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Abstract

This thesis contains three papers, all in the general area of categorical
logic, together with an introductory part with some minor results and
proofs of known results which does not appear to be (easily) available in
the literature.

In Papers I and II we investigate the formal system Intuitionistic
Rami�ed Type Theory (IRTT), introduced by Erik Palmgren, as an ap-
proach to predicative topos theory. In Paper I we construct and study
the category of �local sets� in IRTT, including an extension with induc-
tive de�nitions. We there also give a model of IRTT in univalent type
theory using h-sets. In Paper II we adapt triposes and hyperdoctrines
to the rami�ed setting. These give a categorical semantics for certain
formal languages rami�ed in the same way as IRTT.

Paper III, which is part of a joint project with Henrik Forssell, con-
cerns logical aspects of the localic groupoid/category representations of
Grothendieck toposes that originate from the work of Joyal and Tierney.
Working constructively, we give explicit logical descriptions of locales and
localic categories used for representing classifying toposes of geometric
theories. Aspects of these descriptions are related to work by Coquand,
Sambin et al in formal topology, and we show how parts of their work
can be captured and extended in our framework.





Sammanfattning

Denna avhandling innehåller tre artiklar, samtliga inom området kategori-
teoretisk logik, tillsammans med en inledande del med några mindre re-
sult samt bevis av tidigare kända result som inte (så enkelt) går att �nna
i litteraturen.

I Artikel I och II undersöker vi det formella systemet Intuitionistic
Rami�ed Type Theory (IRTT), vilket introducerades av Erik Palmgren,
som ett sätt att närma sig predikativ toposteori. I Artikel I konstruerar vi
och studerar en kategori av �lokala mängder� i IRTT och i en utvidgning
av denna teori med induktiva de�nitioner. Vi ger där även en modell
av IRTT med h-mängder i univalent typteori. I Artikel II anpassar
vi triposar och hyperdoktriner till det rami�erade fallet. Detta ger en
kategoriteoretisk semantik för vissa formella språk som är rami�erade på
samma sätt som IRTT.

Artikel III, som är en del av ett gemensamt projekt med Henrik
Forssell, rör logiska aspekter av de representationer av Grothendieck
topos med lokaliska kategorier/gruppoider som härstammar från Joyal
och Tierneys arbete. Med ett konstruktivt tillvägagångssätt beskriver
vi lokaler och lokaliska kategorier som kan användas för att representera
de klassi�cerande toposen för geometriska teorier. Aspekter av dessa
beskrivningar är relaterade till arbeten av Coquand, Sambin et al i
formell topologi, och vi visar hur delar av deras arbete kan fångas in
och utvidgas i vårt ramverk.
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1. Introduction

This thesis contains three papers, all primarily in the area of categorical
logic, together with an introductory part. Except for descriptions and
summaries of each of the included papers, the introductory part contains
some minor results and (new) proofs of known results which does not
appear to be easily available in the literature. We next brie�y summarize
the topics of the included papers, so the reader get a feel for what they
contain. More extensive descriptions are given in the next chapter.

The papers I�III are based on two more or less disjoint lines of re-
search. On the hand, we develop an approach to predicative topos theory
initiated by Erik Palmgren with the introduction of the formal system In-
tuitionistic Rami�ed Type Theory (IRTT). This approach aims to char-
acterize predicative toposes in terms of their internal set theories (with-
out using dependent types). Characterizing the categorical counterpart
of such theories amounts to �nding a category-theoretic semantics for a
kind of (proof-irrelevant) predicative higher-order logic. As a step in this
direction, Paper I is primarily concerned with determining properties of
a variant of the syntactic category which IRTT generates. However, we
there also give a model of the theory in univalent type theory and study
the relation between the axioms of IRTT with some of those of construc-
tive set theory CZF. In Paper II we approach more or less the same
questions from a slightly di�erent angle and give rami�ed versions of
hyperdoctrines and triposes. These aims to provide a categorical seman-
tics for languages which are rami�ed in the style as IRTT. Based on the
structure of IRTT we in Paper II also introduce a generalized form of an
external rami�cation index for formal languages.

The second line of reseach is presented in Paper III and has been done
in collaboration with Henrik Forssell. It concerns the Tarski-semantical1

aspects of some abstract topos-theoretic results about certain ways of
representating Grothendieck toposes that originate from the work of
Joyal and Tierney in [JT84]. Under certain conditions, and in a classi-
cal setting, the logic-semantical aspects of these kinds of repesentations

1By this we mean semantics in terms of �ordinary� set models, but not necessarily in
classial set theory.

15



are well-understood and are e.g. given an explicit description by Fors-
sell in [For12] (based on [BM98]) in terms of topological groupoids of
Tarski-models and isomorphisms between them. Paper III can be seen
as extending the picture in [For12] to the general case, from the per-
spective of logical theories, while working constructively1. At the same
time we connect work in formal topology on constructive completeness
theorems with the Joyal�Tierney style repesentations of a topos. Paper
III is intended as a step towards using localic categories or groupoids for
a constructive approach to Tarski semantical techniques for geometric
and �rst-order theories.

1.1 Overview of the thesis

The structure of this thesis is as follows. In Chapter 2 we summarize
Paper I�III and describe their individual contributions. The purpose of
Chapter 3 is to give a detailed proof of a result used in Paper III, namely
the Generalized Comparision Lemma by Kock and Moerdijk in [KM91].
The proof of this result given in [KM91] is terse and we believe this more
explicit proof can illuminate the situation since incorrect variants of this
result exists in the literature. This chapter also includes proofs of some
minor known results regarding sites and coverages which does not appear
to be (easily) found in the literature.

Chapter 4 contains some material regarding complete Heyting Al-
gebra (cHA)-valued sets which also did not �t in into Paper III. The
only original part in this chapter is the description of cHA-valued sets as
a pseudofunctor on the 2-category of locales. Except for this, Chapter
4 is mainly concerned with giving a proof that a morphism of locales
induces a geometric morphism between the corresponding categories of
cHA-valued sets. That this is the case is known since (at least) [FS77]
but our proof, albeit longer, is more elementary and direct than the one
presented there.

1Here we use the word constructive in the topos-theoretic sense, which essentially means
without the Law of Excluded Middle and the Axiom of Choice (but with impredicative power
sets). In this thesis �constructive� will be used for impredicative and predicative systems,
which one of these it's meant should be clear fom context.
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2. Summary of Papers

Each individual paper is largely self-contained. In particular, they con-
tain introductory sections describing the motivation for pursuing the
research presented there. Although there will be some repetition of that
in this chapter, we here focus on summarizing the papers and describe
their contributions.

2.1 Paper I

The formal system Intuitionistic Rami�ed Type Theory (IRTT) was �rst
introduced by Palmgren in [Pal08], with a later, more detailed presenta-
tion and examination in [Pal18]. This system can be seen as a modern
formulation of the type theory in Principia Mathematica based on intu-
itionistic logic and includes a version of the infamous reducibility axiom.
The resemblance with the type theory in Principia Mathematica, how-
ever, is of lesser importance for the work in Paper I, but it is interesting
to note this historical connection of Palmgren's reducibility axiom, since
it appears to be an important addition to rami�ed systems.

More important for our purposes is that IRTT is essentially a pred-
icative (or rami�ed) version of the most basic set theory internal to an
elementary topos with a natural number object. Such theories are called
local set theories by J.L. Bell in [Bel88] and are, in a sense, the syntactic
counterpart to elementary toposes1. Palmgren writes in [Pal18] that he
expects IRTT to give rise to a natural notion of a predicative elementary
topos and what this notion actually is and its viability is what which we
set out to investigate in Paper I. Before describing our results, we brie�y
sketch what a local set theory and IRTT look like.

A local set theory is a theory in a variant of many-sorted �rst-order
intuitionistic logic which takes the context in which is working in into
account. The sorts, or types as we shall call them, of such a theory
are generated from a set of basic types containing a unit type 1, a type

1Local set theories are theories in a kind of intuitionistic higher order logic (IHOL).
Another way of expressing the syntactic counterpart to elementary toposes is as dependent
type theories, see [Mai05] for such descriptions. Note that local set theories do not have
dependent types.
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of propositions Ω, a type of natural numbers N and then closing them
under product types A × B, and power-types P (A). There are term-
forming operations for pairing, projections and comprehension, as well
as equality for each type and a membership predicate ε of arity A ×
P (A) for each type A. Any local set theory contains axioms stating that
projection, pairing and comprehension have the expected properties and
that equality on sets is extensional. For elements of the type of natural
number to have the right properties, there are also the so-called Peano
Axioms. For explicit formulations of these axioms, and more details
regarding these kinds of theories in general, we refer to [Bel88]. By the
empty local set theory we mean the local set theory which has no axioms
except for those just described.

IRTT can be seen as a predicative or rami�ed version of the empty
local set theory where the power type operation is replaced by an in-
�nite family of constructors (Pk)k∈N indexed externally by the natural
numbers. To retain a comprehension principle for forming sets of types
Pn(A), formulas are assigned levels, and when a formula ϕ is of level n
the expression {x : A |ϕ} forms a term of type Pn(A). This assignment
of levels to formulas is de�ned in such a way that when a formula ϕ
contains a quanti�cation over a type Pn(X) then the level of ϕ is greater
than n.

The axioms of IRTT are essentially the same as those of the empty
local set theory, but also contains Palmgren's reducibility axiom, called
the Functional Reducibility Axiom (FRA). This axiom states that any
functional relation between two sets X : Pn(A) and Y : Pm(B) is exten-
tionally equal to an element of type Pk(A×B) for a number k depending
on X and Y in a certain way. In the presence of classical logic, this ax-
iom reintroduces impredicativity, but it is constructively meaningful, as
Palmgren gave an interpretation of IRTT in intensional Martin-Löf type
theory. In this interpretation the types of IRTT are interpreted as se-
toids, and we refer to it as the setoid model.

Our contributions

Compared to Palmgren's original paper(s) we regard Paper I as advanc-
ing the understanding of IRTT in more than one direction. On the one
hand, we study the theory in its own right from a metamathematical
point of view, and its relation to other systems like CZF and sets in uni-
valent type theory. On the other hand, we show how to obtain a category
LSet from IRTT and determine a number of its properties. Rather than
describing the results of Paper I in the order in which they are presented
we will next describe them more in the chronological order in which they
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were obtained.

With IRTT being a predicative or rami�ed variant of a local set the-
ory, the original purpose of Paper I was to study properties of the syn-
tactic category IRTT generates using the same construction that gives
an elementary topos from a (unrami�ed) local set theory (as described
in e.g. Chapter 3 in [Bel88]). In the predicative case, however, there
are some nuances to this construction that does not appear in the im-
predicative case. A set may, namely, have a description on a di�erent
�level� than which the theory proves it exists at. Guided by the idea that
the category generated by IRTT is a �complete extension by de�nitions�
of the theory, we consider a modi�ed version of the construction of a
syntactic category. The objects of our category are pairs, consisting of a
number l together with a description of set which the theory proves exists
at level l. As the morphism we take (equivalence classes of) functional
relations, and the resulting category is denoted LSet.

In Paper I, we show that LSet is a Π-pretopos with a natural number
object, equipped with a sequence of objects (Ωk)k∈N which behave like
a kind of k-level subobject classi�ers. To establish that LSet has these
properties mostly involves adapting set-theoretic constructions to this
new framework. In some cases, however, new arguments have to be
given, as for example in our proof that LSet has a natural number
object.

In unpublished notes from 2008, Palmgren had a suggestion for an
axiom to add to IRTT in order for the theory to be able to handle
inductively de�ned sets. This axiom was called the Principle for General
Inductive De�nitions, abbreviated (PGID), and is presented in Chapter
5 of Paper I. Palmgren also gave a proof that this axiom is valid in the
setoid model which we give an expanded, rewritten version of. By adding
this axiom to IRTT, the expectation was that the category that this
extended theory generates would be a ΠW -pretopos. But, as we argue
in Paper I, it appears necessary to add some additional replacement
principle in order to show this. We found that a version of the Union-
Replacement Axiom fromCZF was su�cient for this purpose. The proof
that the category generated by this extended theory is a ΠW -pretopos
is the content of Chapter 8 in Paper I.

