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Abstract

Neutron stars are some of the most fascinating objects in
Nature. Essentially all aspects of physics seems to be rep-
resented inside them. Their cores are likely to contain de-
confined quarks, hyperons and other exotic phases of matter
in which the strong interaction is the dominant force. The
inner region of their solid crust is penetrated by superfluid
neutrons and their magnetic fields may reach well over 1012

Gauss. Moreover, their extreme mean densities, well above
the densities of nuclei, and their rapid rotation rates makes
them truly relativistic both in the special as well as in the
general sense.
This thesis deals with a small subset of these phenomena.
In particular the exciting possibility of trapping of gravita-
tional waves is examined from a theoretical point of view.
It is shown that the standard condition R < 3M is not es-
sential to the trapping mechanism. This point is illustrated
using the elegant tool provided by the optical geometry. It is
also shown that a realistic equation of state proposed in the
literature allows stable neutron star models with closed circu-
lar null orbits, something which is closely related to trapped
gravitational waves.
Furthermore, the general relativistic theory of elasticity is re-
viewed and applied to stellar models. Both static equilib-
rium as well as radially oscillating configurations with elastic
sources are examined.
Finally, Killing tensors are considered and their applicability
to modeling of stars is discussed
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Chapter 1

Introduction

I don’t suffer from insanity,

I enjoy every minute of it! – H. Forsell

In the beginning there was nothing. Not even void. Then, suddenly,
in the Big Bang, space and time were born. In its earliest times the
Universe was filled with matter at enormous densities in exotic forms,
far from the everyday experience of terrestrial matter. As the Universe
expanded and cooled, matter started to congest into lumps of increasing
magnitude. First quarks combined to form neutrons and protons. Then
these so-called nucleons captured electrons and became atoms. Some
atoms combined to form molecules and the molecules and atoms started
to be pulled together by gravity to form clouds. Small inhomogeneities
in the distribution of matter within the clouds were enhanced by gravi-
tational forces and eventually the first stars and galaxies were born. The
stars came in all different sizes, the smallest not even deserving the name
star since the pressure and temperature inside them were insufficient
to ignite any substantial fusion. Other stars were huge, depleting their
sources of energy rapidly to the point where they could no longer support
themselves against their own enormous gravity. Hence, they collapsed to
black holes, regions from which there is no escape, not even for light. We
shall be interested in the fate of stars which are small compared to the
largest stars but still are about ten times heavier than the Sun. In such
a star the fusion reactions in its core proceed all the way to iron whence
it stops, iron being stable against fusion. When no heat is produced in
the core the inner regions of the star rapidly contracts until a critical
density of the core is reached. The infalling material then bounces off in
a giant explosion – a supernova. In some cases the core remains in the
debris of the star. This object is now extremely dense. Shortly after the
supernova, the object, a neutron star, has a radius of about 10 km into
which 1.5 times the mass of the sun is compressed.

The above sketch depicts the birth of one of the first neutron stars.
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By now it has cooled for 10 billion years, which is about twice the age of
the Earth and consequently it is now quite cold. If one were to embark
on a journey into the neutron star, it would proceed much like an ar-
chaeological excavation. As each layer is peeled off more and more exotic
regions are reached which more and more resemble matter in an earlier
epoch of the universe. In the centre one may even encounter free quarks,
the constituents of neutrons and protons.

This thesis is concerned in modeling these remarkable objects. Since
the physics that goes on inside a real neutron star is very complex the
models that we shall use are highly idealised. In fact, most of the details
are stripped off allowing us to concentrate on just a few aspects of the
star. In particular, the first three accompanying papers deal with purely
gravitational effects that might exist in extremely compact neutron stars.
These stars, if they exist, are so compact that they can have light travel-
ing in circular orbits outside its surface much like satellites are orbiting
the Earth. In the last two papers we examine the elastic properties of
the crust of the neutron star. Due to the immense gravity produced by
a neutron star the modeling has to be done within the theory of General
Relativity.

1.1 The General Theory of Relativity

The General Theory of Relativity can be viewed as the culmination of
classical physics. As with so many subjects, the story began over two
thousand years ago.

In the ancient Greek philosophy space and time were absolute. This
means, for instance, that all velocities can be measured relative to an
absolute rest frame. Moreover, position and time measurements can be
compared at different points in a meaningful way. The developments
initialised by Galileo leading to the mechanics of Newton recognised that
the idea about absolute space led to difficulties and therefore one should
always consider spatial measurements as measurements relative to some
fixed frame (coordinate system). Time however remained absolute and
time measurements could be compared at different points allowing a def-
inition of simultaneity. In the mid and late nineteenth century Maxwell
and others unified the theories of electricity and magnetism and promptly
it became clear that the propagation of light was determined by wave phe-
nomena in Maxwell’s theory. All previous wave phenomena took place in
some media so it was natural to expect that there should be a medium in
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which the light was moving, this medium was named the aether (Greek
for upper air). The presence of an aether implies that there exists a pre-
ferred motion of an observer, namely the one in which he stays at rest
with the medium. This frame could then be used to define space in an ab-
solute manner. Furthermore, it should be possible to measure the speed
of the Earth, say, relative to this absolute rest frame. Such experiments
were made by Michelson and Morley in 1887 who measured the speed of
light in different directions only to find that it was the same. Hence the
Earth was not moving, either implying that the Earth drags the aether
along with its motion or that it occupies a very special position in space
which would then contradict the Copernican principle. The Copernican
principle is derived from the discovery that the motions of the planets are
best described in a heliocentric rather than a geocentric picture. Thus
the Earth lost its special position in the universe. Nowadays the Coper-
nican principle is generalized to mean that no point occupies a special
position.

Various attempts to save the aether theory was made, the perhaps
most notable was done by Lorentz who suggested that the motion in the
aether would contract objects along the direction of the motion so as to
exactly cancel the effect of the variable speed of light. To get the right
results however he had to also introduce an ad hoc transformed time.
Poincaré showed that the transformations suggested by Lorentz form a
group and deduced, before Einstein, the relativistic law of addition of
velocities. Einstein took a different approach to the problem. He postu-
lated that the speed of light is a universal constant and is independent of
the motion of the observer. From this he could derive the Lorentz trans-
formations, and unify the theory of electromagnetism and mechanics in
what is known as the special theory of relativity. The price one has to
pay is, as mentioned, that the Lorentz transformations also transform
the time coordinate so there is no natural way to universally define time.
Only clocks at the same location can be compared. Thus space and time
are connected and cannot be viewed as separate entities but must be
described as a single spacetime. The reader should not be confused by
this. Nothing strange is going on here since we are merely treating time
as another coordinate. In fact we do this routinely in everyday life when
we make arrangements to meet someone. If only the place or only the
time is agreed upon we are highly unlikely to actually meet each other!

The special theory of relativity only concerns non-accelerated sys-
tems. In particular this means that gravity is not incorporated in that
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framework. The story of gravitational science can arguably be said to
have begun in Pisa when Galileo performed his famous experiment that
showed that objects fall with the same speed independent of their mass.
Although it may not be obvious for the layman, this simple observation
has severe implications. Note that there are two a priori conceptually
different notions of mass. The inertial mass describes how hard it is to
accelerate an object, and the heavy mass measures how the object reacts
to gravity. That these two quantities have the same value for many dif-
ferent substances was demonstrated in a famous series of experiments by
Eötvös in 1889 to a precision of better than one part in a billion. This
could hardly be a coincidence. Acceptation of this fact led Einstein to
realise that uniform acceleration and a homogeneous gravitational field
cannot be experimentally distinguished. In other words, using the fa-
mous elevator analogy, a person standing in a closed box and feels no
gravity cannot know whether he is floating in free space far away from
any massive body or freely falling in a homogeneous gravitational field.

The dilemma was, then, that gravitational fields are rarely homoge-
neous. However, if one assumes that all non-gravitational interactions
are sufficiently local, i.e. does not depend on what goes on far away, one
is led to conclude that the laws of physics should appear the same for all
freely falling observers provided that they only perform experiments in
a small enough region. This is known as the strong equivalence principle
and forms the basis for the general theory of relativity. A striking con-
sequence of the equivalence principle is that the geometry of spacetime
cannot be flat – general relativity is a theory of curved spacetime.

1.2 This thesis

This thesis is divided into two parts, the introduction and the research
papers. The introduction serves as an overview of the subjects discussed
in the papers, but a few new results that has not yet found their way into
articles are briefly presented along the way. In chapter 2 an introduction
to neutron star physics is given with emphasis on the equation of state
of cold catalyzed matter. In particular, we discuss the composition and
structure of the crust. In chapter 3 we study static spherically symmet-
ric stellar models within the theory of general relativity. We focus the
discussion on a few aspects of such models including first and foremost
the question of ultracompactness.

Paper IV included in this thesis is sort of the odd one out since it does
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not directly deal with stellar models. Therefore chapter 4 in the intro-
ductory part attempts to put the content of that paper into perspective
and show that the methods employed therein are in fact applicable to
the search of exact solutions of Einstein’s equations representing stellar
models.

1.3 Notation and conventions

The notation follows the one of Wald [1] as closely as possible. In the
theoretical parts of the thesis the units are chosen so that c = G = 1
and Einstein’s equations take the form Gab = κTab with κ unspecified.
When physical units are called for we use the cgs system in which the
fundamental constants take the values

c = 2.99792458× 1010 cm/s

G = 6.6720× 10−8 cm3/s2g

The mass of the Sun is M¯ = 1.99× 1033 g = 1.4773 km.
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Chapter 2

Neutron Stars

With all reserve we advance the view that a supernova represents the

transition of an ordinary star into a neutron star consisting mainly of

neutrons. Such a star may possess a very small radius and an extremely

high density. As neutrons can be packed much more closely than ordinary

nuclei and electrons, the gravitational packing energy in a cold neutron

star may become very large, and under certain conditions may far ex-

ceed the ordinary nuclear packing fractions... – Walter Baade and Fritz
Zwicky, 1934.

In the early 1930’s Chandrasekhar[2] realized that there was a max-
imum mass sustainable for white dwarfs, the most compact object con-
ceivable at that time. White dwarfs are supported by the Fermi pres-
sure supplied by degenerate electrons. The discovery of the neutron by
Chadwick in 1932 initiated speculations about much more compact stars,
supported instead by degenerate neutrons. In 1934 Baade and Zwicky
made the bold prediction that these stars would be produced in supernova
explosions[3, 4, 5]. The first modeling of these objects were performed by
Oppenheimer and Volkoff in 1938 assuming that they consisted of purely
neutrons[6]. Despite the fascinating physics of neutron stars, the subject
was remarkably quiet during the following years. This was largely due
to the assumed small probability of detection based on the fact that the
small surface area would make any thermal radiation appear very dim.
The main contributions to the theory up to the mid 60’s can be con-
veniently found in the book by Harrison, Thorne, Wakano and Wheeler
[7]. In the early 60’s the astronomers gained a new window of observa-
tion as X-ray telescopes came to use. The discovery of non-solar X-ray
sources by Giacconi et al.[8] generated interest in neutron stars as po-
tential sources. In 1967 the story took a new turn when Jocelyn Bell, a
student of Anthony Hewish at Cambridge noted very regular radio pulses
apparently coming from a fixed point in the sky. After ruling out possi-
ble terrestrial sources they and their coworkers published the discovery
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in Nature 1968 [9]. The explanation of these remarkable signals did not
take long. In the same year Gold suggested that rotating neutron stars
with huge magnetic fields of the order 1012 G were the likely sources[10].
This triggered a massive interest in the physics of neutron stars and the
properties of cold matter at high pressures. The efforts are vigorously
continuing still today.

To fully grasp the structure of neutron stars one must have a thorough
knowledge of just about every aspect of physics; The outer crust is a solid
penetrated by a huge magnetic field, the inner crust has nuclei far from
ordinary equilibrium configurations, perhaps with non-spherical shapes,
surrounded by a gas of superfluid neutrons. Below the crust we may
have superconducting protons, and more exotic particles like hyperons
should exist in chemical and thermodynamic equilibrium. In the deep
core we might see deconfined quarks or meson condensates. Thus it
is clear that neutron stars provide an interesting laboratory for extreme
physics. Observations of them may lead to new understanding of subjects
such as the strong nuclear force and bulk superfluidity both of which are
poorly understood today. Of course, from a relativist’s point of view,
the prospect of detecting gravitational waves from neutron stars is very
exciting.

2.1 A neutron star is born

A neutron star is the final state for some main sequence stars. For main
sequence stars, equilibrium between the contracting gravitational force
and the expanding pressure is maintained through the fusion of lighter
elements in the core into heavier. Initially the core consists of mainly hy-
drogen which at about 107 K starts forming helium. For a star the size of
the sun the mean reaction rate is about 1.4× 1010 years for the simplest
(proton-proton) reaction effectively described by 4 1H → 4He+energy.
However, the reaction rate depends on the temperature and as a larger
star has higher internal temperature it will burn its fuel faster. Generi-
cally the hydrogen burning time scales as the inverse square of the stellar
mass. When the hydrogen is largely depleted no further nuclear energy
can be produced for some time. The star will then contract slowly, in-
creasing its temperature until helium burning can be initialised at about
108 K. The basic process here forms 12C from three 4He. Typically hy-
drogen burning will continue to take place in a shell surrounding the
core. The helium burning process does not give as much energy as the
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hydrogen and therefore lasts a much shorter time. As the star contract
and get hotter so-called α-processes can take place, where helium nu-
clei (α−particles) are captured by heavier elements forming increasingly
massive elements. This process is basically terminated by 56Fe which
is stable against fusion, although heavier elements may be produced in
other reactions.

