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Alice laughed. "There's no use trying," she said.  

"One can't believe impossible things."  
"I dare say you haven't had much practice," said the Queen.  

"When I was your age, I always did it for half an hour a day.  
Why, sometimes, I've believed as many as six impossible things before breakfast." 

 
 
 
 

From Through the Looking-Glass, and What Alice Found There, 
by Lewis Carroll (1872) 
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This thesis is based on a study of five distinct intermetallic systems with the aim of 
expanding the general knowledge of aperiodically modulated crystal structures. 
Families of compounds that contain a variety of superstructures together with 
incommensurately modulated structures have been investigated mainly by means of 
single crystal X-ray diffraction and higher dimensional structure models. 
 A uniform (3+1)-dimensional structure for Bi-Se phases was developed with 
the composition as a single variable. The structure description is based on a cubic 
NaCl type structure with homoatomic layer stackings. It is shown by computational 
modelling that the formation energies of bismuth selenides with more than 40 at. % Bi 
are close to zero, a result that supports the idea of a continuous series of stackings 
corresponding to an ordered solid solution of Bi in Bi2Se3. 
 The Nowotny chimney-ladder structures are described with a (3+1)-
dimensional composite structure, valid for all such compounds regardless of the 
included elements, the composition or the valence electron concentration. A new 
member is added to this family by the ZrBi1.62 compound. The modulation is believed 
to arise as a secondary effect of the criteria of a fixed electron count. 
 A symmetry analysis is presented for the RE1+ε(MB)4 (RE = rare earth elements, 
M = iron metal elements) family of compounds and a uniform (3+1)-dimensional 
composite structure description has been developed. The modulation may be due to the 
presence of unusually short contacts between the RE channel atoms, giving rise to a 
rotational modulation of the (MB)4 tetraederstern chains. 
 A (3+1)-dimensional incommensurate structure has been determined for the 
novel δ1 – CoZn compound. The structure displays a unique assembly of fused 
icosahedra and the modulation is induced by geometric strain. 
 The structure of the K(PtSi)4 compound was re-determined. Despite a close 
kinship with the RE1+ε(MB)4 compounds, this structure is not modulated. 
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Perfect order is a rare phenomenon in nature. On every level, from atomic to 
macroscopic assemblies, defects and other types of disorder are found. This is not 
surprising, as a certain amount of enthropy is a requirement for change and 
evolution[1], as well as a dynamic state is a requirement for having reactions in the first 
place. By introducing an amount of disorder in a system, its net energy may also be 
considerably lowered. Despite this, it is clear that the terms dynamics and disorder are 
difficult to describe in detail in an easily comprehensible way. A great deal of science 
is focused on portraying nature in terms of order or in static views of disorder. To this 
end, structural chemistry has mainly been devoted to ordered crystals and the 
formation mechanisms of incorporated disorder in solid matter is little investigated. 

Intermetallic compounds form between metals or between metals and 
semimetals. Their chemistry is fascinating as they exhibit a vast field of structural and 
bonding possibilities, beside the many physical properties and technical applications 
that traditionally are associated with metallic materials. The intermetallics constitute 
the largest of chemical families (with regard to possible elemental combinations) 
where much knowledge on structure, bonding and formation still remains to be 
uncovered. Especially intriguing are the many examples of compounds that seem to 
form on the border between structural order and disorder, sometimes with 
extraordinary physical properties as a result. 

This thesis is based on a study of intermetallic compounds that exhibit 
aperiodic order with the aim of expanding the general understanding for the structural 
build-up of these compounds. The results presented here are founded on experimental 
investigations using higher dimensional models in order to establish accurate structure 
descriptions of the phases. In addition, theoretical calculations have been used on one 
system with the intention of studying the bonding principles of the structures and 
clarifying the mechanism of the structural modulation. The work has resulted in four 
new (3+1)-dimensional structure types. The reasons for the origin of the modulations 
are also discussed. These findings contribute to an improved knowledge of aperiodic 
compounds. 
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The atomic structure and composition of a crystal is intimately connected with the 
physical properties of the compound. Searching for new materials with specific and 
enhanced properties requires advanced tailoring of the structure and the elemental 
composition. The traditional view of an atomic structure was formed at the end of the 
19th century and is based on symmetry elements and three-dimensional order[2, 3]. 
These concepts have since the discovery of X-ray diffraction in 1915[4, 5] led to the 
findings of a large amount of structure types and structural building blocks and these 
are used and referred to when a new structure is being described. The absence of long-
range order gives rise to materials that classifies as non-crystalline, e.g. glasses, but 
three-dimensional periodicity can be an elusive property also in crystalline structures 
and is sometimes not so trivially determined. It is generally accepted that a certain 
level of disorder always is present in a crystal as dislocations and point defects. These 
are usually neglected in a structural discussion when they can be limited to being local 
and stochastic. The elements of disorder in a crystal may however be periodically 
distributed so that the structural pattern is disturbed, but still recurrent. This may be 
looked upon as “ordered disorder”, and a common reason for this is the presence of a 
modulation of some sort. Figure 1.1 illustrates examples of order and disorder. 
 

 

 
 
 
Figure 1.1. Two-dimensional atomic 
arrays in different levels of order. The 
upper picture displays an ordered 
assembly of two atomic species. An 
example with aperiodic order is shown 
in the second picture, with the 
positional modulation displayed as 
sinusoidal waves projected on the 
basic (square net) atomic lattice. The 
picture below shows an atomic array 
with total lack of long-range order. 
The local coordination is similar 
throughout the assembly but the 
structure must be considered to be 
disordered. 
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A modulation affects the atomic arrangement into a state where the original 
three-dimensional order is broken, but the modulation itself is always ordered and 
periodic. If the periodicity of the modulation and the periodicity of the basic structure 
are related to each other by a rational number, the unit cell can be magnified and the 
overall periodicity of the structure is preserved. The modulation is then called 
commensurate and the magnified structure is often called a superstructure. If, on the 
other hand, the periodicities are not related to each other by rational numbers, they will 
never get in phase no matter how many times the structure is magnified. Such 
modulated crystal structures are called incommensurate or aperiodic, and with 
classical crystallographic tools they can only be described by well chosen 
approximations. 

 Quasiperiodicity is a term that is associated with the aperiodic structures 
of quasicrystals. These complex structures do not only lack three-dimensional 
periodicity, they also possess non-crystallographic symmetry elements such as five-, 
eight-, ten-, and twelwefold axes. They are not considered to belong to the modulated 
structures and will not be further treated in this text. 

 

NKP= fåíÉêãÉí~ääáÅ=ÅçãéçìåÇë=
Intermetallic compounds possess structures and physical properties that can be very 
different from the constituent elements. The distinction between intermetallic 
compounds and alloys is usually defined from a structural point of view. When an 
alloy is formed, one of the participating reactants functions as the host and its atomic 
structure will persist after the reaction. The guest reactants will be inserted into the 
host matrix as either substitutional or interstitial atoms. This is not the case in 
intermetallic compounds, where the created structure is different from the parent 
structures. The variation of structure types in intermetallics span over a wide spectrum, 
a fact that reflects the large differences between the possible including elements. Size, 
electronegativity and bonding character are a few of the most important factors that 
contribute to the variation of structures found in this group. The bonding character in 
intermetallics varies from salt-like to covalent and metallic bonding and the 
compounds may be insulators, semiconductors as well as metals. Many binary phase 
diagrams of intermetallic systems present a surprising phase richness, where the 
relation between composition, structure and phase transitions may be closely 
monitored. 

The large structural flexibility in intermetallics involves many examples with 
aperiodic order and since the first modulations in crystal structures were discovered in 
some mechanically treated metals in 1927[6] and in copper alloys around 1940[7-9], 
numerous examples of incommensurate modulations in intermetallic compounds have 
been reported. It is worth mentioning that all compounds with quasiperiodic ordering, 
with a single exception[10], are to date found in the class of intermetallics. 
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A crystal is generally defined as a solid body where the atoms are organized in arrays 
that are repeated in all three dimensions, so that crystals are said to have both short-
range and long-range order. Crystal structures are described by the smallest common 
entity, the unit cell, that includes all information on how the atoms are arranged 
throughout the crystal. The structures are classified in space groups according to what 
symmetries the atomic arrays possess. 

A modulation can be considered to be a periodic deformation of the original 
atomic structure. The modulation can be either positional, occupational or a 
combination of both. Positional modulations affect the atoms with a periodic 
displacement from their original positions while occupational modulations affect the 
atoms so that their positions are occupied according to a periodic probability function. 
The combination of both sorts is very common, which is easily realized by e. g. a 
vacant position that forces the surrounding atoms to compensate positionally for the 
created hole. 

The diffraction pattern of a three-dimensionally ordered crystal contains 
reflections that all can be indexed with three integer indices and reasonable cell axes. 
The diffraction patterns of modulated structures do not only contain reflections 
deriving from the basic atomic lattice, but also additional satellite reflections, 
stemming from the modulation, see Figure 1.2. In the case of an incommensurate 
modulation the satellites are impossible to index properly with three integer indices. 
This is a result from their not possessing three-dimensional periodicity. 

 

 
  a)       b) 
Figure 1.2. a) A two-dimensional atomic array with a sinusoidal displacive modulation along a with 
the approximate period of seven average cells. The corresponding diffraction pattern, shown 
schematically in b), will in addition to the main reflections (large spots) contain satellite reflections 
(small spots) with positions at ~1/7 a*. 

 
In order to make as exact descriptions for incommensurate structures as for 

ordinary crystal structures a new crystallographic concept is required. This is however 
a pure consequence of the mathematical construction behind the crystal chemistry. 
Structurally considered commensurate and incommensurate modulations are very 
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close, as well as rational and irrational numbers may be infinitely close. 
Experimentally this is also apparent in many systems where phase transitions occur 
continuously regardless of the rationality of the periodicities of each phase. 
Commensurate phases that are found in the midst of incommensurate phases in a 
system, are often called lock-in phases, as the displaced atoms fall into positions that 
are recurring for every supercell. 

The extension of the classical concept in order to make descriptions of 
aperiodic structures possible results of higher dimensional crystallography. The brief 
and simplified summary given here follows the theory developed by de Wolff, Janner 
and Janssen [11-20]. According to this theory, the incommensurate modulation itself is 
completely ordered and periodic and mathematically it is treated as a unity with its 
own symmetries and considered as linearly independent to the basic structure. The 
modulation wave period of incommensurately modulated structures is inconsistent 
with the periodicity of the basic structure, and hence all points on the wave will have 
equal probability in representing atomic positions somewhere in the crystal. The 
modulation wave can in this case be viewed as independent of the basic structure, 
much like an external potential on the underlying lattice. 

Aperiodicity is possible in one or several directions which leads to multi-
dimensional crystals. A modulated structure is regarded as perfectly periodic in (3+n)-
dimensional space and it will belong to a (3+n)-dimensional superspace group, where 
n is the modulational order. Higher dimensional crystal structures may be centred in 
more than three dimensions and their reflection conditions will reflect the symmetry 
elements of the added dimensions. 

For (3+1)-dimensional modulated structures the standard four-dimensional 
centrings are labelled P, R, A, B, C, L, M, N, U, V and W. As an example, the last label 
(W) corresponds to { E | ½, ½, 0, ½} and is used in the description of the Nowotny 
chimney-ladder structure, treated in Papers III-VI and discussed in Chapter 4.3. The 
nomenclature of (3+1)-dimensional superspace groups is formed by three parts (in the 
one-line form). First the space group that describes the average structure is written, 
followed by the components of the modulation vector along the axial directions, in 
parenthesis. The last part contains the symbols for the intrinsic internal translation τ, 
one for each generator appearing in the three-dimensional space group. The values of τ 
are 0 (symbol 0), ½ (symbol s), ± ⅓ (t), ± ¼ (q) and ± 1/6 (h). An example of a (3+1)-
dimensional superspace group is P42/nmc(00γ)s0s0, used for describing the RE1+εM4B4 
structure family in Chapter 2. 

 
In this superspace group the basic structure is described in the space group 

P42/nmc and the modulation vector has components only along the c direction. The 42 
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screw axis has associated the non-primitive translation (½c, ½) = (00½½), the n glide 
has (½a + ½b, 0) = (½½00), the mirror plane has (0, ½) = (000½) and finally the c 
glide has the non-primitive translation (½c, 0) = (00½0). See further in Chapter 2 for 
details on symmetry analysis of this system. 

Higher dimensional crystallography makes it possible to determine the long-
range order in these crystals as perfectly as that of ordinary crystals. For a practical 
understanding of aperiodic crystals it is helpful to regard the modulations as projected 
deformations onto the underlying average lattice. In a (3+1)-dimensional system the 
modulation may run in either of the crystal axial directions or in a plane, depending on 
the crystal class and space symmetry. In order to keep e.g. the cubic symmetry of a 
structure an axial modulation must be present along all three crystal axes. If so, the 
modulated structure will belong to a (3+3)-dimensional superspace group, if not, the 
overall crystal class must be lowered. Hence, the space symmetry restrains the 
modulations in the same manner as it does the displacement parameters in an ordinary 
periodic structure. The anisotropy of an atom located in a special position in a cubic 
cell is highly restricted, as is a positional modulation on that same atom. 

