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"Nature loves to hide"
- Heraclitus of Ephesus, 500BC



Abstract

This licentiate thesis in theoretical physics focuses on the existence of quantum features in physical
systems such as axion dark matter and gravity. Our focus is mostly on effects which appear at low
energies, a regime in which our models can be confronted with current experiments or within the
foreseeable future.

In paper I, we focus on squeezing of axion dark matter, a quantum mechanical effect which
accompanies the standard description of axions. The mean field treatment, usually employed in
the modelling of axion dark matter, masks any possible manifestation of quantumness in the sys-
tem. In our work, we have showed that within a reasonable set of assumptions, the quantum state
of axions is highly squeezed. This theoretical finding suggests that the mean field description of
axion dark matter is incomplete, since the latter conceals many interesting and possibly experi-
mentally relevant phenomena, and paves the way for axion dark matter studies beyond the mean
field approximation. Moreover, in this thesis, some ongoing work on axion dark matter deco-
herence is presented. Our goal is to test whether axion dark matter squeezing is robust against
decoherence. Preliminary results indicate that squeezing is not diminished in presence of envi-
ronmental interactions. Our results stem from an interdisciplinary approach at the intersection
between cosmology, quantum optics, quantum open systems and cold atoms.

In paper II, we focus on quantum features of gravity. An almost century old question is how
gravity can be reconciled with the laws of quantum mechanics. This question remains still open
and part of the reason is the lack of experimental evidence. However, in recent years, the rapid
progress of experimental techniques allows for quantum control and manipulation of larger and
larger quantum systems. These new experimental routes have sparkled an interest in testing such
fundamental questions with tabletop experiments. One particularly interesting proposal aims to
test whether gravity can mediate entanglement between two spatially superposed mesoscopic
masses. This proposal, in order to deduce the existence of quantized gravitational mediators, re-
lies on a quantum-information-theoretic argument, the so-called LOCC (Local Operations and
Classical Communication). In our work, we critically assess this proposal, its underlying as-
sumptions and what teaches about quantum gravity. We conclude that the LOCC argument is
not useful and by invoking it, one cannot unambiguously infer the existence of quantummediators
unless the principle of locality is elevated to a fundamental principle of nature. We support our
claim by explicitly showing that well known relativistic field theories, apart from local formu-
lations can also admit non-local ones. Therefore, the entanglement generating quantum channel
can be either local or non-local. Despite that, we point out that the experiment does probe a new
untested regime of physics, namely how delocalised source masses gravitate.



Sammanfattning

Denna licentiatuppsats avser en teoretisk studie, som syftar till att uppenbara förekomsten av
kvantegenskaper i fysiska system som axion mörk materia och gravitation. Vårt fokus ligger
mest på effekter som uppträder vid låga energier, en regim där våra modeller kan proberas med
aktuella experiment eller inom överskådlig framtid.

I papper I fokuserar vi på klämning av axion mörk materia, en kvantmekanisk effekt som föl-
jer med standardbeskrivningen av axioner. Den klassiska fältteorin, som vanligtvis används vid
modellering av mörk materia med axion, maskerar envar möjlig manifestation av kvantitet i sys-
temet. I vårt arbete har vi visat att inom en rimlig uppsättning antaganden är kvanttillståndet för
axioner mycket klamd. Detta teoretiska fynd tyder på att medelfältsbeskrivningen av axion mörk
materia är ofullständig, eftersom den senare döljer många intressanta och möjligen experimentellt
relevanta fenomen, och banar väg för axion mörk materia studier bortom medelfältsapproxima-
tionen. Dessutom presenteras i denna avhandling en del pågående arbete om axion mörk materia
dekoherens. Vårt mål är att testa om axionsklamning av mörk materia är robust mot dekoherens.
Preliminära resultat indikerar att klämning inte minskar i närvaro av miljöinteraktioner. Våra
resultat härrör från ett interdisciplinar tillvägagångssätt i skärningspunkten mellan kosmologi,
kvantoptik, öppna kvantsystem och kalla atomer.

I artikel II fokuserar vi på tyngdkraftens kvantegenskaper. En nästan hundraårig fråga är hur
gravitationen kan förenas med kvantmekanikens lagar. Denna fråga är fortfarande öppen och en
del av anledningen är bristen på experimentella bevis. Men under de senaste åren har den snabba
utvecklingen av experimentella tekniker mojliggjort kvantkontroll och manipulation av större och
större kvantsystem. Dessa nya experimentella vagar har väckt ett intresse för att testa sådana
grundläggande frågor med bordsexperiment. Ett särskilt intressant förslag syftar till att testa om
gravitationen kan förmedla intrassling mellan två spatielt superpositionerade mesoskopiska mas-
sor. Detta förslag, för att härleda förekomsten av kvantiserade gravitationsmediatorer, bygger på
ett kvantinformationsteoretiskt argument, den så kalladeLOCC (Lokala operationer och klassisk
kommunikation). I vårt arbete bedömer vi kritiskt detta förslag, dess underliggande antaganden
och vad som lär oss om kvantgravitation. Vi drar slutsatsen attLOCC-argumentet inte är använd-
bart och genom att åberopa det kan man inte entydigt sluta sig till förekomsten av kvantmediatorer
om inte lokalitetsprincipen upphöjs till en grundläggande naturprincip. Vi stödjer vårt påstående
genom att uttryckligen visa att välkända relativistiska fältteorier, förutom lokala formuleringar,
också kan tillåta icke-lokala. Därför kan den intrasslingsgenererande kvantkanalen vara antingen
lokal eller icke-lokal. Trots det påpekar vi att experimentet undersöker en ny oprövad fysikregim,
nämligen hur delokaliserade källmassor graviterar.
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1 Introduction

It would not be an overstatement to claim that the 20th century is considered a golden
era in the world of physics. General theory of Relativity and Quantum Mechanics have
revolutionized our understanding of the universe from the largest to the smaller scales.
Both theories have been experimentally verified to a great precision and are considered
to be the pillars of modern physics.

Einstein’s General theory of relativity offered a new framework to understand gravity
as a property of spacetime geometry. This new picture has lead to many new insights and
predictions, such as the existence of gravitational waves, which have been confirmed in
2016 [1].

The discovery of the laws that govern the subatomic world has lead to the birth
of quantum information (QI) science. In 1960’s, Stratonovich, Helstrom and Gordon
[2] considered the possibility of performing communication using the laws of quantum
physics, while in 1982, Richard Feynman suggested, for a first time, building a quantum
computer, namely a computer based on quantummechanics which can simulate quantum
systems better than the classical computers. Since then, within 40 years of quantum com-
puting, many milestones have been achieved [3]. In a similar spirit, quantum mechanics
gave birth to the exciting field of quantum optics. In the 1950’s, many notable physicists
such as P.Dirac, R. Glauber, G. Sudarshan and others, have applied the laws of Quan-
tum electrodynamics, a novel theory at that time worked out by Schwinger, Feynman and
Tomonaga among others, to understand how light interacts with matter.

Quantum optics and quantum information science provide some very powerful con-
ceptual and mathematical tools, allowing to view fundamental physics’ questions from a
new perspective [4, 5, 6]. For instance, the model-independent [7] way to tackle problems
and the no-go theorems [8, 9, 10, 11, 12] are a common practice in the field of quantum
information. In a similar spirit, in quantum optics, some notions, such as the notion of
non-classicality, have a very well defined meaning [13, 14, 15].

The above-mentioned conceptual and experimental progress in quantum informa-
tion and quantum optics acts as a motivation for pursuing the interdisciplinary approach
adopted in this thesis. In particular, we focus on axion dark matter and gravity and ask
the following questions:

1. Is the description of axion dark matter physics complete?

2. Do the recently proposed tabletop experiments teach us anything about quantum
gravity?

In order to tackle the first question, many tools from quantum optics and open quantum
system will be implemented, such as the notion of squeezing and master equations. On
the other hand, for analyzing the second question, we will be armed with concepts and
tools borrowed by quantum information, such as LOCC and quantum channel.
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This thesis is organised as follows, in chapter 2, we provide the reader with some back-
ground material on axion dark matter physics, the squeezing of the Kerr oscillation and
its connection to axions. In chapter 3, an open system treatment for axion dark matter
will be presented. In particular, we focus on the effect of environment on squeezing.
Moving on, in chapter 4, the gravity induced entanglement proposals are discussed. Af-
ter briefly introducing the proposals, a discussion of locality in quantum field theories is
given as well as the Feynman-Wheeler absorber theory is presented. Finally, chapter 5
contains some calculations and in chapter 6, the contents of the accompanying papers is
summarized.



2 Squeezing in Axion dark matter

In this chapter, some relevant concepts will be introduced in order to supplement the
content of Paper I [16]. In particular, after giving some brief introductory remarks to
motivate axions as a suitable dark matter candidate, we will focus on the quantum me-
chanical description of axions. On top of that, the standard mean field approach and its
inadequacies to capture some physical phenomena will be discussed. Ultimately, the ba-
sics of the non-linear Kerr oscillator and its properties will be presented in some detail
since our findings in [16] rely on understanding the physics of the Kerr oscillator.

2.1 Axions as Dark matter candidates

The rapid development observational techniques in cosmology has lead to precise cosmo-
logical observations, such as the anisotropies of the cosmic microwave background [17]
and the galactic rotation curves [18]. The new data point towards some new physics be-
yond Newtonian dynamics at cosmological scales. There are many interesting proposals
and ideas, on how to incorporate these observations into a novel theoretical framework
[19]. However, the most widely accepted explanation, is what is dubbed as: Dark Matter,
a new hypothetical form of matter that primarily interacts with ordinary matter through
gravitation.

The standard model of particle physics is considered one of the most successful and
experimentally verified physical theories. Despite this great success, it does not contain a
particle that qualifies as a dark matter (DM) candidate. Extensions of the standard model
can potentially accommodate new particle species which can serve as dark matter parti-
cles. One promising candidate is the axion1 [21], a particle which initially was proposed
to solve the strong CP problem in quantum chromodynamics [20].

Two necessary criteria are required for a particle to be a good DM candidate [22].

• Provide the required dark matter energy density.

• Cold and non-baryonic.

• Gravity to be the dominant long range interaction.

It turns out that the axion has all these properties, and as such, it serves as a promising
dark matter candidate.

2.2 Quantum Mechanical treatment of Axions

According to the original proposal by Peccei and Quinn , the axion particle corresponds
to a Goldstone boson associated with the spontaneous breaking of theU(1)PQ symmetry

1In this thesis, every time we use the term Axion, we will refer to both the so-called QCD axion [20] as
well as what is dubbed as ALPs (Axion-like particles).
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[20, 23, 24]. The mass is a free parameter of the theory which depends on the energy
scale of the symmetry breaking and the so-called axion decay constant [22]. The typical
mass range considered is 10−22eV < m < 10−5eV , where m < 10−22eV is usually
referred to the bibliography as Fuzzy Dark Matter (FDM) and m ≈ 10−6eV is the so-
calledQCD axion. The above discussion is consistent with the so-called Tremaine-Gunn
bound [25], according to which, for massesm < 1MeV , dark matter should be bosonic.

Our starting point for describing cold-bosonic axions is the Lagrangian density of a
real relativistic quantum scalar field φ̂(x, t),

L = −1

2
ηµν∂µφ̂(x, t)∂ν φ̂(x, t)− V

(
φ̂(x, t)

)
(2.1)

where ηµν = diag[−1, 1, 1, 1] corresponds to the Minkowski metric. In this section, we
set h̄ = c = 1.

The quantum field φ̂(x, t) and its conjugate momentum π̂(x, t) satisfy the usual
equal-time commutation relations

[φ̂(x, t), φ̂(x′, t)] = 0 (2.2)

[φ̂(x, t), π̂(x′, t)] = iδ3(x− x′) (2.3)

Historically, as already mentioned in the previous section, the axion field was introduced
as a solution to the so-called strong CP problem in particle physics [26]. The form of the
potential is

V
(
φ̂(x, t)

)
=

1

2
m2φ̂2(x, t) +

λ

4!
φ̂4(x, t) +O

(
φ̂6(x, t)

)
(2.4)

where the parameters m and λ correspond to the mass and the strength of the self-
interactions of the axion field. These parameters are given in terms of the QCD energy
scale ΛQCD and the axion decay constant fa. For more details, the reader is referred to
[22].

As already briefly mentioned above, any viable dark matter model has to be cold.
This is an assumption that should be satisfied in order to be compatible with the structure
formation data [27]. A mechanism which produces these cold (non-thermal) axions is
the so-called misalignment mechanism, according to which, the axion field starts from
a displaced vacuum2 and then oscillates around the minimum of the potential, behaving
like a cold dark matter and providing the required energy density [22]. In that regime,
axions can be described within the non-relativistic limit. In that limit, the axion is slowly
moving, namely p � m. Mathematically, this can be achieved by introducing a field
ψ̂(x, t) [28]

φ̂(x, t) =
1√
2m

(
e−imtψ̂(x, t) + eimtψ̂†(x, t)

)
(2.5)

and its conjugate

π̂(x, t) ≡ ∂L
∂(∂tφ̂)

= −i
√
m

2

(
e−imtψ̂(x, t)− eimtψ̂†(x, t)

)
(2.6)

The field operators ψ̂(x, t) and ψ̂†(x, t) destroy and create a particle at position x, re-
spectively. In (2.5), a fast oscillating term with frequency ω ∝ m has been factored

2A displaced vacuum state is known as coherent state. It is mathematically defined as |α〉 = D̂(α)|0〉,
where |0〉 corresponds to the vacuum state and D̂(α) = eαâ

†−α∗â is the displacement operator.
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out leaving behind a slowly time varying function ψ̂(x, t). The commutation relations
become

[ψ̂(x, t), ψ̂(x′, t)] = 0 (2.7)

and
[ψ̂(x, t), ψ̂†(x′, t)] = δ3(x− x′) (2.8)

We see that at every time t, we can map two scalar fields (φ̂(x, t), π̂(x, t)) onto ψ̂(x, t).
Inserting (2.5) and (2.6) into (2.1), we end up with the non-relativistic Lagrangian

L =
i

2

( ˙̂
ψ(x, t)ψ̂†(x, t)− ψ̂(x, t)

˙̂
ψ†(x, t)

)
−

− 1

2m
∇ψ̂†(x, t) · ∇ψ̂(x, t)− λ

16m2
(ψ̂†(x, t)ψ̂(x, t))2 (2.9)

The derivation of the non-relativistic Lagrangian (2.9) is obtained by neglecting all the
fast oscillating terms that appear, i.e terms proportional to e2kimt for k = 1, 2. This ap-
proximation is valid when one is interested in the dynamics of the axion field at timescales
t� m−1. In this case, these fast oscillating terms average to zero. This process described
here is analogous to the so-called rotating wave approximation in quantum optics, which
is used for solving the dynamics in Jaynes-Cummings model [29]. Relativistic correc-
tions can be included by making an expansion ∝ 1

m in (2.9). A careful treatment of be
found in [30, 31].

The equation of motion for the field ψ̂(x, t) is obtained by solving the Euler-Lagrange
equation

∂L
∂ψ̂†

=
d

dt

∂L
∂

˙̂
ψ†

(2.10)

which leads to

i∂tψ̂(x, t) = − 1

2m
∇2ψ̂(x, t) +

λ

8m2
ψ̂†(x, t)ψ̂(x, t)ψ̂(x, t) (2.11)

We now turn to the Hamiltonian dynamics. This can be done as usual, by making
use of the Legendre transform. The Hamiltonian picture will be particularly useful later
on since our aim is to use tools from the area of quantum optics and quantum open sys-
tems, where the Hamiltonian formalism is more suitable than the Lagrangian one. The
Hamiltonian is

Ĥ = Ĥkin + Ĥint (2.12)

where the kinetic parts is

Ĥkin =
1

2m

∫
d3x∇ψ̂†(x, t) · ∇ψ̂(x, t) (2.13)

and the contact interaction term is given by

Ĥint =
λ

16m2

∫
d3xψ̂†(x, t)ψ̂†(x, t)ψ̂(x, t)ψ̂(x, t) (2.14)
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Figure 2.1. Solitonic cores with radii r ≈ 2 kpc within a dark matter halo. Figure adapted from
[32].

Given an orthonormal and complete basis of functions u~α(x, t) one can expand the axion
field ψ̂(x, t) in that basis

ψ̂(x, t) =
∑

~α

u~α(x, t)â~α(t) (2.15)

where â~α(t) corresponds to an annihilation operator and
∫

V
d3xu ~∗α(x, t)u

~β(x, t) = δ~α~β (2.16)

and ∑

~α

u~α(x, t)u~α(x′, t) = δ3(x− x′) (2.17)

In (2.16), as well as in the expressions given below, we integrate over a physically
relevant volume V . In [16], we applied the formalism described in this chapter to three
different physical systems/volumes:

1. In a Hubble volume VH = H3
0 , where H0 is the Hubble constant.

2. A solitonic core, see Fig. (2.1).

3. A galactic halo.

Our formalism is not applicable to axion dark matter haloscopes (see figure (2.2)) since,
the latter, is not a self-gravitating system. For more details the reader is referred to Ap-
pendix I in [16].

The corresponding Hamiltonian (2.12), in terms of the axion creation and annihila-
tion operators, takes the form

Ĥ =
∑

~α,~β

T ~α,
~β â†~αâ~β +

1

4

∑

~β,~γ,~δ

Λ~γ,
~δ

~α,~β
â†~αâ

†
~β
â~γ â~δ (2.18)

where

T ~α,
~β = − 1

4m

∫
d3x
(
u∗~α(x, t)∇2u

~β(x, t) + u∗
~β(x, t)∇2u~α(x, t)

)
(2.19)

and
Λ~γ,

~δ

~α,~β
=

λ

4m2

∫

V
d3xu∗~α(x, t)u∗

~β(x, t)u~γ(x, t)u
~δ(x, t) (2.20)
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Figure 2.2. ADMX axion dark matter haloscope [33]. Inside the cavity, axions coupled to a strong
magnetic field can convert to microwave photons.

The Greeks letters ~α, ~β,~γ, ~δ that appear in the expressions above, are just a labelling
of the mode functions. For instance, one could choose to put the axions in a box of
volume V = L3. Then, ~α would correspond to wave vectors ~α ≡ ~k = 2π

L ~n, where
~n = (n1, n2, n3), forn1, n2, n3 integers. This Hamiltonian, written in a second quantized
form, describes a system ofN interacting bosons. For an alternative derivation, the reader
is referred to a standard derivation [34].

The equation of motion for the annihilation operator â~α(t) can be obtained either
by inserting the expansion (2.15) into (2.43) and make use of (2.16) or by solving the
standard Heisenberg equation of motion

i
d

dt
â~α = [â~α, Ĥ] (2.21)

using the Hamiltonian (2.18). In either case, we end up with the following equation of
motion for the annihilation operator

i∂tâ~α =
∑

~β

M
~β
~α â~β +

1

2

∑

~β,~γ,~δ

Λ~γ,
~δ

~α,~β
â†~β â~γ â~δ (2.22)

with matrix elements

M
~β
~α =

∫

V
d3xu∗~α(x, t)

(
−i∂t −

1

2m
∇2
)
u
~β(x, t) (2.23)

and Λ~γ,
~δ

~α,~β
given by (2.20).

It should be stressed at this point that in this section, a multi-mode treatment of the quan-
tum axion field was presented. Within this framework, the dynamics become notoriously
hard or even impossible to solve analytically. For this reason, in our work [16], we focus
on the single mode approximation, by imposing the so-called Hartree ansatz3. This is a
conservative approach since, by imposing the Hartree ansatz, the validity of the Gross-
Pitaevskii equation is ensured.4

3The Hartree ansatz is ψ̂(x, t) = ψ(x, t)â + δψ̂(x, t), where ψ(x, t) is the mean field and δψ̂(x, t)
correspond to the non-condensate modes. We will come back to this later in this thesis.

4Note that this approach is implicitly assumed on the current axion dark matter models leading to the
standard Gross-Pitaevski description. Even without introducing coupling to an environment and decoher-
ence effects, this approximation is very constraining since it implies that a single mode axion field spans the
whole universe. Nevertheless, we expect some features, such as squeezing, to survive also in a multi-mode
treatment. Further discussion on this can be found on the next chapter as well as in section III in [16].
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Focusing on the zero momentum mode, i.e ~α = ~β = ~γ = ~δ = ~0 and defining â~0 ≡ â,
the Hamiltonian (2.18) takes the form

Ĥ = T â†â+ Λâ†â†ââ (2.24)

where
T ≡ T~0,~0 = − 1

2m

∫
d3xu∗

~0(x)∇2u
~0(x) (2.25)

and
Λ ≡ Λ

~0,~0
~0,~0

=
λ

16m2

∫

V
d3x|u~0(x)|4 (2.26)

The Hamiltonian (2.24) is known as Kerr Hamiltonian. We will come back to this soon.
The mode functions u(x) evolve according to the Gross-Pitaevskii equation (GPE). A
similar treatment, but applied to the Bose-Einstein condensate, can be found in [35].

On the other hand, had we not impose the Hartree ansatz and the single mode approx-
imation, the single GPE description would break down. For instance, within a two-mode
approximation (~a, ~β) 6= (~0,~0), two GPE would be required in order to describe the dy-
namics of the system. In BEC collisions, such a two-mode treatment is needed. The
interested reader is referred to [36, 37].

In our follow-up work (see chapter 3), we make a first step to go beyond the single
mode approximation. We couple the single mode axion field to environmental modes.
We will come back to this point.

2.2.1 Gravitational self-interactions

In [16], we neglect the self-interactions stemming from the axion potential and instead
focus on the case in which axions interact gravitationally via the Newtonian potential.
However, note that our formalism equally applies to axion self-interactions.

The analysis is similar to the one presented in the subsection above. The Hamiltonian
of the system is

Ĥ = Ĥkin + Ĥgrav (2.27)

where again the kinetic part is given by

Ĥkin =
1

2m

∫
d3x∇ψ̂†(x, t) · ∇ψ̂(x, t) (2.28)

and the gravitational self-interactions by

Ĥgrav = −Gm
2

2

∫
d3x

∫
d3x′ ψ̂

†(x, t)ψ̂(x, t)ψ̂†(x′, t)ψ̂(x′, t)

|x− x′| (2.29)

The Heisenberg equation of motion for the axion field ψ̂

i∂tψ̂(x, t) = [ψ̂(x, t), Ĥ] =

= − 1

2m
∇2ψ̂(x, t) +mΦ̂(x, t)ψ̂(x, t)

where

Φ̂(x, t) ≡ −Gm
∫
d3x′ ψ̂

†(x′, t)ψ̂(x′, t)

|x− x′| (2.30)
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is the gravitational potential which satisfies the Poisson equation

∇2Φ̂(x, t) = 4πGmψ̂†(x, t)ψ̂(x, t) (2.31)

As before, expanding the axion field with respect to some orthogonal mode functions
u~α(x, t)

ψ̂(x, t) =
∑

~α

u~α(x, t)â~α(t) (2.32)

where ∫

V
d3xu ~∗α(x, t)u

~β(x, t) = δ~α~β (2.33)

and ∑

~α

u~α(x, t)u~α(x′, t) = δ3(x− x′) (2.34)

we end up with the following equation of motion for the annihilation operator â~α(t)

i∂tâ~α =
∑

~β

M
~β
~α α̂~β +

1

2

∑

~β,~γ,~δ

Λ~γ,
~δ

~α,~β
â†~β â~γ â~δ (2.35)

with the same kinetic matrix elements

M
~β
~α =

∫

V
d3xu∗~α(x, t)

(
−i∂t −

1

2m
∇2
)
u
~β(x, t) (2.36)

and with gravitational self-couplings

Λ~γ,
~δ

~α,~β
= −Gm2

∫ ∫

V
d3xd3x′u

∗~α(x, t)u∗~β(x′, t)
(
u~γ(x, t)u

~δ(x′, t) + u~γ(x′, t)u
~δ(x, t)

)

|x− x′|
(2.37)

2.2.2 Mean-field description of axions

Within the axion community, it is commonly assumed that the axion field can be de-
scribed as a classical field. The argument relies on the fact that the occupation number of
axions within the galactic volume is so large that the quantum corrections are practically
negligible. To demonstrate this, we start by decomposing the full non-relativistic axion
field as

ψ̂(x, t) = ψ(x, t) + δψ̂(x, t) (2.38)

where ψ(x, t) ≡ 〈ψ̂(x, t)〉 corresponds to the mean field with respect to some quantum
state and δψ̂(x, t) is the quantum correction on top of the mean field.

Within our galaxy, the number of axions is given by

Ngal = ngal · λ3
dB (2.39)

where ngal is the number density of dark matter axions within our galaxy and λdB cor-
responds to the de-Broglie wavelength of the axion particles. The number of particles
within a de Broglie volume V = λ3

dB is equal to [38]

NdB ≈
(
eV

m

)4(250km/s

υ

)3

(2.40)
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Assuming that the axion field is in a coherent state 5, then the quantum corrections scale
as

δψ̂

< ψ̂ >
=

1√
Ngal

≈ 10−13 (2.41)

This corresponds to the so-called "shot noise", a fundamental quantum noise due to the
random particle nature. Under this assumption, one can neglect the quantum corrections
δψ̂(x, t) on top of the mean field and treat the axion field as a classical field, namely

ψ̂(x, t) = ψ(x, t)
�
�
��7

1
â(t)√
N

+���
��:0

δψ̂(x, t) ≈ ψ(x, t) (2.42)

This assumption has two important implications for the underlying axion physics:

1. It neglects the quantum corrections δψ̂. Even though it is true that the latter are
small for large coherent states containing many particles, we have to keep in mind
that this presumes that the axion field is in a coherent state. This assumption is not
trivial. It is known that if initially the system is in a coherent (Gaussian) state, then
under evolution with a quadratic Hamiltonian, the state remains coherent. How-
ever, in case of axions, we know that the dynamics include mild non-linearities,
which can dramatically change the underlying quantum state of the axion field.

2. We should note that the possibility that the axion field is in a coherent state may
sound a reasonable assumption, but a proper derivation, via coupling to an envi-
ronment and studying decoherence of axion dark matter is missing. In that spirit,
we know that coherent states are the pointer states when a system couples weakly
and linearly to an environment of simple harmonic oscillators [39]. However, the
presence of mild non-linearities in the case of axions, may substantially alter the
physical picture.

3. Neglecting the operator nature of the mean field contribution, namely â(t)→ a(t),
masks the presence of strong squeezing, as we have shown in [16].

Within themean field description, the axion field evolves according to the standard Gross-
Pitaevskii equation

i∂tψ(x, t) = − 1

2m
∇2ψ(x, t) +mΦ(x, t)ψ(x, t) (2.43)

where
Φ(x, t) ≡ −Gm

∫
d3x′ψ

∗(x′, t)ψ(x′, t)

|x− x′| (2.44)

This set of equations is the common starting point for studying gravitationally interacting
dark matter axions [22, 28, 31].

2.3 Kerr oscillator

2.3.1 Hamiltonian

In the section, we will focus on studying the unitary dynamics of the so-called Kerr
oscillator. First, we will derive the corresponding Hamiltonian. Our starting point is

5This assumption is usually employed in the axion community, since according to the misalignment
mechanism, axions are produced in the early universe in a displaced vacuum/coherent state.
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the quantum Duffing oscillator which is described by the following Hamiltonian6

Ĥ =
p̂2

2m
+

1

2
mω2

0x̂
2 +

λ

4
x̂4 (2.45)

where ω0 and m are the frequency and the mass of the bare oscillator and λ is the pa-
rameter which measures the strength of the anharmonicity. By reintroducing the h̄ in
this section, the position and momentum operators are expressed in terms of the ladder
operators as usual

x̂ =

√
h̄

2mω0
(â+ â†) (2.46)

and

p̂ = −i
√
h̄mω0

2
(â− â†) (2.47)

Inserting (2.46) and (2.47) into [x̂, p̂] = ih̄, the ladder operators satisfy the usual com-
mutation relation [â, â†] = 1. Inserting (2.46) and (2.47) into (2.45) we obtain

Ĥ = Ĥ0 + Ĥint = h̄ω0

(
â†â+

1

2

)
+

h̄2λ

16m2ω2
0

(â+ â†)4 (2.48)

At this point, it is convenient to switch to the interaction picture

â→ âint = e
i
h̄
Ĥ0tâe−

i
h̄
Ĥ0t = âe−iω0t (2.49)

â† → â†int = e
i
h̄
Ĥ0tâ†e−

i
h̄
Ĥ0t = â†eiω0t (2.50)

Inserting (2.49) and (2.50) into the Hamiltonian (2.48) we will find terms∝ eiω0t·κ =

e
i t
τ0 where κ = 0, 1, 2, 3, 4 and τ0 ≡ 1

ω0·κ defines a timescale for the system. Another
timescale that appears is related to the interaction Hamiltonian and it reads τ ∝ 1

χ , where
χ denotes the strength of the non-linearity and the exact expression is defined below.

We will focus on the system dynamics in the limit where ω0 � χ. In that limit, we
can neglect the fast oscillating terms eiω0t·κ in the Hamiltonian and keep only terms with
κ = 0. The latter, consist of the same number of creation and annihilation operators,
such that the phases cancel out. This approximation is very common is quantum optics
and in particular in the Jaynes-Cummings model [29, 40], where the system contains two
different timescales (a fast and a slow one).

The resulting non-linear Hamiltonian has the form

Ĥ = h̄χâ†â†ââ (2.51)

where
χ =

3h̄λ

8m2ω2
0

(2.52)

This is the so-called Kerr Hamiltonian. Even though (2.51) is derived under some ap-
proximations, it appears in many contexts in nature, such as non-linear crystals that give
intensity-intensity coupling or when one is interested in describing propagation of a sin-
gle mode EM field in a dispersive medium [41].

6We start with a self-interaction term of the form ∝ x̂4 because, ultimately, we want to connect the
physics of the physics Kerr oscillator with axion dark matter. The latter, stems from a potential of the form
V̂ (φ) ∝ λφ4.
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Solving the Heisenberg equation of motion for the operator â(t), namely ih̄ d
dt â(t) =

[â, Ĥ], with the Hamiltonian given by (2.51), we find

â(t) = e−2iχtn̂(t0)â(t0) (2.53)

where â(t0) is evaluated at an initial time t0 and n̂(t0) = â†(t0)â(t0) is the usual number
operator. Note that the number operator n̂(t) ≡ â†(t)â(t) is a constant of motion, i.e
n̂(t) = n̂(t0), ∀t > t0, since the Hamiltonian (2.51) depends only on the number operator
n̂, namely

dn̂

dt
= [n̂, Ĥ] ∝ [n̂, n̂(n̂− 1)] = 0 (2.54)

2.3.2 Unitary evolution

We are interested in the dynamics of the Kerr Hamiltonian (2.51) when acts on an initially
coherent state |α〉. Recall that an initial coherent (Gaussian) state remains Gaussian under
evolution with quadratic Hamiltonians. The Kerr Hamiltonian is quartic in â and â†.
We thus expect that the initial coherent state will deform in a non-trivial fashion under
evolution with (2.51). Since the latter is written in terms of the number operator n̂, it will
be useful to represent the coherent state in the basis of Fock states

|α〉 = e−
|α|2

2

∞∑

n=0

αn√
n!
|n〉 (2.55)

where |n〉 is the n-particle eigenstate. The coherent state will evolve according to

|α, t〉 = e−
i
h̄
Ĥt|α〉 = e−

|α|2
2

∞∑

n=0

αn√
n!
e−iχtn

2 |n〉 (2.56)

or in terms of the density matrix,

ρ̂(t) ≡ |α, t〉〈α, t| = e−|α|
2
∞∑

n,m=0

αmα∗n√
m!n!

e−iχt(m
2−n2)|m〉〈n| (2.57)

The presence of the exponential above leads to constructive and destructive interference
between the phases of each Fock state |n〉. At specific times tj = 2π

χ ·
j
8 for j = 1, 2, ....., 8

the phases recombine in such a way that the state becomes

|α, tj=0〉 = |α〉 (2.58a)

|α, tj=1〉 =
1

2

(
| − iα〉+ |iα〉+

(1− i)√
2

(|α〉 − | − α〉)
)

(2.58b)

|α, tj=2〉 =

(
1

2
+
i

2

)
(| − α〉 − i|α〉) (2.58c)

|α, tj=3〉 =
1

2

(
| − iα〉+ |iα〉+

(1 + i)√
2

(| − α〉 − |α〉)
)

(2.58d)

|α, tj=4〉 = | − α〉 (2.58e)

|α, tj=5〉 =
1

2

(
| − iα〉+ |iα〉 − (1− i)√

2
(|α〉 − | − α〉)

)
(2.58f)

|α, tj=6〉 =

(
1

2
− i

2

)
(| − α〉+ i|α〉) (2.58g)

|α, tj=7〉 =
1

2

(
| − iα〉+ |iα〉 − (1 + i)√

2
(| − α〉 − |α〉)

)
(2.58h)

|α, tj=8〉 = |α, tj=0〉 (2.58i)
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Figure 2.3. Time evolution of (2.56) at specific times tj = 2π
χ
· j

8
for j = 1, 2, ..., 8. Amplitudes (blue

contours) in coherent state basis parameterised by z, expectation value of â given by (2.59) (black dot) and
classical solution (red dot). The latter is obtained by making the naive substitution â → a. Image credit:
Michael Kopp.

