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Abstract

With general relativity as its foundation, the Standard Model of Cosmol-
ogy has been developed, a model in which all matter is homogeneously
and isotropically distributed throughout the Universe. We know for sure
that this is not true since inhomogeneous structures such as galaxies,
planets and synthesizers, are known to exist on small cosmological scales.
However, on large scales the approximation of homogeneity is very good.
Despite this, inhomogeneities such as galaxies or clusters of galaxies, will
affect the propagation of light in the Universe by bending the paths of
light-rays according to the laws of general relativity. The phenomenon
is known as gravitational lensing. The bending of light-rays is similar to
what happens in an optical lens, where an image of an object may be
distorted or (de-)magnified depending on the shape of the lens.

Using the magnifying power of a gravitational lens it is possible to
see further out in the Universe, it is used as a natural gravitational tele-
scope. Under the right circumstances this can be something very useful.
By studying light from supernovae, exploding stars, it is to some extent
possible to gather information on the constituents of our universe. If
for some reason this light is affected on its way to us, e.g. by gravita-
tional lensing, we are mislead into drawing erroneous conclusions unless
the lensing effects are under control and corrected for. Trying to control
this and other systematic uncertainties is a big challenge in supernova
cosmology and is also becoming more and more important as statistical
errors are being beaten down to very low levels.
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Page of intent

This thesis is not intended to be self contained, but should be read along
with the accompanying papers. Chapter 1 gives an introduction to cos-
mology based on general relativity, the necessary framework for gravita-
tional lensing is developed in Ch. 2, and a brief overview of supernovae is
presented in Ch. 3. In Ch. 4 the work in the accompanying papers is put
into the context of supernova lensing. Finally, Ch. 5 describes the devel-
opment of the computer code used throughout the work. Accompanying
Papers I–V are then attached to conclude the thesis.
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Notes on notation and abbreviations

Units Throughout the thesis we will use geometrised units in which G =
c = 1, where G is Newton’s gravitational constant and c is the
speed of light. Occasionally, G or c will appear for clarity. The unit
of length we most often use is Megaparsec (Mpc) where 1 Mpc=
3.262 × 106 light-years (ly) = 3.0857 × 1022 metres (m).

Indices Latin indices in tensors will run from 1 to 3 whereas greek indices
will take on values 0 to 3.

Vector notation Two- or three-dimensional vectors are written in bold-
face.

Abbreviations & acronyms

CDF-S Chandra Deep Field South
CMB Cosmic Microwave Background
COBE COsmic Background Explorer
GR/SR General/Special Relativity
GOODS Great Observatories Origins Deep Survey
HDF-N Hubble Deep Field North
HST Hubble Space Telescope
MACHO Massive Astrophysical Compact Halo Object
NFW Navarro-Frenk-White
Q-LET Quick Lensing Estimation Tool
RW/FLRW Robertson-Walker/Friedmann-Lemâıtre-Robertson-

Walker
SIS Singular Isothermal Sphere
SN/SNe SuperNova/SuperNovae
WIMP Weakly Interacting Massive Particle
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Chapter 1

Introduction to Cosmology

T he quite pretentious explanation for the word “cosmology” in dic-
tionaries is the theory of the Universe as a whole. We cosmologists

would try to be a bit more precise and say that cosmology is the theory
of the creation1 and evolution of the Universe as a whole. Our cosmol-
ogy will not describe how individual objects evolve with time nor will it
describe the very beginning of time, even though it aims to do the latter.
It will describe the evolution of the Universe on the largest scales. Our
so-called standard model of cosmology starts with the assumption of the
hot big bang.

1.1 The hot big bang

The unfortunate term “big bang” has probably led to more misconcep-
tions than anything else in cosmology. It suggests that the Universe starts
out as something very small and dense and then suddenly explodes and
expands into something. A conceptually more correct way of imagining
this is that the big bang is an initial condition for the Universe, or at least
its expansion could be regarded as an initial condition. So the Universe
started out extremely hot, dense and expanding but it does not expand
into something. If it is infinite now it was infinite already at the big bang.
It is “space itself” that expands, but not in the sense that you and I will

1The word “creation” is intended to be interpreted in a wider sense, including also
the possibility of a Universe that has always existed. Then the theory of creation is
that there is no creation.

1



2 Chapter 1. Introduction to Cosmology

become larger and larger with the expansion. (Remember that cosmol-
ogy does not describe the evolution of individual objects.) Locally, no
separation of objects due to the expansion will be noted since on small
scales, particles are bound either gravitationally or by some other funda-
mental force. Only on large scales will the expansion be governing the
relative motion of objects. This hot, dense and expanding initial state of
the Universe is what we mean by the big bang.

Assuming this initial state is definitely not ad hoc. Several obser-
vations present strong evidence that the big bang, or something very
similar, did occur. First of all, the estimated age of the oldest objects in
the Universe seems to be finite and not more than about 15 billion years.
A finite age of the Universe is predicted by the big bang, and for the
common cosmological models an age between 10 and 20 billion years is
expected. The expansion is also observed and manifested in the redshift
of light from distant objects, the wavelength of light is stretched when the
Universe expands, thereby causing a reddening of observed light that has
travelled through the Universe for a long time. Another piece of evidence
for the hot big bang is the cosmic microwave background radiation (CMB)
discovered serendipitously in 1965 by Penzias and Wilson [1]. This is ra-
diation coming to us from all directions in space in an almost perfectly
isotropic manner. The radiation has a blackbody spectrum of tempera-
ture TCMB = 2.728 ± 0.004 K as measured by the COsmic Background
Explorer (COBE) satellite [2], and is a relic from the early hot phase
of the evolution of the Universe. In the early stages, photons were kept
in thermal equilibrium by pair-production and annihilation of particle-
antiparticles and e.g. Compton scattering on free electrons. Atoms that
tried to form were immediately dissociated by the abundant photons.
Later, as the Universe cooled well below the energies required for the re-
action H + γ ↔ p + e− to be in equilibrium, hydrogen atoms started to
form and the photons were now able to propagate unimpeded throughout
the Universe. This happened when the Universe was about 380 000 years
old and the photon blackbody spectrum temperature was about 3000 K,
and is usually called decoupling. These photons we now observe as the
CMB, although the wavelengths have been stretched due to the expan-
sion so that their present spectrum is that of a 2.7 K blackbody instead.
This radiation and its thermal spectrum is precisely what is predicted by
the hot big bang.

A last example showing the plausibility of the big bang scenario is the
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observed abundances of light elements in the Universe. Intricate numeri-
cal calculations have been carried out to find the primordial abundances
of helium (3He and 4He), deuterium (D) and lithium (7Li) and agrees well
with what is observed. Formation of the light elements took place when
the Universe was about one second to a few minutes old and is usually
referred to as big bang nucleosynthesis.

However, with the big bang scenario some new problems appear. We
will come back to these in Sec. 1.4 and also to their possible solution in
Sec. 1.5. To be able to grasp the essentials of cosmology we need some
insight into general relativity, its foundation.

1.2 General relativity

To approach general relativity (GR) we first need to consider special
relativity (SR) to some extent. To be more precise, we should bear in
mind the two postulates of SR. The first postulate states that the laws of
physics should take the same form in all inertial frames, i.e. unaccelerated
frames. The second postulate is stating that the speed of light in vacuum,
c ≃ 3 × 108 m/s, is the same in all inertial frames. As Maxwell’s equa-
tions of electromagnetism predicts this constancy of the speed of light in
vacuum, the second postulate may be regarded as somewhat redundant
since Maxwell’s equations are part of the laws of physics. The draw-
back of special relativity is that it cannot deal with phenomena related
to gravity. Gravity is totally absent in SR. Furthermore, SR also treats
inertial frames in a privileged way. The generalised theory where gravity
is accounted for is known as general relativity, where the goal is to formu-
late a theory which allows arbitrary coordinate transformations and still
results in the same form of the laws of nature. In GR, the fundamental
postulates are known as the weak and strong equivalence principles. The
former states that uniform gravitational fields are equivalent to frames
that accelerate uniformly relative to inertial frames. To clarify: there
is no way to measure any difference if the same physical experiment is
conducted a) in a uniform gravitational field or b) in a uniformly acceler-
ated frame (e.g. in a space shuttle). That is to say that the gravitational
and inertial masses of an object are the same. The strong equivalence
principle encompasses not only gravity and acceleration, it states that
in a freely falling frame, all physical laws take on the same form as in
special relativity. An example of a freely falling frame is that of an air-



4 Chapter 1. Introduction to Cosmology

craft falling in the Earth’s gravitational field. Being inside the aircraft
you would experience weightlessness as if there was no gravitational field.
This second postulate of GR will have consequences for the trajectories
of light-rays. To see this, consider a person with an electric torch in a
lift in free fall in the Earth’s gravitational field. The person flashes the
torch horizontally across the floor and after a short time the light hits
the wall at the opposite side of the lift. To the person inside the ele-
vator who is experiencing no gravitational field nothing appears strange
but to an observer outside the elevator, say in rest relative to the Earth,
the light-path appears bent since the elevator has fallen a short distance
during the time the light took from the torch to the wall. This bending
of light-paths by gravitational fields is what causes gravitational lensing
which is the main topic of this thesis and will be treated in Chapter 2.

We will not go into any great depth of the foundations of GR but
instead focus on what is needed for the understanding of later sections.

The metric

The most fundamental object in GR is the metric. The metric manifests
how space and time, collectively called space-time, are intertwined and
describes how distances in this space-time are related. The relation looks
different depending on several things. For instance, if we want a descrip-
tion of space-time on very large scales where the average density in the
Universe governs the appearance of the metric or if we want to describe
space-time just outside a star where the star produces so-called curvature
of space-time, the metric looks different. Coordinates in space-time will
be denoted xµ, where µ runs from 0 to 3. The spatial part is sometimes
written xi, where i = 1, 2, 3:

xµ = (ct, r) = (x0, x1, x2, x3) = (x0, xi) (1.1)

Loosely speaking, an object like this with one temporal and three spatial
components is called a four-vector.

In ordinary Euclidean 3-dimensional space, the squared infinitesimal
distance between two points would be

ds2 = (dx1)2 + (dx2)2 + (dx3)2 (1.2)
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which can be written in matrix form as

ds2 =
(

dx1, dx2, dx3
)





1 0 0
0 1 0
0 0 1









dx1

dx2

dx3



 = (dr)TG(dr) =

=
3
∑

i,j=1

Gijdx
idxj = Gijdx

idxj , (1.3)

where the matrix G is called the the metric tensor and relates the row
vector (dr)T to the column vector dr to form the squared distance ds2.
In the last equality we used the Einstein summation convention where
indices appearing twice in a product, once as an upper and once as a
lower index, are summed over. In 4-dimensional space-time, the analogue
of Eq. (1.2) can be defined as

ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 (1.4)

relating distances in this new 4D object, dubbed space-time. Again we
rewrite ds2 using a metric tensor

ds2 = ηµνdx
µdxν , (1.5)

where now

ηµν =









1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









. (1.6)

This is the metric of special relativity, called the Minkowski metric and
describes a flat space-time. In curved space-time the metric tensor can
in principle take on any form and is usually denoted gµν .

