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Abstract
Insurance companies are required by regulation to be in possession of liquid assets that ensure that they can meet their 
obligations to policyholders with high probability. The amount is usually determined by an actuarial valuation, with for 
instance the Solvency II regulatory framework providing standard formulae. In this thesis we investigate a valuation 
procedure where the value of a liability cash flow is determined via a backwards recursive relationship, meaning that the 
value at time t depends on the value at time t+1. The value corresponds to an amount required to be able to raise capital 
from an external capital provider with limited liability, in order to meet capital requirements imposed by a regulating body.

Paper I describes the valuation philosophy that will more or less be shared by all papers in the thesis. It establishes a 
recursive relationship given via a mapping, that satisfy the properties of a dynamic monetary utility function. Conditions are 
given where finite p:th moments are preserved in the recursion and a link to the well known subject of dynamic monetary 
risk measures and utility functions is established. The structure of the recursion is used to find closed-form values for 
certain stochastic processes, most importantly in the case where we have jointly Gaussian cash flows.

Paper II explores the valuation procedure in the presence of a risk-neutral probability measure, which correctly prices 
the financial instruments that are priced by the financial market but is also assumed to express the risk aversion toward 
non-hedgeable insurance risk of the capital provider. We show that the valuation procedure is equivalent to an optimal 
stopping problem, giving us an alternative way to define the valuation procedure. We reproduce many of the structural 
results from Paper I under the assumed conditions. We also consider the choice of replicating portfolio under different 
criteria, especially the criterion of minimizing the need for external capital.

Paper III considers the discrete-time valuation from paper I, but where the valuation times form an arbitrary partition of 
the time interval on which the runoff of the liability occurs. We investigate the properties of the value as the mesh of the 
partition goes to zero. We define a "continuous-time value" of a liability cash flow and find closed form expressions and 
some structural results for classes of stochastic processes including Lévy processes and Itô diffusions.

Paper IV tackles the numerical difficulties of performing the recursive valuation procedure where a closed-form value 
cannot be found. Under Markovian assumptions, a so-called least-squares Monte Carlo (LSM) algorithm is investigated, 
a method that was developed to tackle optimal stopping problems. We show some overarching consistency results for the 
LSM algorithm in the general setting of dynamic monetary utility functions and also explore numeric performance for 
some example models.
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Part I

Introduction





Chapter 1

Insurance and
mathematical background

Insurance companies play a vital role in modern society, as they allow for people
to protect themselves from the economic consequences of accidents. From a
personal perspective, the potential for of serious economic consequences of for
instance house fire, makes it worthwhile to protect oneself from this possibility
by insuring one’s house. This is done by paying an insurance premium to an
insurance company which in turn distributes parts of these premiums to those
policyholders who actually experience a house fire. This philosophy is referred
to as risk pooling. By buying insurance the policyholder willingly accepts an
expected net loss by paying a premium that exceeds the expected future costs
from possible but unlikely accidents. A risk averse policyholder prefers paying
such a premium to deal with the economic consequences of future uncertain
accidents.

On a societal level, it makes sense for a government to make sure that 66its
citizens are protected from the economic consequences of events such as acci-
dents or hospital bills for medical treatment, either through direct or indirect
government involvement. For instance, in Sweden and many other countries it
is illegal to drive uninsured. Apart from being liable for damages to another
driver’s car, a driver might be held financially responsible for personal injuries
sustained by another person in a car crash. Without insurance, the costs could
well be ruinous for the uninsured driver.

Given the important role of insurance companies, the effects of an insurer going
bankrupt and not being able to pay money to policyholders would be potentially
disastrous. For this reason, regulations such as Solvency II exist to ensure that
insurance companies retain a high degree of solvency. An insurance company
cannot simply take the premiums and invest them all in risky assets for max-
imum return. Rather, the total balance sheet of the insurance company must
be such that the company has a high probability of remaining solvent. This
also means that the effective cost of taking on the liability cash flow of policy-
holders is not simply the average or expected value of said cash flows, but also
the cost of making sure that additional liquid assets are reserved for payments
that could potentially exceed expectations. For instance, natural catastrophes
can lead to damage on large amounts of insured property or a disease outbreak
can lead to increased mortality rates. Up to some level of extreme outcomes,
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insurance companies are expected to account for this uncertainty of payments
to policyholders and have access to sufficient funds to cover this.

The funds required of the insurance company to meet its obligation to the
policyholders are often referred to as technical provisions. Usually the technical
provisions are written as the sum of a best estimate and a risk margin or safety
loading. The best estimate is the present value of the expected payments to be
made and the risk margin or safety loading represents buffer capital meant to
account for the uncertainty of the future payments. What this risk margin or
safety loading should be is not evident and may for instance be a consequence of
regulation. The Solvency II framework specifies the risk margin as the amount
required along with the best estimate for an external empty company to be able
to take over the liability cash flow generated from outstanding contracts and
manage these until the contracts expire. This is referred to as managing the
runoff of the liability. This empty company, also called a reference undertaking,
should furthermore be able to meet externally imposed capital requirements
during this period. The technical provisions can in a sense be seen as the value
of a liability cash flow. Thus, the Solvency II framework gives us a useful
definition of the value of a liability.

In this thesis we develop a mathematically rigorous valuation procedure based
on the same philosophy of a reference undertaking taking over an outstanding
liability cash flow and managing the runoff. The value in this setting is defined
as an amount required for this company to be able to attract a capital provider
who will act as a shareholder for the company. This external capital makes sure
that capital requirements are met and in exchange the capital provider will re-
ceive all excess capital not required for the continued management of the runoff
of the liability. Much like shareholders in the real world, the capital provider
has limited liability, and in this valuation procedure there is thus a possibility
that the reference undertaking becomes insolvent. Given assumptions on the
demands of the regulating body and capital provider, the resulting valuation
will result in a recursive expression, similar to those which may be found in the
literature on dynamic monetary utility functions and measures of risk. All pa-
pers in the thesis are concerned with exploring the properties of this valuation
procedure from different points of view.

The rest of the thesis summary is laid out as follows. Section 1.1 will serve as
a mathematical background for the main mathematical objects that will play
a role in the thesis. The sections within will handle basic stochastic process
theory and financial mathematics, along with reminding the reader of some
important facts regarding the multivariate Gaussian distribution and Markov
chains. Section 1.2 will describe the valuation philosophy considered in this
thesis along with its background in the Solvency II framework. After this will
follow an overview of the papers of the thesis in chapter 2.
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1.1 Mathematical background

In the proceeding text, all equalities and inequalities between random variables
are to be interpreted in the almost sure sense.

1.1.1 Conditional expectations and distributions

This thesis makes a lot of use of the notions of conditional expectation and dis-
tribution, thus here follows a brief but formal introduction. Consider a probab-
ility space (Ω, F ,P) and consider a sigma algebra G ⊆ F . Consider any random
variable X which has a finite expected value. We say that such a random vari-
able is integrable. Then there exists a unique (up to P-almost sure equality)
G-measurable random variable Y such that

E[IAY ] = E[IAX] for all A ∈ G

We write Y = E[X | G], or in words say that Y is the G-conditional expected
value of X. For two random variables X and Y we define E[X | Y ] as E[X |
σ(Y )].