In Fig.(2.3), the wavefunctions 〈z|α, t〉, in the coherent state basis |z〉, are plotted. One
can see that those specific times, the initial coherent state evolves into a coherent super-
position of coherent states [42, 43]. These states are known as "Schrödinger cat states"
and have been experimentally observed [44].

Before ending this subsection, let’s explore the mean field dynamics of the Kerr oscil-
lator, assuming that the initial state is a coherent state |α〉 with amplitude α ∈ R. The
mean amplitude evolves according to

〈â(t)〉 ≡ 〈α|â(t)|α〉 = αe−iχte
[
−|α|2

(
1−cos(2χt)

)
−i|α|2 sin(2χt)

]
(2.59)

At early times χt � 1, one can expand the the trigonometric functions that appear in
(2.59), to end up with the following expression

〈â(t)〉 ≈ αe−2iα2χt−2α2χ2t2 (2.60)

From this, it is clear that two different effects are involved in how the mean field behaves:

1. A rotation in phase space due to the presence of the term e−2iα2χt which scales
linearly with χt.

2. Decays because of the term e−2α2χ2t2 which scales quadratically with χt.

2.3.3 Kerr Squeezing

In the previous paragraph, we have seen that the Kerr Hamiltonian can evolve an initial
coherent (classical) state into some highly non-classical states (Schrödinger cat states).
In this subsection, we will focus our attention on another phenomenon which manifests
at much shorter timescales: Squeezing due to the self-Kerr nonlinearity.

In order to describe squeezing, we need to define the quadrature along the θ direction
as

X̂θ(t) = â(t)e−iθ + â†(t)eiθ , (2.61)
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and its variance

Var(X̂θ(t)) = 1 + 2(〈â†(t)â(t)〉 − |〈â(t)〉|2)+

+ e−2iθVar(â(t)) + e2iθVar(â†(t)) (2.62)

where Var(Ô) ≡ 〈Ô2〉 − 〈Ô〉2. From (2.62), it is clear that the variance, and hence the
squeezing, will depend on the angle θ. However, for coherent or vacuum states, we have
Var(X̂θ) = 1 and this is independent of the angle θ. The system exhibits squeezing when
there is an angle θ, for which following condition is satisfied

Var(X̂θ(t)(t)) < Var(X̂(t))vacuum ≡ 1 (2.63)

The minimizing angle θ−(t) can be found by solving the following equation

d

dθ
Var(X̂θ(t))|θ=θ− = 0 =⇒ e2iθ−(t) = −

√
Var(â(t))

Var(â†(t))
(2.64)

leading to the minimal variance V−(t) ≡ Var(X̂θ−(t)). Inserting (2.64) into (2.62) we
find

V−(t) = 1 + 2(〈â†(t)â(t)〉 − |〈â(t)〉|2)− 2
√

Var(â(t))Var(â†(t)) . (2.65)

(2.65) is an exact formula [45]. This gives the minimum variance at every time t. Simi-
larly, one could also evaluate the maximum variance V+(t) ≡ Var(X̂θ+(t))

V+(t) = 1 + 2(〈â†(t)â(t)〉 − |〈â(t)〉|2) + 2
√

Var(â(t))Var(â†(t)) . (2.66)

Again, for Gaussian states, V+(t)V−(t) = 1 for ∀t.

Since Var(â†(t)) = (Var(â(t)))∗ the only ingredients needed in order to find the expres-
sion for the minimal variance are 〈â(t)〉, 〈â2(t)〉 and 〈â†(t)â(t)〉. To compute the expec-
tation value of an operator O, we will make use of the standard formula 〈Ô〉 ≡ Tr[ρ̂Ô]
where ρ̂ in our case is given by (2.57). The relevant expectation values read

〈â(t)〉 = Tr[ρ̂(t)â] = αe−iχte
[
−2|α|2 sin2(χt)−i|α|2 sin(2χt)

]
(2.67)

〈â2(t)〉 = Tr[ρ̂(t)â2] = α2e−4iχte

[
−2|α|2 sin2(2χt−i|α|2 sin(4χt)

]
(2.68)

〈â†(t)â(t)〉 = Tr[ρ̂(t)â†â] = |α|2 (2.69)

Inserting the above expressions as well as their conjugate counterparts 〈â†(t)〉, 〈â†2(t)〉
into (2.65), we end up with

V−(t) = 1 + 2|α|2
[
1− e−4|α|2 sin2(χt) −√.....

]
(2.70)

where
√
..... ≡

√
e−4|α|2 sin2(2χt) + e−8|α|2 sin2(χt) − 2e−2|α|2 sin2(2χt)e−4|α|2 sin2(χt) cos

(
Im(A)

)

(2.71)
and

cos
(
Im(A)

)
≡ cos

[
−2χt+ |α|2

(
2 sin(2χt)− sin(4χt)

)]
(2.72)

This result is in agreement with [46].

22



Figure 2.4. Wigner function of the Kerr oscillator state at short times. Blue color denotes positive values
of the Wigner function whereas red negative ones. Wigner negativity is a measure of non-classicality in
the system [47]. The initial coherent state (blob) gets squeezed at short times and interference structure is
clearly present. Figure done by my collaborator Michael Kopp.

2.3.4 Kerr squeezing: Short time expansion.

We are interested in the squeezing at early times. From the Fig. (2.4), where the Wigner
function7 of the Kerr oscillator at short times is plotted, it becomes clear that the quantum
state gets squeezed. We would like to quantify the amount of squeezing present in the
system. To this end, a very accurate approximation, in absence of dissipation, has been
developed in [46]. The resulting expression for the minimal variance at short times is

V−(t) = 1 + 2r2 − 2r
√

1 + r2 − r3τ +
(3r2 + 5)r2τ√

1 + r2
+O(τ2) (2.73)

where r = |α|2τ and τ = 2χt. We have arrived in (2.73) by Taylor expanding the
trigonometric functions which appear in (2.70), assuming that the interaction time τ =
2χt� 1 and r is finite. For more details, the reader is referred to [46].

In [16] we used this result to estimate some important timescales which appear in the
case of axions, such as the squeezing timescale as well as the time in which the strength
of squeezing becomes maximum. For this discussion, the reader is referred to Appendix
B in [16].

2.3.5 Kerr oscillator physics for studying axion dark matter

The natural question which arises at this stage is the following: How does the physics
of the Kerr oscillator relate to axion dark matter? To address this question, we have
to recall that within the standard framework, the axion field is described by a classical
field ψ(x, t) which evolves according to the Gross-Pitaevskii-Poisson set of equations
(2.43)-(2.44). As a consequence of the mean field treatment, all quantum effects are
masked and effectively the axions are treated as a classical field. Going beyond this
standard framework, in our work [16], we asked the following question: Is there any

7According to the phase-space formulation of quantum mechanics, a quantum mechanical state |ψ〉 ∈ H
is mapped to a phase-space quasiprobability distribution f(x, p). In 1-d, the Wigner function is defined as
W (x, p) = 1

πh̄

∫ +∞
−∞ dye−

2ipy
h̄ 〈x − y|ρ̂|x + y〉 where (x, p) are the position and momentum and ρ̂ is the

system’s density matrix.
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quantum effect present which is not captured by the mean field description? We followed
a conservative approach, in the sense that the GPE-Poisson equations are still valid, by
imposing the Hartree ansatz ψ̂(x, t) = ψ(x, t)â(t) but, on the top of that, we kept the
quantum operator nature of the axion field intact. The mean field ψ(x, t) still satisfies
(2.43)-(2.44), but also the annihilation operator â(t), now satisfies an equation of motion

i
dâ(t)

dt
= (ω + 2N̂)â(t) (2.74)

which has exactly the form of a Kerr-oscillator. Therefore, we see that keeping the op-
erator nature of the axion field, a Kerr oscillator equation of motion, along with all the
properties discussed above (such as squeezing), naturally appears in the treatment of ax-
ions.

24



3 Decoherence of Axion dark mat-
ter

In the previous chapter, some backgroundmaterial was presented in support of our results
in [16]. It is crucial to point out that in [16] we have treated the axion field within the
single mode approximation. This is achieved by imposing the Hartree ansatz ψ̂(x, t) =
ψ(x, t)â(t) which assures the validity of the Gross-Pitaevski equation for ψ(x, t) but on
top, we did not discard the operator nature of the field, namely we kept â(t) intact. Within
this framework, by treating axion dark matter quantummechanically, we have shown that
a novel effect takes place: Squeezing.

The above picture shows that quantum effects are present even if one imposes the va-
lidity of the GPE equation. However, we should keep in mind that the treatment presented
above corresponds to an idealized situation. The single mode axion field was treated in
isolation but in reality, every physical system is interacting with its surroundings. Thus
the treatment in the previous chapter, although illuminating, is incomplete.

In this chapter, we aim to test the robustness of squeezing under decoherence. We
will focus on the decoherence due to the presence of generic environments consisting
of simple harmonic oscillators, at zero and non-zero temperature. This is a standard
phenomenological approach usually employed for quantum open systems [48] where one
is interested in capturing the basic features and the behaviour of the system when coupled
to an environment.

Another microscopic approach to study decoherence of the single mode, is to go
beyond the single mode approximation, by keeping more axion modes and treating them
as an environment. Schematically, this means

ψ̂(x, t) = ψ0(x, t)â0(t) +
n=N∑

i=1

ψi(x, t)âi(t) (3.1)

where N is the total number of axions, ψ0(x, t) and â0(t) satisfies the Gross-Pitaevskii
and Kerr oscillator equation respectively. The zero mode, after tracing out the modes
ψi(x, t) for i = 1, 2.., N , will decohere and its squeezing will be affected. In this thesis,
we will mostly focus on the phenomenological approach. The analytical approach is a
future work.

To study decoherence, we first need to introduce the open quantum system formalism.
In particular, a brief discussion of the so-called Lindblad master equation, and how it
derives from the Nakajima-Zwanzig master equation, the most general evolution equation
for quantum open systems, will be given. This formalism will eventually be applied to
axionswhen coupled to a zero and a non-zero temperature bath. Our goal is to analytically
solve these master equations, given that initially the system is in a coherent state. Having
obtained the solutions for the density matrix, we will calculate the minimal variance at
short times and see the effect of decoherence on the squeezing timescales.
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3.1 Closed and open Quantum systems

3.1.1 Quantum mechanics for closed systems

Here, we provide the reader with a general introduction on open systems. Before that, it is
instructive to very briefly talk about closed systems1. One of the postulates in Quantum
Mechanics is that quantum systems are described by state vectors |ψ〉which are elements
of a Hilbert spaceH and evolve in time according to the Schrödiger equation

i∂t|ψ〉 = Ĥ(t)|ψ〉 (3.2)

Given an initial state |ψ(0)〉, the solution to this equation is

|ψ(t)〉 = Û(t, 0)|ψ(0)〉 (3.3)

where Û(t, 0) = Te−i
∫ t
0 dt
′Ĥ(t′) corresponds to a unitary operator, satisfying Û †Û =

Î and T denotes the time ordering operator. For time-independent Hamiltonians, the
unitary operator Û(t, 0) takes the standard form Û(t, 0) = e−iĤt. Thus, unitarity is a
fundamental principle of standard quantum mechanics.

Using the density matrix formalism, a pure quantum state |ψ〉 is represented by a
density operator ρ̂ ≡ |ψ〉〈ψ| which evolves according to the so-called Von-Neumann
equation

d

dt
ρ̂(t) = −i[Ĥ(t), ρ̂(t)] (3.4)

or equivalently
d

dt
ρ̂(t) = L(t) · ρ̂(t) (3.5)

where L is the Liouville superoperator2 or Liouvillian and its action on an operator Â is
defined asL·Â = −i[Ĥ, Â]. Given an initial state ρ̂(0), the solution to the Von-Neumann
equation is

ρ̂(t) = Te
∫ t
0 dt
′L(t′)ρ̂(0) (3.6)

For time independent Hamiltonians, the Liouvillian does not depend on time. Therefore,
we end up with

ρ̂(t) = eL(t)ρ̂(0) (3.7)

3.1.2 Open quantum systems

In this subsection, we will introduce the basic tools for studying open quantum systems.
It is natural to split our whole system into two different parts: One part which we will
call it "system" (S) with a corresponding Hilbert space HS and a second part which we
will call "environment" (E) withHE , as shown in Fig. (3.1). The total system (S + E)
is described in terms of a density matrix

ρ̂SE(t) = ρ̂S(t)⊗ ρ̂E(t) (3.8)
1In this section, we have set h̄ = 1. It will be re-introduced in sections 3.2 and 3.3.
2In quantummechanics, a superoperator is a linear operator that maps a density matrix to another density

matrix. For instance, ρ̂(t) = U(t)ρ̂(0), where U(t) is the time evolution superoperator. For more details
the reader is referred to standard textbooks such as [49].
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Figure 3.1. A quantum open system S coupled to an environment E. The total system (S +
E) is a closed quantum system and as such, it evolves unitarily according to the Von-Neumann
equation. Ultimately, we are interested in the reduced dynamics of the system S after tracing out
the environment.

where ρ̂S(t) is the system’s density matrix whereas with ρ̂E(t) we denote the environ-
mental density matrix. The total Hamiltonian of the systems can be written as

ĤSE = ĤS + ĤE + Ĥint (3.9)

where ĤS , ĤE denote the system and environmental Hamiltonian respectively and Ĥint

their interaction. Assuming that the system as a whole (S +E) is closed and initially in
a state ρ̂SE(0), it will evolve unitarily with respect to a Hamiltonian ĤSE according to

ρ̂SE(t) = Û(t)ρ̂SE(0)Û †(t) =⇒ d

dt
ρ̂SE(t) = −i[ĤSE , ρ̂SE(t)] (3.10)

This is the standard Von-Neumann equation. It is the equivalent of the Schrödiger equa-
tion for the density matrix ρ̂SE .

We are interested in studying the dynamics of the open systemS. Our goal is to obtain
an evolution equation for the density matrix of the system ρ̂S(t) which is consistent with
the laws of quantum mechanics and also, crucially, takes into account the presence of the
environment. Taking the trace with respect to the environment, we find

d

dt
ρ̂S(t) = −iT rE

(
[ĤSE , ρ̂SE(t)]

)
(3.11)

where we have used that ρ̂S(t) = TrE
(
ρ̂SE(t)

)
.

Equation (3.11) contains the full history of the total system, i.e in order to opera-
tionally work with this equation, one should be able to keep track of the evolution of the
whole system ρ̂SE(t) at all times. Since the environment usually contains a huge number
of degrees of freedom, (3.11) is notoriously hard to solve analytically or even numer-
ically. However, as it will become clear shortly, predictions can be made under some
reasonable approximations.

Nakajima-Zwanzig equation
General master equation governing open quantum systems

On the right hand side of (3.11), the trace with respect to the environmental degrees
of freedom has to be taken. A very elegant way to do that, is by using the so-called
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Nakajima-Zwanzig formulation [50, 51]. The basic idea is to introduce a set of projective
superoperators (P,Q) where Q = 1 − P , both satisfying P2 = P and Q2 = Q such
that the density matrix ρ̂SE can be equivalently recast as

ρ̂SE(t) =
(
P +Q

)
ρ̂SE(t) (3.12)

The superoperator P projects the total density matrix ρ̂SE(t) onto an uncorrelated sub-
space of the total Hilbert space, namely P ρ̂SE(t) ≡ ρ̂S(t)ρ̂(0), where the environment
is effectively unaffected3. Multiplying (3.10) with P andQ, we end up with a set of two
coupled differential equations for P ρ̂SE(t) ≡ ρ̂S(t) and Qρ̂SE(t) ≡ ρ̂E(t). By solving
the equation for Qρ̂SE(t) and inserting back to the equation of motion for P ρ̂SE(t), we
end up with the following equation

d

dt
P ρ̂SE(t) =

∫ t

0
dt′PLtG(t; t′)Lt′P ρ̂SE(t′) (3.13)

or equivalently
d

dt
ρ̂S(t) =

∫ t

0
dt′PLtG(t; t′)Lt′ ρ̂S(t′) (3.14)

where Lt is the Liouvillian introduced above and G(t; t′) = Te
∫ t
t′ dsQLs is the Green’s

function, solution to the differential equation for Qρ̂SE(t).
Equation (3.14) is the so-called Nakajima-Zwanzig equation. It describes the dy-

namics of the system S, after tracing out the environmental degrees of freedom. What
remains from the "tracing out" process is the Green’s functionG(t; t′) which is non-local
in time and encodes all the information about the environment. Equation (3.14) is exact.
No approximations have been made so far. Equivalently, it can be rewritten as

d

dt
ρ̂S(t) = K

[
ρ̂S(t′), t′ < t

]
(3.15)

where the superoperator K can be read off from (3.14).
In many physical circumstances, it is possible to further simplify the problem. In par-

ticular, a very common assumption consists of having weak interactions between system
and environment as well as treating the environment as "memory-less". The first approx-
imation, known as "Born approximation", according to which, for a large environment
consisting of a huge number of degrees of freedom, the environment remains unaffected.
In other words, the presence of the systemS does not significantly alter the environmental
dynamics. A well known example in bibliography is the quantum Brownian motion [52].
The second approximation is known as "Markov approximation". This is reasonable in
scenarios in which the environmental correlation functions decay very fast compared to
the timescale of the system evolution.

Coming back to the Nakajima-Zwanzig equation, we would like first to impose the
Born approximation. This means that we approximate the Green’s function

G(t; t′) = Te
∫ t
t′ dsQLs ≈ 1 + εT

∫ t

t′
dsQLs +O(ε2) (3.16)

and get
d

dt
ρ̂S(t) =

∫ t

0
dt′PLtLt′ ρ̂S(t′) (3.17)

3Note that the state of the environment is ρ̂E(0) instead of ρ̂E(t). The physical motivation behind this
is that we consider the environment to be large such that it stays unaffected by the presence of the system.
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Equation (3.17) is the Nakajima-Zwanzig master equation with the Born approximation
implemented. It can be equivalently rewritten as

d

dt
ρ̂S(t) = V

[
ρ̂S(t′), t′ < 1

]
(3.18)

where the superoperator V can be read off directly from (3.17).

Lindblad equation

Going further and incorporating the Markov approximation, one has to use the so-called
semigroup property of dynamical maps [53, 54], to end up with

d

dt
ρ̂S(t) = L

[
ρ̂S(t)

]
(3.19)

whereL is the so-called Lindblad superoperator [55]. This equation is known as Lindblad
or Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation [55, 56]. It is a
local in time equation. The RHS can be rewritten as

L
[
ρ̂S(t)

]
= −i[ĤS , ρ̂S(t)] +

∑

k

γk

(
L̂kρ̂S(t)L̂†k −

1

2
ρ̂S(t)L̂†kL̂k −

1

2
L̂†kL̂kρ̂S(t)

)

(3.20)
where L̂k4 are the so-called Lindblad operators [48] and the coefficients γk have units
[γk] = s−1 and thus are interpreted as decoherence rates. The first term on the RHS of
(3.20) corresponds to the unitary evolution under the system Hamiltonian ĤS whereas
the second term is the so-called dissipator and captures the non-unitary influence of the
environment on the system. For a detailed derivation of the Lindblad master equation,
the reader is referred to [48, 57] .

So far, the topic was presented in a rather abstract and mathematical way. We have
derived the Lindblad master equation (3.19)-(3.20), by first starting from a general master
equation which describes the system dynamics (3.14) and then by imposing the Born and
Markov approximations. The Lindblad equation would eventually be our starting point
for discussing axion dark matter decoherence. However, before discussing axion DM,
we should address the following question: Which is a natural choice for the Lindblad
operators L̂k? The answer is the following: Lindblad operators are determined by the
microscopic model. In other words, one has to write down a Hamiltonian describing the
system and its environment as well as their coupling ĤSE = ĤS ⊗ ÎE + ĤS ⊗ ÎE +
ĤE⊗ÎS+Ĥint and choose the particular form of the Hamiltonians. For instance, one can
choose to study decoherence of a quantum particle (system) and model the environment
as an ensemble of simple harmonic oscillators at zero temperature. The interested reader
is referred to [48, 52, 57, 58, 59] for concrete microscopic models. However, sometimes
the microscopic derivation turns out to be extremely difficult. In those cases, one can
have as a starting point the phenomenological equation (3.19). This is usually adequate
to get some approximate results.

4To avoid confusion, note that whenever we put hat symbol on L̂, we denote the Lindblad operator
whereas, without hat, L is the Lindblad superoperator. Also, with the calligraphic L we denote the Liouvil-
lian, as defined in subsection (3.1.1).
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3.2 Effect of the environment on Kerr squeezing. Zero tem-
perature case

3.2.1 Evolution of Kerr oscillator coupled to a zero temperature environment

In this section, we are interested in exploring the effect of a zero temperature (T = 0)
environment on the dynamics of the Kerr oscillator. In particular, we would like to inves-
tigate whether the squeezing found in [16] is robust under decoherence. Our approach
is phenomenological in the sense that we do not model a specific astrophysical environ-
ment, instead we couple our system of interest (axions) to a generic environment. In this
section, the environment is modelled as an ensemble of simple harmonic oscillators, all
at zero temperature. Choosing L̂ = â, the Kerr oscillator is described by the density
matrix ρ̂(t) which evolves according to the following Lindblad master equation5

d

dt
ρ̂ = − i

h̄
[Ĥ, ρ̂] + γ

(
âρ̂â† − 1

2
â†âρ̂− 1

2
ρ̂â†â

)
(3.21)

where the first term on the RHS corresponds to the standard unitary part with Ĥ given
by (2.51) while the second term captures the dissipation to the environment. In the limit
in which γ = 0, we recover the standard Von-Neumann/ Schrödiger equation (3.4).

The solution of (3.21) for the Kerr oscillator with an initial coherent state ρ̂0 = |α〉〈α|
is

ρ̂(t) =
∞∑

m,n=0

(
αe−

γt
2

)m(
α∗e−

γt
2

)n
√
m!n!

e−iχt(m
2−n2)e−|α|

2Amn(χ,γ)|m〉〈n| (3.22)

where |m〉 are Fock states and the coefficient Amn(χ, γ) is given by

Amn(χ, γ) = 1− γ
[
1− e−it

(
2χ(m−n)−iγ

)]

i
(
2χ(m− n)− iγ

) (3.23)

For a detailed derivation of (3.22) the reader is referred to Appendix I. For γ = 0, the
coefficient (3.23) becomes Amn(χ, γ = 0) = 1 and the density matrix (3.22)

ρ̂(γ=0)(t) = e−|α|
2
∞∑

m,n=0

αmα∗n√
m!n!

e−iχt(m
2−n2)|m〉〈n| (3.24)

in agreement with our result (2.57) in chapter 2.

3.2.2 Expression for the minimal variance V−(t)

Given the expression for the density matrix ρ̂(t) in (3.22), it is now possible to compute
all the relevant expectation values, such as 〈â(t)〉 ≡ Tr[ρ̂(t)â], which are needed for the
expression of minimal variance (2.65). The resulting expression for the minimal variance
is

V−(t) = 1+2|α|2e−γt
[
1−e−

8χ2

γ2+4χ2 |α|2
[
1−e−γt

(
cos(2χt)+ γ

2χ
sin(2χt)

)]
−√.....

]
(3.25)

5From now on, for notational simplicity, we drop the subscript "S" from the density matrix matrix ρ̂(t)
and the Hamiltonian Ĥ .
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where

√
..... ≡

[
e
− 32χ2

γ2+16χ2 |α|2
[
1−e−γt

(
cos(4χt)+ γ

4χ
sin(4χt)

)]
+ (3.26)

+e
− 16χ2

γ2+4χ2 |α|2
[
1−e−γt

(
cos(2χt)+ γ

2χ
sin(2χt)

)]
− 2eRe[F ] cos

(
Im[F ]

)] 1
2

(3.27)

with the real part of the function F given by

Re[F ] = |α|2
[
−3 + e−γt

(
cos(4χt) + 2 cos(2χt)

)
+

+
γ

γ2 + 16χ2

(
γ − γe−γt cos(4χt) + 4χe−γt sin(4χt)

)
+

+
2γ

γ2 + 4χ2

(
γ − γe−γt cos(2χt) + 2χe−γt sin(2χt)

)]

and the imaginary part

Im(F ) = 2χt+ |α|2
[
e−γt

(
sin(4χt)− 2 sin(2χt)

)
−

− γ

γ2 + 16χ2

(
γe−γt sin(4χt)− 4χ+ 4χe−γt cos(4χt)

)
+

+
γ

γ2 + 4χ2

(
2γe−γt sin(2χt)− 4χ+ 4χe−γt cos(2χt)

)]

In the absence of dissipation, namely for γ = 0, the minimal variance (3.25) is in agree-
ment with our result in [16] and other results in the bibliography [46, 60].

3.2.3 Short time expansion of the minimal variance

Our goal, is to find the expression for the minimal variance at short times, which is needed
in order to compute the squeezing timescales. This calculation will show whether the
environment is detrimental to axion squeezing or whether this quantum effect found in
[16] is robust under decoherence. This would have implications in axion dark matter
searches, as discussed in [16]. The expression for the minimal variance in presence of
dissipation is found to be

V−(t) = 1+2r2−2r

√
1 + r2 + 2

γ

χ
r+

γ

Nχ

[
r2

√
1 + r2 + 2

γ

χ
r−5

3
r3+

2r3
(

10
3 r − 1

)
√

1 + r2 + 2 γχr

]

(3.28)
For γ = 0, we recover (2.73). In the same spirit as in chapter 2, in order to obtain the
result (3.28), we introduced the parameter r ≡ |α|2τ where τ ≡ 2χt and expanded the
minimal variance for τ � 1, keeping terms up to orderO(τ2), with the extra assumption
that γ ≈ χ or γ � χ6. Then, we took the limit |α|2 →∞7 while keeping r finite.

3.2.4 Squeezing timescale

Having obtained the expression (3.28) for the minimal variance at short times, we can
now find the effect of dissipation on the squeezing timescale.

6Our analysis does not apply in the strong coupling regime, namely when γ � χ.
7Recall that this is justified since we are interested for axion dark matter in the high occupancy regime.
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The squeezing parameter is defined as

ζ(t) ≡ −1

2
ln(V−(t)) (3.29)

We choose are squeezing timescale tsqz , as the time on which ζ = 1. Inserting (3.28)
into (3.29) we solve,

ln(V−(tsqz)) = −2 =⇒ V−(tsqz) = e−2 (3.30)

while keeping r fixed and taking the limit N →∞. This results in

r2 − r
√

1 + r2 + 2
γ

χ
r +

1− e−2

2
= 0 (3.31)

where r = 2Nχt, with N ≡ |α|2. It is important to keep in mind that we work within
the approximation that γχ < 1. Without this assumption, the last term in (3.28), would
not vanish in the limit N →∞. For the case γ ≈ χ, we have r ≈ 0.5 and thus

tsqz =
O(1)

Nχ
(3.32)

For γχ = 0.1, we have r ≈ 1. The squeezing timescale is again tsqz = O(1)
Nχ . Thus, we

conclude that in presence of mild dissipation, the squeezing timescale does not signifi-
cantly affected. In order to quantify the robustness of squeezing against decoherence, for
the case of a zero-temperature environment, we have used the so-calledWigner negativity
[47] (see Fig. (3.2) below).

In contrast to the work of the authors in [61, 62, 63, 64], where they have showed
that Schrödiger cat states (i.e macroscopic quantum superpositions) quickly decohere in
presence of an environment, here we have showed that Kerr squeezing, a non-classical
property of the Kerr oscillator, is robust under decoherence. In a similar spirit, the authors
in [65] have experimentally demonstrated the robustness and slowing down of decoher-
ence for squeezed coherent cat states.

In this section, we have modelled the environment as a bath of oscillators all at zero
temperature. This choice, allowed us to solve analytically the Lindblad equation and
find the squeezing timescale analytically. However, it is crucial to keep in mind that this
model may not capture the realistic decoherence effects that may take place. For this
reason, in order to study axion dark matter in more realistic setups, in the next section,
we will add one more element of complexity: We will assume that the bath of oscillators
have a non-zero temperature. Our goal in this project, is to study whether thermal effects
significantly alter the squeezing. In the next few lines, some preliminary results will be
presented.

3.3 Effect of the environment on Kerr squeezing. Non-zero
temperature case

As already mentioned above, in this section, we will add one extra ingredient of complex-
ity: Non-zero temperature to the environment. We are interested in solving the dynamics
of the following Lindblad master equation

d

dt
ρ̂(t) = − i

h̄
[Ĥ, ρ̂]+γ(n̄+1)

(
âρ̂â†− 1

2
â†âρ̂− 1

2
ρ̂â†â

)
+γn̄

(
â†ρ̂â− 1

2
ââ†ρ̂− 1

2
ρ̂ââ†

)

(3.33)

32



Figure 3.2. Comparison of Wigner functions for the single Kerr mode, initially in a coherent state
and linearly coupled to a zero temperature environment. Plot shows two different environmental
couplings and three different times. One can see that in the presence of mild dissipation (γ =
0.1χ) the Wigner negativity is not diminished. For larger values of γ ≈ χ, negativity is still
present (at least at short times). This plot has been made by my collaborator Michael Kopp
complementary to my analytical calculations.

where n̄ ≡ n̄(ω, T ) = e−h̄ω/kBT

1−e−h̄ω/kBT corresponds to the mean oscillator number with
frequency ω at thermal equilibrium at temperature T . In the limit of zero temperature,
T → 0, the parameter n̄ → 0. Thus, we recover the master equation (3.21). Equation
(3.33) consists of three different pieces: The first term corresponds to the unitary evo-
lution, with Ĥ given again by (2.51). The non-unitary pieces, i.e the second and third
terms in (3.33), contain temperature dependent terms ∝ γn̄ and the contribution from
quantum fluctuations ∝ γ which is always present and it is temperature independent.