The fate of the star depends on the initial mass and composition. For
lighter stars with mass up to a few solar masses the fusion chain will not
reach iron. Instead, as heavier elements are populating the core, the en-
velope expands and the star becomes a red giant. Eventually, instabilities
in the envelope causes most of the star to be ejected, forming a planetary
nebula. The remaining core is now composed of helium, carbon, oxygen,
magnesium or a combination thereof depending on how far the fusion
was allowed to continue. With the pressure and thermal insulation of
the envelope gone, the core rapidly cools below the threshold tempera-
ture for further fusion reactions. Without any means to produce heat
the core then contracts under its own weight until the Fermi pressure of
degenerate electrons is sufficient to support the star. This configuration
is known as a white dwarf because the high surface temperature makes
it appear white.

For heavier stars, with mass above about eight solar masses, the pro-
cesses proceed more rapidly. As the star evolves burning ever heavier
elements in the increasingly hot core the star expands to form a super

red giant. Eventually iron is produced in the core which then ceases to
produce heat. Instead it support itself against gravitational collapse by
the Fermi pressure of the degenerate electrons. Nuclear fusion in the
surrounding shells add to the iron core making the electrons more and
more relativistic. Eventually the kinetic energy of the electrons are high
enough to make inverse beta decay energetically favorable. In this pro-
cess an electron and a proton combine to form a neutron and a neutrino.
As more and more electrons are captured the Fermi pressure decreases
and can no longer support the star against collapse. Consequently the
core rapidly contracts causing further inverse beta decay to take place.
The density is now large enough to make matter opaque to neutrinos
which are thus trapped in the imploding core. Moreover, as the density
increase neutrinos are produced in pairs through photoproduction. If the
mass of the core is not too large the implosion stops at some point due to
the combined Fermi pressure of the thermalized electrons and neutrinos
possibly aided by the short range repulsion of the strong force between
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the nucleons. The in-falling material then bounces off the stiffened core
causing an outward shock. As the energy of the shock wave dissipates it
stalls at a radius of a few hundred kilometers leaving behind a tenuous
region between the compact core and the free falling envelope. As the
neutrinos dissipate from the core they interact with this shell lifting it
off in a supernova explosion (type II1) leaving only the hot dense lepton-
rich core and some accreting material behind. Depending on the exact
nature of the explosion several different scenarios are possible, leading to
two different types of remnants – black holes or neutron stars. If enough
accretion occurs in the first few seconds the mass of the star may increase
beyond the point where it is able to support itself against the gravita-
tional pull and will hence collapse to a black hole. If this is the case the
neutrino emission is believed to rapidly cease. On the other hand, if the
star, now called a proto-neutron star (PNS), survives the initial accretion
neutrino diffusion will deleptonize the core in the next 10 seconds or so.
In this era there is still a possibility of a delayed collapse to a black hole.
This might occur if strange matter is allowed to form in the stellar in-
terior causing the maximum mass of the configuration to decrease. The
PNS is now lepton-poor but still hot and continues to cool predominantly
through thermal production of neutrino pairs which diffuse out. After
about 50 seconds the star becomes transparent to neutrinos. Since the
threshold density for strange matter to appear decreases with decreasing
temperature there is still a possibility for a delayed collapse. However,
after this phase the star will remain stable against the final collapse un-
less significant accretion occur. During the next hundred years or so the
star continues to cool through neutrino emission allowing the crust to
solidify as the temperature drops below its freezing temperature.

There is also another possible path to the formation of neutron stars
– accretion onto a white dwarf. In this scenario a white dwarf in a
binary system accretes matter from its less compact neighbor until its
mass increases beyond the point of stability. The star then explodes in a
supernova (type I), again leaving behind a neutron star or a black hole.

1Supernovae are classified spectroscopically into two main classes; type I show
no hydrogen lines of emission whereas type II have strong hydrogen lines at peak
luminosity.
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2.2 Observations of neutron stars

Most of the observations of neutron stars are in the form of pulsars 2.
The extremely regular radio (or, occasionally, X-ray) pulses observed
are due to a misalignment between the magnetic and rotational axes.
Dipole radiation is then produced and emitted along the magnetic field
in narrow cones at the magnetic poles. If this cone happens to sweep
across the Earth we observe the radiation in the form of pulses with a
very well defined frequency. As the star radiates away energy it will slow
down. Measuring the slowdown and assuming simple dipole radiation
one may estimate the magnetic field to be ∼ 1012 G. This value is in
remarkably good agreement with what is found from considering the
conservation of magnetic flux in the collapse of a massive star and is also
verified by cyclotron lines in the X-ray spectra. A few pulsars observed
in the X-ray spectrum are slowly rotating and are rapidly slowing down
implying, if the electromagnetic dipole radiation is the dominant source
of radiation, a huge magnetic field of the order of 1014 G. These stars
are for obvious reasons named magnetars. There is also a distinct class
of pulsars distinguished by a very rapid rotation with periods down to
around a millisecond. They are believed to be old neutron stars which
have gained angular momentum by accreting matter from a less dense
companion star. This interpretation is supported by the low magnetic
fields ∼ 108−1010 G of these stars. Another observation that result from
accretion is in the form of X-ray bursters, which are believed to accrete
matter from a low mass companion until the pressure and temperature
reaches the critical point for fusion reactions to take place. The shell
of matter then ignites and is observed as a burst of X-rays lasting a
few seconds. So far there has only been one observation of a thermally
radiating neutron star.

Some pulsars are sometimes seen to suddenly speed up the rotation,
or glitch. These events seem to suggest the existence of a solid crust
weakly coupled to the fluid core. In this model (see e.g.[12]), the inner
part of the crust is penetrated by superfluid neutrons whose rotation is
completely contained in vortices. These vortices are pinned to impurities
in the lattice of the crust and as the crust is slowed down by electro-
magnetic radiation tension builds up. Occasionally this tension releases
and angular momentum is transferred from the fluid to the crust, which
thus spins up in a glitch. Small gliches may also be caused by so-called

2Much of the material in this section is taken from [11].
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starquakes. In this scenario strain is built up in the crust as the star
slows down and the equilibrium shape changes. When a critical strain is
reached the crust breaks, whereby the moment of inertia decreases. In
order to preserve the angular momentum the star then spins up.

Another interesting feature observed in some pulsars is a smooth mod-
ulation of the timing measurements. This could be caused by free preces-

sion of a non-axisymmetric configuration of the crust with respect to the
angular momentum axis. For discussions see [13, 14]. Freely precessing
neutron stars are candidate sources of detectable gravitational radiation.

So far no direct observation of gravitational waves have been done
although the inspiraling of the binary Hulse-Taylor pulsar provides ex-
cellent confirmation of the predicted rate of emission by General Rel-
ativity. However, a number of detectors are coming on line worldwide
that are likely to start recording events within the next few years. The
first observations are likely to be violent events such as merging neutron
stars and/or black holes or supernovae, but later generations of the de-
tectors might reach sensitivities that are good enough to measure waves
from solitary neutron stars (for a recent review on gravitational wave
sources see [15]). There is a number of ways a neutron star may produce
gravitational waves. One was mentioned above – rapidly rotating non-
axisymmetric configurations. Another mechanism is provided by oscilla-
tions around an equilibrium state – quasi-normal modes. Quasi-normal
modes are generalizations of normal modes which are important in or-
dinary stars where Newtonian theory is applicable. Thousands of such
modes have been observed in the Sun, something which has contributed
greatly to our knowledge of this typical main sequence star.

In order for the quasi-normal modes to produce detectable radiation
they must be rather violently excited. Thus the obvious candidates for
detection are young, newly formed neutron stars which have not yet set-
tled down to a stationary state. There are however more subtle ways of
producing large oscillations. Consider a rapidly rotating star supporting
a number of quasi-normal modes. Some of these will have their wave pat-
tern moving prograde (positive angular momentum, say) and some retro-
grade (negative angular momentum) in the frame of the star. However, if
the star is rotating faster than the wave pattern propagates, an observer
at infinity will observe even the retrograde modes as carrying positive
angular momentum. Thus, the angular momentum of these modes will
decrease causing them to move even faster in the frame of the star. An
instability, known as the CFS instability after Chandrasekhar[16] and
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Friedman and Schutz[17], fueled by the rotation of the star will thus
occur. Of course the instability can only occur if the mode gains more
energy from the star’s rotation than it loses due to dissipative mecha-
nisms such as viscosity. This tug-of-war makes it very difficult to give
a definitive answer on whether CFS-unstable modes will ever produce
detectable gravitational waves. This issue, although highly interesting,
falls outside the scope of this thesis whose main focus lies on non-rotating
stars. A nice review on gravitational waves from instabilities in relativis-
tic stars, of which the CFS one is an example, is found in [18]. It should
be mentioned, however, that the theory of elasticity described in Paper
V coupled with a viscous fluid description could prove useful for investi-
gating viscous damping due to the crust of a neutron star.

Of greater importance to this thesis are the w-modes. These com-
pletely general relativistic modes were conjectured to exist in 1986 by
Kokkotas and Schutz as a result of studies of a toy model[19]. They were
subsequently confirmed to exist by numerical studies by Kojima[20] and
Kokkotas and Schutz[21]. In 1991 Chandrasekhar and Ferrari pointed
out that ultracompact stars (R < 3M) could support a finite number of
slowly damped (trapped) modes. Such stars and generalizations3 thereof
is the subject of Papers I-III. It is not known whether neutron stars can
become compact enough to trap gravitational waves, and if these modes
can get excited assuming that they exist. There are however some posi-
tive results claiming that stars may have R > 5M and still have excitable
slowly damped modes [22].

Gravitational waves, if detected, would give important information
about the structure of the star. In particular one may deduce the total
mass M and radius R[23]. Such knowledge could in turn be used to
determine the equation of state (EOS) of neutron star matter through an
algorithm such as Lindblom’s[24]. Since the dominant interaction in the
center of neutron stars is governed by the strong force such measurements
would give important information about the poorly understood nuclear
forces.

2.3 The structure of neutron stars

As we have seen neutron stars are very complicated objects with large
magnetic fields and rotation rates. A total of about 1.5 solar masses

3See section 3.8 for details.
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is compressed into a ball of about 10 km making the average density
larger than the density of atomic nuclei (about 0.16 nucleons fm−3 or
2.7× 1014 g/cm3). Moreover, some components of the star are superfluid
and superconducting.

In this thesis we will ignore most of these complications and concen-
trate on cold catalyzed matter in its ground state. This is what a solitary
non-accreting neutron star will eventually consist of when the rotation
has settled and the magnetic field has decayed due to radiation.

Although this thesis is concerned with general relativity, the material
in this section is independent of the curvature of space-time. This is so
because of the huge difference between the length scales associated with
the interactions between fundamental particles and gravity. Even in the
very dense core of a neutron star the effect of curvature is still very small
on nuclear scales. This is very fortunate since we can now describe the
matter in terms of ordinary field theory in Minkowski spacetime without
having to worry about non-linear coupling to the gravitational field. This
is also what allows us to discuss this matter before even introducing
General Relativity.

In the following we will discuss the composition of a typical (c)old
non-accreting neutron star starting at the surface and moving down to-
ward the extremely dense core. The presentation will focus on the prop-
erties of the crust of the star. This might seem odd in a thesis dealing
with compact objects, whose bulk properties depend most strongly on
the equation of state at supernuclear densities. The reasons are the fol-
lowing; First of all, this thesis is about general relativity. To discuss
the properties of matter in the center of a neutron star would require
the rather complicated machinery of many body nuclear field theory and
would take us too far from the main subjects here. Secondly, since at
least a part of the thesis deals with elastic properties of matter which
almost certainly is needed to accurately describe the crust of a neutron
star it is natural to pay particular attention to this part of the star. Of
course, there might exist neutron stars with a solid core as well as a solid
crust (due to meson condensation or otherwise) but again, a detailed
discussion of this would take us too far afield. Thirdly, even though
the equation of state at subnuclear densities does not influence the mass
much, it is important for the total radius of the star and might hence be
important to the issue of ultracompactness to be discussed in the next
chapter.

In order to discuss the properties of matter it is convenient to consider
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the adiabatic index defined, for isotropic fluids, by

Γ =
n

p

dp

dn
, (2.1)

where n is the total baryon number density and p the pressure. This
quantity measures how the material responds to compression. An equa-
tion of state with high or low Γ is referred to as a stiff or a soft EOS
respectively. For isentropic perfect fluids we have that the energy density
ρ obeys dρ/dn = (ρ+ p)/n which leads to

Γ =
ρ+ p

p

dp

dρ
=

(

1 +
ρ

p

)

c2s, (2.2)

where cs is the speed of sound.

2.3.1 The outer crust

At the outermost brim of the neutron star we find the atmosphere4. This
is very thin and stratified with lower mass elements lying on top of heavier
ones due to the immense surface gravity. Because of its small effect on
the aspects that this thesis is concerned with (mainly general relativistic
ones) we shall not discuss it any further.

Below the atmosphere iron will be the dominant substance. At the
surface it will probably be melted forming a shallow ocean. As the pres-
sure increases it will become energetically favorable for the iron nuclei to
form a (bcc) lattice leading to the solidification of the material. Judging
from experiments on the crust of the Earth[26], the iron will probably
go through several phase transitions forming different lattice structures
(fcc, close packed hexagonal, etc). In this region matter is highly incom-
pressible corresponding to a large Γ.

It is prudent to mention here that since the magnetic flux must be
conserved in the collapse of the neutron star predecessor any magnetic
fields possessed by this star will be greatly enhanced. In fact, when we
consider observational evidence for neutron stars below we will see that
magnetic fields of about 1012 G do not seem unreasonable for normal
neutron stars. Such a high field will influence the structure of the top
crust as well as on the thermal evolution of the star (see e.g. [27, 28]).
Also, except for very old neutron stars, the zero temperature approxi-
mation will not be sound in this region. However, as the density grows

4The properties of the neutron star crust is reviewed in [25]
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magnetic and finite temperature effects will rapidly become unimportant
wherefore we choose to ignore them.

