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Abstract

There is very strong evidence that ordinary matter in the Universe is
outweighed by almost ten times as much so-called dark matter. Dark
matter does neither emit nor absorb light and we do not know what it is.
One of the theoretically favoured candidates is a so-called neutralino from
the supersymmetric extension of the Standard Model of particle physics.

A theoretical calculation of the expected cosmic neutralino density
must include the so-called coannihilations. Coannihilations are particle
processes in the early Universe with any two supersymmetric particles
in the initial state and any two Standard Model particles in the final
state. In this thesis we discuss the importance of these processes for
the calculation of the relic density. We will go through some details in
the calculation of coannihilations with one or two so-called sfermions in
the initial state. This includes a discussion of Feynman diagrams with
clashing arrows, a calculation of colour factors and a discussion of ghosts
in non-Abelian field theory.

Supersymmetric models contain a large number of free parameters on
which the masses and couplings depend. The requirement, that the pre-
dicted density of cosmic neutralinos must agree with the density observed
for the unknown dark matter, will constrain the parameters. Other con-
straints come from experiments which are not related to cosmology. For
instance, the supersymmetric loop contribution to the rare b → sγ decay
should agree with the measured branching fraction. The principles of the
calculation of the rare decay are discussed in this thesis. Also on-going
and planned searches for cosmic neutralinos can constrain the parame-
ters. In one of the accompanying papers in the thesis we compare the
detection prospects for several current and future searches for neutralino
dark matter.
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Chapter 1

Overview

The subject of this thesis falls within the framework of astroparticle
physics. Astroparticle physics considers particle physics phenomena of
importance for cosmology. It combines the very small with the very large
by considering the interplay between elementary particles and the gen-
eral history and large scale structure and kinematics of the Universe.
This thesis deals with the so-called supersymmetric dark matter. Super-
symmetric particles are elementary particles predicted by the theory of
supersymmetry for which we still do not have any experimental evidence.
Dark matter is one of the biggest puzzles of modern cosmology. Dark
matter does neither emit nor absorb light, but there are other strong in-
dications of its existence. It is unknown what this dark matter is, but
one of the theoretically favoured candidates is a population of a super-
symmetric particle. Our interest here will be the theoretical aspects of
the phenomenology of supersymmetric dark matter. If supersymmetric
dark matter exists, it must be a relic from the big bang. We have to
understand the particle processes in the early Universe in order to make
a theoretical prediction of the present amount of the supersymmetric par-
ticles. These cosmic relics will still today occasionally interact with each
other or with ordinary matter. It is possible to make theoretical predic-
tions of how sensitive astroparticle detectors should be to find evidence
for these interactions.

We will mention some of the cosmological evidence for dark matter in
section 1.1 and we will give an introduction to supersymmetry in section
1.2. In the remaining part of the chapter we give a summary of some of
the aspects of supersymmetric dark matter which are covered by the the-
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2 Chapter 1. Overview

sis and the accompanying papers. In section 1.3 we briefly discuss Paper
III which describes the DarkSUSY computer package, that we have devel-
oped for the numerical calculations of theoretical predictions. In sections
1.4 we review Paper I on the relic density of supersymmetric dark mat-
ter. It is here calculated within the supersymmetric model called minimal
supergravity and the calculation includes all so-called coannihilation pro-
cesses in the early Universe. In section 1.5 we discuss the work done in
Paper II. This paper compare the possibilities for different astroparticle
detectors to detect the cosmic relics of a minimal supergravity model.
The discussion of the three papers will also contain references to the rest
of the thesis. In this thesis we will go through some of the aspects of the
papers in more detail.

1.1 Dark matter density from cosmology

For many years there has been compelling evidence that luminous mat-
ter only makes up a small fraction of all matter in the Universe. The
observed rotation curves of galaxies were compared with the rotation in-
ferred from Kepler’s third law and the estimated mass of the luminous
galaxy. Around ten times as much mass was needed to explain the obser-
vations. This missing mass was called dark matter, but the studies of the
rotation curves did not give any hint of the nature of the dark matter. The
picture of a large component of missing mass has been confirmed in the
recent years by various cosmological observations. This has even revealed
that the main part of the dark matter cannot be ordinary matter. Also,
most of the missing mass is cold dark matter. The word cold means that
these particles were non-relativistic at the time where structures began to
form in the Universe. Even more surprisingly, cosmological observations
have revealed that an even larger part of the energy in the Universe is
something which has a negative pressure. This component is called dark
energy. The fact that this component is so large today causes a present
acceleration of the expansion of the Universe. It also suggests an acceler-
ating and never-ending expansion of the Universe, [23]. There are many
different cosmological observation methods which probe the mass/energy
density in the Universe. Many of these methods are complementary to
each other. Combining the data of these observations has led to a concor-
dance model where around 70% of the total energy is dark energy, around
30% is cold dark matter and only a few percent is baryonic (i.e. ordinary)
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matter of which some is luminous and some is dark. Before we give the
exact values from one of the recent analyses, let us introduce the notation
which is used for densities in cosmology.

The Universe is assumed to be homogeneous on large scales. Densities
are therefore given as universal average values. The matter density is
stated in terms of a dimensionless quantity, ΩM , by dividing it by the
so-called critical density, i.e.

ΩM ≡ ρM,0

ρcrit,0
≡ ρM,0

3H2
0

8πG

(1.1)

where G is the constant of gravitation. H is the expansion rate of the
Universe and is called the Hubble parameter. The index “0” is used to
denote the present values. As the exact value of H0 is unknown it is
customary to parameterize it in terms of a dimensionless parameter h:
H0 ≡ 100h km s−1 Mpc−1 (where mega parsec (Mpc) is an astronomical
unit of length). The matter density includes all kinds of matter; ordinary
matter and cold dark matter. Matter is characterized by being pressure-
less. Beside ΩM we should also define ΩΛ ≡ ρX,0/ρcrit,0 as the density
corresponding to some component with an equation of state which differs
from that of matter. The equation of state is p = wρ, where p is the
pressure. The dark energy, with density ΩΛ, might have a w which varies
with time or w might be constant as it will be if the dark energy is
the vacuum energy. In the latter case we have 8πGρ = Λ, where Λ is
the cosmological constant and we have wΛ = −1. Finally, let us also
introduce a dimensionless quantity associated with the geometry of the
Universe: ΩK ≡ −k/(a2

0H
2
0 ). Here a is the scale factor of the Universe

(H(t) = ȧ(t)/a(t)) and k is the curvature parameter. The value of k is
1, 0 or -1 when the space is positively curved, flat or negatively curved
respectively. We have introduced three densities, but there are only two
independent densities. The Friedmann equation implies that (see e.g. [3])

ΩM + ΩΛ + ΩK = 1

Let us finally state the values for the energy and matter densities
in the Universe as found in one of the recent joint analysis of different
cosmological observations. The analysis in reference [28] combines the
result from e.g. the cosmic microwave background radiation, supernova
observations, large scale structure and galaxy surveys. The results dif-
fers somewhat depending on which information they combine and what
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theoretical priors they have. One set of results is: ΩΛ = 0.660 +0.080
−0.097 , a

cold dark matter density ΩCDMh2 = 0.103 +0.020
−0.022 and a baryonic density

ΩBh2 = 0.0238 +0.0036
−0.0026 and Ωtot ≡ 1 − ΩK = 1.056 +0.045

−0.045 . In this thesis
we are concerned about supersymmetric particles as a candidate for the
cold dark matter.

1.2 Supersymmetry

In this section we will give an introduction to supersymmetry. We will
focus on the elements of the theory which are of importance for super-
symmetric dark matter in general and for this thesis in particular. This
section is in no way meant to be a complete introduction to supersym-
metry. For a review of supersymmetry see e.g. [18], [22] and [2].

The Standard Model of particle physics (hereafter just called the Stan-
dard Model or SM) describes the interactions of the elementary particles.
Most aspects of the SM have been successfully experimentally tested. On
the theoretical side, the Standard Model suffers from what is called the
naturalness- or hierarchy problem. The SM, or its embedding in a grand
unified theory, consists of two energy scales: the electroweak scale of the
order of 100 GeV, where the electroweak symmetry is broken by the Higgs
mechanism and a grand unified scale of order 1016 GeV where the elec-
troweak and the strong interactions are thought to have been unified.
The problem is that this hierarchy between the two scales is destroyed by
radiative corrections to the Higgs mass unless these quadratic divergent
loop corrections are fine-tuned. The required fine-tuning is thought to be
unnatural. It is therefore expected, that new physics is needed to solve
the hierarchy problem. This physics should reveal itself at the weak scale.
Particle accelerator experiments at the low end of the weak scale have not
yet seen signs of new physics, but it is certainly expected to happen when
the powerful Large Hadron Collider (LHC) will be turned on at CERN.

Supersymmetry (SUSY) is at present the favorite guess of new physics.
Supersymmetry is a continuous symmetry between fermionic and bosonic
fields, i.e. between fields of half-integer and integer spin. It is possible to
make a supersymmetric extension of the SM, i.e. to make the SM La-
grangian invariant under supersymmetry transformations, but it requires
the introduction of a number of new elementary fields. The bosonic SM
fields get new fermionic partners and vice versa. This solves the hier-
archy problem. In addition to the quadratic divergent self-energy loop
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of the Higgs boson there is a loop correction to the Higgs mass from its
fermionic partner. The contributions cancel each other due to the minus
sign associated with fermionic loops.

1.2.1 Supersymmetric particles

As is common in studies of supersymmetry phenomenology we will only
consider the minimal supersymmetric extension of the Standard Model,
the MSSM. This is a type N = 1 supersymmetry as there is just one
SUSY generator. Also, it is required that only the minimal number of
new fields should be introduced. It can be shown that the SM fields
cannot be the supersymmetric partners of each other. For each bosonic
degree of freedom in the Standard Model one must introduce a fermionic
degree of freedom and vice versa. Except for the difference in spin, a
SM field and its superpartner have the exact same values of all quantum
numbers. They even have the same mass. A mass difference will be
introduced when supersymmetry is broken as discussed in section 1.2.2.

Fermions and sfermions

The fermions in the Standard Model are the quarks and the leptons (the
electron, the muon, the tau and the three neutrinos). They are spin 1/2
fields described by Dirac four-spinors. To match these fermionic degrees
of freedom we have to introduce two complex scalars as supersymmetric
partners of each fermion, except for the massless neutrinos which will
only have one complex scalar partner each. The nomenclature for super-
partners of SM fermions is the fermion name plus a prefix s. The particle
symbol is the fermion symbol with a tilde on top of it.

sfermions f̃

squarks q̃ sleptons l̃

s-up ũL ũR

s-down d̃L d̃R

s-charm c̃L c̃R

s-strange s̃L s̃R

stop t̃L t̃R
sbottom b̃L b̃R

sneutrino ν̃e,L

selectron ẽL ẽR

sneutrino ν̃µ,L

smuon µ̃L µ̃R

sneutrino ν̃τ,L

stau τ̃L τ̃R
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We have here listed the interaction eigenstates, namely the partners
of the left- and right-handed fermions. The sfermions are scalars, so L
and R only refer to the handedness of their fermionic superpartners. The
sfermion mass eigenstates will be some linear combination of the inter-
action eigenstates. So we have two complex selectron mass eigenstates
ẽ1 and ẽ2, one complex electron sneutrino ν̃e,1 and so on. In the most
general case, a given charged slepton mass eigenstates will be a linear
combination of all the charged slepton interaction eigenstates. Similarly,
the three “left-handed” sneutrino states might mix to form three mass
eigenstates. Also the six up-type squarks mix, as well as the six down-
type squarks. We will sometimes use the notation f̃i (i = 1, 2) to denote
the mass eigenstates of any sfermion. We will write f̃ui

and f̃di
whenever

it is important to distinguish between up-type sfermions (ũ, c̃, t̃, ν̃) and
down-type sfermions (d̃, s̃, b̃, ẽ, µ̃, τ̃ ).

Bosons and neutralinos/charginos/gluinos

The bosons of the Standard Model are the scalar Higgs boson and the
vector gauge bosons. From theoretical considerations the Higgs sector
of the minimal supersymmetric extension of the Standard Model has to
be extended from one SU(2) doublet to two doublets. The electroweak
symmetry is spontaneously broken when the two neutral components of
the Higgs doublets acquire non-vanishing vacuum expectation values v1

and v2. The sum v2
1 + v2

2 ≡ v is related to the mass of the W boson by
m2

W = g2v2/2, where g is the coupling constant of SU(2). It is common
practice to introduce a parameter, tan β, as the ratio of the expectation
values.

tan β ≡ v2

v1
(1.2)

The masses of the charged leptons and the down-type quarks are
related to v1, while the masses of the up-type quarks are related to v2.
The scalar fields of the two complex Higgs doublets combine into three
Goldstone bosons and five physical Higgs scalars. There is one charged
and one neutral real Goldstone boson. These give the masses to the gauge
bosons of SU(2)×U(1). The physical Higgs scalars are one charged scalar,
H± (with charge ±1), and three neutral real scalars. One of the neutral
scalars is a CP-odd pseudoscalar. We will denote it by H0

3 , but it is also
sometimes denoted by A. The two other neutral Higgs’s are CP-even.
We denote them H0

1 and H0
2 , but they are also known as H and h. When
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we speak of the Standard Model scalars we will implicitly refer to these
five physical Higgs bosons even though they are an extension of the SM
Higgs sector.

The nomenclature for fermionic superpartners of SM bosons is the
boson name with the suffix changed to ino. The Higgsino interaction
eigenstates are1 two neutral spin half Majorana spinors, H̃0

1 and H̃0
2 and

one charged Dirac spinor, H̃±. The Higgsinos mix with the superpartners
of the gauge bosons of SU(2)×U(1) to form neutral mass eigenstates,
called neutralinos, and charged mass eigenstates called charginos.

The charged gauge bosons of SU(2) are the W±
µ = (W1,µ∓iW 2,µ)/

√
2.

The superpartner of Wi,µ (i = 1, 2) are Majorana spinors, Λi, from which
we can form the Dirac spinors W̃± = (Λ1 ∓ iΛ2)/

√
2. These are called

the charged winos, following the same nomenclature as the Higgsinos. In
the general case, the charged Higgsino and wino mix to form the mass
eigenstates. These two new Dirac spinors are called charginos.

Charginos : χ±
1 , χ±

2

The neutral gauge bosons of SU(2)×U(1) are the photon field Aµ and
the Z boson. These are the mass eigenstates obtained from the mixing
of W3,µ and Bµ. The superpartners are the Majorana spinors W̃3 and B̃.
The mass matrix of W̃3, B̃, H̃0

1 and H̃0
2 is diagonalized to give four mass

eigenstates, called neutralinos.

Neutralinos : χ0
i = Ni1B̃ + Ni2W̃3 + Ni3H̃

0
1 + Ni4H̃

0
2 i = 1, 2, 3, 4

The four neutralinos are spin 1/2 Majorana spinors, i.e. each of them
is its own anti-particle. N is the mixing matrix and it is used to define
the gaugino fraction, Zi

g, of neutralino i.

Zi
g = |Ni1|2 + |Ni2|2

A neutralino is called Higgsino-like if Zi
g < 0.01, mixed if 0.01 ≤ Zi

g ≤ 0.99
and gaugino-like if Zi

g > 0.99. If it is gaugino-like then it might even be
called bino-like or wino-like if one of the components dominates.

1The notation is a bit misleading here. H̃0
1 is not transformed into H0

1 by a su-
persymmetry transformation and neither are any of the other Higgsinos transformed
into the physical Higgs bosons. The Higgsinos are transformed into the components of
the Higgs doublets, and it is some special linear combinations of these which give the
physical scalars and the Goldstone bosons.
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Finally, the eight gluon vector fields of SU(3) have eight spin 1/2
Majorana superpartners:

gluinos : g̃a a = 1, . . . , 8

1.2.2 Soft breaking

As have been mentioned, the superpartners inherit the mass and quan-
tum numbers of the SM particles. Only the spin differs. If supersymmetry
describes the world, then we should long ago have detected some of the
superpartners at the particle accelerators. Supersymmetry must there-
fore be broken at an energy which is higher than the energies probed by
the accelerators. Supersymmetry must be broken by a mechanism that
makes the superpartners more heavy than the SM particles. Another re-
quirement is that the model solves the hierarchy problem even after the
breakdown of SUSY. This requirement is known as soft supersymmetry
breaking. In practice it means that the mass splitting between the Higgs’s
and the Higgsinos should be no larger than O(1TeV). This means that the
mass of the Higgsinos themselves should be of this order. We therefore
expect to see signs of the new physics at weak scale energies.

It is common to assume that supersymmetry is broken in an explicit
manner rather than by a spontaneous breakdown. Heavy superpartners
are obtained in the former case while this is not always so in the latter
case. Only a limited number of explicit but softly breaking terms exist.
As long as we do not know what the actual breaking mechanism is we
will have to introduce all of them in the Lagrangian. The breaking terms
are collected in the so-called soft supersymmetry breaking potential:

Vsoft = εij

(

− ẽ∗RAEYE l̃iLHj
1 − d̃∗

RADYDq̃i
LHj

1 + ũ∗
RAUYU q̃i

LHj
2

−BµH i
1H

j
2 + h.c.

)

+ H i∗
1 m2

1H
i
1 + H i∗

2 m2
2H

i
2

+q̃i∗
L M2

Qq̃i
L + l̃i∗L M2

Ll̃iL + ũ∗
RM2

U ũR + d̃∗
RM2

Dd̃R + ẽ∗RM2
E ẽR

+
1

2
M1B̃B̃ +

1

2
M2

(

W̃ 3W̃ 3 + 2W̃+W̃−
)

+
1

2
M3g̃g̃. (1.3)

Here i and j are SU(2) indices and ε12 = +1. In the sfermion sector
there is an implicit summation over family indices. ẽ∗R, l̃iL, d̃∗

R, ũ∗
R and

q̃i
L are three component vectors, in family space, with the scalar partners

of the left handed charged anti-leptons (which is identical to the complex
conjugate of the partners of the right handed charged leptons), the left
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handed leptons, the left handed anti-down-type quarks, the left handed
anti-up-type quarks and the left handed quarks respectively. There are
three kinds of matrices in family space. The Yukawa couplings Y, the soft
trilinear scalar couplings A and the soft sfermion masses M. We see that
the soft supersymmetry breaking potential contains mass terms for the
scalars (sfermions and Higgs’s) and for the gauginos and it also contains
trilinear scalar couplings and terms bilinear in the Higgs fields. The soft
supersymmetry breaking potential introduces a lot of new parameters. In
total, the MSSM now contains well above 50 free parameters. This is far
too many for numerical analyses, and one therefore tries to make some
reasonable assumptions which reduce the number of free parameters by
relating some of the parameters to each other or by assuming that some
of them vanish.

1.2.3 R-parity and the LSP

It is common to assume that supersymmetric models should obey so-
called R-parity, which is defined as

R = (−1)3B+L+2S

where B is the baryon number, L the lepton number and S the spin.
R-parity is put in by hand and it forbids some extra terms in the MSSM
which would otherwise violate either lepton- or baryon number symmetry.
Some of these terms would even result in a proton decay rate larger than
the experimental limit.

From the definition of R-parity it follows that all Standard Model
particles are R-even while their superpartners are R-odd.

R(SM field) = 1 R(Superpartner) = −1

Because R-parity is a discrete symmetry, the eigenvalues are multi-
plicatively conserved. Consequently, there must be an even number of
superpartners in any interaction. This has a very interesting consequence
for cosmology. A supersymmetric particle can only decay into another
supersymmetric particle plus a SM particle. Thus, the lightest supersym-
metric particle will be stable. We therefore expect to have a cosmic relic
of this particle from the particle production in the early Universe, and
we could hope that this could be a candidate for the cold dark matter.
The question is now which of the superpartners that is the lightest one.
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As we said in the previous section on soft breaking, the MSSM contains
a large number of free parameters. Some of these determine the masses
of the superpartners. We therefore cannot say for sure which of them is
the lightest. In large part of the parameter space it is, though, one of the
neutralinos which is the lightest supersymmetric particle. Furthermore,
neutralinos have properties which make them a viable cold dark matter
candidate. They are electrically neutral and they also do not have any
colour. Neutralinos therefore belong to the class of particles called weakly
interacting massive particles (WIMP), which are viable CDM candidates.
Their weak interaction explains why they have not been detected. Also
note that the weak coupling strength means that neutralinos do not form
bound states like atoms, but will traverse the Universe as individual par-
ticles. That they are massive means that they were non-relativistic at
the time when structures began to form in the Universe. This is what
is meant by the word cold in CDM. It is also a pleasant surprise that
it can be shown that the mass and coupling strength of WIMP’s are
just of the right order of magnitude to create a relic density of the order
ΩCDMh2 ∼ 0.1. Another thing which speaks in favour of a neutralino
as the lightest superpartner is that some of the other superpartners have
already been ruled out as CDM candidates as their existence in the Uni-
verse should already have been observationally verified. For all of these
reasons it is therefore usual to assume that the lightest neutralino is the
lightest superpartner, and thus to exclude the parts of the parameter
space that do not agree with this. It is common to use the acronym LSP
for the lightest supersymmetric particle. The lightest of the neutralinos
is often called the neutralino, and it is denoted χ0

1 or sometimes just χ0.
To conclude:

The LSP is stable,
and is assumed to be the neutralino χ0

1; a CDM candidate.

1.2.4 mSUGRA

So far we have considered the minimal supersymmetric extension of the
Standard Model. The supersymmetry in the MSSM is a global symme-
try, i.e. the group parameters are constant in space-time. In this section
we will discuss a minimal model of local supersymmetry. Local super-
symmetry implies gravity or rather supergravity. The gauge field of local
SUSY transformations is a massless spin 3/2 vector Majorana spinor, the
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gravitino, and its partner is the massless spin 2 graviton. Although super-
gravity includes all the know elementary forces it is not the final theory
of everything (TOE), because it is non-renormalizable. It is therefore
thought to be an effective theory derived from a high energy TOE.

We will here consider the model of minimal supergravity with the
acronym mSUGRA. It is a N = 1 local supersymmetric extension of
the SM with minimal field content. It assumes that supersymmetry is
broken spontaneously in a hidden sector. In the process of spontaneous
SUSY breakdown, the gravitino acquires a mass by “eating” a Goldstone
fermion. The SUSY breakdown is communicated by gravitational inter-
actions to the observable sector which consists of the SM fields and their
superpartners. As a consequence of this process, all scalars (sfermions and
Higgs’s) and all gauginos acquire a mass. In mSUGRA, all the scalars
become degenerate in mass and so do all the gauginos. (Prior to the
SUSY breakdown all particles are massless as this happens long before
the Higgs mechanism and the electroweak breakdown.) All the masses
are of the order of the gravitino mass, which is of the order of M2

S/mp.
Here MS is the energy scale where supersymmetry breaks down and mp

is the Planck scale. In realistic models, the gravitino mass and therefore
the mass splitting between SM particles and superpartners is O(1TeV).
Note that this means that supergravity effects cannot be neglected at low
energies.

What does the action of the observable sector look like after the spon-
taneous breakdown of the local supersymmetry? The effective action of
mSUGRA has a very pleasant form. It is the action of the MSSM plus
the soft supersymmetry breaking potential in eq. (1.3). So effectively
seen it looks as a global supersymmetry which has been explicitly, but
softly, broken. As we mentioned above, mSUGRA puts constraints on the
soft supersymmetry breaking parameters. Not only are all scalar masses
and all gaugino masses unified at the SUSY breaking scale, also all the
trilinear couplings are unified. It should be emphasized that it is only
around the SUSY breaking scale that the different parameters within
each group (scalar masses, gaugino masses and trilinear couplings) are
unified. The masses and couplings of different particles evolve accord-
ingly to their renormalization group equation (RGE). The solution of the
RGE’s at a given energy scale depends on the unification values and on
the SM masses and couplings.

Minimal supergravity is, as we have seen, a very constrained model



12 Chapter 1. Overview

which effectively looks like the MSSM. It is therefore even called the con-
strained MSSM (cMSSM). It only has five free parameters, m0, m1/2, A0,
tan β and sign(µ). Here m0, m1/2 and A0 are the unification values of the
soft supersymmetry breaking scalar mass parameters, gaugino mass pa-
rameters and trilinear scalar coupling parameters respectively. The next
of the free parameters, tan β, denotes the ratio of the vacuum expecta-
tion value of the neutral components of the two Higgs doublets and was
defined in eq. (1.2). Finally, the sign of the Higgs superfield parameter µ
is also a free parameter. The parameter µ enters eq. (1.3) (and the pref-
actor B is related to A0 through the gravitino mass), and it also enters
the so-called superpotential2 W . The absolute value of µ follows from the
electroweak symmetry breaking. In mSUGRA, spontaneous breakdown
of the electroweak symmetry does not happen at tree level. Instead, ra-
diative corrections (like the top/stop loop) to the scalar potential drive
the squared Higgs mass negative.

1.3 Paper III and the DarkSUSY computer package

In this section we will give a very short introduction to the DarkSUSY

computer package and Paper III. The public available computer code
has been developed over several years by a number of authors: Paolo
Gondolo, Joakim Edsjö, Piero Ullio, Lars Bergström, Mia Schelke and
Edward Baltz. It can be used to make very accurate numerical calcula-
tions concerning neutralino dark matter. It calculates the relic neutralino
density for any given choice of parameter values. DarkSUSY also considers
the possibility of detecting the cosmic neutralinos. It calculates the cross
section for elastic scattering of the neutralino on detector material (direct
detection) and it calculates the flux of different particles produced by the
annihilation of relic neutralinos (indirect detection). Finally, DarkSUSY

can be used to check if a model agrees with the constraints coming from
supersymmetry searches that are not related to the cosmic neutralinos:
e.g. mass bounds derived from null result in the search for supersymme-
try at particle accelerators and bounds on new physics derived from rare

2The superpotential is given by

W = εij
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where theˆindicates a so-called superfield, which contains the SM field as well as the
superpartner.
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b-meson decays.

DarkSUSY calculations can be done in the MSSM or in mSUGRA
and the user of the program is free to choose the input values of the
supersymmetric parameters. A user-interface for the DarkSUSY code is
easily designed by the user, who can therefore design it in the way that is
most suitable for the analysis the user aims to do. The user might only
want to extract the neutralino density or a certain detection rate. The
user might prefer to make the calculations for just a few specific parameter
choices, or to make a large scan of certain parts of the parameter space. It
is also possible to create scanning programs that find points in parameter
space with specific properties, e.g. some particular value of the neutralino
density.

Paper III is a documentation for the DarkSUSY program. It focuses
on the underlying physics and astrophysics. The numerical implementa-
tion has often required analytic analysis of the physics or sophistication
of astrophysical models, as we wanted a more accurate treatment than
what was available in the literature. These developments are discussed
in the paper.

1.3.1 My contributions to DarkSUSY and Paper III

I was not in the DarkSUSY collaboration from the beginning, but I have
made large contributions to the code in the last few years. Most no-
tably, I completed the implementation of the so-called coannihilation
processes (for a general introduction to coannihilations see chapter 2). I
implemented the coannihilation of sfermions with neutralinos/charginos
as discussed in chapter 3, and the coannihilation of a sfermion and an
anti-sfermion with bosons in the final state as discussed in chapter 4. I
also made a completely new implementation of the theoretical calculation
of the rare b → sγ decay. This work was based on some recent calcula-
tions in the literature and is discussed in chapter 5. Of other things I
did can be mentioned that I implemented the update of the accelerator
bounds to the year 2002 of the Particle Data Group [19], and I checked a
number of vertex factors from the literature and converted them into the
DarkSUSY conventions. For Paper III I wrote the part concerning the
b → sγ decay and the list of coannihilations.
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1.4 Paper I on coannihilations and density

In this section we briefly discuss Paper I. In Paper I we made an analysis
of results obtained from the DarkSUSY code. We studied how the so-called
coannihilation processes affect the relic neutralino density. The work was
done within the framework of mSUGRA and all kinds of coannihilations
were included. Coannihilations are particle processes which have two
supersymmetric particles in the initial state and two Standard Model
particles in the final state. The particles in the initial state can be any
supersymmetric particles, e.g. two neutralinos, a stau and an anti-stau or
a stau and a neutralino. Coannihilations occurred in the early Universe
when the density of the particles was high and they were in thermal
equilibrium (and even some time after this). Coannihilation processes
affect the evolution of the neutralino density. Basically, if they are very
efficient then there will only be a small amount of neutralinos left at the
time when the neutralinos freeze out, i.e. at the time when the rate of the
particle processes falls below the Hubble expansion rate of the Universe.
In other words, the density and therefore the rate of the particle processes
is so low after freeze out that there is a constant co-moving neutralino
density (i.e. the density in a volume which expands at the same rate as
the Universe)3.

The above introduction to how coannihilations affect the neutralino
density was very simplified. In DarkSUSY we make a very accurate and
numerical calculation of the neutralino density. This is discussed in chap-
ter 2. There it is also discussed that the effect of coannihilations with
a given supersymmetric particle in the initial state is highly correlated
with the mass difference between that particle and the neutralino. The
coannihilation effect on the neutralino density increases when the relative
mass difference between the neutralino and the other particle decreases.
If no supersymmetric particles are sufficiently close in mass, then the
neutralino density is to a very good approximation determined by the
neutralino-neutralino annihilations. In mSUGRA there are five small re-
gions of parameter space where the relic neutralino density falls within
the limits allowed for the cold dark matter in the cosmological concor-

3Even today, two neutralinos will occasionally annihilate, thus giving us a chance
to verify their existence; see the discussion of Paper II in the next section. The rate
of these processes is so low that it does not affect the density. We do not have any
other coannihilations today as all the other supersymmetric particles have since long
decayed into the neutralino.



1.4. Paper I on coannihilations and density 15

dance model. These are called the bulk, the funnel, the focus point re-
gion, the stau coannihilation region and the stop coannihilation region.
Coannihilations with other supersymmetric particles than the neutralino
are important in the last three of these regions, and the coannihilations
even extend these regions. Paper I discusses each of these three regions.
As the name indicates, the most important coannihilations in the stau
coannihilation tail are those that involve the stau. Coannihilations with
stop particles in the initial state dominate the coannihilations in the stop
coannihilation region. Finally, in the high mass end of the focus point
region it is those coannihilations that involve the lightest chargino which
dominate. It should be pointed out, though, that even when there is
one kind of coannihilation processes which control the neutralino den-
sity, then other coannihilations might have a non-negligible effect too.
We have tested, that within mSUGRA (and for Ω(χ0)h2 < 0.3) one has
to include the coannihilations of supersymmetric particles less than 50%
heavier than the neutralino if one wants to obtain an accuracy on the
density of at least 1%. For the analysis in Paper I we have therefore
applied this mass-cut to all models, i.e. to all points in parameter space.

A number of other groups had already studied coannihilation effects
in mSUGRA, but our DarkSUSY results were more accurate than those of
previous analyses. Also, the majority of the previous papers focused just
on the stau coannihilation tail. We should emphasize that it is not just
the way that we include coannihilations (i.e. including all non-negligible
initial states and for these we include all final states) which gives Dark-

SUSY the very high accuracy in the prediction of the relic neutralino
density. We also solve the density evolution equation in a very accu-
rate way. E.g. we do not make any approximations in the calculation
of cross sections and we do an accurate thermal average of the cross
section times relative velocity and we solve the evolution equation very
accurately. The final accuracy on the neutralino density is estimated
to be at least 1%. For Paper I we therefore decided to plot our re-
sults for isolevel curves of Ω(χ0)h2. Fig. 1.1 shows one of the figures
from Paper I. This figure is from the stau coannihilation tail and the
bulk, since the tail is connected to the bulk for low neutralino masses.
In the figure to the left we see the effect of coannihilations as a func-
tion of the neutralino mass. This effect is shown as a relative difference
∆Ω/Ω ≡ (Ωχ, no coann −Ωχ, coann)/Ωχ, coann, where χ in this case denotes
the neutralino and “no coann” means that only neutralino-neutralino
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Figure 1.1: The figure shows isolevel curves of Ωχh2 in the bulk and stau
coannihilation tail (i.e. small m0). Three of the free mSUGRA parameters
have been fixed: tan β = 30, µ > 0 and A0 = 0. In the left-hand panel
we show the importance, ∆Ω/Ω, of including all coannihilations in the
density calculation. This is shown as a function of the neutralino mass.
In the right-hand panel we show the mass splitting between the lightest
neutralino and the lightest stau as a function of the neutralino mass. We
also indicate by arrows where the upper limit on the mass would be if
the density was calculated from the neutralino-neutralino annihilations
alone. The figure is taken from Paper I.

annihilations are included while “coann” means that all coannihilations
within the 50% mass-cut have been included. The curves have been ob-
tained by varying the m0 and m1/2 parameters and keeping the three
other free mSUGRA parameters fixed. We show a curve for four different
values of Ωχh2 ≡ Ωχ, coannh2. In the bulk, i.e. in the low mass end, the
coannihilations just have a small correctional effect on the density. On
the other hand, when we move into the stau coannihilation tail at higher
neutralino masses, then the coannihilations will completely control the
size of the relic neutralino density. The density can be off by as much
as 1000% if only the neutralino-neutralino annihilations are included in
the density calculation. In Paper I we also find that the similar effect
in the stop coannihilation region can be almost as high as 100000%. Let
us now turn to the plot to the right in fig. 1.1. It shows the same Ωχh2
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isolevel curves as in the left plot, but here they are plotted as functions of
the neutralino mass and the relative mass splitting between the lightest
stau and the neutralino (mτ̃ −mχ0)/mχ0 . We see that each isolevel curve
reaches an upper bound in the neutralino mass in the limit where the
lightest stau becomes degenerate with the neutralino. In the left corner
of the figure we have inserted for comparison the upper neutralino mass
bound in the bulk/tail for the case where only neutralino-neutralino an-
nihilations are included. (These mass bounds are not shown as functions
of the mass splitting.) These mass bounds are much lower than those
obtained by including coannihilations. In Paper I we also found that
coannihilations increase the upper mass bound on the neutralino in the
focus point region. The range of neutralino masses with cosmologically
interesting density is also extended in the case of the stop coannihilation
region, but here by a decrease of the lower mass limit. Finally, let us
compare the left and the right panel in fig. 1.1. We see that there is a
strong correlation between the error in density and the mass splitting.
When the mass splitting between the neutralino and the next-to-lightest
supersymmetric particle (the lightest stau in this case) is very small then
there is a very large difference between the neutralino density calculated
from neutralino-neutralino annihilations and the true density calculated
by including in principle all coannihilations.

1.4.1 My contributions to Paper I

My main contribution to the paper was that I implemented the amplitude
squared of a large number of coannihilations: all coannihilations with a
sfermion and a chargino or one of the neutralinos in the initial state, and
the coannihilations of a sfermion and an anti-sfermion with two Standard
Model bosons in the final state. This is now part of the DarkSUSY code.
For this work I also had to re-derive some vertex factors and convert them
to the DarkSUSY conventions. I participated in much of the analysis for
Paper I and I made a first version of a few figures. I also wrote part of
the text, created the table with all the coannihilation processes and went
through much of the literature on previous studies.

The main part of this thesis contains details of the work that I did
in connection with Paper I; details which were not discussed in the
paper. In chapter 3 we go through the derivation of the squared amplitude
for coannihilation of sfermions with neutralinos/charginos. Among other
things this includes a discussion of clashing arrows. The coannihilation of
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a sfermion and an anti-sfermion with bosons in the final state is the issue
of chapter 4. This includes a detailed calculation of colour factors, and
in order to obtain a numerical stable solution, we discuss different ways
to handle the final state of two gauge bosons, e.g. by the introduction of
ghosts or explicit polarization vectors.

1.5 Paper II on detection rates

Paper II considers the theoretical predictions for the detection rates of
cosmic neutralinos. If galactic neutralinos exist, they could in principle
be detected by both direct and indirect detection techniques. The aim of
this work was to compare the theoretical predictions with the sensitivity
of current and future detectors, and also to compare the prospects of
different detectors with each other. This is done for different regions
in the mSUGRA parameter space and for two different models of the
Milky Way halo. We have derived the density and velocity distribution
of these two halo models in a consistent framework. We only consider
mSUGRA models with a neutralino density in the tiny interval preferred
by cosmology, and only if these models also agree with other constraints
like that coming from the experimental measurement of the b → sγ decay;
chapter 5. We use the DarkSUSY package for all the calculations, so
in particular this means that we include all coannihilations in the relic
density calculation.

