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Abstract

The fractional quantum Hall effect (FQHE), discovered in 1982 in a two-
dimensional electron system, has generated a wealth of successful theory and
new concepts in condensed matter physics, but is still not fully understood.
The possibility of having nonabelian quasiparticle statistics has recently
attracted attention on purely theoretical grounds but also because of its
potential applications in topologically protected quantum computing.

This thesis focuses on the quasiparticles using three different approaches.
The first is an effective Chern-Simons theory description, where the noncom-
mutativity imposed on the classical space variables captures the incompress-
ibility. We propose a construction of the quasielectron and illustrate how
many-body quantum effects are emulated by a classical noncommutative
theory.

The second approach involves a study of quantum Hall states on a torus
where one of the periods is taken to be almost zero. Characteristic quantum
Hall properties survive in this limit in which they become very simple to
understand. We illustrate this by giving a simple counting argument for
degeneracy 2n−1, pertinent to nonabelian statistics, in the presence of 2n
quasiholes in the Moore-Read state and generalise this result to 2n − k
quasiholes and k quasielectrons.

In the third approach, we study the topological nature of the degeneracy
2n−1 by using a recently proposed analogy between the Moore-Read state
and the two-dimensional spin-polarized p-wave BCS state. We study a ver-
sion of this problem where one can use techniques developed in the context
of high-Tc superconductors to turn the vortex background into an effective
gauge field in a Dirac equation. Topological arguments in the form of index
theory gives the degeneracy 2n−1 for 2n vortices.
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Chapter 1

Introduction and overview

1.1 The thesis put into a general context

The scientific publications, called papers, appended to this thesis present
original work in theoretical physics that I have done together with different
collaborators. The thesis aims at introducing this work, putting it into a
context, give some clarifications and also present some work in progress that
has not been finalised in a paper yet.

The content of this research is technical and mathematical and can most
likely only be appreciated by those who have studied physics at university
level, and among them probably only by a small fraction specialised into
the same branch. (Alas, the very specialised nature of today’s scientific
research!) The subject of this thesis deals with the mathematical description
of some central phenomena in an important condensed matter system called
the quantum Hall system. The main parts of the thesis is intended for
quantum Hall physicists, but in this introductory chapter I will present the
central ideas in a non-technical way. This very first section tries to convey
to the general audience why this kind of research is interesting.

The quantum Hall effect belongs the branch of condensed matter physics.
This very broad branch raises many fundamental questions which, however,
are not as easily presented to the layman as those of some other fundamental
branches. In cosmology one investigates how the universe was born and how
it has evolved to host structures like galaxies. To ask what is out there and
how the world was created are questions with a long history and which
people in general find fascinating and important. In high-energy particle
physics one investigates the smallest constituents of nature—the elementary
particles—and the fundamental forces by which they interact. One tries
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to answer questions about what the world (including ourselves) is made of
and if there are deep reasons for why these fundamental constituents have
exactly the properties they happen to have. Also these questions will most
likely sound fundamental and very interesting.

Condensed matter physics has its roots in solid state physics, which
deals with properties of for example metals and other crystals. However,
today this branch includes a very diverse range of subjects like for example,
nanophysics, soft condensed matter (e.g. structures in polymer solutions)
and macroscopic quantum mechanical effects such as superconductivity, su-
perfluidity etc. The general theme is that one tries to understand how sim-
ple constituents (like electrons, molecules, grains of sand etc.) can give rise
to ordered complicated structures and how they sometimes get completely
different properties compared to what they have when they are isolated.
This might not sound as fundamental as cosmology or elementary particle
physics. However, at the same time as there is sometimes an aspect of ”ma-
terial science” (with possibly very interesting applications like maglev trains
or quantum computers) in studying specific properties of these extremely di-
verse systems, these studies many times— and from widely different angles—
illustrate the working of the same universal principles that seem to be cen-
tral in the theoretical description of nature. Actually, one sometimes hears
that whereas elementary particles physics has only one universe to study
(the vacuum), in condensed matter physics there are thousands of different
(and sometimes tuneable) model ”universes” to play with. For example one
can study what physics would look like if space had only two dimensions
instead of three. This multitude of ”universes” helps physicists to find very
general concepts and frameworks.

One such general theoretical framework is the renormalization group
theory, which explains some very fundamental universal properties shared
by seemingly completely unrelated phenomena. It also gives some kind
of explanation for why one in physics so often finds simple and beautiful
equations that describe properties in a system that has the potential of
being exceedingly complex.

The study of how the simplicity and symmetry of fundamental laws can
emerge from a complicated and non-symmetrical background has in recent
decades led to the concept of emergent phenomena. Many systems in con-
densed matter physics show that in the low-energy (that is to say, low tem-
perature ) limit a very complicated system can turn out to have new simple
properties that were not present at higher temperatures. Some condensed
matter theorist challenge the view that there is a final—hopefully incredibly
beautiful—fundamental theory of everything. (See for example the random
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dynamics project started by Nielsen [55] or the articles by Laughlin and
Pines and by Zhang [49].) They play with the idea that many of the beauti-
ful fundamental properties expected in a fundamental theory might actually
not at all be fundamental but rather emergent properties in a true vacuum
that is not at all beautiful and symmetric. (For a fascinating account of
how the Standard Model could be modelled by liquid Helium-3, see Volovik
[89].)

An important phenomenon for creating new concepts has been the frac-
tional quantum Hall effect (FQHE), the phenomenon studied in this thesis.
It was discovered in 1982 and did not fit into the existing frameworks of con-
densed matter theory (Fermi liquid theory and Ginzburg-Landau theory).
Instead it has generated new, potentially very powerful concepts such as
topological order, fractional statistics and composite fermions. To improve
ones understanding of the FQHE and of such concepts, it is interesting to try
to get new ways of looking at things despite the fact that there are already
theories that seem to work very well. This thesis fits into this context. It
does not explain any experimental results that have not been successfully
accounted for already before, but it looks at alternatives to already existing
theories by trying out some new mathematical and conceptual tools.

To talk about branches might give the reader the false impression that
there are watertight boundaries between different disciplines in physics.
Next chapter gives one of examples of where condensed matter research has
been given inspiration by the string theory community. Another example is
the Higgs mechanism in the Standard Model that gives the elementary par-
ticles mass. It first appeared in condensed matter physics and is also known
as the Anderson-Higgs mechanism used to explain the Meissner effect in
superconductivity.

In the rest of the introduction, I will go into the more specific themes in
the thesis and get a bit more technical, however, hopefully on a level still
accessible to the general physics community.

1.2 The quantum Hall system—a new state of two-
dimensional matter

A bead constrained to move along a wire—like in an abacus— might seem
to experience only one space dimension. However, if we hit the bead per-
pendicular to the wire it will probably perform some small oscillations in
the ”excluded” dimensions. Hence the other two space dimensions are al-
ways present. Quantum mechanics makes it possible to really freeze out the
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dynamics in some directions and hence reduce the number of space dimen-
sions the particles experience that they live in from the ordinary three space
dimensions (3D) to for example two dimensions (2D)! This is the result of
the energy spectrum of the lowest energy modes in the third direction being
discrete due to quantization. For low enough temperatures, all the excited
modes will be inaccessible and the dynamics in the third direction is frozen
out. Since this freezing out was possible because of the quantization of the
energy spectrum, there is no counterpart to it in classical physics.

Vx

Vy

I

B

x

y

Figure 1.1: Sketch of the Hall experiment by Edwin Hall (1879). A current
I is driven by a voltage Vx. When a perpendicular B-field is applied, the
resulting Lorentz force on the electrons produces a transverse voltage Vy ∝ B.
Hence for the Hall resistance RH ∝ B where RH ≡ Vy/I. On defines also the
ordinary longitudinal resistance R ≡ Vx/I, which is constant in the classical
experiment.

These kinds of 2D worlds have been realised in laboratories for almost
thirty years. With modern semiconductor technology one can produce high-
tech samples in which the electrons at the interface of two different semicon-
ductor layers will get their freedom to move perpendicularly to the layers
completely frozen out at low enough temperature. One of the reasons that a
2D electron world would be interesting to study is that quantum mechanics
in 2D has, at least theoretically, possibilities that cannot exist in 3D, like
fractional statistics.[50]

In 1980 von Klitzing [45] reported that when the Hall experiment (Fig. 1.1)
is performed in very pure samples, at very low temperatures T ∼ 1 K and
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Figure 1.2: Transport data showing the characteristic plateaus at certain
filling fractions ν. [97].

strong magnetic fields, one can see a drastic deviation from the classical
result of linear Hall resistance RH for strong magnetic fields B. Instead
RH increases in plateaus nh/e2 (see Fig. 1.2) characterized by integer fill-
ing fraction ν = n. The effect is now known as the integer quantum Hall
effect (IQHE). The filling fraction is the central parameter in quantum Hall
physics and is given by the number of Landau levels En = ~ωc(n+ 1

2) that
non-interacting electrons would fill up at the given magnetic field and size
of the system. (Each level has a single-particle degeneracy given by the
number of flux quanta through the system.) The very precise quantization
of the Hall resistance RH and the corresponding vanishing in the longitu-
dinal resistance R make up the quantum Hall response, which is one of the
universal characteristics of the QHE.

Though the discovery of the exact quantization of RH = nh/e2 was a
surprise (and earned von Klitzing the Nobel prize in 1985), theorists soon
understood why plateaus had to occur around integer values of ν and only
there. (See account and references in [76].) The surprise was therefore
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tremendous when in 1982 Tsui, Störmer and Gossard [87] found a fractional
quantum Hall effect (FQHE) by pushing the experiment further with even
cleaner samples, lower temperatures and stronger magnetic fields at which
the same kind of plateaus occurred also at filling fractions ν that were not
integers but simple fractions. (See again Fig. 1.2.) It soon became clear that
the states at these plateaus correspond to a new, exotic type of quantum
liquid— the quantum Hall liquid. Though a lot of successful theory has
been created since then— with one of the pioneering contributions given
by Laughlin in 1983 [48] (for which he shared the Nobel prize in 1998 with
Tsui and Störmer)— the fractional effect is still not fully understood (for a
critical study see Dyakonov [13]) and this field of research continues to be
very active.

1.3 Collective phenomena and quasiparticles

The quantum Hall system, as well as superconductors and superfluids, are
sometimes called quantum liquids. ”Liquid” designates here that interparti-
cle interactions are strong and hence very important but also very difficult
to understand theoretically, in contrast to a ”gas”, where they can almost
be neglected. The properties that we associate to the particles can change
very drastically when the interaction becomes strong. Normally electrons
repel each other. However, theory says that in a superconductor, because of
some complicated effects, they will behave as if they attract each other. This
attraction causes them to form so called Cooper pairs, which in turn con-
dense into the famous and elegant BCS state. All the electrons participate
now in a single, well-ordered but complicated, collective behaviour, and it
is this well-ordered collectiveness that can give exotic quantum mechanical
consequences on scales so much larger than the size of an atom, like the
Meissner effect, that can make a magnet levitate above a superconductor.

While the original particles in a quantum liquid take part in a compli-
cated, strongly correlated, collective behaviour, a new simplicity will emerge
in the form of quasiparticles. In terms of the original particles they are very
complicated objects, but they act as if they were very simple, weakly inter-
acting particles with well defined mass and well defined quantum numbers,
and effectively function as the elementary particles within the system. How-
ever, in contrast to a ”real” elementary particle like an electron, they can
never be extracted and isolated from the system. Vortices in a superconduc-
tor have well defined particle-like properties but they cannot be extracted
from the system any more than a maelstrom can be extracted from the ocean
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since they are the result of a collective behaviour,

1.4 Incompressible liquids

One property of the ground state of the quantum Hall liquid found at special
filling fractions is that it is gapped i.e. has a finite energy cost to any of
the excited states—just like in ordinary superconductors. The reason for
this gap in quantum Hall liquids is that at some special filling fractions
there are ground state wave functions that allow the electrons to avoid each
other particularly efficiently and hence lower the interaction energy from the
strong Coulomb repulsion. The competing alternatives given by the excited
states are not at all equally efficient and hence one can expect a gap, which
is what both numerical calculations and experiments show.

Since the excited states correspond to higher electron densities in some
regions compared to the ground state, one can think of the gap as work-
ing against compression. Hence, one says that the quantum Hall liquid is
incompressible.

1.5 Fractional charge

Laughlin showed [48] that these ingenious wave functions have as a conse-
quence quasiparticles with fractional charge. The fractional quasiparticles
are the positive quasiholes and the negative quasielectrons, with equal but
opposite charges. The Laughlin wave function for ν = 1/3 allows for quasi-
particles with charge ±e/3. The existence of these fractional charges has
been verified directly in shot noise experiments by Saminadayar et al in
1997.[69]

The fractional quasiparticles are a collective effect involving all the elec-
trons. It is not possible to extract and isolate a e/3-quasielectron from the
quantum Hall liquid. They are topological in the same way as vortices. (In
the Laughlin wave function the quasiholes are clearly simple vortices.)

A general trait in the analytical description of quasiparticles is that it is
much easier to write down wave functions and derive properties for quasi-
holes than for quasielectrons, though they in some sense are each others
antiparticles.

1.6 Effective Chern-Simons theories

The principal universal properties of the FQHE are
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• the incompressibility,

• the quantum Hall response and

• the fractional charge and statistics (see next section) of the quasipar-
ticles,

whereas, for example, the precise value of the mass of the quasiparticles de-
pends on the microscopic details of the actual system. Theories that do not
capture all the microscopic details but reproduce most of the characteristic
properties of a system are called effective theories. They have often a more
limited regime of applicability than the microscopic theories, but within this
regime they can be very useful. Condensed matter physics is by necessity full
of such theories, since the microscopic equations—which are often known—
are impossible to solve even by numerical methods except in small systems
of up to 10-20 particles, which are normally too small to clearly exhibit the
many-body effects that one is interested in. (The quantum Hall system is
somewhat of an exception here since exact diagonalization of small systems
of ∼ 10 particles actually often shows a lot of the physics one is interested
in.) Instead, from symmetry arguments and from clever approximations and
guesses about what really matters for the particular system one can come
up with effective theories that describe the experimentally observed charac-
teristic properties of the system. The effective theories therefore also help
to bring out the universal properties in some phenomenon.

Superconductivity was described successfully with effective so called Ginz-
burg-Landau theories before the celebrated BCS theory in 1957 gave a suc-
cessful microscopic description of the superconductors known at the time.
(This was before the discovery of high-temperature superconductors, of
which the full microscopical understanding is considered as one of the biggest
challenges in theoretical physics.) For the FQHE the order was the reverse.
People first came with good microscopic wave functions and later started to
look for good effective theories. For the quantum Hall case these have been
Chern-Simons theories in (2+1)D,1 which are so called topological field the-
ories. These effective Chern-Simons descriptions have played a part in the
development of the concept of topological order, advocated by Wen. (See
references in [90].)

Papers A and B deal with a recent development of such (2+1)D effec-
tive CS theories. The CS theories have what is known as a level number.
If the level number is chosen to have the right values, then the effective

1We choose as convention to use ”nD” to mean n space dimensions, and ”(n+1)D” to
mean one time plus n space dimensions.
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theory describes the central quantum Hall phenomenology. An unattractive
feature of the effective CS theories was that these correct values had to be
inserted by hand. In 2001 it was pointed out by Susskind [80] (with in-
spiration from noncommmutative field theories studied in the string theory
community) that if the two spatial coordinates were made noncommutative
on a classical level2 then the resulting noncommutative Chern-Simons the-
ory would give the correct level numbers just by requiring gauge invariance
under the unitary transformation and by requiring the underlying particles
to be electrons. The noncommmutative requirement naturally encoded the
incompressibility. Also one found quasiholes with the right fractional charge,
but one could not construct the quasielectrons, since the theory did not allow
for charge densities above the average density of the incompressible ground
state. In our work we have extended the theory and have given a proposal
of how to write such quasielectrons.

1.7 Fractional statistics

Closely related to the fractional charge is another astonishing fractional-
ization, namely the one of the exchange statistics of two particles. The
exchange statistics is given by the topological phase factor that a multi-
particle wave function acquires when two identical particles are exchanged,
e.g. two electrons. That there has to be such a phase is a consequence
of identical particles being truly indistinguishable in quantum mechanics.
In 3D topological arguments imply that there are only two possibilities for
the exchange phase, namely eiπ = −1 for fermions (electrons, protons, any
combination with an odd number of elementary fermions) and ei0 = +1
for bosons (photons, gravitons, any combination with an even number of
fermions). Quantum mechanics in 2D is much richer in this aspect. Here it
turns out that any phase factor eiθ is theoretically possible, as first shown
by Leinaas and Myrheim [50]. Wilczek gave these particles with general ex-
change statistics the name anyons and showed that that they can be modeled
as charged bosons or fermions with attached flux [94].

The quantum Hall liquid is the first system to be discovered in which
nature seems to grab this theoretical possibility. This was suggested theo-
retically [31, 3] early on, but a direct experimental verification turned out
to be very difficult. Only as late as 2005 (Camino et al [8]) came the first
proposed direct observation. However, in the quantum Hall community very
few doubt that quasiparticles have fractional statistics since it is such a nat-

2So we are not talking about the quantum mechanical LLL commutator [x̂, ŷ] = i`2.
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ural component in the otherwise so successful theory of the quantum Hall
effect.

1.8 Nonabelian statistics and connections to p-
wave superconductors

Nonabelian statistics [96] implies that a state does not just acquire a phase
when one quasiparticle is taken around an other but it can actually go into
a different state. This is believed to be the property of some more exotic
quantum Hall states, the most well-known being the Moore-Read state [51].

To have nonabelian statistics one needs degenerate energy eigenstates.
In particular one looks for ground state degeneracy. The Moore-Read state
has such a degeneracy in the presence of half-quasiholes, allowed by the
Moore-Read state being a pairing state. There is convincing support for
these half-quasiholes actually having nonabelian statistics.[51, 23, 54, 86]

The pairing of electrons in the Moore-Read state has some close connec-
tions to 2D BCS superconductivity, where electrons undergo Cooper pairing.
However, the BCS state that is related to the Moore-Read state is not the
more common s-wave or d-wave spin-singlet paired state, but a p-wave spin-
triplet paired state. The connection was pointed out by Greiter, Wen and
Wilczek [23] and led Read and Green [62] to suggest that vortex braiding in
a 2D p-wave BCS superconductor should also give nonabelian statistics. The
degeneracy is here given by the presence of so called fermionic zero-modes
localized at the vortex cores, which for 2n vortices lead to the degeneracy 2n.
The number of zero-modes, i.e. the amount of degeneracy, is thought to be
a topological property. However, the argument in [62] was not topological.
In chapter 4 we study a closely related problem where the counting can be
done explicitly using topological methods.

1.9 Thin torus studies of the Moore-Read state

The quantum Hall states exhibit some topological properties more clearly
when put on a torus. One such property is that a general quantum Hall
system becomes degenerate on the torus. The amount of degeneracy is
connected to topological properties and is related to the characterization
of topological order. This degeneracy becomes intuitive when one goes to
the thin torus limit, i.e. deforms the torus by letting one of the two cir-
cumferences shrink almost to zero. The thin torus picture gives also a
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very intuitive understanding of other characteristic quantum Hall proper-
ties, like fractional quasiparticles. In paper C we show that in the thin
limit one can treat quasiholes and quasielectrons on an equal footing (which
was not the case in the bulk system, that is to say on the thick torus),
and hence we derive the Moore-Read ground state degeneracy for arbitrary
±e/4-quasiparticles, not only the already established case of e/4-holes [54]
derived in the bulk case where the construction for −e/4-quasielectrons in
the Moore-Read state is still lacking.

1.10 Outline of the thesis

The rest of the thesis will be technical and I will assume familiarity with
basic theory and phenomenology of the quantum Hall effect. Below I will list
some suggested references for readers that would like to understand enough
quantum Hall physics to be able to read the remaining chapters.

The unifying theme of the thesis work is quasiparticles in the FQHE,
however, with very different approaches and with techniques that are not
so familiar. The corresponding chapters give a somewhat more robust in-
troduction than what is possible in the papers and contain some additional
information. The chapter on p-wave superconductors contains original work
done together with T.H. Hansson. To bridge the gap for the typical quantum
Hall audience, I give a detailed introduction to the needed parts of p-wave
BCS theory and also review some of the previous work in the field to put
our work into context.

