class are listed in Table 1. Definitions
through the corresponding power laws are also given in the table. Except
for the pair correlation function, which is a function of spatial distance, the
listed quantities are a function of temperature. We have seen previously
that the asymptotic behavior of the response functions differ depending on
whether the critical point is approached from temperatures above or below
the critical temperature. Here, the tabulated definitions and exponents are
given for temperatures above Tc. We should note that the Ising universality
class in three dimensions has not been exactly solved [67].

To conclude this section we present a small paradox: It is clear that
short-range interactions, e.g. spin-spin interactions in the Ising model or
inter-atomic forces in a liquid, are responsible for the existence of critical
phenomena. On the one hand, these short-range interactions are clearly
dependent on the specific system. On the other hand, the details of these
interactions cannot play any role, since the critical exponents stay the same
within a universality class that includes a hole range of systems and hence
significantly different short-range interactions.

22



Table 1: Definition of critical exponents for the three-dimensional Ising
model and fluid systems. Here, ε = T/Tc − 1.

Exponent Definition Value Quantity

η G(r) ∝ r−(1+η) ≈ 0.036... pair correlation function
ν ξ ∝ ε−ν ≈ 0.630... correlation length
γ κT ∝ ε−γ ≈ 1.237... isothermal compressibility
α CV ∝ ε−α ≈ 0.110... isochoric heat capacity

2.6 Supercooled Water and a Liquid-Liquid Critical Point

Here in this section, we present the picture of the liquid-liquid critical point
scenario in supercooled water [28]. Among other models [35–37, 68] this is
the only scenario which is fully consistent with all existing experimental
results, including the experiments that are content of this thesis. In this
scenario, water’s anomalous behavior is explained due to the existence of a
second critical point that causes fluctuations between two distinct configu-
rations of water molecules. The two configurations differ in density, likewise
the two states of the Ising model, and are denoted as high-density liquid
(HDL) and low-density liquid (LDL) respectively. Each of the two liquids
alone behaves as a simple liquid. It is worth noting that both liquids con-
sist of the same H2O molecules and the difference between HDL and LDL
is related to their distinct structural configurations. LDL exhibits a more
structured and almost ice-like, tetrahedral coordination which is formed
due to directional hydrogen-bonds. Therefore, the LDL configuration is
less dense, and favored in terms of energy. In contrast, the structure of
HDL is more disordered because of the enhanced influence of isotropic van
der Waals interactions. Hence, the distorted structure of HDL allows for a
higher density, and is favored in terms of entropy.

According to the liquid-liquid critical point scenario, the two liquids,
LDL and HDL, are separated by a phase-coexistence line, which termi-
nates at a critical point. In order to differentiate from the liquid-gas criti-
cal point, it is usually referred to as the liquid-liquid critical point (LLCP)
or the second critical point. Beyond the LLCP, water is characterized by
super-critical fluctuations between these HDL and LDL configurations that
directly relate to the anomalous behavior of the liquid at ambient condi-
tions. The locus of maxima in the correlation length of these fluctuations
defines the Widom line in the pressure-temperature phase diagram, which
emanates from the LLCP as an extension of the phase-coexistence line.

A schematic of the phase diagram of non-crystalline water is shown in
Figure 11. In analogy of the two Ising states, the two simple liquids, HDL
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Figure 11: Schematic phase diagram of noncrystalline water. Two simple
liquids: the low-density liquid (LDL) in blue and the high-density liquid
(HDL) in yellow. LDL and HDL are separated by a phase coexistence line
(red solid line) which terminates in a liquid-liquid critical point (red point).
Beyond the critical point the two liquids coexist as a fluctuating mixture.
Along the Widom line (red dashed line), these fluctuations maximize and
eventually diverge towards the critical point. Grey shaded, funnel-shaped
lines define the anomalous region, indicating how far in temperature the
fluctuations extend at various pressures. Note that these grey shaded lines
are guides to the eye, not representing true phase boundaries. The line of
melting temperature Tm separates the stable form of liquid water from its
metastable, supercooled phase. Th indicates the homogeneous crystalliza-
tion line. The temperature of the Widom line is denoted by Tw. Vitreous
forms of LDL and HDL, namely low-density amorphous ice (LDA) and
high-density amorphous ice (HDA), are found below the crystallization line
Tx. Reproduced and modified from references [44,49].
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and LDL, are shown in yellow and blue, respectively. Below the melting
line, water is thermodynamically metastable with respect to hexagonal ice,
i.e. its crystalline form. However, it is possible to supercool water to tem-
peratures near the homogeneous crystallization line Th. We should note
that homogeneous nucleation is a kinetic effect, and, as such, strongly tem-
perature dependent. Usually, Th approximates the temperature at which
metastable water stays liquid for several minutes or hours. For time scales
that are just a few milliseconds, it is possible to supercool liquid water
down to −46 ◦C at ambient pressure. Unfortunately for experiments, the
LLCP is expected to lie at even lower temperature and elevated pressure,
approximately at −60 ◦C and 1 kbar. At the critical point, the fluctua-
tions grow to infinity, and the density pair correlation function as well as
corresponding thermodynamic response functions diverge. With increasing
distance from the LLCP, the anomalous enhancement of the response func-
tions broadens and becomes smaller in magnitude. Likewise, the critical
fluctuations decrease in size and the anomalous region around the Widom
line becomes wider, as indicated in the figure. Interestingly the anomalous
region extends all the way into the ambient regime, i.e. at temperatures
and pressures where life happens.