In most previous modelings of neutron stars the equation of state em-
ployed in this low density regime is the Harrison-Wheeler one[7]. This is
based on an analytic fit to experimental data up to a density of about
8 g/cm3, and from a density of about 15 g/cm3 based on the classical
results of Feynman, Metropolis and Teller (FMT)[29]. In between an
interpolated value has been inserted in the tabulated form of the equa-
tion of state. These results are quite old by now, in fact the FMT paper
was published in the late forties and contains some errors5. More alarm-
ing is that the method they used – Fermi-Thomas-Dirac(FTD) theory
– gives wildly wrong predictions at low densities (compared to experi-
mental data). Even though the equation of state at these, still very low,
densities does not have any significant impact on the structure of the star
it should still be interesting to do as good as one can. For that reason
we will use the equation of state named QEOS[30] which seems to agree
very well with experimental data[31]. This EOS is used up to a density
of 1.38× 103 g/cm3 where we instead use ordinary FTD predictions.

As we move down into the star an increasing number of the atomic
electrons will leave the nuclei and become free. Soon all electrons are
free and matter can to a good approximation be treated as a fixed lattice
of iron ions (supplying most of the mass) surrounded by an electron gas
(supplying most of the pressure). It is interesting to note that an exact
parametrized form of the equation of state applying to the electron (or
any other fermion) gas can be found. The derivation uses only elementary
statistical mechanics and can be found e.g. in [32, 33, 34]. The result is

Ee =
πm4

ec
5

h3

[

x(2x2 + 1)
√
1 + x2 − ln(x+

√
1 + x2)

]

(2.3)

pe =
πm4

ec
5

3h3

[

x(2x2 − 3)
√
1 + x2 + 3 ln(x+

√
1 + x2)

]

(2.4)

ne =
8πm3

ec
3

3h3
x3 (2.5)

5The authors used Fermi-Thomas-Dirac theory which requires the solution to a
differential equation. Since all calculations had to be done by hand at that time they
started off the integration using a series expansion around the initial value of the
independent variable. Unfortunately, however, one of the expansion coefficients was
wrong (a7 should read a7 = 3/70a

2
2 + 6/35a2ε

2 + 5/7ε). Luckily this error did not
lead to any large errors in the resulting equation of state even though the solution to
the differential equation suffered from inaccuracy.
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where Ee is the total energy per unit volume of the electrons, pe is the
electron pressure, ne is the electron number density, me is the rest mass
of the electron, h is Planck’s constant and c is the speed of light. The pa-
rameter x is given simply by the Fermi momentum through x = pF/mec.
Thus, a low x ¿ 1 corresponds to non-relativistic electrons, whereas
x À 1 corresponds to ultra-relativistic electrons. Of course, the total
mass density of matter will by charge neutrality be approximately given
by ρ ≈ mFene/Z, where mFe is the mass of an iron atom and Z is the
proton number equal to 56 in this case. It is interesting to investigate
the behavior of the adiabatic index for this equation of state. From the
definition (2.1) and the fact that the baryon density is proportional to
the electron density it follows that

Γ =
ne
pe

(∂pe/∂x)

(∂ne/∂x)

=
8

3
x5
[

x(1 + x2)(2x2 − 3) + 3
√
1 + x2 ln(x+

√
1 + x2)

]−1

(2.6)

Now, for small or large x we have

Γ =
5

3

(

1− 1

7
x2 +O(x4)

)

, x¿ 1 (2.7)

Γ =
4

3

(

1 +
1

2
x−2 +O(x−4)

)

, xÀ 1 (2.8)

Thus, in both limits the adiabatic index goes toward a constant value.
Equations of state with constant Γ are sometimes referred to as polytropic
and will be discussed further subsequently.

When the kinetic energy of the electrons increases and becomes com-
parable to the mass difference between protons and neutrons it becomes
favorable to replace an electron and a proton with a neutron via inverse
beta decay. Then one must also take the nuclear species into considera-
tion when one wishes to compute the equation of state. In this region it
is customary to use the classical results of Baym, Pethick and Sutherland
(BPS)[35]. They make the assumption that matter consists of nuclei with
nucleon number N and proton number Z surrounded by an electron gas.
The total energy per unit volume of the system can be written

Etot(A,Z, nN ) = nN(WN +WL) + Ee(ne) (2.9)

where nN is the number density of nuclei, WN is the total energy of an
isolated nucleus and WL is the lattice energy per nucleus. The electron
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energy Ee is given by equation (2.3), and the electron number density
is constrained by overall charge neutrality to be ne = ZnN . The lattice
energy is taken to be[35]

WL = −1.444233Z2e2n
1/3
N (2.10)

corresponding to a bcc lattice, and the nucleus energy WN were found
using tables of binding energies of nuclei found experimentally or extrap-
olated from experimental data. In order to be able to conveniently handle
the first order phase transitions that appear in this model the equation
of state is found by minimizing the baryon chemical potential

µ =
Etot + p

nb
(2.11)

at constant pressure. Here the baryon density nb is given by nb = AnN ,
and the pressure is

p = n2b
∂(Etot/nb)

∂nb
, (2.12)

where the derivative is to be evaluated at fixed A and Z.
In more recent years the equation of state in this region has been

reconsidered by Haensel and Pichon[36] who, in addition to using modern
values for the nuclei masses, also improved the treatment of electron
screening effects leading to non-homogeneity in the electron distribution.
Their expression for the electron energy is

E∗
e (ne, Z) = (1.00116− 1.78× 10−5Z4/3)Ee(ne). (2.13)

In order to obtain more points in the equation of state as well as calculat-
ing the adiabatic index and its derivative and gaining control of the phase
transitions I have reproduced the calculations using experimental nuclear
masses as given by Audi and Wapstra [37] and extrapolated masses given
by Möller et al.[38]. The resulting equation of state is shown in figure
2.1 as well as in tables 2.1-2.3. Although the mass tables used here were
slightly newer than the ones used by Haensel and Pichon no important
differences were found compared to their work. As we can see, the
nuclei become increasingly neutron rich and eventually neutrons starts
to “drip” out of the nuclei forming a neutron gas. This occur at about
ρ = 4.3× 1011 g/cm3[36].

Later in the thesis we will be interested in the elastic properties of the
crust. In the region below neutron drip it is a reasonable approximation
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Figure 2.1. The equation of state in the crust. Note the effect of

neutron drip.

to neglect electron screening effects. Then the shear modulus can be
taken to be that of a bcc lattice of nuclei interacting via a Coulomb
interaction[39],

µ̌ = 0.2945Z2e2n
4/3
N (2.14)

Note that in the region where Γ ≈ 4/3 we have that the shear modulus
is proportional to the pressure.

2.3.2 The inner crust

The inner crust of the neutron star is considerably more difficult to de-
scribe than the outer one. This is due to a number of circumstances.
Up to the point of neutron drip the masses of the nuclei are experimen-
tally known or at least close enough to experimentally known isotopes
so that their mass can be reliably estimated using extrapolation. Be-
yond this point, however, nuclei are becoming increasingly neutron rich
(see figure 2.3) making semi-empirical mass formulae unreliable. More-
over such formulae are based on knowledge of nuclei at zero external
pressure, a situation which is no longer true as the outside neutron gas
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becomes denser. Classical work on this problem include Baym, Bethe
and Pethick (BBP) [40] and Negele and Vautherin [41]. In both of these
works the basic geometry of the nuclei are assumed to be spherical. It
is clear that when the density is so large enough that these spherical
nuclei touch (for a bcc-lattice this occurs when nuclei take up about
68% of the available space[42]) this approximation breaks down. Then
one of two things can happen; Either there is a phase transition to a
state of matter consisting of a uniform liquid, i.e. the nuclei break up, or
nuclei takes exotic shapes. In [43] Lorentz, Ravenhall and Pethick con-
sidered such exotic nuclear topologies using modern many body nuclear
theory. They concluded that several phase transitions should occur, mat-
ter going from spherical nuclei immersed in a neutron gas to cylindrical
nuclei (“spaghetti”), to plates (“lasagna”), to cylindrical neutron drops
in nuclear matter (“tubes”), to spherical neutron drops (“bubbles”) and
finally to uniform nuclear matter. However, these features depend of the
precise form of the nucleon-nucleon forces which are not known. Using
a slightly different model Douchin and Haensel [44] came to the conclu-
sion that the uniform phase will occur before any exotic nuclear shapes
are preferred. Whether or not exotic nuclear shapes are assumed in the
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Figure 2.3. Composition in the crust

inner crust of real neutron stars seems therefore to be an open question.
Another interesting feature of matter in this region is the possibility of
superfluid neutrons. Since all but the youngest neutron stars are believed
to be very cold compared with the Fermi energy of the neutron gas it is
highly likely that the free neutrons rapidly become superfluid. Although
this will have a small effect on the effective equation of state it is be-
lieved that the dynamical implications are very important leading to the
phenomenon of glitches to be discussed below.

In this region we will use the equation of state proposed by Douchin
and Haensel[45]. The transition to uniform matter takes place at a den-
sity of 1.2845× 1014 g/cm3.

The elastic properties in this region are very uncertain. They would
depend on the lattice structure which is not known since we are even
ignorant of the nuclear shapes! In the absence of knowledge we may
simply extrapolate the results for the outer crust, i.e. we use equation
(2.14) for the shear modulus. For simplicity, we used a slightly different
approximation in paper V, where we assumed instead that the shear
modulus was proportional to the (unsheared) pressure in the entire crust.
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the end which is the signal that muons start to appear.

2.3.3 The core

The deeper we get into the neutron star, the less known becomes the
composition and equation of state. Hyperons and other exotic particles
are likely to appear, neutrons and protons might be in a superfluid state
and the protons are likely to be superconducting. Further down decon-
fined quarks may enter the scene and eventually be the dominant species.
Exotic phases like meson condensates could exist in the deep interiors of
some neutron stars. Such cores would be interesting from this thesis
point of view since they are likely to have a non-vanishing shear mod-
ulus. Another interesting possibility is that the ground state of matter
might not be in the form of nucleons. This possibility was pointed out
by Witten[46], who conjectured that quark matter consisting of almost
equal number of up, down and strange quarks might have a lower energy
per baryon than iron and hence be the absolute ground state of matter.
If the mass of the quarks are ignored the approximate equation of state
is given by

ρ = 3p+ ρs, ρs = 4B, (2.15)
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where B is the so-called (MIT) bag constant. A more elaborate equation
of state was given by Fahri and Jaffe[47] including effects of finite quark
masses (known as the MIT bag model[48]). If this is truly the ground
state of matter entire stars could be built up by such matter. This kind
of star would be unique since it is self bound unlike ordinary stars which
are bound by gravitation. It is also possible to have hybrid stars con-
sisting of a core of strange quark matter surrounded by a shell of normal
nuclear matter supported at the boundary by electrostatic forces. Since
free neutrons could not be supported by this electromagnetic field the
outer layer cannot have a density higher than the neutron drip point. It
follows that such stars would have a major discontinuity (depending on
the bag constant) in the density at the interface. This also has impor-
tance for the subjects of this thesis since such discontinuities may lead to
interior necks in the optical geometry as well as to interesting properties
of radial oscillations, both of which are discussed in the next chapter.
Stars consisting in whole or in part of (strange) quark matter are some-
times referred to as (strange) quark stars or hybrid stars. In this thesis
however, I will refer to any configuration denser than white dwarfs but
still having a regular center as a neutron star.

As mentioned above, the equation of state in this region is highly
uncertain which is reflected by the many different proposals which are out
on the market. This is not the place to review them, so in order to have
a concrete neutron star model I will choose to use the results of Akmal,
Pandharipande and Ravenhall [49, 50]. That work is conservative in
the sense that they do not include hyperons or other exotic constituents
in the consideration so that matter is composed of neutrons, protons,
electrons and muons, which, except for the muons, are the basic building
blocks of ordinary terrestrial matter. The nucleon-nucleon interaction is
based on the Argonne 18 (A18) model whereas the effects of three-nucleon
interaction is estimated using the Urbana model IX (UIX). Since these
models are based on non-relativistic theory a relativistic boost interaction
denoted by δv is also included as a correction. It should be mentioned
here that for high pressures this equation of state is very stiff, in fact the
speed of sound eventually increases to values higher than the speed of
light. Such behavior is of course unphysical, and in [50] various cures are
suggested. We shall find it convenient to replace the equation of state
with a simple linear form beyond the point of acausality,

ρ = p− pcrit + ρ0 (2.16)
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where pcrit is the critical pressure where the speed of sound cs =
√

dp/dρ =
1 and ρ0 ≥ ρcrit is a constant whose value should be chosen to be larger
than or equal to the critical density ρcrit = ρ(pcrit). It should be men-
tioned that if hyperons are included the EOS will probably be much
softer, see the book by Glendenning [48] for a thorough treatment of
these issues.

The equation of state in the different regions of the neutron star may
finally be summarised as follows;

• Surface: Incompressible, to a good approximation one may use
ρ =constant.

• Outer crust: Both at low and high pressures the equation of state
is well approximated by a polytrope with adiabatic index Γ = 5/3
and Γ = 4/3 respectively.

• Inner crust and outer core: No simple description seems to be
natural.