With this import of ideas fromCZF and Aczel's local constructive set
theory in [Acz11] in mind, we wanted to obtain a better understanding
of the relation between axioms of IRTT with those of CZF in the local
and rami�ed setting. In Chapter 4 of Paper I we consider variants of
the Fullness Axiom and Strong Collection Axiom from CZF, in addition
to the Union-Replacement Axiom. We also suggest an interpretation of
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IRTT into a variant of CZF with a sequence of inaccessible sets.
After Peter LeFanu Lumsdaine became my advisor, the relation of

IRTT (or the category it determines) to sets as conceived in univalent
type theory (so-called h-sets) became a topic of discussion. In Chapter
3 we present an interpretation of IRTT in univalent type theory with a
cumulative sequence of univalent universes U0 ⊆ U1 ⊆ U2 ⊆ . . . . This
interpretation has the same �avour as Palmgren's setoid model but with
the types of IRTT interpreted as h-sets and formulas interpreted as mere
propositions.

In addition to these results, Paper I also contains a mild generaliza-
tion of IRTT to what we call rami�ed local set theories which, as the
name suggests, are rami�ed versions of local set theories. IRTT should
be regarded as the most basic rami�ed local set theory with a type of
natural numbers. There are, however, some (minor) di�erence with how
rami�ed local set theories are set up and Palmgren original formulation
in [Pal18], see Section 2.1 in Paper I regarding this.

2.2 Paper II

In Paper II we continue our investigation of categorical semantics for
rami�ed languages, but with a di�erent approach than the one in Paper
I. More precisely, we consider rami�ed variants of hyperdoctrines and
triposes.

Hyperdoctrines were introduced by Lawvere as a categorical seman-
tics for �rst-order logic, and similar constructions give structures that
may interpret the Horn, regular and coherent fragments thereof. We
refer to this more general class of structures as doctrines, and reserve
hyperdoctrine for the �rst-order case. A Horn doctrine, for example, is
then a pair (C, S) of a category C with �nite products and a functor
S from Cop to the category of meet-semilattices satisfying a number of
properties. From a logical perspective, the intuitive idea is that C is a
category with contexts, or sorts, as objects and terms as morphisms. The
functor S takes a context to the set of Horn formulas in that context,
with S(f) acting by substitution, for a morphism f in C.

Triposes are, in turn, a kind of hyperdoctrines (i.e. �rst-order doc-
trines) with power objects and can be seen as a way to present an ele-
mentary topos. A certain class of toposes called realizability toposes are
particularly suited for such descriptions, see van Oosten's book [vO08]
for examples of this.

In Paper II, we consider the general construction of the hyperdoc-
trine generated by a �rst-order theory, take the rami�cation of IRTT
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into consideration and then abstract on this analysis. This allows us
to introduce rami�ed variants of Horn, regular, coherent and �rst-order
doctrines and triposes.

Compared to IRTT, we also allow our doctrines to be rami�ed in
a more general sense. As formulated by Palmgren in [Pal18], IRTT is
externally indexed by the natural numbers, and based on the purely
algebraic conditions necessary for setting up this rami�cation, we intro-
duce what we call a �rami�cation base�. These are intended to work as a
generalized, external rami�cation index. In terms of such a rami�cation
base B we formulate B-rami�ed Horn, regular, coherent and �rst-order
logic and show soundness and completeness for the natural semantics of
these logics in the corresponding doctrines.

The tripos-to-topos construction

From a tripos one can obtain a topos by means of the tripos-to-topos
construction, which amounts to forming the category of partial equiva-
lence relations (PERs) in the tripos. For a robust approach to predicative
or rami�ed topos theory, and for comparison with the constructions in
Paper I, we believe it is important to obtain a good understanding of the
tripos-to-topos construction in the rami�ed case. One can form the cat-
egory of PERs in a rami�ed tripos in a straightforwad way, but we also
give an variant of this construction, more in line with how the category
LSet considered in Paper I was obtained. This alternative construction
uses PERs internal to the doctrines, rather than those which exist exter-
nally. We show that LSet is equivalent to the category of such internal
PERs in the rami�ed tripos generated by IRTT.

In [MR15] and [Pas16], it is shown that the tripos-to-topos construc-
tion can be decomposed into steps which freely adds structure to a tripos.
We look at the �rst of these steps, which freely adds comprehensions,
and discuss some issues which extending it to the rami�ed setting.

2.3 Paper III

This paper is part of a joint project together with Henrik Forssell. The
introduction in Paper III is already fairly extensive in itself, but we here
give a di�erent description which is more focused on describing the con-
structions given there and, in some aspects, is more elementary. In this
section topos will mean Grothendieck topos, and Set the category of
sets and functions in the intuitionistic variant IZF of Zermelo-Frankel
set theory. We start with recalling, or introducing, some concepts from
logic used in Paper III.
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Geometric logic

Geometric logic is a natural way to expressing the logic inherent to
toposes. In this logic one studies implications of geometric formulas
Φ,Ψ, conveniently expressed in sequent notation as Φ ` Ψ. The geomet-
ric formulas themselves are built up using the connectives >,⊥,∧, ∃ and∨
, where the latter is an in�nitary generalization of (binary) disjunction.

More precisely,
∨

can range over arbitrary sets of geometric formulas un-
der the condition that only a �nite number of variables may occur freely
among all of them. As is necessary for categorical semantics, one works
relative to context ~x in geometric logic, resulting in expressions of the
form Φ `~x Ψ called geometric sequents and whose intended reading is
as the universal closure ∀~x(Φ ⇒ Ψ). The derivation rules for the con-
nectives >,⊥,∧,∃ and binary disjunction ∨ of this sequent calculi can
be found Paper II, with

∨
being an in�nite generalization of the rules

for ∨. These are, in turn, taken from Section D in [Joh02], to which we
refer for more information regarding geometric logic in general.

By a geometric theory we mean a collection of geometric sequents.
Three naturally occurring examples of this are the following.

Example 2.3.1. (i) The theory of torsion groups. These are groups in
every element x has a �nite, positive power that equals the identity 1. In
geometric logic, and using sequent notation, this axiom can be expressed
as

> `x
∨
n∈N

xn+1 = 1.

(ii) The theory of Archimedean �elds. This is the theory of ordered
�elds extended with an axiom stating that for any element x there is a
natural number n such that n > x. In sequent notation we express this
as

> `x
∨
n∈N

n > x.

(iii) The theory of a complete Heyting Algebra (cHA). The canonical
example of a complete Heyting algebra is the lattice of open sets of
a topological space. More generally, it is a partially ordered set with
arbitrary meets and joins (written

∨
respectively

∧
), exponentiation

and which satis�es the distributive law x ∧
∨
i∈I yi =

∨
i∈I x ∧ yi. Any

such cHA L can be expressed a propositional geometric theory with a
propositional constant px for every element x in L, and an axiom px ` py
whenever x ≤ y.

Every geometric theory T has a classifying topos Set[T] which, as re-
gards to models in toposes, fully characterizes the theory. Every topos,
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in fact, arises as the classifying topos of some geometric theory1. As
regards to classifying toposes, one is free to assume that one's geometric
theory is relational, by which it is meant that the underlying signature
does not contain any function symbols.

Localic groupoid representation

In [JT84], Joyal and Tierney showed that any topos is equivalent to
the category of equivariant sheaves on a localic groupoid. By a localic
groupoid it is meant an internal groupoid in the category of locales, and
an equivariant sheaf is a sheaf equipped with a continuous action of the
groupoid (most easily visualized in terms of local homeomorphisms).

Joyal and Tierney's result tells us that toposes can be represented
by localic groupoids. This was later extended by Moerdijk to that one
can equally well use localic categories for this purpose, see [Moe90]. For
toposes with �enough points� these results were sharpened by Butz and
Moerdijk in [BM98] that to that toposes with this property can be rep-
resented using topological groupoids. In more logical terminology, Butz
and Moerdijk's result means that a geometric theory T which is complete
with respect to its collection of Set-models has a classifying topos that
can be recovered from a topological groupoid consisting of such mod-
els and the isomorphisms between them. An explicit description of the
result from [BM98] in this perspective were given by Forssell in [For12].

The proofs establishing the existence of a localic groupoid or cate-
gory representing a general topos are, however, usually not very direct
and involves quite a lot of machinery, requiring an in-depth knowledge
of topos theory to discern. This is a obstacle if one wants to use these
kinds of representations in a concrete way. One of our contributions with
Paper III is giving an explicit, logical description of a localic category
representing the classifying topos of a relational geometric theory T. On
our way there we still need to set up a fair amount of theory. To this
end, we collect results from various resources and, in some cases, extend
them in ways which are useful to us. Rather than mentioning minor im-
provements on known results, we will in this section focus on describing
the appearance of the resulting localic category and connections these
constructions have to work in formal topology.

We take the view that a localic category representing the topos Set[T]
�consists of� Tarski-models of T built2 out of a certain set V and the
homomorphisms between them; or, as we will call them, of V -models and

1For this one can, in general, use the internal geometric theory of the topos.
2By a model �built out of V � we here mean that the underlying set of the model is a

quotient of a subset of V (or, more brie�y, a subquotient of V ).
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the homomorphisms between them. These form a space when equipped
with a kind of �nite information topology, where the basic opens are
speci�ed by a �nite amount of data about the models they contain or
about a homomorphism.

More precisely, we regard a basic open in a (formal) space of V -
models to be determined by a �nite list of elements of V and a �nite
number of conditions, and that it consists of the models which contain
(the equivalence classes of) those elements and where the conditions are
true of them. To give the construction a syntactic �avour, we identify
V with the set of variables of the theory, but any (positively) in�nite
set with decidable equality could be used to this end. In this setting,
we thus regard a basic open of a space of V -models as determined by a
Horn formula in context ~x.φ.

This leads us to consider a pre-order PΣ, associated to a relational
signature Σ, whose objects are Horn formulas in (�xed) contexts, written
〈~x |φ〉. These are ordered by that 〈~x |φ〉 ≤ 〈~y |ψ〉 i� ~x ⊇ ~y and φ `~x ψ
is derivable in the empty theory over Σ. PΣ can be seen as a variant of
the pre-order of �nitely presentably Σ-structures and the homomorphism
between them (cf. Example 1.2(4) in [AR94]), where the underlying set of
each Σ-structure is a subset of V . Expressed in a di�erent way, a variant
of PΣ over the empty signature also occurs in [Joh02] as the pre-order
of partial equivalence relations over N, formulated as a propositional
geometric theory.

A geometric theory T over Σ can be seen to induce a covering sys-
tem on PΣ in a natural way, generating a space we denote by XT. This
space �consists of� V -models in the sense that there is a bijective corre-
spondence between such models and points of XT. XT, moreover, comes
equipped with a canonical T-model M, which has a particularly simple
description in the category of O(XT)-valued sets, Ω-Set(XT). The de-
scription of PΣ and the model M can be found in Chapter 4 of Paper
III.

In Chapter 5 of Paper III we show, among other things, that the
geometric morphism V : Ω-Set(XT) → Set[T] associated to the model
M has the nice properties of being connected and locally connected.
Our argument for this consists in �rst showing that a certain morphism
between presheaf categories has this property, and then restricting to
sheaves. The argument for the presheaf case depends on a characteriza-
tion of Johnstone, which he uses to show a related result.