To complete the description of the phase diagram, we note that there
exist two distinct forms of amorphous ice below the crystallization tem-
perature. The two forms, namely low-density amorphous ice (LDA) and
high-density amorphous ice (HDA) show a density difference of around
20 % [69,70]. Indeed, LDA and HDA are interpreted as the vitreous forms of
LDL and HDL, thus providing a thermodynamically consistent perspective
on the global phase behavior of metastable water [44]. This interpretation
has been supported by experimental observations of a high-to-low density,
liquid-liquid transition in the ultraviscous regime [71] and the first-order
like phase transition between LDA and HDA [72], that is interpreted as
the structurally arrested manifestation of an equilibrium phase transition
between LDL and HDL. The direct experimental observation and corre-
sponding implications of such a LDL-HDL liquid-liquid transition will be
the topic of the next chapter.
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3 Liquid Water Probed by X-Rays

In this section we discuss the experimental observations on supercooled wa-
ter which are analyzed in detail in papers I-X. The aim of this section is
to summarize the main results of the papers and emphasize the interpreta-
tion of the experimental observations in terms of the previously introduced
liquid-liquid critical point scenario.

First, we briefly present the experimental tool of x-ray scattering that is
utilized to gain insight on the inter-molecular structure of water. Second,
we discuss implications of the two phase transitions, i.e a discontinuous
phase transition at high pressure as well as a continuous phase transition
at ambient pressure, that have both been observed in supercooled water.
We then investigate some of the thermodynamic response functions, in par-
ticular the correlation length, isothermal compressibility and isobaric heat
capacity. By comparison between experimental data and molecular dynam-
ics simulations we attempt an educated guess on the location of the 2nd

critical point. Finally we discuss the experimental method of x-ray speckle
visibility spectroscopy as possible approach to study molecular dynamics
in supercooled water.

3.1 X-ray Scattering and the Pair Correlation Function

In the previous chapter we have introduced the concept of a second critical
point in supercooled water which, if existent, would explain the anomalous
behavior of water due to supercritical fluctuations between a low-density
liquid (LDL) and a high-density liquid (HDL). The density difference of
these two simple liquids is related to a distinct local structure between the
water molecules of the two liquids. Hence, from an experimental point of
view, we would like to probe the inter-molecular structure of supercooled
water. One possible approach is the experimental technique of elastic x-ray
scattering that has been used in the experiments of this thesis.

A schematic of a x-ray scattering experiment is shown in Figure 12a.
An incoming x-ray beam is scattered by the sample, e.g. a micrometer sized
water droplet, and the scattering intensity is captured on an area detector.
The scattering of x-rays is sensitive to the electron density within the sam-
ple. In case of water, the electron density is dominated by the electrons of
the oxygen atoms. Hence, the measured x-ray scattering pattern contains
mostly information about the structural configuration between the oxygen
atoms. For water, where the intra-molecular structure is very simple, x-ray
scattering provides an excellent probe of the inter-molecular structure of
the liquid. An amorphous sample just like liquid water features no direc-
tional order and hence the scattering intensity only shows characteristic
modulations along the radial distance with respect to the incoming beam
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Figure 12: Schematic of a x-ray scattering experiment. a) X-ray scattering
geometry and the typically circular scattering pattern at a characteristic
scattering angle of a disordered sample such as liquid water. b) Schematic
for the first diffraction maximum, obtained from the angular integrated
scattering intensity I, for a low-density and a high-density water sample.
The peak position of the scattering intensity, i.e. the scattering angle or
momentum transfer q, depends on the density of the sample.

but not along the azimuthal orientation. Typically, this is seen as circular
or elliptical shaped intensity distributions on the area detector, as depicted
in Figure 12a.

In practice, the scattering intensity is compared to the expected scat-
tering of a single water molecule, i.e. the molecular form factor of a water
molecule. The deviation of the normalized scattering intensity from the
molecular form factor is the so-called structure factor. As such, the struc-
ture factor relates the observed scattering intensity to that produced by a
single molecule, and, therefore, serves as a measure of the structure within
the sample. Again, in case of an amorphous sample, the structure factor
reduces to a function of the radial distance or scattering angle only. In-
deed, a more rigorous treatment shows that the structure factor is given
by the Fourier transform of the density-density pair correlation function
introduced in the previous chapter [63]:

S (q) = 1 + ρ

∫
G (r) e−iqrdr (10)

Here, ρ is the mean density of the sample and q is the magnitude of the
momentum transfer. It is worth noting the reciprocal relation, through the
Fourier transform, between the distance r in real space and the momentum
transfer q in momentum space. In essence, this means that large distances
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Figure 13: a) Oxygen-oxygen contribution to the x-ray scattering structure
factor measured on supercooled water droplets. b) Pair correlation func-
tion obtained by Fourier transform of the scattering structure factor and
multiplied with r for better visibility of the oscillations at large distances.
Data at various temperatures are offset from each other for clarity. High
temperatures were measured on droplets with 40 µm diameter and the two
lowest temperatures with droplet diameters of 20 µm. Reproduced from
paper V.

in real space correspond to small distances in momentum space and vice
versa. Hence, a sample of high density, i.e. short inter-molecular distances r,
scatters the incoming radiation at larger momentum transfer q, as compared
to a sample of low density. This is schematically illustrated in Figure 12b.
In a x-ray scattering experiment, the momentum transfer is related to the
scattering angle by q = 4π/λ sin θ, where λ is the x-ray wavelength and
2θ is the scattering angle. Hence, S(q) is relatively easy to obtain from
experiments. For example, Figure 13a shows the scattering structure factor
measured on supercooled, micrometer-sized water droplets. A close up of
Figure 13 as well as detailed discussions about S(q) and G(r) are found in
paper V. Here we just summarize some of the main features.