Einstein’s field equations

In Newtonian gravity, mass density, ρm is related to the gravitational
potential, φ through Poisson’s equation

∇2φ = 4πρm. (1.7)

Here, the source of the gravitational field is the mass density, and the
potential tells us what the field looks like. In GR, it is the corresponding
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quantity, the metric gµν that holds this information, now reformulated as
curvature of space-time. The general relativistic counterpart of the mass
density as the source of gravity (or curvature) is the energy-momentum
tensor Tµν , which contains information about the sources of curvature of
space-time. These sources prove to be energy density and momentum. So,
an equation similar to (1.7) above is expected to appear in the relativis-
tic description of gravity. The metric and perhaps various combinations
or derivatives of it should correspond to the left hand side of Poisson’s
equation, and we denote it by Gµν , the Einstein tensor, whereas the right
hand side is built up by the energy-momentum tensor. The outcome is
the Einstein field equations

Gµν ≡ Rµν − 1

2
gµνR− gµνΛ = 8πTµν , (1.8)

where Rµν and R are called the Ricci tensor and Ricci scalar respectively
and are entities entirely built up from the Riemann tensor which in turn is
fully determined once the metric is known. We will not explicitly display
the exact form of the Riemann tensor since it is quite complicated and
not very enlightening in itself. The term with Λ is included just because
there is nothing in principle that forbids it. It was introduced initially
by Einstein in order to keep the Universe static, which was something he
firmly believed in. Later when Hubble discovered the expansion of the
Universe, this cosmological constant almost fell into oblivion, but now,
with recent observations (discussed in Sec. 1.6) it is back, and it is hotter
than ever. The constant 8π is found by studying the Newtonian limit of
the theory. We will now discuss how to apply Einstein’s field equations
to cosmology.

1.3 The standard model of cosmology

Observationally, the Universe looks very smooth on large scales. On small
scales we know it is not, there are galaxies, stars and humans, but the
vastness of space makes this contribution small. Therefore, as the starting
point we assume that the Universe is homogeneous and isotropic. No
specific place or direction is unique. We also make the approximation
that the contents of the Universe behave as perfect fluids, i.e. fluids where
there are no viscous forces between different fluid elements. Under this
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approximation the energy-momentum tensor for a co-moving2 observer
takes the simple form

Tµν =









ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p









, (1.9)

where ρ is the energy density of the fluid and p is its pressure. Returning
now to the cosmological constant found on the left hand side of Eq. (1.8),
we can move it to the right hand side and regard it as a part of the
energy-momentum tensor. In the co-moving frame, which is the frame
we will work in unless otherwise stated, the metric tensor takes the SR
form where gµν = ηµν so defining TΛ

µν ≡ Λgµν/8π gives

TΛ
µν =









ρΛ 0 0 0
0 −ρΛ 0 0
0 0 −ρΛ 0
0 0 0 −ρΛ









, (1.10)

in this frame if ρΛ = Λ/(8π). For a general perfect fluid we assume
a relation between the energy density and the pressure, an equation of
state pi = wiρi. According to Eq. (1.10) we see that wΛ = −1 for the
cosmological constant. There are two other important constituents of the
Universe that we wish to take into account, pressure-less matter (dust)
and radiation. These have equations of state wm = 0 and wrad = 1/3
respectively. We now have control over the right hand side of Eq. (1.8),
the sources of curvature. What goes into the left hand side? It turns out
(see e.g. [3]) that ds2 or the line element in an homogeneous and isotropic
Universe should have the form3

ds2 = dt2 − a2(t)

(

dr2

1 − kr2
+ r2dθ2 + r2 sin2θdφ2

)

(1.11)

in spherical coordinates. This is known as the Robertson-Walker (RW)
line element. In this equation we factorise out a(t), the scale factor of the
Universe defined such that it makes the radial coordinate, r, dimension-
less and independent of the expansion. All effects of the expansion lies in

2Co-moving with the expansion.
3Remember that we have put c = 1, otherwise dt2 → c2dt2.
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the scale factor implying that r is a co-moving coordinate. The quantity
k contains the information on the geometry of the Universe which can be
either open, flat or closed. We will illustrate what this means by a näıve
dimensionally reduced analogy. An open Universe has the geometry of a
horse saddle, on which two initially parallel lines will diverge when drawn
in the straightest possible way, the path an ant taking equally long steps
with the left and right legs would follow. A flat Universe is like a flat
sheet of paper, where parallel lines remain parallel, quite close to most
people’s intuition of space. Finally, a closed Universe is like the surface of
a sphere where initially parallel lines converge. This property is reflected
in the value of k which is equal to −1, 0 and +1 for the three geometries
respectively. From the line element we can directly read off the metric
tensor

gµν =











1 0 0 0

0 − a2(t)
1−kr2 0 0

0 0 −a2(t)r2 0
0 0 0 −a2(t)r2 sin2θ











, (1.12)

Now we also have the left hand side of Eq. (1.8) under control since Gµν

is completely specified once the metric is known. The most important
equation that emerges form the 16 components of the Einstein equations
in this form is the 00-component, the Friedmann equation

(

ȧ

a

)2

+
k

a2
=

8π

3
ρtot, (1.13)

where the dot denotes derivatives with respect to time and

ρtot = ρm + ρrad + ρΛ, (1.14)

where ρm is the energy density in pressure-less matter and ρrad is the
energy density in radiation. An important quantity, very frequent in
cosmology, is found in the first term on the left hand side of the Friedmann
equation, ȧ(t)/a(t). This is what is known as the Hubble parameter

H(t) ≡ ȧ(t)

a(t)
(1.15)

and is a measure of the expansion rate of the Universe. Let us now rewrite
Eq. (1.13) into the form

k

a2H2
=

ρtot
(

3H2

8π

) − 1 ≡ Ω − 1 (1.16)
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and first define

ρc ≡
3H2

8π
, (1.17)

to give the new definition

Ω ≡
∑

i

Ωi ≡
∑

i

ρi

ρc
. (1.18)

From this we see that if ρtot = ρc then k = 0 and we have a flat Uni-
verse. This justifies that ρc is called the critical density since it is the
energy density needed in order to precisely balance between an open and
a closed Universe. To simplify, we will often write the density of any
contribution to the total density in units of the critical density, similar to
Ωi in Eq. (1.18). Equation (1.16) also shows the correspondence between
Ω and k. For an open Universe Ω < 1 (k = −1), flat Ω = 1 (k = 0) and
closed Ω > 1 (k = +1). Let us finally also define Ωk ≡ −k/(a2H2) to
take care of the curvature term and again rewrite Eq. (1.13) as

Ωm + Ωrad + ΩΛ + Ωk = 1. (1.19)

Note however that we will not include Ωk whenever there is a summation
over Ωi since it is a bit artificial and only takes care of the remaining term
in the Friedmann equation. There is for instance no equation of state for
this “curvature density”.

Redshift

As the Universe expands, the wavelength of light is stretched and this
can be used as a measure of the ratio between the scale factor at the time
of observation and that at the time of emission, i.e.

1 + z ≡ λobs

λemis
≡ a(tobs)

a(temis)
, (1.20)

where λobs and λemis are the wavelengths at observation and emission
respectively. This equation defines the redshift z, which is defined to be
zero at temis = tnow. Note that this means that as long as the Universe
expands monotonically, the redshift can be used to parametrise also time.
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Parameter values at different times

Even though we can only measure the values of the cosmological param-
eters today it is essential that we know how they evolve with redshift.
From here on, when we want to indicate the value of some parameter at
an arbitrary redshift we explicitly write e.g. Ω(z) whereas both a sub-
script “0” and no subscript (other than e.g. m or Λ) on a quantity will
denote the value today.

It can be shown that the energy density of different perfect fluids
evolves with redshift as

ρi(z) = ρi0(1 + z)3(1+wi). (1.21)

Using the Friedmann equation and a(tobs) = a0 we obtain the evolution
of the Hubble parameter

H2(z) = H2
0

(

∑

i

Ωi(1 + z)3(1+wi) + Ωk(1 + z)2

)

≡ H2
0g(z). (1.22)

Distances in cosmology

Distances in cosmology are non-trivial, partly because the Universe is ex-
panding and partly because they are not directly measurable. Instead we
have to use indirect methods. But these require that we have knowledge
of some intrinsic property of an object we want to measure the distance
to. If we know the intrinsic luminosity of the object, L, then we can
determine the distance by measuring the flux. The relation between the
measured flux and the intrinsic luminosity is

F ≡ L

4πD2
L

(1.23)

which defines the luminosity distance DL. This distance is cosmology-
dependent4 and its dependence on redshift, which is a very useful relation
(see Sec. 1.6), is given by

DL(z;H0,Ωi,Ωk) =
1 + z

H0

√

|Ωk|
S
(

√

|Ωk|
∫ z

0

1
√

g(z′)
dz′
)

, (1.24)

4By “cosmology dependent” we mean that it depends on the values of the cosmo-
logical parameters.
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where

S(x) =







sin(x) if k > 0

x if k = 0 (and we remove the factor
√

|Ωk|)
sinh(x) if k < 0.

(1.25)

These equations are found by using the Robertson-Walker metric for a
null geodesic5 (ds2 = 0) in the radial direction (dθ = dφ = 0) and the
relation between dt and dz found through

H(z) =
d

dt
log

(

a(t)

a0

)

=
d

dt
log

(

1

1 + z

)

= − 1

1 + z

dz

dt
. (1.26)

Another indirect way of measuring distances is if we know the intrinsic
size of the distant object. Then its angular diameter distance, DA, can
be found by comparing the apparent angular size, δθ, with the known
intrinsic size D

DA ≡ D

δθ
, (1.27)

assuming small angles. Intuitively, DL and DA should be equal but this is
not the case in an expanding Universe. Instead they are related through

DA =
DL

(1 + z)2
. (1.28)

We have now derived the Standard Model of cosmology, the Friedmann-
Lemâıtre-Robertson-Walker model (FLRW) and also some of the impor-
tant relations that can be derived from that.

1.4 Flaws in the standard hot big bang scenario

Unfortunately, the big bang scenario is not water-tight. Problems appear
that can not be explained by the standard model described above. Below,
we give a few examples.

The flatness problem

As we will see later, observations tell us that the Universe seems to be
close to flat, i.e. Ω ≃ 1. If we study the Friedmann equation closely, we

5This is the path followed by a light-ray.
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can see that Ω = 1 is an unstable solution. Any deviation from Ω = 1 and
the Universe will evolve towards more curvature. But since the Universe
is so close to flat now this means that at early times it must have been
extremely close to flat. The most intuitive solution might be to say that
the Universe really has the critical density. However, there is no reason
a priori for this and it would of course be more satisfactory if there was
an explanation for it.