A representing localic category

Suitably de�ned, a translation between theories F : T → S induces a

24



locale morphism f : XS → XT in the opposite direction. Using such
translations, we build a localic category using spaces of V -models for
di�erent theories. For a more concrete description, let H and K denote
the theory with 2 respectively 3 copies of a geometric theory T and with
homomorphisms between these (a homomorphism in the case of H). We
then obtain translations as in the following diagram

K H T,M

S

U

T

by injecting the copies of T in one theory to another in the expected
ways, or by identifying them in the case of U . These translation induces
a localic category of the following form:

XK XH XT.
m

s

u

t

A more detailed description of the above is given in Chapter 6 of Pa-
per III. This localic category represents Set[T] since, on the one hand,
the surjectiveness of the geometric morphism V : Ω-Set(XT) → Set[T]
makes Set[T] equivalent to the category of coalgebras on Ω-Set(XT) for
the comonad induced by V, by a basic result in topos theory. We ex-
plain how such coalgebras in our case can be reformulated as equivariant
cHA-valued sets (rather than equivariant sheaves). The latter is a vari-
ant of the more general descent argument described in e.g. Section C5.1
in [Joh02], but we also list the su�cient conditions for our argument to
go through. These conditions can potentially be satis�ed in cases where
the localic category is not obtained by taking the pullbacks or lax pull-
backs of toposes in the way usually considered. See Chapter 7 in Paper
III for the details regarding this.

Sublocales of XT and connections to work in formal topology

Our use of cHA-valued semantics allows us to relate our constructions
with work by Coquand, Smith, Sambin and Sadocco in [Sam95], [CS95]
and [CSSS00] on constructive completeness theorems in formal topology.
In particular, the space XT can be seen as a geometric version of their
�rst-order Henkin space. For an exact analogy, however, one has to pass
to a certain sublocale of XT, as we describe in Chapter 8 in Paper III.
In that chapter, we also perform a more general study of sublocales Y
of XT that induces an open surjection Sh(Y ) → Set[T] in a particular
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way. Among these are the space of points of XT, when the theory T has
enough V -models, and the type of spaces used by Butz and Moerdijk in
[BM98] (whose points are models with in�nite equivalence classes).

We also introduce a geometric version of the �rst-order Dedekind�
MacNeille (DM) topology from [Sam95], [CS95] and [CSSS00], which in
several ways improves upon their version. The locale YT associated to the
geometric DM topology has some interesting properties. It is shown to be
initial among certain sublocales of XT and, under the right conditions, a
conservative translation T→ S of theories induces a surjective morphism
of locales YS � YT, something which is not true for the corresponding
morphism XS → XT under the same assumptions.
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3. Coverages and the generalized

comparison lemma of Kock and

Moerdijk

The main purposes of this chapter is to give a detailed (and construc-
tive) proof of the Generalized Comparison Lemma from [KM91]. This
proof is the content of Section 3.3, and in Section 3.1 we introduce some
concepts involved in stating and showing that result. In Section 3.2 we
give a couple of conditions for determining when a functor between the
underlying categories of two sites is cover-preserving. We claim no orig-
inality of these latter results, which are known by experts, but may not
be (easily) accessible in the literature.

3.1 Coverages

Our terminology derives from Section C2.1 of [Joh02] from which we now
recall some de�nitions. A coverage T on a category C is an assignment
sending objects D ∈ C to a collection T (D) of families of morphisms
with codomain D satisfying the following condition:

(C) For every g : D′ → D and R ∈ T (D) there is R′ ∈ T (D′) such that
for all morphisms f ′ ∈ R′ the composite g ◦ f ′ factors through R.

The elements R in T (D) are called covering families. If the category C
has pullbacks one can also consider the following stronger condition of
stability of covering families under pullback:

(PC) For every g : D′ → D and R = {fi : Di → D | i ∈ I} in T (D) the
family {pr1 : D′×DDi → D′ | i ∈ I}, obtained by pullback of each
of the morphisms fi along g, is in T (D′).

We shall call coverages satisfying the (PC)-condition stable. Note that
stable coverages on C are closed under intersection. Any assignment A
taking objects C ∈ C to families of morphisms with codomain C thus
generates a smallest stable coverage by taking the intersection of all such
coverages containing A.
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A coverage is sifted if all its covering families are sieves. By a
Grothendieck coverage we here mean a sifted coverage J satisfying the
following conditions, in addition to (C):

(M) For every object D ∈ C, J(D) contains the maximal sieve on D;

(L) For any sieves R,S on C, if R ∈ J(D) and f∗(S) is in J(D′) for
any f : D′ → D in R then S ∈ J(D).

Here f∗(S) denotes {g : E → D′ | f ◦ g ∈ S}. Such an assignment J
can equivalently be de�ned by requiring satisfaction of (M), (C ′) and
(L), which are the more traditional closure conditions for Grothendieck
coverages (or Grothendieck topologies as they are called in e.g. De�nition
III.2.1 in [MM92]). The condition (C ′) is given as follows:

(C ′) f∗(R) is in J(D′) for every R ∈ J(D) and f : D′ → D in C.
For a coverage T we use T for the sifted coverage generated by T and T̃
for the Grothendieck coverage generated by T . The latter can obtained as
the intersection of all Grothendieck coverages containing T . We similarly
use R for the sieve generated by a family of morphisms R with common
codomain. However, when dealing with compound expressions we will
also use 〈R〉 to denote such a sieve, for readability. Note that since
Grothendieck coverages are closed under intersection, any assignment A
sending objects C ∈ C to a collection A(C) of families of morphisms with
codomain C determines a smallest Grothendieck coverage containing the
sieves generated by families in A.

If C is a category equipped with a coverage J and D ⊆ C is a subcate-
gory, let the induced coverage JD on D consist of the J-covering families
on objects in D intersected with the morphisms in D. We next give an ex-
ample showing that the induced coverage is not necessarily Grothendieck
when J is, contrary to as stated in Section C2.2 of [Joh02]:

Example 3.1.1. Consider the following category C and subcategory D

C :

U V

W W ′

f

f−1

g

g′

D :

U V

W W ′

f−1

f−1g

g′

gg′

Let J be the atomic topology on C, which assigns to every object in C
the set of all the non-empty sieves on it. Thus

J(U) = {MU , {f−1g}, {f−1gg′}}, J(W ′) = {MW ′},
J(V ) = {MV , {g}, {gg′}}, J(W ) = {MW , {g′}},
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whereMX denotes the maximal sieve on X. This de�nes a Grothendieck
coverage as any pair of morphisms with a common codomain in C can
be completed into a commuting square (see III.2.(f) in [MM92]). The
induced topology JD on D in this case becomes

JD(U) = {MU , {f−1g}, {f−1gg′}}, JD(W ′) = {MW ′},
JD(V ) = {MV , {gg′}}, JD(W ) = {MW , {g′}}.

Note that this is not a Grothendieck coverage on D, as the (L)-condition
fails for S = {f−1gg′} in JD(U) and the sieve R = {f−1, f−1gg′} on U
since (f−1gg′)∗R is JD-covering but R is not.

It can be veri�ed that D even satis�es the conditions given in De�-
nition C2.2.1 of [Joh02] of a J-dense subcategory of C.

3.2 Sites and preservation and re�ection of covers

A site is a pair (C, T ) of a category C and a coverage T on it. The sites
(C, T ), (C, T ) and (C, T̃ ) all determines the same categories of sheaves
(see Lemma C2.1.3 of [Joh02] and the comment following it), which are
denoted Sh(C, T ), Sh(C, T ) respectively Sh(C, T̃ ). For sites (C, T ) and
(C′, T ′), by writing u : (C, T ) → (C′, T ′) we simply mean that u is a
functor C → C′ between the underlying categories of the sites.

We next give the de�nitions of the important concepts of a functor
being cover-preserving and cover-re�ecting. These properties often al-
lows one to conclude that the functor in question induces a geometric
morphism between the corresponding categories of sheaves (for cover-
re�ecting functors this is in fact always the case).

De�nition 3.2.1. Let u : (C, J) → (C′, J ′) be a functor where J and
J ′ are Grothendieck coverages. Then u is cover-preserving if u(S) in in
J ′(u(C)) for any S ∈ J(C) and C ∈ C. u is called cover-re�ecting if for
any C ∈ C and S ∈ J ′(u(C)), there is R ∈ J(C) such that u(R) ⊆ S.

For the rest of this section we'll focus our attention to cover-preserving
functors. In particular, we wish to clarify when a functor u : C → C′ be-
tween the underlying categories of two sites (C, J) and (C′, J ′) is cover-
preserving, in cases where a full speci�cation of J as a Grothendieck
coverage may not be available. As the next example shows, if A is an
assignment of covering families to objects of C and J is the Grothendieck
coverage generated by it, then we can in general not conclude that
u : (C, J)→ (C′, J ′) is cover-preserving from that u(R) is in J ′(C) when-
ever R ∈ A(C). This conclusion does hold when A is coverage or C has
pullbacks which are preserved by u, as shown in the subsequent lemmas.
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Example 3.2.2. Consider the categories

C :

C

D B
f

g C′ :

C

D B
f

g ∼= g−1

and let J be the Grothendieck coverage on C given by J(D) = {MD, ∅},
J(B) = {MB, {g}} and J(C) = {MC}, where MX denotes the maximal
sieve on X. Further let J ′ be the trivial Grothendieck coverage on C′ con-
sisting of only the maximal sieves. Then J is the smallest Grothendieck
coverage containing {g} as a covering family on B, and for the inclusion
u : C ↪→ C′ the sieve u({g}) = MB is in J ′(B). But u is not cover-
preserving as a functor (C, J)→ (C′, J ′), since the empty sieve J-covers
D but not u(D).

Proposition 3.2.3. Let (C, T ) and (C′, J ′) be sites where T is a coverage

and J ′ is a Grothendieck coverage. A functor u : C → C′ preserves T̃ -
covers i� u(R) generates a J ′-covering sieve, for any R in T .

Proof. From left to right is clear. In the other direction, let J be the
assignment that sends C ∈ C to

J(C) = {sieves S on C | (∀g : D → C)〈u(g∗S)〉 ∈ J ′(u(D))}. (3.1)

Then, in particular, 〈u(S)〉 is J ′-covering for every S ∈ J(C). Note that
J contains T since if R is in T (C) then and g : D → C is a morphism
in C, there is a family S ∈ T (D) such that g ◦ s factors through R for
every s ∈ S. The latter means that S ⊆ g∗R, implying that 〈u(g∗R)〉 is
J ′-covering.

If we show that J is a Grothendieck coverage, then T̃ is contained
in J and u(S) generates J ′-covering sieve for every sieve S in T̃ . It is
therefore su�cient to verify that J satis�es (M), (C ′) and (L). Now,
(M) and (C ′) are clearly satis�ed by J . For (L), suppose S ∈ J(C)
and R is a sieve on C such that s∗R ∈ J(D′) for any s : D′ → C in S.
Letting g : D → C be a morphism, we have that 〈u(g∗S)〉 is in J ′(u(D)).
Since J ′ satis�es (L), we can conclude that R is in J(C) by showing that
f∗〈u(g∗R)〉 is J ′-covering for each f ∈ 〈u(g∗S)〉. Any such f ∈ 〈u(g∗S)〉
equals u(t) ◦ k for some morphisms k ∈ C′ and t ∈ g∗S. By assumption,
(g ◦ t)∗R ∈ J(dom(t)) so 〈u((g ◦ t)∗R)〉 is J ′-covering. But then so is
u(t)∗〈u(g∗R)〉 since this sieve contains 〈u((g◦t)∗R)〉. From this it follows
that k∗u(t)∗〈u(g∗R)〉 = f∗〈u(g∗R)〉 is J ′-covering as well. We can now
conclude that R is in J(C) and that J satis�es (L).
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Proposition 3.2.4. Suppose C is a category with pullbacks and that

these are preserved by a functor u : C → C′. Let J ′ be a Grothendieck

coverage on C′ and A be an assignment taking an object C ∈ C to a

collection A(C) of families of morphisms with codomain C. If Ã is the

Grothendieck coverage generated by A, then u : (C, Ã)→ (C′, J ′) is cover-
preserving i� u(R) generates a J ′-covering sieve for any family R in A.

