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Abstract: This thesis presents Bayesian solutions to inference problems for three types of
social network data structures: a single observation of a social network, repeated observa-
tions on the same social network, and repeated observations on a social network developing
through time.
A social network is conceived as being a structure consisting of actors and their social
interaction with each other. A common conceptualisation of social networks is to let the
actors be represented by nodes in a graph with edges between pairs of nodes that are
relationally tied to each other according to some definition. Statistical analysis of social
networks is to a large extent concerned with modelling of these relational ties, which lends
itself to empirical evaluation.
The first paper deals with a family of statistical models for social networks called expo-
nential random graphs that takes various structural features of the network into account.
In general, the likelihood functions of exponential random graphs are only known up to a
constant of proportionality. A procedure for performing Bayesian inference using Markov
chain Monte Carlo (MCMC) methods is presented. The algorithm consists of two basic
steps, one in which an ordinary Metropolis-Hastings up-dating step is used, and another
in which an importance sampling scheme is used to calculate the acceptance probability
of the Metropolis-Hastings step.
In paper number two a method for modelling reports given by actors (or other informants)
on their social interaction with others is investigated in a Bayesian framework. The model
contains two basic ingredients: the unknown network structure and functions that link
this unknown network structure to the reports given by the actors. These functions take
the form of probit link functions. An intrinsic problem is that the model is not identified,
meaning that there are combinations of values on the unknown structure and the param-
eters in the probit link functions that are observationally equivalent. Instead of using
restrictions for achieving identification, it is proposed that the different observationally
equivalent combinations of parameters and unknown structure be investigated a posteri-
ori. Estimation of parameters is carried out using Gibbs sampling with a switching devise
that enables transitions between posterior modal regions. The main goal of the procedures
is to provide tools for comparisons of different model specifications.
Papers 3 and 4, propose Bayesian methods for longitudinal social networks. The premise
of the models investigated is that overall change in social networks occurs as a consequence
of sequences of incremental changes. Models for the evolution of social networks using
continuos-time Markov chains are meant to capture these dynamics. Paper 3 presents
an MCMC algorithm for exploring the posteriors of parameters for such Markov chains.
More specifically, the unobserved evolution of the network in-between observations is
explicitly modelled thereby avoiding the need to deal with explicit formulas for the
transition probabilities. This enables likelihood based parameter inference in a wider
class of network evolution models than has been available before. Paper 4 builds on
the proposed inference procedure of Paper 3 and demonstrates how to perform model
selection for a class of network evolution models.
Keywords:Bayesian inference; social network analysis; Markov chain Monte Carlo;
exponential random graphs; cognitive social structures; longitudinal social networks.
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SUMMARY ix

1. Introduction

Broadly defined, social network analysis (SNA) is concerned with the relation
between social structure and individual entities. Social structure both constrains
and enables the actions of individual units. The social structure itself is however
made up of individuals and their actions and interactions. What is commonly
called social network analysis is a highly formalised analytical tool for studying
social structure (for an exhaustive introduction to SNA see Wasserman and Faust,
1994). This thesis deals exclusively with social networks conceived as patterns of
interaction among individuals, interactions which are assumed to be measurable.
More specifically, we deal only with social networks consisting of fixed sets of
individuals and the relationships between these, measured in a way such that
the social network can be represented by a graph. By graph we mean a set of
vertices that may have edges or arcs between them representing the status of
the relationships between pairs of vertices. The potential of this representation
as an analytical tool is well testified (as, allegedly, first discovered by Moreno,
1934; classic works include Coleman et al., 1957; Milgram, 1967; Granovetter,
1973; for a review see e.g. Wasserman and Galaskiewicz, 1994) but it clearly
raises several epistemological and methodological issues. To deal with whether
social interaction can be measured in a meaningful way that lends itself to such
a simple representation, or whether the ideosyncracies of every unique network
cancel whatever general tendencies we would like to uncover, is beyond the scope
of this thesis. Social network analysis as used here is a theoretical model of
”reality”, a theoretical construct upon which we can for example build statistical
models.