As neutralinos are weakly interacting particles they will travel through
the Universe as individual particles. They will even go straight through
massive bodies. At rare intervals they will interact with other material.
In direct detection one tries to measure the energy gained by elastic scat-
tering of galactic neutralinos on the detector material. All other detection
methods are called indirect detection since they aim to measure a flux of
particles produced by the infrequent annihilation of two neutralinos in
our galaxy today. Some of the annihilation products will have character-
istic spectral or angular features and once they are detected they could be
taken as evidence for the existence of relic neutralinos. It is for instance
predicted that there should be a signal of high energy neutrinos coming
from the center of the Earth or the Sun. Neutralinos will at rare intervals
scatter on the material in the Sun and Earth. After numerous scatterings,
the neutralino have lost so much energy that it can no longer escape the
Sun/Earth. Thus suggesting that there is an accumulation of neutralinos
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in the center of astronomical objects like the Sun and the Earth. Conse-
quently, the rate of neutralino annihilations within these objects will be
enhanced. Some of the annihilation products are high energy neutrinos
which can escape the Sun or the Earth. If the neutrino interacts with
the rock below a detector and creates a muon, then this muon can be de-
tected as an indirect evidence for the neutrino and the neutralino. Other
indirect detection methods search for neutralinos annihilating elsewhere
in the galaxy. Some detectors search for the expected continuous spectra
of positrons, antiprotons, antideuterons and photons. Finally, one of the
most prominent indirect signatures of supersymmetric dark matter is the
expected gamma ray line of energy equal to the mass of the neutralino.
It is produced in loop suppressed neutralino annihilations.

Direct and indirect detection projects are important even if they do
not find evidence for the relic neutralinos. They do instead exclude those
parts of the supersymmetric parameter space which result in a predicted
detection rate higher than the sensitivity of those detectors. One com-
plicating fact is however, that the detection rate does not only depend
on the supersymmetric parameters but also on other things, such as the
density profile and velocity distribution of the neutralinos in the galaxy.
Due to the gravitational attraction there will be an increased neutralino
density in galaxies compared to the rest of the Universe. They will form
a halo. The detailed density profile and velocity distribution of such a
halo is unknown. The choice of these will clearly affect the theoretical
predictions of the direct and indirect detection rates. For instance, a sin-
gular or clumpy halo profile will enhance some of the signals. The input
of unknown halo models is a potential problem but also a great possi-
bility. The search for galactic neutralinos can put some bounds on the
combination of supersymmetric parameters and halo models, but it can
be hard to get any stringent bound on them separately. The most fortu-
nate situation would be to discover a supersymmetric signal by a number
of techniques which are complementary to each other in such a way that
they can pin down one particular supersymmetric model independently
of the halo model. The discovery could then, as well, be used to select the
correct halo profile. In Paper II we consider two different possibilities
of halo density profile and velocity distribution.
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1.5.1 My contributions to Paper II

This work was the first in which we used my implementation of the the-
oretical prediction for the branching ratio of the rare b → sγ decay. This
implementation consists of about 3800 lines of Fortran code and the under-
lying physics is described in chapter 5. It is now a part of the DarkSUSY

package. In Paper II we applied the calculation to all the points in the
parameter space that we considered, and those points which did not agree
with the experimental value were excluded.

In collaboration with the other authors I wrote the user interface to
DarkSUSY which we needed for the work in Paper II. We had decided
to present the results for Ω(χ0)h2 isolevel curves within the tiny interval
favoured by cosmology. First step was therefore to scan the mSUGRA
parameter space in such a way that the points on the isolevel curves were
found. We decided to define that a point is on the curve if its density
is at most 1% different from the isolevel value. In principle what we
did was to first make some gross scans in the (m1/2,m0) plane which
spanned the density interval within which we wanted to pick the isolevel
curves. Then we compared the density in neighbouring points (keeping
one of the mass parameters fixed) to see if one of our isolevel curves
was in between the two points. If this was the case then we cut the
interval in two and calculated the density in the point at the cut. We
then checked if the isolevel curve was in the first or the second interval,
cut that interval in two and so on until we had found the point on the
isolevel curve. Unfortunately, this method only works in principle. In
practice the method had to be refined because of an unstable output
from the ISASUGRA RGE package of ISAJET [1]. There is a DarkSUSY

interface to this package and it is used for the renormalization group
equation evolution of the soft SUSY breaking parameters and the gauge
and Yukawa couplings from the high energy scale to the weak scale. When
the solution of the RGE converges slowly then the output is numerically
unstable. In some points the convergence is so slow that there is no
ISASUGRA output at all. It is therefore important that the scanning code
can handle these problems properly. As a consequence of the unstable
ISASUGRA output, we did, in some parts of the parameter space, find
small fluctuations in the density predicted by DarkSUSY when we took
very small steps in the input parameters. We therefore had to compare
in each step not just neighbouring points but several adjacent points
when we searched for the isolevel curve. Another complication arises
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in the funnel region and also in the high mass end of the focus point
region. Here there are three sets of isolevel curves in one direction of
the (m1/2,m0) plane. E.g. for the funnel at fixed m1/2 and increasing
m0, the density first increases (actually this is the stau coannihilation
tail) and then it decreases and finally increases (giving us a funnel of low
density in between the decrease and increase). We therefore started by
finding maximum and minimum density in order to split the m1/2 interval
into three. The unstable ISASUGRA output caused tiny fluctuations on
top of the true variation. We therefore had to compare the density in
many adjacent points in order to make sure that we had found the global
extrema and not just a local extremum of some artificial fluctuation. Once
we had found the three intervals in m1/2 we could find the isolevel curves
as described above.

When we had written the user interface to DarkSUSY I took care of
the running and the final adjustments for the stau coannihilation tail, the
funnel and the focus point region. This takes a lot of CPU time. When
all the points for the isolevel curves had been found, the final step was
to send these points through the part of the DarkSUSY calculation that
concerns direct and indirect detection. I then made some preliminary
figures which was used for the analysis and for the preparation of the
final figures. I also wrote the first schematic version of the paper.
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Chapter 2

Relic neutralino density and

coannihilations

In order to make a theoretical prediction of the relic density of the neu-
tralino it is necessary to follow its density evolution from the very early
Universe and all the way to our time. The density evolution is described
by the Boltzmann equation which we will discuss in section 2.1. An im-
portant concept, that will be introduced there is that of coannihilations
in the early Universe. These are interactions with two supersymmetric
particles in the initial state and two Standard Model particles in the fi-
nal state. The idea of coannihilations was introduced 1984 by Binetruy,
Girardi and Salati [4] and in 1991 by Griest and Seckel [16]. Before that,
only neutralino-neutralino annihilations had been considered. It is im-
portant to emphasize that the effect of coannihilations is not just a small
correction. They can completely determine the evolution of the neutralino
density. In some cases they cause a change in the neutralino density of
more than 1000%. This is the case when some of the supersymmetric
particles are only slightly heavier than the neutralino. One way to get
an understanding of the correlation between mass splitting and the effect
of coannihilations is through the thermal average of the coannihilation
cross section times the relative velocity. This is the subject of section
2.2. In DarkSUSY we do an accurate calculation of the thermal average.
The method we use was developed by J. Edsjö and P. Gondolo [12] based
on the work by P. Gondolo and G. Gelmini [15]. Most of this chapter is
based on reference [12]. Rather than repeating the full derivation we will
here just mention some of the most important steps and give a qualitative

23
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discussion. For illustrative purpose we will also give a few examples of
DarkSUSY results.

Not all references use the accurate calculation of the thermal aver-
age. It is common to make an approximate calculation by expanding to
first order in powers of temperature divided by mass. Furthermore, it
is common use to implement an approximate solution to the Boltzmann
equation itself. In DarkSUSY we solve the equation in an accurate nu-
merical manner. The DarkSUSY method is based on the reformulation of
the Boltzmann equation done by Gondolo and Gelmini [15]. This is dis-
cussed in section 2.3. Finally, in section 2.4 we give a short summary of
how the neutralino density calculation is done accurately and numerically
in DarkSUSY.

2.1 The Boltzmann equation

In this section we will consider the Boltzmann equation for the density
evolution of the neutralino. We will first give a general and qualitative
description of the density evolution. This will include the concept of
freeze out and a discussion of the approximate inverse proportionality
between the (coannihilation) cross section and the relic neutralino num-
ber density. Next we will discuss the different kinds of interactions which
are important in the early Universe. These are coannihilation, decay and
scattering processes. They are all important for the density evolution
and they appear in the full Boltzmann equation (2.4). Nevertheless, af-
ter some rewriting the decay and scattering processes disappear from the
equation. The new equation, (2.8), has the exact same form as a Boltz-
mann equation which only concerns neutralino-neutralino annihilations.
The only difference is that the neutralino-neutralino annihilation cross
section has been replaced by an effective cross section that contains the
effect of coannihilations. At the end of this section we start to explore
what can make a particular coannihilation process dominate the effective
cross section. This discussion is continued in section 2.2.

In the standard description of the early Universe, the Big Bang was
followed by an inflationary epoch which ended in a period of reheating
and particle production. All kinds of particles were created in a state of
thermal equilibrium. The temperature and so the density were incredibly
high, and as all the particles were in thermal equilibrium, the Universe
at that time is often spoken of as a thermal heat bath or even a cosmic
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soup. The common temperature of the expanding Universe constantly
decreased as the relativistic particles got redshifted. The particle interac-
tion processes therefore tried to adjust the density of the individual parti-
cle species to the thermal equilibrium density of the constantly changing
temperature. Let us now focus on just one heavy particle species. In the
time of adjustment, the processes which destroy this particle and create
lighter particles will run at a higher rate than the opposite process, as the
decreased temperature results in a reduced fraction of the lighter particles
with kinetic energy above the production threshold of the heavy particles.
When thermal equilibrium is reestablished, then the processes will again
run at the same rate in both directions. Otherwise the particles would
by definition no longer be in thermal equilibrium. This is actually what
happens at some stage. The density of the heavy particle will be so small
that their reaction rate will be too slow to make the adjustment required
to obtain thermal equilibrium at the constantly decreasing temperature.
The rate of the processes that destroy the particle is in other words no
longer able to keep up with the expansion of the Universe. The particle
is then said to freeze out of the thermal heat bath. Though the processes
we consider are too slow to maintain thermal equilibrium, they will con-
tinue to run for some time after the freeze out. This will just reduce the
density further and eventually the particles will practically never get the
chance to meet and interact. The relic abundance of this particle will
therefore stay constant ever after. The abundance stays constant but as
the Universe continues to expand, the ordinary number density will de-
crease. In cosmology it is common to define instead a comoving number
density as the density in a unit volume which expands with the Universe.
Its physical volume increases but it is still called a unit volume. The co-
moving number density of a fixed abundance will thus stay constant. The
evolution of the number density within a comoving unit volume starting
some time after inflation and ending well after freeze out is illustrated in
fig. 2.1.

We said that the density would be fixed shortly after the freeze out
which happened when the relevant interactions could no longer keep up
with the expansion rate of the Universe. The expansion is given by the
Hubble constant, H(t), and the dilution of the particles due to the ex-
pansion is then proportional to H(t)n(t). Where n(t) is used to denote
the number density. The interaction rate is given by (n(t))2σv(t), where
v(t) is the relative velocity of the particles in the initial state and σ is
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Figure 2.1: This figure shows the evolution of the neutralino number
density within a comoving unit volume, i.e. it shows the comoving num-
ber density or the abundance. To the left in the figure there are eight
neutralinos in the unit volume, thus giving a comoving number density
n = 8. The Universe will now expand, and the eight neutralinos will,
by definition, stay within the comoving unit volume. The cross section
for neutralino-neutralino annihilations is σ and the relative velocity of
the neutralinos is v. (In this simplified figure we ignore the interactions
with other particles.) After some time, two of the neutralinos have an-
nihilated. The abundance is then n = 6 and after the next annihilation
process it becomes n = 4. The abundance is now so low that the an-
nihilation rate becomes negligible, and the abundance will stay constant
when the comoving unit volume continues to expand.

some interaction cross section. We have here assumed that the interac-
tion which is most important for the density is pair-annihilation. As we
will see below, even when this is not the case, it is possible to write the
density evolution equation in terms of just one effective cross section and
the squared density of the particle that we are interested in. The relic
density will then approximately be determined by the density at the time
where the inequality H(t) > n(t)σv(t) becomes true. The approximate
solution of the density evolution equation shows that the relic density of a
given particle is Ωh2 ∼ 10−27cm3s−1/〈σv〉, e.g. reference [30]. The inverse
proportionality between the cross section and the relic density is easy to
understand from the discussion above. When the cross section is large
then the interactions are able to keep up with the expansion for a longer
time, and the density will then have diminished further. As a coincidence
it turns out that the cross section for the pair-annihilation of the lightest
supersymmetric particle (LSP) is of the size which gives a relic density
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of exactly the order of magnitude as the cold dark matter density in the
cosmological concordance model1. By dimensional analysis, 〈σv〉 ∝ 1/m2

in natural units. As a characteristic scale for the supersymmetric physics
we take the mass, m, to be of the order of the mass of the W boson,
and the coupling constants, α2

W , to be of the order of the weak coupling.
This gives us the estimate Ωχh2 ∼ 10−3. It shows that if the couplings in
the neutralino-neutralino annihilation processes are somewhat suppressed
compared to the weak coupling, then the neutralino will have the correct
relic density. In our accurate numerical study of the mSUGRA parameter
space we find in Paper I, in agreement with other works in mSUGRA,
that the neutralino density is higher than the cosmologically preferred
value in large parts of the parameter space. Basically because the an-
nihilation cross section is too low here. In some parts of the mSUGRA
parameter space the neutralino density has exactly the preferred size, and
this is often due to the effect of the coannihilations processes that we will
introduce below.

For a more precise discussion of the LSP density evolution we have
to discuss what kind of interactions that were important in the early
Universe. Let us start by giving some examples before we write down the
final result, the Boltzmann equation. The first one might think of is pair-
annihilation and pair production of the LSP. We assume that the LSP is
the lightest neutralino. It is a Majorana particle, i.e. its own antiparticle,
and we can therefore write:

χ0
1 + χ0

1 ↔ X + Y (2.1)

Where, due to R-parity, both X and Y are Standard Model particles. An
example would be χ0

1 +χ0
1 ↔ τ+ + τ−, but all combinations of Standard

Model particles should be considered. The neutralino can also scatter off
one of the Standard Model particles in the thermal heat bath and create

1Another coincidence, which it can also be worth mentioning at this stage, though
it is not directly related to this subject, is the mechanism that gives us the relic density
of ordinary matter. The history starts out exactly as we have discussed, but if this had
been all, then we might not have been here today. The particle-antiparticle annihilation
cross section for quarks and leptons is much higher than that of the LSP, and so due to
the inverse proportionality between the cross section and the density one would expect
a catastrophically small relic density of ordinary matter. A tiny particle-antiparticle
asymmetry is thought to have caused a natural stop in the annihilation depletion of
quarks and leptons.
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another supersymmetric particle and another Standard Model particle:

χ0
1 + X ↔ χi + Y (2.2)

where we used χi to denote any supersymmetric particle. Again, any
process, that can be written on this form should be considered. Another
possibility is that the neutralino interacts with a supersymmetric particle
to produce two Standard Model particles. An example would be:

χ0
1 + τ̃− ↔ γ + τ− (2.3)

Consequently, the evolution of the neutralino density is coupled to the
stau. It is necessary to follow simultaneously the density evolution of the
neutralino and the stau. The stau has the same type of interactions as the
neutralino. Annihilation/pair-creation, τ̃− + τ̃+ ↔ X + Y , scattering,
τ̃± +X ↔ χi +Y , and interactions with other supersymmetric particles
as e.g. τ̃− + ẽ+ ↔ τ− + e+. In this way, the neutralino density is also
coupled indirectly to that of the selectron. We therefore also have to
consider all the interactions of the selectron, some of which are the direct
interactions with the neutralino, χ0

1 + ẽ± ↔ X +Y . The χ0
1 relic density

is in this way coupled directly and/or indirectly to the density evolution of
all the supersymmetric particles in the early Universe. It might seem as a
complicated task to solve a large system of coupled equations, but it will
turn out that the task is significantly simplified by the fact that the decay
processes of all the supersymmetric particles, but the lightest neutralino,
should also be considered. Now that all relevant processes have been
introduced, let us write down the full density evolution equation for each
supersymmetric particle and see how they can be simplified. Assume that
we have N supersymmetric particles χi (i = 1, 2, . . . , N) with number
densities ni. The evolution of the densities is then described by a coupled
set of N Boltzmann equations,[4], [16] and [12]:

dni

dt
= −3Hni −

N
∑

j=1

〈σijvij〉(ninj − neq
i neq

j )

−
∑

j 6=i

[〈σ′
(iX→jY )v〉(ninX − neq

i neq
X )

−〈σ′
(jX→iY )v〉(njnX − neq

j neq
X )]

−
∑

j 6=i

[Γij(ni − neq
i ) − Γji(nj − neq

j )] (2.4)



2.1. The Boltzmann equation 29

Here d/dt is differentiation with respect to the time. It is implicit in
the notation that the densities, the Hubble constant as well as the ther-
mal average, 〈σv〉, of the cross sections times the relative velocities are
varying functions of the time. The term 3Hni describes how the Hubble
expansion directly affects the density. The Hubble constant can be ex-
pressed in terms of the scale factor, a, of the Universe as H = (da/dt)/a
and the equation dn/dt = −3[(da/dt)/a]n is then seen to be solved by
n(t) ∝ a−3(t). Thus describing how the density decreases with the volume
when the Universe expands. All the rest of the terms in the Boltzmann
equation describe the interactions that we discussed above. The total
cross section for interactions between two supersymmetric particles has
been denoted by σij, which includes all possible Standard Model particles
in the final state, i.e. σij =

∑

X,Y σ(χi +χj ↔ X +Y ). When i = j, σij is
simply a pair-annihilation cross section. (The notation we have adopted
here is for Majorana particles, but all the conclusions below will also be
true for Dirac particles.) We will soon see that the solution of the evolu-
tion equation does not distinguish between the different interactions on
the form χi+χj → X+Y . All these interactions are therefore called coan-
nihilations. The concept of coannihilations was introduced 1984 by Bi-
netruy, Girardi and Salati [4] and in 1991 by Griest and Seckel [16]. Before
that, only neutralino-neutralino annihilations had been considered. In
the Boltzmann equation for χi, the term

∑−〈σijvij〉ninj gives the rate,
dni/dt, of depletion of χi through the coannihilation χi + χj → X + Y .
The same term also appears in the Boltzmann equation for χj. The ex-
pression is correct even for pair-annihilations, as the extra factor of 2
in the rate due to the fact that two χi disappear, is cancelled by a fac-
tor 1/2 in the thermal average of two identical particles, [16]. The term
∑〈σijvij〉neq

i neq
j gives the total creation rate, dni/dt, of the particle χi

from the processes, X + Y → χi + χj , running in the opposite direction
of the coannihilations. The upper index, eq, is used to denote thermal
equilibrium. As the Standard Model particles are assumed to be in ther-
mal equilibrium, and the rate of any process and its opposite are equal in
thermal equilibrium, then the equilibrium rate of X + Y → χi + χj can,
as done here, be calculated from the equilibrium rate of χi +χj → X +Y .
In the early Universe where the supersymmetric particle density is con-
stantly being adjusted to the decreasing equilibrium density, the actual
rate of coannihilations will be larger than the equilibrium rate at the
decreased temperature. Consequently, (ninj − neq

i neq
j ) is positive and it
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describes the deviation from exact thermal equilibrium. It increases after
freeze out where the supersymmetric particles decouple from the ther-
mal equilibrium. On the other hand, the densities are so small at this
time that the coannihilation rate will soon be negligible compared to the
Hubble expansion term.

Let us now continue with a discussion of the last terms in the Boltz-
mann equation. The second set of terms in eq. (2.4) describes how the de-
viation from thermal equilibrium decreases the number of χi’s through the
scattering χi+X → χj+Y and increases the number through the opposite
process χj + Y → χi + X. The last set of terms in the Boltzmann equa-
tion describes similarly the decrease in χi through its decay χi → χj + X
and the increase in χi through the inverse decay χj + X → χi. There
is also an increase in the density of χi through the decay χk → χi + X
(mk > mi > mj) and a decrease due to the process χi + X → χk.

It has already been mentioned that the decay processes play a fun-
damental role for the solution of the coupled system of Boltzmann equa-
tions.The lifetime of all supersymmetric particles is assumed to be much
shorter than the age of the Universe, so all supersymmetric particles will
have decayed into the stable LSP by today. We are only interested in the
present relic LSP density, and this is then given by the sum of the density
of all supersymmetric particles as given by the Boltzmann equations. The
terms in the Boltzmann equation number i that concern scattering and
decay into particle j are exactly cancelled by the corresponding terms
in the Boltzmann equation for particle j. The sum of all N equations
therefore gives the following short Boltzmann equation for the relic LSP
density n ≡ nLSP =

∑N
i=1 ni :

dn

dt
= −3Hn −

N
∑

i=1

N
∑

j=1

〈σijvij〉(ninj − neq
i neq

j ) (2.5)

Of all the interactions in the early Universe only the coannihilations
seem to play a role for the relic density. Only the coannihilations appear in
the final Boltzmann equation, but both scattering and decay processes do
have great impact on the density evolution. How can we get a qualitative
understanding of the different roles that the three kinds of interactions
play? We just argued that due to the decay processes, it is the total num-
ber of supersymmetric particles that matters, not the individual densities.
Interaction processes should therefore be characterized according to how
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they change the total number of supersymmetric particles. In this re-
spect, all the coannihilation processes act in the same way. They change
the amount of supersymmetric particles by two. It then makes sense to
describe all these processes by one single word: coannihilations. In this
way of characterizing interactions, both decay and scattering processes act
completely different from the coannihilations. Decay and scattering pro-
cesses have one supersymmetric particle in the initial state and another
one in the final state. They therefore do not change the total number of
supersymmetric particles. This explains why these processes do not enter
the Boltzmann equation for the total density of supersymmetric particles.

We just saw how the decay of supersymmetric particles led to a
tremendous simplification of the Boltzmann equation for the LSP. A fur-
ther simplification can be made because of the scattering processes. These
can help us to get rid of the unknown non-thermal equilibrium densities
ni which still enter the equation. Or rather, it makes it possible to relate
the ni in a simple way to the known thermal equilibrium density neq

i .
The justification for this step is that the scattering rate is very much
larger than the coannihilation rate. This follows from the fact that the
supersymmetric particles become non-relativistic long before they freeze
out of the thermal equilibrium. Typically, a supersymmetric particle of
mass mi freezes out when the temperature is about mi/25. The thermal
equilibrium density of a non-relativistic particle i is approximately equal
to gi(miT/2π)3/2 exp(−mi/T ) where gi is the number of internal degrees
of freedom of the particle and mi its mass. (It should be emphasized that
we do not use this approximate expression for neq in the DarkSUSY code,
see section2.2.) The density is thus exponential or so-called Boltzmann
suppressed compared to the number density of a relativistic particle in
thermal equilibrium, ni ∝ T 3, e.g. [22]. The Standard Model particles in
the scattering processes are much lighter than the supersymmetric parti-
cles and therefore relativistic at the time of the LSP freeze out. The ratio
of the scattering rate to the coannihilation rate can then be approximated
by:

〈σ′
(iX→jY )v〉n

eq
i neq

X

〈σijvij〉neq
i neq

j

∼
〈σ′

(iX→jY )v〉T 3

〈σijvij〉 (mjT )3/2 e−
mj
T

∼
(

T

mj

)3/2

e
mj
T (2.6)

We here used that the cross section of the scattering processes is of the
same order of magnitude as that of the coannihilations. Inserting then a
mass mj ∼ mLSP and a temperature of T ∼ mLSP /25 we find that the
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scattering processes that convert one supersymmetric particle to another
are about 5 · 108 more frequent than the coannihilations, [16]. So even
though the supersymmetric particles freeze out of the thermal equilibrium
one by one, they continue to scatter off the thermal heat bath so often
that their temperature is still dictated by the heat bath. As the scattering
processes convert one supersymmetric particle to another, the ratio ni/nj

of the number density of any two supersymmetric particles will to a very
good approximation still be identical to the ratio neq

i /neq
j . This is true in

spite of the fact that the individual densities deviates from the equilibrium
values, and it is true for a long time period both before and after the freeze
out of the LSP. Of particular interest is the ratio of the χi density to the
total density of supersymmetric particles:

ni

n
' neq

i

neq
(2.7)

where we again used the notation n ≡ nLSP =
∑N

i=1 ni. The density
term ninj in the Boltzmann equation can now easily be related to the
calculable thermal equilibrium densities. The Boltzmann equation then
takes the form

dn

dt
= −3Hn − 〈σeffv〉(n2 − n2

eq) (2.8)

with

〈σeffv〉 =

N
∑

i=1

N
∑

j=1

〈σijvij〉
neq

i

neq

neq
j

neq
(2.9)

The Boltzmann equation for the LSP density now takes the exact same
form as it would have done if only the LSP-LSP annihilations, and not
the effect of all the other supersymmetric particles, had been included.
The LSP-LSP annihilation cross section has, though, been replaced by
an effective cross section which account for the coannihilations.

What does the expression for the effective cross section tell us about
the influence of the coannihilations on the LSP density? We see that the
effective cross section will be large either when some of the coannihilation
cross sections are large or when the thermal equilibrium density ratio
between some of the supersymmetric particles and the LSP is large. It
is clear that the effect of coannihilations has to depend on both of these
quantities, since the rate of coannihilations depends on both the cross
section and the densities. If for instance the density of particle i is very
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low, then the σii cross section has to be very large for the process

χi + χi → X + Y

to remove a non-negligible number of the total amount of supersymmetric
particles. As already discussed, the densities of non-relativistic particles
is Boltzmann suppressed, and the density ratio is therefore:

neq
i

neq
' e

mLSP−mi
T (2.10)

Meaning that the ratio will be large whenever the mass splitting between
the LSP and the i’th supersymmetric particle is small. In particular,
the ratio will always be largest when χi is the LSP itself, and a relevant
question is therefore if the coannihilations will always be subdominant
to the LSP-LSP annihilations. We assume that the LSP is the lightest
neutralino. The neutralino does only have the weak coupling while most
of the other supersymmetric particles are electrically charged and maybe
even coloured. The coannihilation cross sections that involve other su-
persymmetric particles than the neutralino will therefore in general be
larger than the LSP-LSP annihilation cross section. The general trend
is then that the LSP-LSP annihilation dominates the density evolution
for the LSP when the LSP is much lighter than all the other supersym-
metric particles. At medium mass splittings, the coannihilation between
the LSP and the next to lightest supersymmetric particle (NLSP) often
take over the dominant role, as its cross section typically lies between
the LSP-LSP and the NLSP-NLSP annihilations and its rate is linear in
both the LSP and the smaller NLSP density. At small mass splittings,
the NLSP-NLSP annihilation often completely determine the relic LSP
density. In Paper I we have shown examples where one would be off by
100% or even well above 1000% if the coannihilations were not included
in the case of small mass splittings between the LSP and the NLSP. The
effect of particles heavier than the NLSP is much smaller, but in many
cases non-negligible. In this section we have based the discussion of the
importance of the mass splitting on the ratio of the Boltzmann suppressed
densities. In the next section we will see how the conclusion is strength-
ened by looking at the full expression for the thermally averaged effective
cross section in eq. (2.9).
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2.2 Thermal averaging

In this section we will first reformulate the expression for the thermal
average of the effective cross section. We will just review some of the most
important steps of the full derivation which can be found in the paper [12]
by J. Edsjö and P. Gondolo. We will then use the new expression for a
discussion of the inverse correlation between the effect of coannihilations
and the mass splitting between the lightest supersymmetric particle and
the other supersymmetric particles.

The defining expression for the thermally averaged effective cross sec-
tion times velocity was stated in equation (2.9). The numerator is the
total coannihilation rate (per unit volume) in thermal equilibrium at the
temperature T , and the denominator is the squared thermal equilibrium
number density of the total amount of supersymmetric particles. The
coannihilation rate contains the thermal average of the cross section times
relative velocity for each of the coannihilation processes. Thermal aver-
aging means averaging with respect to the distribution function, f , of sta-
tistical physics. The number density in thermal equilibrium is obviously
also given in terms of the distribution function: neq

i = (gi/(2π)3)
∫

d3pifi,
where gi is the internal degrees of freedom and pi is the three-momentum
of particle i. We then immediately have:

〈σeffv〉 =
N
∑

i=1

N
∑

j=1

〈σijvij〉neq
i neq

j

1

n2
eq

=





∑

i,j

∫

d3pid
3pjfifjσijvij

∫

d3pid
3pjfifj

gi

(2π)3

∫

d3pifi
gj

(2π)3

∫

d3pjfj





· 1
(

∑N
i=1

gi

(2π)3

∫

d3pifi

)2

=
1

[

T
2π2

∑

i gim2
i K2

(

mi

T

)]2

∑

i,j

∫

d3pid
3pj

gifi

(2π)3
gjfj

(2π)3
σijvij (2.11)

where we used that fi is independent of pj. In the denominator we have
inserted the result for the density neq in the Maxwell-Boltzmann approx-
imation. Here K2 is the modified Bessel function of the second kind of
order 2. The next step in the derivation is to replace the relative velocity
by a Lorentz invariant. This is done through the Lorentz invariant inter-
action rate, which in turn is given by the cross section times the invariant
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initial flux. (This can also be viewed the other way round as a definition
of the cross section, e.g. [20].) Obtaining the Lorentz invariant flux re-
quires a normalization of the free particle wavefunction which renders the
number of particles within a volume element invariant. It can be shown
that this corresponds to a normalization of 2E particles in a unit volume,
see e.g. [20]. Here E is the energy of the particle. For a coannihilation
process with χi and χj in the initial state, the initial flux is therefore
2Ei2Ejvij. Thus giving the invariant rate, Wij, per unit volume:

Wij = 4EiEjσijvij (2.12)

Introduce now Wij in the effective cross section, (2.11), and insert also the
Maxwell-Boltzmann approximation for the distribution function: fi =
exp(−Ei/T ). The next step is to rewrite the integration measure in a
way which is more convenient for the integration procedure. Most of
the integration can then be performed analytically and what is left is a
1-dimensional integral:

〈σeffv〉 =

∫∞
0 dpeff p2

effWeffK1

(√
s

T

)

m4
1T
[

∑

i
gi

g1

m2
i

m2
1
K2

(

mi

T

)

]2 (2.13)

Here K1 denotes the modified Bessel function of the second kind of order
1, s is one of the Mandelstam variables and m1 denotes the mass of
the lightest supersymmetric particle, assumed to be the neutralino. The
integration variable, peff , is the size of the momentum of the neutralinos
in the center-of-mass frame of the LSP-LSP annihilation. The effective
coannihilation rate, Weff , is defined through the equation

N
∑

i=1

N
∑

j=1

gigjpijWij = g2
1peffWeff (2.14)

where pij is the momentum of χi (or χj) in the CM frame of the coan-
nihilation χi + χj → X + Y . Taken together with the definition of peff

mentioned above, we see that peff = p11 when χ1 denotes the LSP. Let
us finally mention that if we would only consider LSP-LSP annihilations
(i = j = 1) then the expression in eq. (2.13) correctly reduces to the ex-
pression found by P. Gondolo and G. Gelmini [15], who did not consider
coannihilations.
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We will now use the expression in eq. (2.13) for the thermal aver-
age of the effective cross section times velocity as the starting point for a
qualitative and quantitative discussion of the role played by the coannihi-
lations. In particular we will discuss why the mass difference between the
LSP and the other supersymmetric particles is important for the effect
that the coannihilations will have on the thermal average. As in Paper
I we first rearrange equation (2.13) in a way which is suitable for this
particular analysis.

〈σeffv〉 =

∫ ∞

0
dpeff

Weff(peff)

4E2
eff

κ(peff , T ) (2.15)

Where Eeff is the energy which follows from the effective momentum, peff ,
and the mass of the neutralino, i.e. the energy of a neutralino in the CM
frame of the neutralino-neutralino annihilation process.

Eeff =
√

m2
χ0

1
+ p2

eff =
1

2

√
s (2.16)

The function, κ, in eq. (2.15) is constructed from the remaining part of
the expression in eq. (2.13). The term, Weff(peff)/4E2

eff , can be thought
of as σeffv before the thermal average has been performed. This can be
seen from the definition of Wij in equation (2.12). Also, from the defining
equations (2.14) and (2.12) of Weff and Wij it follows that the term re-
duces to σ11v11 in the case where only neutralino-neutralino annihilations
are considered. It should then be clear that the function κ acts as an ef-
fective distribution function of statistical physics. This is illustrated in
fig. 2.2, which has been taken from Paper I. It shows Weff(peff)/4E2

eff and
κ(peff , T ) separately, and along with that the final result of the integration
of the product of the two curves. The common scale for Weff(peff)/4E2

eff

and 〈σeffv〉 is shown on the left, while that of κ is shown on the right
hand side. The two functions in the integral are independent, and the
two vertical scales can therefore be shifted in either direction. The rel-
ative position of the two horizontal scales is, on the other hand, fixed.
The lower scale is just peff while the upper scale labels the momentum
by an index n according to where κ has decreased by a factor of 10−n

compared to its maximum value, i.e. κ(peff,n)/κ(peff ,0) = 10n with n be-
ing a negative number or zero and κ having its maximum at peff,0. (Note
that there is a sign error at this point in the text of Paper I. It should
be 10n and not 10−n when n is negative.) Figure 2.2 shows the result
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Figure 2.2: This figure illustrates the calculation of the thermally-
averaged annihilation cross section by the use of eq. (2.15). Only
neutralino-neutralino annihilations have been included in this figure.
(The mSUGRA parameter values for this model are: m0 = 387 GeV,
m1/2 = 950 GeV, tan β = 10, A0 = −3770 and µ > 0.) The solid line
shows the annihilation cross section Weff/4E2

eff as a function of momen-
tum peff , while the dashed line shows the thermal weight factor κ(peff , T ).
The thermally-averaged annihilation cross section, 〈σeffv〉, is the integral
over peff of the product of the two. The scale on the top of the figure is
defined in the text. The figure is from Paper I.

when only neutralino-neutralino annihilations are being considered. The
solid line which represents Weff(peff)/4E2

eff is then simply σ11v11. For the
numerical solution of the Boltzmann equation it is very important to note
that Weff(peff)/4E2

eff is independent of the temperature. It can therefore
be calculated once and for all for each supersymmetric model. By con-
trast, the effective distribution function, κ, depends on the temperature.
The function is shown here as the dashed line for one specific choice of
temperature, namely T = m(χ0

1)/21.7. It is the temperature at which the
neutralino of the particular model can be said to freeze out of thermal
equilibrium, because the annihilation rate is too low to reduce the density
at the rate dictated by the expansion of the Universe. We have defined
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freeze out as the time where the neutralino abundance is 50% higher than
the value predicted by thermal equilibrium. The exact definition is not
important, since we just use this definition for illustrative purpose. It
should be noted that when we solve the Boltzmann equation numerically,
we do not need a definition of the freeze out temperature. Let us now
look at the form of the κ function in the figure. It tells us the probability
distribution of the momentum or velocity of the neutralinos at the freeze
out temperature. Due to phase space suppression, only few neutralinos
will be at rest or almost at rest. Most of the neutralinos will have low and
intermediate velocities, while the abundance of high energetic neutralinos
will be highly suppressed. It is the Boltzmann suppression of the distri-
bution function which is at work here. It sets in at lower velocity when
the temperature is decreased, i.e. the peak of the distribution is shifted
to the left.

As a passing remark we note that the suppression of high energetic
particles is also the reason that the neutralino equilibrium density gets
Boltzmann suppressed at low temperatures. The density is proportional
to the momentum integral

∫

d3pf over the distribution function which
has very little power at high momenta when the temperature is low. The
more intuitive explanation for the Boltzmann suppression of the density
is that at low temperature, only very few light particles have kinetic
energies above the threshold for neutralino-neutralino pair creation. The
thermally averaged pair creation cross section times velocity is therefore a
very small number, far much lower than the value of the opposite process.
The rates of pair-annihilation (“ann”) and pair creation (“pc”) must be
equal in thermal equilibrium: n2

h〈σv〉ann = n2
l 〈σv〉pc, where h denotes the

heavy particle (the neutralino) and l is the lighter particle (a Standard
Model particle). We then conclude that the density of the heavy particle
has to be suppressed in thermal equilibrium at low temperatures.