We build on the results of [60] and solve exactly the Lindblad equation (3.33). An
exact solution for the non-linear Kerr oscillator coupled to a non-zero temperature bath,
with arbitrary initial state, can be obtained by making use of the so-called thermofield-
dynamics notation [66]. The result is

|ρ(t)〉 = eγ0eΓ+(K0)K+eln[Γ3(K0)]K3eΓ−(K0)K− |ρ(0)〉 (3.34)

where the initial state is

|ρ(0)〉 =

∞∑

m,n=0

ρm,n(0)|m,n〉 (3.35)

and |m,n〉 denote Fock states. K± and K3 are generators which obey the SU(1, 1)
algebra [60] whileK0 is the Casimir operator which commutes with all the generators8.
The parameters which appear in (3.34) read

Γ±(K0) =
2γ± sinh[φ(K0)]

2φ(K0) cosh[φ(K0)]− γ3(K0) sinh[φ(K0)]
(3.36)

8For a recent review on Lie algebra methods for solving quantum dynamics, the reader is referred to [67].
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Γ3(K0) =

(
2φ(K0)

2φ(K0) cosh[φ(K0)]− γ3(K0) sinh[φ(K0)]

)2

(3.37)

γ0 =
1

2
(γ− − γ+) =

1

2
γt (3.38)

where
φ2(K0) =

γ2
3(K0)

4
− γ+γ− (3.39)

γ3(K0) = −γ(2n̄+ 1)t+ 2iχtK0 (3.40)

γ+ = γn̄t (3.41)

γ− = γ(n̄+ 1)t (3.42)

For an initial coherent state for the Kerr oscillator

ρ̂(0) = |α0〉〈α0| = e−|α0|2
∞∑

m,n=0

αm0 α
∗n
0√

m!n!
|m〉〈n| (3.43)

which in the thermofield notation translates to [60]

|ρ(0)〉 = e−|α0|2
∞∑

m,n=0

αm0 α
∗n
0√

m!n!
|m,n〉 (3.44)

we find

|ρ(t)〉 =
∞∑

m,n=0

ρmn(t)|m,n〉 (3.45)

where

ρm,n(t) = e
1
2
γt
[
Γ3(m− n)

](m+n+1)/2
e

(
Γ−(m−n)−1

)
|α0|2e

Γ+(m−n)

Γ3(m−n)
∂2

∂α0∂α
∗
0
αm0 α

∗n
0√

m!n!
(3.46)

with the parametersΓ±,Γ3 given by (3.36)-(3.37) with the substitutionK0 → m−n. For
more details regarding the derivation, and in particular on how the operatorsK±,K3,K0

act on Fock states, the reader is referred to [60]9. It is a straightforward calculation to
show that in the limit in which the temperature goes to zero (and thus n̄→ 0), we recover
our previous result for the density matrix (3.22).

Recall that the goal of this section is to study decoherence of axion dark matter cou-
pled to a generic non-zero temperature environment. In particular, we would like to find
an expression for the squeezing timescale tsqz , as we did for the zero temperature envi-
ronment (3.32), but this time we seek how the squeezing timescale scales as a function
of n̄. This will allows us to conclude whether thermal effects significantly deteriorate
squeezing. Following the same route as in [16], we need to find the expression of the
minimal variance (2.65) and expand it at short times, as we did for the case where no
environment was included (2.73) and the case of zero temperature environment (3.28).

9Note that in [60], they solve the problem for generic initial states while, here, we focus on initial coherent
states, since we ultimately want to connect our results with axion dark matter.
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In turns out that in this case, it is convenient to introduce the Husimi-Q function [68]
defined as

Q(α, α∗, t) =
1

π
〈α|ρ̂(t)|α〉 (3.47)

Inserting the expression for the density matrix (3.45) into the definition of the Q-function,
for an initial coherent state, we find

Q(α, α∗, t) =
∞∑

m,n=0

(α∗α0)m(αα∗0)n

m!n!
ei(m−n)χt+ 1

2
γt
[
Γ3(m− n)

](m+n+1)/2 (3.48)

e

(
Γ−(m−n)−1

)
|α0|2e(Γ+(m−n)−1)|α|2 (3.49)

This expression agrees with the result presented in [60]. The various Γ functions that
appear in (3.48) have the form

Γ3(m− n) =

(
cosh[φ(m− n)] + C(m− n) sinh[φ(m− n)]

)−2

(3.50)

Γ±(m− n) =
γ±

2φ(m− n)

1

coth[φ(m− n)] + C(m− n)
(3.51)

where
C(m− n) = − γ3(m− n)

2φ(m− n)
(3.52)

and
φ(m− n) = ± t

2

√[
γ + 2iχ(m− n)

]2
+ 8iγn̄χ(m− n) (3.53)

γ3(m− n) = −
(
γ + 2iχ(m− n)

)
t− 2γn̄t (3.54)

where γ+ = γn̄t and γ− = γ(n̄ + 1)t. Note that at the end, the Husimi function just
depends on the parameters which appear in the problem, namely (γ, χ, n̄). We have
checked, that in the limit n̄→ 0, the expression for the Husimi function (3.48) correctly
reproduces the results which appear in the bibliography [61]. Also, in the limit γ → 0,
namely in absence of dissipation, our results agree with [64].

In figure 3.3, the Husimi function at early times, for different coupling constants and
temperatures, is plotted. It is clear that the distribution gets squeezed in phase space as
opposed to the initial profile10. However, the Husimi function is positive definite and
coarse-grained phase distribution and does not, at least directly, reveal the existence of
non-classicality (if any) [69]. This is in contrast to the Wigner function, where its neg-
ativity is an indication of the non-classicality of the system [47]. In our future work,
we aim to further explore the above-mentioned points, as well as calculate and plot the
Wigner function.

Given theHusimi function, it is now possible to compute the expectation valueswhich
are needed in order to find the minimal variance V−(t). For instance, the expectation
value for â(t) is computed via the integral

〈â(t)〉 =

∫
d2αQ(α, α∗, t)α (3.55)

The resulting expression is

〈â(t)〉 = α0e
−i(ω−χ)t+ 1

2
γt Γ3(1)

(1− Γ+(1))2
e
−|α0|2

(
1−Γ−(1)− Γ3(1)

1−Γ+(1)

)

(3.56)

10Recall that a coherent state is represented by a symmetric blob in phase space.
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Figure 3.3. Plots of the Husimi function for two different times (upper panel χt = 2π × 0.004,
lower panel χt = 2π × 0.02), and various values of γ/χ and n̄. The red dot indicates the
classical solution which in the chosen frame (also adopted for the Q-function) remains at z = α =
5. This plot has been made by my collaborator Michael Kopp complementary to my analytical
calculations.

We refer the reader to the Appendix for details regarding the calculation. Similarly, one
can compute the following expection values 〈â†(t)〉, 〈â2(t)〉, 〈â†(t)â(t)〉, 〈â†2(t)〉 and
insert the resulting expressions in (2.65). The final result is

V−(t) = 1 + 2

(
〈â†(t)â(t)〉 − 〈â†(t)〉〈â(t)〉

)
− 2
√
V ar

(
â(t)

)
V ar

(
â†(t)

)
=

= 1 + 2|α0|2
[

[Γ3(0)]
3
2

(1− Γ+(0))3
e

1
2
γt − eγt Γ3(1)Γ3(−1)

[
(1− Γ+(1))(1− Γ+(−1))

]2×

× e
−|α0|2

(
2−Γ−(1)−Γ−(−1)− Γ3(1)

1−Γ+(1)
− Γ3(−1)

(1−Γ+(−1)

)

− e γt2 (AB)
1
2

]
(3.57)

where

A ≡
√

Γ3(2)
3

[
1− Γ+(2)

]3 e
−|α0|2

(
1−Γ−(2)− Γ3(2)

1−Γ+(2)

)
− [Γ3(1)]2
[
1− Γ+(1)

]4 e
γt
2 e
−2|α0|2

(
1−Γ−(1)− Γ3(1)

1−Γ+(1)

)

(3.58)
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B ≡
√

Γ3(−2)
3

[
1− Γ+(−2)

]3 e
−|α0|2

(
1−Γ−(−2)− Γ3(−2)

1−Γ+(−2)

)
−

− [Γ3(−1)]2
[
1− Γ+(−1)

]4 e
γt
2 e
−2|α0|2

(
1−Γ−(−1)− Γ3(−1)

1−Γ+(−1)

)
(3.59)

We have checked this expression for the minimal variance, in the limit n̄→ 0, correctly
reproduces (3.25) as well as (2.70), in the limit γ → 0.

In a futurework, our starting point will expand theminimal variance at short timescales
in order to end up with an expression for the squeezing timescale, as function of the three
parameters, namely tsqz = tsqz(χ, γ, n̄). This will show whether the squeezing found in
[16] is robust against thermal effects.
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4 Gravity Induced Entanglement

"Important results in science are always the unexpected ones. If we expect
something, then it’s not important. In order for science to go on, it has to
have mysteries." [Freeman Dyson]

One of the greatest challenges in modern physics is to understand the interplay between
quantum physics and gravity. There are many convincing theoretical arguments which
support the view that gravity should have some quantum features [70, 71] as well as
some arguments against it [72, 73]. In recent years, there is an active interest within
the community to come up with ideas on how to test quantum gravity signatures at low
energies. One very promising experimental avenue, which aims to indirectly probe the
quantum nature of gravity, stems from a quantum information-theoretic-approach and
tests whether gravity is capable of generating entanglement between quantum source
masses.

In this chapter, we will first introduce the experimental proposal [5, 6] which ac-
cording to the authors aims to indirectly reveal the existence of quantized mediators.
In addition, some important notions such as classical and quantum channels as well as
the principle of locality will be discussed. Towards the end, a basic introduction to the
so-called Feynman-Wheeler absorber theory will be given [74]. The latter, inherent non-
local formulation, is a loophole to the original proposal.

4.1 The proposal

4.1.1 Setup

The essence of the Gravity Induced Entanglement (GIE) proposal is to

• Create spatial superpositions for the two masses.

• Screen all types of interactions between themasses such that the dominant coupling
is due to gravity.

• Construct an entanglement witness to verify whether the final quantum state is
entangled.

One way to create spatial superpositions is by making use of atomic fountains [75]. This
method is particularly suitable for small masses, such as atoms, for which separations
of order half-meter have been achieved [76]. For larger masses1, spatial superpositions
can be created with optomechanical systems (such as mirrors interacting with light). For
details, the reader is referred to [77, 78, 79].

1In the context of GIE, when we refer to "large masses", we mean order of magnitudem ≈ 10−12kg.
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Figure 4.1. Setup of the experimental proposal. Figure taken from [5].

In this section, we stick to the setup originally proposed in [5], according to which
a spin degree of freedom is embedded in each mass which then passes through a Stern-
Gerlach apparatus. It is crucial to keep in mind that this corresponds to a specific exper-
imental realization of the GIE proposal.

The whole process, as shown in Fig. (4.1), consists of five intermediate steps.

• Preparation of spin states |C〉1,2.

• Creation of spin-dependent spatial superpositions, |x, s〉1,2 with x = (L,R) and
s = (↑, ↓), using a Stern-Gerlach apparatus.

• Free fall stage: Allow the spatially superposed masses to interact gravitationally
for a time interval τ .

• Recombination of paths of the masses (via an inverse Stern-Gerlach apparatus).

• Spin correlation measurements to certify the entanglement.

At some initial time t = ti, we have two electrically neutral quantum systems with masses
m1 and m2 both in which a spin-1/2 degree of freedom is embedded. The spin state of
each mass is initially prepared in a superposition of |Sz〉i = | ↑〉i + | ↓〉i where i =
1, 2. Next, we apply an inhomogeneous external magnetic field (Stern-Gerlach apparatus)
which splits the initial path into two different spin-dependent paths. Each mass has now
two spatial branches denoted as |L〉i, |R〉i for i = 1, 2. The total Hilbert space consists
of

Htot = Hspin1 ⊗Hspin2 ⊗Hmass1 ⊗Hmass2

and the state, after creating the spatial superposition, is

|Ψ(t = 0)〉 =
1

2
(|L, ↑〉1 + |R, ↓〉1)(|L, ↓〉2 + |R, ↑〉2) (4.1)

This corresponds to a product, initially unentangled, state. We now allow the two spatial
superpositions of masses to free fall, for a time interval τ . At this stage, we need to make
sure that the interaction is purely gravitational. After time τ , the quantum state of the
whole system (spins+masses) is

|Ψ(t = τ)〉 =
eiφ

2

[
|L, ↑〉1

(
|L, ↓〉2+ei∆φLR |R, ↑〉2

)
+|R, ↓〉1

(
ei∆φRL |L, ↓〉2+|R, ↑〉2

)]

(4.2)
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where

∆φRL =
Gm1m2τ

h̄

(
1

d−∆x
− 1

d

)
(4.3)

∆φLR =
Gm1m2τ

h̄

(
1

d+ ∆x
− 1

d

)
(4.4)

and

φ =
Gm1m2τ

h̄

1

d
(4.5)

where for simplicity we have considered that ∆x1 = ∆x2 = ∆x. It is easy to check
that the state (4.2) corresponds to an entangled state for ∆φRL + ∆φLR 6= 2πk where
k ∈ Z. For t > τ , we recombine the different paths by using inverse (refocusing) Stern-
Gerlach process [80]. Spin-correlation measurements should be done at the end, in order
to reveal if the final state is entangled or not. For a discussion on the entanglement witness
the reader is referred to [81].

It is clear that the phases (4.3) and (4.4) and scale linearly with the masses and the
duration we hold the spatial superposition τ , but inversely proportional to the distance d.2
In order to obtain a measurable phase, ∆φ = O(1), in the original proposal the following
numerical values are suggested: m1 = m2 ≈ 10−14kg, τ = 1s and d = 10−4m. These
values are extremely optimistic, far beyond today’s experimental capabilities [77, 79, 82].

As a last remark, note that in the expressions for the phases (4.3)-(4.5), only the
Newtonian instantaneous interaction is included. No retardation effects are taken into
account since they are subdominant.

4.1.2 Local Operations and Classical Communication

In the next few pages, it will become clear that the GIE proposal relies on the assumption
that the underlying physical processes and in particular, the mediators, satisfy the notion
of locality. The original proposals, in order to infer the quantumness of gravity3, rely on
a quantum information theoretic argument, known as: Local Operations and Classical
Communication (LOCC). In this subsection, we will briefly introduce the LOCC argu-
ment. In order to make sense of the LOCC, we must first define what we mean with
quantum operations, and in particular local operations (LO), as well as classical commu-
nication (CC).

Local operations (LO)

Let’s assume that two distant experimenters, Alice (A) and Bob (B), have access only
to a part of a bipartite system in which they are able to perform quantum operations.
The bipartite system is described by a density matrix ρ̂ ≡ ρ̂AB =

∑
i,j pij ρ̂

i
A ⊗ ρ̂

j
B . A

quantum operation is mathematically described by a super-operator Φ which represents
a mapping between an initial state ρ̂AB and a final state ρ̂′AB , i.e

ρ̂AB → ρ̂′AB = Φ(ρ̂AB) (4.6)
2Note also that the phases are proportional to the Newton’s constant G and inversely proportional to the

Planck’s constant h̄. The latter dependence makes the phase potentially measurable.
3According to the authors of the proposals [5, 6], quantumness of gravity is synonymous to the existence

of a quantized mediator which is responsible for the entanglement generation between the masses. This is
clear in the abstract in [5]: "Here, we introduce an idea for such a test based on the principle that two objects
cannot be entangled without a quantum mediator" as well as in [6] "First, we prove that any system (e.g., a
field) mediating entanglement between two quantum systems must be quantum".
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Φ corresponds to linear, completely positive, trace-preserving (CPTP) map [49]. Ac-
cording to the Kraus’ theorem [83], the above mentioned CPTP map, can always be rep-
resented as4[84]

Φ(ρ̂) =
∑

i

Kiρ̂K
†
i (4.7)

where the operators Ki are the so-called Kraus operators [83] and satisfy the following
completeness relations ∑

i

K†iKi = I (4.8)

Conversely, anymapΦ that satisfies relation (4.7) alongwith (4.8) is a quantum operation.
A quantum operation is local iff the quantum operationΦ is written as a tensor product

of quantum operators Φ = ΦA ⊗ ΦB such that

Φ(ρ̂)(LO) = ΦA(ρ̂)⊗ ΦB(ρ̂) =
∑

i,j

(Ai ⊗Bj)ρ̂(Ai ⊗Bj)† (4.9)

where Ai and Bj are the Kraus operators corresponding to ΦA and ΦB respectively,
satisfying ∑

i

A†iAi ⊗B
†
iBi = I (4.10)

What is crucial to keep in mind is that local operators preserve separable states [85, 86,
87], i.e for an initially separable state

ρ̂ =
∑

i

|ai〉A〈ai| ⊗ |bi〉B〈bi| (4.11)

the action of a local operator Φ(LO), leads to a new state

ρ̂′ = Φ(LO)(ρ̂) =
∑

i

|a′i〉A〈a′i| ⊗ |b′i〉B〈b′i| (4.12)

which is separable. Intuitively, this means that Alice can influence only her system. It is
not possible to affect Bob’s system.

Classical communication (CC)

Allowing classical communication between Alice and Bob means that they are allowed
to exchange classical bits of information and increase the joint classical correlations of
their system. For instance, classical communication is essential in case Alice and Bob
want to achieve quantum teleportation [88]. In that case, by sharing an entangled state
and be able to perform local measurements and communicate their outcomes via a clas-
sical device (telephone), Alice and Bob can teleport a quantum state.

Given any bipartite system, described by ρ̂AB , LOCC operations can map ρ̂AB to a state
ρ̂′AB such as [86]

ρ̂′AB ≡ Φ(ρ̂AB) =
∑

i

(Ai ⊗Bi)ρ̂AB(Ai ⊗Bi)† (4.13)

where ∑

i

(Ai ⊗Bi)†(Bi ⊗Bi) = I (4.14)

4For a proof of this statement, the reader is referred to [49], chapter 8.
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By only using LOCC, it is not possible to increase the entanglement of a bipartite system
[87, 89]. In other words, if Alice and Bob share a quantum state to which they can perform
manipulations in a local manner and are allowed to exchange classical information, they
cannot increase the quantum correlations of their quantum system5,6. As we will explain
later, this is a key concept in order to draw some conclusions for the GIE proposal but
we will show that it can be violated in different ways. Thus, the conclusions of the GIE
proposal are ambiguous.

Argument by Bose et al and Marletto-Vedral based on LOCC

The authors in the original proposals [5, 6] build their argument on

• Initially the spatially superposed masses are not entangled

• Entanglement is generated after their mutual gravitational interaction

• Assume locality of interactions

then, by invoking the LOCC argument, one concludes that the gravitational interaction is
incompatible with classical communication. In other words, by imposing the ”LO” part
of the theorem to hold and witnessing entanglement generation, we lead to the conclusion
that the classical channel is violated, i.e��CC. The authors, further claim that since there
exist an underlying gravitational degree of freedom which mediates the entanglement,
this should be described quantum mechanically.

4.2 Locality

Taking the GIE experiment at face value, we should agree on the fact that it is a test which
aims to reveal whether gravity is able to generate entanglement between the masses. It
is natural at this point to ask the following: If the experiment is performed and entan-
glement generation via gravity occurs, what do we learn about quantum gravity? This
is the purpose of our paper [94]. One immediate conclusion is that gravity, at least in
the Newtonian regime, acts as a quantum channel. This simply means that gravity is ca-
pable of transmitting quantum information. The above conclusion is drawn, simply by
assuming that standard quantum mechanics and Newtonian gravity work, along with the
empirical input of the experiment. However, the initial motivation of the proposals was
more ambitious aiming to answer the following question: Can we learn a bit more about
quantum gravity? And in particular, can we indirectly probe the existence of quantized
gravitational mediators, in the same spirit as in Quantum Electrodynamics, where pho-
tons, the quantized mediators of light, exist? To infer the existence or not of mediators,
the LOCC argument is invoked and at the same time, locality is elevated to a fundamental
principle of nature. Since the notion of locality rests at the core of the GIE proposals and
the authors rely on that in order to draw conclusions, it is important to briefly introduce
the concept of locality, as it appears in various branches of physics.

4.2.1 Definition of locality in GIE proposals

The definition of locality in [5, 6] and as shown in Fig. (4.2), is the following: Consider
we have three systems (Q1, Q2,M) where Q1 and Q2 denote two quantum mechanical

5For a general discussion about entanglement monotones, the reader is referred to [87, 90].
6As a side remark, separable operations (SEP) form a larger class of quantum operations than the LOCC

ones, i.e LOCC ⊂ SEP . While LOCC operations cannot increase the entanglement of a bipartite system,
the conserve is not true. Separable operations can increase entanglement [91, 92, 93].
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Q1 Q2

M

Figure 4.2. The quantum particlesQ1 andQ2 interacting via an intervening gravitational fieldM .
No direct interaction between Q1 and Q2 is allowed.

systems andM is a system which we want to probe its quantum nature. The interactions
are local if Q1 and Q2 interact withM but there is no direct interaction between them.
In other words, no action at a distance is allowed between Q1 and Q2. The Hamiltonian
which describes such a situation has the form

Ĥ = ĤQ1 + ĤQ2 +HM + ĤQ1,M + ĤQ2,M (4.15)

where we can easily see the absence of a term ĤQ1,Q2
7. The notion of locality in that

case is identical to claiming that there is an underlying system M which mediates the
interaction between the quantum systems Q1 and Q2. It is exactly the nature of this
mediator (quantum or classical) which the GIE aims to reveal.

4.2.2 Locality and causality in Quantum Field Theory

Intuitively, the notion of locality in quantum field theory is that particles can only directly
interact with one another, namely if they are in contact with one another in space. Mathe-
matically, this is described in terms of a local Lagrangian densityL, namely a Lagrangian
in which the fields, and their derivatives, are evaluated at the same space-time point x,
i.e

L → L(x, φ(x), ∂φ(x), ..., ∂nφ(x)) (4.16)

For example, the following term L(x) ∝ φ4(x) describes local self-interactions of a
scalar fieldφ(x). Another local example is theQED interaction termLQED = jµ(x)Aµ(x)
which couples the fermion field ψ(x), given in terms of the U(1) conserved current
jµ(x) = ψ̄(x)γµψ(x), to the electromagnetic gauge field Aµ(x). One the other hand,
the following Lagrangian density

L(x) ∝ φ(x)

∫
d4y

φ(y)

(x− y)2
(4.17)

is an example of a non-local interaction. More generally, the following form of an action

S(x) =

∫
d4xL(x) =

∫ ∫
d4xd4yφ(x)K(x, y)φ(y) (4.18)

where the kernel K(x, y) ∝ δ
[
(x − y)2

]
has support only inside the light-cone, de-

scribes a Lorenz invariant (causal) theory but contains interactions which do not occur
at the same spacetime point. Therefore, (4.18) describes a causal but non-local theory.

7Note that we have not put a "hat" symbol on the HamiltonianHM since that is what we want to probe.
The nature (classical or quantum mechanical) of the systemM . A discussion on the implicit assumptions
of the interactions ĤQi,M for i = 1, 2 can be found in [95].
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As a remark, it is important to notice that well-known quantum field theories, such as
Quantum Electrodynamics and weak field quantum gravity, admit both local and non-
local formulations [94, 96, 97, 98, 99, 100]. But the different formulations lead to equiv-
alent experimental predictions.

In the case of standard formulation of QED, the expression for Lagrangian density is

LQED(x) = −1

4
Fµν(x)Fµν(x) + ψ̄(x)

(
iγµ∂µ −m

)
ψ̄(x) + jµ(x)Aµ(x) (4.19)

where ψ̄(x) is the fermion field, Aµ(x) the EM gauge field, γµ the Dirac matrices and
Fµν(x) = ∂µAν(x) − ∂νAµ(x) the field strength. (4.19) is a local Lagrangian density,
since the fields and their derivatives are all evaluated at the same spacetime point x. This
theory, originally formulated in the 1940’s, has been experimentally verified to a great
accuracy.

On the other hand, an equivalent formulation of QED exists, the so-called Feynman-
Wheeler formulation of quantum electrodynamics [74, 101]. In contrast to the standard
formulation, the starting point is now a non-local action of the form (4.18). In other
words, a non-local, but still causal formulation of QED is perfectly in agreement with
observations. This illustrates the fact that locality is not dictated by experimental out-
comes, but it is a choice to formulate QED or weak field gravity in a local or non-local
fashion. The latter observation has consequences for interpreting the outcomes of a GIE
type of experiment (as well as its EM analogue), as discussed extensively in [94]. In the
next subsection, the Feynman-Wheeler theory will be briefly introduced.

4.3 The Feynman-Wheeler program

"Every good physicist knows at least five or six different ways to describe the
same physics" [R.P. Feynman]

In the previous section, we discussed the notion of locality as it appears in the original
GIE proposals as well as in quantum field theories. As already mentioned, the notion of
locality plays a central role in the interpretation of the GIE proposal and its electromag-
netic analogue. In our work [94], we have stressed that field theories admit both local
and non-local formulations. In the case of weak field quantum gravity and quantum elec-
trodynamics, there exist non-local formulations which lead to identical predictions with
the conventional local formulations. The former are known as action-at-a-distance for-
mulations. This is a loophole to the GIE proposals since they rely on local formulations
in order to infer the existence of quantized mediators. This is a theoretical drawback:
Elevating the notion of locality to a fundamental property of nature , which is not probed
in the experiment, the proposals exclude perfectly valid formulations of QED and weak
field quantum gravity.

In this section, we will briefly introduce the motivation and the basic formulas for
absorber theories, in both quantum electrodynamics and weak field quantum gravity, fo-
cusing mostly on the aspects which are particular relevant for understanding the limita-
tions of the GIE proposals. For a complete review of the topic, the reader is referred to
[102].

4.3.1 Motivation for an absorber theory of radiation

Maxwell’s theory of electrodynamics has an been an extremely powerful theoretical frame-
work, able to explain a various of phenomena and experiments. However, from a theo-
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retical point of view, the theory seems to contain some rather unsatisfactory aspects.
A first obstacle one has to deal with is what it’s called "Electromagnetic arrow of

time". The electromagnetic gauge field Aµ, satisfying the following wave equation

∇µ∇µAν = 4πjν (4.20)

admits both an advanced A(adv)
µ and a retarded A(ret)

µ solution. However, within the
standard treatment, the advanced solution is discarded on the grounds of causality. This
choice is motivated by the intuitive physical picture, that an effect cannot be preceded
by the cause. Thus, we conclude that Maxwell’s theory is not explaining how causality
emerges at a fundamental level. Instead, an empirical input is needed in order to agree
with what we observe in nature.

Another theoretical motivation to reconsider the foundations of Maxwell’s theory
has to do with what physicists usually refer to as the "simplicity of physical laws"8. The
development of physics during the last centuries has taught us that "simplicity and econ-
omy" can be a powerful guiding principle in understanding nature. This is the case for
General theory of relativity and the standard model of particle physics, theories which
starting from some few axioms (such as equivalence principle or gauge symmetry) have
tremendous explanatory power. Concerning Maxwell’s theory, apart from particles, an-
other fundamental ontological piece is needed to be introduced: The notion of a field. A
natural question which arises is the following: Is there a formulation of Maxwell’s theory
in which the notion of field, as an independent dynamical entity, does not appear but still
the theory agrees with our experience and is able to reproduce all observations?

Moreover, we know that the introduction of the field comes at a cost: The quantization
procedure of the fields contains tremendous difficulties. For the theory of electrodynam-
ics to make sense in the quantum world, physicists had to try very hard in the 40’s to cure
the theory of the problem of infinities. The latter was a real problem, essentially leading
to a theory without any predictive power. In order to resolve them, the whole program
of re-normalization was needed to be invented [103]. In connection to the previous para-
graph, the following question arises: "Is there any formulation of QED, which predicts
all QED experiments, but the program of renormalization is avoided9?"

There is a positive answer to both questions. And this is the so-called action-at-
a-distance formulation of (quantum) electrodynamics [74, 101]. According to this for-
mulation, charges interact non-locally in space without the introduction of the concept
of the field, an independent entity with its own dynamical degrees of freedom. It is a
time-symmetric formulation, in the sense that the both solutions of equation (4.20) are
considered physical. Moreover, this formulation differs from the standard Maxwell’s for-
mulation of electrodynamics in that no self-action is acted upon the charge [74], thus no
infinities occur. There has been a great development of the theory since the original pa-
per byWheeler and Feynman in 1945 [74], initially focused on classical electrodynamics
and then extending the absorber formulation to quantum theory with the seminal works
of Davies, Hoyle and Narlikar [104, 105, 106, 107, 108, 109, 110]. We refer the reader
to [102] for a detailed review of the topic as well as details on how the absorber theory
solves the theoretical problems of Maxwell’s theory.

8In [74, 102] the authors motivate the action-at-a-distance formulation of electrodynamics based on what
they call "economical postulates".

9".. this so called good theory (QED) ... involves neglecting infinities, neglecting them in an arbitrary
way. This is not sensible mathematics. Sensible mathematics involves neglecting a quantity when it is small
—not neglecting it just because it is infinitely great and you do not want it" [P. Dirac (1938)]. Also, Hoyle-
Narlikar in [102]: "The proposed remedy in the present approach (Feynman-Wheeler) solves this outstanding
difficulty at a price that the theoretical physicist trained at viewing the problem in a purely local way will
find it difficult to appreciate."

46



4.3.2 Absorber formulation of quantum electrodynamics

In this section, we will very briefly introduce the relevant mathematical expressions of
the absober theory of QED. The interaction Lagrangian in conventional QED

Lint(x) = jµ(x)Aµ(x) (4.21)

is replaced in the absorber formulation by the following Lagrangian [109, 110]

Lint(x) = jµ(x)

∫
d4x′δ[(x− x′)2]jµ(x′) (4.22)

where δ[(x − x′)2] is defined in terms of the advanced and retarded Green’s functions,
the solutions of the inhomegeneous Maxwell equation (4.20) as

δ(x− x′) ≡ 1

2

(
G+(x− x′) +G−(x− x′)

)
(4.23)

and
G±(x− x′) =

1

|~x− ~x′|δ
[
c(t− t′)± |~x− ~x′|

]
(4.24)

In (4.22), one can explicitly see that the currents at positions x and x′ interact locally on
the light-cone but non-locally in space. The latter can be explicitly seen if one inserts
(4.24) into (4.22).

Just as a side remark, a canonical quantization of the Feynman-Wheeler absorber
theory is not possible [111]. The reason is that the Lagrangian density (4.22) is non-
local, and therefore, a Hamiltonian density cannot be constructed. However, the theory
can be quantized using the S-matrix [109, 110] or the Path integral formalism [106, 107].

It is important at this stage to notice that the principle of locality is not tied to notion of
relativistic causality. In other words, absorber theory, an action-at-a-distance formulation
of electrodynamics, does respect Lorentz invariance and physical processes occur within
the light-cone according to the laws of special relativity.

This discussion has consequences on the interpretation of the EM analogue of the
GIE. In a similar spirit to the GIE proposal, starting with two electric charges, putting
both of them in a spatial superposition, allow them to interact electromagnetically via
the Coulomb potential and at the end we verify entanglement generation, one would not
unambiguously infer the existence of quantized mediators for the electromagnetic field,
i.e would not reveal the existence of photons. The latter would be concluded iff one would
impose that QED is strictly a local theory. However, in this section, we have seen that
an equivalent, non-local formulation for QED exists, where the field is not a part of the
ontology of the theory and therefore no mediators exist to be quantized at first place.

Apart from the fact that an inherently non-local formulation of QED exists, within
the standard, conventional formulation of QED, a non-local formulation is also possible.
This is QED in Coulomb gauge. This is a characteristic of gauge theories [112], namely of
theories which apart from dynamical equations of motion contain also contain constraint
equations. The latter are "instantaneous laws" and are not subject to locality. The reader
is referred to Appendix A and Section IIIB in [94] for a detailed presentation of the
topic.

The previous discussion leads to the conclusion that within standard very well known
theories, such as QED in Coulomb gauge and the absorber formulation of QED, the no-
tion of locality is not needed. Both formulations agree with observations. The situation
is even more difficult when we speculate about unknown physical theories, such as Quan-
tum Gravity where we have no clue whether the theory admits a strictly local or non-local
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formulation. From high energy physics, there are even indications that quantum gravity
may be a non-local theory, as discussed in [113, 114, 115]. Therefore, by elevating lo-
cality as a fundamental principle, the authors of the original proposals [5, 6] implicitly
make assumptions and claims about quantum gravity.

To conclude, the GIE proposal’s original ambition was to test whether gravity is a
quantum theory, in the sense that there exist quantized mediators responsible for mediat-
ing the gravitational interactions. As already pointed out, in order to infer their existence,
the notion of locality should be taken for granted. But this is ambiguous within very
known and well studied physical theories. Thus, the experiment cannot show unambigu-
ously the quantum nature of the mediators.

4.3.3 Weak field gravity as an absorber theory

In the previous section, we focused on the action-at-a-distance formulation of quantum
electrodynamics and discussed its implications for the electromagnetic analogue of the
GIE proposals. It is natural to ask at this point: Is there an action-at-a-distance formu-
lation for gravity? It turns out that it does exist in the weak field limit [116, 117]. Upon
quantization of the masses, this theory comprise a weak-field-quantum gravity. For more
details, the reader is referred to our paper [94] and the references within.