In higher dimensional crystallography, a modulation is described by a wave 
vector that possesses an amplitude, a phase and a period. The general formula of a 
one-dimensional positional modulation of an atom µ may be given by 

 

),2cos()2sin()( 44
1

4 nxCnxSxU n
n

npos ππ µµµ += ∑
∞

=
   Equation 1.1 

where the final vector is the sum of n displacement waves with sine and cosine 
contributors. Sn and Cn are the modulation coefficients, or amplitudes, and x4 defines 
the movement along the fourth dimension, or modulated space. The occupational 
modulation of an atom is defined by a similar equation using sinusoidal waves, but 
may often be substantially simplified after realizing that the occupation of an atom is 
either one or zero, which basically means that the modulation wave vector can be 
considered to be identical to a square wave, defined by 
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µ    Equation 1.2 

where x4
0 is the centre of the square wave and ∆ is its width (and equal to the average 

occupation probability). Square waves are often called crenel functions and may be 
associated with several atomic species in a substitutional manner, so that the different 
elements are exchanged with a period according to the crenel function[21]. Crenel 
waves may also describe the periodic distribution of vacancies in the atomic matrix. 
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a) 

 
 
 
 
 
 
 

b) 
 
 
 
 
 
 
 
 

c) 
 
 
 
 
 
 
 

d) 
 
  

Figure 1.3. a) A sinusoidal function with the amplitude (A), period and phase indicated, b) a square 
function with the width ∆ and centre x4

0 marked, c) a sawtooth function with the width ∆, centre x4
0 

and maximal displacement u0 marked and in d) sinusoidal waves are applied on a square wave. 
 
 

The sawtooth functions are similar to the crenel waves and are characterised by 
a centre x4

0, a width ∆ and a maximal displacement u0 from the average position. A 
sawtooth function describes both the positional deviation of an atom and the restricted 
interval where the same atom exists. A multitude of other modulation functions exist 
beside those mentioned here, and often the sinusoidal wave functions are used together 
with the discontinuous functions (such as crenel and sawtooth functions) with the 
intention of softening the shape of the latter type of function. Figure 1.3 shows 
examples of shapes of modulation functions. 

With the tools of higher dimensional crystallography, we get an extra index for 
every dimension of the modulation, so that all reflection spots in the diffraction pattern 
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of a (3+1)-dimensional structure may be indexed with the following notation, H being 
the reciprocal lattice vector: 

 
H = ha* + kb* + lc* + mq,    Equation 1.3 

where h, k, l and m are integers, a*, b* and c* are vectors of the reciprocal lattice and 
q is the modulation wave vector. Diffraction spots with m = 0 are main reflections and 
are used to determine the average structure. Reflections with m ≠ 0 are the |m|th-order 
satellites and are used together with the main reflections to solve and refine the 
modulated structure. If the one-dimensional modulation runs along the c axis this 
vector is defined as q=γc*. The value of γ is the length of the reciprocal distance 
between a main reflection and its first order satellite reflection. The satellite ordering is 
obviously dependent on the indexing of the reflections and the choice of q vector in 
terms of direction and length is preferably made in such a way that the structure 
reflects the symmetry well. Figure 1.4 shows schematic reflection distributions of a) a 
commensurate approximation (with qc = ¼b*), b) an incommensurate cell (with qi = 
0.234b*) as observed in the δ1-CoZn compound with diffraction pattern in c). 
 
 

 
  a)    b)    c) 
Figure 1.4. The hk0 reflection plane of the incommensurate structure of δ1-CoZn is shown in c), with 
the average cell marked with the large box. Due to the F-centring, odd h and k lines are extinct. A 
schematic illustration of the reflection distribution is shown in b) and a commensurate approximation 
in a). 
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 The q vector can be divided into an irrational and a rational component 
according to:  q = qi + qr. If the rational part qr is zero, the superspace group is of P 
(primitive) type. If qr is not zero, there is a corresponding centring translation in four-
dimensional space, such as e.g. qr = ½x + ½y, which yields a W-centring. A 
modulation of a structure can have a q vector that is composed of an irrational 
component along one axis and rational components along other axes. In this case the 
original orientation of q is never chosen, as it produces additional parameters to the 
structural solution. Instead, a centring condition is used although this may bring about 
some odd behaviours, such as satellites being assigned to extinct main reflections. All 
q vectors mentioned later in this text refer hence to the qi part of the modulation 
vector. 

A practical hint when the q vector length is to be decided is to focus on the 
intensity distribution. The satellites of incommensurate structures are often of weaker 
intensities and it is common that higher order satellites are undetectable in a normal 
experiment. Two factors are the cause for this: no overlap occurs between the 
reflections (as in commensurate structures) and the modulations are often less severe 
in incommensurate structures, resulting in weak intensity satellites. 

The existence of satellites may be clarified by again regarding the modulation 
as an extra structure, independent of the basic, underlying structure, with its own 
inherent reflection conditions. Reflections from all (3+n) dimensions are then 
projected on a visually conceivable three-dimensional reciprocal space (in practice 
projected on a one- or two-dimensional detector screen). The structure can be solved in 
parts – the basic and the modulated structure – but a complete understanding is only 
reachable when both parts are integrated. 

 

 
 
Figure 1.5. A structure in superspace with the thick line marked 1 representing an example of a (1+1)-
dimensional modulated structure as perceived in real space. The black spots on line 1 represent atomic 
positions, defined by the intersection between the modulation waves and the thick line. Other heights 
or slopes of the line corresponds to different cuts in superspace that would yield different atomic 
positions and hence, new structures. The average atomic positions of all possible structures are located 
as the black spots along the line marked 0. 
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Modulations typically give rise to atomic displacements with magnitudes of a 
fraction of an Ångström. Severe modulations may induce atomic movements as large 
as an Ångström or more, causing increasing difficulties in solving even the basic 
structure. 

The classification of a crystal structure as either commensurately or 
incommensurately modulated is not an entirely trivial task. The very essence of the 
problem is associated with the limitation of resolution and the precision in the 
measuring process, thus making it difficult to determine whether or not the modulation 
wave vector is truly commensurate or incommensurate with the basic structure. 

Provided that we in fact do have an incommensurately modulated structure, we 
can still choose to describe it as commensurately modulated. This requires an 
approximation of the wave vector by a commensurate one – or in fact approximating 
an irrational number by a well chosen rational number. The procedure is not preferred 
for a number of reasons, even if it seems less troublesome to avoid the employment of 
higher dimensional crystallography. The prime reason is that it forces an aperiodic 
structure into a periodic description. Further, if an approximation is chosen with some 
care, the unit cell is likely to be very large which generates a large number of 
parameters in relation to the number of reflections. The commensurate space group 
will probably also be highly dependent on the approximation, which enables a 
multitude of possible structural descriptions. 

On the other hand a commensurately modulated structure may be favourably 
described with a higher dimensional model. The most important reason for this is that 
certain symmetry elements can be impossible to describe with a superstructure model, 
as in the following example: 

 

 
 

Figure 1.6. The (hk) plane in reciprocal space  
of a hypothetical two-dimensional commensurately  
modulated structure. 
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Figure 1.6 shows a hypothetic diffraction pattern from the (hk) plane of a two-
dimensional commensurately modulated structure with the modulation running along 
b. With a commensurate structure description, b1* must be chosen as the shortest 
reciprocal b* distance, but every fourth reflection is extinct, and in addition these are 
shifted for every other h row. This gives strange reflection conditions which will be 
reflected in the intensity statistics for a large part of the reflections (Fo

2 << Fc
2). If a 

(2+1)-dimensional approach is used, the b cell is halved (b2* = 2b1*), the reflection 
condition hk: h + k = 2n is fulfilled and thus the c-centring becomes apparent. The q 
vector is now chosen as the former b* such that q = ½b*. A possible two-dimensional 
plane group is cm and a possible (2+1)-dimensional “superplane group” is cm(0β). 

Another advantage with the use of higher dimensional formalism on simple 
superstructures is that it can be fruitful for reasons of consistency. Within a chemical 
system many phases can be present, phases that are structurally close but show a 
variety of modulation wave vectors. One of the beauties of higher dimensional 
crystallography is that its theory principally is independent of whether it is employed 
on rational or irrational wave vectors. 

 

 
Figure 1.7. A composite structure with two atomic species that form separate subcells along b, 
indicated by b1 and b2. 

 
A special class of aperiodic structures are the intergrowth compounds or 

composites. They consist of two or more substructures that together form one 
thermodynamically stable phase. Each substructure has a basic lattice but is often 
modulated as a consequence of the presence of the other substructure(s), and the 
modulation of a substructure will then be of the same periodicity as the basic lattice of 
a neighbouring substructure[16, 22, 23]. Figure 1.7 shows a schematic two-dimensional 
composite structure with the two subcells indicated by continuous and dotted squares, 
respectively. The main characteristic of a composite is that several sets of main 
reflections and satellites will be present in the diffraction pattern, each set belonging to 
its own substructure. Figure 1.8 shows the diffraction pattern of the Nowotny 
chimney-ladder compound ZrBi1.62 with indexing of the two sublattices (cf. Paper V). 
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Figure 1.8. The (1kl) diffraction pattern of the Nowotny chimney-ladder composite structure ZrBi1.62. 
Main reflections are indicated by circles (Bi) and squares (Zr). Both main and satellite reflections can 
be indexed by any of the two (3+1)-dimensional lattices.  

 
A composite may be commensurate or incommensurate. Most known 

composites consist of two substructures that are modulated in one direction, but a few 
(3+2)-dimensional cases exist. They differ in an important way from the previously 
described incommensurately modulated structures in the sense that a composite does 
not have a common average structure valid for the entire compound. In this particular 
manner they are alike the most complex class of aperiodic structures, the quasicrystals. 
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The methods for making (3+n)-dimensional crystal structure descriptions have been 
highly developed during the last decade, mostly because of the improvement of 
measuring instruments and the adjustments of software programmes to these kinds of 
compounds. The techniques for making higher dimensional investigations is today 
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approaching a step-by-step routine much alike the procedure for solving ordinary 
periodic structures. However, the answers to why aperiodic structures arise is far more 
seldom given than to the questions of what they look like. It is in many cases a 
difficult task to determine whether the physical properties of a compound are causing 
structural modulations, if it is the other way around or if no effective difference exists 
between the two cases at all. A factor that contributes to the problem is that many 
modulations induce only minor structural effects, but are distributed over all positions 
so that the nucleating object is hard to identify. The electronic structure and energetics 
of modulated structures have for the most part not been scrutinised due to limitations 
on existing theoretical calculation techniques. These limitations reside in the fact that 
higher dimensions are not implemented in the programmes that manage band structure 
calculations. Incommensurate structures are for this reason commonly modelled with 
commensurate approximations, a method that dramatically changes the demands on 
computing power, calculation time and storage space when the supercell size is 
increased. 

Perhaps the most thoroughly studied of modulated compounds, are the charge 
density wave conductors (cdw)[24]. The cdw´s are metals and are nucleated by 
fluctuations in the conduction electron density that affects the underlying structure into 
displacements of the atomic positions. The cdw mechanism may be regarded as arising 
from the same physical phenomenon as a Peierls distortion[25], with the driving force 
of creating an energy gap at the Fermi level which lowers the total electronic energy of 
the structure. The displacements induced by a cdw modulation are predominantly 
small (about 1% of the interatomic spacing) and the modulation is often locked-in by 
the presence of impurities in the metal.  

In a compound containing transition metals or f-elements, magnetic ordering 
may occur. The magnetic structure is mostly coherent or at least commensurate with 
the underlying atomic structure, but may also be incommensurately modulated. The 
structural deviations due to the presence of a magnetic modulation wave are however 
very small. A magnetic modulation can be understood as arising when the compound 
enters a low-temperature modification where the magnetic spins, due to low 
vibrational energy, are forced to pin to positions that have a different ordering 
compared to the atomic lattice. When the temperature is elevated, the spins are free to 
be dynamic and the modulation is disbanded. 

An intuitive example of a structure with a compositional incentive of 
modulation is a non-stoichiometric compound where the distribution of vacancies may 
be of different periodicity to that of the average lattice. This gives rise to various 
coordination spheres and interatomic distances with a frequency that can be modified 
by altering the composition of the phase. It may also affect such features as oxidation 
numbers and bonding character which heavily influences the structural formation. The 
replacement of a local environment for another is likely to generate strain in the 
structure, a strain that may be released as a modulation of the atomic positions. An 
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argument for a modulation is that the distribution of vacancies in the atomic lattice is 
ordered. The opposite would be a statistical spread which would signify disorder. 
Whatever the situation, it can be an indication of how far the strain has an impact 
along the atomic structure. Figure 1.9 shows the compound Cu3-xTe2 (x =0.09) where 
both CuI and CuII are present in the structure and the CuII positions are subject to an 
occupational modulation according to the sinusoidal wave shown[26]. This occupational 
function induces displacements of the CuI and Te positions. 