Proof. Going from left to right is immediate. For the other direction,
observe that the fact that T was a coverage was used in the proof of the
previous proposition to show that T was contained in the assignment J
de�ned by (3.1). But in the present case we have 〈u(g∗S)〉 = u(g)∗〈u(S)〉
for a sieve S, since u preserves pullbacks in C. Thus J(C) can expressed
as consisting of all sieves S on C such that 〈u(S)〉 is in J ′(u(C)). From
this it is clear that J(C) contains R for any A-covering family R. One
can now proceed as in the proof of Proposition 3.2.3 to show that J is a
Grothendieck coverage.

3.3 A detailed proof of the generalized comparison

lemma

The proof the Generalized Comparison Lemma1 in [KM91] is very com-
pact and its constructive validity may not be so easy to discern. The
purpose of this section is to give a more explicit and detailed proof of this
result. Our proof follows the argument in Theorem C2.2.3 of [Joh02],
although the statement of this theorem is not valid. A simple counterex-
ample to this, due to Mike Shulman2, is given by the category with two
isomorphic objects together with the trivial coverage, given by only the
maximal sieves, and the corresponding discrete subcategory. Sheaves, or
presheaves, on the former site is equivalent to Set whereas those on the
latter is equivalent to Set× Set.

We have here essentially written out the details in Johnstone's ar-
gument and shown that it does work under the assumptions speci�ed
in [KM91]. In fact, this yields a more general conclusion than Theo-
rem C2.2.3 in [Joh02], since we do not have to restrict attention to the
inclusion of a subcategory in a larger one.

Remark 3.3.1. After this section was written, Olivia Caramello up-
loaded the preprint [Car19], where she performs a detailed investigation

1It's a generalization of Lemme de comparaison (III.4.1) in [AGV72].
2See https://nforum.ncatlab.org/discussion/7220/dense-subsite/ (retrieved June

30, 2020).
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of conditions on sites for morphisms between them to induce equivalences
of toposes or geometric morphism with various properties. Among her
results is the Generalized Comparison Lemma below. However, it is not
clear to us what metatheory Caramello is working in (also note that
some of her de�nitions, like that of cover-re�ecting, di�ers from ours and
that of [Joh02]). Any in case, our proof (whose result is more limited in
scope) is more direct and does not require any extra machinery.

The following de�nitions are due to Kock and Moerdijk in [KM91].
Recall our convention that Grothendieck coverages are sifted. We also
remark that the existence conditions in these de�nitions are to be un-
derstood in the weak sense.

De�nition 3.3.2. For two sites (C, J), (C′, J ′), where both J and J ′ are
Grothendieck coverages, we call a functor u : C → C′

(i) locally full if for any morphism g : u(C) → u(C ′) in C′ there is a
sieve {gi : Di → C | i ∈ I} in J(C) and maps {fi : Di → C ′ | i ∈ I}
in C such that gu(gi) = u(fi) for all i ∈ I;

(ii) locally faithful if whenever u(f) = u(f ′), for two morphisms f, f ′ :
C → D in C, there is a J-covering sieve {gi : Ci → C | i ∈ I} such
that fgi = f ′gi for all i ∈ I;

(iii) locally surjective (on objects) if there is a sieve in J ′(C ′) generated
by a family of the form {hi : u(Ci) → C ′ | i ∈ I}, for every object
C ′ in C′.

On our way towards the Generalized Comparison Lemma, we have
the following intermediate result. Note that we here, and elsewhere, are
a bit imprecise and write pre-composition with u or right Kan extension
of u when it, more precisely, should say uop in these cases.

Lemma 3.3.3. For a cover-preserving, locally faithful, locally surjective

and locally full functor u : (C, J)→ (C′, J ′), precomposition with u takes

J ′-sheaves to J-sheaves.

Proof. Let A be a J ′-sheaf, S ∈ J(V ) a sieve on V ∈ C and (xf )f∈S
a matching family for S of elements of Au. Then u(S) is in J ′(u(V ))
and it is su�cient to check that (xf )f∈S extends to a matching family

for u(S). The critical case is if some morphism C ′ → u(V ) factors
as u(f1)g1 = u(f2)g2 for some morphisms g1, g2 in C′ and f1, f2 in S.
Suppose that this is the case and let U1 be the domain of f1 and U2 be
that of f2. Since u is locally surjective there is then a J ′-cover of C ′
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generated by a family {hi : u(Di) → C ′ | i ∈ I} so we can reduce the
problem to showing that A(hi)A(g1)(sf1) = A(hi)A(g2)(sf2) holds for
each i ∈ I. But for i ∈ I there are, as u is locally full, in turn sieves
Ki = {kij : Dij → Di | j ∈Mi} and K ′i = {k′im : D′im → Di |m ∈M ′i} in
J(Di) together with families Ri = {rij : Dij → U1 | j ∈Mi} respectively
R′i = {r′im : D′im → U2 |m ∈M ′i} such that

u(rij) = g1hiu(kij) and u(r′im) = g2hiu(k′im), (3.2)

for each j ∈ Mi and m ∈ M ′i . The situation is illustrated in the
diagram below where, in order for the diagram to be re-used later,
W = u(V ), p1 = u(f1) and p2 = u(f2)

C′ u(U1)

u(U2) W.

u(Di)

u(Dij)

u(D′im)

g1

g2

p2

p1

hi

u(kij)

u(k′im)

u(r′im)

u(rij)

(3.3)

Then Ki ∩ K ′i = {k | (∃j ∈ Mi)(∃m ∈ M ′i)(kij = k ∧ k′im = k)}
is in J(Di), so we can further reduce the problem to showing that
Au(k)A(g1hi)(sf1) = Au(k)A(g2hi)(sf2) holds for each k in this sieve.
Now, for such k in Ki ∩K ′i, j ∈ Mi and m ∈ M ′i such that k = kij and
k = k′im we obtain from (3.2) that

p1u(rij) = p1g1hiu(k) = p2g2hiu(k) = p2u(r′im),

where p1 = u(f1) and p2 = u(f2), as above. In other words, u(f1rij) =
u(f2r

′
im) which, as u is locally faithful, means that there is a J-covering

sieve {ln : Djmn → Dij |n ∈ Njm} on Dij such that for all n ∈ Njm

f1rijln = f2r
′
imln. (3.4)

Then {u(ln) |n ∈ Njm} generates a J ′-covering sieve on u(Dij) and for
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each n ∈ Njm we have, using (3.2) and (3.4),

Au(ln)A(g1hiu(kij))(sf1) = A(g1hiu(kij)u(ln))(sf1)

= Au(rijln)(sf1)

= sf1rij ln

= sf2r′imln

= Au(r′imln)(sf2)

= A(g2hiu(k′im)u(ln))(sf2)

= Au(ln)A(g2hiu(k′im))(sf2).

Uniqueness of such an element in Au(Dij) gives Au(k)A(g2hi)(sf2) =
Au(k)A(g1hi)(sf1). Since k ∈ Ki ∩K ′i and hi were arbitrary it follows
that A(g1)(sf1) = A(g2)(sf2), so (xf )f∈S extends to a matching family

for u(S).

Before proving the Generalized Comparison Lemma, we recall the
de�nition of right Kan extension along u (or rather uop) as a functor
[Cop,Set] → [(C′)op,Set]. This is the direct image u∗ of the essential
geometric morphism between presheaf categories induced by u. If B is
in [Cop,Set] and C is in C′ then u∗(B)(C) is the limit of

(u/C)op QC−−−→ Cop B−→ Set (3.5)

where QC is the forgetful functor (u(D)
f−→ C) 7→ D. If v : V → C is an

arrow in C′ then any cone over (3.5) becomes one over

(u/V )op QV−−−→ Cop B−→ Set (3.6)

by composition with v. More precisely, if (L, λ) is a cone over (3.5), with
vertex L and components λ(D,f) : L→ B(D) for f : u(D)→ C, then the
induced cone (L, λ′) over (3.6) has components λ′(D,g) = λ(D,vg) for g :

u(D)→ V . Consequently, there is a unique map u∗(B)(C)→ u∗(B)(V )
which is a morphism of cones over (3.6), which u∗(B)(v) is de�ned to
be.

Furthermore, if τ : B′ → B is a morphism in [Cop,Set] then any

cone (L, λ′) over (u/C)op QC−−−→ Cop B′−−→ Set becomes a cone (L, λ) over
(3.5) by post-composing with the components of τ in the following way:
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Given a commutative triangle

u(D′) u(D)

C

fu(g)

u(g)

f
(3.7)

then naturality of τ makes L the vertex of a cone over (3.5) as illustrated
below

B′(D′) B(D′)

B′(D) B(D).

L

λ(D′,fu(g))

B′(g)

τD′

B(g)

τD
λ(D,f)

(3.8)

The induced cone on u∗(B
′)(C) is thus λ(D,f) = τD ◦λ′(D,f) and the map

u∗(τ)C is by de�nition the unique morphism of cones over (3.5) obtained
from that u∗(B)(C) is a limit of this diagram.

Theorem 3.3.4 (Generalized Comparison Lemma, [KM91]). Suppose

(C, J) and (C′, J ′) are two sites, where J and J ′ are Grothendieck cov-

erages, and u : C → C′ is a locally full, locally faithful and locally sur-

jective functor which is cover-re�ecting and cover-preserving. Then pre-

composition and right Kan extension along u are the parts of an equiva-

lence Sh(C, J) ' Sh(C′, J ′).

Proof. That u is cover-re�ecting means that u∗ restricts to a functor
Sh(C, J) → Sh(C′, J ′) (see e.g. [Joh02, C2.3.18]) and, conversely, from
Lemma 3.3.3 we have that u∗ restricts to a functor in the other direc-
tion. It is left to show that u∗u

∗ and u∗u∗ are naturally isomorphic to
the identity functors on Sh(C′, J ′) respectively Sh(C, J). For readability
we have divided the proofs of this into three claims.

Claim 1: A ∈ Sh(C′, J ′) is isomorphic to u∗u
∗(A).

Proof : By de�nition, u∗u
∗(A)(C) is the limit of

(u/C)op QC−−−→ Cop Au−−→ Set. (3.9)

We next show that (A(C), χ) is a limit cone for this diagram, where
χ(D,f) = A(f) : A(C) → Au(D) for f : u(D) → C. Given a cone (L, λ)
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over (3.9) the induced morphism L → A(C) is the set of all (x, y) in
L×A(C) satisfying

(∀D ∈ Ob(C))(∀f : u(D)→ C)A(f)(y) = λ(D,f)(x). (3.10)

Indeed, any morphism of cones (L, λ)→ (A(C), χ) must satisfy precisely
this condition, so to show that A(C) is a limit it is enough to show that
the above de�nes a function. To this end, �rst note that, as u is locally
surjective, the collection S = {f : u(D) → C |D ∈ C} generates a J ′-
covering sieve on C. We will use this to prove that (3.10) describes a
function L → A(C) by showing that for x ∈ L the elements s(D,f) =
λ(D,f)(x) ∈ Au(D) associated to a morphism f : u(D) → C are not
only independent of any D such that u(D) = dom(f) but also that the
set (sf )f∈S obtained by dropping the indices D can be extended to a
matching family for the sieve generated by S. Both of these claims can
be shown by the same argument, where we reason similarly to as in
Lemma 3.3.3:

Suppose p1 : u(U1) → C and p2 : u(U2) → C are objects in u/C
and an arrow C ′ → C factors as p2g2 = p1g1 as in the square in (3.3),
with W = C. As u is locally surjective there is a family {hi : u(Di) →
C ′ | i ∈ I} which generates a J ′-covering sieve on C ′. To show that
A(g1)(s(U1,p1)) = A(g2)(s(U2,p2)) it is therefore su�cient to show

A(hi)A(g1)(s(U1,p1)) = A(hi)A(g2)(s(U2,p2))

for each i ∈ I. Now, if i is in I then, as u is locally full, there are
sieves Ki,K

′
i ∈ J(Di) of the same form as in the proof of Lemma 3.3.3

together with associated families of morphisms Ri and R
′
i, also as before,

which are such that g1hiu(kij) = u(rij) and g2hiu(k′im) = u(r′im) for any
kij ∈ Ki, k

′
im ∈ K ′i, rij ∈ Ri and r′im ∈ R′i. For k in the J-covering sieve

Ki ∩ K ′i on Di there are j ∈ Mi and m ∈ M ′i such that k = kij and
k = k′im and for which we have

Au(kij)A(g1hi)(s(U1,p1)) = A(g1hiu(kij))(s(U1,p1))

= Au(rij)(s(U1,p1))

= s(Dij ,p1u(rij))

= s(Dij ,p2u(r′im))

= Au(r′im)(s(U2,p2))

= A(g2hiu(k′im))(s(U2,p2))

= Au(k′im)A(g2hi)(s(U2,p2)).