The standard interaction Lagrangian density between matter and fields, in weak field
limit, i.e to linear order in the linear field h, takes the following form10

Lint(x) ∝ hµν(x)Tµν(x) (4.25)

where hµν(x) = gµν(x) − ηµν and Tµν(x) is the stress-energy tensor which satisfies
∂µT

µν(x) = 0. In other words, the weak gravitational field couples to a conserved
current. This particular form of the coupling is dictated by Lorentz and gauge invariance
principles [118]. Alternatively, one can expand the action S =

∫
d4x
√−gLM to linear

order in the field hµν to end up with (4.25).
In the action at-a-distance formulation ofweak field gravity, the interaction Lagrangian

takes now the form

Lint(x) = −2Tµν(x)

∫
d4x′δ[(x− x′)2]

[
Tµν(x′)− 1

2
ηµνT (x′)

]
(4.26)

where again, the delta function is defined in terms of the advanced and retarded propaga-
torsG±(x−x′), which represent gravity waves travelling backward and forward in time,
as

δ[(x− x′)2] =
1

2

(
G+(x− x′) +G−(x− x′)

)
(4.27)

In the standard treatment of gravitational waves [119], the advanced solutions are dis-
carded on the grounds of causality. Within the absorber formulation both advanced and
retarded solutions are considered physical [74, 101]. Equation (4.26) describes a current-
current contact interaction on the lightcone but non-local in space. Upon quantization of
the sources, namely promoting the stress energy to an operator Tµν → T̂µν , this inherent
spatially non-local but causal formulation of weak field gravity can explain the entangle-
ment generation in the GIE proposal. Within this framework, the gravitational degrees
of freedom are absent from the theory and entanglement generation is due to a non-local
interaction between quantized source masses.

10he Hamiltonian density H ≡ ∂L
∂ḣµν

ḣµν − L = −L since the Lagrangian density does not depend on

ḣµν .
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As a last remark, we should note that apart from the absorber loophole, standard weak
field quantum gravity admits both local and non-local formulation. As already discussed
for the case of QED, this later statement is a feature of theories with gauge symmetry. In
the case of gravity, this redundancy stems from the fact the split of the metric into back-
ground and fluctuations hµν(x) = gµν(x)−ηµν does not uniquely fix the the coordinates
and thus, there are various ways to fix the gauge. The presence of constraints, once more,
leads to instantaneous laws, such as the Poisson equation. Weak field quantum gravity
in Poisson gauge can explain entanglement generation in GIE proposals, but through a
non-local channel [94].

To summarize, the main message of the this section is that, contrary to the claims
of the authors of the GIE proposal who, based on the LOCC argument, claim that the
proposal indirectly probes the existence of quantized mediators, here we have shown that
such a conclusion is ambiguous. For both QED and weak field quantum gravity, viable
non-local formulations exist which can explain the entanglement generation via non-local
quantum channel. Thus, the LOCC argument is not needed to be invoked since the notion
of locality is not required by known relativistic theories. For an extended discussion, the
reader is also referred to the section "conclusions" in [94].
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5 Appendix I

5.1 Proof of (3.22)

The aim of this appendix is to solve the master equation for a Kerr oscillator coupled
to a bath of simple harmonic oscillators, all at zero temperature. Moreover, we assume
that initially, at t = 0, the Kerr oscillator is in a coherent state. Our starting point is the
standard Lindblad equation

∂ρ̂(t)

∂t
= −i[Ĥ, ρ̂(t)] + γ

(
âρ̂(t)â† − 1

2
â†âρ̂(t)− 1

2
ρ̂(t)â†â

)
(5.1)

which can be equivalently written as

∂ρ̂(t)

∂t
= −i

(
Ĥeff ρ̂(t)− ρ̂(t)Ĥ†eff

)
+ γâρ̂(t)â† (5.2)

where the effective Hamiltonian Ĥeff

Ĥeff = Ĥ − iγ
2
n̂ (5.3)

contains both an Hermitian (the Kerr Hamiltonian (2.51), denoted as Ĥ) and a non-
Hermitian piece (term ∝ iγ2 n̂). We now introduce the following transformation

ρ̂(t) = e−itĤeff ρ̂I(t)e
itĤ†eff (5.4)

and (5.2) becomes
∂ρ̂I(t)

∂t
= γâ(t)ρ̂I(t)â

†(t) (5.5)

where the time dependent ladder operators1 are defined as

â(t) ≡ eitĤeff âe−itĤeff (5.6)

and
â†(t) ≡ eitĤ

†
eff â†e−itĤ

†
eff (5.7)

Inserting the expression for Ĥeff into (5.5) and making use of the Baker-Campbell-
Hausdorff (BCH) formula to commute â(t) and â†(t) with Ĥeff in (5.6) and (5.7), we
end up with the following differential equation

∂ρ̂I(t)

∂t
= γe−γte−2iχn̂tâρ̂I(t)â

†e+2iχn̂t (5.8)

1Note that the time dependence of the ladder operations does not stem from changing to the Heisenberg
picture but because of the definition in the new frame.
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Since the starting point is a master equation in Lindblad form, we have implicitly assumed
that the coupling between the system (Kerr oscillator) and the environment is weak. This
assumption is needed in order to derive the Lindblad equation, as already discussed in
Chapter 3. Therefore, assuming weak coupling between system and environment, one
can solve (5.8) perturbatively. The solution will have the form

ρ̂I(t) = ρ̂
(0)
I (t) + γρ̂

(1)
I (t) +O(γ2) (5.9)

where γ is the parameter which controls the perturbative expansion. The zeroth order
function ρ̂(0)

I (t) satisfies

d

dt
ρ̂

(0)
I (t) = 0 =⇒ ρ̂

(0)
I (t) = ĈI (5.10)

where ĈI is an arbitrary constant operator which, as it will become clear shortly, we
choose to be

ĈI = |α〉〈α| (5.11)

To first order, the differential equation is

dρ̂
(1)
I (t)

dt
= e−γte−2iχtn̂âρ̂

(0)
I (t)â†e+2iχtn̂ (5.12)

Inserting (5.11) into (5.12), acting with the operators on the coherent states and integrat-
ing both sides, we end up with

ρ̂
(1)
I (t) = e−|α|

2
∞∑

m,n=0

αmα∗n√
m!n!

|α|2γ
(

1− e−it[2χ(m−n)−iγ]

i[2χ(m− n)− iγ]

)
|m〉〈n| (5.13)

Therefore, the solution up to 1st order is

ρ̂I(t) = e−|α|
2
∞∑

m,n=0

αmα∗n√
m!n!

[
1 + |α|2γ

(
1− e−it[2χ(m−n)−iγ]

i[2χ(m− n)− iγ]

)]
|m〉〈n|+O(γ2)

(5.14)
Keeping higher orders, one can easily see that the terms in the square bracket of (5.14)
can be resumed, to end up with the full solution

ρ̂(t) =
∞∑

m,n=0

(
αe−

γt
2

)m(
α∗e−

γt
2

)n
√
m!n!

e−iχt(m
2−n2)e−|α|

2Amn(χ,γ)|m〉〈n| (5.15)

where

Amn(χ, γ) = 1− γ
[
1− e−it

(
2χ(m−n)−iγ

)]

i
(
2χ(m− n)− iγ

) (5.16)

This result exactly coincides with (3.22) and (3.23).
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5.2 Computation of expectation values- Husimi approach

TheHusimi function can be used to compute anti-normal ordered expectation values [69].
To illustrate this, we will compute the expectation value 〈â(t)〉. Similar computation can
be performed for any other expectation values. We start with

〈â(t)〉 =

∫
d2αQ(α, α∗, t)α =

∞∑

m,n=0

Amn(t)

∫
d2ααn+1(α∗)me−α

∗(1−Γ+(m−n))α

(5.17)
where we have inserted the expression for the Q-function (3.48) with

Amn(t) ≡ αm0 α
∗n
0

m!n!
e−i(ω−χ)(m−n)t+ 1

2
γt
[
Γ3(m− n)

](m+n+1)/2
e

(
Γ−(m−n)−1

)
|α0|2

(5.18)
Wewould like to compute the integral in (5.17). In order to do that, we rewrite the integral
as
∫
d2ααn+1(α∗)me−α

∗(1−Γ+(m−n))α =

=
∂n+1

∂(iz)n+1

∂m

∂(iz∗)m

[∫
d2αe−α

∗(1−Γ+(m−n))αeizα+iz∗α∗
]

z=z∗=0

(5.19)

where a generating function f(z, z∗) = eizα+iz∗α∗ has been inserted, upon which one
can take derivatives with respect to z, z∗. Note that at the end of the calculation, we
should set z = z∗ = 0. This is a standard technique to compute expectation values of
operators in quantum optics or in quantum field theory (in the path integral formulation).
Performing now the integral on the RHS of (5.19), we find

∫
d2ααn+1(α∗)me−α

∗(1−Γ+(m−n))α =
m!

(
1− Γ+(m− n)

)m+1 δm,n+1 (5.20)

Inserting this into (5.17), we end up with

〈â(t)〉 = α0e
−i(ω−χ)t+ 1

2
γt Γ3(1)

(1− Γ+(1))2
e

(
Γ−(1)−1

)
|α0|2e|α0|2Γ3(1)/(1−Γ+(1)) (5.21)

where the parameters that appear can be read off from equations (3.36)-(3.42).
For n̄ = 0, we recover the correct expression for the case of zero temperature

〈â(t)〉 = α0e
−iχte−

γt
2 e|α0|2e−γte−2iχt

e
−|α0|2

[
1−γ
(

1−e−it(2χ−iγ)

i(2χ−iγ)

)]

(5.22)

One can similarly compute 〈â2(t)〉, 〈â†2(t)〉, ....
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6 Summary of accompanying papers

In this chapter, we provide the reader with a brief summary of the papers accompanying
this thesis.

6.1 Paper I

In our first paper [16], we have managed to isolate a novel effect which has not been
previously considered in the axion dark matter community: Squeezing of the quantum
state of axions. This new effect stems from the fact that we describe axion dark matter
quantum mechanically. This is in stark contrast with the standard approach, according
to which the axion field is treated as a classical field, evolving according to the Gross-
Pitaevskii equation (GPE). In our approach, we made use of the so-called Hartree ansatz
which guarantees the validity of GPE, but crucially, we also kept the operator nature of
the field intact. The latter evolves according to a non-linear Hamiltonian, known in the
quantum optics bibliography as "Kerr Hamiltonian". This Hamiltonian, when acting on
a coherent state, induces squeezing at very short timescales, which cannot be captured
within the mean field approximation.

6.2 Paper II

Our second paper is related to the Gravity Induced Entanglement proposals (GIE)[94].
Themotivation for this work is to clarify some theoretical aspects, the underlying assump-
tions of the particular proposal as well as what can we learn about quantumness of gravity,
in case entanglement generation via gravity is experimentally verified. We conclude that
if entanglement is observed, the Newtonian potential acts as a quantum channel, capable
of transmitting quantum information. This follows directly from the definition of a quan-
tum channel and the experimental outcome. Any other conclusion beyond that, relies
on further ambiguous assumptions. In particular, it relies on the assumption of locality.
The authors use the LOCC theorem as a no-go theorem, to infer the existence of quan-
tized gravitational mediators, responsible for generating the entanglement between the
superposed masses. We have showed that, by invoking the LOCC argument, one can-
not uniquely infer their existence since within standard physics, this entanglement can
be explained with non-local (but still causal) formulations of well-known theories. One
particular example is the Feynman-Wheeler formulation of weak field gravity. In the
same spirit, in the analogous electromagnetic setup, this proposal would not unambigu-
ously infer the existence of photons, quantized mediators of the electromagnetic field, if
electromagnetic induced entanglement between charges would be observed. Finally, we
also point out that the standard single field inflationary paradigm and the quantization
of the perturbations, in the weak field regime, account for the current observations of
the temperatures anisotropies in the Cosmic Microwave Background. Providing that one
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gives credence to the inflationary paradigm, has to conclude that the regime probed by
the GIE, namely the quantization of the weak field gravity, has already been tested by
cosmological observations.
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Axionlike particles (ALPs) are promising dark matter candidates. They are typically described by a
classical field, motivated by large phase space occupation numbers. Here we show that such a description is
accompanied by a quantum effect: squeezing due to gravitational self-interactions. For a typical QCD axion
today, the onset of squeezing is reached on μs scales and grows over millennia. Thus within the usual
models based on the classical Schrödinger-Poisson equation, a type of Gross-Pitaevskii equation, any
viable ALP is nonclassical. We also show that squeezing may be relevant on the scales of other self-
gravitating systems such as galactic haloes, or solitonic cores. Conversely, our results highlight the
incompleteness and limitations of the classical single field description of ALPs.

DOI: 10.1103/PhysRevD.106.043517

I. INTRODUCTION

The search for dark matter is one of the main challenges
of modern physics. A viable and popular dark matter
candidate is a light (mass m ≪ 1 eV) self-gravitating
quantum scalar field, such as the QCD axion or any other
axionlike particle (ALP). Extensive experimental searches
focus on its distinct wavelike signatures [1–3], and its
theoretically expected coupling to matter [4–6]. This type
of ALP dark matter, also including ultralight or “fuzzy dark
matter,” is usually described by a classical scalar field rather
than particles [7–16]. The classical field description is
motivated by the de Broglie wave length ƛdeB ¼ ℏ=ðmvrmsÞ
being significantly larger than the interparticle distance d,
and thus the mean phase space occupation number
ðƛdeB=dÞ3 is large. If a misalignment mechanism produces
the ALP then initially it would be in a coherent state [7,8],
and thus a classical field.
An open question is whether dark matter can exhibit

observable quantum features. The difference between quan-
tum and classical dynamics can be subtle, and there are
several nonclassicality measures in quantum information

science [17]. One such nonclassicality witness is the
inability to represent the system in terms of classical
mixtures of coherent states. The most prominent quantum
effect of this form is squeezing [18]. In the context of
quantum optics, squeezing of bosonic systems is a well-
established benchmark for nonclassicality that has been
observed in a range of different systems [19–22], with many
applications in quantum-enhanced metrology [23] and
quantum information processing [24,25]. The electromag-
netic case is also instructive to understand the difference
between the classical and quantum states of the ALP. The
starting point of quantum optics and our understanding of
the difference between classical and quantumcoherencewas
the Hanburry-Brown-Twiss experiment [26]. It focused
on the correlation between intensities from a beam of light
that is received at two spatially separated detectors. While
the observed correlations can be described classically,
Glauber [27] and Sudrashan [28] used it to develop a
quantum description of light that showed how one could
distinguish classical from quantum effects: photon number
correlations can exhibit classical or quantum features—the
latter typically referred to as antibunching. Squeezed light is
a particular quantum state that may exhibit such quantum
signatures that can be verified experimentally. As we will
show in this work, ALPs may well be in such a state.
In this paper we consider the dynamics of a self-

gravitating quantum field and show that it undergoes rapid
self-squeezing due to self-interactions, a quantum feature
that cannot be captured by a classical field description. Our
results hold in the standard framework used for describing a
classical scalar field, the Gross-Pitaevskii equation (GPE)
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in the form of the Schrödinger-Poisson equation. The
squeezing happens on μs timescales and is continuously
reproduced. We show formation of squeezing in three
different physical scenarios: on cosmological scales, galac-
tic scales, and in solitonic cores that form in a galactic
centers. These scenarios have the common feature that they
are approximately self-gravitating. On even smaller scales,
such as haloscopes (ground based experiments searching
for axions) [29] we find that squeezing becomes negligible
even if the galactic halo undergoes strong squeezing. A
QCD axion, for example, reaches 9 dB squeezing—
reduction of the vacuum noise for one quadrature (and
simultaneous increase for the opposite quadrature) by an
order of magnitude—after less than 100 μs for the cos-
mological volume down to the solitonic core volume. Thus,
under standard assumptions about the dynamical descrip-
tion of the ALP, we arrive at the result that an initial
“classical” quantum state quickly evolves into a non-
classical squeezed state. In contrast to previous works
[14,30], here we find an example of quantum behavior that
forms very rapidly. The results suggest that either ALPs
exhibit non-negligible quantum features or that the usually
adopted classical description by a single classical GP scalar
field is incomplete.

II. THE ALP MODEL

We model the axionlike particle using a nonrelativistic
scalar quantum field ψ̂ðx; tÞ. In a cosmological setting it is
embedded in a homogeneously and isotropically expanding
Friedmann-Robertson-Walker (FRW) universe. The result-
ing Heisenberg equation of motion of ψ̂ðx; tÞ is, see for
instance [31],

iℏ∂tψ̂ðx;tÞ¼−
ℏ2

2mAðtÞ2∇
2ψ̂ðx;tÞþmΦ̂ðx;tÞψ̂ðx;tÞ;

∇2Φ̂ðx;tÞ¼4πGm
AðtÞ ðψ̂†ðx;tÞψ̂ðx;tÞ− ψ̂†ðx;tÞψ̂ðx;tÞÞ; ð1Þ

where AðtÞ is the scale factor, which appears due to our
use of comoving coordinates x. We remove the homo-
geneous mode, denoted by the overbar, from the source
of the gravitational potential in the Poisson equation.
Our approach therefore does not quantize the homo-
geneous mode of the ALP. This allows us to avoid an
IR divergence and conceptual issues of such a Newtonian
quantum cosmology. The homogeneous mode obeys the
Friedmann equation HðtÞ2 ¼ 8πG

3
ρ0AðtÞ−3. Here, AðtÞ is

the scale factor of the universe normalized to Aðt0Þ ¼ 1,
where t0 is the present age of the universe. H ¼ _AðtÞ=AðtÞ
is the Hubble expansion rate, and ρ0 ¼ mn0 the present-
day mean energy density of the ALP, with n0 the present
ALP mean number density and m the mass of the ALP.
We set the speed of light as c ¼ 1. For simplicity, we
neglect here other types of matter and the cosmological

constant.1 To be consistent with the gravitational potential
being entirely due to the ALP in (1) we focus on a purely
ALP dominated background cosmology. For our pur-
poses, this is a sufficiently accurate description of the
late universe. While a cosmological constant could be
trivially included (and will not change the order of
magnitude of our results), inclusion of other types of
clustering matter would require a quantum mechanical
modeling which is beyond the scope of this paper, but will
likely play a crucial role in the quantum-classical tran-
sition of the ALP.

A. Hartree ansatz

Our approach to solve the Heisenberg equation (1) is to
impose the Hartree ansatz for the wave function of the ALP
quantum field, and—crucially—the assumption that this
ansatz remains dynamically valid, which guarantees the
validity of the GPE [32–35]. By doing so, we treat the ALP
in a conservative way since the GPE remains valid, but at
the same time obtain an analytically tractable nonlinear
quantum description. The large squeezing at very short
timescales that we find here is precisely due to guaranteeing
the validity of the GPE by assuming the Hartree ansatz.
Thus our results show that squeezing should arise whenever
this ansatz is justified.
The Hartree ansatz for the ALP quantum state implies

that only a single mode with mode function ψðx; tÞ and
operator âðtÞ is relevant such that approximately

ψ̂ðx; tÞ ¼ ψðx; tÞffiffiffiffi
N

p âðtÞ; ð2Þ

with all other modes cδψðx; tÞ contributing to ψ̂ðx; tÞ
neglected. This means that negligence of these other
modes defines ψðx; tÞ and âðtÞ through (2). The normali-
zation

ffiffiffiffi
N

p
is for convenience and implies that the

resulting GPE, for quantum states jΨðtiÞi containing N
(or approximately N) particles, will not depend on N in
the limit N → ∞.2 Examples of such Hartree states are
“nonclassical” Fock states jNi ¼ 1ffiffiffiffi

N!
p ðâ†ðtiÞÞN j0i, or

“classical” coherent states jαi ¼ e−N=2
P∞

n¼0
αnffiffiffi
n!

p jni, with
α ¼ ffiffiffiffi

N
p

so that ψ̂ðx; t0Þjαi ¼ ψðx; t0Þjαi. The state jαi
describes a classical field configuration ψðx; t0Þ with
negligible quantum fluctuations Varðψ̂Þ1=2=ψ ¼ N−1=2.

1Inclusion of a cosmological constant is straightforward and
would not affect our approach based on (1), the order of
magnitude of our results and our conclusions. On the other
hand, inclusion of additional degrees of freedom will affect
the quantum coherence, as discussed in Sec. III.

2The GPE field is normalized to
R
V d

3xjψðx; tÞj2 ¼ N, so that
the spatial average is jψ j2 ¼ N=V ≡ n0. Here V is the comoving
volume, assumed to be very large, roughly the size of the Hubble
volume H−3

0 .
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B. System of Kerr and Gross-Pitaevski equations

Projecting the Heisenberg equation (1) onto the mode
function, that is 1ffiffiffi

N
p

ℏ

R
V d

3xðψ�ðx; tÞEq:ð1ÞÞ, we obtain the
Kerr oscillator equation for âðtÞ:

i∂tâðtÞ ¼ ωðtÞâðtÞ þ 2χðtÞâ†ðtÞâðtÞâðtÞ ð3aÞ

with coefficients (see Appendix E for a more rigorous
derivation),

ωðtÞ≡ ω̃ðtÞ − μðtÞ; ð3bÞ

μðtÞ≡ 1

N
i
Z
V
d3xψ�ðx; tÞ∂tψðx; tÞ; ð3cÞ

ω̃ðtÞ≡ 1

N
ℏ

2mA2ðtÞ
Z
V
d3xj∇ψðx; tÞj2; ð3dÞ

χðtÞ≡ 1

2N2

m
ℏ

Z
V
d3xΦðx; tÞjψðx; tÞj2 ð3eÞ

¼ −
1

2N
ωðtÞ: ð3fÞ

The last equality (3f) follows from the Gross-Pitaevskii
equation for ψðx; tÞ, which is identical in form to the
Heisenberg equation (1) with all the “hats” removed; see
Appendix E for a derivation.
Note that the common approach in the ALP literature is

to set ψ̂ðx; tÞ → ψðx; tÞ, and thus âðtÞ → ffiffiffiffi
N

p
. While this

indeed solves (3), it is not strictly a valid solution since it
does not satisfy ½â; â†� ¼ 1. It neglects the quantum noise
which undergoes strong squeezing and can therefore grow
in time, as we will now show.
The relevant dynamics of â is equivalent to a Kerr-

Hamiltonian which is well known in quantum optics
[19,36] and in the context of Bose—Einstein condensates
(BECs) [32]. An initially coherent state jα ¼ ffiffiffiffi

N
p i evolves

unitarily according to the Hamiltonian Ĥ ¼ ℏωâ†âþ
ℏχâ†â†â â, with time-independent parameters ω and χ.
The Heisenberg equation of motion iℏ _̂a ¼ ½â; Ĥ� is equiv-
alent to (3) with time-independent coefficients and with the
solution âðtÞ ¼ e−itðωþ2â†ðtiÞâðtiÞχÞâðtiÞ. As we show below,
assuming these parameters to be constant is a good approxi-
mation for the timescaleswe consider. In the followingwe set
ti ¼ 0 to simplify expressions.

C. Quadrature squeezing

Defining the quadrature operator X̂θðtÞ ¼ âðtÞe−iθþ
â†ðtÞeiθ, where θ is the quadrature angle, squeezing is
present at θ ¼ θ−ðtÞ if the minimal variance V−ðtÞ≡
VarðX̂θ−ðtÞðtÞÞ < 1 is below the vacuum level (see
Appendix A for more details). One effect of the non-
linearity is to generate such squeezing, which is still

described in the Gaussian approximation and takes place
on much shorter timescales than non-Gaussian effects such
as generation of superposition states [36]. In the limit of
large N, the minimal variance is given explicitly in
Appendix B, Eq. (B3). We define the squeezing timescale
as the time on which V−ðtÞ crosses below e−2 ≃ 0.135, i.e.,
the vacuum noise is reduced by a factor 0.135 (or about
9 dB squeezing). Or in terms of the squeezing parameter

rðtÞ≡ −
1

2
lnV−ðtÞ; ð4Þ

the squeezing timescale is rðtsqzÞ ¼ 1. This yields

Njχjtsqz ≃
1

2
sinhð1Þ ≃ 0.6: ð5Þ

For large N, V−ðtÞ approaches 0 very closely, with its
minimum corresponding to a maximum of rðtÞ given

rmax ≃ lnð3−1=225=6N1=6Þ ≃ lnðN1=6Þ; ð6Þ

with rðtmaxÞ ¼ rmax and

Njχjtmax ≃ 2−5=3N1=6 ≃ 0.3N1=6: ð7Þ

The squeezing angle defining the orientation of the
squeezed quadrature can be approximated by

θ−ðtÞ ≃ sgnðχtÞ π
4
−
1

2
arctanð2χNtÞ − ðωþ 2χNÞt; ð8Þ

which for t > tsqz approximately corotates with the
classical solution acðtÞ ¼ αe−itðωþ2χNÞ of the Kerr model
which is a good approximation to the mean hâðtÞi. The
conjugate quadrature with θþ ¼ θ− þ π=2 is exactly anti-
squeezed. The N-dependent phase shift provided by the
arc tangent approximately cancels for t > tsqz with the
remaining offset at tmax vanishing as sgnðχtmaxÞN−1=6, thus
producing an approximately amplitude-squeezed state.3

D. Estimation of the Kerr model parameters

We can express the parameters (3f) that govern the
dynamics and the squeezing in terms of known cosmo-
logical parameters and the ALP mass. We estimate ω̃ðaÞ by
treating ψðx; tÞ in perturbation theory (see Appendix D), or
by solving for it numerically using the full GPE. In both
cases one approximately finds

ℏ
m
ω̃ðAÞ ¼ KðAÞ ≃ 1

2
v2rms ¼

1

2
Av2rmsðA ¼ 1Þ; ð9Þ

3Equation (8) corrects previous results, Eqs. (26)–(28) in [37].
We also note that our expressions for rmax and tmax are more
accurate than those presented in Eq. (8) of [38].
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where mK is the average ALP kinetic energy, and v2rms is
the density weighted average of the ALP velocity field
squared, see [31], or in the context of cold dark matter
(CDM) Eq. 106 in [39]. Numerical simulations show
v2rmsðA ¼ 1Þ ≃ 10−6 in the present-day universe. This is
the result of nonlinear structure formation through gravi-
tational instability of ψ from primordial density perturba-
tions. On scales larger than ƛdeB ¼ ℏ=ðmvrmsÞ, jψðx; tÞj2
and the density of cold dark matter are virtually the
same [1,10,31,40]. Therefore estimating KðtÞ can be
done with any conventional CDM N-body simulation or
CDM perturbation theory. The squeezing timescales are
determined by χ which is related to the average potential
energy W ¼ ℏ

mNχ [31]. Using the Layzer-Irvine equation
d
dA ½AðWðAÞ þ KðAÞÞ� ¼ −KðAÞ, Eq. 47 of [31], we get
with KðAÞ ∝ A from (9), W ¼ − 3

2
K. Thus combined

ωðtÞ¼ 3ω̃ðtÞ; χðtÞ¼−
3

2

ω̃ðtÞ
N

; μðtÞ¼−2ω̃ðtÞ: ð10Þ

We have therefore tied all parameters appearing in the Kerr
oscillator to a simple expression for ω̃ðtÞ, Eq. (9), entirely
fixed by known cosmological parameters and the ALP
mass m.
The number N of axions in the volume V, with

V1=3 ≲H−1
0 , is approximately

N ≃H−3
0

ρ0
m

¼ 1093
10−5 eV

m
: ð11Þ

Note that this number deviates from ALP mode occupation
numbers used elsewhere in the literature, e.g., 1061 in [41]
and 1026 in [13] which refer to phase space occupation
numbers in the early and late universe, respectively. Our N
is the occupation number of the single GP mode.

E. Onset of squeezing

We find the squeezing timescale of the ALP in the
present-day universe from (5), (9), and (10) to be

tsqz ≃
1

ω̃
≃

ℏ
mv2rms

¼ ƛdeB
vrms

≃A¼1 10−5 eV
m

66 μs: ð12Þ

We have thus shown that squeezing is rapidly generated for
an ALP, much faster than the age of the universe ≃H−1

0 ≃
1018 s for all m > 10−22 eV. In other words, the single
mode treatment of the ALP predicts quantum effects for the
full mass range of viable ALP models on cosmologically
short timescales. This also justifies our approximation of
the Kerr model parameters by the their present-day values,
since j _ω=ωj ≃ j_χ=χj ≃H. Note that the (quantum) squeez-
ing timescale ƛdeB=vrms of the operator âðtÞ essentially
coincides with the (classical) coherence timescale of the GP
field ψðx; tÞ, see for instance [42].

For a QCD axion with m ≃ 10−5 eV, this timescale is
about 66 μs. One can compare this to other quantum
mechanical timescales appearing in the Kerr model, such
as the Ehrenfest timescale tEhr ¼ N1=2tsqz, or Schrödinger
“cat” creation time tcat ¼ Ntsqz [36]. Both of these time-
scales far exceed the age of the universe for the ALP
mass range.

F. Maximal squeezing

The maximum squeezing that can be produced in ALPs
is obtained by inserting (11) into (6):

rmax ≃ 36þ 1

6
ln
10−5 eV

m
: ð13Þ

This immense squeezing is similar in size to the squeezing
of inflaton perturbations produced during inflation, which
is known to lead to observably large quantum signatures
[43–46]. The time tmax, Eq. (7), at which maximal
squeezing is reached, is

tmax ¼ 0.5tsqzN1=6 ≃
�
10−5 eV

m

�
7=6

3500 yr: ð14Þ

Therefore even the extreme squeezing rmax would be easily
reached in the present universe, justifying our use of
constant Kerr model parameters, for m ≥ 10−12 eV.
Since ωþ 2Nχ ¼ 0 the squeezing angle evolves

slowly between θ− ≃ − π
4
and θ− ≃ − π

4
N−1=6 in the interval

0 < t≲ tmax. This implies that there is an approximately
fixed quadrature for which squeezing remains strongest and
grows as rðtÞ over an extended period tmax.
As an example we show in Fig. 1 the evolution of an

initial coherent state with α ¼ 2000 into a squeezed
coherent state using the Wigner representation. Over time,
the quadrature squeezing grows as the quadrature rotates,
while the number fluctuation remains constant (see the
Appendices B and C for more details).
We also consider two other physical situations with

drastically smaller volumes for which the GPE dynamics,
or equivalently the Hartree ansatz, may be better justified:
galactic haloes and solitonic cores in dark matter haloes.
The calculations are analogous to the cosmological case,
but without the scale factor in Eq. (1). The details are
presented in the Appendices H and I, and the results are
summarized in Table I. Importantly, the onset of squeezing
is independent of N, thus similar timescales tsqz are found.
In Appendix I we also show that squeezing of axions
contained in a volume that is not gravitationally bound,
such as an axion haloscope. In this scenario the haloscope
volume is part of a larger gravitationally bound volume,
the galactic halo which is modeled using the Hartree
state ansatz adopted in this paper, and exhibit negligible
squeezing.
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The simple approximation used here is common in the
study of ALPs; it assumes a single GP mode (the Hartree
ansatz which assures the validity of the GPE). This GP
mode may well approximate some physical situations such
as the solitonic core.

