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Summary

Partial functions and choice principles present difficulties from constructive
points of view, but these difficulties can be dealt with in natural ways. That
is the thesis to be defended in this dissertation, which consists of four in-
dependent papers. They have been refereed and published in Mathematical
Structures in Computer Science [13], Types for Proofs and Programs [11],
Mathematical Logic Quarterly [12], and The Journal of Symbolic Logic [14],
respectively. Only a few words have been changed in this reprint to improve
the presentation, except in the first paper, where some proofs, which were
omitted in the published version, have been included.

Paper 1 deals with the problem of having division as a partial function. In
classical mathematics this is not serious, because the inversion function can
be extended to a total function by cases: where it is normally undefined we
can define it to take some dummy value. This is not possible in constructive
mathematics because the case distinction is not effective. Indeed, if there is
a total real function f such that if x 6= 0 then x · f(x) = 1, then LPO holds:
Bishop’s ‘limited principle of omniscience’ which says that in any infinite
binary sequence either there is a 1 or there is no 1 (see p. 82). This principle
is not constructive because there is in general no effective procedure to decide
which is the case. Hence constructivists cannot assume that the inversion
function can be extended to a total real function. However, it is possible to
extend it to a total function if the real number system is extended by some
new ‘numbers’. This is what is done in paper 1. It would be unsatisfactory
to make this construction in a way which works only for real numbers,
instead we solve the problem uniformly for all commutative rings. Every
commutative ring can be described as the subset {x | 0x = 0} of a bigger
structure, called a wheel, in which division is total, but where 0x = 0 does
not hold in general. Hence it is necessary in symbolic computations with ring
axioms to assume that the variables range over that subset. However, by
a modification of the ring axioms, these assumptions become unnecessary.
Such a modified axiom system is presented in the paper. It defines the
category of wheels, which is then studied. The main results state that
given a valid ring identity (an equation which is true in commutative rings
for all values of the variables), it can be transformed into one which is
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very similar but valid in all wheels. In fact, one only has to add products
of 0 and some variables to each side. So, in commutative rings, one can
overcome the partiality of inversion in a fairly convenient algebraic way. The
solution makes use, however, of the specific situation. There seems to be
no constructive method to replace partial functions by total ones in general.
Instead it seems to be necessary to accept partial functions in constructive
mathematics and to develop a systematic theory of such functions.

Paper 2 presents such a theory. It describes how subsets and partial
functions can be viewed in Martin-Löf’s intensional type theory. The con-
tribution of the paper is that it takes into account that there are often
equalities defined on sets, and those equalities are required to be preserved
by partial functions, in other words, the functions are required to be ex-
tensional. It is not supposed that all functions are extensional, because
the principle of intensional (type-theoretical) choice, which is provable in
Martin-Löf’s type theory, makes it possible to construct non-extensional
functions. Instead, extensionality is viewed as a property that functions
may have. This is natural from the intensional point of view and the paper
shows that partial functions can be conveniently treated in this way. Notice
that while intensional choice is the origin of non-extensional functions, ex-
tensional choice, which is not constructively valid, makes it possible to live
entirely without non-extensional functions. There is hence a big difference
between intensional and extensional principles of choice.

Paper 3 describes this difference. It shows that the principle of ex-
tensional choice can be divided into three components: the principle of
excluded middle, a weak extensionality principle and the principle of inten-
sional choice.

Paper 4 is a study of constructive choice operators. At the same time, it is
a study of those partial functions that are defined in terms of descriptions,
like the inverse function, which is often defined as ‘the element which is
a multiplicative inverse of x’. In Paper 2, some proof terms were put in
subscript position to symbolize that such dependencies are considered not to
be relevant in mathematics, but the question remained: could they really be
dispensed with? The fourth paper gives a positive answer in the fragment
of first order logic with descriptions. Thus, what was written ‘f(xp)’ in
Paper 2 (for a function depending on x as well as on a proof p that x has
some property), can in Paper 4 be written simply ‘f(x)’ (p. 106). The
main purpose of that paper, however, is to show how a calculus with choice
operators is interpreted in intensional type theory.

The appendix includes a predicative proof of a version of Birkhoff’s theo-
rem, which is used in Paper 1. It states that if a class of algebras is closed
under homomorphic images, subalgebras and products and contains a set-
indexed family of algebras that satisfies the same identities as the class, then
the class can be axiomatized by a set of equations.
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Wheels – On Division by Zero
Math. Structures Comput. Sci. [13]. Finished Nov. 21, 2002.

Abstract. We show how to extend any commutative ring (or semi-
ring) so that division by any element, including 0, is in a sense possible.
The resulting structure is what is called a wheel. Wheels are similar to
rings, but 0x = 0 does not hold in general; the subset {x | 0x = 0} of
any wheel is a commutative ring (or semiring) and any commutative
ring (or semiring) with identity can be described as such a subset of
a wheel.

The main goal of this paper is to show that the given axioms for
wheels are natural and to clarify how valid identities for wheels relate
to valid identities for commutative rings and semirings.

1.1 Introduction

Why invent the wheel?

The fact that multiplicative inversion of real numbers is a partial function
is annoying for any beginner in mathematics: “Who has forbidden division
by zero?”. This problem seems not to be a serious one from a professional
point of view, but the situation remains as an unaesthetic fact. We know
how to extend the semiring of natural numbers so that we get solutions to
equations like 5 + x = 2, 2x = 3, x2 = 2, x2 = −1 etc., we even know how
to get completeness, but not how to divide by 0.

There are also concrete, pragmatic aspects of this problem, especially in
connection with exact computations with real numbers. Since it is not in
general decidable whether a real number is non-zero, one cannot in general
tell whether it is invertible. Edalat and Potts [20, 43] suggested that two
extra ‘numbers’, ∞ = 1/0 and ⊥ = 0/0, be adjoined to the set of real
numbers (thus obtaining what in domain theory is called the ‘lifting’ of the
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real projective line) in order to make division always possible. In a seminar,
Martin-Löf proposed that one should try to include these ‘numbers’ already
in the construction of the rationals from the integers, by allowing not only
non-zero denominators, but arbitrary denominators, thus ending up not with
a field, but with a field with two extra elements. Such structures were called
‘wheels’ (the term inspired by the topological picture � of the projective
line together with an extra point 0/0) by Setzer [52], who showed how to
modify the construction of fields of fractions from integral domains so that
wheels are obtained instead of fields.

In this paper, we generalize Setzer’s construction, so that it applies not
only to integral domains, but to any commutative semiring. Our construc-
tion introduces a ‘reciprocal’ to every element, the resulting structure being
what will be called a ‘wheel of fractions’. We use the term ‘wheel’ in a
more general sense than Setzer, but a wheel in our sense is still a structure
in which addition, multiplication and division can always be performed. A
wheel in Setzer’s sense will be recognized as what we denote by ‘�S0

A’,
where A is an integral domain, S0 the subset A \ {0}.1

Beside applications to exact computations, there are other applications
to computer programming: algorithms that split into cases depending on
whether their arguments are zero or not, can sometimes be simplified using
a total division function.

In classical mathematics, wheels are found for instance as the structure
of partial functions. Let X be a set, k a field. It is often used that the
functions X → k form a ring with point-wise definitions of the operations,
but that is not the case for partial functions, because if f and g are partial
functions, then f + g is defined only where both f and g are defined, which
in particular means that f − f is defined only where f is defined, and hence
is equal to the total function 0 only if f is total. Instead, a general formula
is f−f = 0f . Every partial function from X to k can be viewed as a partial
function from X to k∞ (the projective line over k) and the set of all such
partial functions is a wheel, which is isomorphic to the wheel (�Uk)

X of
total functions X → �Uk.

2 The subset {x | 0x = 0} consists of the total
k-valued functions, thus it is the ordinary ring of functions.

In algebraic geometry, one is used to consider ‘rational maps’ as partial
functions from a variety to a field. Instead, one may consider total rational
functions from the variety to the wheel extending the field. The set of all
such rational functions is a wheel. When one has an irreducible topology
(like the Zariski topology of a variety) one may define a congruence relation

1The notation S0 will be used for the set of cancellable elements in a monoid, i.e.,
a ∈ S0 means that ax = ay ⇒ x = y for all x, y. When considering semirings, we use the
multiplicative monoid for this definition. In integral domains, we get S0 = A \ {0}.

2The proof of this isomorphism uses classical logic. The rest of this paper is essentially
constructive in the sense that the constructivist should be able to extract a constructive
content, but it is written in the ordinary language of classical mathematics. Note that
from a constructive point of view, (�Uk)X seems to be the proper object of study.
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‘equal as maps’ to mean that two functions agree on some non-empty open
subset. The quotient structure obtained is then a wheel: the ‘wheel of ra-
tional maps’. In the same way, there is a ‘wheel of regular functions’. Every
regular function is equal as a map to some rational function. Also, two of
the most important methods in algebraic geometry are the projection onto
a quotient of the ring of functions considered (the geometric interpretation
being restricting attention to a Zariski closed subset of the variety) and the
construction of a ring of fractions (localization in the sense that attention is
restricted to what happens near some Zariski closed subset) [26, 3]. Usually,
those constructions are formally very different, even though their interpre-
tations are similar. Using wheels instead of rings, both ideas are handled
by the same method: by projection onto a quotient. That suggests possible
simplifications.3

Finally, there should be applications to the development of constructive
mathematics, in which total functions are preferred to partial functions,
since the total reciprocal operation of wheels is a substitute for the ordinary
partial inversion function and as was commented on above, partial functions
into a field can be viewed as total functions into a wheel.4

A sketch

We indicate briefly what the basic ideas are. Proofs and technical verifica-
tions are postponed to the following sections.

The natural way of trying to introduce inverses to all elements of a
ring, is to modify the usual construction of rings of fractions. If A is a
commutative ring with identity, S a multiplicative submonoid of it, then
the usual construction is as follows: Define the relation ∼S on A× S (here
the product is taken in the category of sets) as

(x, s) ∼S (x′, s′) means ∃s′′ ∈ S : s′′(xs′ − x′s) = 0 .

Then ∼S is an equivalence relation and A × S/ ∼S is a commutative ring

3We do not treat algebraic geometry in this paper, but the statements in this paragraph
are rather obvious corollaries of the theory developed. It is also possible to treat the more
general situation of spectra and schemes.

4That a function f (think of the inversion of real numbers) is ‘partial’ on a set A
means that f(x) is defined provided a certain predicate holds for x, say, that P (x) is
true. In constructive type theory [38, 41], this is interpreted as that f takes pairs (x, p)
as arguments, with x an element of A and p a proof of P (x). Thus, formally, f is not at
all in the usual sense a partial function, but total on a set of pairs. In that sense, there
are no partial functions in constructive type theory, but the term ‘partial’ can still be
useful as a way of explaining that one informally thinks of f as defined on some ‘part’ of
A. Since a proof of P (x) is needed as an argument for f , it is clearly preferable to have
f replaced by a total function. That is a reason for asking for a program of reworking
mathematics without partial functions. This paper is in the line with such a program.
See the next paper, section 2.7, for a theory of partial functions in type theory.
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with (the class containing (x, y) is denoted by [x, y])

0 = [0, 1]

1 = [1, 1]

[x, s] + [x′, s′] = [xs′ + x′s, ss′]

[x, s][x′, s′] = [xx′, ss′] .

Clearly, 0 cannot be inverted unless 0 ∈ S, but if that is the case, then ∼S

is the improper relation, so that A× S/ ∼S is trivial.
The obvious thing to try is to replace A × S by A × A. Considering

the multiplicative structure only, A × S is a product of monoids and ∼S

a congruence relation on it. Let ≡S be the congruence relation that is
generated on the monoid A×A by ∼S . Then

(x, y) ≡S (x′, y′) ⇐⇒ ∃s, s′ ∈ S : (sx, sy) = (s′x′, s′y′) .

We define �SA (the wheel of fractions with respect to S) as A×A/ ≡S

with the operations

0 = [0, 1]

1 = [1, 1]

[x, y] + [x′, y′] = [xy′ + x′y, yy′]

[x, y][x′, y′] = [xx′, yy′]

/[x, y] = [y, x] .

This structure is not a ring (unless it is trivial), since 0x = 0 is not valid in
general: with x = [0, 0], we get 0x = [0, 0] which is not equal to [0, 1] unless
0 ∈ S, but then ≡S is improper and �SA is trivial.

The additive structure is a commutative monoid, as well as the multi-
plicative one. However, the group structure of addition is destroyed, since
[0, 0] + x = 0 has no solution in non-trivial cases. Instead, one has the for-
mula x−x = 0x2 if x− y is defined as x+(−1)y, where −1 = [−1, 1]. Thus
x−x = 0 is true for any x with 0x = 0; and in many wheels, there are many
such x’s.

The unary operation / is an involution on the multiplicative monoid,
i.e. //x = x and /(xy) = /y/x. We call it the ‘reciprocal’ operation, with
/x being the ‘reciprocal’ of x. One does not have x/x = 1 in general, but
x/x = 1 + 0x/x.5

Wheels of fractions are wheels, abstractly defined as follows.

5That x/x = 1 is not in general true, is the reason why we avoid the notation x−1 for
/x. The reciprocal should be thought of as a unary version of division, like negation is a
unary version of subtraction. The unary negation corresponds to the binary subtraction
by x− y = x+(−y) and −y = 0− y. In the same way, there is a correspondence between
the unary reciprocal and the binary division by x/y = x(/y) and /y = 1/y.
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Definition 1.1.1 (wheel). A wheel is a structure 〈H, 0, 1,+, ·, /〉 in which
the following holds:

〈H, 0,+〉 is a commutative monoid (1.1)

〈H, 1, ·, /〉 is a commutative monoid with involution / (1.2)

Distributivity

(x+ y)z + 0z = xz + yz (1.3)

x

y
+ z + 0y =

x+ yz

y
(1.4)

Rules for zero terms

0 · 0 = 0 (1.5)

(x+ 0y)z = xz + 0y (1.6)

/(x+ 0y) = /x+ 0y (1.7)

x+ 0/0 = 0/0 . (1.8)

Here, H is a set (we will use the same symbol for the wheel), 0 and 1 are
constants, + and · are binary operations and / is a unary operation. We often
omit the dot for multiplication and we sometimes write x

y for x/y. The usual
priority rules apply: lower -arity gives higher priority and multiplication is
prior to addition.

Note that the usual rule ‘0x = 0’, which states that “zero-terms can be
erased”, is replaced by rules stating that zero-terms can be moved in certain
ways in an expression. Indeed, (1.6) and (1.7) state that addition by a zero-
term commutes with multiplication and reciprocal, so that if a zero-term
occurs somewhere inside an expression, it can be moved outside.

Example 1.1.2. ((x+ 4 + 0y)(2 + 0z) + 0x)(2 + 0z) = ((x+ 4)2)2 + 0x+
0y + 0z + 0z.

As a derived rule (rule (1.10) on page 26), we have 0x + 0y = 0xy, so
that several zero-terms can be merged together in one.

Example 1.1.3. 0x+ 0y + 0z + 0z = 0xyz2.

The distributivity rule (1.3) looks different from the usual one, since we
have a zero-term on the left-hand side. But it reduces to the usual rule when
0z = 0. Since e.g. 0·2 = 0,6 we have (x+y)2 = x2+y2 and hence we get from
the examples above that ((x+4+0y)(2+0z)+0x)(2+0z) = 4x+16+0xyz2.

Some examples of wheels of fractions are (we list only the underlying
sets):

60(1 + 1) = 0(1 + 1) + 0 · 0 = 0 · 1 + 0 · 1 = 0 + 0 = 0.
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1. �Z\{0}Z = Q ∪ {/0, 0/0}.

2. �AA = {0}. This is the trivial wheel.

3. �{1}(Z/2Z) = {0, 1, /0, 0/0}.

4. �{1}Z, the set of fractions of integers where no identifications are
made. Hence two fractions are regarded as equal only if they have the
same numerators and the same denominators.

5. �{1,3}(Z/4Z) = {0, 1, 2, 3, /0, /2, 0/0, 0/2, 2/0, 2/2}. Note that this
wheel extends the ring Z/4Z with six new elements. Thus, it is possible
for such an extension to have more “new” elements than “old” ones.

6. �S0
A, where S0 = {x ∈ A | xy = xz ⇒ y = z}, is the ‘total wheel

of fractions’. It contains the well-known total ring of fractions as the
subset {x | 0x = 0}. Moreover, �S0

A is what we will call ‘/-invertible’:
if xy = 1, then y = /x. Hence / can be used to compute multiplicative
inverses whenever such exist.

7. �UA, where U is the set of units in A, is /-invertible and the subset
{x | 0x = 0} is an isomorphic copy of A. This shows that A can
be extended to a /-invertible wheel in a structure-preserving way (as
opposed to the construction of a total wheel of fractions, which often
kills a lot of ideals).

An advantage of wheels as compared to rings is that several rules that are
valid in rings only in special cases, will have counterparts that are generally
valid in wheels. One example is the rule

xz = yz & z 6= 0 ⇒ x = y

of integral domains, whose general counterpart for wheels is

xz = yz ⇒ x+ 0z/z = y + 0z/z

(derived rule (1.13) on page 26).
Since any ring can be extended to a wheel in a structure-preserving way,

one may always switch to wheel theory if one likes, even if one works with a
problem which originates from a context of rings. Suppose for instance that
a, b, c are elements of a ring A and that we have concluded that

ac = bc .

We may then think of a, b, c as elements of a /-invertible wheel that extends
A and use 0c = 0, concluding that

a+ 0/c = b+ 0/c .
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This does always make sense. Additional information about c can later be
used to go further in the calculation.

We arrived at wheels of fractions by a modification of a well-known
construction, and it was by no means clear that the chosen construction
yields the best result. We will however show that, in a certain sense, this
construction is very natural. We do that in the following steps.

First, we forget the operations 0 and + of the ring we started with, so that
we are left with the multiplicative monoid. We show that the construction
can be carried out in this setting, and that it solves a universal problem
for monoids. This shows that it is very natural from the point of view
of the multiplicative monoid. We then show that there is a unique way of
defining 0 and + such that the construction is functorial from the category of
semirings to the category of ‘weak wheels’, which is a very general category.
That unique way is precisely the one described above.

Convention. Any category with structures as objects is as-
sumed to have algebraic morphisms as arrows, i.e., mappings
that preserve all operations, including constants which are to be
viewed as nullary operations.

1.2 Involution Monoids

The construction sketched in the previous section was motivated by a wish to
make certain changes to the multiplicative monoid of a commutative ring. In
fact, if one forgets about the additive structure and treats the multiplicative
monoid only, then the construction becomes even more natural. A few
sections will therefore be devoted to a study of commutative monoids. In this
context, the motivation from the previous section amounts to the following.

Every monoid M comes with a partial inversion function, defined on the
group of units in M . M can be extended to a group only when every element
of it is cancellable. However, we will show that if M is commutative, then
it can always be extended to a commutative monoid with an involution ∗,
such that the partial inversion function of M is the restriction of ∗. This
will follow as an application of the more general construction given below.

Definitions and examples

We use the following notion of involution, the typical example being the
inverse of a group.

Definition 1.2.1 (involution). An involution on M is a mapping ∗ : M →
M such that

x∗∗ = x

(xy)∗ = y∗x∗ .



8 Wheels – On Division by Zero

Note that e∗ = e for the identity e, since e∗ = ee∗ = e∗∗e∗ = (ee∗)∗ =
e∗∗ = e. Therefore, an involution is a homomorphism M op → M . If M is
commutative, then an involution is precisely an automorphism of order 2.

Definition 1.2.2 (involution monoid). An involution monoid is a pair
〈M, ∗〉 where M is a monoid and ∗ an involution on it. A morphism of
involution monoids ϕ : 〈M, ∗〉 → 〈N, ?〉 is a monoid morphism M → N with
ϕ(x∗) = ϕ(x)? for every x.

Example 1.2.3. 1. A group with x∗ = x−1.

2. An Abelian group (or any commutative monoid) with ∗ being the
identity morphism.

3. The multiplicative monoid of a field together with

x∗ =

{
0 (x = 0)

x−1 (x 6= 0) .

Note however that this definition is constructive only if x = 0 is de-
cidable. That is not the case in e.g. R.

4. The monoid of n× n matrices with ∗ being transposition.

5. The monoid of strings from a given alphabet (e being the empty string
and the composition being concatenation) with x∗ being the string x
in reversed order.

As is seen, involutions can sometimes be used as approximations of inver-
sion functions. We therefore use the following different notions of inversion.

Definition 1.2.4. Let 〈M, ∗〉 be an involution monoid.

1. An element x ∈M is invertible or a unit if there exists a y ∈M with
xy = yx = e. This is the ordinary notion for monoids and we use the
ordinary notation x−1 for the element with xx−1 = x−1x = e. We call
x−1 the multiplicative inverse of x.

2. An element x ∈M is ∗-invertible or a ∗-unit if xx∗ = x∗x = e (hence
∗-units are units).

3. 〈M, ∗〉 is said to be ∗-invertible if all units are ∗-invertible, i.e., if
x−1 = x∗ whenever x−1 is defined.

Example 1.2.5. ‘Orthogonal’ is a more common term for ∗-invertible n×n-
matrices.
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The construction of involution monoids from commutative monoids

From now on, M is assumed to be a commutative monoid and
X a subset of it. S is assumed to be the submonoid generated
by X, i.e., S consists of all finite products of elements of X (e
being the empty product). Variables s, s′, s′′, . . . , s0, s1, . . . are
assumed to vary over S when nothing else is stated.

The ordinary construction of commutative monoids of fractions is pre-
cisely like that of commutative rings of fractions, except that one needs a
minor modification to take care of the fact that no subtraction is present.
Bourbaki [8] defines MX as the monoid M×S/ ∼S , where (m, s) ∼S (m′, s′)
means ∃s′′ : s′′ms′ = s′′m′s′. That construction solves the following univer-
sal problem:

Find a monoid MX with ι(M,X) : M →MX , having the property
that ι(M,X)(x) is a unit for every x ∈ X and whenever ϕ : M →
N is a monoid-morphism with ϕ(x) a unit for every x ∈ X, then
there is a unique ϕ̂ : MX → N with ϕ = ϕ̂ ◦ ι(M,X).

MX

ϕ̂

!!C
C

C
C

M

ι(M,X)

==zzzzzzzz ϕ // N

Informally, one asks that the elements of a subset X should ‘turn into
units’ when mapped into N and defines MX to be universal with that prop-
erty. Bourbaki does not assume that N is commutative, but the generality is
somewhat illusory, since the homomorphic image of a commutative monoid
is again commutative. Since everything takes place inside the image of M ,
one has all commutativity that is needed. One could therefore as well require
that N be commutative and handle a morphism M → N ′ (N ′ not commuta-
tive) by letting N be the image, factoring the morphism as M → N → N ′.

An analogue for involution monoids is to ask that the elements x ∈ X
should ‘turn into ?-units’ when mapped into an involution monoid 〈N, ?〉.
Formally, we state it as follows, with T denoting the forgetful functor taking
the monoid out of an involution monoid. Motivated by the arguments in
the previous paragraph, we assume that N is commutative.7

Find an involution monoid M∗
X with η(M,X) : M → T (M∗

X),
having the property that η(M,X)(x) is a ∗-unit for every x ∈ X
and whenever 〈N, ?〉 is a commutative involution monoid and ϕ :

7In our situation, this requirement is really essential, since we do not any longer work
inside the image of M , but in the generated involution monoid, which is not automatically
commutative.
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M → N a monoid-morphism with ϕ(x) a ?-unit for every x ∈ X,
then there is a unique ϕ̂ : M∗

X → 〈N, ?〉 with ϕ = T (ϕ̂) ◦ η(M,X).

T (M∗
X)

T (ϕ̂)

##G
G

G
G

G

M

η(M,X)

;;wwwwwwwww ϕ // N

We show how to find M∗
X . Consider the involution monoid 〈M ×M, ∗〉

where (x, y)∗ = (y, x) and define ≡S on it by

(x, y) ≡S (x′, y′) means ∃s1, s2 : (s1, s1)(x, y) = (s2, s2)(x
′, y′) .

Then ≡S is clearly reflexive and symmetric, but it is also transitive, since
if (s1, s1)(x, y) = (s2, s2)(x

′, y′) and (s3, s3)(x
′, y′) = (s4, s4)(x

′′, y′′), then
it follows that (s1s3, s1s3)(x, y) = (s2s4, s2s4)(x

′′, y′′). It is easily seen that
≡S preserves the operations, so that it is in fact a congruence relation. The
congruence class containing (x, y) will be denoted by [x, y].

Definition 1.2.6. Let M∗
X = 〈M ×M, ∗〉 / ≡S , and let η(M,X) : M →

T (M∗
X) be defined by x 7→ [x, e].

Theorem 1.2.7 (solution to the universal problem). Suppose 〈N, ?〉 is a
commutative involution monoid and ϕ : M → N a monoid-morphism with
ϕ(x) a ?-unit for every x ∈ X. Then ϕ̂([x, y]) = ϕ(x)ϕ(y)? defines a mor-
phism of involution monoids M∗

X → 〈N, ?〉 and if ψ is such a morphism too,
then ϕ = T (ψ) ◦ η(M,X) if and only if ψ = ϕ̂.

Proof. We first prove uniqueness of ψ. In order for it to extend ϕ, we must
have

ψ([x, y]) = ψ([x, e][y, e]∗)

= ψ([x, e])ψ([y, e])?

= ψ(η(M,X)(x))ψ(η(M,X)(y))
?

= ϕ(x)ϕ(y)?.

Hence, ϕ̂ is the only candidate. It is well-defined, since if [x, y] = [x′, y′]
then there are s1, s2 with (s1, s1)(x, y) = (s2, s2)(x

′, y′) and therefore

ϕ(x)ϕ(y)? = ϕ(x)eϕ(y)?

= ϕ(x)ϕ(s1)ϕ(s1)
?ϕ(y)?

= ϕ(xs1)ϕ(ys1)
?

= ϕ(x′s2)ϕ(y′s2)
?

= ϕ(x′)ϕ(s2)ϕ(s2)
?ϕ(y′)?

= ϕ(x′)eϕ(y′)?

= ϕ(x′)ϕ(y′)?.
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It is a monoid-morphism since

ϕ̂([x, y][x′, y′]) = ϕ̂([xx′, yy′])

= ϕ(xx′)ϕ(y′y)?

= ϕ(x)ϕ(x′)ϕ(y)?ϕ(y′)?

= ϕ(x)ϕ(y)?ϕ(x′)ϕ(y′)?

= ϕ̂([x, y])ϕ̂([x′, y′])

and

ϕ̂([e, e]) = ϕ(e)ϕ(e)? = ee? = e.

It preserves the involution since

ϕ̂([x, y]∗) = ϕ̂([y, x])

= ϕ(y)ϕ(x)?

= ϕ(y)??ϕ(x)?

= (ϕ(x)ϕ(y)?)?

= ϕ̂([x, y])? .

Insertion of the parent monoid

The mapping η(M,X) differs from the usual ι(M,X) only in the choice of
codomain, since we will see in theorem 1.2.10 that MX is included in M∗

X .
Hence, many properties of ι carry over to η. One such is that η(M,X) is not
in general injective.

Proposition 1.2.8. η(M,X)(a) = η(M,X)(b) iff there is some s ∈ S with
sa = sb.

Proof.

[a, e] = [b, e] ⇐⇒ ∃s1, s2 : (s1, s1)(a, e) = (s2, s2)(b, e)

⇐⇒ ∃s : sa = sb .

Corollary 1.2.9. η(M,X) is injective iff every x ∈ X is cancellable.

Proof. If every x ∈ X is cancellable, then every s ∈ S is too, since S is
generated by X. Hence sa = sb ⇒ a = b and the rest follows from the
proposition.

It is convenient to use the same symbol for an element of a monoid M
and its image under η(M,X), even when η(M,X) is not injective (remembering
that lack of injectivity means that equality in M ∗

X need not imply equality
in M). We will use that notation frequently. In particular, it allows us to
write xy∗ instead of [x, y].
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Theorem 1.2.10. The homomorphism η̂(M,X) : MX → T (M∗
X), induced by

η(M,X)

MX

η̂(M,X)

!!D
D

D
D

M

ι(M,X)

==|||||||| η(M,X) // T (M∗
X)

according to the universal property of MX , is injective.

Proof. This is best seen in a very concrete way, examining how the con-
structions of MX and M∗

X are related.
Let ∼S be the restriction of ≡S to M × S. Then

(x, s) ∼S (x′, s′) ⇐⇒ ∃s′′ : s′′xs′ = s′′x′s ,

because on the one hand, if s′′xs′ = s′′x′s, then we have

(s′′s′, s′′s′)(x, s) = (s′′xs′, s′′ss′) = (s′′x′s, s′′ss′) = (s′′s, s′′s)(x′, s′)

and on the other, if (s1, s1)(x, s) = (s2, s2)(x
′, s′), then

s1xs
′ = s2x

′s′ = s1x
′s .

Since ∼S is a restriction of ≡S , it follows that the mapping M × S/ ∼S→
M ×M/ ≡S is injective. This mapping is clearly η̂(M,X).

M × S // //

����

M ×M

����
M × S/ ∼S

//______ M ×M/ ≡S

We therefore regard MX as a submonoid of T (M∗
X).

The role of X in the structure of M
∗
X

When exploring possible structures of M ∗
X , we don’t have to consider arbi-

trary subsets X, but only submonoids S, since M ∗
X = M∗

S when S is the
submonoid generated by X. When comfortable, we may even restrict our
attention to a special class of submonoids: those “closed under division”.

Definition 1.2.11. A submonoid S of M is closed under division if it holds
that

sx ∈ S ⇒ x ∈ S. (s ∈ S, x ∈M)

Definition 1.2.12. The divisional closure of a submonoid S of M is the
smallest submonoid of M that contains S and is closed under division.
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Lemma 1.2.13. S̃ = {x ∈M | ∃s : sx ∈ S} is the divisional closure of S.