1.1. Social network analysis. Typically a fixed set of social entities is consid-
ered. The elements of this set are commonly referred to as actors. For these actors
a collection of relations are defined that specifies how these actors are relationally
connected pairwise to each other. For a non-directed (e.g. ”friendship”) relation
the actors are represented by vertices in a graph in which there are edges between
pairs of actors that are relationally tied together. These relational ties may also
be directed (e.g. ”give advice to”), in which case we differentiate between when
an actor i has a tie to another actor j from when j has a tie to i. Directed ties can
be represented by directed edges, arcs, between pairs of vertices of the network.
For a single relation the make-up of the overall pattern of social interaction can
be studied by drawing its graph. Structural properties of the graph that may car-
acterize the social structure of the network include the level of clustering of ties,
the presence of actors who serve as cut-points between otherwise disconnected
groups, etc. The social networks literature is rich in examples of measures meant
to capture different aspects of the social networks. A basic structural feature of a
directed relation is for example the number of ties in the network and the variation
in the number of ties each vertex has.

The adjacency matrix of a graph on vertices 1, . . . , n, is matrix x that has ele-
ments xij = 1 if i has a tie to j, and xij = 0 otherwise. The statistical task is hence
to model these binary adjacency matrices. Probability modeling of random graphs
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in various forms dates back to Erdös (1947)(see Janson et al., 2000, on random
graphs with a focus asymptotic theory). Statistical inference for social networks is
notoriously complicated by the dependencies that arise as a natural consequence
of the research context (Frank, 1971;Frank, 1997; see also the forthcoming book
Carrington et al., 2004; for data from samples or otherwise incompletely observed
networks see Frank, 1988). As argued in Robins and Pattison (2004; or Wasserman
and Robins, 2004), whereas in many familiar statistical models observations on
different sample units can be assumed to be independent, this is not reasonable to
assume for social networks. In fact, the dependencies between variables is exactly
what we are interested in modeling.

1.2. Bayesian inference. Bayesian inference is a well established school within
statistics and there is an ever growing literature covering the basic concepts. For
a comprehensive treatment of Bayesian inference see for example Bernardo and
Smith (1994), Lindley (1965), and Box and Tiao (1973). Here follows a simplified
description of some of the concepts that appear in the papers1.

Assume that there is a parametric model which describes an observable phe-
nomenon with a distribution p(·|θ). Under the assumption that this model is true
and the parameter θ an unknown constant, different possible values on θ represent
different statements about the observable phenomena. Since we have preconcep-
tions about the observable phenomenon, some observations might seem highly
implausible – such as for example getting all heads when flipping a coin a 100
times – we should have some idea about the likely values of θ. If this information
is quantified into a probability distribution on θ, a prior p(θ), Bayes theorem tells
us how we can (should) up-date our belief regarding the likely values of θ. When
we obtain data x generated by the model, the posterior distribution of θ given
data is given by

(1.1) p(θ|x) =
p(x|θ)p(θ)∫
p(x|θ)p(θ)dθ

.

This is Bayes theorem which follows from standard probability calculus, and in
which p(x|θ) is called the likelihood function. It commonly emphasised that

posterior ∝ likelihood × prior,

i.e. that what we believe when we have made an observation is proportional to
what we believed beforehand scaled by the ”plausibility” of what we have observed.

The term reference prior is used to signify a prior distribution that reflects ”lit-
tle” prior information. What ”little” information is and how this should be rep-
resented has been widely discussed (Jeffreys, 1961; Bernardo, 1979, 1997). When
employed in the papers to follow, reference priors are used merely as points of
reference for communicating and interpreting results. Ideally, a reference prior
should be clear enough for other researcher to easily take the influence of the prior

1We refer to the sources mentioned above for a more stringent and rigorous presentation of
the theory as well as an account of the more subtle aspects; note in particular the simplified
description of model selection as being a choice between a limited number of models, one of
which is assumed to be true.



