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ABSTRACT 

This thesis is focused on the synthesis and structural determination of a series 
of quasicrystal approximants in the RE13Zn～58 (RE = Ce, Pr, Nd, Sm, Gd, Tb, 
Dy, Ho, Er, Tm, Yb and Lu), Ce13Cd～58 and RECd6 (RE = Tb, Ho, Er, Tm and 
Lu) systems. Structural studies were performed by single crystal X-ray 
diffraction methods. 
         The RECd6 phases are 1/1 cubic approximants to the stable icosahedral 
quasicrystals. The structure of quasicrystals cannot be solved by conventional 
crystallography due to the lack of periodicity in three-dimensional space. On 
the other hand, quasicrystal approximants exhibit long-range order, which 
makes their structural determination possible by standard methods. Since they 
are believed to display the same local arrangement as the quasicrystals, the 
structures of the quasicrystal approximants play a key role in understanding 
quasicrystals.  
        The RE13Zn～58 and Ce13Cd～58 quasicrystal approximants show measurable 
compositional variations coupled to subtle structural differences. The crystal 
structures are generally rather more complex than previously reported, and 
exhibit a number of different ordering and disordering modes.  
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1 Introduction 

1.1 Background and aim of the thesis 

Intermetallic compounds are formed between metals or between metals and 

semimetals.  Their chemistry is fascinating, and they exhibit a vast variety of 

structural and bonding possibilities besides the many physical properties and 

technical applications that traditionally are associated with metallic materials. 

Intermetallic compounds comprise a highly diverse set. They possess structures 

and physical properties that may be very different from those of the constituent 

elements. There are several types of intermetallic compounds, and one way of 

classifying them is by the difference in electronegativity between the 

constituents. The intermetallic compounds investigated as part of this thesis fall 

into the category of polar intermetallics, since the valence electrons of the more 

electropositive rare-earth metals are to a large extent localized around the more 

electronegative Cd or Zn atoms.  

        Quasicrystal phases are a novel class of intermetallics compounds that 

exhibit conventionally forbidden rotational symmetries in their diffraction 

patterns, which are incompatible with translational periodicity.[1–3] After 

Shechtman et al. discovered the first icosahedral quasicrystal, formed under 

rapid solidification conditions in binary Al–Mn alloys,[1] and Tsai et al. 

discovered stable quasicrystals in the Al–Cu–Fe system,[4] quasicrystals have 

sparked debate over atomic structure, stability, and other basic scientific issues. 

Recently, intensive studies focusing on their discovery, structures, and 

properties have been carried out in a variety of binary, ternary, and quaternary 

systems.[5–21] So far, most of the structural modelling of quasicrystals has been 

based on the structure of 1/1 approximants. However, the actual structures of 

most quasicrystals are only partially elucidated.  

        Though most reported quasicrystals are intermetallic compounds, recent 

studies describe quasicrystals in soft matter systems as well.[22–23]  
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        The binary systems between rare earth and zinc group metals have been 

studied since the 1960s. After the first reports on the structures of the 13:58 

phases in Ce–Zn system in 1965,[24] such phases have been identified in a large 

number of rare/alkaline earth–zinc/cadmium systems,[25–32] but only few of 

them were studied by means of single crystal diffraction. Most reports on the 

phases deal with characterization by powder diffraction methods, and 

frequently no structural refinements were reported. Structural and geometrical 

relations were examined for all RE–Cd intermetallic compounds in 1973 by 

Bruzzone et al.[30]  An interesting early example dealing with the Ce-Cd system 

was published by Roof and Elloit[33] without structural information. They 

reported Ce13Cd~58 as a collection of micro phases, where the variation of Cd 

content is coupled to the position of a set of satellite reflections. The precession 

images from the original paper are strongly indicative of a modulated structure. 

A closer examination of the early literature reveals many ambiguities in the 

structural descriptions of these and related compounds. 