First of all, both the structure factor and the pair distribution function
show oscillations that reflect the inter-molecular structure in the liquid.
We should note that the Ising model of the previous chapter does not fea-
ture such oscillations in the pair correlation function due to the absence
of structure. In other words, there is no characteristic length scale in the
Ising model as compared to a liquid, where next nearest molecules are sepa-
rated from each other by approximately the same inter-molecular distance.
In liquid water, this nearest-neighbour distance between the molecules is
around 2.8Å, as seen in the in the first peak of G(r). The next-nearest
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distance which is the second peak in G(r) at 4.5Å, reflects the character-
istic distance of tetrahedrally arranged water molecules. For even larger
distances, the coordination shells become less and less pronounced. Note
that in Figure 13b the pair correlation function is multiplied by the radial
distance in order to visualize the higher coordination shells.

Next, we are interested in the temperature dependence of the pair cor-
relation function. The most prominent changes in the experimental data
of Figure 13b are in the first and second coordination shell, which both in-
crease in height towards lower temperatures. In connection, the interstitial
region between the first and second peak becomes less populated. In terms
of the two-phase model of water, we can relate these changes to a change
in population of the two competing local structures HDL and LDL. In do-
ing so, we note that LDL is characterized by tetrahedral local order with
well-separated first and second shells in G(r). In contrast, HDL exhibits an
increase of interstitial molecules between the first and second coordination
shells leading to perturbed hydrogen-bonding and higher density. Hence,
we can interpret the rise of the second coordination shell upon cooling with
an increasing relative amount of LDL within the liquid. This is consistent
with the second critical point scenario where the liquid is dominated by dis-
torted HDL configurations at high temperatures, and transforms towards
a more structured LDL liquid with decreasing temperature [52,73–76].

Whereas the radial distribution function G(r) directly shows the for-
mation and population of coordination shells within the liquid, the inter-
pretation of the structure factor S(q) is less intuitive. Here, the principal
maximum of S(q) is split into two peaks located close to 2Å−1 and 3Å−1.
The amplitudes of, and separation between, the two peaks increase with
decreasing temperature, again indicating an increase in structural ordering
as water is supercooled. In particular the shift of the first diffraction peak
towards lower q values can be affiliated with local regions of tetrahedral
structures [52, 77]. In the following section, we will make use of the first
diffraction peak as a structural measure of the liquid.

3.2 Phase Transitions: A Question of Pressure

Figure 2 in the introduction shows the first critical point or gas-liquid crit-
ical point of water. Here, however, we would like to probe the existence of
a second critical point, i.e. the liquid-liquid critical point (LLCP) that was
shown in Figure 11. Unfortunately, direct observation of critical fluctua-
tions and the appearance of critical opalescence might be difficult in case
of the LLCP due to the metastability of the liquid. In the framework of
this thesis, we proceed with a more indirect approach towards the proposed
LLCP. Here, the idea is to focus on the phase transition lines, i.e. the phase
coexistence line as well as the Widom line, shown in Figure 11. If existent,
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Figure 14: Schematic of a phase transition observed by x-ray scattering.
Curves show the scattering intensity I, as a function of momentum transfer
q. Blue and yellow curves show the pure low-density and high-density
states. Purple and grey curves show the intermediate of the transition
in case of a) a discontinuous phase transition or b) a continuous phase
transition. In each case, the purple line marks the middle of the phase
transition.

both lines should eventually meet, and, therefore, lead to the liquid-liquid
critical point.

We have already seen in the previous section how x-ray scattering allows
to probe the structure within the liquid. In particular, the peak position
of the first diffraction maxima serves as a structural indicator of the two
liquids, i.e. the high-density liquid (HDL) with a peak at large momentum
transfer, and the low-density liquid (LDL) with a peak position at lower
scattering angle. Hence, the experimental approach is to probe the existence
of a phase transition between HDL and LDL by observation of the x-ray
scattering intensity as a function of pressure and temperature. Depending
on the location of the LLCP there are two possible realizations of a phase
transition. For pressures that are higher than the pressure of the critical
point, we expect a discontinuous phase transition when crossing the phase
coexistence line. Instead for pressures below the critical pressure we expect
a continuous phase transition close to the Widom line.

A schematic view on how the expected phase transitions would manifest
in a x-ray scattering experiment is illustrated in Figure 14. The initial and
final states of the phase transition are indicated by the principal scattering
maximum of a pure low-density liquid and a pure high-density liquid, that
are shown in blue and yellow, respectively. At the beginning of a discon-
tinuous phase transition, the scattering intensity of the initial state starts
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to decrease, and a new peak, corresponding to the new state, emerges. The
further the phase transition evolves, more and more of the initial scatter-
ing intensity is transferred to the new scattering peak. It is important
to note that, during that process, the peak position, i.e. the momentum
transfer q, stays constant for each of the two scattering maxima. Hence,
a characteristic double-peak feature arises in the x-ray scattering intensity
which is typical for a discontinuous phase transition. This is consistent
with the picture that the liquid is macroscopically only found in one of the
two states, i.e. either the low-density or the high-density state. The rela-
tive amount between the two macroscopic phases is reflected in the relative
height of the two corresponding scattering maxima. Exactly in the mid-
dle of a phase transition there is an equal amount of the two liquids, and,
hence, the scattering intensity between the two peaks is even, as shown by
the purple line in Figure 14a.