Proof. Since es ∈ S, we have s ∈ S̃ and hence S ⊂ S̃.
It is obvious that S̃ cannot be smaller, the question is whether it is closed

under multiplication and division. Suppose x, y ∈ S̃, say s1x, s2y ∈ S. Then
(s1s2)(xy) ∈ S, so that xy ∈ S̃. Hence it is a submonoid of M .

To see that it is closed under division, suppose that s̃x ∈ S̃, with s̃ ∈ S̃.
Then there is an s with s(s̃x) ∈ S. But there is also an s′ such that s′s̃ ∈ S.
Then ss′s̃ ∈ S and (ss′s̃)x = (ss′)(s̃x) ∈ S, so that x ∈ S̃.

This is an algebraic closure operator (in the sense of e.g. [9]).

Proposition 1.2.14. M∗
X = M∗

S = M∗
S̃

(they are identical as sets and have
identical operations).

Proof. It is clear by definition of M∗
X that it is identical to M∗

S . We prove
M∗

S = M∗
S̃
.

Suppose that [x, y] = [x′, y′] in M∗
S , say (s1, s1)(x, y) = (s2, s2)(x

′, y′).
Then, since S ⊂ S̃, [x, y] = [x′, y′] in M∗

S̃
. On the other hand, suppose

[x, y] = [x′, y′] in M∗
S̃
, say (x1, x1)(x, y) = (x2, x2)(x

′, y′) with x1, x2 ∈ S̃.

Then there are by definition of S̃ some s1, s2 ∈ S with s1x1, s2x2 ∈ S.
Hence ((s1x1)s2, (s1x1)s2)(x, y) = (s1(s2x2), s1(s2x2))(x

′, y′), which means
that [x, y] = [x′, y′] in M∗

S .
Thus M∗

S and M∗
S̃

are identical as sets. Their operations are identical
since they are defined in the same way.

We now investigate the connection between the involution of M ∗
S and

the partial inversion function on its underlying monoid.

Proposition 1.2.15. η(M,X)(x) is ∗-invertible if and only if x belongs to
the divisional closure of the submonoid S generated by X.

Proof. Let x ∈ S̃, say sx = s′ ∈ S. Then (s, s)(x, x) = (s′, s′)(e, e), so that
xx∗ = e in M∗

S .
On the other hand, suppose xx∗ = e in M∗

S , say

(s, s)(x, x) = (s′, s′)(e, e) .

Then sx = s′ ∈ S, so that x ∈ S̃.

In particular, we will often (and without explanation) use that ss∗ = e
for any s ∈ S.

Definition 1.2.16. A submonoid S ⊂M is saturated if xy ∈ S ⇒ x, y ∈ S.

Example 1.2.17. The group of units is saturated as a subset of M .

Example 1.2.18. Let S0 = {x ∈ A | xy = xz ⇒ y = z}. It is saturated as
a subset of M . We call it “the submonoid of cancellable elements”.
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Proposition 1.2.19. M∗
S is ∗-invertible if and only if S̃ is saturated in M .

Proof. By proposition 1.2.14 we may assume that S = S̃.
Suppose that S is saturated and [a, b] is a unit in M ∗

S , say [a, b][a′, b′] = e,
which is to say that (s1, s1)(aa

′, bb′) = (s2, s2)(e, e) for some s1, s2. Then
s1aa

′ = s1bb
′ = s2 ∈ S, so that a, b ∈ S by saturation. Hence ab ∈ S so that

[a, b][a, b]∗ = [ab, ab] = e.
Suppose on the other hand that every unit is ∗-invertible and take xy ∈

S. We shall prove x ∈ S. InM∗
S , x is a unit with x−1 = y(xy)∗, but then it is

∗-invertible by assumption, so that y(xy)∗ = x∗. That means that there are
s1, s2 with (s1, s1)(y, xy) = (s2, s2)(e, x), in particular s2x = s1(xy). But xy
was taken from S, so we conclude that s2x ∈ S and hence that x ∈ S̃. Since
we have assumed that S = S̃, we get x ∈ S. A similar argument proves that
y ∈ S.

Corollary 1.2.20. Let U be the group of units in M . Then M ∗
U is ∗-

invertible and it contains M as a submonoid (this solves the problem of
finding an extension of M together with an involution extending the partial
inversion function of M).

Proof. Since U is saturated, M∗
U is ∗-invertible by the previous proposition.

By corollary 1.2.9, η(M,U) is injective, since units are cancellable.

Proposition 1.2.21. The restriction to M of the involution of M ∗
U , is the

partial inversion function of M .

Proof. The restriction of ∗ to M extends the partial inversion function since
M∗

U is ∗-invertible. We shall prove that if x, y ∈ M with y = x∗ in M∗
U ,

then xy = e. Suppose therefore that x, y ∈ M and that y = x∗. The latter
means that there are units u1, u2 ∈ M with (u1, u1)(y, e) = (u2, u2)(e, x),
but then u2x = u1, so that x ∈ U . Hence xx∗ = e, thus xy = e.

The construction as a functor

We may turn the construction (M,X) 7→ M ∗
X into a functor F in the fol-

lowing way.
Let C be the category of pairs (M,X) where M is a commutative monoid

and X a subset of M . A C-arrow (M,X) → (M ′, X ′) is a monoid-morphism
ϕ : M → M ′ with ϕ(X) ⊂ X ′. Define F (M,X) to be M∗

X and F (ϕ) to be
the mapping [x, y] 7→ [ϕ(x), ϕ(y)]. It is well-defined since if [x, y] = [x′, y′],
then there are s1, s2 such that (s1, s1)(x, y) = (s2, s2)(x

′, y′). Since ϕ(X) ⊂
X ′, it follows that ϕ(s1) and ϕ(s2) are elements of the submonoid generated
by X ′. Since

(ϕ(s1), ϕ(s1))(ϕ(x), ϕ(y)) = (ϕ(s2), ϕ(s2))(ϕ(x′), ϕ(y′)) ,

it follows that [ϕ(x), ϕ(y)] = [ϕ(x′), ϕ(y′)]. It is easily seen that F (ϕ) is a
morphism of involution monoids. It is now easy to check that F is a functor
from C to the category CInvMon of commutative involution monoids.



1.3 Applications to Semirings 15

Proposition 1.2.22. F has a right adjoint G, which is defined on objects
by 〈M, ∗〉 7→ (M,X), with X the set of ∗-units in 〈M, ∗〉, and on morphisms
by α 7→ T (α). η is a natural transformation from the identity to GF and it
is the unit of the adjunction. The counit is ε with ε〈M,∗〉 : [x, y] 7→ xy∗.

Proof. η(M,X) maps X into the set U of ∗-units, thus is a C-arrow from
(M,X) to T (M∗

X , U). The naturality is obvious.
We have to prove that

(εF )(M,X)(Fη)(M,X) = IdM∗
X

and
(Gε)〈M,∗〉(ηF )〈M,∗〉 = IdG(〈M,∗〉) .

(εF )(M,X) : FG(M∗
X) →M∗

X by [[x, y], [z, w]] 7→ [xw, yz]

(Fη)(M,X) : M∗
X → FG(M∗

X) by [x, y] 7→ [[x, e], [y, e]]

(Gε)〈M,∗〉 : GFG(〈M, ∗〉) → G(〈M, ∗〉) by [x, y] 7→ xy∗

(ηG)〈M,∗〉 : G(〈M, ∗〉) → GFG(〈M, ∗〉) by x 7→ [x, e]

Then

(εF )(M,X)(Fη)(M,X)([x, y]) = (εF )(M,X)([[x, e], [y, e]]) = [xe, ye] = [x, y]

and
(Gε)〈M,∗〉(ηG)〈M,∗〉(x) = (Gε)〈M,∗〉([x, e]) = xe∗ = x .

η̂(M,X) is a transformation from MX to T (M∗
X), natural in (M,X).

Remark 1.2.23. Involutions on monoids 〈M, 0,+〉 will throughout be de-
noted by −. We write −x for x∗ in this case. Further, we write x − y
for x+ (−y). Likewise, involutions on monoids 〈M, 1, ·〉 will throughout be
denoted by /. We write /x for x∗ in this case. Further, we write x/y for
x · (/y).

1.3 Applications to Semirings

The consideration of commutative monoids leads naturally to consideration
of semirings in the sense of e.g. Golan [23] (we define this notion below, the
word ‘semiring’ has no uniform meaning in the literature), in the following
way.

When addition has been defined on the natural numbers, turning N into
a commutative monoid, one finds that N can be used to add, not only
finite collections of elements, but also finite collections of equally large finite
collections of elements. This motivates the introduction of multiplication on
N.
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The argument in the previous paragraph is an elementary way of saying
that N can be viewed as its own endomorphism monoid with multiplication
being composition. The combination with addition turns N into a semiring.

In general, suppose that M = 〈M, 0,+〉 is a commutative monoid. Then
its monoid End(M) of endomorphisms has a natural additive structure in-
herited from M by

0(x) = 0,

(f + g)(x) = f(x) + g(x) .

These definitions make End(M) a semiring.

Definition 1.3.1. A semiring is a structure 〈M, 0, 1,+, ·〉 such that

1. 〈M, 0,+〉 is a commutative monoid.

2. 〈M, 1, ·〉 is a monoid.

3. (x+ y)z = xz + yz and x(y + z) = xy + xz.

4. 0x = x0 = 0.

We do not exclude the trivial case 0 = 1.
If there is a solution a to the equation 1+x = 0 in a semiring A, then we

may define −x = ax and we get x + (−x) = 1x + ax = (1 + a)x = 0x = 0,
so that A is a ring in this case.

Beside the important example End(M), we have many mathematical
structures that are semirings, for instance:

1. Any ring with identity.

2. The (left or right) ideals of a ring, with I +J defined to be {i+ j | i ∈
I, j ∈ J} and IJ defined to be the (left or right) ideal generated by
{ij | i ∈ I, j ∈ J}. 0 is the trivial ideal and 1 is the improper ideal.

3. Any bounded distributive lattice, like Heyting algebras and Boolean
algebras. Here 〈0, 1,+, ·〉 is 〈⊥,>,∨,∧〉.

We need some definitions, which are taken from [23], except that we use
the word ‘module’ for what there is called ‘semimodule’. The reason for this
choice is that ‘module’ is shorter and we see no point in distinguishing the
notions since if A happens to be a ring, then an A-module in the following
sense is automatically an A-module in the sense of rings, since if we define
−m = (−1)m, then m+ (−m) = (1 + (−1))m = 0m = 0.

Definition 1.3.2. Let A be a semiring. A left A-module is a commuta-
tive monoid 〈M, 0,+〉 with multiplication by A-elements to the left defined
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(formally, a function A×M → M written (a,m) 7→ am) such that for any
a, a′ ∈ A, m,m′ ∈M ,

(aa′)m = a(a′m)

1m = m

(a+ a′)m = am+ a′m

a(m+m′) = am+ am′

0m = 0

a0 = 0

where 0 to the left is in A, while 0 to the right or alone is in M .

Every commutative monoid 〈M, e, ·〉 is an N-module with the multipli-
cation (n,m) 7→ mn. This is in analogy with the fact that every Abelian
group is a Z-module.

Definition 1.3.3. A left ideal of A is a left A-module inside A; i.e., it is a
submonoid of the additive monoid of A and it is closed under multiplication
to the left by any element from A.8

The notions of right A-module and right ideal are defined analogously.

Applications to additive monoids of semirings

We show how our construction can be used for extending a semiring so that
an additive involution − can be defined on the result. The process is similar
to the construction of Z from N, but it does not need that all elements are
additively cancellable.

The idea is that we first apply our construction to the additive monoid,
then defining multiplication on the result.

Suppose that 〈A, 0,+〉 is the additive monoid of a semiring A and that
X is a subset. Let S be the right ideal generated by X; i.e., S consists of
all finite sums ∑

i

xiai (xi ∈ X, ai ∈ A) .

We use the construction 〈A, 0,+〉∗S , given in section 1.2, writing −x for
x∗. In section 1.2, we remarked that each element of M ∗

X is of the form
xy∗ for x, y ∈ M ; the corresponding statement now is that each element
is of the form x + (−y), which will be written as x − y. Such elements
x− y and x′− y′ (with x, y, x′, y′ ∈ A) are equal when there exists s, s′ with
(s, s) + (x, y) = (s′, s′) + (x′, y′) in A × A (in particular, 1 − 1 = 0 holds
precisely when there is some s such that s+ 1 ∈ S, see proposition 1.2.15).

8We accept improper ideals, which [23] does not. This is natural since we accept trivial
semirings.
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We now define a ‘multiplication’ by

(x− y)(z − w) = (xz + yw) − (xw + yz). (x, y, z, w ∈ A)

It is well-defined, since if x − y = x′ − y′, then there are s, s′ ∈ S with
(s, s) + (x, y) = (s′, s′) + (x′, y′) in A×A, so that

(sx′ + sy′, sx′ + sy′) + (xz + yw, xw + yz)

= ((s+ x)z + (s+ y)w, (s+ x)w + (s+ y)z)

= ((s′ + x′)z + (s′ + y′)w, (s′ + x′)w + (s′ + y′)z)

= (s′z + s′w, s′w + s′z) + (x′z + y′w, x′w + y′z)

and since S is a right ideal, sx′ + sy′ ∈ S and s′z + s′w ∈ S. Hence
(xz + yz) − (xw + yz) = (x′z + y′z) − (x′w + y′z).

The structure obtained, together with the constant 1, will be denoted
by A−

X . It is clearly a semiring: indeed, it is a quotient of A−
∅ which is

the ‘convolution algebra’, or ‘monoid-semiring’, on A defined by the monoid
{1,−1}.9 A natural morphism η(A,X) : A → A−

X is given by η(A,X)(x) =
η(〈A,0,+〉,X)(x) = x.

Example 1.3.4. Z = N−
N

.

Example 1.3.5. An example when 1 − 1 6= 0 is obtained by thinking of
machines not capable of counting with elements larger than the natural
number N .

Let ∼ be defined on N as “equal or large”, formally:

x ∼ y means x = y ∨ (x ≥ N & y ≥ N) .

Then ∼ is a congruence relation and N/∼ consists ofN+1 elements. Since no
element except 0 is additively cancellable, we cannot introduce an additive
inverse, but we may construct (N/∼)−∅ , in which 1 − 1 6= 0.

Now, consider (N/∼)× (Z/7Z) (it can be thought of as a data structure
with elements being pairs representing numbers together with a day of the
week). An element (x, y) of it is additively cancellable if and only if x = 0.
Let S0 be the set of such elements. It holds in ((N/∼) × (Z/7Z))−S0

that
(0, x) − (0, x) = 0, but not that 1 − 1 = 0.

Example 1.3.6. Let N∞ be N extended with an element ∞ with

x+ ∞ = ∞ + x = ∞

x∞ = ∞x =

{
0 (x = 0)

∞ (x 6= 0).

9See [23, example 3.3, p. 29]. The notation is different.
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This notion of infinity differs from that in the introduction, since here we
have 0∞ = 0, while we had 0∞ = ⊥ in the introduction.

N∞ is clearly a semiring, thus we may construct (N∞)−X . However, if
a ∈ X for some a 6= 0, then ∞ is an element of the right ideal generated
by X, hence (N∞)−X is trivial, since (∞,∞) + (x, y) = (∞,∞) + (x′, y′) for
all x, y, x′, y′. Hence, if we want non-triviality, we need to take X ⊂ {0},
ending up with the structure (N∞)−∅ . In that structure, x − x = 0 is true
only for x = 0.

The operation − makes A−
X a semiring−:

Definition 1.3.7. A semiring− is a semiring with an additive involution −
such that

−x = (−1)x = x(−1) .

A homomorphism of semirings− is a semiring homomorphism which also
preserves −.

One could also describe a semiring− as a semiring with a constant −1
such that (−1)(−1) = 1 and (−1)x = x(−1) for all x. An involution with
the required properties is then given by −x = (−1)x.

Note that a ring is precisely a semiring− in which 1− 1 = 0 holds. Then
x− x = (1 − 1)x = 0x = 0 for all x.

The construction solves the following universal problem. Let T be the
functor which forgets the − of semirings−, turning them into semirings.

Theorem 1.3.8. Suppose that A is a semiring and X a subset of it. Suppose
also that B is a semiring− and ϕ : A → T (B) a semiring morphism such
that ϕ(x) − ϕ(x) = 0 for all x ∈ X. Then there exists a unique morphism
ϕ̂ : A−

X → B of semirings− such that ϕ = T (ϕ̂) ◦ η(A,X).

T (A−
X)

T (ϕ̂)

##H
H

H
H

H

A

η(A,X)

<<zzzzzzzzz ϕ // T (B)

Proof. Note first that if s ∈ S, then ϕ(s) − ϕ(s) = 0, since

ϕ(
∑

i

xiai) − ϕ(
∑

i

xiai) =
∑

i

(ϕ(xi) − ϕ(xi))ϕ(ai)

=
∑

i

(0ϕ(ai)) = 0 .

Hence, we may replace X by S everywhere in the statement of the theorem.
Then theorem 1.2.7 gives the unique candidate ϕ̂ : [x, y] 7→ ϕ(x)−ϕ(y) and
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proves that it preserves 0,+,−. It also preserves 1, since ϕ̂(1) = ϕ̂([1, 0]) =
ϕ(1) = 1. Preservation of multiplication is checked thus: Let x, y, z, w ∈ A.

ϕ̂((x− y)(z − w)) = ϕ̂((xz + yw) − (xw + yz))

= ϕ(xz + yw) − ϕ(xw + yz)

= ϕ(x)ϕ(z) + ϕ(y)ϕ(w) − (ϕ(x)ϕ(w) + ϕ(y)ϕ(z))

= (ϕ(x) − ϕ(y))(ϕ(z) − ϕ(w))

= ϕ̂(x− y)ϕ̂(z − w) .

The rules −x = (−1)x = x(−1) were applied in the fourth step.

Applications to multiplicative monoids of commutative semirings

In the following, all monoids and semirings are assumed to be
commutative (a semiring is commutative if + and · are com-
mutative). When we use notions like units, divisional closures
etc., we refer to the multiplicative monoid (when nothing else is
stated).

We will sometimes write x
y for x/y.

Given a commutative semiring, one may first apply the construction to
the additive monoid, introducing an additive involution as was explained in
the previous section. One may then continue by applying the construction
to the multiplicative monoid, introducing also a multiplicative involution
/. We show in this section how that second step is carried out. It is not
necessary that an additive involution is present, one may as well start from
a plain semiring. However, if both − and / are wanted, then − should be
constructed first, since the result of the construction in this section will not
be a semiring anymore.

In section 1.1, it was sketched how this construction is made. We there
supposed that it was applied to a ring, but semirings work as well. We now
show that the choice of definition of + was not arbitrary, it is the unique
choice which yields a functorial definition (using some very general condi-
tions). More precisely, let M be the multiplicative monoid of a semiring.
Then there is a unique way of defining on M ∗

X a binary operation + with
neutral element 0, such that the functor F : (M,X) 7→ M ∗

X acts functori-
ally also with respect to 0 and + and such that η(M,X) preserves also these
operations.

Technically, we state it in the theorem below. We need some preliminar-
ies.

Definition 1.3.9. Let C′ be the category with objects (A,X) where A is a
(commutative) semiring and X a subset of it. An arrow (A,X) → (A′, X ′)
is a semiring morphism ϕ : A→ A′ with ϕ(X) ⊂ X ′.
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Note that there is a forgetful functor T1 : C′ → C (the category C was
defined on page 14), forgetting the additive structure.

Definition 1.3.10 (weak wheel). A weak wheel is a structure of the form
〈H, 0, 1,+, ·, /〉 with 〈H, 1, ·, /〉 a commutative involution monoid and 0 neu-
tral for +, i.e. 0 + x = x+ 0 = x.

Let T2 be the forgetful functor (forgetting 0 and +) from the category
WW of weak wheels to the category CInvMon of commutative involution
monoids.

Theorem 1.3.11. There is a unique functor F ′ : C′ → WW such that the
diagram

C′ F ′

//____

T1

��

WW

T2

��
C

F // CInvMon

commutes and such that, for each (A,X), there is an operation-preserving
function η(A,X) which makes the following diagram commute (here M is the
multiplicative monoid of A).

(A,X)
η(A,X)//___

x7→x

��

F ′(A,X)

x7→x

��
(M,X)

η(M,X) // M∗
X

Proof. There is a unique possible definition of η(A,X): by the second dia-
gram, F ′(A,X) is M∗

X with additional structure (with the notation / in-
stead of ∗ and with ‘x

y ’ sometimes denoting x/y), so that we must have

η(A,X)(x) = η(M,X)(x).
We therefore define η(A,X) as x 7→ η(M,X)(x). We then have what is

needed to check that the second diagram commutes, but it is not clear that
η(A,X) preserves the operations, since 0 and + have not yet been defined.

Preservation of 0 requires that 0 be defined in F ′(A,X) as η(A,X)(0),
which has to be η(M,X)(0) by the previous paragraph. We therefore make
this definition. Note that it is compatible with our general use of the nota-
tion ‘x’ for η(M,X)(x).

It remains to investigate how + must be defined in order for η(A,X) to
preserve + and for the upper diagram to commute.

Uniqueness

The requirement that + be preserved by η(A,X) means that there should be
no difference between η(A,X)(x) + η(A,X)(y) and η(A,X)(x + y). Thus, we
may safely use the notation ‘x+ y’ for both.
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We have to know how F ′ must act on arrows. Let ϕ be an arrow in
C′. How F ′(ϕ) acts on elements is given by how it acts after the forgetful
functor T2 has been applied. We have for x, y ∈ A that ((T2F

′)(ϕ))(x/y) =
((FT1)(ϕ))(x/y) = ϕ(x)/ϕ(y).

Consider N[x1,x2,x3,x4], the semiring of polynomials in four variables
with natural numbers as coefficients.10 Clearly, in F ′(N[x1,x2,x3,x4], ∅),
we have

x1

x2
+

x3

x4
=
p(x1,x2,x3,x4)

q(x1,x2,x3,x4)

for some pair of polynomials (p, q) with natural numbers as coefficients. For
any (A,X) in C′ and any a1, a2, a3, a4 ∈ A, there is a unique morphism
ϕ : (N[x1,x2,x3,x4], ∅) → (A,X) with ϕ(xi) = ai, hence

a1

a2
+
a3

a4
=
ϕ(x1)

ϕ(x2)
+
ϕ(x3)

ϕ(x4)
= (F ′(ϕ))

(
x1

x2
+

x3

x4

)

= (F ′(ϕ))

(
p(x1,x2,x3,x4)

q(x1,x2,x3,x4)

)
=
ϕ(p(x1,x2,x3,x4))

ϕ(q(x1,x2,x3,x4))

=
p(a1, a2, a3, a4)

q(a1, a2, a3, a4)
.

So, addition has to be defined by p and q in F ′(A,X), for any choice of
(A,X). The polynomials p and q are homogeneous of the same degree, since
in F ′(N, {2}) we must have (for x, y, z, w ∈ N)

p(2x, 2y, 2z, 2w)

q(2x, 2y, 2z, 2w)
=

2x

2y
+

2z

2w
=

2

2
· x
y

+
2

2
· z
w

= 1 · x
y

+ 1 · z
w

=
x

y
+
z

w
=
p(x, y, z, w)

q(x, y, z, w)

so that there exist n,m with

(2n, 2n)(p(2x, 2y, 2z, 2w), q(2x, 2y, 2z, 2w)) =

(2m, 2m)(p(x, y, z, w), q(x, y, z, w)).

But then p and q must be homogeneous of degree m− n.
We now compute q. Since the η(A,X) are required to preserve +, we must

have
x

1
+
y

1
=
x+ y

1

so that q(x, 1, z, 1) = 1. Hence q(x, y, z, w) = yiwj for some i, j with i+ j =
m− n. Since 0 is required to be neutral for +, we must also have

x

y
+

0

1
=
x

y
,

0

1
+
z

w
=
z

w
,

10We use x1,x2,x3,x4 as formal symbols (object variables), distinguishing them from
(meta) variables x1, x2, x3, x4.
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hence q(x, y, 0, 1) = y and q(0, 1, z, w) = w. Hence i = j = 1 and we
conclude that q(x, y, z, w) = yw.

We now compute p, which has to be homogeneous of degree 2, as q
is. Preservation of + gives (see above) that p(x, 1, z, 1) = x + z, hence
p(x, y, z, w) = xykw1−k + zy`w1−` for some k, ` ∈ {0, 1}. That 0 is neutral
gives p(x, y, 0, 1) = x and p(0, 1, z, w) = z, hence k = 0 and ` = 1, so that
p(x, y, z, w) = xw + yz.

Existence

Let F ′(A,X) be M∗
X (again with the notation / instead of ∗ and with ‘ x

y ’

sometimes denoting x/y) with 0 = [0, 1] and + defined as

x

y
+
z

w
=
xw + yz

yw
(x, y, z, w ∈ A) .

It is well-defined, since if x′, y′, z′, w′ ∈ A and x′/y′ = x/y and z′/w′ =
z/w, then there are s1, s2, s3, s4 with (s1, s1)(x, y) = (s2, s2)(x

′, y′) and
(s3, s3)(z, w) = (s4, s4)(z

′, w′), hence

x′w′ + y′z′

y′w′
=
s2s4
s2s4

· x
′w′ + y′z′

y′w′

=
s2x

′s4w
′ + s2y

′s4z
′

s2y′s4w′

=
s1xs3w + s1ys3z

s1ys3w

=
s1s3
s1s3

· xw + yz

yw
=
xw + yz

yw
.

If ϕ : (A,XA) → (B,XB) is a C′-arrow, then let F ′(ϕ) be x/y 7→
ϕ(x)/ϕ(y) (for x, y ∈ A). Let us check that it is well-defined. Let SA be
the multiplicative monoid generated by XA and SB the one generated by
XB . That ϕ is a C′-arrow means that ϕ(XA) ⊂ XB , hence ϕ(s) ∈ SB

for all s ∈ SA, so that every ϕ(s) is /-invertible in F ′(B,X). Suppose
x/y = x′/y′ with x′, y′ ∈ A. That means that there are s, s′ ∈ S such that
(s, s)(x, y) = (s′, s′)(x′, y′) and hence

ϕ(x′)

ϕ(y′)
=
ϕ(s′)

ϕ(s′)
· ϕ(x′)

ϕ(y′)

=
ϕ(s′x′)

ϕ(s′y′)

=
ϕ(sx)

ϕ(sy)

=
ϕ(s)

ϕ(s)
· ϕ(x)

ϕ(y)
=
ϕ(x)

ϕ(y)
.

F ′ is now clearly a functor.
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According to the proof of this theorem, the construction of wheels of
fractions, as given in section 1.1, is in a sense the most well-behaving one
can have as a solution to the problem of making division a total function.
We used the category WW as a tool for showing that, and we will not
need this category anymore, neither the functor F ′, as defined in the proof
above. Instead, we use the full subcategory Wheel, with objects being the
wheels (definition 1.1.1). We regard � as a functor C′ → Wheel, given
by (A,X) 7→ �XA and ϕ 7→ (x/y 7→ ϕ(x)/ϕ(y)) (it is easy to verify that
wheels of fractions are indeed wheels). The full subcategory of wheels of
fractions will be denoted by WF.

Note that �XA is defined for any commutative semiring A, not only for
rings as was the case in section 1.1.

Example 1.3.12. �∅N is the initial object in Wheel.

Example 1.3.13. �N\{0}N is the wheel which is obtained from the semiring
of non-negative rational numbers by adjoining two extra elements 1/0 and
0/0.

The next proposition shows that the wheels of fractions are special among
the wheels and the theorem after states that these rules characterize wheels
of fractions completely up to isomorphism.

Proposition 1.3.14. Any wheel of fractions is a wheel (definition 1.1.1 on
page 5) and it satisfies

1. ∀x∃y∃z : x = y/z & 0y = 0z = 0,

2. ∀x∀y∀x′∀y′
(
(x/y = x′/y′ & 0x = 0y = 0x′ = 0y′ = 0) ⇒

∃z(x = zx′ & y = zy′ & 0z = 0/z = 0)
)
.

Proof. That a wheel of fractions is a wheel is straightforward to check.
To show ∀x∃y∃z : x = y/z & 0y = 0z = 0, use that every element

x ∈ �XA is of the form y/z, where y, z ∈ A.
See theorem 1.4.17 for the proof of 2.

Theorem 1.3.15 (completeness for wheels of fractions). A wheel is iso-
morphic to a wheel of fractions if and only if it has the properties given in
the previous proposition.

Proof. See theorem 1.4.17.

Remark 1.3.16. We refer in the proofs to theorem 1.4.17 which is not yet
given. There is no risk for circular reasoning, since we will not use these
results for deriving others, just for constructions of some examples. We state
them now because it is good to know a complete axiomatization in order to
understand the class of structures under consideration.
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1.4 Wheels

Since the class of wheels is defined by a set of equations (it is an ‘equational
class’), it follows that substructures of wheels are wheels (‘subwheels’), that
homomorphic images of wheels are wheels, and that products of wheels are
wheels (for formal definitions, see some textbook in universal algebra, e.g.
[9, 25]). It is also complete and cocomplete as a category (see [7, p. 138]).

The corresponding is however not true for wheels of fractions: there are
such which have subwheels or quotients that are not isomorphic to any wheel
of fractions.

Example 1.4.1. Let A be the ring of functions Z × Z → Z, with the
operations defined point-wise. Let x be the element [π1, π2] of �∅A, with
π1(x, y) = x and π2(x, y) = y. Let H be the subwheel generated by x,
i.e., the elements of H are those which are given by terms composed of
(zero or more occurrences of) x and the operations. We will show that
∀x∃y∃z : x = y/z & 0y = 0z = 0 fails to hold in H. We do that by showing
that for any y, z ∈ H with 0y = 0z = 0, we have x 6= y/z.