The horizon problem

We know that the distance light could have travelled through the Universe
is finite in the hot big bang model since its age is finite and the speed of
light is finite. This implies that there is a sphere surrounding us which
is our observable Universe. The almost perfectly isotropic CMB suggests
that at some time before decoupling, the region which we see must have
been in thermal equilibrium, otherwise there should be no reason for
this extreme isotropy of the CMB. The problem though is that since the
Universe was very much younger by then, the distance light could have
travelled was much shorter. Regions that are thermalised must have been
in causal contact and it turns out that these regions are very small. They
subtend only about one degree on the sky, implying that regions more
than one degree apart were not able to establish thermal equilibrium.
Why then, is the microwave background so smooth?

There are some other problems with the hot big bang as well but the
above-mentioned examples are important and can in fact be solved by
so-called inflation discussed in the next section.

1.5 Inflation

Inflation is something we have to add to the big bang picture in order to
solve some of the problems that the scenario can not explain. The basic
idea proposed in 1981 by A. Guth is that there is a period in the very early
history of the Universe with extremely rapid expansion. The definition
of inflation is that the expansion is accelerating, i.e. ä > 0. Typically,
inflation occurs at around t ∼ 10−34 seconds and lasts to something like
t ∼ 10−32 seconds. The expansion factor can be huge, in the simplest
models, a(t) increases by factors of the order e100. Note however that
these numbers are quite model dependent and are given here only in



1.5. Inflation 13

order to indicate the orders of magnitude. We will not go into the inflation
mechanism in any detail but we will briefly discuss how inflation can solve
the problems of Sec. 1.4.

The flatness problem resolved

In order to find the solution to the flatness problem by inflation we study
Eq. (1.16). Taking its modulus we obtain

|Ω − 1| =
|k|
a2H2

. (1.29)

Since

ä > 0 ⇒ d

dt
ȧ > 0 ⇒ d

dt
(aH) > 0, (1.30)

and if the expansion is rapid (d(aH)/dt ≫ 0) we see that the right hand
side in Eq. (1.29) goes to zero and Ω → 1. With such an extreme ex-
pansion as the one discussed above, Ω can be pushed ridiculously close
to one. So close that even today it has not had enough time to evolve
away significantly from this value. A visualisation of this is that of an
inflating balloon. Imagine being a 2-dimensional creature sitting on the
surface of a balloon of quite small radius. So small that the curvature of
the surface is noticeable. If someone or something suddenly inflates the
balloon to an enormous size, the surface would look extremely flat. The
curvature would only be noticeable on very large scales.

The horizon problem resolved

The crucial point was that regions we see at the same temperature had
not had time to establish thermal equilibrium due to the finite speed of
light. However, if there was a period of extreme expansion, one such
region can easily become so large as to encompass all of our observable
Universe. This explains the isotropy of the CMB, everything we see was
once in thermal equilibrium.

Large scale structure seeds

The models of inflation are numerous and quite speculative. One common
feature though is that inflation is driven by one or several scalar fields.
No details will be given here but we note that scalar fields are subject to
quantum fluctuations. At the time of inflation these are microscopic but
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the sudden expansion magnifies the fluctuations to macroscopic scales.
After this the field(s) decay into “normal” particles and the fluctuations
are imprinted as energy density fluctuations in the present particles. We
know the Universe is not homogeneous since we see large structures with
galaxies, gas etc. These fluctuations make a very good match to the fluc-
tuations expected from inflation and of course supports the inflationary
idea. The fact that the CMB is not perfectly isotropic (see Sec. 1.6) also
points towards this scenario. The small anisotropies in the temperature
(of order ∆T/T ∼ 10−5) is an imprint of the seeds of the large scale
structure we see today.

1.6 Observational cosmology

During the past decade or so, great advances have been made in the area
of observational cosmology. The quest for the cosmological parameters
has long been struggling with huge uncertainties but now, it seems, we are
entering the realm of precision cosmology. A “concordance cosmology” is
emerging which hopefully will stand the tests of time.

Cosmological parameters

The overall scale of the Universe is strongly related to the expansion rate,
the Hubble parameter, and many quantities depend on this scale. There-
fore we will quantify our ignorance of H0 as h = H0/100 km s−1 Mpc−1

and sometimes state results in terms of h.

Three main observations have been done that points towards the con-
cordance cosmology. First there is the measurement of the power spec-
trum of temperature fluctuations in the CMB. The spectrum has several
different peaks due to so-called acoustic oscillations of the photon-baryon
fluid (see e.g. [4]). The position of the first peak is sensitive to Ωm and ΩΛ.
Its amplitude increases with the baryon density, Ωb and is also sensitive to
H0 and ΩΛ. The relative heights of the first and second peaks is primarily
sensitive to Ωb. Thus by precision measurements of the CMB anisotropy
power spectrum, many parameters can be constrained to high accuracy.
This has been done by several teams such as the BOOMERanG, MAX-
IMA, DASI and CBI [5, 6, 7, 8]. The results of all these experiments land
at Ω0 ≃ 1.0.

From big bang nucleosynthesis briefly discussed in Sec. 1.1, it is pos-
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sible to compute the relic abundances of different baryonic species and
sum them up to arrive at the density in baryons, Ωb. This depends also
on the baryon to photon ratio and seems to agree with measurements of
the relic abundances only for

0.016 . Ωbh
2 . 0.024. (1.31)

The first year of the high precision CMB data from the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) satellite were released in 2003 [11].
When they combine their results with other CMB experiments (ACBAR
[15] and CBI [16]), the 2dFGRS [17] and Lyman α forest measurements
[18, 19] (see [4, Ch. 12.2] for further reading on Lyman α forest), and
assuming Ω0 = 1 they are able to fit several parameters and arrive at
h = 0.71+0.04

−0.03, Ωbh
2 = 0.0224± 0.0009, in agreement with Eq. (1.31), and

Ωmh
2 = 0.135+0.008

−0.009. When relaxing the Ω0 = 1 constraint, and using su-
pernova data and the HST Key project measurements on H0 (see below),
they obtain Ω0 = 1.02 ± 0.02. The right panel of Fig. 1.1 displays the
confidence contours in the Ωm − ΩΛ-plane of the WMAP measurements,
combined with the CMB data from ACBAR and CBI. So to summarise,
the CMB gives tightest constraints on6 Ω0 = Ωm + ΩΛ and it seems that
we are living in a flat Universe.

The next key observation is that of Type Ia supernovae (we will come
back to these in Ch. 3). These are expected to be standard candles to a
good approximation which means that they all have about the same in-
trinsic luminosity. This implies that their apparent luminosity (i.e. flux)
can be used to determine their luminosity distance. Also determining
the redshift of the supernova (SN) will make it possible to compute the
luminosity distance theoretically and this is as we have seen dependent
upon the cosmological parameters. So it is possible to fit the parameters
to the observations and this has been done by two different teams, the
Supernova Cosmology Project (SCP) and the High-Z SN Search Team
[9, 10]. Both teams obtain results in agreement with each other and find
Ωm ≃ 0.3 and ΩΛ ≃ 0.7 if the flatness constraint of the CMB measure-
ments is adopted. These measurements prove to be very complementary
to the CMB results as can be seen in the left panel of Fig. 1.1 since the
confidence contours are almost orthogonal due to a different dependence
on the cosmological parameters.

6We will almost always ignore Ωrad since it will be of very little significance (of order
10−5) at the present day, it was only significant in the early Universe.
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Figure 1.1: Left panel: Contours in the Ωm−ΩΛ plane for both CMB and
SNIa measurements [10]. Right panel: Contours in the Ωm − ΩΛ plane
for the WMAP measurements combined with ACBAR and CBI data [11].
The SN contours are also included. In the overlap regions of both panels,
we see that Ωm ∼ 0.3 and ΩΛ ∼ 0.7.
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A third way in which to determine Ωm is by studying the clustering
of large scale structure. We will not go into the details here since the
procedure is quite extensive. The method however, is to see how much
structure there is on different scales. Then, depending on the density, the
clustering properties differ on different scales. This is, perhaps intuitively,
most sensitive to the matter density, Ωm, since matter causes gravitational
attraction and thus clustering. For instance the 2dFGRS (2 degree Field
Galaxy Redshift Survey) [12] collaboration has studied the distribution
of more than 200 000 galaxies and ends up in concordance with the other
measurements at Ωm ∼ 0.3 [13].

The last parameter we will discuss is the Hubble parameter. It is a
very important quantity since it determines the overall scale of the Uni-
verse. The traditional way of determining H0 (or similarly h) is to use a
so-called distance ladder, meaning that if we know the absolute distance
to something nearby, and can find the relative distance to objects further
away, then we can find H0 via Hubble’s law v = H0r, where v and r
are recession velocity and distance respectively. Determination of v is
possible via the redshift. Note also that this law is valid only for rela-
tively small redshifts and that it only gives the velocity resulting from
the Hubble flow. Additional motion, such as that caused by the gravi-
tational pull from another object results in a peculiar velocity. At small
redshifts (say ∼ 0.01), although large enough for the peculiar velocities
to be relatively small, the determination of H0 will be most efficient, but
here the absolute distances are harder to determine so that is why the
ladder method is used. This was the aim of the HST Key project which
found H0 = 72± 8 km s−1 Mpc−1 [14] and this is around the value where
most measurements end up.

There are also other, direct methods of determining H0 for instance
via gravitational lensing which will be mentioned in Ch. 2.

To sum up the concordance model7:

• Ωk ≃ 0

• Ωm ≃ 0.3

• ΩΛ ≃ 0.7

• Ωbh
2 ≃ 0.02

7Note that there are other parameters that might be included here also but we will
focus on these since they are the ones used explicitly in our work.
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• h ≃ 0.7

Now we note the extremely important fact that Ωb ≪ Ωm. This means
that most of the matter in the Universe is non-baryonic. However, most
particles with a significant mass in the standard model of particle physics
are baryons so we are forced to conclude that some exotic contribution to
the matter density must exist. This will be dealt with in the next section.

1.7 Dark matter

The observation in the previous section that the baryonic matter cannot
fully make up all the matter in the Universe has a very interesting con-
sequence. Especially if we also note that the density in luminous matter
is only Ωlum ≃ 0.01. So we cannot even see all the baryons that are
out there. First, this implies that a large fraction of the baryons have
to be non-luminous and secondly, there must be something else, some
exotic form of matter that we do not know of and that neither shines nor
absorbs light, some dark matter.