In the case of a continuous phase transition, the scattering intensity
continuously shifts from the initial to the final state. This is shown in Fig-
ure 14b. Hence, there is no double-peak feature of the scattering intensity in
case of a continuous phase transition. This behavior is consistent with the
picture of a mixture between the two pure phases, i.e. a mixture between a
purely low-density liquid and a purely high-density liquid. In other words,
the two pure liquids exist only locally within the liquid. Macroscopically,
however, the liquid is seen as a mixture of the two pure liquids, and exhibits
average properties, for example the mean density of the two pure liquids.
The average, of course, taking the relative mixing ratio into account. Hence,
in the middle of the phase transition where the mixing ratio is even, the
scattering intensity is expected to be approximately in the center of the
initial and final states, as seen by the purple line in Figure 14b. Another
measure of how close the liquid is to its phase transition is the rate at which
local phase transformations occur. Closer to the phase transition, it is more
likely for local structures within the liquid to transform into configurations
of the more stable phase. This holds regardless of the direction from which
the phase transition is approached. As a consequence, the rate at which
the phase transition takes place experiences a maximum in the middle of
the phase transition or, in other words, exactly at the phase transition line.

We have now set the stage for the interpretation of the experimental
results presented in paper VII and II, which are summarized in Figure 15
and Figure 16, respectively.

In paper VII high-density amorphous (HDA) ice samples were probed
by x-ray scattering after ultrafast heating into the liquid state as shown in
Figure 15. In preparation of the experiment, the HDA samples have been
kept at cryogenic temperatures to prevent the phase transition into the low-
density state. This is a common procedure that allows to kinetically arrest
the sample in its high-density state even though the sample is physically
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Figure 15: Scattering intensity I,
(black solid lines) of a high-density
amorphous ice sample after ultra-
fast heating by an infrared laser
pulse. Delay times between the in-
frared pump pulse and the x-ray
probe pulse are indicated in the fig-
ure legend. With increasing pump-
probe delays the high-density peak
(yellow) around 2.1Å−1 gradu-
ally vanishes and a new, low-
density peak (blue) around 1.7Å−1

emerges. After approximately 3 µs
the transformation is interrupted
by the formation of crystalline ice.
Here, a linear background was sub-
tracted from I for better visibil-
ity. Raw scattering intensities are
shown in paper VII.

in an environment of ambient pressure. The HDA samples are heated by
a femtosecond infrared pump laser pulse and isochorically transform into a
liquid state. A few nanoseconds after the heating laser pulse, the molecu-
lar structure of the sample had no time to relax and the liquid is still in
a high-density state. However, over time the high-density state will relax
its structure due to the pressure gradient between within the sample and
its surrounding. We can experimentally follow the structural relaxation of
the sample by measurements of the x-ray scattering intensity as a func-
tion of the delay time between the infrared pump and a subsequent x-ray
probe laser pulse. The results of our pump-probe measurement is shown in
Figure 15.

For the un-pumped case, i.e. a negative pump-probe delay, we see the
typical scattering intensity of a HDA sample with a high-density peak at
approximately 2.15Å−1. At increasing pump-probe delay times we observe
the growth of a new peak around 1.7Å−1, indicating a discontinuous trans-
formation towards a more tetrahedral structured liquid of lower density.
Indeed, we can fit the total scattering intensity as the contribution of two
individual components at constant q values, i.e. a high-density and a low-
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Figure 16: a) Scattering structure factor S of supercooled, µm-sized water
droplets around the first scattering maximum. Temperatures are given in
the figure legend. b) Temperature derivative of the peak position S1 of the
first scattering maximum as a function of temperature. The actual peak
position S1 is shown in the figure inset. Solid lines are guides to the eye.
Reproduced from paper II.

density component. In Figure 15 the two fitting components are shown in
blue and yellow, respectively. Again we note, that the pump-probe delay
time corresponds to a decrease of pressure within the sample. Hence, within
the framework of the liquid-liquid critical point scenario of Figure 11, we
identify the two contributions as the structural manifestation of pure HDL
and pure LDL. In consequence, the observed double-peak feature in the
scattering intensity is explained by a discontinuous phase transition at the
phase coexistence line between HDL and LDL. At last we note, that crys-
tallization of the liquefied samples sets in at longer time scales of around
3 µs, interrupting the liquid-liquid transition.

In paper II we attempt to probe the phase diagram of supercooled wa-
ter at ambient pressure. The experimental approach is based on rapid
evaporative cooling of approximately 14 µm sized water droplets that are
injected into a vacuum chamber. Using this method, supercooled liquid
water samples with temperatures down to approximately 227 K have been
obtained, with the lowest temperature limited by homogeneous ice crystal-
lization occurring after just a few milliseconds. Individual water droplets
were probed using intense x-ray pulses from an x-ray free electron laser
source. For droplet temperatures below 230 K an increasing fraction of
the recorded x-ray scattering patterns showed Bragg peaks that indicate
the growth of crystalline ice. Thus, the recorded data was selected on a
shot-by-shot basis, and only x-ray scattering images of pure liquid water,
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i.e. scattering patterns without Bragg peaks, were used for further analysis.
The normalized scattering intensity, i.e. the scattering structure factor, of
the first scattering maxima is shown in Figure 16a for a set of temperatures.
We see a continuous shift of the peak position towards lower momentum
transfer upon supercooling, which is also shown in the inset of Figure 16b.
The continuous shift in the first scattering maximum indicates a contin-
uous increase of tetrahedral coordinated structures within the liquid. In-
terestingly, the rate at which the peak position changes with respect to
the change in temperature experiences a maximum around 229 K, as seen
in Figure 16b. In the picture of the liquid-liquid critical point scenario,
this observation is consistent with a continuous phase transition from the
high-density liquid, HDL, to the more tetrahedral-like low-density liquid,
LDL. Indeed, as we will see in the following section, other thermodynamic
response functions also exhibit a maximum around 229 K, adding further
evidence to the existence of a continuous liquid-liquid phase transition at
ambient pressure.