III. DISCUSSION

Some important conclusions can be drawn from the
results based on this simple model. One is that the quantum
effect described here accompanies the dynamics whenever
the GP assumption is established through the common

Hartree ansatz. Thus even for large occupancies a single
classical field description that is commonly assumed in
ALP cosmology [10–16] is incomplete. Our results there-
fore also highlight the need to scrutinize the range of
validity of the GP ansatz in cosmology, which is at the core
of many predictions of ALP behavior such as interference
fringes [1]. Another conclusion is that the quantum effect
we describe would be continuously regenerated on very
short timescales even if the ALP state were to collapse onto
a coherent state through environmental decoherence.
While a similar nonrelativistic QFT description for ALPs

was previously used [14,48–51], the specific quantum
effect we isolate here is novel in the context of ALPs
and takes place on much shorter timescales than other
expected quantum phenomena. This squeezing timescale is
related to some previous findings. It matches the “classical
break time” introduced in [30], which characterizes the
onset of nonlinearities in the classical description. It can
also be related to the thermalization timescale found in
[41,48], where a plane wave mode expansion was used to
study thermalization of macroscopically occupied modes.
The relaxation of these modes forms a BEC with an
extension of the entire Hubble patch [48]. This thermal-
ization timescale can be related to our squeezing timescale
as Htth ≃ 1

Htsqz
. Thus mode thermalization and self-squeez-

ing are efficient at distinct periods with thermalization
happening before self-squeezing.
It is instructive to compare our results to quantum effects

in laboratory BECs. Quantum revivals due to the Kerr effect
have been demonstrated [52], as well as spin-squeezing of
internal states [53]. The ground state of a trapped BEC has
been shown to be a squeezed displaced state [54], as found
here, see the Appendix G. However, in lab experiments the
trapping typically dominates self-interactions and the free-
fall time is very short. Thus dynamical generation of self-
squeezing as described here has not been observed yet, but
a related theory for cold atoms has been developed [55–57]
and experiments with self-squeezed BECs might become
feasible in the near future.
From a purely theoretical perspective, our results

show that quantum effects are present in ALPs even in
the limit where one typically assumes a purely classical
description—the GP equation from the Hartree ansatz is in
fact accompanied by a quantum effect that cannot be
avoided. But experimentally, it would be a challenging
task to show nonclassicality, more formidable than verifi-
cation of ALPs in the first place. To understand this better,
let us consider the verification of squeezing of light which
was developed theoretically and experimentally in the
1980s using homodyne detection [58,59], which measures
the squeezed quadratures directly but which also requires
control of a reference coherent state. Axions, if they exist,
would be very difficult to control due to their feeble
interactions such that a homodyne detection scheme and
other forms of quantum state tomography, see e.g., [60],

FIG. 1. Squeezing generated through unitary time
evolution of a dark matter coherent state jαi in the Hartree
approximation visualized by the Wigner function Wðz; tÞ ¼
ðπℏÞ−1hαjD̂ðzÞð−1Þâ†âD̂†ðzÞjαi, see [47], where D̂ðzÞ ¼
ezâ

†−z�â. Darker hues of blue correspond to larger values of
W. Top: initial coherent state. Middle: onset of squeezing.
Bottom: maximal achievable squeezing for

ffiffiffiffi
N

p ¼ 2000. The
initial time t ¼ 0 is an arbitrary moment in the late universe (i.e.,
close to today). The red (large) dot indicates the classical solution
aclðtÞ ¼ α ¼ 2000, and the black (small) dot the quantum mean
field hâðtÞi. The classical solution is time independent since (3f)
holds for the ALP.

TABLE I. Timescales and size of squeezing due to gravitational
self-interactions of the ALP, for various physical scenarios. tsqz
refers to the timescale on which 9 dB squeezing (r ¼ 1) is
formed, while tmax is the time for which the maximal squeezing
rmax is reached. In comparison, tEhr is the Ehrenfest timescale
which is often considered as a benchmark for the breakdown of
the classical field description. Our results show that quantum
effects arise on much shorter timescales.

Cosmology Solitonic core Milky Way

tsqz ðμsÞ 66ð10−5 eV
m Þ 1400ð10−5 eV

m Þ 33ð10−5 eV
m Þ

tmax (yr) 3500ð10−5 eV
m Þ76 0.5ð10−5 eV

m Þ43 33000ð10−5 eV
m Þ76

rmax 36þ 1
6
lnð10−5 eV

m Þ 24þ 1
3
lnð10−5 eV

m Þ 32þ 1
6
lnð10−5 eV

m Þ
tEhr (yr) 1035ð10−5 eV

m Þ32 1021ð10−5 eV
m Þ2 1032ð10−5 eV

m Þ32

NONCLASSICALITY OF AXIONLIKE DARK MATTER THROUGH … PHYS. REV. D 106, 043517 (2022)

043517-5



that require control of a reference quantum state seem
unrealizable for the axion. Thus the proposals to detect
squeezing in condensed cold atoms mentioned in the
previous paragraph, e.g., [55–57], might not be applicable
to axions. Another idea is to attempt to transfer the
squeezing of the axion field into a squeezing of the
haloscope’s cavity mode and then infer the squeezing of
that electromagnetic mode using the methods for detecting
squeezed light. This approach might not be able to detect
the Kerr-squeezing of the Hartree mode because the
squeezing of the axion field on scales of the haloscope
volume is severely reduced, see Appendix I. Thus, the
indirect tests through interferometeric correlation functions
as mentioned in the Introduction might be better suited for
squeezing verification in axions. This could be achieved by

measuring the intensity correlation function Gð2Þ
I ðt − t0Þ ¼

hâ†ðtÞâ†ðt0ÞâðtÞâðt0Þi [61,62]. At t ¼ t0 squeezed states of

light can have 0 < Gð2Þ
I =hâ†âi < 1 so that detected photons

are “antibunched,” whereas for a coherent state this is equal
to 1 as a consequence of the Poissonian statistics. Any other
classical phase space distribution of the electromagnetic
radiation field can only exceed this value, which is why
squeezed light is called nonclassical. In the case of Kerr-
squeezing discussed in this paper, however, the squeezing
antibunching does not occur, see the dashed line in Fig. 3.
This is related to the fact that the fundamental dynamics
preserves the number state. It is thus expected that detecting
the squeezing of the axion, given a detection of the axion in
the first place, will be a difficult task and will require new
approaches or the study of indirect consequences on other
fields.
A multimode treatment will not necessarily inhibit

squeezing, which is an inherent consequence of the self-
interactions. For instance number-squeezing was experi-
mentally observed in a multi-well-trapped BEC [63], and in
the context of scalar field dark matter quadrature squeezing
of the GP mode has been observed to persist in a toy model
where the Hartree ansatz was replaced by five Fourier
modes [64]. Multiple localization sites, analogs of ALP
DM haloes, are known to lead to the emergence of several
macroscopically occupied GP-like fields [65]. A systematic
approach that reveals the necessity for and determines the
dynamics of additional mode functions has been estab-
lished in [34,66], and applied to what could be considered
analog situations of ALP cosmology [67,68]. These latter
studies revealed that collision events between BEC solitons
composed of attractively interacting atoms can necessitate a
dynamical increase of required c-number fields, even if the
initial state was accurately described by a single GP field.
Large squeezing is also prone to decoherence when addi-
tional interactions are taken into account [46,69]. For
example, adding baryons would a priori prevent the pure
state Hartree ansatz (2) for the ALP that is used throughout
this paper. Other extensions of relevance will be the
addition of unresolved modes of the ALP or even more

exotic coupling mechanisms such as time-dilation induced
effects [70]. These will add to the decoherence of the
system and likely limit the attainable squeezing. But since it
is constantly regenerated we expect squeezing to persist at
least on some timescales. The multimode treatment, inclu-
sion of environments, and resulting decoherence will be
considered in subsequent work.

IV. CONCLUSION

In this paper we have shown quantum squeezing in ALP
models of dark matter, using the Hartree approximation
which guarantees the validity of the Gross-Pitaevskii
equation. Our results highlight the quantum nature of the
models, even when they are expected to yield purely
classical results. Nonclassical squeezed states are contin-
uously formed at very short timescales in different physical
scenarios. On the one hand, our results motivate searches
for observable signatures of quantum effects of ALP dark
matter. On the other hand, the results challenge the validity
of the simple models that are routinely employed in ALP
cosmology.
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Note added.—After submission of this article a related
work appeared [71], in which two-mode squeezing of the
axion is discussed. The mechanism and the type of
squeezing studied in [71] is different from that discussed
here. In our mechanism squeezing is due to self-gravity,
i.e., the nonlinear self-interaction of inhomogeneities of the
scalar field in the late universe, whereas in [71] squeezing
of the inhomogeneous modes of the axion is a linear
process due to the strong time dependence of the expansion
of space in the very early inflationary universe [43–46].

APPENDIX A: QUADRATURE VARIANCE AND
SQUEEZING

A quadrature is defined as

X̂θðtÞ ¼ âðtÞe−iθ þ â†ðtÞeiθ; ðA1Þ

and has variance

VarðX̂θðtÞÞ ¼ 1þ 2ðhâ†ðtÞâðtÞi − jhâðtÞij2Þ
þ e−2iθVarðâðtÞÞ þ e2iθVarðâ†ðtÞÞ ðA2Þ
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where VarðÔÞ≡ hÔ2i − hÔi2. The minimizing angle θ− is

e2iθ−ðtÞ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðâðtÞÞ
Varðâ†ðtÞÞ

s
ðA3Þ

leading to the minimal variance V−ðtÞ≡ VarðX̂θ−ðtÞÞ,

V−ðtÞ ¼ 1þ 2ðhâ†ðtÞâðtÞi − jhâðtÞij2Þ − 2jVarðâðtÞÞj:
ðA4Þ

Since Varðâ†ðtÞÞ ¼ ðVarðâðtÞÞÞ� the only necessary ingre-
dients are hâðtÞi, hâ2ðtÞi, and hâ†ðtÞâðtÞi.

APPENDIX B: DETAILS OF THE KERR MODEL

It is convenient to write Ĥ ¼ ℏðω − χÞn̂þ ℏχn̂2 because
the linear and nonlinear parts of Ĥ commute in this form so
that U ¼ e−iĤt=ℏ ¼ e−iðω−χÞtn̂e−iχtn̂2 . For a coherent state
jαi this implies hâ†âi ¼ jαj2 ¼ N. We assume again with-
out loss of generality that α ¼ ffiffiffiffi

N
p

.
To evaluate V− and θ− in the Kerr model, the only

additional quantities we need are hâi and hâ2i. We calculate
these expectation values using the result eÂB̂e−Â ¼P∞

k¼0
1
k! ½Â; B̂�k, where ½Â;B̂�k¼½Â;½Â;B̂�k−1�, ½Â; B̂�0 ¼ B̂.

Assigning Â ¼ iĤt=ℏ and B̂ ¼ â, or B̂ ¼ â2, gives Û−1â Û
and Û−1â2Û which can be evaluated using ½â; â†� ¼ 1, and
results in

hâi ¼ hαjÛ−1â Û jαi
¼ αe−iωte−2N sin2ðχtÞe−iN sinð2χtÞ; ðB1Þ

hâ2i ¼ hαjÛ−1â2Ûjαi
¼ α2e−i2ðωþχÞte−2N sin2ð2χtÞe−iN sinð4χtÞ: ðB2Þ

Inserting this into (A3) and (A4) gives the squeezing angle
θ−ðtÞ and size V−ðtÞ for the Kerr oscillator. The resulting
expressions are difficult to analyze further analytically due
to their nonalgebraic structure. In [38] a very accurate
algebraic approximation for V−ðtÞ has been obtained by
substituting N → τ=ðχtÞ and performing a Taylor expan-
sion in t (with τ fixed) which gives

V−ðtÞ ≃ 1 − 4τsþ 8τ2 þ 8τ3ð5þ 12τ2Þ
Ns

−
16τ4

N
;

s≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4τ2

p
;

τ≡ Njχjt: ðB3Þ

Note that V−ðtÞ is independent of the sign of χ. To obtain
the squeezing timescale we hold τ fixed while taking the
limit N → ∞ in (B3). Then we solve − 1

2
lnV−ðtsqzÞ ¼ 1 for

tsqz to obtain (12). To obtain the time of maximal squeezing

we replace jχjt → τ̃N−5=6 in (B3), and while holding τ̃
fixed, we expand in 1=N. The leading term is

V−ðτ̃Þ ≃ N−1=3 2
9τ̃6 þ 1

24τ̃2
: ðB4Þ

Taking a τ̃ derivative, we find the minimum at τ̃max ¼ 2−5=3,
which gives (7). Inserting this back into V−ðτ̃maxÞ corre-
sponding to rmax ¼ − 1

2
lnV−ðτ̃maxÞ results in (7). Figure 2

shows tsqz, tmax, and rmax as a function of N, and compares
our approximations (dot-dashed) for (5), (7), and (6) to
their exact result (full lines).
Finally we calculate θ−. We proceed in a similar fashion

as we did for V−. We insert (B1) and (B2) into
VarðâÞ=ðVarðâÞÞ� and we replace N → T=ðχtÞ. Then we
take the log and Taylor expand the result in χt with the
result

θ− ≃ −
i
4
ln

�
e−i4ωt

e−8iTð2T þ iÞ
2T − i

�
ðB5Þ

¼ −
i
4
ln

�
2T þ i
2T − i

�
− ωt − 2T: ðB6Þ

This can be simplified into the expression (8). The signum
function in (8) arises due a branch cut in the log.

APPENDIX C: SQUEEZED COHERENT STATES

Displacement operator

D̂ðβÞ ¼ eβâ
†−β�â ðC1Þ

and squeeze operator

FIG. 2. Squeezing timescales tsqz and tmax (upper panel) and
maximal squeezing (lower panel), and their scaling with N, for
the Kerr model. Full lines are exact, dashed lines approximations
used in the main text.
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ŜðζÞ ¼ e
1
2
ðζ�â2−ζðâ†Þ2Þ ðC2Þ

have the properties

D̂†ðβÞâ D̂ðβÞ ¼ âþ β; ðC3Þ

Ŝ†ðζÞâ ŜðζÞ ¼ â coshðρÞ − â†e2iϕ sinhðρÞ; ðC4Þ

where

ζ ¼ ρe2iϕ ðC5Þ

with ρ ≥ 0. A squeezed coherent state is defined as

jβ; ζi ¼ D̂ðβÞŜðζÞj0i: ðC6Þ

Evaluating (A4), (A3) we find

hâi ¼ β; ðC7Þ

V− ¼ e−2ρ; ðC8Þ

θ− ¼ ϕ: ðC9Þ

Since we know hâðtÞi, V−ðtÞ≕ e−2rðtÞ and θ−ðtÞ for the
Kerr oscillator, see (B1), (B3), (8), we can construct an
approximate solution to the Kerr oscillator quantum state in
the Schrödinger picture as jΨSCðtÞi ≃ jhâðtÞi; rðtÞe2iθ−ðtÞi.
In the main text we have approximated hâi ≃ acðtÞ. This is
justified because we consider quantum evolution only up to
the time tmax ≃ 0.5N1=6tsqz which is much smaller than the
Ehrenfest time tEhr ¼ N1=2tsqz.
The squeezed coherent state approximation breaks down

due to non-Gaussianities around the time tmax. In order to
verify that a squeezed coherent state is a good approxi-
mation to the Kerr-evolved coherent state until tmax we
evaluate

Varðn̂Þ ¼ 1

4
ðcoshð4ρÞ − 1Þ þ Nðcoshð2ρÞ

− cosð2ϕÞ sinhð2ρÞÞ ðC10Þ

for the squeezed coherent state j ffiffiffiffi
N

p
; rðtÞe2iϕi with

ϕ ¼ θ−ðtÞ and ϕ ¼ 0 in Fig. 3. We see that inclusion
of the squeezing orientation is crucial to match the value
Varðn̂Þ ¼ N of the Kerr-evolved coherent state. This
also explains the “coincidence” of θ−ðtmaxÞ ≃ π

4
N−1=6

and V1=2
þ ≃ N1=6. As can be seen in the lower panel of

Fig. 1, this combination of angle and vertical extension of
the phase space distribution leads to an order unity range in
radial direction that is independent of N.

APPENDIX D: PERTURBATION THEORY
ESTIMATE OF KðAÞ

The goal of this appendix is to show the physical origin,
the approximate order of magnitude, as well as the
A-scaling of the kinetic energy KðAÞ. This result was used
TO derive a relation (10) between μ and ω̃ appearing in the
Kerr oscillator equation (3). A more precise estimate of
KðAÞ could be extracted from a cosmological N-body or
Schrödinger-Poisson simulation if needed.
The mean kinetic energy mKðAÞ and the mean

potential energy mWðAÞ of an ALP can be evaluated in
perturbation theory. Here we use linear perturbation theory
of cold dark matter modeled by a pressureless perfect fluid,
with particle density nðx; tÞ and velocity field uðx; tÞ
satisfying the Euler-Poisson equation. Since approximately
ℏ2

m2 j∇ψðx; tÞj2 ¼ nðx; tÞjuðx; tÞj2, see e.g., [10,31], the
mean kinetic energy per mass is

KðAÞ ¼ 1

2A2N

Z
V
d3xnðx; AÞu2ðx; AÞ ðD1Þ

¼ 1

2N

Z
V
d3xnðx; AÞv2ðx; AÞ ðD2Þ

where v ¼ u=A is the peculiar velocity field, and u is the
canonical velocity field. In linear perturbation theory the
comoving density field can be written as nðx; AÞ ¼ n0ð1þ
δðx; AÞÞ with the density perturbation δðx; AÞ related to the
velocity field via ∇ · v ¼ −AHδðx; AÞ. During the assumed
matter dominated expansion _A=A ¼ H ¼ H0A−3=2 we thus
get to leading order in perturbation theory

KðAÞ ≃ 1

2V

Z
V
d3xv2ðx; AÞ ðD3Þ

FIG. 3. Varðn̂Þ for a squeezed coherent state jβ; ρe2iϕi with
β ¼ ffiffiffiffi

N
p ¼ 106 and ρ ¼ rðtÞ with 0 ≤ rðtÞ ≤ rmax of the Kerr

oscillator (B3). Inserting ϕ ¼ 0 corresponds to amplitude squeez-
ing, accompanied by n̂-squeezing, whereas inserting ϕ ¼ θ−ðtÞ
of the Kerr evolution prevents n̂-squeezing. The dashed line
shows Varðn̂Þ for a reference Kerr state.
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¼ A
2V

Z
V
d3xv2ðx; A ¼ 1Þ: ðD4Þ

In Fourier space, taking the limit V → ∞, this becomes

KðAÞ ≃ A
2
H2

0

Z
d3k
ð2πÞ3

jδkðA ¼ 1Þj2
k2

ðD5Þ

¼ 1

2
Av2rmsðA ¼ 1Þ; ðD6Þ

v2rmsðA ¼ 1Þ ≔ H2
0

Z
dk
2π2

Pðk; A ¼ 1Þ; ðD7Þ

where we used the ergodic theorem to replace
jδkj2 → Pðk ¼ jkjÞ, and performed the angular integrals.
For a standard matter power spectrum PðkÞ this evaluates to
10−5. The actual value of v2rms used in the main text is about
a ten times smaller due to our negligence of the cosmo-
logical constant. Inclusion of a cosmological constant in
linear perturbation would give rise to an overall prefactor
f2 ¼ 0.27 and slightly shallower scaling than A, namely
K ∝ ðAHfÞ2. Here f ≃Ω6=11

m is the growth rate of linear
matter density perturbations, Ωm ¼ Ωm;0A−3H2

0=H
2 the

fraction of matter, and H ¼ H0ðΩm;0A−3 þ 1 −Ωm;0Þ1=2
the expansion rate.

APPENDIX E: DERIVATION OF THE COUPLED
GPE AND KERR OSCILLATOR

Throughout this section we work in the Schrödinger
picture, so that the quantum state jΨðtÞi of the nonrelativistic
ALP is time dependent. For simplicity we discard the
cosmological evolution, so that the Hamiltonian is

Ĥ ¼
Z

d3x
ℏ2

2m
∇ψ̂†ðxÞ∇ψ̂ðxÞ

−
Gm2

2

Z
d3xd3x0

ψ̂†ðxÞψ̂†ðx0Þψ̂ðxÞψ̂ðx0Þ
jx − x0j : ðE1Þ

jΨðtÞi satisfies the Schrödinger equation

iℏ∂tjΨðtÞi ¼ ĤjΨðtÞi: ðE2Þ

The Hartree ansatz for an n-particle wave function in the
Schrödinger picture is

Ψnðx1;…; xn; tÞ ¼ ϕðx1; tÞ…ϕðxn; tÞ: ðE3Þ

Here we introduced the normalized one-particle wave
function ϕðx; tÞ. This n-particle state can be written basis
independent as jn; ti ¼ 1ffiffiffi

n!
p ðb̂†ðtÞÞnj0i, where b̂†ðtÞ≡R

d3xϕðx; tÞψ̂†ðxÞ and ψ̂†ðxÞ is the time-independent
field operator in the Schrödinger picture. A generic

(e.g., initially coherent) Hartree state jΨðtÞi then takes
the form

jΨðtÞi ¼
X∞
n¼0

cnðtÞjn; ti: ðE4Þ

Our goal is to derive evolution equations for ϕðx; tÞ and
cnðtÞ. Varying the action S ¼ R

dthΨðtÞjĤ − iℏ∂tjΨðtÞi
with respect to ϕ�ðx; tÞ and c�nðtÞ gives

iℏ∂tϕðx; tÞ¼−
ℏ2

2m
∇2ϕðx; tÞþn2ðtÞ− n̄ðtÞ

n̄2ðtÞ mΦðx; tÞϕðx; tÞ;

ðE5Þ

∇2Φðx; tÞ≡ 4πGmn̄ðtÞjϕðx; tÞj2; ðE6Þ

iℏ∂tcnðtÞ ¼ hn; tjĤ − iℏ∂tjn; ticnðtÞ; ðE7Þ

hn; tjℏ−1Ĥ − i∂tjn; ti ¼ nðωðtÞ − χðtÞÞ þ n2χðtÞ; ðE8Þ

n̄ðtÞ≡X
n

jcnðtÞj2n; ðE9Þ

n2ðtÞ≡X
n

jcnðtÞj2n2; ðE10Þ

ωðtÞ≡ ω̃ðtÞ − μðtÞ; ðE11Þ

ω̃ðtÞ≡
Z

d3x
ℏ
2m

j∇ϕðx; tÞj2; ðE12Þ

μðtÞ≡ −i
Z

d3xϕ�ðx; tÞ∂tϕðx; tÞ; ðE13Þ

χðtÞ≡ m
2ℏn̄ðtÞ

Z
d3xΦðx; tÞjϕðx; tÞj2: ðE14Þ

Neglecting the time dependence of ω and χ we find

cnðtÞ ¼ cnðt ¼ 0Þe−itððω−χÞnþχn2Þ; ðE15Þ

which is the solution of the Schrödinger equation for a Kerr
oscillator. For an initial coherent state jΨðt ¼ 0Þi ¼ jαi
with α ¼ ffiffiffiffi

N
p

we have cnðt ¼ 0Þ ¼ e−N=2 Nn=2ffiffiffi
n!

p so that

n̄ðtÞ ¼ N and n2ðtÞ ¼ N2 þ N. The ϕ evolution equations,
(E5) and (E6), then simplify to

iℏ∂tϕðx; tÞ ¼ −
ℏ2

2m
∇2ϕðx; tÞ þmΦðx; tÞϕðx; tÞ; ðE16aÞ

∇2Φðx; tÞ≡ 4πGmNjϕðx; tÞj2; ðE16bÞ

which is the GPE used in the main text, after redefining
ψ≡ϕ

ffiffiffiffi
N

p
and restoring the scale factor AðtÞ.
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Equations (E15), (E16) then establish the validity of the
constraints

R
d3xjϕðx; tÞj2 ¼ 1 and

P
n jcnðtÞj2 ¼ 1, which

we could have enforced via Lagrange multipliers [34].
Noticing that hn; tjĤ − iℏ∂tjn; ti ¼ hnjĤjni, with jni ¼
jn; t ¼ 0i and Ĥ ¼ ℏðω − χÞn̂þ ℏχn̂2, we verify (3) for
âðtÞ ¼ eiĤt=ℏb̂ðt ¼ 0Þe−iĤt=ℏ in the Heisenberg picture.
In the main text we have worked in the Heisenberg

picture where ψ̂ðx; tÞ ¼ ϕðx; tÞâðtÞ. As a check let us
compare the result of the mean field hαjψ̂ðx; tÞjαi ¼
ϕðx; tÞhαjâðtÞjαi in the Heisenberg picture to that in the
Schrödinger picture hΨðtÞjψ̂ðxÞjΨðtÞi. For this we assume
ψ̂ðxÞ ¼ ϕðx; tÞb̂ðtÞ. This seems somewhat odd since ψ̂ðxÞ
should be time independent but is not. This is merely an
artifact of restricting the field operator to contain only the
single GP mode, and does not pose a problem. We thus
have hΨðtÞjψ̂ðxÞjΨðtÞi ¼ ϕðx; tÞhΨðtÞjb̂ðtÞjΨðtÞi. Let us
focus on hΨðtÞjb̂ðtÞjΨðtÞi and switch to the “Kerr picture”
that we define through jΨKðtÞi≡P

n cnðtÞjn; t ¼ 0i.
Clearly, hΨðtÞjb̂ðtÞjΨðtÞi ¼ hΨKðtÞjb̂ðt ¼ 0ÞjΨKðtÞi. This
equals to hΨKðt ¼ 0ÞjeiĤt=ℏb̂ðt ¼ 0Þe−iĤt=ℏjΨKðt ¼ 0Þi ¼
hαjâðtÞjαi, and we have established the equivalence to the
Heisenberg picture calculation. Similar calculations estab-
lish the equivalence of all correlators and thus in particular
the squeezing.
In summary, using a variational ansatz for a quantum

state in the Hartree approximation we have derived the
coupled GP and Kerr oscillator equations for an initial
coherent state of a nonrelativistic ALP field.

APPENDIX F: SQUEEZED STATE
APPROXIMATION

In the “Kerr picture” where ψ̂Kðx; tÞ ¼ ψðx; tÞ âðtiÞffiffiffi
N

p and
jΨKðtÞi ¼ e−iĤt=ℏjαi, the quantum state can be approxi-
mated by a squeezed coherent state

jΨSC
K ðtÞi ¼ D̂ðacðtÞÞŜðrðtÞe2iθ−ðtÞÞj0i; ðF1Þ

where D̂ðβÞ ¼ eβâ
†ðtiÞ−β�âðtiÞ and ŜðζÞ ¼ e

1
2
ðζ�â2ðtiÞ−ζðâ†ðtiÞÞ2Þ

are the displacement and squeezing operators, respectively
[61]. Properties of this state are shown in Figs. 1 and 3 (the
curve labeled by θ−).
A “classical” wave function jΨcl

KðtÞi would then be a
state with âðtiÞjΨcl

KðtÞi ¼ acðtÞjΨclðtÞi at all times, which
is only true for a coherent state jΨcl

KðtÞi ¼ D̂ðacðtÞÞj0i. The
fidelity jhΨcl

KðtÞjΨSC
K ðtÞij2 ¼ jh0jŜðrðtÞe2iθ−ðtÞÞj0ij2 decays

at the squeezing time tsqz indicating deviation from the
classical approximation.

APPENDIX G: GROUND STATE IN A
SINGLE-GP-MODE APPROXIMATION

If thermalization as described in [48] indeed keeps the
axion at its momentary ground state jΨ0ðtÞi, then it might

be natural to expect that this ground state is related to our
squeezed state. Reference [48] does not explore the nature
of this ground state. However, the ground state of a self-
interacting BEC in the single mode approximation is
discussed in [32,54]. To leading order in a perturbative
solution â ¼ αþ δâ, this ground state is found to be a
squeezed coherent state

jΨ0ðtÞi ≃ e−iμ0tjΨðtmaxÞi; ðG1Þ

matching our approximate solution (F1) at tmax apart from
some irrelevant global phase. Squeezing in the Kerr
model reaches a maximum only because the quantum state
ceases to be well approximated by a Gaussian after tmax.
Interestingly, the relation to the BEC ground state might
persist even when non-Gaussianities are included: it was
found in [32,54] that the ground state Wigner function of
the Kerr Hamiltonian is bent into a “banana” producing a
so-called number-squeezed state.

APPENDIX H: SOLITONIC CORES

For the solitonic core case, the relevant parameter to
compute in order to obtain the squeezing timescale is

Nχ ≡ 1

2N
m
ℏ

Z
V
d3xΦðx; tÞjψðx; tÞj2; ðH1Þ

where we have assumed that χ is constant in time for the
timescales in which we are interested. Assuming a spheri-
cally symmetric dark matter halo and making use of the
radial core density profile in [1], it is straightforward to find
the Newtonian potential by solving the Poisson equation.
Inserting (H1) into (5), we get

tsqz ≃ 2 × 108
�

m
10−22 eV

��
rc
kpc

�
2

yr; ðH2Þ

where rc is the solitonic core radius. It is convenient to
express the squeezing timescale in terms of the host halo
mass Mh. To achieve that, we make use of the relation
between the core radius rc and the core mass Mc [1]

rc
kpc

¼ 5.5 × 107

ð m
10−22 eVÞ2

M⊙

Mc
ðH3Þ

and then express the core mass in terms of the host halo
mass Mh [72]

Mc ¼
1

4
ffiffiffi
α

p ðζðzÞ
ζð0ÞÞ

1
6
ð4.4 × 107Þ23

m
10−22 eV

M
2
3
⊙M

1
3

h; ðH4Þ

where z ¼ A−1 − 1. For further details, the reader is
referred to [72]. The squeezing timescale as a function
of the host halo mass is given by
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tsqz ¼ 7 × 1014
�
10−22 eV

m

��
M⊙

Mh

�2
3

yr: ðH5Þ

For a dark matter halo of massMh ¼ 2 × 1012 M⊙ we find

tsqz ≃ 1400

�
10−5 eV

m

�
μs ðH6Þ

The number of axions inside the solitonic core is

N ¼ Mc

m
≃ 3 × 1062

�
10−5 eV

m

�
2

: ðH7Þ

Having obtained the squeezing timescale and the total
number of axions inside a solitonic core, it is straightfor-
ward to compute tmax, rmax, and tEhr. The values can be
found in the main text (Table I).