 

 
 
 

Figure 1.9. The structure Cu3-xTe2 in the ac plane, with layers along c of CuI atoms alternated with 
layers with Te and CuII atoms. The occupation function is presented with the curve above and the 
greyscale of the atomic positions. Positional deviations occur for all atomic species. 

 
Layer compounds are often subject to structural modulations due to 

compositional variation, as e.g. the family of Bi-Se phases (cf. Papers I and II). Bi2Se3, 
the most Se-rich compound in the system, is composed of five-layer stacks of Se-Bi-
Se-Bi-Se units. With the insertion of more Bi into the system, the semiconducting 
nature of the compound gradually slides into a more metallic state. The sequence of 
Bi2Se3 stacks is interrupted by two-layer blocks of Bi2, with the frequency of the 
insertion set by the total composition. With this insertion, incommensurate stackings 
may appear and hence the composition decides the modulation period. 

Intermetallics display a plethora of coordination possibilities from the simplest 
close-packings to an abundance of building block combinations. In channel structures 
the size of the atoms occupying the channel positions is of utmost importance. The 
elemental radius of the channel atoms may obviously vary up to the limit where it does 
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not fit into the channel, but the interatomic distances of the channel atoms along the 
channel direction may be of a completely different periodicity than that of the 
surrounding network. Figure 1.10 shows the structure of Sm1.11Co4B4 [27] where the Sm 
channel atoms occupy positions of different periodicity related to the surrounding Co-
B network. See further in Chapter 2 and 4.4 for details on this structure. 
 

 
 
Figure 1.10 The Sm1.11Co4B4 structure with the incommensurate direction running horizontally. The 
channel (white) Sm atoms and the Co-B network (grey Co4 tetrahedra and black B atoms) have 
different periodicities along this direction. 
 

Another example is the compound δ1-CoZn, reported in Paper VII, where the 
geometry of icosahedral coordination motivates the atomic exchange of a Co atom for 
a Zn atom and the incommensurate modulation that occurs is of secondary order. 

Chimney-ladder structures are columnar composites that form between 
transition metals (T) and main group metals (X) in compositions TXx, 1.5<x<2 (cf. 
Papers III-VI). They belong to the class of electron phases[28], meaning that their 
stability is governed by the valence electron concentration (vec), counted per atom. 
Both commensurate and incommensurate chimney-ladder structures exist. The vec is 
kept fixed but a large group of elements participate in forming these binary 
compounds. This is possible by varying the composition of the T and X elements 
which in many cases induces an incommensurate modulation.  

The examples given here display modulations that are understandable from 
point of view of their structural features and where the nucleating elements of strain 
can be identified. It is more difficult to pinpoint the formation mechanism of many 
modulated structures, especially those arising from compositional and geometrical 
considerations. Why does a compound crystallise at all in a structure where the 
coordination polyhedra clearly are too small to accommodate the central atoms? How 
does the insertion of an ordered but very sparse distribution of unlike objects in an 
atomic matrix take place? These questions will perhaps not be fully answered in this 
text, but by exploring the structures of modulated compounds, we may come closer to 
the truth. 
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OKN= aÉëÅêáéíáçå=çÑ=íÜÉ=ëíêìÅíìêÉë=
The RE1+εM4B4 structures (RE=rare earth metals, M=iron metals like Fe, Co, Ir, Os, 
Ru, Re, Mn) are built with a tetragonal columnar construction. The structural 
framework consists of M4 tetrahedra sharing edges in the c direction and with boron 
pairs connecting the tetrahedral columns to each other. The M and B atoms form 
tetracapped tetrahedra, or straight stellae quadrangulae, commonly labelled 
tetraedersterns[29]. In this manner, octagonal channels are formed by the M4B4 net. The 
rare earth metals are situated in the channels, ideally one RE atom per M4B4 unit. 
Figure 2.1 shows the structure. 
 

 
 

a)       b) 
 
Figure 2.1. The NdCo4B4 structure in the ab plane in a) and in the (110) direction in b). The Co4 
tetrahedra are grey, the boron atoms black (but omitted in b) ) and the channel Nd atoms are white. 
The unit cell is marked with the black box. 
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  Distance (Å) 
Intra-chain contact along c Nd-Nd 3.822(2) 
Inter-chain contact along (110) Nd-Nd 5.352(2) 

Co-B 1.992(1), 2.085(1) Within tetraederstern 
Co-Co 2.686(1), 2.694(1) 
Co-B 2.022(1), 2.029(1), 2.608(1) 
Co-Co 2.555(1) 

Between tetraedersterns 

B-B 1.743(1) 
Nd-Co 2.870(1), 3.058(1), 3.553(1) Nd-(CoB)4 contact 
Nd-B 2.638(1), 2.980(1), 3.257(1) 

Table 2.1. Interatomic distances in NdCo4B4

 
 
In 1978, Kuz´ma and Bilonizhko[30] made the first structure description of the 

compound NdCo4B4 in the space group P42/n. The structure has the cell parameters 
a=7.070(4) Å and c=3.822(2) Å, so that the RE contacts along the channels are equal 
to c. Table 2.1 lists the interatomic distances in the NdCo4B4 compound. 

This structure type was later found in a large group of compositions (~40 
compounds[30-38]) but with little divergence of cell parameters from the original 
compound. Magnetic measurements showed ferromagnetism, paramagnetism or van 
Vleck-paramagnetism in some of the compounds which were associated with the RE 
atoms. These atoms were also proven to be in a trivalent state[34, 36, 37, 39-41]. 

 
 
Preliminary results of an intergrowth structure RE1+eFe4B4 with two 

substructures was presented by Braun et al in 1982[42] and was later published by 
Bezinge et al[40] in 1985 for RE = Ce, Pr, Nd, Sm, Gd and Tb, coinciding with the 
publication by Givord et al [41] for the Nd1.11Fe4B4 compound. Both publications stated 
that the structures are incommensurately modulated in the channel direction and hence 
have different c axes compared to the periodic NdCo4B4 structure type. It was 
observed that the diffracted peaks could be indexed by two separate cells belonging to 
the M4B4 and RE substructures, respectively. Since then several new incommensurate 
cases have been reported (see Table 2.2). 
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Compound S.G. a (Å) c (Å) cRE (Å) cMB (Å) Reference 
NdCo4B4 P42/n 7.070 3.822   [30] 
Y1.15Fe4B4  7.013 58.74 3.399 3.916 [43] 
La1.06Fe4B4  7.221 127.81 3.640 3.873 [43] 
Ce1.1Fe4B4 P42/n 7.090(1) 129.04 3.4889(4) 3.9102(3) [40] 
Ce1.12Fe4B4  7.090 129.04 3.4889 3.910 [43] 
Ce1.1Fe4B4  7.08  3.51-3.60 3.91 [44] 
Pr1.1Fe4B4 P42/n 7.158(1) 74.18 3.5301(2) 3.9042(5) [40] 
Pr1.11Fe4B4  7.154 74.21 3.529 3.906 [43] 
Pr1.16Re4B4 

# P-4c2 10.566(6) 25.22(2) 3.605(2) 4.201(2) [45] 
Pr1.17Mn4B4 P42212 7.183(3) 140.24(8) 3.422(2) 4.005(2) [45] 
Nd1.1Fe4B4 P42/n 7.141(3) 144.57 3.5241(7) 3.9073(7) [40] 
Nd1.11Fe4B4 Pccn 7.117 35.071 3.502 3.897 [41, 46] 
Nd1.11Fe4B4  7.111 144.00 3.505 3.892 [43] 
~NdRe4B4 tetr.     [47] 
Sm1.1Fe4B4 P42/n 7.098(1) 58.69 3.4574(2) 3.9124(5) [40] 
Sm1.11Co4B4 P-421c 7.051(3) 38.709(13) 3.519 3.871 [27] 
Gd1.1Fe4B4 P42/n 7.073(3) 113.73 3.442(1) 3.9217(4) [40] 
Gd1.14Fe4B4 Pccn 7.051 27.327 3.408 3.913 [46] 
Gd1.14Fe4B4  7.064 113.68 3.438 3.920 [43] 
Tb1.1Fe4B4 P42/n 7.049(1) 105.81 3.4109(4) 3.919(1) [40] 
TbcRe4B4 

# tetr. 10.624(9) 39.29(9)   [48] 
Ho1.18Fe4B4 P-4c2 6.983(2) 6.67(2) 3.337(1) 3.922(1) [49] 
Er1.17Fe4B4  6.989 137.10 3.344 3.917 [43] 
Lu1.18Fe4B4  6.950 137.76 3.344 3.936 [43] 

 # a ~ √2 • aNdCoB

Table 2.2. RE1+εM4B4 compounds that are reported as incommensurate or with two subcells. The 
NdCo4B4 structure is included as a reference. Solid solutions of different M elements are not included 
(e.g. RE(Fe/Co)4B4).  

 
 
In all cases, ε was established between 0.1 and 0.2, meaning that the RE atom 

chain had shorter interatomic distances than in the NdCo4B4 case. Givord et al[50] 
suggested that the incommensurability was due to a modulation of the M4 tetrahedra 
driven by interactions with the RE atoms. This modulation manifests itself by a motion 
in the basal plane of the tetrahedra, but they are fixed along the columnar axis. Figure 
2.2 shows a schematic illustration of this. The RE atoms move only slightly in the c 
direction but have no degrees of freedom in terms of moving around in the channels.  

The substructures were indexed separately in the space groups P42/ncm (M4B4) 
and I4/mmm (RE)[41], but attempts to describe the two in one space group always  
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Figure 2.2 The rotational modulation of the Fe4 tetrahedra in the RE1+eFe4B4 structures, the illustration 
is taken from Givord[50]. The thin lines represent the two extreme positions of the iron atom marked 6. 
 
 
resulted in a lowering of symmetry, most commonly P42/n, P-4c2, P42212 or P-421c 
but also to the orthorhombic space group Pccn. 

The RE1+εM4B4 structures display features that are reminiscent of the chimney-
ladder structures. Both types have similar structural formations of columns that are 
filled with atomic strings, a combination that can give rise to increased atomic 
displacements of the substructures. This discussion is continued in Chapter 4.4. 

 

OKO= qÜÉ=ÅçãéçëáíÉ=ëíêìÅíìêÉ=~ééêç~ÅÜ=
An advantage of a composite structure description is that it keeps the included subsets 
intact and separate without forcing them into a single unit. A composite that consists 
of two substructures is hence best described by a pair of superspace groups[51, 52], three 
parts would require three superspace groups and so on. Most known composites are to 
date constructed of two entities. The entire set of main and satellite reflections may be 
indexed by either of the superspace groups. The main reflections that indicate the 
dimensions of one of the subcells will become satellites in the other cell description. 
Two interdependent modulation vectors are needed to represent the different (but 
related) modulations of the substructures and the transformation of one set into the 
other is given in the W-matrix. 

The substructures in the RE1+εM4B4 system are well described in the three-
dimensional space groups P42/ncm (M4B4 subcell) and I4/mmm (RE subcell). In the 
M4B4 subcell, M and B atoms occupy the 8i position (x, x, z) and in the RE subcell, the 
atoms occupy the 2a position (0, 0, 0). We may choose either of the substructures as a 
starting point for the symmetry lift into a (3+1)-dimensional description. If the M4B4 
cell is chosen as the basic structure, the superspace group will emerge from the three-
dimensional space group P42/ncm.  
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The simplest of all relations between the two sublattices is if the basic cell 
repeat of the M-B lattice is regarded as the modulation repeat of the RE lattice 
(cMB*=qRE). The W matrix is then equal to 
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The modulation vector is defined by qMB = γcMB* = (cMB/cRE)cMB*, which in 
most reported cases correspond to qMB ~ 1.1cMB*. Given that the RE lattice is body-
centred, a global centring condition is plausible and the proper four-dimensional 
centring would be W, or {E |½ ½ 0, ½}. This is employed together with the three-
dimensional space group P42/ncm, with the symmetry operations 

 
{C4v|0 0 ½}, 

{σ001|½ ½ 0}, 

{σ100|0 0 ½} 

and {σ110|0 0 0}, 

and additional symmetry constraints controlled by the one-dimensional modulation 
vector. Here, the origin is set in (½, ½, 0) for the space group and in (0, 0, 0, ½) for the 
superspace group. However, applying the W-centring on the three-dimensional space 
group will eliminate the n-glide along the c axis and introduce a global mirror plane 
perpendicular to the c axis, a mirror plane that does not exist in the real structure. 
Figure 2.3 shows this schematically. 
 
 
n-glide along c axis: {σ001| ½ ½ 0, δ} (δ is the internal phase of the modulation) 

+ W-centring: {  E  | ½ ½ 0, ½} 

     
  __________________ 

⇒ {σ001| 0 0 0, δ+½},  i.e. a mirror plane ⊥ to the c axis. 