1.11 Suggested literature

For those who want to understand formal details of quantum Hall theory in a
pedagogical and consistent way Ezawa’s book [15] is very good. It also gives
a good account of field theory basics and things like Chern-Simons terms,
anyon field operators, Anderson-Higgs mechanism etc. Girvin’s lecture notes
[20] gives a good introduction to quantum Hall physics. For effective Chern-
Simons descriptions of the quantum hall liquid, see Zee [99]. For anyon
physics, Khare’s book [43] is very enjoyable. A more advanced book that
treats the quantum Hall effect and the concept of topological order is the
book by Wen [90]. For a compilation of many of the central papers on
the FQHE, see the book edited by Stone [76]. For an alike on fractional
statistics, see also the book edited by Wilczek [93]. For BCS theory, see
deGennes [10], Schrieffer [71] or Tinkham [82].
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Chapter 2

The noncommutative Chern-
Simons theory of QH liquids

In this chapter I will begin with a brief introduction to effective, commuta-
tive Chern-Simons theory descriptions of the FQHE for Laughlin fractions.
The bulk of the chapter is then about the noncommutative generalization.

This chapter is based on my Licenciate thesis.[42]

2.1 Chern-Simons theories as effective theories of
the FQHE

The Laughlin wave function and generalizations such as the Jain wave func-
tion [40] or the Haldane-Halperin hierarchy states [25, 32] give a good micro-
scopical understanding of the quantum Hall effect. However, in analogy with
superconductivity it is useful to find a description in terms of an effective
field theory à la Ginzburg-Landau to more clearly bring out universal prop-
erties. In contrast to superconductivity where the superconducting state is
characterized by symmetry breaking in an order parameter, the quantum
Hall states are not characterized by any symmetry breaking in this sense.
Actually, as advocated primarily by Wen (see the references in [90]), differ-
ent quantum Hall states are instead characterized by a new concept called
topological order that shows up among other things in the ground state de-
generacy. (On a genus g surface the Laughlin state ν = 1/n has a ground
state degeneracy ng.) Also, the universal low-energy long-distance proper-
ties of the quantum Hall liquids (the incompressibility, the quantum Hall
response, the fractional charge and statistics) are captured in topological
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field theories with a topological term 1
4π

∫
εµνλaµ∂νaλ known as the Chern-

Simons term or the first Chern number, which is a topological invariant.
The Chern-Simons term can be added to a (2+1)D gauge theory to

make the photons massive.[11] In (2+1)D quantum electrodynamics it also
emerges to first order in radiative corrections.[65] It is also used in a field
theory description of anyons by applying the statistical transmutation de-
scribed in next section.[95, 98]

2.1.1 Chern-Simons terms in the FQHE

Take the lagrangian

L = ψ†(i~∂0 + eA0)ψ −
1

2m
ψ†(−i~∇+ e ~A))2ψ + Lint (2.1)

for the electrons. Lint will contain e.g. the Coulomb interaction. The gauge
transformation

ψ(~x) −→ eiΛ(~x)/~φ(~x) (2.2)

makes the resulting particle field φ couple minimally to an effective gauge
field aµ ≡ 1

e~∂µλ and hence an effective flux. By adding a Chern-Simons
(CS) term the flux is attached to the φ particles, as we will soon see. The
result is the lagrangian

L = φ†(i~∂0 + e(A0 + a0))φ−
1

2m
φ†(−i~∇+ e( ~A+ ~a))2φ−

− e

2αφ0
εµνλaµ∂νaλ + Lint (2.3)

(µ = 0, 1, 2). We assume a euclidean metric, i.e. xµ = xµ, where we choose
the one or the other depending on notational convenience.

The Chern-Simons field has nothing to do with the electromagnetic
charge; a factor of e is divided out only to give aµ the same dimension
as Aµ. There is no Maxwell term f2 for the Chern-Simons field in the
microscopic theory (in contrast to the effective theories which can contain
such a term, see e.g. [99]) and hence the Chern-Simons field has no photons,
i.e. no dynamical degrees of freedom. Up to a gauge transformation it is
completely determined by the particle density and current, as shows the aµ
equations of motion

εµνλ∂νaλ = αφ0Jµ . (2.4)
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In particular (a, b = 1, 2)

b ≡ εab∂aab = αφ0ρ (2.5)

so each φ-particle will have a flux string of CS flux αφ0 attached to it as
advertised.

These flux strings lead to an additional topological phase— related to
topological Aharonov-Bohm— as the φ-particles encircle each other. With
such a statistical transmutation one can turn the original electrons into parti-
cles of arbitrary exchange statistics. Attaching an odd number of flux quanta
turns them the into hard-core bosons and a non-integer of flux quanta turns
them into anyons.[94, 95, 98]

In the composite fermion theory [40] for the ν = 1/n Laughlin states
(n odd) one chooses α = n − 1, which gives the field φ fermionic exchange
statistics. The fermions have the same charge as the electrons, but ~a—when
smeared out in a mean-field approximation— cancels a fraction (n − 1)/n
of ~A and hence the particles live in a reduced magnetic field B∗ = B/n and
in terms of this field the new filling fraction is ν∗ = 1. The problem is thus
mapped into an integer quantum Hall effect! The φ-particles are seen as
composites of electrons and CS flux and are called composite fermions. The
general Jain fractions ν = p/(2pn + 1) can be likewise seen as composite
fermions of electrons with 2n flux quanta filling up ν∗ = p Landau levels.
This ”recipe” has been amazingly successful but it is still not understood
on a microscopic level why it works so well.

A related approach is the one of composite bosons [100], where α = n flux
quanta are attached to each electron. In this picture the ν = 1

n fractions
arise when ~A + ~a = 0 and ρ(~x) = ρ̄, which yield B = nφ0ρ̄ and hence
ν = ρ̄φ0

B = 1/n. The underlying physics is that the vanishing of the total
gauge field ~A + ~a allows the charged composite bosons to condense into a
Bose-Einstein condensate.

2.1.2 An effective theory of the FQHE

In the composite boson case, the lagrangian (2.3) is written in terms of
a complex field φ (whereas ψ is grassmanian in the lagrangian) and has
the appearance of a Ginzburg-Landau theory (though φ should be not
interpreted as an orderparameter). By introducing the parametrization
εµνλ∂ν ãλ = 2πJµ of the current in terms of a so called dual field ãµ, one can
in a low energy excitation mean field treatment of a constant density state
in the presence of vortices integrate out the original fields φ and aµ ([101])
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to get the effective lagrangian (with ~ = e = 1)

Leff =
k

4π
εµνλãµ∂ν ãλ −

1
2π
εµνλAµ∂ν ãλ + jµãµ, (2.6)

where jµ describes the vorticity current, to be interpreted as the quasi-
particle current. (We have

∫
d2xj0 = m for an m-vortex state.) Aµ does

not include the uniform background magnetic field. From the derivation it
follows that level number k is given by k = n.

The last term couples the quasiparticle current with the dual CS field
ãµ. The equations of motion

0 ≡ δL

δãu
=

k

2π
εµνλ∂ν ãλ −

1
2π
εµνλ∂νAλ + jµ (2.7)

give Jµ = 1
2πk εµνλ∂νAλ −

1
k jµ which shows both the correct quantum Hall

response and the fractional charge of the quasiparticles.

2.2 Noncommutative Chern-Simons theory and ma-
trix models

The microscopic origin of (2.6) sketched in the previous section implies that
the level number k has to be an odd integer α = n = ν−1, but within
the effective theory the quantization of k to an integer (especially odd inte-
ger) does not follow from any consistency conditions but has to be regarded
as an input. Actually, quantization follows from invariance under homo-
topically non-trivial gauge transformations, but whereas there are such for
example on a torus, there are no such in the plane. One of the promises of
the noncommutative generalization is that in the noncommutative Chern-
Simons theory the quantization follows from the requirement of ordinary
U(1) gauge invariance [53].

Another drawback of (2.6) is that it does not capture the lowest Landau-
level (LLL) pertinent magnetic algebra [22]

[ρ~k, ρ~q] = 2i sin(`2εabkapb/2)e`
2~k·~p/2ρ~k+~p . (2.8)

Actually, quantization of (2.6) yields [ρ~k, ρ~q] = 0. As we shall learn, charge
and current operators in a quantized noncommutative theory are quite a
bit trickier, but there is a possibility that a noncommutative Chern-Simons
model captures the magnetic algebra. However, we found that the most
natural definitions of the density operator do not do so except in the θ = 0
limit.
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2.2.1 The noncommutative plane

A noncommutative plane is one where the classical coordinates do not com-
mute but satisfy the algebra

[x̂a, x̂b] = iεabθ ≡ iθab , (2.9)

where the area θ is the noncommutativity parameter. (For a review on
noncommutative field theory, see [12].) The ˆ denotes a noncommutative
variable or a function thereof. The algebra (2.9) is the same as the quantum
mechanical commutator [x(QM), y(QM)] = i`2 of guiding center coordinates
or LLL projected coordinates and the mathematical structures will be very
similar. However, let us stress that the commutator (2.9) is not quantum
mechanical.

In analogy with quantum mechanics, the noncommutativity (2.9) leads
one to interpret x̂i and functions f̂ as operators acting on some auxiliary
Hilbert space. This auxiliary Hilbert space should be distinguished from the
Hilbert space that will be introduced upon quantization. From [a, a†] = 1
with a ≡ (x̂1 + ix̂2)/

√
2θ one sees that the coordinates in (2.9) can be

represented in a harmonic oscillator basis. This gives x̂i a infinite matrix
representation which is unique up to gauge transformations. The basis states
{|n〉} in the auxiliary Hilbert space can be thought of as fuzzy concentric
domains on the plane, characterized by their radii, since they are eigenstates
of

R2 ≡ (x̂1)2 + (x̂2)2 = 2θ(a†a+
1
2
) .

In analogy with the LLL, where every quantum state corresponds to an area
2π`2, each state |n〉 occupies an area 2πθ in the noncommutative plane. The
choice of basis in the auxiliary Hilbert space is a gauge choice exactly as in
the quantum mechanical analogue.

The matrix representation of this operator formulation of noncommuta-
tive field theory gives the matrix model, which is the formulation we chose
to work in. The coordinates are promoted to operators to capture their
noncommutativity, but multiplication is given by ordinary matrix multipli-
cation. The alternative to the operator formulation is to work with the
ordinary, commutative coordinates and functions but instead replace the
product by the Moyal star product

f(~x) ∗ g(~x) =
[
e

i
2
θεab

∂
∂xa

∂
∂yb f(~x)g(~y)

]
~y=~x

. (2.10)

We can directly verify that x1 ∗ x2 − x2 ∗ x1 = iθ.
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2.2.2 Functions, integrals, transforms, kernels, derivatives

Functions of the noncommutative coordinates can be defined by series ex-
pansion, just like in quantum mechanics. Using plane waves eikx̂ ≡ eikbx̂

b

one can also relate functions f̂ to their commutative limits f by Fourier
transforms

f̂(~̂x) =
∫

d2k

(2π)2
eikx̂f(~k) . (2.11)

Multiplication of functions can hence be done in terms of plane waves

eikx̂eiqx̂ = e−
i
2
θabkakbei(k+q)x̂ . (2.12)

Note that the Moyal multiplication rule (2.10) is obtained by keeping e−
i
2
θabkakb

but letting x̂ become commutative and then transforming back to x-space
with ~k → −i∇.

Noth that here and henceforth we will often drop the vector arrows on
x and k to simplify notation, hopefully without risking any confusion.

In the operator representation integration over the noncommutative plane
is done by taking a trace∫

d2x f(x) −→ 2πθTr f̂(x̂) . (2.13)

Hence

f(k) = 2πθTr e−ikx̂f̂(x̂).

This allows us to transform back and forth between x-space and x̂-space:

f(x) = 2πθTr δ(x− x̂)f̂(x̂) and f̂(x̂) =
∫

d2x δ(x̂− x)f(x) ,

where the kernel here is given by the Weyl kernel

δ̂(x− x̂) =
∫

d2k

(2π)2
eik(x̂−x) .

The Weyl kernel prescribes here a particular matrix ordering in the same way
as it in quantum mechanics prescribes a quantum ordering. In the papers
we also discuss kernels with other matrix orderings, like the anti-ordered
kernel.

Derivatives in the noncommmutative plane satisfy ∂ax̂b = δba. With the
convention that ∂a acts only on the first function to the right, the algebra
(2.9) implies

∂af̂ = [−i(θ−1)abx̂b, f̂ ] . (2.14)
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2.2.3 Noncommutative Chern-Simons lagrangians and ma-
trix models

In [80] Susskind returned to his work on a Lagrange fluid mechanics descrip-
tion of the quantum Hall effect that had resulted in a Chern-Simons theory.
In this second run he went to higher order in his analysis and noted that not
only did the original Chern-Simons term LCS = k

4π

∫
d2xεµνλaµ∂νaλ appear

but also terms that looked like the lowest order terms in a θ expansion of
its noncommutative generalization

LNCCS =
k

4π

∫
d2xεµνλ

(
aµ ∗ ∂νaλ −

2i
3
aµ ∗ aν ∗ aλ

)
= (2.15)

=
kθ

2
Tr εµνλ

(
âµ∂ν âλ −

2i
3
âµâν âλ

)
,

where we first wrote LNCCS in the Moyal product formulation and the
operator formulation. (The expansion can be found by expanding the phase
factor in (2.10) in θ.) Susskind then guessed that the full theory (2.15)
might give a more accurate description than the commutative one. He found
support for this by arguing that the Laughlin fractions came out of the
theory if the underlying particles were assumed to be fermions. I will not
review Susskind’s fluid mechanics model as a path to (2.15) but instead
motivate it with an argument that uses the matrix representation.

Start with the one-particle lagrangian of an electron in a uniform mag-
netic field in the symmetric gauge A = B

2 (x2,−x1) :

L =
m

2
~̇x

2
+
eB

2
εabẋ

axb.

This reduces to L = eB
2 εabẋ

axb in the limit m −→ 0. Quantum mechani-
cally this limit will correspond to sending the gap between Landau levels to
infinity and thus effectively projecting on the LLL. For N electrons

L =
N∑
i=1

eB

2
εabẋ

a
i x

b
i .

Note that the lagrangian is invariant under permutation of particle indices,
as it should be for identical particles. It can trivially be rewritten as

L =
eB

2
Tr εabẊaXb , (2.16)
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with the N ×N diagonal matrices

(X1)mn = x1
nδmn (X2)mn = x2

nδmn .

However, a trace is invariant under unitary transformations X → U †XU of
its matrix arguments. The reformulation (2.16) becomes non-trivial if we
do not restrict it to diagonal matrices and permutation symmetry. We will
see that the extension to a U(N) symmetry will allow us to study the very
interesting gauge theory of matrix models, where the gauge transformations
are given by these unitary transformations.

As it stands, however, the lagrangian (2.16) is not U(N) invariant, be-
cause of the time derivative:

X −→ U †XU =⇒ Ẋ −→ U †ẊU + [U †XU,U †U̇ ] .

The remedy will come from the next non-trivial step. For (2.16) to describe
an incompressible liquid of constant density—a feature of the quantum Hall
ground state at uniform magnetic field—one imposes the constraint

[X1, X2] = iθ . (2.17)

For its commutative analogue and its relation to incompressibility see Suss-
kind’s paper [80]. I will later illustrate how this constraint encodes the
incompressibilty.

Note that the constraint (2.17) is actually a set of constraints since it
consists of N2 independent equations for the matrix elements of general
matrices X1 and X2. Nonetheless, I will mostly call them collectively “the
constraint”, but occasionally also refer to them in plural.

The constraint (2.17) is the same relation as (2.9). The matrices X:s will
be taken to act on the same auxiliary Hilbert space as the noncommutative
coordinates, i.e. think of the X:s as living in the x̂-plane. Like x̂a the
matrices Xa have an infinite matrix representation. Note that the cyclic
property of the trace for finite matrices would lead to the contradiction
0 = iθN when taking the trace of (2.17). The trace of infinite matrices,
however, does not necessarily fulfil cyclicity. In the finite matrix model,
finite matrices are allowed through a modification of the constraint (2.17).

The constraint is solved by

A ≡ 1√
2θ

(X1 + iX2) =
∞∑
n=0

√
n|n− 1〉〈n| , (2.18)

which can be interpreted as having exactly one particle per state in the
auxiliary Hilbert space. (See e.g. [59].) Since each state has the same
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are 2πθ this should give a constant density. Paper A, section 4 shows how
the constant density is derived given the definition of the density operator
presented in the next chapter and using the constraint (2.17).

To arrive at a U(N) invariant lagrangian one incorporates (2.17) in (2.16)
by a Lagrange multiplier â0, where â0 is a hermitian N × N matrix. The
resulting lagrangian

L =
eB

2
Tr
{
εab(Ẋa − i[Xa, â0])Xb + 2θâ0

}
(2.19)

is the one given in Susskind’s paper. The time derivative turns into the
covariant derivative D0X

a = Ẋa − i[Xa, â0] with â0 functioning as a gauge
field, and consequently the lagrangian becomes invariant under U(N) trans-
formations

Xa −→ U †XaU â0 −→ U †â0U − iU †U̇ ,

where the transformation of â0 looks like a gauge transformation of a non-
commutative gauge field.

One can make the connection between the matrix model lagrangian
(2.19) and the lagrangian (2.15) by insertingXa = x̂a+θabâb into (2.19) with
the â:s parametrizing deviation of Xa from the coordinate x̂a. The commu-
tators with respect to x̂ can then be turned into usual spatial derivatives by
making use of (2.14). (Note that the coordinates x̂a are time independent.)
The result is (2.15), which shows the exact correspondence between the two
lagrangians.

2.2.4 Gauge fixed and gauge covariant formulations

The last step towards U(N) invariance is to put not only the lagrangian but
also the elements of the matrices Xa on an explicitly U(N)-invariant form
to make the model gauge covariant. This is done by letting the N canonical
coordinate pairs in the matrices Xa become the N2 canonical coordinate
pairs

(X1)mn = x1
mn (X2)nm = x2

nm .

(Note that the indices are not the same.) The quantization is done before
implementing the constraint. Thus one hasN2 uncoupled degrees of freedom
and they will satisfy the LLL quantum commutators

[X1
mn, X

2
rs] = i`2δmsδnr . (2.20)
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The constraint is the generator of unitary gauge transformations of coordi-
nates and the Hilbert space. Since a gauge transformation does not change
the physical state, the subspace of physical states is projected out through
the requirement

G|physical state〉 = 0 . (2.21)

where

Gmn = i(X1
mrX

2
rn −X1

rnX
2
mr) + θδmn . (2.22)

The ordering in (2.22) was written such that in the quantized matrix model
it gives the correct quantum ordering for Gmn to have the correct unitary
commutator algebra. Note that the covariant formulation exists also on a
classical level, with simple Poisson brackets and the constraints as genera-
tors of unitary gauge transformations, with the latter used to pick out the
physical subspace from the total classical auxiliary Hilbert space.

The gauge-fixed formulation will not have the simple quantum commu-
tators (2.20) of the gauge covariant formulation. However, one avoids having
to project out the physical subspace. By fixing the gauge and solving the
constraint (2.17) one gets back the N coordinates xai that one has some
intuition for in the θ = 0—i.e. independent particle—limit. (See below in
equation (2.25).) The covariant coordinates xamn are less intuitive in this
respect.

Readers familiar with quantization of electromagnetism should compare
the discussion here with that one. There one has the gauge-fixed treat-
ment in which one fixes the gauge by for example choosing Coulomb gauge
∇ · ~A = 0 to get the physical degrees of freedom, of which quantization is
straightforward but the canonical commutators look complicated. In the
gauge covariant treatment one keeps also the unphysical degrees of free-
dom and the commutators are simple, but one has then to implement the
constraint that projects the Hilbert space onto the physical subspace.

Both formulations have virtues and disadvantages. Therefore both should
be used depending on the nature of the problem.

2.2.5 Quantization gives the Laughlin fractions

Some quantum Hall properties like incompressibility are reproduced by the
classical matrix model. However, one of the most fascinating results—the
quantization of ν to the Laughlin fractions—follows from quantization, that
is to say when the constraint (2.21) is complemented by the quantum com-
mutators (2.20). Observe that one now has to deal with noncommutativity
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on two levels, which makes the quantized model difficult to work with in
many cases. However, Susskind’s argument is mathematically simple. The
constraints (2.22) generate U(N) transformations plus a phase factor due
to the θ part. In particular, one can let them generate permutations of two
particles. Susskind argued [80] that requiring these to result in a minus sign
implied that ν−1 = θ/`2 had to be an odd integer. So merely demanding
the underlying particles of (2.19) to have the statistics of electrons implies
the Laughlin fractions. This was the principal result that motivated the de-
velopment of quantum Hall matrix models. Polychronakos [59] soon after
showed, with another argument, that the same result can be derived also in
the finite matrix model after quantization.