APPENDIX I: AXION HALOSCOPE AND
MILKY WAY

The Hartree, or single mode, ansatz can only be applied
to sufficiently isolated systems. In the present context of a
purely dark matter dominated universe this means that the
volume to which we can apply the Hartree ansatz must be to
a good approximation self-gravitating. This was the case
for the entire universe and the solitonic core. The axions
within a haloscope volume are not self-gravitating, in the
sense that their motion is dominated by the external galactic
gravitational potential and not their self-gravity. To remain
consistent with the Hartree ansatz, the premise of this
work, we assume that the whole galactic halo—plausibly
the smallest self-gravitating volume containing the
haloscope—is described by a Hartree state under time
evolution and then focus on the squeezing within a
subvolume comprising the haloscope as the observable.
This provides an estimate of the squeezing timescale for
axions within a haloscope.
The entire galactic halo contains N axions and the

assumed Hartree ansatz implies that the only relevant
operator is

â ¼
Z

d3xϕ�ðx; tÞψ̂ðx; tÞ; ðI1Þ

where ϕðx; tÞ ¼ ψðx; tÞ= ffiffiffiffi
N

p
is the 1-particle wave func-

tion of a galactic axion. We now decompose ϕðx; tÞ into

two orthogonal functions ϕh ≔
ffiffiffi
N

pffiffiffiffiffi
Nh

p ϕðx; tÞθhðxÞ and

ϕh̄ ≔
ffiffiffi
N

pffiffiffiffiffiffiffiffiffi
N−Nh

p ϕðx; tÞð1 − θhðxÞÞ, where θhðxÞ equals 1

within the haloscope and vanishes outside of it, and Nh
is the number of axions in the haloscope. We then have

â ¼
ffiffiffiffiffiffi
Nh

p ffiffiffiffi
N

p b̂þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N − Nh

p ffiffiffiffi
N

p ĉ ðI2Þ

with ½â; â†� ¼ ½b̂; b̂†� ¼ ½ĉ; ĉ†� ¼ 1, ½b̂; ĉ†� ¼ ½ĉ; b̂†� ¼ 0

and ½b̂; â†� ¼
ffiffiffiffiffi
Nh

p ffiffiffi
N

p , and

b̂ ¼
Z

d3xϕ�
hðx; tÞψ̂ðx; tÞ; ðI3Þ

ĉ ¼
Z

d3xϕ�̄
h
ðx; tÞψ̂ðx; tÞ: ðI4Þ

A similar decomposition has been employed in [73,74] to
investigate the entanglement between a subvolume and the
remaining part of a BEC. The squeezing of the haloscope
mode b̂ is given by

Vh
−ðtÞ ¼ 1þ 2ðhb̂†ðtÞb̂ðtÞi − jhb̂ðtÞij2Þ − 2jVarðb̂ðtÞÞj;

ðI5Þ

where we assume as before that the initial quantum state
(the quantum state in the Heisenberg picture) of the galactic
halo is in an âðtiÞ-mode squeezed coherent state jαi. We
have shown that unitary evolution can be approximated
by ÛðtÞ ¼ D̂ð ffiffiffiffi

N
p ÞŜðrðtÞe2iθ−ðtÞÞD̂†ð ffiffiffiffi

N
p Þ, see Eqs. (C1),

(C2), and (F1). Using the commutation relation between â
and b̂ operators we find using a calculation similar to that
presented in Appendix B

D̂†ðαÞb̂ D̂ðαÞ ¼ b̂þ
ffiffiffiffiffiffi
Nh

p ffiffiffiffi
N

p α; ðI6Þ

Ŝ†ðζÞb̂ ŜðζÞ ¼
ffiffiffiffiffiffi
Nh

p ffiffiffiffi
N

p ðâ coshðrÞ − â†e2iθ− sinhðrÞÞ; ðI7Þ

with α ¼ ffiffiffiffi
N

p
and ζ ¼ re2iθ− . Using these results (I5) can

be simplified most easily in the “Kerr picture,” see
Appendix F, to give

Vh
−ðtÞ ¼ 1þ Nh

N
ðV−ðtÞ − 1Þ; ðI8Þ

where V−ðtÞ ¼ e−2rðtÞ is the minimal variance of â. Note
that although this result looks quite intuitive it is nontrivial
since the â-squeezed coherent state is not a product state of
a b̂-squeezed coherent state and a ĉ-squeezed coherent
state, such that the haloscope subvolume is entangled with
the rest of the halo.
This means that at tsqz, defined by V−ðtsqzÞ ¼ e−2, when

the galactic âmode gets significantly squeezed, the b̂mode
squeezing is

Vh
−ðtsqzÞ ¼ 1þ Nh

N
ðe−2 − 1Þ; ðI9Þ

or assuming Nh=N ≪ 1
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rhðtsqzÞ ≃ 0.43
Nh

N
≪ rðtsqzÞ ¼ 1: ðI10Þ

Thus, the squeezing of a subvolume (b̂ mode) is
significantly reduced compared to squeezing of the full
volume (â mode), and bounded by Nh=N, the ratio
of the number of axions in the subvolume and the total
number of axions. Similarly, the maximum squeezing of
the b̂ mode is drastically reduced. Since rmax < ∞, one
finds

rhðtmaxÞ≲ 0.5
Nh

N
≪ rmax: ðI11Þ

For the galactic halo we assume a stationary Navarro—
Frenk—White density profile [75]

ρðrÞ ¼ ρ0
r
Rs
ð1þ r

Rs
Þ2 ðI12Þ

to calculate χ. The parameters ρ0 and Rs vary from halo to
halo. Solving the Poisson equation, the gravitational
potential is

ΦðrÞ ¼ −
4πGρ0R2

s
r
Rs

ln
�
1þ r

Rs

�
ðI13Þ

so that

Nχ ¼ 1

2

1

Nℏ

Z
V
d3xΦðxÞρðxÞ: ðI14Þ

A sufficiently accurate approximation to the total gravita-
tional energy is given by

Nχ ≃
1

2

MMW

Nℏ
Φ̄ ≃ −

1

2

m
ℏ
10−6 ðI15Þ

where Φ̄ ≃ 10−6 is the average Galactic potential and
MMW ≃ 1012 M⊙ the Galactic mass. Substitution of Nχ
into (5) gives

tsqz ≃ 30

�
10−5 eV

m

�
μs: ðI16Þ

To evaluate the timescale of maximal squeezing (and its
magnitude expressed by rmax) we need

N ¼ MMW

m
¼ 1083

�
10−5 eV

m

�
: ðI17Þ

Furthermore, we need to find the approximate number of
axions in the axion haloscope volume [76]

Nh ¼
M
m

¼ ρðr¼ 8 kpcÞVh

m
≃6×1018

�
10−5 eV

m

�
: ðI18Þ

Inserting this into (6) and (7) we get

rmax ≃ lnðN1=6Þ ≃ 31.8þ 1

6
ln

�
10−5 eV

m

�
ðI19Þ

and

tmax ≃ 0.5tsqzN1=6 ≃ 33000

�
10−5 eV

m

�7
6

yr: ðI20Þ

For comparison, we find that the Ehrenfest timescale is
approximately tEhr ¼

ffiffiffiffi
N

p
tsqz ≃ 1032ð10−5 eV

m Þ32yr.
Finally, let us evaluate the numerical value of the

squeezing of the haloscope mode at tsqz and tmax. We find
from (I10) and (I11) that

rhðtsqzÞ ≃ rhðtmaxÞ≲ 0.5
Nh

N
¼ 10−65: ðI21Þ
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On inference of quantization from gravitationally induced entanglement
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Observable signatures of thequantumnatureof gravityat lowenergieshave recently emergedas apromising
new research field. One prominent avenue is to test for gravitationally induced entanglement between two
mesoscopic masses prepared in spatial superposition. Here we analyze such proposals and what one can
infer from them about the quantum nature of gravity, as well as the electromagnetic analogues of such
tests. We show that it is not possible to draw conclusions aboutmediators: even within relativistic physics,
entanglement generation can equally be described in terms of mediators or in terms of non-local processes
– relativity does not dictate a local channel. Such indirect tests therefore have limited ability to probe
the nature of the process establishing the entanglement as their interpretation is inherently ambiguous.
We also show that cosmological observations already demonstrate some aspects of quantization that these
proposals aimto test. Nevertheless, theproposedexperimentswouldprobehowgravity is sourcedby spatial
superpositions of matter, an untested new regime of quantum physics.

I. INTRODUCTION

Quantum gravity remains one of the main challenges
of modern physics. Many promising theoretical av-
enues are being pursued1,2 but to date no complete
theory of quantum gravity is known. An alterna-
tive route has been proposed by Roger Penrose3,4 and
others5–7 inwhichquantummechanicalunitaritybreaks
down at sufficiently large mass scales. Such proposals
have ushered in the exciting new field of experimental
searches for quantum gravity at low energies, as they
provide distinct signatures that can be observed if suffi-
ciently large systems can be controlled and prepared in
quantum superpositions.8–11 These proposals and the
rapid progress in quantum control of larger and larger
systems12,13 has sparked an interest in experimental
signatures of the interface between quantum mechan-
ics and gravity at low energies both in terms of testing
speculative new models3–7,14–17 and expected new sig-
natures from gravitational and quantum physics as we
know them.18–21 To date, no experiment exists that ei-
therprovesanyofthenewphysicsorthequantumnature
of gravitational degrees of freedom, and it also seems
that Gedankenexperiments in support of quantization
are inconclusive.22–25Thus, any experimental signature
thatwould suggest thequantumnature of gravitywould
be of extreme interest and shed light on uncharted ter-
ritory.
Onepromisingexperimental avenue thataims to infer

the quantumnature of gravity is based on creating grav-
itationally induced entanglement between two source
masses26,27 (GIE).28 In this variation of the well-known

a)Electronic mail: vasileios.fragkos@fysik.su.se
b)Electronic mail: michael.kopp@su.se
c)Electronic mail: igor.pikovski@fysik.su.se

Colella-Overhauser-Werner setup,29 two matter-wave
interferometers are placed very close to each other (see
Figure 1). The two interferometers create the superpo-

sition states (|ΨL⟩+ |ΨR⟩)/
√
2 and (|χL⟩+ |χR⟩)/

√
2,

respectively, each of size ∆x and their centers a dis-
tance d apart. If the matter waves are sufficiently
heavy they will source observable gravitational effects
themselves, and the Newtonian interaction will gen-
erate entanglement between the two systems. After
time t the state becomes (|ΨL⟩ |χL⟩+ eiφ+ |ΨL⟩ |χR⟩+
eiφ− |ΨR⟩ |χL⟩+ |ΨR⟩ |χR⟩)/2 . The two relativephases
are induced by the Newtonian interaction and are given

by φ± = Gm1m2t
ℏ

(
1

d±∆x − 1
d

)
. In this idealized case

(neglecting noise) the state is entangled for any phases
φ+ + φ− ̸= 2πn, n ∈ Z, and maximally entangled for
φ++φ− = (2n+1)π,whichcanbemeasuredthroughan
entanglement witness.26,30–32 The authors of Refs.26,27

argue that this entanglement generation is an indirect
witness of the quantization of gravity. The essence of
theargument is that the interaction isnot instantaneous
as suggested by the Newtonian description, but medi-
ated by some local degrees of freedom, and since entan-
glement cannot be generated by local operations and
classical communication (LOCC)33,34, these degrees of
freedom have to be quantized. Since the original pro-
posals, several variations of this concept have been put
forward.35–44However, theveryquestion if suchpropos-
als can test the quantumnature of gravity has remained
open for debate. Some have argued against it45–47 while
others put arguments forward in favor.24,37,48–52 The
main argument in favor of inferring the quantumnature
of themediatinggravitationalfield stems fromthequan-
tum information perspective that limits entanglement
generation from LOCC and the assumption that the in-
teraction is induced by local mediators. In contrast,
the major argument against the inference of quantum
gravity is the use of the Newtonian limit in which the
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FIG. 1. Schematic of an experimental setup to test for
gravitationally induced entanglement. Two system are
brought into a spatial superposition, denoted by |Ψ⟩ and
|χ⟩, respectively. Due to their mutual, position-dependent
interaction, here the Newtonian gravitational potential
Φ̂ = −Gm1m2/|x̂1 − x̂2|, the two systems become entan-
gled. The authors of Refs.26,27 proposed such a setup to
prove quantization of gravity, based on the argument that
local, classical operations (LOCC) cannot generate entan-
glement. This conclusion, however, depends on what prior
assumptions one is willing to take for granted.

interaction is mediated non-locally.

Here we clarify what conclusions one can draw from
the experiment by critically exploring the assumptions
thatgo into it. Bydefinition, if entanglement isobserved
in the experiment, then this demonstrates a non-LOCC
type channel. This alone is of course of great interest.
Nevertheless, the open question around these proposals
– and what we address in this work – is if one can learn
moreaboutthenatureof theunderlyingsystemthatme-
diates entanglement, namely of the gravitational field.
As we will show below, the question remains ambigu-
ous and depends on what prior assumptions one takes
for granted – in some cases evenwhatmetaphysical view
oneprefers. Weshowthatwhile inferringtheexistenceof
gravitons is reasonable if one assumes the validity of rel-
ativisticfield theory, this interpretation isnotunique. It
relies on the assumption of localmediators for entangle-
ment, which in relativity are not the physical gravitons
for this case, but particles that are otherwise unmea-
surable. Moreover, models with inherent non-locality
can reproduce the entanglement without the existence
of any mediators. Importantly, while the term locality
is often interchangeably used with the relativistic no-
tion of Lorentz invariance, it needn’t be: even within
relativistic physics as we know it, entanglement genera-
tion can be described non-locally by eliminating redun-
dant gauge degrees of freedom. And more generally,

a fully non-local interpretation exists – the Wheeler-
Feynman absorber formulation.53–57 When applied to
quantized charges58–65 it reproduces all physical pre-
dictions ofQuantumElectrodynamics (QED) including
entanglement, but the theory does not contain quan-
tized, local degrees of freedom that create the entangle-
ment. If such an absorber theory can be formulated for
gravity, it would explain gravitationally induced entan-
glementwithout introducing gravitons, while still being
consistent with classical general relativity. With a vi-
able non-local explanation for the generation of entan-
glement, its observation alone is therefore insufficient to
infer the existence of quantized mediators. However, in
contrast to the electromagnetic case, it remains an open
question if an absorber-type formulation exists for full
general relativity although it exists in the relativistic
weak field limit. Regardless of the question how entan-
glement is mediated, the experiment involves superpo-
sitions of source masses. As such, observation of entan-
glement thus supports the view that gravitational fields
are sourced coherently by a superposition of sources, if
quantum physics is not modified. This is independent
of the question ofwhatmediates entanglement anddoes
not rely on the LOCC argument. The experiment, if
successful, wouldprove this superposition ofNewtonian
fields, without the abovementioned ambiguities, as also
highlighted in Refs.50,51. Nonetheless, we argue that it
can already be inferred from cosmological observations
thatquantumstatescoherentlysourceNewtonianfields.

In this manuscript we explore systematically what
conclusions one can draw from a GIE experiment,
depending on what prior assumptions one takes for
granted. Our work is structured as follows: In Section
II we discuss themost conservative case, theNewtonian
limitwithoutanyadditionalassumptions. InSection III
we focusonQEDasananalogouscase, andshowthatthe
conclusions are ambiguous and depend on (equivalent)
formulations of thefield theory. Section IVdiscusses the
case of relativistic weak-field quantum gravity relevant
to theGIE experiment. SectionV revisits all previously
discussed formulations from the perspective of path in-
tegral quantisation, providing a unified picture. We fo-
cus in section VI on cosmology and show that current
observations already give evidence of quantum weak-
field gravity as in the GIE proposal. Our discussion in
Section VII gives a brief comparison to other works and
provides anoverviewof thedifferent interpretations and
conclusions that one can draw from GIE.

II. NON-RELATIVISTIC CASE

We first focus on the physics in the non-relativistic
limit, which is entirely sufficient to explain the setup.
At this level, there is no assumption of any underlying
field theory or additional ontology. It is the minimal
interpretation, as no additional assumptions about the
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underlying physics beyondwhat is experimentallymea-
sured have to be imposed.

In the non-relativistic limit there is a direct analogy
between the Newtonian gravitational interaction and
the electrostatic Coulomb law. To clarify the relevant
physics, we briefly review how these enter the quantum
theory of non-relativistic particles. This will highlight
the non-locality of the non-relativistic theory, and to
what extent one can say that the Coulomb and Newto-
nian potentials “are quantised”.

The non-relativistic quantum mechanics of N = 2
interacting charged particles of charge q and massm is
given by the Hamiltonian

Ĥ =
N∑

i=1


 (ˆ⃗pi)

2

2m
+

q2

8πϵ0

N∑

j=1,j ̸=i

1

|ˆ⃗xi − ˆ⃗xj |


 . (1)

For opposite charges this comprises the simplest (“text-
book”) model of the hydrogen atom. The analogous
Hamiltonian of gravitationally interacting particles is
given by

Ĥ =
N∑

i=1


 (ˆ⃗pi)

2

2m
− m2G

2

N∑

j=1,j ̸=i

1

|ˆ⃗xi − ˆ⃗xj |


 . (2)

The latter Hamiltonian is sufficient to fully account for
the proposed GIE experiments and is used to derive all
the results in the proposals.26,27 Since (2) does not con-
tain any quantized (or unquantized for that matter)
gravitational degrees of freedom, this theory of gravi-
tionally interacting particles has no Hilbert space asso-
ciated with gravity.

It is instructive to reformulate the quantummechan-
icalN -body problem as a quantum field theory. This is
sometimesknownas“secondquantised” theory, but it is
fullyequivalent totheconventional formulation interms
of particle position operators. The quantum field (op-

erator) in the Schrödinger picture ψ̂(x⃗) has to property

ψ̂†(x⃗1)|0⟩ = |x⃗1⟩, that is, it creates aparticle at theposi-
tion x⃗1. AgeneralN -particle state is constructedbyact-

ingwith
∫
d3x1...d

3xNΨ(x⃗1, ..., x⃗N )ψ̂†(x⃗1)...ψ†(x⃗N ) on
the vacuum state, where Ψ is theN -particle wave func-
tion. The Hamiltonian (2) then takes the equivalent
form

Ĥ =

∫
d3x

ℏ2

2m
∇ψ̂†(x⃗)∇ψ̂(x⃗)−

− m2G

2

∫
d3xd3x′

ψ̂†(x⃗)ψ̂(x⃗)ψ̂†(x⃗′)ψ̂(x⃗′)
|x⃗− x⃗′| , (3)

and analogously for the Coulomb case. We can rewrite

this Hamiltonian in the following way

Ĥ =

∫
d3x

( ℏ2

2m
∇ψ̂†(x⃗)∇ψ̂(x⃗) +mΦ̂(x⃗)ψ̂†(x⃗)ψ̂(x⃗)

)

(4)
where the Newtonian potential satisfies

∇2Φ̂(x⃗) = 4πGmψ̂†(x⃗)ψ̂(x⃗) . (5)

Thus, non-relativistic quantummechanics implies that
the Newtonian gravitational field is quantized, in the
sense that it is a field operator. There is no option to
treat Φ̂(x⃗) as a c-numberfield since the righthand sideof

the defining equation of Φ̂(x⃗) is an operator. Oneway to
insist on the classicality of the potential is tomodify this

equation to ∇2Φ(x⃗) = 4πGm⟨Ψ(t)|ψ̂†(x⃗)ψ̂(x⃗)|Ψ(t)⟩,
which is the non-relativistic limit of the so-called
semi-classical gravity.66 This theory is expected to be
incorrect67 in situations where the quantum state of
matter corresponds to density distribution in large spa-
tial superpositions, where a mean field description in

terms of ⟨Ψ(t)|ψ̂†(x⃗)ψ̂(x⃗)|Ψ(t)⟩ does not capture the
quantum state |Ψ(t)⟩. More importantly, though, this
theory is not quantummechanics since the Schrödinger
equation is modified. Any proposed theory in which
the Newtonian potential field is a c-number field (and
thus classical in this sense), is not equivalent to “text-
book” quantummechanics, and thus would predict dif-
ferentoutcomesfortheGIEsetup. Conversely, standard
quantum mechanics implies that the Newtonian gravi-
tational potential field is quantized in the sense that it
is a field operator

Φ̂(x⃗, t) = −mG
∫
d3x′

ψ̂†(x⃗′)ψ̂(x⃗′)
|x⃗− x⃗′| . (6)

The quantisation of the source masses implies the oper-
ator nature of the potential. Only in situations where a
meanfielddescription for the sources isadequatecanthe
operator nature of Φ̂ be neglected (such as for quantum
test bodies falling evolving in the gravitational field of
Earth18,19,29).

The novelty of the GIE experiment is thus that the
Newtonian field as in eq. (6) has to be treated quan-
tum mechanically, and cannot be approximated by a
meanfielddescription. Thesources forgravityarethem-
selves in superposition. While this regime of physics has
never been directly tested, the predictions assume regu-
lar quantum mechanics (2). The gravitationally active
density is in a spatial superposition and thus the oper-
ator nature of the potential cannot be neglected. How-
ever, nothing in this description involves mediators and
thus nothing can be said whether gravitons are quan-
tized, at this level of the description. Such claims rely on
extra assumptions, such as the assumption that Φ̂(x⃗) is
the component of amore fundamental relativistic quan-
tum field that has local degrees of freedom.

3



The following sectionswill answer underwhich condi-
tions/assumptions our quantized Newtonian potential
also implies the existence of quantized gravitons, and
deals with questions of non-locality using the simpler
but very analogous example of electromagnetism (sum-
marized in Table I).

III. ELECTROMAGNETIC FIELD THEORY

We now proceed to analyze possible conclusions be-
yond the Newtonian limit, under the assumption that
one takes relativistic field theory for granted. Again,
we note that the non-relativistic limit is sufficient to de-
scribe the experiment as in the section above. Now,
however, we take the view that from other experiments
andestablishedphysicswecanadditionally assume that
there is an underlying field theory thatmediates the en-
tanglement, even if it is not directly probed in the ex-
periment. The question is, can one conclude something
more than what has been established in the previous
section?
To simplify the discussion and gain intuition we will

assume that the entanglement production in a GIE-like
experiment is solely due to electric charge (thus techni-
cally it is electromagnetically induced entanglement),
before discussing the case of gravity in the next section.
Our discussion within this section is then guaranteed
to be based on established physics. Our task is thus to
find outwhatwewould learn about the quantumnature
of electromagnetism in the hypothetical scenario where
weonlyhad the electromagnetic analogueof theGIEex-
periment at our disposal. In particular, we investigate
which assumptions about electromagnetism are needed
to infer the existence of (quantized) photons from wit-
nessing entanglement from this experiment alone.
In this section we therefore slightlymodify the exper-

iment shown Fig. 1 and assume that two objects that
are put into superposition have electric charge q with
q2/ϵ0 ≫ Gm2, and interact via the Coulomb potential
Φem.

A. Local mediators: Lorentz invariant formulation of
QED

The dynamics of the photon field in any Lorentz in-
variant gauge is local, as captured by the local interac-
tion Lagrangian

Lint = jµ(x)Aµ(x) , (7)

where Aµ(x) = (Φem, A⃗) is the electromagnetic four-

potential, jµ(x) = (cρ, j⃗) the four-current and x =
(t, x⃗). Inthefollowingwesetc = 1. Bychoosingapartic-
ular gauge, namely the Lorentz gauge, locality becomes
manifest even on the level of the mediators themselves,

Formulation of Interaction Equation LOCC?

non-relativistic Coulomb (1) �LOCC

QED (Lorentz gauge) (9) LO�CC
QED (Coulomb gauge) (17) �LOCC

QED (Absorber, no EM field) (23) �LOCC

TABLE I. An LOCC channel cannot generate entangle-
ment. But if entanglement is observed, can one deduce
more about the physics of the underlying process, such
as quantized mediators? Comparison of quantum theories
(first column) of electrically charged particles and their
defining equations (second column), that are expected to
produce identical entanglement, and what aspect of LOCC
they violate (third column) such that they can generate en-
tanglement. Only the formulation of QED in the (local)
Lorentz gauge includes quantized mediators relevant for
the electromagnetic analog of the GIE experiment. The
other formulations of QED remain equally viable, from
which no quantization of the mediators can be inferred
from the LOCC argument, and the experiment cannot
discern them. Even beyond this ambiguity related to the
gauge freedom, the absorber formulation of QED by Hoyle,
Narlikar65 and Davies60,61 (based on quantizing the clas-
sical Wheeler-Feynman formulation of electrodynamics) is
experimentally indistinguishable from standard QED even
in the fully relativistic regime. Thus the GIE experiment
if applied to the electromagnetic interaction would not be
able to tell us whether there is a Hilbert space associated
with the electromagnetic field or not. As non-local en-
tanglement generation cannot be ruled out, we therefore
cannot conclude based on the LOCC argument whether
underlying mediators are quantized.

giving a very intuitive physical picture.

In this formulation of QED,68,69 all four components
of the gauge field Âµ are quantized. Therefore, the the-
ory contains 4 types of photons, each for every compo-
nent of the four-potential. We expand the gauge field
Âµ in terms of creation and annihilation operators

Âµ(r⃗) =

∫
d3k

√
ℏ

2ϵ0(2π)3ωk

[
âµ(k⃗)e

ik⃗·r⃗+

+ â†µ(k⃗)e
−ik⃗·r⃗

]
(8)

where µ = (0, 1, 2, 3). The expression for the Hamilto-
nian is70

Ĥ = ĤP + ĤR + ĤI (9a)
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where ĤP is the free particle Hamiltonian,

ĤR =

∫
d3kℏω

[ ∑

λ=±,l

(
â†λ(k⃗)âλ(k⃗)

)
−

− â†s(k⃗)âs(k⃗) + 1

]
(9b)

is the field Hamiltonian, which contains creation and
annihilationoperators for scalar (s), longitudinal (l) and
transverse (±) photons. The interaction Hamiltonian
between the particles and the field is

ĤI =

∫
d3r

[
−ˆ⃗
j(r⃗) · ˆ⃗

A(r⃗) + ρ̂(r⃗)Φ̂em(r⃗)
]
. (10)

Note that in (9b), the term which corresponds to
scalar photons comes with a minus sign. Quantization
of QED in Lorentz gauge, requires the use of the so-
called indefinite Hilbert space metric.68 A pedagogical
presentation of the method can be found in Ref.70.
As seen in eq. (9b), this method of quantization in-

troduces fictitious longitudinal and scalar photons that
are not directly observable in any experiment (in the
sense that expectation values of any observable, as well
as in- and out-states in scattering theory can only in-
volve quantum states where the scalar and longitudinal
photons are in the vacuum state). In presence of matter
sources, scalar and longitudinal photons can appear in
virtual states71 but have no observable consequences.
Only the transverse photons are physical. Thus a sub-
sidiary condition on the Hilbert space of physical states
is imposed68

(
âl(k⃗)− âs(k⃗) + λ̂(k⃗)

)
|χ⟩ = 0 (11)

∀k⃗ and where λ̂(k⃗) = 1
ω
√
2ϵ0ℏω ρ̂(k⃗).

In the free theory we have λ̂(k⃗) = 0 so the condition
(11) takes the form

(
âl(k⃗)− âs(k⃗)

)
|χ⟩ = 0 (12)

∀k⃗. This relation guarantees that, for every physical
state |χ⟩, the effect of longitudinal and scalar photons
cancel.72

What is crucial is that entanglement is generated in a
local and causal way, but it is mediated not by the phys-
ical photons but by the scalar and longitudinal ones.71

This can be easily seen in a toy example (analogous to
the GIE setup) of a system of two harmonic oscillators
(A,B) which are initially in a product state

|Ψ0⟩ ≡ |0⟩A ⊗ |0⟩B ⊗ |⃗0⟩γ (13)

where |0⟩i for i = (A,B), corresponds to the ground

state of the oscillators and |⃗0⟩γ is a state which contains
no photons. Coupling the system of the two oscillators

to the electromagnetic field via the interaction Hamil-
tonian (10), the perturbed state can be calculated using
time independent secondorder perturbation theory and
it gets entangled betweenA andB71

|Ψ⟩ ≃ |Ψ0⟩+ εL|Ψ2⟩ (14)

where

|Ψ2⟩ = |1⟩A ⊗ |1⟩B ⊗ |⃗0⟩γ (15)

corresponds to the second order (O(q2)) change in |Ψ⟩0
and εL is given by

εL =
∑

l

⟨Ψ2|ĤI |l⟩⟨l|ĤI |Ψ0⟩
(E0 − E1)(E0 − El)

. (16)

We have used a compact notation for the intermediate

states |l⟩ ≡ |l⟩A ⊗ |l⟩B ⊗ |⃗k⟩γ73. E0 corresponds to
energy of the state (13), where the oscillators (A,B)
are in the ground state whereas E1 is the energy of
the perturbed state (15) where the oscillators occupy
the first excited state |1⟩(A,B). Both states contain
no photons. On the other hand, El corresponds to
the energy of the intermediate states |l⟩, where virtual
photons do exist. It is important to notice that since
El ≡ E(lA,lB ,lγ) = ElA + ElB + Elγ appears in the
denominator of (16), one cannot trivially perform the
summation over the oscillator states.

The state (14) corresponds to an entangled state of
the two oscillators (A,B) for εL ̸= 0. It’s crucial that in
(16), apart from summing over intermediate oscillator
states, there is a summation over intermediate photon

states |⃗k⟩γ . In a recent work, a similar computation was
performed for the gravitational case but the summation
over intermediate oscillator states has been omitted.74

Thus we conclude that in this picture, the intermediate
photons establish the entanglement between the two os-
cillators. In thenear field regime inwhich the transverse
photons do not contribute, the oscillators get entangled
due to the exchange of scalar and longitudinal photons
– mediators that cannot be directly observed.

Whenusing a local gauge suchas theLorentz gauge as
the underlying ontology, the LOCC argument therefore
implies that entanglement is createdbyquantizedmedi-
ators, since locality is pre-assumed and thus classicality
of the channel cannot hold if entanglement is generated.
The process is a particular combination of the scalar
and longitudinal photons and does not directly reveal
the quantumnature of transverse (physical) photons. If
QED was not pre-assumed, but instead, we attempted
to infer the quantumnature of the electromagnetic field
from the GIE experiment and the LOCC argument, we
would still not be able to directly infer quantization
of physically measurable mediators. However, consis-
tency with Lorentz invariance and locality of the quan-
tumfieldswill then also require these transverse degrees
of freedom to exist and be quantized. This is a matter
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of theoretical consistency, but not something that can
be directly inferred from the entanglement experiment,
even in this picture. The experiment is not sensitive to
actual physicalmediators – photons (or gravitons in the
GIE case) – and entanglement is created by other local
mediators that can never be directly observed. Never-
theless LOCC then implies that these must be quan-
tized.

B. No mediators: QED in Coulomb gauge

We now turn to a different, but physically equivalent
description of the process. The fundamental locality of
eq. (7) does not necessarily imply locality of mediators
of the interaction. Contrary to the covariant quantiza-
tion of QED,68,69 in the Coulomb gauge no scalar and
longitudinal photons appear at any stage. The expres-
sion for the QED Hamiltonian in the Coulomb gauge
(assuming spinless particles for simplicity) is70

Ĥ =
∑

i

(
ˆ⃗pi
)2

2mi
+

∫
d3r

ˆ⃗
j(r⃗) · ˆ⃗

A⊥(r⃗)+

+
1

8πϵ0

∫ ∫
d3rd3r′

ρ̂(r⃗)ρ̂(r⃗′)
|r⃗ − r⃗′| +

+

∫
d3kℏω

∑

λ=±

(
â†λ(k⃗)âλ(k⃗) +

1

2

)

(17)

where the first line describes the kinetic energy of parti-
cles as well as their interactionwith the field, the second
term is the Coulomb interaction energy and the third
term corresponds to the the Hamiltonian of the radia-

tion field. The operators â†λ(k⃗) and âλ(k⃗) create and
annihilate only transverse (i.e. physical) photons with

momentum k⃗ whereas ˆ⃗ri and ˆ⃗pi correspond to the i’s
particle position and momentum operators.

TheHilbert space of thewhole system(particles+EM
field) isH = HP ⊗HR, whereHP is the state space of

the particles in which ˆ⃗ri and ˆ⃗pi act andHR corresponds
to the state space of the photon-radiation field in which

â†±(k⃗)and â±(k⃗)act. Note thatpredominantly the third
termin (17)generates thedirect interactionbetweenthe
two non-relativistic and quasi-static systems, and it is
fundamentally non-local. Since radiation (retardation
effects) are not important in the GIE experiment, one
has thus to conclude that, in the formulation of QED
in the Coulomb gauge, the entanglement between the
charges is establishednon-locally, via theCoulombterm
(as also pointed out in Ref.45). In this case, the LOCC
argument alone to prove that the underlying process
that generates entanglement is itself a quantum system
does not apply and nothing about the mediators can be
inferred. For further details regardingQED inCoulomb
gauge, the reader is referred to Appendix IXA.

In the toy example of the two oscillators (A,B), the
entangled state is computed using first order time inde-
pendent perturbation theory71

|Ψ⟩ = |Ψ0⟩+ εC |Ψ1⟩ (18)

where initially the oscillators are in the ground state

|Ψ0⟩ ≡ |0⟩A ⊗ |0⟩B (19)

and the perturbed state is

|Ψ1⟩ ≡ |1⟩A ⊗ |1⟩B (20)

where εC is given by

εC =
⟨Ψ1|ĤC |Ψ0⟩
(E0 − E1)

(21)

and

ĤC =
1

8πϵ0

∫ ∫
d3rd3r′

ρ̂(r⃗)ρ̂(r⃗′)
|r⃗ − r⃗′| (22)

is theCoulomb interactionHamiltonian. The state (18)
corresponds to an entangled state of the two oscilla-
tors. However, in (21), there are no intermediate or
final photon states. Therefore, in that formulation one
can explicitly see that nothing can be inferred about
photons, physical or unphysical, mediating the entan-
glement. We thus conclude that depending on the pre-
ferred picture within the full scope of QED, the LOCC
argument can equivalently imply either quantized me-
diators as in the previous section, or a non-local inter-
action. Locality is therefore not a necessary principle,
but a choice. While the Coulomb formulation of QED
is fundamentally non-local, causality is preserved and
is the fundamental principle that holds in all formula-
tions, as discussed in more detail in section IIID. Note
thatmanifestLorentz invariance isnotnecessarily lost in
a non-local formulation of QED, see for example Ref.75

in which the electromagnetic field is quantised using the
field strength tensor instead of the vector potential. It is
thus clear that non-locality is not a gauge artefact but a
property of any formulation ofQED that only quantizes
the physical degrees of freedom of the electromagnetic
field.

In factall interactionsof thestandardmodelandgrav-
ityaregauge theories andthus if the formulationof these
theories is restricted to involve only the dynamics of the
physical degrees of freedom all these theories are non-
local (in that theLagrangiandensity is not a sumof local
products of operators). Only with the help of auxiliary
gaugedegrees of freedomare these theories local. It thus
is a matter of taste if locality is pre-assumed or not, and
thuswhether the LOCCargument implies the existence
of quantummediators or not.
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C. No mediators: QED as absorber theory

Above we discussed different interpretations of the
experiment based on choosing different gauges. This
ambiguity was also pointed out in Ref.45. It shows that
the notion of local mediators is not necessary to explain
the experiment, and thus no conclusion about its quan-
tization can be drawn (see also Table I).