Every element [f, g] of �∅A defines a function Z × Z → Z × Z by
[f, g](x, y) = (f(x, y), g(x, y)). x defines the identity function. Note that

x(0, 0) = (0, 0)

(x + [f, g])(0, 0) = (0, 0)

(x · [f, g])(0, 0) = (0, 0)

(/x)(0, 0) = (0, 0)

so that the elements of H which are given by terms in which x occurs at
least once, define functions that take the value (0, 0) in at least one point.

Suppose 0y = 0z = 0 and y, z ∈ H. Take f, g such that y = [f, g]. Then
0y = [0, g] = [0, 1], but then g = 1 and hence y = [f, 1], so that y defines a
function that does not take (0, 0) as value. Hence y is described by a term
that does not contain x. The same argument applies to z. But then y/z is
described by a term which does not contain x, so that y/z defines a constant
function. Then x 6= y/z, since the function defined by x is not constant.

Hence H is not isomorphic to any wheel of fractions.

Example 1.4.2. Let H = �{1,3}(Z/4Z) and define the congruence relation

x ≡ y means x = y ∨ x, y ∈ {0/0, 0/2, 2/0, 2/2} .

Then the rule ∀x, y, x′, y′ : (x/y = x′/y′ & 0x = 0y = 0x′ = 0y′ = 0 ⇒ ∃z :
x = zx′&y = zy′&0z = 0/z = 0) fails in H/ ≡, since 0/0 = 2/2, but 2 6= z0
for every z.

Hence H/ ≡ is not isomorphic to any wheel of fractions.
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Hence, the class of wheels isomorphic to wheels of fractions is not ax-
iomatizable by equations. It is therefore not an accident that we needed
non-equational rules to characterize (up to isomorphism) the wheels of frac-
tions among the wheels.

It is not satisfactory to work in a class that is not closed under such
operations, sooner or later one is lead to consider constructions like those
given above. Also, it is not satisfactory to succeed in making division total,
but introducing partiality of important class operations.

That is the reason why we choose to study wheels, instead of wheels of
fractions only.

Basic properties

We devote some pages to an abstract study of wheels (definition 1.1.1, p. 5).
Remember that the distributivity rule (1.3) for wheels looks different from
the one for rings (or semirings), but when 0z = 0, it gives that (x + y)z =
xz + yz. We emphasize this fact now once and for all, in the following we
will apply it freely in computing things like 0(x+ y) = 0x+ 0y.

Proposition 1.4.3 (derived rules). The following rules hold in wheels:

/1 = 1 (1.9)

0x+ 0y = 0xy (1.10)

(0/0)x = 0/0 (1.11)

x/x = 1 + 0x/x (1.12)

xz = yz ⇒ x+ 0z/z = y + 0z/z . (1.13)

Proof. (1.9) Since / is an involution. To repeat the argument: /1 = 1/1 =
//1/1 = /(/1 · 1) = //1 = 1.

(1.10) 0x+ 0y
(1.6)
= (0 + 0y)x = 0xy.

(1.11) (0/0)x = 0x/0
(1.10)
= 0x+ 0/0

(1.8)
= 0/0.

(1.12) x/x = (0 + x · 1)/x (1.4)
= 0/x+ 1 + 0x

(1.10)
= 1 + 0x/x.

(1.13) One should really learn to do without implicational rules like this, but
we state it since it is characteristic for computations in wheel algebra.

xz = yz

xz/z = yz/z

x(1 + 0z/z) = y(1 + 0z/z) by (1.12)

x+ 0z/z = y + 0z/z . by (1.6)
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Note that by (1.8) and (1.11), a term is equal to ‘0/0’ if it contains ‘0/0’
as a subterm.

A notion of negation can sometimes be introduced. If H is a wheel and
a ∈ H with 0a = 0 and a2 = 1, then − : x 7→ ax is an additive involution
since a(x + y) = (x + y)a + 0a = xa + ya = ay + ax and aax = 1x = x.
There are at least three natural ways in which such an a can appear.

1. a = 1. This gives the identity (thus not an interesting involution to
use).

2. If H = �XA with A a semiring−. Then a = −1 gives an involution
which extends the − of A. If A is a ring, then this case coincides with
the next.

3. If a is a solution to the equation 1 + x = 0, then 0a = 1 · 0 + a · 0 =
(1 + a)0 = 0 · 0 = 0 and a2 = 1 + a + a2 = 1 + (1 + a)a + 0a =
1 + 0a + 0a = 1 + 0 + 0 = 1. With this choice of a, we have the nice
formula

x− x = 0x2 ,

since x− x = 1x+ ax = (1 + a)x+ 0x = 0x+ 0x = 0x2.

The wheel of fractions �∅(Z/2Z) is the (up to isomorphism unique)
smallest non-trivial wheel, since it contains only four elements:

Proposition 1.4.4. If any two of the elements 0, 1, /0 and 0/0 are equal
in a wheel H, then H is trivial.

Proof. There are six cases to go through.

0 = 1 Then 1 = 1/1 = 0/0. See below for the rest.

0 = /0 Then 0 = 0 · 0 = 0/0. See below.

0 = 0/0 Then x = 0 + x = 0/0 + x = 0/0.

1 = /0 Then 1 = 1/1 = /0//0 = 0/0. See below.

1 = 0/0 Then x = 1x = (0/0)x = 0/0.

/0 = 0/0 Then x = 0 + x = //0 + x = /(0/0) + x = 0/0 + x = 0/0 .

The two notions of reciprocal and multiplicative inverse are connected
by the operations 0,+ as follows.

Proposition 1.4.5. Let x be a unit.

1. x−1 + 0/x = /x+ 0x−1.

2. x−1 = /x+ 0x−1

x−1 .

3. /x = x−1 + 0x
x .
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Proof. 1. x−1 + 0/x = x−1/(xx−1) + 0/x = /x + 0x−1/(xx−1) = /x +
0x−1.

2. Add 0/(x−1) to each side of 1.

3. Add 0x to each side of 1.

Note also that if xy is /-invertible, then x and y are units with x−1 =
y/(xy) = /x+ 0y/y and y−1 = x/(xy) = /y + 0x/x.

We may construct a right adjoint to the functor � in the following steps.

Definition 1.4.6. Let H be a wheel. Then define the following subsets:

RH = {x | 0x = 0},
SH = {x | 0x = 0/x = 0} .

Proposition 1.4.7. RH is a semiring under the operations 0, 1, + and ·.
SH is a multiplicative group in RH.

Proof. Suppose that x, y ∈ RH. Then

1. 0(x+ y) = 0(x+ y) + 0 · 0 = 0x+ 0y = 0 + 0 = 0,

2. 0(xy) = (0x)y = 0y = 0.

Thus RH is closed under addition and multiplication. 0 ∈ RH by (1.5) and
1 ∈ RH since 1 is the identity in the multiplicative monoid.

That SH is closed under multiplication follows from the fact that if
x, y ∈ SH, then 0/(xy) = (0/y)/x = 0/x = 0. We have 1 ∈ SH by (1.9).
Given an element x ∈ SH, then /x ∈ SH (since / is an involution) and
it is the multiplicative inverse of x by the computation x/x = 1 + 0x/x =
1 + 0/x = 1.

We will use the notation RH also for the semiring it becomes when the
operations 0, 1,+, · are induced by H. It will be called ‘the semiring of H’
or simply ‘the semiring’ when the context is clear. It is the largest semiring
in H since 0x = 0 holds in any semiring.

Remark 1.4.8. We showed that every element of SH is /-invertible. On
the other hand, SH contains every /-unit that is inside the subset RH, since
if x is /-invertible and 0x = 0, then 0/x = 0x/x = 0 · 1 = 0.

An element of RH is a unit in RH iff it is a unit in H. To see this, note
that if x ∈ RH and xy = 1, then also y ∈ RH, since 0y = 0xy = 0 · 1 = 0.

The question whether x ∈ H is a unit or not is partially answered by the
information whether or not x ∈ RH and/or /x ∈ RH:

x ∈ RH? /x ∈ RH? x unit? x /-unit?

No No ⇒ Maybe Maybe
Yes No ⇒ Maybe No
No Yes ⇒ Maybe No
Yes Yes ⇒ Yes Yes
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Let us consider η(A,X) : x 7→ [x, 0] as a C′-arrow

(A,X) → (R�XA,S�XA) ,

which we may do since, if x ∈ X, then 0/η(A,X)(x) = [0, 1]/[x, 1] = [0, x] =
[0, 1] = 0, so that η(A,X)(X) ⊂ S�XA.

Let (R,S) be the functor Wheel → C′ given by

(R,S)(H) = (RH,SH)

and (R,S)(ϕ) being the restriction of ϕ to RH. This works since if 0x = 0,
then 0ϕ(x) = ϕ(0)ϕ(x) = ϕ(0x) = ϕ(0) = 0 (thus ϕ actually maps the
semiring of the domain into the semiring of the codomain), and if in addition
0/x = 0, then 0/ϕ(x) = ϕ(0)/ϕ(x) = ϕ(0/x) = ϕ(0) = 0 (thus (R,S)(ϕ)
behaves as it should with respect to S).

Theorem 1.4.9. The functor � : C′ → Wheel is left adjoint to (R,S) :
Wheel → C′ with unit η and counit ε, given by εH : [x, y] 7→ x/y.

Proof. εH is well-defined since if [x, y] = [x′, y′], then there exist s1, s2 ∈ SH
such that (s1, s1)(x, y) = (s2, s2)(x

′, y′) and hence x/y = (x/y)(1+0s1/s1) =
(s1x)/(s1y) = (s2x

′)/(s2y
′) = (x′/y′)(1 + 0s2/s2) = x′/y′. It is easily seen

that ε is a natural transformation.
By basic category theory, the result follows if we show that for any C-

object (A,X) and any wheel H, we have11

(ε�)(A,X)(�η)(A,X) = Id�XA

and
((R,S)ε)H(η(R,S))H = Id(RH,SH) .

(ε�)(A,X) : �S�XAR�XA→ �XA by [[x, y], [z, w]] 7→ [xw, yz]

(�η)(A,X) : �XA→ �S�XAR�XA by [x, y] 7→ [[x, 1], [y, 1]]

((R,S)ε)H : (R�SHRH,S�SHRH) → (RH,SH) by [x, y] 7→ x/y

(η(R,S))H : (RH,SH) → (R�SHRH,S�SHRH) by x 7→ [x, 1]

Then

(ε�)(A,X)(�η)(A,X)([x, y]) = (ε�)(A,X)([[x, 1], [y, 1]])

= [x · 1, y · 1] = [x, y]

and

((R,S)ε)H(η(R,S))H(x) = ((R,S)ε)H([x, 1])

= x/1 = x .

11The naturality must also be checked, but our constructions are obviously natural.
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Applications to wheels of fractions

The semiring in a wheel of fractions

The following fact will be used freely without reference to the proposition.

Proposition 1.4.10. If x ∈ A, then 0/x = 0 in �XA if and only if x ∈
S̃, which is the divisional closure of S, which is the multiplicative monoid
generated by X.

Proof. Proposition 1.2.15 gives us that x/x = 1 is equivalent to x ∈ S̃. We
need to prove x/x = 1 ⇐⇒ 0/x = 0 under the condition 0x = 0.

Suppose x/x = 1. Then 0/x = 0x/x = 0 · 1 = 0.

Suppose 0/x = 0. Then x/x = 1 + 0x/x = 1.

The elements of R�XA are of a very special form:

Lemma 1.4.11. x ∈ R�XA iff x = r/s for some r ∈ A, s ∈ S, with S the
multiplicative monoid generated by X.

Proof. If x = r/s, then 0x = 0r/s = 0/s = 0. On the other hand, suppose
that 0x = 0, say with x = y/z (y, z ∈ A). Then 0/z = 0x = 0, so that
z ∈ S̃, say s′z ∈ S. With r = s′y, s = s′z, we get r/s = (s′y)/(s′z) =
(s′/s′)(y/z) = x.

In commutative algebra and algebraic geometry, one often uses the ring
of fractions S−1A, where S is a multiplicative submonoid of a commutative
ring A (often the complement of a prime ideal). One defines S−1A as the
monoid AS together with 0 = [0, 1] and [x, s] + [x′, s′] = [xs′ + x′s, ss′]. As
is seen, this construction is similar to ours. In fact, we have factorized it in
two parts: as � followed by R.

Theorem 1.4.12. If A is a commutative ring with identity and S a multi-
plicative submonoid, then S−1A ∼= R�SA by the isomorphism r/s 7→ r/s.

Proof. The mapping η̂(A,S) : AS → R�SA, r/s 7→ r/s is an injective mor-
phism of the multiplicative monoids by theorem 1.2.10. It is easy to see that
it preserves 0 and + too. It is surjective by the previous lemma and thus a
bijection. S−1A is a ring so η̂(A,S) is an isomorphism of rings.

Any wheel of fractions is (according to proposition 1.2.14) of the form
�SA with S being closed under division. For that presentation, we have a
stronger version of the previous theorem.

Theorem 1.4.13. S−1A and R�SA are identical iff S is closed under
division.
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Proof. Take [x, y] ∈ R�SA. Then 0/y = 0x/y = 0, so that y ∈ S̃. If
S is closed under division, we get y ∈ S, so that (x, y) ∈ A × S. Hence
R�SA = S−1A in that case.

Suppose instead that R�SA and S−1A are identical as sets. Take x ∈ S̃;
we shall prove x ∈ S. We have (x, x) ∈ [x, x] = x/x but since x/x ∈ R�SA
by the previous lemma, we get that (x, x) ∈ A× S when R�SA and S−1A
are identical as sets.

We summarize the results above in the following corollary. It states one
isomorphism and two identities:

Corollary 1.4.14. Let A be a commutative ring with identity, S a mul-
tiplicative monoid in it, S̃ its divisional closure. Then S−1A ∼= R�SA =
R�S̃A = S̃−1A.

Proof. By theorem 1.4.12, S−1A ∼= R�SA. By theorem 1.2.14, R�SA =
R�S̃A and by theorem 1.4.13, R�S̃A = S̃−1A.

Obtaining /-invertible wheels of fractions

In the choice between S−1A and �SA in practical computing when A is a
ring, it may seem to be a drawback of the latter that one has to distinguish
between reciprocals and multiplicative inverses. One should then remember
that S−1A and R�SA are isomorphic as rings and that the multiplicative
inversion therefore is the same in both structures. The difficulty appears
first at the moment when we start using the involution /. Hence, there is
no real drawback, since one can stick to multiplicative inversion when that
is more comfortable.

But that does not explain why we introduced the operation /. If finding
inverses is what we want it for, then we would like to have no difference
between reciprocals and inverses, i.e., we would like to have a /-invertible
wheel, so that x−1 = /x whenever x−1 is defined. By proposition 1.2.19, we
obtain that if and only if S̃ is saturated as a submonoid of the multiplicative
monoid of A. The question is therefore if a given S can be replaced by one
having saturated divisional closure.

Definition 1.4.15 (saturated closure). The saturated closure S̄ of a sub-
monoid S of a commutative monoid M is the set {x ∈M | ∃y ∈M : xy ∈ S}
(it is the smallest saturated submonoid of M that contains S).

Since ˜̄S = S̄, S̄ is a submonoid with saturated divisional closure. In
the following, S̄ will denote the saturated closure of S in the multiplicative
monoid of A.

There is a well-known natural isomorphism S−1A ∼= S̄−1A given by
r/s 7→ r/s. Theorem 1.4.13 shows that S̄−1A = R�S̄A, so that the isomor-
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phism is in fact S−1A → R�S̄A. Since �S̄A is /-invertible, it is in a sense
a better extension of S−1A than �SA is.12

It is well known that any commutative ring A may be extended to its
‘total ring of fractions’ S−1

0 A, so that every multiplicatively cancellable el-
ement in A becomes a unit. However, when doing that, some structure of
A can be lost. For instance, in extending Z to Q, one looses all non-trivial
proper ideals. Hence, there is a reason for not always extending rings as
much as one can. The construction of wheels of fractions have the advan-
tage that it need not destroy any structure. The following corollary shows
that a semiring can always be extended to a /-invertible wheel in such a way
that it can be retrieved using the R operator.

Corollary 1.4.16. Let U be the set of units in a semiring A. Then �UA
is /-invertible and it extends A in the sense that

1. R�UA is isomorphic to A,

2. the operations 0, 1, +, · of A are extended to corresponding operations
of �UA,

3. if A is a semiring−, then the involution − of A is extended to an
involution − of �UA.

4. the restriction of / to A is the partial function ·−1.

Proof. This is just a restatement of 1.2.20 and 1.2.21, together with infor-
mation on how + and − are defined (see page 27 for the latter).

Axiomatizing the class of wheels of fractions

We now restate and prove the completeness theorem for the axioms of wheels
of fractions. The symbols R and S simplify the notation compared to that
used in proposition 1.3.14.

Theorem 1.4.17 (completeness for wheels of fractions). A wheel H is iso-
morphic to some wheel of fractions if and only if it has the following prop-
erties:

∀x∃y, z ∈ RH : x = y/z (1.14)

∀x, y, x′, y′ ∈ RH : (x/y = x′/y′ ⇒ ∃s ∈ SH : x = sx′ & y = sy′) (1.15)

12It is true that R�SA and R�S̄A are isomorphic as rings by the mapping r/s 7→ r/s,
but not in general that / is preserved under this isomorphism. Consider e.g. R�{1,2,3,...}Z

and R�{±1,±2,±3,...}Z. They are isomorphic as rings, but /(−1) = −1 is true only in

the latter. (−1)−1 = −1 is of course true whenever − is obtained in one of the ways
mentioned on page 27.
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Proof. (1.14) holds in any �XA since every x is of the form y/z for some
y, z ∈ A so we have x = y/z for the corresponding elements in R�XA.

To show that (1.15) holds in �XA, suppose that x/y = x′/y′ & 0x =
0y = 0x′ = 0y′ = 0. By lemma 1.4.11, we may assume that x = a/s1,
y = b/s2, x

′ = c/s3, y
′ = d/s4 with a, b, c, d ∈ A. Then (s2/s1)a/b = x/y =

x′/y′ = (s4/s3)(c/d), so there exist s′, s′′ such that

(s′, s′)(s2, s1)(a, b) = (s′′, s′′)(s4, s3)(c, d) .

Taking

s =
s3s4s

′′

s1s2s′

(which is in SH), we get

sx′ =
s3s4s

′′

s1s2s′
· c
s3

=
s3s4s

′′c

s1s2s3s′
=

s3s2s
′a

s1s2s3s′
=

a

s1
= x .

and

sy′ =
s3s4s

′′

s1s2s′
· d
s4

=
s3s4s

′′d

s1s2s4s′
=

s1s4s
′b

s1s2s4s′
=

b

s2
= y .

On the other hand, suppose that (1.14) and (1.15) are true in a wheel
H. Then εH (defined in theorem 1.4.9) is surjective by (1.14) and injective
by (1.15). Hence it is an isomorphism �SHRH → H.

Cancellation of zero-terms

In computing with (semi-)rings, one does not only use equational rules, but
additional information, for instance, that a certain element a is ‘multiplica-
tively cancellable’ (·-cancellable): ax = ay ⇒ x = y.

We have seen that any semiring can be viewed as a part of a wheel;
technically, that any semiring A is embedded in �UA (where U is the set of
units of A) and that an isomorphic copy of A can be recovered from �UA
by the operator R. It is important that we can transfer information about
cancellation to the wheel.

Consider the equation ax = ay in a semiring A. The information ‘a is ·-
cancellable’ lets us conclude that x = y. When A is considered as embedded
in a wheel, it is instead natural to reason as follows (without any use of
cancellation):

ax = ay

ax/a = ay/a

x+ 0a/a = y + 0a/a

x+ 0/a = y + 0/a .

The question of cancellation now comes in since we need to know whether
0/a is additively cancellable (+-cancellable). In this way, the problem of ·-
cancellation is reduced to a problem of +-cancellation. One might however
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suspect that there could be situations in which a is ·-cancellable in A, but
0/a is not +-cancellable in �XA. Fortunately, there are no such cases,
according to the following proposition.

Proposition 1.4.18. If a is ·-cancellable in A, then 0/a is +-cancellable in
�XA.

Proof. Suppose that a is ·-cancellable in A. Suppose also that [x, y]+0/a =
[x′, y′]+0/a, that is, that [ax, ay] = [ax′, ay′]. Then there are s, s′ such that
sax = s′ax′ and say = s′ay′ but since a is ·-cancellable, we conclude that
sx = s′x and sy = s′y′, hence [x, y] = [x′, y′].

Assume now that A is a non-trivial semiring and that if a 6= 0 in A, then
a is ·-cancellable, i.e., that S0 = A \ {0}. We say (following [23]) that such
a semiring is multiplicatively cancellative.13 This is a maximality property,
since if a = 0, then a cannot be ·-cancellable. A corresponding maximality
property for non-trivial wheels is 0x 6= x ⇒ (0/x is +-cancellable), since if
0x = x, then 0/x cannot be +-cancellable (y + 0/x = z + 0/x holds for any
y and z if 0x = x, since then y + 0/x = y + 0/(0x) = 0/0 = z + 0/(0x) =
z + 0/x). These properties are connected as follows.

Proposition 1.4.19. 1. If A is multiplicatively cancellative, then the
implication 0x 6= x⇒ (0/x is +-cancellable) holds in �XA.

2. If 0x 6= x ⇒ (0/x is +-cancellable) holds in a non-trivial wheel H,
then RH is multiplicatively cancellative.

Proof. 1. We shall prove that 0/x is +-cancellable whenever 0x 6= x.
Let x = [x′, x′′] and assume 0x 6= x. Suppose that x′ = 0. Then
x = [0, x′′] = [0, 1][0, x′′] = 0x, which is refuted, hence x′ 6= 0. If A
is multiplicatively cancellative, then x′ is ·-cancellable. Hence 0/x′ is
+-cancellable, but 0/x = 0/x′ and we are done.

2. Take x ∈ RH with x 6= 0. Then 0x = 0 6= x, so that 0/x is +-
cancellable. We may then compute as follows:

xy = xz

xy/x = xz/x

y + 0x/x = z + 0x/x

y + 0/x = z + 0x/x

y = z .

Note that we did not need to assume that y, z ∈ RH.

13The term ‘integral’ is unfortunately already used in another sense in the context of
semirings [23]. E.g. Z/6Z is integral as a semiring in this sense.
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Example 1.4.20. Solve the equation 3x = 12.
We have x + 0/3 = 3x/3 = 12/3 = 3 · 4/3 = 4 + 0/3. That gives x = 4

whenever 0/3 is +-cancellable, which happens for instance if the wheel is
�XZ, for any subset X ⊂ Z, since 3 is ·-cancellable in Z. In general we may
not conclude more than x+0/3 = 4+0/3, which is sound since the equation
does not have a unique solution in general.

Ring algebra does not allow us to derive anything from 3x = 12 when
3 is not ·-cancellable (e.g. when the equation have several solutions), but
wheel algebra always lets us develop to x + 0/3 = 4 + 0/3, which can be
used in further calculations: if x and 0/3 appear in the left hand side of an
equation, then we may use the axioms for zero-terms to move 0/3 close to
x, then replacing x+0/3 by 4+0/3 and finally move the term 0/3 out using
the rules for zero-terms again. If x appears, but not 0/3, then we may add
0/3 to both sides of the equation, hence introducing 0/3 but eliminating an
occurrence of x. Note that when such an introduction has been made, then
one can use the introduced term over and over again, until all occurrences
of x are eliminated. One may view these 0/3-terms as flags indicating that
the result is worthless if e.g. 0 = 3, since then the rule ‘x+ 0/0 = 0/0’ can
be used for reducing the equation to 0/0 = 0/0.

Say that we want to compute x2 + x, given that 3x = 12. We cannot
give a definite answer, since the value is not uniquely determined unless we
specify which semiring we think of. But we can compute x2 + x+ 0/3:

x2 + x+ 0/3 = x2 + 4 + 0/3 = x(x+ 0/3) + 4

= x(4 + 0/3) + 4 = (x+ 0/3)4 + 4

= (4 + 0/3)4 + 4 = 4 · 4 + 4 + 0/3

= 20 + 0/3 .

If we get information at a later stage, letting us conclude that 0/3 is +-
cancellable, then we can get something explicit for x2+x. This might happen
if we get more knowledge about the semiring we started with, but also if we
pass to a quotient of that semiring. For instance, suppose that we conclude
that we need the value modulo 16. We then pass to a quotient defined by
0 = 16. In such a quotient, 3 is a unit, and hence 0/3 is +-cancellable.14

We conclude that x2 + x = 20 = 4 (mod 16). The wheel alternative may
thus be viewed as computing modulo everything at the same time.

Equational logic for wheels of fractions

One may ask if our definition of ‘wheel’ is ‘the right one’. Are the axioms
chosen ad hoc, or do they axiomatize a class of structures that is in some
sense naturally delimited?

14If x is a unit, then 0x and 0/x are +-cancellable since 0x + 0x−1 = 0xx−1 = 0 and
0/x + 0/(x−1) = 0/(xx−1) = 0 in that case.
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There is some evidence that we cannot improve the definition:

1. The wheels of fractions are wheels according to our definition.

2. The axioms are a set of equations. That is by Birkhoff’s theorem [9,
p. 75] [25, p. 171] necessary for the axiomatized class to be closed
under substructures, quotients, products and isomorphisms. Further,
by compactness for equational logic, if it is finitely axiomatizable in
first order predicate logic, then it is finitely axiomatizable by equations.
Hence, there is no need to consider other candidates than equations
as axioms.

3. The axioms are finitely many.

4. We have empirical experience that the axioms are precisely what we
need to make natural computations.

On the other hand, there is some counterevidence too: There are iden-
tities, like (x + 1)2 = x(x + 2) + 1, that hold in any wheel of fractions but
do not seem to be provable from our axioms. But (x + 1)2 = x(x + 2) + 1
is not a very natural identity and may be thought of as valid in wheels of
fractions ‘by accident’: that it just ‘happens to be’ and that there is nothing
conceptual that suggests that it should be valid in all wheels.15

Anyway, one might wish to include more axioms for wheels, perhaps
those needed to prove every identity that is valid in the class WF of wheels
of fractions. By Birkhoff’s theorem, we should have equational axioms only,
so that the class axiomatized is still closed under products, substructures
and quotients. This amounts to axiomatizing the class V (WF), called ‘the
variety generated by WF’, consisting of structures that can be obtained in
finitely many steps from wheels of fractions, taking products, substructures,
quotients and isomorphic copies.16

We will study the class V (WF), but also simultaneously the following.
A wheel with negation is a wheel with an additional constant −1 such that
1 + (−1) = 0. By the discussion on page 27, such a constant determines an
additive involution by −x = (−1)x and it holds that x−x = 0x2, hence the
semiring in such a wheel is in fact a ring. A wheel of fractions with negation
is obtained for instance when the semiring used in the construction is a
ring. We denote by Wheelneg the class of wheels with negation and by
WFneg the class of wheels of fractions with negation. A morphism of
wheels with negation should preserve −1, but that is automatically satisfied
by any morphism of wheels: suppose H and H ′ are wheels with negation

15However, by completeness, (1.14) (see theorem 1.4.17) suffices (together with wheel
axioms) for derivation of any identity that is valid in all wheels of fractions, since every
wheel which has this property is a homomorphic image of a wheel of fractions. This is
because εH (defined in theorem 1.4.9) is surjective by (1.14).

16See some textbook in universal algebra, e.g. [9, 25].
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and ϕ : H → H ′ a wheel morphism. Then it holds in H ′ that ϕ(−1) =
1 + (−1) + ϕ(−1) = −1 + ϕ(1 + (−1)) = −1 + ϕ(0) = −1.

We will mainly consider the classes Wheel, WF and V (WF) in the fol-
lowing, but the treatment of Wheelneg, WFneg and V (WFneg) is pre-
cisely analogous, just replace N by Z, N[x1, . . . ,xn] by Z[x1, . . . ,xn], �∅N

by �∅Z, “wheel axioms” by “wheel axioms and ‘1+(−1) = 0’ ”, “semirings”
by “rings with identity”, and so on. One has to check some details of nega-
tion in the proofs, but that is straightforward and omitted for the purpose
of readability (we include a remark at a crucial point).

Definition 1.4.21. A term p(x1, . . . , xn) is a polynomial term if it contains
no occurrence of /. We say that such terms are equivalent if they can be
proved to be equal using the axioms for commutative semirings. This is an
equivalence relation and its equivalence classes are called polynomials.

Example 1.4.22. The polynomial terms ‘(x+1)(x+1)’ and ‘(xx)+((2x)+
1)’ are not identical, but equivalent. Hence they define the same polynomial.

When wheels with negation are treated, polynomial terms are equivalent
if they can be proved to be equal using axioms for commutative rings with
identity.

Theorem 1.4.23. The following are equivalent for a wheel H.

1. H ∈ V (WF).

2. H ∈ V ({�∅N}).

3. Any identity which is valid in all wheels of fractions is valid in H too.

4. Any identity which is valid in �∅N is valid in H too.

5. H is isomorphic to a quotient of a subwheel of a power of �∅N.

6. H is isomorphic to a quotient of a subwheel of �∅(N
I), where NI is

the semiring of functions I → N, for some set I.

Proof. We first prove 1 ⇐⇒ 2 ⇐⇒ 3 ⇐⇒ 4 by showing 1 ⇒ 3 ⇒ 4 ⇒
2 ⇒ 1. The step 4 ⇒ 2 follows from Birkhoff’s theorem and the other steps
are obvious, except for 3 ⇒ 4 which needs a proof.