SUMMARY xi

used into consideration when interpreting the results. One might be tempted to
set the reference prior proportional to a constant, so that the posterior only de-
pends on the likelihood function, in which case we will refer to it as a vague prior.
In some cases this constant prior will be a proper distribution and in other cases
it is improper. For improper distributions there are cases when there is no proper
posterior distribution.

Once we have obtained a posterior distribution this contains all information
regarding the uncertainty of the parameters. The Bayes point estimate (under
square loss) for a parameter is for example given by the posterior expected value
of the parameter given data. We also obtain posterior distributions of transfor-
mations and functions of the parameters.

Assume that we have two models for data, represented by distributions p1(·|θ)
and p2(·|φ), that we wish to compare and that our prior belief in the first model
is given by π and by (1− π) for the second model. With prior distributions p1(θ)
and p2(φ), the marginal likelihood of each model is given by

p1(x) =

∫
p1(x|θ)p1(θ)dθ,

and

p2(x) =

∫
p2(x|φ)p2(φ)dφ.

From Bayes theorem we then have that the posterior probability of model 1 given
data is given by

p1(x)π

p1(x)π + p2(x)(1 − π)
.

The ratio of posterior probabilities, the posterior odds, of the models

p1(x)

p2(x)

π

(1 − π)
,

where the first fraction is called the Bayes factor of model 1 against model 2, and
the second fraction is called the prior odds. Model selection is hence being done
in terms of probabilistic statements in the Bayesian framework. As a consequence
the marginal likelihood (which is proportional to the posterior probability of a
model for equal prior odds) is the only quantity relevant for model selection (no
penalties for model complexity are needed).

2. Summary of papers

Bayesian analysis gives us a rich picture of uncertainty, something which is
essential when we have complex models and relatively few observations. This
combination limits the use of approximations and asymptotics for performing non-
Bayesian inference in the absence of closed form expressions for, e.g. maximum
likelihood estimates and their standard errors. We do not intend to explore this
issue further here, merely state our view that Bayesian statistics, for want of an
alternative, is well suited for SNA. However, to perform a fully subjective analysis
would require of the researcher not only a thorough knowledge about the models
employed but also to some extent the effects of different prior specifications. The
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complexity of this task, i.e. quantifying the prior information, increases with the
complexity of the models. An aspect of this problem is addressed in Paper II. A
few of the pitfalls and issues that can be encountered in these circumstances are
discussed. Although no definite solution to these problems is given, it illustrates
the ambiguity of the concepts objectivity and non-informative. This theme also
appears in Paper IV.

As mentioned above, the network structure of data complicates statistical mod-
eling a great deal. The papers presented here are instances of three different data
structures that might appear in SNA: a single observation on a social network,
repeated measures on the same social network and, repeated measures on a social
network developing through time. The difficulties mentioned are perhaps best
illustrated by the numerous efforts in the literature to create models to accom-
modate data consisting of a single observation on a network. The usual trade-off
between realism and parsimony in statistical models is somewhat complicated in
SNA. One reason is that in order to create workable models, one has had to omit
exactly those features of the network structure in which we are most interested.

The second type of data structure gives us more information on the network. In
the setting of Cognitive Social Structures (CSS), the focus is mainly on data where
different reporters have supplied information regarding the same network. Natu-
rally, there are some discrepancies, the reports on the network are not identical.
The way one deals with these discrepancies also signifies a statement about the
very core of empirical investigations on social networks. One can choose to regard
these reports as data laden with noise or bias and the analysis simplifies to finding
out what reporters are wrong, lie or are untrustworthy. Taking another stance,
saying that in principle there is no social network other than that perceived by
the actors, compromises the quantitative methodology in SNA altogether - how
can we model data when the data we observe represent nothing more substantial
than the inner worlds of different actors? (Naturally, not all social network data
consists of self reported ties. The study of affiliation networks, such as in study
of interlocking directorates, does not rely on data reported by the actors, to take
one example.) This is an important issues in SNA and there is (to the best of
knowledge) no known non-Bayesian procedure that can handle the ambiguities
and the dynamics of these two perspectives. However, making the analysis fully
subjective is not straightforward either and this is the subject matter of Paper II.