36



Hence A(g1)(s(U1,p1)) = A(g2)(s(U2,p2)). From the case u(U1) = u(U2),
p1 = p2, C

′ = u(U1) and g1 = g2 = idC′ we conclude that s(U1,p1) =
s(U2,p2). This means that we have a family (sf )f∈S of elements of Au
and the above also shows that this extends to a matching family for the
J ′-covering sieve generated by S. An element x ∈ L thus determines a
unique element of y ∈ A(C) satisfying the condition in (3.10), so this
describes a function L→ A(C).

Since A(C) is a limit for the diagram (3.9) we have an isomorphism
σC : u∗u

∗(A)(C) → A(C), for each C ∈ C′. To show that these are the
components of a natural isomorphism, let v : V → C be an arrow in C′.
Any cone over (3.9) induces one over

(u/V )op QC−−−→ Cop Au−−→ Set. (3.11)

by composition, and the unique morphism A(C) → A(V ) obtained this
way is simply A(v). The uniqueness of a map u∗u

∗(A)(C) → A(V )
which is a morphism of cones over (3.11) implies commutativity of the
following naturality square

u∗u∗(A)(C) A(C)

u∗u∗(A)(V ) A(V ).

σC

u∗u∗(A)(v)

σV

A(v)

Thus the σ's constitutes a natural isomorphism u∗u
∗(A) ∼= A, which

completes the proof of Claim 1.

Claim 2: B ∈ Sh(C, J) is isomorphic to u∗u∗(B).
Proof : For C in C we show that B(C) is a limit of

(u/u(C))op Qu(C)−−−−−→ Cop B−−→ Set. (3.12)

De�ne the cone morphism χ(D,f) : B(C) → B(D) associated to some
f : u(D) → u(C) to be the function which consists of all pairs (x, y) in
B(C) × B(D) for which there is a set I, {gi : Ci → D | i ∈ I} in J(D)
and a family {fi : Ci → C | i ∈ I} in C such that fu(gi) = u(fi) and
B(fi)(x) = B(gi)(y) holds for each i.

Observe that if this condition holds then si = B(fi)(x) is a matching
family for S = (gi)i∈I of elements of B. To see this we need to show that
if gj = gih then B(h)(si) = B(sj). In this case

u(fj) = fu(gj) = fu(gih) = fu(gi)u(h) = u(fi)u(h) = u(fih)
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and using that u is locally faithful there is {km : Dijm → Cj |m ∈Mij}
in J(Cj) such that fjkm = fihkm for each m ∈Mij . It now follows from
the sheaf condition that B(h)(si) = sj since

B(hkm)(si) = B(fihkm)(x) = B(fjkm)(x) = B(km)(sj)

holds for m in Mij . As u is locally full, we can thus conclude that χ(D,f)

is total as a relation. For functionality, suppose (x, y′) is also in χ(D,f)

with S′ = {g′j : C ′j → D | j ∈ I ′} ∈ J(D) and {f ′j : C ′j → C | j ∈ I ′}
such that fu(g′j) = u(f ′j) and B(f ′j)(x) = B(g′j)(y

′) holds for each j ∈ I ′.
Then S ∩ S′ is in J(D) and for g ∈ S ∩ S′, i ∈ I and j ∈ I ′ such that
gi = g = g′j it holds that u(fi) = fu(g) = u(f ′j). Since u is locally faithful
there is {km : Dijm → Ci |m ∈Mij} ∈ J(Ci) such that fikm = f ′jkm for
all m ∈Mij . For all such m we have B(km)B(fi)(x) = B(km)(f ′j)(x) so
B(fi)(x) = B(f ′j)(x). Thus

B(g)(y) = B(fi)(x) = B(f ′j)(x) = B(g)(y′),

which implies that y = y′ since g ∈ S ∩ S′ was arbitrary.
For similar reasons one also sees that the maps χ constitutes a cone

on B(C): Given g : D′ → D in C and a commutative triangle of the form

u(D′) u(D)

u(C)

fu(g)

u(g)

f
(3.13)

the images y = χ(D,f)(x) and y′ = χ(D′,fu(g))(x) on x ∈ B(C) are
given by the unique amalgamations of si = B(fi)(x) respectively s′j =
B(f ′j)(x) obtained from covering sieves S = {gi : Di → D | i ∈ I},
S′ = {g′j : D′j → D′ | j ∈ I ′} and their associated families of morphisms
{fi : Di → C | i ∈ I} and {f ′j : D′j → C | j ∈ I ′} such that u(fi) = fu(gi)
and u(f ′j) = fu(g)u(g′j). Then

g∗S ∩ S′ = {k | (∃i ∈ I)(∃j ∈ I ′)(k = g′j ∧ gk = gi)}

is in J(D′) and it is su�cient to show that for all k ∈ g∗S ∩ S′ we have
B(k)B(g)(y) = B(k)(y′). For such a k, i ∈ I and j ∈ I ′ such that k = g′j
and gk = gi we have u(f ′j) = fu(g)u(g′j) = fu(gi) = u(fi), so from that
u is locally faithful there is a sieve {km : Dijm → Di |m ∈Mij} in J(Di)

38



satisfying fikm = f ′jkm for all m ∈Mij . Since

B(g′jkm)B(g)(y) = B(km)B(gi)(y)

= B(km)B(fi)(x)

= B(fikm)(x)

= B(f ′jkm)(x)

= B(km)B(g′j)(y
′)

= B(g′jkm)(y′),

holds for any m ∈ Mij we have B(k)(y′) = B(k)B(g)(y) by uniqueness
of such an element. It then follows that y′ and B(g)(y) also agree, for
the same reason.

Moreover, the map χ(C,idu(C)) is the identity on B(C) since for a sieve

{gi : Di → C | i ∈ I} in J(C) and morphisms {fi : Di → C | i ∈ I} with
u(gi) = u(fi) there is, for any i ∈ I, a sieve {kim : Dim → Di |m ∈ Mi}
in J(Di) such that gikim = fikim for all m ∈Mi. Thus y = χ(C,idu(C))(x)

satis�es B(gikim)(y) = B(fikim)(x) for any m ∈ Mi, giving B(gi)(y) =
B(gi)(x). Since i ∈ I was arbitrary we get x = y.

If we now consider a cone (L, λ) over (3.12), then any morphism of
cones H : L→ B(C) must satisfy

λ(C,idu(C))(l) = χ(C,idu(C)) ◦H(l) = H(l),

for l ∈ L. To show that (B(C), χ) is a limit over (3.12) it is now enough
to show that λ(C,idu(C)) is a morphism of cones. Thus let f : u(D) →
u(C) be a morphism and l be an element in L. We need to show that
χ(D,f) ◦ λ(C,idu(C))(l) = λ(D,f)(l) holds. Since u is locally full, there are

morphisms {gi : Ci → D | i ∈ I} and {fi : Ci → C | i ∈ I} such that
fu(gi) = u(fi). From that (L, λ) is a cone over (3.12) we have

B(gi)λ(D,f)(l) = λ(Ci,u(fi))(l) = B(fi)λ(C,idu(C))(l),

which shows λ(D,f)(l) satis�es the de�ning condition for the χ(D,f)-image
of λ(C,idu(C))(l). Thus B(C) is a limit for (3.12) which means that we

have isomorphisms γC : u∗u∗(B)(C) → B(C) for each C ∈ C. To see
that this de�nes natural isomorphism u∗u∗(B) ∼= B, one can proceed as
in the end of the proof of Claim 1.

Claim 3: u∗u∗ and u∗u
∗ are naturally isomorphic to the identity func-

tors on Sh(C, J) respectively Sh(C′, J ′).
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Proof : Superscripting the isomorphisms σ of Claim 1 by its correspond-
ing sheaf A, we �rst show that these constitutes a natural isomorphism
between u∗u

∗ and the identity functor on Sh(C′, J ′). For τ : A′ → A
in Sh(C′, J ′) we must prove that σA · u∗u∗(τ) = τ · σA′ ; that is, that
σAC ◦ u∗u∗(τ)C = τC ◦ σA

′
C holds for any C ∈ C′. To accomplish this we

show that the LHS and RHS are morphisms of cones over (3.9), i.e. over

(u/C)op QC−−−→ Cop Au−−→ Set,

and hence they coincide by uniqueness of such a morphism. As explained
before the theorem we are currently proving, a cone over (3.9) with Au
replaced with A′u becomes a cone over (3.9) by post-composing with
the components of u∗(τ) = τu. The unique morphism A′(C) → A(C)
induced in this way is just τC . Thus σAC , u∗u

∗(τ)C and τC are all mor-
phisms of cones over the diagram (3.9). To see that this is also the case
for σA

′
C note that the induced cones on u∗u

∗(A′)(C) on A′(C) are part
of those over (3.9) with Au replaced with A′u:

u∗u∗(A′)(C)

A′(C)

A′u(D) Au(D).σA
′

C

A′(f)

τu(D)

(3.14)

This means that σAC ◦u∗u∗(τ)C = τC ◦σA
′

C and u∗u
∗ is isomorphic to the

identity functor on Sh(C′, J ′).
Indexing the isomorphisms γ in the proof of Claim 2 with their cor-

responding sheaf B it remains to verify that γB · u∗u∗(τ) = τ · γB′ for
any morphism τ : B′ → B in Sh(C, J), i.e. that for any C ∈ C we have
γBC ◦ u∗u∗(τ)C = τC ◦ γB

′
C . The idea is again to show that all morphisms

involved are morphisms of cones over (3.12). Similar to before, any cone
L over

(u/u(C))op Qu(C)−−−−−→ Cop B′−−→ Set

becomes a cone over (3.12) by composition with the components of τ .
Let (B′(C), χ′) be the limit cone of the above diagram as described in
the proof of Claim 2 and (B(C), χ) be that for (3.12). If λ denotes the
induced cone on B′(C) over (3.12), with components λ(D,f) = τD◦χ′(D,f),

then the unique morphism (B′(C), λ′) → (B(C), χ) is τC . Indeed, for
f : u(D) → u(C), x ∈ B(C) and x′ ∈ B′(C), the values χ(D,f)(x) and
χ′(D,f)(x

′) are both determined by a J-covering sieve {gi : Ci → D | i ∈ I}
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and associated morphisms {fi : Ci → C | i ∈ I} such that fu(gi) = u(fi)
for each i. For such fi and gi we want to show commutativity of

B′(C)

B(C).

B′(D)B′(Ci)

B(D)B(Ci)

χ(D,f)

χ′
(D,f)

τC

τD

B′(gi)

τCi

B(gi)

χ′
(Ci,u(fi))

χ(Ci,u(fi))

To this end note that χ(Ci,u(fi)) is just B(fi), and χ′(Ci,u(fi))
= B′(fi).