• Inner core: Here the equation of state is essentially linear with
ρ = (η − 1)p+ ρ0, with 2 ≤ η ≤ 4.
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Note that all of the above equations of state are contained in the class

ρ = (η − 1)p+ kpΓ (2.17)

discussed in paper III.
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2.4 Tabulated equation of state of the crust

ρ (g/cm3) p (dyn/cm2) n (cm−3) A Z Γ

7.860×100 2.510×109 4.739×1024 56 26 1086.100
7.870×100 6.310×109 4.745×1024 56 26 515.313
7.890×100 1.590×1010 4.757×1024 56 26 22.303
8.120×100 3.980×1010 4.896×1024 56 26 26.236
8.480×100 1.000×1011 5.113×1024 56 26 16.558
9.100×100 2.510×1011 5.487×1024 56 26 10.162
1.020×101 6.310×1011 6.150×1024 56 26 7.256
1.180×101 1.590×1012 7.114×1024 56 26 5.625
1.420×101 3.980×1012 8.561×1024 56 26 4.518
1.780×101 1.000×1013 1.073×1025 56 26 3.650
2.350×101 2.510×1013 1.417×1025 56 26 3.165
3.200×101 6.310×1013 1.929×1025 56 26 2.864
4.490×101 1.590×1014 2.707×1025 56 26 2.633
6.450×101 3.980×1014 3.889×1025 56 26 2.460
9.490×101 1.000×1015 5.722×1025 56 26 2.305
1.430×102 2.510×1015 8.622×1025 56 26 2.218
2.180×102 6.310×1015 1.314×1026 56 26 2.128
3.390×102 1.590×1016 2.044×1026 56 26 2.043
5.340×102 3.980×1016 3.220×1026 56 26 1.981
8.530×102 1.000×1017 5.143×1026 56 26 1.924
1.380×103 2.510×1017 8.320×1026 56 26 1.829
2.300×103 6.310×1017 1.387×1027 56 26 1.826
3.790×103 1.590×1018 2.285×1027 56 26 1.816
6.280×103 3.980×1018 3.786×1027 56 26 1.788
1.044×104 9.744×1018 6.295×1027 56 26 1.797
1.500×104 1.860×1019 9.044×1027 56 26 1.773
2.000×104 3.091×1019 1.206×1028 56 26 1.758
2.622×104 4.965×1019 1.581×1028 56 26 1.744
4.000×104 1.033×1020 2.412×1028 56 26 1.726
5.000×104 1.517×1020 3.015×1028 56 26 1.716
6.587×104 2.431×1020 3.971×1028 56 26 1.706
7.000×104 2.696×1020 4.220×1028 56 26 1.703
8.000×104 3.384×1020 4.823×1028 56 26 1.698
1.044×105 5.310×1020 6.294×1028 56 26 1.688
1.654×105 1.150×1021 9.972×1028 56 26 1.670
2.000×105 1.578×1021 1.206×1029 56 26 1.663
3.000×105 3.086×1021 1.809×1029 56 26 1.646
4.156×105 5.264×1021 2.506×1029 56 26 1.631
6.000×105 9.552×1021 3.617×1029 56 26 1.614
8.000×105 1.517×1022 4.823×1029 56 26 1.600
1.044×106 2.317×1022 6.294×1029 56 26 1.586
1.500×106 4.102×1022 9.043×1029 56 26 1.566
2.000×106 6.422×1022 1.206×1030 56 26 1.550
2.622×106 9.749×1022 1.581×1030 56 26 1.534
3.000×106 1.198×1023 1.809×1030 56 26 1.526
4.000×106 1.854×1023 2.411×1030 56 26 1.510
5.000×106 2.593×1023 3.014×1030 56 26 1.497
6.588×106 3.910×1023 3.971×1030 56 26 1.482
7.829×106 5.045×1023 4.719×1030 56 26 1.472
8.064×106 5.045×1023 4.861×1030 62 28 1.473
8.293×106 5.257×1023 4.999×1030 62 28 1.471
1.000×107 6.917×1023 6.028×1030 62 28 1.461
1.655×107 1.435×1024 9.976×1030 62 28 1.437

Table 2.1. Equation of state of the outer crust.
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ρ (g/cm3) p (dyn/cm2) n (cm−3) A Z Γ

2.000×107 1.882×1024 1.206×1031 62 28 1.428
3.302×107 3.831×1024 1.990×1031 62 28 1.408
5.000×107 6.851×1024 3.014×1031 62 28 1.394
6.589×107 1.005×1025 3.971×1031 62 28 1.386
8.000×107 1.315×1025 4.821×1031 62 28 1.381
1.000×108 1.788×1025 6.026×1031 62 28 1.375
1.315×108 2.603×1025 7.924×1031 62 28 1.370
2.000×108 4.614×1025 1.205×1032 62 28 1.362
2.624×108 6.673×1025 1.581×1032 62 28 1.357
2.715×108 6.990×1025 1.636×1032 62 28 1.357
2.803×108 6.990×1025 1.689×1032 64 28 1.357
3.304×108 8.736×1025 1.991×1032 64 28 1.355
5.237×108 1.628×1026 3.155×1032 64 28 1.350
8.301×108 3.028×1026 4.999×1032 64 28 1.346
1.045×109 4.126×1026 6.293×1032 64 28 1.344
1.306×109 5.565×1026 7.863×1032 64 28 1.343
1.347×109 5.565×1026 8.108×1032 66 28 1.343
1.438×109 6.075×1026 8.657×1032 66 28 1.342
1.467×109 6.076×1026 8.831×1032 86 36 1.342
1.657×109 7.156×1026 9.976×1032 86 36 1.342
2.626×109 1.326×1027 1.581×1033 86 36 1.339
3.144×109 1.688×1027 1.892×1033 86 36 1.339
3.247×109 1.688×1027 1.954×1033 84 34 1.339
4.164×109 2.354×1027 2.506×1033 84 34 1.338
6.601×109 4.358×1027 3.971×1033 84 34 1.337
8.312×109 5.928×1027 4.999×1033 84 34 1.336
1.046×1010 8.057×1027 6.290×1033 84 34 1.336
1.072×1010 8.324×1027 6.446×1033 84 34 1.336
1.110×1010 8.325×1027 6.675×1033 82 32 1.336
1.318×1010 1.047×1028 7.924×1033 82 32 1.336
1.659×1010 1.423×1028 9.972×1033 82 32 1.335
2.090×1010 1.937×1028 1.256×1034 82 32 1.335
2.631×1010 2.632×1028 1.581×1034 82 32 1.335
2.864×1010 2.948×1028 1.721×1034 82 32 1.335
2.976×1010 2.948×1028 1.788×1034 80 30 1.335
3.313×1010 3.401×1028 1.990×1034 80 30 1.335
4.172×1010 4.625×1028 2.505×1034 80 30 1.334
5.254×1010 6.289×1028 3.154×1034 80 30 1.334
6.617×1010 8.551×1028 3.971×1034 80 30 1.334
6.754×1010 8.787×1028 4.053×1034 80 30 1.334
7.044×1010 8.787×1028 4.227×1034 78 28 1.334
7.999×1010 1.041×1029 4.799×1034 78 28 1.334
8.328×1010 1.041×1029 4.996×1034 126 44 1.334
8.332×1010 1.042×1029 4.999×1034 126 44 1.334
1.049×1011 1.416×1029 6.291×1034 126 44 1.334
1.322×1011 1.926×1029 7.926×1034 126 44 1.334
1.358×1011 1.997×1029 8.144×1034 126 44 1.334
1.398×1011 1.997×1029 8.384×1034 124 42 1.334
1.664×1011 2.518×1029 9.972×1034 124 42 1.334
1.844×1011 2.887×1029 1.105×1035 124 42 1.334
1.963×1011 3.137×1029 1.176×1035 124 42 1.334
2.025×1011 3.137×1029 1.213×1035 122 40 1.334
2.096×1011 3.285×1029 1.256×1035 122 40 1.334
2.640×1011 4.466×1029 1.581×1035 122 40 1.334
3.325×1011 6.071×1029 1.990×1035 122 40 1.334
3.384×1011 6.215×1029 2.025×1035 122 40 1.334

Table 2.2. Equation of state of the outer crust, continued from page

28.
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ρ (g/cm3) p (dyn/cm2) n (cm−3) A Z Γ

3.495×1011 6.215×1029 2.091×1035 141.564 43.106 1.177
3.688×1011 6.430×1029 2.206×1035 142.161 43.140 0.527
3.865×1011 6.581×1029 2.311×1035 142.562 43.163 0.476
4.420×1011 6.995×1029 2.643×1035 143.530 43.215 0.447
5.108×1011 7.469×1029 3.053×1035 144.490 43.265 0.466
5.912×1011 8.015×1029 3.533×1035 145.444 43.313 0.504
6.822×1011 8.644×1029 4.076×1035 146.398 43.359 0.554
7.834×1011 9.367×1029 4.680×1035 147.351 43.404 0.610
8.943×1011 1.019×1030 5.341×1035 148.306 43.447 0.668
1.015×1012 1.113×1030 6.059×1035 149.263 43.490 0.726
1.283×1012 1.337×1030 7.661×1035 151.184 43.571 0.840
1.754×1012 1.779×1030 1.047×1036 154.094 43.685 0.987
2.114×1012 2.155×1030 1.262×1036 156.055 43.755 1.067
2.723×1012 2.857×1030 1.625×1036 159.030 43.851 1.160
3.418×1012 3.746×1030 2.038×1036 162.051 43.935 1.227
4.483×1012 5.268×1030 2.673×1036 166.150 44.030 1.286
5.715×1012 7.230×1030 3.406×1036 170.333 44.101 1.322
7.511×1012 1.041×1031 4.475×1036 175.678 44.155 1.344
9.615×1012 1.451×1031 5.726×1036 181.144 44.164 1.353
1.259×1013 2.089×1031 7.496×1036 187.838 44.108 1.351
1.677×1013 3.072×1031 9.980×1036 195.775 43.939 1.342
2.104×1013 4.157×1031 1.251×1037 202.614 43.691 1.332
2.784×1013 6.023×1031 1.655×1037 211.641 43.198 1.322
3.604×1013 8.461×1031 2.141×1037 220.400 42.506 1.320
4.069×1013 9.929×1031 2.416×1037 224.660 42.089 1.325
4.700×1013 1.202×1032 2.789×1037 229.922 41.507 1.338
5.384×1013 1.443×1032 3.194×1037 235.253 40.876 1.358
6.115×1013 1.718×1032 3.626×1037 240.924 40.219 1.387
6.728×1013 1.963×1032 3.989×1037 245.999 39.699 1.416
7.522×1013 2.302×1032 4.458×1037 253.566 39.094 1.458
8.174×1013 2.602×1032 4.843×1037 261.185 38.686 1.496
8.835×1013 2.926×1032 5.233×1037 270.963 38.393 1.536
9.502×1013 3.276×1032 5.626×1037 283.993 38.281 1.576
1.017×1014 3.651×1032 6.022×1037 302.074 38.458 1.615
1.085×1014 4.051×1032 6.418×1037 328.489 39.116 1.650
1.135×1014 4.368×1032 6.716×1037 357.685 40.154 1.672
1.186×1014 4.700×1032 7.015×1037 401.652 42.051 1.689
1.237×1014 5.046×1032 7.317×1037 476.253 45.719 1.685
1.272×1014 5.286×1032 7.523×1037 566.654 50.492 1.662
1.285×1014 5.374×1032 7.596×1037 615.840 53.162 1.644

Table 2.3. Equation of state of the inner crust, taken from [45].



Chapter 3

General Relativity

Every boy in the streets of Göttingen understands more about four-dimen-

sional geometry than Einstein. Yet, in spite of that, Einstein did the work

and not the mathematicians – David Hilbert. [51]

General Relativity is a theory of gravitation. The first mathemati-
cally precise theory of gravitation was formulated by Newton in the 17th
century. A quick browse through (a translation of) his Principia[52] re-
veals the importance of (Euclidean) geometry to the theory. Already
at the time of publication many contemporary scientists and philoso-
phers (including himself) were suspicious about the action at a distance
implied by Newton’s equations. When faced with criticism about this
point Newton made his famous reply “hypotheses non fingo” (I feign
no hypotheses) meaning that he did not intend to invent explanations
that were not needed from an experimental point of view. As long as
the equations that he had presented explained the experimental and ob-
servational data he was satisfied. Indeed, for a long time there was no
evidence of discrepancies between theory and experiment.

Then, toward the end of the 19th century, the situation started to
change. Maxwell’s electromagnetism was inconsistent with Newton’s
laws, precision measurements of the precession of Mercury did not give
the rate predicted by the old theories, and the speed of light appeared
to be independent of how the source or observer moved with respect to
each other, something which is quite impossible within the Newtonian
framework. It was clear that a new theory was needed, and when it
finally came it brought along a few surprises!

In the general theory of relativity the familiar concepts of space and
time had to be abandoned in favour of the combined spacetime. More-
over, the geometry of spacetime was not flat, but instead curved in the
presence of mass. Thus, the arena in which physics takes place was
changed from a three-dimensional flat space in which the physical fields
(including gravitation) evolve in time in a linear manner, to a four-
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dimensional curved spacetime whose geometry depends on the fields,
and where gravity is no longer considered as living on the spacetime
but rather as a manifestation of curvature. The exact nature of the cou-
pling between geometry and matter is given by Einstein’s field equations,
to which we turn to next.

3.1 The field equations

Although the general principles of the theory were clear to Einstein at
an early stage, it took several years and many failed attempts before he
finally arrived at the field equations. It is debated whether it was in fact
Einstein who was the first to realise the correct form of these equations or
if Hilbert beat him to the chase by a few days in November 1915 [53, 54].
In hindsight the final form of the equations as well as the reasoning
behind them are extremely elegant. Below I will sketch a geometric way
of obtaining the field equations, for more thorough discussions as well as
other methods, see [55].