Observational evidence

There are other ways to infer the existence of dark matter as well, we
can see its dynamical effects on the luminous matter. The prime example
is that of spiral galaxy rotation curves. The rotation curve of a galaxy
is the rotation velocity of the matter in the galactic disk as a function
of radius, vrot(r). We expect the matter to obey Kepler’s third law (for
circular orbits),

r3

T 2
=
GM(r)

(2π)2
, (1.32)

where M(r) is the mass within radius r and T is the period of rotation.
Noting that vrot = 2πr/T , we see that

vrot =

√

GM(r)

r
, (1.33)

implying that the rotation velocity should drop like r−1/2 at large r where
we expect M(r) ∼ const. When these measurements are made on spiral
galaxies, using HI 21-cm emission, we see that this is not the case. Instead
the rotation curves seem to flatten out and remain approximately constant
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Figure 1.2: The rotation curve of NGC4303. The innermost measure-
ments are made by CO- instead of HI-emission. D is the distance to
NGC4303 from the Earth. Figure taken from Ref. [20].

out to large radii, extending far beyond the luminous disks, see Fig. 1.2.
Very few galaxies show falloff in the rotation curve and those who do
either do it slower than keplerian, have nearby perturbing galaxies or
possess large central spheroids which can increase vrot near the centre.
From Eq. (1.33) we see that M(r) ∝ r for large radii is needed in order to
make the rotation curve flat. Since vrot does not drop at large radii as we
expect, there must be something more there than the luminous matter.
The common belief is that galaxies are embedded in a halo of dark matter.
In principle, the possibility exists of course that the dark matter in galaxy
halos could consist of the missing dark baryons even though there are
some constraints on the form of it (see Sec. 2.4). However, when going up
in scale to galaxy clusters, it is possible to estimate the amount of baryons
by studying the X-ray emission from hot gas. The mass in baryons proves
to be far from that inferred by other means for the total mass. Also, big
bang nucleosynthesis and CMB measurements puts an upper bound on
the amount of baryons, a bound that proves to be well below the inferred
values of Ωm,cl in clusters which end up near the universal value of Ωm

(see Ref. [21] and references therein).

Still, also the possibility that Newton’s laws are incorrect exists and
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people have been, and still are, working on that but so far there are
no satisfactory alternatives to dark matter. Many of these theories solve
some problems but also introduce new, e.g. momentum non-conservation,
which not many physicists are ready to accept.

Dark matter candidates

Let us first turn to baryonic dark matter candidates. These are primarily
Massive Astrophysical Compact Halo Objects (MACHOs). Examples of
MACHOs are white dwarfs, neutron stars, brown dwarfs, red dwarfs and
jupiters. These are all very faint objects and could therefore be extremely
hard to detect, but not impossible if using gravitational microlensing (see
Sec. 2.4). Some baryonic dark matter is almost certainly present in the
form of warm neutral inter- and intragalactic gas. But as we have seen,
non-baryonic dark matter is needed. The prime candidates are WIMPs,
Weakly Interacting Massive Particles and axions. The best motivated
WIMP from a particle physics point of view is the neutralino, a particle
not present in the standard model of particle physics but instead appears
in the suggested extension, called Supersymmetry (SUSY). Although yet
undiscovered, the neutralino is by far the most theoretically studied dark
matter candidate. The axion is a light particle postulated in order to
explain the absence of strong CP violating interactions in the standard
model. None of these candidates are known to exist but several experi-
ments are running, where both direct and indirect detection methods are
used (see e.g. [22, 23]). So far all experiments show null results except for
the DAMA collaboration [24, 25] although it is highly controversial and
has not yet been confirmed by any other experiment.

Dark matter halo models

From now on we assume that dark matter exists and discuss what it
might imply for galaxies and galaxy clusters. Their properties will be
very important in the following chapters. We will describe the most
common spherically symmetric dark halo models, which will be further
described in Ch. 2 concerning their gravitational lensing properties. The
properties of non-spherically symmetric profiles are excluded here since
only very little further reference will be given to them in this thesis (see
Sec. 2.3).
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A general family of halo models

A quite general form of the density profile can be described by the five-
parameter model

ρ(r) =
ρs

(

r
rs

)γ [

1 +
(

r
rs

)α]β−γ
α

. (1.34)

This includes all the more specific models described below.

Singular Isothermal Sphere (SIS)

The Singular Isothermal Sphere (SIS) model is based on the assumption
that the dark matter in the halo behaves as particles in an ideal gas
trapped in their gravitational potential. The gas is assumed to be in
thermal equilibrium and the resulting density profile will become

ρSIS(r) =
σ2

v

2πr2
, (1.35)

where σv is the line-of-sight velocity dispersion of the particles. Thus
the parameters of the general profile satisfy β = γ = 2, α 6= 0 and
ρsr

2
s = σ2

v/2π. Since M(r) ∝ r in this profile, precisely what is needed for
a flat rotation curve, this model seems to describe the density distribution
well at least at large radii. However, the description fails at small radii
and another flaw is that the halo is infinitely massive if not truncated.

Navarro-Frenk-White profile (NFW)

N-body simulations of structure formation of dark matter performed by
Navarro et al. [26] show that the density in the central parts seem less
singular than in the SIS model, and furthermore that at larger radii it falls
off faster than isothermal. The quantitative outcome of the simulations
gave a profile with β = 3, α = γ = 1 and where rs and ρs are related
and can be determined as soon as the mass within some specific radius is
given. Thus

ρNFW(r) =
ρs

r
rs

(

1 + r
rs

)2 . (1.36)

The NFW profile has been claimed universal. It seems to describe halos
well for a wide range of scales, different cosmologies and structure forma-
tion scenarios [27, 28]. However, more recent N-body simulations show
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somewhat steeper central profiles, see e.g. Refs. [29, 30], so the issue is
still under debate.

Equipped with the basic knowledge of cosmology and some common
spherical dark matter halos we now turn to the main topic of the thesis,
gravitational lensing.



Chapter 2

Gravitational lensing

T his chapter is intended as an introduction to the phenomenon of grav-
itational lensing, i.e. deflection of light-rays by gravity (cf. Sec. 1.2).

First, the history of lensing will be very briefly discussed, then we will
focus on the equations that give the results we are interested in for the
scientific work in this thesis and finally we will discuss some of the appli-
cations of gravitational lensing.

2.1 Gravitational lensing in retrospect

Already in the 18th century Newton suspected that gravity was able to
affect also light. Others, such as Laplace had the same suspicion, work-
ing under the hypothesis that light was composed of massive particles.
Indeed, when computing the escape velocity of a massive body one will
find, when its radius is small enough, that it exceeds the speed of light.
Therefore Laplace among others concluded that light had to be “bent
back” to the massive body in order not to escape. Soldner, in 1801 used
Newtonian mechanics of massive bodies and obtained a deflection angle
of

α ≃ 2GM

c2r

(G=c=1)
=

2M

r
, (2.1)

when light passes a body of mass M (if the angle is small) and where r
is the distance of closest approach. Later, when Einstein applied the full
field equations, the deflection angle was doubled. This fact was confirmed
by Eddington in 1919 during a total solar eclipse, where a star close to the
limb of the sun shifted its apparent position with a value consistent with

23
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Einstein’s prediction but not with the Newtonian, a fact that rapidly
made Einstein famous. In 1937, Zwicky [31, 32] published two papers
containing “predictions” of what gravitational lensing by galaxies could
actually supply us with. Additional tests of GR, magnifying background
galaxies and giving better determination of galaxy masses were some of
his predictions. All of these have proved to be correct. Between 1937
and 1979 a lot of work was done e.g. by Refsdal who pointed out that
gravitational lensing could potentially be used to determine H0 [33], see
Sec. 2.4. And then finally in, 1979, the first “cosmological” gravitational
lens was detected by Walsh, Carswell and Weymann [34]. The image of
the quasar QSO 0957+561 apparently was split in two by an intermediate
galaxy, separated by about 6′′. The lensing phenomenon was known from
Eddington’s expedition in 1919 but this was the first detection of a grav-
itational lens of cosmological importance. From 1979 and onwards, many
lens candidates have been discovered and the field has advanced enor-
mously. Today it is of great importance in several cosmological contexts
and we will come back to these in Sec. 2.4.

2.2 Lensing theory

This section will introduce the theory of gravitational lensing. However,
many of the equations are approximations that are only valid for small
deflection angles or are effective descriptions of a more complicated struc-
ture. We will not go into the wave optical description of light deflection
and we will use a minimum of reference to GR. Although most results rely
on these concepts, they are not really needed for our effective description
or our understanding. For a detailed description see [35].

Effective index of refraction and the deflection angle

In practically all cases of astrophysical interest in lensing, the gravita-
tional field is weak (φ ≪ 1) and can be assumed to be stationary. This
will justify the fact that we regard the effect of the field just as a pertur-
bation to the Minkowski metric. The solution for the metric of a local
distribution of matter in this case is

ds2 ≃ (1 + 2φ)dt2 − (1 − 2φ)dxidx
i, (2.2)

where φ is the ordinary Newtonian gravitational potential. Using Fer-
mat’s principle and this metric one can find an effective refractive index
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Figure 2.1: Deflection from a point mass.

in the region where the light-ray interacts with the distribution of matter:

n ≃ 1 − 2φ. (2.3)

Let us define the deflection angle as the difference between the incoming
and outgoing ray directions (see Fig. 2.1). As with optical lenses, the de-
flection angle is computed by integrating the gradient of n perpendicular
to the direction of propagation

α̂ = −
∫

∇⊥ndℓ = 2

∫

∇⊥φdℓ. (2.4)

As mentioned above, α̂ is most often very small and we can instead
integrate along the unperturbed ray without worrying too much. For a
point mass M and an impact parameter ξ the situation is illustrated in
Fig. 2.1. The potential of a point mass is given by

φ(ξ, z) = − M

(ξ2 + z2)1/2
, (2.5)

where ξ is defined in Fig. 2.1. With this potential the deflection angle
becomes

α̂ = 2

∫

∇⊥φdℓ = 2Mξ

∫ ∞

−∞

dz

(ξ2 + z2)3/2
=

4Mξ

ξ2
=

4M

ξ
ξ̂, (2.6)

i.e. twice the newtonian value of Soldner.
In a real lensing situation, the deflection will take place in a very

small fraction of the total light path. This justifies the very common
approximation of a lens-plane in which all deflection occurs. For a general
mass distribution we therefore project the mass density onto the lens-
plane and obtain the surface mass density

Σ(ξ) =

∫

ρ(ξ, z)dz, (2.7)
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Figure 2.2: The geometry of a lensing system.

where ξ is a two-dimensional vector in the lens-plane. At position ξ in
the lens-plane the deflection angle will turn into an integral over all mass
elements

α̂(ξ) = 4

∫

R2

(ξ − ξ′)Σ(ξ′)

|ξ − ξ′|2 d2ξ′. (2.8)

For a circularly symmetric lens, with the origin at the centre of symmetry,
the modulus of the deflection angle is

α̂(ξ) =
4M(ξ)

ξ
(2.9)

where ξ is the distance from the origin andM(ξ) is the mass within radius
ξ.