Below follow some important properties of the conditional expected value:

E[aX + bZ | G] = aE[X | G] + bE[Z | G] for all integrable X and Z

if X is independent of G, then E[X | G] = E[X] if X is integrable
if X is G-measurable, then E[XZ | G] = XE[Z | G] for all integrable Z

if G1 ⊆ G2 ⊆ F , then E[X | G1] = E[E[X | G2] | G1] (1.1)

(1.1) is often called the tower rule, or law of iterated expectation. We also define
the G-conditional probability measure:

P(A | G) = E[IA | G].

This notion allow us to talk about the conditional distribution of random vari-
ables, written as P(X ≤ a | G). For more details on this topic, see for instance
chapter 6 in [13].

1.1.2 Stochastic processes, filtrations and Lp-spaces1

Consider a probability space (Ω, F ,P). A discrete-time stochastic process X =
(Xt)T

t=0 is a integer time-indexed set of random variables variables, which we
consider to be observed over time, according to their indices. In order to be able
to talk about stochastic processes and the flow of information over time, we need
to introduce filtrations. A filtration F = (Ft)T

t=0 is a sequence of sigma algebras
F0 ⊆ F1 ⊆ . . . FT −1 ⊆ FT ⊆ F . Ft can be thought of as consisting of all events

1We here only consider the case of a finite time horizon T
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observable at time t. A stochastic process X is said to be adapted to F if for each
t, Xt is Ft-measurable. An important concept is the natural filtration of the
stochastic process X, defined by sigma algebras FX

t := σ(X0, . . . , Xt), which
is the smallest sigma algebra with respect to which X0, . . . , Xt are measurable.
For more details, see for instance chapter 7 in [13].

We now introduce Lp-spaces. Usually we want to confine ourselves to some
well-behaved sets of stochastic processes, and a logical way to do this is to
require the p:th moment to be finite. Formally, we define

L0(Ft) := {Z Ft-measurable}
Lp(Ft) := {Z Ft-measurable | E[|Z|p]1/p < ∞} p ∈ (0, ∞)
L∞(Ft) := {Z Ft-measurable | ∃K ∈ R : |Z| < K a.s.}

L0(Ft) is simply the set of all Ft-measurable random variables and L∞(Ft) is
the set of all Ft-measurable almost surely bounded random variables. For more
details, see for instance chapter 1 in [13]. Without going into technicalities, all
definitions in this section are completely analogous for the case of continuous
time filtrations F = (Ft)t∈[0,T ] and continuous time processes X = (Xt)t∈[0,T ].

1.1.3 Martingales

Martingales are a central concept in the theory of stochastic processes in general
and mathematical finance in particular, and can be said to represent the gains
from a "fair game". Consider the probability space and a filtration from section
1.1.2. A stochastic process M = (Mt)T

t=0 is called a martingale (with respect
to F) if

M is adapted to the filtration F
Mt ∈ L1(Ft) for each t = 0, . . . , T

E[Mt+1 | Ft] = Mt for each t = 0, . . . , T

The interesting property here is of course the third one. Furthermore, if we
replace the third property with E[Mt+1 | Ft] ≤ Mt, the process is called a
supermartingale and if we instead have E[Mt+1 | Ft] ≥ Mt the process is called
a submartingale. Due to the tower rule from section 1.1.1 a finite time-horizon
martingale has the representation

Mt = E[MT | Ft] t = 0, . . . , T

For more details on this topic, see for instance chapter 7 in [13].

1.1.4 Change of measure and Radon-Nikodym derivatives

We again consider the probability space from section 1.1.1. A probability meas-
ure Q on (Ω, F) is said to be absolutely continuous with respect to P if for all
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A ∈ F , P(A) = 0 implies that Q(A) = 0. If both measures P and Q are abso-
lutely continuous with respect to each other, they are said to be equivalent, i.e.
they agree on all probability zero sets. We denote expectations with respect to
P and Q by EP[·] and EQ[·], respectively.

Absolute continuity can be characterized by the so-called Radon-Nikodym de-
rivative: Q being absolutely continuous with respect to P is equivalent to the
existence of a nonnegative random variable D such that

EQ[X] = EP[DX] for all random variables X ≥ 0

We write D = dQ
dP and D is called the Radon-Nikodym derivative or density of

Q with respect to P.

Furthermore, if we consider a sub-sigma algebra G ⊆ F , we have that

EQ[X | G] = 1
EP[D | G]E

P[DX | G].

In other words, the Radon-Nikodym derivative of Q(· | G) with respect to
P(· | G) is given by D

EP[D|G] .

This can be generalized to the stochastic process case: Consider the probability
space and filtration from section 1.1.2. Consider Q, absolutely continuous w.r.t.
P. Then there exists an adapted nonnegative process (Dt)T

t=0 such that

EQ[X | Ft] = 1
Dt

EP[DuX | Ft] for all Fu-measurable random variables X ≥ 0

and for all 0 ≤ t ≤ u ≤ T

The process (Dt)T
t=0 is a martingale under P. If P and Q are equivalent, the

process is P and Q-almost surely positive. For more details on this topic, see
for instance A.2 in [11].

1.1.5 Optimal stopping

Consider again the probability space and filtration from section 1.1.2. A stop-
ping time τ is a random variable taking values in {0, 1, 2, . . . , T} with the
property that the event {τ = t} ∈ Ft. A consequence of this is that the events
{τ ≤ t}, {τ > t} ∈ Ft. Consider a stochastic process H = (Ht)T

t=0, where
for each t, Ht ∈ L1(Ft). Denote by T the set of all stopping times with re-
spect to the filtration F. An optimal stopping problem consists of solving the
optimization problem

max
τ∈T

E[Hτ ] (1.2)

We briefly outline the solution to (1.2). In order to do this, we define the Snell
envelope by the backward recursion

UT = HT

Ut = max(Ht+1,E[Ut+1 | Ft]) (1.3)
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It is the smallest supermartingale which dominates the process H. If we define
the stopping time τ∗

(min) := inf{0 ≤ t ≤ T | Ht = Ut}, then it turns out that
this stopping time is the smallest one which minimizes (1.2) and thus

inf
τ∈T

E[Hτ ] = E[Uτ∗
(min)

] = E[Hτ∗
(min)

].

For more information on this topic, see for instance chapter 6 in [11].