3.3 Peaking Correlation and Response Functions

In this section, we take a closer look at the continuous liquid-liquid tran-
sition in supercooled water that was observed at ambient pressure. In the
previous section, we found a maximum in the shift of the first scattering
peak position with respect to changes in temperature. From our discussion
of the Ising model we expect also other thermodynamic response functions
to exhibit a maximum close to the phase transition. This is due to the
growth of fluctuations in the liquid. The previously discussed maxima in
the change of the x-ray scattering peak position, for example, is related to
structural fluctuations. A measure of the spatial extend of such fluctua-
tions is given by the correlation length ξ. In our introduction to the Ising
model, ξ was used as the decay constant of the pair-correlation function.
Indeed, taking the inverse Fourier transform of the pair-correlation func-
tion shows that an increase of the correlation length relates to an increase
of the scattering structure factor S, at small momentum transfer q. In
practice, S(q) is often described by Ornstein-Zernike analysis where the in-
crease of the structure factor at small momentum transfer is approximated
by a Lorentzian, with half-width at half-maximum related to the correlation
length [65]:

SOZ (q) ∝ 1/(ξ−2 + q2) (11)

In Figure 17a we show x-ray measurements of the structure factor at
small scattering angles, i.e. at small values of q. At room temperature
water shows almost no increase at small momentum transfer. However,
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Figure 17: a) Normalized structure factor derived from small angle x-ray
scattering on supercooled µm-sized water droplets, measured at PAL-XFEL
(left panel) and SACLA (right panel). Depicted structure factors corre-
spond to temperatures ranging from 275 K (dark red) down to 228 K (dark
blue). Dashed lines indicate the experimental limit for low q. Grey solid
lines show Ornstein-Zernike fits of the structure factor. b) Decomposition of
the structure factor (blue) into a normal component (red) and an anomalous
component (green). Isothermal compressibility κT and correlation length ξ
are retrieved from the fit. Reproduced from paper II.

when water is cooled to lower and lower temperatures we observe a grow-
ing increase of the scattering structure factor at small q. In practice we
can fit the small-angle structure factor by linear combination of two com-
peting contributions: One of the contributions resembles the behavior of a
normal liquid, where the scattering intensity is expected to just monotoni-
cally decrease towards small q. The other contribution is well described by
Ornstein-Zernike analysis featuring a Lorentzian line shape. An example
of such a fit is depicted in Figure 17b. As mentioned above, we can extract
ξ from the half-width at half-maximum of the anomalous component. Fur-
thermore it can be shown that the isothermal compressibility, κT is directly
related to the scattering structure factor at q = 0 by the relation [78]

S (0) = kBTnκT. (12)

Here, kB is the Boltzmann constant, T is temperature and n is the molecular
number density.

The two quantities, ξ and κT, obtained from small-angle x-ray scat-
tering are shown in Figure 18. First of all we note a strong increase of
both properties upon cooling. Solid lines in the figure show a power-law
fit as guide to the eye. At approximately 229 K, the correlation length as
well as the compressibility suddenly deviate from the power-law behavior,
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Figure 18: a) Correlation length ξ and b) isothermal compressibility κT of
supercooled water. Solid lines are powerlaw fits up to the maximum values.
Insets show the existence of maxima in both, ξ and κT at approximately
229 K. Reproduced from paper II and IV.

which otherwise describes the data at higher temperatures reasonably well.
As a result, at approximately 229 K we observe a maximum in both the
correlation length and compressibility. This is at the same temperature
as the maximum of the temperature derivative of the first scattering peak
position discussed earlier. In the discussion of the Ising model, we showed
that these maxima are related to the crossing of the Widom line where fluc-
tuations between two competing phases reach a maximum. In the picture
of the liquid-liquid critical point scenario, the two competing phases are
the high-density liquid HDL, and the low-density liquid LDL. In practice,
we can probe such fluctuations in different ways. For example, a direct
measure of the spatial extent of the fluctuations is given by the correlation
length. Whereas, in case of the isothermal compressibility the fluctuations
are probed through density fluctuations within the liquid.

Another approach is presented in paper VIII, where we measured the
heat capacity of supercooled water, which is directly related to the en-
ergy fluctuations of the system. The experiment is briefly explained here.
Again, we made use of evaporatively cooled µm-sized water droplets to
achieve temperatures down to approximately 228 K. The droplets were hit
by a femtosecond infrared laser pulse to heat the water samples by roughly
one Kelvin. A subsequent x-ray laser pulse was used to probe the resulting
temperature rise through the temperature dependent shift in the first scat-
tering peak. With the excitation frequency of the optical pump laser far
from any resonance in water’s absorption coefficient, we can also estimate
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the amount of energy that is absorbed during the heating. The ratio of
both, increase in the droplet temperature and the energy that is absorbed
by the sample, provides the heat capacity. We should note that the time
between the heating laser pulse and the x-ray probe was chosen to be long
enough for the sample structure to relax, i.e. approximately one microsec-
ond. In other words this means that the sample is probed at constant
pressure and the measured heat capacity is the isobaric heat capacity, CP.
In the experiment we observe an increase of CP upon cooling by almost a
factor of three in comparison to its value at room temperature. Although
the measured data come with a relative large uncertainty, there is again an
indication of a maximum close to 229 K, i.e. the same temperature where
the previous response functions showed their maximum values.