Suppose t(x1, . . . , xn) = s(x1, . . . , xn) is valid in �∅N. We shall prove
that it is valid in all wheels of fractions. Substitute [x′i, x

′′
i ] for every

xi in the identity and compute the values of each side. The result is
[p(x1, . . . , xn), q(x1, . . . , xn)] = [p′(x1, . . . , xn), q′(x1, . . . , xn)] for polynomi-
als p, p′, q, q′ with coefficients from N. That t(x1, . . . , xn) = s(x1, . . . , xn) is
valid in �∅N means that the expressions (p(x1, . . . , xn), q(x1, . . . , xn)) and
(p′(x1, . . . , xn), q′(x1, . . . , xn)) take the same values if we substitute natural
numbers for the variables. But then p = p′ and q = q′ as polynomials, so
that the identity is valid in any wheel of fractions.
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A theorem by Tarski gives 2 ⇒ 5 (see e.g. [9]) and 5 ⇒ 2 is obvious.

To establish 5 ⇐⇒ 6, we need to show (�∅N)I ∼= �∅(N
I). We get this

from the identity (N×N)I ∼= NI ×NI for the multiplicative monoid of N. It
is obvious that this isomorphism preserves also 0 and +.

One says that �∅N is generic for V (WF), because of the equivalence
1 ⇐⇒ 4. It is moreover the WF-free wheel over ∅. In general, if K is a
class of wheels, then the K-free wheel over a set X is the (up to isomorphism
unique) wheel FK(X) with the property that for any functionX → H, where
H ∈ K, there is a morphism FK(X) → H that extends it. It is easily seen
from Birkhoff’s construction that FK(X) = FV (K)(X) and in our case we
have V (WF) = V ({�∅N}), so that FWF(X) = F{�∅N}(X) and the latter
is (again by Birkhoff’s construction) a subwheel of some wheel of the form
(�∅N)I – which, as we proved in the theorem, is isomorphic to �∅(N

I). One
may consider it as the wheel of wheel terms with identification made when
two terms yield identical values in �∅N. Hence an equation t(x1, . . . , xn) =
s(x1, . . . , xn) is valid in WF if and only if t(x1, . . . ,xn) = s(x1, . . . ,xn) is
true in FWF({x1, . . . ,xn}).

Remark 1.4.24. Note how we use the terms ‘valid’ and ‘true’. We only
apply ‘true’ to a closed formula (which in our case means a formula in which
no variable occur, since we consider quantifier-free formulas only). An open
formula is valid if it becomes true after any substitution with elements from
any of the structures considered.

The corresponding theorem for wheels with negation reads as follows.

Theorem 1.4.25. The following are equivalent for a wheel H with negation
(�∅Z is here considered as a wheel with negation, that means for instance
that �∅N is not considered to be a substructure of it).

1. H ∈ V (WFneg).

2. H ∈ V ({�∅Z}).

3. Any identity which is valid in all wheels of fractions with negation is
valid in H too.

4. Any identity which is valid in �∅Z is valid in H too.

5. H is isomorphic to a quotient of a subwheel of a power of �∅Z.

6. H is isomorphic to a quotient of a subwheel of �∅(Z
I), where ZI is

the ring of functions I → Z, for some set I.

Proof. As the previous proof.
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Since validity in WF is equivalent to truth in FWF({x1, . . . ,xn}), we
get a completeness result for WF if we give a complete method for deriving
formulas which are true in FWF({x1, . . . ,xn}). In this section, we will study
such derivations, and similar ones.

We work in a language which is obtained from the language of wheels by
adjoining constant symbols x1, . . . ,xn (and when wheels with negation are
considered, the language has an additional constant symbol ‘−1’). In the
following, xi will denote

1. a constant symbol in the language,

2. an element of FK({x1, . . . ,xn}) for several choices of K,

3. an element of N[x1, . . . ,xn],

4. an element of �∅(N[x1, . . . ,xn]),

so the reader should be careful to observe which is the case for every occur-
rence. As a consequence, when t is a term, t(x1, . . . ,xn) can be interpreted
as a closed term in the language or as an element of FK({x1, . . . ,xn}) for
several choices of K, or as an element of �∅(N[x1, . . . ,xn]).

When we say things like “t(x1, . . . ,xn) = s(x1, . . . ,xn) can be proved
using the wheel axioms together with an axiom ‘0xi = 0’ for each i”, we mean
that there is a formal derivation of the formula t(x1, . . . ,xn) = s(x1, . . . ,xn)
in the system of equational logic with the axioms indicated (here, ‘axioms’
should be interpreted in the sense of formal systems). The formula ‘1 +
(−1) = 0’ is an axiom when we work with wheels with negation.

Theorem 1.4.26 (completeness). The equation

t(x1, . . . , xn) = s(x1, . . . , xn)

is valid in WF (and hence valid in V (WF)) if and only if

t(x1, . . . ,xn) = s(x1, . . . ,xn)

is provable using the axioms for wheels together with the axioms ‘0xi is +-
cancellable’ (i = 1, . . . , n).

Proof. Validity of the equation t(x1, . . . , xn) = s(x1, . . . , xn) is equivalent to
the truth of t(x1, . . . ,xn) = s(x1, . . . ,xn) in FWF({x1, . . . ,xn}) (by defini-
tion of the latter wheel). Lemma 1.4.49 will show that if the latter equation
is true, then it is provable using the axioms for wheels together with the
axioms ‘0xi is +-cancellable’.

On the other hand, if it is provable by that technique, then it is true by
lemma 1.4.41.
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Before we state and prove the needed technical lemmas, we state the
following theorems, which tell how it is easily seen whether an equation is
valid or not, using that there are great differences between ‘balanced’ and
‘unbalanced’ equations.

Definition 1.4.27. An equation is balanced if each variable occurs equally
many times on each side. Otherwise, it is unbalanced .

Note that all axioms for wheels except ‘x + 0/0 = 0/0’ are balanced.
Remember that x occurs n times in ‘xn’, since ‘xn’ is just a short notation
for a product of n x’s. A warning: the equation ‘0xi = 0’ is balanced, since
xi is not a variable in our formal sense, but a constant symbol, interpreted
as a special element of the structure considered in the context.

Theorem 1.4.28. An unbalanced equation t(x1, . . . , xn) = s(x1, . . . , xn) is
valid in WF (and hence valid in V (WF)) if and only if t(x1, . . . ,xn) = 0/0
and s(x1, . . . ,xn) = 0/0 are true in �∅(N[x1, . . . ,xn]).

Proof. Use lemma 1.4.51 and the equivalence between validity and truth.

Example 1.4.29. The formula 1+ 1
x = x+1

x is valid in Q\{0}. Is it perhaps
valid in all wheels of fractions? The answer is no, since it is not balanced,
and one easily checks that 1 + 1

x
6= 0

0 in �∅(N[x]). A balanced analogue is

1 +
1

x
+ 0x =

x+ 1

x
,

which is easily proved by the wheel axioms.

Theorem 1.4.30. A balanced equation t(x1, . . . , xn) = s(x1, . . . , xn) is
valid in WF (and hence valid in V (WF)) if and only if t(x1, . . . ,xn) =
s(x1, . . . ,xn) is true in �∅(N[x1, . . . ,xn]).

Proof. If t(x1, . . . , xn) = s(x1, . . . , xn) is valid, then in particular the equa-
tion t(x1, . . . ,xn) = s(x1, . . . ,xn) is true.

For the other direction, use lemma 1.4.52 and the equivalence between
validity and truth.

Example 1.4.31.
(x+1)2

x = x(x+2)+1
x is valid in all wheels of fractions since

it is balanced (x occurs three times on each side) and (x+1)2

x
= x(x+2)+1

x
is

true in �∅(N[x]).

Example 1.4.32. (x+ y)(x− y) = x2 − y2 is valid in all wheels of fractions
with negation. This follows since it is balanced and (x1 + x2)(x1 − x2) =
x2

1 − x2
2 is true in �∅(Z[x1,x2]).

These two results give a completeness result for WF together with the
following theorem:
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Theorem 1.4.33. The equation t(x1, . . . ,xn) = s(x1, . . . ,xn) is true in
the wheel �∅(N[x1, . . . ,xn]) if and only if it is provable by the wheel axioms
together with the rules ‘0xi = 0’ for each i = 1, . . . , n.

Proof. 0xi = 0 is evidently true in �∅(N[x1, . . . ,xn]), so provable equations
are true.

Suppose on the other hand that t(x1, . . . ,xn) = s(x1, . . . ,xn) is true in
�∅(N[x1, . . . ,xn]). Then t(x1, . . . ,xn) ≡ s(x1, . . . ,xn) is true in the wheel
FWheel({x1, . . . ,xn}) (definition 1.4.42, lemma 1.4.46), say t(x1, . . . ,xn) +
zt1 = s(x1, . . . ,xn) + zt2 holds for some zero-terms zt1 and zt2. Then (by
completeness) it is provable from the wheel axioms. The rules ‘0xi = 0’ can
finally be used to prove that zt1 = 0 and zt2 = 0.

The acceptance of the rules ‘0xi = 0’ lets us count as in rings with
polynomial expressions in x1, . . . ,xn.

Example 1.4.34. (x + 1)2 = x(x + 2) + 1 is provable using wheel axioms
and ‘0x = 0’:

(x + 1)2 = (x + 1)(x + 1) + 0x + 0 · 1
= (x + 1)(x + 1) + 0(x + 1)

= x(x + 1) + 1(x + 1)

= x(x + 1) + x + 1

= x(x + 1 + 1) + 0x + 1

= x(x + 2) + 1

The theorems above have some corollaries. The first states how identities
from semirings can be transferred to wheels of fractions.

Corollary 1.4.35. If t(x1, . . . , xn) and s(x1, . . . , xn) are both polynomial
terms, then t(x1, . . . , xn) = s(x1, . . . , xn) is valid in WF if and only if it is
balanced and valid in N.

Proof. Suppose it is valid in WF. Then it is valid in �∅N and hence in N.
Since t(x1, . . . ,xn) ∈ N[x1, . . . ,xn] ∼= R�∅(N[x1, . . . ,xn]), we conclude that
it cannot be equal to 0/0. So the equation is balanced.

On the other hand, if the equation is valid in N, then t(x1, . . . ,xn) =
s(x1, . . . ,xn) in N[x1, . . . ,xn] ⊂ �∅(N[x1, . . . ,xn]).

If it is also balanced, then it is valid in WF.

Example 1.4.36. (x+1)2 = x(x+2)+1 is balanced and valid in N, hence
it is valid in wheels of fractions.

Example 1.4.37. (x+y)(x−y) = x2−y2 is balanced and valid in Z, hence
it is valid in wheels of fractions with negation.
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The next result states how equations that have partial meaning and
partial validity in fields of characteristic zero can be transferred to wheels
of fractions.

Corollary 1.4.38. Suppose there is an infinite subset X of Q such that
the terms t(x1, . . . , xn) and s(x1, . . . , xn) are meaningful and Q-valued when
values from X are substituted for the variables and / is interpreted as inver-
sion. Suppose also that t and s yield the same values when such substitutions
are made. Then

t(x1, . . . , xn) + 0s(x1, . . . , xn) = s(x1, . . . , xn) + 0t(x1, . . . , xn)

is valid in WF.

Proof. Since the latter equation is balanced, we use that its validity in WF

is equivalent to the truth of

t(x1, . . . ,xn) + 0s(x1, . . . ,xn) = s(x1, . . . ,xn) + 0t(x1, . . . ,xn)

in �∅(N[x1, . . . ,xn]).
If each side is computed, we get [pt(x1, . . . ,xn), qt(x1, . . . ,xn)] on the left

for some polynomials pt, qt and [ps(x1, . . . ,xn), qs(x1, . . . ,xn)] on the right
for some polynomials ps, qs. Clearly, qt and qs will be equal as polynomials.
We shall prove that also pt and ps must be equal as polynomials.

When x1, . . . ,xn are replaced by values from X, then we get values in
Q = R�S0

Z. Hence qt and qs are non-zero for such substitutions. Since we
also know that the values for t and s are equal for such substitutions, we
conclude that the values for pt and ps are equal. But since X is infinite,
that implies that pt and ps are equal as polynomials.

Example 1.4.39. The equation x/x = 1 is valid in Q \ {0}, hence x/x +
0 · 1 = 1+0x/x is valid in wheels of fractions (this is of course a known rule
for wheels, but it is instructive to see how it is related to validity in Q).

Example 1.4.40. The equation x/x − 1 = 0 is valid in Q \ {0}, hence
x/x− 1 = 0x/x is valid in wheels of fractions with negation.

We now prove the lemmas for the theorems.

Lemma 1.4.41. 0xi is +-cancellable in FWF({x1, . . . ,xn}) (i = 1, . . . , n).

Proof. We shall prove that if t(x1, . . . , xn) + 0xi = s(x1, . . . , xn) + 0xi is
valid in �∅N, then t(x1, . . . , xn) = s(x1, . . . , xn) is too.

Substitute therefore x′j/x
′′
j for every variable xj and compute the val-

ues of the terms, ending up with the following form, where pt, qt, ps, qs are
polynomials:

t(x1, . . . , xn) =
pt(x

′
1, . . . , x

′
n, x

′′
1 , . . . , x

′′
n)

qt(x′1, . . . , x
′
n, x

′′
1 , . . . , x

′′
n)

s(x1, . . . , xn) =
ps(x

′
1, . . . , x

′
n, x

′′
1 , . . . , x

′′
n)

qs(x′1, . . . , x
′
n, x

′′
1 , . . . , x

′′
n)
.
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The values of t(x1, . . . , xn) + 0xi and s(x1, . . . , xn) + 0xi are then

t(x1, . . . , xn) + 0xi =
pt(x

′
1, . . . , x

′
n, x

′′
1 , . . . , x

′′
n)x′′i

qt(x′1, . . . , x
′
n, x

′′
1 , . . . , x

′′
n)x′′i

s(x1, . . . , xn) + 0xi =
ps(x

′
1, . . . , x

′
n, x

′′
1 , . . . , x

′′
n)x′′i

qs(x′1, . . . , x
′
n, x

′′
1 , . . . , x

′′
n)x′′i

.

Since t(x1, . . . , xn) + 0xi = s(x1, . . . , xn) + 0xi is valid in �∅N, we have
identical values for any substitution in �∅N, hence pt = ps and qt = qs
as polynomials. But then t(x1, . . . , xn) and s(x1, . . . , xn) take the same
values for any substitution with elements from �∅N, hence t(x1, . . . , xn) =
s(x1, . . . , xn) is valid in �∅N.

Definition 1.4.42. Let t(x1, . . . ,xn) ≡ s(x1, . . . ,xn) mean that there are
zero-terms 0xn1

1 . . .xnn
n and 0xm1

1 . . .xmn
n such that

t(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = s(x1, . . . ,xn) + 0xm1
1 . . .xmn

n

in FWheel({x1, . . . ,xn}).

Lemma 1.4.43. ≡ is a congruence relation.

Proof. It is clearly reflexive and symmetric. The transitivity follows from
0x+ 0y = 0xy (1.10). We must prove that it preserves +, · and /. Suppose
therefore that t ≡ s (let us suppress the part (x1, . . . ,xn) everywhere). Then
there are zero-terms, say zt1 and zt2 for short, such that t+ zt1 = s+ zt2.
We then have (using (1.6) and (1.7) in the second and third row)

t+ u+ zt1 = s+ u+ zt2

tu+ zt1 = (t+ zt1)u = (s+ zt2)u = su+ zt2

/t+ zt1 = /(t+ zt1) = /(s+ zt2) = /s+ zt2 .

Lemma 1.4.44. If the polynomial terms p(x1, . . . , xn) and q(x1, . . . , xn)
are equivalent, then p(x1, . . . ,xn) ≡ q(x1, . . . ,xn).

Proof. We first prove that 0p(x1, . . . ,xn) ≡ 0 by induction on the number of
occurrences of operations composing p. It is obvious if p is xi or a constant.
If p is t+ s, then

0p(x1, . . . ,xn) = 0(t(x1, . . . ,xn) + s(x1, . . . ,xn))

= 0t(x1, . . . ,xn) + 0s(x1, . . . ,xn)

≡ 0 + 0 = 0 .

If p is ts, then

0p(x1, . . . ,xn) = 0t(x1, . . . ,xn)s(x1, . . . ,xn) ≡ 0s(x1, . . . ,xn) ≡ 0 .
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Hence, if p is a polynomial term and z = p(x1, . . . ,xn), then for every
x, y ∈ FWheel({x1, . . . ,xn}) we have (x+ y)z = (x+ y)z+ 0z ≡ xz+ yz, so
that we have

x+ y = y + x

x+ (y + z) = (x+ y) + z

0 + x = x

xy = yx

x(yz) = (xy)z

1x = x

(x+ y)z ≡ xz + yz

0z ≡ 0

when counting with polynomial terms. Conclude that every derivation of
p(x1, . . . , xn) = q(x1, . . . , xn) that uses the axioms for commutative semir-
ings only is transformed into a derivation of p(x1, . . . ,xn) ≡ q(x1, . . . ,xn)
by changing each ‘=’ to ‘≡’. The analogous case of wheels with negation is
treated by use of z − z ≡ 0, which is true since z − z = 0z2.

On the other hand, if p(x1, . . . ,xn) ≡ q(x1, . . . ,xn) for polynomial terms
p and q, then they are equivalent. Hence ≡ can be thought of as an extension
of the equivalence for polynomial terms.17

Lemma 1.4.45. For any term t(x1, . . . , xn), one can find two polynomial
terms p(x1, . . . , xn) and q(x1, . . . , xn) with

t(x1, . . . ,xn) ≡ p(x1, . . . ,xn)

q(x1, . . . ,xn)

in FWheel({x1, . . . ,xn}).

Proof. We use induction on the number of occurrences of operations com-
posing t.

0 occurrences: t(x1, . . . ,xn) is xi. Then choose p(x1, . . . ,xn) = xi and
q(x1, . . . ,xn) = 1 and the result is obvious.

N+1 occurrences, assuming that we have proved the result for N occur-
rences (let us suppress the part (x1, . . . ,xn) everywhere): If t is a constant,
then choose p = t and q = 1. Otherwise, we have the following possibilities.

1. t is t1 + t2. By the induction hypotheses, we have t1 ≡ p1/q1 and

17Note however that this statement is informal, since ≡ is not a relation between terms,
but between elements of a certain wheel.
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t2 ≡ p2/q2. Hence

t = t1 + t2

≡ pt1

qt1
+
pt2

qt2

≡ pt1

qt1
+
pt2

qt2
+ 0qt1

=
pt1 +

pt2
qt1

qt2

qt1

≡
pt1 +

pt2
qt1

qt2

qt1
+ 0qt2

=
pt1 +

pt2
qt1

qt2
+ 0qt2

qt1

=

pt1
qt2

+pt2
qt1

qt2

qt1

=
pt1qt2 + pt2qt1

qt1qt2
.

2. t is t1t2.

t = t1t2 ≡
(
pt1

qt1

) (
pt2

qt2

)
=
pt1pt2

qt1qt2

3. t is /t1.

t = /t1 ≡ /(pt1/qt1) = qt1/pt1

Lemma 1.4.46. (FWheel({x1, . . . ,xn})/≡) ∼= �∅(N[x1, . . . ,xn]).

Proof. The evaluation from FWheel({x1, . . . ,xn}) → �∅(N[x1, . . . ,xn]) is
surjective, we shall prove that its kernel is ≡.

If t(x1, . . . ,xn) ≡ s(x1, . . . ,xn) is true in FWheel({x1, . . . ,xn}), then
t(x1, . . . ,xn) = s(x1, . . . ,xn) is true in �∅(N[x1, . . . ,xn]). We need to prove
the other direction.

Suppose that t(x1, . . . ,xn) = s(x1, . . . ,xn) holds in �∅(N[x1, . . . ,xn]).
By the previous lemma, there are polynomial terms pt, qt, ps, qs such that

t(x1, . . . ,xn) ≡ pt(x1, . . . ,xn)

qt(x1, . . . ,xn)

and

s(x1, . . . ,xn) ≡ ps(x1, . . . ,xn)

qs(x1, . . . ,xn)
.



46 Wheels – On Division by Zero

Hence it holds in �∅(N[x1, . . . ,xn]) that

pt(x1, . . . ,xn)

qt(x1, . . . ,xn)
= t(x1, . . . ,xn) = s(x1, . . . ,xn) =

ps(x1, . . . ,xn)

qs(x1, . . . ,xn)
.

Therefore, pt and ps are equivalent, as well as qt and qs. Hence, by lemma
1.4.44, we have

pt(x1, . . . ,xn) ≡ ps(x1, . . . ,xn)

and

qt(x1, . . . ,xn) ≡ qs(x1, . . . ,xn) ,

so that

t(x1, . . . ,xn) ≡ pt(x1, . . . ,xn)

qt(x1, . . . ,xn)
≡ ps(x1, . . . ,xn)

qs(x1, . . . ,xn)
≡ s(x1, . . . ,xn) .

Lemma 1.4.47. Suppose p and q are polynomial terms, not both equivalent
to 0. If

p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ 0xn1

1 . . .xnn
n =

p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ 0xm1

1 . . .xmn
n

is true in FWF({x1, . . . ,xn}), then it is true in FWheel({x1, . . . ,xn}) too.

Proof. We prove that (n1, . . . , nn) = (m1, . . . ,mn).
Choose distinct positive prime numbers a1, . . . , an, b1, . . . , bn such that

p(a1/b1, . . . , an/bn)

q(a1/b1, . . . , an/bn)
=
a

b
6= 0

0

in �∅N.
Then

p(a1/b1, . . . , an/bn)

q(a1/b1, . . . , an/bn)
+ 0(a1/b1)

n1 . . . (an/bn)nn =
abn1

1 . . . bnn
n

bbn1
1 . . . bnn

n

and

p(a1/b1, . . . , an/bn)

q(a1/b1, . . . , an/bn)
+ 0(a1/b1)

m1 . . . (an/bn)mn =
abm1

1 . . . bmn
n

bbm1
1 . . . bmn

n

but by assumption, these should be equal. Since a 6= 0 or b 6= 0, we conclude
that (n1, . . . , nn) = (m1, . . . ,mn).

Lemma 1.4.48. If t(x1, . . . ,xn) = s(x1, . . . ,xn) in FWF({x1, . . . ,xn}),
then there is a term 0xn1

1 . . .xnn
n such that t(x1, . . . ,xn) + 0xn1

1 . . .xnn
n =

s(x1, . . . ,xn) + 0xn1
1 . . .xnn

n is true in FWheel({x1, . . . ,xn}).
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Proof. Suppose t(x1, . . . ,xn) = s(x1, . . . ,xn) in FWF({x1, . . . ,xn}). The
same then holds in �∅(N[x1, . . . ,xn]). Hence there are some polynomials
p(x1, . . . , xn) and q(x1, . . . , xn) with

t(x1, . . . ,xn) =
p(x1, . . . ,xn)

q(x1, . . . ,xn)

s(x1, . . . ,xn) =
p(x1, . . . ,xn)

q(x1, . . . ,xn)

true in �∅(N[x1, . . . ,xn]).
If both p and q are equivalent to ‘0’, then we may suppose that they are

actually both the term ‘0’.
Since FWheel({x1, . . . ,xn})/≡ ∼= �∅(N[x1, . . . ,xn]), there are zero-

terms, say zt1, zt2, zt3, zt4 for short, such that

t(x1, . . . ,xn) + zt1 =
p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt2

s(x1, . . . ,xn) + zt3 =
p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt4

in FWheel({x1, . . . ,xn)}).
Since

p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt2 + zt3 = t(x1, . . . ,xn) + zt1 + zt3

= s(x1, . . . ,xn) + zt1 + zt3

=
p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt4 + zt1

in FWF({x1, . . . ,xn) and zt2 + zt3 and zt4 + zt1 compute to zero-terms
of the form used in the statement of the previous lemma, we may use that
lemma to conclude that if p and q are not both the term ‘0’, then

p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt2 + zt3 =

p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt4 + zt1

is true also in FWheel({x1, . . . ,xn}). But if p and q are both ‘0’, then this
fact follows from the axiom (1.8) instead of from the lemma.

Now choose (n1, . . . , nn) such that zt1 + zt3 = 0xn1
1 . . .xnn

n . Then

t(x1, . . . ,xn) + 0xn1
1 . . .xnn

n =
p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt2 + zt3

=
p(x1, . . . ,xn)

q(x1, . . . ,xn)
+ zt4 + zt1

= s(x1, . . . ,xn) + 0xn1
1 . . .xnn

n
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Lemma 1.4.49. Any equation t(x1, . . . ,xn) = s(x1, . . . ,xn) which is true
in FWF({x1, . . .xn}) can be proved using the wheel axioms together with the
axioms ‘0xi is +-cancellable’ (i = 1, . . . , n).

Proof. Suppose t(x1, . . . ,xn) = s(x1, . . . ,xn) in FWF({x1, . . . ,xn}). By
the previous lemma the equation becomes true in FWheel({x1, . . . ,xn}) if
we add a zero-term 0xn1

1 . . .xnn
n to each side. The resulting equation can

be proved using the axioms for wheels. The term 0xn1
1 . . .xnn

n can then be
cancelled by the use of ‘0xi is +-cancellable’ several times for different i,
since it is provable that

0xn1
1 . . .xnn

n =

n∑

j=1

nj∑

k=1

0xj .

Lemma 1.4.50. Suppose that t(x1, . . . ,xn) = 0/0 in �∅(N[x1, . . . ,xn]).
Then it is true in FWF({x1, . . . ,xn}) too.

Proof. Assume t(x1, . . . ,xn) = 0/0 is true in the wheel �∅(N[x1, . . . ,xn]).
Then t(x1, . . . ,xn) ≡ 0/0 is true in FWheel({x1, . . . ,xn}) according to
lemma 1.4.46, say

t(x1, . . . ,xn) + zt1 = 0/0 + zt2 = 0/0 = 0/0 + zt1 .

Hence t(x1, . . . ,xn) + zt1 = 0/0 + zt1 also in FWF({x1, . . . ,xn}), but by
lemma 1.4.41, we conclude that t(x1, . . . ,xn) = 0/0.

Lemma 1.4.51. Suppose t(x1, . . . , xn) = s(x1, . . . , xn) is an unbalanced
equation. Then t(x1, . . . ,xn) = s(x1, . . . ,xn) holds in FWF({x1, . . . ,xn}) if
and only if each side is equal to 0/0 in �∅(N[x1, . . . ,xn]) (and hence, by the
previous lemma, in FWF({x1, . . . ,xn}) too).

Proof. Suppose that t(x1, . . . ,xn) = s(x1, . . . ,xn) in FWF({x1, . . . ,xn}).
By lemma 1.4.48, there is a zero-term 0xn1

1 . . .xnn
n such that

t(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = s(x1, . . . ,xn) + 0xn1
1 . . .xnn

n

holds in FWheel({x1, . . . ,xn}). By completeness, this equation is provable
using the wheel axioms, but since it is unbalanced, one must use an unbal-
anced axiom. There is just one, namely ‘x+ 0/0 = 0/0’. That can be used
only if ‘0/0’ occurs as a subterm in the derivation; but if it does, then every
term in the derivation can be proved to be equal to 0/0.

Hence

t(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = 0/0

and

s(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = 0/0
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in FWF({x1, . . . ,xn}) and hence also in �∅(N[x1, . . . ,xn]). But in the latter,
we have 0xn1

1 . . .xnn
n = 0, hence we conclude that

t(x1, . . . ,xn) = t(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = 0/0

and

s(x1, . . . ,xn) = s(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = 0/0

holds in �∅(N[x1, . . . ,xn]).

The other direction was proved in the previous lemma.

Lemma 1.4.52. Suppose that t(x1, . . . , xn) = s(x1, . . . , xn) is a balanced
equation and t(x1, . . . ,xn) = s(x1, . . . ,xn) is true in �∅(N[x1, . . . ,xn]).
Then it is true also in FWF({x1, . . . ,xn}).

Proof. Assume the conditions. Then t(x1, . . . ,xn) ≡ s(x1, . . . ,xn) is true
in FWheel({x1, . . . ,xn}) by lemma 1.4.46, say that

t(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = s(x1, . . . ,xn) + 0xm1
1 . . .xmn

n .

Since it is true in FWheel({x1, . . . ,xn}), it is in FWF({x1, . . . ,xn}) too.
If (n1, . . . , nn) = (m1, . . . ,mn), then, by lemma 1.4.41, t(x1, . . . ,xn) =
s(x1, . . . ,xn) is true in FWF({x1, . . . ,xn}).

If (n1, . . . , nn) 6= (m1, . . . ,mn), then the equation

t(x1, . . . , xn) + 0xn1
1 . . . xnn

n = s(x1, . . . , xn) + 0xm1
1 . . . xmn

n

is unbalanced, hence, by the previous lemma, we have that

t(x1, . . . ,xn) + 0xn1
1 . . .xnn

n = 0/0

and

s(x1, . . . ,xn) + 0xm1
1 . . .xmn

n = 0/0

in �∅(N[x1, . . . ,xn]). But since 0xn1
1 . . .xnn

n = 0 in �∅(N[x1, . . . ,xn]), we
have

t(x1, . . . ,xn) = 0/0

and

s(x1, . . . ,xn) = 0/0

which by lemma 1.4.50 implies that t(x1, . . . ,xn) = s(x1, . . . ,xn) is true in
FWF({x1, . . . ,xn}).
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Conclusion

The lemmas we have just proved were needed in the proofs of the theorems
of this section. Together, these theorems show that the axioms for wheels
are almost sufficient to derive all equations that are valid in all wheels of
fractions. The “almost” is here needed, since it is sometimes necessary to
end the derivation by cancelling some zero-terms from each side (theorem
1.4.26).

These theorems also give a picture of how valid identities for wheels
relate to valid identities for commutative rings and semirings (theorems
1.4.28, 1.4.30 and corollary 1.4.38).

1.5 Wheel Modules

Since the notion of module is central in the study of rings, and wheels can
be used as a replacement of rings, we should introduce the notion of an H-
module over a wheel H. We indicate briefly how a theory of modules may
be developed.

The notion of A-module, where A is an arbitrary semiring, was defined
in section 1.3 (definition 1.3.2) and it was noted that when A happens to
be a ring, then an A-module in the defined sense is an A-module in the
usual sense of rings. The following definition is similar to that definition.
Note that the axioms are the wheel axioms that are interpretable in the given
context, we mark to the right to which wheel axiom each axiom corresponds.