2.2.6 The finite matrix model for the FQHE

The matrix model (2.19) desribes only the unique state (2.18). To be able
to describe quasiparticles, the constraint has to be modified by hand to

[X1, X2] = iθ(1 + q|0〉〈0|)

where q > −1. (Note that the coordinates x̂a and [x̂1, x̂2] = iθ remain
unchanged.) For positive q the area of the state |0〉 increases to 2πθ(1 + q),
which leads to a decreased electron density at the origin, which can be
interpreted as a quasihole. A negative q would then give a quasielectron.

The modified constraint (2.23) must come from a modified theory. One
such modification is the finite matrix model by Polychronakos [59]

L =
eB

2
Tr
{
εab(Ẋa − [Xa, â0])Xb + 2θâ0 − ωXaX

a
}

+ Φ†(i∂0 − â0)Φ .(2.23)

Here Φ is an N -dimensional vector transforming as

Φ −→ UΦ.

The ~X2-term is just a harmonic potential term to keep the particles attracted
to the origin and can be made arbitrarily weak. The addition of the Φ-part
now implies the â0 equation of motion

[X1, X2] = iθ − i

eB
ΦΦ†, (2.24)

which is perfectly compatible with finite matrices. Taking the trace implies
that Φ†Φ = NeBθ. Polychronakos showed that quasiholes were contained in
the model and also that it upon quantization (with Φ bosonic) implied the
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Laughlin fractions ν−1 = 2m+ 1 and the correct charge for the quasiholes.
Quasielectrons, however, did not seem to fit into the model. I will return to
this in section 2.4 on excitations in the matrix model.

In gauge covariant formulation the Φ-field contributes with N additional
degrees of freedom. This ensures that the counting of degrees of freedom
comes out right since the X-part has N2 degrees of freedom, the Φ has
N , but then these degrees of freedom are coupled by the N2 constraint
equations of (2.24), which finally leavesN2+N−N2 = N degrees of freedom.
This is what we expect for N particles with canonically conjugate spatial
coordinates, like in the lowest Landau level.

In the gauge fixed formulation one fixes a specific Φ (so no degrees of free-
dom in Φ) and then solves the constraint, which reduces the N2 coordinate
pairs to N pairs. For the gauge choice Φ† =

√
eBθ|11 . . . 1〉, Polychronakos

found the constraint to be solved by

X1
mn = x1

mδmn X2
mn = x2

mδmn −
iθ

x1
m − x1

n

(1− δmn) . (2.25)

The choice of taking X1 to be diagonal is of course arbitrary.
Another gauge choice is Φ† =

√
NeBθ|0 . . . 01〉 in which the constraint

reads

[X1, X2] = iθ(1− |N − 1〉〈N − 1|) . (2.26)

Or, with A ≡ 1√
2θ

(X1 + iX2),

[A,A†] = 1− |N − 1〉〈N − 1|, (2.27)

which has the usual boson ladder operator algebra as its N →∞ limit. Not
surprisingly, one particular solution is a truncated version

A =
N−1∑
n=0

√
n|n− 1〉〈n| (2.28)

of (2.18). This solution is of course related by a U(N) transformation to
(2.25) for some special values of xm and ym. (Since A was chosen real we
have ym = 0.) These gauge fixed solutions will be very important for the
next section.

The gauge choice Φ† =
√
NeBθ|0 . . . 01〉 is the most appropriate when

taking some kind of N → ∞ limit to compare with the infinite model.
However, an exact mapping should not be expected since the finite model
has N degrees of freedom and describes several physical states while the
infinite model has zero degrees of freedom and a single state.
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2.3 Charge and current operators in the QH ma-
trix model

The models in the last chapter treated only the case of a constant back-
ground field B. An important generalization is to allow for a variable back-
ground field, which in turn will yield definitions of the charge and current
densities. This is studied in paper A.

2.3.1 Coupling the QH matrix model to an electromagnetic
field

To motivate the infinite matrix model (2.19) we started with L = −eẋaÃa
with the constant magnetic background field Ãa = −Bεabxb/2. To describe
an electron moving in a magnetic field that varies around the constant value
B we can write the lagrangian L = eẋa(εabxb−Aa), where Aa is the deviation
from the constant background. The same arguments as before is used to turn
this into a matrix model. The finite matrix model (2.23) becomes then

L = eTr
{(

Ẋa − i[Xa, â0]
)(B

2
εabX

b − Âa
)

+Bθâ0 + Â0 + ωXaX
a

}
+

+Φ†(i∂0 − â0)Φ , (2.29)

which modifies the constraint (2.24) to

[Xa, εabX
b − 2

B
Âa] = 2iθ − 2i

eB
ΦΦ† . (2.30)

The infinite matrix model and the corresponding constraint are obtained
just by dropping the Φ-part from (2.29) and (2.30). The noncommutative
electromagnetic field is defined by

Âµ =
∫

d2xAµδ̂(µ)(x−X) . (2.31)

To ensure current conservation we have to, as explained in paper A, in
general allow the kernel to be different for different components Aµ in order
for the lagrangian to be of the form (2.29). With current conservation the
electromagnetic gauge invariance follows automatically. The Weyl kernel
δ(x − X) =

∫
d2k

(2π)2
Tr eik(X−x) is an exception since it can be used for all

components of Aµ, while this is not the case for the anti-ordered kernel

δ̂ao(z − Z, z̄ − Z†) =
∫

d2k

(2π)2
e

ik̄
2

(z−Z)e
ik
2

(z̄−Z†)
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where k = k1 + ik2, z = z1 + iz2 and Z = Z1 + iZ2. The technicalities
related to the choice of kernel is one of the problems treated in the papers
A and B.

2.3.2 Current and density operators

Coupling the model to a variable electromagnetic field allows us to define
charge density and current density operators from

Jµ(x) = − δL

eδAµ(x)
. (2.32)

Combining (2.29), (2.31) and (2.32) we find that the particle density

ρ(x) =
δL

eδA0(x)
= Tr δ̂0(x−X).

With ρ(x) =
∫

d2k
(2π)2

eikxρk we have for the Weyl kernel

ρw
k = Tr e−ikX , (2.33)

whereas for the anti-ordered kernel,

ρao
k = Tr e−

ik̄
2
Ze−

ik
2
Z†
. (2.34)

The current is defined in a similar way.
Paper A studies the electromagnetic response in the infinite matrix

model. The direction and the ν-dependence of the quantum Hall response
comes out correctly already in the classical matrix model. The exact quan-
tization of the response follows only after the exact quantization of ν in the
quantum mechanical matrix model.

Paper A also shows that above density operators (and any matrix re-
ordering of these) with the constraint (2.24) imply a constant density ρ =
1/2πθ. Furthermore, to first order in θ a weak sinusoidal variation of the
background magnetic field leads together with the constraint (2.30) to the
sinusoidal response in ρ(x) one would expect from an incompressible quan-
tum Hall liquid. (To first order in θ this result is insensitive to the choice of
matrix ordering.)

Paper B studies the properties of the charge operators in the classical
finite matrix model and shows that these give sensible results, at least on a
rough level.
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Observe here the subtlety that although a particular matrix ordering has
been chosen in (2.33) and (2.34), one still has to define a quantum ordering
of the matrix elements, which upon quantization turn into operators. Next
section discusses quantum issues of the theory, but later sections will only
deal with classical properties of matrix models.

2.3.3 Quantization and the magnetic algebra

Inspired by Susskind’s and Polychronakos’ results on the quantization of ν to
Laughlin fractions, we hoped that other fractions and other quantum prop-
erties of the quantum Hall effect would follow as well, such as the magnetic
algebra (2.8). We mostly studied the quantum properties for N = 2, which
is the simplest non-trivial case. With the quantization of the matrix model,
the charge and current operators will turn into quantum operators. The
correct quantum ordering of the LLL projected one-particle charge operator
is anti-ordering [21]

ρLLL
k = e−

ik̄
2
ze−

ik
2
z̄ , (2.35)

with z = x1 + ix2 and [z, z̄] = 2`. By choosing the matrix ordering (2.34)
would give the correct quantum ordering in the many-particle case at least
in the θ → 0 limit. In the first version of paper A we erroneously claimed
to have found a density operator for N = 2 that satisfied the magnetic
algebra without explicit θ dependence. See the erratum of paper A for more
information on this issue.

As for finding other filling fractions, nobody seems to have solved that
problem.

Since turned out to be very difficult to treat the quantum mechanical
matrix models, we turned back to the classical properties of the model,
which is what the rest of this thesis is about. However, we will see that the
classical matrix model in some respects can be made to emulate quantum
properties.

2.3.4 Gaussian LLL particles in a classical model

A single, maximally localized particle in LLL has a gaussian probability
distribution. To see this one takes the expectation value of (2.35) with
respect to a coherent state localized at z′ in the complex plane to get

〈z′|e−
ik̄
2
ze−

ik
2
z̄|z′〉 = e−

`2|k|2
2 e−ikx

′
.
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Fourier transformation then yields ρ(x) = 1
2π`2

e−(x−x′)2/2`2 .
The approach in our work is now to let the gauge-fixed, finite matrix

model describe such gaussian particles in the independent particle limit θ =
0. (Or more generally the limit |xi − xj |/

√
θ → ∞.) We choose the kernel

to be the Weyl kernel with a gaussian prefactor

ρ
gw
k = e−

`2|k|2
2 Tr e−ikX . (2.36)

The spatial density ρ(x) is got through ordinary Fourier transformation.
Inserting (2.25) with θ = 0 yields

ρgw(x) =
N∑
n=1

1
2π`2

e−(x−xn)2/2`2 . (2.37)

(Without the gaussian prefactor we would have got point particles ρ(x) =∑N
n=1 δ(x− xn).) Figure. 2.1 shows ρgw(x) for seven gaussian-shaped par-

ticles on the x1-axis (i.e. x2
n = 0), that are moved closer together by scaling

down the distance between the parameters x1
n. They fuse as expected.

Figure 2.2 illustrates noncommutativity at work. When the matrices Xa

in (2.25) with θ 6= 0 are inserted into the density (2.37) and the distances
between seven particles initially far apart on the x-axis are decreased, the
particles will for some separation of the order of

√
θ form a plateau! The

plateau is circular because we chose the values of x1
n for which (2.25) is

related to (2.28) by a unitary transformation. For this solution the x1
n:s

are just at the right distances for X2 to have the same eigenvalues as the
diagonal X1. If we continue to decrease x1

n, the eigenvalues X1 will decrease
while those of X2 will increase, and finally the eigenvalues of X2 dominate
and therefore the particles will split up on the x2-axis instead, as shown in
the bottom of figure 2.2. The quantum mechanical analogue is the Heisen-
berg’s uncertainty relationship, which e.g. for [x1, x2] = i`2 says that if one
squeezes a maximally localized quantum state in the x1-direction, it will
spread out in the x2-direction

Figure 2.2 clearly illustrates how the noncommutativity of X1 and X2

leads to incompressibility! It shows that when θ 6= 0 then the particles
cannot be brought arbitrarily close together but will at some point form a
state of maximal density, which will hence be an incompressible state.

Note that in the commutative effective Chern-Simons description there
are no individual electrons and therefore no ”microscopic” picture like fig-
ure 2.2 of how separated electrons come together to form the incompressible
state. Though the noncommutative effective Chern-Simons description con-
tains the microscopic electrons in some sense, it is interesting to note how
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Figure 2.1: Here the θ-terms in X2 in (2.25) have been put to zero. The
separated peaks should of course be perfect gaussians, but the resolution in
this and the next plot was on purpose made rough to increase the distinctness
of the plot. The plots are in dimensionless quantities given by 2`2 = 1.

different the origins of incompressibility are in the effective theory compared
to the microscopic theory. In the latter it comes from the strong Coulomb
repulsion together with lowest Landau level physics. In the former it comes
from the above studied noncommutativity and has nothing to do with energy
considerations. (The hamiltonian is trivial in the effective theory.)

2.3.5 The droplet state

The circular droplet in the middle of figure 2.2 given by (2.28) looks very
much like the quantum Hall droplet given by the Laughlin wave function or
by exact diagonalizations in a circularly symmetric confining potential.[48]
In figure 2.3, which shows the ν = 1 state for N = 50, the bulk density
appears to be constant. The width and height of the droplet are what one
would expect. The density ought to be 1/2πθ = 1/2π`2, i.e. 1/π ≈ 0.32
with 2`2 = 1. Since the volume of the drop should equal 50, the radius has
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Figure 2.2: In this plot θ = `2 so also 2θ = 1.

to be
√

50 ≈ 7.
To describe an arbitrary filling fraction ν we set θ = `2/ν in our formulas.

Figure 2.4 shows the density profile ρ(x1, 0) for ν = 1, 1
3 ,

1
5 . The width

and bulk density come out as expected. The figure shows also that for
lower filling fractions the wiggles and the building up of the rim at the edge
become more pronounced. This as well is an observed property of exact
diagonalizations of small quantum Hall droplets.[85]

2.3.6 Comparison of Weyl ordering and anti-ordering

The independent particle limit does not distinguish between the Weyl or-
dering and some other ordering like the anti-ordering. However, the results
are very different for the droplet (2.28). For ν = 1 the definition (2.36) and
the anti-ordered analogue

ρao
k = e−

`2θ|k|2
2 Tr e−

ik̄
2
Ze−

ik
2
Z†

(2.38)

give almost the same results, but for lower ν the differences increase and
(2.38) becomes more and more ill-behaved with an unnaturally jagged be-
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Figure 2.3: ρ(x) given by (2.28) inserted into (2.36). Here N = 50 and
θ = `2, i.e. ν = 1. Units set by 2`2 = 1.
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Figure 2.4: ρ(x1, 0) for N = 50 for ν = 1, 1
3 ,

1
5 , in order of decreasing height.

Units set by 2`2 = 1.

haviour and increasing breaking of positivity as can be seen in figure 2.5.
By refining the discrete Fourier decomposition one can decrease the Gibbs
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phenomenon at the edges of the Weyl ordered density. Such a refinement in
the anti-ordered case makes things only worse. The lack of convergence can
be also understood analytically.
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Figure 2.5: To the left we have the Weyl ordered (2.36), to the right the
anti-ordered (2.38), both for ν = 1/4, N = 16. The upper graphs show ρk.
The lower graphs show ρ(x). Units set by 2θ = 1.

However, the Weyl ordering as well suffers from lack of positivity; mostly
irritatingly small as can be discerned in figure. 2.4, but sometimes grotesque,
as can be seen in the appendix of paper B. Hence no choice of kernel is
perfect, but the Weyl kernel definitely seems to be better than the anti-
ordered kernel.

2.4 Quasiparticles in the QH matrix model

This chapter treats the quasihole solutions in the finite matrix model and
an extension the model that allows for quasielectrons.
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2.4.1 Quasiholes in the matrix model

The solution (2.28) to the constraint can be generalized to describe quasi-
holes, that is to say a depletion of electrons at some point. The solution

A =
√
q|N〉〈0|+

N−1∑
n=1

√
n+ q|n− 1〉〈n| (2.39)

corresponds to shifting outwards the eigenvalues of the radius operator

(X1)2 + (X2)2 = 2θ
N−1∑
n=0

(n+
1
2

+ q)|n〉〈n| . (2.40)

The interpretation is that the electrons get shifted outwards, which should
create an electron deficit at the origin. By inserting (2.39) into (2.33) and
transforming into ρ(x), we get the distribution shown in figure 2.6, which
clearly displays a dip at the origin.

Polychronakos [59] showed that the charge of the quasiholes gets cor-
rectly quantized in the quantized finite matrix model.

2.4.2 Quasielectrons and their φ4-description

The solution (2.39) only allows for q ≥ 0, i.e. quasiholes. Quasielectrons do
not exist within the present theory. To include them the lagrangian can be
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Figure 2.6: ρ(x) for (2.39) for N = 50 and ν = q = 1. Units set by 2θ = 1.
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extended with a copy Φ̃†(i∂0 + câ0)Φ̃ of the Φ contribution so that we can
get a constraint of the form

[A,A†] = 1− |α〉〈α| − |β〉〈β|. (2.41)

Observe that we can only get such an extra term with a minus sign. For the
consistency of U(N) transformations of it, the gauge field â0 can only couple
to a single charge. This charge is already given in the Φ†(i∂0 − â0)Φ term,
which enforces c = −1, which in turn means that Φ̃Φ̃† enters the constraint
with the same sign as ΦΦ†.

Now

A =
N−1∑
n=1

√
n+ q|n− 1〉〈n| (2.42)

yields

[A,A†] = 1 + q|0〉〈0| − (N + q)|N − 1〉〈N − 1| (2.43)

which is of the form (2.41) for −N < q < 0, i.e. for negative q. The inter-
pretation analogous to (2.40) is this time that particles get shifted inwards.
Plotting the particles show something almost identical to figure (2.7).
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Figure 2.7: ρ(x) for (2.44) for N = 50 and ν = 1. Units set by 2θ = 1.
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The constraint (2.43) depends on q, but a constraint that follows from
the theory should not depend on q. With the modification

A =
√
q|N − 1〉〈1|+

N−1∑
n=2

√
n− 1 + q|n− 1〉〈n| (2.44)

we get

[A,A†] = 1− |0〉〈0| − (N − 1)|0〉〈0| (2.45)

for all q ≥ 0. This can be thought of as putting a quasihole of charge +q
on top of a quasielectron of charge −1. The result can for q = 0 be seen in
figure 2.7. For q > 0 the peak in the middle will be surrounded by a dip
before the density goes up to its plateau value (see Fig. 2.8).
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Figure 2.8: ρ(x) for (2.44) N = 50, ν = 1
3 and q = 2

3 , corresponding to
having a quasiparticle of charge −1

3 at the origin. Units set by 2θ = 1.

So how to include these effects in the model? It could be done by adding
another copy of the Φ-field. An alternative is to use already existing theories
for solitons in the quantum Hall matrix model (see e.g. [5] or [24]). Here
the infinite dimensional Chern-Simons matrix model (2.19) is coupled to a
scalar field

Ls = Tr
(
φ†iD0φ−

1
2
Diφ(Diφ)† +

1
2κθ

(φ†φ)2
)
.
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The scalar field is a N ×N matrix that transforms as a vector, i.e. φ→ Uφ.
In paper B we give a finite-dimensional version of this extension, which
includes coupling the field Φ with the field φ.

2.5 Conclusions and discussion

The quantum Hall matrix model teaches us about gauge theory, the treat-
ment of constraints in the quantization process and about the subtle inter-
play between noncommutativity on two levels. Our studies have also given
us a more concrete picture of what the noncommutative plane is and of
how noncommutative field theories work. However, so far it has not gener-
ated anything new for quantum Hall physics, such as a new classification of
fractional quantum Hall states as was our initial hope.

Nonetheless, it is surprising to see to which extent the classical matrix
model mimics many of the quantum Hall and lowest-Landau-level properties
that one usually thinks of as purely quantum mechanical effects. It gives
the incompressibility of the quantum Hall liquid and gives qualitatively the
profile of the edge such as its sharpness and the rim. It also includes density
deformations that resemble quasihole and quasielectron states and they are
of a sensible size and reproduce even some characteristics in their profiles.
Thus, the noncommutativity seems to capture a lot of what lowest-Landau-
level physics together with the Coulomb repulsion does for the electrons. It
would be very interesting if the matrix model could provide us with useful re-
sults since it is much simpler to perform large N calculations on the classical
matrix model than the quantum mechanical problem with Coulomb inter-
action and lowest-Landau-level projections. However, the phenomenological
virtues still are just hints.

The classical noncommutative effective Chern-Simons theory is an im-
provement to the commutative analogues in the respect that it can describe
a finite droplet and can describe quasiparticles with sensible size. However,
because the U(N) gauge symmetry it has not the same flexibility as the
commutative theories to be combined with other symmetries.

The classical matrix model allows for quasiholes and quasielectrons of
non-integer charge. The Laughlin fractions for ν and the correct correspond-
ing charge for the quasiholes follows upon quantization of the finite matrix
model [59]. It would be interesting to see if quantization of our extended
model gives the correct charge for the quasielectrons and also improves other
features of the classical model like the profiles (for example having the quasi-
hole state completely expel the electrons from its center, which was not the
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case in figure 2.6). In practice, however, these questions seem very difficult
to address since the mathematics in the quantized matrix model becomes
terribly complicated already in the simplest case N = 2.