The lens equation

We now want to find an equation relating what we see when a lens is
present to what we would see in its absence. A typical lens system is
depicted in Fig. 2.2. It relates the observer O’s notion of the source
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position I with impact parameter ξ to the intrinsic position S at η via
the deflection angle. The distances Dd, Ds and Dds are angular diameter
distances discussed in Sec. 1.3, defined such that the Euclidean relation
of “separation=angle×distance” holds (for small angles) but in general
Dds 6= Ds −Dd. Note that all positions and angles are vector quantities
but for clarity the figure shows a simplified case. In the figure we have
also defined the reduced deflection angle

α′ =
Dds

Ds
α̂. (2.10)

The definitions in Fig. 2.2 makes the very important lens equation, or
ray-trace equation seemingly trivial

β(θ) = θ − α′(θ) (2.11)

or rewritten
Dd

Ds
η(ξ) = ξ − DdDds

Ds
α̂(ξ). (2.12)

The most convenient form of the lens equation can be obtained if we define
an arbitrary length scale in the lens-plane, ξ0 and then define x = ξ/ξ0
and y = η/η0 where η0 = ξ0Ds/Dd. By dividing both sides of Eq. (2.12)
by ξ0 we obtain

y(x) = x− α(x), (2.13)

where we have introduced the scaled deflection angle

α =
DdDds

ξ0Ds
α̂ =

1

π

∫

R2

κ(x′)
x− x′

|x − x′|2d
2x′. (2.14)

In this equation we have rewritten Eq. (2.8) and defined the dimensionless
surface mass density or convergence

κ(x) =
Σ(ξ0x)

Σcr
, (2.15)

also introducing the critical surface mass density defined as

Σcr =
Ds

4πDdDds
. (2.16)

This quantity is related to the ability of a lens to produce multiple im-
ages1, and κ > 1 at some point is a sufficient but not necessary condition
for this.

1Remember that in general the lens equation is non-linear implying more than one
possible solution for x of a single source position y.
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Figure 2.3: The magnification in the image I of the source S at the
observer O.

The image magnification and distortion

Due to the deflection, the apparent solid angle a source subtends in the
sky will be changed by lensing as indicated in Fig. 2.3. The figure shows
the solid angle an infinitesimal source S (or beam) would subtend in the
absence of the lens, dω, and the corresponding angle it would subtend
with the lens, dω′. If we denote the flux of the deflected image at a
specific frequency, ν, by S′

ν and the unlensed flux by Sν we will obtain
Sν = Iνdω and S′

ν = Iνdω
′, where Iν is the surface brightness. It can be

shown that the surface brightness will be conserved [4] and if we define
the magnification, µ, as the flux ratio we find2

|µ| =
S′

ν

Sν
=
dω′

dω
, (2.17)

obviously independent of ν. Achromaticity is a general feature of gravi-
tational lenses.

In the dimensionless language used above, the ratio of solid angles can
be written as

dω′

dω
=
d2x

d2y
, (2.18)

indicating that the magnification can be found from the determinant of
Jacobian matrix of the lens mapping (lens equation), Eq. (2.13), not
surprisingly since this determinant generally gives the area change in a

2We will come back to the reason for the modulus sign on µ.
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mapping. The Jacobian matrix is given by

A(x) =
∂y

∂x
, Akl =

∂yk

∂xl
, (2.19)

and the magnification becomes

µ(x) = [detA(x)]−1 . (2.20)

To proceed from here we note that ∇ ln |x| = x
|x|2 and define the 2-dimen-

sional effective potential

ψ(x) ≡ 1

π

∫

R2

κ(x′) ln |x − x′|d2x′, (2.21)

so that the scaled deflection angle becomes

α = ∇ψ. (2.22)

Equations (2.13), (2.19) and (2.22) then imply

Akl = δkl − ψkl, (2.23)

where δkl is the Kronecker delta function and

ψkl =
∂2ψ

∂xk∂xl
. (2.24)

Furthermore, by noting that ∇2
xψ = 2κ and defining

γ1 =
1

2
(ψ11 − ψ22) (2.25)

and

γ2 = ψ12 = ψ21 (2.26)

we can write the Jacobian matrix as

A(x) =

(

1 − κ− γ1 −γ2

−γ2 1 − κ+ γ1

)

=

= (1 − κ)

(

1 0
0 1

)

− γ

(

cos 2ϕ sin 2ϕ
sin 2ϕ − cos 2ϕ

)

. (2.27)
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Figure 2.4: The influence of the convergence and shear on the image of a
source.

We continued the avalanche of definitions in this equation by introducing
the shear

γ =
√

γ2
1 + γ2

2 (2.28)

and ϕ defined through γ1 = γ cos 2ϕ and γ2 = γ sin 2ϕ. In Eq. (2.27)
there is a “natural” split between the convergence and the shear. For
a circular image, the convergence alone causes the image to increase its
size but preserves its shape. The shear causes anisotropy, i.e. a distortion
of the shape of the image (see Fig. 2.4). The size of the anisotropy is
determined by γ and the orientation by ϕ. The convergence only depends
on the surface mass density within the beam whereas the shear depends
on the distribution of matter outside the beam. Remember also that all
quantities discussed in this section in general are functions of x.

Equation (2.20) shows that wherever the Jacobian determinant van-
ishes the magnification will formally become infinite. These lines in the
lens-plane are called critical lines and separate regions where the number
of images of a source change by two. The corresponding curves or points
in the source plane are called caustics. In general the number of images
will change with the position of the source, and when there is only one
image we call it the primary, then after a caustic crossing there will also
be secondary and tertiary images along with the primary one so after ev-
ery caustic crossing the number of images change by two as stated above.
Furthermore, the parity of the image will change and this means that the
magnification will change signs. So the sign will keep track of the image
parity.
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Figure 2.5: Schematic picture of a multiple lens-plane situation with ob-
server O, image I and source S.

When there are multiple images of a single source we usually speak of
strong lensing whereas we otherwise refer to weak lensing, although this
distinction is not very strict.

Multiple lens-plane theory

When a source is located at a high redshift, the probability for multiple
deflections increase. In this section we will extend the single plane formal-
ism to the case of multiple lens-planes. We will only state the important
results as the procedure is quite straight-forward. Figure 2.5 illustrates
the situation.

Ray-trace equation

We start by defining some new quantities where a subscript i refers to
the i:th plane. Dij = D(zi, zj) is the angular diameter distance between
two planes at redshifts zi and zj respectively, Di = D(0, zi) and Dis =
D(zi, zsource). From Fig. 2.5 we see that the impact vectors in each plane
can be obtained recursively through

ξj =
Dj

D1
ξ1 −

j−1
∑

i=1

Dijα̂i(ξi), (2.29)

with ξN+1 = η. For convenience the dimensionless impact parameter in
each plane is defined as

xi =
ξi

Di
, (2.30)
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i.e. by choosing ξ0i = Di it becomes the angular position of the image in
each plane. To end up with equations that are as similar as possible to
the single lens-plane equations we choose

κi(xi) =
4πDiDis

Ds
Σi(Dixi). (2.31)

Similarly, the deflection potentials become

ψi(x) =
1

π

∫

R2

κi(x
′) ln |xi − x′|d2x′. (2.32)

Furthermore, as in the single lens-plane case αi = ∇ψi and with our
choice of ξ0i = Di we obtain

αi =
Dis

Ds
α̂i. (2.33)

Then the impact vector equation becomes

xj = x1 −
j−1
∑

i=1

βijαi(xi), (2.34)

where

βij =
DijDs

DjDis
. (2.35)

If we note that βis = 1, we find the ray-trace equation with j = N + 1

y = x1 −
N
∑

i=1

αi(xi). (2.36)

Magnification matrix

We now want to find the magnification as in the single lens-plane case.
With straightforward generalisations of the notation to plane i the “in-
termediate Jacobians” become

Ai =
∂xi

∂x1
=





∂xi1

∂x11

∂xi1

∂x12

∂xi2

∂x11

∂xi2

∂x12



 . (2.37)
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Furthermore we define

Ui =
∂αi

∂xi
=







∂αi1

∂xi1

∂αi1

∂xi2

∂αi2

∂xi1

∂αi2

∂xi2






=

(

ψi11 ψi12

ψi21 ψi22

)

=

=

(

κi + γi1 γi2

γi2 κi − γi1

)

. (2.38)

Finally, these definitions makes it possible to find the Jacobian matrix of
the mapping from the image plane to the source plane (cf. Eq. (2.13))

A ≡ ∂y

∂x1
= 11 −

N
∑

i=1

∂αi

∂x1
= 11 −

N
∑

i=1

∂αi

∂xi

∂xi

∂x1
= 11 −

N
∑

i=1

UiAi, (2.39)

where 11 is the 2×2 unit matrix. The Ai’s can be found by recursion and
by noting that A1 = 11;

Aj = 11 −
j−1
∑

i=1

βijUiAi. (2.40)

As before, the magnification is given by

µ =
1

detA
= (A11A22 −A12A21)

−1. (2.41)

2.3 Lensing properties of spherically symmetric

lenses

A very common assumption about the structure of dark matter halos is
that they are spherically symmetric. This is most probably an oversim-
plification since at least the luminous matter distribution often also show
ellipticity. Furthermore, breaking spherical symmetry to some extent,
luminous substructure definitely exists, e.g. in the form of star clusters
in galaxies or individual galaxies in galaxy clusters. It is still not clear
though how large an influence dark matter substructure really has or even
how much there is. Although non-spherical halos is the likely and more
general case (see Ref. [36] and references therein), we have chosen not to
include it here since spherical symmetry is computationally simpler and
often turns out to be a very good first approximation.

First we will state some results for the general lensing properties of
spherically symmetric lenses and then discuss the SIS and NFW specifi-
cally.
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The spherically symmetric lens

Since we use the thin lens approximation (lens-planes) we start by project-
ing the spherically symmetric mass distribution onto a plane and obtain
a circularly symmetric surface mass density instead. If we put the origin
at the centre of the lens, the deflection angle α will become parallel to x
and we no longer need to use vector notation since the source, the lens,
the impact point on the lens-plane, and the observer will all be in the
same plane. It can then be shown [35, Ch. 8.1] that the deflection angle
becomes

α(x) =
2

x

∫ x

0
x′κ(x′)dx′ ≡ m(x)

x
, (2.42)

where α now is the deflection angle pointing towards the lens centre and
x is the radius of impact on the lens. This also defines the dimensionless
mass, m(x) within radius x. The lens equation will be simple:

y(x) = x− α(x) = x− m(x)

x
, (2.43)

and the magnification becomes

µ(x) =

[(

1 − m(x)

x2

)(

1 +
m(x)

x2
− 2κ(x)

)]−1

. (2.44)

Depending on how singular a lens is at the centre, the lensing prop-
erties can be quite different. A steep central profile will tend to produce
multiple images more easily but it can also reduce the number of (mul-
tiple) images since a steep enough central profile can make one of the
images infinitely faint. This is the case with the more singular SIS as
compared to the NFW profile.