1.1.6 Arbitrage-free markets, numéraires and market neut-
ral measures

Although arbitrage theory in itself will not play a very big role in this thesis,
we are going to be use some core concepts from this field and thus we give
a brief, not overly formal, overview. We consider a market with d + 1 assets.
Consider a stochastic process S = (St)T

t=0 with St = (S0
t , . . . , Sd

t ). Sj
t is the

value of asset j at time t. We assume that all assets have nonnegative prices,
with S0

t > 0 a.s. This allows us to use asset 0 as a numéraire asset: instead of
counting in units of currency, we count in units of asset 0. Hence the relevant
prices for this discussion are given by

Xj
t = Sj

t

S0
t

j = 0, . . . , d

The point of introducing a numéraire asset is that this will account for the
time-value of money, investing in asset 0 will always give a return of exactly 1,
since we count values in units of the numéraire asset. The prices Xj

t are said
to be discounted with respect to the numéraire asset. A common assumption
is for asset 0 to represent 1 unit of currency placed at time 0 in an interest
paying bank account

We will now informally define arbitrage. A self-financing trading strategy con-
sists of a portfolio in the d + 1 assets which may be re-balanced at each time
t = 1, . . . , T − 1, but without any money being added or subtracted at the
re-balancing times. An arbitrage opportunity is defined as the existence of a
self-financing strategy which almost surely does not result in a net loss, but
yields a net profit with positive probability.

The so-called fundamental theorem of asset pricing says that the market is
arbitrage free if and only if there exists a probability measure Q, equivalent to
P, such that the discounted price processes Xj

t are Q-martingales:

EQ[Xj
t | Fs] = Xj

s 0 ≤ s ≤ t ≤ T, j = 1, . . . , d (1.4)

if the measure Q is unique, the market is said to be complete. Else, the market
is said to be incomplete. Such a measure Q is referred to as an equivalent
martingale measure or a risk neutral measure.

We finally introduce American contingent claims. Assume, as above, that we
are using asset 0 as numéraire. Consider any nonnegative, F-adapted process
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(Ht)T
t=1. An American contingent claim, or option, is a financial contract where

the seller is obliged to pay the buyer the amount Ht if the buyer chooses to
exercise the option at time t. This exercise can take place only once and the
exercise time is the choice of the buyer, except that the option is considered to
be automatically exercised at time T . This time horizon is referred to as the
"maturity" of the option. The set of exercise strategies for the buyer that we
consider is the set of stopping times T on {0, 1, . . . , T}. An arbitrage free price
of the American contingent claim is given by

sup
τ∈T

EQ[Hτ ],

for any equivalent martingale measure Q. It is shown in [11] that the set of all
arbitrage free prices of an American option form an interval, of which all but
possibly the endpoints are of this form. For more details on this topic, see for
instance chapters 1 and 5 in [11].

1.1.7 Conditional monetary risk measures and utility func-
tions

In a single period setting, a risk measure is number meant to quantify the risk
of a financial position. In this thesis, focusing on the multi-period setting, we
will introduce the analogous but more general notion of dynamic monetary risk
measures.

The setup and notation we use in this thesis are similar to that found in for
instance [3]. For further reading, read for instance [4], [1] or [12]. Note that while
mathematically analogous, notation and definitions tend to vary somewhat
between authors and even individual papers.

Definition 1. Fix p > 0. We call the mapping ρs,t : Lp(Ft) → Lp(Fs) a
monetary risk measure if the following three conditions are satisfied:

Normalization: ρs,t(0) = 0
Translation invariance: ρs,t(X + m) = ρs,t(X) − m ∀X, m ∈ Lp(Ft)

Monotonicity: ρs,t(Y ) ≤ ρs,t(X) ∀X, Y ∈ Lp(Ft) such that X ≤ Y

The mapping ϕs,t := −ρs,t is called a monetary utility function. It satisfies the
analogous conditions:

Normalization: ϕs,t(0) = 0
Translation invariance: ϕs,t(X + m) = ϕs,t(X) + m ∀X, m ∈ Lp(Ft)

Monotonicity: ϕs,t(X) ≤ ϕs,t(Y ) ∀X, Y ∈ Lp(Ft) such that X ≤ Y

Note that ρt,t(X) = −X due to translation invariance and normalization and
thus ϕt,t(X) = X.
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The collections (ρt,T )T
t=0 and (ϕt,T )T

t=0 are referred to as dynamic monetary
risk measures and utility functions. The economic interpretation of these is that
they represent the evaluation, either in terms of risk or utility, of an economic
outcome at time T dynamically over t = 0, . . . , T − 1. It is common for the
convexity/concavity property to be included in the definitions of monetary risk
measures and utility functions:

Convexity: ρs,t(λX + (1 − λ)Y ) ≤ λρs,t(X) + (1 − λ)ρs,t(Y ) ∀λ ∈ [0, 1]
Concavity: ϕs,t(λX + (1 − λ)Y ) ≥ λϕs,t(X) + (1 − λ)ϕs,t(Y ) ∀λ ∈ [0, 1]

Since a lot of the main objects of this thesis will not satisfy the convex-
ity/concavity properties, we have not included this in Definition 1.

Another property that a monetary risk measure or utility function may have
is that of positive homogeneity:

Positive Homogeneity: ρs,t(λX) = λρs,t(X) ∀λ ∈ R+ (1.5)
ϕs,t(λX) = λϕs,t(X) ∀λ ∈ R+

Time-consistency and recursive relationships

It makes economic sense for dynamic monetary risk measures and utility func-
tions to satisfy is the so-called time-consistency property. We say that a dy-
namic monetary utility function (ϕt,T )T

t=0 is time-consistent if

ϕt+1,T (X) ≤ ϕt+1,T (Y ) =⇒ ϕt,T (X) ≤ ϕt,T (Y ), (1.6)

with an analogous definition for dynamic monetary risk measures. Economic-
ally, if the outcome Y has higher utility than X at time t+1, this should mean
that the same holds at time t.

It turns out that this property is equivalent to

ϕt,T (X) = ϕt(ϕt+1,T (X)) (1.7)

for some sequence of monetary utility functions (ϕt)T −1
t=0 with ϕt : Lp(Ft+1) →

Lp(Ft) for each t. Hence, we can build a dynamic monetary utility function
by choosing a suitable class of one-step monetary utility functions (ϕt)T −1

t=0 and
pasting them together as in (1.7). This means that ϕt,T = ϕt ◦· · ·◦ϕT −1, where
◦ denotes composition of mappings.

The conditional expected value, i.e. ϕs,t(·) = E[· | Fs], is a simple example of a
time consistent monetary utility function, with (1.7) following from the tower
rule, (1.1)

Dynamic Value-at-Risk and Expected Shortfall

Value-at-Risk (VaR) and Expected Shortfall (ES) are two common risk meas-
ures used in practice, and the t-conditional versions of these will be important
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in this thesis. Note that the following definitions are completely analogous to
the single period case. For a random variable X ∈ L0(Fs), we define

Ft,X(x) := P(X ≤ x | Ft)
F −1

t,X(u) := ess inf{m ∈ L0(Ft) : Ft,X(m) ≥ u}.

the dynamic, or conditional, versions of Value-at-Risk and Expected Shortfall
at level u ∈ (0, 1) can now be defined as:

VaRt,u(X) := F −1
t,−X(1 − u) for X ∈ L0(Fs),

ESt,u(X) := 1
u

Z u

0
VaRt,v(X)dv for X ∈ L1(Fs).

The interpretation of these quantities is straightforward: Let X be a net value
known at a future time s. Assume that we are at time t. Then VaRt,u(X) is the
smallest amount such that if we add this amount to X, we have a probability
of ≥ 1 − u to still have a nonnegative net value at time s. We see that the
quantity VaRt,u(X) is decreasing in u.