At last we note that the correlation length as well as the isothermal
compressibility in paper II, have also been measured for D2O, i.e. heavy
water. The results are essentially the same as in case of H2O, again in-
dicating a continuous phase transition and the existence of a Widom line
at ambient pressure. However, the corresponding maxima are found at a
higher temperature of around 233 K. This is consistent with the study of
paper I, where we show that the magnitude of nuclear quantum effects on
the structure of water is temperature independent. This is seen as the struc-
ture factor of D2O is similar to that of H2O if the temperature is shifted
by a constant 5 K. This constant shift in temperature is found to be valid
from ambient temperatures down to the deeply supercooled conditions.

3.4 Location of the 2nd Critical Point: An Educated Guess

In the previous sections we presented experimental evidence for the exis-
tence of a liquid-liquid transition between a high-density and a low-density
liquid in supercooled water. Depending on the external pressure, the ob-
served transition manifests in two different types. At high pressure we
observe a discontinuous phase transition, featuring a phase coexistence be-
tween the two liquids. At ambient pressure, on the contrary, we find a
continuous phase transition, characterized by peaking response functions
around the Widom line. According to thermodynamics, the two phase
transitions have to eventually meet in a critical point. This is commonly
referred to as the liquid-liquid critical point scenario, which has been intro-
duced at the end of the previous chapter and is summarized in Figure 11.

In this section we would like to address the question of where such a
liquid-liquid critical point might be located. Or, in other words, where in
the phase diagram of supercooled water, i.e. at what temperature and pres-
sure, do the phase coexistence line and the Widom line meet. To answer
that question we make use of the previous discussion about the thermody-
namic response functions that have been calculated from simulations using
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the Ising model. There we have seen that for pressures which are fur-
ther away from the critical point, the response functions become smaller
in magnitude and broaden with respect to temperature. An essentially
very similar but much more accurate behavior of water’s thermodynamic
response functions can be obtained from molecular dynamics simulations.

In paper IV and VI we compare classical force field simulations with
the experimental results obtained on supercooled water. Here, we like to
focus on the comparison of the isothermal compressibility, κT, between the
experiment and molecular dynamics simulations. Figure 19a shows such
comparison for a set of well established force fields. We note that the
experimental data and simulations are both shown at ambient pressure. At
moderate temperatures most of the simulations agree reasonably well with
the experiment. At supercooled temperatures, however, the simulations
dramatically underestimate κT. Furthermore, the broadening around the
compressibility maximum is much more prominent in the simulations. We
can explain this discrepancy between the experiment and simulations due
to a liquid-liquid critical point that is closer to ambient pressure in case
of real water than compared to simulations. Indeed, we show in paper VI
that real water is described best if the classical force field simulations are
shifted by approximately 1 kbar.
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Figure 19: Isothermal compressibility κT. a) κT at 1 bar of various molec-
ular dynamics models (dashed lines) in comparison to experimental data
(black dots). b) Maxima of the isothermal compressibility κmax

T (black dots)
as well as power-law exponents γ (red squares) obtained by simulations of
the iAMOEBA water model at various pressures. Dashed lines are guides
to the eye. Solid lines indicate the experimental values of κmax

T and γ at am-
bient pressure. The iAMOEBA water model features a liquid-liquid critical
point at approximately 1750 bar. Adapted from paper IV and VI.
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One of the more accurate force field models is the iAMOEBA water
model. It features a liquid-liquid critical point at around 1750 bar [79]. In
Figure 19b we compare the height of the compressibility maximum from the
iAMOEBA water model at various pressures with the experimental value
at ambient pressure. We note the logarithmic scale of the figure. The
experimental value of κT at ambient pressure is indicated by the solid line
in the figure. It corresponds best to simulations around 800 bar, or in other
words approximately 1 kbar below the critical pressure of the simulation
model. In paper IV, a similar result is obtained for comparison of the power-
law exponents γ, when κT is fitted in terms of a power law. The γ exponent
thereby serves as a measure of the broadening around the compressibility
maximum.

In conclusion, the experimental compressibility is best described by sim-
ulations that are approximately 1 kbar below the critical pressure. Together
with the discussion in paper VII, where we estimate the critical tempera-
ture to be a few Kelvin below the homogeneous nucleation temperature, we
estimate that the liquid-liquid critical point of supercooled water might be
located at around 215 K and approximately 1 kbar.

3.5 Dynamics of Supercooled Water

The experimental observations presented in this thesis strongly suggest the
existence of a liquid-liquid critical point deep in the metastable phase di-
agram of supercooled water. As such, experiments that aim to measure
the critical behavior in proximity of the second critical point have to be
performed on time scales that are short enough to beat ice crystallization.
From crystallization rates found in paper VII we can give a crude estimate
of such time scales to be on the order of microseconds or even less. How-
ever, this estimate might be off by orders of magnitude. This is because not
only structural properties but also molecular dynamics, i.e. the time scales
of molecular motion, can change dramatically with temperature.