38
The noncommutative Chern-
Simons theory of QH liquids



Chapter 3

Thin torus studies of
nonabelian quantum Hall
states

The theory of nonabelian braiding statistics [51, 23, 54, 86] of half-quasiholes
in the Moore-Read state [51] has attracted a lot of attention recently, both
because of its fundamental interest and because of its potential application
to topologically protected decoherence-free quantum computing [19]. This
chapter deals with the work presented in paper C on the Moore-Read state
[51] on a thin torus. We analyse the ground state and its degeneracy in
absence and presence of half-quasiparticles. On the thin torus these and
other properties like the incompressibility become very easy to understand.

The chapter starts with some background on the thin torus analysis and
a review of how the Laughlin state on the thin torus is treated. There
will be an introduction to the Moore-Read state and then we will repeat
and generalize the thin torus analysis for the Moore-Read state with the
main result being a counting argument for the ground state degeneracy in
the presence of half-quasiparticles. For a short introduction to nonabelian
braiding operators, see appendix A.

3.1 Background

Haldane and Rezayi [28] showed how to write the Laughlin ν = 1/q ground
state on the torus and made the q-fold centre-of-mass part degeneracy of the
wave function explicit. In fact, any state in a general quantum Hall system
at ν = p/q will have a q-fold degeneracy from translations of centre-of-
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mass.[26, 81]. (For a pedagogical account see also [92].) Wen and Niu studied
the degeneracy on a Riemann surface of arbitrary genus g and found the
degeneracy to be qg for a state that has q-fold degeneracy on the torus.[91]
They also showed that the degeneracy is robust against small but otherwise
arbitrary perturbations. It is a quantum number that can help to distinguish
states with different topological order.

On the torus one can interpolate continuously from the bulk system
where the periods L1 and L2 of the two cycles are equal to the thin torus limit
where, say, L1 becomes very small (L1 ∼ `). Bergholtz and Karlhede [6, 7]
stressed that it is a general property of quantum Hall states, including the
Jain states but also the gapless ν = 1/2 state, that they appear to keep their
characteristics such as degeneracy, gap (when applicable) and fractionally
charged quasiparticles as one interpolates to the thin limit. This is quite
an amazing result. Furthermore, they demonstrated how these properties
become very intuitive and easy to understand in the thin limit.

Earlier relevant work on the problem had been done by Su [78] and by
Rezayi and Haldane [66]. Su analysed numerically small quantum Hall sys-
tems on the square torus (L1 = L2) at exactly ν = p/q and found the q-fold
ground state degeneracy and that each ground state was a periodic charge-
density wave with commensurability q. Further, when analysing filling frac-
tions close to ν = 1/3 (i.e. when the ground state should incorporate extra
quasiholes or quasielectrons) Su found ground states with e/3-charged do-
main walls separating the three different ground state configurations found
at exactly ν = 1/3.

For a large bulk system on the torus the ground state will practically be
a homogenous state, just like in the plane. That the charge-density wave
emerged clearly in Su’s analysis was only due to the small size of the system.

Rezayi and Haldane [66] were the first to study, both analytically and
numerically, what happened to a quantum Hall state— now on a cylinder—
as one varied its circumference L1. From this work it can be inferred that
the Laughlin state in the thin limit is the unique ground state and that it
is gapped.

Recently, Seidel et al.[72] has numerically re-examined the ν = 1/3 state
with the pseudo-potential interaction that has the Laughlin ν = 1/3 state
as its exact and gapped ground state.
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3.2 The general thin limit picture

This section presents the basic idea of how to study thin torus limits of
states in the lowest Landau level (LLL).

3.2.1 The one-dimensional lattice and 1D spin chains

The one-particle LLL wave functions in Landau gauge ~A = Byx̂ are given
by

ψk(x, y) =
1√√
πL1

ei2πkx/L1e−(y+k2π`2/L1)2/2`2 , (3.1)

where we let the wave number k be replaced by 2πk/L1. Periodic boundary
conditions

ψk(x+ L1, y) = ψk(x, y) , (3.2)

makes the plane topologically a cylinder as in figure 3.1 and quantizes k ∈ Z.
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Figure 3.1: The dashed lines illustrate the centres of the wave functions
gaussian profiles in the y-direction.

A general Ne-electron state can be expanded into a Ne-particle basis as
in

|Ψ〉 =
∑

k1,k2,...,kNe

ak1k2...kNe

1√
Ne!
|ψk1〉 ⊗ |ψk2〉 ⊗ . . . |ψkNe

〉 (3.3)

with ak1k2...kNe
as fully antisymmetric amplitudes. Each basis state can in

turn be translated into a Fock state representation

|ψk1〉 ⊗ |ψk2〉 . . . |ψkNe
〉 −→ | . . . n−1n0n1n2 . . .〉 , (3.4)

where the occupation number np = 1 (np = 0) if the state ψp is populated
(not populated). As a short hand notation we will just write the string
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of occupation numbers in the Fock state representation without brackets.
Hence the basis wave function ψ−1ψ1ψ2 with antisymmetrizations translates
into the Fock state

. . . 0000010̂110000 . . .
k −→

(←− y) (3.5)

where the site k = 0 is marked by a hat, which we will leave out since we
are mainly interested in relative distances.

Henceforth a Fock state will always mean a basis state like (3.5) and not
arbitrary linear combinations of basis states.

We will later encounter ground states that are Fock states with a crys-
talline structure like . . . 001001001 . . .. However, in contrast to a crystal
there is a gap. A better physical analogue is that of a 1D spin-1

2 chain, with
0 and 1 standing for ↓ and ↑. Paper C discusses one such spin model. For
another mapping to a spin system, see [6].

3.2.2 Fock states on the torus

To study a finite quantum Hall system without boundaries one takes a finite
cylinder and imposes periodic boundary conditions also in the y-direction.
Hence the 1D lattice curls up to a ring. For example, translating all the
electrons in the state 001001001001 one step to the right (i.e. left in terms
of y) gives 100100100100.

If L2 is the length of the y-period, then the number of sites—i.e. of
one-particle states—is

Ns =
L1L2

2π`2
. (3.6)

The one-particle wave functions are of the form

ψk(x, y)
1√√
πL1

∑
n

ei(k+nNs)2πx/L1e−(y+(k+nNs)L2/Ns)2/2`2 , (3.7)

and will be further discussed in appendix B. We see that the profile of the
one-particle states will still be approximately gaussian for L2 sufficiently big.

3.2.3 The thin limit

Since the gaussian profile of the wave functions has a width independent of
L1 (and L2), two adjacent wave functions will have practically no overlap
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in the thin limit where L1 becomes small and hence the spacing 2π`2/L1

between lattice sites becomes big. This has interesting consequences for the
electron-electron interaction. For a two-body interaction written in k-space

V̂ =
∫

d2xd2y ψ̂†(x)ψ̂†(y)V (x− y)ψ̂(y)ψ̂(x) =

=
∑

k1k2k3k4

δk1+k2,k3+k4Vk1,k2,k3,k4c
†
k1
c†k2ck3ck4 , (3.8)

the matrix elements Vk1k2k3k4 = 〈ψk1ψk2 |V̂ |ψk3ψk4〉 will describe the ampli-
tudes for electrostatic repulsion (direct with k1 = k4, k2 = k3, exchange
when k1 = k3, k2 = k4 ) as well as hopping of two electrons (with their cen-
ter of mass in the y-direction preserved since k1 + k2 = k3 + k4). When L1

becomes small and hence the overlap between the wave functions becomes
small, the short-range direct electrostatic terms and short-range hopping
terms will dominate exponentially over other terms for general repulsive
interactions, including the Coulomb interaction.

In particular, in the extreme thin limit L1 ≈ 0, the hopping terms are
exponentially damped which leaves us with a purely electrostatic interaction.
The Fock states will then be energy eigenstates. (When hopping is present
the eigenstates have to be linear combinations of Fock states.)

3.2.4 Ground states, gap and degeneracy

The ground state at some ν for an electrostatic repulsion corresponds to
having the electrons as far a part as possible. For the Laughlin fraction
ν ≡ Ne/Ns = 1/3 one gets three equally good solutions, namely

a) 100100100100100
b) 010010010010010
c) 001001001001001 . (3.9)

These states are clearly gapped ground states since there will be a finite cost
in electrostatic energy for any other Fock state at the same filling fraction
(e.g. 001001010001001).

Interestingly, the states (3.9) are exactly the thin limit of the Laughlin
ν = 1/3 wave function with the three-fold centre-of-mass degeneracy.[28]
(See also appendix C.2.1) Hence, the thin limit of the Laughlin wave function
is the exact and gapped ground state for the Coulomb interaction.

The ground state found from exact diagonalizations in the bulk for the
Coulomb interaction is not exactly the Laughlin state, though the overlap
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is very high. In the bulk the Laughlin ν = 1/3 wave function is instead
the exact and gapped ground state of the Haldane pseudo-potential [25, 84]
interaction V1 ∝

∑
i<j ∇2δ(~xi − ~xj). This is the case independent of L1

and hence, the pseudo-potential has (3.9) as its exact and gapped ground
states in the thin limit, which will be very useful for the argument that the
quantum numbers of the Laughlin state are not changed in the interpolation
between the thin limit and the bulk.

For ν = 2/5 one gets in the thin limit for the Coulomb interaction the
five ground states

010010100101001
101001010010100
010100101001010
001010010100101
100101001010010 . (3.10)

Again it is clear that there is a gap to other states. Furthermore, these
states are exactly the thin limits of the Jain wave function at ν = 2/5, that
in the bulk is known to have a very high overlap with the exact and gapped
ground state for the Coulomb interaction. For a discussion of general Jain
states ν = p/q see [7].

The different ground states in (3.9) or in (3.10) differ by a rigid transla-
tion, i.e. translation of the centre-of-mass. Hence the previously mentioned
q-fold centre-of-mass degeneracy of a ν = p/q state is obvious in the thin
limit. We say that the q different ground states correspond to different
topological sectors since there are no local processes involving only a small
number of electrons that would take one state to the other.

3.2.5 Quasiparticles as fractionally charged domain walls

When one at ν = 1/q increases or decreases the number of flux quanta Ns

away from qNe, the Laughlin ground states in the previous sections will
have to incorporate quasiholes or quasielectrons. For example, having one
quasihole corresponds to Ns = qNe + 1, which corresponds to inserting an
empty site somewhere in the ν = 1/q ground state. The result for q = 3 is

001001001001001
0010010001001001

(3.11)

where the two rows give the ground state before and after the insertion of
the empty site 0. This is exactly what we get from taking the thin limit of
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the Laughlin state with one Laughlin quasihole (see appendix C.2.3), with
the extra 0 at the site corresponding to the coordinate of the hole. Likewise
for a quasielectron one has to remove one empty site. We will denote the
degenerate ground state configurations without quasiparticles as background
states. For the construction of quasiparticles in the general Jain state see
[7].

The state obtained from the insertion of one quasihole corresponds to a
state in which one goes from, say, background a to background b in (3.9).
Thus, a quasihole or a quasielectron can be regarded locally as a domain
wall between two of the degenerate background states.

By inserting three quasiholes or three quasielectrons one returns to the
original background, exemplified in

001001001001001001001001001001001 (11 electrons)
001001010010010100100100101001001 (12 electrons) . (3.12)

The extra electron charge can be interpreted as the sum of the charges of
the three (widely separated) domain walls. Hence each quasielectron has a
charge −e/3. A similar argument for quasiholes gives them a charge +e/3.
In the context of polyacetylene this kind of counting arguments was used
by Su and Schrieffer [79] in 1980 when studying a 1D lattice with charge-
density-waves of commensurability three.

3.2.6 Degeneracy for quasiparticles

The three-fold centre-of-mass degeneracy for the Laughlin ν = 1/3 wave
function on the torus comes from the centre-of-mass part. (See section B.3.2.)
When hole Jastrow factors with fixed quasihole positions are appended to
the wave function there is still the three-fold choice in the centre-of-mass
part. Since the distances between the quasiholes are the same in the three
distinct states, the states should have the same energy. Haldane [26] showed
that any state at ν = p/q will have a q-fold degeneracy. We will now look
at this in the thin limit picture and for the Laughlin ν = 1/3 state.

The domain walls in the three first states in

0010010001001001010010010001001
1001001000100100101001001000100
0100100100010010010100100100010

0100100100010010010100100010010 (3.13)
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live in different topological sectors because the backgrounds are different.
However, the states are just translations of each other and we consider them
as degenerate. The third and the fourth state we do not consider as degener-
ate because they are in the same topological sector (since the backgrounds
match). The domain walls have different spacings but can be brought to
exactly the same positions through local moves, illustrated in

0010010001001001 (3.14)
0010010010001001 . (3.15)

Here the underlined sites are swapped in the upper row, which gives the
lower row. That the electron moving one site to the left results in the
quasihole moving three sites to the right is a manifestation of the quasihole
having charge +e/3.

Hence, that there are three topological sectors gives that all states with
001001-backgrounds are three-fold degenerate. The origin of this degeneracy
is just centre-of-mass degeneracy on the torus and has nothing to do with
the quasiparticles. In the plane or on the sphere there is no degeneracy for
the Laughlin state neither in the absence nor presence of quasiparticles (with
fixed positions). The same applies for Moore-Read state. However, there
is such a degeneracy for the half-quasiparticles in the Moore-Read state on
the plane or on the sphere and this has precisely to do with the topological
properties of the half-quasiparticles. To investigate this degeneracy in our
torus studies, we will divide out this centre-of-mass degeneracy by counting
states related by local moves and centre-of-mass translations (rigid transla-
tions) as equivalent. For the Laughlin case this leaves no degeneracy since
all the three topological sectors in (3.13) are now counted as equivalent. We
will see that for the half-holes there will remain topologically inequivalent
states.

3.2.7 Interpolation to bulk physics

We have seen that the thin limit states appear to have the same properties
and quantum numbers as the bulk states (leaving aside the tricky question
of exchange statistics that I will discuss in the conclusions). Naturally one
would then expect a continuous interpolation between the bulk and the thin
limit. This is the case if there is a finite gap also at all intermediate L1

and hence no phase transition along the way. For the Coulomb interaction
it is hard to derive any analytical results in the intermediate regime, but
numerical studies for different Jain states strongly suggest that the gap
prevails at all L1.[7]
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In the special case of the Laughlin fractions one can use that the Laughlin
wave functions are the unique (up to the centre-of-mass degeneracy), exact
and gapped ground states of some Haldane pseudo-potential interaction.[66]
For a slightly lower filling fraction, the Laughlin wave-function with quasi-
holes is an exact ground state but the questions of uniqueness and existence
of a gap are more subtle. However, under the assumption that one has a few
localized and widely separated quasiparticles at fixed positions (e.g. being
pinned down by impurities) uniqueness and gap follows.

That the gap prevails for some interaction is enough to establish that
the conserved quantum numbers of the ground state in the bulk and in the
thin limit will be the same. One important consequence is that one can
investigate quantum numbers in the thin limit, where it is likely to be easier
to derive analytical results, and then conclude that the bulk has the same
properties. One such application is to derive the ground state degeneracy
2n−1 of the Moore-Read state in the presence of 2n half-holes.

3.3 The Moore-Read state in the plane

The Moore-Read state [51]—alternatively called the pfaffian state since the
wave function is written in terms of a pfaffian— is a pairing state which
gives even-denominator fractions and does not fall into the hierarchical or
Jain’s composite fermion constructions, which give only odd-denominators
fractions. The Moore-Read state has been suggested as a candidate [23] for
the observed gapped state at ν = 5/2 = 2 + 1/2 [97]. The pairing allows a
Laughlin hole to be split into two half-quasiholes [51]—half-holes for short.
These half-holes can only be inserted in pairs but can be taken arbitrarily
far apart and have a well-defined charge e/4, half of the e/2 of a Laughlin
hole.

In the presence of 2n half-holes the Moore-Read state in the plane or on
the sphere has a 2n−1-fold ground state degeneracy [54, 63]. This degeneracy
opens up the possibility of having nonabelian statistics.

The pfaffian of an antisymmetric 2n× 2n matrix Mij is defined as

PfMij ≡
1

2nn!

∑
σ∈S2n

n∏
i

Mσ(2i−1)σ(2i) (3.16)

which for four particles gives

Pf
(

1
zi − zj

)
=

1
z1 − z2

1
z3 − z4

− 1
z1 − z3

1
z2 − z4

+
1

z1 − z4
1

z2 − z3
.(3.17)
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For the Moore-Read (MR) pfaffian state at filling fraction ν = 1/2—and
hence in the LLL—the relative part of the many-body wave function is in
the plane (in symmetric gauge) given by

frel(z1, z2, . . . , zNe) =
∏
i<j

(zi − zj)2 · Pf
(

1
zi − zj

)
≡ f2

LJfpf . (3.18)

The Jastrow factor squared gives ν = 1/2. However, it is symmetric and
hence would describe bosons. The pfaffian factor gives the total antisymme-
try without (for Ne big enough) changing the filling fraction. (To see this
note that the total angular momentum of f2

LJ grows as ∼ N2
e whereas fpf

reduces the total angular momentum by ∼ Ne and hence the relative change
in the filling factor goes as 1/Ne.)

Each term in the pfaffian (3.17) comes with a pairing, the first with the
pairing 1− 2, 3− 4 etc. The effect of the first term is to reduce the relative
angular momentum of electrons 1 and 2 by decreasing the power of (z1−z2)
and hence allowing them to come closer to each other, and doing the same
for 3 and 4 while not changing the other relative angular momenta like that
of 1 and 3. Hence one can think of it as some kind of real space pairing.
However, the other terms permute the pairs and the Moore-Read state as a
whole has no definite pairs but describes an entangled state of all possible
pairings.

3.3.1 The three-body interaction

In the same way as the Laughlin wave functions are exact, gapped and
unique ground states of a hyper-local two-body interaction, the MR state
is for arbitrary L1 the exact and gapped ground state of the hyper-local
three-body interaction [67]1

V3b =
∑
i<j<k

S[∇2
i∇4

jδ(~xi − ~xj)δ(~xj − ~xk)] (3.19)

where S stands for symmetrization of i, j and k. This allows us to interpolate
quantum numbers from the thin limit to the bulk of the ground state without
holes but also with holes, with the same arguments as in the Laughlin case.

1Actually the first such three-body interaction was given by [23], with V =P
i<j<k [∇2

jδ(~xi − ~xj)δ(~xj − ~xk)]. However, we saw (and probably [67] must have re-
alized it too) that the matrix elements Vk1k2k3k4k5k6 in the k-basis are identically zero
after the full antisymmetrization, in which case the statement about the ground state is
trivial.
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This interaction (3.19) allows the ground state to have pairs with relative
angular momentum l = 1, but does not then allow a third particle to come
closer than l = 2 to each of the two particles, which is exactly the property
of the MR ground state. We will later comment on the physically relevant
Coulomb interaction and discuss the Moore-Read state as a ground state of
a two-body interaction.

3.3.2 Quasiholes in the Moore-Read state

Half-filling implies that the Laughlin quasiholes—introduced by the ordi-
nary Laughlin hole Jastrow factor—have charge e/2. However, the pairing
structure pfaffian makes it possible to divide a charge e/2 quasihole into two
half-quasiholes—half-holes for short— of charge e/4. Instead of multiplying
with a hole Jastrow factor one modifies the pfaffian as

Pf
(

1
zi − zj

)
−→ Pf

(
(zi − η1)(zj − η2) + i←→ j

zi − zj

)
. (3.20)

This gives two e/4-holes at η1 and η2. For η1 = η2 the ordinary Laughlin
e/2- quasihole is recovered. One cannot introduce a single half-hole but has
to always introduce them in pairs. To insert 2n half-holes, one divides the
holes into two sets C and D with n hole-coordinates each. One such division
is C = {η1, . . . , ηn} and D = {ηn+1, . . . , η2n}. I will let the indices I and
J refer to each set such that ηI ∈ C and ηJ ∈ D. The wave function with
half-holes is then got by

Pf
(

1
zi − zj

)
−→ Pf

(∏
I(zi − ηI)

∏
J(zj − ηJ) + i←→ j

zi − zj

)
. (3.21)

By identifying the position of each hole in C with that of one hole in D
gives n Laughlin holes. (On the other hand, identifying two holes ηI = ηI′

within a set does not give a Laughlin hole.) A permutation that mixes
the two sets gives a topologically different state. However, with the same
energy since the charge distribution remains the same. Thus there is a
degeneracy! It is easy to show that there are (2n)!

2(n!)2
inequivalent divisions into

two sets— however, they will not all give linearly independent states [54] and
the actual degeneracy turns out to be only 2n−1 [54, 63]. The demonstration
is complicated and one of the interesting aspects of the present work is that
the statement survives in the thin limit, where it is very intuitive and easy
to prove.
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The MR wave function with half-quasiholes is an exact ground state of
the three-body interaction, for an arbitrary configuration of half-holes. The
discussion of uniqueness and gap is similar to the Laughlin case.