However, there is a deeper issue in the context of elec-
tromagnetism. One general loophole to conclude that
a relativistic theory of interacting particles has to in-
volve exchange bosons is that one can remove the me-
diators from the theory. An example of such a drastic
approach is provided by the Wheeler-Feynman (WF)
absorber theory of electromagnetism.53,55–57,76 In the
absorber theory, the interaction between charges is non-
local, captured by the Lagrangian

Lint = jµ(x)

∫
d4x′ jµ(x

′)δD
[
(x− x′)2

]
(23a)

δD
[
(x− x′)2

]
=

1

2

(
G−(x− x′) +G+(x− x′)

)
(23b)

where (x−x′)2 = c2(t−t′)2−|x⃗− x⃗′|2 is theMinkowski
distance between x = (t, x⃗) and x′ = (t′, x⃗′), δD the
Dirac delta function, G− is the retarded and G+ the
advanced Green’s function of the d’Alembert operator
□:

G± = |x⃗− x⃗′|−1δD
[
c(t− t′)± |x⃗− x⃗′|

]
. (23c)

The Lagrangian density (23a) is manifestly causal due
to δD

[
(x − x′)2

]
restricting the spatial non-locality to

the future and past lightcone. It is manifestly non-local
because the delta function has in general support arbi-
trarily farawayfromtheposition x⃗. Despitethe intrinsic
non-locality and seemingly drastic departure from our
usual intuition for physics, it was shown that all results
of classical electromagnetism, in particularDirac’s half-
advanced-half-retarded solution to the radiation reac-
tion problem, can be derived from such a theory if suit-
able absorbing boundary conditions are chosen. Within
standard electromagnetism this corresponds to the as-
sumption that all emitted radiation is eventually com-
pletely absorbed by some charge in the future. When
and how this absorption happens is irrelevant. These
boundaryconditionsarethuscosmological innatureand
might appear contrived or unintuitive. But this is just
a matter of taste and cannot be refuted logically or by
any observation – it is just a reformulation of regular
electromagnetism but with a different ontology.77 Fur-
thermore, all results of QED can be recovered in such a
theory aswell by simply quantizing the charges, thereby
obtaining a viable reformulation of QED without any
electromagnetic degrees of freedom, as first shown by
Hoyle and Narlikar in 1969 and further worked out by
Davies, Pegg and others.58–65,78

In particular, Feynman suggested in 194879 that one
can replace (7) with (23a) for any QED process which
contains no external, real photons, without any change
in the experimental results. According to this theorem
(see Ref.60 for a proof), one can eliminate all virtual
photons from themathematical description of theQED
processes. This theoremdirectly applies to theEMana-
logue of the GIE proposal in which on-shell photons are
not involved.80

While the physical predictions are the same, the in-
terpretation of such a theory is different. In this action-
at-a-distance formulationtheelectromagneticfielddoes
not exist and particles interact directly, without medi-
ators, on the lightcone, see (23a). Such an ontology in
the context of the GIE experiment has profound conse-
quences: Since the direct interaction on the lightcone is
non-local in space, the LOCC argument does not imply
a quantised mediating system for entanglement. This
means that witnessing entanglement in the electromag-
neticversionoftheGIEexperimentcouldnotunambigu-
ously tellus if theelectromagneticfieldneeds tobequan-
tised. Thus entanglement alone onlyproves sourcemass
quantisation, since there is an experimentally equiva-
lent alternative formulation, where nomediators are in-
volved in producing the entanglement.

In conclusion, the electromagnetic analogue of the
GIE experiment would tell us nothing about mediators
beyond our prior believes about which formulation of
electromagnetism is more likely to be true. One ei-
ther believes that physics is local which means firstly
that longitudinal and scalar photons establish the en-
tanglement – and not the physical transverse photons –,
and secondly that transverse photonsmust exist and be
quantized as well, since only the combination of these
three types of photons can build a local field theory. Or
onedoesn’tmanuallyexcludenon-localestablishmentof
entanglement, which is the case in the Coulomb formu-
lation of QED. Alternatively, in an absorber framework
only the sources are real and the entire electromagnetic
field is a mathematical fiction and should not be quan-
tized. The entanglement in this picture does not stem
from mediators but from the charges interacting non-
locally. All formulations, however, yield the exact same
experimental outcomes. It is important to note that the
case of�LOCC (where locality does not hold, see Table I)
does not necessarily imply a classical channel. It simply
means that a local quantum channel is not necessary to
produce the entanglement. In the case of non-local for-
mulations of QED, entanglement is produced through
a quantum channel which can be directly inferred from
the Hamiltonian (17) or Lagrangian (23). But in the
case of Coulomb gauge or absorber theory that quan-
tum channel is not a mediating degree of freedom but a
non-local interaction between the charges.
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D. Locality vs. Causality

As we have discussed above, locality is not a neces-
sary condition even in a relativistic theory. One is free
to choose a local and manifestly covariant formulation
of QED, but a non-local description is also always pos-
sible. Nevertheless causality is preserved in all of the
formulations. There is thus a fundamental difference
between non-locality and causality, and only the latter
is fundamentally required by Lorentz invariance.

In the Coulomb gauge, despite the various non-local
(instantaneous) pieces that appear in (17), only causal
physical processes are described.81,82 In particular, it
was shown in Refs.82,83 that, in Coulomb gauge, the in-
stantaneous Coulomb potential cancels exactly the in-

stantaneous piece that appears in the vector field
ˆ⃗
A⊥

to give rise to causal (retarded) EM fields, the so-called
Jefimenko fields.84

From a Quantum field theory point of view, the pho-
ton propagator contains a piece which violates Lorentz
invariance. This term in the propagator exactly can-
cels the acausal, Lorentz violating Coulomb potential
that appears in theHamiltonian (17), to give a perfectly
Lorentz invariant, causal QED. A detailed discussion
can also be found in Ref.85.

The absorber theory is manifestly causal due to the
lightcone integral in eq (23a). The absorbing boundary
conditionsarenot required for causality, but theyensure
approximate forward causation, see Ref.56.

Overall, since all these formulations are just different
ways of interpretingMaxwell’s equations, it is clear that
relativistic causality is preserved in anyphysical process
described in these frameworks. Nevertheless, evenwhile
beingcausal, anon-localontology isadmittedbyrelativ-
ity. This peculiarity is at the core of other seeming puz-
zles of classical electromagnetism, such as the question

howtheJefimenkoequations84 for E⃗ and B⃗ canbecausal

despite theCoulomb equation,∇·E⃗ = ρ/ϵ0, suggesting
the opposite.83,86 TheCoulomb equation seems acausal

because∇ · E⃗, and thus the longitudinal part of E⃗, de-
pend instantaneously on the charge density ρ. To see
explicitly that this instantaneous dependence is consis-
tent with causality one can use the dynamical Maxwell

equations to write □(∇ · E⃗) = 1
ϵ0
∇2ρ + µ0∇∂tJ⃗ . All

relativistic field theorieswithfirst class constraints have
the property that instantaneous constraint equations
are compatible with the causal evolution.

As already discussed, the GIE proposal as well as
its EM analogue, heavily rely on the notion of locality,
which lies at the core of theLOCCargument. In the pre-
ceding subsection,wehave concluded that locality is not
a prerequisite, instead it’s a matter of choice to formu-
late physics in a local or non-local way. This discussion
addresses similar questions and shares some similarities
withthecorrespondencebetweenDeWittandAharonov
andBohm75,87 (see also Ref.88) shortly after their semi-

nal work on the “Significance of the EM potentials in
quantum theory”.89 In particular, in Ref.75, DeWitt
asks: Which is more significant, the fact that non-
local formulations of causal theories exist which deal
only with observables, or the fact that in all known
cases local formulations in terms of potentials also ex-
ist? And continues with the following statement: In
a similar vein the author disagrees with the assertion
of Aharonov and Bohm that quantum electrodynamics
is ultimately determined by the requirement that it be
expressible in a local form. QED is really determined
by experiment.

This assessment aligns with our interpretation of the
electromagnetic analogue of the GIE proposal. QED is
determined by experiment and it cannot discern a local
from a non-local formulation. The underlying ontology
corresponds to a metaphysical statement which by no
means is tested. Thus, any formulation ofQED, local or
non-local are equally viable, as long as the experimental
outcomes are indistinguishable. For theEManalogue of
GIE, this implies that one cannot unambiguously infer
the existence of local mediators.

IV. THE GRAVITATIONAL CASE: QUANTIZED
MEDIATORS OR NON-LOCAL ALTERNATIVES?

Abovewediscussedtheelectromagneticversionof the
GIE experiment. We showed that conclusions beyond
the non-relativistic limit are ambiguous because there
is always an alternative explanation possible that gen-
erates entanglement non-locally, thus the LOCC argu-
mentdoesnotunambiguously implyquantizationofme-
diators. It is conceivable that similar dual arguments
based on either a local mediator theory or a non-local
theory could apply to quantum gravity. This is indeed
the case for weak gravity.

A. Local mediators: Weak-field quantum gravity in
Lorentz gauge

Intheweak-field limit, covariantquantizationofgrav-
ity has been developed inRefs.92,93 bymaking use of the
so-called indefinite metric. This procedure is very simi-
lartothecovariantquantizationdiscussedpreviouslyfor
the case ofQED. In this formulation, all the components
of the (linearized)metric tensor hµν are quantized. The
fictitious-gaugedegreesof freedomareeliminatedby im-
posing supplementary conditions on the Hilbert space.
Classically the Lorentz gauge (or de Donder gauge) is
defined as ∂µh̄µν = 0 with h̄µν ≡ hµν − 1/2hµµ. The
procedure in brief is the following: We expand the grav-
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FIG. 2. Left: Bronstein cube90,91 organising various theories depending on their dependence on ℏ, G and c. The GIE
experiment tests “non-relativistic quantum gravity”, which is a non-local and non-causal theory (due to Newtonian
gravity being instantaneous action-at-a-distance). Since in the ℏ → 0 limit General relativity is geometric, causal and
admits a local formulation, it is plausible that quantum gravity itself should share these features – but a complete theory
is unknown as indicated by a grey circle. We note that quantum field theory and special relativity admit non-local
causal formulations, such that it is plausible that also quantum gravity might admit a non-local formulation. Therefore
entanglement may also be generated non-locally in the fully relativistic theory, and LOCC does not imply quantization
of mediators. Right: The yellow region indicates the direct experimental access of the GIE where gravitational fields
are weak and matter non-relativistic. An unexpected result (dashed circles) would rule out non-relativistic quantum
gravity. For an expected result, at the bottom, we outline the “standard” view how non-relativistic quantum gravity is
connected (black arrows) to quantum gravity. However, this is merely a reasonable extrapolation and it is conceivable
that the fundamental theory deviates from these properties (grey circles with question marks that may have conventional
theories as limiting cases, indicated by dashed arrows). Thus observing the expected outcome of the GIE experiment
only directly confirms non-relativistic quantum gravity and everything else is an extrapolation based on ones’ theoretical
priors.

itational field in Fourier basis,

ĥµν(r⃗) =

∫
d3k

√
ℏG
π2ωk

[
âµν(k⃗)e

ik⃗·r⃗+

+ â†µν(k⃗)e
−ik⃗·r⃗

]
. (24)

TheHamiltonianofthegravitationalfieldhastheform92

Ĥg =
1

2

∫
d3kℏωk

[
â†µν(k⃗)â

µν(k⃗)− 1

2
â†µµ (k⃗)âνν(k⃗)

]

(25)
where the graviton creation and annihilation operators
satisfy the commutation relations

[âµν(k⃗), â
†
λρ(k⃗

′)] =
(
ηµληνρ + ηµρηνλ

− ηµνηλρ
)
δ(k⃗ − k⃗′). (26)

where ηµν is theMinkowskimetric. Note that the â0i(k⃗)

for i = 1, 2, 3 components as well as the trace âµµ(k⃗) ≡
â(k⃗) satisfy the commutation relations with a negative

sign:

[â0i(k⃗), â
†
0i(k⃗

′)] = [â(k⃗), â†(k⃗′)] = −δ(k⃗ − k⃗′) (27)

thus an indefinite Hilbert space metric has to be
used.92,93 Matching up the components of this metric
which have negative commutation relations along with
componentsof themetricwithpositive commutation re-
lation, one can eliminate the eight redundant graviton
polarizations to end up with the two physical degrees of
freedom.

In presence of interactions, the supplementary condi-
tion needs to take into account the presence of matter
degrees of freedom92

[
â3ν(k⃗)− â0ν(k⃗)+

+ κ

∫

t=t′
d3x′D(+)(x⃗− x⃗′)T̂0ν(x⃗

′)

]
|χ⟩ = 0

(28)

for ν = 0, 1, 2, 3 whereD(+)(x⃗ − x⃗′) is the positive fre-
quency part of the graviton propagator and T̂0ν(x⃗

′) cor-
responds to thematter stress energy tensor. In this case,
the redundant gravitons are still absent in all physical
processes, but they can exist in virtual states. In con-
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nection to GIE, this quantization procedure has been
adopted in Ref.74 in order to argue that the masses get
entangled via the exchange of virtual gravitons.

B. No mediators: Weak-field quantum gravity in
Poisson gauge

Uptothispoint,wehavediscussedthecovariantquan-
tization ofweak-field gravity. In this picture, the virtual
gravitons that correspond to the many components of
the metric tensor, even though they are not the usual
physical gravitons and are unobservable, exist in the
mathematical formulation of the theory. It is possible
however, to formulate the theory in a picture where no
redundantandunphysical gravitonsappearatanystage
in the theory. In this formulation, one eliminates the
redundant degrees of freedom completely by fixing the
gauge classically, and then canonically quantizes the re-
maining physical degrees of freedom ŝTT

ij which are the

spatial and transverse traceless components of ĥµν (as
defined in eq. (24)). See App. IXB for further details
on the isolation of the physical degrees of freedom. The
Hamiltonian in this so-calledPoisson gauge – analogous
to the Coulomb gauge in QED – is given by

Ĥint =−
∫
d3r

(
ŝTT
ij (r⃗)T̂ ij(r⃗)

)
− (29)

− G

2

∫
d3rd3r′

|r⃗ − r⃗′|

[
−4f̂⊥,i(r⃗

′)T̂ 0i(r⃗)+

+ T̂00(r⃗
′)
(
T̂ 00(r⃗) + T̂ k

k (r⃗)− 2Π̂||(r⃗)
)]
.

All terms except the first one are spatially non-local

functions of the stress-energy tensor. Note that f̂⊥,i(r⃗)

and Π̂||(r⃗) are defined via the stress energy tensor. For
further details and derivation of (29), the reader is re-
ferred to Appendix IXB.
The Hamiltonian in Poisson gauge (29) can generate

entanglementbetweentwomassesthroughtheexchange
of the physical spin-2 gravitons (the term ŝTT

ij ) and/or
the non-local interaction between the quantizedmatter
degreesof freedom(2ndand3rdline,whicharebothnon-
local). In the regime in which gravitational radiation is
irrelevant, as it is the case for the GIE proposal, the
entanglement is generated non-locally via direct mat-
ter interactions. In direct analogy to the toy model for
QED entanglement generation, as discussed in section
III, one can now directly compute how the two masses
entangle in this non-local formulation. The computa-
tion carries over one-to-one: the non-local term in (29)

that involves −G
2

∫
d3rd3r′

|r⃗−r⃗′| T̂00(r⃗
′)T̂ 00(r⃗) generates the

entanglement, since all other terms are negligible. No
mediators appear at any stage of the calculation. In
contrast, the authors of Ref.74 arrive at this same in-
teraction term above in the local Lorentz gauge, where

quantized virtual mediators appear as discussed in the
previous section – the two physical predictions are thus
equivalent, as expected, but the ontology can be local or
non-local. Additionally, also in the Lorentz gauge the
authors show explicitly that no virtual spin-2 gravitons
appear inthenon-relativistic limitrelevant forGIE,only
the auxiliary, unobservable mediators. Thus neither in
theLorentz gauge nor in thePoisson gauge do the spin-2
gravitons contribute (their contribution is gauge invari-
ant), not even in virtual processes.

Overall, from the non-local picture presented here in
thePoissongauge, therelevant interactiontermappears
without the involvement of any local mediators. Thus
one cannot use the LOCC argument to infer the exis-
tence of quantized mediators in the gravitational case
either.

In this context, we also refer to Zel’dovich and
Novikov94, who say: [a] popular but untrue assertion
is that the gravitational interaction is due to an “ex-
change of gravitons.” [...] The difference in charac-
ter between the longitudinal and the transverse fields
clearly illustrates the absurdity of a literal interpre-
tation of the phrase, “Interaction is an exchange of
quanta.” While this quote highlights the caveats of a
strictly local interpretation and emphasizes the equiva-
lentnon-local one, inourviewthe twoare simply equally
viable. Any preference boils down to imposing addi-
tional assumptions about the nature of physics that are
not distinguishable in relativity, such as imposing that
only physical degrees of freedom are quantised, or alter-
natively thatphysics is strictly local. Only if the latter is
imposed, such that the equivalent non-local description
is simply excluded by hand, can the LOCCargument be
used to indirectly infer quantized mediators of gravity.

C. No mediators: Weak-field quantum gravity as
absorber theory

Additionally, in analogy to electromagnetism, in the
weak-field regime of gravity there also exists an ab-
sorber formulation,95,96 which would comprise a weak-
field quantum gravity after source mass quantisation.
Thus the same ambiguity that we highlighted in the
electromagnetic case also exists in the weak-field limit
of General Relativity: Mediators can be fully removed
from the theory by changing to a fundamentally non-
local source and absorber ontology. Within this frame-
work alone, it is therefore not possible to conclude that
entanglement is generated through quantized, localme-
diators from the outcome of the GIE experiment and
validity of Post-Newtonian gravity alone.

However, no absorber formulation of full general rela-
tivityhasbeen found so far. It is currentlynotknown if a
classical absorber theory for gravity can exist at all. At-
tempts to construct absorber theories of non-Abelian
gauge theories and gravity are incomplete,96–101 or
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failed.102 Note that the gravitational theory developed
by Hoyle and Narlikar103 is not an absorber theory of
gravity since the metric appears as degree of freedom
in the action.104,105 There are gravitational absorber
theories that correctly reproduce the Post-Newtonian
limit ofGR forNparticles, theEinstein-Infeld-Hoffman
equations,106 see Refs.96,107. This limit however does
not include the effects of gravitational radiation. Thus,
whether a loophole to the LOCC argument in form of a
non-local absorber theory applies also to gravitational
interactions depends on whether one can construct a
complete absorber theory for gravity, which is a fasci-
nating open question.108

It is nevertheless conceivable that any hypothetical
quantum theory of gravity that is theoretically accept-
able and experimentally viable could share the ambi-
guity of QED of whether entanglement is produced
through virtual longitudinal and scalar gravitons, or
through a direct non-local interaction of quantized
source masses. In the absence of such a theory of quan-
tum gravity, the conceivable possibilities for interpret-
ing gravitationally induced entanglement can only be
broader. There are even arguments that suggest that
any quantum gravity might exhibit fundamental non-
locality.109–111 Thus, observing gravitationally induced
entanglement does not tell us whether gravity is quan-
tized unlesswe insist on assuming that quantumgravity
is a local quantum field theory – and only the local on-
tology is permissible. The resilience of gravity to quan-
tization and certain properties of gravity that suggest
that it would have a locally finite dimensional Hilbert
space, could be an indication that quantum gravity is
at odds with being fundamentally a local QFT.We thus
have two possible sets of assumptions for general rela-
tivity: either being fundamentally a local quantumfield
theoryorhaving somenon-local interpretation. Neither
our theoretical understanding today nor theGIE exper-
iment can distinguish these two. Thus also for gravity
the conclusion from the GIE experiment about quan-
tized mediators depends on what prior assumptions we
are willing to accept, but that are not imposed on us
from our current understanding of physics.

V. PATH INTEGRALS

A. Electromagnetic case

To further clarify the differences in the various in-
terpretations, here we consider in the electromagnetic
case the path integrals involved in the non-relativistic
Coulomb case, Coulomb gauge QED, Lorenz gauge
QED, and absorber theory. This formulation helps
highlight the apparent paradoxes and their resolutions
and fully clarifies the relation between all 4 cases in the
electromagnetic case. Interestingly, the mathematical
startingpointsof thevariousQEDformulationsarevery

different, but for the case of QED they lead to identical
physical outcomes.

The path integral approach toQEDassumes that any
amplitude between quantum states of particle configu-
rations and the electromagnetic field can be calculated
from the path integral

∫
DF ′Dx′ exp

(
iS

ℏ

)
(30)

with the action S = S[x′a(t),F ′(x, t)] being a func-
tional of the particle trajectories x′a(t), where a = 1, 2
labels the two particles, and the field configuration
“trajectories” F ′(x, t). With the measures DF ′ and
Dx′ = ΠaDx′a the path integral sums independently
over all conceivable field configuration trajectories F ′

and particle trajectories x′a(t).
Sincetheelectromagneticfield isagaugefieldwithun-

physical degrees of freedom care needs to be takenwhen
performing the path integral DF ′. There are several
options. One can fix the gauge completely before per-
forming the path integral, such as in Coulomb gauge, or
one can include a gauge fixing term in the path integral.
The latter can be effectively achieved by quantizing in
Lorenz gauge following Gupta and Bleuler.68,69

The theory is called local if the Lagrangian den-
sity L[x′a(t),F ′(x, t)](x, t) consists only of local poly-
nomials of the current J [x′a(t)](x, t) and fields F ′(x, t)
(and its first and second derivatives). An example for
a local Lagrangian is L(x, t) = J [x′a(t)](x, t)F ′(x, t),
whereas an example for a non-local Lagrangian density
is
∫
d4x′J(x′, t′)D(x′−x, t′−t)J(x, t)with somekernel

D. In any case the action is given by S =
∫
d4xL(x, t).

1. QED in Lorenz gauge

In the Lorenz gauge the path integral involves the
two physical (transverse) photon polarizations and two
unphysical auxiliary photons, the so-called scalar and
longitudinal photon, see Ref.70, so that

∫
DF ′

physDF ′
auxDx′ exp

(
iS

ℏ

)
(31)

where S = S[x′a(t),F ′
phys(x, t),F ′

aux(x, t)]. Keeping
these auxiliary photons in the path integral allows the
Lagrangian to remain manifestly Lorentz invariant and
local.

2. QED in Coulomb gauge

If we chose to integrate only over physical degrees of
freedom, which can be conveniently done by fixing the
gauge completely toCoulombgauge,we obtain thepath
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integral

∫
DF ′

physDx′ exp
(
iS

ℏ

)
(32)

where S = S[x′a(t),F ′
phys(x, t),Faux[x

′
a(t)]] and with

Faux[x
′
a(t)] denoting the on-shell, or classical, solution

of theauxiliaryfieldsourcedbythechargesatx′a(t). The
Lagrangian density lost its manifest Lorentz invariance
and its locality. More importantly since Faux[x

′
a(t)] is

instantaneously determined by the charge distribution
x′a(t) at the same time, physics appears to have become
acausal in Coulomb gauge. But this is not the case as
discussed further below.

3. QED absorber formulation

In the absorber theory the path integral only involves
the charges:

∫
Dx′ exp

(
iS

ℏ

)
(33)

with S = S[x′a(t),F [x′a(tret)]]. Note in contrast to (34)
where the dependence ofF on the trajectories is instan-
taneous it is here at the retarded time and thus causal,
see Ref.61. Note that we have here omitted the half-
advanced-half-retarded contribution since radiation re-
action effects can be neglected in the GIE experiment.
Relevant to the GIE experiment is the case of weak-
field gravity where an equivalent absorber action can
be easily constructed which has been used in51 to sim-
plify calculations of the GIE. Equation 9 in Ref.51 is the
same as the absorber action with the radiation reaction
contribution neglected, so that a fully retarded action
andtheabsorberactionleadtoindistinguishableresults.
The crucial point is that the expression only involves the
charges, and not the fields. While this was an approxi-
mation in Ref.51, we argue here that it could instead be
used as the starting point of the whole analysis.

4. Non-relativistic Coulomb interactions

The analog of Newtonian gravity is Coulomb theory
which is electrodynamicswith everything but the scalar
photon discarded. This leaves us with

∫
Dx′ exp

(
iS

ℏ

)
(34)

where S = S[x′a(t),Faux[x
′
a(t)]] and Faux[x

′
a(t)] is the

solution to the Coulomb equation given the charge
distribution of x′a(t). Like in the Coulomb gauge of
QED Faux[x

′
a(t)] is instantaneously determined by the

x′a(t). As we will discuss further below, the absence of

F ′
phys(x, t) is responsible for the physics to be genuinely

acausal in this theory.

5. Equivalent predictions

Interestingly, the path integrals for QED in Lorenz
gauge, QED in Coulomb gauge and the absorber the-
ory, all lead to identical predictions for amplitudes af-
ter renormalization.65 It thus becomes obvious that the
questionof“whatproducestheentanglement intheelec-
tromagnetic GIE experiment?” is ambiguous, even in
the relativistic descriptions. To answer the question in
all these cases we just need to look at what determines
the dominant part of phase factors of the four differ-
ent semi-classical paths of the two particles (See Fig-
ure 1, where the four distances are LL, LR, RL, RR).
In Lorenz gauge QED the phase is due to the auxiliary
fields a.k.a “virtual photons”, in Coulomb gauge QED
andtheCoulombtheoryit isduetoauxiliaryfieldsslaved
totheparticlesduetotheconstraintequation, and inthe
absorber theory it is due to direct particle interactions
on the lightcone in the complete absence of any field.
Coulomb gauge QED, non-relativistic Coulomb theory
and absorber theory thus share the property that entan-
glement is established without any mediators.

6. Causality

The path integral formulation again suggests that
apart from the picture in the Lorentz gauge, entangle-
ment inQEDseemstobeestablished inthesameacausal
manneras inCoulombtheory, eventhoughQEDisa fun-
damentally causal theory. This arises because in QED
the physical photons do not contribute to the entangle-
ment in the proposed experiment in the limit of very
slow wave-packet splitting and merging, and thus the
entangling phase factor in the path integral is domi-
nated by the Coulomb field that is sourced instanta-
neously from the charge distribution rather than the
retarded charge distribution. Nevertheless theQED re-
sults are fully causal in all formulations: the on-shell
F ′

phys[xa](x
′, t) combinedwithFaux[x

′
a(t)](x, t) leads to

amanifestly causal expression, which coincideswith the
expression appearing in the absorber theory. Interest-
ingly, this precise expression has been explicitly used in
Ref.51 (not in the context of absorber theories) to estab-
lish that no entanglement would be produced in a GIE
type experiment if the splitting andmerging of thewave
packets happened at spacelike separations. We thus see
that while Faux dominates the phase factor in the GIE
experiment, oneneeds to includeFphys to restorecausal-
ity, or generally whenever a near field approximation is
not a good approximation and retardation effects be-
come important. At spacelike distances the would-be
entanglement ofFaux is exactly cancelled byFphys.
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B. Gravitational path integrals

The discussion carries over analogously to linearized
gravity. In the case of nonlinear gravity, the equivalence
between a field path integral and an absorber theory
will likely break down. However one could simply pos-
tulate a theory of quantum gravity in which the path
integral only involves matter and the gravitational field
is “slaved” to the matter configuration like in an ab-
sorber theory. In other words, one would associate with
eachquantumstateofmatteracorrespondingly sourced
gravitational field andallow for coherent superpositions
of such source-gravity entangled states. This type of
“simplified” quantum gravity model can be a useful ap-
proach, as in e.g. Refs.112,113 and would correctly pre-
dict the GIE experiment because it automatically has
the same linearized weak-field limit that was assumed
to hold for a “proper” quantum gravity theory in which
geometries are summed over in the path integral inde-
pendently of the matter.51 The two situations would
likely only be distinguishable in the strong field regime
where graviton loops contribute in the latter case but
not in the former. As long a we limit ourselves to weak
gravity, however, the equivalence between the local and
non-local path integral formulations as discussed in the
QED case remains.

VI. COSMOLOGY AND SIGNATURES OF
QUANTUM GRAVITY

In the previous chapters we have considered the GIE
experiment from the point of view of different theoret-
ical (or even meta-physical) assumptions. Here we dis-
cuss how the same assumptions applied to cosmology
can provide similar conclusions from already existing
observations.

Quantizing the weak-field linearized gravita-
tional field is standard procedure within inflationary
cosmology.114–116 In this scenario theUniverse’s energy
density is initially dominated by a slowly evolving
scalar field φ in an approximately homogeneous and
isotropic state φ̄, which according toGeneral Relativity
leads to an approximate de Sitter state of spacetime
in which vacuum fluctuations of the metric and the
scalar field are amplified and stretched to superhorizon
scales. These fluctuations then seed the cosmic large
scale structure after the end of inflation by giving rise
to local variations in the energy density of radiation.
This in turn is perceived as temperature anisotropies
in the Cosmic Microwave Background today. The full
Einstein-Hilbert and scalar field action is expanded
around the time-dependent Friedmann-Robertson-
Walker background with scale factor a(t) so that the

scalar fluctuations v are governed by the action

S =
1

2

∫
d4x(v′2 − ∂iv∂iv +

z′′

z
v2) . (35)

Here ′ denotes a derivative with respect to conformal
time, H = a′/a is the conformal Hubble parameter
and v(t, x⃗) = a(δφ(t, x⃗) + ψ(t, x⃗)φ̄′/H) is a combina-
tion of the scalar field fluctuation δφ = φ − φ̄ and
the Newtonian scalar perturbation of the spatial met-
ric gij = a2(1 − 2ψ)δij .

117 The function z = aφ̄′/H is
purely timedependent, and thus classical. Thequantity
v(t, x⃗), however, is quantized. The gauge invariant118

quantized gravitational field Φ̂(t, x⃗) is then given by

∇2Φ̂(t, x⃗) = 4πG
φ̄′2

H2

( v̂(t, x⃗)
z

)′
. (36)

This is the quantizedNewtonian gravitational potential
as we discussed in section II, sourced by the quantized
perturbations of the inflaton field. Only if the gravita-
tional field is quantized in this way, and in essentially119

the same way as required for the GIE experiment to
produce the expected entanglement, does the infla-
tionary paradigm predict metric fluctuations with vari-
ance ⟨0|Φ̂(t, x⃗)Φ̂(t, x⃗ + r⃗)|0⟩ with an amplitude and r-
dependence in accordance with that observed in cosmo-
logical observations.120 This variance is directly linked
to the observed angular dependence of the tempera-
ture anisotropy variance of the cosmic microwave back-
ground. More specifically, on large scales the observed
fluctuation in temperature T̂ (t0, x⃗0, n⃗)/T̄ (t0) − 1 in a
given direction n⃗ is proportional to the Newtonian po-
tential Φ̂(tr, x⃗0 − n⃗t0) on the corresponding location at
the last scattering surface, when photons last scattered
at time of recombination tr. This is predominantly due
to the gravitational red-shift, known as Sachs-Wolfe ef-
fect, of photons climbing out of gravitational potential
wells.116Thequantumnatureof thesources for thegrav-
itationalNewtonianfieldare essential, as their quantum
fluctuations (uncertainty) produce the observed signal.
Thus, the observed angular dependence of temperature
fluctuations – and some of its qualitative features on the
largest scales, such as anti-correlations of temperature
and polarisation fluctuations on super horizon scales, as
well as the small increase of power towards the largest
scales (“red tilt”) – can be considered evidence for the
necessity of quantized gravity.