This can be seen by that fi is a morphism in u/u(C) from u(fi) to
idu(C). Since χ(C,idu(C)) is the identity on B(C) we have χ(Ci,u(fi))(x) =

B(fi)χ(C,idu(C))(x) = B(fi)(x) for x ∈ B(C). The case for B′ is similar.
This means that

B(gi)τDχ
′
(D,f)(x

′) = τCiB
′(gi)χ

′
(D,f)(x

′)

= τCiB
′(fi)(x

′)

= B(fi)τC(x′)

for all i ∈ I, so τDχ
′
(D,f)(x

′) = χ(D,f)τC(x′). Thus τC is indeed the

unique morphism of cones (B′(C), λ)→ (B(C), χ).
By the de�nition of u∗u∗(τ)C , the composite γBC ◦ u∗u∗(τ)C is then

also a morphism of cones over (3.12), so it remains to show that γB
′

C has
this property as well. Which can be seen analogously to as in (3.14).
The proof is now �nally complete.

Corollary 3.3.5. For a weak equivalence u : C → C′ (that is, for u full,

faithful and essentially surjective) the inverse and direct images of the

induced geometric morphism [Cop,Set] → [(C′)op,Set] are the parts of

an equivalence.

Proof. Apply the Theorem for the case of the trivial Grothendieck cov-
erages on C and C′, consisting of only the maximal sieves.
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4. Some 2-categorical aspects of

complete Heyting algebra-valued

sets

In this chapter we prove a couple of results regarding cHA-valued sets
that did not �t in into Paper III, but for which it may be useful to
have a reference. In Section 4.1 we �rst de�ne the categories Ω-Set(X)
and CΩ-Set(X) of O(X)-valued sets respectively complete O(X)-valued
sets. Then we give descriptions of the equivalences between Ω-Set(X),
CΩ-Set(X) and the category Sh(X) of sheaves on X. We note that the
material in Section 4.1�4.2 can either be found (or is easily derivable
from) e.g. [Joh02, C1.3].

In the remaining two sections of this chapter we show how one can de-
�ne a geometric morphism Ω-Set(f) : Ω-Set(L)→ Ω-Set(X) associated
to a morphism of locales f : L → X and that this extends to a pseudo-
functor from the 2-category of locales to the 2-category of Grothendieck
toposes. An (explicit) description of this pseudofunctor Ω-Set does
not appear to be available in the literature. That a locale morphism
f : L → X induces as a geometric morphism Ω-Set(L) → Ω-Set(X),
moreover, is known since, at least, [FS77]. Our motivation for giving
another proof of this result is given in Section 4.4.

4.1 The category Ω-Set(X) of O(X)-valued sets

For background on cHA-valued sets we refer primarily to [FS77] and
[Joh02, C1.3] but additional references can also be found in Paper III.
Notation-wise, we follow [Joh02] with a few exceptions, which are ex-
plained below.

We assume basic familiarity with the concepts of a locale, frame and
complete Heyting algebra. The frame corresponding to a locale X is
written O(X) and for a morphism of locales f : L → X we use f∗ for
the corresponding frame morphism. We next de�ne the basic objects
under consideration in this chapter, O(X)-valued sets and morphisms
between them.
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De�nition 4.1.1. For a locale X, an O(X)-valued set A is a pair
(|A|, εA) consisting of a set |A| and a function εA : |A| × |A| → O(X)
that is a symmetric and transitive, where transitive means that

εA(x, y) ∧ εA(y, z) ≤ εA(x, z)

for any x, y, z ∈ |A|. For x ∈ |A| we also write εA(x) for εA(x, x).

A morphism of O(X)-valued sets A→ B is a function F : |A|×|B| →
O(X) satisfying the following conditions

(i) F (a, b) ≤ εA(a) ∧ εB(b), (strict)

(ii) F (a, b) ∧ εA(a, a′) ∧ εB(b, b′) ≤ F (a′, b′), (relational)

(iii) F (a, b) ∧ F (a, b′) ≤ εB(b, b′), (functional)

(iv) εA(a) ≤
∨
{F (a, b) | b ∈ |B|}. (total)

O(X) can here be thought as a �frame of truth-values� and εA as
assigning to (x, y) ∈ |A| × |A| the �truth-value� of the statement x = y,
or the extent to which it holds. Note that since εA(x) may not be the
top element, the element x may not exist, so to speak.

The O(X)-valued sets and the morphisms between them form a cat-
egory which we denote by Ω-Set(X). The identity morphism on an
object A = (|A|, εA) is the function εA and the composite of two mor-
phisms F : A → B and G : B → C is the function |A| × |C| → O(X)
taking (a, c) ∈ |A| × |C| to

∨
{F (a, b) ∧ G(b, c) | b ∈ |B|}. Morphisms

A→ B in Ω-Set(X) are in general not functions |A| → |B| between the
underlying sets. But, a function of the latter form can be seen to induce
a morphism A → B under the conditions given of the following lemma
(whose proof is a straightforward veri�cation):

Lemma 4.1.2. For A,B in Ω-Set(X) and a function f : |A| → |B|, the
assignment sending (a, b) to εB(f(a), b) de�nes a morphism A → B i�

the following conditions hold:

• εB(f(a)) = εA(a),

• εA(a, a′) ≤ εB(f(a), f(a′)).
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We next de�ne the complete O(X)-valued sets, which form a subcat-
egory of Ω-Set(X). To this end, we introduce the concept of a singleton1

of an O(X)-valued set A from [Joh02, C1.3]. By this it is meant a func-
tion τ : |A| → O(X) satisfying

τ(x) ∧ τ(y) ≤ εA(x, y),

τ(x) ∧ εA(x, y) ≤ τ(y),

for any x, y ∈ |A|. Every element a in |A| determines a singleton that
sends x ∈ |A| to εA(a, x) and which we denote ã. A is called complete if
every singleton on it equals ã for a unique element a in |A|.

We use CΩ-Set(X) for the full subcategory of Ω-Set(X) of complete
O(X)-valued sets. This category has the nice property that any mor-
phism A → B in it corresponds to a (unique) function |A| → |B|. In
fact, every morphism into a complete O(X)-valued set has this property:

Lemma 4.1.3. For A,B ∈ Ω-Set(X), if B is complete then any mor-

phism F : A→ B is induced by a unique function f : |A| → |B| satisfying
the conditions of Lemma 4.1.2.

Proof. The function f is given by all pairs (a, b) in |A| × |B| such that
b̃ is the singleton x 7→ F (a, x). See e.g. Lemma C1.3.8 in [Joh02] for a
veri�cation that this function satis�es the conditions in Lemma 4.1.2.

4.2 The equivalence between Ω-Set(X) and Sh(X)

For a locale X, the categories Ω-Set(X),CΩ-Set(X) and Sh(X) are all
equivalent. We next describe functors

Sh(X) CΩ-Set(X) Ω-Set(X)

Θ

Λ (−̃)

I

(4.1)

witnessing these equivalences. Firstly, I is just the inclusion. The functor
(−̃) : Ω-Set(X) → CΩ-Set(X) takes an object A in Ω-Set(X) to Ã =
(|Ã|, ε

Ã
) where |Ã| is the set of singletons of A and

ε
Ã

(τ, τ ′) =
∨
{τ(a) ∧ τ ′(a) | a ∈ |A|}. (4.2)

1 The name singleton is well-established but �sub-singleton� would be more suitable since
the function |A| → O(X) which maps everything to ⊥ is a singleton and corresponds to the
empty subset of A.
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For a morphism G : A→ B, its (−̃)-image G̃ = (−̃)(G) is

G̃(τ, σ) =
∨
{τ(a) ∧G(a, b) ∧ σ(b) | a ∈ |A|, b ∈ |B|}. (4.3)

Proceeding with Θ, let S be a sheaf in Sh(X). The image of Θ on S is
(
∐
U∈O(X)S(U), εS), where

εS((U, x), (V, y)) =
∨
{W ∈ O(X)

∣∣W ≤ U ∧ V and x|W = y|W },

and if σ : T → S is a natural transformation between sheaves on X, then
Θ(σ)((U, x)) = (U, σU (x)). Lastly, we describe the functor Λ: If A is in
CΩ-Set(X) then Λ(A) is the sheaf on X for which

Λ(A)(U) = {a ∈ |A| | εA(a) = U},
Λ(A)(V ≤ U)(a) = a|V ,

where a|V is the unique element in |A| corresponding to the singleton
a′ 7→ εA(a′, a) ∧ V . If M : A → B is a morphism in CΩ-Set(X) which
has underlying function of sets m : |A| → |B| (a unique such a function
exists by Lemma 4.1.3) then Λ(M)U (a) = m(a).

The explicit appearances of the natural isomorphisms witnessing
the equivalences in (4.1) are given in the next lemma whose proof is
a straightforward veri�cation. We here write an adjunction F a G with
unit η and counit ε as a quadruple (F,G, η, ε).

Lemma 4.2.1. Let X be a locale, A an O(X)-valued set, S a sheaf on

X and B a complete O(X)-valued set.

1. (I, (−̃), η, ε) is an adjoint equivalence Ω-Set(X) ' CΩ-Set(X),
where

ηB(b, σ) = σ(b), εA(τ, a) = τ(a),

for b ∈ |B| and σ ∈ |B̃| respectively τ ∈ |Ã| and a ∈ |A|.

2. (Θ,Λ, η, ε) is an adjoint equivalence Sh(X) ' CΩ-Set(X), where

(ηS)U (x) = (U, x), εB((V, τ)) = b,

for U ∈ O(X) and x ∈ S(U) respectively (V, τ) ∈ |ΘΛ(S)| and
where b ∈ |B| is the unique element for which b̃ = τ .

3. (Λ(−̃), IΘ, η, ε) is an adjoint equivalence Sh(X) ' Ω-Set(X) where

ηA(a) = (εA(a), ã), (εS)U (σ) = x,

for a ∈ |A| respectively U ∈ O(X), x ∈ S(U) and where σ is the

singleton on Θ(S) corresponding to (U, x). Here η is the underlying

function of a morphism in Ω-Set(X).
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4.3 Ω-Set as a pseudofunctor

In this section we explain how a map f : L → X of locales induces
a geometric morphism Ω-Set(L) → Ω-Set(X) and how this extends
to a pseudofunctor from the 2-category of locales to the 2-category of
Grothendieck toposes.

For a morphism of locales f : L → X, post-composing functions
into O(X) with f∗ gives a �nite limit1 preserving functor Ω-Set(X) →
Ω-Set(L) which we denote by Ω-Set(f)∗. This functor thus operates by
Ω-Set(f)∗(A) = (|A|, f∗εA) and Ω-Set(f)∗(H) = f∗H for objects A,B
in Ω-Set(X) and a morphism H : A→ B. Subscripting the components
of the equivalences in (4.1) with the corresponding locale we have an
adjunction Ω-Set(f)∗ a Ω-Set(f)∗, and hence a geometric morphism
Ω-Set(f) : Ω-Set(L)→ Ω-Set(X), by de�ning

Ω-Set(f)∗ = IXΘXSh(f)∗ΛL(−̃)L.

Since the proof of verifying this is fairly long, we have postponed it to
the next section (see Corollary 4.4.3). Using this, we instead proceed to
show that Ω-Set extends to a pseudofunctor. To this end, we begin with
recalling some de�nitions from e.g. [Lei98] or [Joh02, B1.1]. We will,
however, not regive the de�nition of a 2-category, for this we refer to the
references just given. For such categories we use ◦ for composition of
1-cells and · and ∗ for vertical respectively horizontal composition of 2-
cells. The following de�nition of pseudofunctor is also given in Appendix
A to Paper III.