A direct example is the diffusion constant in supercooled water which
changes by many orders of magnitude upon cooling. Interestingly, the rate
at which the dynamics slow down in supercooled water has also been as-
signed to the existence of a liquid-liquid transition between two, structurally
and dynamically, distinguished structures [80]. However, more experimen-
tal data is needed to tell whether a liquid-liquid critical point really man-
ifests in the metastable phase of supercooled water. Or, in other words,
even if a liquid-liquid critical point exists in supercooled water, it is still an
open question whether the accessible time scales are long enough for fluc-
tuations to grow and reach true criticality before ice nucleation occurs. In
this section, we present two experimental approaches that have been used
to probe the dynamics of supercooled water and hence might open a way
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to answer the above question in future experiments.
The first approach is based on optical Kerr effect (OKE) spectroscopy

and is discussed in paper IX. Here we briefly summarize the main idea of the
experiment. First, a strong electric field provided by a polarized laser pulse
induces a transient reorientation of the water molecules within the sample.
Then a subsequent x-ray pulse is used to monitor the anisotropic scatter-
ing pattern as a function of the pump-probe delay. The time evolution
of the induced anisotropy reflects the relaxation and vibrational response
of the molecules in the sample. We note that, typically, an optical probe
pulse is used in OKE spectroscopy [81]. Here however, utilizing an in-
tense x-ray probe pulse, we can directly relate the dynamics of liquid water
to the structural information such as the pair correlation function. As a
result, we observe a decay of the induced anisotropy after approximately
0.3 ps. Around 1 ps after the probe pulse the transient reorientation of the
molecules dissipates into heat. Both the experimental anisotropic scatter-
ing pattern and its time trace are well reproduced by molecular dynamics
simulations, which indicate the existence of two distinct local structures
that show different dynamics.

The second approach is based on x-ray speckle visibility spectroscopy
(XSVS) and is discussed in paper III and X. In brief, µm-sized water
droplets are probed by coherent x-rays pulses from a free electron laser.
A speckle pattern arises due to the interference between wavefronts that
originate from coherent x-ray scattering by the electron density within the
sample. In case of water the electron density is dominated by the oxygen
atoms. Any change in their exact atomic positions will be reflected in a
corresponding change of the speckle pattern in reciprocal space. In Fig-
ure 20a we schematically show the effect of different exposure times on the
distribution of molecules in real space as well as the corresponding speckle
patterns. As the exposure time ∆t becomes comparable to or longer than
the time scale of molecular motion, the real-space arrangement of atoms is
blurred and so is the corresponding speckle pattern in momentum space.

In paper III the exposure time is changed by variation of the x-ray
pulse duration ∆t. Results of the speckle contrast, i.e. a measure of the
blurring of a speckle pattern, are shown in Figure 20b as a function of ∆t.
The observed decay of the speckle contrast is attributed to the molecular
motion during the exposure time. Through comparison with molecular
dynamics simulations, we conclude that the slowing down upon cooling is
not only due to simple thermal ballistic-like motion, but that cage effects
due to hydrogen-bonding play an important role on time scales over 25 fs.

We note that in practice the measured photon count on the detector of
a single x-ray pulse is much smaller than suggested by the image in Fig-
ure 20a. Indeed, typical photon counts obtained in the study of paper III
are on the order of 0.01 photons/pixel/pulse. This means that a typical x-

41



a)
sm

al
l ∆

t
la

rg
e 
∆t

real space momentum space
0 25 50 75 100 125 150

∆t  [fs]

b)

sp
ec

kl
e 

co
nt

ra
st

  [
ar

b.
 u

ni
ts

]
Figure 20: a) Effect of the exposure time ∆t on the image acquisition.
Schematic illustration of images taken in real space (left column) and mo-
mentum space (right column) for a short exposure time (top row) and long
exposure time (bottom row). b) Decay of the speckle contrast as a function
of the exposure time. Symbols are the experimental data at two different
temperatures. The lines are predictions by different theoretical models.
Reproduced from paper III and X.

ray scattering image on the detector consists mostly of pixels which do not
record any scattering intensity or the scattering of a single x-ray photon.
Occasionally however, very few pixels measure the scattering intensity of
two photons. In paper III the speckle contrast is calculated form the ratio
of the two-photon and one-photon events. Obtained values of the speckle
contrast vary significantly between single x-ray shots due to the low photon
count. The contrast values and corresponding error bars reported in Fig-
ure 20b are therefore averages and corresponding standard deviations from
approximately 104 shots per data point.

In paper X, we attempt to probe the dynamics of supercooled water at
longer time scales. Hence, instead of varying the exposure time by stretch-
ing the pulse duration of the x-rays, the idea is to split a single x-ray pulse
into two and delay one of the pulses. With this approach exposure times,
i.e. delay times between the two x-ray pulses, between 300 fs and 10 ps have
been investigated. Unfortunately, due to reflections of the x-ray beam that
are necessary to split and delay the pulses, the pulse intensity drops by
roughly an order of magnitude and so does the photon count on the detec-
tor. As a result, we obtained large uncertainties for the speckle contrast
that prohibit further interpretation on the molecular dynamics.

In conclusion we note that both approaches, x-ray probe OKE and
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XSVS, provide a useful tool to study dynamics in supercooled water. Both
experiments are challenging due to the measurement of small signals. In
case of OKE this is mainly because of the the almost isotropic molecular
polarizability of water. For XSVS the limitation is due to low photon
counts. However, with the capabilities of new x-ray facilities with increased
repetition rates such as the European XFEL or LCLS II these kind of
experiments promise to play an important role in the study of molecular
dynamics in liquids.

43



44



4 Summary

This thesis presents experimental x-ray scattering studies on supercooled
liquid water. A liquid-liquid transition between two structurally distinct
configurations has been found in deeply supercooled water. The observed
liquid-liquid transition strongly indicates the existence of a liquid-liquid
critical point to cause the anomalous behavior of water.