Let us now discuss what happens in the process of thermal averag-
ing when we consider not only neutralino-neutralino annihilations but
all coannihilations. We first make a qualitative discussion, which we
schematically illustrate in figure 2.3. Imagine that we first consider each
pair of initial state particles separately. Then we would make a plot
(pij, σijvij) for each coannihilation process. Now, we know that the coan-
nihilations are coupled to each other, so we should rather plot all the cross
sections in a single coordinate system. Let us therefore make a translation
of all the momenta, and therefore of all the σijvij curves to the center
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Figure 2.3: This is a schematic illustration of the construction of the
effective cross section. We consider the neutralino, χ1, and another su-
persymmetric particle, χ2. In the top panel we show the cross section
times relative velocity, σijvij, as a function of the momentum, pij , for
each coannihilation process: χ1 + χ1 → X + Y , χ1 + χ2 → X + Y and
χ2 + χ2 → X + Y , where X and Y are Standard Model particles. In
the left-hand part of the bottom panel we are making a translation of all
the curves into the CM frame of the neutralino-neutralino annihilation.
In the right-hand part of the bottom panel we show the sum of all the
translated curves, i.e. the effective cross section times velocity.

of mass frame of the neutralino-neutralino annihilation. All other initial
states will be heavier than the neutralino-neutralino state and the energy
corresponding to the zero momentum in the heavier systems will trans-
late into a positive momentum p11 ≡ peff . When we add together all the
curves we will obtain σeffv ≡ Weff/4E2

eff from eq. (2.15). The final curve
will follow σ11v11 at very low p11, but at higher momentum it experiences
a series of bumps. At a first glance you would think that these were final
state thresholds. Some of them might also be that of course, but what
we are concerned about here is the sudden enhancement of the effective
cross section at the effective momentum corresponding to the zero point
in the CM frame of a heavier initial state. From these considerations it
follows immediately that the lighter the initial state is, the smaller the
effective momentum will be when it enters the effective cross section times
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velocity. We know from the discussion on the distribution function that
it gives most power to the momenta in the intermediate range while low
and in particular high momentum states are suppressed. This is also true
for the effective distribution function. The thermal averaging of the ef-
fective cross section times velocity will therefore introduce a Boltzmann
suppression of the heavy initial states. Therefore, if there is a large mass
difference between the neutralino and the other supersymmetric parti-
cles, then the thermal average 〈σeffv〉 will be only slightly different from
〈σ11v11〉. By contrast, coannihilations can have a great impact on 〈σeffv〉
whenever the mass splitting is small. This was the exact same conclusion
that we found in section 2.1 when we just considered the ratios, neq

i /neq,
of the equilibrium densities. The discussion above took into account the
full expression (2.9) for 〈σeffv〉.

Let us finally go through a numerical example which illustrates the
inverse correlation between the coannihilation effect and the mass split-
ting. The example comes from our Paper I and is shown in fig. 2.4. It
shows how the thermal average 〈σeffv〉 is found by weighting Weff/(4E2

eff )
with the function κ(peff , T ) as explained in equation (2.15). A similar
plot was shown in fig. 2.2, and a discussion of the axes etc can be found
in connection with that figure. In the latter case we had ignored all coan-
nihilations, whereas we include coannihilations in the present case. We
show the results for two different models in the part of the mSUGRA
parameter space which is called the stau coannihilation tail. The two
models were chosen to have the same relic neutralino density, because
we want to illustrate what happens on a density isolevel curve when we
change the mass difference between the neutralino and the next to light-
est particle. Let us start by a discussion of Weff/(4E2

eff ). We see from
the figure that Weff/(4E2

eff ) is exactly the bumpy curve that we expected
it to be. We already pointed out that the position of each jump should
coincide with the peff value that corresponds to zero momentum in the
CM frame of some coannihilation process. This is also obvious from the
fact that the coannihilations enter Weff through the interaction rate Wij,
which is unphysical, and therefore set to zero, when the total energy is
less than the sum of the rest mass of the particles in the initial state. For
illustration, let us now calculate the “on-set” values for some of the coan-
nihilations. The total energy is equal to the square root of the invariant
Mandelstam variable s. The “on-set” of the process χi + χj → X + Y
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therefore happens at:

√
s ≡ √

son = mi + mj (2.17)

The Mandelstam variable expressed in terms of the momentum in the
CM frame of the neutralino-neutralino annihilation is s = 4p2

11+4m(χ0
1)

2.
With the notation peff ≡ p11 we then have that the effective momentum
at the “on-set” of the ij coannihilation is given by:

peff,on =
1

2

(

(mi + mj)
2 − 4m2

χ0
1

)1/2
(2.18)

For the model in the left plot of figure 2.4, the lowest end of the super-
symmetric mass spectrum is: m(χ0

1) = 138.5 GeV, m(τ̃1) = 148.0 GeV
and m(ẽ2) = m(µ̃2) = 156.2 GeV. Using the expression above, we then
find that the χ0

1τ̃1 coannihilation enters the effective cross section at:

p
χ0

1τ̃1
eff,on ' 36.6 GeV (2.19)

For this model, the next coannihilations will be those with a neutralino
and a selectron or a smuon, and shortly after that will come the stau-
antistau annihilation:

p
χ0

1ẽ2

eff,on = p
χ0

1µ̃2

eff,on ' 50.3 GeV pτ̃1τ̃1
eff,on ' 52.2 GeV (2.20)

The “on-set” of these and other coannihilation are indicated in the figure.
The order of the χ0

1ẽ2/χ
0
1µ̃2 and the τ̃1τ̃

∗
1 coannihilations is interchanged

in the plot to the right as compared to the left one. This is because the
stau is very close in mass to the neutralino in the model to the right.
The low end of the supersymmetric mass spectrum for this model is:
m(χ0

1) = 371.1 GeV, m(τ̃1) = 371.8 GeV and m(ẽ2) = m(µ̃2) = 379.7
GeV.

There is also a change in freeze out temperature between the left and
the right plot due to the change in mass spectrum. We note again that
the Weff/(4E2

eff ) function is independent of the temperature. This is in
contrast to the effective distribution function κ. For illustrative purpose,
κ has been plotted (long-dashed line) for the freeze out temperature de-
fined in the discussion of fig. 2.2. In general, heavy particles freeze out
earlier than lighter ones. The mass spectrum for the model in the right
plot is heavier than the left one, and κ is therefore broadened and its
maximum shifted to a higher value of peff when going from the left plot
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Figure 2.4: The effective annihilation cross section, Weff/4E2
eff , the ther-

mal weight factor, κ(peff , T ) and the effective thermally-averaged annihila-
tion cross section, 〈σeffv〉, versus peff for two different models. Both mod-
els are in the stau coannihilation tail on the isolevel curve Ωχ0h2 = 0.115
for tan β = 10, A0 = 0 and µ > 0. The model in the left panel is in the
bulk/beginning of the tail with m0 = 76.7 GeV and m1/2 = 348.8 GeV.
The model in the right panel is far out in the tail with m0 = 193.3 GeV
and m1/2 = 882.1 GeV. The figure illustrates how coannihilation effects
become more important the further out in the coannihilation tail we get.
See text for a discussion. The figure is taken from Paper I.

to the right one. At first you might think that this is the reason that the
“on-set” of the coannihilations have been shifted to the left relative to
the distribution function. This is nevertheless not the full explanation.
The main reason is instead that the relative mass difference between the
neutralino and the sleptons has decreased. The relative mass splitting be-
tween the selectron and the neutralino in the model to the left is 12.8%,
while it is only 2.3% in the model to the right. In the latter model, the
ẽ2ẽ2 coannihilation enters the effective cross section at 80.4 GeV, which
can be seen from the plot to be very close to the momentum where κ has
its maximum. If we had not changed the relative mass splitting, but still
had increased the neutralino mass, i.e. m(χ0

1) = 371.1 GeV and a 12.8%
relatively more heavy selectron m(ẽ2) = 418.6 GeV, then ẽ2ẽ2 would in-
stead enter at 193.7 GeV. The distribution function is mainly sensitive
to the absolute masses, and would therefore not be very much different



2.2. Thermal averaging 43

from the one in the plot to the right. The value of 193.7 GeV would
therefore lie somewhere between n = −1 and n = −2 (with the definition
κ(peff,n)/κ(peff ,0) = 10n that we have mentioned earlier). Exactly as is the
case in the plot to the left. In other words, if the relative mass difference
between the supersymmetric particles is the same in two models, then
the “on-set” of the coannihilations relative to the distribution function
will be more or less the same in the two models. By contrast, a decrease
in the mass difference will shift the “on-set” to the left relatively to the
distribution function.

The function Weff/(4E2
eff ) is weighted by the effective distribution

function in the thermal average (2.15). From the above conclusion, it
therefore follows, as expected, that there is a strong and inverse cor-
relation between the mass difference and the importance of coannihi-
lations. In the plot to the left in fig. 2.4, where the mass differences
are much bigger than in the plot to the right, we see that the last
coannihilations do not contribute much to the thermal average 〈σeffv〉
as they set in at peff ∼ peff,−1. The Boltzmann suppression of the
heavy initial states is lifted in the plot to the right, as the decrease in
mass difference has shifted the coannihilations inside the interval where
κ has its maximum. In the end we are interested in the relic neu-
tralino density itself rather than in 〈σeffv〉. We therefore choose to ex-
press the effect of the coannihilations in terms of the relative change
they cause in the relic neutralino density. For the left plot we found
that the coannihilations lead to a change in the relic LSP density of
∆Ω/Ω ≡

(

Ω(χ0
1,no coann) − Ω(χ0

1, coann)
)

/Ω(χ0
1, coann) = 100%. For

this model there is a relative mass difference,
(

m(τ̃1) − m(χ0
1)
)

/m(χ0
1),

between the next to lightest supersymmetric particle (NLSP) and the
lightest of 6.8%. In the other model, the mass difference has been reduced
to 0.21%, with the consequence of a coannihilation effect of 1000%.

Remember that the two models discussed above were chosen to have
the exact same relic LSP density. (The value of the thermally averaged
effective cross section times velocity is almost identical for the two models,
and the full calculation shows that the relic density is the same for both
of them.) This is achieved in spite of the fact that all the cross sections
are lower for the right model than for the left one due to the increased
absolute mass scale in the model to the right. The simultaneous decrease
of the relative mass differences has compensated the effect of the decreased
cross sections. As a passing remark we note that this explains why we in
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Paper I find an exact upper bound on the neutralino mass in the stau
coannihilation tail when the lightest stau mass becomes degenerate with
the neutralino and the coannihilation effect is maximal. The value of the
upper mass bound only depends on the relic density.

From figure 2.4 as well as from the discussion it should be clear that
the dominant coannihilations most often will be those that involve the
NLSP. If other supersymmetric particles are close in mass to the LSP,
then they might have a non-negligible effect on the relic abundance and if
their cross section is larger than that of the NLSP, there is even a chance
that they will dominate the coannihilation effect. In Paper I we made
a scan of a large number of mSUGRA models, and found that sparticles
with a relative mass difference to the LSP of 50% will affect the relic
density with at most 1%. To gain computational speed we have therefore
excluded sparticles above this limit from the calculations.

2.3 Solving the Boltzmann equation

In this section we will discuss how the effective Boltzmann equation, (2.8),

dn

dt
= −3Hn − 〈σeffv〉(n2 − n2

eq) (2.21)

can be rewritten in a way which is more suitable for numerical solutions.
The equation above is already a very successful rewriting of a coupled
system of a large number of Boltzmann equations. The effective Boltz-
mann equation takes the exact same form as the Boltzmann equation
for the neutralino in the case where the other supersymmetric particles
are ignored. This case was studied by Gondolo and Gelmini in refer-
ence [15]. As done in reference [12] we now apply the technique of [15]
to the effective Boltzmann equation. It is preferable for the numerical
solution if the Hubble expansion term can be hidden away. The trick
is to rewrite the equation in terms of the ratio of the number density,
n, to the entropy density, s, rather than the number density itself. Let
us denote this dimensionless ratio by Y and derive the time derivative:
dY/dt = (dn/dt)(1/s)−(n/s2)ds/dt. The entropy density can be written
as s = S/a3, where S is the total entropy per comoving volume and a
is the scale factor of the Universe. Denoting time derivative by a dot,
we then have: ṡ = −3a−4ȧS + Ṡa−3 = −3Hs, where we used that the
scale factor is related to the Hubble constant by H = ȧ/a, and where the
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last term in ṡ vanishes when the entropy is conserved, as it is in thermal
equilibrium. Altogether we then see that the time derivative term, Ẏ ,
will absorb the Hubble expansion term in the Boltzmann equation, and
we are left with:

dY

dt
= −s〈σeffv〉(Y 2 − Y 2

eq) (2.22)

As the right-hand side of the equation depends on time only through
the temperature, it is better to have the temperature derivative on the
left-hand side. Or rather, to have a variable that increase in the same
direction as the time, we differentiate with respect to

x ≡ m/T (2.23)

where m is the rest mass of the neutralino and T is the temperature.
For the rewriting of the Boltzmann equation we have then to know the
time derivative of x, which in turn depends on the time derivative of
the temperature. The latter derivative is conveniently expressed in terms
of the entropy density: dT/dt = (dT/ds)(ds/dt). We just found that
ṡ = −3Hs. The neutralino density varied most in the early Universe, so
it is a good approximation to use the equations of a radiation dominated
Universe. We then easily get the Hubble constant through the Friedmann
equation

H2 =
8πGρ

3
with ρ = geff(T )

π2

30
T 4 (2.24)

where G is the gravitational constant and geff is the effective degrees of
freedom:

geff =
∑

i=bosons

gi(Ti/T )4 + (7/8)
∑

i=fermions

gi(Ti/T )4 (2.25)

Here, gi denotes the degrees of freedom of particle i and Ti its temper-
ature. T is the photon temperature. The entropy density in a radiation
dominated Universe is given by

s = heff(T )
2π2

45
T 3 (2.26)

where

heff =
∑

i=bosons

gi(Ti/T )3 + (7/8)
∑

i=fermions

gi(Ti/T )3 (2.27)
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Rewriting now the Boltzmann equation (2.22) in terms of the deriva-
tive with respect to x, and inserting the expressions for H, ρ and s, we
find the final version which is to be used for the numerical solution.

dY

dx
= −

√

π

45G

g
1/2
∗ m

x2
〈σeffv〉(Y 2 − Y 2

eq) (2.28)

where the parameter g∗ is given by:

√
g∗ =

heff√
geff

[

1 +
T

3heff

dheff

dT

]

Numerical values of g
1/2
∗ (T ) can be found in reference [15].

2.4 Putting together the numerical solution

In this section we will put together the ingredients of the numerical solu-
tion for the relic neutralino density that we have presented in the previous
sections. A few new details will also be presented. The main reference
is still paper [12] by Edsjö and Gondolo, since this is the implementation
used in DarkSUSY.

We start where the last section ended. The effective Boltzmann equa-
tion which will be used to determine the relic neutralino density is the one
stated in equation (2.28). The expression for Y in thermal equilibrium
is:

Yeq =
45x2

4π4heff(T )

∑

i

gi

(mi

m

)2
K2

(

x
mi

m

)

(2.29)

where the sum is over all the supersymmetric particles of mass mi and
internal degrees of freedom gi. The expression was obtained by taking
the Maxwell-Boltzmann approximation of the neutralino abundance in
thermal equilibrium. Just as we did in eq. (2.11).

The last component we need before we can start the integration of the
Boltzmann equation is the thermal average of the effective cross section
times velocity. The final expression that we presented was the one in
equation (2.13). We rewrite it in terms of the variable x and use m
instead of m1 to denote the neutralino mass.

〈σeffv〉 =
x
∫∞
0 dpeff p2

effWeffK1

(

x
√

s
m

)

m5
[

∑

i
gi

g
m2

i

m2 K2

(

x mi

m

)

]2 (2.30)
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We recall that the effective momentum by definition corresponds to the
momentum p11 that a neutralino would have in the CM frame of a
neutralino-neutralino annihilation. We therefore have that s = 4p2

eff +
4m2.

The most difficult part of eq. (2.30) is Weff , which is the effective an-
nihilation rate per unit volume with the covariant normalization of 2E
particles per volume. Let us write down how Weff is related to the invari-
ant amplitude M, that we get from the Feynman rules. The definition
of Weff in terms of the coannihilation rates, Wij, of the individual coan-
nihilation processes χi + χj → X + Y , was stated in equation (2.14):
∑N

i=1

∑N
j=1 gigjpijWij = g2

1peffWeff . The Wij’s themselves can be stated
in terms of the cross section times the initial flux, as was done in equa-
tion (2.12). Another possibility is to put it in terms of the transition rate
times the number of available final states. The transition rate is identical
to the squared invariant amplitude times the delta function of energy-
momentum conservation. The number of quantum states of a certain
kind of particle in a unit volume and with momentum in d3p is d3p/(2π)3.
For each kind of particle we have normalized to 2E particles per unit vol-
ume. The number of available states per particle is then d3p/[(2π)32E].
Working in the center-of-mass frame of the process χi + χj → Xk + Yl

and applying the energy-momentum conservation, it can be found that
the differential coannihilation rate is; e.g. [20]:

dWij→kl =
pkl

16π2gigjSkl
√

s

∑

internal d.o.f.

| Mtotal(ij → kl) |2 dΩ (2.31)

Here we have written indices on the final state particles, to explicitly
indicate that we are referring to a specific set of initial and final state
particles. We have averaged over the internal degrees of freedom (d.o.f.)
in the initial state and summed over the internal d.o.f. in the final state.
The formula also includes a symmetry factor Skl which is equal to 2
in the case of identical final state particles and equal to 1 in any other
case. The label “total” on the invariant amplitude indicates that we sum
all tree level exchange channels. To find the expression for the effective
annihilation rate we have to sum over the final states to get the rate, Wij ,
of the coannihilation χi + χj into any pair, X + Y , of Standard Model
particles. Next we apply the definition of the effective rate, and we then
perform part of the angular integration. The solid angle element, dΩ, lies
around the direction of one of the outgoing particles. The cross section is
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a function of the scattering angle θ, i.e. the angle between particle k and
i. The final result should be independent of the azimuth angle, ϕ, and
we can therefore make an integration over this part of the solid angle,
giving us a factor 2π. We are then left with the following expression for
the differential effective annihilation rate:

dWeff

d cos θ
=
∑

ijkl

pijpkl

32πpeffSkl
√

s

∑

internal d.o.f.

| Mtotal(ij → kl) |2 (2.32)

where we have inserted g1 = 2 for the internal degrees of freedom of the
neutralino.

We note again that Weff is a function of the supersymmetric parame-
ters and peff alone, so in particular it is independent of the temperature.
This means that the time-consuming calculation of Weff(peff) has to be
done only once for each choice of supersymmetric parameters. In Dark-

SUSY the effective annihilation rate is tabulated for a number of peff

values. An important question is how large interval we can have between
the values and what the maximum value should be if we want to make
a very accurate calculation. In section 2.2 we have discussed how Weff

becomes Boltzmann suppressed at high peff when the thermal average
is carried out. From a numerical study of a huge number of mSUGRA
models we have found that coannihilations have a negligible effect on the
neutralino density if the initial state supersymmetric particle is more than
1.5 times heavier than the neutralino. For the DarkSUSY calculations in
mSUGRA we therefore ignore the coannihilations of these heavy particles.
For all other coannihilations we should in principle include all resonances
and all final states. Resonances and final state thresholds at high peff

will be Boltzmann suppressed so we might stop the tabulation at some
high value of peff . The values of peff are chosen such that there are more
points in the low-energy end as well as around resonances and thresholds.
The θ integration in eq. (2.32) is carried out for each peff and Weff(peff)
is tabulated. The tabulation of Weff(peff) is inserted in equation (2.30)
which gives the thermal average 〈σeffv〉 as a function of x. The numerical
integration of dY/dx in (2.28) can then be performed. The neutralino
freezes out at values of x ≡ m/T around 25. In DarkSUSY , the numeri-
cal integration has been chosen to start at x = 2, where the density still
tracks the equilibrium density. The integration stops at x0 = m/T0, with
T0 being the present temperature of the photon background. The result
of the integration gives us Y0, i.e. the present value of the ratio of the
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neutralino number density to the entropy density. The neutralino mass
density is then given by ms0Y0. The formula for the entropy density
was stated in equation (2.26). To go from natural units to the ordinary
physical units, where s has the dimension of m−3, the right hand side of
the equation has to be multiplied by k3h̄−3c−3. The relativistic particles,
which at present are the photons and the neutrinos, contribute to the en-
tropy. The entropy effective degrees of freedom, heff , defined in eq. (2.27),
therefore becomes, [3]:

heff(T0) = 2 +
7

8
· 3 · 2

(

4

11

)3/3

' 3.91 (2.33)

We are not interested in the value of ρ0,χ = ms0Y0 itself but rather
the ratio of ρ0,χ to the critical density, ρcrit = 3H2/(8πG). Due to
the uncertainty of the present value of the Hubble constant, it is com-
mon practice to introduce a dimensionless parameter h, such that H0 =
100h km s−1Mpc−1, where one parsec (pc) is approximately 3.0857·1016m.
The final expression for the relic neutralino density in terms of Y0 now
becomes, [12]:

Ωχh2 ≡ ρ0,χ

ρ0,crit
h2 =

ms0Y0

ρ0,crit
h2 ' 2.755 · 108 m

GeV
Y0 (2.34)

Before we can do any numerical calculations we still need an impor-
tant ingredient, namely the amplitude squared for all the coannihilation
processes. It enters the calculation through eq. (2.32), and will be the
concern of a large part of this thesis.
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Chapter 3

Sfermions coannihilating with

neutralinos or charginos

Coannihilations are particle processes in the early Universe. They have
two supersymmetric particles in the initial state and two Standard Model
particles in the final state. These processes must be taken into account
in the calculation of the relic density of the lightest supersymmetric par-
ticle; assumed here to be the lightest neutralino. The amplitude squared
of the coannihilations enters the Boltzmann equation through equation
(2.32). The DarkSUSY package contains all kinds of coannihilations.
Neutralino–neutralino coannihilations, chargino–chargino and chargino–
neutralino coannihilations have been included in the package for a long
time and they were discussed in reference [12]. The DarkSUSY imple-
mentation of sfermion–anti-sfermion coannihilations with two fermions in
the final state was first mentioned in Paper I. The same is true for the
remaining coannihilations, which are those that the author of this thesis
has implemented. In this thesis we will discuss details from these calcu-
lations which were not mentioned in Paper I. In chapter 4 we discuss
the sfermion–anti-sfermion coannihilations with bosons in the final state.
The coannihilations of a sfermion with a chargino or a neutralino is the
subject of this chapter.

3.1 Modified crossing

In this section we will list all the diagrams for sfermions coannihilating
with neutralinos or charginos. We will find that the diagrams can be
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divided into two generic cases. In this classification of the diagrams, the
first case will be denoted s channel processes and the other t channel
processes. These names should not be taken literally as the processes are
not related by crossing in the usual sense. We do not just “cross” two
particles, we also interchange which of them is a Standard Model particle
and which is a supersymmetric particle, such that we always have two
incoming supersymmetric particles and two final state Standard Model
particles.

For a given coannihilation process ÃB̃ → CD we want to set up a
scheme to find non-trivial kinematically related processes and exclude
trivially related processes. By trivial we mean a process where all par-
ticles have been replaced by their anti-particle. This is equivalent to
the reversed process of the original, and they have identical unpolarized
squared amplitudes. As we will see, the non-trivial kinematically related
processes correspond in some sense to processes obtained by s-t-crossing.
Let us therefore remind ourself how the crossing concept works for an
arbitrary s channel process AB → CD; e.g. [20]. In crossing you apply
the anti-particle/particle correspondence to one of the incoming particles
and one of the outgoing particles, i.e. an incoming (outgoing) particle with
four-momentum, p, is identified as an out-going (incoming) anti-particle
of four-momentum −p. With two incoming particles and two outgoing
this gives us four possibilities for crossing. These four are related two by
two in the trivial way that we discussed above. The crossing has then
provided us with two non-trivial kinematically related processes, the t
and u channel processes. We list all the processes in table 3.1.

For the reader who is not familiar with the concept of crossing it might
be confusing what we mean by s, t and u channel processes. We would
therefore like to emphasize that this is not the same thing as s, t and
u exchange channels. When we talk about processes then we are only
concerned about the initial and final states. The s channel process might
contain a s, t and u exchange channel, and the same is true for the t and
u channel processes. We can take any process to be the s channel process,
but this then determines how the t and u channel processes look. The
three processes are kinematically related. For instance, the Mandelstam
s variable of the t channel process is equal to the Mandelstam t variable
of the s channel process.

Processes that are related by crossing have identical unpolarized am-
plitude squared as long as the result is given in terms of the Mandelstam
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Table 3.1: Processes related by crossing. The momenta and Mandelstam
variables. A bar denotes the anti-particles.

Process
name

s-channel t-channel u-channel

Process AB ↔ CD D̄B ↔ CĀ AD̄ ↔ CB̄

Four-
momenta

(pA, pB, pC , pD) (−pD, pB, pC ,−pA)
≡ (p̂A, p̂B, p̂C , p̂D)

(pA,−pD, pC ,−pB)
≡ (p′A, p′B, p′C , p′D)

Mandelstam
variables

s, t, u ŝ, t̂, û
ŝ = (p̂A + p̂B)2 =
(−pD + pB)2 = t
t̂ = s û = u

s′, t′, u′

s′ = (p′A + p′B)2

= (pA − pD)2 = u
t′ = t u′ = s

Trivially
related
process

ĀB̄ ↔ C̄D̄ AC̄ ↔ B̄D C̄B ↔ ĀD

Four-
momenta

−(pA, pB, pC , pD)
≡ (p̄A, p̄B, p̄C , p̄D)

(pA,−pC ,−pB, pD)
≡ (ˆ̄pA, ˆ̄pB, ˆ̄pC , ˆ̄pD)

(−pC , pB,−pA, pD)
≡ (p̄′A, p̄′B, p̄′C , p̄′D)

Mandelstam
variables

s̄, t̄, ū
s̄ = s, t̄ = t, ū = u

ˆ̄s, ˆ̄t, ˆ̄u
ˆ̄s = t, ˆ̄t = s, ˆ̄u = u

s̄′, t̄′, ū′

s̄′ = u, t̄′ = t, ū′ = s

variables for the original process. All the processes are in some meaning
identical. In crossing, only the interpretation has changed. One might
also express the result of the t- and u-channel processes in terms of the
Mandelstam variables defined for these processes. This is obtained by
replacing the original Mandelstam variables by the appropriate new vari-
ables as explained in table 3.1, e.g. s = t̂, t = ŝ and u = û.

Let us now return to the coannihilation process ÃB̃ → CD, where the
tilde indicates a supersymmetric particle. We take this as the s channel
process, and we want to study the processes obtained by crossing. The
t- and u-channel processes are not coannihilation, as they only have one
supersymmetric particle in the initial state. We therefore modify these
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processes to make them coannihilation processes. Instead of the true t-

channel process D̄B̃ → C ˜̄A we take ˜̄DB̃ → CĀ. Let us call this the
coannihilation t channel process. We define the coannihilation u chan-
nel process in a similar way. This modification completely changes the
processes, and the unpolarized amplitudes squared of the s channel pro-
cess and the modified crossed processes are not related in the simple way
they are for true crossing. Still, the modified crossing procedure gives us
a simple classification scheme, which assures that we do not forget any
processes and that different processes are grouped together in a correct
way. We will return to this fact in a moment.

First, let us look at a specific example of coannihilation crossing. Let
the s channel process be d̃iχ

0
j → W−u, where d̃i is one of the down

squarks and u is the up quark. At tree level, this process is the sum of
the three exchange channels s(d), t(ũk) and u(χ±

l ), where the particles
in the parentheses are the exchange particles with four-momenta squared
given by the Mandelstam variables stated in front of them. The true t
channel process would be ūχ0

j → W−d̃∗i with the exchange channels t̂(d),

ŝ(ũk) and û(χ±
l ), here stated in terms of the Mandelstam variables for the

t channel process. We now modify the t channel process by interchanging
which of the two particles involved in the crossing is a supersymmetric
particle and which is a Standard Model particle, or if you like, we make a
supersymmetry transformation of the fields involved in the crossing. The
coannihilation t channel process obtained in this way is ũ∗

mχ0
j → W−d̄

going through ˆ̃t(d̃k), ˆ̃s(u) and ˆ̃u(χ±
l ) exchanges. As a consequence of the

modified crossing, the exchange fields of the crossed exchange channels,
s and t, have been supersymmetry transformed. All of the supersymme-
try transformations completely change the amplitudes: squark and quark
propagators are interchanged for the s and t exchanges and some ver-
tices change (the coupling constants involved are the same, but the form
of the vertex factors differs). In this example, also the completeness re-
lation introduces changes because the final state quarks, here u and d,
have different masses. Altogether, there is no simple relation between the
unpolarized amplitude squared for the s channel process and the coannihi-
lation t channel process, and they both have to be calculated. For each of
the two processes there exists a trivially related process of identical unpo-
larized amplitude squared. Theses are d̃∗i χ

0
j → W+ū and ũmχ0

j → W+d
respectively. Let us finally take a look at the coannihilation u channel
process. This is the coannihilations d̃i + ũ∗

m → W−
µ +Zν/Aν/H0

j with two
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squarks in the initial state. For the second particle in the final state we
can choose between the different bosons which are the supersymmetric
partners of the neutralino. Coannihilations between two sfermions are
postponed to chapter 4.

Let us write the s- and modified t-channel process of our example
above on a more general form. Denote by Vµ any gauge boson, f any
fermion of the Standard Model and f̃ any sfermion. Let χ represent both
the neutralinos χ0

j and the charginos χ+
j . The generalization of the s

channel process then takes the form f̃χ → Vµf ′, where the prime is used
to indicate that the fermion and the sfermion need not be the super-
symmetric partners of each other. The coannihilation t channel process
is f̃ ′∗χ → Vµf̄ . These two processes represent two different classes of
sfermion – neutralino/chargino coannihilation. The amplitudes of all the
processes within a given class can be written on the same form. For each
of the two classes, the unpolarized amplitude squared should therefore be
calculated only once in terms of general coupling constants and masses.
Next, the crossing method should be used to list all the specific processes
that belong to the two classes. The actual value of couplings and masses
should then be inserted in the general expression to obtain the result of
a specific coannihilation process. Note that the two classes of processes
f̃χ → Vµf ′ and f̃ ′∗χ → Vµf̄ (including the trivially related processes)
contain all sfermion – neutralino/chargino coannihilations with a gauge
bosons and a fermion in the final state. The coannihilation u channel
process describes instead the sfermion – sfermion coannihilations.

Coannihilations between sfermions and neutralinos/charginos can also
give a Higgs boson and a fermion in the final state. All these processes can
be divided into two classes that are equivalent to the two we introduced
above. We take as the s channel process f̃χ → Hf ′, where H is any
Higgs boson. The coannihilation t channel process is then f̃ ′∗χ → Hf̄ .
The exchange diagrams look the same whether the final state boson is
a gauge boson or a Higgs, but the form of the vertex factors involving
the final state boson differs between the vector- and the scalar case, and
so too does the factor for the external boson line. We therefore need in
total four generic expressions for the unpolarized squared amplitude of
sfermion – neutralino/chargino coannihilation: two for the gauge boson
plus fermion final state and two for the Higgs boson plus fermion final
state.

In table 3.2 we have classified all sfermion – neutralino/chargino coan-
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Table 3.2: Classification of all coannihilations between a sfermion and a
chargino/neutralino. For the generic processes we use a bar to denote
anti-particles, except for anti-sfermions where we use the star of complex
conjugation.

s channel process trivially related
process

modified
t channel process

trivially related
process

f̃χ → Vµf ′ , Hf ′ f̃∗χ̄ → V̄µf̄ ′, H̄f̄ ′ f̃ ′∗χ → Vµf̄ , Hf̄ f̃ ′χ̄ → V̄µf , H̄f

f̃iχ
0
j → B0f

s(f) t(f̃k)u(χ0
l )

f̃∗
i χ0

j → B0f̄

f̃di
χ+

j → B0fu

s(fu) t(f̃dk
)u(χ+

l )

f̃∗
di

χ−
j → B0f̄u f̃∗

ui
χ+

j → B0f̄d

t̂(f̃uk
) ŝ(fd) û(χ+

l )

f̃ui
χ−

j → B0fd

f̃di
χ0

j → B−fu

s(fd) t(f̃uk
)u(χ+

l )

f̃∗
di

χ0
j → B+f̄u f̃∗

ui
χ0

j → B−f̄d

t̂(f̃dk
) ŝ(fu) û(χ+

l )

f̃ui
χ0

j → B+fd

f̃ui
χ+

j → B+fu

t(f̃dk
)u(χ0

l )

f̃∗
ui

χ−
j → B−f̄u f̃∗

ui
χ+

j → B+f̄u

ŝ(fd) û(χ0
l )

f̃ui
χ−

j → B−fu

f̃di
χ+

j → B+fd

s(fu)u(χ0
l )

f̃∗
di

χ−
j → B−f̄d f̃∗

di
χ+

j → B+f̄d

t̂(f̃uk
) û(χ0

l )

f̃di
χ−

j → B−fd

nihilations as either s channel processes or modified t channel processes.
Also listed are the exchange channels. A few more words are needed
on the notation. All the processes exist for both types of final state,
i.e. gauge boson plus fermion or Higgs boson plus fermion. We there-
fore use the letter B to denote any of the final state bosons. The in-
dices 0, + and - indicate whether the boson is electrically neutral or
charged. For the sfermions/fermions we still use the notation f̃ /f , but
whenever the isospin becomes important, an index u or d is introduced
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for T3 = 1/2,−1/2 respectively. Also we now explicitly write the mass
eigenstate index (i = 1, 2) of the sfermion. In the DarkSUSY code for
the sfermion – neutralino/chargino coannihilations we have not included
family-changing currents. Family-changing charged currents certainly
do exist, but the family-conserving couplings are much larger than the
family-changing ones. Consequently, the sfermions and fermions in the
initial-, exchange- and final state of a given kind of process are assumed
to belong to the same family. Apart from the fact that family-changing
currents are ignored, the table has been written in a very general way.
This means that some exchange channels or even a whole kind of process
might be forbidden for some specific choice of initial and final state par-
ticles. For instance, the f̃iχ

0
j → B0f process does not exist when there is

a sneutrino in the initial state and a photon in the final state. This and
similar exceptions are automatically taken care of in the DarkSUSY code.
Non-existing vertex factors have been set to zero, and their contributions
therefore vanish when they are inserted into the general expressions for
the squared amplitudes. In the next sections we will write down these
general expressions for the amplitude squared of the four generic classes of
sfermion – neutralino/chargino coannihilations: s and t channel processes
for gauge boson/fermion and Higgs boson/fermion final states.

3.2 The gauge boson plus fermion final state

In this section we will write down the expressions for the unpolarized
squared amplitudes of sfermion – neutralino/chargino coannihilations with
a gauge boson and a fermion in the final state. In the previous section it
was found that all of these coannihilations can be divided into two classes.
The s channel process and the coannihilations t channel, as it was called.
For each of these two classes, we should derive just one expression given
in terms of general masses, coupling constants etc. In the first subsection
we will find the generic expression for the s channel process and in the
second subsection we will consider the coannihilation t channel process.

3.2.1 The s process

In this section we will find the generic expression for the unpolarized
squared amplitude of f̃ +χ → Vµ +f ′. Taken to be the s channel process.
Again, f̃ denotes any sfermion, χ denotes a neutralino or a chargino, Vµ
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any gauge boson and f ′ any fermion of the Standard Model. The prime
is used to indicate that the fermion and the sfermion might not be the
supersymmetric partners of each other. We will suppress this index in
the following, and the reader is referred to section 3.1 for a discussion
of the families and flavours of the fermions and sfermions. The generic
process f̃ + χ → Vµ + f has three exchange channels: s(f), t(f̃k) and
u(χl). The particles in the parentheses are the exchange particles with
four-momenta squared given by the Mandelstam variables stated in front
of them. In the notation we also include a mass eigenstate index for the
supersymmetric exchange particles. In the vertex factors, propagators
etc. we will use other names to denote the various fields. These are listed
in table 3.3 together with the notation used for the four-momenta, the
spin and the polarization. The same notation is used in the DarkSUSY

code.

Table 3.3: Generic particle names.