Both Value-at-Risk and Expected Shortfall are what is called law-invariant:
They depend only on X through the conditional distribution (or law) of X.
Both measures satisfy the positive homogeneity property, but only Expected
Shortfall is convex. Expected Shortfall is also Lipschitz continuous, i.e.

| ESt,u(X) − ESt,u(Y )| ≤ KE[|X − Y | | Ft]

For some constant K. In this case, K = 1
u . Value-at-Risk, meanwhile, satis-

fies no such property. In general, a monetary utility function ϕs,t is Lipschitz
continuous if

|ϕs,t(X) − ϕs,t(Y )| ≤ KE[|X − Y | | Fs]

for some constant K, with an analogous definition for risk measures.

1.1.8 Some specific stochastic processes

In this thesis, both Markov chains and general Gaussian processes play an
important role. We here give a brief, not overly formal introduction.

Markov Chains

A stochastic process S = (St)T
t=0 is called a Markov chain if the law of St,

conditional on S0, . . . , St−1, only depends on St−1:

P(St ∈ A | St−1, . . . , S0) = P(St ∈ A | St−1)

The following is a special case of the so-called Markov property: Consider a
d-dimensional Markov chain, i.e. S takes values in Rd×T . If we let Ω = Rd×T

13



and Ft = σ(S0, . . . , St) for each t, then for any random variable Y of the
form Y = y(St, . . . , ST ) we have that E[Y | Ft] = E[Y | St] = f(St), for
some nonrandom, measurable function f . For more details on this topic, see
for instance chapter 8 in [13].

For this thesis, especially Paper IV, Markovian assumptions will play a large
role. To illustrate this point, consider a law-invariant dynamic monetary utility
function (ϕt,T )T

t=0 given by equation (1.7), i.e. ϕt,T (·) = ϕt(ϕt+1,T (·)). Assume
that X = g(ST ) for some real-valued function g on Rd. Then we get that
ϕt,T (X) = ft(St) for some deterministic function ft. Thus, the task of evaluat-
ing ϕt,T (X) in a general setting is in the Markovian setting reduced to finding
a sequence of functions ft : Rd → R. The same also holds true if we want to
calculate the Snell envelope (1.3) to solve the optimal stopping problem (1.2).

Multivariate Gaussian random variables

A vector of random variables X = (X1, . . . , Xn) is said to be Gaussian if any
linear combination a1X1 + · · · + anXn are normally distributed. Let µ be the
expectation of X and let Σ be the covariance matrix of X. Recall that µ and
Σ completely determine the distribution of X.

Let us break up X into two subvectors X ′
1, X ′

2 and let µ1, µ2 be their expecta-
tions. We break up the covariance matrix according to X ′

1, X ′
2 with notation:

Σ =
�

Σ11 Σ12
Σ21 Σ22

�
Then we have that the distribution X ′

1 conditional on X ′
2 is Gaussian with

mean vector and covariance matrix given by

µ1|2 = µ1 + Σ12Σ−1
22 (X ′

2 − µ2)
Σ1|2 = Σ11 − Σ12Σ−1

22 Σ21 (1.8)

Note that the conditional covariances are all deterministic, with the expected
value being a vector of linear combinations of X ′

2. Hence, E[X ′
1 | X ′

2] is also
Gaussian. This will be important in Papers I and II.

1.2 The valuation procedure of cash flows sub-
ject to capital requirements

1.2.1 A brief overview of Solvency II

The part of the Solvency II framework that is important to this thesis is the
valuation of the so-called technical provisions, which is to correspond to a
market-consistent value of the aggregate liability of an insurance company.
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The market-consistent value is defined as the sum of a best estimate (BE) and
a risk margin (RM),

Market-consistent value := BE + RM

The best estimate is the expected present value of future cash flows, where
the expectation is taken with respect to a probability measure which correctly
prices traded assets with observable market prices. The risk margin is to ac-
count for risk that is not purely financially hedgeable and will discussed in
more detail below. The following two subsections aim to concisely explain the
philosophy behind the Solvency II approach for valuation.

The reference undertaking and the Solvency Capital Requirement

The first step in the valuation of an insurance company’s aggregate current liab-
ilities is the hypothetical transfer of insurance liabilities and their correspond-
ing market-consistent value to a so-called reference undertaking. The reference
undertaking is a separate entity with sole purpose of managing the outstand-
ing insurance liabilities for the remainder of their lifetimes, taking on no new
contracts (see [10], article 38). The market-consistent value of the technical
provisions should be such that it is possible for the reference undertaking to
raise the so-called Solvency Capital Requirements SCRt for each time t, as-
suming transfer at time t = 0. For each time t, SCRt is the additional capital
required to cover unexpected losses, and shall "correspond to the Value-at-Risk
of the basic own funds of an insurance or reinsurance undertaking subject to a
confidence level of 99.5% over a one-year period." ([10], article 101.3).

The Risk Margin

Given the setting above, we may now define the risk margin. In [9], article
77.5, it is specified that "the risk margin shall be calculated by determining the
cost of providing an amount of eligible own funds equal to the Solvency Capital
Requirement necessary to support the insurance and reinsurance obligations
over the lifetime thereof." Essentially, the risk margin should cover the cost
of raising the capital required for the SCR amounts over the lifetime of the
liabilities.

Given these requirements, the "standard formula" for the risk margin is given
by ([10], article 37)

RM := CoC
X
t≥0

SCRt

(1 + rt+1)t+1 ,

Where CoC denotes a cost-of-capital rate and rt+1 denotes the risk free rate
with respect to the maturity t+1 years. In the Solvency II framework CoC = 6%
is specified.
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This formula is not quite well-defined in itself. For instance, as SCRt depends
on circumstances at that time, it would generally be a random variable, indic-
ating that the risk margin is and thus that it is not known at time zero. It
could furthermore be complicated to calculate even if we replace SCRt with
the expected value of SCRt. EIOPA allows for the following simplified formula
([7], Guideline 61):

RM ≈ CoC
X
t≥0

BEt

BE0
SCR0,

where BEt indicates the best estimate at time 0 of the remaining liabilities at
time t.

1.2.2 Valuation of liability cash flows subject to capital
requirements

In the following section, we describe the valuation procedure and philosophy
that all four papers of the thesis are either fully or partly concerned with. Al-
though not directly an interpretation of the Solvency II regulatory framework,
the valuation procedure that all four papers of the thesis are concerned with are
heavily inspired by the framework laid out in [15], and consequently inspired
by the Solvency II framework. The "cost-of-capital margin" derived below will
be analogous to the risk margin described above.