SIS and truncated SIS lensing properties

To be able to apply the above equations valid for circularly symmetric
lenses and find primarily µ(x) and y(x) from Eqs. (2.43) and (2.44), we
want to know κ(x) and α(x) (= m(x)/x). If we choose

ξ0 = 4πσv
DdDds

Ds
(2.45)

the equations become very simple for the SIS model:

κ(x) =
1

2x
(2.46)
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and
α(x) =

x

|x| (2.47)

giving

y(x) = x− x

|x| (2.48)

and

µ(x) =
|x|

|x| − 1
. (2.49)

The SIS will only produce primary and secondary images as the tertiary
image which is expected if a secondary appears, is infinitely faint.

If the halo is truncated at rt in 3-D implying a projected, scaled
truncation radius of xt = rt/ξ0, the equations for the convergence and
deflection angle become

κ(x) =
1

πx
arctan

(

√

x2
t − x2

x

)

(2.50)

and

α(x) =
2

π

[

arctan

(

√

x2
t − x2

x

)

+
xt −

√

x2
t − x2

x

]

. (2.51)

Of course κ(x) = 0 for x > xt.

NFW and truncated NFW lensing properties

For the NFW profile the equations become more complicated and we
choose ξ0 = rs (see Sec. 1.7). First define κs = ρsrs/Σcr, then κ(x) is
given by

κ(x) =
2κs

x2 − 1
f(x) (2.52)

where

f(x) =







1 − 2√
x2−1

arctan
√

x−1
x+1 , x > 1

1 − 2√
1−x2

arctanh
√

1−x
1+x , x < 1

. (2.53)

For x = 1, κ(1) = 2κs/3. The deflection angle is

α(x) = 4κs
g(x)

x
(2.54)
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where

g(x) = ln
x

2
+















2√
x2−1

arctan
√

x−1
x+1 , x > 1

2√
1−x2

arctanh
√

1−x
1+x , x < 1

1 , x = 1

, (2.55)

giving y(x) and µ(x) easily from Eqs. (2.43) and (2.44) using m(x) =
xα(x).

For this profile, both primary, secondary and tertiary images are pos-
sible as it is less singular than the SIS.

The truncated NFW halo only has a closed expression for the conver-
gence, α(x) requires numerical evaluation. With the same pre-factor as
for the non-truncated halo (Eq. (2.52)), f(x) becomes

f(x) =































√
x2
t
−x2

1+xt
+ 1√

1−x2



arctanh

(

√

x2
t
−x2

1−x2

)

− arctanh





r

x2
t
−x2

1−x2

xt









√
x2
t
−x2

1+xt
+ 1√

x2−1



arctan





r

x2
t
−x2

x2
−1

xt



− arctan

(

√

x2
t
−x2

x2−1

)





(2.56)
where the upper equation is valid for x < 1 < xt and the lower for
1 < x ≤ xt and

κ(1) =
2

3
κs

(

x3
t − 3xt + 2

(x2
t − 1)

3

2

)

(2.57)

for the truncated halo.

2.4 Applications of gravitational lensing

As mentioned above, the field of gravitational lensing has advanced enor-
mously in the past twenty years or so since the detection of the first
cosmologically interesting gravitational lens in 1979. We will now briefly
discuss some of the applications besides those related to the work in the
accompanying papers.

Multiple imaging

In 1964, Refsdal realised that it would be possible to determine H0

through gravitational lensing [33]. A multiply imaged, resolved lens sys-
tem can be used for this if the source has some intrinsic variation. The
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variation in one image will be seen in the other (others) at a different
time. The so-called time-delay, ∆t, in an image stems from two effects.
First, the geometrical path of a light-ray in a lensed image is different
from the path in the same system in the absence of lensing, and secondly,
the light speed is effectively reduced in a gravitational field and gives rise
to another time-delay relative to the unlensed case. In general the time-
delay is different for different images in a multiply lensed system, and this
can be used to find the Hubble parameter. Since distances are involved,
and distances scale as H−1

0 , it can be shown that the difference in time-
delay between different images, ∆tij also has this dependence, and thus
by measuring ∆tij an estimate of H0 can be obtained. The drawback of
this method is that it is quite sensitive to the lens model, thus a very
accurate description of the matter distribution in the lens is needed, but
unfortunately hard to find due to large degeneracies when modelling the
lens.

Another application where multiple images are used is in the study of
multiply imaged quasars (QSOs). By studying the observed number of
QSOs where multiple imaging has occurred, it is possible to estimate cos-
mological parameters. Primarily, the fraction of multiply imaged quasars
is sensitive to ΩΛ, and by comparing the observations with simulations,
one can estimate the parameter values. The reason for the sensitivity on
ΩΛ can be understood as a change in volume, a larger ΩΛ gives a larger
volume out to a specific redshift. A larger volume also implies more lenses
along the way and hence a greater probability for multiple imaging of a
source.

Dark matter probing

In Sec. 1.7 we briefly mentioned MACHOs. It turns out that these are
potentially detectable in the Milky Way by so-called microlensing3. In
microlensing it is not possible to resolve any multiple images, instead only
an apparent increase in the source luminosity can be noticed. This could
happen for instance when a MACHO is passing the line-of-sight to a star.
So by monitoring large amounts of stars and analyse the frequency of
events like these, the amount of dark matter in the form of MACHOs can
be inferred. This has been done e.g. by the MACHO and EROS teams
[37, 38] by monitoring the Large and Small Magellanic Clouds (LMC and

3Image splittings are of the order of micro-arcseconds.
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SMC). The results are quite uncertain, it is hard to really know if the flux
change is caused by a MACHO, if it is due to intrinsic source variations
or maybe self-lensing in the LMC/SMC. The MACHO team finds that
only ∼20% of the dark matter halo can be made of these objects [39].

There is another way of studying the dark matter by gravitational
lensing, referred to as weak lensing. Large structures in the Universe,
e.g. galaxy clusters will cause a weak distortion of the images of back-
ground sources. Since the intrinsic source shapes are unknown, it is not
enough to study just a few. Instead, a statistical analysis of the coherence
pattern of the ellipticity of a large number of sources has to be done. The
observed distortion can then be converted into a convergence map and
thus give us a picture of the projected dark matter density, allowing also
to some extent for mass estimation of the lensing object. These maps
are in themselves also evidence for the existence of dark matter as they
indicate much more mass than that of the luminous matter. For a review
of weak lensing see Ref. [40].

In Ch. 4 we will come back to more applications –and problems– of
gravitational lensing.



Chapter 3

Supernovae

W hen working with light from supernovae it is of course of impor-
tance to have some knowledge of their properties. This chapter is

intended to briefly introduce some of their important aspects.
A quite intricate scheme is used to classify the different types of SNe.

The first distinction made is the one between Type I and Type II su-
pernovae, based on their spectroscopic features. Type I SNe show no
evidence of hydrogen in their spectra whereas Type II SNe do.

3.1 Type I supernovae

In the mid-1980s the Type I SNe branched off into three different sub-
classes depending on whether their spectra contained SiII and HeI fea-
tures. The Type Ia SNe contain SiII features whereas the Type Ib and Ic
do not. The distinction between Ib and Ic is due to the respective pres-
ence or absence of HeI features in the spectrum. Sometimes this subclass
is referred to as Type Ib/c.

Recently, Type Ia SNe have generated great interest since they are
used to determine the cosmological parameters (see Sec. 1.6). In gen-
eral, they are ∼ 2 magnitudes brighter than other types and are therefore
well suited for studies over large cosmological distances. They are be-
lieved to be nearly standard candles, i.e. they all have approximately the
same intrinsic luminosity, which is useful for distance determinations. It
is generally believed that Type Ia SNe are exploding white dwarfs in
binary star systems. The white dwarf is accreting matter from its com-
panion star and increases its mass until it reaches a critical stage where it

39
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becomes unstable. This happens somewhere around the Chandrasekhar
mass of about 1.4 M⊙. The white dwarf then undergoes runaway burn-
ing of its constituents (mainly carbon and oxygen) which results in a
thermonuclear explosion. These SNe come from lower mass (. 8 M⊙)
progenitors and from old star populations and most probably they do
not leave any remnants. Since white dwarfs are similar and they explode
at about the Chandrasekhar mass, they will exhibit very similar proper-
ties in luminosity and spectra. However, they do show some differences
in peak luminosity and light curves but these are correlated and can be
taken into account, making the corrected dispersion very small [41]. To
quantify the standard candle behaviour, we need a way to measure the
brightness of an object and for this we use a magnitude scale where the
apparent magnitude is defined as

m ≡ −2.5 log F f + C, (3.1)

where F f is the flux (see Eq. (1.23)) in some specific filter f , and C
is an arbitrary constant defining the zero of the magnitude scale. Inte-
grating over all filters gives the bolometric magnitude. Note that lower
magnitudes correspond to brighter objects. If we also define the absolute
magnitude, M , as the apparent magnitude the object would have at a
distance of 10 pc we can write (with DL measured in Mpc)

mx = My + 5 logDL(z) + 25 +Kxy(z), (3.2)

where mx and My corresponds to the apparent magnitude in the x- and
absolute magnitude in the y-filters respectively, and Kxy(z) is the K-
correction, relating the measurement in the x-filter at redshift z to a rest
frame absolute magnitude in the y-filter. In the B-band, the absolute
magnitude of Type Ia SNe is approximately -19.5 mag (depending on
H0) with a dispersion of ∼ 0.16 magnitudes.

The Type Ib and Ic SNe have a totally different explosion mechanism,
they are so-called core collapse (cc) SNe. When a star has burnt much of
its fuel there will no longer be enough radiation pressure to withstand the
gravitational attraction and the star will start to collapse. As the star
collapses, the core becomes more and more dense. At nuclear densities,
the strong nuclear force will become repulsive and the contraction will halt
sending a shock wave out through the in-falling matter. This shock can
be energetic enough to blast off the outer layers in a supernova explosion.
These SN types most probably come from younger, higher mass stars (& 8
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M⊙) and if the initial mass is greater than about 12 M⊙ it is believed
that the remnant of the explosion will be a neutron star [42].

3.2 Type II supernovae

The Type II supernovae containing H features are all core collapse events
and are also divided into subclasses.

First, there are the Type IIP and Type IIL SNe, classified according to
their light curves, i.e. the light output as a function of time. Type IIP SNe
rise to a maximum and then start to decline, but shortly after maximum
the light curve stops declining and forms a long plateau (P) before fading
away. This is not seen in the Type IIL SNe which decline roughly linearly
(L) with time after maximum. These two types constitute the bulk of the
Type II SNe.