Particle name used four-momentum spin/polarization

f̃ kp1 p1

χ kp2 p2 s

Vµ kgb k1 λ

f kfer k2 s′

s(f) kfers

t(f̃k) ksfert(k)

u(χl) kchiu(l)

We will list the amplitude squared for each of the exchange channels
as well the results for the interference terms. In the DarkSUSY implemen-
tation we used the symbolic manipulation program FORM for the analytic
simplification of the amplitude squared. We will therefore not show the
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full derivation here but only derive the expressions to a stage which is suit-
able as input for the FORM computer program. For illustrative purposes
only we will do the full analytic calculation for the s exchange channel
in the limit of vanishing fermion mass. In the DarkSUSY implementation
we keep all fermion masses.

The s exchange channel

f
~
(p1)

χ(p2)

f

f(k2)

Vµ(k1)

Figure 3.1: Feynman diagram for the s exchange channel of the process
f̃ + χ → Vµ + f .

The Feynman diagram for the s(f) exchange channel is shown in
fig. 3.1. The invariant amplitude for this exchange channel is:

Ms = ūs′(k2)γ
µ (gl(kgb,kfer,kfers)PL + gr(kgb,kfer,kfers)PR) ε(λ)∗

µ
(−(6p1+ 6p2) − m(kfers)

s − m2(kfers) + iε

)

(gl(kp1,kfers,kp2)PL + gr(kp1,kfers,kp2)PR) us(p2) (3.1)

For vertices and propagators we use the DarkSUSY conventions, where
vertices are divided by i and propagators are multiplied by i compared
to ref. [18, 17, 24]. A large number of vertices are listed in the DarkSUSY

conventions in the thesis [11] by Joakim Edsjö. This also defines the
DarkSUSY notation convention. For instance, the vertex factor for the in-
teraction of an incoming χ+ or χ0 and a sfermion and an outgoing fermion
is written on the form gl(f̃ , f, χ)PL + gr(f̃ , f, χ)PR, where the projection
operators are given by PL = (1− γ5)/2 and PR = (1 + γ5)/2. The vertex
factor for the interaction of a gauge boson and two fermions has a γµ in
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front of it, but follows otherwise the same conventions. In general terms
these conventions are: gl(C,A,B)PL,ab + gr(C,A,B)PR,ab. Here ab are
matrix indices, and the interpretation is that the vertex factor is multi-
plied by particle A from the left and by particle B from the right. In the
usual case, this means that A is the particle that goes out of the vertex,
while B goes into the vertex. The only exception is for interactions with
clashing arrows, that we will discuss in the next section. These vertex
factors are not included in the DarkSUSY package, and we therefore have
the vertex convention: gl(C, out, in)PL,out,in+gr(C, out, in)PR,out,in. The
direction always refers to the particle rather than the anti-particle. The
direction of particle C follows from charge conservation. In the propaga-
tor, m denotes the mass and as usual ε = Γm, where Γ is the width of
the particle. We use the usual notation for spinors and adjoint spinors,
namely, u and ū ≡ u†γ0 respectively. In table 3.2 we made the choice
that the initial state chargino will always be the χ+. By convention we
take χ+ to be the particle and χ− to be the anti-particle. This choice will
be discussed in section 3.2.2.

Let us now continue and take the hermitian conjugate of the ampli-
tude.

M†
s = us†(p2) (gl∗(kp1,kfers,kp2)PL + gr∗(kp1,kfers,kp2)PR)

(−γκ†(p1 + p2)κ − m(kfers))

(s − m2(kfers) + iε)∗
ε(λ)
ν

(gl∗(kgb,kfer,kfers)PL + gr∗(kgb,kfer,kfers)PR) γν†γ0†us′(k2)

= ūs(p2) (gl∗(kp1,kfers,kp2)PR + gr∗(kp1,kfers,kp2)PL)

(−(6p1+ 6p2) − m(kfers))

(s − m2(kfers) + iε)∗
ε(λ)
ν

(gl∗(kgb,kfer,kfers)PR + gr∗(kgb,kfer,kfers)PL) γνus′(k2) (3.2)

For the first equality we used that γ5, and therefore also the projection
operators, are hermitian. For the last equality we used several times
that γµ† = γ0γµγ0, that γ0 is hermitian, (γ0)2 = 1 and that γ0 anti-

commutes with γ5; e.g. [20]. We will now multiply Ms by M†
s, sum over

the spin/polarizations of the final state particles and average over the
spin of the incoming neutralino/chargino, i.e. we find a contribution to
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the unpolarized total amplitude squared.

∑

(s,s′,λ) MsM†
s

(2j + 1)

=
1

(

21
2 + 1

)

∑

λ ε
(λ)∗
µ ε

(λ)
ν

|s − m2(kfers) + iε|2
∑

s′

ūs′
a (k2)γ

µ
ab

(gl(kgb,kfer,kfers)PL,bc + gr(kgb,kfer,kfers)PR,bc)

((6p1+ 6p2)cd + m(kfers)1cd)

(gl(kp1,kfers,kp2)PL,de + gr(kp1,kfers,kp2)PR,de)
∑

s

us
e(p2)

ūs
f (p2) (gl∗(kp1,kfers,kp2)PR,fg + gr∗(kp1,kfers,kp2)PL,fg)

((6p1+ 6p2)gh − m(kfers)1gh)

(gl∗(kgb,kfer,kfers)PR,hi+gr∗(kgb,kfer,kfers)PL,hi) γν
iku

s′

k (k2)(3.3)

=
1

2

(−gµν + f(kgb)k1,µk1,ν)

|s − m2(kfers) + iε|2 Tr

[

(6k2 + m(kfer)) γµ

(gl(kgb,kfer,kfers)PL + gr(kgb,kfer,kfers)PR)

((6p1+ 6p2) + m(kfers))

(gl(kp1,kfers,kp2)PL + gr(kp1,kfers,kp2)PR) (6p2 + m(kp2))

(gl∗(kp1,kfers,kp2)PR + gr∗(kp1,kfers,kp2)PL)

((6p1+ 6p2) + m(kfers))

(gl∗(kgb,kfer,kfers)PR + gr∗(kgb,kfer,kfers)PL) γν

]

(3.4)

Where the (2j + 1) counts the number of possible spin states for the
neutralino/chargino, and where we on the right hand side of the first
equation have introduced the matrix indices (a, b, ....), so that it becomes
evident how we get the trace in the last expression where we have moved
the spinor us′

k (k2) to the left of ūs′
a (k2) and at the same time introduced

the completeness relations for the spinors. In the completeness relation
for the polarization vectors of the gauge boson, Vµ (here denoted kgb), we
introduced a factor, f(V ), which should be set equal to m−2

V for massive
gauge bosons and equal to 0 for massless gauge bosons.

f(V ) =

{

1/m2
V for massive Vµ

0 for massless Vµ
(3.5)

To evaluate the trace in eq. (3.4) we will split it into a sum of traces.
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The first thing to note is that the trace of an odd number of γ matri-
ces vanishes. As the projection operators contain an even number of γ
matrices we see that all the terms with the product of an odd number of
contracted four-momenta will vanish. To simplify the remaining traces we
commute all the projection operators to the front of the matrix product.
Remembering that γ5 anti-commute with the γ matrices and applying
the projection properties PLPL = PL, PRPR = PR and PLPR = 0. Fi-
nally, to write the expression in a compact way we introduce the following
abbreviations:

gl(kgb,kfer,kfers) ≡ gl(kgb) gl(kp1,kfers,kp2) ≡ gl(kp1) (3.6)

and similarly for the factors named gr. The squared amplitude of eq. (3.4)
is then rewritten in the following way:

∑

(s,s′,λ) MsM†
s

(2j + 1)

=
1

2

(−gµν + f(kgb)k1,µk1,ν)

|s − m2(kfers) + iε|2
{

gl(kgb)gr(kp1)gr∗(kp1)gl∗(kgb)

Tr(PL 6k2γ
µ(6p1+ 6p2) 6p2(6p1+ 6p2)γ

ν)

+gr(kgb)gl(kp1)gl∗(kp1)gr∗(kgb)

Tr(PR 6k2γ
µ(6p1+ 6p2) 6p2(6p1+ 6p2)γ

ν)

+gl(kgb)gr(kp1)gl∗(kp1)gl∗(kgb)m(kp2)m(kfers)

Tr(PL 6k2γ
µ(6p1+ 6p2)γ

ν)

+gr(kgb)gl(kp1)gr∗(kp1)gr∗(kgb)m(kp2)m(kfers)

Tr(PR 6k2γ
µ(6p1+ 6p2)γ

ν)

+gl(kgb)gl(kp1)gl∗(kp1)gl∗(kgb)m(kfers)m(kfers)

Tr(PL 6k2γ
µ 6p2γ

ν)

+gr(kgb)gr(kp1)gr∗(kp1)gr∗(kgb)m(kfers)m(kfers)

Tr(PR 6k2γ
µ 6p2γ

ν)

+gl(kgb)gl(kp1)gr∗(kp1)gl∗(kgb)m(kfers)m(kp2)

Tr(PL 6k2γ
µ(6p1+ 6p2)γ

ν)

+gr(kgb)gr(kp1)gl∗(kp1)gr∗(kgb)m(kfers)m(kp2)

Tr(PR 6k2γ
µ(6p1+ 6p2)γ

ν)
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+gr(kgb)gr(kp1)gl∗(kp1)gl∗(kgb)m(kfer)m(kp2)m2(kfers)

Tr(PLγµγν)

+gl(kgb)gl(kp1)gr∗(kp1)gr∗(kgb)m(kfer)m(kp2)m2(kfers)

Tr(PRγµγν)

+gr(kgb)gr(kp1)gr∗(kp1)gl∗(kgb)m(kfer)m(kfers)

Tr(PLγµ 6p2(6p1+ 6p2)γ
ν)

+gl(kgb)gl(kp1)gl∗(kp1)gr∗(kgb)m(kfer)m(kfers)

Tr(PRγµ 6p2(6p1+ 6p2)γ
ν)

+gr(kgb)gl(kp1)gr∗(kp1)gl∗(kgb)m(kfer)m(kp2)

Tr(PLγµ(6p1+ 6p2)(6p1+ 6p2)γ
ν)

+gl(kgb)gr(kp1)gl∗(kp1)gr∗(kgb)m(kfer)m(kp2)

Tr(PRγµ(6p1+ 6p2)(6p1+ 6p2)γ
ν)

+gr(kgb)gl(kp1)gl∗(kp1)gl∗(kgb)m(kfer)m(kfers)

Tr(PLγµ(6p1+ 6p2) 6p2γ
ν)

+gl(kgb)gr(kp1)gr∗(kp1)gr∗(kgb)m(kfer)m(kfers)

Tr(PRγµ(6p1+ 6p2) 6p2γ
ν)

}

(3.7)

This expression can be used as input for the computer package FORM

[29], which can make the remaining analytic calculation. The only extra
information needed as an input is all the scalar products between the four-
momenta stated in terms of masses and two mandelstam variables, e.g. s
and t. The FORM code then produces an expression for the amplitude
squared in terms of s, t, masses and the gl’s and gr’s, for which we are
still using symbolic expressions. This output is converted into Fortran

format by a Perl script. The numerical calculation is then done in Fortran

by inserting the numerical values of vertex factors and masses for all the
coannihilation processes that belong to this class of processes.

Simplified example

For illustrative purpose we will derive the analytic result of eq. (3.7). In
the DarkSUSY implementation we keep all masses, but for simplicity we
will in this example work in the limit where the mass of the Standard
Model fermions can be neglected, i.e. m(kfer), m(kfers) → 0. Most
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terms in the squared amplitude vanish in this limit.

lim
m(kfer),m(kfers)→0

∑

(s,s′,λ) MsM†
s

(2j + 1)

=
1

2

(−gµν + f(kgb)k1,µk1,ν)

|s + iε|2
{

|gl(kgb)|2|gr(kp1)|2Tr(PL 6k2γ
µ(6p1+ 6p2) 6p2(6p1+ 6p2)γ

ν)

+|gr(kgb)|2|gl(kp1|2Tr(PR 6k2γ
µ(6p1+ 6p2) 6p2(6p1+ 6p2)γ

ν)

}

=
1

|s + iε|2
{

|gl(kgb)|2|gr(kp1)|2Tr(PL 6k2(6p1+ 6p2) 6p2(6p1+ 6p2))

+|gr(kgb)|2|gl(kp1)|2Tr(PR 6k2(6p1+ 6p2) 6p2(6p1+ 6p2))

}

+
f(kgb)

2|s + iε|2
{

|gl(kgb)|2|gr(kp1)|2Tr(PL6k2 6k1(6p1+6p2)6p2(6p1+6p2) 6k1)

+|gr(kgb)|2|gl(kp1)|2Tr(PR 6k2 6k1(6p1+6p2) 6p2(6p1+6p2) 6k1)

}

(3.8)

where we used that γµ 6 a 6 b 6 cγµ = −2 6 c 6 b 6 a [20] when we multiplied
the traces with the metric tensor of the completeness relation for the
polarization vector. Inserting the projection operators PL = (1 − γ5)/2
and PR = (1 + γ5)/2, we see that we need to calculate four types of
traces: the trace of four contracted four-momenta, the trace of γ5 and
four contracted four-momenta, the trace of six contracted four-momenta
and the trace of γ5 and six contracted four-momenta.

To find the trace of a product of γ matrices one can use the anti-
commutation relation for γ matrices, γµγν + γνγµ = 2gµν , and the cyclic
property of the trace Tr(ABC. . .Y ) = Tr(BC. . .Y A). For the trace of
six γ matrices this gives:

Tr(γµγνγργσγαγβ)

= Tr(2gµνγργσγαγβ − γνγµγργσγαγβ)

= Tr(2gµνγργσγαγβ − γν2gµργσγαγβ + γνγργµγσγαγβ)

= Tr
(

2gµνγργσγαγβ − γν2gµργσγαγβ + γνγρ2gµσγαγβ

−γνγργσ2gµαγβ + γνγργσγα2gµβ − γνγργσγαγβγµ
)

(3.9)
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⇒ 2Tr(γµγνγργσγαγβ)

= Tr
(

2gµνγργσγαγβ − γν2gµργσγαγβ + γνγρ2gµσγαγβ

−γνγργσ2gµαγβ + γνγργσγα2gµβ
)

(3.10)

The trace of four γ matrices can be found through the same type of
rewriting that we have gone through here. This has been done in for in-
stance [27] with the result Tr(γµγνγσγσ) = gµνTr(γργσ)−gµρTr(γνγσ)+
gµσTr(γνγρ) = 4gµνgρσ − 4gµρgνσ + 4gµσgνσ. Inserting this result in our
equation above gives the following:

Tr(γµγνγργσγαγβ)

= 4gµν(gρσgαβ−gραgσβ +gρβgσα)− 4gµρ(gνσgαβ−gναgσβ +gνβgσα)

+4gµσ(gνρgαβ−gναgρβ +gνβgρα)− 4gµα(gνρgσβ−gνσgρβ + gνβgρσ)

+4gµβ(gνρgσα − gνσgρα + gναgρσ) (3.11)

Knowing the trace of four and six γ matrices, we can easily find the
trace of four and six contracted four-momenta. For the latter case we
have:

Tr(6a 6b 6c 6d 6 e 6f) = aµbνcρdσeαfβ Tr(γµγνγργσγαγβ)

= 4(a · b)
[

(c · d)(e · f) − (c · e)(d · f) + (c · f)(d · e)
]

−4(a · c)
[

(b · d)(e · f) − (b · e)(d · f) + (b · f)(d · e)
]

+4(a · d)
[

(b · c)(e · f) − (b · e)(c · f) + (b · f)(c · e)
]

−4(a · e)
[

(b · c)(d · f) − (b · d)(c · f) + (b · f)(c · d)
]

+4(a · f)
[

(b · c)(d · e) − (b · d)(c · e) + (b · e)(c · d)
]

(3.12)

In our example, eq. (3.8), the second and sixth four-momenta are the
same, and also the third and fifth four-momenta are identical. The trace
above then reduces to:

Tr(6a 6b 6c 6d 6c 6b) = 8(a · b)
[

2(c · d)(c · b) − c2(d · b)
]

−8(a · c)b2(d · c) + 4(a · d)b2c2 (3.13)

In the same way we can use the result stated for the trace of four γ
matrices to get the trace of four contracted four-momenta.

Tr(6a 6b 6c 6d) = 4
[

(a · b)(c · d) − (a · c)(b · d) + (a · d)(b · c)
]

(3.14)
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which reduces to 4
[

2(a · b)(c · b)− (a · c)b2
]

when the four-momentum b is
equal to d.

The general expressions for the trace of the product of γ5 with four
or six γ matrices can be derived in an equivalent way, but we will not
do it here. It can be found that Tr(γ5 6 a 6 b 6 c 6 d) = 4iεµνρσaµbνcρdσ,
where εµνρσ is 1 for even permutations and -1 for odd permutations of
0,1,2,3 and zero otherwise [20]. In our example there are two identical
contracted momenta for the trace of γ5 and four γ matrices and there are
two sets of two identical contracted momenta for the trace of γ5 and six
γ matrices. That means that we have something which is symmetric in
at least two indices, and it therefore vanishes when it is contracted with
the anti-symmetric εµνρσ tensor.

We are now ready to calculate the squared amplitude in eq. (3.8). We
insert the projection operators and the results we have derived above.

lim
m(kfer),m(kfers)→0

∑

(s,s′,λ) MsM†
s

(2j + 1)

=
1

2|s + iε|2
(

|gl(kgb)|2|gr(kp1)|2 + |gr(kgb)|2|gl(kp1)|2
)

4
[

2(k2 · (p1 + p2))(p2 · (p1 + p2)) − (k2 · p2)(p1 + p2)
2
]

+
f(kgb)

4|s + iε|2
(

|gl(kgb)|2|gr(kp1)|2 + |gr(kgb)|2|gl(kp1)|2
)

{

8(k2 · k1)
[

2((p1 + p2) · p2)((p1 + p2) · k1) − (p1 + p2)
2(p2 · k1)

]

−8(k2 · (p1+p2))k
2
1(p2 · (p1+p2)) + 4(k2 · p2)k

2
1(p1+p2)

2

}

(3.15)

Let us now assume that the gauge boson in the final state is massive.
We then have f(kgb) = m−2(kgb) and k2

1 = m2(kgb) 6= 0. The squared
amplitude can then be written as

lim
m(kfer),m(kfers)→0

∑

(s,s′,λ) MsM†
s

(2j + 1)

=
1

2m2(kgb)|s + iε|2
(

|gl(kgb)|2|gr(kp1)|2 + |gr(kgb)|2|gl(kp1)|2
)

·
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{

4m2(kgb)
[

(k2 · (p1 + p2))(p2 · (p1 + p2)) −
1

2
(k2 · p2)(p1 + p2)

2
]

+4k1 · k2

[

2(p1 · p2)(p1 · k1) + 2m2(kp2)p1 · k1

+(m2(kp2) − m2(kp1))p2 · k1

]

}

=
1

2m2(kgb)|s + iε|2
(

|gl(kgb)|2|gr(kp1)|2 + |gr(kgb)|2|gl(kp1)|2
)

{

4m2(kgb)
[

(k2 · p1)(p2 · p1 + m2(kp2))

+
1

2
(k2 · p2)(m

2(kp2) − m2(kp1))
]

+4k1 · k2

[

2(p1 · p2)(p1 · k1) + 2m2(kp2)p1 · k1

+(m2(kp2) − m2(kp1))p2 · k1

]

}

(3.16)

Next step is to express all the scalar products in terms of the Mandel-
stam variables. The initial state particles are a sfermion, f̃ , of momentum
p1 and a neutralino or chargino, χ, of momentum p2. In the final state
we have a gauge boson, V , with momentum k1 and a fermion, f , with
momentum k2. The Mandelstam variable s is then: s = (p1 + p2)

2 =
m2(f̃) + m2(χ) + 2p1 · p2. By energy-momentum conservation we also
have s = (k1 + k2)

2, which gives us the scalar product k1 · k2 in terms of
s. The Mandelstam variable t is defined as t = (p1 − k1)

2; see e.g. [20].
Thus giving the expressions for k1 · p1 and k2 · p2. The last two scalar
products, p1 · k2 and p2 · k1, can now be obtained from the four pre-
vious ones by the use of energy-momentum conservation. For instance,
p1 · k2 = (k1 + k2 − p2) · k2 = k1 · k2 + m2(f)− k2 · p2. Alternatively, one
can introduce the third Mandelstam variable u = (p1 − k2)

2 = (k1 − p2)
2.

With the final check that the sum of the Mandelstam variables is equal
to the sum of all the squared masses. We here list all the scalar products
in terms of the Mandelstam variables.

p1 · p2 =
1

2
(s − m2

f̃
− m2

χ) k1 · k2 =
1

2
(s − m2

V − m2
f ) (3.17)

k1 · p1 =
1

2
(m2

V + m2
f̃
− t) k2 · p2 =

1

2
(m2

f + m2
χ − t) (3.18)

p1 · k2 =
1

2
(s + t−m2

V −m2
χ) p2 · k1 =

1

2
(s + t−m2

f−m2
f̃
)(3.19)

p1 · k2 =
1

2
(m2

f̃
+ m2

f − u) p2 · k1 =
1

2
(m2

χ + m2
V − u) (3.20)
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In our example, we will use all three Mandelstam variables, since this
is what they have done in the reference [13] to which we want to compare
our result. Also, we have neglected the mass of the fermion while the
gauge boson has been assumed to be massive. Let us identify the gauge
boson with the Z boson. Inserting the scalar products into our expression
for the amplitude squared then gives:

lim
m(kfer),m(kfers)→0

∑

(s,s′,λ) MsM†
s

(2j + 1)

=
1

2m2
Z |s + iε|2

(

|gl(kgb)|2|gr(kp1)|2 + |gr(kgb)|2|gl(kp1)|2
)

{

4m2
Z

[

1

2
(m2

f̃
− u)

(

1

2
(s − m2

f̃
− m2

χ) + m2
χ

)

+
1

2

1

2
(m2

χ − t)(m2
χ − m2

f̃
)

]

+4
1

2
(s − m2

Z)

[

2
1

2
(s − m2

f̃
− m2

χ)
1

2
(m2

Z + m2
f̃
− t)

+2m2
χ

1

2
(m2

Z + m2
f̃
− t) + (m2

χ − m2
f̃
)
1

2
(m2

χ + m2
Z − u)

]}

=
1

2m2
Z |s + iε|2

(

|gl(kgb)|2|gr(kp1)|2 + |gr(kgb)|2|gl(kp1)|2
)

{

s(−m4
Z + m2

Zs + m2
Zt − st − m2

Zu)

+m2
f̃
(2m4

Z − 2m2
Zs + s2 + st + su)

−m2
χ(2m4

Z − 2m2
Zs + st + su) + m4

χs − m4
f̃
s

}

(3.21)

where there was a trivial cancellation between a large number of terms.
Let us now also insert the expressions for the vertex factors. We have
assumed that the gauge boson is the Z boson. Let us consider the case
of a neutralino, χ0

j , in the initial state. We have neglected the mass of
the fermion, and we will assume that it is a lepton with weak isospin
T3 = −1/2 so that its electric charge is -1. The sfermion will be assumed
to be the right handed partner of the fermion. With the notation of [11]
we then have

gl(kgb) = gl(kgb, kfer, kfers) = gL
Zdd
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and
gl(kp1) = gl(kp1, kfers, kp2) = gL

d̃Rdj

with

gL
Zdd =

g

2 cos θW
(1 + 2ed sin2 θW ) gR

Zdd =
g

cos θW
ed sin2 θW(3.22)

gL
d̃Rdj

=

√
2edg sin θW

cos θW
Z∗

j1εj gR
d̃Rdj

= − gmd√
2mW cos β

Zj3 (3.23)

Inserting now ed = −1 and md = 0 gives:

|gL
Zdd|2|gR

d̃Rdj
|2 + |gR

Zdd|2|gL
d̃Rdj

|2 =
g2

cos2 θW
sin4 θW

2g2 sin2 θW

cos2 θW
|Nj1|2

= 2 sin4 θW (g′)2|Nj1|2
g2

cos2 θW
(3.24)

Both Nij and Zij represents the mixing matrix of the neutralino states.
The difference being that the former is complex and gives positive mass
eigenvalues while the latter is real and gives both positive and negative
mass eigenvalues. The sign of the mass eigenvalue is given by εi [11].
The coupling strength of SU(2) has been denoted by g and that of U(1)
by g′. The vertex factors are now inserted into the amplitude squared in
eq. (3.21) to obtain the final analytic expression. This is the exact same
result as found in eq. (A21) in the paper [13] by Ellis, Falk, Olive and
Srednicki.

The t exchange channel

In the previous pages we have only considered the s(f) exchange channel
of the process f̃ +χ → Vµ +f . Let us now move on to the t(f̃k) exchange
channel for this process. The Feynman diagram is shown in fig. 3.2. The
amplitude for the t(f̃k) exchange is:

Mt =
∑

k

ūs′(k2)(gl(ksfert(k), kfer, kp2)PL+gr(ksfert(k), kfer, kp2)PR)

us(p2)

( −1

t − m2(ksfert(k)) + iε(k)

)

gl(kgb, ksfert(k), kp1)(p1 + p1 − k1)
µε(λ)∗

µ (3.25)

where the names and momenta of the particles were defined in the table
at p. 58. The structure of the first vertex factor is identical to those of
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f
~
(p1)

χ(p2)

f
~
k

Vµ(k1)

f(k2)

Figure 3.2: Feynman diagram for the t exchange channel of the process
f̃ + χ → Vµ + f .

the s exchange: gl(C, out, in)PL,out,in + gr(C, out, in)PR,out,in. The other
vertex factor looks different, but the convention used for the ordering
of the particles is the same: gl(Cµ, out, in)(pin + pout)

µ. Directions and
momenta refer to the particles (the sfermions in this case) rather than to
the anti-particles. Note that gl is just a name in this case. It is not related
to the projection operator. In the propagator we have explicitly written
that the iε is defined for the sfermion f̃k. The hermitian conjugated
amplitude is then:

M†
t =

∑

k′

−gl∗(kgb, ksfert(k′), kp1)

(t − m2(ksfert(k′)) + iε(k′))∗
ε(λ)
ν (2p1 − k1)

νus†(p2)γ
0

(

gl∗(ksfert(k′), kfer, kp2)PR

+gr∗(ksfert(k′), kfer, kp2)PL

)

us′(k2) (3.26)

We then have the following contribution to the unpolarized total ampli-
tude squared.

∑

(s,s′,λ) MtM†
t

(2j + 1)

=
∑

k,k′

1

2

gl(kgb, k, kp1)

(t − m2(ksfert(k)) + iε(k))

gl∗(kgb, k′, kp1)

(t − m2(ksfert(k′)) + iε(k′))∗
·
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∑

λ

ε(λ)∗
µ ε(λ)

ν (2p1 − k1)
µ(2p1 − k1)

ν
∑

s′

ūs′(k2)

(gl(k, kfer, kp2)PL + gr(k, kfer, kp2)PR)
∑

s

us(p2)ū
s(p2)

(gl∗(k′, kfer, kp2)PR + gr∗(k′, kfer, kp2)PL)us′(k2)

=
∑

k,k′

1

2

gl(kgb, k, kp1)

(t − m2(ksfert(k)) + iε(k))

gl∗(kgb, k′, kp1)

(t − m2(ksfert(k′)) + iε(k′))∗

(−gµν + f(kgb)k1,µk1,ν) (2p1 − k1)
µ(2p1 − k1)

ν

Tr

[

(6k2 + m(kfer)(gl(k, kfer, kp2)PL + gr(k, kfer, kp2)PR)

(6p2 + m(kp2))(gl∗(k′, kfer, kp2)PR + gr∗(k′, kfer, kp2)PL)

]

=
1

2
(−gµν + f(kgb)k1,µk1,ν) (2p1 − k1)

µ(2p1 − k1)
ν

∑

k,k′

gl(kgb, k, kp1)

(t − m2(ksfert(k)) + iε(k))

gl∗(kgb, k′, kp1)

(t − m2(ksfert(k′)) + iε(k′))∗

{

gr(k, kfer, kp2)gr∗(k′, kfer, kp2)Tr(PL 6k2 6p2)

+gl(k, kfer, kp2)gl∗(k′, kfer, kp2)Tr(PR 6k2 6p2)

+m(kfer)m(kp2)gl(k, kfer, kp2)gr∗(k′, kfer, kp2)Tr(PL)

+m(kfer)m(kp2)gr(k, kfer, kp2)gl∗(k′, kfer, kp2)Tr(PR)

}

(3.27)

where we have abbreviated the coefficients (gl(), gr()) of the vertex factors
by writing k and k′ for ksfert(k) and ksfert(k′) respectively. For the
last equation we omitted all traces of an odd number of γ matrices, since
they always vanish. The expression can easily be reduced further, since
Tr(γ5 6a 6 b) = 0 = Tr(γ5) and Tr(6a 6 b) = 4a · b, but it is the expression
above which we have implemented in the FORM computer program.

The u exchange channel

The Feynman diagram for the u(χl) exchange channel is shown in fig. 3.3.
The invariant amplitude for this exchange channel is:
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f
~
(p1)

χ(p2)

χl

Vµ(k1)

f(k2)

Figure 3.3: Feynman diagram for the u exchange channel of the process
f̃ + χ → Vµ + f .

Mu =
∑

l

ūs′(k2)(gl(kp1, kfer, kchiu(l))PL + gr(kp1, kfer, kchiu(l))PR)

(−(6p2− 6k1) − m(kchiu(l))

u − m2(kchiu(l)) + iε(l)

)

γµ

[

gl(kgb, kchiu(l), kp2)PL

+gr(kgb, kchiu(l), kp2)PR

]

ε(λ)∗
µ us(p2) (3.28)

Let us also write the hermitian conjugated amplitude:

M†
u =

∑

l′

−ε
(λ)
ν

(u − m2(kchiu(l′)) + iε(l′))∗
us†(p2)

(gl∗(kgb, kchiu(l′), kp2)PL + gr∗(kgb, kchiu(l′), kp2)PR)

γ0γνγ0[(p2 − k1)ξ γ0γξγ0 + m(kchiu(l′))]
[

gl∗(kp1, kfer, kchiu(l′))PL

+gr∗(kp1, kfer, kchiu(l′))PR

]

γ0us′(k2)

=
∑

l′

−ε
(λ)
ν

(u − m2(kchiu(l′)) + iε(l′))∗
ūs(p2)

(gl∗(kgb, l′, kp2)PR + gr∗(kgb, l′, kp2)PL)γν

[(6p2− 6k1) + m(kchiu(l′))]

(gl∗(kp1, kfer, l′)PR + gr∗(kp1, kfer, l′)PL)us′(k2) (3.29)

where we introduced the notation gl(kgb, l′, kp2) for gl(kgb, kchiu(l′), kp2)
and similarly for the other vertex factor coefficients. In the derivation
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we used once again that γν† = γ0γνγ0, (γ0)2 = 1 and that γ5 in the
projection operators anti-commute with the γ matrices.

Let us now write the product of Mu and M†
u in the same way as we

have done for the s and t exchange channels.

∑

(s,s′,λ) MuMu†
(2j + 1)

=
1

2
(−gµν + f(kgb)k1,µk1,ν)

·
∑

l,l′

1

(u − m2(kchiu(l)) + iε(l))

1

(u − m2(kchiu(l′)) + iε(l′))∗

Tr

[

(6k2 + m(kfer))(gl(kp1, kfer, l)PL + gr(kp1, kfer, l)PR)

((6p2−6k1)+m(kchiu(l)))γµ(gl(kgb, l, kp2)PL +gr(kgb, l, kp2)PR)

(6p2 + m(kp2))(gl∗(kgb, l′, kp2)PR + gr∗(kgb, l′, kp2)PL)γν

((6p2− 6k1) + m(kchiu(l′)))

(gl∗(kp1, kfer, l′)PR + gr∗(kp1, kfer, l′)PL)

]

=
1

2
(−gµν + f(kgb)k1,µk1,ν)

∑

l,l′

1

(u − m2(kchiu(l)) + iε(l))

1

(u − m2(kchiu(l′)) + iε(l′))∗

{

gr(kp1, kfer, l)gr(kgb, l, kp2)gr∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

Tr(PL 6k2(6p2− 6k1)γ
µ 6p2γ

ν(6p2− 6k1))

+gl(kp1, kfer, l)gl(kgb, l, kp2)gl∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

Tr(PR 6k2(6p2− 6k1)γ
µ 6p2γ

ν(6p2− 6k1))

+gr(kp1, kfer, l)gr(kgb, l, kp2)gl∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kp2)m(kchiu(l′))Tr(PL 6k2(6p2− 6k1)γ
µγν)

+gl(kp1, kfer, l)gl(kgb, l, kp2)gr∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kp2)m(kchiu(l′))Tr(PR 6k2(6p2− 6k1)γ
µγν)

+gr(kp1, kfer, l)gl(kgb, l, kp2)gl∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kchiu(l))m(kchiu(l′))Tr(PL 6k2γ
µ 6p2γ

ν)

+gl(kp1, kfer, l)gr(kgb, l, kp2)gr∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kchiu(l))m(kchiu(l′))Tr(PR 6k2γ
µ 6p2γ

ν)
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+gr(kp1, kfer, l)gl(kgb, l, kp2)gr∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kchiu(l))m(kp2)Tr(PL 6k2γ
µγν(6p2− 6k1))

+gl(kp1, kfer, l)gr(kgb, l, kp2)gl∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kchiu(l))m(kp2)Tr(PR 6k2γ
µγν(6p2− 6k1))

+gl(kp1, kfer, l)gr(kgb, l, kp2)gl∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))m(kp2)m(kchiu(l′))Tr(PLγµγν)

+gr(kp1, kfer, l)gl(kgb, l, kp2)gr∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))m(kp2)m(kchiu(l′))Tr(PRγµγν)

+gl(kp1, kfer, l)gr(kgb, l, kp2)gr∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))Tr(PLγµ 6p2γ
ν(6p2− 6k1))

+gr(kp1, kfer, l)gl(kgb, l, kp2)gl∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))Tr(PRγµ 6p2γ
ν(6p2− 6k1))

+gl(kp1, kfer, l)gl(kgb, l, kp2)gr∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kp2)Tr(PL(6p2− 6k1)γ
µγν(6p2− 6k1))

+gr(kp1, kfer, l)gr(kgb, l, kp2)gl∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kp2)Tr(PR(6p2− 6k1)γ
µγν(6p2− 6k1))

+gl(kp1, kfer, l)gl(kgb, l, kp2)gl∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kchiu(l′))Tr(PL(6p2− 6k1)γ
µ 6p2γ

ν)

+gr(kp1, kfer, l)gr(kgb, l, kp2)gr∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kchiu(l′))Tr(PR(6p2− 6k1)γ
µ 6p2γ

ν)

}

(3.30)

The interference terms

To complete the list of contributions to the total unpolarized amplitude
squared we still miss all the interference terms. Let us first consider the
interference terms for the s and t exchange channels. There are two con-
tributions: MsM†

t and MtM†
s. In general, these are complex numbers

and we therefore have MsM†
t = (MtM†

s)∗. The total contribution is
then two times the real part of one of the contributions.
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2 Re

∑

(s,s′,λ) MsM†
t

(2j + 1)
=

2

2
Re

{

(−gµν + f(kgb)k1,µk1,ν)

· 1

s − m2(kfers) + iε
(2p1 − k1)

ν
∑

k′

gl∗(kgb, ksfert(k′), kp1)

(t − m2(ksfert(k′)) + iε(k′))∗

Tr

[

(6k2 + m(kfer))γµ

(gl(kgb, kfer, kfers)PL+gr(kgb, kfer, kfers)PR)

((6p1+ 6p2) + m(kfers))

(gl(kp1, kfers, kp2)PL + gr(kp1, kfers, kp2)PR)(6p2 + m(kp2))

(gl∗(ksfert(k′), kfer, kp2)PR + gr∗(ksfert(k′), kfer, kp2)PL)

]}

= Re

[

(−gµν + f(kgb)k1,µk1,ν)
1

s − m2(kfers) + iε

(2p1 − k1)
ν
∑

k′

gl∗(kgb, ksfert(k′), kp1)

(t − m2(ksfert(k′)) + iε(k′))∗

{

gl(kgb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(ksfert(k′), kfer, kp2)

Tr(PL 6k2γ
µ(6p1+ 6p2) 6p2)

+gr(kgb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(ksfert(k′), kfer, kp2)

Tr(PR 6k2γ
µ(6p1+ 6p2) 6p2)

+gl(kgb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(ksfert(k′), kfer, kp2)

m(kfers)m(kp2)Tr(PL 6k2γ
µ)