The cost-of-capital margin 2

Cost-of-capital valuation in the multi-period setting is studied in Papers I and
III, and closely related to the multi-period valuation approach in Paper II. Here
follows a non-technical summary of the key steps. The procedure is based on
that introduced in [15], inspired by the prescriptions by EIOPA [7].

Consider integer times 0, 1, . . . , T with a corresponding filtration F = (Ft)T
t=0.

All values considered are discounted by a numéraire asset. A suitable choice of
numéraire asset could for instance be the value of one unit of currency invested
in a bank account. The valuation of the liability cash flow begins, as in the
Solvency II framework, by considering a hypothetical transfer of the liability
cash flow along with a replicating portfolio to a reference undertaking. Let
Xo = (Xo

t )T
t=1 denote the original liability cash flow and let Xr = (Xr

t )T
t=1

denote the cash flow from a replicating portfolio of financial assets.

We denote the residual liability cash flow by X = (Xt)T
t=1 := (Xo

t − Xr
t )T

t=1.
Note that we have assumed that the runoff is complete by time T . The refer-
ence undertaking is assumed to be given, at time 0, the liability cash flow, the
replicating portfolio and the current value V0 of the residual liability cash flow

2This is an extended version of the corresponding section in [8]
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that is assumed to ensure solvency. The reference undertaking has to meet ex-
ternally imposed capital requirements due to regulation and thus needs capital
from an external capital provider. We will now define the value V0 so that it is
large enough to allow the raising of this capital.

Now, let Vt be the value of the residual cash flow (Xs)T
s=t+1, i.e. of the remaining

cash flows at time t. We first note that VT = 0, since there is no liability
cash flow after time T . We now assume that Vt is available at time t, i.e.
the company is solvent, and that the capital requirement is given by Rt =
ρt(−Xt+1 − Vt+1) ≥ Vt, where ρt is a conditional monetary risk measure. If we
want a valuation similar to that in the Solvency II framework, a possible choice
is ρt = VaRt,p, i.e. Value-at-Risk conditional on the information available at
time t. The capital provider is then asked to provide Ct := Rt − Vt at time t,
receiving the surplus available at time t + 1, which is given by

surplust+1 = (Rt − Xt+1 − Vt+1)+, (·)+ := max(·, 0).

The rationale for this amount is as follows. The capital provider is entitled to
any excess capital above the amount Xt+1 required for one-period payments
Xt+1 and the value Vt+1, which is required for continued managing of the
liability cash flow. If at time t+1 there is a deficit, Rt < Xt+1+Vt+1, the capital
provider is not liable to make up this deficit. Instead, in this case we assume
that the amount Rt is paid out to the policyholders and that the managing of
the liability cash flow stops. This procedure is illustrated in Figure 1.1. The

Figure 1.1: Figure from [8] illustrating of the valuation procedure. At time t, the company
is assumed to be in possession of the amount Vt, raising the capital Ct from the capital
provider. This ensures that the company has the amount Rt available at time t with which
to meet its obligations at time t + 1. The middle and rightmost bars illustrate two possible
outcomes at time t + 1. If Xt+1 + Vt+1 ≤ Rt, the surplus capital is paid out to the capital
provider. The capital provider will thus have made a net gain if the surplus is greater than
Ct. If Xt+1 + Vt+1 > Rt, managing of the liability stops and the capital provider receives
nothing, but has no obligation to offset the deficit.

17



capital provider will only make this investment if the acceptability criterion,

(1 + ηt)Ct = E[(Rt − Xt+1 − Vt+1)+ | Ft], (1.9)

is met. Here 0 ≤ ηt ∈ Ft is the cost-of-capital rate of the capital provider, e.g.
ηt = 6% as in the Solvency II framework. From this, we may solve for the value
at time t and get the recursive relationship

VT (X) := 0,

Vt(X) := ρt(−Yt+1) − 1
1 + ηt

E
��

ρt(−Yt+1) − Yt+1
�

+ | Ft

�
, (1.10)

Yt+1 = Xt+1 + Vt+1(X).

Here we make the dependence of the process X explicit by writing Vt(X) instead
of Vt. Defining the mapping

ϕt(Y ) := ρt(−Y ) − 1
1 + ηt

E
��

ρt(−Y ) − Y
�

+ | Ft

�
,

the values can now be defined more concisely by the recursions

VT (X) := 0, (1.11)
Vt(X) := ϕt(Xt+1 + Vt+1(X))

We call the Vt(X) the cost-of-capital margin of the residual liability cash flow
X at time t.
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Chapter 2

Overview of papers

2.1 Paper I1

Paper I establishes key results for the values (Vt(X))T
t=0 given by (1.11). How-

ever, we consider slightly more general mappings (ϕt)T
t=0 given by

ϕt(Z) = ρt(−Z) − 1
1 + ηt

Ut

��
ρt(−Z) − Z

�
+

�
, (2.1)

where (Ut)T −1
t=0 is some sequence of monetary utility functions Ut : Lp(Ft+1) →

Lp(Ft), describing capital provider preferences.

The first important set of results is to establish the basic properties of the
mappings (ϕt)T

t=0. We show in this paper that the mappings (ϕt)T
t=0 are in-

deed monetary utility functions in the sense of Definition 1: They map between
Lp-spaces and satisfy normalization, translation invariance and monotonicity.
However, we show that concavity cannot be guaranteed, even if the risk meas-
ures (ρt)T

t=0 are convex and the utility functions (Ut)T −1
t=0 are concave. The

reason for this is that the difference between two convex functions or mappings
is not necessarily convex. Furthermore, we show that if the risk measures and
utility functions are positively homogeneous as in equation (1.5), then the map-
pings (ϕt)T

t=0 will inherit this property. Finally, we show that due the recursive
definition of (Vt(X))T

t=0, we have time-consistency in the sense that for every
pair of times (s, t) with s ≤ t, (Xu)t

u=1 = ( eXu)t
u=1 and Vt(X) ≤ Vt( eX) together

imply that Vs(X) ≤ Vs( eX). The reason for the difference between this version
of time-consistency and that given by (1.6) is that unlike in the classical defin-
ition of dynamic monetary utility functions, the value Vt(X) only takes into
account future cash flows Xt+1, . . . , XT , disregarding X1, . . . , Xt.