Definition 1.5.1. Let H be a wheel. An H-module is a commutative
monoid 〈M, 0,+〉 with multiplication by H-elements defined (formally, a
function H ×M → M written (x,m) 7→ xm) such that for any x, x′ ∈ H,
m,m′ ∈M ,

(xx′)m = x(x′m) (as 1.2)

1m = m (as 1.2)

(x+ x′)m+ 0m = xm+ x′m (as 1.3)

x(m+m′) + x0 = xm+ xm′ (as 1.3)

(/x)m+m′ + x0 = (/x)(m+ xm′) (as 1.4)

0 · 0 = 0 (as 1.5)

x(m+ 0m′) = xm+ 0m′ (as 1.6)

m+ (/0)0 = (/0)0 (as 1.8)

where 0 to the left is in H, while 0 to the right or alone is in M .

A morphism of H-modules is as usual a monoid-morphism which also
preserves the multiplication. Let RHM be the subset {m ∈ M | 0m = 0},
which is clearly an RH-module and for any H-module-morphism ϕ : M →
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N , let RHϕ be the RH-module-morphism obtained by restriction to RHM .
RH is clearly a functor from the category of H-modules to the category of
RH-modules.

The construction of wheels of fractions works also for modules over
commutative semirings, so that we may construct “�XA-modules” from
A-modules.

Let A be a commutative semiring, X a subset and S the multiplicative
monoid generated by X. Let M be an A-module and define ∼ on M ×A by

(m, a) ∼ (m′, a′) ⇐⇒ ∃s1, s2 ∈ S : (s1m, s1a) = (s2m
′, s2a

′) .

That this is an equivalence relation is seen in the same way as before. Let
�XM be M ×A/∼ with the operations ([c, d] ∈ �XA)

0 = [0, 1]

[m, a] + [m′, a′] = [a′m+ am′, aa′]

[c, d][m, a′] = [cm, da′] .

These operations are well-defined by the same arguments as before, and the
resulting structure is clearly a �XA-module, denoted �XM .

If ϕ : M → N is an A-module homomorphism, let �Xϕ be the �XA-
module homomorphism �XM → �XN given by [m, a] 7→ [ϕ(m), a]. �X

is then a functor from the category of A-modules to the category of �XA-
modules; with right adjoint R�XA. If A is a ring, then the composition
R�XA�X is the well-known functor S−1.

As an application, we may define �XA in the case when A is a commu-
tative ring without identity element. Suppose A is such a ring, X a subset
of it. Let A[1] be (following Nagata) the additive group Z×A together with
the extra operations 1 = (1, 0) and

(n, a)(n′, a′) = (nn′, na′ + n′a+ aa′) ,

which makes A[1] a commutative ring with identity 1, and with A injectively
embedded by the operation-preserving injection x 7→ (0, x). Identify A with
its image under this embedding. A is then an ideal of A[1], in particular an
A[1]-module. In this way, �XA is defined as a �XA[1]-module.

Another application is exponentiation with fractions as exponents. Since
every commutative monoid 〈M, e, ·〉 is an N-module by multiplication mn

(m ∈ M,n ∈ N), it is extended to a �S0
N-module �S0

M consisting of

elements [m,n] (m ∈ M,n ∈ N, write n
√
m for [m,n]). One has n

√
m

p/q
=

qn
√
mp. In particular, x1/0 and x0/0 is defined in this way.
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Subsets, Quotients

and Partial Functions

in Martin-Löf’s Type Theory
Types for Proofs and Programs [11]. Finished Jan. 29, 2003.

Abstract. We treat subsets, equivalence relations, and partial func-
tions, with subsets as propositional functions. In order for these three
notions to work well together, we propose some changes to the theory
of subsets as propositional functions. The method used is not to make
any changes to the type theory itself, but to view the new concepts
as defined ones.

2.1 Introduction

The theory presented in this paper was intended for Martin-Löf’s type theory
[38, 41], but when some of the ideas were used in the formalization of the
Fundamental Theorem of Algebra in Coq, they made the extracted program
considerably shorter [17], so they seem to be relevant also for the type theory
‘Calculus of Constructions’ [15] of Coq. A possible explanation is that our
theory introduces fewer redexes in proof-terms than other approaches to the
same problems.

The reason why our approach is natural in Martin-Löf’s type theory is
easier to see. When constructing an element of Π(A,B) by the introduction
rule one provides a function of type (x : A)B(x) (there is nothing correspond-
ing to this distinction in the Calculus of Constructions), so such functions
are more basic than the elements of Π(A,B), and in many cases there is no
need to involve the set Π(A,B) at all, therefore it is often avoided. Analo-
gously, when defining a function of type (Σ(A,B))C by the elimination rule,
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one provides a function of type (x : A, y : B(x))C, which is therefore in the
same sense a more basic object. Such functions have been called ‘partial
functions’ and we continue this tradition. This paper is essentially about
how to use such partial functions systematically.

To do that, one needs tools for the corresponding notion of subset, i.e.
subsets as propositional functions rather than as Σ-types, and a notion of
equivalence relation on a subset. We know already several ways of formal-
izing subsets together with equivalence relations in type theory, but they
do not treat subsets as propositional functions. Most of these ways are de-
scribed and compared in [10]. The most basic one is what we might call the
‘Σ-approach’: subsets are treated as Σ-types in the following way.

A setoid is a pair A′/=A′ , where A′ is a set and =A′ an equivalence
relation on that set. Given a propositional function A′′ : (A′)prop, we may
construct a new setoid

Σ(A′, A′′)/=Σ

where (c =Σ d)
def
= (π`(c) =A′ π`(d)), and this ‘subsetoid’ can be thought of

as a subset in the sense of category theory: there is a function

π`(x) : A′ (x : Σ(A′, A′′))

which is injective with respect to the equivalence relations in the obvious
sense.

Any coarser equivalence ≡Σ on Σ(A′, A′′) defines naturally a ‘quotient’

Σ(A′, A′′)/≡Σ

and thus there is no problem in treating subsets and quotients together in
this way.

In some cases, however, this approach is not satisfactory, as might be
suspected in the light of the introductory remarks. Consider the following
example. Let A be a set with ring operations. Let U : (A)prop be the
predicate saying that an element is invertible, or a unit,

U(a)
def
= (∃y : A)(ay = 1 & ya = 1) .

In algebra, we often refer to ‘the group of units’ of a ring. In taking the
Σ-approach in formalizing this, one uses Σ(A,U) with operations

1
def
= (1, p1)

uv
def
= (π`(u)π`(v), p×(u, v))

inv(u)
def
= (π`πr(u), (π`(u), (πrπrπr(u), π`πrπr(u))))

where p1 : U(1) and p×(x, y) : U(π`(x)π`(y)) (x, y : Σ(A,U)) (there is also
the alternative to use split directly instead of π` and πr, but that would
make the following even more complicated).
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Consider now a practical situation, like the computation of (a+ b)−1 +c,
where a, b, c : A. Inversion is not defined on A, but on Σ(A,U), so we need
to ‘lift’ a+ b to Σ(A,U). Of course, we need a proof p : U(a+ b) to do this.
So we use the function

(x, p) : Σ(A,U) (x : A, p : U(x))

of two variables to get an element of Σ(A,U) out of the element of A we
had, together with the proof needed.

We may then, using inv, invert (a + b, p), but then we get an element
of Σ(A,U) rather than of A, so inv((a+ b, p)) + c does not make sense. So
we have to apply π` to inv((a + b, p)) to get an element of A. Hence, the
type-theoretical formalization of (a+ b)−1 + c becomes

π`(inv((a+ b, p))) + c .

Thus, what we really use for inverting elements is the function

d−1
p

def
= π`(inv((d, p)))

which after unfolding of definitions becomes

d−1
p

def
= π`((π`πr((d, p)), (π`((d, p)), (πrπrπr((d, p)), π`πrπr((d, p))))))

and after reduction nothing but

d−1
p

def
= π`(p) .

So someone formalizing rings with inversion in type theory would not
benefit from mentioning Σ(A,U), nor the function inv. It is much more
straightforward to define d−1

p
def
= π`(p) directly.

In formalizing the Fundamental Theorem of Calculus in Coq, Cruz-Filipe
[16] discovered that he had no use for subsetoids, precisely because of the
facts mentioned above, and he also discovered that it was more efficient not
mentioning subsetoids at all (private communication).

Thus, there is a gap between abstract Σ-based foundation of algebra on
the one hand, and concrete formalization on the other. If the formalizer
chooses to avoid Σ-types, which is sound in our example because there is
nothing gained by having them, then the Σ-based foundation fails to say
that the inversion is defined on a subset – indeed, it is not defined on a
subset in the sense of a Σ-type. But there is no doubt that there is, in an
intuitive sense, a subset involved in this example.

The idea of subsets as propositional functions allows us to say that the
inversion d−1

p is defined on a subset. But one needs also the notion of an
equivalence relation on a subset in order to treat algebraic structures. In the
example considered, it means that we want to be able to express such things
as the units forming a group. Instead of saying that the subset of units is
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a certain Σ-type, we say that this subset is nothing but the propositional
function U itself. We get, in the formalism we are about to develop, that
the given equivalence on A satisfies the criterion of being an equivalence
on U , and likewise for the multiplication and the constant 1. Finally, the
operation d−1

p is an extensional function U → U . If we phrase the group
axioms with quantifiers restricted to U , they are satisfied. So we are indeed
justified in saying that U is a group with the operations mentioned. All this
will be simple applications of the present theory.

2.2 An Example: Rational Numbers

Suppose Z, the ring of integers, is already defined. Consider the set Z × Z

with

0
def
= (0, 1)

a+ b
def
= (π`(a)πr(b) + π`(b)πr(a), πr(a)πr(b))

−a def
= (−π`(a), πr(a))

1
def
= (1, 1)

ab
def
= (π`(a)π`(b), πr(a)πr(b))

a−1 def
= (πr(a), π`(a))

(a = b)
def
= (π`(a)πr(b) = π`(b)πr(a))

and let the subset of rational numbers be defined by a ε Q
def
= πr(a) 6= 0.

This definition of the rationals has the advantage that the inversion does
not depend on a proof. It certainly has drawbacks too. What is important
here is the fact that we grasp intuitively that the subset Q as defined here
is isomorphic to the rationals in another formalization. In order for this
intuition to be formally justified, we need a language like the one we are
about to introduce. In particular, we need to justify the intuition that = is
an equivalence relation on Q (it certainly is not a total equivalence relation
since transitivity fails). We leave the details as good and easy exercises
for the reader in the belief that they will be helpful in understanding the
peculiarities of the present theory.

2.3 Related Work

Subsets as propositional functions were first proposed by Martin-Löf [38,
p. 64]. Nordström et al. [41] took a different approach by introducing new
types for subsets, but they also gave an interpretation in pure Martin-Löf
type theory where a subset A was interpreted as a pair A′, A′′, with A′ :
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set, A′′ : (A′)prop. This paper is inspired by their ideas, but we do not
introduce new types, but stay in pure type theory using the interpretation
directly. To do like that was also the idea used by Sambin and Valentini in
their so called ‘toolbox’ for subsets [50], which is maybe the most important
source of inspiration for the present paper. In fact, we would have used
their treatment of subsets if it had not been the case that it turned out to
be necessary to change one detail, with the consequence that we have to
rework almost everything.

The problem appears on the last page [50, p. 243], where partial functions
are introduced. A partial function from a subset to a set B is a function
f(a, p) : B (a an element of the underlying set of the subset, p a proof that
a belongs to the subset). According to the definition used in the toolbox,
one requires Id(B, f(a, p), f(a, q)) true for all proofs p, q of the right type.
But this requirement is too strong for many purposes. One example was
given in the introduction: it would be good to have inverse functions of rings
accepted as partial functions. But the problem arises already at a very basic
level: we would like to establish an isomorphism between a subset of A′ as
a propositional function A′′ on the one hand, and the type Σ(A′, A′′) on the
other. We have of course the left projection π`(x) : A′ (x : Σ(A′, A′′)) in one
direction, but in the other direction, the obvious candidate is the pairing
function

(x, p) : Σ(A′, A′′) (x : A′, p : A′′(x)) ,

and hence we want this one to be accepted as a partial function from the
subset to the Σ-type, but Id(Σ(A′, A′′), (a, p), (a, q)) is not in general true.

Thus, the notion of partial function used in the toolbox is too restrictive:
we have to drop the requirement Id(B, f(a, p), f(a, q)) true. But when this is
done, we naturally get propositions of the form P (f(a, p)), which sometimes
depend non-trivially on p as well as on a. When such propositions occur
in the scope of quantifiers, we have to accept that we need to quantify also
over proofs, for instance, we may need to say

(∃x : A′, p : A′′(x))P (f(x, p)) .

Propositions like this one were not considered in earlier works on subsets.
So, when accepting partial functions that depend on proofs, we need to

rework many details of subset theory. This paper is such an attempt. It
would be a hopeless task to mention the origin of every idea properly, in-
stead, please note that most ideas are taken directly from [41, 50], sometimes
with small but crucial modifications.

There is an increasing interest in algebraic structures with carrier types
not being sets. For instance, it is natural to treat the type of propositions
as a Heyting algebra, or frame, with the equivalence relation being logical
equivalence. Also, in formal topology (see e.g. [48, 49]), the formal points
do not form sets, but they may have algebraic structure. Therefore, we
will as much as possible try to avoid the assumption that we have sets.
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As a consequence, we have to use types rather than propositions in several
definitions: for instance, instead of saying that a function is injective if a
certain proposition is true, we have to say that it is injective if a certain
type is inhabited.

2.4 Subsets

We adopt the notation A for the pair A′, A′′, as was done in [41], with the
only difference that we do not require A′ : set, but that A′ is a type and
A′′ : (A′)prop. The pair is written “{A′ | A′′}” or “{x : A′ | A′′(x)}”. Here
A′ is said to be the ‘underlying type’ and A′′ is said to be a ‘class’ of objects
of this type. We say that a class is a ‘subset’ when the underlying type is a
set.

We need also express that a : A′ and p : A′′(a) build an ‘element of A’,
which we do by saying “ap ε A”. The subscript notation here is not some
kind of indexing, we could as well have written “a, p”, but we prefer the
subscript notation because it reminds of the fact that p is often considered
not to be important in informal mathematics. When it is inessential to know
what proof p we have, we may simply hide it. The subscript notation makes
it possible to erase proof symbols without getting unreadable formulas.

A
def
= {A′ | A′′} def

= A′, A′′

ap
def
= a, p

ap ε A
def
= a : A′, p : A′′(a) .

Hiding p, we may write

a ε A
def
= a : A′, A′′(a) true .

We also get the following notation for partial functions:

f(ap)
def
= f(a, p) .

We almost automatically get quantification over subsets defined (not for
arbitrary classes because we quantify over A′, which therefore has to be a
set), simply by spelling out what has been said about the notation “ap ε A”:

(∀xp ε A)P (xp)
def
=(∀x : A′, p : A′′(x))P (xp)

(∃xp ε A)P (xp)
def
=(∃x : A′, p : A′′(x))P (xp) .

Observe that the scope may depend on the proof p. When this is not the
case, we simply get, by the type-theoretical definitions of ⊃ and &,

(∀x : A′)(A′′(x) ⊃ P (x))

(∃x : A′)(A′′(x) & P (x)) ,
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which are the standard definitions of restricted quantifiers, appearing also
in [50, 41].

We choose to have the relation ε on the judgemental level, rather than
on the propositional level as is proposed in the toolbox. However, just
as we need the equality Id(A′, a, b) as a propositional counterpart of the
judgemental equality a = b : A′, it is often convenient to have counterparts
also for the ε-relation and similar concepts. We therefore introduce such
counterparts.

Judgement Proposition

a ε A a ε A
def
=

def
=

a : A′, A′′(a) true A′′(a)
A ⊆ B A ⊆ B

def
=

def
=

A′ = B′, x ε B true (x ε A) (∀x : A′)(A′′(x) ⊃B′′(x))
def
= (∀x : A′)(x ε A⊃ x ε B)

def
= (∀x ε A)(x ε B)

The propositional version of A ⊆ B makes sense only when A′ : set and A′ =
B′. It is safe to have the same notation for judgements and propositions,
since it is always clear from the context whether something is a judgement
or a proposition.

Remark 2.4.1. Our propositional relation a ε A differs from the one in the
toolbox, where it is defined as A′′(a) & Id(A′, a, a). As a consequence, our
definition will not have the type-checking properties required in the toolbox,
but this seems not to be a difficulty, since our judgemental form of ε has
this property, and this seems indeed to be sufficient. See also the remark at
the end of the next section.

2.5 Abuse of Language

It is common in mathematics to identify a set with the improper subset of
it. In this spirit, it is natural when A : set – and more generally, when A is
a type – to use the notation “A” also for {x : A | >}. It has to be checked
manually that the context is clear enough for this abuse of language to be
secure.

For instance, we may introduce a new symbol “U” by writing

“suppose U ⊆ A”.

For this to make sense, we have to interpret it as U ⊆ {x : A | >} and assume
that “U” denotes a pair {U ′ | U ′′} with U ′ a type and U ′′ : (U ′)prop. Then
“U ⊆ A” means

U ′ = A > true (x ε U) .
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The right judgement is trivially correct, so the expression “U ⊆ A” con-
tributes precisely with the information that U is a pair {A | U ′′} with U ′′ a
class of objects of type A.

A second way of abusing language in a convenient way is when the un-
derlying type is kept fixed but many classes are considered: say we consider
{A | U}, {A | V }, and so on. Then it is natural to write simply “U” for {A |
U}, “V ” for {A | V } etc. For instance, it is natural to write “(∀x ε U)P (x)”
(as proposed in the toolbox) instead of “(∀x ε {x : A | U(x)})P (x)”. In
the toolbox, “{x : A | U(x)}” was just another notation for U , which is in
agreement with our second abuse of language.

With A a type, this second abuse of language gives another interpretation
of the expression “suppose U ⊆ A”: clearly, “A” must still be interpreted
as {x : A | >}, because the second interpretation presupposes that A is a
propositional function, which is not the case, because it was given that A
is a type. But “U” can be interpreted as {A | U}, so that “U ⊆ A” is
shorthand for “{A | U} ⊆ {x : A | >}”. Spelling out what this means, we
get

U : (A)prop A = A > true (x ε {A | U}) .
Hence, the expression “U ⊆ A” contributes in this case precisely by saying
that U is a propositional function on A, i.e., a subset of A, or a class of
objects of type A.

To sum up, assuming A is a type, the expression “suppose U ⊆ A” can
be interpreted in two different ways, either as the supposition that U is a
propositional function on A (a subset or class) or as the supposition that U
is a pair {A | U ′′} with U ′′ a propositional function on A.

Remark 2.5.1. When A is a type, the abuse of language gives that the
judgement “a ε A” is a : A, > true, thus essentially a : A, while the propo-
sition “a ε A” in this case is nothing but the proposition >.

2.6 Quotients of Subsets

In introducing equivalence relations on subsets, we want to establish a cor-
respondence with equivalence relations on Σ-types. We have already stated
that the correspondence should be given by the pair

π`(x) : A′ (x : Σ(A′, A′′))

(x, p) : Σ(A′, A′′) (x : A′, p : A′′(x))

and so it remains only to see what notion of equivalence is induced on A by
this pair of functions.

Suppose that an equivalence ≡Σ is defined on Σ(A′, A′′) as in Sect. 2.1.
We may then define

(ap ≡A bq)
def
= ((a, p) ≡Σ (b, q)) ,
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getting a relation ≡A of four variables out of the relation ≡Σ of two variables.
A motivation for having the proofs in subscript notation comes from the

fact that we have a certain amount of “proof irrelevance”:

xp ≡A xq true (xp, xq ε A) ,

which is proved using

(ap ≡A aq)
def
= ((a, p) ≡Σ (a, q)) ⇐ ((a, p) =Σ (a, q))

def
= (a =A′ a) ,

with a =A′ a proved by reflexivity of =A′ .
This leads us to the following axioms for equivalence on a class:

xp =A yq : prop (xp, yq ε A)

(refl) xp =A xq true (xp, xq ε A)

(sym) xp =A yq true (xp, yq ε A, yq =A xp true)

(tr) xp =A zr true (xp, yp, zr ε A, xp =A yq true, yq =A zr true) .

Note that, in the reflexivity axiom, we do not require the proofs to be the
same on both sides. This is a result of the idea that =A be coarser than
some totally defined equivalence relation, as in the introductory example.
In fact, our reflexivity axiom is equivalent with this requirement in the case
A′ : set, because

Id(A′, x, y) ⊃ (xp =A yq) true (xp, yq ε A)

follows from (refl). This is not as straightforward to prove as one might
think: first, let P (z)

def
= (∀r : z ε A)(xp =A zr). Using λr. refl=A

(x, p, r) :
P (x) and a proof of Id(A′, x, y), we get a proof of P (y). Applying it to q,
we get a proof of xp =A yq. Thus, λw. app(subst(w, λr. refl=A

(x, p, r)), q) is
a proof of Id(A′, x, y) ⊃ (xp =A yq).

The notion of equivalence proposed here seems to be a heavy one because
of all proofs it may depend on. But a feature of type theory is that this kind
of dependence is always optional. In many applications, one gets dependence
only on a few proofs: in the example of Sect. 2.2 for instance, neither refl
nor sym depend on proofs, and tr depends only on one proof. In particular,
ordinary equivalence relations are equivalence relations in our sense. We just
proved above that the Id relation is the finest of all equivalence relations.

Another special case is the notion of partial equivalence relation = (a
symmetric and transitive relation) on a type A [18, 10, 29]. Such a relation
is an equivalence relation in our sense on {x : A | x = x}. In this case
neither sym nor tr depend on proofs, but in general refl does: the reflex-
ivity judgement becomes, after definitions have been expanded and some
unnecessary assumptions in the context have been removed, nothing but
(x = x) true (x : A, p : (x = x)).
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A pair A
def
= {A′ | A′′} together with an equivalence =A will be denoted

by “A/=A”. We use the same notation when A is a type and =A a total
equivalence relation on it. According to what we have said about abuse of
language in Sect. 2.5, “A/=A” should mean {A | (x)>}/=A in that case,
but clearly it is safe and more natural to dispense with the propositional
function (x)>.

Of course, if C
def
= A/=A, we allow ourselves to write “xp ε C” when we

actually mean xp ε A, etc.

2.7 Partial Functions

A property defined on A is a propositional function P : (xp ε A)prop of two
variables, with

P (xq) true (xp, xq ε A, P (xp) true) .

Being equal to a distinguished element is a property: Let cr ε A and
P (ap)

def
= (ap =A cr), then

tr=A
(xq, xp, cr, refl=A

(x, q, p), s) : P (xq) (xp, xq ε A, s : P (xp)) .

Properties are examples of partial functions. A partial function from A
to B is a function f : (xp ε A)B′ with f(xp) ε B true (xp ε A) (we often say
only ‘function’ instead of ‘partial function’).

When B is a type, we may, by the abuse of language mentioned in
Sect. 2.5, write “B” also for {x : B | >}, and so a partial function from
A to B is an element of (xp ε A)B with > true (xp ε A). Since the latter
judgement is trivially correct, a partial function from A to B is in this case
precisely an element of (xp ε A)B.

When A is a type, we get, by the same abuse of language, that a partial
function from A to B is a function f : (A,>)B ′ with f(xp) ε B true (xp ε A).
It is essentially a function of type (A)B′ in the sense that it is extensionally
equal to such a function, namely to (x)f(xtt) : (A)B′, because we have

Id(B′, f(xp), f(xtt)) true (xp ε A) .

However, on the intensional level, we have to distinguish between functions
from A to B and partial functions from A to B when A is a type. We will
not always make that distinction explicit, the correct interpretation will be
evident from the context.

In the case with both A and B types, we get that a partial function from
A to B is an element of the type (A,>)B, thus essentially an element of
(A)B, as we wish it to be.

An extensional function A/=A → B/=B is a function f from A to B
such that

f(xp)α =B f(yq)β true

(xp, yq ε A, xp =A yq true, α : f(xp) ε B, β : f(yq) ε B) .
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This definition is independent of the choice of f ′′ : (xp ε A)(f(xp) ε B).
However, given such an f ′′, it is sufficient to prove

f(xp)f ′′(xp) =B f(yq)f ′′(yq) true (xp, yq ε A, xp =A yq true)

because of the form of the reflexivity axiom for =B .
Being a partial function in the sense of the toolbox is equivalent with be-

ing, in our language, an extensional function A/Id → B/Id, with A′, B : set.
The proof of this equivalence goes very much like the proof of Id(A′, x, y)⊃
(xp =A yq) in the previous section.

By taking prop/⇔ for B/=B , we get a notion of extensional propositional
function:

P (xp) ⇔ P (yq) true (xp, yq ε A, xp =A yq true) .

An extensional propositional function is clearly a property, and therefore
the notion of property will not be important when equivalence relations are
present, it rather belongs to pure subset theory.

2.8 Iterating the Constructions

This section is mostly straightforward. We include it for reference and to
show that the theory provides iteration.

2.8.1 Quotients of Quotients

We put
(A/=A)/≡A

def
= A/≡A .

This is known as the ‘Second Isomorphism Theorem’ in the literature but in
a setting like ours, where we do not use equivalence classes, it can be given
as a definition.

It is natural to require that ≡A be coarser than =A, because this is what
makes the projection A/=A → A/≡A extensional. Without this require-
ment, we can interpret the sign “/” as nothing but a change of equivalence
relations.

2.8.2 Subsets of Subsets

A subclass of A is given by a property P (xp) : prop (xp ε A). Thus, to know
that an element a belongs to it, we need both a proof p : a ε A to make P (ap)
make sense, and then a proof q : P (ap). Forming a pair of these proofs, we
get precisely a canonical proof of the proposition (∃p : a ε A)P (ap) and
hence we define

{A | P} def
= {x : A′ | (∃p : x ε A)P (xp)} ,
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allowing also the notation {xp ε A | P (xp)}.
When P (ap) does not depend on p, we get, by the type-theoretical defi-

nition of &, simply

{x ε A | P (x)} def
= {x : A′ | A′′(x) & P (x)} ,

as in [41].
When A is a type, “{x ε A | P (x)}” is, by the abuse of language,

interpreted as {x ε {x : A | >} | P (x)}, i.e. {x : A | > & P (x)}. So
{x ε A | P (x)} and {x : A | P (x)} are extensionally equal, though the latter
one is intensionally more natural.

2.8.3 Subsets of Quotients

With =A′ a total equivalence relation on A′, we let

{A′/=A′ | P} def
= {A′ | P}/=A′ .

In the general case A
def
= {A′ | A′′} with =A not necessarily total, we need

to restrict it to {A | P}, so we put

{A/=A | P} def
= {A | P}/=r ,

with =r the restriction as defined in Sect. 2.10.
It is natural to require that a subset of a quotient should respect the

equivalence, i.e., that the propositional function be extensional. Surpris-
ingly, it seems that this requirement is not as important as one might think.
Therefore, we do not include it in the definition. Instead, it can be added
when convenient.

2.9 Some Examples

There are many applications for which it is important that we do not require
that the underlying type is a set:

1. Powerset and families of subsets. For A : set, let

P(A)
def
= ((A)prop)/

ext
= ,

where
X

ext
= Y

def
= (∀x : A)(x ε X ⇐⇒ x ε Y ) .

An I/=I -indexed extensional family of subsets of a set A is an ex-
tensional function I/=I → P(A). This makes sense both when I is
a type and when I

def
= {I ′ | I ′′}. In the former case, this definition

amounts to saying that a family of subsets is of type (I, A)prop, thus
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by definition a binary relation (satisfying also an extensionality con-
dition). In the case with I

def
= {I ′ | I ′′}, a family of subsets is of type

(i : I, p : i ε I, A)prop, i.e., a ternary relation with the type of the
second argument depending on the first argument.

With the notation “Uip
” instead of “U(ip)” the extensionality condi-

tion reads

Uip

ext
= Ujq

true (ip, jq ε I, ip =I jq true) .

2. Suppose =A is a total equivalence relation on a set A. For a : A, let [a]
be the corresponding equivalence class given by (x ε [a])

def
= (x =A a).

The class

ECA/=A

def
= {X : P(A) | (∃x : A)(X

ext
= [x])}

of equivalence classes is isomorphic with A/=A (the notion of isomor-
phism will be made precise in Sect. 2.11): (x)[x] is an extensional
function A/=A → ECA/=A

with extensional inverse being (Xp)π`(p).

ECA/=A
consists of extensional subsets only. The class of extensional

subsets with extensional equality is

P(A/=A)
def
= {X : P(A) | (∀x ε X, y ε [x])(y ε X)}

and indeed ECA/=A
⊆ P(A/=A).

3. ‘Lifting’, as in Domain Theory. With classical logic, it can be described
as the addition of a single ‘bottom’ element ⊥, but there are also well
known (classically equivalent) definitions which work constructively,
for instance the collection of subsets with at most one element [30]. We
show that this construction can be carried out and naturally expressed
in our language; so it is not, as is often thought, impredicative in
itself, what is impredicative is to accept the resulting class as a set
(see however [42] for a way of solving this using a universe).

Let B : set with an equivalence relation =B . The lifting of B/=B is

(B/=B)⊥
def
= {X ε P(B/=B) | (∀x, y ε X)(x =B y)} .

We have ECB/=B
⊆ (B/=B)⊥ but they are not equal since the empty

subset is an element of the lifting. On the other hand, any inhabited
element of the lifting is an element of ECB/=B

.

Now, let A′ : set with equivalence relation =A. Let A
def
= {A′ | A′′}

for some propositional function A′′. For an extensional f : A/=A →
B/=B , let

f⊥(a)
def
= {y : B | (∃p : a ε A)(y =B f(ap))} .
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It is straightforward to check that f⊥ is an extensional function from
A′/=A to (B/=B)⊥ and that it extends f in the sense that if ap ε A,
then

f⊥(a)
ext
= [f(ap)] true .