        Until the year 2000, most researchers thought that stable icosahedral 

quasicrystals only formed in ternary systems. But in 2000 Tsai and Guo[14–15] 

reported the presence of stable quasicrystals in the Ca–Cd and Yb–Cd binary 

systems. This discovery made  the 1:6 and 13:58 phases highly relevant as 

quasicrystal approximants, because they have compositions very close to those 

of quasicrystals, and their building blocks contain high-symmetry polyhedra 

that can be used as possible models for components of the quasicrystalline 

structures.[2–3, 34–36] This was the motivation for the present study.  

       The reassessment of the structure of the compound CeCd6 to Ce6Cd37,
[37] 

revealed a previously unreported order in the central tetrahedron and prompted 

a re-examination of the structures in the RECd6 system.  Extensive studies in the 

RECd6 system have been performed by Gómez et al.,[38–39] and different types of 

disorder with the central tetrahedra located in the dodecahedral cavities were 

found. The elucidation of the complex order–disorder behaviour of the cubic 

approximants[40–41] has sparked interest in a more detailed understanding of the 



 3

hexagonal 13:58 phases. From a study of the Dy–Zn system,[42] it is apparent 

that the 13:58 phases show similar complexity as the 1:6 phases. 

        After Per Bak[43] raised the question “where are the atoms?” in icosahedral 

quasicrystals two years after their discovery in 1984, thousands of papers have 

been published during the subsequent two decades, however, not one 

quasicrystal structure is known in the detail and with the accuracy that 

crystallographers can claim for normal crystals. This is because of the materials' 

lack of periodicity and other complicating factors. However, the situation has 

been vastly improved by Takakura et al[44] who reported the first complete 

atomic structure solution of an icosahedral YbCd5.7 quasicrystal in 2006. The 

structure was solved using data from synchrotron X-ray diffraction and was 

described as a collection of connected icosahedral Yb–Cd clusters held in place 

by ytterbium atoms that fill the voids between the clusters. The exact positions 

of the ytterbium atoms in the voids were determined by comparison with its 

approximants YbCd6 and YbCd5.8. This study provides potential for advances 

in the analysis of other complex and non-traditional ordered materials and may 

also deepen understanding of structure–property relationships in a broad class 

of metallic alloys. The study capitalizes on the expected similarities between 

quasicrystals and their approximants to deliver the most detailed structural 

model of an icosahedral quasicrystal to date. 

        This thesis is based on a study of quasicrystal approximants in the 

RECd6
[45] and RE13(Zn/Cd)∼58

[46–50] systems, and the goal of the project is to find 

the basic building blocks for the structures and to determine common structural 

features in these compounds. Ultimately, this should provide improved 

structural models for quasicrystals.  

1.2 Quasicrystals and Approximants 

1.2.1 Periodicity and Quasiperiodicity 

Ordinary crystals are characterized by their lattice translation symmetry. 

Translational periodicity in crystals can be conveniently studied by considering 



 4 

the motif of the repetition. A perfect periodic crystal can be divided into 

identical subunits called unit cells. The information about the whole infinite 

ideal crystal can be reduced to the determination of the atomic positions inside 

one unit cell. Real crystals do not have this ideal symmetry. There are defects 

in the crystals, and they are finite in size. However, many of the properties can 

be understood on the basis of the ideal crystals.  

        An ordering is aperiodic if it lacks translational symmetry, which means 

that a shifted copy will never exactly match with the original. In a 

quasiperiodic system, the sequence is aperiodic, but possesses the inherent 

quality of self-similarity when operated upon by the proper rules of inflation 

and deflation, meaning that the sequence can be superimposed onto itself when 

properly rescaled. Quasiperiodic structures show sharp peaks in their 

diffraction patterns, which is an  indication of long-range order, and they may 

exhibit crystallographically forbidden symmetries, such as 5-fold or 10-fold. 

The quasiperiodic sequences can be described by the classical example of the 

Fibonacci chain or Fibonacci sequence illustrated in sections 1.2.2 and 1.2.3.    