+gr(kgb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(ksfert(k′), kfer, kp2)

m(kfers)m(kp2)Tr(PR 6k2γ
µ)

+gr(kgb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(ksfert(k′), kfer, kp2)

m(kfer)m(kp2)Tr(PLγµ(6p1+ 6p2))

+gl(kgb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(ksfert(k′), kfer, kp2)

m(kfer)m(kp2)Tr(PRγµ(6p1+ 6p2))

+gr(kgb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(ksfert(k′),kfer, kp2)

m(kfer)m(kfers)Tr(PLγµ 6p2)

+gl(kgb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(ksfert(k′), kfer, kp2)

m(kfer)m(kfers)Tr(PRγµ 6p2)

}]

(3.31)
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Next, we state the terms that mix the amplitudes of the s and u
exchange channels. The total contribution is:

2 Re

∑

(s,s′,λ) MsM†
u

(2j + 1)
=

2

2
Re

{

(−gµν + f(kgb)k1,µk1,ν)

s − m2(kfers) + iε

·
∑

l′

1

(u − m2(kchiu(l′)) + iε(l′))∗

Tr

[

(6k2 + m(kfer))γµ

(gl(kgb, kfer, kfers)PL + gr(kgb, kfer, kfers)PR)

((6p1+ 6p2) + m(kfers))

(gl(kp1, kfers, kp2)PL + gr(kp1, kfers, kp2)PR)(6p2 + m(kp2))

(gl∗(kgb, kchiu(l′), kp2)PR + gr∗(kgb, kchiu(l′), kp2)PL)

γν((6p2− 6k1) + m(kchiu(l′)))

(gl∗(kp1, kfer, kchiu(l′))PR + gr∗(kp1, kfer, kchiu(l′))PL)

]}

= Re

[

(−gµν + f(kgb)k1,µk1,ν)

s − m2(kfers) + iε

∑

l′

1

(u − m2(kchiu(l′)) + iε(l′))∗

{

gl(kgb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)Tr(PL 6k2γ
µ(6p1+ 6p2) 6p2γ

ν(6p2− 6k1))

+gr(kgb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)Tr(PR 6k2γ
µ(6p1+ 6p2) 6p2γ

ν(6p2− 6k1))

+gl(kgb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)m(kp2)m(kchiu(l′))Tr(PL 6k2γ
µ(6p1+ 6p2)γ

ν)

+gr(kgb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)m(kp2)m(kchiu(l′))Tr(PR 6k2γ
µ(6p1+ 6p2)γ

ν)

+gl(kgb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)m(kfers)m(kchiu(l′))Tr(PL 6k2γ
µ 6p2γ

ν)

+gr(kgb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)m(kfers)m(kchiu(l′))Tr(PR 6k2γ
µ 6p2γ

ν)

+gl(kgb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)m(kfers)m(kp2)Tr(PL 6k2γ
µγν(6p2− 6k1))
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+gr(kgb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)m(kfers)m(kp2)Tr(PR 6k2γ
µγν(6p2− 6k1))

+gr(kgb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)m(kfer)m(kfers)m(kp2)m(kchiu(l′))Tr(PLγµγν)

+gl(kgb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)m(kfer)m(kfers)m(kp2)m(kchiu(l′))Tr(PRγµγν)

+gr(kgb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)m(kfer)m(kfers)Tr(PLγµ 6p2γ
ν(6p2− 6k1))

+gl(kgb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)m(kfer)m(kfers)Tr(PRγµ 6p2γ
ν(6p2− 6k1))

+gr(kgb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)m(kfer)m(kp2)Tr(PLγµ(6p1+ 6p2)γ
ν(6p2− 6k1))

+gl(kgb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)m(kfer)m(kp2)Tr(PRγµ(6p1+ 6p2)γ
ν(6p2− 6k1))

+gr(kgb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(kgb, l′, kp2)

gr∗(kp1, kfer, l′)m(kfer)m(kchiu(l′))Tr(PLγµ(6p1+ 6p2)γ
ν)

+gl(kgb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kgb, l′, kp2)

gl∗(kp1, kfer, l′)m(kfer)m(kchiu(l′))Tr(PRγµ(6p1+ 6p2)γ
ν)

}]

(3.32)

The final contribution to the unpolarized amplitude squared is:

2 Re

∑

(s,s′,λ) MtM†
u

(2j + 1)
=

2

2
Re

{

(−gµν + f(kgb)k1,µk1,ν)(2p1 − k1)
µ

·
∑

k,l′

gl(kgb, k, kp1)

(t − m2(ksfert(k)) + iε(k))

1

(u − m2(kchiu(l′)) + iε(l′))∗

Tr

[

(6k2 + m(kfer))(gl(k, kfer, kp2)PL + gr(k, kfer, kp2)PR)

(6p2 + m(kp2))(gl∗(kgb, l′, kp2)PR + gr∗(kgb, l′, kp2)PL)γν

((6p2− 6k1) + m(kchiu(l′)))

(gl∗(kp1, kfer, l′)PR + gr∗(kp1, kfer, l′)PL)

]}
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= Re

[

(−gµν + f(kgb)k1,µk1,ν)(2p1 − k1)
µ

∑

k,l′

gl(kgb, k, kp1)

(t − m2(ksfert(k)) + iε(k))

1

(u − m2(kchiu(l′)) + iε(l′))∗

{

gr(k, kfer, kp2)gr∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

Tr(PL 6k2 6p2γ
ν(6p2− 6k1))

+gl(k, kfer, kp2)gl∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

Tr(PR 6k2 6p2γ
ν(6p2− 6k1))

+gr(k, kfer, kp2)gl∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kp2)m(kchiu(l′))Tr(PL 6k2γ
ν)

+gl(k, kfer, kp2)gr∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kp2)m(kchiu(l′))Tr(PR 6k2γ
ν)

+gl(k, kfer, kp2)gl∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kchiu(l′))Tr(PL 6p2γ
ν)

+gr(k, kfer, kp2)gr∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kchiu(l′))Tr(PR 6p2γ
ν)

+gl(k, kfer, kp2)gr∗(kgb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kp2)Tr(PLγν(6p2− 6k1))

+gr(k, kfer, kp2)gl∗(kgb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kp2)Tr(PRγν(6p2− 6k1))

}]

(3.33)

3.2.2 The modified t process

– including discussion about clashing arrows

In this section we will find all the contributions to the unpolarized am-
plitude squared of the generic process f̃

′∗ + χ → Vµ + f̄ . As we have
discussed in section 3.1 this process can be interpreted as a modified t
channel process of f̃ + χ → Vµ + f ′. It was called the coannihilation
t channel. Unlike t channels obtained by ordinary crossing, there is no
simple rule of how to get the amplitude squared of the coannihilation t
channel from that of the s channel. It has to be calculated from scratch.
Not only that, the calculation involves a subtlety which does not exist
in the Standard Model: the concept of clashing fermionic arrows in the



3.2. The gauge boson plus fermion final state 79

Feynman diagrams. We will start by giving an introduction to clashing
arrows. Clashing arrows are also discussed in the literature; see e.g. [18].

Let us take a look at the fermions in the process. There is an anti-
fermion in the final state, i.e. the fermionic arrow of the final state
goes backwards in time. The fermion in the initial state is the neu-
tralino/chargino. We are free to draw the fermionic arrow of the neu-
tralino/chargino as going either forward or backwards in time. For the
neutralino, the arbitrariness of the fermionic direction is clearly due to its
Majorana nature. Even for the chargino there is no rule stating whether
the positively or negatively charged chargino should be taken as the anti-
particle. In either case, vertex factors and spinors just have to match
the interpretation chosen. For the spinors, the interpretation of neu-
tralino/chargino arrows should be identical to that of Standard Model
fermions [18], i.e. if we choose a convention where the incoming neu-
tralino/chargino go forward in time we will interpret it as a particle,
while it will be interpreted as an anti-particle if, by convention, the arrow
go backwards in time. In order to avoid confusion it is a good idea to stick
to one convention throughout the work. As can be seen from table 3.2 we
have chosen that the initial state chargino is positively charged in all the
processes that we calculate and is negatively charged in all the trivially
related processes. For the s channel process f̃ + χ → Vµ + f ′ in section
3.2.1 we took the fermionic arrow of the initial state neutralino/chargino
to go forward in time. Meaning that we have chosen χ+

i to be the par-
ticle and χ−

i to be the anti-particle. Consequently, the coannihilation
t channel process has an initial state fermionic arrow going forward in
time and a final state fermionic arrow going backwards in time. Thus,
there is no longer a continuous flow in the fermionic arrows. We have
clashing fermionic arrows. In the Standard Model, conservation of lep-
ton and baryon number prevents that we can have interactions where the
fermionic arrows clash. Now when it is up to us to choose the direction
of the neutralino/chargino fermionic arrow, there will be no conserva-
tion law that prevents this apparent violation of fermion number. The
fermionic arrow should not be confused with the fermionic quantum num-
bers. These still have to be conserved in any vertex. With the possibility
of clashing arrows, statements like “one should walk in the opposite di-
rection of the fermionic arrows when writing down the amplitude” do not
make sense anymore. In the case without clashing arrows, this statement
ensures that the spinors and matrices of vertex factors and propagators
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are written in the correct order for the matrix multiplication. Having no
such rule forces us to keep track of the matrix indices ourselves, and to
transpose the spinors or matrices if we find that we have got the order
“wrong”. This might seem as a tricky business at first, but it is actually
straightforward, which will hopefully be clear when we go through the
first example in some detail.

The s exchange channel

Let us start by writing down the amplitude of the s(f̄) exchange channel.
We will use the same particle names as we did in the table at p. 58. We
will also continue to denote the incoming momenta p1 and p2 and the out-
going momenta k1 and k2. The Feynman diagram is shown in fig. 3.4.

f
~∗(p1)

χ(p2)

f
–

f
–
(k2)

Vµ(k1)

Figure 3.4: Feynman diagram for the s exchange channel of the process
f̃∗ + χ → Vµ + f̄ . This diagram has clashing fermionic arrows, namely
those of the incoming chargino/neutralino and the fermion propagator.

As we said above, it does not matter in which order we write the
spinors and matrices as long as we make sure that the matrix multipli-
cation will be done in the correct order. We choose to begin with the
initial state neutralino/chargino. We have associated it with a fermionic
arrow in the forward direction of time, and so it corresponds to the spinor
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us(p2). The amplitude is:

Ms = (us(p2))
T V (kp1, kp2, kfers)

(−(− 6p1− 6p2) − m(kfers)

s − m2(kfers) + iε

)

γµ

(

gl(kgb, kfers, kfer)PL

+gr(kgb, kfers, kfer)PR

)

ε∗µvs′(k2) (3.34)

The neutralino/chargino spinor has been transposed in order for the
matrix multiplication to be well defined (in component form it reads
us(p2)aV (kp1, kp2, kfers)ab · · · ). We have introduced the notation

V (kp1, kp2, kfers)

for the vertex factor of the vertex with two incoming clashing fermionic
arrows. How do we deal with interactions with clashing arrows? The
straightforward answer is to derive the vertex factor from the Lagrangian.
An easier solution, though, is to relate the vertex to another vertex fac-
tor which has already been derived. From the amplitude it is seen that
we have defined the vertex factor V (kp1, kp2, kfers) to have the neu-
tralino/chargino line multiplied from the left and the standard Model
fermion line from the right. This is implied also by kp2 standing to the
left of kfers in the parenthesis of V . Let us for a moment treat the vertex
with the sfermion, the chargino and the fermion in the exchange channel
as an isolated interaction: ΨT

+V (kp1, kp2, kfers)Ψf , where the indices +
and f stands for the positively charged chargino and the Standard Model
fermion respectively. From the antiparticle-particle correspondence it fol-
lows that this vertex, with both χ+ and f going into the vertex, is identic
to a vertex having the χ− pointing out from it and f still pointing into
it. Thus, we could also write it as Ψ̄−V̂ (kp1, kp2−, kfers)Ψf , where

V̂ (kp1, kp2−, kfers) is now a new vertex factor for which the order of the
particles should be interpreted as above. For the moment we explicitly
write kp2− for the negatively charged chargino. Let us now find the re-
lation between the two vertex factors by inserting the expression CΨ̄T

− ≡
Ψ+ for Ψ−. Here C is the charge conjugation operator. We then have
(C−1Ψ+)T V̂ (kp1, kp2−, kfers)Ψf = ΨT

+(−C−1)V̂ (kp1, kp2−, kfers)Ψf ,
where we used that C−1T = −C−1 which follows from CT = −C. Thus,
the vertex factors are related by

V (kp1, kp2, kfers) = −C−1V̂ (kp1, kp2−, kfers)
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Only the vertex factor V̂ is included in the DarkSUSY package, and we
thus need to keep track of the −C−1 ourselves. The convention used for
the notation is

V̂ (kp1, kp2−, kfers) = gl(kp1, kp2, kfers)PL + gr(kp1, kp2, kfers)PR

DarkSUSY makes no distinction in the notation used for the positively-
and the negatively charged chargino. Due to charge conservation, there
should be no ambiguity, though. Let us go through an example to under-
stand this. We consider gl(kp1 = ν̃e

L, kp2 = chargino, kfers = e). The e
stands to the right meaning that the fermion line is multiplied on the ver-
tex from the right, i.e. it is an incoming Standard Model fermion – here
the electron. By convention, DarkSUSY only contains non-clashing vertex
factors, so the chargino must be outgoing. From charge conservation the
only possibility is now that the chargino is negatively charged.

For the case with a neutralino in the initial state instead of the
chargino, the discussion above applies when Ψ+ is interchanged by Ψ0

and the Majorana condition, Ψ0 = (Ψ0)
C = CΨ̄T

0 , introduced. We
then have Ψ̄0V̂ (kp1, kp2, kfers)Ψf = ΨT

0 (−C−1)V̂ (kp1, kp2, kfers)Ψf ≡
ΨT

0 V (kp1, kp2, kfers)Ψf .
We now know how the clashing arrow vertex factor in our example

can be rewritten in terms of a non-clashing arrow vertex that is included
in the DarkSUSY code. The amplitude then becomes:

Ms = (us(p2))
T (−C−1)(gl(kp1, kp2, kfers)PL+gr(kp1, kp2, kfers)PR)

(−(− 6p1− 6p2) − m(kfers)

s − m2(kfers) + iε

)

γµ(gl(kgb, kfers, kfer)PL + gr(kgb, kfers, kfer)PR)ε∗µvs′(k2)

= v̄s(p2)(gl(kp1, kp2, kfers)PL + gr(kp1, kp2, kfers)PR)
(−(− 6p1− 6p2) − m(kfers)

s − m2(kfers) + iε

)

γµ

(

gl(kgb, kfers, kfer)PL

+gr(kgb, kfers, kfer)PR

)

ε∗µvs′(k2) (3.35)

In the last step we actually turned around the rewriting that we made in
the discussion above. There we rewrote ΨC as ΨT (−C−1), but now we
wrote it again as ΨC or rather v̄. The final version of the amplitude is
not surprising at all. It is exactly what we would have got immediately
if we had turned around the fermionic arrow of the chargino/neutralino.
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Just because of an unfortunate choice of direction for the fermionic arrow
we had to go through a long discussion to get a trivial result. Why did
we not turn around the arrow then? The answer is that we would then
either have to give up having the same convention for the direction of
the chargino/neutralino arrow in the modified t channel process as in the
s channel process, or if we had chosen the opposite convention, then we
would instead have had the problem of clashing arrows in section 3.2.1.

We will end this discussion of the s exchange channel of the coanni-
hilation t process by comparing the result with that of the s process. If
the two processes had been related by s − t crossing in the usual way,
then we would have compared the s exchange channel of the s process
with the t exchange of the t process or vice versa. As we consider a su-
persymmetric modification of the s − t crossing, we will instead have to
compare the two s exchange channels and similarly the two t exchanges,
if we want to have the same type of exchange particle, and therefore have
a chance that the amplitudes are comparable. We will here compare the
s exchange channels. We will find that the amplitudes appearing in the
two processes are not the same. We will nevertheless end up with a set
of substitution rules which makes the implementation of one process easy
once we have the implementation of the other process.

The s exchange channel of the s process was stated in eq. (3.1). It
seems that there is a chance to obtain a similar expression if we transpose
our result in eq. (3.35). We are free to do so since the amplitude is just
a number1.

MT
s =(vs′(k2))

Tε∗Tµ (gl(kgb, kfers, kfer)P T
L +gr(kgb, kfers, kfer)P T

R )γµT

(−(−pν
1 − pν

2)γ
T
ν − m(kfers)1T

s − m2(kfers) + iε

)

(gl(kp1, kp2, kfers)P T
L + gr(kp1, kp2, kfers)P T

R )(v̄s(p2))
T

1Actually, MT
s is the amplitude, M′

s, that we would have got if we had written
the amplitude starting with the final state anti-fermion instead of the initial state
chargino/neutralino.

M
′

s = (vs′(k2))
T [γµ(gl(kgb, kfers, kfer)PL + gr(kgb, kfers, kfer)PR)]T ε

∗

µ

„

−(− 6p1− 6p2) − m(kfers)

s − m2(kfers) + iε

«T

ˆ

−C
−1(gl(kp1, kp2, kfers)PL + gr(kp1, kp2, kfers)PR)

˜T
u

s(p2)
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= −ūs′(k2)Cεµ∗
[

gl(kgb, kfers, kfer)(γT
µ − (γµγ5)

T )/2

+gr(kgb, kfers, kfer)(γT
µ + (γµγ5)

T )/2

]

C−1C

(−(−pν
1 − pν

2)γ
T
ν − m(kfers)1

s − m2(kfers) + iε

)

C−1C

[

gl(kp1, kp2, kfers)(1 − (−i)(iγ5)
T )/2

+gr(kp1, kp2, kfers)(1 + (−i)(iγ5)
T )/2

]

C−1us(p2)

= −ūs′(k2)ε
µ∗
[

gl(kgb, kfers, kfer)(−γµ − γµγ5)/2

+gr(kgb, kfers, kfer)(−γµ + γµγ5)/2

]

(−(6p1+ 6p2) − m(kfers)1

s − m2(kfers) + iε

)[

gl(kp1, kp2, kfers)(1 − γ5)/2

+gr(kp1, kp2, kfers)(1 + γ5)/2

]

us(p2)

= ūs′(k2)ε
∗
µγµ(gl(kgb, kfers, kfer)PR + gr(kgb, kfers, kfer)PL)

(−(6p1+ 6p2) − m(kfers)

s − m2(kfers) + iε

)

(gl(kp1, kp2, kfers)PL + gr(kp1, kp2, kfers)PR)us(p2) (3.36)

Here we first introduced twice the identity written on the form C−1C,
and we once more manipulated the definition, ΨC ≡ CΨ̄T , of charge
conjugation to rewrite the spinors. We finally used that CΓTC−1 = ηΓ,
with η = + 1 for Γ = (iγ5), (γµγ5) and η = −1 for Γ = γµ, [18].

Compare now the final version of MT
s in eq. (3.36) with the s pro-

cess result in eq. (3.1). The two amplitudes can only be identical if
gl(kgb, kfer, kfers) = gr(kgb, kfers, kfer) and gl(kp1, kfers, kp2) =
gl(kp1, kp2, kfers) (and the two relations obtained by interchanging ev-
erywhere gl and gr). In general, this is not true. Let us verify this by
considering the interaction of the gauge boson and two fermions. The
vertex factor takes the form γµ(gl( )PL +gr( )PR), and the order in which
the fermions are mentioned in the parenthesis follows the convention that
the first mentioned fermion is multiplied on the vertex factor from the
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left and the last mentioned from the right. So the vertex factor used for
the s process came from the Lagrangian expression2

Ψ̄kferγ
µ(gl(kgb, kfer, kfers)PL + gr(kgb, kfer, kfers)PR)ΨkfersVµ

and that for the t process came from

Ψ̄kfersγ
µ(gl(kgb, kfers, kfer)PL + gr(kgb, kfers, kfer)PR)Ψkfer(Vµ)†

The two expressions must be the hermitian conjugate of each other, since
the Lagrangian is hermitian. Let us start with the first mentioned ex-
pression:

[Ψ̄kferγ
µ(gl(kgb, kfer, kfers)PL + gr(kgb, kfer, kfers)PR)ΨkfersVµ]†

= Ψ†
kfers(gl∗(kgb, kfer, kfers)PL + gr∗(· · · )PR)γµ†γ0ΨkferV

†
µ

= Ψ̄kfersγ
µ(gl∗(kgb, kfer, kfers)PL+gr∗(kgb, kfer, kfers)PR)ΨkferV

†
µ

where we used some of the relations which are familiar from sec. 3.2.1.
Consequently, the vertex factors are related by gl∗(kgb, kfer, kfers) =
gl(kgb, kfers, kfer) and likewise for the factors of the right handed pro-
jection operators. These coefficients are real [11], and thus it follows
that the ordering of the particles is not important in these Standard
Model vertex factors. Still, we did not get the relation between the
coefficients that was needed for the s exchange channel amplitude of
the s- and the modified t processes to be identical. The required rela-
tion was gl(kgb, kfer, kfers) = gr(kgb, kfers, kfer) which now reduces
to gl( ) = gr( ), since the ordering makes no difference. The interac-
tion with the W and also with the Z depends on the fermion handed-
ness. We have thereby verified that the required relation between the
coefficients does not hold in general. Even in the case where the re-
quired relation is true, we still need the other relation, gl(kp1, kfers, kp2)
= gl(kp1, kp2, kfers), to be true as well. Meaning that the ordering of
the fermionic fields should play no role for this vertex as well. This
is not the case. Applying the same procedure as above to the vertex,
gl( )PL+gr( )PR, of the neutralino/chargino – sfermion – fermion interac-
tion gives gl(kp1, kp2, kfers) = gr∗(kp1, kfers, kp2). Then, the required

2For the set of conventions used in the DarkSUSY code, no numerical factor or
sign difference is introduced when the vertex factor is extracted from the Lagrangian;
compare [22] eq. (A.68) and [11] eq. (A.113–122).
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relation becomes gl(kp1, kfers, kp2) = gr∗(kp1, kfers, kp2), which is not
true.

To conclude, we found that the amplitudes of the s exchange channels
of the s process and the coannihilation t channel would have been identical
if it had been true that gl(kgb, kfer, kfers) = gr(kgb, kfers, kfer) and
gl(kp1, kfers, kp2) = gl(kp1, kp2, kfers). Unfortunately, this is not the
case. Still, for the DarkSUSY implementation this information can save us
a lot of work. First we use the FORM computer code for the calculation
of traces, scalar products etc. At this stage, we just represent all the
coefficients, gl() and gr(), by symbols. This part is exactly the same for
the two processes. The various coefficients are defined in a Fortran code.
Instead of implementing a completely new Fortran code for the s exchange
channel of the coannihilation t process, we can just copy the Fortran file
for the s exchange channel of the s process and make a replacement for
all the vertex coefficients:

∑

(s,s′,λ) MsM†
s

(2j + 1)
= eq. (3.7) with















gl(kgb, kfer, kfers) → gr(kgb, kfers, kfer)
gr(kgb, kfer, kfers) → gl(kgb, kfers, kfer)
gl(kp1, kfers, kp2) → gl(kp1, kp2, kfers)
gr(kp1, kfers, kp2) → gr(kp1, kp2, kfers)

(3.37)

The t exchange channel

The Feynman diagram of the t(f̃k) exchange channel is shown in fig. 3.5.
To get the substitution relations for the t exchange we have to find the
version of the amplitude that takes the same form as the t exchange
of the s process. Let us write down the amplitude starting from the
neutralino/chargino.

Mt =
∑

k

(us(p2))
T V (ksfert(k), kp2, kfer)vs′(k2)

( −1

t − m2(ksfert(k)) + iε(k)

)T

gl(kgb, kp1, ksfert(k))(−pµ
1 − (pµ

1 − kµ
1 ))ε∗µ
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f
~∗(p1)

χ(p2)

f
~∗
k

Vµ(k1)

f
–
(k2)

Figure 3.5: Feynman diagram for the t exchange channel of the process
f̃∗ + χ → Vµ + f̄ . This diagram has clashing fermionic arrows, namely
those of the incoming chargino/neutralino and the final state anti-fermion.

=
∑

k

(us(p2))
T (−C−1)

(

gl(ksfert(k), kp2, kfer)PL

+gr(ksfert(k), kp2, kfer)PR

)

vs′(k2)

( −1

t − m2(ksfert(k)) + iε(k)

)

gl(kgb, kp1, ksfert(k))(−pµ
1 − (pµ

1 − kµ
1 ))ε∗µ (3.38)

Apart from the particle names, the clashing arrow vertex V (k, kp2, kfer)
is the same as the vertex V (kp1, kp2, kfers) in the s exchange channel.
The expression derived for this vertex was therefore inserted in the am-
plitude above. We now transpose the amplitude in order to get it on the
form appropriate for the comparison with the result of the s process.

Mt ≡ MT
t = ε∗Tµ (kµ

1 − 2pµ
1 )
∑

k

gl(kgb, kp1, ksfert(k))

t − m2(ksfert(k)) + iε(k)
(vs′(k2))

T

·(C−1C)

(

gl(ksfert(k), kp2, kfer)P T
L

+gr(ksfert(k), kp2, kfer)P T
R

)

C−1T us(p2)
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= −ε∗µ(kµ
1 − 2pµ

1 )
∑

k

gl(kgb, kp1, ksfert(k))

t − m2(ksfert(k)) + iε(k)

(−ūs′(k2))

(

gl(ksfert(k), kp2, kfer)PL

+gr(ksfert(k), kp2, kfer)PR

)

us(p2) (3.39)

In the first line we inserted a unit matrix, 1 = C−1C. For the next equa-
tion we used that vT C−1 = −ū and C−1 = −C−1T . For the projection op-
erators we did the following rewriting: C(1±γT

5 )C−1 = 1∓iC(iγ5)
T C−1 =

1 ± γ5. Finally, ε∗Tµ was replaced by ε∗µ.
The amplitude is now ready to be compared with the amplitude of

the t exchange channel of the s process which was stated in eq. (3.25).
This gives us three substitution relations for the vertex coefficients. The
amplitude squared is then easily obtained from the result of the s process.
∑

(s,s′,λ) MtM†
t

(2j + 1)
= eq. (3.27) with







gl(kgb, ksfert(k), kp1) → gl(kgb, kp1, k)
gl(ksfert(k), kfer, kp2) → gl(k, kp2, kfer)
gr(ksfert(k), kfer, kp2) → gr(k, kp2, kfer)

(3.40)

The last two relations are equivalent to the two last substitution rela-
tions in the s exchange channel. The first substitution relation above is
actually superfluous, since the two coefficients are identical. The Dark-

SUSY convention for the vertex factor of the interaction between a gauge
boson, Vµ and two scalar sfermions, ϕi, is gl(Vµ, ϕout, ϕin)(pout + pin)µ,
where ”out” and ”in” refers to the sfermion going out of and in to the
vertex. Directions and momenta are always stated in terms of the parti-
cles, not the anti-particles. The DarkSUSY name for the coefficient is gl
even though there are no gr and no projection operators for this vertex.
The two coefficients in the first substitution rule must come from terms
of the Lagrangian which are related by hermitian conjugation. The her-
mitian conjugation of the term (p(ϕ1) + p(ϕ2))

µ gives (−p(ϕ∗
1)− p(ϕ∗

2))
µ

= (p(ϕ1) + p(ϕ2))
µ due to i∂µ → pµ and the particle/anti-particle cor-

respondence. It therefore follows that gl∗(Vµ, ϕ1, ϕ2) = gl(V †
µ , ϕ2, ϕ1) or

gl(Vµ, ϕ1, ϕ2) = gl(Vµ, ϕ2, ϕ1), since the coefficients are real and the Dark-

SUSY notation makes no distinction between V †
µ and Vµ. Due to charge
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conservation in the vertex, no ambiguity is introduced with the notation
V †

µ = Vµ.

The u exchange channel

Let us now consider the u(χl) exchange channel. Here we have to decide
how to draw the fermionic arrow of the neutralino/chargino exchange
particle. For the initial state chargino we have chosen the convention to
draw the fermionic arrow in the same direction as the positively charged
chargino. For consistency, we should continue to follow this convention.
There is a chargino in the u exchange of f̃

′∗
ui

+χ+
j → B0

µ+f̄d and f̃
′∗
ui

+χ0
j →

B−
µ + f̄d; see table 3.2. The positively charged chargino in the exchange

goes out from the interaction with the gauge boson and the initial state
chargino/neutralino, and into the interaction with the sfermion and the
fermion. For those diagrams that have a neutralino in the u exchange,
we will draw the arrow in the same direction. The interaction between
the exchange neutralino/chargino, the initial state anti-sfermion and the
final state anti-fermion has clashing fermionic arrows, as can also be seen
in the Feynman diagram in fig. 3.6.

f
~∗(p1)

χ(p2)

χl

Vµ(k1)

f
–
(k2)

Figure 3.6: Feynman diagram for the u exchange channel of the process
f̃∗ + χ → Vµ + f̄ . This diagram has clashing fermionic arrows for the
exchange chargino/neutralino and the final state anti-fermion.

The vertex with clashing arrows is of the exact same type as the
one we encountered in the s and t exchanges. We therefore know the
form of the vertex factor, and just have to introduce the particle names
which are appropriate for the u exchange. It can also be noted that the
interaction between the gauge boson and two neutralinos/charginos has
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a continuous flow of the fermionic arrows. With the same direction as for
the u exchange channel of the s process. Also note that if we write down
the Feynman rules starting from the initial state neutralino/chargino,
then we go in the direction of the fermionic arrow in the exchange, instead
of in the opposite direction, and we therefore have to transpose also the
propagator. We avoid this by instead starting from the final state anti-
fermion. Starting with the final state also means that we can directly
compare the result to that of the u exchange of the s process without
having to transpose one of the results.

Mu =
∑

l

(vs′(k2))
T (gl(kp1, l, kfer)P T

L + gr(kp1, l, kfer)P T
R )(−C−1T )

(−(6p2− 6k1) − m(kchiu(l))

u − m2(kchiu(l)) + iε

)

ε∗µγµ(gl(kgb, l, kp2)PL + gr(kgb, l, kp2)PR)us(p2)

= −
∑

l

ūs′(k2)(gl(kp1, l, kfer)PL + gr(kp1, l, kfer)PR)

(−(6p2− 6k1) − m(kchiu(l))

u − m2(kchiu(l)) + iε

)

ε∗µγµ(gl(kgb, l, kp2)PL + gr(kgb, l, kp2)PR)us(p2) (3.41)

We had to transpose the first vertex factor because it was multiplied by
the kfer spinor from the left and the kchiu(l) propagator from the right,
while the convention for this vertex factor requires the opposite order. We
now compare the result above with the result from the s process stated
in eq. (3.28). The substitution relation becomes:

∑

(s,s′,λ) MuM†
u

(2j + 1)
= eq. (3.30) with

{

gl(kp1, kfer, kchiu(l)) → −gl(kp1, l, kfer)
gr(kp1, kfer, kchiu(l)) → −gr(kp1, l, kfer)

(3.42)

Each term in the amplitude squared will contain the product of two of
these coefficients, and the minus signs will therefore disappear. We kept
the minus signs for consistency. In the interference terms we will only
have one of the coefficients in each term, and it is therefore essential to
keep the minus signs.
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The interference terms

For completeness we here list the contributions of the interference terms
to the unpolarized amplitude squared.

2 Re

∑

(s,s′,λ) MsM†
t

(2j + 1)
= eq. (3.31) with















































gl(kgb, kfer, kfers) → gr(kgb, kfers, kfer)
gr(kgb, kfer, kfers) → gl(kgb, kfers, kfer)
gl(kp1, kfers, kp2) → gl(kp1, kp2, kfers)
gr(kp1, kfers, kp2) → gr(kp1, kp2, kfers)

and
gl(kgb, k, kp1) → gl(kgb, kp1, k)
gl(k, kfer, kp2) → gl(k, kp2, kfer)
gr(k, kfer, kp2) → gr(k, kp2, kfer)

(3.43)

2 Re

∑

(s,s′,λ) MsM†
u

(2j + 1)
= eq. (3.32) with







































gl(kgb, kfer, kfers) → gr(kgb, kfers, kfer)
gr(kgb, kfer, kfers) → gl(kgb, kfers, kfer)
gl(kp1, kfers, kp2) → gl(kp1, kp2, kfers)
gr(kp1, kfers, kp2) → gr(kp1, kp2, kfers)

and
gl(kp1, kfer, l) → −gl(kp1, l, kfer)
gr(kp1, kfer, l) → −gr(kp1, l, kfer)

(3.44)

2 Re

∑

(s,s′,λ) MtM†
u

(2j + 1)
= eq. (3.33) with































gl(kgb, k, kp1) → gl(kgb, kp1, k)
gl(k, kfer, kp2) → gl(k, kp2, kfer)
gr(k, kfer, kp2) → gr(k, kp2, kfer)

and
gl(kp1, kfer, l) → −gl(kp1, l, kfer)
gr(kp1, kfer, l) → −gr(kp1, l, kfer)

(3.45)
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3.3 The Higgs boson plus fermion final state

This section will consider sfermion – neutralino/chargino coannihilations
with a Higgs boson and a fermion in the final state. It was found in
section 3.1 that these coannihilations can be divided into two classes.
The s channel process and the coannihilations t channel. Exactly as in
section 3.2. The only difference is that there the final state boson was a
gauge boson, now it is a Higgs boson. In the first section we will derive a
generic expression for the total amplitude squared of the s process with
Higgs boson plus fermion final state. In the next section we will consider
the modified t process.

3.3.1 The s process

In this section we will find the generic expression for the unpolarized
squared amplitude of the s process f̃+χ → H+f ′. All the coannihilations
that belong to this class were listed in table 3.2. The generic process
f̃ + χ → H + f ′ has three exchange channels: s(f), t(f̃k) and u(χl). We
will write the contribution to the amplitude squared from each of the
exchange channels and the interference terms. The expression will be
given in terms of general particle names, masses, coupling constants etc.
These will be identical to those used in the DarkSUSY implementation.
The particle names and momenta are listed in table 3.4. The DarkSUSY

notation and conventions for coupling constants and propagators can be
found in DarkSUSY or in reference [11]. We also discussed some of them
in the section on the gauge boson plus fermion final state.

The s(f) exchange channel

We will now start to list the general expressions for the various exchange
channels, and we start with the s(f) exchange channel. The Feynman
diagram is shown in fig. 3.7. The invariant amplitude is:

Ms = ūs′(k2)(gl(khb, kfer, kfers)PL + gr(khb, kfer, kfers)PR)
(−(6p1+ 6p2) − m(kfers)

s − m2(kfers) + iε

)

(gl(kp1, kfers, kp2)PL+gr(kp1, kfers, kp2)PR)us(p2) (3.46)
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Table 3.4: Generic particle names.

Particle name used four-momentum spin

f̃ kp1 p1

χ kp2 p2 s

H khb k1

f kfer k2 s′

s(f) kfers

t(f̃k) ksfert(k)

u(χl) kchiu(l)

f
~
(p1)

χ(p2)

f

f(k2)

H(k1)

Figure 3.7: Feynman diagram for the s exchange channel of the process
f̃ + χ → H + f .

The hermitian conjugated amplitude is then:

M†
s = −(us(p2))

†(gl∗(kp1, kfers, kp2)PL + gr∗(kp1, kfers, kp2)PR)
[

(p1,µ + p2,µ)γ0γµγ0 + m(kfers)γ0γ0
]

(s − m2(kfers) + iε)∗

(gl∗(khb, kfer, kfers)PL + gr∗(khb, kfer, kfers)PR)γ0us′(k2)
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= −ūs(p2)(gl∗(kp1, kfers, kp2)PR + gr∗(kp1, kfers, kp2)PL)

[(6p1+ 6p2) + m(kfers)]

(s − m2(kfers) + iε)∗

(

gl∗(khb, kfer, kfers)PR

+gr∗(khb, kfer, kfers)PL

)

us′(k2) (3.47)

Where we again used that (γµ)† = γ0γµγ0, γ0γ0 = 1 and that γ5 is
hermitian and anti-commutes with the γ matrices.

We can now write down the contribution to the unpolarized ampli-
tude squared, i.e. we average over the spin, (2j + 1) = 2, in the initial
state and sum over the spin in the final state. We will not do the full
analytic calculation, but only split the expression into a sum of traces. In
the DarkSUSY implementation, the expression with the traces is then ma-
nipulated by the FORM computer package, [29], still in terms of general
masses and coupling constants. A DarkSUSY Fortran code is created from
the FORM output with a Perl script, and explicit masses and couplings
are inserted in the Fortran code.