Another subclass is the Type IIb SNe which are a bit peculiar since
they show early time spectra similar to other Type II SNe whereas the
late time spectra are more reminiscent of Type Ib/c with no H features.
These are believed to be the link between the different types which are
characterised by their abundance of H in the stellar envelope.

Next there is a smaller subclass named Type IIn, where the “n” stands
for narrow emission lines. The classification criterion for these SNe is
not very solid but they show slow evolution of the spectrum which is
dominated by strong Balmer emission lines.

Expectedly there are SNe that do not fit into the classification scheme
and these are classified as peculiar SNe. In Paper II we do not use the IIb
classification but instead put these and all peculiar SNe into a category
called 87a-like, named after the supernova in 1987 in the LMC which was
of Type II but did not fit well into the classification scheme.

The absolute B-magnitudes with their dispersions are found in Paper
II. Dispersions are much larger than the Type Ia dispersion for all cc SNe.

As a summary, a schematic picture of the classification is found in
Fig. 3.1.
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Figure 3.1: The supernova classification scheme. The dashed arrows in-
dicate that Type IIb SNe show both Type I and II behaviour.
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Aspects of supernova

lensing

O bservationally, gravitational lensing can be both something useful
and something problematic, especially when it comes to supernovae.

To be optimistic, we start with the possible positive aspects.

4.1 Possibilities

An exciting property of gravitational lenses is their ability to magnify,
i.e. it is possible to use them as natural gravitational telescopes (GTs).
Unfortunately we can not point them anywhere we want, instead we have
to use what Nature provides. The effect has been used e.g. by Ellis et
al. [43] to study faint high redshift galaxies, for which GTs can be very
useful.

Supernovae of course look fainter and fainter the higher the redshift
they reside at, and consequently, will eventually be too faint to be ob-
served. With a GT “at hand” under the right circumstances, faint objects
will be magnified to visible luminosities, allowing for studies of very high
redshift SNe. Primarily, galaxy clusters are potentially good GT can-
didates, both due to their large mass and hence magnifying power, and
since they most often do not possess a central luminous part, obscur-
ing the light from background sources, as in the case of galaxies. The
detection rate should of course increase when going deeper in redshift.
However, there is a competing effect that will reduce the detection rate.

43
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Figure 4.1: Schematic picture of the lensing situation. zlim (mlim) is the
limiting redshift (magnitude) without the lensing cluster. The shaded
area indicates the volume where the SNe are bright enough to be detected
and are visible within the field.

Since the GT magnifies portions of the sky, the actual area to study will
be smaller than without the lens thus reducing the field. The situation is
illustrated in Fig. 4.1. If the field-of-view is defined by θlim and the max-
imum reachable redshift without the lens by zlim, then zlim is determined
by the limiting magnitude of the (optical) telescope, mlim, and the intrin-
sic brightness of the SN. The trumpet shaped area (or volume in reality)
beyond zlim indicates where the SNe are magnified above the detection
threshold. In area 1 in the figure, there is no difference between the lensed
and the unlensed case, whereas area 2 shows the field reduction. In area
3, the field is still the limiting factor but these are SNe not seen without
the lens. In area 4, the magnification is limiting and as indicated above,
it is not obvious if the SNe in areas 3 and 4 are more numerous than the
ones lost by the field reduction in area 2. Note that the figure is valid only
for standard candle sources, otherwise zlim would not be as well-defined.

It is interesting to study SN rates at the highest possible redshifts
since it can provide information on the cosmic star formation rate, which
is important to complete the picture of structure formation. High redshift
SNe are also possible to use for cosmology determination as described in
Sec. 1.6, see also next section.

As an example, we have investigated this effect for cluster sized lenses
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using different types of SNe, cluster properties and telescope parameters
in Paper II. We tried to find optimal configurations where the use of
GTs would significantly enhance the detection rates. In Figure 4.2 the
gain factor is shown along with the expected absolute number of SNe
detected per year versus mlim in a 16 square arcminute field for SNe of
Type IIn+P+L, using the J-band. The gain factor is simply the ratio of
the number of detected SNe with a lensing cluster to the number without
it, using supernova rates as predicted in Ref. [44]. A massive cluster of
Mvir ≃ 1.4 × 1015 h−1 M⊙ was used, modelled both as a NFW and a SIS
halo, although the resulting difference was small. At a cluster redshift of
zcl = 0.2 we see that the gain factor is quite significant for mlim ∼ 23−24.
However, at these limiting magnitudes the absolute number of SNe is very
low and we would not gain much. If we instead consider mlim ∼ 25 − 26,
both a relatively high gain factor and significant absolute numbers are
possible for this model. Going beyond ∼26.5 in limiting magnitude results
in a gain factor less than 1, implying that most detectable supernovae are
seen even without the lens and we will instead ”lose” SNe due to the field
reduction effect discussed above. Similar results are shown also for the
zcl = 0.5 cluster. The dip in the zcl = 0.5 curves at mlim ∼ 24 is due to
the fact that zlim(mlim = 24) ≃ 0.43 for Type IIL SNe, i.e. slightly less
than 0.5, implying that all SNe of this type behind the cluster are missed.
Increasing mlim slightly pushes zlim above 0.5 and a sudden increase in
the gain factor is seen as the sufficiently magnified SNe behind the cluster
are seen.

One should note here that the absolute numbers are quite sensitive to
the SN rate model whereas the gain factor is more robust to this.

We concluded that if the parameters are optimised it is possible to
increase detection rates at least for core-collapse SNe with the aid of
a gravitational telescope. For very bright SNe (e.g. Type Ia) or deep
surveys, massive clusters can even decrease the rates. However, due to
the magnification effect, a GT would still allow for deeper studies.

4.2 Problems

One of the most important aspects of supernovae of Type Ia is their stan-
dard candle property. This is exploited in the redshift-distance relation
used in the quest for the energy components of the Universe (see Sec. 1.6).
However, there is a number of potential systematic errors that can con-
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Figure 4.2: Left panel: Gain factor of detected Type IIn+P+L SNe
vs. mlim in the J-band. Right panel: Number of Type IIn+P+L SNe
detected per year vs. mlim in the J-band. The cluster mass is Mvir ≃
1.4 × 1015 h−1 M⊙ and the field-of-view is 16 sq. arcminutes. The small
difference between the halo models is clearly seen.

taminate the measurements. First, inter- and/or intragalactic dust may
obscure the light from the SNe and make them look fainter and hence
more distant. This has been investigated e.g. in Refs. [45, 46, 47]. It is
also still unclear whether there is any evolution of the SN brightness with
redshift. Many potential sources of evolution have been proposed, such
as differing progenitor composition [48, 49, 50] or host galaxy morphol-
ogy (and thereby redshift) dependence [51] to name a few. Furthermore,
if photons can oscillate into axions, the SNe will also look fainter due
to the reduced number of received photons. This has been addressed
e.g. in reference [52]. To some extent, also gravitational lensing will de-
stroy the standard candle property by magnifying or de-magnifying the
SNe, making them look closer or more distant than they actually are.
With a large amount of more or less randomly distributed SN events,
lensing will not introduce any bias in the determination of cosmological
parameters since the average magnification of a large number of sources is
equal to 1, i.e. the unlensed case (see discussion of η below). Nevertheless
it is desirable to understand, compute and correct for lensing effects in
order to reduce the scatter in observed magnitudes and hence improve
the cosmology fits. Furthermore, in some cases of individual SNe, it is
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non-trivial to quantify the importance of magnification bias, i.e. the pref-
erential detection of highly magnified sources. This is the case with the
farthest known SN to date, SN1997ff at z ≃ 1.7, which had an unusually
dense line-of-sight and thus has been subject to investigation by several
authors since its discovery in late 1997. The next section illustrates the
difficulties in determining the actual magnification of SN1997ff.

Lensing model evolution of SN1997ff

A thorough study of SN1997ff was made by Riess et al. in Ref. [53], where
many aspects of it were considered, e.g. which type of SN it was1, and sys-
tematic uncertainties such as extinction by dust, SN evolution and gravi-
tational lensing. A somewhat crude estimate of the lensing magnification
gave ∆m ∼ −0.3 mag using two large galaxies close to the line-of-sight
modelled as SIS lenses with velocity dispersions ∼ 200 km/s estimated
from their luminosity. However, in the same paper, a low probability
for any considerable lensing was concluded due to the apparent lack of
ellipticity in the host galaxy (lensing has a tendency to stretch images of
lensed objects tangentially to the lens). At about the same time, Lewis
and Ibata [54] studied the effect from the two above-mentioned galaxies in
a similar way using velocity dispersions of 100, 200 and 300 km/s, obtain-
ing magnifications from about µ ∼ 1.1 to µ ∼ 3. After this, me and my
colleagues Edvard Mörtsell and Ariel Goobar published Paper I where
we remade the analysis using slightly different methods, e.g. truncated
halos, Faber-Jackson and M/L-ratio relations to estimate the velocity
dispersions and masses of the lenses. We also included more lenses, every
galaxy within 10” of the line-of-sight to the SN. We concluded that since
the normalisations of our mass and velocity dispersion relations were not
known to any high precision, it was not possible to exclude a high level
of magnification, and because of this we did not give any specific num-
ber for µ. We could also see that the constraint from the host ellipticity
was considerably relaxed by the inclusion of more galaxies since the el-
lipticity produced by one lens can be counteracted by the effect from
another. Note however that our model was somewhat crude, e.g. giving
quite artificial discontinuities in µ due to our method of truncation (see
Ch. 5).

1It was found to most likely be of Type Ia due to its red, evolved host galaxy and
from its colours and temporal evolution.
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Yet another analysis of SN1997ff was made by Beńıtez et al. [55] using
Faber-Jackson and Tully-Fisher relations to infer galaxy masses. They
took into account all galaxies within 15” of the host and did not use any
cutoff on their radii, concluding a magnification of −0.34 ± 0.12 mag.
However, during the work with Papers IV and V, me and my colleagues
revealed a mistake in their analysis and a revision of theirs is under way
[56] where the magnification is reduced significantly.

The smoothness parameter

Since the Universe in fact is quite empty, most light-rays will not pass in
the vicinity of any matter accumulations on their way to us. They travel
through places where the density is lower than it would be in a homo-
geneous Universe with the same average density and that will lead to a
de-magnification relative to the homogeneous case. It will induce a change
in the distance obtained for a specific redshift due to different amounts
of focussing of light-beams for different amounts of smoothly distributed
matter. To take the effect into account one can use the Dyer-Roeder
distance [35, Sec. 4.5] where the degree of smoothness is parametrised
by the smoothness parameter η (α̃ in the above references) varying be-
tween 0 and 1. For η = 1 all matter is homogeneously distributed and we
have the so-called filled-beam approximation and conversely, for η = 0 all
matter is located in clumps and light travels far away from these giving
the empty-beam approximation. The truth should be somewhere in be-
tween, depending on which scales that are studied [57]. We do not expect
much matter to actually be smoothly distributed but e.g. stars can be
considered smoothly distributed in galaxy lensing but not in microlens-
ing. In some respect one could say that all lensing which is not explicitly
taken into account is taken care of by the smoothness parameter to first
approximation. Note that η also is redshift dependent in the general case.