What we wish to achieve is to find a relation between matter and
geometry. It is assumed that the matter degrees of freedom includ-
ing all interactions apart from gravity can be described by a symmetric
divergence-free second rank tensor Tab = T(ab),

∇bTab = 0, (3.1)

whereas the gravitational field, manifested through the curvature of space-
time is described by the metric. The equation which we seek is required
to obey the equivalence principle, which in mathematical terms mean
that it must be invariant under diffeomorphisms. Based on experience
from other fields of physics, the laws of nature seem to include at most
second order derivatives of the fields, so making the further assumption
that at most second order derivatives of the metric should appear in
our final form of the field equations one is lead to consider the Riemann

tensor. This tensor obeys the Bianchi identity[1]

∇[aRbc]d
e = 0. (3.2)

Seeking a second rank tensor it is natural to contract this equation once,
yielding

∇aRbcd
a + 2∇[cRb]d = 0, (3.3)
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where the Ricci tensor,

Rab = Racb
c, (3.4)

is symmetric, but does not in general have a vanishing divergence. More-
over equation (3.3) still contains the Riemann tensor. We therefore con-
tract a second time,

2∇bRab −∇aR = 2∇b

(

Rab −
1

2
gabR

)

= 2∇b(Gab) = 0, (3.5)

where R = Ra
a is the Ricciscalar, and the last equality defines the Ein-

stein tensor Gab. The Einstein tensor is clearly a tensor of the type
we were looking for. Moreover, if one insists that no higher derivatives
should be present in the field equations this choice is unique up to a
constant factor times the metric. Hence we arrive uniquely at the field
equations

Rab −
1

2
Rgab + Λgab = κTab, (3.6)

where κ is a coupling constant whose value can be determined by requir-
ing that the equations reduce to the Newtonian ones in the weak field
limit. In geometric units its value is conventionally taken to be κ = 8π.
The cosmological constant Λ is a parameter whose value has to be found
observationally. Note that one may if one wishes move the cosmological
constant term to the right hand side of equation (3.6) and consider it as
an additional matter field. Current experimental data show that such
a term would correspond to a constant energy density of the order of
∼ 3 × 10−30 g/cm3 which is completely negligible for the neutron star
models in which this thesis is concerned. We will therefore ignore the
cosmological constant henceforth.

The equations (3.6) look deceptively simple, but in general they con-
stitute a set of ten coupled non-linear PDE’s. This complexity was
so overwhelming to Einstein that he thought that no exact solutions
would ever be found. He was disproved almost immediately when Karl
Schwarzschild discovered his famous solutions in 1916 describing the ex-
terior of a spherical body[56] and the interior of a static spherical star
with constant energy density[57]. These solutions were found by assum-
ing a high degree of symmetry. Although exact symmetries are rare in
Nature their importance to the understanding of physics cannot be over-
estimated. In fact the next chapter is devoted to symmetries, and in the
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next section we will consider spherically symmetric spacetimes with the
intention to understand idealised stars.

3.2 Einstein’s equations for spherically symmetric space-

times

Technically, a spacetime is said to be spherically symmetric if its isometry
group contains SO(3) as a subgroup, and the orbits of this subgroup
are spacelike two-surfaces whose topology is spherical[58]. Clearly, the
induced metric on these surfaces is the metric of a sphere of some radius
r usually referred to as the Schwarzschild radius. Moreover there always
exist two-surfaces Σ which are orthogonal to the SO(3) generators[58].
Denoting the Lorentzian metric on Σ by jab and the metric on the SO(3)
orbits by tab = r2(dΩ2)ab, where (dΩ

2)ab is the metric on the unit sphere,
the full spacetime metric can be written as

gab = jab + tab, jactcb = 0. (3.7)

Since all points on the unit sphere are equivalent it follows that the
geometry of spacetime is completely given by the function r and the
metric jab. Below we reduce Einstein’s equations to a two-dimensional
problem on Σ following [59]. This form of the equations turns out to be
very useful e.g. for considering radially perturbed static configurations
and was used in Paper VI.

For any metric of the form (3.7) we may write the Christoffel symbols
as

Γabc =
jΓabc +

tΓabc −
1

2

(

jadtbc,d + tadjbc,d
)

+ tadje(btc)d,e + jadte(bjc)d,e (3.8)

where jΓabc and tΓabc are the Christoffel symbols of jab and tab respec-
tively. Using the fact that tab = r2(dΩ2)ab it follows that

Γabc =
jΓabc +

tΓabc +
1

r

(

2ta(br,c) − r,atbc
)

. (3.9)

The four-dimensional Ricci tensor is now readily computed with the re-
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sult

(4)Rab = Γcab,c − Γccb,a + ΓdabΓ
c
dc − ΓdcbΓ

c
da

= Rab +
tRab +

1

r2
[(rr,c,c + r,cr,c)tab − 2rr,ab]

= Rab +
1

r2
(1− rr,c,c − r,cr,ctab)−

2

r
r,ba, (3.10)

where Rab is the Ricci tensor on Σ and tRab = r−2tab is the Ricci tensor
on the SO(3) orbits. Using also that Rab =

1
2
Rjab the four-dimensional

Einstein tensor may be written covariantly as

rGab = 2
[

−DaDbr +
(

DcDcr −
m

r2

)

jab

]

+
(

DcDcr −
r

2
R
)

tab, (3.11)

where Da is the connection of jab and the mass function m is invariantly
defined by

1− 2m

r
= DarDar. (3.12)

Einstein’s equations now constrain the energy momentum tensor to be
of the form

Tab = Tab + pt tab, Tab tbc = 0, (3.13)

where pt will be referred to as the tangential pressure. Thus, Einstein’s
equations obviously split into

−DaDbr +
(

DcDcr −
m

r2

)

jab =
1
2
κ r Tab, (3.14)

DaDar −
r

2
R = κ rpt, (3.15)

which, following Paper VI, can be rewritten as

DaDbr =
m

r2
jab − 1

2
κr(Tab − T jab), (3.16)

R =
4m

r3
+ κ(T − 2pt). (3.17)

In the following it turns out to be convenient to introduce an orthonormal
frame (ua, ra) in which we have

jab = −uaub + rarb, −uaua = rara = 1, uara = 0. (3.18)
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It is worth while to pause here a moment and look at the vacuum
equations. Contracting equation (3.16) with Db we find that the gradient
of the mass function obeys

Dam = 1
2
κr2(Tab − T jab)Dbr. (3.19)

Hence, the mass function is (not surprisingly) constant, m = M say, in
the vacuum case. It is straightforward to prove that there exist an addi-
tional Killing vector whose causal character coincides with Dar. More-
over, since it lies in Σ it is clearly hypersurface orthogonal. Thus, if
2M/r < 1 making the Killing vector timelike, spacetime is automatically
static. This was essentially the result found by Jebsen[60] already in 1920,
that any spherically symmetric vacuum solution to Einsteins equations
can be put in a form independent of the time coordinate. More generally
it can be proved that any spherically symmetric vacuum metric is locally
isometric to a part of the exterior Schwarzschild solution. This is known
as Birkhoff’s theorem[61]. Thus, in Schwarzschild coordinates, defined
by

ua = −eνDat, ra = eλDar, (3.20)

the metric outside a spherical body, whether static or not, always takes
the form

ds2 = −e2νdt2 + e2λdr2 + r2dΩ2, (3.21)

where

e2ν = e−2λ = 1− 2M

r
. (3.22)

Clearly, the last equality is a special case of

e−2λ = DarDar = 1− 2m

r
(3.23)

which follows from the definition (3.20).

3.3 Stellar models

For non-empty static spherically symmetric (SSS) spacetimes it is conve-
nient to adapt the orthonormal basis to the motion of the matter so that
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ua coincides with the matter four-velocity. Then, contracting equations
(3.16) and (3.19) with uaub and rarb respectively gives

dν

dr
= e2λ

(

m

r2
+

1

2
κrpr

)

(3.24)

dm

dr
= 1

2
κr2ρ (3.25)

where pr = rarbTab is the radial pressure and ρ = uaubTab is the energy
density as measured by an observer moving along ua. The conservation
equation ∇bTab when written in two-dimensional language takes the form

DbT b
a + 2r−1(Tab − ptja

b)Dbr = 0 (3.26)

For a static spacetime the only non-trivial component can be written in
Schwarzschild coordinates as

dpr
dr

= −(pr + ρ)
dν

dr
+

6q

r
, (3.27)

where q = 1
3
(pt − pr). This equation, when dν/dr is eliminated us-

ing equation (3.24), is sometimes referred to as the generalised Tolman-

Oppenheimer-Volkoff (TOV) equation[62]. For isotropic matter we have
pr = pt =: p so that q = 0 and (3.27) reduces to the ordinary TOV equa-
tion first published in a famous paper by Oppenheimer and Volkoff[6]
accompanying an equally famous paper by Tolman where several exact
SSS solutions to Einstein’s equations were given. The Oppenheimer-
Volkoff paper contained the first relativistic numerical study of neutron
stars, where they assumed that matter was described by a neutron Fermi
gas with the equation of state (2.3), but with the electrons replaced by
neutrons. The maximum mass of such stars was found to be 0.72 M¯

with corresponding radius 9.5 km.

In Papers I-III the main focus lies on highly compact perfect fluid
configurations. The analysis was greatly aided by using a slightly mod-
ified version of the dynamical systems approach of Nilsson and Uggla
[63, 64]. The idea is to construct dimensionless bounded dependent vari-
ables so that a compact state space is obtained. The trick is done by the
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following set

Σ =
rν,r

1 + rν,r

K =
e2λ

(1 + rν,r)2
(3.28)

y =
p

ρ+ p

where ν,r = dν/dr is given by equation (3.24). In order for the final
evolution equations to be regular we take the independent variable, x
say, to be defined (up to translations) by

dx =
dr

y(1− Σ)r
. (3.29)

In these variables, the field equations boil down to the set of equations

Σ′ = −yKΣ +
1

2
P (1 + 2y − 4yΣ),

K ′ = 2y(Σ2 − P )K, (3.30)

y′ = −yF (y)Σ,

where P = 1 − Σ2 − K, F (y) = 1 − y − Γ−1 and a prime denotes
differentiation with respect to x. Now, F (y) is found by specifying an
equation of state relating ρ and p, thus closing the system. One may
straightforwardly check that the variables are bounded by (including the
boundaries to obtain a compact state space)

−1 ≤ Σ ≤ 1, 0 ≤ K ≤ 1, 0 ≤ y ≤ 1, K + Σ2 ≤ 1 (3.31)

A picture of the state space is given in fig. 1 of Paper III. Although all
orbits represent a solution to the field equations, only those with a regular
centre represent stellar models. These originate from the line Σ = 0, K =
1 parametrized by the central value of y. It should be mentioned that one
of the strengths of a dynamical systems approach is that one has access
to all solutions, including non-regular ones. Even though such solutions
cannot be used as stellar models themselves, they may still describe part
of a star outside a phase transition. However, first order phase transitions
pose a problem since they will make y discontinuous. This problem
(and the fact that F (y) = 0 defines an invariant submanifold) was cured
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by introducing a new matter variable Y with a simple relation to the
chemical potential (see Paper III). Although, with this new variable, the
system variables were all continuous, their derivatives were not. Hence,
for equations of state with first order phase transitions, we do not have a
proper phase space. However, if the junction conditions are used at the
transition we still have a unique set of non-crossing orbits representing
the solutions. Therefore much of the powerful tools associated with a
dynamical system can still be used if proper caution is taken at phase
transitions.

Stars with elastic matter is the subject of Papers V and VI. Since the
presence of a non-zero shear modulus increases the number of structure
equations by one, a dynamical system would have to be four-dimensional.
This makes the approach less useful, at least from a visualisation point of
view (unless, of course, one has intuition for four-dimensional geometry).

3.4 Stellar oscillations

In the previous chapter we saw that neutron stars are rapidly rotating
objects. One may therefore wonder how relevant the static models de-
scribed above are as models for real neutron stars. It turns out, quite
surprisingly, that all but the most rapidly rotating stars will be well de-
scribed by the second order perturbation formalism developed by Hartle
and Thorne[65, 66]. Hence it is important to have a thorough knowl-
edge of the static models. A necessary condition for a stellar model to
be deemed astrophysically interesting is that it is stable against small
radial perturbations, or at least that the timescale associated with an
instability is very large. Radial perturbations is the subject of Paper VI,
and will be briefly discussed below.

3.4.1 Radial oscillations and stability

A purely radially perturbed SSS star is still spherically symmetric. This
means that the two-dimensional formalism developed in section 3.2 is
still applicable. This was used in Paper VI to derive the equations gov-
erning radial perturbations of generic spherically symmetric matter con-
figurations. A feature of radial oscillations is that they do not generate
gravitational waves. In fact, we showed above that the exterior solution
to any spherically symmetric configuration is the static Schwarzschild so-
lution. This fact makes the junction conditions quite easy to evaluate at
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the surface of the star. Moreover, the domain on which one must solve
the perturbation equations is restricted to the interval 0 ≤ r ≤ R, where
the radius of the star R is defined by R = r|pr=0.

For elastic matter (of which a perfect fluid is a special case) the per-
turbation equations reduce to a single wave equation. Due to the non-
radiative property mentioned above it is straightforward to show that
any solution to the wave equation may be expressed as a sum of the form

ζ(t, r) =
∞
∑

n=0

<e
[

ζn(r)e
±iωnt

]

(3.32)

where the ζn(r) are (real) eigenfunctions of a Sturm-Liouville operator
with associated eigenvalues ω2

n. Hence, the eigenfunctions ζn(r) form a
complete set, are orthogonal with respect to the interval [0, R] and a
weighting function W (see paper VI), whereas the eigenvalues are real
and form a strictly monotone sequence

ω0 < ω1 < . . . < ωn < . . . (3.33)

Although the Sturm-Liouville problem may be solved e.g. using one
of the numerical methods described in [67] it is sometimes convenient
to use the static approach to stability derived for cold white dwarf and
neutron star matter by J. A. Wheeler[7]. A nice treatment is found also
in [68]. The approach is based on the mass-radius curve. Since, for a
given equation of state and central pressure pc, there exists a unique
solution to the structure equations (see, however, the discussion in paper
VI on how one must treat phase transitions to exterior elastic phases),
there exists a curve [R(pc),M(pc)] which in absence of first order phase
transitions is C1. One can show (see the references above or Paper VI)
that the eigenfrequencies squared ω2

n can only change sign at points where
dM/dpc = 0. Moreover, if dR/dpc is positive (negative) at such a point it
is an even (odd) mode that changes. Thus, if the signs of the eigenvalues
ω2
n are known for a particular member of the sequence, they are easily

read off for any other member by looking at the M -R curve. For neutron
stars it is clear that they are stable for low densities since a small ball
of iron is stable. One then concludes that one mode will turn (un)stable
if the curve bends (counter)clockwise at an extremum. The mass-radius
curve corresponding to the equation of state described in chapter 2 is
shown in figure 3.1.