The W-centring is hence impossible to use together with this three-dimensional 
space group and the RE lattice must be described with a three-dimensional lattice that 
is primitive. I4/mmm allows eight distinct maximal primitive subgroups which could 
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be possible. These are: P4/mmm, P4/nnc, P4/mnc, P4/nmm, P42/nnm, P42/nmc, 
P42/mmc, P42/mnm. 

At this point it is important to identify the symmetries on the modulation 
function, a task that is not always trivial. According to the International Tables (Vol. 
C)[20] only two standard settings in the particular superspace group exist. They are 
P42/ncm(00γ)0000 and P42/ncm(00γ)00ss. 

 

1  

P42/ncm(00γ)0000 
with the special reflection conditions 

00lm:  l=2n, 

hk00:  h+k=2n, 

0klm:  l=2n 

 

Applying the W matrix on this superspace group yields: 

P42/ncm(00γ)0000 → P4/nmm(00γ)s0s0 

But this does not work because of the last m-glide in the latter superspace 
group, {σ110|0 0 0}, which is inconsistent with the RE lattice simultaneously with the 
M-B lattice. The first m-glide does not inflict any unwanted symmetries.  
 
 

 

 
Figure 2.3 Schematic representation of the 
RE1+eM4B4 structure in the ac plane. The M4 
tetrahedra are at different z heights and so 
are the RE atomic chains (marked as 
circles). An m-glide is impossible along, 
parallel or perpendicular with the thick full 
line, [110], and a c-glide is impossible 
along, parallel or perpendicular with the 
thick dotted line, [010]. 
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2     P42/ncm(00γ)00ss 
with the special reflection conditions 

00lm:  l=2n, 

hk00:  h+k=2n, 

0klm:  l+m=2n, 

hhlm:  m=2n. 

Applying the W matrix on this superspace group yields: 

P42/ncm(00γ)00ss → P4/ncc(00γ)s0s0 

In this case, the last c-glide, {σ110|0 0 ½}, is a perfect match to the RE positions. 
However, the first c-glide in the latter superspace group, {σ100|0 0 ½}, is still 
inconsistent with the RE lattice, which excludes this superspace group as a possibility. 
By this, both standard settings from the International Tables Vol C are excluded. 
There are of course a number of other settings available, but in order to find a suitable 
superspace group amongst them, a trial-and-error method would be required. This is a 
rather tedious work and so we turn to another approach: the M4B4 substructure may 
give us some clues. 

From the attempts 1  - 2  it is possible to conclude that the RE superspace 
group allows the symmetry operations {σ001|½ ½ 0} but not {σ001|0 0 0}, {σ100|0 0 0} 
but not {σ100|0 0 ½}, {σ110|0 0 ½} but not {σ110|0 0 0}. Of the eight maximal three-
dimensional space groups that are allowed by I4/mmm, only one adheres to all of the 
restraints above: P42/nmc. The two standard settings of the corresponding superspace 
group of the M4B4 substructure are P42/nmc(00γ)0000 and P42/nmc(00γ)s0s0.  

 

3     P42/nmc(00γ)0000 
with the special reflection conditions 

00lm:  l=2n, 

hk00:  h+k=2n, 

hhlm:  l=2n 

Applying the W matrix on this superspace group yields: 

P4/nmm(00γ)s00s ← P42/nmc(00γ)0000, 

But then we are back to the superspace group P4/nmm(00γ) which is 
impossible to employ on the M-B lattice due to the mirror plane perpendicular to the c 
axis. 
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4     P42/nmc(00γ)s0s0 
with the special reflection conditions 

00lm:  l=2n, 

hk00:  h+k=2n, 

0klm:  m=2n, 

hhlm:  l=2n. 

Applying the W matrix on this superspace group yields: 

P42/ncm(00γ)s00s ← P42/nmc(00γ)s0s0 

Finally, this superspace group pair works for both sublattices! 
 

When the RE position is described in P42/nmc instead of I4/mmm, an origin shift takes 
place which translates it from (0, 0, 0) to (¼, -¼, ¼ ). This is the 4d position with the 
site symmetry (2 m m .) that restricts the RE positional movements to shifts in the z 
parameter, i.e. along the c axis. 

 
The conclusion is thus that a possible superspace group pair is  

P42/ncm(00γ)s00s : P42/nmc(00γ)s0s0. 

 

P4 /ncm(00 )00002 γ

P4 /ncm(00 )s00s2 γ

W

P4 /ncm(00 )00ss2 γ

P4 /ncm(00 )????2 γ

P4 /nmc(00 )00002 γ

P4 /nmc(00 )s0s02 γ

P4/nmm(00 )s0s0γ

P4/nmm(00 )s00sγ

P4/ncc(00 )s0s0γ

?

RE (MB)4

1

2

3

4  

 
Above these lines a schematic summary of the translations from one 

substructure to the other is presented. If the RE lattice is chosen as the basic set, the 
starting point would be the three-dimensional space group I4/mmm. Again, this results 
in a variety of possible primitive space groups for the M-B lattice, but as long as 
I4/mmm is maintained, the false mirror plane perpendicular to the c axis will be 
unavoidable. The same conclusion is hence made regardless of which of the sublattices 
we choose to start off from. 
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OKP= j~íÜÉã~íáÅë=îëK=ÅÜÉãáëíêó=
The symmetry analysis of the RE1+εM4B4 structures presented here provides a 
universal model for all phases, with the variation of the q vector as a single variable in 
the structural solution. With this superspace group pair, all commensurate and 
incommensurate phases can be described equally well. The model is based on a 
mathematical construction that deals exclusively with the symmetries and movements 
of the atomic positions in the structure. The structure model reveals nothing on the 
chemistry behind these compounds, such as the bonding character between the atoms, 
the significance of the interatomic distance variation, the origin of the modulation or 
even the choice of substructures. The division of the structure in two subunits, the RE 
part and the M4B4 part is actually, from a chemical point of view, rather artificial. The 
interatomic distances in Table 2.1 show that the shortest RE atom contacts exist with 
the M4B4 columns and not within the RE chains as the (3+1)-dimensional model 
implies. A chemically more valid description of the structure would then lead to a 
natural choice of cell emerging from the short interatomic contacts and this would 
bring back the fusion of the two parts. 

The structure model describes the effects of the fusion of the two parts, i.e. the 
modulation. The origin of this modulation is not elucidated, but at a first glance one 
could think of a compositional reason, much alike the modulation that occurs for the 
chimney-ladder phases, that originally arises from a demand on the electron count. 
Counting the valence electron concentration in the RE1+xM4B4 compounds yields 
however simply a linear relation between the vec and ZRE, which is obvious from the 
compositions of the phases – only the relative RE amount changes along the series 
while the M4B4 remains with a fix electron count. 

 
 

RE  
metal 

RE metal contact 
(Å) [53] 

Compound S (Å) L (Å) Reference 

Pr 3.648 Pr7Re24B24 3.26 3.85 [45] 
Nd 3.628 Nd1.1Fe4B4 3.42 3.57 [41] 
Sm 3.608 Sm1.1Co4B4

Sm1.13Fe4B4

3.4 
3.46 

3.7 
3.46 

[27] 
[40] 

Gd 3.608 Gd1.1Fe4B4 3.416 3.416 [40] 
Ho 3.524 Ho1.18Fe4B4 3.246 not given [49] 

Table 2.3. RE homoatomic distances as reported for the structures compared with the metal radius. 
 
Another, more feasible incentive of the modulation could materialise from the 
observation that the reported RE interatomic distances are either equal and short or 
divided into two groups of short (S) and long (L) distances, see Table 2.3. In case of 
the latter option, the ordering of S and L distances along the c axis has a periodicity 
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that is equal to the periodicity of the modulation of the M4B4 lattice (remember that 
cRE*=qMB and cMB*=qRE). A comparison of the interatomic distances with RE metal 
radii shows that the S distances are all very short (~0.2 Å shorter than in the metals) 
while the L distances are approximately the usual metal-metal distances or longer. 
What is the reason for these unusually short distances? Can the formation of these RE 
“pairs” be favourable from an electronic point of view, as in the creation of a Peierls 
distortion? Or do they arise from a geometrical strain in the channels? The short RE 
contacts could be enough motivation for the movements in the M4B4 lattice, creating a 
periodic deformation along with the reasoning of Givord[50]. 
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P= bumbofjbkq^i=jbqelap=
 

 

 

 

PKN= póåíÜÉëáë=
A main goal for the synthetic work has been to produce single crystals of high quality. 
This was achieved, depending on the compositional system, in either of two main 
synthetic routes: flux growth of single crystals or solid state synthesis. 

Growing single crystals with the aid of a self-flux means that one of the 
reactants is in the liquid state during the reaction while the rest of the reactants is in the 
solid state. The crystals grow in equilibrium with the melt and may be separated from 
it either by centrifugation or by dissolving the melt in a substance that does not affect 
the crystals. Crystals of a) the Bi-Se system, b) the CoZn7.8 compound and c) the 
ZrBi1.62 compound were synthesized with the high-temperature centrifugation-aided 
filtration technique developed by Boström and Hovmöller [54]. This technique provided 
the growth of single crystals on the high melting reactant ( a) Bi2Se3, b) Co, c) Zr ) in a 
melt rich in the low melting reactant ( a) Bi, b) Zn, c) Bi ) so that the latter acted as a 
self-flux. 

The KPt4Si4 crystals were synthesised starting with thoroughly mixed 
stoichiometric amounts of Pt and Si that were pressed to a pellet and placed in a 
niobium tube together with an excess of potassium metal. The niobium tube was 
evacuated, sealed and placed in an evacuated stainless steel tube before heated in the 
furnace (1000°C for 16 hours and then 500°C for 24 hours). After the reaction process 
had been terminated by quenching the tube in water, the crystals were released from 
the potassium matrix by dissolving the excess of potassium first in ethanol and then in 
water. 

Crystal growth of intermetallic compounds from the solid state often requires 
elevated temperatures in order to increase the diffusion rate and limiting the reaction 
time. The system may be very sensitive to slight compositional changes in the nominal 
mixture and also to the annealing temperature and time. The presence of other 
compounds that are compositionally very close and very stable may complicate the 
production of the desired crystals. All compounds in the Cr-Mo-Ge, Rh-Mo-Ge and V-
Ge systems were synthesised by using solid state reaction routes, starting from 
stoichiometric mixtures of the metal powders. The mixtures were pressed to pellets 
and placed in evacuated quartz ampoules, heated in temperatures up to 1200 ºC and 
subsequently quenched in water. This method of synthesis yielded single crystals in 
the ternary systems and a powder sample of the V-Ge compound. 
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PKO= píêìÅíìê~ä=~åÇ=Åçãéçëáíáçå~ä=ÅÜ~ê~ÅíÉêáë~íáçå=
The structural characterisations were performed by means of single crystal X-ray 
diffraction (SCXRD) and powder X-ray diffraction (XRPD). The SCXRD reflection 
data was collected with a STOE IPDS single crystal diffractometer with a Siemens 
rotating anode and MoKα X-ray source, operated at 45 kV and 90 mA. The intensities 
of reflections were investigated using the STOE software and numerical absorption 
corrections were applied using the programmes X-RED and X-SHAPE[55, 56]. Partial 
structure solution (normally of the average cell) was performed with direct methods 
using the programme SHELXS97[57]. All crystal structures were subsequently refined 
with the programme JANA2000 [58].  

The XRPD data used for Rietveld refinement of the VGe1.82 structure was 
collected on a STOE STADI/P diffractometer, operated at 40kV and 50 mA, in 
transmission mode with CuKα radiation and a linear position-sensitive detector. 
Refinement of this crystal structure was performed using the JANA2000 
programme[58, 59]. XRPD was also used for evaluation of bulk samples and for 
determination of unit cell parameters. In these cases, X-ray powder diffractograms 
were recorded with a Guinier-Hägg focusing camera using monochromatic Cu Kα1 
radiation and silicon as an internal standard. The films were evaluated in an LS 18 film 
scanner[60] and with the programmes Scanpi[61], Pirum[62] and Powdercell[63]. 
 The elemental compositions and the sample surfaces were investigated with 
energy-dispersive X-ray analysis (EDX), using a LINK AN10000 system mounted in a 
JEOL JSM-820 scanning electron microscope, operated at 20 kV. 

 

PKP= `çãéìí~íáçå~ä=ãçÇÉääáåÖ=
Total energy calculations for Bi, Bi2Se, Bi4Se3, BiSe and Bi2Se3 as a function of 
volume were performed within ab initio density functional theory using 
pseudopotentials and a plane wave basis set as implemented in the programme 
VASP[64, 65]. Ultrasoft Vanderbilt-type pseudopotentials[66] were employed and Se 4s 
and 4p and Bi 6s and 6p were treated as valence electrons. The incommensurate nature 
of the BiSe structure was investigated with twofold and threefold supercells of a 
commensurate approximation. The lattice parameters and atomic coordinates were 
relaxed for a set of constant volumes until the forces had converged to less than 0.01 
eV/Å. The exchange and correlation energies were assessed by both the local-density 
approximation (LDA)[67] and the generalized gradient approximation (GGA)[68]. The 
plane wave cutoff was set to 250 eV for all systems. K points were generated by the 
Monkhorst-Pack method. Total energies were converged to less than 1 meV/atom. 
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Q= obpriqp=^ka=afp`rppflk=
 

 

 

 

QKN= dÉåÉê~ä=êÉã~êâë=
The results presented in this thesis have materialized from structural analyses on 
families of compounds where the members crystallise in similar structural build-ups 
and where both commensurate and incommensurate phases are present. The first 
family of compounds, the bismuth selenides, are all layered structures where the layer 
colouring governs the commensurability of the phase. 