A pseudofunctor F : C → D between 2-categories C and D takes an
object X in C to an object F (X) in D and is a functorial assignment
F : homC(L,X)→ homD(F (L), F (X)) on hom-categories. F is also re-
quired to come equipped with coherence morphisms Ψf,g : F (g)◦F (f)⇒
F (g ◦ f) and ΨX : idF (X) ⇒ F (idX), indexed by a composable pair of
1-cells f, g respectively an object X in C. These are invertible 2-cells
in D that are required to satisfy the following conditions: for a 1-cell
f : A→ B in C

ΨidA,f · (idF (f) ∗ΨA) = idF (f), (4.4)

Ψf,idB · (ΨB ∗ idF (f)) = idF (f), (4.5)

holds as 2-cells F (f) ⇒ F (f); for a composable triple of 1-cells D
h−→

C
g−→ B

f−→ A

Ψg◦h,f · (idF (f) ∗Ψh,g) = Ψh,f◦g · (Ψg,f ∗ idF (h)) (4.6)

1See Paper III for a description of �nite limits of cHA-valued sets.
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holds as 2-cells between F (f) ◦ F (g) ◦ F (h) and F (f ◦ g ◦ h); for any
1-cells and 2-cells as in the following diagram

A B C.

⇒ ⇒

α β

f

f g

g

we have

Ψf,g · (F (β) ∗ F (α)) = F (β ∗ α) ·Ψf,g. (4.7)

This completes the description of the pseudofunctor F .
We use Loc for the 2-category of locales where there is a 2-cell between

morphisms f, g : L→ X (written f ≤ g) i� f−1(U) ≤ g−1(U) for each U
in O(X). We generally omit ◦ for composition of 1-cells in Loc. GTop,
on the other hand, will denote the 2-category of Grothendieck toposes,
geometric morphisms and geometric transformations (the latter being
natural transformations between inverse images).

Lemma 4.3.1. De�ning the action of Ω-Set on a 2-cell f ≤ g between

f, g : L→ X in Loc as

Ω-Set(f ≤ g)A(x, y) =
∨
{f∗εA(x, z) ∧ g∗εA(y, z) | z ∈ |A|},

for A ∈ Ω-Set(X) and x, y ∈ |A|, makes Ω-Set a functor from Loc(L,X)
to GTop(Ω-Set(L),Ω-Set(X)).

Proof. We �rst verify that Ω-Set(f ≤ g) de�nes a natural transformation
Ω-Set(f)∗ → Ω-Set(g)∗. It is easy to see that Ω-Set(f ≤ g)A is a
morphism in Ω-Set(L). Supposing H : A → B is a map in Ω-Set(X),
then upon applying Ω-Set(g)∗(H) ◦Ω-Set(f ≤ g)A to (a, b) in |A| × |B|
one obtains ∨

{f∗εA(a, x) ∧ g∗εA(y, x) ∧ g∗H(y, b) |x, y ∈ |A|}

=
∨
{f∗εA(a, x) ∧ g∗H(x, b) |x ∈ |A|}.

Using that f∗εA(a, x) = f∗εA(a, x)∧ g∗εA(a, x) and εA(a, x)∧H(x, b) =
εA(a, x) ∧H(a, b) gives

Ω-Set(g)∗(H) ◦ Ω-Set(α)A(a, b) = f∗εA(a) ∧ g∗H(a, b).

Reasoning similarly, Ω-Set(f ≤ g)B ◦Ω-Set(f)∗(H)(a, b) can be written∨
{g∗εB(b, z) ∧ f∗H(a, z) | z ∈ |B|}

=
∨
{g∗εB(b, z) ∧ g∗H(a, z) ∧ f∗H(a, z) | z ∈ |B|}
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which can be seen to also equal f∗εA(a) ∧ g∗H(a, b), by using that
H(a, b) ∧ H(a, z) = εB(b, z) ∧ H(a, z). Thus Ω-Set(f ≤ g) is a nat-
ural transformation.

For the identity idf on f : L→ X the component of Ω-Set(idf ) at A
is equal to f∗εA, which is the identity on (|A|, f∗εA). It remains to check
the associativity law: If f ≤ g and g ≤ h then letting the components of
Ω-Set(f ≤ g) and Ω-Set(g ≤ h) on A ∈ Ω-Set(X) be σ respectively τ
we have, for a, a′ ∈ |A|,

τ ◦ σ(a, a′) =
∨
{τ(z, a′) ∧ σ(a, z) | z ∈ |A|}

=
∨
{g∗εA(z, z′) ∧ h∗εA(a′, z′) ∧ f∗εA(a, z) | z, z′ ∈ |A|}

≤
∨
{h∗εA(z, z′) ∧ h∗εA(a′, z′) ∧ f∗εA(a, z) | z, z′ ∈ |A|}

=
∨
{h∗εA(z, a′) ∧ f∗εA(a, z) | z ∈ |A|}

= Ω-Set(f ≤ h)A(a, a′).

On the other hand, when z′ = z we have

g∗εA(z) ∧ h∗εA(a′, z) ∧ f∗εA(a, z) = h∗εA(a′, z) ∧ f∗εA(a, z),

so Ω-Set(f ≤ h)A(a, a′) ≤ τ ◦ σ(a, a′) and Ω-Set(−) is functorial.

Similar to the case for sheaves, Ω-Set(−) is part of an equivalence
GTop(Ω-Set(L),Ω-Set(X)) ' Loc(L,X). One way of seeing this is to
combine the corresponding result for sheaves [Joh02, C1.4.5] with the
equivalences Ω-Set(L) ' Sh(L) and Ω-Set(X) ' Sh(X) described in
Section 4.2. These results are particularly useful in that it shows that
for locale morphisms f, g : L→ X there is a bijection between hom-sets

homLoc(L,X)(f, g) ∼= homGTop(Ω-Set(X),Ω-Set(L))(Ω-Set(f),Ω-Set(g)),

which means that there is at most one natural transformation between
Ω-Set(f)∗ and Ω-Set(g)∗, and one exists precisely when f ≤ g.

Proposition 4.3.2. Ω-Set(−) is a pseudofunctor Loc → GTop with

coherence morphisms all identities (on inverse images).

Proof. Clearly, Ω-Set(g ◦ f)∗ = Ω-Set(f)∗Ω-Set(g)∗ and Ω-Set(idX) =
idΩ-Set(X) so the coherence morphisms must be identities. The conditions
(4.4)�(4.6) are then trivially satis�ed. To conclude that Ω-Set(−) is a
pseudofunctor it remains to check that (4.7) holds for f ≤ g and h ≤ k
where f, g are in in Loc(L,X) and g, h in Loc(X,Y ). That is, that

Ω-Set(h ≤ k) ∗ Ω-Set(f ≤ g) = Ω-Set(hf ≤ kg)
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holds as natural transformations from Ω-Set(hf)∗ to Ω-Set(kg)∗. But
this is true automatically, since there can be at most one such natural
transformation.

4.4 Ω-Set(f) as a geometric morphism

As promised in the beginning of the previous section, we here show
that for a morphism of locales f : L → X the functor Ω-Set(f)∗ =
IXΘXSh(f)∗ΛL(−̃)L is right adjoint to Ω-Set(f)∗. Recall that the func-
tors I, Θ, Λ and (−̃) involved in the expression of Ω-Set(f)∗ are the
components of the equivalences in (4.1) subscripted with the correspond-
ing locale to which they apply. We've also used Sh(f)∗ for the assign-
ment S 7→ Sf∗ and σ 7→ σf∗ for a sheaf respectively natural trans-
formation in Sh(L). This is the direct image of a geometric morphism
Sh(f) : Sh(L) → Sh(X), whose inverse image is usually de�ned using
local homeomorphisms.

That Ω-Set(f)∗ is the inverse image of a geometric morphism occurs
already in [FS77, 6.10]. Fourman and Scott's proof involves the direct
image of f on the level of frames and other techniques like restricting
to generating sub-cHA-sets. The reason for giving another proof (or at
least a super�cially di�erent one) was the desire to have a more direct,
elementary and (essentially) algebraic argument which makes the rela-
tions between the functors Ω-Set(f)∗, I,Θ,Sh(f)∗,Λ and (−̃) explicit.
Our argument resembles more that of Johnstone in C1.4.3 of [Joh02] but
working with cHA-valued sets, rather than local homeomorphisms, and
without restricting to any form of generators.

In any case, the adjunction Ω-Set(f)∗ a Ω-Set(f)∗ is here estab-
lished in a corollary to Proposition 4.4.2 below. In showing that propo-
sition we will use the following lemma:

Lemma 4.4.1. Let f : L→ X be a locale morphism, A ∈ Ω-Set(X) and
S ∈ Sh(L). If τ : ΛX(Ã) → Sh(f)∗(S) is a natural transformation then

the function h : |Ã| → |ILΘL(S)| given by h(χ) = (f∗ε
Ã

(χ), τε
Ã

(χ)(χ))

de�nes a morphism (|Ã|, f∗ε
Ã

)→ ILΘL(S) in Ω-Set(L).

Proof. We need to verify that h satis�es the conditions in Lemma 4.1.2.
It is immediate that f∗ε

Ã
(χ) = εS(h(χ)). Next let χ and χ′ be in |Ã|.

To see that f∗ε
Ã

(χ, χ′) ≤ εS(h(χ), h(χ′)) holds, recall from (4.2) that

ε
Ã

(χ, χ′) =
∨
{χ(a) ∧ χ′(a) | a ∈ |A|}.
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If a is in |A| and W = χ(a) ∧ χ′(a) then f∗(W ) ≤ f∗ε
Ã

(χ) ∧ f∗ε
Ã

(χ′)
and τε

Ã
(χ)(χ)|f∗(W ) = τε

Ã
(χ′)(χ

′)|f∗(W ). Indeed, by naturality of τ the

latter is equivalent to τW (χ|W ) = τW (χ′|W ), and χ|W is by de�nition
the unique element of |Ã| such that for all α ∈ |Ã|

ε
Ã

(χ|W , α) = ε
Ã

(χ, α) ∧W =
∨
{χ(a′) ∧ α(a′) ∧W | a′ ∈ |A|}.

Hence

χ|W (a′) = χ(a′) ∧W = χ(a′) ∧ χ(a) ∧ χ′(a) = χ′(a′) ∧ χ(a) ∧ χ′(a).

For the same reasons χ′|W equals the above expression and so χ|W =
χ′|W . This shows that for any a ∈ |A|, the set f∗(W ) is in the sup of the
de�ning expression for εS(h(χ), h(χ′)), so f∗ε

Ã
(χ, χ′) ≤ εS(h(χ), h(χ′)).

Proposition 4.4.2. For a morphism of locales f : L → X there is a

bijection

homSh(X)(ΛX(−̃)X(A), Sh(f)∗(S)) homΩ-Set(L)(Ω-Set(f)∗(A), ILΘL(S))
ϕ

∼=

which is natural in A ∈ Ω-Set(X) and S ∈ Sh(L) in the sense that the

following diagrams commute for H : B → A in Ω-Set(X) and σ : S → T
in Sh(L):

homSh(X)(ΛX(−̃)X(A), Sh(f)∗(S)) homΩ-Set(L)(Ω-Set(f)∗(A), ILΘL(S))

homSh(X)(ΛX(−̃)X(B), Sh(f)∗(S)) homΩ-Set(L)(Ω-Set(f)∗(B), ILΘL(S))

− ◦ ΛX (−̃)X (H)

ϕ

ϕ

− ◦ Ω-Set(f)∗(H) (4.8)

homSh(X)(ΛX(−̃)X(A), Sh(f)∗(S)) homΩ-Set(L)(Ω-Set(f)∗(A), ILΘL(S))

homSh(X)(ΛX(−̃)X(A), Sh(f)∗(T )) homΩ-Set(L)(Ω-Set(f)∗(A), ILΘL(T ))

Sh(f)∗(σ) ◦ −

ϕ

ϕ

ILΘL(σ) ◦ − (4.9)

Proof. ϕ takes τ : ΛX(Ã) → Sh(f)∗(S) to the function ϕ(τ) = g such
that g(a) = (f∗εA(a), τεA(a)(ã)) for a ∈ |A|. To �nd a function ψ in
the other direction we can, by Lemma 4.1.3, start with the underlying
function of sets g : |A| → |ILΘL(S)| of a morphism Ω-Set(f)∗(A) →
ILΘL(S), since ILΘL(S) is complete. Now, if U ∈ O(X) is open then
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σ ∈ ΛX(Ã)(U) is a singleton on A such that ε
Ã

(σ) = U . By composition
with f∗ we obtain a singleton f∗σ on Ω-Set(f)∗(A). That is, f∗σ is
in |(−̃)LΩ-Set(f)∗(A)| so we can apply g̃ = (−̃)L(g) to obtain element
in (−̃)LILΘL(S). Since the latter is complete there is a unique element
G(σ) ∈ |ILΘL(S)| =

∐
V ∈O(L)S(V ) such that g̃(f∗σ)(u) = εS(G(σ), u)

for all u ∈ |ILΘL(S)|. We de�ne ψ(g) to be the natural transformation
τ which for U ∈ O(X) takes σ ∈ ΛX(Ã)(U) into the second component
π2(G(σ)) with G(σ) de�ned as above. Since g̃ takes a singleton χ of
(|A|, f∗εA) to the function |ILΘL(S)| → O(L) given by

g̃(χ)(u) =
∨
{χ(a) ∧ εS(g(a), u) | a ∈ |A|},

this means that G(σ) is the unique element of |ILΘL(S)| such that for
χ = f∗σ the above expression equals εS(G(σ), u) for all u ∈ |ILΘL(S)|.