The second important set of results is that a large class of suitable monetary
risk measures and utility functions are found of the form

ρt(Y ) :=
Z 1

0
F −1

t,−Y (u)dMR(u),

Ut(Y ) :=
Z 1

0
F −1

t,Y (u)dMU (u), (2.2)

1Some of the mathematical notation in the summary of Paper I has been changed from
that in the paper itself in order for the summaries to be more consistent with each other
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where MR and MU are probability measures on (0, 1). It is shown that these
definitions yields monetary risk measures and utility functions as long MR

and MU satisfy certain mild regularity conditions. These regularity conditions
allow for ρt = VaRt,u, ESt,u and Ut = E[· | Ft]. (2.2) also guarantee posit-
ive homogeneity. Here a further very important property is shown, under the
assumption that the risk measures and utility functions are given by (2.2), as-
suring positive homogeneity. Assume that we may write Xt+1 = Xt + aεt+1,
where Xt ∈ Lp(Ft), a > 0 is a constant and εt+1 ∈ Lp(Ft+1), with εt+1 also
being independent of Ft. Then we get

ϕt(Xt+1) = Xt + aϕt(εt+1), with ϕt(εt+1) ∈ L0(F0). (2.3)

One may use (2.3) to make explicit the values (Vt(X))T
t=0 for certain processes

(Xt)T
t=1.

This brings us to the third important set of results, where explicit formulas for
values (Vt(X))T

t=0 are derived for autoregressive processes and general Gaus-
sian processes, again under the assumption that the risk measures and utility
functions are given by (2.2).

The Gaussian setting is of particular interest: Assume that we have a process
of jointly Gaussian vectors (Zt)T

t=1 as in section 1.1.8, that generate a filtration
G = (Gt)T

t=0. Assume furthermore that for each t, Xt is given by a linear
combination of the elements in Z1, . . . , Zt. We prove several structural results
under these assumptions, but the most important is that we in this case get a
closed form of the value Vt(X) given by:

Vt(X) = E
h TX

s=t

Xs | Gt

i

+
TX

s=t+1

 
Var

� TX
u=s

Xu | Gs−1

�
− Var

� TX
u=s

Xu | Gs

�!1/2

ϕ0(ε1), (2.4)

for t = 0, . . . , T −1. The constant ϕ0(ε1) is the value of ϕ0 applied to a standard
normal random variable ε1 ∈ G1. (2.4) presumes that the cost-of-capital rate
ηt is constant over time and that ρt and Ut are given by (2.2), where MR and
MU also remain constant over time. Note that all parts in the formula above
are deterministic with the exception of the conditional expectation, due to the
conditional variances being deterministic by (1.8).

Finally, we explore numerically the difference between the Solvency II stand-
ard formulae and the cost of capital margin V0(X) with respect to a simple
life insurance example. We also investigate the effects of making a Gaussian
approximation when calculating the cost-of-capital margin V0(X).
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2.2 Paper II2

In paper II, we aim to find analogous results to those in Paper I, but under
a different valuation procedure than the cost of capital valuation described in
section 1.2.2. The main difference is that we assume the existence of a financial
market along with a pricing measure Q with the propery that all traded cash
flows are priced via Q-expectation, as in equation (1.4). Note that we continue
to assume, as in Paper I, that all cash flows are discounted by some numéraire.
We also make the assumption that this measure Q aligns with the preferences
of the capital provider, replacing the acceptability criterion (1.9) with

Ct = EQ[(Rt − Xt+1 − Vt+1)+ | Ft].

It is important to note that X is not in general a traded cash flow, since it
depends on insurance liabilities. Therefore the measure Q may not be unique
and is partly a modeling choice. Furthermore, the capital requirements are
given by the "real world" P-dynamics of the value of the liability cash flow, just
as in Paper I. Hence the mappings determining the values (VT (X))T

t=0 in this
papers are given by

ϕt(Z) := ρP
t (−Z) − EQ[(ρP

t (−Z) − Z)+ | Ft] (2.5)

where we for simplicity make explicit that ρP is thought of as to be defined
under P, for example as Value-at-Risk or Expected Shortfall.

Now, if we follow the arguments in section 1.2.2 we then get the recursive
definition given by equation (1.11). However, the first important result of the
paper is to show that an equivalent definition of the value is possible. For
this definition we consider, as a given, the residual cash flow (Xt)T

t=1 and a
sequence, yet to be specified, of capital requirements (Rt)T

t=0, with RT := 0. We
assume that the reference undertaking, at time 0, has the amount R0 available
and that any money not being paid to policyholders or kept to meet future
capital requirements is to be paid out as dividends to the owner of the reference
undertaking. Here, the owner plays the same role as the capital provider in
section 1.2.2. At time t, the cash flow to the owner will be given by the sum

tX
s=1

Rs−1 − Rs − Xs = R0 − Rt −
tX

s=1
Xs

However, we also assume that the owner may choose to exit at any time, as
any shareholder may exit their position without being subject to any liability
payments. If we assume that the exit time is given by the stopping time τ , the
total cash flow to the owner will be given by

τ−1X
s=1

Rs−1 − Rs − Xs = R0 − Rτ−1 −
τ−1X
s=1

Xs

2This is an extended version of the summary of Paper II in [8]
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Hence a logical definition of the value, Ct, of the reference undertaking for the
owner is given by the Q-expectation of future cash flow, given that the best
exit strategy is chosen:

Ct := ess sup
τ

EQ
h τ−1X

s=t+1
Rs−1 − Rs − Xs

i
t = 0, . . . , T − 1, (2.6)

CT := 0.

Here, the supremum is taken over all stopping times taking values in t +
1, . . . , T + 1. The value of the liability cash flow, Vt, is defined as Vt(X) :=
Rt − Ct.

What is shown as the first result of Paper II is that the definition (2.6) is in
fact equivalent to the more familiar recursive definition:

VT (X) := 0,

Vt(X) := Rt − EQ��Rt − Yt+1
�

+ | Ft

�
Yt+1 := Xt+1 + Vt+1(X).

If we furthermore assume that Rt := ρP
t (−(Xt+1 + Vt+1(X))), this yields the

recursive relationship given by (1.11).

It is shown that the mappings given by (2.5) satisfy normalization, monotonicity
and translation invariance. Furthermore, regularity conditions on the Radon-
Nikodym derivative dQ

dP are imposed under which the mappings map between
Lp- spaces. Before we move on, note that we have

ϕt(Z) ≤ EQ[Z].

The reason for this is simply the built-in optionality of exiting the position for
the owner. Furthermore, the choice of replicating portfolio is considered. Recall
from section 1.2.2 that the whole valuation procedure is performed on a residual
liability cash flow X := Xo − Xr. Up until now, Xr has been considered as a
given. We now consider different possible choices of the replicating portfolio,
and the corresponding liability value

L0 := EQ
h TX

t=1
Xr

t

i
+ V0(Xo − Xr).

L0 is simply the sum of the cost of the replicating portfolio along with the
value of the residual liability cash flow. Since the replicating portfolio could be
almost any trading strategy in the traded cash flows on the market, we assume
that there is some restriction, imposed by a regulator, that ensures that the
choice of replicating portfolio is fixed and that the owner may not influence
the replicating portfolio. Thus that the liability value L0 is well defined. For
simplicity, we assume that the market consists of a finite amount of assets and
we only consider static portfolios in these assets.
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We consider some possible "standard" requirements on the replicating portfolio,
such as minimizing the second moment of of the liability cash flow, but we also
consider the more complex choice given by choosing a portfolio that minimizes
the expression.