An additional scope of research has been to study composites and channel 
structures. This study concludes in the families of compounds of the Nowotny 
chimney-ladder structures, the rare earth metal-iron metal-borides (RE1+εM4B4) and a 
representative from the alkali metal–platinum metal–silicides and –germanides 
(A1+xM4X4), where the results from the latter two groups have not been published 
elsewhere prior to this thesis. 

Section 4.5 presents a single structure – not belonging to an immediate family 
of compounds – but with an extended homogeneity range of crystallisation, and may 
be regarded as a representative of modulated structures governed by steric demands.  

 

QKO= _áJpÉ=éÜ~ëÉë=Em~éÉêë=f=~åÇ=ffF=
The Bi-Se system is typical of what is called a “composition-flexible” system. All 
reported binary phases crystallise in rhombohedral or trigonal layer structures with 
very similar a axis parameters (around 4.2 Å) but the c axes vary from 10 Å to over 
100 Å (cf. Table 1 in Paper I). The structures are all highly similar and built by the 
same principle. The structural concepts of these phases (and of the isostructural 
systems Bi-Te and Sb-Te) were derived by Stasova[69, 70] and later reviewed by 
Imamov[71] and the reports of possible stacking variants have been numerous (see the 
binary phase diagram in Figure 4.1). Despite this, experiments have included 
compositional characterisations and phase stability investigations that to a large part 
have been contradictory. The area with composition around 50 at. % Se has been 
described with polymorphism, line phases as well as a variety of solid solution ranges. 
The incommensurate phases present in this area of composition have undoubtedly 
added to the difficulty of determining these intermediate phases, especially as many 
reports have been based on multi-phase powder specimen. The status of the more Bi-
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rich phases (with < 43 at. % Se) is unclear and no conclusive proof exists of phases 
beyond the Bi4Se3 compound, like the Sb2Te phase in the Sb-Te system[72]. 
  
 

 
 
Figure 4.1. The binary Bi-Se phases diagram, as reported by Massalski[73]. 
 
 
 

The structures are composed of homoatomic layers that stack along c, always 
with conservation of a cubic close-packing, and they can be regarded as 
superstructures of cubic NaCl along [111]. They are built of two units: five-layer 
blocks of Bi2Se3 (Se-Bi-Se-Bi-Se) and two-layer blocks of Bi2 that are sandwiched 
between adjacent Bi2Se3 blocks in an evenly distributed way. The compounds can 
hence be viewed as ordered solid solutions of Bi in Bi2Se3, creating a continuous series 
of compounds (Bi2Se3)n(Bi2)m. Figure 4.2 displays some structures in the Bi-Se 
system. The composition seems to be the main driving force in the formation of the 
stacking sequences. If the crystals are grown in a homogeneous melt of a specific 
composition, their stackings will be ordered distributions corresponding to the Bi/Se 
ratio in the melt. This total structural flexibility must lead to an equal probability for 
having commensurate and incommensurate stackings. The probability for having 

 



  
38 

stacking faults in these structures must be considered higher than in systems with less 
composition flexibility.  

The distinction between the rhombohedral and trigonal structures comes from 
the frequency of the Bi layer insertion – for n/m equal to 0, 1, 3 or a multiple of 3, the 
structure becomes rhombohedral (s.g. R-3m) and for all other cases it is trigonal (s.g. 
P-3m1). 

 
 

 

 
 
Figure 4.2. Bi-Se phases.  
 

 
The single crystal diffractograms of the Bi-Se phases are all highly similar: the 

reciprocal distance between the strongest reflections correspond to the real space 
layer-to-layer distance and the weaker superstructure reflections between the main 
spots in the c* direction are related to the repeating block sequence in the structure, see 
Figure 4.3. Despite their weak intensity, it is clear that the satellites all are sharp – an 
observation that leads to the conclusion that the dominating phase must be ordered. 
The distinction between the commensurate and the incommensurate structures is also 
apparent from the diffraction patterns: the commensurate satellites overlap while the 
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incommensurate do not – thus giving them a distinct intensity distribution (many 
incommensurate satellites are too weak to be detected at all). From this intensity 
distribution it becomes clear that the satellites do not order consecutively but form a 
hopping sequence, cf. Figure 3 in Paper I. 

These observations form the basis of the (3+1)-dimensional structure model 
that was derived for Bi-Se phases in Paper I. In this model, the average c cell (c~5.7 Å 
for all phases) corresponds to the ccp layer stacking and the q vector is defined as 
running between a main reflection to its strongest satellite along c*, a distance that in 
real space corresponds to the average spacing between homoatomic layers. The (3+1)-
dimensional structure is hence constructed as a cubic NaCl type structure with a layer 
colouring that gives rise to periodic atomic displacements that are described by the 
modulation function. The q vector is then, for obvious reasons, strictly dependent of 
the colouring, or composition, of the phase according to the following relation 
(q=γc*): 

 

N
mn )3(3 +

=γ , 

 

with n and m as the number of Bi2Se3 and Bi2 units, respectively, in the rhombohedral 
or trigonal block sequence, and N being the total number of layers in that sequence. 
This formula confirms the linear relationship between the γ value and the composition 
of the compound that was stated empirically in Paper I. As an example, Bi8Se9 is 
comprised by one Bi2 block for every three Bi2Se3 blocks which sums up to a total of 
17 layers, thus γ=3*(3*3+1)/17=30/17=1.765. 
 

This choice of q vector (with qr=0 and qi=γc*) yielded no additional reflection 
conditions other than those corresponding to the three-dimensional space group R-3m. 
The superspace group was hence P:R-3m:-11, which also may be written R-3m(00γ). 
In Paper I, this structure model was applied on four bismuth selenides, two 
commensurate (Bi2Se3 and Bi4Se3) and two incommensurate (called BiSe and Bi8Se9). 
It should however be emphasized that the composition of the incommensurate crystals 
must be something else than the simple commensurate ratios 1:1 and 8:9 that their 
formulas state, but arbitrarily close (or at least within the resolution of the experiment). 
This is apparent from observing the incommensurate satellite distribution in the 
diffraction patterns. 
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  a)       b) 
 
Figure 4.3. Bi8Se9 a) excerpt from 0kl diffraction pattern with main reflections marked with boxes and 
b) the structure in real space with interlayer distances corresponding to the reflection spacing in a). 
 

 
During refinements, two parallel structure models were employed that both are 

well applicable and equally descriptive of the studied system, but have different 
advantages and drawbacks. The first model was developed from the occupational 
domain of the Bi atom which was fixed to the composition of the particular compound. 
The Bi average position was set in the origin with harmonic positional and 
occupational modulation waves applied on the atom. The modulation function was, 
due to symmetry, restricted to cosine occupational waves and to sine displacement 
waves in the z direction. The application of thermal displacement waves improved the 
residual values in all cases. During the refinement of this model with harmonic AMFs, 
it became apparent that the atomic modulations would be more efficiently described by 
a sawtooth function that could model the noticeable non-harmonic form better than the 
harmonic waves. This concluded in the development of the second structure model 
with a sawtooth function applied on the average position of the Se atom, see Figure 
4.4. 
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Figure 4.4. Bi4Se3 represented to the left along (210) with the stacking sequence marked with grey 
shades. The Bi periodicity, emphasized with the thick black line, and the Se periodicity, thick dotted 
line, do not match. The calculated electron density map of this structure is shown to the right, where 
the periodicities follow a sawtooth function (Se) or a crenel function (Bi) in superspace. 

 
 
The Bi position was modelled with harmonic waves over a crenel function. This 

model yielded very similar residual values to the first structure model, but as the 
number of modulation waves was decreased with the latter model, its simultaneous 
employment of discontinuous functions (crenel and sawtooth functions) with harmonic 
waves required an orthogonalization procedure[74] to avoid strong correlations between 
different parameters in the refinement. 

These (3+1)-dimensional structure models are generally applicable to all layer 
phases in the Bi-Se, Bi-Te and Sb-Te binary systems, also to hypothetical chalcogen-
rich compounds. An incommensurate structure displays extra Bi2 blocks (or lack of Bi2 
blocks) in the stacking sequence with a frequency that breaks the commensurate 
sequence. This frequency may be very small, indeed so small that we cannot differ it 
from zero in the compositional characterisation, but we can detect signs of it in the 
diffraction patterns. The prerequisite for the ordered stackings, and thus the 
incommensurate structures, must be that the blocks pass on information of when and 
where it is suitable for a Bi2 layer to be inserted. This propagation of order was studied 
by means of theoretical calculations on the Bi-Se system and is presented in the 
following section. 
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The focus is now moved from a structural aspect of the Bi-Se phases to a more 
general bonding study of these phases. First-principles calculations were performed on 
Bi2Se3, BiSe, Bi4Se3, Bi2Se and Bi by means of density functional theory using 
pseudopotentials and a basis set of plane waves. Both the local-density approximation 
(LDA) and the generalized gradient approximation (GGA) were used to measuring the 
exchange and correlation energy. The single crystal samples from the study presented 
in Paper I were re-examined with powder X-ray diffraction and their cell parameters 
were refined.  
 
 

 
Figure 4.5. Energy vs. volume with GGA (left) and LDA (right). 
 
 

The lattice parameters and the atomic coordinates for each structure were 
calculated and relaxed for a set of constant volumes, see Figure 4.5 and Table 4.1. The 
refined cell parameters from XRPD measurements are also presented in Table 4.1. 
From these results it may be concluded that the LDA underestimates the equilibrium 
volume by an average of 4% while the GGA overestimates the equilibrium volume by 
an average of 5% for BiSe, Bi4Se3 and Bi but overshoots by 12% for Bi2Se3. These 
observations are a result from a general problem in DFT with both approximations, 
because of their inability to account for both strong local bonding within a layer and 
weal non-local interactions between separated layers. 

From Figure 4.5 the block-block interaction can be evaluated. It is clear that the 
block-block interaction is pronouncedly stronger between two Bi2 blocks (in Bi) and 
between a Bi2 and a Bi2Se3 block (as in Bi4Se3) than the interaction between two 
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Bi2Se3 blocks (as in Bi2Se3), as is expected. With GGA, the interaction for the Bi2 - Bi2 
gap corresponds to an energy of 0.24 eV and the Bi2Se3 - Bi2Se3 gap to 0.025 eV. The 
total energy corresponding to the gap separation in Bi4Se3 is thus approximately equal 
to the former gap, since the compound can be regarded as the addition of the two 
blocks (Bi4Se3 = Bi2Se3 + Bi2). The individual gap in Bi4Se3 is however half of its total 
energy, ~ 0.12 eV, since there are six Bi2Se3 - Bi2 gaps in the Bi4Se3 rhombohedral 
unit cell (confer Figure 4.2) but only three gaps in the Bi2Se3 and Bi2 structures. The 
BiSe compound has a total energy very close to that of Bi2Se3, 0.025 eV, which means 
that the gap separation only occurs between the Bi2Se3 blocks and not between Bi2Se3 
and Bi2 blocks. When the structure is expanded, a block unit of 12 layers (5+2+5) is 
hence kept together. 
 With LDA, the total energies corresponding to the block – block interactions 
are significantly greater. The Bi2Se3 - Bi2Se3 gap equals 0.24 eV, the Bi2 - Bi2 gap 
equals 0.53 eV and hence the Bi2Se3 - Bi2 gap equals (0.53 + 0.24)/2 = 0.385 eV. 

In conclusion, the weakest bonding is observed between two five-layer Bi2Se3 
blocks (in Bi2Se3 and BiSe), which is seen in a low binding energy and an early gap 
separation. The strongest bonding is observed between two-layer Bi2 blocks and an 
intermediate situation is encountered between blocks of different types. 
 