In a given survey, η(z) can be computed from the observed density
of matter in clumps, i.e. galaxies with dark matter halos, ρg(z). If the
redshift dependence of ρg(z) can be factorized into a term (1+z)3, scaling
like the matter energy density, and an unknown factor f(z) originating
from the magnitude limit of the survey and clump fraction evolution, we
can write

ρg(z) = ρg(0)(1 + z)3f(z). (4.1)
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Then the smoothness parameter is simply given by

η(z) = 1 − ΩG

Ωm
f(z), (4.2)

where the density in galaxies today has been scaled with the present
critical density to ΩG. The factor ΩGf(z) can then be estimated by
summing up the observed mass in galaxies divided into small enough
redshift bins and dividing by the co-moving volume of each bin, finally
giving η(z).

The final word on SN1997ff?

All of the above-mentioned estimates of the magnification of SN1997ff
used the filled-beam approximation when computing distances. For a
primary image of a source, this implies that µ ≥ 1 since it means that
we assume a matter energy density of Ωm and then add lensing galaxies
on top of that. A better approximation to reality is to compute the mag-
nification using η(z) instead, which ensures that the total matter energy
density is correct, including the lenses. If we then relate the magnified
source flux to the one that would be seen in a homogeneous Robertson-
Walker universe, which is our widely accepted approximation of the Uni-
verse, it is also possible to obtain de-magnification of primary images,
i.e. µ < 1. This will happen when the line-of-sight is under-dense rel-

ative to the homogeneous case. If µ′ and D
η(z)
s denotes magnification

and source distance obtained using η(z) and Dfb
s is the source distance

in the filled-beam (fb) case, the magnification relative to a homogeneous
universe2, µh, is simply related to µ′ by

µh = µ′
(

Dfb
s

D
η(z)
s

)2

. (4.3)

Note that it is the average of µh which is equal to one for a large number
of sources and hence is the relevant quantity for supernovae.

Using the above method, slightly different Faber-Jackson and Tully-
Fisher relations and truncating the lens halos in 3D, avoiding disconti-
nuities in κ, we have again computed the magnification of SN1997ff and
arrived at −0.18+0.08

−0.02 mag for the NFW profile with errors at 68% con-
fidence levels. The errors come from uncertainties in the F-J and T-F

2The index “h” is introduced here for clarity but is omitted in Papers IV and V.
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relations and redshifts. This and the result on 32 other supernovae found
in the GOODS fields [58] – the Hubble Deep Field North (HDF-N) and
Chandra Deep Field South (CDF-S) – is found in Paper V, using the
same method.

Can we correct for lensing?

To avoid the systematic uncertainty coming from gravitational lensing in
supernova cosmology we would like a good estimate of the (de-)magni-
fication to be able to correct for it in order to fully exploit the standard
candle property. Is this possible or are the uncertainties too big? In Paper
IV we have addressed this issue by using a mock galaxy catalogue based
on the CDF-S and studied the distribution of magnifications for a large
number of sources. For each simulated SN event we used a “default” lens-
ing model, assumed to give the correct value of µ. We then computed the
same magnification using an alternative model with erroneous assump-
tions of either: velocity dispersion normalisation or central value, lens
redshift, halo model (NFW or SIS), lens position or truncation radius.
The survey limiting magnitude will also result in some uncertainty since
not all lenses will be seen at high redshifts. Each of these uncertainties
will introduce errors in the estimate of the magnification, increasing the
error-bars. However, if the dispersion width after correcting the luminos-
ity, using the erroneous assumptions, is smaller than the width introduced
just by lensing with the correct assumptions, then it should be possible
and advantageous to make the correction. Even if your assumptions on
the lenses are wrong (of course within reasonable limits) your data will be
less affected by lensing after correction than before. Paper IV shows that
this indeed is the case when using reasonable errors, deduced from obser-
vations, on the lens parameters. Figure 4.3 displays what we considered
a realistic case scenario where we have introduced errors in the velocity
dispersion and lens redshifts. Half of the halo profiles were erroneously as-
sumed to be SIS instead of the “correct” NFW and finally we introduced
a limiting magnitude of I = 25. With no correction the magnifications
would be distributed according to the dashed line, a PDF of the “true”
magnification µtrue, with a standard deviation of ∼ 0.07. After correction
with our erroneous assumptions, the dispersion is narrowed to a standard
deviation of ∼ 0.03 of the solid line. This curve represents qµ, the value
after correction, which ideally is equal to unity for all events if we had no
uncertainties in the lensing calculation. As can be seen, the dispersion is
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Figure 4.3: A realistic case scenario comparing µtrue and qµ, the magnifi-
cation distribution before and after correction, respectively. To simulate a
real-world scenario, erroneous assumptions were introduced in 50% of the
halo profiles, lens redshifts and velocity dispersions and finally a limiting
magnitude of I = 25 was used. The reduction in width of the distribution
after correction is clear, from a standard deviation of 0.071 to 0.027

significantly reduced for this scenario even though our assumptions were
incorrect. Thus we conclude that correcting for lensing should be harm-
less at the worst and very useful at the best! The result should allow for
slightly better cosmology fits in the SN studies of cosmology.

A possible way to improve the estimates would be to perform the ray-
tracing through an N -body simulation of the matter distribution instead
of our mock galaxy catalogue. This would take into account effects of
non-spherical halos and large scale structures, something which is not
included in our simulations.
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Chapter 5

Q-LET, evolution in the

tool-shed

T his chapter will describe the development and briefly the use of the
computer code used in various versions in all of the accompanying

papers. It is included since very much of my efforts has gone into this
code. It acquired the name Q-LET, Quick Lensing Estimation Tool in
2003.

5.1 Pre-Q-LET

Back in 2000, when I began my graduate studies, I started working on a
project aimed at writing a new code that would complement or perhaps
replace the lensing part in the already existing code, SuperNova Observa-
tion Calculator (SNOC) [59] used to perform simulations for the proposed
SNAP satellite. Both codes were written in fortran 77, a common lan-
guage in the physics community, and suitable since it produces very fast
programs. The new code were to utilise the multiple lens-plane formal-
ism described in Ch. 2.2 whereas SNOC was using a completely different
method developed by Holz and Wald [57].

Early version, SN1997ff

By then, the (in)famous most distant supernova SN1997ff at z ∼ 1.7 had
been announced and, as a side-project we used the new code to study its
possible lensing magnification. However, in retrospect the code was quite

53
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crude, using SIS halos only and assuming all galaxies were ellipticals. The
galaxy velocity dispersions were estimated from the observed luminoisities
via a Faber-Jackson relation with a free normalisation parameter, and
an estimate of the mass was obtained through the mass-to-light ratio,
containing another free normalisation parameter. Then the halos were
truncated to this mass after projection onto the lens-plane, a method
giving strange tube-shaped halos in 3D if de-projecting. The effect of
this was a large difference in magnification depending on whether the
light-ray passed inside or outside the truncation radius, all due to the
large artificial discontinuity in κ.

Introducing NFW, cluster lensing

Next, another side-track was followed, inspired by an X-ray detected high
redshift cluster at z ≃ 1.26 [60]. It would be interesting to see what such
a cluster could do for the detection rate of very distant supernovae, acting
as a gravitational telescope as discussed in Ch. 4. Even though the code
utilises the multiple lens-plane method it is of course possible to use with
only one lens. At this stage we introduced the NFW profile into the not-
yet-named Q-LET. Another difference was that halo truncation was no
longer present, mainly since it will not have any big effect when studying
the central parts of a cluster, well within an imagined truncation radius.
In this version, the free parameter was the cluster virial mass. Note that
the inspirational source for this project, the cluster at z ≃ 1.26 never
gave any positive results for the detection rates of SNe, which would
most probably decrease as an effect of the field reduction described in
Sec. 4.1.

5.2 Official Q-LET release, November 17, 2003

Q-LET 1.5

After having used the code for quite some time I rewrote it into a more
user-friendly version and put it on the web for public use. On November
17 2003, Q-LET was released together with the accompanying Paper III
describing the code, applied to a supernova in the HDF-N, SN 2003es.
In the official code some new features were introduced. First, the lensing
halos were no longer truncated and second, a grid of light-rays, either
square or elliptical, could be studied. The grid could be followed from
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the image plane through each lens-plane up to the source plane, where
the magnification and position of each ray in the grid could be found.
This allows e.g. for study of the intrinsic shape of an elliptical image, or
a “magnification map”. As input one has to give Ωm, ΩΛ and H0, source
redshift, positions, redshifts, masses or velocity dispersions and halo types
of the lenses. The released code was called Q-LET 1.5.

Q-LET 1.5.2

In the debate of halo profiles, the issue of asphericity is often discussed
as mentioned in Ch. 2.3. Therefore, in the next release of Q-LET, it
was possible to include ellipticity in the lens halo profile, the Singular
Isothermal Ellipsoid or SIE was introduced as an option for the halo
profiles. Input parameters are axis ratio and inclination angle of each
elliptical lens. For more details on the SIE, the reader is referred e.g. to
Ref. [61].

Another input parameter was also introduced, η, discussed in Ch. 4
and related to the amount of homogeneously distributed matter in the
Universe. At this stage a constant η-parameter between 0 and 1 could be
used.

5.3 Under construction; Q-LET 2.0 beta

For the work in Papers IV and V, Q-LET has been altered quite signifi-
cantly. Not in the core, where the lensing calculations are performed but
in the possible inputs. One very important difference is that it is now
possible to use truncated SIS and NFW halos (still not truncated SIE
halos though). These are truncated in 3D by giving a truncation radius
as input. They are then projected onto the lens-plane after truncation,
giving a more realistic surface mass density going smoothly to zero at the
truncation radius, avoiding the discontinuity in κ that appeared in the
version of Q-LET used for SN1997ff. Furthermore, it is now possible to
specify a redshift dependent smoothness parameter, η(z), since it is not
obvious (rather unlikely) that the amount of homogeneously distributed
matter will be constant over time. Perhaps more specific to our work,
input to Q-LET can now be done via user created mock catalogues which
give all the input parameters except for η(z) which must be specified in
a separate file. A last change in the latest code is the possible inclusion
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of point-masses as halo profiles.
Whether this version will be publicly released or not is still open. It

will require some rewriting to become user-friendly.
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[59] A. Goobar, E. Mörtsell, R. Amanullah, M. Goliath, L. Bergström
and T. Dahlén, A&A 392 (2002) 757

[60] P. Rosati, S. Borgani and C. Norman, ARA&A 40 (2002) 539

[61] R. Kormann, P. Schneider and M. Bartelmann, A&A 284 (1994) 285