Note that we only discussed half-quasiholes. How to write the wave
function for half-quasielectrons is still not known.

3.4 The Moore-Read state in the thin torus limit

It is established [51, 23] that the Moore-Read state at ν = 1/2 has a six-fold
degeneracy on the torus. A factor two comes from the q-fold centre-of-
mass degeneracy of any ν = p/q state, and the origin of the additional
factor three comes from the generalization of the pfaffian on the torus. (See
appendix B.3.3)

3.4.1 Ground state in the thin limit

In the thin limit the natural ν = 1/2 ground state candidate

01010101 (3.22)

with its two-fold centre-of-mass degeneracy, will account for two states. Re-
membering that the MR state allowed two electrons to come closer together
but not three suggests the state

01100110 (3.23)

will also be a thin limit of the MR state. Since it is four-fold degenerate
it may together with . . . 010101 . . . give the thin limits of the MR states on
torus. In appendix C.2.2 we prove that this is indeed the case.

In unpublished work unknown to us Haldane [27] found the same se-
quences in studying the Moore-Read state, but in a different context and on
the sphere.

The hyper-locality of the three-body interaction implies that also the
torus MR states are exact and degenerate ground states to it and that there
is still a gap to other states. This is valid for all values of L1 and in particular
for the thin limit states (3.22) and (3.23).

3.4.2 Half-quasiparticles in the thin limit

Ordinary Laughlin quasiparticles are inserted in the thin limit states as
before by inserting or removing an empty site, which results in a domain
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wall between translated backgrounds of the same type as in the lower line
in

001100110011
00110110011 (3.24)

where 0 was removed. These domain walls have charge ±e/2.
Half-quasiparticles are also domain walls, but between the two different

types of backgrounds, e.g

0101010100110011010101 (3.25)

where the half-hole and half-quasielectron are underlined. For a Moore-Read
wave function with two half-holes we can prove that one obtains domains
walls of this kind. (See discussion in appendix C.2.4.)

In contrast to the bulk case where only half-holes have known analytical
wave functions, a very attractive feature of the thin limit picture is that it
is possible to treat half-holes and half-quasielectrons on the same footing.
This is due to the particle-hole symmetry of a ν = 1/2 state being manifest
in the thin limit.

The charge of the half-quasiparticles follows from the Su-Schrieffer count-
ing argument as before. From

010101010101010101010101010101010101 (Ne = 18)
010100110011001010101010100110010101 (Ne = 17) (3.26)

we see that the four domain walls have added a charge +e and hence (at least
when widely separated) they must have a charge +e/4. A similar argument
gives that the half-quasielectron has a charge −e/4.

A half-quasiparticle can move locally through the hopping of one electron
as is done for two different choices in the upper state in

01010100110011 01010100110011
01010101010011 01001100110011 (3.27)

to get the respective state below by switching the two underlined sites. In
both cases the half-hole moves four sites in the opposite direction when
the electron moves one site, which is another manifestation of the quarter-
charge.2

2Note that the choice 01010100110011 trades the half-hole into a Laughlin hole and a
half-quasielectron and should be energetically less favoured.
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3.4.3 Counting argument that gives 2n−1

We will now give the counting argument for the degeneracy in the presence of
2n half-quasiparticles. To make contact with the planar result 2n−1 we divide
away the centre-of-mass degeneracy as advertised in the end of section 3.2.6.
Hence the two configurations in

01010100110011001010101
01010101001100110010101 (3.28)

though they have different backgrounds in the middle will be counted as
equivalent since they are just translations of each other. However, the two-
fold choice of 0110-background is what will will lead to the 2n−1-fold degen-
eracy. Adding another pair of half-holes will give us four states

01010011001100101010101001100110010101
01010100110011001010101001100110010101
01010011001100101010101010011001100101
01010100110011001010101010011001100101 . (3.29)

The first and fourth state are counted as equivalent. The second and third
states are related by combining a translation by two sites with two local
moves as below

01010100110011001010101001100110010101
01010011001100101010100110011001010101
01010011001100101010101010011001010101
01010011001100101010101010011001100101 . (3.30)

However, there are no such manipulations that take the first state (3.29) to
the third and hence these two are topologically inequivalent. By adding a
third pair of half-holes to the latter two states, the two-fold choice in (3.28)
results in another factor of two in degeneracy. By induction it will follow
that for 2n half-holes there are 2n−1 topologically inequivalent sequences.

Note that there is nothing in the argument that specifies the domain
walls to be half-holes. They could equally well be half-quasielectrons or a
mixture of the two. Hence the result can be generalized to the degeneracy
2n−1 for an arbitrary but specified order of k half-holes and 2n − k half-
quasielectrons.
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3.4.4 The MR state as ground state of the Coulomb inter-
action

The three-body interaction that allows us to continuously interpolate quan-
tum numbers between the bulk and the thin limit is a good tool, but nonethe-
less just a tool. For the physically relevant interaction— the two-body
Coulomb interaction— the MR state is not the ground state at ν = 1/2,
as shown by the exact diagonalizations in [30] which little overlap between
the exact ground state and the MR state. (The ground state at ν = 1/2
appears to be gapless—see references in [7]—and has a good overlap with
the Rezayi-Read state [68].) However, [30] shows also that doing the exact
diagonalization with a Coulomb interaction expanded in Haldane’s pseudo-
potentials and reducing the relative strength of the term V1 (the repulsion
between two particles with relative angular momentum one) gives a ground
state with high overlap with the MR state in a narrow range of values V1.
Exact diagonalizations presented in paper C show for different L1 that this
applies also for thin tori. (See [92] for a fuller account, where also states
with quasiparticles are interpolated.) This suggests that the MR state can
be the ground state for a realistic two-body interaction. Actually, calculat-
ing the matrix elements of the Coulomb interaction in the second LL gives
a V1 component that is relatively reduced. (See Haldane in [60].) Hence,
the results in [30] suggest that Moore-Read state could be the ground state
at ν = 2+ 1

2 = 5
2 . Morf [52] has found support for this through exact diago-

nalization in the second LL. However, the question is under debate, see e.g.
Toke and Jain [83].

This might suggest that it would have been more proper to write the
MR wave function in the second LL. However, the topological properties
are encoded in the pfaffian and since it is the same for both Landau levels
the analysis of ground state degeneracy is more easily done in the LLL,
where the wave functions are simpler.

3.5 Conclusions and discussion

It should be clear that the thin torus analysis can be a very useful approach
for studying quantum numbers in a quantum Hall system, as already stressed
for the general Jain states in [7]. We have reviewed these results for the
Laughlin state and studied the Moore-Read state. The ground state degen-
eracy and the fractional charge of the quasiparticles come out as expected
through the very intuitive picture of the thin limit analysis. The simplicity
of the thin limit picture also allowed us to derive new results in the general-
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isation of the 2n−1-fold degeneracy for 2n half-holes to an arbitrary mixture
of 2n half-holes and half-quasielectrons. How to derive the corresponding
result in the bulk case seems to be a very tough problem.

We have done some preliminary checks on the ground state degeneracy
of the more general k-level parafermion states.[64] (These are k-klustered
states that are exact eigenstates of a (k + 1)-body interaction. Laughlin
states correspond to k = 1 and the MR state to k = 2.) The analysis appears
to reproduce the degeneracies derived with conformal field theory [70]. (See
also the note in [61].) It seems also possible to generalize the arguments to
states with spin like the 331-state. This will hopefully be investigated in
future work. One can also study bosonic quantum Hall states, which are of
interest for the rapidly rotating Bose gases of alkali atoms. A study [73] of
the bosonic Moore-Read state at ν = 1 came to conclusions analogous to
those in paper C.

We still have not discussed one of the characteristic properties of a quan-
tum Hall state, namely the fractional statistics of the quasiparticles. The
theory of fractional statistics on a torus is well defined but has some ad-
ditional structure with braiding operators related to the torus symmetry
translations acting on individual particles. (see Einarsson; Wen, Dagotto
and Fradkin [16]). In the extreme limit L1 ≈ 0 the notion of braiding (tak-
ing one particle around the other) becomes unclear. Definitely one Fock
state with two quasiholes will not have the kind of Berry phase calculated in
[3] and neither can an explicit statistics factor (also called the monodromy)
like (η1 − η2)1/3 survive. On the torus it is still possible to do a rigid trans-
lation of the whole system by one cycle, which results in the quasiholes
effectively encircling each other. When taking the thin limits of the torus
wave functions we have kept the relevant phase factors in order to see if
the anyonic statistics would manifest itself through a rigid translation of the
system, but we have not been able to conclude anything yet.

If fractional statistics was found to be absent in the extreme limit L1 ≈ 0,
one would like to know when it appears as one interpolates back the bulk.
As the first hopping terms become important the ground state will evolve
away from a pure Fock state into a linear combination of Fock states. Will
the first appearance of the linear combinations be enough to reintroduce
statistics? These are some open questions that we hope to answer in the
future.



Chapter 4

Quantum Hall liquids and
p-wave superconductors

We have seen that the pairing in the Moore-Read pfaffian state makes it
possible to have half-quasiholes, which have nonabelian braiding properties.
There are other important areas of condensed matter physics where pairing
plays a major role, the most prominent being superconductivity and liquid
3He. Most superconductors and all known phases of 3He are described by
BCS theory where, loosely speaking, the Cooper pairs form a Bose conden-
sate.

Early proposals for paired quantum Hall states were made by Halperin
[31], Haldane and Rezayi [29] and Moore and Read [51]. A more precise
connection to BCS theory was made by Greiter, Wen and Wilczek [23]. They
recollected the fact first noted by Dyson [14] that the N -particle sector (N
even) of the spinless BCS state in real space is a pfaffian. (See appendix D.1.)
Hence, the Moore-Read wave function (3.18) can be seen as a BCS paired
state of composite fermions.

A recent detailed and comprehensive study of various pairing scenarios
was made by Read and Green in reference [62] which also gives a good
general introduction to the subject.

The superconductor - quantum Hall analogy offers a nice intuitive expla-
nation for the occurrence of half-quasiholes in the Moore-Read state. Quasi-
holes correspond to vortices in the charged quantum Hall condensates where
a unit flux gives charge q = νe. In a superconducting state, the Abrikosov
vortex carries only half a unit of flux, and thus one expects q = νe/2. To
understand the nonabelian statistics is harder, and requires a more detailed
understanding of the pairing. For spin polarized (or spinless) electrons the
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pairing has to be in an odd angular momentum state which is usually as-
sumed to be p-wave. In the spin-full case, even angular momentum pairs
are possible (e.g. the Haldane-Rezayi state is d-wave paired), but we will
consider only p-wave pairing even in this case. Since nonabelian statistics
requires a degenerate ground state Hilbert space for fixed positions of the
vortices, we must understand the nature and origin of this degeneracy. The
key observation is that certain vortices in a p-wave superconductor support
fermionic zero-modes, and these will precisely account for the ground state
degeneracy in a fixed vortex configuration.

The original research presented in this chapter is an analysis of the
fermionic zero-mode structure of a kind of p-wave superconductor that has
not been considered previously. Inspired by earlier work on topological de-
scriptions of two-dimensional s- and d-wave superconductors, we will recast
the relevant Bogoliubov-deGennes equations as a Dirac equation coupled to
a topological gauge field related to the vortices. We can than use an index
theorem analysis to count the zero-modes and determine the dimensionality
of the ground state Hilbert space. Since the index theorem is a robust result
of algebraic topology, we believe that this not only offers a simpler way to
count the zero modes, but also more clearly demonstrates the topological
nature of the result.

This chapter starts with an introduction to BCS theory, in particular for
the less familiar case of p-wave paring, and discusses also earlier results on
vortices, zero-modes and nonabelian statistics. Before getting into details
about the the particular model that we have studied, we explain how it
relates to models already studied by Read and Green in reference [62].

4.1 Elements of BCS theory

The following short review of the case of s-wave paring is not self-contained
and is mainly included to introduce some notation in a familiar setting. Note
that I will drop the vector arrows on x and k but I continue to write ∇ and
~A etc, hopefully without risking any confusion.

4.1.1 s-wave pairing

In the s-wave BCS hamiltonian the quartic elelctron-electron interaction is
replaced by the following mean-field hamiltonian,

Ĥ =
∫

d2x
(
ψ†↑ ψ↓

)( H1 − µ ∆
∆∗ −H∗

1 + µ

)(
ψ↑
ψ†↓

)
, (4.1)
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where H1 = (−i∇ − e ~A(x))2/2m is the one-particle hamiltonian and µ is
the chemical potential. The pairing function ∆(x) is a complex valued
mean-field ∆(x) ∝ 〈ψ↑(x)ψ↓(x)〉. It functions as the orderparameter for the
superconductor, and in the bulk ∆(x) = ∆0 is contant and hence of s-wave
symmetry.

The ground state is the famous BCS wave function, which is a coherent
state of Cooper pairs formed from two electrons with opposite spin (in the
bulk also of opposite momentum). To construct it, one first expands the
spinor (

ψ↑(x)
ψ†↓(x)

)
=
∑
n

(
un(x)
vn(x)

)
Γn (4.2)

in eigenmodes of the hamiltonian. Provided the solutions fulfill the orthonor-
malization condition ∫

d2x u∗mun + v∗mvn = δmn , (4.3)

one can invert (4.2) to get the (Bogoliubov) quasiparticle operators

Γn =
∫

d2x u∗nψ↑ + v∗nψ
†
↓ , (4.4)

in terms of which the hamiltonian reads

Ĥ =
∑

En+>0

En+ Γ†n+
Γn+ +

∑
En−<0

En− Γn−Γ†n− + E0 (4.5)

The ground state, |BCS〉, satisfies Γn+ |BCS〉 = Γ†n− |BCS〉 = 0, and has
energy E = E0. Acting with Γ†n+ and Γn− on the ground state yields the
excited energy eigenstates.

The condition (4.3) and the anticommutation relations {ψσ(x), ψσ′(y)} =
δσσ′δ(x−y) are consistient with {Γm,Γ†n} = δmn. The quasiparticles created
by (4.4) do not have definite electromagnetic charge (which obviously is not
conserved by the interaction ∆ψ†↑ψ

†
↓) but they do have definite spin, a con-

sequence of the interaction conserving spin. Both terms in (4.4) annihilate
a spin-down particle: ψ↑ annihilates a spin up electron and ψ†↓ annihilates a
+e spin-up particle, namely the hole of a spin-down electron.

To find un and vn corresponding to the mode created by Γ†n one solves
the Bogoliubov-deGennes (BdG) equations(

H1 − µ ∆
∆∗ −H∗

1 + µ

)(
un
vn

)
= En

(
un
vn

)
. (4.6)



58 Quantum Hall liquids and p-wave superconductors

By taking the complex conjugate of this equation one easily sees

∃
{
E ≥ 0 solution

(
un
vn

)}
⇐⇒ ∃

{
−E ≤ 0 solution

(
−v∗n
u∗n

)}
.(4.7)

Hence all solutions come in such conjugate pairs and the spectrum is sym-
metric around E = 0. In analogy with the treatment of antiparticles in
relativistic quantum field theory, this suggests that one rewrites (4.2) as(

ψ↑
ψ†↓

)
=
∑
En≥0

(
un
vn

)
bn↑ +

(
−v∗n
u∗n

)
b†n↓ , (4.8)

where b†n↑ and b†n↓ (except for zero-modes) create positive-energy excitations.
Equation (4.8) can be inverted to(

bn↑
b†n↓

)
=
∫

d2x

(
u∗n v∗n
−vn un

)(
ψ↑
ψ†↓

)
. (4.9)

Assuming that there exist u−1
n such that

∑
n un(x)u

−1
n (y) = δ(x − y) 1

one can form the pairing function

g(x− y) =
∑
n

(u−1
n (x))∗v∗n(y) (4.10)

and show that

|BCS〉 ∝ e−
1
2

R
d2xd2y ψ†↑(x)g(x−y)ψ

†
↓(y) (4.11)

is annihilated by all non-zero-modes bn↑ and bn↓ and hence is the ground
state. From (4.11) it is clear that the ground state is a coherent state of
paired electrons,2 and the function g(x − y) can be thought of as the wave
function of a Cooper pair.

From the relation (see e.g. [10])

∆(x) =
∑
n

un(x)v∗n(x) (4.12)

one sees that if ∆(x) is symmetric, then the pairing function g(x) is sym-
metric. Hence, the spin state of the pairs created in (4.11) must be anti-
symmetric.

1In the bulk case it is obvious that u−1
n exists. In the general case it is not.

2Hence the BCS state has not a definite particle number, but for large enough chemical
potential 〈N̂〉 = N0 will be large and the relative variance (〈N̂2〉 − 〈N̂〉2)/〈N̂〉2 = 1/N0

will be small.
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A system with ∆ and µ constant and Aµ = 0 admits translationally
invariant solutions. Here the Cooper pairs are formed by electrons not only
of opposite spin but also of opposite momentum. The hamiltonian becomes
simple in momentum space:

Ĥ =
∑
k

(
c†k↑ c−k↓

)( εk − µ ∆
∆∗ −εk + µ

)(
ck↑
c†−k↓

)
, (4.13)

with εk = k2/2m (with ~ = 1). The eigen-modes are plane waves(
uk(x)
vk(x)

)
= eikx

(
Uk
Vk

)
(4.14)

where the c-numbers Uk and Vk (|Uk|2 + |Vk|2 = 1) are obtained from the
BdG equations(

εk − µ ∆
∆̂† −εk + µ

)(
Uk
Vk

)
= Ek

(
Uk
Vk

)
. (4.15)

The spectrum

Ek = ±
√

(εk − µ)2 + |∆|2 ≥ |∆| , (4.16)

implies that all the modes are gapped. The quasiparticle operators are now
given by (

bk↑
b†−k↓

)
=
(

U∗
k V ∗

k

−Vk Uk

)(
ck↑
c†−k↓

)
(4.17)

and the correctly normalized BCS ground state takes the form

|BCS〉 =
∏
k

(U∗
k − V ∗

k c
†
k↑c

†
−k↓)|0〉 = e

P
k(lnu∗k−gkc

†
k↑c

†
−k↓) , (4.18)

which satisfies bk↑|BCS〉 = bk↓|BCS〉 = 0. Here gk = V ∗
k /U

∗
k is the pairing

function in k-space, i.e.

g(x− y) =
∑
k

eik(x−y)gk . (4.19)

The symmetry g(x− y) = g(y−x) implies g−k = gk and hence we again see
that the spin state of a pair

gkck↑c−k↓ + g−kc−k↑ck↓ = gk(ck↑c−k↓ − ck↑c−k↓) (4.20)

is antisymmetric, i.e. a singlet | ↑↓ − ↓↑〉.
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4.1.2 p-wave pairing

If the pairing function g(x) is antisymmetric, i.e. a superposition of only
odd partial waves, then the Cooper pair will be a superposition of symmetric
spin-triplet states | ↓↓〉, | ↑↓ + ↓↑〉 or | ↑↑〉. To describe a general spin-triplet
pairing one has to use 4-spinors

Ψ =


ψ↑
ψ↓
ψ†↑
ψ†↓

 (4.21)

rather than 2-spinors. The p-wave BCS hamiltonian is

Ĥ =
1
2

∫
d2x Ψ†

(
H1 − µ− βσz {∆(x)G(~d), P+}
{∆∗(x)G†(~d), P−} −(H∗

1 − µ− βσz)

)
Ψ . (4.22)

where we also added a Zeeman term −β
∫

d2x (ψ†↑ψ↑ − ψ
†
↓ψ↓). The p-wave

pairing function ∆̂ = {∆(x)G(~d), P+}, with G(~d) = i~d ·~σσ2 and ~d a complex
unit vector, is no longer just a c-number but an operator because of the
presence of the linear derivative

P± = −i(∂x ± i∂y) , (4.23)

which in k-space becomes kx ± iky and accounts for the spatial antisym-
mmetry of the pairing function. The anticommutator is needed for invari-
ance under electromagnetic gauge transformations; note that there is no
minimal coupling to the ~A field in the pairing term. The gap-functions
∆(x)Gστ (x) ∝ 〈ψτP−ψσ〉 are complex-valued functions that are constant in
the bulk. Explicitly,

G(~d) ≡ i~d · ~σσ2 =
(
−dx + idy dz

dz dx + idy

)
, (4.24)

(where ~d can be spatially dependent) results in the Cooper pairs being cre-
ated in the spin state

√
2 |~d〉 = −d−| ↑↑〉+ d+| ↓↓〉+ dz (| ↑↓〉+ | ↓↑〉) (4.25)

with d± = dx ± idy. When ~d is real then |d−| = |d+| and there will be no
net polarization in the z-direction (and neither in any other direction). A
real vector ~d represents the quatization axis along which the spin triplet is
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in the s~d = 0 projection (i.e. in the state | ↑~d↓~d + ↓~d↑~d〉). By allowing ~d
to be complex one can also describe spin-polarized pairings. For instance,
taking ~d = (x̂+ iŷ)/2 one gets d− = 1 and d+ = 0 and hence the pairing is
in the state | ↑↑〉.