The motivation behind studying the third type of structure, social networks
observed through time, is derived in a sense from the problems arising when mod-
eling single observations. The social network as an outcome of social actions and
processes is central to the analysis in Pattison and Robins (2002). Studying the
actual processes can however only be done when the notion of change and action is
incorporated explicitly in the modeling. Longitudinal analysis of social networks
revives the notion that social networks are instances of social interaction and that
the ties between actors are not entities independent of the actors. Since change in
the network gives rise to endogenous feed-back loops, to subject these models to
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empirical evaluation becomes a fairly complex task. Posterior distributions pro-
vide a precise measure of uncertainty both regarding parameter estimates as well
as model specifications. These issues are considered in the final Papers III and IV.

Most computations in these essays are done by means of Markov chain Monte
Carlo (MCMC) techniques. We refer to Gilks et al. (1996) and Fishman (1996),
for introductions and Tierney (1994), for technical results.

2.1. Paper I: Bayesian analysis of exponential random graphs – estima-

tion of parameters and model selection. As summarized in Wasserman and
Pattison (1996), quantitative research on social networks during the period from
the 1930’s to the seventies, was largely dominated by the investigation of distri-
butions of various network statistics under a variety of null models. That is, if
the studies were not merely concerned with descriptive statistics. Although prob-
abilistic models for graphs has been around for a long time (e.g. Bernoulli graphs,
Erdös, 1947), one might say that that the first effort of realistic modeling of social
networks was given by Holland and Leinhardt (1981) and their p1 model. Apart
from some minor remarks regarding the maximum likelihood estimators (Wong,
1987), the main weakness of the p1 model is the assumption of independent dyads.
The nature of the dependencies in social networks were thoroughly investigated
by Frank and Strauss (1986) and resulted in a proposed model for social networks
called Markov graphs. The study of dependence structure for social networks has
later been further studied by Frank and Nowicki (1993), Robins (1998), Pattison
and Robins (2002), and Robins and Pattison (2004). Wasserman and Pattison
(1996) proposed a generalization of the Markov graph to include arbitrary func-
tions of the graph and actor attributes called the p∗-model or exponential random
graph (a shift of focus has however been made from seeing the p∗-model as an
approximate auto-logistic regression model back to how the p∗-model follows from
different assumptions regarding the dependence graph, cf Wasserman and Robins,
2004). This model is the focus of Paper I. Many authors have reported difficul-
ties in handling the exponential random graph model (Frank and Strauss, 1986;
Dahmström and Dahmström, 1993; Corander et al., 1998; Besag, 2000; Hancock,
2000; Corander et al., 2002; Snijders, 2002; Snijders and van Duijn, 2002; Snijders
et al., 2004). The problems encountered can roughly be divided into problems to
do with estimation and pure model deficiencies. In this paper we briefly discuss
how Bayesian inference to a certain extent might alleviate inference problems.
The key idea is that parameter combinations known to lead to model instabil-
ity should be penalized by the prior distributions. The main topic is however to
provide an inference procedure for conducting Bayesian inference for exponential
random graphs. A simple MCMC algorithm is proposed for exploring the posterior
distribution of the parameters. The construction of the MCMC algorithm enables
Bayesian model selection to be performed by using the method presented by Chib
and Jeliazkov (2001). A working procedure for conduction Bayesian model selec-
tion means that we may compare quite diverse models and that we are not limited
to comparing nested models.
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2.2. Paper II: Model selection for cognitive social structures. The study
of how the actors perceive their network has a long tradition in SNA (see e.g.
Moreno, 1934,and Newcomb, 1961; a review and analysis of social cognition is
given by Pattison, 1994). A series of studies (e.g. Bernard et al., 1980; Killworth
and Bernard, 1979) concluded that interaction as reported by the actors was not to
be trusted. Krackhardt (1987) proposed a methodology for studying and compar-
ing actor reports that involves collection information on the whole network from
each actor. He called the resulting three-way array a Cognitive Social Structure
(CSS). Many studies have been done in that tradition, (Bondonio, 1998; Casciaro,
1998; Casciaro et al., 1999, , to name a few), and the aim has been to correlate
discrepancies in the actor reports with structural features and actor attributes.
A statistical model for studying CSS was proposed by Batchelder et al. (1997)
that specified the model conditional on an assumed true network structure. The
reports given by the actors were seen as Bernoulli trials with probabilities of suc-
cess (false positives and ”true” positives, respectively) dependent upon the true
structure. How to analyse their model with a Bayesian approach was shown in
Koskinen (2002b). An extension of this model was proposed in Koskinen (2002a),
which modeled the Bernoulli probabilities with probit link functions. This is fur-
ther elaborated here with a special focus on finding standard reference priors that
enables model selection. The main obstacle is that the model is not fully identi-
fied, something which can not be solved in any obvious way through restrictions
or highly informative priors. The proposed solution is to asses, a posteriori, which
are the main determinants of identifying conditions. We present a procedure for
choosing prior distributions and provide the necessary adjustments to the original
MCMC sampling scheme of Koskinen (2002a).