The experiments were performed at large-scale x-ray facilities such as
x-ray free electron lasers and synchrotrons. Two conceptually different ex-
perimental approaches have been used to investigate the metastable phase
of supercooled water. The first approach is based on rapid evaporative
cooling of µm-sized water droplets. In a second approach, structurally ar-
rested high-density amorphous ice samples which have been prepared under
high pressure, are heated by an femtosecond infrared laser pulse into the
supercooled liquid state. Together, these two approaches have been used to
access a region within the metastable phase diagram of supercooled water
that has previously been inaccessible.

Using elastic x-ray scattering measurements as a structural probe of
the liquid, we identified the existence of a liquid-liquid phase transition in
deeply supercooled water. The observed phase transition is interpreted as
the transition between a high-density and a low-density liquid phase. At
high pressure this phase transition is discontinuous or first-order like, fea-
turing a characteristic double-peak feature in the observed x-ray scattering
intensity of the first diffraction maxima. At ambient pressure, however, we
observe a continuous shift of the first diffraction maxima that is consistent
with a continuous or second-order phase transition between the two liquids.
Further evidence of a continuous phase transition at ambient pressure is
seen in the temperature dependent maxima of the measured correlation
length, isothermal compressibility and heat capacity, which indicate the
existence of a Widom line.

Together, the experiments presented in this thesis strongly support the
existence of a liquid-liquid critical point deep within the metastable phase
diagram of supercooled water. From comparison of our experimental re-
sults and predictions from molecular dynamics simulations we estimate the
location of such a liquid-liquid critical point to be roughly at 215 K and
1 kbar. However, even if a liquid-liquid critical point exists at such deeply
supercooled conditions, it is still an open question whether the accessible
time scales are long enough for fluctuations to grow and reach true critical-
ity before ice nucleation occurs. In order to answer this question in future
experiments, we successfully demonstrate the capability of coherent x-ray
scattering to serve as a probe of molecular dynamics within supercooled
liquid water.

In conclusion, the experiments support the existence of a liquid-liquid
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critical point where the experimentally observed Widom line and phase
coexistence line would both meet. The main result, however, is the first
experimental observation of a liquid-liquid transition within a pure liquid.
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Populärvetenskaplig Sammanfattning

För att förstå hur det kommer sig att vatten - fysikaliskt sett - är så olik
alla andra vätskor har jag och mina kollegor undersökt vattenprover i den
underkylda delen av fasdiagrammet. I underkylt vatten finns två struk-
turellt olika vätskefaser och vi har hittat en fasövergång mellan dessa vilket
indikerar att en så kallad kritisk punkt existerar. Bortom den kritiska
punkten samexisterar de båda faserna genom snabba fluktuationer och nå-
gon åtskillnad mellan faserna kan inte göras. Vi har använt oss av stora
röntgenanläggngar för att med hjälp av röntgenspridning undersöka dessa
metastabila faser av underkylt vatten.

Två konceptuellt olika metoder har använts, den första metoden baseras
på en mycket snabb kylning genom spontan avdunstning när vattendrop-
par på mikrometerskala injiceras i en vakuumkammare. Med denna metod
kunde vi skapa underkylda vattenprover med temperaturer så låga som
227 K (−46 ◦C) innan droppen oundvikligen kristalliseras och blir till is
några millisekunder därefter.

I vår andra metod utsätter vi isprover för höga tryck, vilket gör att
deras strukturer kollapsar och amorfa isar av mycket hög densitet skapas.
Vid uppvärmning med hjälp av en ultrasnabb infraröd (IR) laserpuls smäl-
ter isen till en motsvarande vätskefas med hög densitet. Under några korta
ögonblick efter att den första laserpulsen värmt upp provet upplever vätske-
provet samma höga tryck inifrån som i det fasta initialtillståndet. Vi mäter
spridningen från proverna med en andra puls (denna gången av röntgen-
strålning) på olika tidsavstånd efter det att IR-pulsen har träffat provet och
detta ger oss möjligheten att se hur provets struktur förändras som följd
av interntryckets utveckling.

Tillsammans ger dessa två metoder tillgång till ett område i det metasta-
bila fasdiagrammet som tidigare inte kunnat nås det är där vi har identi-
fierat en övergång mellan två vätskefaser i underkylt vatten. Vi tolkar denna
övergång som den mellan två olika sorters underkylt vatten som skiljer sig
genom att ha olika täthet. Det är alltså en högdensitetsfas och en låg-
densitetsfas. Vid högre tryck är övergången faserna emellan mycket tvär
– en så kallad första ordningens övergång - vilket medför en karaktäristisk
dubbeltopp i röntgenspridningen vid det första diffraktionsmaximat. Vid
atmosfärstryck däremot ser vi ett kontinuerligt skift av det första diffrak-
tionsmaximat vilket stämmer överens med en övergång av andra ordningen.

Vidare evidens för en kontinuerlig fasövergång vid atmosfärstryck kan
fås om man undersöker temperaturberoendet hos tre observabler hos vatten,
nämligen dess korrelationslängd, isotermala kompressabilitet och värmeka-
pacitet. Vi har påvisat ett maximum hos dessa storheter som indikerar
existensen av en gräns mellan två superkritiska faser– en så kallad Widom-
linje.
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Sammanfattningsvis så stöder dessa experiment hypotesen att en kritisk
punk mellan två vätskefaser existerar i fasdiagrammet hos underkylt vatten.
Den kritiska punkten finns där den experimentellt observerade Widom-
linjen slutar och möter den skarpa gränsen mellan de två vätskefaserna
i djupt underkylt vatten. Det huvudsakliga resultatet i denna avhandling
är dock den första experimentella observationen av en fasövergång mellan
två vätskor i ett prov bestående av en enda ren vätska.
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