If the equation of state has first order phase transitions the situation
is rather more complicated. The behaviour of the mass-radius curve
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Figure 3.1. Mass-radius curve of a typical family of neutron stars.

The equation of state is described in chapter 2. For the crust it is

tabulated in table 2.1, whereas the high density behaviour is governed

by the A18+δv+UIX interactions as described in [50].

for perfect fluid models is discussed by Lindblom[69]. Parameterizing
the phase transition by ∆ = (ρ+ − ρ−)/(ρ− + ptrans), where ρ± are the
densities just above and below the transition pressure ptrans, he showed
that the M -R curve is C1 for subcritical phase transitions with ∆ < ∆c,
where ∆c = (ρ− +3ptrans)/2(ρ− + ptrans). At the critical phase transition
∆ = ∆c the tangent of the curve has a discontinuity, whereas for larger
∆ it actually turns 180◦. This behaviour has been believed to signal the
onset of instability, but as mentioned in Paper VI, that cannot in general
be true as shown by the example below. Let the equation of state be
given by ρ = kp1/2 + ρ0, k = 1× 10−6 cm−1, where

ρ0 =







0 p < ptrans

ρ+ − ρtrans p ≥ ptrans
(3.34)

and ptrans = 1× 1014 cm−2 and ρtrans = ρ− = 1× 10−13 cm−2. The mass-
radius curves are shown for a few different ∆ in figure 3.2 with a close up
around the critical point in figure 3.3. The zeroth squared eigenfrequency



General Relativity

80000

100000

120000

140000

160000

180000

200000

400000 500000 600000 700000 800000 900000 1e+06 1.1e+06

M
as

s 
(c

m
)

Radius (cm)

Mass-radius curves

Figure 3.2. Mass-radius curves of a family of polytropes with discon-

tinuous energy density.

and the mass are plotted as a function of the central pressure in figure
3.4. Note that the frequency, viewed as a function of pc is continuous
across the phase transition. Moreover, the frequency is not zero at the
minimum of the mass. It does, however, have a zero at the next mass
maximum.

Although this is just an example it does indicate that things are not
as simple as first thought. It should therefore be interesting to investigate
this problem further.

In Papers I and III we considered equations of state with two layers
of constant energy density (double density stars). Stability of constant
density stars is tricky since the model is unphysical in the sense that the
speed of sound is infinite. Thus, if one takes the view that the equation of
state states that the energy density is exactly constant (meaning that the
perturbation of ρ is zero) no radial perturbations are allowed. Usually
one takes the equation of state to be some approximation which to first
order gives a constant energy density. Then the stability depends on the
effective adiabatic index Γ1 imposed by the nature of the exact equation
of state. This situation was treated by Chandrasekhar[70] long ago and
resembles the situation for Newtonian stars where stability is essentially
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granted if Γ1 ≥ 4
3
. In the light of the above example of models with phase

transitions, one must be extremely careful when one discuss stability of
double density stars.
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3.4.2 Non-radial oscillations and gravitational waves

For first order perturbations of SSS solutions, the angular dependence
can be described in terms of the spherical harmonics Y m

l and its deriva-
tives. For l = 0 we clearly get the radial case already treated. The next
case, l = 1 corresponds to non-radiative dipole perturbations and will be
ignored here. Thus we consider only perturbations with l ≥ 2.

It turns out that the perturbations can be conveniently split into
two decoupled classes depending on their eigenvalue under the parity
operation θ → −θ, φ → φ + π, the axial modes having parity (−1)l+1
and the polar modes having parity (−1)l. Since the two classes decouple,
they can be treated separately.

The study of non-radially perturbed SSS spacetimes was initiated by
Regge and Wheeler[71] who perturbed the Schwarzschild black hole. In
the radial variable r∗ defined by dr∗ = eν−λdr they found that, after sepa-
rating out the angular and temporal dependence, the axial perturbations
are governed by the simple Schrödinger equation

(

− d2

dr2∗
+ V (r∗)

)

Z = ω2Z, (3.35)

where ω is the frequency as in the radial case, and V is a potential term
given below. It is interesting to note here that the SO(3) orthogonal two-
metric is explicitly conformally flat in the Regge-Wheeler gauge. The
polar modes turn out to be more complicated, but can in fact also be
described by a simple equation of the form (3.35), as shown by Zerilli[72].
The potential in each case takes the form

Vaxial = e2ν
[

l(l + 1)

r2
− 6M

r3

]

(3.36)

Vpolar = e2ν
{

l(l + 1)

r2
− 6M

r3
[l2(l + 1)2 − 4]r2 + 12M(r −M)

[(l2 + l − 2)r + 6M ]2

}

(3.37)

where r is considered to be a function of r∗ given implicitly (up to an
integration constant) by r∗ = r − 2M ln(r/2M − 1).

The study of non-radially perturbed perfect fluid stellar models was
pioneered by Thorne and Campollattaro[73]. It was later reconsidered by
Chandrasekhar and Ferrari[74] who established the connection with the
black hole case. In particular they discovered that, except for stationary
fluid perturbations corresponding to slow (differential) rotation, the axial
metric perturbations did not couple to the fluid. Moreover, the metric
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perturbations are again governed by a Schrödinger equation with the
potential

Vfluid = e2ν
[

l(l + 1)

r2
− 6m

r3
+
κ

2
(ρ− pr)

]

. (3.38)

Note that this potential reduces to the Regge-Wheeler form (3.36) outside
the star. Taking the derivative of the Regge-Wheeler potential with
respect to r and equating to zero one finds that there is a maximum in
the potential at

r

M
= 3 +

1

l(l + 1)
+

8

3l2(l + 1)2
+ . . . (3.39)

For l = 2 this maximum is at r ≈ 3.28M and for higher l values it clearly
approaches 3. It was realised by Chandrasekhar and Ferrari[75] that stars
more compact than that would possess a well in the potential, which then,
in analogy with atomic scattering theory, could correspond to resonant
states of the gravitational waves. These resonant states would correspond
to slowly damped gravitational modes (w-modes) of oscillation, or trapped
gravitational waves. In order to better understand what goes on it turns
out to be useful to examine the geodesic structure of spacetime, so this
is what we will do next.

3.5 Geodesics

A small mass will affect the curvature of spacetime very little so it may
be a good approximation to consider the motion of the particle to take
place in a given background geometry. Then a massive particle will follow
a timelike geodesic of the background metric. Likewise, in the geometric
optics approximation, photons (and other massless particles) will follow
null geodesics on the background metric. Therefore it is of great interest
to know the geodesic structure of a spacetime.

Consider a curve C with tangent vector va. We say that the curve
is a geodesic if the tangent vector is parallel transported along itself,
va∇av

b = cvb, where c is a scalar function that can be put to zero through
a reparametrization of the curve. A geodesic with c = 0 is called affinely
parametrized. In Riemannian geometry the geodesics are the shortest
curves between two given points. In Lorentzian geometry the generali-
sation (in the non null case) is that the geodesics are those curves that
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extremise the distance between the two points. The geodesic equations
can be deduced from the Lagrangian

L =
1

2
gabẋ

aẋb, (3.40)

with the corresponding Hamiltonian

H =
1

2
gabpapb, (3.41)

where pa = ∂L/∂ẋa, and a dot denotes differentiation with respect to
the affine parameter. The geodesic Lagrangian for a static spherically
symmetric spacetime can be written in the Schwarzschild radial gauge as

2L = −e−2νE2 + e2λṙ2 +
L2

r2
, (3.42)

where E = pt and L
2 = p2θ+(sin θ)−2p2φ are constants of the motion. It is

easy to see from (3.40) that a Legendre transformation leaves the general
Lagrangian invariant [76]. Thus the Hamiltonian and the Lagrangian are
equal and constant. Depending on the causal structure of the geodesics
under consideration the constant can be made to take the values (−1, 0, 1)
for timelike, null and space like geodesics respectively. Restricting atten-
tion to the null case in vacuum (e−λ = eν =

√

1− 2M/r) we have

1

2
ṙ2 +

e2νL2

2r2
=

1

2
E2. (3.43)

This may be interpreted as a one-dimensional Hamiltonian of the type
H = T + V constrained to the “energy” 1

2
E2, with the centrifugal poten-

tial

Vl =
e2νL2

2r2
. (3.44)

This makes it clear that the dominant term in the perturbation poten-
tials in the previous section originates from the centrifugal potential with
angular momentum L =

√

2l(l + 1). This close analogy between the null
geodesics and gravitational wave scattering makes it worth while to ex-
amine the properties of the null geodesics closer. A nice tool to do so is
provided by the optical geometry which we consider next.
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3.6 Optical geometry

In a static spacetime with timelike Killing vector field ξa there is a pre-
ferred set of spatial hypersurfaces Σt which are everywhere orthogonal to
the Killing field. We introduce a Riemannian 3-metric h̃ab conformally
related to the induced metric hab on Σξ by

h̃ab = (−ξcξc)−1hab = (−ξcξc)−1(gab + ξaξb). (3.45)

The space defined by this metric is called the optical space. The concept
of the optical space was originally introduced in quantum field theory
on a static background as a formal tool [77]. The first application to
(classical) general relativity was done by Abramowicz, Carter and Lasota
[78], where they considered dynamics on a static background. In that
paper they also embedded the equatorial plane of the optical geometry
of the exterior Schwarzschild solution in Euclidean space. Since null
geodesics are invariant under conformal transformations the geodesics of
the embedded surface precisely correspond to the null geodesics of the
physical spacetime. Thus the embedding gives a nice visualisation as well
as an intuitive understanding of the null geodesics. Specifically, the well
known unstable closed null orbit is clearly visible as a throat at r = 3M
in the optical geometry. Later the embedding technique was used to
also visualise the interior Schwarzschild solution [79], revealing it to be
a sphere and thus having additional stable closed null orbits.

The optical space can be generalised to include also conformally static
spacetimes (i.e. spacetimes with a timelike hypersurface orthogonal con-
formal Killing vector field). For such spacetimes it is possible to write
the metric in the form

ds2 = F 2(−e2νdt2 + hijdx
idxj), (3.46)

where ν and hij are independent of t. Performing a conformal transfor-
mation with conformal factor Feν we obtain a metric in explicitly static
form and we define the optical space to be the spatial hypersurfaces with
induced metric

ds̃2 = e−2νhijdx
idxj. (3.47)

This technique was used by Sonego et al. [80] to study collapsing spher-
ically symmetric configurations and Hawking radiation.
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In this thesis we are only concerned with static (F = 1) spherically
symmetric systems so the metric can be conveniently written in Regge-
Wheeler gauge as

ds̃2 = dr2∗ + r̃2dΩ2, (3.48)

where, again, dr∗ = eλ−νdr and r̃ = re−ν . The radial function r̃ is quite
interesting. For instance, it has been proposed to be a generalisation of
the concept of radius of gyration [81]. Since r̃ need not be a monotonous
function of the Schwarzschild radius, the generalised radius of gyration
may actually decrease as we move away from the centre. This counter-
intuitive behaviour is consistent with, and explains in some sense, the
appearance of a well in the effective gravitational wave potential. It is
also consistent with the motion of massive particles. One may therefore
define the “local outward direction” by ∇ar̃ as opposed to the ∇ar. This
has been investigated in a number of articles [82, 83, 84, 85, 86]. Of
great interest for this paper is that r̃ is closely related to the centrifugal
potential, which is just

Vl = l(l + 1)r̃−2. (3.49)

Clearly, the extrema of Vl and r̃ coincide.
We now proceed with the embedding. Due to the spherical symmetry

we may as well restrict attention to the equatorial plane at no cost of
generality. The resulting two-geometry can – under certain conditions to
be treated later – be embedded in a Euclidean three-space. We write the
Euclidean metric in cylindrical coordinates (ρ̃, z, φ)

ds2E = dρ̃2 + dz2 + ρ̃2dφ2, (3.50)

and assume that the surface locally is given by some function h(ρ̃). Then
writing z = h(ρ̃) we identify the metrics and find

ρ̃ = r̃, dr2∗ = dρ̃2 + dz2. (3.51)

Note that r∗ measures distances on the surface along curves of constant
φ. The equations (3.51) define a differential equation for h,

h,r = e−ν
√

e2λ − (1− rν,r)2. (3.52)

The advantage of this embedding is that the geodesics of the surface
(which can be seen by inspection) correspond to the null geodesics of the
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physical space time. Therefore a neck (bulge) is easily seen to correspond
to an unstable (stable) null circular orbit. For the exterior Schwarzschild
geometry the embedding equation takes the simple form

h,r =

√

Mr(4r − 9M)

(r − 2M)3
. (3.53)

The right hand side of this equation is zero for r = 9M/4 announcing
the breakdown of the embedding equation. A necessary and sufficient
condition for the embedding to work can be inferred from (3.51), namely

∣

∣

∣

∣

dr̃

dr∗

∣

∣

∣

∣

≤ 1. (3.54)

This condition turns out to be quite interesting, so we will take a moment
to analyse it a little closer. Using the definitions of r̃ and r∗ we find

dr̃

dr∗
= e−λ(1− rν,r). (3.55)

Using equation (3.24) we rewrite this as

dr̃

dr∗
=

(

1− 2m

r

)−1/2(

1− 3m

r
− P

)

, P =
κ

2
r2pr (3.56)

Now using the embedding condition we find a local restriction on the
mass function

2

9

(

1− 3

2
P −

√

1 +
3

2
P
)

≤ m

r
≤ 2

9

(

1− 3

2
P +

√

1 +
3

2
P
)

. (3.57)

For non-negative radial pressures is is clear that the left hand side in-
equality is automatically satisfied for stars with non-negative densities.
Remarkably the right hand side inequality, when specialised to perfect
fluids, is precisely one of the inequalities derived by Buchdahl [87] valid
for all isotropic perfect fluid solutions with regular centres. Why these
inequalities are identical is still a mystery. There seems to be no a priori

reason why an embedding in Euclidean space should have any bearing
on how perfect fluid stellar models behave.