EQ[ max
0≤t≤T

Ct]. (2.7)

The reasoning behind this is that from a regulators perspective, it may be
beneficial for the policyholders to have to rely on as little external financing
as possible. Mathematically, it is shown that max0≤t≤T Ct ≥ 0 with equality if
and only if the residual cash flow X sums up to a nonrandom constant, under
some regularity conditions. Hence, if we can fully hedge the randomness of the
liability cash flow, this requirement will give such a hedging portfolio as an
optimal one.

We show some conditions under which we may minimize (2.7). As a part of
this, we show that if the risk measures ρt are Lipschitz continuous, then so are
the mappings ϕt.

Finally, we handle the Gaussian case, analogously to the case in Paper I. To
sum up, we get a result very similar to (2.4) if our considered measure change
only changes the mean vectors of the Gaussian variables that make up the
filtration G. This measure change is known as a Girsanov transformation. In
the case of Gaussian traded cash flows, we also show that it is possible to choose
a replicating portfolio that minimizes (2.7).

2.3 Paper III3

In Paper III we again study the Cost-of-capital value given by (1.10), but with
the re-valuations occurring at arbitrary time points 0 = τ0 < τ1 < τ2 < ... <
τm = T , rather than at integer times. Denote by τ this partition of the interval
[0, T ]. We also restrict ourselves to risk measures of the form ρt = VaRt,u.

The residual cash flow corresponding to the time period (τi, τi+1] (to be paid out
at time τi+1) is now assumed to be given by the increment ∆Lτi+1 := Lτi+1 −Lτi

of a continuous-time stochastic process L = {Lt}t∈[0,T ].

The cost-of-capital rate of the capital provider in this paper is given by ηδ =
(1 + η)δ − 1. η can be thought of as the yearly, fixed, cost-of-capital rate for
the capital provider. We specify the capital requirement to be given by the
monetary risk measure VaRt,1−αδ

where αδ := αδ. Here, α can be thought of
as the required yearly probability of staying solvent. This setup leads to the
following recursive definition of the general multi-period value, with respect to
the partition τ :

V τ
τk

(L) := ϕδk
τk

(∆Lτk+1 + V τ
τk+1

(L)) V, τ
T (L) := 0,

3This is an extended version of the summary of Paper III in [8]
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where

ϕδk
τk

(Y ) := VaRτk,1−αδk
(−Y ) − 1

1 + ηδk

Eτk

�
(VaRτk,1−αδk

(−Y ) − Y
�

+

�
,

δk := τk+1 − τk.

This definition of the value is completely analogous to that of Paper I. The
main object of the paper is to study the existence of a limit, "V τ

t (L) → Vt(L)"
as the mesh of τ goes to zero, similar to the definition of a Riemann integral.
This concept is not novel, as similar approaches are taken in for instance [16]
and [17]. The exact definition of the continuous time value is some continuous-
time stochastic process Vt(L) such that, for any sequence of partitions (τm)∞

m=1
with mesh(τm) → 0 we have that

sup
t∈τm

|V τm
t (L) − Vt(L)| → 0 a.s.

Intuitively, partitions with a small mesh, we want V τm
t (L) to be well approx-

imated by Vt(L). The main results of the paper are the properties of this limit
object for some specific processes.

The first result, put informally, is that we prove that if a process X is tame
enough,

Vt(X + L) = Vt(X) + Vt(L) = E[XT − Xt | Ft] + Vt(L),

where L is some other stochastic process that possesses a continuous-time value.
"Tameness" in this case means that increments of the form Xt+δ − Xt, along
with some other related increments, should have low a probability (of order
δ2) of assuming relatively large values. The exact requirements can be found
in equations (3.2)-(3.5) in the paper. We specifically prove that a large class of
Itô diffusions satisfy this tameness property.

It can easily be verified that for any independent increment process L, of which
additive processes is a special case, V τ

t (L) is a constant. Our third result of
the paper determines the continuous-time value Vt(L) in the case where L
belongs a class of additive processes where certain regularity conditions apply.
This class includes, as an example, time-inhomogeneous compound Poisson
processes with deterministic and differentiable intensity. The value in this case
essentially depends on the jumps of the process, and is not identical to an
expected value. To briefly explain why, recall that an increment Lt+δ − Lt of a
compound Poisson process will have a probability asymptotically proportional
to δ to make a jump. This means that the order requirements in equations
(3.2)-(3.5) will not hold.
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2.4 Paper IV

Paper IV explores the numeric challenges of computing values of the form

VT (X, ϕ) := 0,

Vt(X, ϕ) := ϕt(Xt+1 + Vt+1(X)), (2.8)

where (ϕt)T
t=1 is some sequence of law-invariant monetary utility functions.

Expressions of the form Vt(X, ϕ) includes, but is not limited to, the cost-of-
capital margin from Papers I and III.

In order to approach the numeric problem, we consider in this paper the special
case of the probability space being given by a Markov chain: Let Ω = Rd×T

and Ft = σ(S0, . . . , St), where S = (St)T
t=0 is a d-dimensional Markov chain

with some law µ. We let the law of the Markov chain determine the probability
measure in this setting. We assume that Xt = f(St) for each t, for some function
f : Rd → R. As noted in section 1.1.8, all of this implies that Vt(X, ϕ) is
simply a deterministic function of the state St. Thus, the problem of numerically
approximating the values (Vt(X, ϕ))T

t=0 comes down to a curve-fitting problem
where we first estimate VT −1(X, ϕ) as a function of ST −1, then plug that into
the recursion (2.8) for time T − 2 and then repeat until reaching time t = 0.

Computationally, this problem suffers from the curse of dimensionality. The
curse of dimensionality can be described simply as the fact that as the dimen-
sion d of the Markov chain grows, barring any features of X that allows for some
closed expression, the time required for direct computation grows exponentially
larger in d, see e.g. the explanation in [18]. Furthermore, direct computation
using nested simulations is unfeasible for the case of T > 2 (nested simulation
is, however, a viable alternative when T = 2, such as in [2]).

The approach considered in this paper is to use a Least Squares Monte Carlo
(LSM) algorithm to tackle this problem. This method has been primarily con-
sidered for valuing American derivatives, notably in [14]. More generally the
method can be used to numerically handle more general stopping time prob-
lems, as these also give rise to backward recursions with corresponding chal-
lenges in terms of numerical computation. Some theoretical results on the LSM
algorithm in the optimal stopping setting that resemble the results of this pa-
per can be found in [5] [6] and [19]. The LSM algorithm consists of choosing
a set of basis functions (ϕi)M

i=1 where ϕi : Rd → R for each i and make the
approximation

Vt(X, ϕ) ≈ bβt,0 +
MX

i=1

bβt,iϕi(St) (2.9)

at each time t, based on simulations of the Markov chain. Algorithm 1 in Paper
IV describes this procedure in some detail, and the method is also described in
detail in for instance [6], [19].