∑

s,s′ MsM†
s

(2j + 1)
=

1

2

1

|s − m2(kfers) + iε|2

·
∑

s′

ūs′(k2)(gl(khb, kfer, kfers)PL + gr(khb, kfer, kfers)PR)

((6p1+ 6p2) + m(kfers))

(gl(kp1, kfers, kp2)PL + gr(kp1, kfers, kp2)PR)
∑

s′

us(p2)ū
s(p2)

(gl∗(kp1, kfers, kp2)PR + gr∗(kp1, kfers, kp2)PL)

((6p1+ 6p2) + m(kfers))

(gl∗(khb, kfer, kfers)PR + gr∗(khb, kfer, kfers)PL)us′(k2)

=
1

2

1

|s − m2(kfers) + iε|2 Tr
[

(6k2 + m(kfer))

(gl(khb, kfer, kfers)PL + gr(khb, kfer, kfers)PR)

((6p1+ 6p2) + m(kfers))

(gl(kp1, kfers, kp2)PL + gr(kp1, kfers, kp2)PR)(6p2 + m(kp2))

(gl∗(kp1, kfers, kp2)PR + gr∗(kp1, kfers, kp2)PL)

((6p1+ 6p2) + m(kfers))

(gl∗(khb, kfer, kfers)PR + gr∗(khb, kfer, kfers)PL)
]
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=
1

2

1

|s − m2(kfers) + iε|2
{

gr(khb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)Tr(PL 6k2(6p1+ 6p2) 6p2(6p1+ 6p2))

+gl(khb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)Tr(PR 6k2(6p1+ 6p2) 6p2(6p1+ 6p2))

+gr(khb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kp2)m(kfers)Tr(PL 6k2(6p1+ 6p2))

+gl(khb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kp2)m(kfers)Tr(PR 6k2(6p1+ 6p2))

+gr(khb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfers)m(kfers)Tr(PL 6k2 6p2)

+gl(khb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfers)m(kfers)Tr(PR 6k2 6p2)

+gr(khb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfers)m(kp2)Tr(PL 6k2(6p1+ 6p2))

+gl(khb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfers)m(kp2)Tr(PR 6k2(6p1+ 6p2))

+gl(khb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kfers)m(kp2)m(kfers)Tr(PL)

+gr(khb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfer)m(kfers)m(kp2)m(kfers)Tr(PR)

+gl(khb, kfer, kfers)gl(kp1, kfers, kp2)gl∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kfers)Tr(PL 6p2(6p1+ 6p2))

+gr(khb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfer)m(kfers)Tr(PR 6p2(6p1+ 6p2))

+gl(khb, kfer, kfers)gr(kp1, kfers, kp2)gl∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kp2)Tr(PL(6p1+ 6p2)(6p1+ 6p2))

+gr(khb, kfer, kfers)gl(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfer)m(kp2)Tr(PR(6p1+ 6p2)(6p1+ 6p2))

+gl(khb, kfer, kfers)gr(kp1, kfers, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kfers)Tr(PL(6p1+ 6p2) 6p2)
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+gr(khb, kfer, kfers)gl(kp1, kfers, kp2)

gl∗(kp1, kfers, kp2)gl∗(khb, kfer, kfers)

m(kfer)m(kfers)Tr(PR(6p1+ 6p2) 6p2)
}

(3.48)

The t exchange channel

f
~
(p1)

χ(p2)

f
~
k

H(k1)

f(k2)

Figure 3.8: Feynman diagram for the t exchange channel of the process
f̃ + χ → H + f .

The Feynman diagram of the t(f̃k) exchange channel is shown in
fig. 3.8. The amplitude is:

Mt =
∑

k

ūs′(k2)(gl(ksfert(k), kfer, kp2)PL+gr(ksfert(k), kfer, kp2)PR)

us(p2)

( −1

t − m2(ksfert(k)) + iε(k)

)

gl(khb, ksfert(k), kp1) (3.49)

Here we have a new kind of vertex. That of a Higgs boson and two
sfermions. It is just a numerical factor. We call it gl, but it has no
reference to the projection operator. The convention used for the order
of the sfermions is the usual one: gl(khb, out, in). The contribution from
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the t exchange to the unpolarized amplitude squared is:

∑

s,s′ MtM†
t

(2j + 1)

=
1

2

∑

k,k′

gl(khb, k, kp1)gl∗(khb, k′, kp1)

(t − m2(ksfert(k)) + iε(k))(t − m2(ksfert(k′)) + iε(k′))∗

Tr
[

(6k2 + m(kfer))(gl(k, kfer, kp2)PL + gr(k, kfer, kp2)PR)

(6p2 + m(kp2))(gl∗(k′, kfer, kp2)PR + gr∗(k′, kfer, kp2)PL)
]

=
1

2

∑

k,k′

gl(khb, k, kp1)gl∗(khb, k′, kp1)

(t − m2(ksfert(k)) + iε(k))(t − m2(ksfert(k′)) + iε(k′))∗

{

gr(k, kfer, kp2)gr∗(k′, kfer, kp2)Tr(PL 6k2 6p2)

+gl(k, kfer, kp2)gl∗(k′, kfer, kp2)Tr(PR 6k2 6p2)

+gl(k, kfer, kp2)gr∗(k′, kfer, kp2)m(kfer)m(kp2)Tr(PL)

+gr(k, kfer, kp2)gl∗(k′, kfer, kp2)m(kfer)m(kp2)Tr(PR)
}

(3.50)

where we once more wrote k for ksfert(k) in the gl and gr coefficients.

The u exchange channel

f
~
(p1)

χ(p2)

χl

H(k1)

f(k2)

Figure 3.9: Feynman diagram for the u exchange channel of the process
f̃ + χ → H + f .

The Feynman diagram of the u(χl) exchange channel is shown in
fig. 3.9. The amplitude is:
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Mu =
∑

l

ūs′(k2)(gl(kp1, kfer, l)PL + gr(kp1, kfer, l)PR)

(−(6p2− 6k1) − m(kchiu(l))

u − m2(kchiu(l)) + iε(l)

)

(gl(khb, l, kp2)PL + gr(khb, l, kp2)PR)u(p2) (3.51)

It can then be found that:

∑

s,s′ MuM†
u

(2j + 1)

=
1

2

∑

l,l′

1

(u − m2(kchiu(l)) + iε(l))(u − m2(kchiu(l′)) + iε(l′))∗

Tr
[

(6k2 + m(kfer))(gl(kp1, kfer, l)PL + gr(kp1, kfer, l)PR)

((6p2− 6k1)+m(kchiu(l))(gl(khb, l, kp2)PL +gr(khb, l, kp2)PR)

(6p2 + m(kp2))(gl∗(khb, l′, kp2)PR + gr∗(khb, l′, kp2)PL)

((6p2− 6k1) + m(kchiu(l′)))

(gl∗(kp1, kfer, l′)PR + gr∗(kp1, kfer, l′)PL)
]

=
1

2

∑

l,l′

1

(u − m2(kchiu(l)) + iε(l))(u − m2(kchiu(l′)) + iε(l′))∗

{

gr(kp1, kfer, l)gl(khb, l, kp2)gl∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

Tr(PL 6k2(6p2− 6k1) 6p2(6p2− 6k1))

+gl(kp1, kfer, l)gr(khb, l, kp2)gr∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

Tr(PR 6k2(6p2− 6k1) 6p2(6p2− 6k1))

+gr(kp1, kfer, l)gl(khb, l, kp2)gr∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kp2)m(kchiu(l′))Tr(PL 6k2(6p2− 6k1))

+gl(kp1, kfer, l)gr(khb, l, kp2)gl∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kp2)m(kchiu(l′))Tr(PR 6k2(6p2− 6k1))

+gr(kp1, kfer, l)gr(khb, l, kp2)gr∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kchiu(l))m(kchiu(l′))Tr(PL 6k2 6p2)

+gl(kp1, kfer, l)gl(khb, l, kp2)gl∗ (khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kchiu(l))m(kchiu(l′))Tr(PR 6k2 6p2)



3.3. The Higgs boson plus fermion final state 99

+gr(kp1, kfer, l)gr(khb, l, kp2)gl∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kchiu(l))m(kp2)Tr(PL 6k2(6p2− 6k1))

+gl(kp1, kfer, l)gl(khb, l, kp2)gr∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kchiu(l))m(kp2)Tr(PR 6k2(6p2− 6k1))

+gl(kp1, kfer, l)gl(khb, l, kp2)gr∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))m(kp2)m(kchiu(l′))Tr(PL)

+gr(kp1, kfer, l)gr(khb, l, kp2)gl∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))m(kp2)m(kchiu(l′))Tr(PR)

+gl(kp1, kfer, l)gl(khb, l, kp2)gl∗ (khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))Tr(PL 6p2(6p2− 6k1))

+gr(kp1, kfer, l)gr(khb, l, kp2)gr∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kchiu(l))Tr(PR 6p2(6p2− 6k1))

+gl(kp1, kfer, l)gr(khb, l, kp2)gl∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kp2)Tr(PL(6p2− 6k1)(6p2− 6k1))

+gr(kp1, kfer, l)gl(khb, l, kp2)gr∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kp2)Tr(PR(6p2− 6k1)(6p2− 6k1))

+gl(kp1, kfer, l)gr(khb, l, kp2)gr∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kchiu(l′))Tr(PL(6p2− 6k1) 6p2)

+gr(kp1, kfer, l)gl(khb, l, kp2)gl∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kchiu(l′))Tr(PR(6p2− 6k1) 6p2)
}

(3.52)

The interference terms

The contributions to the unpolarized amplitude squared from the inter-
ference of the amplitudes can now easily be found. For the s- and the t-
exchange we have:

2 Re

∑

s,s′ MtM†
s

(2j + 1)

=
2

2
Re

{

1

(s − m2(kfers) + iε)∗

∑

k

gl(khb, k, kp1)

t − m2(ksfert(k)) + iε(k)
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·Tr
[

(6k2 + m(kfer))(gl(k, kfer, kp2)PL + gr(k, kfer, kp2)PR)

(6p2+m(kp2))(gl∗(kp1, kfers, kp2)PR+gr∗(kp1, kfers, kp2)PL)

((6p1+ 6p2) + m(kfers))

(gl∗(khb, kfer, kfers)PR + gr∗(khb, kfer, kfers)PL)
]

}

= Re

[

1

(s − m2(kfers) + iε)∗

∑

k

gl(khb, k, kp1)

t − m2(ksfert(k)) + iε(k)
{

gr(k, kfer, kp2)gr∗(kp1, kfers, kp2)gl∗(khb, kfer, kfers)

m(kfers)Tr(PL 6k2 6p2)

+gl(k, kfer, kp2)gl∗(kp1, kfers, kp2)gr∗(khb, kfer, kfers)

m(kfers)Tr(PR 6k2 6p2)

+gr(k, kfer, kp2)gl∗(kp1, kfers, kp2)gr∗(khb, kfer, kfers)

m(kp2)Tr(PL 6k2(6p1+ 6p2))

+gl(k, kfer, kp2)gr∗(kp1, kfers, kp2)gl∗(khb, kfer, kfers)

m(kp2)Tr(PR 6k2(6p1+ 6p2))

+gl(k, kfer, kp2)gl∗(kp1, kfers, kp2)gr∗(khb, kfer, kfers)

m(kfer)Tr(PL 6p2(6p1+ 6p2))

+gr(k, kfer, kp2)gr∗(kp1, kfers, kp2)gl∗(khb, kfer, kfers)

m(kfer)Tr(PR 6p2(6p1+ 6p2))

+gl(k, kfer, kp2)gr∗(kp1, kfers, kp2)gr∗(khb, kfer, kfers)

m(kfer)m(kp2)m(kfers)Tr(PL)

+gr(k, kfer, kp2)gl∗(kp1, kfers, kp2)gl∗(khb, kfer, kfers)

m(kfer)m(kp2)m(kfers)Tr(PR)
}

]

(3.53)

Now the interference of the s- and the u exchange channels:

2 Re

∑

s,s′ MuM†
s

(2j + 1)

=
2

2
Re

{

1

(s − m2(kfers) + iε)∗

∑

l

1

u − m2(kchiu(l)) + iε(l)
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·Tr
[

(6k2 + m(kfer))(gl(kp1, kfer, l)PL + gr(kp1, kfer, l)PR)

((6p2− 6k1) + m(kchiu(l)))(gl(khb, l, kp2)PL + gr(khb, l, kp2)PR)

(6p2+m(kp2))(gl∗(kp1, kfers, kp2)PR+gr∗(kp1, kfers, kp2)PL)

((6p1+ 6p2) + m(kfers))

(gl∗(khb, kfer, kfers)PR + gr∗(khb, kfer, kfers)PL)
]

}

= Re

[

1

(s − m2(kfers) + iε)∗

∑

l

1

u − m2(kchiu(l)) + iε(l)
{

gr(kp1, kfer, l)gl(khb, l, kp2)gl∗ (kp1, kfers, kp2)

gr∗(khb, kfer, kfers)Tr(PL 6k2(6p2− 6k1) 6p2(6p1+ 6p2))

+gl(kp1, kfer, l)gr(khb, l, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)Tr(PR 6k2(6p2− 6k1) 6p2(6p1+ 6p2))

+gr(kp1, kfer, l)gl(khb, l, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kp2)m(kfers)Tr(PL 6k2(6p2− 6k1))

+gl(kp1, kfer, l)gr(khb, l, kp2)gl∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kp2)m(kfers)Tr(PR 6k2(6p2− 6k1))

+gr(kp1, kfer, l)gr(khb, l, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kchiu(l))m(kfers)Tr(PL 6k2 6p2)

+gl(kp1, kfer, l)gl(khb, l, kp2)gl∗ (kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kchiu(l))m(kfers)Tr(PR 6k2 6p2)

+gr(kp1, kfer, l)gr(khb, l, kp2)gl∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kchiu(l))m(kp2)Tr(PL 6k2(6p1+ 6p2))

+gl(kp1, kfer, l)gl(khb, l, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kchiu(l))m(kp2)Tr(PR 6k2(6p1+ 6p2))

+gl(kp1, kfer, l)gl(khb, l, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kchiu(l))

m(kp2)m(kfers)Tr(PL)

+gr(kp1, kfer, l)gr(khb, l, kp2)gl∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfer)m(kchiu(l))

m(kp2)m(kfers)Tr(PR)

+gl(kp1, kfer, l)gl(khb, l, kp2)gl∗ (kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kchiu(l))Tr(PL 6p2(6p1+ 6p2))
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+gr(kp1, kfer, l)gr(khb, l, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfer)m(kchiu(l))Tr(PR 6p2(6p1+ 6p2))

+gl(kp1, kfer, l)gr(khb, l, kp2)gl∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kp2)Tr(PL(6p2− 6k1)(6p1+ 6p2))

+gr(kp1, kfer, l)gl(khb, l, kp2)gr∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfer)m(kp2)Tr(PR(6p2− 6k1)(6p1+ 6p2))

+gl(kp1, kfer, l)gr(khb, l, kp2)gr∗(kp1, kfers, kp2)

gr∗(khb, kfer, kfers)m(kfer)m(kfers)Tr(PL(6p2− 6k1) 6p2)

+gr(kp1, kfer, l)gl(khb, l, kp2)gl∗(kp1, kfers, kp2)

gl∗(khb, kfer, kfers)m(kfer)

m(kfers)Tr(PR(6p2− 6k1) 6p2)
}

]

(3.54)

Finally there is the interference of the t- and the u exchange channels.

2 Re

∑

s,s′ MtM†
u

(2j + 1)

=
2

2
Re

{

∑

k,l′

gl(khb, k, kp1)

(t − m2(ksfert(k)) + iε(k))(u − m2(kchiu(l′)) + iε(l′))∗

Tr
[

(6k2 + m(kfer))(gl(k, kfer, kp2)PL + gr(k, kfer, kp2)PR)

(6p2 + m(kp2))(gl∗(khb, l′, kp2)PR + gr∗(khb, l′, kp2)PL)

((6p2− 6k1) + m(kchiu(l′)))

(gl∗(kp1, kfer, l′)PR + gr∗(kp1, kfer, l′)PL)
]

}

= Re

[

∑

k,l′

gl(khb, k, kp1)

(t − m2(ksfert(k)) + iε(k))(u − m2(kchiu(l′)) + iε(l′))∗

{

gr(k, kfer, kp2)gr∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kchiu(l′))Tr(PL 6k2 6p2)

+gl(k, kfer, kp2)gl∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kchiu(l′))Tr(PR 6k2 6p2)
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+gr(k, kfer, kp2)gl∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kp2)Tr(PL 6k2(6p2− 6k1))

+gl(k, kfer, kp2)gr∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kp2)Tr(PR 6k2(6p2− 6k1))

+gl(k, kfer, kp2)gl∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)Tr(PL 6p2(6p2− 6k1))

+gr(k, kfer, kp2)gr∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)Tr(PR 6p2(6p2− 6k1))

+gl(k, kfer, kp2)gr∗(khb, l′, kp2)gr∗(kp1, kfer, l′)

m(kfer)m(kp2)m(kchiu(l′))Tr(PL)

+gr(k, kfer, kp2)gl∗(khb, l′, kp2)gl∗(kp1, kfer, l′)

m(kfer)m(kp2)m(kchiu(l′))Tr(PR)
}

]

(3.55)

3.3.2 The modified t process

In section 3.1 we introduced the process f̃
′∗ +χ → H + f̄ as the modified

or coannihilation t process of f̃ +χ → H +f ′. As for the gauge boson plus
fermion final state, there is one major difference in the calculation of the
amplitudes for the s and the coannihilation t process. The diagrams for
one of processes will have clashing fermionic arrows while the diagrams of
the other will have a continuous fermionic flow. Which of the processes
that will experience the clashing arrows depends on the conventions cho-
sen for the fermionic arrow of charginos and neutralinos. As before, we
have chosen to draw the fermionic arrow in the direction of the positively
charged chargino. We have also chosen always to consider diagrams where
the initial state chargino is positively charged. Consequently, there will
be clashing fermionic arrows in the modified t process. We had a long
discussion on clashing arrows in section 3.2.2 and we will use some of the
conclusions and results below.

The s exchange channel

The Feynman diagram of the s(f̄) exchange channel is shown in fig. 3.10.
For Feynman diagrams with clashing arrows there are no rules which
make the indices of spinors and vertex- and propagator matrices come in
the correct order for the matrix multiplication. We are therefore free to
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f
~∗(p1)

χ(p2)

f
–

f
–
(k2)

H(k1)

Figure 3.10: Feynman diagram for the s exchange channel of the process
f̃∗ + χ → H + f̄ . This diagram has clashing fermionic arrows, namely
those of the incoming chargino/neutralino and the fermion propagator.

write down the components of the diagram in any order. It just requires
a careful treatment in order to get the matrix multiplication correct,
i.e. we need to keep track of the matrix indices. Here we will start with
the spinor of the final state anti-fermion and work our way through the
diagram from there.

Ms = (vs′(k2))
T (gl(khb, kfers, kfer)PL + gr(khb, kfers, kfer)PR)T

(−(− 6p1− 6p2) − m(kfers)

s − m2(kfers) + iε

)T

(V (kp1, kp2, kfers))T us(p2) (3.56)

We had to transpose most of the spinors and matrices in order to get the
matrix multiplication correct. Spinors and propagators must be trans-
posed whenever we go in the direction of the particle flow instead of the
anti-particle flow. The convention for the notation of the vertex factors
is f(C,A,B)ab, i.e. it is multiplied by particle A from the left and by
particle B from the right. If the multiplication of the spinors/propagator
is done in the opposite order then we have to either transpose the vertex
factor or use another vertex factor, f(C,B,A)ba. In the amplitude above
we have chosen to transpose the vertex factors, since we need the given
order of the particles for comparison with earlier results. We know the
vertex V (kp1, kp2, kfers) from section 3.2.2. It is a vertex with clashing
arrows. Both of the fermionic arrows go into the vertex. Vertex factors
for clashing arrows are not defined in the DarkSUSY package, but they
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are related to the DarkSUSY vertex factors for continuous fermionic flow.
We found that

V (kp1, kp2, kfers) = −C−1V̂ (kp1, kp2−, kfers)

= −C−1[gl(kp1, kp2, kfers)PL

+gr(kp1, kp2, kfers)PR]

where C is the charge conjugation matrix. We then have:

Ms = −(vs′(k2))
T (gl(khb, kfers, kfer)P T

L + gr(khb, kfers, kfer)P T
R )

(

(−pµ
1 − pµ

2 )γT
µ + m(kfers)

s − m2(kfers) + iε

)

[−C−1(gl(kp1, kp2, kfers)PL + gr(kp1, kp2, kfers)PR)]T us(p2)

= −ūs′(k2)(−C)(gl(khb, kfers, kfer)P T
L + gr(khb, kfers, kfer)P T

R )

(C−1C)

(

(−pµ
1 − pµ

2 )γT
µ + m(kfers)

s − m2(kfers) + iε

)

(C−1C)

(gl(kp1, kp2, kfers)P T
L + gr(kp1, kp2, kfers)P T

R )(−C−1T )us(p2)

= ūs′(k2)(gl(khb, kfers, kfer)PL + gr(khb, kfers, kfer)PR)
(

(6p1+ 6p2) + m(kfers)

s − m2(kfers) + iε

)

(gl(kp1, kp2, kfers)PL + gr(kp1, kp2, kfers)PR)us(p2) (3.57)

Where we used relations which are familiar from the section on the t
process for the gauge boson plus fermion final state. Namely, vT = ūCT ,
CT = −C, CC−1 = 1, C−1T = − C−1 and C ΓT

i C−1 = ηiΓi, with
ηi = 1 for Γi = iγ5 and ηi = − 1 for Γi = γµ. The amplitude is now
easily compared with the amplitude of the s exchange of the s process,
which was stated in eq. (3.46). The amplitudes of the two processes
differ by an overall sign and by the order in which the fermionic particles
are mentioned in the vertex factors, i.e. gl(khb, kfers, kfer) instead of
gl(khb, kfer, kfers) and likewise for the others. As has been discussed
earlier on, the ordering of the particles in the vertex factors can be of
great importance. At p. 85 we considered an interaction between two
fermionic fields, f1 and f2, and a scalar s, for which the vertex factor can
be written on the form gl(s, f1, f2)PL +gr(s, f1, f2)PR or gl(s, f2, f1)PL +
gr(s, f2, f1)PR. We found that coefficients with opposite ordering of each
other are related by gl(s, f1, f2) = gr∗(s, f2, f1). The coefficients of the
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s and the modified t process will therefore be identical if, and only if,
gr∗(s, f2, f1) = gl(s, f2, f1). This is not true in general. It is true, though,
for gl(khb, kfers, kfer) when the final state Higgs boson is neutral3. No
matter if the coefficients are identical or not, we can save a lot of time
in the implementation of the t process when we use the code for the s
process.

∑

s,s′ MsM†
s

(2j + 1)
= eq. (3.48) with















gl(khb, kfer, kfers) → gl(khb, kfers, kfer)
gr(khb, kfer, kfers) → gr(khb, kfers, kfer)
gl(kp1, kfers, kp2) → −gl(kp1, kp2, kfers)
gr(kp1, kfers, kp2) → −gr(kp1, kp2, kfers)

(3.58)

The overall sign difference between the amplitudes of the s and t processes
was included in the last two substitution relations, but could equally well
have been included in the first two relations. Each term in the amplitude
squared will contain the product of two minus signs. We kept the minus
signs in the relations above only for consistency. In the interference terms
we will just have one minus sign in each term, and it is therefore essential
to keep the minus signs.

The t exchange channel

The Feynman diagram of the t(f̃k) exchange channel is shown in fig. 3.11.
The amplitude can be written in the following way:

3This is actually obvious. When the Higgs boson is neutral then the fi-
nal state fermion and the exchange fermion are identical. We therefore have
gl(khb, kfer, kfers) = gl(khb, kfers, kfer), and therefore gl(khb, kfer, kfers) =
gr∗(khb, kfer, kfers).
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f
~∗(p1)

χ(p2)

f
~∗
k

H(k1)

f
–
(k2)

Figure 3.11: Feynman diagram for the t exchange channel of the process
f̃∗+χ → H+f̄ . This diagram has clashing fermionic arrows, namely those
of the incoming chargino/neutralino and the final state anti-fermion.

Mt =
∑

k

(vs′(k2))
T [−C−1(gl(ksfert(k), kp2, kfer)PL

+gr(ksfert(k), kp2, kfer)PR)]T

us(p2)

( −1

t − m2(ksfert(k)) + iε(k)

)T

gl(khb, kp1, ksfert(k))

= −ūs′(k2)(−C)(gl(ksfert(k), kp2, kfer)P T
L

+gr(ksfert(k), kp2, kfer)P T
R )(−C−1T )

us(p2)

(

1

t − m2(ksfert(k)) + iε(k)

)

gl(khb, kp1, ksfert(k))

= ūs′(k2)(gl(ksfert(k), kp2, kfer)PL+gr(ksfert(k), kp2, kfer)PR)

us(p2)

(

1

t − m2(ksfert(k)) + iε(k)

)

gl(khb, kp1, ksfert(k)) (3.59)

Here we once again have the clashing arrow vertex with a sfermion, a
chargino/neutralino and a Standard Model fermion, V (k, kp2, kfer). We
inserted it in terms of the vertex factor with the continuous fermionic
flow. Comparing now the t exchange amplitudes of the s and t processes,
we see that there is again an overall sign difference and a difference in the
order of the particles in the vertex coefficients.
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∑

s,s′ MtM†
t

(2j + 1)
= eq. (3.50) with















gl(ksfert(k), kfer, kp2) → −gl(k, kp2, kfer)
gr(ksfert(k), kfer, kp2) → −gr(k, kp2, kfer)
gl(khb, ksfert(k), kp1) → gl(khb, kp1, k)
gr(khb, ksfert(k), kp1) → gr(khb, kp1, k)

(3.60)

where we once more wrote k for ksfert(k) in the gl and gr coefficients.

The vertex coefficient with the Higgs boson and the two sfermions is
independent of the order of the sfermions except for the case where the
Higgs boson is H0

3 . The Lagrangian term takes the form Hϕ̃∗
1ϕ̃2gl(khb,1,2)

or H†ϕ̃∗
2ϕ̃1gl(khb,2,1). (The DarkSUSY notation is gl even though it

is not related to the projection operator.) When we take the hermi-
tian conjugated of one of the expression and require that it should be
identical to the other, it shows that the vertex factors are related as
gl(kgb, 1, 2) = gl∗(kgb, 2, 1). Thus, the order of the sfermions plays no
role when the coefficients are real. This is the case for all couplings but
the one with H0

3 . The latter coupling coefficient is purely imaginary4 and
so gl(H0

3 , 1, 2) = −gl(H0
3 , 2, 1).

The u exchange channel

Now, let us consider the u(χl) exchange channel. We will follow our
conventions and take the fermionic arrow of the exchange chargino to go in
the direction of the positively charged chargino. The exchange neutralino
will be drawn in the same direction. The Feynman diagram is shown in
fig. 3.12. The diagram contains a chargino/neutralino – Standard Model
fermion – sfermion vertex with inward clashing fermionic arrows. Exactly

4As it has been mentioned, the DarkSUSY conventions for vertices are divided by i

and propagators are multiplied by i compared to ref. [18, 17, 24].



3.3. The Higgs boson plus fermion final state 109

f
~∗(p1)

χ(p2)

χl

H(k1)

f
–
(k2)

Figure 3.12: Feynman diagram for the u exchange channel of the process
f̃∗ + χ → H + f̄ . This diagram has clashing fermionic arrows, namely
those of the chargino/neutralino in the exchange and the final state anti-
fermion.

as all the other t process diagrams have done. The amplitude is therefore:

Mu =
∑

l

(vs′(k2))
T [−C−1(gl(kp1, l, kfer)PL + gr(kp1, l, kfer)PR)]T

(−(6p2− 6k1) − m(kchiu(l))

u − m2(kchiu(l)) + iε(l)

)

(gl(khb, l, kp2)PL + gr(khb, l, kp2)PR)us(p2)

= −
∑

l

ūs′(k2)(−C)(gl(kp1, l, kfer)P T
L + gr(kp1, l, kfer)P T

R )

(−C−1T )

(

(6p2− 6k1) + m(kchiu(l))

u − m2(kchiu(l)) + iε(l)

)

(gl(khb, l, kp2)PL + gr(khb, l, kp2)PR)us(p2)

=
∑

l

ūs′(k2)(gl(kp1, l, kfer)PL + gr(kp1, l, kfer)PR)

(

(6p2− 6k1) + m(kchiu(l))

u − m2(kchiu(l)) + iε(l)

)

(gl(khb, l, kp2)PL + gr(khb, l, kp2)PR)us(p2) (3.61)

This amplitude is now compared with the amplitude of the u exchange
channel, eq. (3.51), of the s process. This gives two substitution relations
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which can then be used for an easy construction of the amplitude squared:

∑

s,s′ MuM†
u

(2j + 1)
= eq. (3.52) with

{

gl(kp1, kfer, kchiu(l)) → −gl(kp1, l, kfer)
gr(kp1, kfer, kchiu(l)) → −gr(kp1, l, kfer)

(3.62)

The interference terms

The only thing which is left now is the contributions from the interference
terms to the amplitude squared. These are obtained by applying the
appropriate substitution rules from above to the interference terms found
in section 3.3.1.



Chapter 4

Sfermions coannihilating

into two bosons

In this chapter we will consider the coannihilations between a sfermion
and an anti-sfermion with two Standard Model bosons in the final state,
i.e. two gauge bosons, two Higgs bosons or a gauge boson and a Higgs
boson. The generic sfermion coannihilation into two bosons has four
contributions. One is the s exchange channel with a boson, either a
Higgs boson or a gauge boson. We find a sfermion in both the t and
the u exchange channel. Finally there is the possibility of a four-point
interaction. The vertex factors involving the scalar Higgs bosons do not
have the same structure as those that involve the vector gauge bosons. We
therefore need three generic expressions for the total amplitude squared:
one for the two Higgs final state, one for the two gauge boson final state
and one for the final state with one Higgs- and one gauge boson. All
of these expressions are simple as there are no fermionic particles in the
initial or final states, and therefore no traces. In this thesis we have
therefore chosen only to show the details for the two gauge bosons final
state.

4.1 The two gauge boson final state

In this section we will consider the coannihilation of a sfermion and an
anti-sfermion with two gauge bosons in the final state. All terms in the
amplitude squared will have a common factor, which is the product of
the summed polarization vectors for the two final state gauge bosons. In

111
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this section we will use the usual expression for the polarization sum,
namely the one which is (−gµν) for massless gauge bosons and (−gµν +
k1,µk1,ν/m

2) for massive gauge bosons. Unfortunately, this form of the
polarization sum does not apply for the case with two gluons in the final
state. Great care is needed for the summation of the polarization vectors
in this case. This will be the subject of section 4.3. The two gluon final
state also gives rise to non-trivial colour factors. The derivation of these
will be the subject of section 4.2.

Apart from the multiplicative factors of polarization sum’s and colour
factors, the amplitude squared is the same for all the coannihilations
f̃i + f̃∗

j → V µ
1 + V ν

2 , when the vertex factors are expressed in general
terms. As there are no fermions in the final state, there will be no traces
in the amplitude squared. The expression for M and M† can therefore
be entered into the FORM [29] program directly. The whole analytic
reduction can be done automatically by FORM. Thus, in this section we
just state the amplitudes for each of the channels.

Below follows the expression for the amplitudes of the various ex-
change channels. The generic names used for the particles and their mo-
menta can be found in table 4.1. As discussed in section 3.1, we expect
that currents which change the family of sfermions can be ignored. The
sfermion and anti-sfermions in the initial state as well as the sfermions
in the exchange channels will therefore belong to the same family. De-
pending on the final state, the (anti-)sfermions might have identical or
opposite isospin.

For the vertex factors and propagators we will use the DarkSUSY

notation and conventions, just as we did in the previous chapter. For
the case at hand, the vertex factors are all denoted by gl even though
they do not multiply the projection operator and there are no gr terms.
The convention for the order of the particle in the vertex notation is
gl(C, out, in) when C is one kind of particle and the other two particles
are of the same kind. The directions refer to these particles going out of
or into the vertex. When C is a gauge boson and the two other particles
are sfermions then the momentum part of the vertex factor is (pout +
pin)µ, where the momenta again refer to the particles rather than to the
anti-particles. We will also need the factor f(V) for the gauge boson
propagator and polarization sum. It was defined in eq. 3.5 and is equal
to m−2

V when the gauge boson is massive and should be set to zero when
the gauge boson is massless. The vertex factor for the 4-point interaction
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Table 4.1: Generic particle names

Particle name used four-momentum polarization

f̃i kp1 p1

f̃∗
j kp2 p2

V µ
1 kgb1 k1 λ

V ν
2 kgb2 k2 λ′

s(Hk) khbs(k)

s(V δ
l ) kgbs(l)

t(f̃m) ksfert(m)

u(f̃n) ksferu(n)

is denoted by g4p.

Mt(f̃) =
∑

m

ε(λ)
µ ε(λ′)∗

ν gl(kgb1, ksfert(m), kp1)((p1 − k1) + p1)
µ

( −1

t − m2(ksfert(m)) + iε

)

gl(kgb2, kp2, ksfert(m))(−p2 + (p1 − k1))
ν (4.1)

Mu(f̃) =
∑

n

ε(λ)
µ ε(λ′)∗

ν gl(kgb1, kp2, ksferu(n))(−p2 + (p1 − k2))
µ

( −1

u − m2(ksferu(n)) + iε

)

gl(kgb2, ksferu(n), kp1)((p1 − k2) + p1)
ν (4.2)
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Ms(H) =
∑

k

ε(λ)
µ ε(λ′)∗

ν gl(khbs(k), kgb1, kgb2)gµν

( −1

s − m2(khb(k)) + iε

)

gl(khb(k), kp2, kp1) (4.3)

Ms(V δ) =
∑

l

ε(λ)
µ ε(λ′)∗

ν gl(kgb1, kgb2, kgbs(l))

[

gµν(−k1 + k2)
γ + gνγ(−k2 − (p1 + p2))

µ

+gγµ(p1 + p2 + k1)
ν
]

(

gγδ − f(kgbs(l))(p1 + p2)γ(p1 + p2)δ
s − m2(kgbs(l)) + iε

)

gl(kgbs(l), kp2, kp1)(−p2 + p1)
δ (4.4)

Mpoint = ε(λ)
µ ε(λ′)∗

ν g4p(kp2, kp1, kgb1, kgb2)gµν ≡ ε(λ)
µ ε(λ′)∗

ν Mµν
point (4.5)

In the last equation the notation Mµν was introduced for the part of the
amplitude that multiplies the polarization vectors. We also have to spec-
ify the notation used for the hermitian conjugated amplitude. The ampli-
tudes above consist of vector products. There are no matrix products or
matrices multiplying vectors (except for the trivial gµν). Hermitian con-
jugation therefore reduces to complex conjugation. The part of M† which
multiplies the polarization vectors is therefore denoted by (M∗)ηκ. Note

that M and M† contain the same vector products, e.g. ε
(λ)
µ ((p1−k1)+p1)

µ

and ε
(λ)∗
η ((p1−k1)+p1)

η respectively. With the notation introduced here,
the total amplitude squared for the coannihilation of a sfermion and an
anti-sfermion into two gauge bosons can be written as follows:
∑

λ,λ′

MM† = (−gµη + f(kgb1)k1,µk1,η)(−gνκ + f(kgb2)k2,νk2,κ)

(Mt(f̃ ) + Mu(f̃) + Ms(H) + Ms(V δ) + Mpoint)
µν

(M∗
t(f̃ )

+ · · · )ηκ (4.6)

Please recall that the expression used for the sum’s of the polarization
vector products does not apply for the case with two gluons in the final
state. This will be the subject of section 4.3, but first we will derive the
colour factors of that particular process.
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4.2 Colour factors

The colour factors of most of the coannihilation processes that have been
considered in this work are trivial and will not be discussed here. Ex-
ceptions are the colour factors for the coannihilation process of a squark
and an anti-squark into a two gluon final state. They are non-trivial and
we will go through their derivation in this section. We first calculate the
colour factors associated with each exchange channel and afterwards we
calculate the colour factors of the interference terms. The results that
we use for the trace of generator products, values of structure constants
etc can be found in text books on field theory. We have extensively used
reference [27] and [31].