4. In a formal topology (see e.g. [48, 49]), let U CBV mean that U and
V cover each other. Let

Ω(S,C)
def
= P(S)/CB .

The class of opens that cover a : S is given by

{U : Ω(S,C) | a C U}

which is definitionally equal to

{U : (S)prop | a C U}/CB .

2.10 Kernels and Images

For the definition of ker and im of f : A→ B, we need a distinguished

f ′′ : (xp ε A)(f(xp) ε B)

for them to depend on. To be precise, we would have to write “kerf,f ′′”,
but for readability, we do not spell out the functions.

Suppose that =B is defined on B (we do not need any equivalence defined
on A).

The kernel is defined by

ap ker bq
def
= f(ap)f ′′(ap) =B f(bq)f ′′(bq) .

Note that f ′′ appears in the subscript only. Therefore, if =B does not depend
on proofs, ker will not depend on f ′′, and thus we need not specify it. We
then get simply

ap ker bq
def
= f(ap) =B f(bq)

and when f does not depend on the proof, simply

a ker b
def
= f(a) =B f(b) .

That f : A/=A → B/=B is extensional is precisely that ker is coarser than
=A.

An application of the kernel is in the order of classes. We have defined

A ⊆ B
def
= A′ = B′, x ε B true (x ε A)



2.11 Injectivity, Surjectivity and Bijectivity 67

which says precisely that the “inclusion” (xp)x is a function A → B. With
a distinguished i′′ : (xp ε A)(x ε B), we get a kernel

ap ker bq
def
= ai′′(ap) =B bi′′(bq) .

When =B does not depend on proofs, this amounts to

a ker b
def
= a =B b .

Thus, if =B is defined on B, we get an equivalence defined on A: the
‘restriction to A’. For instance, the restriction of =A to {A | P} is the
kernel ker(xp)x, π`

of the inclusion {A | P} → A.
When =B does not depend on proofs, the restriction will be the same as

=B .

Remark 2.10.1. It is worth noting that λx.λp.i′′(xp) is a proof of the
proposition A ⊆ B. In the toolbox, A′′ ⊆A′ B′′ is defined to be

(∀x : A′)((A′′(x) & Id(A′, x, x)) ⊃ (B′′(x) & Id(A′, x, x))) .

A proof of this proposition is λx.λq.(i′′(xπ`(q)), πr(q)) .

The definition of image is straightforward, but it uses quantification over
A′ and thus needs A′ : set to make sense:

im
def
= {yq ε B | (∃xp ε A)(f(xp)f ′′(xp) =B yq)} .

2.11 Injectivity, Surjectivity and Bijectivity

It is easy to state what injectivity and surjectivity should mean using quan-
tifiers, but since we want these concepts to make sense also for types that
are not sets, we avoid quantifiers.

To begin with, we state injectivity for a (not necessarily extensional)
partial function f : A/=A → B/=B by the judgement

xp =A yq true

(xp, yp ε A, α : f(xp) ε B, β : f(yq) ε B, f(xp)α =B f(yq)β true) .

When A′, B′ : set and f ′′ : (xp ε A)(f(xp) ε B), this judgement is equivalent
with the truth of the proposition

(∀xp, yq ε A)(f(xp)f ′′(xp) =B f(yq)f ′′(yq) ⊃ xp =A yq)

because of the form of the reflexivity axiom for =B .
It is tempting to define surjectivity by B ⊆ im or something similar,

but the definition of im uses quantifiers, so we avoid it. Instead, we define
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surjectivity as Bishop [6, p.15] did as “having (not necessarily extensional)
right inverse”.

If =B is an equivalence relation on B, f is a function from A to B, and g
a function in the other direction, not necessarily extensional, we state that
g is right inverse of f (and f left inverse of g) by the judgement

f(g(yq)r)s =B yq true (yq ε B, r : g(yq) ε A, s : f(g(yq)) ε B) .

This judgement is independent of the choices of f ′′ : (xp ε A)(f(xp) ε B)
and g′′ : (yq ε B)(g(yq) ε A). With such choices made, it is sufficient, under
the assumption that f is extensional for some equivalence relation on A, to
prove the more familiarly looking judgement

f(g(yq)g′′(yq))f ′′(g(yq)g′′(yq))
=B yq true (yq ε B) .

The surjectivity of f is expressed by the pair of judgements g : B → A,
‘g is right inverse of f ’, but with g hidden.

When f is extensional A/=A → B/=B and A′ : set, so that imf,f ′′ makes
sense, f is surjective to im. The corresponding right inverse g is extensional
precisely when f is injective.

If f : A/=A → B/=B and g : B/=B → A/=A are both extensional
and each-others inverses on both sides, we have the notion of bijective corre-
spondence or isomorphism. In that case, f is both injective and surjective.
When we hide g, we get the judgement that f is bijective.

On the other hand, suppose f is extensional, injective and surjective.
Let g : B → A be the right inverse which exists by the surjectivity. We
prove that f is bijective by proving extensionality of g and that g is also
left inverse of f . The extensionality of g is obtained immediately from the
injectivity of f , and

g(f(xp)q)r =A xp

follows, also by injectivity of f , from

f(g(f(xp)q)r)s =B f(xp)q ,

which is easily proved using that g is right inverse of f .

2.12 The First Isomorphism Theorem

It is now an easy exercise to show that any extensional function f , with do-
main inside a set, can be factored into a projection onto a quotient, followed
by an isomorphism, followed by an inclusion.
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A/=A
f //

(xp)x

����

B/=B

A/ker1
∼

im/ker2

OO
(yq)y

OO

The relation ker1 is the kernel of (f, f ′′), while ker2 is the kernel of the
inclusion im → B.

The proof is immediate when all definitions have been expanded. We
give the details because they serve as instructive examples. We have

im
def
= {yq ε B | (∃xp ε A)f(xp)f ′′(xp) =B yq}
def
= {y : B′ | (∃q : y ε B, xp ε A)f(xp)f ′′(xp) =B yq}

(ap ker1 bq)
def
= (f(ap)f ′′(ap) =B f(bq)f ′′(bq))

(ap ker2 bq)
def
= (aπ`(p) =B bπ`(q)) .

The projection is extensional because f is. The inclusion is extensional by
definition of ker2. The asserted map A/ker1 → im /ker2 is nothing but f
itself, because we do not use equivalence classes. The proof that f is indeed
A→ im is

F (ap)
def
= (f ′′(ap), (a, (p, reflB(f(ap), f

′′(ap), f
′′(ap))))) .

We prove that f is extensional and injective A/ker1 → im /ker2 by proving

ap ker1 bq ⇐⇒ f(ap)F (ap) ker2 f(bq)F (bq) ,

but this is obvious because by expanding the definitions, we get definitionally
equal propositions on both sides.

According to the previous section, it now suffices to find a right inverse,
which then automatically is extensional and an inverse to f . We claim that
g(aq)

def
= π`πr(q) is such a right inverse. It is a function im → A because

π`πrπr(q) : g(yq) ε A (yq ε im) .

To prove that g is a right inverse is to prove the judgement

f(g(yq)π`πrπr(q))F (g(yq)π`πrπr(q)) ker2 yq true (yq ε im) ,

which, by definition of F and ker2, amounts to

f(g(yq)π`πrπr(q))f ′′(g(yq)π`πrπr(q)) =B yπ`(q) true (yq ε im) .

So we assume yq ε im, i.e. y : B′, q : (∃r : y ε B, xp ε A)(f(xp)f ′′(xp) =B yr),
and prove f(g(yq)π`πrπr(q))f ′′(g(yq)π`πrπr(q)) =B yπ`(q). But that is easily

done: πrπrπr(q) is a such a proof.
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2.13 Conclusion

We have given tools for handling equivalence relations together with sub-
sets as propositional functions. The approach made an extracted program
considerably shorter [17], and it can be expected to be useful in formalizing
other parts of mathematics too. Whether this is indeed the case has to be
judged by experience.
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EM + Ext– + ACint

is Equivalent to ACext
MLQ. Math. Log. Q. [12]. Finished Feb. 15, 2004.

Abstract. It is well known that the extensional axiom of choice
(ACext) implies the law of excluded middle (EM). We here prove that
the converse holds as well if we have the intensional (‘type-theoretical’)
axiom of choice ACint, which is provable in Martin-Löf’s type the-
ory, and a weak extensionality principle (Ext−), which is provable in
Martin-Löf’s extensional type theory. In particular, EM ⇔ ACext

holds in extensional type theory.

The following is the principle ACint of intensional choice: if A,B are sets
and R a relation such that (∀x : A)(∃y : B)R(x, y) is true, then there is a
function f : A → B such that (∀x : A)R(x, f(x)) is true. It is provable in
Martin-Löf’s type theory [38, p. 50].

It follows from ACint that surjective functions have right inverses: If =B

is an equivalence relation on B and f : A → B, we say that f is surjective
if (∀y : B)(∃x : A)(y =B f(x)) is true. With R(y, x)

def
= (y =B f(x)),

surjectivity is an instance of the premise needed to apply intensional choice
(switch A and B). It says that there is a function g : B → A such that
(∀y : B)(y =B f(g(y))) is true, that is, a right inverse of f .

This, however, does not mean that g is extensional, that is, that it pre-
serves equivalence relations. If =A is an equivalence relation on A and =B

is an equivalence relation on B, it might very well happen that f preserves
them but g does not. If both A and B are the set of Cauchy sequences of
rational numbers, for instance, and =A is pointwise equality, while =B is
real number equality, then the identity function is clearly extensional from
A/=A to B/=B , but not in the other direction. Thus it has a right inverse
(itself) which is not extensional. In fact, we have no reason to expect that
we should be able to construct an extensional right inverse in this case.
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The principle ACext of extensional choice states that there is an exten-
sional function with the property required. To be precise, it states that if
R is an extensional relation (that is, it respects the equivalence relations)
and (∀x : A)(∃y : B)R(x, y) is true, then there is an extensional function
f : A→ B such that (∀x : A)R(x, f(x)) is true. As the before-mentioned ex-
ample with real numbers indicates, one cannot justify ACext constructively.
In fact, it implies the principle of excluded middle.1

Thus there is, from a constructive point of view, a big difference in
status between the intensional and extensional axioms of choice. However,
they are equivalent in ZF and other theories with sufficiently strong axioms
for quotient sets, which explains why we are used to hear the name ‘axiom
of choice’, with no mention of the extensionality.

Proposition (well known). ACint is equivalent to the principle that every
surjective function f : A→ B has a right inverse g.

B/ Id(B)

g

yys
s

s
s

s
π
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A/=A
f // // B/=B .

ACext is equivalent to the principle that every surjective and extensional
function f : A/=A → B/=B has an extensional right inverse g.

B/=B

g
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A/=A
f // // B/=B .

Proof. We have already commented that ACint and ACext imply the cor-
responding principles. It remains to prove the converse implications. Here
is a sketch, the details are left to the reader. It suffices to consider ACext,
since ACint can be seen as the special case when the equalities are Id(A)
and Id(B), defined inductively as the smallest reflexive relations on A and
B, respectively [41].

Given an extensional relation R between sets A,B with (∀x : A)(∃y :
B)R(x, y) true. Form the set {(x, y) ∈ A × B | R(x, y)},2 with equality
inherited from A×B.

(a, b) =× (a′, b′) ⇐⇒ a =A a′ & b =B b′

1This was left as an exercise by Bishop [6, p. 58, pb. 2]. It was proved for toposes
by Diaconescu [19], for constructive set theory by Goodman–Myhill [24], and for some
intensional type theories e.g. by Lacas–Werner [31] and Maietti [36, 37]. We give a
somewhat different proof in this paper.

2In type theory, the set should be (Σz : A × B)R(π`(z), πr(z)), where π` and πr are
the left and right projections, respectively.
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Let f be the left projection (x, y) 7→ x, which is surjective by (∀x : A)(∃y :
B)R(x, y) and extensional. Hence there is, by assumption, an extensional
right inverse g. Compose it with the right projection (x, y) 7→ y, which is
also extensional, and you have such a function which is asserted to exist by
ACext.

We will use that there is, in type theory, a function T from Bool to
prop, such that ∼T (0) and T (1) are true. Such a function can be defined in
Martin-Löf’s type theory by3

T (p)
def
= Id(Bool, p, 1) .

One can also define T by viewing Bool as a universe, letting T be the re-
flecting function; or more generally by allowing sets to be defined by cases
on Bool.4

Let us define also the other principles we will consider.

• EM is the principle of excluded middle: if P is a proposition, then P ∨
∼P is true. It is added to Martin-Löf’s type theory by the introduction
of a function em(P ) : P ∨ ∼P (P : prop).

• Ext is the principle which, expressed in type-theoretical terms, says
the following. Let A,B be sets and f, g : A → B. Define extensional
equality by

(f
ext
= g)

def
= (∀x : A) Id(B, app(f, x), app(g, x)) .

The principle Ext says that if f
ext
= g, then Id(A→ B, f, g) is true. It is

provable in extensional type theory [41, pp. 76–77]. That is generally
considered as a drawback of this theory, because there is no construc-
tive evidence for Ext: there is no reason why the smallest reflexive
relation should identify functions which are not convertible. It is not
derivable in Martin-Löf’s intensional type theory, since if it was, we
could extract an algorithm for deciding if number-theoretic functions
are extensionally equal [41, p. 76].5 This would immediately let us
solve problems like Goldbach’s conjecture: we could just define a se-
quence which is 0 as long as all smaller numbers meet the conjecture
(which can be decided), but 1 as soon as this fails, and then decide if
this sequence is extensionally equal to the sequence which is constantly
0.

3In fact, we need a universe reflecting ⊥ and > for the proof of ∼T (0), as type theory
without universes has a model in which Id-equalities are always true [54].

4Using Bool as a small universe was proposed by P. Martin-Löf [54]. To have a primitive
mechanism for defining sets by cases on Bool is an old idea by P. Aczel. It can be found
in print in e.g. [2].

5Thanks to Per Martin-Löf for reminding me of this argument.
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• Ext− was invented for the proof of the theorem below. In categorical
terms, it expresses that if A,B are sets, then (A→ B)/

ext
= is projective

in the category of sets with equivalence relations (setoids). In elemen-
tary terms, it says that for any sets A,B, there is an endofunction ·̂ on
A → B such that f

ext
= f̂ for every f and f

ext
= g ⇒ Id(A → B, f̂ , ĝ).6

It is a weakening of Ext since if we have Ext we can take f̂
def
= f . It

is also a weakening of ACext, since it says that the projection from
(A→ B)/Id(A→ B) to (A→ B)/

ext
= has an extensional right inverse.

Also Ext− is impossible to derive in intensional type theory, by the
same argument as for Ext.

Our proof will actually use Ext− only in the case when B is Bool, so we
could have weakened it further.

Theorem. EM + Ext− + ACint is equivalent to ACext

Proof. (ACext ⇒ EM + Ext− + ACint) We have already remarked that
Ext− is a weakening of ACext, and, of course, so is ACint. So it remains
to prove ACext ⇒ EM. The proofs in [19, 24, 31] can all be used but we
include one which is more natural in the present setting.

Fix a proposition P . We shall prove that it is decidable, using ACext.
For all a, b : Bool, let

R(a, b)
def
= Id(Bool, a, b) ∨ P .

R is then an equivalence relation and it is, trivially, extensional with respect
to itself in the first argument, and with respect to the equality Id(Bool) in
the second argument. Further, (∀x : Bool)(∃y : Bool)R(x, y) is true, since
we can take x for y. Hence we have established the premises required in
ACext.

So assuming ACext, we have an extensional function

fP : Bool/R→ Bool/ Id(Bool)

with R(a, fP (a)) true for every a : Bool. In particular, if

Id(Bool, fP (a), fP (b))

is true, so is R(a, b). On the other hand, since fP preserves the equalities,
R(a, b) ⇒ Id(Bool, fP (a), fP (b)). So R(a, b) ⇔ Id(Bool, fP (a), fP (b)), hence
R is decidable. But R(0, 1) ⇔ P ,7 so also P is decidable.

(EM + Ext− + ACint ⇒ ACext) The idea of the proof is very simple:
if we have the principle of excluded middle, we can prove that prop/⇔ is

6In particular, as the referee pointed out, ·̂ is idempotent.
7Again, type theory without universes cannot prove this [54], but it follows using T .
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isomorphic to Bool/Id(Bool). Hence subsets correspond to boolean charac-
teristic functions. Now, because we have a principle saying that functions
f, g, which are pointwise identical, correspond, via the operation ·̂, to iden-
tical functions, we can conclude that extensionally equal subsets correspond
to identical boolean functions. Hence we can pick representatives out of
equivalence classes in an extensional way. This is sufficient to prove ACext
in a few steps.

Let us turn this idea into a rigorous proof. Suppose A,B are sets and =A

and =B equivalence relations on them. Suppose R is extensional and that
(∀x : A)(∃y : B)R(x, y) is true. We shall construct an extensional choice
function. We suppose in the following that A is inhabited, since the case
when A is empty is trivial and we may decide which is the case by a use of
em(A), or, if the identification of propositions and sets is to be avoided, by
a use of disjunction elimination on (∃x : A)> ∨∼(∃x : A)>.

First we apply intensional choice, so that we get a function f : A → B
with (∀x : A)R(x, f(x)) true. This f need not be extensional, but we will
construct a new one which is. The idea is to compose f with another function
which picks unique representatives from equivalence classes. This function
will be built in three parts, called [·], ·̂ and a choice operator ε.

A→Bool
Id(A→Bool)

ε
%%K

K
K

K
K

A→Bool
ext
=

·̂

99t
t

t
t

t

A/ Id(A)

π
xxrrrrrrrrrr

f $$JJJJJJJJJJ

A/=A

[·]
eeK

K
K

K
K

R
B/=B

Notice that, for any a : A, EM lets us prove

(∀x : A)(∃y : Bool)(T (y) ⇔ (x =A a)).

Hence ACint gives a function [a] : A → Bool such that T (app([a], x)) ⇔
(x =A a) holds for all x : A. It is the boolean characteristic function of the
equivalence class of a. We will construct a left inverse to the function [·]
using intensional choice. Let, for s : A→ Bool and a : A,

R′(s, a)
def
= (∃x : A)T (app(s, x)) ⊃ T (app(s, a))

and note the following fact, which will be very useful:

R′([a′], a)
def
= (∃x : A)T (app([a′], x)) ⊃ T (app([a′], a))
def
= (∃x : A)(x =A a′) ⊃ (a =A a′)

⇔ (a =A a′) .
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The proposition (∀x : A→ Bool)(∃y : A)R′(x, y) is proved using EM and
that A is inhabited: For every s : A → Bool, consider (∃x : A)T (app(s, x)).
If it is true, say T (app(s, a)) is true, then R′(s, a) is true and hence (∃y :
A)R′(s, y) is true. If (∃x : A)T (app(s, x)) is false, R′(s, a) is vacuously true
for any a : A, and hence, since A is inhabited, (∃y : A)R′(s, y) is true
in this case as well. Now, disjunction elimination proves (∃y : A)R′(s, y).
Hence ACint gives a function ε from (A → Bool) to A such that (∀x : A →
Bool)R′(x, ε(x)) is true.

All functions in the diagram above are indeed extensional in the sense
that they preserve the equalities indicated. For ·̂ this is true by Ext−. For
ε, f and π it follows from the fact that all functions preserve Id-equalities
[41]. For [·] it is true by the definition of

ext
=.

It remains to prove (∀x : A)R(x, f(ε([̂x]))). So take an arbitrary a : A

and prove R(a, f(ε([̂a]))). By construction of f we have R(ε([̂a]), f(ε([̂a])))
true and so, since R is extensional in the first argument, it suffices to prove

ε([̂a]) =A a. Our ‘useful fact’ gives us that this is equivalent to R′([a], ε([̂a])),

which in turn is equivalent to R′([̂a], ε([̂a])) (just plug this into the definition

of R′ and use [a]
ext
= [̂a]). But this is true since (∀x : A→ Bool)R′(x, ε(x)) is

true by construction of ε.
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Interpreting Descriptions

in Intensional Type Theory
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Abstract. Natural deduction systems with indefinite and definite
descriptions (ε-terms and ι-terms) are presented, and interpreted in
Martin-Löf’s intensional type theory. The interpretations are formal-
izations of ideas which are implicit in the literature of constructive
mathematics: if we have proved that an element with a certain prop-
erty exists, we speak of ‘the element such that the property holds’ and
refer by that phrase to the element constructed in the existence proof.
In particular, we deviate from the practice of interpreting descriptions
by contextual definitions.

4.1 Introduction

There are two kinds of descriptions to be considered in this paper: εxA(x)
is an element such that A(x) and ιxA(x) is the element such that A(x), thus
requiring uniqueness. Formally, εxA(x) is an individual if ∃xA(x) is true,
while ιxA(x) is an individual only if ∀x∀y(A(x) & A(y) ⊃ x = y) is true as
well. This difference is the reason for us to distinguish between εxA(x) and

ιxA(x). We say that they are indefinite and definite descriptions, respec-
tively. It is not quite correct to expect that this difference should always
be reflected in English by the articles a/an and the. We say things like ‘I
met a man. The man was tall’, and refer by ‘the man’ to the man we met,
even if there are more than one man in the world [45]. We use a definite
article because a man is determined by context, but he is not determined
by uniqueness. Because the uniqueness property is what will formally dis-
tinguish ε-terms and ι-terms in this paper, this occurrence of ‘the man’ is
better represented by εxA(x) than by ιxA(x) in our formalism.
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In English one may express the same thing by saying instead ‘I met a
man, who was tall’ or ‘I met a man. He was tall’. We will make no attempts
to analyze such grammatical variants, but view them as synonymous with ‘I
met a man. The man was tall’. Thus the representation in natural language
of εxA(x) can be ‘he’, ‘who’, ‘it’ etc., as well as the typical one: ‘an element
such that A(x)’. It is sometimes even more natural to think of it as ‘one of
the elements such that A(x)’, as we will see.

Our main goal is to understand definite descriptions intensionally. That
is, we are not satisfied with a proof that one can live without definite descrip-
tions by eliminating them, we actually want to carry out an interpretation
of them which explains what they mean. Among constructivists, it is often
believed that this can be done and the aim of this paper is not only to
show that this belief is indeed correct, but also to investigate how such an
interpretation really works, intensionally.

Therefore, we introduce a ι-calculus and give a formal interpretation of it
in Martin-Löf’s intensional type theory. To simplify our task, we proceed in
two steps. First, we introduce an ε-calculus and interpret it in type theory.
Then we introduce the ι-calculus and show that proofs in this calculus can be
translated into proofs in the ε-calculus, if ι-terms are interpreted as ε-terms:

ι // ε // MLTT .

Interestingly, our interpretation of the ε-calculus relies quite heavily
on type-theoretical choice and the strong disjunction elimination which is
present in Martin-Löf’s type theory. It is an open problem whether a sim-
ilar interpretation could be carried out in weaker type theories, like logic-
enriched type theory [2].

Being more general than the ι-calculus, but still interpretable in type
theory, the ε-calculus would be very useful, was it not the case that it suffers
from some unfamiliar restrictions: modus ponens and existence introduction
are not valid in general. We will explain how this fact is dealt with, and
why it is not a problem in the ι-calculus.

4.2 The Structure of the Paper

We relate our approach to previous work on descriptions in section 4.3 and
discuss some properties of our systems. In section 4.4, we introduce the
ε-calculus, which is extended to include equality in section 4.5. We then
show, in section 4.6, how this calculus is interpreted in Martin-Löf’s type
theory, and give some examples in section 4.7. We introduce the ι-calculus
in section 4.8 and explain how it is translated into the ε-calculus. We end by
some comments about how restricted quantifiers are interpreted (Sect. 4.9)
and how the system can be used to treat partial functions (Sect. 4.10).
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4.3 Background

Russell [46, 47] proposed a contextual definition of descriptions. It interprets
‘the father of Charles II. was executed’ as

It is not always false of x that x begat Charles II. and that x
was executed and that ‘if y begat Charles II., y is identical with
x’ is always true of y. [46, p. 482]

The theory makes every proposition of the form P (the present King of
France) false, a fact that Russell considers ‘a great advantage in the present
theory’ [p. 482]. In particular, propositions of the form x = x are false ac-
cording to Russell if ‘the present King of France’ is substituted for x, and
so its negation ∼(x = x) is instead true.

In mathematics, however, it is very unusual to use descriptive phrases
that do not refer, even though descriptions as such are very common. At
least, it seems to be common practice to require a hypothetical reference,
that is, that the description refers under some condition. This is the case,
for example, when multiplicative inverses are defined by descriptions, as is
done by Mines, Richman and Ruitenburg, among others:

If a and b are elements of a monoid, and ab = 1, then we say
that a is a left inverse of b and b is a right inverse of a. If b has
a left inverse a and a right inverse c, then a = a(bc) = (ab)c = c;
in this case we say that a is the inverse of b and write a = b−1.
If b has an inverse we say that b is a unit, or that b is invertible.
[39, p. 36]

According to this passage, the expression ‘b−1’ is used only when b has an
inverse, and it then refers to this inverse. One is, it seems, not even allowed
to use the expression unless b has an inverse. This is indeed the attitude
taken by most mathematicians, in contrast to the attitude advocated by
Russell, who seems to claim (when we have translated his examples to more
mathematical ones) that we need to say things like ‘0−1 does not exist’
and that we have to consider an expression like ‘∼(0−1 = 2)’ to be a true
proposition. It is rather mathematical practice to consider such expressions
meaningless – as malformed propositions. More precisely, a term is used
only when it refers to some individual. In order for ‘∼(0−1 = 2)’ to be
accepted as a legitimate proposition, ‘0−1’ must refer, which it does not.1

Our point of departure is Frege’s idea [21], that the reference of a de-
scription may depend on a presupposition. In mathematics, the necessary
presuppositions are often made explicit beforehand, while it is common in
everyday life not to spell them out. Frege distinguishes the sense of a term

1We suppose here that we are discussing a non-trivial ring like the real numbers. There
is of course the trivial case when 0 has in fact an inverse. Curiously, ∼(0−1 = 2) is then
false rather than true.
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from its reference. For instance, he claims that 0−1 has a sense (the real
number which is the multiplicative inverse of 0), but no reference (because
there is no such real number).2 According to Frege, every assertion presup-
poses that all terms used refer: ‘Wenn man etwas behauptet, so ist immer
die Voraussetzung selbstverständlich, daß die gebrauchten einfachen oder
zusammengesetzen Eigennamen eine Bedeutung haben’ [21, p. 40]. He ar-
gues that ‘Kepler starb im Elend’ presupposes that ‘Kepler’ refers, but that
it cannot be said to be contained in the proposition that ‘Kepler’ refers,
because then the negation would be ‘Kepler starb nicht im Elend, oder der
Name “Kepler” ist bedeutunglos’. Rather, Frege argues, the reference of
‘Kepler’ is presupposed also in the negation ‘Kepler starb nicht im Elend’.
It seems that most mathematicians tend to think in this way: the proposi-
tion x−1 + y−1 = 1 presupposes that x and y are invertible, but it is usually
not said that the proposition implies that they are.

This view has some consequences for Russell’s examples. All talk about
‘the present King of France’ presupposes the existence of a present King of
France, not necessarily in our ordinary world, but in an imagined context of
the utterances. In this context, it is true that ‘the present King of France
is the present King of France’, contrary to Russell’s proposal. In the same
way, if ‘∼(0−1 = 2)’ is to be accepted as a legitimate proposition, we have
to presuppose that 0 has an inverse.

In [47, pp. 167–180], Russell considers examples like ‘I met a man’ and
‘I met a unicorn’ and argues that the latter one is as meaningful as the first
one, even if we assume that unicorns do not exist, because it is perfectly
clear what the speaker is trying to communicate. Hence, Russell argues,
it must be admitted that descriptive phrases may be meaningful even if
they do not refer to anything. It is easy to agree with Russell in this case
because ‘I met a man’ is naturally perceived as ‘I met something, which
was a man’ and ‘I met a unicorn’ as ‘I met something, which was a uni-
corn’. There is no logical difference between the examples and there is no
need to talk about reference, because ‘a man’ and ‘a unicorn’ are used as
properties rather than as individual terms. However, there are situations
where something like indefinite descriptions are involved, and which are not
as easily resolved. Consider for instance the expression ‘I met one of the
unicorns’. This would be a very natural thing to say for a figure in a tale
where unicorns are perfectly normal creatures, but in an environment where
it is not in general admitted that unicorns exist, we would hardly express
ourselves in this manner. Hence it seems that while ‘I met a unicorn’ does
not presuppose anything, ‘I met one of the unicorns’ does in fact presuppose
the existence of unicorns. Moreover, ‘one of the unicorns’ is more naturally

2Frege’s claim is actually not about this specific example, but about a similar empty
description: ‘Der Ausdruck “die am wenigsten konvergente Reihe” hat einen Sinn; aber
man beweist, daß er keine Bedeutung hat, da man zu jeder konvergenten Reihe eine
weniger konvergente, aber immer noch konvergente finden kann’ [21, p. 28].
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perceived as an individual term than as a property. As an individual term,
it needs a reference.

Let us analyze our examples according to a presupposition account.
Write ‘P (x)’ for ‘I met x’ and ‘Q(x)’ for ‘x is a unicorn’. We can then
write ‘I met one of the unicorns’ as ‘P (εxQ(x))’. This expression will be
admitted as a proposition (under some assumptions) in our system only if
∃xQ(x) can be proved (under the same assumptions). Hence, the inference
rule

P (εxQ(x))

∃xQ(x)

will be admissible in the sense that whenever the premise can be derived
from certain assumptions, so can the conclusion. But we cannot derive
P (εxQ(x)) ⊃ ∃xQ(x), unless we can derive ∃xQ(x).