The hamiltonian (4.22) with the more general pairing

∆̂ = {∆(x)G(~d),−i~l · ∇} (4.26)

has successfully been used to describe superfluid 3He [41]. Here the complex
unit vector ~l describes the orbital pairing in the same way as ~d describes the
spin pairing. The presence of two vectors implies a complex 3×3 tensor order
parameter that can account for the rich phase structure of 3He, and, when
the vectors are allowed to vary in space, for the rich flora of topological
excitations. In our case, since the motion is restricted to the plane, the
angular momentum must be Lz = ±1, i.e. l− = 1 and l+ = 0 or l− = 0 and
l+ = 1. In (4.22) we arbitrarily chose the former.

The analysis of the BdG equations in the spin-triplet case follows closely
that of the spin-singlet case, though the details are complicated by the
additional structure. One expands Ψ in eigenmodes of the hamiltonian,
and the wave functions are found from the BdG equations. Without the
Zeeman term there is a conjugation symmmetry, just as in the s-wave case,
and hence the spectrum is symmmetric. However, in the p-wave case

∆̂∗(x) = −∆̂†(x) , (4.27)

and as a consequnce one has the conjugate solutions

∃
{
E ≥ 0 solution

(
un
vn

)}
⇐⇒ ∃

{
−E ≤ 0 solution

(
v∗n
u∗n

)}
.(4.28)

so there is no relative minus sign between the components as compared to
the s-wave case (4.7).3 (Note that here u and v are 2-component spinors.)

The quasiparticle operators can be written

Γn+ =
∫

d2x (u†n, v
†
n)Ψ (4.29)

in complete analogy with (4.4). One important consequence of (4.28) is that
the conjugate mode

Γn− =
∫

d2x (vT
n , u

T
n )Ψ , (4.30)

3However, note that ∆̂(x) in k-space is an ordinary scalar function ∆̂k, and here we
still have that the negative energy solution corresponding to (Uk, Vk)T is (−V ∗

k , U∗
k )T, just

as in the s-wave case.
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satisfies

Γn− = Γ†n+
, (4.31)

where n− denotes the negative energy mode corresponding to n+ This self-
conjugacy, which later will be important for the zero-modes, is also consis-
tent with the four components in Ψ not being independent since Ψ3 = Ψ†

1

and Ψ4 = Ψ†
2.

One can show that, in absence of zero-modes, the BCS ground state can
be expressed as (see e.g. the appendix in [77])

|BCS〉 ∝ e−
1
2

R
d2xd2y ψ†σgσσ′ (x−y)ψ

†
σ′ (y) , (4.32)

where the p-wave condtion (4.27) implies gσσ′(x − y) = gσ′σ(x − y) =
−gσσ′(y − x). For real ~d this simplifies to gσσ′(x − y) = g(x − y)Gσσ′ ,
where g(x − y) is the pairing function found from the 2 × 2 BdG equation
(4.15) with ∆→ {∆, P+}. Hence for real ~d both energy eigenvalues and the
spatial part of the wave functions are independent of ~d, as expected from
spin-rotation invariance.

For the special cases ~d ‖ ẑ and ~d ⊥ ẑ (with ~d allowed to be complex) one
can reformulate the problem completely in a 2-component language. For
~d = dz ẑ

Ĥ =
∫

d2x
(
ψ†↑ ψ↓

)( H1 − µ− β {∆dz, P+}
{∆∗d∗z, P−} −H∗

1 + µ− β

)(
ψ↑
ψ†↓

)
, (4.33)

and for ~d ⊥ ẑ and β = 0,

Ĥ = 1
2

∫
d2x

(
ψ†↑ ψ↑

)( H1 − µ −{∆d−, P+}
−{∆∗d∗−, P−} −H∗

1 + µ

)(
ψ↑
ψ†↑

)
+

1
2

∫
d2x

(
ψ†↓ ψ↓

)( H1 − µ {∆d+, P+}
{∆∗d∗+, P−} −H∗

1 + µ

)(
ψ↓
ψ†↓

)
.(4.34)

The BdG equations to the hamiltonian (4.33) are(
H1 − µ {∆dz, P+}
{∆∗d∗z, P−} −H∗

1 + µ

)(
un
vn

)
= En

(
un
vn

)
(4.35)

which in the translationally invariant case become(
εk − µ 2∆0dz(kx + iky)

2∆∗
0d
∗
z(kx − iky) −εk + µ

)(
Uk
Vk

)
= Ek

(
Uk
Vk

)
. (4.36)
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In the ~d ⊥ ẑ case, the two lines in (4.34) yields two copies of equation (4.36)
with dz simply replaced by −d− and d+, respectively.

It also follows from (4.33) and (4.34) that for all real constant ~d the
BdG equations and the spectrum will be exactly the same, and the wave
functions will differ at most in the relative phase between u and v. One
might worry about the case ~d ‖ ẑ coming with half as many modes as the
case ~d ⊥ ẑ. However, in the former case the negative energy solutions
actually give independent solutions where as they do not in the latter case,
so the number of modes is independent of ~d as required by symmetry.

For real ~d the energy is given by Ek =
√

(εk − µ)2 + |∆k|2 just as in
the s-wave case, but since ∆k ∝ kx ± iky it goes to zero at ~k → 0 where
E = µ. As discussed in some detail in reference [62], µ = 0 is a critical point
that separates the weak pairing BCS phase at µ > 0 from a strong pairing,
molecular, phase at µ < 0.4

4.2 Zero-modes and Majorana fermions

In the presence of normalizable zero-modes the ground state is not unique.
However, given one ground state |BCS〉, say the one with all the zero-
modes occupied, then action on this state with the destruction operator Γi
corresponding to the ith zero mode will give a new state of the same energy;
hence the degeneracy. As already mentioned, it is this degeneracy that will
open the possibility of having non-abelian statistics.

The existence and form of the conjugate solutions apply also to the
zero-modes. In the spin-singlet case the conjugate solution always give an
independent mode. Hence zero-modes always come in pairs. However, in the
spin-triplet case, because of (4.31), the conjugated mode is not independent.
Thus, if one solves the BdG equations and finds two zero-energy solutions,
they correspond to only one zero-mode Γ0.

It is also possible that there is a single, unpaired, zero-energy solution! In
this case we have a ”half-mode” for which the corresponding quasiparticle
operator, to be denoted γ, is self-conjugate γ† = γ. This is a so called
Majorana mode, to be distinguished from an ”ordinary” mode, which we
refer to as ”Dirac”. Since one still requires {γ, γ†} = 1, this implies that
γ2 = 1/2 6= 0, which means that γ cannot annihilate a state, which in turn

4This change of sign from positive to negative µ is relevant in the context of BCS-BEC
crossover in cold atomic gases. There, however, the pairing is s-wave and does not reflect
a phase transition.
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implies that it does not necessarily create a different state.5

From two independent Majorana modes satisfying γ2
1 = γ2

2 = 1/2, and
{γ1, γ2} = 0 one can form a single Dirac mode Γ = γ1 + iγ2 ( Γ2 = 0
and {Γ,Γ†} = 1). Also a single Dirac mode can always be split into two
Majorana modes γ1 = (Γ + Γ†)/2 and γ2 = (Γ − Γ†)/2i. Thus, it makes
sense to think of a Majorana mode as half a Dirac mode.

In a later section we will see that vortices in a p-wave superconductor
do support localized fermionic zero-modes.

4.3 Vortices

Vortices in a superconductor are vortical phase-twists in the mean-field ∆.
A vortex in a neutral Bose-Einstein condensate is linked with a current
circulating the vortex. However, the electrons in a superconductor couple
to the electromagnetic gaugefield, and the Anderson-Higgs mechanism leads
to an exponential screening of the current, and the associated magnetic
field, at a lengh scale given by the London penetration depth, λL. As a
consequence, a weak magnetic field applied to a superconducting sample
will give rise to surface currents that will totally screen the magnetic field -
this is the famous Meissner effect.

The single-valuedness of the orderparameter leads to the quantization of
the flux through an isolated vortex. Because the orderparameter describes
Cooper pairs (of charge −2e) the flux quantum through a vortex will be the
London flux quantum φ∗0 = h/(2e) = φ0/2, i.e. half a flux quantum.

There is another important scale in the problem, namely the coherence,
or healing, length ξ. This is the characteristic distance from a disturbance
at which the Cooper pair condensate will assume its ground state value.
An example is a vortex core, where the condensate density goes to zero.
The Ginzburg-Landau parameter κ = λL/ξ determines energy density of a
domain wall between a superconducting and normal phase. This energy is
positive for κ � 1 and negative for κ � 1 and the corresponding super-
conductors are referred to as type I and II respectively. These will respond
very differently to the application of intermediate strength magnetic fields.
Type I will remain in a Meissner phase, while type II will allow penetration
of the field by creating a regular vortex lattice - the Abrikosov state. This
is advantageous because of the negative domain wall energy of the vortices.

5Contrast with an ordinary Dirac fermion, where c2 = 0 implies that there exists a
state |a〉 such that c|a〉 = 0 and hence 〈a|c†|a〉 = 0 but still 〈a|cc†|a〉 = 〈a|1 − c†c|a〉 = 1
so |a〉 and |b〉 = c†|a〉 are two orthonormal states.
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For the topological properties of the model problem considered in the
following no detailed description of the vortex cores is needed. In a more
ambitious approach with the aim of also describing say the dynamics of the
quasiparticles, one would presumably have to worry about such questions
as whether the corresponding superconductor is of type I or II.

4.3.1 Inserting singular vortices

To investigate the topological properties of vortices, it is not necessary to
solve the BdG equations self-consistently, which is a difficult problem even
for a single vortex. Instead the vortices are normally inserted by hand as
a background in which the BdG equations for the electrons are solved and
the Bogoliubov quasiparticles found. In the s-wave case this is done by the
substitution,

∆0 −→ ∆0e
iχ(x) ; x 6= xi (4.37)

with

χ(x) =
∑
i

ni arg(x− xi) (4.38)

where xi is the location and the integer ni is the vorticity of the vortex the
ith vortex. Note that the points xi have to be excluded since the gap has to
go to zero at these poins. In this sense we are really in the extreme type II
limit, but as discussed above, we shall not worry about such details.

In the p-wave case the substitution becomes

{∆0G,P+} −→ {∆0e
iχ(x)G,P+} ; x 6= xi . (4.39)

4.3.2 Half-vortices

The possibility of having the two vectors ~d and ~l in the 3He order-parameter
{∆G(~d),~l · ∇} twisting in different textures allows for a rich flora of topo-
logical excitations. In the two-dimensional p-wave superconductor case with
~l fixed most of these are lost. However, one of the exotic possiblities that
remains is to have (a real) ~d twisting around a half a clockwise turn in the
x − y-plane, i.e. d± = dx ± idy → d±e

∓iθ/2. This makes the off-diagonal
elements in (4.34) pick up a minus sign after one turn, which would make the
orderparameter multivalued. However, this minus sign can be compensated
by introducing a half-vortex ∆→ ∆eiθ/2. The combined effect is

∆d− −→ ∆d−eiθ ; ∆d+ −→ ∆d+ , (4.40)
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i.e. one ends up with a full vortex in the spin-up component and no vortex
at all in the spin-down component. When solving the separate BdG equa-
tions for the spin-up and spin-down part in (4.34), one will get no vortex
modes from the down component but only from the up component. In the
next subsection we will see that, with suitably chosen parameters, the BdG
equations for the spin-up component give exactly one zero-energy solution,
which hence has to be self-conjugate, i.e. there is exactly one Majorana
mode localized at the vortex.

In the above half-vortex discussion ~d was real, i.e. we had spin-unpo-
larized Cooper pairs. However, an equivalent situation is to have spin-up-
polarized Cooper pairs by choosing ~d complex such that d− 6= 0 but d+ = 0
and then insert an ordinary vortex ∆ → ∆eiθ which only will affect the
spin-up component since for the spin-down component {∆d+, P+} is zero.
Hence, the problem of finding zero-modes localized at a half-vortex in the
spin-unpolarized case and at a full vortex in the spin-polarized (or spinless)
case are equivalent.

4.4 The MR state as a spinless p-wave supercon-
ductor

In reference [62] Read and Green summarized and extended the arguments
for why the Moore-Read state can be modeled as a p-wave paired BCS state
of spinless (composite) fermions. The interpretation of the half-holes as
vortices has already been mentioned, and in appendix D.1 we recall Dyson’s
result that the BCS wave function for a fixed number of particles takes
the form of a pfaffian of the pair correlation function g(~x − ~y). Read and
Green showed that the asymptotic behavior of g for a weakly paired p-wave
superconductor is g(zi − zj) ∼ 1/(zi − zj) with z = x + iy, which is such
that the BCS state indeed reproduces the Moore-Read wave function. They
also studied the properties of vortices, and concluded that because of the
presence of localized zero-modes the ground state at fixed vortex positions
was degenerate and thus likely to support nonabelian braiding statistics. We
now turn to a more detailed description of these results.

4.4.1 Fermionic zero-modes in a single vortex background

In 1964 Caroli, DeGennes and Matricon [9] solved the BdG equations for a
(Type II) s-wave BCS superconductor with a single quantized vortex, and
showed that there are low energies fermionic exitation localized at the vortex
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core with energy εn = ω0(n + 1/2) and a gap ε0 ∼ ∆2
∞/εF � ∆∞. Here

εF is the Fermi energy and and ∆∞ is the bulk gap. Since the energy ε0
of the lowest energy vortex-modes, although non-zero, is much smaller then
the gap ∆∞ of the lowest energy excitations in the bulk, one refers to them
as approximate zero-modes.

Kopnin and Salomaa [46] later showed that a singular quantized vortex
line in 3He (described by p-wave BCS theory) also supports localized vortex
modes εn = ω0n. In particular, there is an exact zero-mode. Another
derivation was given by Volovik [88], who treated the s-wave and p-wave
cases simultaneously which clearly demonstrated that the extra phase factor
introduced by P± = −ie±iθ(∂r± (i/r)∂θ) is crucial for getting an exact zero-
mode in the p-wave case. He also showed that the exactness of the zero-mode
was not affected by a single impurity. Ivanov made a classification of the
kind of disorder perturbations under which the zero-mode survives.[37] It is
this stability—due to the topological origin of the zero-mode—that would
make it possible to have a degenerate nonabelian ground state manifold in
a real sample.

We will now sketch the treatment given by Read and Green in reference
[62]. In the spinless p-wave case the BdG equations for zero-energy solutions
of a p-wave superconductor with a single vortex take the form (with β = 0),(

(−i∇+ e ~A)2/2m− µ −{∆0e
iθ, P+}

−{∆∗
0e
−iθ, P−} −(i∇+ e ~A)2/2m+ µ

)(
u
v

)
= 0 . (4.41)

Read and Green assume that the covariant derivative and hence the cur-
rent is zero outside the vortex core.6 It is reasonable to believe that this
approximation will not affect topological properties of the state such as the
existence and number zero-modes.

In this approximation, and after some algebra, (4.41) can be worked into

− 2i∆0e
i2θ

(
∂r +

i

r
∂θ −

1
2r

)
v = µu

−2i∆∗
0e
−i2θ

(
∂r −

i

r
∂θ −

1
2r

)
u = −µv . (4.42)

With the ansatz u = i1/2eiθr−1f(r) and v = i−1/2e−iθr−1f(r) both equa-
tions result in

∂rf = −(µ/2∆0)f . (4.43)
6This means r > ξ, i.e where the electrons are described by the ground state BCS wave

function. This means that λ < ξ, and hence the superconductor is type I.
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In the analysis in [62] the chemical potential is treated as a spatially varying
parameter that changes sign at the phase boundary between a strongly and
weakly paired phase. They solve the simplified BdG equations exactly for
a an infinite straight boundary, and show that there is a single localized
Majorana edge mode. The intuitive picture of a vortex is now a region of
µ < 0 for r < ξ inbedded in the bulk where µ > 0. It then follows (with ∆0

assumed to be real and positive) that

f ∝ e−
1

2∆0

R r dr′µ(r′) (4.44)

describes a zero-mode localized at the boundary of the vortex. Since u = v∗

the corresponding quasiparticle operator is self-conjugate and the solution
describes a Majorana mode. There are no other independent zero-energy
solutions and hence there is a single Majorana mode localized at the vortex.

4.4.2 Many vortices and non-abelian statistics

Read and Green then argue qualitatively that for 2n vortices there should
be 2n isolated Majorana modes. These can be combined to n Dirac modes
and hence the degeneracy is 2n. In terms of the fermions created by the
Dirac modes, there are odd- and even-number-of-particle sectors that do not
mix, so within each sector the degeneracy is 2n−1, which is the previously
known result for the Moore-Read pfaffian state with 2n half-holes. In later
work, Stern, von Oppen and Mariani gave a more rigorous treatment of the
many-vortex case [75], and making certain assumptions, Ivanov showed how
braiding of these vortices indeed give rise to nonabelian statistics [38]. These
results are briefly described in appendices D.2 and D.3.

4.5 Double layer QH states as two-dimensional
p-wave superconductors

In reference [62] Read and Green also analysed the case of a spin-triplet
superconductors with ~d real. The relevant quantum Hall system to think
of is that of a spin-polarized double layer rather than a single layer with
dynamical spins. The spin indices then label the layers, and with this in
mind we can think of the Zeeman term in (4.22) as the difference in chemical
potential between the two layers.

The state studied by Read and Green is obtained by choosing ~d = ẑ in
(4.34) corresponding to a spin pairing | ↑↓ + ↓↑〉. The pairing term hence
commutes with Sz that generates a symmetry SO(2) ∼= U(1). In addition
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there is the Z2 symmetry of layer exchange ↑↔↓, so the total symmmetry
group is O(2).7 A tunneling term −tσx breaks the U(1) symmetry, but it
will not mix the even and odd components and hence it will not break the
Z2 symmetry. Writing the hamiltonian in the Sx basis, e ≡↑x= (↑ + ↓)/

√
2,

0 ≡↓x= (↑ − ↓)/
√

2, results in two decoupled equations exactly as in (4.34),
where a state polarized in the (x, y)-plane was expressed in the Sz basis. In
the Sx basis the tunneling term is diagonal and simply shifts the chemical
potentials: µe = µ+ t and µo = µ− t.
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Figure 4.1: Phase diagram from [62] illustrating expected properties of the
ground state at different parameters µ and t. The oblique lines correspond
to µe = 0 and to µo = 0, respectively.

For t = 0 the long-distance behaviour of the pairing function in the
weak-pairing phase µ > 0 is

↑i↓j + ↓i↑j
zi − zj

=
eiej − oioj
zi − zj

, (4.45)

where the left-hand side has the form of a Halperin 331-state, which is
abelian. (For some subtleties see discussions in [36, 54, 63].) As t is in-
creased, µo will eventually become negative, and the odd component goes
into a strong pairing phase with a exponentially falling paring function,
while the the even part will still be ∼ eiej/(zi − zj), just as in the spin-po-
larized Moore-Read state. For this reason Read and Green identifies this as

7In general there will not be a SU(2) symmetry in the double layer case because of the
difference in intralayer and interlayer interactions.
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a nonabelian phase with the same topological properties as the Moore-Read
state, that is to say nonabelian statistics and a ground state degeneracy of
2n−1 for for 2n vortices at fixed postitions.

We now have sufficient background for presenting the model we have
studied. As a starting point we take the Read and Green model for t = 0, but
instead of deforming it by adding a tunneling term we introduce a Zeeman
term which preserves the U(1) symmetry (it commutes with Sz) but breaks
the Z2 symmetry, i.e. we shall consider (4.33) for β 6= 0. Note that at
the points µ = ±β the effective chemical potential for either the spin-up or
spin-down components goes to zero, so we might expect a phase transition at
these points. In the coming sections, we shall study the model (4.33) using
effective gauge theory methods, and in particular give topological arguments
for the number of zero modes at the points µ = ±β.