The t(q̃k) channel

The Feynman rule of a q̃i − q̃∗j − Ga
µ vertex contains a factor taji which is

not included in our generic computer coding. The ta is a 3× 3 hermitian
matrix representation of the a’th (a ∈ [1, 8]) generator, T a, of SU(3). The
row and column index (i, j ∈ [1, 3]) refers to the colour of the outgoing-
and incoming squark respectively. These SU(3) factors will combine to
give the colour factor of the diagram. From the Feynman rule we see that
the amplitude of the t(q̃k) channel contains the matrix product

∑

k tbjkt
a
ki.

The matrices are hermitian, and the amplitude squared therefore contains
the matrix product

∑

k,k′ tbjkt
a
kit

a
ik′tbk′j . We get the colour factor, col, when

we finally sum over the colours of the initial and final states.

col(
∑

a,b,i,j

MtM†
t) =

∑

a,b,i,j,k,k′

tbjkt
a
kit

a
ik′tbk′j

=
∑

a,b

tr(tbtatatb)

=
4

3

∑

b

tr(tb13×3t
b)

=
4

3

4

3
tr(13×3)

=
16

3
(4.7)

It was used twice that
∑

a tata = C21, where the quadratic Casimir
operator, C2, of the fundamental representation of SU(N) is given by
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C2 = (N2 − 1)/2N . Note that we did not average but only summed over
the colours of the initial state. We did it like this since the above result is
what we need for the computer code where the division by initial colour
degrees of freedom, 32, is done at a later stage.

The u(q̃l) channel

The expression for the colour factor of the u(q̃l) channel is obtained from
the t(q̃k) channel colour factor by interchanging a and b (and k by l). The
result is therefore identical to the one above:

col(
∑

a,b,i,j

MuM†
u) =

∑

a,b,i,j,l,l′

tajlt
b
lit

b
il′t

a
l′j =

16

3
(4.8)

The s(Gc
σ) channel

The diagram of this channel contains the gluon self-interaction vertex
Ga

µ − Gb
ν − Gc

σ . The Feynman rule of this vertex is identical to that of
W+ − W− − Z and W+ − W− − γ with the only1 exception that it is
now multiplied by the structure constant, fabc, of SU(3), see e.g. [27].
Taken together with the Feynman rule of the q̃i − q̃∗j −Gc

σ vertex, we get
that the amplitude of the s(Gc

σ) channel will contain the SU(3) factors
fabctcji. We note that this can be rewritten in terms of the commutator,
since the structure constants are introduced through the commutation
relation [T a, T b] = ifabcT c. This rewriting might be especially useful if
the calculation is done with a computer package, but we will keep it on
the original form here. When writing the expression for the colour factor,
we note that the structure constants are real numbers and the matrices
representing the generators are hermitian. Furthermore, the structure
constants are invariant under cyclic permutation of the indices, which
means that we can keep the same order of these indices in the amplitude

1It should be noted that the numerical coupling constant is real in the case of
the colourless trilinear gauge coupling while it is purely imaginary for the gluon self-
interaction. The numerical coupling constants are defined in the DarkSUSY vertex
code, and in the generic DarkSUSY amplitude code they are all declared as complex
numbers. This is the reason why the question of the numerical coupling constants
being real or imaginary does not affect our calculation of the colour factors.
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and its hermitian conjugate.

col(
∑

a,b,i,j

MsM†
s) =

∑

a,b,c,c′,i,j

fabctcjit
c′
ijf

abc′

=
∑

a,b,c,c′

1

2
δcc′fabcfabc′

=
6

2



12 + 6

(

1

2

)2

+ 2

(√
3

2

)2




= 12 (4.9)

Here we first used that the trace tr(tctc
′

) is equal δcc′/2 in the fundamental
representation of SU(N). Next, we inserted the explicit values of the
structure constants. These are:

1 = f123 = 2f147 = 2f246 = 2f257 = 2f345

= −2f156 = −2f367 =
2√
3
f458 =

2√
3
f678 (4.10)

All the structure constants that cannot be obtained by permutation of
those above, do vanish. The structure constants are totally anti-symmetric,
so for a given combination of three different numbers, e.g. 123, there
are two other structure constants of identical value, namely those ob-
tained by cyclic permutation, i.e. f123 = f231 = f312. Whereas the three
structure constants obtained by anticyclic permutations differs by a sign,
i.e. f123 = − f132 = −f213 = −f321. The structure constant squared is
therefore identical for all six combinations of a given index-set of three
different numbers. This explains the factor 6 in front of the second last
line of the colour factor calculation.

The four point interaction

The Feynman rule for the q̃i − q̃∗j − Ga
µ − Gb

ν four point vertex is given

by g2
s(δabδji/3 + dabct

c
ji)gµν , see [18] (but note that we have divided by

the imaginary unit, i, in order to follow the conventions used in the
DarkSUSY code). Here gs is the strong coupling constant and the dabc ≡
dabc are totally symmetric and defined by the anti-commutation relation
{ta, tb} =

∑

c dabctc+δab/3. The Feynman rule can then be rewritten like
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g2
s{ta, tb}jigµν . The anti-commutator is not accounted for in our generic

coding of the interaction, and does instead give us the colour factor:

col(
∑

a,b,i,j

MpM†
p) =

∑

a,b,c,c′,i,j

(
1

3
δabδji + dabct

c
ji)(

1

3
δabδij + dabc′t

c′

ij)

=
∑

a,b,c,c′,i,j

1

9
δaaδii + 2

1

3
daactr(t

c) + dabcdabc′tr(t
ctc

′

)

=
8 · 3
9

+ 0 +
∑

a,b,c

1

2
d2

abc

=
8

3
+

1

2

[

6 · 4 1

4
+ 3

(

3
1

3
+ 4

1

4 · 3 + 4
1

4

)

+
1

3

]

=
28

3
(4.11)

Here we first used that the matrix representation of the generators is
hermitian and that dabc is symmetric in the indices. Next we used that
the matrices representing the generators are traceless. Finally, we inserted
the explicit values of the dabc. The non-vanishing constants are:

1√
3

= d118 = d228 = d338 = −d888 ,
−1

2
√

3
= d448 = d558 = d668 = d778 ,

1

2
= d146 = d157 = d247 = d256 = d344 = d355 = −d366 = −d377 (4.12)

and permutations thereof. The dabc is totally symmetric, which means
that for a given combination of three different index numbers, all six
permutation alternatives result in the same value of dabc. The same is
true for the three permutation alternatives of a given index combination
where two indices are identical, whereas three identical indices obviously
cannot be permuted. This explains the multiplicative factors of 6, 3 and
(1) in the calculation of the colour factor.

The interference of the t(q̃k) and u(q̃l) channel

We now start to consider the colour factors associated with the interfer-
ence terms. The SU(3) factors for the amplitude of a given channel can
be found from the discussion above, and the colour factor is then calcu-
lated by summing the product of such factors over initial and final state
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colours. For the interference of the t(q̃k) and u(q̃l) channel we have:

col(
∑

a,b,i,j

MtM†
u) =

∑

a,b,i,j,k,l′

tbjkt
a
kit

b
il′t

a
l′j

=
∑

a,b

tr(tbtatbta)

= −1

6

∑

a

tr(tata)

= − 1

6

4

3
tr(13×3)

= −2

3
(4.13)

where the only new relation we used was
∑

b tbrt
a
r t

b
r = [C2(r)− 1

2C2(G)]tar .
Here, C2(r) and C2(G) are the quadratic Casimir operators of the repre-
sentation r and the adjoint representation G respectively. For the adjoint
representation of SU(N) the C2 operator is C2(G) = N , while when
r is identified with the fundamental representation of SU(N) then the
operator becomes C2(r) = (N2 − 1)/(2N).

The colour factor above is a real number and it must therefore be
identical for the two interference terms MtM†

u and MuM†
t . This can

easily be checked by interchanging a and b (as well as k and l) in the
calculation above. This interchange does not affect the result.

The interference of the t(q̃k) and s(Gc
σ) channel

The SU(3) factors of the t and s channel result in the following colour
factor.

col(
∑

a,b,i,j

MtM†
s) =

∑

a,b,c,i,j,k

tbjkt
a
kit

c
ijf

abc

=
∑

a,b,c

(

i

4
f bac +

1

4
dbac

)

fabc

=
i

4

∑

a,b,c

(−fabc)fabc

= −6 i (4.14)

Here we first introduced the relation tr(tatbtc) = i
4fabc + 1

4dabc. Then
we noted that the structure constants, fabc, are totally anti-symmetric.
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Therefore, the term that contracts the structure constant with the totally
symmetric dabc vanishes. What was left was then the sum of the structure
constants squared. This sum also appeared in the calculation of the s(Gc

σ)
channel colour factor. The result was found to be 24.

A small comment is in place here, as this is the first colour factor
found to be complex. There is nothing wrong in a complex colour factor,
but we could have made it real if we had included the imaginary unit of
the trilinear gluon self-interaction in the colour factor instead of in the
coupling constant.

As the colour factor is complex let us also do a careful check of the
colour factor of the interference term which is the hermitian conjugate of
the one considered above.

col(
∑

a,b,i,j

MsM†
t) =

∑

a,b,c,i,j,k

fabctcjit
a
ikt

b
kj

=
∑

a,b,c

fabc

(

i

4
f cab +

1

4
dcab

)

=
i

4

∑

a,b,c

fabcfabc

= 6 i (4.15)

The permutation of the indices abc was cyclic in this case, and this re-
sulted in the complex conjugate of the previous result, just as it should
be.

The interference of the u(q̃l) and s(Gc
σ) channel

The calculations to be done in this case are similar to those right above,
but the results turn out to be reversed.

col(
∑

a,b,i,j

MuM†
s) =

∑

a,b,c,i,j,k

tajkt
b
kit

c
ijf

abc

=
∑

a,b,c

(

i

4
fabc +

1

4
dabc

)

fabc

=
i

4

∑

a,b,c

fabcfabc

= 6 i (4.16)
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col(
∑

a,b,i,j

MsM†
u) =

∑

a,b,c,i,j,k

fabctcjit
b
ikt

a
kj

=
∑

a,b,c

fabc

(

i

4
f cba +

1

4
dcba

)

=
i

4

∑

a,b,c

(−fabc)fabc

= −6 i (4.17)

The interference of the t(q̃k) channel and the 4-point interaction

We repeat the by now familiar procedure for finding the colour factor:

col(
∑

a,b,i,j

MtM†
p) =

∑

a,b,c,i,j,k

tbjkt
a
ki

(

1

3
δabδij + dabct

c
ij

)

=
∑

a,b,c

1

3
tr(tata) + dabctr(t

btatc)

=
1

3
· 4

3
tr(13×3) +

∑

a,b,c

dabc

(

i

4
f bac +

1

4
dbac

)

=
4

3
+ 0 +

1

4

∑

a,b,c

(dabc)2

=
14

3
(4.18)

Here we first used two trace rules for the matrices representing the gen-
erators. Both rules have been mentioned earlier in this section. Then
we used that dabc = dabc is totally symmetric. The contraction with the
structure constant therefore vanishes and left is the sum of the squared
dabc. In the calculation of the four point interaction colour factor this sum
was found to be a factor of 40/3. The fact that dabc is totally symmetric
also makes it easy to see that the colour factor of the hermitian conju-
gated interference term (where a and b and i and j are interchanged) is
also 14/3, just as it should be.
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The interference of the u(q̃l) channel and the 4-point interaction

Compared to the calculation right above, the only difference is that a and
b should be interchanged. This does not change the final result.

col(
∑

a,b,i,j

MuM†
p) = col(

∑

a,b,i,j

MpM†
u) =

14

3
(4.19)

The interference of the s(Gc
σ) channel and the 4-point interaction

The colour factor for this interference term is:

col(
∑

a,b,i,j

MsM†
p) =

∑

a,b,c,c′,i,j,

fabctcji

(

1

3
δabδij + dabc′t

c′

ij

)

=
∑

a,b,c,c′

1

3
faactr(tc) + fabcdabc′tr(t

ctc
′

)

=
∑

a,b,c,c′

1

2
δcc′f

abcdabc′

= 0 (4.20)

We first inserted that the matrices representing the generators are trace-
less while the trace of a product, tr(tctc

′

), is identic δcc′/2 in the funda-
mental representation of SU(N). Finally, the contraction of the symmet-
ric and the anti-symmetric constants vanishes. Clearly, also the colour
constant of the hermitian conjugated interference term vanishes, meaning
that these terms do not contribute to the amplitude squared.

4.3 The two gluon final state

The subject of this section is the QCD process q̃i+q̃∗j → Ga
µ+Ga

ν of squarks
annihilating into two gluons. We have already considered the generic
case of sfermions annihilating into a final state of two gauge bosons. The
generic process goes through the five different types of channels: t(f̃k),
u(f̃l), s(Higgs), s(gauge boson) and a four point interaction. In the case
of the two gluon final state we will not have the s(Higgs), as the Higgs’s
are colourless. Apart from this, all the other channels exist. The naive
thought would therefore be that we just had to multiply the colour factors
of section 4.2 by the appropriate terms in the generic expression for the
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amplitude squared found in section 4.1. Unfortunately, this would give
an incorrect result. How can it be that the generic result suddenly does
not apply? One way to put the answer is that we have been lucky that
the generic calculation has worked so far. The problem is the summa-

tion of the product of polarization vectors,
∑

λ ε
(λ)∗
µ ε

(λ)
ν . The expression

we used in eq. 4.6, was (−gµν) for a massless gauge boson. This sim-
ple expression is what results from a total of four massless gauge boson
polarization degrees of freedom. Formally, this result therefore does not
apply to an on-shell massless gauge boson, as it only possesses two polar-
ization degrees of freedom. Fortunately, the contributions from the two
unphysical polarization vectors will often cancel among each other and
the simple expression for the full sum can therefore be used anyway. The
only thing which can destroy this cancellation is the effect of gauge boson
self-interaction. Photons do not self interact, but gluons do. Only the
two gluon final state, which have the gluon self-interaction in the s(gluon)
channel, requires a more careful calculation.

To put it in a more rigorous way, it is a question of Abelian or non-
Abelian theories whether or not one can use the (−gµν) for the physical
polarization sum of a massless gauge boson. Apart from the trilinear
self-interaction, non-Abelian theories also possess the concept of ghost
fields. The ghost fields are introduced in the quantization procedure for
the gauge field. To be very short, this procedure involves the introduction
of a determinant, which in the case of an Abelian theory is independent
of the gauge field and can be put into the normalization factor, while in
the non-Abelian case the determinant depends on the gauge field. Due
to Faddeev and Popov it is possible to interpret this determinant as the
introduction of a set, c and c†, of unphysical fields, called ghosts. The
ghosts are anticommuting scalar fields. The ghost Lagrangian contains
the interaction term of a set of ghosts with the gauge field of the non-
Abelian theory. For a more thorough introduction of the ghost fields see
for instance reference [27]. In subsection 4.3.1 we will discuss how a ghost
contribution to the coannihilation process comes in through the optical
theorem and act as “negative degrees of freedom” which cancel the effect
of the unphysical polarization states in (−gµν) . In subsection 4.3.2 we
will state the explicit expression for this ghost contribution. In subsection
4.3.3 and 4.3.4 we will show two alternative QCD calculations which do
not involve ghosts.
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4.3.1 The optical theorem

When we derived the result
∑

λ,λ′ MM† = (−gµη)(−gνκ)Mµν(M∗)ηκ for
the coannihilation of a sfermion and an anti-sfermion into two massless
gauge bosons, we implicitly relied on the optical theorem. Or rather,
the optical theorem applied to an Abelian theory. In this section we
will apply the theorem to the non-Abelian case. The optical theorem is
derived from the requirement that the scattering matrix must be unitary,
and the theorem relates the imaginary part of the scattering amplitude
to the total amplitude squared. In the same way, the imaginary part of
the refraction index is related to the total absorption cross section when
light passes through a medium. This is the origin of the name of this
theorem, [25].

In this section we will discuss the Standard Model process q+q̄ → Ga
µ+

Gb
ν (with suppressed colour indices for the quarks). The conclusions we

will make are valid for the supersymmetric case as well, and will be applied
in the following sections. Clearly, the gluons in the final state are physical,
and what we need to calculate is therefore the sum of the amplitude
squared with the sum running over the two physical polarization states,
i.e.

∑

σ,σ′ |M|2 with σ, σ′ ∈ {1, 2}. The optical theorem says that this is
equal to twice the imaginary part of the amplitude of the process q + q̄ →
q + q̄ with Ga

µ + Gb
ν in the intermediate state. The Cutkosky rules give a

general method for the calculation of the imaginary part of this kind of
diagrams. You first replace the propagators in the intermediate state by
their imaginary part. These are then multiplied by the on-shell scattering
amplitudes T (q + q̄ → Ga

µ + Gb
ν) and T ∗(Ga

µ + Gb
ν → q + q̄), e.g. [7]. Let

us take a closer look at the cut-diagrams of q + q̄ → q + q̄. The cut-
diagrams have a fictitious cut in the middle of the intermediate state.
The scattering process, q + q̄ → Ga

µ + Gb
ν , to the left of the cut has a

t-channel with a quark exchange-particle, another quark exchange in the
u-channel and in the s-channel we find the gluon self-interaction. We
have the exact same exchange channels to the right of the cut. Now, in
the original process, q + q̄ → q + q̄, the intermediate state contains both
physical and unphysical contributions. Thus, for the gluon propagators
we should just take the ordinary propagator of a massless gauge boson,
and then replace it by its imaginary part according to the Cutkosky rules.
Furthermore, since unphysical particles are allowed in the intermediate
state we must also add a diagram where we have replaced the trilinear
gluon self-coupling with the interaction of a gluon with a pair of ghosts.
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In other words, this contribution to the q + q̄ → q + q̄ process has a ghost
loop in the intermediate state. The cut-diagram will to the left have
the quark/anti-quark pair annihilating into a ghost pair through the s-
channel gluon exchange. To the right of the cut, we will have the opposite
process. The ghost-loop diagram contributes to the final amplitude in the
exact same way as any of the other diagrams. We therefore have to know
the ghost propagator and vertex factor. The Lagrangian of the Faddeev-
Popov ghost is; e.g. [27]

Lghost = c̄a(−∂2δac − gs∂
µfabcGb

µ)cc (4.21)

where the notation, c, used for the ghost should not be confused with the
charm quark. The coefficients fabc are the structure constants, which are
defined through the commutator of the generators of the gauge group:
[T a, T b] = ifabcT c. So by definition, the structure constants vanish for
an Abelian theory but not for a non-Abelian one. The ghost propagator
can be derived from the first term of the Lagrangian. The result is:

〈ca(x)c̄a′

(x)〉 =

∫

d4k

(2π)4
i

k2
δaa′

e−ik·(x−y) (4.22)

with the corresponding Feynman rule: (iδaa′

)/(p2 + iε). We have said
that one should first replace the propagators in the intermediate state by
their imaginary part, and then multiply them by the on-shell scattering
amplitudes. These two steps are intimately related to each other and to
the imaginary part of the matrix element. M is usually real, but will get
imaginary contributions whenever the iε prescription is needed. Meaning
whenever we are on the pole of some propagator, or expressed in another
way, whenever the virtual particle goes on-shell. In this situation, residue
calculation can be used to show that the integration of some general
propagator

∫

d4p

(2π)4
1

p2 − m2 + iε
(4.23)

is performed by replacing

1

p2 − m2 + iε
by − 2πiδ(p2 − m2) (4.24)

Showing that the exchange particle is indeed on-shell. The delta-function
(and the factor in front of it) turns the four-dimensional integral into a
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three-dimensional phase space integral. For the complete residue calcu-
lation see e.g. [27].

Let us return to the ghost propagator. The general rule tells us to
replace the propagator of momentum k1 by

iδaa′ · (−2πi)δ(k2
1) (4.25)

Leaving us with a three-dimensional phase space integral and a contribu-
tion iδaa′

to iM. The other ghost propagator gives a similar contribution.
In total we can write the contribution from the ghost loop diagram on the
form (−

∫

d2ρSabSab∗), where Sab is the amplitude of q+ q̄ → ca +cb† and
the d2ρ integration is over the phase space of the two on-shell ghosts. The
last subtlety is that the ghosts anti-commute, which is why we included
the multiplicative factor of (-1) for the ghost loop.

For the diagrams with gluons in the intermediate state, one has to
replace the gluon propagator gµµ′

/(k2
i + iε) by gµµ′

(−2πi)δ(k2
i ). Doing so

for both gluons, we find that the diagrams with gluons in the intermediate
state contribute to the imaginary part of the q + q̄ → q + q̄ process by
(1/2)

∫

d2ρT ab
µνT

ab∗
µ′ν′gµµ′

gνν′

. Here T ab is the amplitude of q+q̄ → Ga
µ+Gb

ν ,
and the integration is now over the three-dimensional phase space of the
on-shell gluons. The factor of 1/2 comes about because only five of the
nine terms in T ab

µνT ab∗
µ′ν′ have different topology. For instance, once the cut

is removed, you see that the diagram which has the u-channel to the left
and the t-channel to the right of the cut line is identical to the diagram
with a left t- and a right u-channel. One of the five diagrams is the
one with two s-channels and a gluon loop in the middle. The gluon loop
provides this particular diagram with a factor of 1/2. Note that the ghost
loop has no such symmetry factor as the ghost is not its own antiparticle.

We are now ready to write down the optical theorem applied on q+q̄ →
Ga

µ + Gb
ν . It says that the amplitude squared summed over the physical

polarization states, i.e.
∑

σ,σ′ |M|2 with σ, σ′ ∈ {1, 2}, is equal to twice
the imaginary part of the amplitude of the process q + q̄ → q + q̄ with
Ga

µ + Gb
ν in the intermediate state. Putting together the results we have

found for the imaginary part gives, e.g. [7]:

∫

dρ2T
ab
µνT ab∗

µ′ν′

2
∑

σ=1

ε
(σ)µ
1 ε

(σ)µ′∗
1

2
∑

σ=1

ε
(σ)ν∗
2 ε

(σ)ν′

2

= 2

∫

dρ2[
1

2
T ab

µνT ab∗
µ′ν′gµµ′

gνν′ − SabSab∗] (4.26)
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where ε
(σ)
1 are the polarization vectors of the gluon with momentum k1

and ε
(σ)
2 are the polarization vectors of the gluon with momentum k2.

What can we learn from the optical theorem? Let us first consider
what difference it would make if we had instead looked at the QED process
f + f̄ → γ + γ. In an Abelian theory like QED there are no ghosts
and so the last term on the right hand side in eq. (4.26) would not be
there. Without this term, the right hand side is exactly the result that
we stated in section 4.1. From the optical theorem we conclude that the

polarization sum, e.g.
∑2

σ=1 ε
(σ)µ
1 ε

(σ)µ′∗
1 , for the two physical polarization

vectors of the photon can be replaced by (−gµµ′

). As (−gµµ′

) is the sum

of ε
(σ)µ
1 ε

(σ)µ′∗
1 over all four polarization vectors, this must mean that the

contributions from the unphysical polarization vectors vanish. This is
indeed the case in QED, as we will come back to in just a minute. Going
back now to the QCD process, the optical theorem tells us that ghosts
can be interpreted as negative degrees of freedom which exactly cancel
the effect of the unphysical polarization states of the intermediate state
gluons. A more rigorous proof for this can be found in reference [27]. They
first calculate the first term on the right hand side of eq. (4.26) by inserting
the representation of gµµ′

and gνν′

in terms of the four polarization vectors
for each of the two gluons, and also inserting the explicit expression for
the scattering amplitude. Some of the contributions from the unphysical
polarization vectors do vanish, but not all of them. The terms that do
not vanish do all contain a multiplicative factor fabc. So these terms do
indeed vanish in the Abelian QED case, but not for the QCD process.
Instead it can be shown that this unphysical contribution exactly cancels
the contribution from the ghost term.

The above discussion concerned the Standard Model process q + q̄ →
Ga

µ + Gb
ν , but clearly, all the main conclusions can be directly translated

into statements for the supersymmetric process q̃ + q̃∗ → Ga
µ + Gb

ν . From
the optical theorem it follows that we can replace the sum over the polar-
ization vectors by (−gµµ′

) if we also include the ghost contribution. The
explicit expression for the ghost term will be found in the next subsection.
There is also the possibility of calculating the supersymmetric equivalent
of the left hand side of eq. (4.26) directly without the use of the optical
theorem. This can be done either by using a general expression for the
physical polarization sum,

∑2
σ=1 ε(σ)µε(σ)µ′∗ (subsection 4.3.3), or by ex-

plicitly introducing physical polarization vectors (subsection 4.3.4). The
two possibilities will be the subject of a separate section each. In total
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we thus present three different calculations of
∑

σ,σ′ |M|2 (σ, σ′ ∈ {1, 2}).
The one with explicit polarization vectors is used in the DarkSUSY code.

The reader might wonder why we included this lengthy discussion of
the optical theorem which is relevant for just one specific coannihilation
process. Also, why do we present three different calculations below, when
it is sufficient with a single one of them. The answer is that some imple-
mentations of this process are numerical unstable, i.e. give a wrong result
for some input parameters. We therefore implemented all three methods
to find the numerically most stable method. We first calculated the cross
section for a small number of specific supersymmetric models using all
three calculation methods. For each model we checked that we got the
same numerical result for all three calculations. Then we checked the nu-
merical stability of the implementations on a larger sample of models. We
found that the method with explicit polarization vectors was numerically
stable.

4.3.2 Calculation with ghosts

In this section we are going to calculate the supersymmetric equivalent of
the right hand side of the optical theorem (4.26). The first term was al-
ready found in the section on the broader class of coannihilations, namely
f̃i+ f̃∗

j → V µ
1 +V ν

2 . One should just remember to multiply each term with
the appropriate colour factor. What is still missing in the calculation is
the ghost contribution, i.e. the second term on the r.h.s. of (4.26). This is
the imaginary part of the scattering amplitude of q̃+ q̃∗ → q̃ + q̃∗ through
a ghost loop. As discussed in the previous section, the Cutkosky rules tell
us to first replace the ghost propagators by their imaginary part and then
multiply these by the on-shell scattering amplitudes T (q̃ + q̃∗ → ca + cb†)
and T ∗(ca + cb† → q̃ + q̃∗). Where we again used c to denote the ghost
field. Both of these latter processes run through a gluon exchange in the
s-channel.

The ghost Lagrangian was stated in equation (4.21). From the La-
grangian, one can derive the vertex factor for the interaction of a pair of
ghosts with a gluon. To convert the vertex factor stated in [27] into the
DarkSUSY conventions we multiply by i.

−igsf
acbkµ

1 (4.27)

where the vector and colour indices of the gluon field are Gc
µ. The outgo-

ing ghost is ca with momentum k1 and the incoming ghost is denoted
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cb. The vertex factor for the interaction between the gluon and the
squark pair has been presented in earlier sections, and it can be written
as gl(gluon, kp2, kp1)(−p2 + p1)

µtcij, where gl is the coupling constant,
kp1 is the name of the incoming squark q̃i with momentum p1 and colour
i and kp2 is the name of the incoming anti-squark q̃∗j with momentum p2

and colour j. Including finally the factor (-1) for the ghost loop as well
as the factor of 2 in front of the right hand side of the optical theorem in
(4.26) we get the following expression for the ghost contribution:

−2
∑

a,b,i,j

SabSab∗

= −2
∑

a,b,c,c′,i,j

gl(gluon, kp2, kp1)(p2 + p1)
νtcij

(

gνµ

s + iε

)

(−igsf
acbkµ

1 )

gl∗(gluon, kp2, kp1)(−p2 + p1)
ν′

tc
′

ji

(

gν′µ′

s + iε

)∗
(igsf

ac′bkµ′

1 )

= −2 · 12 g4
s

((p1 − p2) · k1)
2

(s + iε)(s + iε)∗
(4.28)

where we inserted the coupling constant gl(gluon, kp2, kp1) = −gs and
calculated the colour factor. For the colour factor we first used that the
structure constants are real numbers and the generators are hermitian.
From the latter it follows that tc

′∗
ij = tc

′

ji. The rest of the colour factor
calculation is, as one could have guessed, identical to the one for the
s(gluon) channel of q̃i + q̃∗j → Ga

µ + Gb
ν . That calculation was done in

equation (4.9) with the result being 12.

4.3.3 Sum of physical polarization vectors

We once more consider the coannihilation process q̃ + q̃∗ → Ga
µ + Gb

ν .
In this section we will discuss one of the methods which can be used
to calculate the summed amplitude squared,

∑2
σ=1

∑2
σ′=1 |M|2, without

the use of the optical theorem. This method involves a general expression
for the physical polarization sum,

∑2
σ=1 ε(σ)µε(σ)µ′∗. These sums – one

for each of the final state gluons – should then just be multiplied by
MµνMµ′ν′ (modified by a colour factor for each term), that was found
in section 4.1 on f̃i + f̃∗

j → V µ
1 + V ν

2 .

Let us now review the procedure outlined in [7] for the derivation of
a general expression for the physical polarization sum. First consider a
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gluon with momentum k1µ and physical polarization vectors ε
(1)
1,µ and ε

(2)
1,µ.

These three four-vectors do not completely span the four-dimensional
space. It is therefore possible to introduce a fourth vector η1µ, which is
orthogonal to each of the polarization vectors, but with k1 ·η1 6= 0. By the
use of η1, as well as the usual normalization and orthogonality conditions

for k1, ε
(1)
1 and ε

(2)
1 it is possible to derive the polarization sum. The

result is:

2
∑

σ=1

ε
(σ)µ
1 ε

(σ)µ′∗
1 = −gµµ′

+
kµ
1 ηµ′

1 + kµ′

1 ηµ
1

k1 · η1
− η2

1

kµ
1 kµ′

1

(k1 · η1)2
(4.29)

It is allowed to choose η2
1 = 0, which will make the last term vanish.

We also need the polarization sum for the other final state gluon with
momentum k2µ. This is found in a similar way by the introduction of a
vector η2. The polarization sum can be found from the expression above
by replacing the index “1” of all the four-vectors by the index “2”.

For the implementation of this method we need to make a specific
choice for η1 and η2. For the case at hand, where there are two massless
particles in the final state, the simplest choice is to take η1 = k2 and
η2 = k1. The requirements on the η’s are then trivially fulfilled and
furthermore η2

1 = 0 = η2
2 . The product of the two physical polarization

sums and MµνMµ′ν′ is now ready for the analytic simplification which
can be done by hand or by the FORM program.

Let us end this section with a passing remark. In reference [7] they
have made the analytic calculation for the Standard Model process q+q̄ →
Ga

µ + Gb
ν . This means that they have evaluated all the expressions like

kµ
1Mab

µν , Mab
µνk

ν
2 etc, which come from the “correction” to (−gµµ′

) in
the physical polarization sum (4.29). They find that the non-vanishing
contributions from this kind of terms do all contain a multiplicative factor
fabc. This has some interesting consequences. First, in the case of the
equivalent QED process, this tells us that kµ

1Mab
µν = 0 = Mab

µνkν
2 . These

are the Ward identities. From this it follows that the physical polarization
sum can be replaced by (−gµµ′

) in QED. A conclusion that we have also
found before. Furthermore, as the structure constants are non-zero in
QCD, the Ward identities look different in this case, and we need the
extra terms in the physical polarization sum. It is verified in the reference
that the contribution from these extra terms is exactly identical to the
ghost loop contribution to the optical theorem.
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4.3.4 Explicit polarization vectors

In this section we will exploit another method which can be used for the
direct calculation of

∑2
σ=1

∑2
σ′=1 |M|2 without the use of the optical the-

orem. Instead of finding a general expression for the physical polarization
sum we will explicitly insert the physical polarization vectors.

Consider the center of momentum frame. We first let the z-axis be
defined by the momenta of the final state particles. The polarization
vectors must be constructed to be orthogonal to the momentum of the
gauge boson to which they belong. We can choose the set of polarization
vectors for the two massless gauge bosons to be identical. Denote by

ε
(1,2)
1 the set of polarization vectors for the gauge boson with momentum

k1, and by ε
(1,2)
2 the two polarization vectors of the gauge boson with

momentum k2. The simplest possibility is then to take:

ε
(1)
1 = (0, 1, 0, 0) = ε

(1)
2 ε

(2)
1 = (0, 0, 1, 0) = ε

(2)
2 (4.30)

We now have to rotate the coordinate system defined above into the one
used in the DarkSUSY calculations of the interaction cross section. The
DarkSUSY code has the direction of the CM z-axis defined to be given
by the momentum, p1, of one of the incoming particles. The orientation
of the two coordinate systems are related to each other by the scatter-
ing angle, θ, and the azimuth angle, ϕ. Expressed in the DarkSUSY

coordinate-frame, the polarization vectors are:

ε
(1)
1 = (0, cos ϕ cos θ, sinϕ cos θ,− sin θ) = ε

(1)
2 (4.31)

ε
(2)
1 = (0,− sin ϕ, cos ϕ, 0) = ε

(2)
2 (4.32)

where we chose to have the same notation for the polarization vectors in
both frames. In the rest of the section we will always refer to the polar-
ization vectors given in the DarkSUSY frame. With the expressions (4.31)
and (4.32), the summation over polarization vectors can be performed in
an explicit manner in the amplitude squared:

∑

σ,σ′

MM† =
2
∑

σ=1

2
∑

σ′=1

ε
(σ)
1,µε

(σ′)∗
2,ν ε

(σ)∗
1,η ε

(σ′)
2,κ Mµν(M∗)ηκ (4.33)

where the notation Mµν and (M∗)ηκ was introduced in the discussion
of equation (4.6). All the vector products that involve the polarization
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vectors must be calculated by hand and inserted into the FORM program
code or into the Fortran code which reads the FORM output. Let us go

through a few examples here. First we calculate the two products ε
(1)
1,µpµ

1

and ε
(1)
1,µpµ

2 . The four-momenta p1 and p2 are those of the initial state
particles. Thus, in the DarkSUSY frame we have p1 = (E1, 0, 0, p12) and
p2 = (E2, 0, 0,−p12), where we defined p12 as the norm of the three-
momenta |~p1| = |~p2| = p12. As we take gµν = diag(1,−1,−1,−1), the
two scalar products become:

ε
(1)
1,µpµ

1 = p12

√

1 − cos2 θ ε
(1)
1,µpµ

2 = −p12

√

1 − cos2 θ (4.34)

In DarkSUSY we have chosen to express all θ dependence in terms of

cos θ. It is trivial to see that the scalar products of ε
(2)
1 with the ini-

tial state momenta vanish. Let us instead calculate the contraction of
the four dimensional Levi-Civita tensor with the two initial state mo-
menta, one of the final state momenta and one of the polarization vec-

tors, e.g. εµνδγpµ
1pν

2k
δ
1ε

(2)γ
1 . Since the Levi-Civita tensor is completely

anti-symmetric and the initial state momenta vanish in the x and y di-
rection, we only get non-vanishing terms when we take the 0th element of
either p1 or p2 and the 3rd element of the other and the 1st element from

either k1 or ε
(2)
1 and the 2nd element from the other one. Consequently,

all the non-vanishing terms will contain a factor of either sinϕ or cos ϕ
from the polarization vector. Now, the cross section should be indepen-
dent of the azimuth angle ϕ, so we will eventually have to integrate over
ϕ from 0 to 2π, and all of these terms will disappear. The same is true
for the anti-symmetric contraction of the other polarization vector with
the two initial state momenta and any of the two final state momenta.