 

 S.G. V (Å3) a (Å) c (Å) c/a Ref. 
Bi2Se3 

 

R-3m 475.68 
407.34 
425.05(4) 
425.7(5) 
425.6(5) 

4.188 
4.104 
4.1399(3) 
4.143(5) 
4.161(3) 

31.31 
27.928 
28.637(4) 
28.636(20) 
28.39(2) 

7.476 
6.805 
6.917 
6.9119 
6.823 

calc, GGA 
calc, LDA 
powder 
[75] 
Paper I (incom. 
model) 

BiSe 
 

P-3m1 376.83 
336.86 
352.33(3) 
352.08 
345.0 
346.8(5) 

4.256 
4.174 
4.2320(7) 
4.212 
4.18 
4.238(7) 

24.02 
22.326 
22.715(6) 
22.916 
22.8 
22.52(1) 

5.645 
5.349 
5.367 
5.4406 
5.45 
5.314 

calc, GGA 
calc, LDA 
powder 
[76] 
[77] 
Paper I 

Bi4Se3 
 

R-3m 658.68 
627.23 
632.43(1) 
631.2 
637.0(5) 

4.314 
4.236 
4.2667(4) 
4.27 
4.272(2) 

40.86 
38.917 
40.114(6) 
40.0 
40.33(3) 

9.470 
9.186 
9.402 
9.36 
9.441 

calc, GGA 
calc, LDA 
powder 
[77] 
Paper I 

Bi2Se P-3m1 293.58 
268.21 

4.381 
4.300 

17.665 
16.752 

4.032 
3.896 

calc, GGA 
calc, LDA 

Bi 
 

R-3m 220.98 
201.00 
209.93 

4.579 
4.493 
4.533 

12.17 
11.497 
11.797 

2.656 
2.559 
2.602 

calc, GGA 
calc, LDA 
[78] 

Table 4.1. Lattice parameters for the structures, calculated and experimental results. 
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The calculated formation energies of intermediate phases (nBi2Se3 + mBi2 = 
Bi2n + 2mSe3m) are very close to zero, see Table 4 in Paper II. This means that no 
significant net energy is gained by inserting Bi into the Bi2Se3 structure, a fact that 
supports the idea of a possible continuous series of stacking variants between Bi2Se3 
and Bi. The energetics can be understood from the observation that as Bi is inserted 
into the weak Bi2Se3 - Bi2Se3 gaps, those gaps gain in bonding strength while the 
Bi2Se3 and Bi2 blocks both are destabilised by the introduction of the new stronger 
bonds. This is also clearly visible in the interatomic distances, listed in Table 4.2, 
where the intra-block distances within the Bi2Se3 and the Bi2 blocks become longer as 
more Bi is inserted but the block-block distances become shorter with increasing Bi 
content. The only exception to the latter type of distance is the Bi2Se3 - Bi2Se3 distance 
in the BiSe compound which is slightly longer than the equivalent distance in the 
Bi2Se3 structure. It is clear that the a parameter of a structure is directly dependent of 
the Bi content of that compound, ranging from 4.10 Å for Bi2Se3 to 4.49 Å for Bi. 

These observations points to a total flexibility for inserting Bi into the Bi2Se3 
sequence, and a complete adaptability in the surrounding blocks when that happens. 
This is crucial for our understanding of these structures, because it is a prerequisite for 
the formation of ordered stackings. The fluctuations of the atomic positions translates 
into direct information on when and where a Bi2 block may be inserted and the 
frequency of this insertion is exclusively dependent on the Bi content in the melt.  

 

 Ref. a 
(Å) 

Bi-Bi 
(in Bi2) 

(Å) 

Bi-Se1 
(in Bi2Se3) 

(Å) 

Bi-Se2 
(in Bi2Se3) 

(Å) 

Bi2Se3 – 
Bi2Se3

(Å) 

Bi2Se3 – 
Bi2
(Å) 

Bi2 – Bi2
(Å) 

Bi2Se3 LDA 4.104  3.037 2.839 3.357   
 GGA 4.188  3.106 2.880 4.179   
 [75] 4.143  3.075 2.851 3.518   
 Paper I 4.161  3.073 2.868    

BiSe LDA 4.177 2.987 3.025, 3.055 2.847, 2.870 3.372 3.361  
 GGA 4.256 3.033 3.091, 3.122 2.886, 2.911 4.061 3.598  
 [76] 4.212 3.100 2.987, 3.236 2.885, 2.994 3.659 3.132  
 [77] 4.18 3.053 3.025, 3.095 2.893, 2.906 3.514 3.273  

Bi4Se3 LDA 4.236 2.993 3.039 2.877  3.361  
 GGA 4.314 3.037 3.109 2.921  3.568  
 [77] 4.27 3.037 3.084 2.882  3.464  
 Paper I 4.272 3.056 3.088 2.921  3.440  

Bi2Se LDA 4.300 3.006 3.043 2.890  3.321 3.500 
 GGA 4.381 3.051 3.118 2.935  3.531 3.701 

Bi LDA 4.493 3.056     3.412 
 GGA 4.579 3.104     3.591 
 [78] 4.533 3.062     3.512 

 
Table 4.2 Distances and a axes in the Bi-Se 
structures. The atomic positions referred to as 
“Bi”, “Se1” and “Se2” are indicated in the 
five-layer block to the right.  
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The density of states of the structures, presented in Figure 4 in Paper II, reveals 
that the semiconducting band gap for Bi2Se3 decreases as Bi is inserted and the Bi-
richer compounds become more metallic, as is expected. The calculated bonding 
situation of the Bi2Se3 structure can be interpreted by a schematic molecular orbital 
bonding mode, see Figure 4.6 below, and it can be concluded that the band gap occurs 
between non-bonding and anti-bonding bands where the non-bonding band is 
dominated by Se p orbitals. The DOS of Bi2Se3 is shown in Figure 4.7. The low-
energy bonding orbitals correspond to the Bi-Se contacts within the five-layer block 
and it can hence be concluded that this block represents a strongly bonded closed-shell 
unit with a p-p bonding-antibonding band gap. Bonding between two five-layer blocks 
is of van der Waals type. 

 
 
 
 
 

 
 

Figure 4.6. MO model for 
Bi2Se3.

 
Figure 4.7. The DOS for Bi2Se3. 

 
 

The DOS graph of the BiSe structure displays some peculiarities in the area 
close to the Fermi level, see Figure 4.8. The band gap that appears for the 
compositionally adjacent Bi2Se3 and Bi4Se3 structures, becomes a band minimum for 
the BiSe structure which makes it a considerably better metal. A small peak is visible 
at the Fermi level. It can be speculated if this different behaviour of BiSe is connected 
to the mixture of the different gap types in the structure, which may not be favourably 
described in P-3m1 with a stacking of 5-5-2-5, but requires a longer sequence in order 

 



  
46 

to let all atomic positions fully relax. Indeed, when doubling the c axis, lowering the 
symmetry to P3m1 and relaxing the obtained supercell, BiSe experiences a small 
stabilisation (25 meV) and at the same time the singularity in the DOS at the Fermi 
level is removed, see Figure 4.8. 
 

 
 

Figure 4.8. DOS/atom around EF for  
Bi-Se phases. 

 
 
The studies of Bi-Se phases result in 
several conclusions: 
i) The formation of the stackings is 

made by alternating Bi2 and 
Bi2Se3 blocks in an ordered 
sequence completely governed by 
the composition in the reaction 
melt. 

ii) Incommensurate and commen-
surate structures are equally well 
described with a superspace 
description based on a cubic NaCl 
type structure with the 
modulation vector solely 
dependent on the composition of 
the phase. 

iii) Upon insertion of Bi into Bi2Se3, 
both block types will be distorted. 

iv) This distortion is small enough to 
yield a flexible system with an 
infinite number of possible 
stackings, but large enough to 
generate the propagation of 
information from adjacent blocks. 

v) The distortion is a criteria for the 
ordered intercalation of Bi into 
Bi2Se3. 
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QKP= kçïçíåó=ÅÜáãåÉóJä~ÇÇÉê=éÜ~ëÉë=Em~éÉêë=fffJsfF=
The Nowotny chimney-ladder (NCL) phases have been the object of much attention 
since their discovery[79-81], foremost because of their structural properties. The family 
of NCL phases is comprised of intermetallic compounds and were the first 
incommensurate intergrowth structures to be found. They form between transition 
metals (T) and p block elements (X) in compositions TXn where n ranges from 1.5 to 
2.0. Beside the many binary compounds, ternary cases are reported where one of the 
sublattices consists of two elements (cf. Table 1 in Paper III, Paper V and Refs. [82-85]). 
The elements involved in reported NCLs are shown in Figure 4.9. 
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Figure 4.9. Transition metal elements involved in NCL phases are marked in light grey boxes. 
Including main group metal elements are marked in dark grey boxes. 
 
 

The structure is commonly viewed as being built of a diamond-like network of 
the transition metal (the chimney) with channels along c in which the p block metal 
forms a helical arrangement (the ladder). Together they make up a tetragonal cell, with 
a c axis repeat depending on the relative periodicities of the two parent lattices, cT and 
cX, see Figure 4.10. When the structures have been described with supercell models, 
the c axis has been equal to (or approximately equal to) the smallest common multiple 
of cT and cX. The reported c axes range from 10 Å for the few commensurate cases, up 
to over 300 Å for the clearly incommensurate cells (cf. Table 1 in Paper III). The a 
axis lengths lie between 5 and 7 Å and are determined by the size of the X element. 
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a) 
 

 
 
 
 
 

 
 

b) 
 

 

Figure 4.10. The Nowotny chimney ladder structure, represented by the VGe1.82 compound. 
a) shows the structure in the (010) direction with the subcells indicated and b) shows the structure 
along (001) where the Ge atoms (dark grey) form a helix-like assembly in the V (light grey) channels. 
 
 

The general condensation of X atoms in the T matrix may seem irregular, with 
large variations in the c dimensions within the series of NCL compounds. For 
practically every single combination of elements, a new set of c axes appear, with a 
new TXn composition as a result. The reason for this is the empirically observed fact 
that the stability of NCLs is electronically controlled[81, 86]. As electron phases they can 
all be identified with a specific concentration of the total number of valence electrons 
(s +p electrons for main group elements and s + d electrons for transition metal atoms) 
that is essentially fixed throughout the NCL series. For NCLs with transition metals 
from group 7 or higher, the ideal valence electron concentration (vec) is 14 electrons 
per transition metal atom. For NCLs with transition metals from earlier groups, the vec 
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is closer to 12 or 13 electrons/T atom. Almost all NCLs are semiconductors, but 
metallic examples have recently been reported for zirconium antimonides[82, 84] and 
bismuthide (Paper V). Few studies are made on the magnetic properties of NCLs, but 
Cr11Ge19 is reported to be ferromagnetic below 100 K[87], Mn11Ge19 Pauli-
paramagnetic[87] and Ru2Ge3 diamagnetic[88]. 

Electronic calculations on NCL structures have shown that a band gap or 
pseudo band gap appears in the density of states for vec´s around 14[82, 84, 87, 89-94]. This 
is observed in the semiconducting phases as well as in the metallic NCLs. The 
existence of a band gap or minimum at the Fermi level for intermetallic compounds 
with a fixed vec has been studied for a large group of compounds[95, 96], where the 
heteroatomic contacts were concluded to be of strong covalent character. In these 
compounds (mainly transition metal aluminides), all heteroatomic contacts resulted in 
a bonding-antibonding splitting of the electronic states, which yielded a band gap in 
the total density of states. The chemical explanation for the semiconducting band gap 
manifestation in NCLs is given in[93, 94], where the orbital filling of the building block 
RuGa2 supports the 14 electron rule. This was however only validated for the NCL 
structures with transition metals from groups 7 and higher. For the NCLs with low vec 
numbers, still no conclusive explanation is given as for their formation mechanism. A 
more general structural Aufbau for NCL structures was given already in 1986[97], 
where all NCL structures were stipulated to be constructed of layers of TiSi2  
(vec = 12.0) or derivatives thereof. 

The NCL structures have traditionally been described with supercells which in 
the many cases with long c axes led to a large number of parameters. Depending on 
each composition, the structures could be described in either of the P-4n2, P-4c2 or  
I-42d space groups, but every case required a unique structural description. In 
conclusion: a uniform model for this family of compounds was lacking. In Papers III-
IV, higher dimensional crystallography was employed on ternary chimney-ladder 
compounds and a general (3+1)-dimensional composite model was derived for these 
structures. In this model, the T substructure is described in the three-dimensional space 
group I41/amd by one average atomic position, (0, ¼, z) with z = 0.625. The X 
substructure is described in the three-dimensional space group P4/nnc by the average 
atomic position (x, y, z) with x = 0.25, y = 0.5, z = 0.25. It is hence concluded that the 
T atoms only deviate from the average position along c, while the X atoms may be 
displaced in all axial directions. 

When the two substructures are combined in a composite description, the three-
dimensional I-centring may be embedded in a (3+1)-dimensional W-centring. This 
means that qr = (½, ½, 0). Yamamoto[51] has shown that the highest possible 
superspace group pair for NCL structures is P:I41/amd:1-1ss  :  W:P4/nnc:q-1q1, 
where the former corresponds to the transition metal subset and the latter to the X part.  
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The two substructures are hence related as HT = WHX, where HT and HX are defined as 
in Equation 1.3 (Chapter 1.4) and the W-matrix is: 

 
 

 
From this, we can state that  aT* = aX*,  

bT* = bX*,  

cT* = cX* - qX  

and  qT = cX* - 2qX.  