The prediction of the CMB temperature fluctuation
correlation from inflation thus required the quantisa-
tion of the weak-field gravitational field many decades
before the GIE proposal. Several generic a priori pre-
dictions based on canonical single field inflation made
40 years ago114,115 have been confirmed observation-
ally, such that one might say that evidence for quan-
tizing weak-field gravity already exist today. Indeed,
mean-field theory as mentioned in Sec. II would not be
adequate to predict the temperature fluctuations of the
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Cosmic Microwave Background within the inflationary
paradigm, as no fluctuations would be produced at all
during inflation.
In principle the inflationary paradigm also predicts

the amplification and stretching of gravitational radia-
tion which leaves a distinctive imprint in the polarisa-
tion of the temperature fluctuations, so-called primor-
dial B-mode polarisation. Currently there are only up-
per bounds on the amplitude of this type of anisotropy
which has already ruled out certain simple shapes of
the inflaton potential.120 Observation of primordial B-
modes would be evidence for the quantum nature of the
spin-2 graviton. But as discussed above, within the as-
sumptions of the GIE proposal, already the CMB fluc-
tuations as observed indicate the quantisation of the
Newtonian part in similar spirit to the GIE proposal.
Finally, we note that fields evolving under their self-

gravity or on an expanding space can exhibit more in-
tricate quantum features. For instance, the quantum
states of the inflaton or of a light scalar field comprising
the darkmatter, aswell as the quantum state of gravita-
tional radiation can get squeezed.121–124 Cosmological
observations might thus provide unique tests of weak-
field quantum gravity,125–127 or even of genuine super-
positions inmore speculative scenarios,128 should these
scalars fields exist.

VII. DISCUSSION

A. Newtonian quantization in GIE and cosmology

What then does theGIE experiment teach us in addi-
tion to current cosmological observations, as discussed
above? First of all, not everyone might believe in the
inflationary paradigm: the conclusion that gravity is
quantized requires a prior belief in the current stan-
dard inflation paradigmwhere it is sourced by quantum
fields. Furthermore, while cosmological observations
of the cosmic microwave background are very accurate,
the object that is used to study the quantisation of grav-
ity has been created more than 13 billion years ago and
modulated by unknown components such as dark mat-
ter and dark energy. Any independent and more di-
rect evidence for the quantisation of weak-field gravity
is thus still very valuable. Furthermore, the GIE ex-
periment probesmore directly the fact that the gravita-
tional field can be put into superposition, which is nec-
essary for entanglement between sourcemasses to arise.
In contrast, in the cosmological setting it is quantum
fluctuations of masses that source fluctuations in the
gravitational field. While this is a direct consequence
of quantizing the gravitational field, it is conceivable
that this effect can be mimicked by an entirely classical
theory, e.g. the standard classical weak-field Einstein
equations augmented by a stochastic yet classical noise
term that sources fluctuations maybe during a (classi-

cal) inflation. In other words it is conceivable that the
gravitational field is never put into superposition or any
quantum state, albeit considered implausible in the cos-
mology community. The strength of the GIE experi-
ment lies in the difficulty of alternative explanations for
producing gravitationally induced entanglement that
would not require the gravitational field to exist in su-
perposition during the experiment – there are however
some suggestions for alternative models46,129 in which
LOCC does not necessarily hold since quantum physics
is modified. Overall, observing gravitationally induced
entanglementwouldgivemoredirect support to the idea
that the gravitational field can exist in superposition.

B. Ambiguous and unambiguous conclusions from the
GIE experiment

As we have shown, the conclusions from GIE vary
depending on what set of assumptions one uses as a
starting point. At the core, the experiment probes
what has been discussed in section II: The expected
result is based on non-relativistic quantum mechan-
ics with gravitational interactions, that is quantized
source masses interacting through a Newtonian poten-

tial Φ̂ = −Gm1m2/|ˆ⃗x1− ˆ⃗x2|. Gravity is introduced into
thenon-relativistic quantumtheory the samewayas the
electric Coulomb potential. The experiment, if success-
ful, thusunambiguouslyconfirmsthatgravity is sourced
coherently by a mass in superposition, from which one
can conclude that Newtonian gravity is coherently as-
sociated with a spatial superposition of the source. To
date such a superposition of Newtonian potentials re-
mains unverified and untested, thus GIE would provide
a test of physics in a new regime. The experiment can
also rule out alternative models, such as a mean-field
source for the gravitational potential or a classical chan-
nelmodel.16 And of course any unexpected resultwould
hint at new physics.

Going beyond these conclusions, however, is ambigu-
ous. The original aim of the GIE proposals was to draw
conclusions about the nature of quantum gravity by as-
sumingthatthis isarelativisticandlocal theoryofwhich
thenon-relativistic limitwith its inherentnon-locality is
merely anartefact. Butaswehave shown, even if oneac-
cepts this reasonable starting point, still no unambigu-
ous conclusion about the underlying mediators can be
made. This is because non-local entanglement genera-
tion is perfectly allowed evenwithin relativistic physics.
QED is a good example that locality is not a necessary
assumption and does not need to be imposed on such a
relativistic parent theory–as opposed to causality. This
is not simply an issue of gauge, but that locality is not
necessarily satisfied for the underlying ontology even in
relativity. This is important here, as the proposed tests
are of indirect nature and the underlying ontology is
central for the interpretation of the outcomes. If a non-
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local explanation is possible, then LOCC is simply not
able to distinguish between a quantum and a classical
mediator. Thus, while the absorber formulationmaybe
considered as a “quirk” of the theory, it still shows that
locality needn’t be satisfied at the fundamental level,
even if all observations are causal. For gravity, it re-
mainsanopenquestionifanabsorbertheorycancapture
all of general relativity, but it exists for the weak-field
limit. Moreover, it is conceivable that quantum grav-
ity is fundamentally non-local in some way. In all these
cases the LOCC argument breaks down, since the local-
ity condition is no longer satisfied and thus observation
of entanglement generation does not necessarily imply
quantised gravitational mediators.

Thus it is only when locality is imposed as an addi-
tional condition that one can conclude quantization of
mediators in such indirect tests. While we agree that
the additional assumption of locality is not just allowed
but also plausible and intuitive,130,131 we have no indi-
cation that it must be satisfied in nature at the funda-
mental level. A serious drawback is that imposing local-
ity introduces additional, fictitious degrees of freedom
such as scalar and longitudinal photons in QED, and
analogous types of newgravitons inweak-field quantum
gravity, that can never be directly observed. Yet they
are responsible for mediating entanglement in this pic-
ture. The other picture, which is non-local, gets rid of
these unphysical degrees of freedom, and thus has its
own merits. Fundamentally, causality seems to be the
underlyingprinciple in all these formulations, and local-
ity only a convenient consequence in one of them. Thus,
the only unambiguous statement one can draw from the
GIEexperimentswith regards tomediators is that if one
pre-assumes an underlying local field theory, then such
a field theory would need to include quantized media-
tors. But this assumption is very restrictive in that it
artificially excludes perfectly valid non-local formula-
tions. Our cosmology example shows that if the same
assumptions about the nature of gravity are accepted,
in addition to the standard inflationary scenario, then
already the observed CMB fluctuations are sufficient to
deduce quantum fluctuations of the gravitational field.

C. Agents and locality

From a quantum information perspective the GIE
proposal involves two localised agents (Alice and Bob)
situated close to their respective particle. Each agent
directly manipulates only their respective nearby par-
ticle locally (through the particle’s spin in the GIE
proposal26) so as to create the spatial superposition and
subsequently interfere theparticle’swave function to in-
fer the creation of entanglement. If, however, the two
particles interact non-locally, then Alice’s local inter-
action with her particle will inadvertently and unavoid-
ablyalsoaffectBob’sparticlenon-locally, andviceversa.

Thus the GIE proposal’s experimental setup does not
guarantee that the two agents perform only local opera-
tions because the gravitational interaction between the
particles is not necessarily local. The LOCC theorem in
combination with witnessing entanglement does there-
forenot implytheexistenceofquantizedmediators since
a necessary condition for the theorem to apply – locality
– is not necessarily present and cannot be tested for.

As we discussed in Sec.III C, in the specific non-local
theories studied in this paper in which quantumphysics
is unmodified, entanglement is necessarily and by con-
struction produced quantum mechanically. Our point
is that the existence of the quantum nature of the un-
derlying system that generates entanglement could not
have been inferred by merely invoking the LOCC argu-
ment alone. Even if entanglement is observed, itmay be
produced by some process thatmay correspond to some
underlying system that is not quantum mechanical in
the usual sense.132,133 We note here that it is therefore
also interesting to exactly quantify the expected entan-
glement, and probe for possible deviations.

D. Superpositions of geometries

Can one draw conclusions about the quantum nature
of gravity beyondmediators? It was pointed out in sev-
eral previous works50,51 that it is not the quantum na-
ture of mediators the GIE proposal is sensitive to, but
the ability of the gravitational field to exist in a quan-
tum superposition. Can one gain insights on quantum
gravity from that alone?

A compelling interpretation is that the successful ex-
periment shows that geometries of space-times exist in
superposition. This is basedonadditional assumptions,
that we have not yet discussed: The extrapolation of
classical general relativity (GR) and its ontology into
the quantum domain. In this view, the Newtonian limit
is just a limiting case of what is space-time geometry,
and any superpositions of the Newtonian field corre-
spond to superpositions of geometries in the context of
GR. One way to see this is in the path integral formu-
lation of the gravitational case: The phase difference
between the semi-classical paths of the particles is dom-
inated by solutions of the classical Einstein equations
sourced by the semi-classical matter configurations en-
tering the superposition.51 In this sense theGIE experi-
ment would show that geometry can be put in superpo-
sition. This is true no matter which gauge one adopts,
or if one thinks of the geometry as fundamental or aris-
ing from virtual gravitons, the constraint equation, or
direct particle interaction on the light cone. In all cases
superposition of effective geometry is the origin of the
entanglement. The only way to avoid this conclusion
is to find a viable gravitational theory that is not geo-
metrical in the quantum regime and/or to replace the
path integral, and thus quantum mechanics, by some
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other theory in this limit. While we are not aware of
any theory of gravity consistent with observations that
is not geometrical, it is conceivable that the path inte-
gral formula is not correct if contributions of different
geometries would lead to an observable effect. For in-
stance in Penrose’s gravitational collapse mechanism,
if the wave packets in the GIE experiment were kept a
sufficiently long time apart before they are attempted
to be merged, only one of the four semi-classical contri-
butions to the path integral (LL, LR, RL, RR) would
survive according to Penrose (the other branches are
“dying” before the matter wave packets are attempted
to be merged, and thus no merging actually happens),
in which case we might expect the complete absence of
entanglement and any other interference effect of the
particles. In general, a modification of the path integral
that would lead to the expected entanglement without
having geometries in superposition would have to be
drastically different from standard quantum mechan-
ics. For instance we could imagine that each path was
weighted with a phase produced by the gravitational
mean field (thus geometry is not in a superposition) but
that there is an additional contribution to the phases
of the four semi-classical paths (LL, LR, RL, RR) that
involves non-local interactions between particles that
have no geometric interpretation. While this is highly
contrived, we mention this possibility only to highlight
thatGIEdoes not provide anydirect evidence of geome-
tries in superposition beyond the Newtonian limit, and
possibledeviationsbeyondthis limitareat leastconceiv-
able, such as in Refs.46,129. Indeed, some recent works
highlight thepossibledifferencebetween superposedge-
ometries that have drastically different curvatures and
those that differ only by a displaced source mass, as in
the GIE case.134,135

Overall, the various conclusions and possibilities for
new physics are summarized in Figure 2.

E. Comparison to other works on interpretations of GIE

Variousrecentworkshaveconsideredtheimplications
and interpretations of the GIE experiment. Here we
briefly compare them to our results.

While not directly addressing the GIE proposal, an
interesting recent related line of research has emerged
that focuses on Gedankenexperiments and what they
imply for the quantization of gravity.23,24,52,136,137 Be-
lenchia et al.24 show how a seeming paradox arises for
the interferometricwhich-way informationbetween two
space-like separated masses, but that it can be avoided
when quantizing gravitational radiation. Such argu-
ments relate toGIE, as they operate in the sameNewto-
nian limit and support the view of the need to quantize
gravity. Nevertheless, theparadox in suchGedankenex-
periments can also be resolved without quantized radi-
ation, and thus the question of quantization from these

arguments remains inconclusive.25,138

Shortly after the GIE proposals, Anastopoulos and
HupointedoutinRef.45 thatduetothestaticNewtonian
limit in GIE, the physical mediators do not play a role
and that themediator-interpretation ismisguided. The
authors argued that no quantization of the mediators
can therefore be inferred from theNewtonian limit, and
discussed it further inRefs.139,140 This alignswithwhat
we discuss in the present manuscript as well, mainly
in section III where we show that (unphysical) media-
tors only appear when a specific gauge choice is made.
Wemake the additional observation that both local and
non-local formulations are not gauge artefacts, but vi-
able interpretations of known relativistic physics.

In a recent work, Bose et al.74 show how gravitational
entanglement is explicitly generated in a local picture,
in analogy with a previous work by Franson,71 as we
also use in section IIIA. The toy model involves virtual
mediators, albeit not the physical ones. However, this
demonstration alone is insufficient to infer their exis-
tence, it merely shows that it is possible to describe en-
tanglement in this form. One can equivalently describe
the creation non-locally, as we show in Sec. III B and
Appendix IXA. This invalidates somewhat the claims
in Ref.74, where it is argued that the presence of virtual
gravitons is essential for the masses to get entangled.
The samecanbeachievednon-locallywithout gravitons
in this proposal, as we showed in Sec. IV and Appendix
IXB.

Providing a complementary perspective on GIE and
inferred quantization, Carney has proven the exis-
tence of quantized physical gravitons based on three
assumptions:49 that quantized source particles interact
viaa1/rpotential inthenon-relativistic limit, thattheS
matrix theory is unitary and that it is Lorentz invariant.
This seems in contradiction with the discussion in our
work here, which highlights that a quantized absorber
theory of weak-field gravity provides an alternative the-
ory without gravitons. The resolution of this seeming
contradiction is a loophole in Carney’s proof. If one is
willing tomakethecosmologicalassumptionthat the far
future contains a complete gravitational absorber, then
the 1/r potential, the unitarity and the Lorentz invari-
ance do not require the existence of physical graviton
states, or a Hilbert space associated with such states.
This is discussed in more detail in Appendix IXC.

It was pointed out by Rovelli and Christodoulou that
the fundamental mediators of gravity are not the cen-
tral objects of interest in the GIE setup. The authors
instead highlight the quantumnature of the sources and
conclude that an expected outcome in the GIE exper-
iment would imply that gravitational fields can exist
in superposition.50 Superposition of geometries, as dis-
cussed in Sec.VIID are then inferred from an extension
of the Newtonian superpositions to general relativistic
superpositions.

In a recent paper, Christodoulou et al.51 analyzeGIE
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starting from a relativistic description based on path
integrals, in order to highlight the inherent locality of
entanglement generation in the relativistic setting. But
as we have discussed in Sections III andV, relativis-
tic Lorentz invariance does not necessarily mean that
physics has to be local, but that causality has to be pre-
served. The local interpretation is only true for the for-
mulation in the Lorentz gauge, which is what is exclu-
sivelyused inRef.51. Thesamecanbedescribed interms
of non-local processes in the path integral formulation,
both in a Poisson gauge and in terms of absorber the-
ory, as we showed in section V. While a modified setup
that allows for retardation effects as proposed in Ref.51

would involve local terms also in the Poisson gauge, the
absorber non-local loophole still remains.

Finally, we mention that some alternative models
have been proposed that do not involve the expected
quantized Newtonian fields but that can still explain a
positive outcome of the GIE experiment.46,47,129 These
unorthodox semi-classical models are interesting test
theories that warrant further study, at the very least as
possible test theories against which the expected pre-
dictions can be probed and to design schemes that may
distinguish them.

VIII. CONCLUSIONS

In this paper we have critically assessed possible con-
clusions that one can draw from observing gravitation-
ally induced entanglement. We have shown that en-
tanglement can be generated by quantized mediators,
but that such an interpretation is not unique. The pos-
sibility of non-local generation of entanglement is also
viable even within known relativistic physics (absorber
theory being one example), and thus no conclusion can
be drawn about mediators unless the locality condi-
tion is additionally imposed. While locality is a choice
and not fundamental in both QED and general relativ-
ity, causality is always preserved even in non-local for-
mulations. The experiment nevertheless probes quan-
tum aspects of gravity independently of the LOCC ar-
gument, as it involves superpositions of gravitational
source masses, demonstrating the creation of superpo-
sitions of the Newtonian gravitational field.

Any interpretation beyond this relies on assumptions
about the nature of quantum gravity whichmay ormay
not be true, and thus remain ambiguous. If locality
is elevated to a fundamental assumption, then LOCC
indeed predicts the existence of quantized mediators if
GIE is witnessed. Intense debates about the proposal
thus reach different conclusions, depending on what
prior assumptions one is willing to accept as “most nat-
ural”. Since the proposed tests are of indirect nature,
the choice for the underlying ontology is crucial for the
conclusions one candraw. The electromagnetic casedif-
fers somewhat from the gravitational one, as the former

can always be cast in a non-local absorber formulation,
while gravity is only known in the Newtonian and post-
Newtonian limits to have a non-local absorber picture.
In both cases, also an interpretation with local media-
torsof entanglement ispermitted, althoughthe involved
mediators are not the observable physical bosons. But
since non-local formulations are permitted as well, ob-
servingtheexpectedentanglementwouldbecompatible
withboth the non-existence and existence of local quan-
tized mediators. We also showed that under reasonable
prior assumptions, one can already claim tests of the
quantum nature of the Newtonian gravitational field in
cosmological observations. Such a claim, however, re-
lies additionally on the validity of the usual inflationary
paradigm.

In sum, there are three types of conclusions one can
draw fromGIE: i)The experiment canprobe somealter-
nativetheoriesthatwouldyieldanunexpectedoutcome,
such as Penrose collapse, classical local channel models
or mean field theory. ii) An expected result will show
that spatial superpositions of matter coherently source
Newtonian gravity, yielding superpositions of Newto-
nian fields. The caveat is that if one assumes the usual
inflationary paradigm,matter in quantum states sourc-
ingNewtonian gravity is already shown in currentCMB
observations. iii) If one assumes anunderlying relativis-
tic theory for gravity, different interpretations exist on
how entanglement is generated. One of them includes
local mediators, which however are not the usual ob-
servable bosons. In such an interpretation these media-
tors have tobequantized. But entanglement generation
can equally be described in terms of non-local processes
in the relativistic setting, thus induced entanglement is
insufficient to conclude the quantization of mediators.
Overall, our results clarify thatwhile quantumsuperpo-
sitions of gravitational sources are probed in such pro-
posals, claimsaboutmediators remainambiguous, both
in the electromagnetic and in the gravitational setups.
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IX. APPENDIX

A. QED in Coulomb gauge

For the sake of completeness, in this section we will
explicitly show how entanglement between two charged
quantumparticles, is generatednon-locallyyetcausally,
in the Coulomb gauge. The interaction Hamiltonian
between charged particles and EM field is

Hint =

∫
d3rjµA

µ =

∫
d3r

(
−ρΦem + j⃗ · A⃗

)
. (37)

Writing the electric field in terms of the potentials E⃗ =

−∇Φem − ∂tA⃗ and substituting into the Gauss law

∇ · E⃗ =
ρ

ϵ0
(38)

we end up with a Poisson equation for Φem

∇2Φem = −∇ · ∂A⃗
∂t

− ρ

ϵ0
. (39)

The solution of (39) is

Φem(r⃗) =

∫
d3r′

∇ · ∂tA⃗+ ρ
ϵ0

4π|r⃗ − r⃗′| . (40)

From (40), it’s clear that the 0 component of the four
vector Aµ, namely Φem , is not an independent degree

of freedom. Instead, it’s completely determined by A⃗
and the presence of matter ρ. It therefore means that
the four vector Aµ contains three degrees of freedom.
Moreover, once the U(1) gauge symmetry of QED is
fixed,wewillendupwithtwophysicaldegreesof freedom
whichcorrespondto the twopolarizationsof thephoton.
The Coulomb gauge condition reads

∇ · A⃗ = 0 . (41)

This condition is leaving behind 2 degrees of freedom

and implies that the vector field A⃗ is transverse, namely

A⃗ ≡ A⃗⊥. Relation (40) now takes the form

Φem(r⃗) =
1

4πϵ0

∫
d3r′

ρ(r⃗′)
|r⃗ − r⃗′| (42)

which corresponds to the Coulomb potential. The re-
sulting interaction Hamiltonian in Coulomb gauge is
therefore

Hint = − 1

8πϵ0

∫
d3rd3r′

ρ(r⃗)ρ(r⃗′)
|r⃗ − r⃗′| +

∫
d3rj⃗ · A⃗⊥ .

(43)
Upon quantization, this Hamiltonian is responsible for
entangling two charged quantum particles via the non-
local, instantaneous Coulomb interaction and/or via
virtual spin-1 photons. In the non-relativistic regime in
whichthelatter is irrelevant71, namelyforslowlymoving
particles, as it is the case for electromagnetic analogueof
the GIE proposal,26,27 we have to conclude that entan-
glement generation is due to the Coulomb term, which
corresponds just to quantized source masses. This con-
clusion had also been pointed out in Ref.45.

It’s crucial to notice that despite the various non-
local (instantaneous) pieces that appear in the formula-
tion, QED in Coulomb gauge describes causal physical
processes.81–84,86

B. Weak-field gravity in Poisson gauge

The aim of this section is to show how entanglement
between the masses can be generated non-locally with-
outanyreferencetogravitons. Weexpandontheexposi-
tion inRef.141. In the linear regime of general relativity,
the metric tensor is written as gµν = ηµν + hµν , where
|hµν | ≪ 1 and ηµν corresponds to the flat Minkowski
metric tensor. Decomposing the linear field hµν accord-
ing to its transformation properties under spatial rota-
tions in terms of scalar, vector and tensor components
(ϕ, ψ,wi, sij), we have

h00 = −2ϕ (44)

h0i = wi (45)

hij = −2ψδij + 2sij (46)

where sij is the so-called traceless strain, s
j
j = 0. So far,

no gauge condition has been imposed. The interaction
HamiltonianHint between the weak gravitational field
and matter is given

Hint = −1

2

∫
d3rhµν(r⃗)T

µν(r⃗) (47)

or equivalently

Hint =

∫
d3r

[
ϕT 00+(ψδij−sij)T ij−w(iT

i)0
]
. (48)
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The Poisson gauge condition

∂js
j
i = 0 and ∂iw

i = 0 (49)

implies that the traceless strain sij as well as the vector
wi are spatially transverse. An sij that satisfies eq. (49)
isdenotedbysTT

ij . Similarlywedenoteawi satisfyingeq.

(49) by w⊥
i . In this gauge, the interaction Hamiltonian

is written as

Hint =

∫
d3r

[
ϕT 00 + (ψδij − sTT

ij )T ij − w⊥
(iT

i)0
]
.

(50)
The dynamics of remaining six degrees of freedom
(ϕ, ψ, sTT

ij , w⊥
i ) are dictated by Einstein’s equation,

which in the Poisson gauge takes the following form141

∇2ψ = 4πGT00 (51)

∇ · (−∇ϕ− ∂tw⃗⊥)− 3∂2t ψ = −4πG(T00 + T i
i ) (52)

∇× H⃗ = −16πGf⃗⊥ (53)

(
∂i∂j −

1

3
δij∇2

)
(ψ − ϕ) = 8πGΠ

||
ij (54)

□sTT
ij = 8πGΠTT

ij (55)

where H⃗ = ∇× w⃗⊥ and f⃗ ≡ T 0ie⃗i.

ΠTT
ij corresponds to the transverse and traceless part

of the stress energy tensor. Making use of the so-called

Helmholtz decomposition, the three-vector f⃗ can be de-
composed into longitudinal and transverse parts as fol-
lows

f⃗ = f⃗|| + f⃗⊥ (56)

where

f⃗⊥ =
1

4π
∇×∇ ·

∫
d3r′

f⃗(r⃗′)
|r⃗ − r⃗′| (57)

and

f⃗|| = − 1

4π
∇

∫
d3r′

∇′ · f⃗(r⃗′)
|r⃗ − r⃗′| . (58)

The functionΠij is the traceless spatial part of the stress
energy tensor

Πij ≡ Tij −
1

3
δijT

k
k . (59)

In a similar way, it can be decomposed as

Πij = Π
||
ij +Π⊥

ij +ΠTT
ij (60)

where its longitudinal part is defined as

∇2Π
||
ij(r⃗) =

(
∂i∂j −

1

3
δij∇2

)
Π||(r⃗) (61)

Π||(r⃗) = − 1

4π

3

2

∫
d3r′

∂i
′
∂j

′
Πij(r⃗

′)
|r⃗ − r⃗′| (62)

and its rotational part

Π⊥
ij(r⃗) = ∂iΠ

⊥
j + ∂jΠ

⊥
i (63)

in terms of a divergence-less spatial vector Π⊥
j . Π⊥

j in

turn is defined in terms of ∂jΠij analogously to f⃗⊥. The
last term in (60), ΠTT

ij , corresponds to the gauge invari-
ant transverse part. Applying the same steps to the
metric perturbations provides a procedure for the ex-
traction of sTT

ij from hij .

We note in passing that, in analogy with electrody-

namics,where thePoisson (constraint) equation∇·E⃗ =
ρ/ϵ0 enforces charge conservation ∂µJ

µ = 0, in the
weak-field of GR, gauge invariance, namely invariance
under infinitesimal change of the coordinates xµ →
xµ − ξµ, implies four conserved quantities ∂µT

µν = 0.
This equation shows the limitations of weak-field grav-
itysince it contradicts theequationsofmotionofmatter.
This inconsistency can only be avoided after resumming
all perturbationorders togetback full general relativity.

The set of equations (51)-(55) describe the causal dy-
namics of the metric components in Poisson gauge. Ne-
glecting some pieces, or focusing only on the constraint
equations,woulderroneously leadto theconclusionthat
GR in theweak-field limit describes non-causal physics.

The solutions of (51) and (53) are easily obtained

ψ = −G
∫
d3r′

T00(r⃗
′)

|r⃗ − r⃗′| (64)

w⃗⊥ = −4G

∫
d3r′

f⃗⊥(r⃗′)
|r⃗ − r⃗′| . (65)

Inserting (61) into (54) one obtains the Poisson-like
equation

∇2(ψ − ϕ) = 8πGΠ|| (66)

which can be solved to give

ϕ(r⃗) = ψ(r⃗) + 2G

∫
d3r′

Π||(r⃗′)
|r⃗ − r⃗′| (67)

where the scalar function Π||(r⃗) is defined in (62).

Inserting the solution to constraint equations
(64),(65) and (67) into the (50) we end up with an ex-
pression for the interaction Hamiltonian which only de-
pends on the gauge invariant spin-2 gravitons sTT

ij and
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Generic boundary condition:

p′1 p′2

p1 p2

k

k′

k̃ ⇒

p′1 p2

p1 p2k

k̃

Absorbing boundary condition:

p′1 p′2

p1 p2

k

k′

k̃

p3

p3

⇒

p′1 p2

p1 p2k

k̃

p′3

p3

FIG. 3. Upper panel : Unitarity at the tree-level of a six-point amplitude (left) implies the existence of diagrams with
on-shell graviton lines (right), as described in Ref.49. Lower panel : Absorbing boundary conditions can be implemented
by having one additional absorber particle p3 with trivial propagator as disconnected line “participating” in the scattering
on the left. In this case the pole can be removed from the scattering amplitude and the gravitons do not need to exist.

the matter degrees of freedom

Hint =−
∫
d3r

(
sTT
ij (r⃗)T ij(r⃗)

)
− (68)

− G

2

∫
d3rd3r′

|r⃗ − r⃗′|

[
−4f⊥,i(r⃗

′)T 0i(r⃗)+

+ T00(r⃗
′)
(
T 00(r⃗) + T k

k (r⃗)− 2Π||(r⃗)
)]

where f⊥,i ∝ T 0i
⊥ . The first term in (68) describes grav-

itational radiation. The second and third line corre-
spond to non-local terms. The third term contains the
standardNewtonian instantaneous interactionbetween
mass densities. Note that in the fully nonperturbative
case the Hamiltonian can be decomposed in a similar
fashion by reinserting the solution of algebraic and el-
liptic equations in a fully constrained gauge.142 Thus,
slowlymoving charges entangle predominantly at short
distances without the physical gravitational degrees of
freedom even if spacetime curvature is strong. Quan-
tization of the Hamiltonian (68) is straightforward, as
all redundant gravitational degrees of freedom have al-
ready been removed and only the term sTT

ij remains,
which corresponds to the spin-2 gravitons. Quantiza-
tion then yields eq. (29) in the main text. One can see
that entanglement is generated either via the physical
gravitons (1st term∝ sTT

ij in (68))) and/or via the non-
local matter terms (the remaining terms).

Afterquantization, and since theexperiment isquasi-
static with all v ≪ c, the only relevant component is the
T̂00(r⃗) term. Therefore, (68) takes the form

Ĥint ≈ −G
2

∫
d3rd3r′

|r⃗ − r⃗′| T̂00(r⃗
′)T̂ 00(r⃗) (69)

For T̂00(r⃗) = m1δ(r⃗ − ˆ⃗r1) +m2δ(r⃗ − ˆ⃗r2), we get

Ĥint = −Gm1m2

|ˆ⃗r1 − ˆ⃗r2|
(70)

which corresponds to theNewtonian interaction, as dis-
cussed in Section II.

C. Graviton existence theorem and the absorber
loophole

It was recently proven in Ref.49 that unitarity and
Lorentz invariance, together with the assumption that
non-relativistically gravity is a 1/r potential, imply the
existence of physical gravitons, or in other words the
existence of quantum states of gravitational degrees of
freedom. Aswe discussed in themain text, assuming lo-
calityandtheLOCCargumentdoesnotdirectlyallowto
conclude the existence of physical graviton states, only
the existence of auxiliaryor “unphysical” gravitons that
can only appear in virtual processes. These gravitons
are the analog of the scalar and longitudinal photons of
QED.

It therefore seems that Carney’s existence proof of
physical gravitons is not only stronger than the LOCC
argument but also already shows the existence of the
graviton without the need to perform the GIE experi-
ment. More strikingly, Carney’s proof which is also for-
mulated in the weak-field regime of gravity, seems to be
in contradictionwith the fact that an absorber theory of
weak-fieldquantumgravity isunitary,Lorentz invariant
and has a classical 1/r potential. Thus the properties
that Carney assumed are present in an absorber theory,
but that by construction has no gravitons!

In this appendix we point out the hidden additional
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assumption that goes into theproof andallows one to in-
fer the existence of the graviton, and that dropping this
extra assumption is then consistent with the existence
of a gravitational absorber theory that has no gravitons.
To summarise our result: unitarity and Lorentz invari-
ance, and the 1/r potential only imply the graviton if
absorbing boundary conditions are excluded. This ex-
clusion was the additional hidden assumption in Ref.49

Carney considered a tree-level process in which two
masses are controlled electromagnetically, for instance
to produce the superpositions in the GIE experiment,
and then interact through the 1/r potential. Consid-
ering a six-point amplitude, see upper left diagram in
Fig. 3, involving the photon (curvy lines), massive par-
ticles (full lines) and gravitational interaction (dashed
line), the existence of diagrams with on-shell graviton
lines is derived, see the upper right diagram. The pole
at k̃2 → 0 has an imaginary residue. This residue is
equal to the product of a pair of amplitudes, one shown
on the upper right of Fig. 3, where the physical graviton
(dashed line) is emitted into the final state. The dis-
connected line represents a trivial propagator. If this
diagram, and thus physical graviton states did not ex-
ist, unitarity is violated. Thiswas in a nutshell Carney’s
argument.
Now we come to the absorber loophole. In an ab-

sorber ontology the diagram in the upper left of Fig. 3 is
incomplete and misses the existence of absorber parti-
cles. While most absorber particles are not involved in
any given scattering event, some always will be. This is
indicatedby the lower left diagram inFig. 3. This “spec-
tator” absorber allows then to restore unitarity through
the diagram shown in the lower right. It absorbs the
would-be graviton. In the absorber ontology, there are
no on-shell gravitons, so the graviton pole does not exist
in the absorber theory, and thus restoration of unitarity
only requires proper consideration of absorbing bound-
ary condition, and no introduction of graviton quantum
states.
Note that absorbing boundary conditions do not ex-

clude the existence of a physical graviton state, but they
donotrequire suchastateeither. Thusgravitonscannot
be inferred fromCarney’s argument if absorbingbound-
ary conditions are imposed.
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