Of course, we need to show that these de�nitions make sense, i.e.
that ϕ(τ) is a morphism Ω-Set(f)∗(A)→ ILΘL(S) and ψ(g) is a natu-
ral transformation ΛX(Ã) → Sh(f)∗(S). To complete the proof we also
need to show that ϕ and ψ are mutually inverse and that ϕ is natural in
the sense described above. For readability, the proof has been divided
into four claims for each of these steps.

Claim: ψ(g) is a natural transformation and ϕ(τ) is a morphism of
O(L)-valued sets.
Proof : Starting with the second claim, let g = ϕ(τ). As in Lemma 4.2.1,
the unit of the adjunction (−̃)X a IX is an isomorphism A → Ã which
is has underlying function a 7→ ã. Its image under Ω-Set(f)∗ is again
the function a 7→ ã. Composing this with the map h : Ω-Set(f)∗(Ã) →
ILΘL(S) of Lemma 4.4.1 gives that g(a) = (f∗ε

Ã
(ã), τε

Ã
(ã)(ã)) de�nes a

morphism Ω-Set(f)∗(A)→ ILΘL(S) in Ω-Set(L).
We next show that ψ(g) = τ de�nes a natural transformation from

ΛX(Ã) to Sh(f)∗(S), for g : |A| → |ILΘL(S)| representing a morphism
Ω-Set(f)∗(A)→ ILΘL(S) in Ω-Set(L). Firstly, to see that π2(G(σ)) is
in Sf∗(U), we have π1(G(σ)) = εS(G(σ)) and

εS(G(σ)) =
∨
{f∗σ(x) ∧ εS(G(σ), g(x)) |x ∈ |A|}

=
∨
{f∗σ(x) ∧ f∗σ(y) ∧ εS(g(x), g(y)) |x, y ∈ |A|}

=
∨
{f∗σ(x) ∧ εS(g(x)) |x ∈ |A|}

=
∨
{f∗σ(x) ∧ f∗εA(x) |x ∈ |A|}

= f∗ε
Ã

(σ)

= f∗(U).
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To show naturality, we must prove that if V ≤ U and σ ∈ ΛX(Ã)(U)
then Sf∗(V ≤ U) ◦ τU (σ) = τV (σ|V ); that is, that

S(f∗(V ) ≤ f∗(U))
(
π2(G(σ))

)
= π2(G(σ|V )) (4.10)

where σ|V (a) = σ(a) ∧ V . Proceeding similar to above we have

εS(G(σ), G(σ|V ))

=
∨
{f∗(σ|V (x)) ∧ f∗σ(y) ∧ εS(g(x), g(y)) |x, y ∈ |A|}

= f∗(V ) ∧ f∗ε
Ã

(σ)

= f∗(V )

where the last equality follows from that ε
Ã

(σ) = U . Hence

{W ∈ O(L) |W ≤ f∗(V ) ∧ f∗(U) and π2(G(σ))|W = π2(G(σ|V ))|W }

is a covering of f∗(V ). For anyW in this covering we have π2(G(σ))|W =(
π2(G(σ))|f∗(V ))|W . Since S is a sheaf there is a unique one element x in
Sf∗(V ) such that x|W = (π2(G(σ))|f∗(V ))|W and x|W = π2(G(σ|V ))|W
for all W in a covering of f∗(V ). Thus π2(G(σ))|f∗(V ) = π2(G(σ|V )),
which is precisely (4.10).

Claim: ϕ and ψ are mutually inverse.
Proof : Let ϕ ◦ ψ(g) be g′, then

g′(a) = (f∗εA(a), τεA(a)(ã)) = (π1(g(a)), π2(G(ã))).

Now, for u ∈ |ILΘL(S)|

g̃(f∗ã)(u) =
∨
{f∗(ã(y)) ∧ εS(g(y), u) | y ∈ |A|}

=
∨
{f∗εA(a, y) ∧ εS(g(y), u) | y ∈ |A|}

= εS(g(a), u)

and so G(ã) = g(a). Thus g′(a) = g(a). Conversely, starting with
τ : ΛX(Ã)→ Sh(f)∗(S) let τ ′ be ψ ◦ϕ(τ). With g as ϕ(τ) it is su�cient
to show that G(σ) = (f∗(U), τU (σ)) for σ ∈ ΛX(Ã)(U), and to do this
we need prove that

εS((f∗(U), τU (σ)), u) =
∨
{f∗σ(a) ∧ εS((f∗ε

Ã
(ã), τε

Ã
(ã)(ã)), u) | a ∈ |A|}

holds for for all u ∈ |ILΘL(S)|. But ε
Ã

(σ, ã) = σ(a) and by Lemma
4.4.1 the function h(χ) = (f∗ε

Ã
(χ), τε

Ã
(χ)(χ)) de�nes a morphism from

Ω-Set(f)∗(Ã) to ILΘL(S), which means that

f∗ε
Ã

(χ, ã) ∧ εS(h(χ), u) = f∗ε
Ã

(χ, ã) ∧ εS(h(ã), u)
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for χ ∈ |Ã|, a ∈ |A| and u ∈ |ILΘL(S)|. Setting χ = σ and taking the
sup over all a ∈ |A| gives
∨
{f∗σ(a) ∧ εS(h(ã), u) | a ∈ |A|} =

∨
{f∗σ(a) ∧ εS(h(σ), u) | a ∈ |A|}

= εS(h(σ), u) ∧ f∗ε
Ã

(σ)

= εS(h(σ), u)

which shows that G(σ) = (f∗(U), τU (σ)) and the claim is proved.

Claim: The diagram (4.8) commutes.

Proof : Suppose H : B → A is a morphism in Ω-Set(X) and let τ :
ΛX(Ã)→ Sh(f)∗(S) be a natural transformation. That (4.8) commutes
means that ϕ(τ) ◦ Ω-Set(f)∗(H) = ϕ(τ · ΛX(H̃)). Now, for b ∈ |B| and
u ∈ |ILΘL(S)|

ϕ(τ · ΛX(H̃))(b, u) = εS((f∗εB(b), τεB(b) ◦ ΛX(H̃)εB(b)(̃b)), u)

where ΛX(H̃)εB(b)(̃b) = h̃(̃b) for the function h̃ : B̃ → Ã corresponding

to H̃. Using the de�nition (4.3) for the action of (−̃)X on H we see that
h̃(σ) sends a ∈ |A| to

∨
{σ(b) ∧ H(b, a) | b ∈ |B|}. Thus, in particular,

h̃(̃b)(a) = H(b, a). On the other hand, ϕ(τ) ◦Ω-Set(f)∗(H)(b, u) equals

∨
{εS((f∗εA(a), τεA(a)(ã)), u) ∧ f∗H(b, a) | a ∈ |A|}.

Now, we can rewrite f∗H(b, a) in the following way

f∗H(b, a) = f∗(
∨
{H(b, a′) ∧ εA(a, a′) | a′ ∈ |A|})

= f∗(
∨
{h̃(̃b)(a′) ∧ ã(a′) | a′ ∈ |A|})

= f∗ε
Ã

(h̃(̃b), ã)

and by Lemma 4.4.1 the function k(σ) = (f∗ε
Ã

(σ), τε
Ã

(σ)(σ)) de�nes a

morphism Ω-Set(f)∗(Ã)→ ILΘL(S) in Ω-Set(L). This means that

f∗ε
Ã

(h̃(̃b), ã) ∧ εS(k(ã), u) = f∗ε
Ã

(h̃(̃b), ã) ∧ εS(k(h̃(̃b)), u) (4.11)

for a ∈ |A|, b ∈ |B| and u ∈ |ILΘL(S)|. Next, observe that for g = ϕ(τ)
and a ∈ |A| we have g(a) = k(ã), and

ε
Ã

(h̃(̃b)) =
∨
{h̃(̃b)(a′) | a′ ∈ |A|} =

∨
{H(b, a′) | a′ ∈ |A|} = εB(b),
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so k(h̃(̃b)) = (f∗εB(b), τεB(b) ◦ΛX(H̃)(̃b)). Thus taking the sup of (4.11)
over all a ∈ |A| we obtain∨

{f∗H(b, a) ∧ εS(g(a), u) | a ∈ |A|} = εS(k(h̃(̃b)), u) ∧ f∗εB(b)

= εS(k(h̃(̃b)), u)

= ϕ(τ · ΛX(H̃))(b, u)

where the top left expression is precisely ϕ(τ) ◦ Ω-Set(f)∗(H)(b, u).

Claim: The diagram (4.9) commutes.
Proof : Again let τ : ΛX(Ã)→ Sh(f)∗(S) be a morphism in Sh(X) and
σ : S → T be a morphism in Sh(L), then ILΘL(σ) ◦ ϕ(τ) = ϕ(σf∗ · τ)
holds, since for a ∈ |A|

ILΘL(σ) ◦ ϕ(τ)(a) = (f∗εA(a), σf∗εA(a) ◦ τεA(a)(a)) = ϕ(σf∗ · τ)(a).

This completes the proof of Proposition 4.4.2.

Corollary 4.4.3. For a morphism of locales f : L → X there are ad-

junctions

ΛL(−̃)LΩ-Set(f)∗IXΘX a Sh(f)∗

and

Ω-Set(f)∗ a IXΘXSh(f)∗ΛL(−̃)L.

Proof. Using that ΛL(−̃)L and ILΘL constitutes an equivalence Sh(L) '
Ω-Set(L), and similarly for X, it follows from the Proposition that for
T ∈ Sh(X) and S ∈ Sh(L)

homSh(L)(ΛL(−̃)LΩ-Set(f)∗IXΘX(T ), S)

∼= homΩ-Set(L)(Ω-Set(f)∗IXΘX(T ), ILΘL(S))

∼= homSh(X)(ΛX(−̃)XIXΘX(T ),Sh(f)∗(S))

∼= homSh(X)(T, Sh(f)∗(S)),

naturally in S and T . Similarly, we have for B in Ω-Set(L) and A
Ω-Set(X)

homΩ-Set(L)(Ω-Set(f)∗(A), B)

∼= homΩ-Set(L)(Ω-Set(f)∗(A), ILΘLΛL(−̃)L(B)))

∼= homSh(X)(ΛX(−̃)X(A),Sh(f)∗ΛL(−̃)L(B))

∼= homΩ-Set(X)(A, IXΘXSh(f)∗ΛL(−̃)L(B)).
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