This gives the relations   qX = γXcX* = cX* - qX  

and   qT = γTcT* = cT* - 2qX,  

which leads to γX = 1- cT*/cX* 

    and  γT = 2- cX*/cT*. 

 
The diffraction patterns of NCL structures (see e.g. Figure 1.8) display a 

revealing sign of composites: strong reflections at high 2θ values that cannot belong to 
the same (reasonable) lattice. With the definitions made above of q-vectors and the W-
matrix, satellites up to the 5th order could be detected in the cases reported in Papers III 
and IV. 

When the structure is described with this model, it is clear that the transition 
metal substructure will be rigid in the sense that the deviations from the average 
position are small. The X atom will on the other hand have large displacements from 
the average position in order to model the helix and for this reason, it is convenient to 
use the X substructure as a basis subset when a NCL structure is being solved. This is 
because it is easier to get the correct phasing of the satellites from the subset that 
contributes with the largest deviations. This fact may be understood from the same 
logic that results in the Patterson heavy atom method for finding the atomic positions 
in a cell. The heavy atom method makes use of the localisation of a large part of the 
electron density in one or a few heavy atoms, so that their input to the calculated F-
values is great enough to get the phasing of the reflections right. For a composite, all 
satellites will contain phase information but the substructure with the largest atomic 
displacements will also have the atomic modulation functions (AMFs) with largest 
amplitudes. During trials, these will quickly reveal if the phasing is correct with drastic 
changes in the residual values as a result. 
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The main group metal atom position was modelled with eight positional AMFs, 
where the first modulation wave is the most important contributor to forming the 
helical structure. The correct phasing of the satellites requires the correct sign only of 
this modulation wave. Due to symmetry constraints on the modulation function only a 
few coefficients constitute independent parameters in the positional waves. The 
following positional AMFs describe the difference from an ideal helix. Four thermal 
displacement waves were also used for the X atom position. The transition metal atom 
position was modelled with four positional AMFs but all waves had small amplitudes 
compared to the main group metal atom modulation. The parameter-to-data ratio of 
this composite structure model is significantly lower than in any supercell approach. It 
is generally applicable on all NCL structures and the utilisation of it as a starting 
model for any other NCL structure will swiftly produce a complete structure solution. 
This is shown in Paper IV, as well as in the following Papers V-VI. Both single crystal 
X-ray diffraction data and powder X-ray diffraction data have been used in the NCL 
studies. 

In Paper V, the novel NCL compound ZrBi1.62 is reported, a remarkable finding 
in this structure family as it is formed by elements from the end groups of both 
transition metals and main group metals. This case is also extraordinary with regard to 
the composition, which is ZrBiτ, where τ = (1+√5)/2 and labelled the golden ratio, and 
the values of the q vector coefficients, γT and γX, that are identical. 

In Paper VI, powder data was used for the re-determination of the NCL 
compound VGe1.82. An advantage with a powder measurement to that of single crystal 
data is the improved quality of cell parameters. 

The displacements of the main group metal atoms from the average position are 
in the studied cases up to 0.66 Å in the xy plane. In the z direction, the main group 
metal atoms deviate only slightly from the average positions, up to 0.2 Å for all 
studied compounds. The transition metal atom is only displaced in the c direction, with 
magnitudes up to 0.16 Å for all studied compounds. 

The interatomic distances for NCL structures are all in accordance with other 
intermetallic compounds in the corresponding binary systems. Noteworthy is the 
observation that the homoatomic contacts are considerably longer than the 
heteroatomic contacts, indicating that the strongest bonding occurs between the 
transition metal atoms and the main group metal atoms. This is also confirmed in 
Paper V, where the electron localisation function (ELF) is used to analyse the nature of 
the chemical bonding in the ZrBi1.62 compound. This analysis shows an indication of 
covalent bonding between Zr and Bi, but no signs of direct bonding between atoms of 
the same element. This fact is in accord with the general study of band gap displaying 
intermetallic compounds[95, 96], but gives a different view of the NCL structural build-
up than the traditional one, based on the chimney and the ladder. Comparison with the 
ternary borides that were analysed in Chapter 2 gives the same result and the 
conclusion is hence the same: the division of the structure into two substructures 
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provides the best platform for a structural analysis in terms of describing aperiodic 
order and also with regard to parameter economics. The chemical bonding and 
formation mechanisms of the composites are on the other hand best understood when 
the substructures are merged into one. 

All compounds studied in Papers III-VI are members of the group of NCLs 
with transition metal elements from groups 4-6 and hence have low vec numbers  
(vec ≤ 13.1 electrons/T atom). An exception is the rhodium-rich compound 
Mo1.387Rh1.06Ge4 reported in Paper III, with a vec of 13.8 electrons/T atom. All known 
members of this “low-vec” group are listed in Table 4.3. 

 
NCL compound vec References 
TiSi2 12.0 [98] 
Zr11Sb18 12.0 [84] 
(M,Ti)5Sb8, (M = Zr, Hf) 12.0 [82] 
ZrBi1.62 12.1 Paper V 
VGe1.82 12.3 [80, 99], Paper VI 
Cr11Ge19 12.9 [99] 
Cr1-xMoxGe4 (x = 0.65 and 0.84) 13.0 Paper IV 
Mo2.15Rh0.213Ge4 13.0 Paper III 
Mo13Ge23 13.1 [99] 
Table 4.3. NCL compounds that have a vec < 13.1 electrons/T atom. 

 
The TiSi2 structure is often mentioned in NCL discussions as the basic structure 

motif for these structures[100]. It displays zigzag chains of Si atoms in the Ti channels 
instead of the common NCL characteristic of a helix. The NCLs with transition metal 
elements from groups 7-9 have vec numbers from 13.7 and up. The low vec numbers 
of the compounds in Table 4.3 indicate a different bonding mechanism than that of the 
NCLs of later transition metal groups. 
 The specific vec criteria provides an electronic window for a stabilisation of the 
formation mechanism of NCL phases. The modulation that occurs in the phases may 
be understood from this starting point. The composition of a particular NCL seems to 
be of minor importance compared to the electronic rule and as a result a large variation 
of compositions is observed in the NCL series. The vec and the composition 
flexibility, however, force the atoms of one subset into specific positions which are not 
necessarily consistent with the lattice periodicity of the other subset. Thus the 
modulation appears. 
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QKQ= h1+xmí4pá4=~åÇ=ob1+εj4_4=ëíêìÅíìêÉë=
The K1+xPt4Si4 structure belongs to the A1+xT4X4 family of compounds (A = Na, K, Rb; 
T = Pd, Pt; X = Si, Ge, Sn). This structural family was reported by Thronberens[101] 
with x ≤ 0.28, and is to date comprised of seven compounds. The structure is 
comparable with the RE1+εM4B4 structure, analysed in Chapter 2, with X4 tetrahedra 
sharing edges along c, M atoms between the tetrahedral columns and the alkali metals 
situated in the octagonal channels. Figure 4.11 shows the structure along c and in 
Figure 4.12 comparison with the RE1+εM4B4 structure is made. The T and X atoms 
form tetraedersterns as the iron metal and boron atoms do in the RE1+εM4B4 structure. 
In the latter structure, the tetraederstern columns are shifted in respect to each other 
(hence the 42 screw axis perpendicular to c), while they are positioned alike in the 
A1+xT4X4 structures. This means that the T and X atoms in this structure are located at 
the same c heights, forming T4X4 atomic layers stacked along c and thus creating 
channels in which the alkali metal atoms fit. 
 
 

 
 
Figure 4.11. The A1+xT4X4 structure in the ab plane with the unit cell marked with the black box. X4 
tetrahedra are marked in grey, the T atoms are black and the channel alkali atoms are white.
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  a)        b) 
Figure 4.12. a) shows the tetraederstern stacking in the KPt4Si4 structure, b) shows the corresponding 
situation in the RE1+εM4B4 structure. The channel atoms are in both cases omitted. 
 

The A1+xT4X4 structure type was first described[101] in the space group I4/mcm 
with the a cell dimensions ranging between 8.2 to 8.7 Å and the c axes from 4.6 to 4.8 
Å. The T and X atomic coordinates were both 8h (x, ½+x, 0) and the alkali metal 
atomic position was determined to 8f (0, 0, z) with z ~ 0.15, but with an occupancy of 
0.25 ≤ occ. ≤ 0.32. The stoichiometric AT4X4 compound was reported for four cases 
(KPt4Si4, KPd4Si4, RbPt4Si4 and RbPt4Ge4). For the over-stoichiometric cases, the 
excess of alkali metal was modelled as a statistical distribution, i.e. disorder. For all 
compounds, the uncertainty values coupled to the z parameter for the alkali metal atom 
were considerably larger (around two magnitudes as large) than the corresponding 
values for the x parameter of M and X. In addition, the anisotropic temperature factor 
U33 (with components along c) was in all reported cases vastly surpassing the 
temperature factors for other directions, the most extreme case being that of KPt4Si4, 
with a U33 50 times the size of the U11 value. This fact combined with the overall 
similarities with the RE1+εM4B4 structures makes it reasonable to believe that the 
channel atoms in fact are aperiodically ordered. This was the reason for the present 
study of this particular compound. 

The KPt4Si4 compound was synthesised as described in Chapter 3.1. The single 
crystals had a metallic lustre and were of the sizes 0.02-0.05 mm. A suitable crystal 
was selected for X-ray diffraction measurements and both room temperature and low 
temperature (T = 77 K) measurements were performed. No significant difference was 
observed between the two cases. The point group 4/mmm was confirmed from the 
reflection data but sharp reflections of weak intensity were visible at indices that broke 
the I-centring, see Figure 4.13. As a result, the reflection data was integrated with a 
primitive tetragonal cell (a = 8.340(2) Å and c = 4.588(2) Å). The structure was 
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refined in the space group P4/nbm with Pt and Si in 8m positions (x, -x, z) and K in the 
2a position (¾, ¾, 0) with the refined occupancy of 2.11(8) atoms in the unit cell, 
which gives x = 0.06 in the chemical formula of the compound. All atoms were refined 
with anisotropic displacement parameters and the U33 term of the K atom was refined 
to approximately 5.7 times the size of the parameters of other directions. The overall 
residual values were Rall ~ 2%, which is slightly better than the previous work by 
Thronberens et al.[101] (with Rall ~4%). Compared with this previous structure 
description, the transfer from I4/mcm to P4/nbm required the origin shift (¼, ¼, ¼). 
Table 4.4 presents the cell data and compares the new structure description with the 
previous one. Table 4.5 lists the refinement details. 
 
KPt4Si4 This work, P4/nbm Thronberens et al. , I4/mcm 
a (Å) 8.340(2) 8.374(1) 
c (Å) 4.588(2) 4.592(1) 
V (Å3) 319.121(8) 322.009(1) 
x (Pt) 0.42534(4) 0.4250(9) * 
x (Si) 0.6363(3) 0.6349(5) * 
z (K) 0 0.05(1) * 
U11,U33,U12,  (Pt) (Å2) 0.0010(2), -0.00066(15), 0.0000(4) 0.0071(3), 0.0102(4), -0.0033(3) 
U11,U33,U12,  (Si) (Å2) 0.0020(9), 0.0016(13), 0.0005(11) 0.0029(13), 0.0034(20), -0.0023(19) 
U11, U33             (K) (Å2) 0.008(3), 0.043(5) 0.007(3), 0.34(12) 
Occ. (K) 1.06(4) 1.0 
Dist. K-K (Å) 4.588 - 
Dist. Pt-K (Å) 3.289 3.217(9) 
Dist. Si-K (Å) 3.547(4) 3.481(9) 
Dist. Si-Pt (Å) 2.398(9), 2.415(9), 2.465(3), 2.488(3) 2.403(1), 2.479(4), 2.485(3) 
Dist. Si-Si (Å) 2.682(4), 2.97(1), 2.98(1) 2.723(4), 2.996(3) 
Dist. Pt-Pt (Å) 2.870(1), 2.914(1) 2.900(1) 
Table 4.4. Cell data of KPt4Si4. *The atomic coordinate has been shifted by ¼ in order to be 
comparable with the other description. 

 
 

Refinement on F,  R[F2 > 3σ(F2)] 
Robs, wRobs, Rall, wRall  0.0180, 0.0222, 0.0224, 0.0226 
S 1.49 
No. of reflections 177 (119 obs) 
No. of parameters 16 
Weighting scheme w = 1/[σ 2(F) + 0.0001F2] 
(∆/σ)max <0.005 
∆ ρmax, ∆ ρmin (e Å-3) 1.63, -2.36 
Table 4.5 Refinement data on KPt4Si4. 
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This structure model describes the potassium atoms as statistically distributed in 
the channels as reported in the prior study, and an aperiodic ordering is not observed. 
This conclusion leads to an interesting question: why do the channel atoms behave so 
differently in the closely related structure types of A1+xM4X4 and RE1+εM4B4? 