The natural formalization of ‘I met a unicorn’ is, as has been argued
above, the same as the formalization of ‘I met something, which was a
unicorn’, or ‘I met something, and the thing was a unicorn’: ∃xP (x) &
Q(εxP (x)). It can be proved that this is a proposition in the system we are
about to study, and that it implies ∃xQ(x). Furthermore, the interpretation
we will propose will interpret εxQ(x) as referring to the individual claimed
to be a unicorn, in correspondence with how we understand the claimer
when he speaks about ‘the unicorn’. We return to this example in section
4.7.

The attitude we will take towards descriptions is thus that they are
allowed only when they refer to individuals (possibly under assumptions).
Formal systems for definite descriptions based on this idea were introduced
by Stenlund [55, 56], who also argued philosophically for this view in a much
more elaborate way than we have done above. We will introduce systems
that are similar to Stenlund’s intuitionistic one, but we treat both ε-terms
and ι-terms and choose formulations which are suitable for interpretations
in Martin-Löf’s intensional type theory.

Martin-Löf [38, p. 45] noted that, in his type theory, there is a natural
way of making sense of indefinite descriptions by observing that the rules

∃xA(x)

εxA(x) : I

∃xA(x)

A(εxA(x))

can be viewed as special cases of the rules

p : ∃xA(x)

π`(p) : I

p : ∃xA(x)

πr(p) : A(π`(p))

if we make the definition εxA(x)
def
= π`(p), where π`(p) is the left projection

of the existence proof p. This is the idea also behind the interpretation
we are about to consider here. Unfortunately, it is not as easy as it might
seem at a first sight. The reason is that in replacing ‘π`(p)’ by ‘εxA(x)’,



82 Interpreting Descriptions

we remove the p, which can be crucial. For instance, consider the following
derivation, which looks quite harmless:

P (a) ∨ P (b)

[P (a)]

∃xP (x)

P (εxP (x))

[P (b)]

∃xP (x)

P (εxP (x))

P (εxP (x)).

When we replace all ε-terms by the left projections of the corresponding
existence proofs, we get the following (after reduction):

P (a) ∨ P (b)

[P (a)]

∃xP (x)

P (a)

[P (b)]

∃xP (x)

P (b)

?

So we don’t get the same proposition twice above the final line, as we want
to. Because of the intensionality, the problem remains also when we have
a unique element satisfying P : consider for instance natural numbers and
take a

def
= n+ 0 and b

def
= 0 + n. Then P (n+ 0) and P (0 + n) are equivalent,

but they are not definitionally equal propositions in intensional type theory.
Fortunately, it turns out that this problem can be solved, as will be shown
in section 4.6.

We note some differences as compared with other first order systems en-
riched by ε-terms. Maehara [33, 34, 35] and Shirai [53] introduce ε-terms
and prove that their calculi are conservative extensions of predicate logic.
We want more, we want to interpret ε-terms as individuals, which cannot
be done constructively for Maehara’s and Shirai’s systems. The reason is
that ε-terms are allowed in the systems without any presuppositions (but
A(εxA(x)) is required to be true only if ∃xA(x) is true), and this solution
makes it nonconstructive to view the ε-terms as individuals. To see this,
consider the real numbers and the term εy(xy = 1),3 which we denote by
x−1. Because this term depends on x it would be interpreted as a function
of x, and because there is no presuppositions on the introduction of x−1,
the function would be total. We use the notation x−1 also for this function
and note that it would satisfy ∀x(x 6= 0 ⊃ xx−1 = 1), where 6= is Heyting’s
apartness relation [27, 28, 39]. But the existence of such a total function im-
plies LPO.4 To see this, let {an} be a binary sequence and let a =

∑
2−nan.

We have either aa−1 6= 0 or aa−1 6= 1. In the first case, a 6= 0, so some of
the an must be 1. In the second case, we must have a = 0 (because if a 6= 0
it follows from ∀x(x 6= 0 ⊃ xx−1 = 1) that aa−1 = 1, which contradicts
aa−1 6= 1), so no an can be 1.

3In [35] ε-terms are not allowed to contain free variables, but x may be viewed as a
constant symbol in this example.

4Bishop’s ‘limited principle of omniscience’ LPO says that in every infinite binary
sequence, either a 1 occurs, or no 1 occurs. [6]
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Also Leivant [32] and Mints [40] allow ε-terms without presuppositions,
but their ε-terms can be constructively viewed as individuals because of
restrictions on their use. These restrictions make ∀x(x 6= 0 ⊃ xx−1 = 1)
underivable from ∀x(x 6= 0 ⊃ ∃y(xy = 1)). In Leivant’s system, this is
because the assumption x 6= 0 may not be discharged when x−1 occurs
in the conclusion. In the system of Mints, εxA(x) may occur in the end
of a derivation only if the universal closure of ∃xA(x) is assumed, so no
result about x−1 can be derived unless the false proposition ∀x∃y(xy = 1)
is assumed. We shall see that ∀x(x 6= 0 ⊃ xx−1 = 1) is derivable in the
system under consideration in this paper, which is constructively acceptable
because we allow ε-terms only under presuppositions.

Let us compare the explanations why the following derivation is erro-
neous:

[∃xA(x)]1

A(εxA(x))
1∃xA(x) ⊃A(εxA(x))

∃y(∃xA(x) ⊃A(y)).

Leivant forbids the second step (discharging the assumption), because the
ε-term ‘depends’ on ∃xA(x). Mints agrees that the second step is the flaw
provided x is the only free variable in A(x), otherwise his system forbids
already the first step. The system studied in this paper blames the third
step, because the existence introduction requires that εxA(x) refers, which
presupposes that ∃xA(x) is true.

In some sense, our system looks a bit like Scott’s E-logic [51, 57], in
which one has an ‘existence predicate’ E saying that a term refers.5 The
difference is that instead of an existence predicate we use a judgement, as
did Stenlund [55, 56]. This seems necessary for an interpretation in type
theory. In E-logic, definite descriptions can be introduced in the system
and interpreted by elimination [51, Sect. 6]. However, as we have argued,
this is not the kind of result we are interested in, because it says only that
descriptions are in some sense harmless (provided E-logic is, which is far
from clear from an intensional point of view). Rather, we would like to
explain the intended meaning of descriptions.

We should finally mention a system by Abadi, Gonthier and Werner [1],
who take the approach of extending type theory with ε-terms with a special
operational semantics, giving a non-conservative extension of intuitionistic
predicate logic. Our aim is instead to keep the type theory as it is, and
show that a first order proof involving descriptions can be interpreted in it.
Moreover, our ε-terms are individuals, while theirs are types. So, in spite of
the connections with type theory and computational meaning, our systems
have little in common.

5Shirai’s system LDJ [53] is very similar, with a predicate D instead. It is older than
Scott’s E-logic but less known.
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4.4 Indefinite Descriptions

We will set up a natural deduction system for first order logic with indefinite
descriptions, very much like the systems for definite descriptions introduced
by Stenlund [55, 56]. Characteristic for all these systems is the idea that
terms containing descriptions may refer to individuals only under some as-
sumptions, and that they are allowed in the system only when they refer
(possibly depending on currently open assumptions). Hence we have to in-
corporate in the system a possibility to judge that a term t refers to an
individual. Such a judgement will read ‘t : I’. Further, we allow as proposi-
tions only formulas in which all terms refer, so we need also the possibility
to judge that a formula A is admitted as a proposition, which we do by
saying ‘A : prop’.6 We have also a third form of judgement: the usual one,
that a proposition is true (under the open assumptions). As is common in
first order logic, we write simply ‘A’ instead of ‘A true’. Because of these
three different kinds of judgements, our system is more complicated than
natural deduction for ordinary first order logic. It looks in fact already like
a piece of type theory.

The rules for forming individuals and propositions are as follows.

t1 : I · · · tn : I
fF

f(t1, . . . , tn) : I

t1 : I · · · tn : I
PF

P (t1, . . . , tn) : prop

∃xA(x)
εF

εxA(x) : I

A : prop

[A]
···

B : prop
&F

A&B : prop

A : prop B : prop
∨F

A ∨B : prop
⊥F⊥ : prop

A : prop

[A]
···

B : prop
⊃F

A⊃B : prop

[x : I]
···

A(x) : prop
∀F∀xA(x) : prop

[x : I]
···

A(x) : prop
∃F∃xA(x) : prop

The rules fF and PF are schemata: every primitive n-ary function f
and every primitive n-ary predicate P needs such a rule. In particular,
we admit the case n = 0, giving us constants. (In this case we have zero
premises.)

Two kinds of assumptions are allowed. It may be assumed that a variable
ranges over the individuals, x : I, or that a proposition A is true. In the
latter case, we need to know that A is indeed a proposition, so the rule for

6Stenlund used the dichotomy ‘formula expression’ vs. ‘formula’.
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making such assumptions read

A : prop

A.

The absence of an inference bar is chosen to stress that this is not an in-
ference of any kind, but an assumption, where the upper part is what is
presupposed in the assumption. When such an assumption is discharged, it
is replaced by [A], so discharging assumptions involves erasing their deriva-
tions of proposition-hood. Instead, these are often moved to the inference
bar of the discharging rule. This happens in &F and ⊃F above, but also
in the introduction rule for implication below. In some rules, however, the
derivations mentioned are not kept, but simply erased. It is thus wise not
to write down the derivations of proposition-hood until the rest of the tree
is finished and it is clear which assumptions are still in need of derivations
of proposition-hood in the end.

We have the following rules for introducing and eliminating logical op-
erations.7

A B
&I

A&B

A&B
&E`

A

A&B
&Er

B

A : prop ⊥
⊥E

A

A B : prop
∨I`

A ∨B
A : prop B

∨Ir
A ∨B

A ∨B

[A]
···
C

[B]
···
C

∨E
C

A : prop

[A]
···
B

⊃I
A⊃B

A A⊃B
⊃E

B

[x : I]
···

A(x)
∀I∀xA(x)

∀xA(x) t : I
∀E

A(t)

[x : I]
···

A(x) : prop t : I A(t)
∃I∃xA(x)

∃xA(x)

[x : I][A(x)]
···
B

∃E
B

∃xA(x)
ε

A(εxA(x))

In fact, the rule ∃E is redundant because of the rule ε, but we keep it for
convenience.

The usual variable restrictions apply. To be precise: a rule which dis-
charges an assumption of the form x : I is allowed only if x does not occur

7One could consider having more premises in these rules as is explained in section 4.12.
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free in any non-discharged assumption in the same sub-derivation, nor in
the conclusion of the rule. The notation A(t) is intended to presuppose
that t is free for x in A(x). The definition of ’free for’ has to be slightly
more complicated than in ordinary first order logic, because variables can
be bound also in terms. Thus t is free for x in εyA(x, y) if x and y are the
same variables (because substitution of t for x in εxA(x, x) has no effect),
or y does not occur free in t and t is free for x in A(x, y).

We introduce also some unusual restrictions on ⊃E (modus ponens) and
∃I. We will soon specify these restrictions, but first, let us consider an
example of a derivation in the system, namely of a familiar property of
fields:

∀x(x 6= 0 ⊃ xx−1 = 1) .

To this end, we introduce some abbreviations:

x−1 def
= εy(xy = 1)

U(x)
def
= ∃y(xy = 1)

FIELD
def
= ∀x(x 6= 0 ⊃ U(x)) ,

which let us state two useful special cases of the rules εF and ε:

U(x)
εF

x−1 : I

U(x)
ε

xx−1 = 1.

We can now make the following formal derivation in the system:

[x : I]2 0 : I

x 6= 0 : prop

[x 6= 0]1

···
FIELD : prop

FIELD [x : I]2

x 6= 0 ⊃ U(x)

U(x)

xx−1 = 1
1

x 6= 0 ⊃ xx−1 = 1
2∀x(x 6= 0 ⊃ xx−1 = 1).

This illustrates how the system can be used to define and reason about
functions that are only partially defined. We devote section 4.10 to some
comments about such applications.

Let us now turn to the restrictions on ⊃E and ∃I. They are motivated
by the fact that we have similar restrictions in natural language, restrictions
which seem to be unavoidable when references of descriptions depend on
assumptions.

If the author of a novel lets the detective conclude ‘if the man was in the
room, the murder didn’t take place there’, and later on ‘the man was in the
room’, it would be correct to conclude ‘the murder didn’t take place there’
only if it is obvious that the term ‘the man’ refers to the same individual
both times. So we need a restriction like the following one:
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In ⊃E, ε-terms occurring in A
refer to the same individual in both occurrences of A.

Unfortunately, this restriction is semantical, which is not satisfying in a
formal system, which should allow correctness of proofs to be automatically
and syntactically checked. Moreover, it is not very precise unless we define
carefully what ‘refer to the same individual’ means. Finally, it is in general
not decidable. We therefore replace this condition by a syntactical and
decidable one which is met only when the semantical one is too.

One such syntactical restriction would be not to allow ε-terms at all in
A. This would be sufficient, but far too restrictive. Our solution uses the
fact that the derivation of t : I determines the individual to which t refers.
Hence, we may check that two occurrences of t refer to the same individual
by checking that they have equal derivations of t : I.

The restriction we will choose is to require that both occurrences of A
in ⊃E are proved to be propositions in the same ways, after reduction.
Consider the situation

D1

A

D2

A⊃B
⊃E

B
where D1 and D2 are derivations, possibly involving hypotheses (we assume
that they include also the end formulas A and A ⊃ B, respectively; but we
display these for enhanced clarity). We will define derivations D∗

1 and D∗
2 of

A : prop and A ⊃ B : prop, respectively, in a moment. By inspection of the
formation rules, we see that D∗

2 must look as follows:

···
A : prop

[A]
···

B : prop

A⊃B : prop

and so we can pick out the derivation of A : prop. We reduce it and compare
the result syntactically with the reduced form of D∗

1 , and require them to
be equal. This is our condition for accepting a use of ⊃E.

For the existence introduction rule, we have the following situation:

[x : I]

D3

A(x) : prop

D4

t : I

D5

A(t)
∃I∃xA(x).

We define the derivation D∗
5 of A(t) : prop and compare it with the one

obtained when t is substituted for x in the derivation we had of A(x) : prop,

D4

t : I
D3[t/x]

A(t) : prop.
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We also require that t be free for x in D3 so that the substitution works as
intended.

The restriction on ∃I is equally needed because an unrestricted use of it
would let us derive the unrestricted version of ⊃E from the restricted one,
assuming the domain I is inhabited:

···
A : prop t : I A

∃I∃xA
[A] A⊃B

⊃E
B

∃E
B.

Let us turn to the definition of D∗. It is given in the proof of the
following theorem, which is a sharpening of a theorem by Stenlund [55,
Theorem 3.2.6].

Theorem 4.4.1. If there is a derivation D of A from some assumptions,
there is a derivation D∗ of A : prop from the same assumptions.

Let us first isolate a lemma, to be used when D includes a use of ∨E. It
will also play a crucial role in the interpretation.

Lemma 4.4.2. If we have a derivation of C : prop from an assumption A
(and possibly other assumptions Γ) as well as a derivation of C : prop from
the assumption B (and Γ), we can construct a derivation of C : prop from
the assumption A ∨B (and Γ).

Proof of the lemma. Say the derivations are D1 and D2, respectively. By
inspection of the formation-rules, we see that D1 and D2 must end in the
same ways: the only possible differences occur before some application of
εF . If there is no such application, the two proofs must be identical, and
so in particular, they do not use the assumptions A and B unless they are
found in Γ. Hence we are done in that case. Now, assume there is at least
one application of εF . There has, then, to be some application of εF below
which D1 and D2 are identical. So they look as follows:

···
A : prop

A···
∃xD(x)

εF
εxD(x) : I

···
C : prop

···
B : prop

B···
∃xD(x)

εF
εxD(x) : I

···
C : prop
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with the lower dotted parts identical. We now use ∨E and get

···
A : prop

···
B : prop

∨F
A ∨B : prop

A ∨B

[A]
···

∃xD(x)

[B]
···

∃xD(x)
∨E∃xD(x)

εF
εxD(x) : I

···
C : prop.

This procedure is repeated if necessary. The result is a derivation with the
required properties.

Proof of the theorem. We define D∗ by recursion.
If D is an assumption which is discharged somewhere below in the tree,

then A occurs also as a subformula of a premise in the discharging rule (see
the derivation rules in which assumptions are discharged), and D∗ is defined
with respect to this occurrence.

If D ends by an open assumption

A : prop

A

we get D∗ by simply erasing the last step in D.
If D ends with &I, it looks as follows:

D1

A

D2

B
&I

A&B.

We let D∗ be the derivation

D∗
1

A : prop

D∗
2

B : prop
&I

A&B : prop.

If D ends with &E`, it is of the form

D1

A&B
&E`

A.

But D∗
1 must be of the form

···
A : prop

[A]
···

B : prop
&F

A&B : prop.
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and we let D∗ be the piece ending with A : prop.

If D ends with &Er, it is of the form

D1

A&B
&Er

B.

But D∗
1 must be as in the previous case and we let D∗ be the tree

D1

A&B
&E`

A···
B : prop.

If D ends with ⊥E, we let D∗ be the left subderivation above the final
inference line. Notice that our form of the rule ⊥E is essential; the theorem
is not true with Stenlund’s rule, in which the premise A : prop is left out. In
Stenlund’s proof sketch of the corresponding theorem [56, p. 206], this rule
is forgotten. Stenlund has agreed that the new form of the rule is probably
the right one (private communication, Jan. 30, 2003).

Suppose now that D ends with ∨E,

···
A ∨B

[A]
···
C

[B]
···
C

∨E
C .

Let us call the sub-derivations D1, D2, D3, respectively. By recursion, we
have derivations D∗

2 and D∗
3 of C : prop from the assumptions A and B,

respectively. According to the lemma, we get a derivation of C : prop from
the assumption A ∨ B. But we have also a derivation D1 of A ∨ B. This
derivation, followed by the one proving C : prop from A ∨ B is taken to be
D∗.

If D ends with ∃E, it has this form:

···
∃xA(x)

[x : I][A(x)]
···
B

∃E
B.

By recursion, we have a derivation of B : prop using the assumptions x : I
and A(x), which we now have to get rid of. First notice that the derivation
cannot make use of such assumptions unless εF is used. If it is not, we can
take D∗ to be the derivation we have. Otherwise, the derivation has the
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following form:

x : I A(x)
···

∃yD(y)
εF

εyD(y) : I
···

B : prop

where the last dots represent a part where only formation rules are used.
We now transform this tree using ∃E:

···
∃xA(x)

[x : I][A(x)]
···

∃yD(y)
∃E∃yD(y)

εF
εyD(y) : I

···
B : prop

(the variable restrictions are met: since x does not occur free in B, it cannot
occur free in ∃yD(y) either). We repeat this procedure if necessary and the
result is D∗.

If D ends with the ε-rule, it has this form:

···
∃xA(x)

ε
A(εxA(x))

By recursion, we have a derivation of ∃xA(x) : prop, hence a derivation of
A(x) : prop from the assumption x : I. By substituting εxA(x) for x in this
one, we get D∗:

···
∃xA(x)

εF
εxA(x) : I

···
A(εxA(x)) : prop.

The other cases are similar.

Derivations are said to be equal if they can be converted using reductions:

Definition 4.4.3. The relation ≈ is the smallest equivalence relation be-
tween derivations such that
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• each redex is ≈-equal to its contractum (we consider the usual reduc-
tions, as in Prawitz [44, II. § 2., pp. 35–38]8),

• if derivations are composed by ≈-equal subderivations, then they are
themselves ≈-equal.

The relation ≈ is decidable, since one can normalize and compare the
normal forms, which are ≈-equal if and only if they are syntactically equal.
We are now ready to state precisely what restrictions we put on ⊃E and ∃I.

Restriction on ⊃E. The inference

D1

A

D2

A⊃B
⊃E

B

is allowed if D∗
2 , which is of the form

D3

A : prop

[A]

D4

B : prop
⊃F

A⊃B : prop,

satisfies D3 ≈ D∗
1 .

Restriction on ∃I. The inference

[x : I]

D1

A(x) : prop

D2

t : I

D3

A(t)
∃I∃xA(x)

8Per Martin-Löf suggested to me the reductions

[x : I]
·
·
·

A(x) : prop

·
·
·

t : I

·
·
·

A(t)
∃I

∃xA(x)
εF

εxA(x) : I  

·
·
·

t : I

[x : I]
·
·
·

A(x) : prop

·
·
·

t : I

·
·
·

A(t)
∃I

∃xA(x)
ε

A(εxA(x))  

·
·
·

A(t).

Indeed, these reductions will be justified by the translation we are about to define in the
next section, but we omit them anyway. There are several reasons for this. One is that
they make the system much more complicated because they introduce the phenomenon
that equal proofs may end with syntactically different propositions. Another is that they
make A(t) ⊃ (εxA(x) = t) derivable if A(t) : prop and t : I are derivable. In particular,
εx∼⊥ = t becomes derivable if t : I is derivable and = is a reflexive relation. Therefore,
∀x∀y(x = y) would be derivable if we had unrestricted modus ponens. But there are
natural non-trivial models of the ε-calculus which model also unrestricted modus ponens.
Consider for instance a finite ordered set with decidable predicates, so that excluded
middle is valid. Let εxA(x) be interpreted as the first individual satisfying A in case
there is such an element, otherwise as the last element in the set. This interpretation
models our system with unrestricted modus ponens, so it does not model the reductions
under consideration. We prefer the system to be sound with respect to models of this
kind.
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is allowed if t is free for x in D1 and the following derivation is
≈-equal to D∗

3 .
D2

t : I

D1[t/x]

A(t) : prop

It is thus a trivial but not in general convenient task to decide if an
instance of ⊃E or ∃I meets the requirement. It seems that human intuition
is fairly good at guessing right (we know what we refer to by descriptions), so
that a human informal derivation often includes only acceptable instances,
but it would be desirable to let a computer check the derivations. We will
return to these issues in section 4.6. Notice however that the conditions are
always satisfied when there are no ε-terms at all involved, because then there
is, for each formula, at most one way of deriving that it is a proposition.

In section 4.8 we will show that if we use definite descriptions only,
no restrictions will be necessary, except for the usual variable restrictions.
In fact, we give a process which repairs all illegal applications of ⊃E and
∃I. This process works also partially for indefinite descriptions, but not in
general.

Observe that ∨E (only!) is similar to ⊃E and ∃I in that the same
proposition occurs twice among the premises. Surprisingly, no restriction is
needed in this case, as the translation given in section 4.6 will show.

4.5 Equality

We have omitted rules for equality, because ε-terms make it possible to
define functions that do not preserve equality (‘non-extensional’ functions).
Hence equality is not very natural in the system. However, equality can
be introduced as any binary predicate (write ‘t = s’ for P (t, s)). Reasoning
with equality is then performed by using an axiom9 ∀x(x = x) for reflexivity,
and for each primitive predicate P (x1, . . . , xn) (with n ≥ 1), including the
binary primitive predicate =, an axiom

∀x1 · · · ∀yn

(
(x1 = y1 & · · · & xn = yn) ⊃ (P (x1, . . . , x2) ⊃ P (y1, . . . , y2))

)
,

(P ext)
and, finally, for each n-ary primitive function (with n ≥ 1) an axiom

∀x1 · · · ∀yn

(
(x1 = y1 & · · · & xn = yn) ⊃ (f(x1, . . . , x2) = f(y1, . . . , y2))

)
.

(f ext)

9An axiom is here formally the same as an assumption. There is, however, a difference
as regards to their interpretations (Sect. 4.6): axioms are interpreted as proved proposi-

tions, while assumptions are interpreted as assumptions also in type theory. Therefore,
axioms can always be used at no cost, unlike assumptions.
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The rules for symmetry and transitivity can then be derived, but the re-
placement rule will not in general be justified by the interpretation in type
theory (but see section 4.8).

4.6 The Translation into Type Theory

We now turn to the translation of the ε-calculus into intensional type the-
ory, as presented in [41], where also the translation of first order logic is
explained. We concentrate here on the things that have to be changed
rather than defining the translation from the beginning.

First of all, it is necessary to understand that the translation of a proposi-
tion A will be determined, not by its syntactical form, but by the derivation
of A : prop. For example, consider the derivations

[x : I]
···

P (x) : prop

···
a : I

···
P (a)

∃xP (x)

εxP (x) : I

P (εxP (x)) : prop

[x : I]
···

P (x) : prop

···
b : I

···
P (b)

∃xP (x)

εxP (x) : I

P (εxP (x)) : prop.

The end formula ‘P (εxP (x))’ will in the left case be translated into a propo-
sition which is definitionally equal to the translation of P (a), while in the
right case it will be translated into a proposition which is definitionally equal
to the translation of P (b). However, we will have the following facts.

Proposition 4.6.1. If D1 and D2 are derivations of A : prop and D1 ≈ D2,
then both occurrences of A are translated into definitionally equal proposi-
tions.

Proof. Each derivation will be translated into a derivation in type theory,
and each redex will correspond to a redex in type theory.

Proposition 4.6.2. If D1 and D2 are derivations of A and D1 ≈ D2, then
both occurrences of A are translated into definitionally equal propositions.

Proof. Both derivations will be translated into derivations in type theory of
p : A1 and q : A2, respectively. Since p and q must be definitionally equal,
also A1 and A2 must be definitionally equal, by the monomorphic property
of type theory [41].

Proposition 4.6.3. If D1 is a derivation of A, then it is translated into a
derivation of a judgement of the form p : A1 (in some context), where A1 is
such that the derivation D∗ is translated into a derivation of A1 : prop (in
the same context).



4.6 The Translation into Type Theory 95

Proof. This follows immediately from the definition of D∗ and the following
definition of the translation.

We now give the translation. Fix a set I, which will act as the domain of
discourse, i.e., as the interpretation of the symbol ‘I’. For each n-ary func-
tion symbol f there has to correspond an n-ary function on I. We denote it
by the same symbol, i.e., we write f : (I, . . . , I)I. Correspondingly, for each
n-ary predicate symbol P there has to correspond an n-ary propositional
function P : (I, . . . , I)prop. These requirements in themselves justify the
rules fF and PF .

The equality is supposed to be interpreted as an equivalence relation
=I on I. The axioms for equality are interpreted in the obvious ways.
For instance, the reflexivity axiom ∀x(x = x) is interpreted as λ(refl) :
(∀x : I)(x =I x). This is the reason why we call them axioms, rather
than assumptions: they are interpreted as proved propositions in contrast
to assumptions, which must in general be interpreted as assumptions also
in type theory; i.e., an assumption A is interpreted as A true, or rather, as
p : A, where p is a fresh variable.

The rules εF and ε are interpreted as Martin-Löf [38, p. 45] proposed:

p : ∃xA(x)

π`(p) : I

p : ∃xA(x)

πr(p) : A(π`(p)).

The rule &F is interpreted as the general rule of Σ-formation

A : prop B(x) : prop (x : A)

Σ(A,B) : prop,

rather than the specialized one where B(x) is not allowed to depend on
x. Likewise for the rule ⊃F , which is interpreted as the general rule of
Π-formation:

A : prop B(x) : prop (x : A)

Π(A,B) : prop.

The other formation rules are interpreted as usual [41].
Among the introduction rules, the only one needing a new idea is ∃I. The

reason is that this rule has two occurrences of A and t among the premises,
and we cannot be sure that they have been interpreted in the same ways.
We may therefore be faced with a situation where we would need a rule like
this one:

A1(x) : prop (x : I) t1 : I A2(t2) : prop p : A2(t2)

(∃x : I)A1(x) true,

which is not a valid rule in type theory. However, the restriction put on ∃I
in section 4.4 gives us A2(t2) = A1(t1) : prop, so that we get

A1(x) : prop (x : I) t1 : I

p : A2(t2) A2(t2) = A1(t1) : prop

p : A1(t1)
,

(t1, p) : (∃x : I)A1(x)
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which is a valid derivation in type theory.
Among the elimination rules, there are two that need some care: ⊃E

and ∨E. Let us begin with the former one. After having interpreted the
premises, we might need a rule like this one:

p : A1 q : Π(A2, B)
,

B(p) true

which we do not have. Again, the restrictions put on ⊃E in section 4.4 gives
us A1 = A2 : prop and we may use the following derivation, which is indeed
valid:

p : A1 A1 = A2 : prop

p : A2 q : Π(A2, B)

app(q, p) : B(p).

Finally, we should interpret ∨E. Assume we are interpreting a deriva-
tion D which ends with ∨E. We have the following situation, after having
interpreted the premises:

c : A ∨B
[x : A]

d(x) : C1

[y : B]

e(y) : C2

?.

It might well be, as an example on page 82 showed, that C1 and C2 are
different propositions, so it is not obvious what should be put as conclusion.
Looking at the corresponding rule in type theory we see that one premise is
lacking:

c : A ∨B
[z : A ∨B]

C(z) : prop

[x : A]

d(x) : C(inl(x))

[y : B]

e(y) : C(inr(y))
.

when(c, d, e) : C(c)

So we have to come up with a propositional function C with C(inl(x)) = C1

and C(inr(y)) = C2, and such that C(c) is the proposition we get from
the interpretation of the derivation D∗ of C : prop, defined in the proof of
Theorem 4.4.1.

By this theorem, we have derivations of C : prop from the assumptions
A and B, respectively. By Lemma 4.4.2, this gives us a derivation of C :
prop from the assumption A ∨ B. Interpreting this derivation, we get a
propositional function C(z) : prop (z : A ∨ B). Now, the derivation D∗ was
defined by substituting the derivation of A ∨B for the assumption (see the
proof of Theorem 4.4.1). We were assuming that the derivation of A∨B had
already been interpreted, yielding c : A∨B. Thus, D∗ corresponds precisely
to C(c), as we required.

Further, C(inl(x)) corresponds to replacing the assumption A∨B by the
derivation

A B : prop
∨I`

A ∨B.
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in the derivation of C : prop. Reducing the resulting derivation, we get the
original derivation from A to C : prop back. Hence, by Proposition 4.6.1,
C(inl(x)) = C1. An analogous argument shows that C(inr(y)) = C2.

It probably helps to consider an example: the ‘problematic’ derivation
mentioned before (p. 82) is interpreted as in the figure on p. 98.