In this and the two previous sections we have discussed three differ-
ent methods for the calculation of the amplitude squared for the process
q̃ + q̃∗ → Ga

µ + Gb
ν . As explained at the end of section 4.3.1, we have

checked that the three methods give the same result. We also found that
the method with explicit polarization vectors, presented in this section,
was the numerically most stable method. We therefore chose that im-
plementation for the DarkSUSY code. As have been mentioned several
times, the final state with two photons does not require the same careful
treatment as the two gluon final state. At the same time, there is nothing
wrong in using the gluon implementation for the photons as well. The
only consequence is that one calculates some extra terms which vanish
or cancel among each other. Again, for reasons of numerical stability
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we have chosen in DarkSUSY to use the implementation with the ex-
plicit polarization vectors even for the two photon final state as well as
for the final state with one photon and one gluon. We even found that
explicit polarization vectors were needed to obtain a numerically stable
implementation for some coannihilations with one massless gauge boson
and one massive gauge or Higgs boson in the final state. There we have
used explicit polarization vectors for the massless gauge boson, while the
massive boson has been treated in the usual way.
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Chapter 5

The rare b → sγ decay

In this chapter we will discuss the theoretical calculation of the rare
b → sγ decay. The decay is a flavour changing neutral current (FCNC)
process and it does therefore only occur at the loop level in the Standard
Model. This makes it very interesting for the study of physics beyond
the Standard Model. There will be supersymmetric contributions to the
decay at the one-loop level, i.e. the supersymmetric contribution will not
be suppressed compared to the Standard Model result. The measurement
of the b → sγ branching ratio (Br) therefore provides an excellent tool to
exclude part of the supersymmetric parameter space, namely those parts
which predict a branching ratio higher or lower than the experimental
result. This is the reason that we include the possibility to calculate
Br(b → sγ ) in the DarkSUSY package. The calculation of Br(b → sγ )
in DarkSUSY has recently been replaced by a completely new code. We
have implemented the formulas found in some of the most recent theo-
retical papers on rare B decays. The formulas and the work behind them
are quite comprehensive as they consist of a number of one-, two-, and
three-loop calculations. The number of original papers and reviews on
rare B decays is also extensive. It is by no means the intention of this
section to go into detail of any part of the calculations. As we have not
done any of the calculations but simply implemented the results of others,
we will just present some of these results and give some short comments
on there physical origin. For the details we refer the reader to the original
papers or to some of the review papers as for instance [5] and [21]. To a
large extent, the discussion in this chapter is based on these reviews.

135
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5.1 The Standard Model contribution

In the introduction above, we discussed the importance of the measure-
ment of the rare b quark decay. Clearly, one cannot measure the decay of
the quark itself, but only of some hadron which has the b quark as one of
its partons. To be more specific, the decay of interest for this chapter is
B → Xs +γ. Here B denotes a B±, Bd or Bs meson. So they contain the
partons ub̄, db̄ and sb̄ respectively, or the charge conjugated quark pairs.
Xs is an inclusive hadronic state which contains a strange quark. The
rare decay B → Xs + γ therefore belongs to the class of inclusive decays.
In inclusive decays one sums over all final states, or in this case rather
all final states of a particular kind. Inclusive B decays, in contrast to ex-
clusive decays, are easy to handle theoretically (at least at the one-loop
level). It can be proven that the branching ratio of an inclusive B decay
can be written in the so-called Heavy Quark Expansion (HQE), which is
an expansion in inverse powers of the b quark mass. The HQE for the
case at hand is:

Br(B → Xs + γ) = Br(b → s + γ) + O
(

1

m2
b

)

(5.1)

In the HQE, the branching ratio of the hadronic decay can indeed be ap-
proximated by the parton quark decay in the spectator model. So there
is no need for a model of the hadrons, and everything becomes much
simpler. Being a short-distance QCD process, the quark decay can, due
to the asymptotic freedom of QCD, be evaluated in perturbation the-
ory. Non-perturbative corrections come in through long-distance strong
interactions. These terms are suppressed because the typical strong in-
teraction scale is smaller than the b quark mass. In the HQE above,
the non-perturbative terms are suppressed by at least two powers of mb.
This is another fact which makes B physics very suitable for comparison
between theory and experiments.

Due to the HQE we can focus most of the discussion in this chapter
on the quark decay. As we said in the introduction, the FCNC process
b → sγ does not happen at tree level, but only at loop level. For the one-
loop diagram, the two particles in the loop are a W boson and an up-type
quark. There are also similar diagrams where the gauge boson is replaced
by a charged goldstone bosons, e.g. [14]. Higher order corrections to the
one-loop diagrams are very important and must be included. During the
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years more and more corrections have been calculated, and in this section
we will mention most of these.

5.1.1 The operator product expansion

The most important corrections to the one-loop diagram are the short-
distance QCD corrections. They are induced by gluon exchange between
the quark lines. It turns out that it is very convenient to do the calculation
within the framework of the so-called operator product expansion (OPE).
A low-energy effective theory is obtained by first integrating out the heavy
fields which in this case are the W boson and the top quark. This happens
at the scale µW ∼ O(MW ). The low-energy effective theory is then
written as a sum of terms each of which is the product of two factors.
The first factor is the operator matrix element, Oi, which consists of
the light fields and represents the long-distance contribution. The short-
distance physics is put into the Wilson coefficients, Ci, which multiplies
the operators. The Wilson coefficients can be thought of as coupling
constants and they depend on the mass of the heavy particles that were
integrated out. Actually, they will all depend on the W mass. The
Fermi constant, GF , originating from the W propagator can therefore be
separated from the Wilson coefficient. Most of the Wilson coefficients will
also depend on the top mass. Exceptions are the two first coefficients.
The effective low-energy Hamiltonian can be written in the form:

Heff(b → sγ) = −4GF√
2

V ∗
tsVtb

8
∑

i=1

Ci(µ)Oi(µ) (5.2)

where also the Cabibbo-Kobayashi-Maskawa (CKM) factors, V ∗
tsVtb, has

been separated from the Wilson coefficients. The variable µ is the mass
scale. The first six operators, Oi i = 1, · · · , 6, are four-fermion operators.
The two first four-fermion operators are current-current operators. In
the effective theory, the terms in the Hamiltonian which contain O1 and
O2 describe the point interaction of two flavour changing charged quark
currents. In the full theory, the two currents are connected by the W
propagator. The explicit form of all the operators can be found in almost
any references on B decay. So let us just as an example state one of them
here. O1 = (s̄γµT aPLc)(c̄γµTaPLb), where T a (a=1,8) are the generators
of SU(3) and PR,L = (1 ± γ5)/2. The Wilson coefficient, C1, is the
coupling constant of the effective interaction described by O1. The four-
fermion operators O3, O4, O5 and O6 belong to the class of diagrams
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known under the name “Penguin diagrams”. In the full theory they have
the b quark going into the s quark through the loop of the W boson
and an up-type quark. One of the lines in the loop has a photon, a
Z boson or a gluon (only in the case of the up-type quark) propagator
attached to it. This propagator is attached in the other end to the neutral
(flavour conserving) current of a spectator quark. To appreciate the name
“Penguin diagrams” one has to draw the initial and final state b and
s quark lines as the wings of the Penguin. The two lines in the loop
should be drawn as the head and the body respectively. The photon, Z
or gluon propagator will be the legs of the Penguin and the spectator
quarks are its feet. The seventh and eighth operators are also Penguin
operators. Instead of the off-shell gauge propagator between the loop and
the spectator quark, the seventh operator has an on-shell photon and the
eighth operator an on-shell gluon. The seventh operator can be written
on the form O7 = [e/(16π2)]m̄b(µ)(s̄σµνPRb)Fµν . Here σµν = (σµσ̄ν −
σν σ̄µ)/4 (with σµ = (12×2, σ

1, σ2, σ3) and σ̄µ = (12×2,−σ1,−σ2,−σ3)
with σ1,2,3 being the three Pauli matrices). Fµν is the electromagnetic
field strength tensor, Fµν = ∂µAν − ∂νAµ, and e is the electromagnetic
coupling constant. The notation m̄b is used to denote the running b quark
mass. The operator O7 represents the effective point interaction between
the s and b quark and an on-shell photon, when the W boson and the
top quark have been integrated out.

As we said, the Wilson coefficients are effective coupling constants
that contain contributions from the high energy scale. They therefore
describes the short distance physics, and due to the asymptotic freedom
of QCD, these contributions can be calculated in perturbation theory.
This is in general in contrast to the matrix elements of the operators
Oi. They concern the physics at the low energy scale, i.e. long-distance
contributions which are generally non-perturbative. Fortunately, as we
have already seen, it turns out that the inclusive decay B → Xs + γ
can be written in the Heavy Quark Expansion (5.1). The hadronic decay
is approximated by the quark decay in the spectator model. Being a
short-distance QCD process it can be evaluated in perturbation theory.
The matrix elements of the Oi operators can therefore, in this case, be
“effectively” calculated in a perturbative way. Still there will be some
non-perturbative contribution to the hadronic decay, but these are the
terms in the HQE which are suppressed by at least two powers of mb.
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5.1.2 The RGE of the Wilson coefficients

Clearly, the amplitude for b → sγ will be proportional to the Wilson co-
efficient of the operator O7. The Wilson coefficient C7 will depend on
the other Wilson coefficients through the renormalization group equation
(RGE), which explains why we needed the other operators in the effective
Hamiltonian above. The RGE equations are needed because the Wilson
coefficients are first calculated at the matching scale µW = O(MW ), where
the full theory is matched with the low-energy effective theory. It is not
C7(µW ) but rather C7(µb) which sets the amplitude of the b decay. In the
low-energy effective Hamiltonian (5.2) we have written that the operators
and the Wilson coefficients depend on the low-energy mass scale µ. So
these are the renormalized operators/coefficients. The effective Hamilto-
nian, like the unrenormalized operators/coefficients, is on the other hand
independent of the low-energy mass scale. The mass scale dependence
therefore have to cancel in the sum of the products Ci(µ)Oi(µ). Con-
sequently, there must be a simple relation between the renormalization
constants of the operators and the coefficients. This relation can be found
to be:

C0
i = Zc

ijCj O0
i = ZijOj Zc

ij = Z−1
ji (5.3)

where the index “0” is used on the unrenormalized coefficients and op-
erators. There is an index “c”on the renormalization constants, Zc

ij , of
the Wilson coefficients to distinguish them from the renormalization con-
stants of the operators. We note that the renormalization constants form
two renormalization matrices, Ẑc and Ẑ, because the operators (and co-
efficients) mix under renormalization. From the equations above we see
that the two matrices are related by the equation ẐT

c = Ẑ−1. (Finally
we note that it is a simple task to derive the equation Zc

ij = Z−1
ji from

the Hamiltonian, but it is not as trivial as it might seem at a first glaze.
The reason is that the operator renormalization above is just a part of
the renormalization of the operator matrix elements, 〈Oi〉. A renormal-
ization which also requires a quark field renormalization. See [5] for the
full derivation.)

The renormalization group equation for the Wilson coefficients can
now be obtained by differentiating C0

i = Zc
ijCj with respect to the low-

energy mass scale µ. The l.h.s., i.e. the unrenormalized Wilson coefficients
are independent of µ. By contrast, both terms on the r.h.s. depend on the
mass scale. Since the renormalization constants, Zc

ij or Zij , are elements
in a matrix, it is also common to define the anomalous dimension matrix
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of the operators Oi:

γ̂ = Ẑ−1 dẐ

d ln µ
(5.4)

With this definition, the RGE of the Wilson coefficients becomes:

dCi(µ)

d ln µ
= γjiCj(µ) (5.5)

where we note the order of the indices on the element from the anomalous
dimension matrix.

Let us now write down the solution to the RGE of the Wilson coeffi-
cients. First make the substitution:

dgs(µ)

d ln µ
≡ β(gs(µ)) (5.6)

Then do the integration over d~C (~C = (C1, C2, · · · , C7, C8)) and dgs to
obtain the solution:

~C(µ) = exp

[

∫ gs(µ)

gs(µW )
dg′s

γ̂T (g′s)

β(g′s)

]

~C(µW ) (5.7)

To actually perform the last integration one will have to insert the ex-
pansions for γ̂ and β. The anomalous dimension matrix is written on the
form:

γ̂(αs) = γ̂(0) αs

4π
+ γ̂(1)

(αs

4π

)2
+ · · · (5.8)

The expressions for the matrix elements γ
(0)
ij are found through one-loop

calculations when i, j ∈ {1, 2 · · · , 6} and i, j ∈ {7, 8}. In all other cases,
two-loop calculations are required since the one-loop contributions vanish.

Similarly, the calculation of the matrix elements γ
(1)
ij involves two-loop

diagrams within each of the sets (O1, · · · ,O6) and (O7,O8), but three-
loop diagrams when the sets of operators mix. Useful discussions on the
calculation of the anomalous dimension matrix can be found in [5] and
most of the results (in a specific regularization scheme) are also stated in
[5].

The expansion for the β-function can be written on the form:

β(gs) = −β0
g3
s

16π2
− β1

g5
s

(16π2)2
+ · · · (5.9)
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β0 and β1 can be found in e.g. [5]. It is now easy to find the leading term
for the integration in equation (5.7). Inserting that αs = g2

s/(4π) one
finds the following leading order solution:

~C(µ) =

[

αs(µW )

αs(µ)

]
γ̂(0)T

2β0 ~C(µW ) (5.10)

Let us look at the leading term for the running coupling constant:

αs(µ) =
αs(µW )

1 − β0
αs(µW )

2π ln µW

µ

= αs(µW )

[

1 +

∞
∑

n=1

(

β0
αs(µW )

2π
ln

µW

µ

)n
]

(5.11)

From the latter expansion it follows that the RGE solution, (5.10), auto-
matically contains a sum of large logarithms. The sum of large logarithms
in the QCD corrections to b → sγ was to be expected because of the two
different mass scales, µW and µb. Fortunately, as we just concluded,
there is no need to resum all the terms explicitly. Instead the whole sum
is automatically included through the running coupling constant. The
result in equation (5.10) is consequently called “a renormalization group
improved perturbative expansion” . The discussion can be generalized
beyond the leading order that we have considered here. Let us repeat the
conclusion from the leading order (LO) together with that for the next
to leading order (NLO).

LO = LL: summation of

(

αs(µW ) ln
µW

µ

)n

(5.12)

NLO = NLL: summation of αs(µW )

(

αs(µW ) ln
µW

µ

)n

(5.13)

As indicated, the names (next to) leading order and (next to) leading log
are used interchangeably.

We have now discussed the RGE of the Wilson coefficients, its solution
and why we should appreciate this solution. We could then continue to
write down the explicit expression for C7(µb) and the branching ratio of
the rare decay. Unfortunately, C7(µb) is regularization scheme dependent.
It is possible, though, to introduce a new effective coefficient which is
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regularization scheme independent. In the leading order this is given by:

C
(0)eff
7 (µb) = C

(0)
7 (µb) +

6
∑

i=1

yiC
(0)
i (µb) (5.14)

The coefficients, yi, are regularization scheme dependent, and their values
in a few specific schemes can be found in e.g. [5]. Instead of the vector ~C
one introduces the scheme independent vector:

~C(0)eff (µb) =
(

C
(0)
1 (µb), · · · , C

(0)
6 (µb), C

(0)eff
7 (µb), C

(0)eff
8 (µb)

)

(5.15)

where C
(0)eff
8 (µb) is defined similarly to C

(0)eff
7 (µb) with the index 7 re-

placed by 8 and the coefficients yi replaced by some other coefficients
zi (i=1,6). Obviously, the RGE for ~Ceff(µ) can be written on the exact
same form as the renormalization group equation (5.5) for ~C. The only
difference being that we put the label “eff” on both the Wilson coeffi-
cient vector and the anomalous dimension matrix. The elements of the
effective anomalous dimension matrix will be linear combinations of the
γij’s.

We will now state the final expression for C
(0)eff
7 (µb), which is propor-

tional to the b → sγ amplitude. The scale uncertainties of this LO result
turn out to be rather big. Going to NLO causes a considerable diminish-
ing of the scale dependence. We will never the less state the LO result, as
this is far more simple than the NLO one, but it contains the same type
of terms to which we just want to familiarize ourselves. The LO solution
for ~C(0)eff(µb) can be written in a form which is the equivalent of equation

(5.10). The explicit expression for C
(0)eff
7 (µb) is then found by inserting

the values of the β function and the relevant elements of the anomalous
dimension matrix. Also the initial conditions, namely ~C(0)eff (µW ) has to

be inserted. In the LO, the C
(0)
i (µW ) can be set to zero for all i except

2,7 and 8. This result in the following expression:

C
(0)eff
7 (µb) = η

16
23 C

(0)
7 (µW ) +

8

3

(

η
14
23 − η

16
23

)

C
(0)
8 (µW )

+C
(0)
2 (µW )

8
∑

i=1

hiη
ai (5.16)

Here hi and ai are called magic numbers and η is defined as

η =
αs(µW )

αs(µb)
(5.17)
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The initial condition for the second Wilson coefficient is simply C
(0)
2 (µW )=

1. For the seventh and eighth Wilson coefficients, the expressions are less
simple. The structure of the latter two coefficients is very much the same,
so we just state one of them.

C
(0)
7 (µW ) =

3x3
t − 2x2

t

4(xt − 1)4
ln xt +

−8x3
t − 5x2

t + 7xt

24(xt − 1)3
(5.18)

where

xt =
m̄2

t (µt)

M2
W

(5.19)

Here m̄t denotes the running top quark mass. To be more specific, in all
the references used for this chapter and the DarkSUSY b → sγ code, the
running masses, couplings etc are always given in the MS renormaliza-
tion scheme. The MS scheme is constructed from the Minimal Subtrac-
tion Renormalization Scheme (MS), which is the simplest renormaliza-
tion scheme. In MS and MS-like schemes, the counter-term subtraction
in the Lagrangian consists solely of divergences, i.e. no finite parts are
subtracted. An important consequence of this turns out to be that the
µ dependence of the renormalization constants come in only through the
running coupling constant. MS-like schemes as the MS differ from MS just
by a shift in the mass scale µ. The renormalization constants therefore
only differ through the coupling constants, which have to be recalculated
for each scheme. In this chapter we will for simplicity use the notation
αs for αMS

s and likewise for the running masses etc. For the LO expres-
sion of the Wilson coefficients we need the running top quark mass to
LO. Let us anyway state the NLO result, as this is what we need for the
computer code which is an implementation of the full NLO result. In the
MS scheme we have, [8]:

m̄t(µt) = m̄t(mt)

[

αs(µt)

αs(mt)

]

γ
(0)
m

2β0

[

1 +
αs(µt)

4π

γ
(0)
m

2β0

(

γ
(1)
m

γ
(0)
m

− β1

β0

)

(

αs(µt)

αs(mt)
− 1

)

]

(5.20)

Here mt denotes the pole mass mt ≡ mt,pole. The index “m” on γ indi-
cates that this is the anomalous mass dimension. In the MS scheme and
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assuming that the number of colours is three, one has:

γ(0)
m = 8 ; γ(1)

m =
404

3
− 40

9
nf ;

β0 = 11 − 2

3
nf ; β1 = 102 − 38

3
nf (5.21)

where nf is the effective number of quark flavours. As a guide line one
can take:

nf =







6 µ ≥ mt

5 mb ≤ µ ≤ mt

4 mc ≤ µ ≤ mb

(5.22)

5.1.3 The branching ratio

We now move on to present the next to leading order branching ratio for
the b → sγ decay. It is common (even at the LO) to normalize the result
to the branching ratio of the semi-leptonic decay B → Xceν̄e. (Belonging
to the class of semi-leptonic decays because there is at most – or in this
case exactly one – hadron in the final state.) The inclusive decays are
well approximated by their partonic counterpart and so Γ(B → Xsγ) '
Γ(B → Xceν̄e)[Γ(b → sγ)/Γ(b → ceν̄e)]. The normalization reduces the
uncertainties introduced through the CKM matrix elements and the b
quark mass. The latter is due to the cancellation of the factor m5

b which
is present in both decays. Uncertainties, especially due to a remaining
b mass dependence still remains, though. In the paper [14], that we
have used for the DarkSUSY code, P. Gambino and M. Misiak write the
compressed expression for the branching ratio on the following form:

Br[B̄ → Xsγ]Eγ>E0 = Br[B̄ → Xceν̄e]exp

∣

∣

∣

∣

∣

V ∗
tsVtb

Vcb

∣

∣

∣

∣

∣

2

6αem

πC
[P (E0) + N(E0)] (5.23)

This is the prime formula of the b → sγ code in the DarkSUSY package.
All contributions, even the supersymmetric ones, enter the calculation
through this formula. Let us now give some comments on the various
terms in the formula above. The subscript Eγ > E0 on the branching
ratio indicates that an energy cut-off E0 (in the B-meson rest frame) has
been applied to the outgoing photon. We see that the quantities P and
N depend on the cut-off energy. The subscript on the other branching
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ratio indicates that the experimentally measured value is used here. The
factor C is called “the non-perturbative semi-leptonic phase-space factor”
in reference [14], while N(E0) is the non-perturbative correction to the
decay. So these are the terms that are suppressed by at least two powers
of mb in the Heavy Quark Expansion in eq. (5.1). As is true for the
other quantities as well, a further discussion/calculation and the actual
values, can be found in the reference. Now we come to the most important
quantity, namely P (E0). P (E0) contains different kinds of perturbative
contributions [14]:

P (E0) =

∣

∣

∣

∣

∣

Kc +

(

1 +
αs(µW )

π
ln

µ2
W

m̄2
t (mt)

)

r(µW )Kt + εew

∣

∣

∣

∣

∣

2

+ B(E0)

(5.24)
The matching scale µW is denoted µ0 in [14], but we keep our old no-
tation. Kc and Kt do also depend on µW . The matching scale is set
to MW in Kc, but to m̄t(mt) in Kt and in r. The quantity r is de-
fined as the ratio of two different definitions of the b quark mass. The
most important contributions in P (E0) are the terms Kc and Kt. Kt

represent the part of the short-distance QCD correction which involve
the top quark, while Kc represents the remaining short-distance QCD
corrections. The dominant contribution to Kc comes from charm quark
loops. Together, the two terms with Kc and Kt are basically the NLO

generalization of C
(0)eff
7 (µb). It is worth mentioning, that the reference

[14] even splits the LO expression in equation (5.16) into two parts,

C
(0)eff
7 (µb) = Xc + Xt. This explains why the full expression Kc and Kt

consist of the same kind of terms as those presented in equation (5.16)
and (5.18). It should be noted, though, that the Kc and Kt terms are not

just C
(0)eff
7 (µb) + [αs(µb)/(4π)]C

(1)eff
7 (µb), but contains some additional

QCD effects, [5].

We now come to the two remaining perturbative contributions, namely
εew and B(E0). The electroweak correction, εew, comes for instance
from fermion loops in gauge boson propagators. B(E0) is called the
bremsstrahlung function and it contains the effect of the transitions b →
sγg and b → sγqq̄. The latter contribution is suppressed, though, and is
therefore ignored, [14]. Note that the bremsstrahlung function is the only
part of P (E0) which depends on the photon energy cut-off E0. E0 is often
parametrized in terms of the maximal photon energy in the B-meson rest
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frame:

E0 = (1 − δ)Emax
γ = (1 − δ)

mb

2
(5.25)

It has been common use to take δ = 0.9, but in reference [14] they have
chosen a lower value of δ, because the low-energy photons are very difficult
to detect. Their choice of δ corresponds to an energy E0 = 1.6 GeV. For
comparison, they state their final value of Br(B̄ → Xsγ)Eγ>E0 for both
choices of δ.

5.1.4 The numerical result

Let us now state the final numerical results found in reference [14]. For
the high value of the energy cut-off the result is

Br[B̄ → Xsγ]Eγ>1.6GeV = (3.60 ± 0.30) × 10−4 (5.26)

where also the estimation of the total uncertainty has been included.
Turning instead to the case where δ = 0.9, the result is

Br[B̄ → Xsγ]Eγ>mb/20 = 3.73 × 10−4 (5.27)

with a total relative error comparable to the one above. The result in
eq. (5.27) is considerably larger than the value found in previous papers.
This discrepancy is due to the different interpretations of the mass ratio
mc/mb. This ratio appears in the calculation of the matrix element of
the operators O1 and O2. In previous papers the mass ratio had been
set to mpole

c /mpole
b . In reference [14] it is argued that the charm-quark

mass in the dominating part of the matrix elements originate from the
propagators of off-shell charm-quarks. The momentum scale, µ, of these
c quarks is set by the b quark pole mass (or some sizeable fraction of it).

It therefore seems more appropriate to make the choice m̄c(µ)/mpole
b for

the mass ratio. This is the choice which has been used for the branching
ratio in eq. (5.26) and (5.27). For comparison, the authors of [14] have

also made the calculation using mpole
c /mpole

b . They found that this would
cause a decrease of the value in (5.27) of around 10%, and the value would
then agree with previous results.

The branching ratio in equation (5.27) is slightly reduced when some
of the so-called magic numbers are replaced by the updated values found
in reference [6]. The calculation of these numbers involve the two-loop
matrix elements of the four-quark operators Oi (i = 1, · · · , 6). The paper
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thereby provided the last piece of the NLO analysis of the rare decay. The
authors of [6] did also recalculate the branching ratio. For this calculation
they used a computer code provided by the authors of [14], and just
replaced the relevant magic numbers. Their result is

Br[B̄ → Xsγ]Eγ>mb/20 = 3.70 × 10−4 (5.28)

When we implement the expression for the branching ratio from ref. [14]
and update it with the magic numbers of [6] we almost reproduce the nu-
merical result of these references. The DarkSUSY result is:

Br[B̄ → Xsγ]Eγ>mb/20 = 3.72 × 10−4 (5.29)

Let us end this section by stating the experimental bound on the
branching ratio. In the present version of DarkSUSY we have taken the
value suggested by the Particle Data Group 2002, [19]: BR[B → Xs γ] =
(3.3 ± 0.4) × 10−4, which is an average between the CLEO and the Belle
measurements. Based on the estimated theoretical uncertainty in ref. [14],
we set the theoretical uncertainty of our implementation to ±0.5× 10−4,
and we add this to the experimental error. In DarkSUSY we therefore
only allow models where

2.0 × 10−4 ≤ BR[B → Xs γ] ≤ 4.6 × 10−4 (5.30)

This constraint allows for new physics, and in the next section we will
discuss the supersymmetric contribution to the rare B decay.

5.2 Supersymmetric corrections

As we mentioned in the beginning of this chapter, new physics might
contribute to the rare B decay at the same level as the Standard Model.
Thereby providing an excellent tool to put constrains on new physics.
This section will contain a short discussion of the supersymmetric con-
tribution and how it can be added to the Standard Model result of the
previous section.

The calculation of the supersymmetric contributions to the rare de-
cay is of course as difficult as its Standard Model equivalent. Fortu-
nately, though, once the supersymmetric contributions have been calcu-
lated, they are very easily incorporated into the formulas of the previous
section. This is at least true when the new physics does not introduce
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new operators in the effective theory, and when they do not modify the
Wilson coefficients Ci with i = 1, 2, 3, 5, 6 at the matching scale µW . In
this case, the contribution of new physics will just enter Kt and B(E0)
in eq. (5.24), and this in a trivial manner. Namely by the replacements,
[14]:

At
j(xt) −→ At

j(xt) − 2δC
(j)
7 (µW ) ; F t

j (xt) −→ F t
j (xt) − 2δC

(j)
8 (µW ) ;

Et
0(xt) −→ Et

0(xt) + δC
(1)
4 (µW ) (5.31)

where j = 0, 1, i.e. LO and NLO respectively. The δ indicates contri-
butions from the new physics. At

j(xt), F t
j (xt) and Et

0(xt) (with xt =

m̄2
t (µt)/M

2
W ) are functions which appear in some of the terms in the for-

mulas for Kt and B(E0) (which we have not presented here). These three

functions are of the same kind as the formula presented for C
(0)
7 (µW ) in

eq. (5.18).

One class of supersymmetric models which fulfills the criteria of no
new operators and vanishing Wilson coefficients except for i = 4, 7, 8,
are models with minimal flavour violation (MFV). MFV means that even
in supersymmetry, flavour changing processes, at tree level, only occurs
through charged currents. These flavour transitions should also be com-
pletely determined by the CKM mixing angles. Consequently, the soft
supersymmetry breaking terms must be “chosen” such that the assump-
tion of MFV holds true. (For further discussion of MFV see e.g. [9] or
[21].) From the assumption of MFV follows that there are only two new
kinds of one-loop diagrams which contribute to the b → sγ decay. Beside
the Standard Model loop with the W boson (or goldstone boson) and
an up-type quark we can now have a (physical) charged Higgs and an
up-type quark or a chargino and an up-type squark in the loop. MFV
forbids the FCNC diagram with a neutralino and a down-type squark in
the loop.

Minimal supergravity can to a good approximation be classed as a
MFV model, [21]. It also fulfills the second simplifying assumption that
is introduced in the paper [9], on which most of the DarkSUSY code for the
supersymmetric contribution to b → sγ is based. The second assumption
of [9] is that the mass of the charginos and the lightest stop is of the
order of MW , and that this is much lighter than the mass of the other
squarks and the gluino. The order of the charged Higgs mass is not fixed
in reference [9], as they do not consider the direct contribution from H±



5.2. Supersymmetric corrections 149

(see below). We shall assume here that the mass of the charged Higgs is
of the order of the W mass. We then have, [21]:

µg̃ ∼ O(mg̃,mq̃,mt̃1
) >> µW ∼ O(MW ,mH± ,mt,mχ± ,mt̃2

) >> mb

(5.32)
The model therefore have two matching scales, µg̃ and µW . The gluino
and the heavy squarks are integrated out at the first matching scale.
Then follows the running of the effective Hamiltonian from µg̃ to the next
matching scale, µW , at which the W -boson, the top quark, the charged
Higgs, the charginos and the light stop are integrated out. It turns out,
[9], that the only non-negligible effect of the heavy sparticles (g̃, q̃ and t̃1)
is to renormalize the couplings of the one-loop b → sγ diagrams, i.e. the
coupling constants of the vertices χ−b̄t̃2, W−q̄q′ and H−q̄q′ (as well as
the equivalent one for the charged goldstone boson). On top of this we
have the contribution from the intermediate-scale particles. As in the
Standard Model case this requires the calculation of the short distance
QCD corrections to the one-loop b → sγ diagrams.

The Wilson coefficients can be split into three parts at each order. To
NLO we have, [9]:

Ci(µW ) = C
(0)
i (µW ) + δHC

(0)
i (µW ) + δSC

(0)
i (µW )

+
αs(µW )

4π

[

C
(1)
i (µW ) + δHC

(1)
i (µW ) + δSC

(1)
i (µW )

]

(5.33)

where C
(0)
i and C

(1)
i are the LO and NLO coefficients from the Standard

Model. The δS terms are the supersymmetric contributions from which
one has separated the contributions, δH , from a two-Higgs doublet model.

For the DarkSUSY code we have used the expressions for δHC
(0),(1)
i from

the paper [8], while for the coefficients δSC
(0),(1)
i we have (with the mod-

ification to be mentioned below) taken the expressions stated in [9]. It is
the sum of the δH and δS terms which should be inserted in the replace-
ment rule (5.31). These new contributions to the Wilson coefficients are

more or less of the same kind as the Standard Model C
(0)
7 (µW ) presented

in eq. (5.18). They are somewhat more complicated, though, since they
also depend on the masses and mixing of the supersymmetric particles
and the charged Higgs. The renormalization of the coupling constants

due to the heavy sparticles appears in δSC
(1)
7,8 (µW ), which therefore look

slightly different.
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We did not implement the expressions for δSC
(0),(1)
7,8 exactly as they

stand in [9], but we rather used the modified expressions in eq. (31) of
[10]. The authors of this reference extended the results to the large tan β
regime. Here tan β is the usual ratio of the vacuum expectation values of
the neutral Higgs fields in supersymmetry. One of the important effects
is the correction to the Higgsino coupling through the insertion of the
one-loop supersymmetric correction to the bottom quark mass (e.g. [10]
and [26]). A correction which is proportional to tanβ, [10]. Furthermore,
reference [10] make a resummation of large logarithms of the ratio µg̃/µW .
This is accomplished by evaluation of αs and m̄t at the highest scale µg̃,
[10].

5.2.1 Implementation and results for the full model

In this section we will summarize what references we used for the Dark-

SUSY implementation of the b → sγ branching ratio. Some comments on
the numerical results will also be given. In this section we consider the full
model by which we mean the supersymmetric extension of the Standard
Model. The expression that we have implemented for the branching ratio
is the one stated in equation (5.23). This formula comes from reference
[14], from which we have also taken the expressions and values for the
various terms in the formula. The only exception are some of the magic
numbers for which we used the updated numbers of ref. [6]. Reference [14]
and [6] only consider the Standard Model. The supersymmetric contribu-
tion to the decay is introduced by adding/subtracting the supersymmet-
ric Wilson coefficients to certain functions in equation (5.23), as stated
in (5.31). The supersymmetric contribution was divided into a contribu-
tion from a two-Higgs model, with expressions taken from ref. [8], and a
contribution from the remaining part of the (minimal flavour violating)
supersymmetric extension. The expressions for the latter contribution
were taken from the reference [9] with the modifications of ref. [10]. The
full implementation of the branching ratio consists of 74 Fortran files or
about 3800 lines of Fortran code.

We have already discussed our numerical result, (5.29), for the branch-
ing ratio in the Standard Model. The conclusion was that this value was
around 10% higher than that of previous references due to the more ap-
propriate choice for mc/mb, which was introduced in ref. [14]. What about
the numerical result for the supersymmetric contributions? We confirm
the trends of the numerical results of other groups. Let us summarize
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some of the most important characteristics. When the sign of µ is nega-
tive then the supersymmetric chargino/stop loop interfere constructively
with the Standard Model and charged Higgs contribution. The interfer-
ence is destructive when the sign of µ is positive, e.g. [10]. (What matters
is actually the sign of A0 ·µ, [21], but we will only consider the case A0 = 0
in this section). The deviation of the full result from the Standard Model
value is biggest for small values of m1/2 and large values of tan β, [10]
and [26]. The effects of destructive/constructive interference can be large
at LO but they are somewhat diminished when the supersymmetric NLO
effects are introduced. This NLO “counter” effect is most dramatic for
µ > 0 and in particular for large tanβ and small values of m1/2; see for
instance the figures of [26] and [10] or the discussion in [9]. A nice com-
parison between the branching ratio of the full theoretical calculation and
the experimental result can be found in reference [26]. They use a value
for the Standard Model contribution which is very similar to the one we
have in the DarkSUSY code. For the supersymmetric contribution they
have also used an implementation which seems very similar to ours. They
show the full result both for the case of a LO supersymmetric contribu-
tion and a NLO one. For low values of tan β, the region of the mSUGRA
parameter space which do not agree with the experimental results is that
of µ < 0 and low values of m1/2. This is true both for a LO and a NLO
supersymmetric contribution. A much larger part of the mSUGRA pa-
rameter space is excluded by the measurement of the rare decay when we
go to larger values of tan β. In this case, only regions with µ > 0 and
intermediate/high values of m1/2 or with µ < 0 and high values of m1/2

are allowed. In the case of µ > 0, the lower bound on m1/2 is decreased
by about a factor of two (from 400 GeV to 200 GeV for tan β = 40, [26]
fig. 1) when the LO supersymmetric analysis is improved to NLO. So in
other words, the LO supersymmetric analysis would exclude too many
models in this region. To conclude, when we compare our full result with
the result of authors that use the old low value of the Standard Model
branching ratio and just the LO supersymmetric contribution then the
most important difference is that they exclude more models than we do
for µ > 0, large tan β and low/intermediate m1/2. There will also be
some difference for the case of constructive interference (µ < 0), where
they would allow more models for low tan β and low values of m1/2.
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Chapter 6

Summary

In this thesis and the accompanying papers we have considered various
aspects of supersymmetric dark matter. We have discussed that all coan-
nihilations must be included in the calculation of the relic neutralino
density. In the thesis we discussed details of the calculation of the ampli-
tude squared of some of the coannihilations. The implementation of these
calculations is now a part of the DarkSUSY computer package. DarkSUSY

can be used for the MSSM as well as for mSUGRA. In Paper I we studied
the effects of coannihilations on the neutralino density in mSUGRA. The
effects of coannihilations are largest in regions where the mass splitting
between the neutralino and another superpartner is very small. In this
case the density is completely wrong if only neutralino-neutralino annihi-
lations are included in the calculation. The constraints on the cold dark
matter density from cosmology are getting very tight. Only narrow bands
in the mSUGRA parameter space agree with the observations. It is there-
fore important that the accuracy of the theoretical predictions match the
precision of the cosmological observations. The DarkSUSY package fulfills
this requirement. The DarkSUSY package was discussed in Paper III.

Constraints on the supersymmetric parameter space also come from
experiments which are not related to cosmology. In this thesis we have
discussed how the rare b → sγ decay can be used to constrain the su-
persymmetric parameters. Also searches for supersymmetric particles at
particle accelerators have constrained the parameter space. It is excit-
ing that the LHC accelerator, which is under construction at CERN, will
cover the energy range in which we expect to see signs of supersymmetry.

Even if supersymmetry is confirmed by accelerator experiments we
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would still like to find evidence for the relic neutralinos. In Paper II
we compared the prospects of detection for several current and future
searches for supersymmetric dark matter. These searches can also help
to constrain the supersymmetric parameter space and maybe even give
some hints on the halo model.

The near future developments within the topic of supersymmetric
dark matter are indeed exciting, and they will both benefit from and
benefit the developments in all of the related subjects: particle physics,
cosmology and astronomy.
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