A statistical distribution – disorder – of the potassium atoms in the Pt4Si4 
channels is much harder to substantiate that an ordered positioning, but even if the 
atoms in this case were ordered – modulated – it is likely that we would have 
difficulties observing this order. In this compound potassium may not be viewed upon 
as a light element (it is heavier than silicon) but the channel atoms correspond to a 
minor part (~10%) of the total electron density of the compound while in the 
RE1+εM4B4 structures, the RE channel atoms correspond to around 35 % of the total 
electron density. This fact will be reflected in the scattering power, and so satellite 
reflections stemming from a modulation of (in this aspect) relatively light channel 
atoms, such as potassium, may in many cases be difficult to detect with normal 
measuring instruments and exposure times. This is illustrated in Figure 4.13. Other 
radiation sources may be valuable for the elucidation of this structure. 

 

 
Figure 4.13. Diffraction pattern of  the KPt4Si4 structure, showing a selection of the 0kl plane. The 
box marks the unit cell and the arrows (right) show the weak additional reflections (from the 
potassium atoms) that break the I-centring. 
 

The reflection material gives however conclusive information on the Pt-Si 
network, which is that the Pt and Si positions are not subject to any movements, 
disorder or large anisotropy. The Pt-Si arrangement may hence be considered as rigid 
and apparently not affected by the disorder that the potassium atoms create in the 
channels. Any disorder is likely to give rise to a certain amount of strain that normally 
affects at least the nearest neighbouring atoms, but in this case it appears that the 
channel disorder is enough to release the strain that is caused by the slight 
overstoichiometry in the compound. 
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 The situation is very different in the RE1+εM4B4 compound, where all atomic 
positions are modulated and the surrounding M4B4 network is highly affected by the 
motion of the RE atoms, as it displays a considerable modulational behaviour. The 
M4B4 network is hence much less rigid, or more polarizable, than the corresponding 
Pt4Si4 network. 

The RE1+εM4B4 family of compounds is in many ways alike the NCL family of 
compounds, the ternary borides have occasionally even been referred to as having 
Nowotny chimney-ladder structures[41, 43]. The most striking property present in both 
systems is the fact that they are tetragonal (3+1)-dimensional composite structures. 
This classification is straightforward as both systems possess characteristics of 
composites and a structural division into two subsets is simplistic. 

These kinds of systems are often referred to as “host-guest” assemblies. When 
the expression is used for composites where one substructure forms a surrounding 
atomic network and the other substructure is comprised of atoms filling channels or 
other voids, it is likely to refer to the former substructure as the host and the latter as 
the guest. Concerning the modulation, a distinction is however evident between the 
ternary borides and the NCLs. In the NCL structures, it is the substructure of the main 
group element (the guest) that displays the greatest deviations from the average 
position. In the ternary borides it is the other way around – the M4B4 substructure (the 
host) shows the greatest movements compared to the channel RE atoms. 

The modulations in the two structural families clearly have dissimilar driving 
forces. While the modulation in the NCLs may be regarded as a secondary effect 
arising from the vec criteria, the RE1+εM4B4 structures must have a different 
modulation origin. This fact is also mirrored in the different composition flexibility for 
the two systems. 
 

QKR= �δ1J`çwå=Em~éÉê=sffF=
The δ1-CoZn structure is an interesting case of a structure built by two elements in a 
composition that obviously creates problems. Incorporating Co into a Zn-surrounding 
network (with Zn > 75 at. %) has so far only produced one option: icosahedrally 
coordinated Co. In the other zinc-rich Co-Zn compounds Γ-CoZn[102] (~75-85 at. % 
Zn), δ-CoZn[103] (~88 at. % Zn, >675 oC) and ζ-CoZn[104] (~91-93 at. % Zn), this is not 
an obstacle as the corresponding structures all display the same local coordination for 
Co, but in different assemblies (single isolated icosahedra, vertex- and face-sharing 
icosahedra) However, for the specific composition of 89 at. % Zn that is the case in the 
δ1-CoZn structure, a considerable amount of strain is built into the system. The attempt 
of constructing extended sequences of linear pentagonal channels with Co as central 
atoms, fails miserably and the “extended” columns are limited to two merged 
icosahedra. Even this unique assembly of double icosahedra produces a strain due to 
steric effects. It is shown in Paper VII that the radii relation between Co and Zn does 
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not promote any kind of merging of the icosahedral arrangements. The introduction of 
double icosahedra inevitably produces a strain in the structure, a strain  
that affects the exchange of a Co atom for a Zn atom and hence creates a periodic 
modulation whenever this strain is being released. 
 
 

 
 
Figure 4.14. a) Double icosahedra connect through edge-sharing in the c direction and face-sharing in 
the a direction. b) and c) show the assembly of double icosahedra along b. Note that the different 
hatchings show separate but identical helices. In d) the packing of helices is illustrated. The black box 
marks the unit cell and the curved arrow refers to the helix rotation direction. 
 
 
The structure of the δ1-CoZn compound was determined from single crystal X-ray data 
and from the diffraction patterns it was obvious that the satellite reflections were 
incommensurate with the main reflections (see the diffraction pattern in Figure 1.4). 
The structure was described in the monoclinic superspace group F2/m(00γ)s0 with the 
cell parameters a=9.030(2) Å, b=4.338(1) Å, c=12.511(3) Å, β=89.90(3)o and q = 
0.234 b*. The structure is built of icosahedrally coordinated Co where two icosahedra 
are merged together to form the main building block: the double icosahedron. 
Assemblies of this building block share edges along the c direction and faces along the 
a direction so that a helix along the unique b axis is formed. The structure is closely 
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related to the tetrahedrally close-packed structures, where all atoms are connected by 
tetrahedral interstices.  Figure 4.14 shows the structural build-up of this compound. 

Atomic modulation functions were applied on all six atomic positions (five Zn 
and one Co) and the exchange of the central Co atom for a shell Zn atom was 
modelled with a sawtooth function. Two Zn positions were modelled with crenel 
functions and the last two Zn positions with harmonic displacement waves. Figure 
4.15 shows the modulation functions of the atoms that were modelled with special 
functions. 
 
 

 
a)    b)    c) 

 
Figure 4.15. Electron density maps generated from Fobs for a) Co and Zn1, modelled with a sawtooth 
function. The refined positions are indicated by the dotted line (Co) and the heavy line (Zn1). b) and c) 
show the modulation functions of the two zinc positions modelled with crenel functions. The refined 
positions are indicated by the heavy lines. 
 
 The incommensurate modulation manifests itself as occasional single or triple 
icosahedra in the sequence of connected double icosahedra, occurring when the 
exchange of the central Co atom for a shell Zn atom is disturbed. Figure 4.16 shows a 
sequence of double icosahedra interrupted by a single icosahedron. The periodicity of 
this disturbed exchange is incommensurate with the average lattice, taking place once 
every 73 Å, approximately. The b cell parameter corresponds to two average 
interplanar spacings. 
 

 
 

Figure 4.16. The chain of double icosahedra (Co is marked with grey spheres and Zn is illustrated as 
the icosahedral shell) is interrupted by the incommensurate insertion of a single icosahedron. This is 
associated with the exchange of Co for Zn, as a result from the fact that Co is a little too large to fit in 
a linear chain of fused icosahedra. 
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 The modulation of this compound is believed to arise as a secondary effect 
from the specific radii relations that come from icosahedral coordination. The radii of 
Zn and Co match well the interatomic distance demands on a single icosahedron, but 
when it comes to an extended sequence of linearly merged icosahedra, the radii of Zn 
and Co violate this additional geometric requirement. Thus the structural build-up of 
this compound must lead to a considerable amount of strain. In other structurally 
related systems, a violation of these geometric demands commonly give rise to one of 
the following consequences: i) the central atoms are forced to extremely short 
interatomic distances or ii) the icosahedral shell is subject to distortion or iii) the 
central atoms are statistically distributed in the pentagonal columns, for examples of 
these three cases confer Paper VII. In the δ1-CoZn structure the first two consequences 
definitely take place but are not enough to release the strain built into the structure and 
thus a modulation arises. 
  An additional observation of the δ1-CoZn structure is that it goes partially 
amorphic when subjected to mechanical treatment. This is remarkable as it has not 
been observed in any of the other Co-Zn compounds of this part of the binary phase 
diagram. 

The single icosahedron is the only building block that seems to work for Zn-
rich Co-Zn compounds. Still the δ1-CoZn structure is constructed by interpenetrating 
icosahedra. The most interesting question when it comes to this structure must hence 
be: why does it form at all? What mechanism controls the formation of a coordination 
polyhedron that obviously is too small to accommodate the central atom? A conclusive 
answer to this question is not given in this text, but a hypothesis is that the formation 
of this structure is the result of a phase transition of a dynamic high temperature 
modification to a static low temperature modification. This hypothesis comes from the 
observation that the δ1-CoZn structure may be metastable (thus the amorphisation) and 
with respect to the structural similarities, the association with quasicrystals may not be 
very remote. The mentioned high temperature modification would then display phason 
dynamics which in the low temperature form would freeze into the aperiodically 
modulated δ1-CoZn structure. 
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R= prjj^ov=^ka=lrqillh=
 

 

 

 

Families of compounds that structurally are highly similar but display a variety of 
periodic or aperiodic modulations are ubiquitous in inorganic chemistry. With 
conventional periodic crystallographic means the incommensurate members are 
singled out despite their intimate kinship with the rest of the family compounds. The 
only method to accurately solve such structures is to use a superspace formalism. 
Within this formalism, all member structures, periodic as well as aperiodic, can be 
described with a general model and with equal precision. A higher dimensional 
approach to a group of compounds is consequently a powerful tool compared with 
three-dimensional alternatives. Uniform (3+n)-dimensional models are thus fruitful, 
not only in terms of efficiency but also as they provide an enhanced view of the 
modulation mechanism as a function of e. g. composition or temperature. 
 This thesis presents results on five distinct intermetallic systems, four of them 
being families of compounds. Their formation mechanisms are highly dissimilar and 
the driving forces for the modulations are diverse. Yet it is proven that the only 
accurate structural methodology is by employing the means of higher dimensional 
crystallography. The (3+1)-dimensional structure model derived for the bismuth 
selenides is applicable on the binary bismuth tellurides and antimony tellurides and the 
results from electronic structure calculations may be extrapolated to those systems. It 
would be interesting to continue the experimental work in the Bi-Se system to find out 
if Bi-rich phases (Bi > 60 at. %) really exist. Another experiment would be to use 
monolayer deposition of Bi and Se to synthetically build ordered sequences so that the 
ambiguity of the composition could be ruled out. 

The Nowotny chimney-ladder structures have been studied and a uniform 
(3+1)-dimensional composite model was derived. Four different systems were 
investigated, all including members with a low valence electron concentration (< 13.1 
electrons/T atom). The electron rule of a fixed vec is believed to indirectly nucleating 
the modulation in the NCL structures. Theoretic work on the formation mechanism of 
the low-vec NCLs would be an interesting study. Structurally close to the NCL 
structures is the composite family of the RE1+εM4B4 structures, where a symmetry 
analysis yielded a (3+1)-dimensional composite structure model. The RE chain, with 
alternating short and long interatomic distances may be a driving force for the 
modulation of the structure. Experimental work is of course needed in this system to 
continue and complete the structural model developed here.  
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Also closely connected to the composites, the K1+xPt4Si4 structure was studied 
as a representative of another family of compounds. This structural build-up shows 
close similarities with the RE1+εM4B4 one, but as the latter displays a decisive 
“dialogue” between the host and the guest with modulations in both substructures, the 
situation is distinct in the former structure. It is not modulated and the strain built into 
the system by an excess of channel atoms is released by their disordered distribution in 
the columns. The Pt-Si network is not observably affected by that disorder which may 
be denoted as a “monologue” by the guest substructure. Electron diffraction could be 
fruitful in a further investigation of this, and other structures (with e.g. Rb or Tl) of 
this family. 
 The aperiodically modulated δ1-CoZn structure is a remarkable singularity in 
the cobalt-zinc binary system, both in terms of structural build-up and with regard to 
the possible connection with quasicrystal phason dynamics that is indicated by the 
structural features. The modulation is believed to arise as a secondary effect of the 
geometric demands that exist when the structure is built of double icosahedra. The 
natural next step in this study would be to use high-temperature diffraction to monitor 
the phase transition into the proposed dynamic state. 

Other examples of families of compounds with a structural variety of 
modulations and/or disorder that would be interesting to study are V/Nb/Ta-
chalcogenides that crystallise in  one-dimensional channel structures and upon 
intercalation, the channel atoms may become aperiodically ordered. In a previous 
publication regarding the compound InNb3(Se2)6,[105] the channel atoms are isolated 
from each other and have very large displacement parameters– two facts that make it 
probable to suspect a different structural behaviour than the reported one. The physical 
properties of this structure would be worth a study as well, as the related system 
InxNb3Te4

[106] is reported to change its cdw conduction with the intercalation of In.  
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‘Would you tell me, please, which way I ought to walk from here?’ asked Alice. 
‘That depends a good deal on where you want to get to,’ said the Cat. 

 
 

From Alice´s Adventures in Wonderland,  
by Lewis Carroll (1865) 
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