We give some overarching consistency results for the LSM algorithm in a general
setting as well as the case of the cost-of-capital margin from Paper I for the
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case where the risk measure ρt = VaRt,u for each t = 0, . . . , T − 1 and the
utility function Ut(·) = E[· | Ft]. We also explore numerically the performance
of the LSM model for this version of the cost-of-capital margin. We describe
these results briefly below.

The first two results is for the general case of (ϕt)T
t=1 being given by a dynamic

monetary utility function, which is assumed to be continuous with respect to
the L2-norm. The first two results that follow are largely analogous to theorems
3.1 and 3.2 in [5]. The first result is simply that if we are allowed to choose the β-
values in (2.9) to minimize the mean-squared error in each approximation step,
then if the set of basis functions that we have available is flexible enough, the
approximation made by the LSM algorithm will converge to the correct value
asymptotically. The second result assumes that we have made N simulations
to estimate the values bβt,i in (2.9). Then it is shown that if we fix the chosen
number of basis functions, M , then as N → ∞ the estimates bβt,i will converge
to coefficients that minimizes the mean squared error between t and t+1 of the
algorithm, even including errors due to the rest of the steps in the algorithm. In
contrast to for instance [6], [19], no joint convergence result is provided, where
we let N and M go to infinity simultaneously, since we did not wish to impose
certain regularity conditions on the LSM algorithm.

The third and fourth results can be summarized more briefly: Let (ϕt,α)T
t=1 be

given by

ϕt,α(Z) = VaRt,1−α(−Z) − 1
1 + η

E[(VaRt,1−α(−Z) − Z)+ | Ft].

This corresponds to the cost-of-capital margin from Paper I, (2.1), for the
case where the risk measure ρt = VaRt,1−α for each t = 0, . . . , T − 1 and the
utility function Ut(·) = E[· | Ft]. Here we assume a fixed cost-of-capital rate
η > 0. It turns out that we do not in this case have continuity with respect to
the L2-norm, and so the first two results do not directly apply. However, we
show that under certain continuous distribution conditions, results completely
analogous to the first and second indeed hold for this case as well. The following
Lipschitz-like result turns out to be useful in this case:

inf
|ε|<δ

|ϕt,α+ε(X) − ϕt,α(Y )| ≤ 2
δ
E[|X − Y | | Ft]

This property is in fact inherited from VaRt,1−α.

We finally explore numerically the LSM models performance for the case of
the dynamic monetary utility function being given by (ϕt,α)T −1

t=0 . In this case,
we use two basic methods of validating the model. The first simply consists
of the mean-squared error in each estimation step, calculated out-of-sample.
The second corresponds to the "actual" expected excess return to the cap-
ital provider along with the "actual" probability of insolvency of the reference
undertaking is exposed to, given that we use the LSM estimates in order to
perform the valuation procedure described in section 1.2.2. If our estimates are
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good, these quantities should be close to η and 1−α, respectively. Briefly sum-
marized, the results are quite satisfactory with respect to the mean-squared
errors, while the quantities corresponding to "actual" expected excess return
the "actual" probability of insolvency seem to be more variable and sensitive
than expected.
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Sammanfattning

Försäkringsbolag är enligt regelverk skyldiga att ha tillgång till likvida medel
som säkerställer att de med hög sannolikhet kan tillgodose sina skyldigheter
gentemot försäkringstagarna. Summan som krävs bestäms med hjälp av en
aktuariell värdering, där till exempel regelverket Solvens II tillhandahåller en
s.k. standardformel så att kapitalkravet ska kunna beräknas för ett godtyck-
ligt försäkringsbolag. I denna avhandling utforskar vi en värderingsprocedur
där värdet av ett skuldkassaflöde bestäms utifrån en rekursiv metod. Detta
innebär att värdet vid tiden t beror av värdet vid tiden t + 1. Värdet i detta
fall motsvarar en summa som krävs för att kunna erehålla kapital från en ex-
tern investerare med begränsat ansvar (eng: "limited liability"). Detta externa
kapital antas behövas för att tillgodose kapitalkrav, som beränknas med hjälp
av en metod för kapitalkravsberäkning enligt det aktuella regelverket.

Artikel I beskriver värderingsfilosofin som delas av alla artiklar i avhandlingen.
Värderingsfilosofin innebär att värderingen görs enligt en bakåtrekursion som
kan beskrivas som dynamisk monetär nyttofunktion. Värderingsmetoden studeras
både med avseende på matematiska egenskaper och med avseende på ekonom-
iska egenskaper. Dessutom analyseras de situationer som ger upphov till expli-
cita lösningar till bakåtrekursionen som beskriver värderingsmetoden. Speciellt
gäller detta då skuldkassaflöden och processer som beskriver information som
används för värderingen ges av en flerdimensionell Gaussisk process.

Artikel II utforskar väderingen under antagandet att det existerar ett riskneut-
ralt sannolikhetsmått Q som korrekt prissätter instrument som handlas med
observerbara priser på en finansiell marknad, men som också tar hänsyn till in-
vesterarens riskaversion med avseende försäkringsrisken, som inte går att täcka
med finansiella instrument. Vi visar att värderingsproceduren är ekvivalent med
ett optimalt stopptidsproblem, vilket ger oss ett alternativt sätt att definiera
värderingsproceduren. Under antagandena i Artikel II reproducerar vi många
av de strukturella resultaten i Artikel I. VI betraktar också olika kriterier för
val av replikerande portfölj för de fall då skuldkassaflödet beror av värden
på finansiella tillgångar. Speciellt studeras val av replikerande portfölj med
målet att minimera extern finansiering för att hantera avvecklingen av för-
säkringsskulden.

Artikel III betraktar värderingen i Artikel I, som sker i diskret tid, men behand-
lar fallet där värderingstillfällena utgör en godtycklig partition av tidsintervallet
som beskriver tider till dess att avvecklingen av försäkringsskulden är fullbor-
dad. Vi utforskar egenskaperna hos värdet då partitionen gradvis förfinas till
en godtyckligt tät mängd tidpunkter. Vi definierar ett värde i kontinuerlig tid
och finner explicita uttryck samt några strukturella resultat för vissa klasser
av stokastiska processer som inkluderar Lévyprocesser och Itôdiffusioner.
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Artikel IV hanterar de numeriska svårigheterna med att genomföra den rekurs-
iva värderingen för de fall då en sluten formel för värdet inte kan hittas. Under
Markov-antantaganden utforskas en så kallad "Least Squares Monte Carlo"
(LSM) algoritm, vilket är en metod som utvecklats för att hantera optim-
ala stopptidsproblem. Vi bevisar några övergripande asymptotiska resultat för
LSM algoritmen för det allmänna problemet att beräkna dynamiska monetära
nyttofunktioner, samt utforskar algoritmens prestation för några exempelmod-
eller.
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