At the stellar surface the Buchdahl inequality reduces to the well
known restriction on the maximum compactness of a perfect fluid stellar
model

M

R
≤ 4

9
. (3.58)
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Thus it is clear that all isotropic perfect fluid stellar models with regular
centres can be embedded in E

3. It should be noted, however, that more
general stellar models, e.g. with elastic sources need not satisfy (3.58). In
fact, we shall see in section 3.8.1 that an anisotropic model with vanishing
radial pressure may have R → 2M . On the other hand, it is generally
true that r > 2m for all SSS solutions to Einsteins equations with regular
centres[88].

3.7 Acoustic geometry

As we have seen, the optical geometry provides a pedagogical tool for
understanding trapping of gravitational waves. One may wonder if some
analogous method exists for other wave phenomena also. In this section
we examine an approach for understanding sound wave propagation in
isentropic non-rotational perfect fluids. We do not from the outset limit
the discussion to some particular symmetry of the space time.

We thus consider a perfect fluid characterized by a unit time-like
vector field ua, uaua = −1. All thermodynamic quantities are defined
as measured by an observer co-moving with the fluid. Since we have a
preferred vector field it is convenient to split the metric according to

gab = hab − uaub, (3.59)

where hab is the metric on the spacelike hypersurfaces orthogonal to ua.
The energy-momentum tensor is then given by

Tab = ρuaub + phab (3.60)

It is convenient to decompose the derivative of the fluid four velocity
according to

∇bua = u̇aub +
1

3
Θhab + σab + ωab, (3.61)

where u̇a is the acceleration, Θ is the expansion, σab is the shear and
ωab = ∇[aub] − u̇[aub] is the rotation[1].

Projecting the equations of motion ∇bTab onto and orthogonally to
ua yields

ua∇aρ+ (p+ ρ)Θ = 0 (Conservation of baryons) (3.62)

(ρ+ p)u̇a + ha
b∇bp = 0 (Euler equations) (3.63)



General Relativity

Considering only isentropic fluids we have the following thermodynamic
relations[55]

µ =
dρ

dn
, n =

dp

dµ
, µ =

ρ+ p

n
(3.64)

where µ is the chemical potential and n is the baryon density. Using the
thermodynamic relations equation (3.63) can be written

ub∇b(µua) +∇aµ = 0 (3.65)

If we further restrict ourselves to non-rotational fluids (ωab = 0) the
relativistic Euler equations are easily solved. Using u̇[aub] = ∇[aub] it is
straightforward to show that the oneform va = µua is closed, i.e.

∇[avb] = 0. (3.66)

It can therefore be written as a gradient, va = −∇aφ. Thus

ua = −µ−1∇aφ (3.67)

solves the Euler equations. The remaining equation of motion (3.62) can
be put in the form

∇aja = ∇a(nua) = ∇a

(

n

µ
∇aφ

)

= 0 (3.68)

Now consider a small perturbation of the fluid. Assume also that the
metric is unaffected by the perturbation (the Cowling approximation).
Then we have, using µ2 = −∇aφ∇aφ,

δja =
dn

dµ

(

−uaub +
dp

dρ
hab

)

∇bδφ (3.69)

where

dp

dρ
=
n

µ

dµ

dn
= c2s (3.70)

is the squared speed of sound. Thus the perturbation of the scalar field
satisfies the equation

∇a

(

dn

dµ

(

−uaub +
dp

dρ
hab

)

∇bδφ

)

= 0 (3.71)
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Recalling that the divergence of any vector xa can be written

∇ax
a =

1√−g
(√−gxa

)

,a
(3.72)

where g is the determinant of the metric, it is easy to verify that (3.71)
is in fact a massless Klein-Gordon equation for δφ with respect to the
acoustic metric

Gab =
n

µcs
[gab + (1− c2s)uaub], . (3.73)

Note that the acoustic metric is completely determined by the physical
metric gab and the unperturbed scalar field φ. Since the wavefronts of
the perturbations will travel along the null geodesics (being solutions to a
massless Klein-Gordon equation) of the unphysical metric it is interesting
to examine the causal character of the corresponding vectors in physical
spacetime. Let na be any normalized spacelike vector field, gabn

aub = 0,
gabn

anb. Writing va = aua+bna and requiring that va is null with respect
to Gab we find b = ±c2sa, i.e. any null vector in the acoustic spacetime is
proportional to va = ua ± c2sn

a with causal character given by

gabv
avb = −1 + c2s. (3.74)

Thus the null curves of the acoustic metric will correspond to causal
curves if and only if the speed of sound is real and is less than the speed
of light.

In the short wavelength (eikonal) approximation the sound waves will
follow null geodesics of the acoustic metric analogous to the geometric
optics approximation. One could therefore imagine that a similar anal-
ysis to that of the gravitational waves would prove useful for these fluid
modes as well. However, it turns out that the full effective potential in
this case is not dominated, for low l, by the geodesic term. Hence only
perturbations with high l, corresponding to high frequency sound waves,
can be considered as traveling on geodesics. These modes are likely to
be highly damped by viscosity and may therefore be less interesting as-
trophysically speaking. It should also be remembered that, in contrast
to the ordinary optical geometry, an embedding of the optical acoustic
geometry is not necessarily continuous which severely restricts its use-
fulness. Nevertheless, the acoustic geometry provides an elegant tool for
understanding sound wave propagation in other contexts.
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3.8 Ultracompact stellar models

We have, finally, reached the point where we can write down a few SSS
solutions to Einstein’s equations. In doing so we shall pay special atten-
tion to ultracompact solutions. The term “ultracompact” then defined by
R < 3M , seems to have been coined by Iyer et al.[89], whose interest in
such objects came from studying trapping of neutrinos in gravitational
collapse and compact stars. As we shall see, the condition R < 3M
does not capture the essence of the trapping mechanism wherefore a few
alternatives definitions are proposed below.

A R < 3M ; This is the original definition and comes from the fact
that there exist a closed null orbit at r = 3M in the Schwarzschild
geometry. However, as we saw previously, the peak of the grav-
itational wave potential depends on the harmonic index l and is
located at r ≈ 3.28 for l = 2. Thus one may argue that the defini-
tion

B R < 1
4
(9 +

√
17) ≈ 3.28; better captures the trapping mechanism.

This definition relies only on the behaviour of the potential in the
exterior geometry, but Rosquist has shown that there may exist in-
terior necks in the optical geometry, and hence corresponding max-
ima for the centrifugal potential, even for stars with R > 3M [90].
Hence the definition

C dVl/dr = 0 somewhere in the star; seems to be natural. Note that
this definition is related to A since it only involves the centrifugal
potential. It is also equivalent to dr̃/dr = 0, which in terms of the
dynamical system (3.30) implies Σ = 1/2 somewhere in the star.
A modified version is

D dV/dr = 0 somewhere in the star; Of course, if it is really the
phenomenon of trapping that is considered as the key point the
definition must be

E There exist at least one slowly damped w-mode; This definition
is however difficult to check in practice since one must actually
calculate the complex frequency to be sure. Note that the other
definitions only rely on static quantities.

We shall for convenience choose to use the definition C because of its
simple relation to the optical geometry. In Papers I-III we showed that
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the optical geometry may in fact have multiple necks corresponding to
multiple potential wells.

We start by giving a few exact solutions which have been considered
in the accompanying papers or have interesting properties with respect to
ultracompactness. In particular we examine the compactness β := M/R
for each solution. It appears that many of the solutions take on a very
simple form when written in the Regge-Wheeler radial gauge. This gauge
is also convenient when considering the optical geometry, so in the fol-
lowing we shall use it frequently.

3.8.1 Vanishing radial pressure

An extremely simple spherically symmetric, but not isotropic solution
to Einstein’s equations is found by assuming that the radial pressure is
everywhere vanishing. This class of spacetimes, entirely supported by
the tangential pressure seems to have been first discussed by Lemâıtre
[91].

The general solution with pr = 0 is given i Schwarzschild coordinates
by

e2λ = 2rν ′ + 1. (3.75)

It is simple to find the solution corresponding to constant energy density
ρ = ρ0,

ν = −1

4
ln(3− κρ0r

2), (3.76)

with corresponding tangential pressure

pt =
1

4

κρ20r
2

3− κρ0r2
. (3.77)

Note that since the radial pressure is everywhere vanishing we are allowed
to match this solution to the exterior Schwarzschild solution at any radius
r. Therefore the family of solutions can be parametrized by the surface

value of the tangential pressure. The central value is zero as can bee seen
from (3.77). The compactness of the model can then be written

β =
2pt

ρ0 + 4pt
(3.78)
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Although this solution is very unphysical as a stellar model, it is interest-
ing from the theoretical point of view since the compactness can rise to
one half corresponding to R = 2M , i.e. it reaches the maximum allowable
value for regular centre solutions.

3.8.2 Interior Schwarzschild solution

The simplest perfect fluid model, and the first to be discovered is the
interior Schwarzschild solution [57] with constant energy density ρ0. In
Regge-Wheeler gauge the solution takes the form

ds2 =
(4− 9β)2

[3
√
1− 2β + cos(r∗/a)]2

[−dt2 + dr2∗ + a2 sin2(r∗/a)dΩ
2], (3.79)

p = ρ0(4− 9β)−1[
√

1− 2β cos(r∗/a)− (1− 3β)], (3.80)

a = (β(4− 9β))−1/2R, (3.81)

where ρ0 = 6β/κR2. The metric is manifestly conformally related to the
natural metric on the Einstein static universe and it is easily inferred that
the optical geometry is a sphere whose embedding is simply the surface
defined by

r̃2 + (z − z0) = a2, (3.82)

where z0 corresponds to the freedom of translations in z. The condi-
tion for a bulge in the interior geometry is β > 1/3. To evaluate the
implications of this condition we calculate the central pressure

pc
ρ0

=

√
1− 2β − (1− 3β)

4− 9β
. (3.83)

In terms of pc/ρ0 we see that the ultracompact condition yields

√
3pc ≥ ρ0. (3.84)

Thus the dominant energy condition can be satisfied for ultracompact
models.

Since we are interested in effects of phase transitions it is useful to
consider a model with multiple layers of constant density. These mod-
els were studied by Lindblom [69] in the context of mass-radius curves.
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There the solution is also given up to a quadrature. The EOS is given
by

ρ =







ρ1 p ≤ pt

ρ0 p > pt
(3.85)

The equation of state is parametrized by the two densities ρ0 and ρ1
and the transition pressure pt. Each model is then given as usual by
specifying the central pressure. These models are the simplest two-zone
models and it is quite easy to find models of this type with pronounced
double necks. Of course, since the energy density is piecewise constant
the usual problems of physical relevance and interpretations apply.

3.8.3 The Tolman stiff fluid solution

In our papers we have also studied one of the Tolman type V solutions
[92] for the stiff fluid equation of state ρ = p + ρ0. The name stiff fluid
comes from the fact that the speed of sound equals the speed of light
making this the stiffest causal equation of state. The solution is given by

ds2 = κ[cosh(r∗/
√
6R)]−2[−dt2 + dr2∗ + 3R2dΩ2], (3.86)

p = (ρ0/6)[cosh
2(r∗/a)− 3], (3.87)

ρ0 = (κR)−2, (3.88)

R = 3M. (3.89)

This is a particular solution with irregular centre. Since R = 3M the
solution matches the exterior Schwarzschild exactly at the neck. The
constancy of r̃ shows that the optical geometry is a semi infinite cylinder.
Even though this solution is not regular at the centre it has some interest
as a limiting solution as discussed in Paper III. Below it is also shown
that the solution can be matched to regular centre solutions to obtain
models whose optical geometries contain a region which is a cylinder, and
thus have a continuous one parameter family of closed lightlike orbits.

3.8.4 Cut and paste solutions

As we have seen, the stiff fluid Tolman type V solution has an unbounded
number of closed null orbits. This model is not regular at the centre
however, so it would be interesting to match it to some regular core
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solution. The simplest choice is of course to try with a constant density
core. This turns out to actually work, giving us a one parameter set of
equations of state with exact solutions and infinitely many closed null
orbits. The EOS is the following:

ρ =







p+ ρ1 p ≤ pt

ρ0 p > pt

The matching at the phase transition gives the following conditions para-
metrized by x := pc/pt,

pc
ρ0

=
x

Υ(x)− 2
, (3.90)

pt
ρ0

=
1

Υ(x)− 2
, (3.91)

ρ1
ρ0

=
(Υ(x)− 5)

2(Υ(x)− 2)
, (3.92)

where Υ(x) =
√

4 + 3x(x− 2). The central density can be chosen ar-
bitrarily and corresponds to the choice of units. All these models have
the compactness β = 1/3 which is clear from the fact that the optical
geometry in the outer region is a cylinder. The dominant energy condi-
tion gives the restriction x ≥ 5 which corresponds to the model with the
“longest” neck that respects this condition. The optical geometry and
the corresponding potential is shown in figures 3.5. The condition that
the inner geometry can be made a half sphere and hence matched to the
stiff fluid corresponds to x ≥ 2.