4.7 Unicorns

It was promised in section 4.3 that we return to unicorns after having defined
the translation. Recall that ‘P (x)’ means ‘I met x’ and ‘Q(x)’ means ‘x is a
unicorn’. Hence ‘I met one of the unicorns’ can be formalized as ‘P (εxQ(x))’.
In order for this to be a proposition, we must have εxQ(x) : I, hence we
must assume, or prove, ∃xQ(x). So if we can prove that P (εxQ(x)) is a
proposition, we must have assumptions enough for proving also ∃xQ(x).

More interesting is ‘I met a unicorn’, perceived as ‘I met something, and
the thing was a unicorn’. Formally, this is ∃xP (x) &Q(εxP (x)). It can be
proved to be a proposition in the following way:

[x : I]
PF

P (x) : prop
∃F∃xP (x) : prop

[∃xP (x)]
εF

εxP (x) : I
QF

Q(εxP (x)) : prop
&F∃xP (x) &Q(εxP (x)) : prop.

This, as may be checked by the reader, makes ∃xP (x) & Q(εxP (x)) inter-
preted in type theory as

(∃p : (∃x : I)P (x))Q(π`(p)) .

We may derive from this proposition that there are unicorns (notice that
the restriction on ∃I is met!):

[x : I]
QF

Q(x) : prop

···
∃xP (x) &Q(εxP (x)) : prop

∃xP (x) &Q(εxP (x))
&E∃xP (x)

εF
εxP (x) : I

···
∃xP (x) &Q(εxP (x)) : prop

∃xP (x) &Q(εxP (x))
&E

Q(εxP (x))
∃I∃xQ(x)

Hence, εxQ(x) is interpreted as

π`(π`(π`(q)), πr(q)) : I (q : (∃p : (∃x : I)P (x))Q(π`(p))) ,

which reduces to

π`(π`(q)) : I (q : (∃p : (∃x : I)P (x))Q(π`(p))) .
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c : P (a) ∨ P (b)

[y : P (a) ∨ P (b)]
···

P (π`(when(y, (z)(a, z), (z)(b, z)))) : prop

[x : I]

P (x) : prop a : I [z : P (a)]

(a, z) : (∃x : I)P (x)

z : P (a)

[x : I]

P (x) : prop b : I [z : P (b)]

(a, z) : (∃x : I)P (x)

z : P (b)

when(c, (z)z, (z)z) : P (π`(when(c, (z)(a, z), (z)(b, z))))

The interpretation of the problematic derivation mentioned on p. 82.
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In particular, if a : I, b : P (a), and c : Q(a), we may take q
def
= ((a, b), c)

and so εxQ(x) is interpreted as something which is definitionally equal to
a. This is to say, if the claim ‘I met an individual which was a unicorn’ is
in fact true, then εxQ(x) refers to that individual.

4.8 Definite Descriptions

We now extend our system with definite descriptions, obtaining a system
very similar to Stenlund’s [55, 56], except for some minor changes, and the
fact that we can have ε-terms simultaneous in the system.

When no ε-terms are involved, but we have definite descriptions only,
some new inference rules can be justified, for instance unrestricted modus
ponens, as we will show. One could therefore introduce these rules in the
system if ε-terms were abandoned. This would, however, make it necessary
to extend also the translation, which is much more complicated than one
would expect. We will therefore instead derive the new rules. In other
words, we show that a ι-calculus with the new rules formally added, can be
interpreted in the ε-calculus. The translation from the ι-calculus to the ε-
calculus then works by removing all applications of the new rules, replacing
them by derivations of these rules, and replacing also every ιby an ε.

Formally, we add the following two rules only:

∃xA(x) ∀x∀y(A(x) &A(y) ⊃ x = y) ι

FιxA(x) : I

∃xA(x) ∀x∀y(A(x) &A(y) ⊃ x = y) ι

A( ιxA(x)).

Equality is treated and interpreted as in section 4.5. In particular, all prim-
itive relation symbols and function symbols are supposed to be interpreted
as equality-preserving relations and functions. Hence we assume that we
have the axioms for reflexivity and extensionality (P ext) (f ext) at hand,
so that we need no special inference rules for equality. When we use ‘Γ’ to
denote an arbitrary set of assumption formulas, we will always assume that
it contains the necessary axioms for equality, because we can do so at no
cost, keeping in mind that we know how to interpret axioms.

The definition of D∗ is extended in the obvious way: a derivation that
ends with the ι-rule is replaced by the same derivation but ending with the

ιF -rule, followed by the derivation from ιxA(x) : I to A( ιxA(x)) : prop (for
details, see the case of the ε-rule in the definition of D∗, Theorem 4.4.1).

Terms of the form ιxA(x) are interpreted exactly as εxA(x). In particu-
lar, the interpretations of the rules ιand ιF do not make use of the premises
about uniqueness. These premises are there solely because they allow us to
prove the following meta-mathematical result.
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Theorem 4.8.1. The following rules are derivable:

1. Unrestricted modus ponens

A A⊃B

B

when A does not contain any ε-term.

2. Unrestricted10 existence introduction

[x : I]
···

A(x) : prop t : I A(t)

∃xA(x)

when A(t) does not contain any ε-term.

3. The replacement rule
A(t) t = s

A(s)

when A(t) does not contain any ε-term.

We need a number of lemmas.

Lemma 4.8.2. Assume A does not contain any ε-term. If D1,D2 are deri-
vations Γ ` A : prop, then there is D : Γ ` A ⊃A such that D∗ is

D1

A : prop

D2

A : prop
⊃F

A⊃A : prop.

Proof. First note that if A does not contain any ι-term, the lemma is trivial
(since, by assumption, A does not contain ε-terms either). We need to take
care of the case when A contains some ι-term(s). We will do that by making
a simultaneous induction over terms and formulas.

Define the following measure:

µ(x) = 0 for variables x

µ(f(t1, . . . , tn)) = maxµ(ti) + 1

µ( ιxA(x)) = µ(A(x)) + 1

µ(P (t1, . . . , tn)) = maxµ(ti) + 1 ‘=’ included

µ(A&B) = max(µ(A), µ(B)) + 1 and likewise for ∨ and ⊃
µ(⊥) = 1

µ(∀xA(x)) = µ(A(x)) + 1

µ(∃xA(x)) = µ(A(x)) + 1

10By unrestricted, we mean without restrictions on how A(x) : prop and t : I are
derived. It is still, of course, necessary to have variable restrictions.
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When µ(A) = 1, the lemma is obvious, because there is no ι-term in A.
Suppose the lemma is proved for µ(A) < N (with N ≥ 2), we shall prove it
when µ(A) = N . There are a number of cases.

A is of the form P (t1, . . . , tn), with n ≥ 1. Use (P ext) to reduce the
problem to proving that for given derivations D3, D4 of t : I from Γ, there
is a derivation D of t = t from Γ such that D∗ is

D3

t : I

D4

t : I
=F

t = t : prop.

If t is a variable, or a constant, it is trivial. If t is f(t1, . . . , tn), with n ≥ 1,
we reduce the problem to deriving ti = ti in an appropriate way. Because

µ(ti = ti) = µ(ti) + 1 ≤ µ(t) < N ,

it follows by the induction hypothesis that ti = ti ⊃ ti = ti can be derived
in an appropriate way, so that the following derivation solves the problem:

∀x(x = x)

···
ti : I

∀E
ti = ti

···
ti = ti ⊃ ti = ti

⊃E
ti = ti.

It remains the case when t is of the form ιxB(x) (the form εxB(x) is
excluded by assumption). Then D3 and D4 end by the rule ιF . Let D′

3

and D′
4 be the derivations of B(t) obtained by replacing the final rule ιF

by the rule ι in D3 and D4, respectively. Since there is a derivation of
∀x∀y(B(x) &B(y)⊃x = y) in D3 (and D4), it suffices to derive B(t) &B(t)
in a way which makes it possible to apply ⊃E. This can be done as follows
(the careful reader will notice that this derivation is not reduced, simply
because the argument will be easier).

D′
3

B(t)

[x : I]
···

B(x) ⊃B(x)
∀I∀x(B(x) ⊃B(x))

D3

t : I
∀E

B(t) ⊃B(t)
⊃E

B(t)

D′
4

B(t)

[x : I]
···

B(x) ⊃B(x)
∀I∀x(B(x) ⊃B(x))

D4

t : I
∀E

B(t) ⊃B(t)
⊃E

B(t)
&I

B(t) &B(t).

It is straightforward to check that both applications of ⊃E are allowed if
the dotted parts are filled in appropriately, which is possible to do according
to the induction hypothesis, because µ(B(x)) < µ(t) < N .
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A is of the form B & C. The derivation then looks as follows:

D1

B & C : prop

[B & C]

B

···
B ⊃B

B

[B & C]

C

···
C ⊃ C

C

B & C

B & C ⊃B & C

where the derivations of B⊃B and C⊃C exist by the induction hypothesis.
The derivation of C ⊃ C may depend on assumptions B, but these can be
derived, in appropriate ways, from B&C (which is currently open and hence
available) and B ⊃B. It is easy to verify that D∗ has the stated form.

Implication is treated like conjunction. The other cases are even easier
and therefore omitted.

This lemma is enough for proving the first two parts of the theorem.

Proof of Theorem 4.8.1, parts 1–2. For part 1, use the transformation

D1

A

D2

A⊃B

B
 

D1

A

···
A⊃A

⊃E
A

D2

A⊃B
⊃E

B

and the lemma to conclude that the dots can be filled in.
For part 2, use the transformation

D1

A(x) : prop

D2

t : I

D3

A(t)

∃xA(x)
 

D1

A(x) : prop

D2

t : I

D3

A(t)

···
A(t) ⊃A(t)

⊃E
A(t)

∃I∃xA(x).

In the following, we will therefore freely use modus ponens as a derived
rule. In particular, to prove the third part of the theorem, we need only
prove that A(t) ⊃ A(s) is derivable from Γ if A(t) and t = s are derivable
from Γ. To do that, we need a couple of more lemmas.

Lemma 4.8.3. Assume A(t) does not contain any ε-term, nor does s, and
that Γ ` A(t) : prop, A(s) : prop, t = s. Then Γ ` A(t) ⊃A(s).

Proof. By induction on µ, as defined in the proof of the previous lemma.
We assume that the lemma is true whenever µ(A(t)⊃A(s)) < N , and prove
it in the case µ(A(t) ⊃A(s)) = N .
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If A(t) is atomic, (P ext) reduces the problem to deriving ti(t) = ti(s).
If ti is a variable or a constant, it is trivial. If ti is of the form f(. . .), (f ext)
reduces the problem to the arguments of f . Finally, if ti(t) is of the form

ιxB(t, x) we need to derive ιxB(t, x) = ιxB(s, x).
Because Γ ` ιxB(s, x) : I, we have Γ ` ∀x∀y(B(s, x) &B(s, y) ⊃ x = y),

so it suffices to derive Γ ` B(s, ιxB(t, x)) & B(s, ιxB(s, x)). The second
conjunct is easy to derive: just change the last rule in the derivation Γ `

ιxB(s, x) : I. In order to derive Γ ` B(s, ιxB(t, x)), use that µ(B(t, x) ⊃
B(s, x)) < µ(ti(t)) + µ(ti(s)) < µ(A(t)) + µ(A(s)) < µ(A(t) ⊃ A(s)), so
the induction hypothesis gives x : I, Γ ` B(t, x) ⊃ B(s, x). Now substitute

ιxB(t, x) for x in this derivation.
We now have to treat the cases when A(t) is a composite formula. These

cases are similar to each other. We exemplify with conjunction.

D1

B(s) & C(s) : prop

[B(s) & C(s)]

B(s)

···
B(s) ⊃B(t)

B(t)

[B(s) & C(s)]

C(s)

···
C(s) ⊃ C(t)

C(t)

B(t) & C(t)

B(s) & C(s) ⊃B(t) & C(t)

The derivations of B(s)⊃B(t) and C(s)⊃C(t) exist by the induction hypo-
thesis. In the latter case, the derivation may depend on assumptions B(s)
and B(t), but these can be derived from B(s) & C(s) (which is currently
open and hence available) and B(s) ⊃B(t).

The next lemma shows that the assumption Γ ` A(s) : prop can be
removed from the previous lemma.

Lemma 4.8.4. Assume A(t) does not contain any ε-term, nor does s. If
Γ ` A(t) : prop, t = s, then Γ ` A(s) : prop.

Proof. Induction on µ again. We assume this time that the lemma is true
for µ(A(t)) < N and prove it in the case µ(A(t)) = N .

If A(t) is atomic, say P (t1(t), . . . , tn(t)), then PF reduces the problem
to deriving ti(s) : I. If ti is a variable or constant, this is trivial. If ti is
f(. . .), it reduces, by fF , to the arguments of f . If ti(t) is ιxB(t, x), then
Γ, x : I ` B(t, x) : prop and hence, by the induction hypothesis, Γ, x : I `
B(s, x) : prop. Hence, by the previous lemma, Γ, x : I ` B(t, x) ⊃ B(s, x),
so, since Γ ` ∃xB(t, x), we conclude Γ ` ∃xB(s, x). A similar argument
applies to the uniqueness premise of the ιF -rule. Hence Γ ` ιxB(s, x) : I.

If A(t) is composite, it is an easy exercise to prove the lemma using
the induction hypothesis. The most complicated case is conjunction (or
implication, which requires precisely the same argument). If A(t) is B(t) &
C(t), we have Γ ` B(t) : prop and Γ, B(t) ` C(t) : prop. By induction
hypothesis, Γ ` B(s) : prop and Γ, B(t) ` C(s) : prop. Since Γ ` B(s) : prop,
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we have Γ ` B(s)⊃B(t) (the previous lemma), hence Γ, B(s) ` C(s) : prop.
Hence Γ ` B(s) & C(s) : prop.

Proof of Theorem 4.8.1, part 3. First notice that it is sufficient to prove the
theorem when s is a fresh variable z, because if this has been done, we have

Γ, z : I, t = z ` A(z) ,

so we can, by replacing all z by s, and each assumption z : I by a derivation
of s : I (which exists because Γ ` t = s), and each assumption t = z by a
derivation of t = s, derive A(s) from Γ. We therefore assume in the following
that s is a variable.

Now the previous lemma gives Γ ` A(s) : prop. Hence, by Lemma
4.8.3, Γ ` A(t) ⊃ A(s). Using that modus ponens is derivable, we conclude
Γ ` A(s).

4.9 Restricted Quantifiers

The translation interprets propositions U(x), where x is a free variable,
as propositional functions U . Taking the subsets-as-propositional-functions
attitude towards subsets in type theory [41, 50, 11], and writing x ε U for
U(x), we are justified in saying that propositions depending on variables are
interpreted as subsets, and restricted quantifiers are interpreted as follows:

∀x(U(x) ⊃A(x)) (∀x : I)(∀p : x ε U)A(x, p)

∃x(U(x) &A(x)) (∃x : I)(∃p : x ε U)A(x, p) ,

where A(x, p) may depend on p. Using the notation in [11], we can write

∀x(U(x) ⊃A(x)) (∀xp ε U)A(xp)

∃x(U(x) &A(x)) (∃xp ε U)A(xp) .

Thus, restricted quantifiers are indeed interpreted as restricted quantifiers in
the sense of [11]. The notions of restricted quantifiers in [41, 50] are however
in general too restrictive, because they do not allow A(x, p) to depend on p.
For example, the field property, derived on page 86, is interpreted as follows:

∀x
(
U(x) ⊃ x · x−1 = 1

)
 (∀xp ε U)(x · x−1

p = 1) ,

where x−1
p is the left projection of p. In this case, A(x, p) depends on p in a

crucial way.
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4.10 Partial Functions

A common use of definite descriptions is for defining partial functions. Let
R(x, y) be a binary partial functional relation, i.e., x : I, y : I, Γ ` R(x, y) :
prop and Γ ` ∀x∀y∀z(R(x, y) & R(x, z) ⊃ y = z). Let ‘x ε D’ denote the
interpretation in type theory of ∃yR(x, y). Then

∃yR(x, y)

···
∀x∀y∀z(R(x, y) &R(x, z) ⊃ y = z) x : I

∀E∀y∀z(R(x, y) &R(x, z) ⊃ y = z) ι
ιyR(x, y) : I

is interpreted as
π`(p) : I (. . . , x : I, p : x ε D) ,

hence as a partial function from D to I/=I in the sense of [11]. It is
not in general a partial function in the sense of [50], because (∀p, q : x ε
D) Id(I, π`(p), π`(q)) is not in general true.

Suppose, on the other hand, that we have, in type theory, a partial
function on I, that is, an extensional domain of definition D ⊆ I

x ε D : prop (x : I)

and a function, which we in the notation of [11] can write

f(xp) : I (xp ε D) ,

and which satisfies (∀xp ε D, q : x ε D)(f(xp) =I f(xq)) as was required
in [11]. Consider our ι-calculus with a unary primitive predicate symbol
D(x), whose interpretation is supposed to be x ε D, and a binary primitive
relation symbol R(x, y), whose interpretation is supposed to be (∃p : x ε
D)(f(xp) =I y). Then the following axioms are justified, in the sense that
their interpretations can be proved in type theory:

∀x(D(x) ⊃ ∃yR(x, y))

∀x∀y∀z(R(x, y) &R(x, z) ⊃ y = z) .

Also the required extensionality properties for D and R can be proved. Now,
introduce f(x) as a notation for ιyR(x, y). We can then derive the following:

D(x)

∀x(D(x) ⊃ ∃yR(x, y)) x : I
∀E

D(x) ⊃ ∃yR(x, y)
⊃E∃yR(x, y)

···
∀y∀z(R(x, y) &R(x, z) ⊃ y = z) ι

F
f(x) : I .

If the axiom ∀x(D(x) ⊃ ∃yR(x, y)) is interpreted as

λxλp(f(xp), (p, refl(f(xp)))) : (∀xp ε D)(∃y : I)(∃q : x ε D)(f(xp) =I y) ,
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where refl is the reflexivity proof of =I , then f(x) : I, as derived above,
will be interpreted as the type-theoretical f(xp) : I, after reduction. Hence
the interpretation captures the intended meaning of f , up to definitional
equality.

4.11 Summary and Conclusions

We have given systems for indefinite and definite descriptions and inter-
preted them in intensional type theory. The system for indefinite descrip-
tions suffers from unusual restrictions on modus ponens and existence in-
troduction, while the unrestricted versions of these rules can be derived for
definite descriptions. In fact, we had in the end just one system, in which
both indefinite and definite descriptions could coexist, the unrestricted ver-
sions of the rules being derivable for formulas without ε-terms.

In the translation, we used strong disjunction elimination in an essential
way (p. 96), and it is therefore unclear if the interpretation would carry over
to type theories without this rule. Moreover, the type-theoretical axiom of
choice was implicitly used in the interpretation of descriptions, in the form
of left projections of existence proofs (p. 95).

It seems that the interpretation proposed here follows closely what con-
structive mathematicians have in mind when they speak informally about
descriptions. One conclusion is therefore that strong disjunction elimination
and the intensional (‘type-theoretical’) axiom of choice seem to be important
for a natural formalization of constructive mathematics with descriptions.

A conclusion from sections 4.9–4.10 is that restricted quantifiers and
partial functions in the sense of first order logic with descriptions correspond
to restricted quantifiers and partial functions in the sense of [11], rather than
in the sense of [41, 50].
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4.12 Appendix

In the logical inference rules, we could have, among the premises, some
premises that express that all formulas involved are indeed propositions.
Conjunction introduction, for instance, would then look as follows:

A : prop

[A]
···

B : prop A B

A&B

and disjunction elimination as follows:

A : prop B : prop

[A ∨B]
···

C : prop A ∨B

[A]
···
C

[B]
···
C

C .

This was the form my ε-calculus had originally, but Theorem 4.4.1
showed that it was conservative to simplify it to the present one.

Although this more verbose ε-calculus is in a sense more natural, it is
very heavy to produce derivations in it, and, contrary to what one might
first think, the translation into type theory is more difficult. The reason
is that every rule except ⊥E gets the undesirable property that the same
proposition occurs several times among the premises. Since the same propo-
sitions could be interpreted in different ways in different places, we would
need to introduce restrictions on every rule except ⊥E in order to get the
interpretation through. Alternatively, we could perform the translation by
just throwing all extra premises away and proceed as in this paper, but it is
then unclear what would be gained by having them in the first place.





Appendix

A Predicative Version

of Birkhoff’s Theorem

Birkhoff’s theorem states that if a class of algebras of a fixed signature is
closed under homomorphic images, subalgebras and products, it can be ax-
iomatized by a set of equations. The original proof [5, p. 441] uses products
indexed by arbitrary classes, which is not acceptable even to the classical set
theorist.11 The version reproduced in textbooks [9, p. 68] [25, pp. 166–167]
uses products which can be proved to be set-indexed by separation (with
quantification over all sets) and the power set axiom. The crucial product
is taken over all quotients of a term algebra that are members of the class
considered. From the predicative point of view this is not a set. We here
give a predicative proof based an a different idea: that of generalizing the
well-known method of representing rings of polynomials by rings of polyno-
mial functions. In other words, Z[x1, . . . , xn] is isomorphic to a subring of
ZZ

n

. We will base our theorem on the following key lemma, which needs a
definition. In this note an algebra is nothing but a first order structure of
a given fixed signature and a morphism is an operation-preserving function
between algebras.

Definition A.1. If A is an algebra, let identities(A) consist of the identities
that hold in A. Formally, it is a subset of T 2, where T is the term algebra
on countably many generators.

11In fact, the picture is a bit more complicated. The proof itself can be read as a
predicative one, because it says things about ‘sets’ of algebras. However, the theorem
stated is about proper classes of algebras. It is impredicative to accept the proof as a
proof of the theorem. Clearly Birkhoff does not distinguish between ‘sets’ and ‘classes’.
He writes, for instance, “the set F(B) of all algebras which can be constructed from
algebras of B by the taking of subalgebras, homomorphic images, and direct products
(...)” [5, p. 440]. This class is not a set even in ZFC.
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Lemma A.2. If A,B are algebras and identities(A) ⊆ identities(B), then
B is a homomorphic image of a subalgebra of AAB

.

Proof. Let F be the subalgebra of AAB

generated by the projections πb,
which are given by πb(f)

def
= f(b) for each b ∈ B. We shall prove that F

is ‘freely generated by B over the class {A}’ in the sense that if g ∈ AB ,
then there is a unique morphism ĝ : F → A such that ĝ(πb) = g(b). The
uniqueness is obvious because F is generated by the projections, it suffice
to prove the existence. But simply let ĝ(h)

def
= h(g) and we have

ĝ(πb)
def
= πb(g)

def
= g(b) .

Because F is generated by the projections, we can define a morphism F → B
on the generators by πb 7→ b. It is well-defined because all identities that hold
in F have to hold in A and by assumption identities(A) ⊆ identities(B).

We immediately get the following version of Birkhoff’s theorem:

Corollary A.3. If a class C of algebras of a given signature

1. is closed under homomorphic images,

2. is closed under subalgebras,

3. is closed under products,

4. contains a generic algebra G,

then it is axiomatized by identities(G).

A generic algebra for C is an algebra G ∈ C such that an identity holds
in G if and only if it holds in every algebra of C. For instance, Z is generic
for commutative rings, as is every commutative ring of characteristic zero.

Proof. We shall prove that A ∈ C if and only if identities(G) ⊆ identities(A).
Obviously, if A ∈ C, then identities(G) ⊆ identities(A), becauseG is generic.
On the other hand, if identities(G) ⊆ identities(A), then by lemma A.2 A is
a homomorphic image of a subalgebra of GGA

. But by the closure properties
assumed for C it follows that A ∈ C.

This result is a weakening of Birkhoff’s theorem because of the presence
of the fourth condition. It remains to check how much weakened it is. In fact,
we will prove that from the impredicative point of view the forth condition
follows easily from the other three, so in this sense there is no weakening
at all. From the predicative point of view, however, the fourth condition
does not seem to follow. Therefore we do not hope to prove Birkhoff’s
theorem without the fourth condition, because it is a necessary condition
as the following proposition states. Later we will provide conditions under
which the existence of a generic algebra can be proved predicatively.



111

Proposition A.4. If a class of algebras is axiomatized by a set E of equa-
tions, it contains a generic algebra.

Proof. Consider the term algebra of the given signature, generated by a
countable family of variables. Let = be defined on this algebra so that terms
are =-equal if and only if they can be proved to be equal using equational
logic from E. This gives a generic algebra G, as we now prove.

Assume first that an identity holds in G. Then by definition of = the
identity follows by equational logic from E. Hence it holds in all algebras
that satisfy E. On the other hand, if it holds in all algebras that satisfy
E, it holds, in particular, in G. Notice also that G is indeed in the class
considered.

We introduce the following generalization of classes with generic algebras:

Definition A.5. A class C of algebras is set-based if there is a set-indexed
family {Ci}i∈I (called a basis) of algebras such that an identity holds in C
if and only if it holds in every Ci.

We do not require that Ci ∈ C. Trivially every set C of algebras is set-
based. To see that also large classes can be set-based, notice that the class
of sets has generic algebras: any set with at least two elements is generic.
There are examples of natural set-based classes that do not have generic
algebras, for instance the class of finite commutative rings, which contains
the basis {Z/iZ}i∈I indexed by any infinite set I of positive integers. This
class has no generic algebra, because finite rings have positive characteristic.
Also {Z} is a basis for the class, although it is not contained in it.

The following proposition shows that all classes are set-based according
to impredicative set theories like ZFC.12 The proof method has been used
[25, 9] to save Birkhoff’s original proof, which was, as we have remarked,
too impredicative even for ZFC.

Proposition A.6 (impredicative). Every class C of algebras is set-based.

Proof. Let I be the subset of all kernels of morphisms of the form T → A
for A ∈ C (that this is indeed a set is the impredicative step). Let Ci

def
= T/i

for every i ∈ I. We claim that {Ci}i∈I is a basis for C.
Let s, t ∈ T . To say ‘s = t holds in A’ is to say that for every morphism

ϕ : T → A, ϕ(s) =A ϕ(t). If i is the kernel of ϕ, this can also be expressed
as ‘s = t holds in Ci’. Hence, that s = t holds in Ci for every i means
precisely that it holds in every A ∈ C.

12We make no effort to find the weakest theory in which the proof can be formalized.
The point is that from the ‘ordinary’ perspective things become easy. The proofs do not
use the principle of excluded middle, but they use choice principles so they might be
unacceptable to impredicative constructive set theories like IZF [4], because it is difficult
to add choice without getting the principle of excluded middle (see Paper 3).
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Notice that the basis constructed in this proof need not be contained in
C. It will be, however, if C enjoys some closure properties:

Proposition A.7 (impredicative). If C is closed under taking subalgebras
and isomorphisms, then C contains a set-indexed basis.

Proof. Consider the previous proof. Since every Ci constructed is isomorphic
to the image under the corresponding morphism ϕ, it is sufficient to check
that such images are contained in C. They are because they are subalgebras
of algebras in C and C is closed under taking subalgebras.

It is more difficult to construct bases predicatively. In general we will
have to assume that this has already been done. In practice this puts few
restrictions on the applicability of Birkhoff’s theorem, because experience
shows that from concrete information about a class of algebras it is often
easy to construct a basis for it, or even a generic algebra. What is hard,
I would conjecture even impossible, is to construct it predicatively without
any information about the class.

If a class is set-based, we may define its set of identities predicatively:

Definition A.8. If {Ci}i∈I is a set-indexed family of algebras, let

identities(I, {Ci}) = {(s, t) ∈ T 2 | (∀i ∈ I)(s ∼Ci
t)} .

For a class of algebras C with basis {Ci} let

identities(C) = identities(I, {Ci}) .

Notice that identities(C) does not depend on the choice of basis {Ci}.
Notice also that C is not determined by identities(C). We remark also that
the identities of C forming a set is equivalent to C being set-based, as the
following proposition shows.

Proposition A.9. If E is a set of equations such that e ∈ E if and only
if e holds in all algebras of a class C, then C has a basis consisting of one
algebra.

Proof. Use the construction of G in the proof of proposition A.4. Then {G}
is clearly a basis, although it need not be the case that G ∈ C.

This provides a shorter proof of proposition A.6, because the set E is
easily defined impredicatively for each class C, as Per Martin-Löf remarked
to me (in fact, this proof is also choice-free, so it can be carried out in IZF
[4]).

It follows from proposition A.9 that if a class has a basis it has a basis
consisting of one algebra. However, this algebra need not be contained in
the class. The following proposition will therefore be more useful:
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Proposition A.10. If a class C contains a basis and is closed under prod-
ucts, it contains a generic algebra.

Proof. If {Ci} is a basis contained in C, so is {ΠiCi}.

Now our fourth condition can be eliminated in ZFC using proposition
A.7 and proposition A.10.

Corollary A.11 (impredicative). Every class C that is closed under iso-
morphisms, subalgebras and products contains a generic algebra.

Birkhoff’s theorem is now an easy consequence:

Theorem A.12 (impredicative). If a class C of algebras of a given signature

1. is closed under homomorphic images,

2. is closed under subalgebras,

3. is closed under products,

then it is axiomatized by identities(C).

Proof. Use the previous corollary and corollary A.3.

The predicative version of this theorem is the following one:

Theorem A.13. If a class C of algebras of a given signature

1. is closed under homomorphic images,

2. is closed under subalgebras,

3. is closed under products,

4. contains a set-indexed basis,

then it is axiomatized by identities(C).

Proof. Use proposition A.10 to conclude that C contains a generic algebra
G. Then use corollary A.3.

Summing up, the original proof of Birkhoff’s theorem is constructive in
the sense that it does not use the principle of excluded middle. However, it
is so impredicative that it cannot be carried out even in ZFC. In textbooks
this is solved, but the proof is still too impredicative for Martin-Löf’s type
theory. The proof given here is fully predicative. It seems to me it is also
more natural and elegant than the ordinary impredicative one.
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