2.3. Paper III: Bayesian inference for longitudinal social networks. To
study the dynamics of social networks many authors have suggested using continuous-
time Markov chains (Holland and Leinhardt, 1977a,b; Wasserman, 1977, 1980b,a;
Leenders, 1995b,a). Snijders (1996) proposed a class of models that allow for
greater flexibility in defining the dynamic components, relaxing the restrictions
on the type of dependence structures that could be modeled (for some recent ap-
plications see e.g van de Bunt, 1999; van de Bunt et al., 1999; van Duijn et al.,
2003; Snijders and Baerveldt, 2003). Previously, estimation of the parameters in
such models has been based on a Markov chain Monte Carlo (MCMC) implemen-
tation of the method of moments (Snijders, 2001; Snijders and van Duijn, 1997;
Snijders, 2004). In Paper III we generalize the class of stochastic actor-oriented
models, and propose an MCMC algorithm for exploring the posterior distribu-
tion of the parameters. The generalized class of stochastic actor oriented models
can handle un-directed, bipartite and valued social networks in addition to the
dichotomous directed networks of the stochastic actor oriented models. The pro-
posed solution for performing likelihood based inference is that, instead of dealing
directly with the transition probabilities, the un-observed evolution of the network
in between observations is treated as a latent variable. The observed data is then
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augmented (Tanner and Wong, 1987) by the latent variables in a way that enables
parameter inference to be performed by MCMC techniques.

2.4. Paper IV: Model selection for longitudinal social networks. Paper
IV continues the line of investigation of Paper III. Arguably, the main theoretical
motivation behind models for longitudinal social networks is to infer what compo-
nents are important in the dynamics of social interaction. This calls for statistical
procedures for testing hypothesis, something which in the absence of procedures
for conducting model selection, is limited to inspection of posterior credibility re-
gions. The Bayesian paradigm is well suited for model selection but the relative
complexity of this class of models prevents the use of any standard techniques for
calculating the relevant quantities. Although an analytically tractable form for
the likelihood function is not strictly necessary for performing parameter infer-
ence as shown in Paper III, most model selection techniques rely heavily on the
assumption that the likelihood function is easy to evaluate. We define a family of
models, with the property that they include the reciprocity model (Wasserman,
1977) as special case. Since there is an analytically tractable form for the likelihood
function in the case of the reciprocity model (as shown by e.g. Wasserman, 1977;
Leenders, 1995b,a), the scheme of Chib and Jeliazkov (2001) for estimating the
marginal likelihood can be adapted, thus providing the posterior distribution over
a set of models in this family of models. If the analysis is restricted to comparisons
between nested models, the likelihood function does not have to be evaluated and
model selection need not be restricted to models with the reciprocity model as a
special case.
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