4.6 Effective gauge theory of a 2D U(1)-symmetric
p-wave superconductor

In chapter 3 we emphasized that the quarter charge and the nonabelian
statistics of the quasiparticles in the Moore-Read state are a consequence of
the topological properties of this state. In the p-wave description reviewed
above, this is less evident. In particular, even in the spin-less case there is
no simple argument for the presence of the Majorana zero modes associated
with the vortices, which are crucial for both charge and statistics. The aim
of this section, which contains yet unpublished results, is to offer an alter-
native description of a p-wave superconductor involving a topological gauge
field, and to show how the zero-mode structure emerges in this framework.
This work is still in progress, and we will not be able to present any firm
conclusions concerning the statistics of the vortices.

Our motivation for seeking an effective gauge theory model for the p-
wave superconductor is that such descriptions have been quite useful in
the context high-Tc superconductivity where they have been used to de-
scribe two-dimensional d-wave superconductors [2, 17, 18, 34]. Also effective
topolological gauge theories have been constructed for fluctuating s- and d-
wave superconductors and have been shown to capture essential topological
features of these systems [33, 35]. Since fractional charge and statistics are
topological in nature we would expect them to be manifest in a suitably
constructed low-energy theory.

The crucial step in deriving effective gauge theory descriptions is to trade
the non-trival phase factors associated with various topological structures,
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in our case vortices, for effective non-dynamical gauge fields.[18, 34] In a
fully gapped s-wave superconductor, there are no low-energy excitations,
and the low energy theory just describe the braiding properties of vortices
and quasiparticles as Aharonov-Bohm phases related to the effective gauge
fields.[33] In the d-wave case, the low energy theory also involves the nodal
quasiparticles which are descirbed by an effective Dirac field coupled to a
topological gauge potential. The p-wave case studied here is rather similar
to the d-wave case in that the topological gauge field couples minimally to
the conserved spin current of the quasiparticles. How this is done is shown in
the next subsection where the effective Dirac theory in the 2n-vortex sector
of a p-wave superconductor is derived.

4.6.1 Singular gauge transformations and the topological gauge
field

Since our model has an unbroken U(1) symmetry we can apply the tech-
niques developped e.g. in reference [17] to trade the singular phases of an
arbitrary vortex configuration for a topological gauge field. This is done
by transforming away the vorticity in ∆(x) and attaching it instead to the
field operator components ψσ. To keep the latter single-valued, only integer
vortices can be attached to each component and hence one must choose for
each vortex whether to attach it to ψ↑ or to ψ↓. (Dividing a vortex equally
between the two components would give non-single-valued fields.) Since we
are interested in a configuration that shall represent a collection of identical
quasiparticles, we shall attach all the vortices to the same spin-component,
here ψ↑. The choice is arbitrary but breaks the Z2 symmetry. However, this
symmetry has already been broken by the Zeeman term.

Consider the following configuration of 2n unit vortices ∆(x) = ∆0e
iχ(x)

with χ(x) =
∑2n

j=1 arg(x − Xj), where ∆0 is real and positive. Dividing
them into two sets of unit vortices χ = χ↑ + χ↓ one obtains

{∆,−i∇} = −i∆0e
iχ↑+iχ↓∇− i∇∆0e

iχ↑+iχ↓ =

= ∆0e
iχ↑(−2i∇+ (∇χ↑)− (∇χ↓)− i

(∇∆0)
∆0

)eiχ↓ ≡

≡ 2∆0e
iχ↑(~P + ~a)eiχ↓ , (4.46)

where we neglected a term ∼ (∇∆0)
∆0

as appropriate for thin flux lines, and
defined the topological gague field ~a by

~a =
1
2
(∇χ↑ −∇χ↓) . (4.47)
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Because of the factor 1/2, a vortex corresponds to half a flux quantum φ0/2.
Putting all the 2n vortices in χ↑ gives a positive effective flux Φ =

∫
dx b =∫

d εab∂aab = nφ0.
A point vortex ∆(x) = ∆0e

iθ gives a singular flux string. However, for it
to be strictly valid to apply the arguments in next section, the effective mag-
netic field b(x) needs to be non-singular. Hence, though we formally write
point vortices, we assume that they will be softened to vortices with finite
b(x), i.e. regular flux-tubes. This will be further discussed in section 4.6.5.

Under the singular gauge transformation,

ψσ → ψσe
−iχσ . (4.48)

the hamiltonian (4.33) transforms as

H →

(
1

2m(−i∇+ e ~A+∇χ↑)2 − µ− β 2∆0(P+ + a+)
2∆0(P− + a−) − 1

2m(+i∇+ e ~A+∇χ↓)2 + µ− β

)
,

where a± = ax ± iay. Following Read and Green, we neglect the covariant
derivatives to get the BdG equations,(

E + µ− β −2∆0(P+ + a+)
−2∆0(P− + a−) E − µ− β

)(
u
v

)
= 0 , (4.49)

which has the form of a two-dimensional Dirac equation for a particle with
energy E/2∆0, mass −µ/2∆0, and chemical potental −β/2∆0.

4.6.2 Zero-modes of a Dirac particle in a magnetic field

The two-dimensional Dirac equation can be written

0 = (E −H)
(
u
v

)
= (E − iγαDα)

(
u
v

)
=

=
(

E −m −2i(P− − a−)
2i(P+ − a+) E +m

)(
u
v

)
, (4.50)

with opposite chirality P+ ←→ P− compared to (4.49). (Had we chosen the
opposite quantum number lz = −1 the chirality would instead be the same.
However, the sign of the chirality is not essential.)

For charged Dirac particles in two-dimensional in a non-singular mag-
netic field it can be shown ([1] and others) that the number of zero-modes
is given by the number of flux quanta of the total net flux, irrespective of
the shape of the magnetic field. It is hence a topological result and in fact a
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consequence of the Atiyah-Singer index theorem. See e.g. references [44, 56].
Here we will closely follow [44].

The spectrum of (4.50)

0 =
(

E −m −2i(P− − a−)
2i(P+ − a+) E +m

)(
u
v

)
satisfies E2 ≥ m2. For the threshold mode E = m it has solutions of the
form (u, 0)T if also (P+ − a+)u = 0. For E = −m there are solutions of the
form (0, v)T if also (P− − a−)v = 0.

It is shown in [44] that for E = +m

(P+ − a+)u = 0 (4.51)

has solutions

u(x) = f(z)e−W (x) (4.52)

where f(z) is an arbitrary anlytic function and

W (x) =
1
2π

∫
d2x′ b(x′) log |x− x′| (4.53)

with b = ∂1a2 − ∂2a1.
The freedom to choose f(z) gives the possible wave functions. Far away

from the region with flux the solution (4.52) behaves as

u −→r→∞ f(z)r−Φ/φ0 . (4.54)

Single-valuedness of the wave function requires f(z) =
∑

s∈Z asz
s and nor-

malisablity at r →∞ requires Φ > 0 and deg f ≤ |Φ|/φ0−1. Normalisability
within the region of flux requires b(x) to be non-singular and all powers in
f to be non-negative. For n = Φ/φ0 integer flux quanta f can be maximally
of degree n − 2, which gives n − 1 linearly independent polynomials in z.
The nth solution u ∝ zn−1r−n is not strictly square integrable since the in-
tegral diverges logarithmically. On a sphere this ”marginal” mode becomes
normalizable.

Likewise, for the E = −m case,

(P− − a−)v = 0 (4.55)

has solutions

v = g(z∗)e+W (x) −→r→∞ g(z∗)r+Φ/φ0 . (4.56)
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which requires Φ < 0 and deg g ≤ |Φ|/φ0 − 1.
In summary, we conclude that for Φ/φ0 = n > 0 there are n−1 threshold

modes (u, 0)T at E = +m and no modes (0, v)T at E = −m. For Φ/φ0 =
−n < 0 there are instead n − 1 modes (0, v)T at E = −m. For m = 0 we
get n− 1 zero modes E = 0. The sign of the flux determines whether they
are of the form (u, 0)T or (0, v)T.

4.6.3 Threshold- and zero-modes in a p-wave superconduc-
tor

Adapting the above results to (4.49), and first putting β = 0, we have that
there are threshold modes at E = −µ of the form (u, 0)T provided that
(P− + a−)u = 0. Equations (4.55) and (4.56) imply that asymptotically
u ∝ g(z∗)r−Φ/φ0 , i.e these solutions require the flux to be positive. Making
the analogous analysis of the threshold modes E = µ allows us to summarize

E = −µ ⇐⇒
(
g(z∗)r−Φ/φ0

0

)
⇐⇒ Φ > 0

E = µ ⇐⇒
(

0
f(z)rΦ/φ0

)
⇐⇒ Φ < 0 .

(4.57)

The number of modes depends on |Φ|/φ0. In our case with 2n vortices
attached to ψ↑ component we get Φ = nφ0 and thus n− 1 normalizabel and
one marginal mode. It is not clear to us whether the difference between n
and n− 1 is significant, but we notice that the latter is the exact result for
the degeneracy of 2n holes in the Moore-Read wave function. We can now
retain the Zeeman term and tune β to the points µ = ±β where the n − 1
threshold modes become zero-modes as advertised earlier. This is the main
result if this chapter.

4.6.4 Spectral assymetry and fractional spin

To give a correct definition of the fermion number operator in Dirac theory
is rather subtle due to the infinite subtraction required by the ”Dirac sea.”
Symmetry considerations will dictate what cut-off prescriptions are allowed,
and the outcome is that the fermion number of the vacuum is given by
Q = −1

2ηH where ηH is the spectral assymmetry of the hamiltonian H,
defined in terms of its eigenvalues by,

η = limτ→0+

∑
En 6=0

sgn(En)e−τ |En| (4.58)
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In the two-dimensional case, the spectral assymetry can be calculated for
an arbitrary static magnetic field configuration using an index theorem [39]
(see also [57, 58]) and the result is

Q = −1
2

[Φ]
φ0

m

|m|
+
N0

2
(4.59)

where [Φ] is the integer part of the magnetic flux, and N0 is the number of
filled zero-modes. In our case it means that one vortex, which corresponds
to a half a flux quantum, has a fermion number 1/4. Since the fermion
number in our Dirac theory is the spin in the z-direction it means that there
will be a fractional spin 1/4 at each vortex due to the spectral assymmetry.
Just as the number of zero-modes discussed above, the fractional spin is a
topological quantity.

4.6.5 What is the full effective gauge theory?

By arguing that only topological properties of the vortices - i.e. here just the
flux - is of importance, we have so far avoided any detailed questions about
their internal structure. However, it is still important for our argument that
localized vortices of finite size do exist. Without claims of being stringent,
we shall now briefly discuss this issue.

If we were only to consider a model problem of a two-dimensional p-
wave superconductor, we could of course postulate any action for the gauge
field, including a Maxwell term. If we however take seriously that we start
from a two-dimensional electron gas in a background magnetic field, we
should also take seriously the effective action obtained after the singular
gauge transformation in section 2.1.1 that yields composite fermions in zero
magnetic field. This will yield a Chern-Simons term coupling to the charge
current, but no Maxwell term. (See [101].) A Maxwell term is however
generically expected to arise by integrating out the high momentum modes
of the electron field, so there are reasons to believe that the effective theory
would in fact be a fluctuating two-dimensional superconductor. Provided
the electron-electron interaction is appropriately chosen, we will have p-
wave pairing and stable Abrikosov vortices. At this point we could go one
step further and derive the asymptotic low-energy theory by integrating out
everything except the vortices and the low lying quasiparticles. Although
we have not worked out the details, we would, in analogy with the d-wave
case treated by Hermanns [35], expect that this theory would contain, in
addition to the Dirac part (4.49), a Chern-Simons and a Maxwell term for
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the topological gaugefield that couples to the spin-current.8 In such a theory
pointlike vortices will become finite-size fluxtubes [4] and the arguments for
the zero-modes in the previous sections would be valid.

4.7 Discussion and outlook

Let us first again emphasize that the model we studied in the previous section
differs from the one studied by Read and Green in the way the symmetries
are broken; in their case O(2) → Z2, and in our case O(2) → U(1). An
obvious extension of this work is to study both deformations of the O(2)
theory simultaneously, and explore the full three-dimensional (µ, t, β) phase
diagram.

Our result for the number of threshold modes is topological in nature
and as such robust. To turn these into zero-modes requires a fine tuning of
the difference µ±β which does not look generic. If we believe that the 2n−1

ground state degeneracy in the 2n vortex sector is a signal of a nonabelian
phase, there are two obvious possibilities: the lines µ = ±β are critical and
the theory is non-abellian exactly on these lines. (An example of a quantum
critical point which has topological properties different from the non-critical
one has recently been studied in the context of 2D antiferromagnets [74].) In
the other scenario, the lines are just the phase boundaries between an abelian
and a nonabelian phase, but in that case there must be some mechanism
that protects the zero-modes when one moves away from the critical lines.
At this moment we have no proposals for how this would happen, and we
also suspect that a similar problem would arise in the analysis of Read and
Green if one was to carefully study the zero modes when crossing the critical
lines µ = ±t in the phase diagram.9 This again emphasizes the point that
it would be intersting to study the full (µ, t, β) phase diagram and try to
find out whether the putative non-abelian phase indicated by our zero-mode
analysis is continuously connected to the one inferred by Read and Green
on the basis of the long-distance behavior of the wave function.

In reference [62], Read and Green give an indirect argument for their
quasiparticles (for µ > 0) having fractional spin Sz = 1/4 and point out
that this is also implied by using plasma analogy reasoning for the 331 state.
In our analysis a fractional spin emerges in a completely different manner,
namely as as a spectral assymetry of the Dirac vacuum. The question natu-

8Note that the fluctuating gauge field obtained from the original composite fermion
transformation has now been integrated out.

9Reference [62] do not explicitly consider the zero modes in the spin-full case.
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rally arise whether these two mechanisms describe the same quasiparticles;
the answer will again probably require a study of the full phase diagram.

Although fractional statistics is the most striking phenomena expected in
these systems, we have at this point very little to say about it. In particular
we have so far not been able to calculate the relevant braiding matrices
for our vortex system, or even to show that braiding can give transitions
between the various components in the wave function. We leave this as a
challenge for the future.



78 Quantum Hall liquids and p-wave superconductors



Appendix A

Statistics and braiding
operators

A formal way to discuss exchange statistics of particles is to align them in
a sequence and label their positions 1, 2, . . . , N . One then defines N − 1
braiding operators Ti, where Ti exchanges the particles at positions i and
i + 1. From these one can generate all possible exchanges. The braiding
operators form a group—the brading group— and satisfy additionally two
relations, namely the braiding relations

TiTi+1Ti = Ti+1TiTi+1 i = 1, . . . , n− 2
TiTj = TjTi |i− j| > 1 . (A.1)

This operators have matrix representations that depend on the Hilbert space
used to describe the system, however the relations (A.1) and all group
properties are representation independent. One of the group properties is
abelianess. If TiTj = TjTi for all i and j, then the braiding group is abelian
and the exchange statistics is abelian. This is the case for the ordinary
fractional statistics like the one of quasiparticles in the Laughlin states or
Jain states. The simplest representation is U(1) = {eiθ}. However, if some
of the braiding operators do not commute, then the braiding group is non-
abelian and describes nonabelian statistics. A nonabelian group necessarily
acts on a multi-dimensional Hilbert space, typically the degenerate ground
state manifold.
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Appendix B

Wave functions on the torus

B.1 Elementary properties of the Jacobi theta func-
tions

The analytic Jacobi theta functions are defined as (n ∈ Z)

ϑ

[
a
b

]
(z|τ) ≡ ϑab (z|τ) =

∑
n

eiπτ(n+a)2ei2π(n+a)(z+b) , (B.1)

where the τ (Im(τ) > 0) gives the shape of the unit cell, the corners being
situated at 0, 1, τ (Imτ > 0) and (1 + τ).

The satisfy the (quasi-)periodic boundary conditions

ϑab (z ± 1|τ) = e±i2πaϑab (z|τ) (B.2)

and

ϑab (z ± τ |τ) = e−iπτe∓i2π(z+b)ϑab (z|τ) . (B.3)

Different theta functions are related to each other by translation.

ϑAB(z + b+ aτ |τ) = e−iπτa
2
e−i2πa(z+B+b)ϑA+a

B+b(z|τ) . (B.4)

Four choices of parameter give functions with special notation:

ϑ1 ≡ ϑ1/2
1/2 ϑ2 ≡ ϑ0

1/2 ϑ3 ≡ ϑ0
0 ϑ4 ≡ ϑ1/2

0 . (B.5)

The first, ϑ1, is odd (i.e. ϑ1(−z|τ) = −ϑ1(z|τ)) while the others are even.
An important property is that ϑ1(z|τ) = cz + O(z3) with c 6= 0.
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B.2 One-particle wave functions on the torus

The one-particle cylinder wave functions (3.2) are turned into torus wave
function by choosing a fundamental domain k ∈ {k0+i}Ns−1

i=0 and periodizing

ψ
(b)
k (x, y) ∝

∑
n

ei(k+nNs)2π(x/L1+b/Ns)e−(y+(k+nNs)L2/Ns)2/2`2 . (B.6)

One can check that

T (L1x̂)ψk(x, y) = eiφ1ψk(x, y) = ei2πkψk

T (L2ŷ)ψ
(b)
k (x, y) = eiLyxψ

(b)
k (x, y + L2) = e−i2πbψ

(b)
k (x, y) , (B.7)

where the magnetic translations (in the Landau gauge ~A = Byx̂)

T (Lxx̂+ Lyŷ) = eLx∂x+Ly(∂y+ix) . (B.8)

are the translation operators that commute with the hamiltonian and hence
are adequate for imposing boundary conditions. For periodic boundary con-
ditions in both the x- and the y-direction, k is integer and b = 0.

For the cylinder wave function (3.2) the analytic part can be factored
out

ψk(x, y) ∝ e−y
2/2e−(2πk/L1)2/2ei2πz/L1 = e−y

2/2e−(2πk/L1)2/2βz (B.9)

where βz ≡ exp(i2πz/L1) is the analytical part of the wave function, and
the gaussian e−y

2/2 is common to all states. Rewriting the toroidal analogue
(B.6) gives ψ(b)

k (x, y) = e−y
2/2φ

(b)
k (z) where using the Jacobi theta functions

(see appendix B.1):

φ
(b)
k (z) = ϑ

k/Ns

b (Nsz/L1|iNsL2/L1) = ϑ
k/Ns

b (Nsz/L1|Nsτ) , (B.10)

where we will let τ denote τ = iL2/L1, though in the theta function it is
Nsτ that has the property (B.3) of one period.

The periodicity properties of the theta function (see (B.2) and (B.3))
imply

φ
(b)
k (z + L1) = ϑ

k/Ns

b

(
Nsz

L1
+Ns|Nsτ

)
= ei2πkφ

(b)
k (z) = eiφ1φ

(b)
k (z)

φ
(b)
k (z + iL2) = ϑ

k/Ns

b

(
Nsz

L1
+
iNsL2

L1
|Nsτ

)
= eπNsL2/L1e−i2π(Nsz/L1+b)φ

(b)
k (z)

= eiφ2Q−Nsβ−Ns
z φ

(b)
k (z) . (B.11)

where Q = eiπτ .
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B.3 Many-body states on the torus

This section gives a survey of the Laughlin state and Moore-Read pfaffian
state many-body wave functions on the torus and the cylinder. Periodicity
properties are important for finding the correct torus wave functions. From
the torus wave functions we will then derive the cylinder wave functions.

B.3.1 The general many-body wave function

The many-body wave function can be written in terms of an anlytic many-
body wave function:

Ψ(~x1, ~x2, . . . , ~xN ) = f(z1, z2, . . . , zN )e−
P

i y
2
i /2 . (B.12)

The analytic part can be further divided into a centre-of-mass part and a
relative part

f(z1, z2, . . . , zn) = Fcm(Z)frel(z1, z2, . . . , zn) , (B.13)

with Z ≡
∑
zi, Fcm(Z) is the centre-of-mass part and frel is the relative

part. The relative part should be antisymmetric in each coordinate pair.
The boundary conditions read

f(z1, . . . , zj + L1, . . . , zn) = eiφ1f(z1, . . . , zj , . . . , zn) (B.14)
f(z1, . . . , zj + iL2, . . . , zn) = eiφ2Q−Nsβ−Ns

j f(z1, . . . , zj , . . . , zn) ,

where βj = exp(i2πzj/L1).

B.3.2 The Laughlin state on the torus

The relative part for the Laughlin fractions ν = 1/q is generalized into
[26, 28]

frel(z1, z2, . . . , zn) =
Ne∏
i<j

ϑ1((zi − zj)/L1|τ)q (B.15)

which for small (zi − zj)/L1 (i.e. particles close to each other or the plane
limit L1, L2 →∞ ) reduces to the ordinary Jastrow factor.