The procedure can be continued by adding a third layer with constant
density. One then finds a three parameter set of equations of state, all
with exact solutions and closed light rays. These can be made to have
a large tenuity R/M > 5. How large this ratio can be made and still
allowing the object to be ultracompact is to the best of the authors
knowledge not known for general EOS.

3.9 Does ultracompact neutron stars exist in Nature?

So, do ultracompact stars exist in Nature or are they just theoretical con-
structions? Over the years several authors have been trying to answer
this and similar questions using the knowledge of the equation of state
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Figure 3.5. The optical geometry of a composite model with a con-

stant energy density core and a stiff fluid shell. The model is deter-

mined by the condition x = 5.

at low densities. The first such attempt appear to have been the pa-
per by Rhoades and Ruffini[93] who estimated that the maximum mass
allowable for a neutron star is about 3.2 M¯. In the aforementioned pa-
per by Iyer et al. stellar configurations with R < 3M was systematically
searched for. Although non of the proposed equations of state published
at that time supported such compact stars they concluded that a smooth
hypothetical phase transition to a linear equation of state at some pres-
sure could stabilise the star so that R < 3M is allowed. More recently,
Lattimer et al.[94] showed that for a compression modulus K < 150 MeV
and nt/ns ≤ 6 the following limits on the mass and radius are obtained

Mmax

M¯

' 4.1

(

ns
nt

)1/2

, Rmax ' 18.5

(

ns
nt

)1/2

km, (3.93)

where ns ' 0.16 fm−3 is the number density of nuclear matter and nt is
the number density to which one is certain about the equation of state.
These relations imply

R ≤ 3.054M (3.94)

Thus, this result seem to rule out ultracompact stars according to def-
inition A. However this does not say anything about the existence of



General Relativity

interior necks or trapped gravitational waves. In fact, neutron stars may
still be ultracompact according to any of the definitions B-E. To settle
this question a large number of equations of state were tested for stable
models with interior necks in their optical geometry. In particular the
equations of state presented by Arnett and Bowers[95]1 in addition to a
few more modern examples were examined. When all was said and done
only one (still; there was one!) example was found with interior neck.
Notably, this was the equation of state described in chapter 2, namely
the A18-δv-UIX model of Akmal, Pandharipande and Ravenhall (APR)
[50]. As mentioned, this equation of state is non-causal at high densities,
but it turned out that matching smoothly a linear continuation at the
point where the sound speed reached the speed of light did not change
the ultracompactness according to definition C. The optical geometry
of a stable causal ultracompact model is shown in figure 3.6. It should
perhaps be noted that the pit in the corresponding potential is very shal-
low so that trapping of gravitational waves is not likely to occur for this
model.

Figure 3.6. The optical geometry for a neutron star model described

by the APR equation of state with pc =1.5×1036dyn/cm2. The neck

can at least be hinted.

1The author is grateful to Nils Andersson for providing tables of these, as well as
other, equations of state.



Chapter 4

Killing Tensors and Integrable

Systems

The mathematical sciences particularly exhibit order, symmetry, and lim-

itation; and these are the greatest forms of the beautiful. – Aristotle
(384-322 BC) Metaphysica

This chapter has a slightly different flavour than the rest of the thesis.
It is essentially mathematical in nature and serves as a motivation of the
inclusion of paper IV. Rather than explaining the technical details of that
paper I will try to put it in perspective and give examples of situations
where the concept of Killing tensors may prove useful. In particular,
emphasis will be put on issues related to stellar models.

It should be mentioned that Paper IV deals with positive definite
metrics, whereas stellar models are associated with the indefinite case.
Therefore the results of Paper IV cannot be straightforwardly used to find
exact solutions corresponding to stellar models. However, the methods
in both cases are similar so lessons learnt in one case provide important
clues to the other.

4.1 Symmetries and Killing tensors

Killing tensors arise naturally in Hamiltonian problems where the Hamil-
tonian consist of a simple kinetic term homogeneous in the momenta

H =
1

2
gαβpαpβ, (4.1)

where gαβ is a function of the phase space coordinates qα and can clearly
be chosen to be symmetric in the indices without loss of generality. The
archetypal system of this type is the geodesic Hamiltonian discussed in
section 3.5, in which case the gαβ is the inverse spacetime metric thus
explaining the notation.
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In order to obtain solutions to the corresponding equations of motion
it is useful to look for constants of the motion, or phase space invariants,

dI

dt
= {H, I} = 0 (4.2)

where t is the orbit parameter, usually referred to as the time.
A natural first ansatz for the form of the invariant is a polynomial in

the momenta

I = K0 +Kα
1 pα +Kαβ

2 pαpβ + · · · (4.3)

Again, it is clear that the K’s can be chosen to be symmetric tensors
on the phase space. Moreover, since the Hamiltonian is homogeneous in
the momenta, each term must separately be an invariant. It is therefore
sufficient, under the ansatz (4.3), to look for homogeneous invariants of
the form

I = Kα1···αmpα1
· · · pαm

. (4.4)

Plugging this ansatz into the equation (4.2) we find the covariant equa-
tion

∇(βKα1···αm) = 0 (4.5)

known as the Killing tensor equation for the corresponding Killing tensor.
An important sub case is the Killing vector equation

∇(βKα) = 0 (4.6)

Such vectors generate isometries of the metric, i.e.

LKgαβ = 0 (4.7)

which is not the case for general Killing tensors. However Killing tensors
may still be used to find hidden symmetries of certain spacetimes using
the tool of Jacobi geometrisation, which we turn to next.

4.2 Jacobi geometrisation

Most physically interesting system are not naturally described by a ho-
mogeneous Hamiltonian of the form (4.1). However, if one simply adds
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a potential function of the coordinates V (qα) to the Hamiltonian a large
class of systems is included. Thus consider a Hamiltonian of the classical
type

H = T + V =
1

2
gαβpαpβ + V (qα) (4.8)

Note that the time does not appear explicitly in this Hamiltonian. The
absence of explicit dependence on t implies that the Hamiltonian is con-
strained to a constant value, referred to as the energy E of the system.
For the applications considered below this energy is actually zero, which
simplifies the discussion as we shall see. A non-zero energy does, how-
ever, not impose any principal difficulties but this will not be treated
here. In fact there are no formal problems with time-dependent Hamil-
tonians either since one can always find an equivalent time-independent
setting at the cost of introducing two extra phase space dimensions.

The standard practice to solve Hamilton’s equations is to make canon-
ical transformation to a new set of coordinates and momenta Qα(qα, pα)
and Pα(q

α, pα) where the new coordinates are cyclic thereby trivialising
the equations of motion. A less used technique is to change the time t to
a suitable new time tN according to

dt = N (qα, pα)dtN (4.9)

where N , appropriately referred to as a lapse function, via Hamilton’s
equations is a function of t. To find out how such a transformation
changes the Hamiltonian we observe that the action Ldt must be pre-
served Ldt = LNdtN . Thus, after a Legendre transformation we find

HN = NH (4.10)

In order to understand how the dynamics of the new Hamiltonian is
related to the old one consider the time derivative of an arbitrary phase
space function f

df

dtN
= {HN , f} = {NH, f} = N{H, f}+ {N , f}H (4.11)

= N df

dt
+ {N , f}E, (4.12)

where the derivative property of the Poisson bracket was used and the
energy constraint was inserted in the last equality. Clearly, if the original
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Hamiltonian is constrained to the zero energy surface the two Hamiltoni-
ans have the same dynamics but with different parameterizations. Thus
setting E = 0, making the choice of lapse

N = NJ := (2|V |)−1 (4.13)

and subtracting an irrelevant constant we arrive at a completely geodesic
Hamiltonian

HN =
1

2
Jαβpαpβ, Jαβ = (4|V |)−1gαβ (4.14)

whose dynamics coincides with the original one constrained to the zero
energy surface. The corresponding metric

Jαβ = 2|V |gαβ, (4.15)

called the Jacobi metric is explicitly conformally related to the original
metric. Thus we may use Killing tensors of this metric to construct
invariants of the original Hamiltonian.

4.3 Hamilton formulation of Einstein’s equations for

static spherically symmetric stellar models

Many interesting problems in General Relativity may be brought to the
form (4.8). In this section we will briefly sketch the procedure of obtain-
ing the Hamiltonian and using Killing tensors to find exact solutions to
Einstein’s equations corresponding to perfect fluid stellar models. For
interesting applications to cosmology the reader is referred to the com-
prehensive paper [96]. The presentation closely follows [97] with the
notation slightly changed to conform with the rest of the thesis.

The starting point is the standard ADM Hamiltonian[55], but with
the role of time taken by a general radial coordinate,

H = −2|g|1/2nanb(Gab − κTab), (4.16)

where g is the determinant of the metric and na is a radially directed
unit vector field. The Hamiltonian is clearly constrained to zero by the
Einstein equations. Next, we use the forms of the Einstein tensor (3.11)
and energy momentum tensor (3.13) to find

H = −4r|j|1/2
[

−rarbDaDbr +DaDar − m

r2
− 1

2
κrpr

]

, (4.17)
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where m is given by equation (3.12). Note that this expression is valid
for any spherically symmetric spacetime and that no particular matter
type has been specified yet. Specialising to the static case we write the
two-metric in an arbitrary radial gauge according to

jabdx
adxb = −e2νdt2 +N 2dx2, (4.18)

where ν and N are functions of x and the relation to Schwarzschild
coordinates is Ndx = eλdr. In terms of the Misner variables given by

β0 = 1
3
(2 ln(r) + ν) r = eβ

0+β+

(4.19)

β+ = 1
3
(ln(r)− ν) ν = β0 − 2β+ (4.20)

the kinetic part of the Hamiltonian becomes diagonal. Moreover, the
particular radial gauge choice

N = NT = 12e3β
0

, (4.21)

referred to as the Taub radial gauge, makes the kinetic term explicitly
flat. The Hamiltonian is then given by

H =
1

2
(−p02 + p+

2) + 24e4β
0−2β+

+ 24κe6β
0

pr(β
0, β+). (4.22)

This is clearly a Hamiltonian of the required form (4.8). There is still
work to do since we do not know how to treat variations of the radial
pressure function. Note that we have so far not specified which type of
matter we are considering. It is natural to expect that the conservation
of the energy momentum tensor is going to constrain the variations of
the pressure function. Without assuming any specific matter type we
find

β0,x

(

∂pr
∂β0

+ ρ+ 3pr − 2pt

)

+ β+,x

(

∂pr
∂β+

− 2(ρ+ pr)

)

= 0 (4.23)

We shall not pursue the general case further here although it would be
interesting to attempt to find a Hamilton formulation for more general
types of matter than perfect fluids, e.g. elastic ones.

Thus, considering only perfect fluids, we set pt = pr = p to find the
relations

∂p

∂β0
= −(p+ ρ),

∂p

∂β+
= 2(p+ ρ) (4.24)
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which together imply that p must be a function of ν = β0 − 2β+. This
should not come as a surprise since the conservation equation (3.27)
reduces to

dp

dν
= −(ρ+ p) (4.25)

for perfect fluids. Now it is clear that given an equation of state equation
(4.25) can be integrated to yield the pressure function. For a large class
the quadrature may be performed explicitly. An important example is
provided by the fairly general equation of state already mentioned in
chapter 2,

ρ = (η − 1)p+ kpΓ, (4.26)

which leads to a pressure function of the form

p(ν) =
[

η−1(e(1−Γ)ην − k)
]1/1−Γ

, (Γ 6= 1). (4.27)

As mentioned, this class of EOS contains relativistic as well as classical
polytropes, linear and constant density equations of state and is therefore
highly relevant for discussions of neutron stars.

We are now at the point where we can use the Jacobi geometrisation
scheme to obtain the Jacobi metric. Since the Hamiltonian (4.16) is
constrained to a zero value by Einstein’s equations we have,

Jab = 2|V |ηab, (4.28)

where η is the two-dimensional Minkowski metric and the potential reads

V = 24e4β
0−2β+

+ 24κe6β
0

p(ν) (4.29)

In order to find Killing tensors of the metric (4.28) it is convenient to
introduce null variables according to

w = β0 + β+, v = β0 − β+, ν = 1
2
(−w + 3v) (4.30)

which leads to the potential

V = 24ew+3v + 24κe3(w+v)p(ν) (4.31)

A simple rescaling by a numerical factor allows us to write the Jacobi
line element as

ds2J = −2Gdwdv, G = ew+3v + κe3(w+v)p(ν) (4.32)
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The goal is now to solve the Killing tensor equations for this metric and
hence find invariants to the original Hamiltonian. The second rank case
was treated by Rosquist and Uggla [98] who found that the integrability
condition turned out to be a linear second order PDE in the conformal
factor G. This equation could be solved using an appropriate choice of
the null coordinates. In summary a second rank Killing tensor exists iff
one of the following conditions hold:

G,WW = 0 or G,V V = 0, null Killing tensor, linear decoupling

G,WW −G,V V = 0, non-null Killing tensor, Hamilton-Jacobi sep.

G,WW +G,V V = 0, non-null Killing tensor, complex decoupling

These results were successfully used by Rosquist[97] to find SSS solutions
to Einstein’s equations. In addition to rederiving a substantial number of
known solutions, a new, physically very interesting, solution was found,
see [99] for details.

The third rank case was treated by Karlovini and Rosquist [100] where
they found that any third rank Killing tensor may be uniquely charac-
terised by a real conformal Killing vector. The integrability condition is
however non-linear in this case and the general solution seems hard to
find. The fourth rank case was investigated by the present author [101].
Again the integrability condition turned out to be non-linear. To the
author’s knowledge no Killing tensors of higher rank than two has been
found that correspond to stellar models.
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