For the boundary conditions to come out right one has to choose [28]

Fcm,K(Z) = ϑ

[
(K + φ1/2π + (Ns − q)/2)/q
−φ2/2π − (Ns − q)/2

]
(qZ/L1|qτ) , (B.16)
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where K = 0, 1, . . . q − 1 labels the centre-of-mass degeneracy.
A hole Jastrow factor has the generalization

fhole(z1, z2, . . . , zNe ; η) =
Ne∏
i=1

ϑ((zi − η)/L1|τ) . (B.17)

Fcm(Z) is then modified with Ns = qNe + 1 and

Z =
Ne∑
i=1

zi −→ Z =
1
q
η +

Ne∑
i=1

zi . (B.18)

B.3.3 The Moore-Read state on the torus

For the Moore-Read pfaffian state at filling fraction ν = 1/2 the relative
part is given by

frel(z1, z2, . . . , zn) =
∏
i<j

(zi − zj)q · Pf
(

1
zi − zj

)
≡ f qLJfpf . (B.19)

On a torus fLJ generalizes as before. Naively one would expect fpf =
Pf(zi−zj)−1 → Pf(ϑ1((zi−zj)/L1))−1. However, this makes it impossible to
match the boundary conditions. The generalization that avoids this problem
is [23]

f
(c)

pf (z1, z2, . . . , zn) = Pf
(
ϑc((zi − zj)/L1)
ϑ1((zi − zj)/L1)

)
(B.20)

where c = 2, 3, 4 (see appendix B.1). The centre-of-mass part is given by

F
(c)
cm,K(Z) = ϑ

[
(K + φ1/2π + (Ns − q + 1− 2A)/2)/2
−φ2/2π − (Ns − q + 1 + 2B)/2

]
(qZ/L1|qτ) .(B.21)

The three possibilities c = 2, 3, 4 gives together with the two-fold centre-of-
mass degeneracy K = 0, 1 the allegedly six ground states of the Moore-Read
state on the torus.

B.3.4 Quasiholes in the Moore-Read state

As before we let index I and J refer to each set such that ηI ∈ C and
ηJ ∈ D. Also we introduce the notation

ηC =
1
2

∑
I

ηI ηD =
1
2

∑
J

ηJ η± = ηC ± ηD . (B.22)
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The torus generalization of

Pf
(

1
zi − zj

)
−→ Pf

(∏
I(zi − ηI)

∏
J(zj − ηJ) + i↔ j

zi − zj

)
. (B.23)

is [23]

ϑc(
zi − zj
L1

)→ ϑc(
zi − zj + η−

L1
)
∏
I,J

ϑ1(
zi − ηI
L1

)ϑ1(
zj − ηJ
L1

) + i↔ j(B.24)

The unexpected presence of η− in ϑc is needed for consistent periodicity
properties. This nontrivial addition will turn out to be very important for
the study of thin limits.

The centre-of-mass coordinate is modified to

Z =
1
2
η+ +

∑
i

zi . (B.25)

B.4 Many-body wave functions on the cylinder

The cylinder analogues of the torus wave functions can be derived by taking
the cylinder limit in keeping L1 fixed but letting L2 → ∞ and Ns → ∞
(and hence Q = e−πL2/L1 → 0 ) and keeping only the two terms that can
candidate as leading terms

ϑ1

(
zi − zj
L1

)
→

∑
n=± 1

2

eiπnQnβni β
−n
j = iQ

1
4 e−iπ(z1+z2)/L1(βi − βj) (B.26)

and hence

frel =
∏
i<j

ϑ1(
zi − zj
L1

)q =

= (iQ
1
4 )(

Ne
2 )qe−iπq(Ne−1)Z/L1

∏
i<j

(βi − βj)q . (B.27)

The overall centre-of-mass factor gets a further contribution from Fcm,K .
However, for the cylinder wave functions we will neglect centre-of-mass fac-
tors. Hence, we write the Laughlin wave function as

f =
∏
i<j

(βi − βj)q =
∏
i<j

(ei2πzi/L1 − ei2πzj/L1)q (B.28)
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which is the Laughlin wave function on a cylinder written by Rezayi and
Haldane [66]. Likewise,

ϑ1(
zi − η
L1

) −→ iQ
1
4 e−iπ(zi+η)/L1(ei2πzi/L1 − ei2πη/L1) (B.29)

and dropping centre-of-mass and other common factors we have that the
Laughlin state with holes at ηξ is given by

f =
∏
ξ,i

(βi − βηξ
)
∏
i<j

(βi − βj)q (B.30)

For the Moore-Read state we get that for A = 1/2 (i.e. for ϑc = ϑ2)

ϑ
1/2
0 (

zi − zj
L1

)→
∑

s=−1,0

Q(s+1/2)2(βi/βj)s+1/2 = Q
1
4 e−iπ(zi+zj)/L1(βi + βj)(B.31)

and hence, up to a centre-of-mass part

f = Pf
(
βi + βj
βi − βj

)∏
i<j

(βi − βj)q . (B.32)

To include hole we use that

ϑ
1/2
0 (

zi − zj + ηC − ηD
L1

) −→ Q
1
4 e−iπ(zi+zj+η

+)/L1(βiβηC + βjβηD) (B.33)

and hence

βi + βj −→ (βiβηC + βjβηD)
∏
I

(βi − βηI )
∏
J

(βj − βηJ ) + i←→ j .(B.34)

Note that the presence of βηC and βηD came from periodicity conditions in
the y-direction of the torus wave function and we see no formal reason to
include them if working only with the cylinder wave functions. However,
they make a major difference in the analysis of the cylinder states.

For A = 0 (i.e. for ϑ3 and ϑ4), s = 0 is undoubtedly the leading term,
in which case ϑ3,4 = 1 and

f = Pf
(

1
βi − βj

)∏
i<j

(βi − βj)q . (B.35)

Including holes in this case means

1
βi − βj

−→
∏
I(βi − βηI )

∏
J(βj − βηJ ) + i←→ j

βi − βj
. (B.36)



Appendix C

Deriving thin limits of
many-body states

C.1 Thin limits in Fock space representations

To study the thin limit of a many-body wave function we express it in Fock
states according to (3.3) and (3.4). The relative probability |ak1k2...kNe

|2 of
a certain Fock state is going to depend on the configuration of ki:s. It turns
out that as one varies L1, the relative probabilities change exponentially
and with different rates for different Fock states. In the thin torus limit or
thin cylinder limit L1 → 0—for short thin limit—some configuration will
emerge as the leading one.

C.1.1 The cylinder case

To derive ak1k2...kNe
we expand in the analytic part f of the many-body wave

function in βs:

f(z1, z2, . . . , zNe) =
∑
{ni}

bk1k2...kNe
βk11 βk22 . . . β

kNe
Ne

. (C.1)

We then invert (3.2) to use that

βk ∝ ey
2/2e(2πk/L1)2/2ψk(~x) (C.2)

and hence

ak1k2kNe
∝ e

P
i(2πki/L1)2/2bk1k2...kNe

. (C.3)

If e.g. bk1...kNe
does not depend on L1, then the dominating configuration

in the thin limit is the one that maximizes
∑

i k
2
i .
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C.1.2 The torus case

Using

ϑAB((zi − zj)/L1) =
∞∑

n=−∞
ei2π(n+A)BQ(n+A)2βn+A

i β−n−Aj (C.4)

we will find

f(z1, z2, . . . , zNe) =
∑
{ni}

bM1M2...MNe
βM1

1 βM2
2 . . . β

MNe
Ne

, (C.5)

where Mi is a complicated linear combination of the different summation
indices nα and in general unbound. However, ki is only defined on the
finite fundamental domain. To find ak1k2...kNe

one integrates (3.3) over the
complex conjugated basis states to get

ak1k2...kNe
∝
∑
{ni}′

bM1...MNe

∏
i

e(2πMi/L1)2/2

∫ L2/2

−L2/2
dyi e−(yi+L2Mi/Ns)2 ,(C.6)

where {nα}′ only includes those configurations {nα} for whichMi ≡ ki mod NS .
As L1 → 0 and hence L2 → ∞ the integral

∫ L2/2
−L2/2

dyi e−(yi+L2Mi/Ns)2

converges to values between
√
π and

√
π/2 forMi in the fundamental domain

where as for |Mi| > Ns/2 it will go to zero very rapidly. This means that
in thin limit we only have to consider terms in (C.6) where all the Mi lie in
the fundamental domain.

C.2 Finding thin limits on the cylinder

In the case of L2 and Ns big, the torus can essentially be treated as a
cylinder. We give the proofs in the cylinder case, since the corresponding
analysis on the torus requires more notation an is more cumbersome.

It is easy to prove the thin cylinder limits of the general Laughlin wave
function and Moore-Read wave function without quasiholes. We can also
give a general proof for the Laughlin wave function with arbitrary many
quasiholes. The case of Moore-Read half-holes is quite a bit trickier, but we
can prove the case with two half-holes. We have studied the general case of
arbitrary many pairs of half-holes but have not been able to conclude yet.
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C.2.1 The Laughlin state

Expanding the Laughlin function for q = Ne = 3 gives

f =
∏
i<j

(βi − βj)3 = A[−β0
1β

3
2β

6
3 + 3β0

1β
4
2β

5
3 + 3β1

1β
2
2β

6
3

−6β1
1β

3
2β

5
3 + 15β2

1β
3
2β

4
3 ] , (C.7)

where A means that the whole expression should be antisymmetrized. The
first term corresponds to {k1, k2, k3} = {0, 3, 6}, i.e. to

. . . 000010010010000 . . . (C.8)

The next term corresponds to {k1, k2, k3} = {0, 4, 5} i.e. to

. . . 000010001100000 . . . (C.9)

and in general the other terms {k1, k2, k3} correspond to having some elec-
trons closer to each other such that

∑
i ki is preserved and the constraint

0 ≤ ki ≤ 6 respected. The first term is in some sense the most spread-out
configuration.

For a general Laughlin state the possible kis will be of the form

ki =
Ne∑
j=1

q∑
γ1

(
1
2

+ nij;γ) = q(Ne − 1)/2 +
∑
j,γ

nij;β , (C.10)

where nij;γ = ±1/2 and we define nji;γ = −nij;γ . We choose nij;γ = +1/2 if
in the expansion into β:s we from the γ:th of the q factors of (βi−βj) include
βi and choose nij;γ = −nji;γ = −1/2 if we contribute to kj by choosing βj .
Choosing all nij;β = −1/2 gives

{k1, . . . , kNe} = {0, q, . . . , qNe} (C.11)

i.e. one electron of every q:th site. Choosing all nij;β = +1/2 gives also
one electron on every q:th site but in the opposite order. Mixing signs
give the terms where some of the electrons are closer than q sites. E.g.
nij;1 = +1/2→ −1/2 leads to ki → ki − 1 and kj → kj + 1.

It is now easy to show that (C.11) is the leading thin limit term of a
Laughlin state. From (C.3) we have that

|ak1...kNe
|2 ∝ e(

2π
L1

)2
P

i k
2
i (C.12)
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Clearly, the configuration in (C.7) or, in general, a the configuration (C.11)
will be the one of the possible configurations that maximizes R ≡

∑
k2
i .

Hence we willl also call it a maximal configuration.
The proof is simple. To exclude antisymmetrized terms, assume that

k1 < k2 < . . . < kNe . Start out with (C.11). We see that any change in
steps of flipping the sign of some nij;γ will be such that for i < j, ki → ki+δ
and kj → kj−δ, where δ is a positive integer ≤ q such that still ki+δ < kj−δ.
Then

k2
i + k2

j −→ (ki + δ)2 + (kj − δ)2 = k2
i + k2

j − 2δ(kj − ki − δ) (C.13)

and hence the change

R −→ R− 2δ(kj − ki − δ) (C.14)

is always negative. Thus (C.11) has the maximal R and will be the leading
thin limit term.

C.2.2 Moore-Read state

We will analyse the torus and cylinder version of

f1−2,3−4,... ≡
1

z1 − z2
1

z3 − z4
. . .
∏
i<j

(zi − zj)2 (C.15)

since the neglected terms in the pfaffian are related to this term through
antisymmetrization. The above term has pairing between electrons 1 and
2, 3 and 4 etc, where (z1 − z2)−1 decreases the relative angular momentum
between electrons 1 and 2 and hence decreases their separation. We expand
the cylinder version of (C.15) similarly to (C.7). The rest of the proof is
similar to the Laughlin case. In the case of A = 0 we get the 0110-states.
The adjacent electrons corresponds to the pairs in the chosen term in the
pfaffian.

C.2.3 Laughlin state with quasiholes

By appending

fhole =
Ne∏
i=1

Nh∏
ξ=1

(βi − βηξ
) (C.16)
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to the Laughlin state we insert Nh quasiholes. Define hξ,i = ±1/2 such that
hξ,i = +1/2 if we from (βi−βηξ

) in the expansion choose βi, and hξ,i = −1/2
if we choose βηξ

. Hence

f =
∑

(. . .)
∏
ξ

β
hξ
ηξ

∏
i

βki
i , (C.17)

where (. . .) are signs and combinatorial factors and

ki = q(Ne + 1)/2 +
∑
j;γ

nij;γ +Nh/2 +
∑
ξ

hξ,i ≡ k̃i +
∑
ξ

hξ,i

hξ = Ne/2−
∑
i

hξ,i . (C.18)

Clearly
∑

i k̃i = const, whereas
∑

i ki depends on the hξ,is. The possible
configurations of k̃i are those of the corresponding Laughlin state (up to an
overall shift) without holes and hence we call them background configura-
tions.

Now

βhη = ei2πηh/L1 = ei2πηxh/L1e
−( 2π

L1
)2

Nsηy
L2

h
. (C.19)

We introduce

p ≡ −Nsηy
L2

(C.20)

as the corresponding ”k-location” of the hole. It follows now that |ak1...kNe
|2 =

(. . .) exp(( 2π
L1

)2R/2) where (. . .) is L1-independent and where

R =
∑
i

k2
i + 2

∑
ξ

hξpξ =

= (k̃i +
∑
ξ

hξ,i)−
∑
ξ,i

hξ,ipξ +Ne

∑
ξ

pξ =

=
∑
i

k̃2
i + 2

∑
ξ,i

hξ,i(k̃i − pξ) +
∑
i

(
∑
ξ

hξ,i)2 + . . . . (C.21)

The term Ne
∑

ξ pξ is not varied and was left out.
Finally we will prove that the configuration that maximizes R is the

one when one starts with the maximal background configuration and then
inserts extra 0:s at the locations of the holes (starting from the hole in the
middle of the sequence of holes and working oneself out to the sides).
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Assume k̃1 < k̃2 < . . . < k̃Ne . The configuration that maximizes∑
i

k̃2
i + 2

∑
ξ,i

hξ,i(k̃i − pξ) +
∑
i

(
∑
ξ

hξ,i)2 (C.22)

is the one where k̃i is the leading background configuration and the sign of
hξ,i is chosen as that of ki,ξ − pξ where

ki,ξ ≡ k̃i +
∑

ζ
ζ 6=ξ

hζ,i . (C.23)

For some i < j, let k̃i → k̃i + δ and k̃j → k̃j − δ (with the restrictions
k̃i + δ < k̃j − δ and 0 ≤ δ ≤ q) implying

R −→ R− 2δ(kj − ki − δ) . (C.24)

For hξ,j → −hξ,j

R −→ R− 4hξ,j(kj,ξ − pξ) , (C.25)

From (C.24) and (C.25) it follows that any deviation from the proposed
leading configuration decreases R and hence we have a local maximum.
Assume there is another local maximum within our restricted parameter
space. We can convince ourselves that there is a sequence of flips of nij;β
and of hξ,i that take us to the proposed leading state and that always give
a nonnegative change to R.

C.2.4 Moore-Read state with half-holes

The proof in the case of half-holes is considerably more difficult, at least
when trying it in the same line as the previous ones. The complication in
our study comes from that both half-holes and electrons are divided into two
groups and the ordering between different species does not trivially give the
same result. We believe to have a proof in the case of two half-holes in line
with the analysis for Laughlin holes. For brevity it will not be presented
here, but hopefully in some future publication. For the case of arbitrary
many half-holes we have not been able to conclude anything yet. However,
we have done extensive special case studies for four half-holes. One thing
we can see in the A = 1/2 case is that the presence of βηC and βηD in (B.34)
seem to be necessary to get the kind of quater charged domain walls we
present in chapter 3. Both the proof for two half-holes and the case studies
for four half-holes show that clearly.



Appendix D

Miscellanea on the p-BCS
state

D.1 The p-BCS state written in terms of pfaffians

If one expands (4.32) with only g↑↑ non-zero one obtains (in spinless nota-
tion)

e−
1
2

R
d2xd2yψ†(x)g(x−y)ψ†(y)|0〉 =

=
∑
N

(−2)−N

N !

N∏
i

(∫ ∏
i

d2xid2yi g(xi − yj)ψ†↑(xi)ψ
†
↑(yi)

)
|0〉(D.1)

which contains the wave function
∏2N
i=1 g(x2i−1 − x2i). From the definition

of the pfaffian (3.16) it follows that the fully antisymmetrized wave function
will be Pf g(xi−xj). (Note that in its second quantized form the state (D.1)
is already fully antisymmetrical because of the antisymmetry of

∏2N
i ψ(xi)

and hence no extra antisymmetrization is needed.)

D.2 Multiple vortex solutions in spinpolarized p-
BCS state

Stern, von Oppen and Mariani [75] study the 2n vortex case in more formal
detail and write out explcitely the vortex modes in the multiple vortex case.
For well separated vortices located at Xi one has ∆(x) = ∆0e

iχ(x) with
χ(x) =

∑2n
i=1 arg(x − Xi). Close to vortex j one can approximate χ(x) =

arg(x−Xj)+Ωj where Ωj =
∑

i6=j(Rj−Ri). Also, since P± is translationally
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invariant one can equally well let θ ≡ arg(x −Xj) and r ≡ |x −Xj |. With
this choice P± = −i(∂r± (i/r)∂θ) contributes with a vortex twist around Xj

but not around the other vortices, which will account for a crucial difference
of a factor of 2 below. The resulting BdG equations can be solved as in the
single vortex case in section 4.4.1, however with the modifaction that the
Ansatz now is

uj(x) = v∗j (x) = i1/2eiθr−1f(r)eiΩj/2 . (D.2)

u = v∗ assures that this is a Majorana mode. Note that the wave function
uj(x) depends on the parameters Xi (i 6= j). As alluded to above the
contributions from P± to arg(x −Xj) makes that there is no factor 1/2 in
eiθ and hence uj and vj are single-valued one-particle wave functions. On
the other hand, the factor 1/2 in eiΩj/2 implies that the Majorana mode

γj =
∫

d2x u∗j (x)ψ(x) + v∗jψ
†(x) (D.3)

acquires a minus sign when one of the other vortices encircles vortex j.
The Majorana mode of that other vortex acquires also a minus sign but
not the remaining Majorana modes, provided that only the two vortices are
involved in the encircling. This is a very important property that is used in
next section.

D.3 Explicit construction of nonabelian braiding
operators

Ivanov [38] showed that the assumption that separated localized Majorana
modes such that when two of them encircle each other they both acquire
a minus sign, can be used to construct the nonabelian braiding operators.
One can check that the action

Ti :


γi −→ γi+1

γi+1 −→ −γi
γj −→ γj for j 6= i, i+ 1

(D.4)

that braids vortex i and i+1 gives for T 2
i the above mutual minus signs and

fulfills the braiding relations given in appendix A. Ivanov showed that the
transformation operator

τ(Ti) = eπγi+1γi =
1√
2
(1 + γi+1γi) (D.5)
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transforms the operators γj → τ(Ti)γjτ−1(Ti) as in (D.4). For two vor-
tices and hence two Majorana modes there is only one braiding operator
(τ(T1)) and hence, braiding must be abelian. However, for four vortices
there are three braiding operators. If they could be simultaneously diag-
onalized, i.e. if they all commute, braiding would be abelian. However,
Ivanonv’s braiding operators do not commute and are hence nonabelian as
can be checked e.g. in the explicit matrix representations in the ground
state basis {|0〉,Γ1|0〉,Γ2|0〉,Γ1Γ2|0〉} with Γ1 = γ1 + iγ2, Γ2 = γ3 + iγ4 and
|0〉 as some generalized BCS ground state annihilated by Γ†i .

Note that Ivanovs analysis says nothing about what the ground state
|0〉 actually looks like, only how the ground states are related. Stern, von
Oppen and Mariani [75] made a deeper investigation of what the generalized
BCS ground state that incorporate these zero modes can look like.
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