1.2.2 The Fibonacci series 

The Fibonacci series was invented by Leonardo Pisano, known as “Fibonacci” 

(son of good fortune), born around 1175. It is a sequence of numbers with a 

simple rule for determining the next number in a sequence. The sequence 

begins with 0, 1, .... and each new number in the series is simply the sum of the 

two before it. 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, …… The Fibonacci 

series is interesting in that it occurs throughout both nature and art. Especially 

of interest is what occurs when we look at the ratios of successive numbers.  

        One property of the Fibonacci series is that the ratio of an element fn+1 to 

its preceding element fn rapidly approaches the irrational number τ , which is 

known as “the Golden Mean” or “the Golden Ratio”. The higher the number n 

defining the ratio, the better is the approximation.         

        τ  can be derived with a number of geometric constructions, each of which 

divides a line segment at the unique point O where the ratio of the whole line 

http://goldennumber.net/geometry.htm
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A B O

X-11 

(AB) to the longer segment (AO) is the same as the ratio of the longer segment 

(AO) to the shorter segment (OB).  See figure 1.1. 

 

 

 

Figure 1.1. The golden ratio. 

        In an equation, we have AB AO=
AO OB

, the Golden Ratio is the ratio of AO to 

OB. If we arbitrarily set the value of AO to be 1, and use x to represent the 

length of entire line AB, then 
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1 1
x x x

x
= ⇔ − − =

−
 

1

2

1 5 1.618
2

1 5
2

x

x

+
= = τ ≈

− 1
= = −

τ

 

Obviously, only the positive root has a physical meaning. 

        The number τ  has been used by mankind for centuries. It is closely 

associated with 5-fold symmetry and the occurrence of icosahedral 

coordination. The distances between nearest and next-nearest vertices in an 

icosahedron are in the proportion 1 to τ , see figure 1.2. The number τ  is 

frequently observed to relate the d-values of strong spots in quasicrystal and 

approximant diffraction patterns. It has several remarkable mathematic 

relations, of which the power series is especially useful in geometric 

calculations concerning the icosahedron. 
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1

τ

1

τ

τ 0=1 

τ 1= τ  

τ 2= τ+1 

τ 3= τ 2+ τ=2 τ+1 

τ 4= τ 3+ τ 2=3 τ+2 

τ 5= τ 4+ τ 3=5 τ+3 

τ 6= τ 5+ τ 4=8 τ+5 

τ 7= τ 6+ τ 5=13 τ+8 

Note the reoccurrence of the Fibonacci series for the sum. 

 

 

 

 

 

 

 

Figure 1.2. Relation between distances in the icosahedron. The ratio of bond 
distances between next-nearest neighbours and nearest neighbours is τ. 

1.2.3 The Fibonacci sequence 

The Fibonacci sequence plays a central role in the structures of icosahedral 

quasicrystals. It is an example of a one-dimensional quasicrystal. It can be 

constructed from two different segments, one long and one short which are 

hereafter denoted L and S, respectively. The construction rule is to replace S 
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with L and L with LS, in the following way. The first eight cycles of the 

Fibonacci chain are shown in table 1.1. 

 

  Table 1.1 The first eight cycles of Fibonacci chain  
Cycle number Sequence Ratio of L/S
0 S 0/1 
1 L 1/0 
2 LS 1/1 
3 LSL 2/1 
4 LSLLS 3/2 
5 LSLLSLSL 5/3 
6 LSLLSLSLLSLLS 8/5 
7 LSLLSLSLLSLLSLSLLSLSL 13/8 
8 LSLLSLSLLSLLSLSLLSLSLLSLLSLSLLSLLS 21/13 

 

        As shown in the table 1.1, the whole chain can be constructed with the 

simple construction rule, and the resulting Fibonacci chain of atoms is 

quasiperiodic. If the chain was grown infinitely, we would see that it has no 

repetition distance, and it is impossible to describe the long-range order with 

only one unit cell. The ratio of L/S in the Fibonacci chain quickly converges to 

the Golden Ratio τ .  After the 40th cycle in the series, the ratio is accurate to 15 

decimal places: 1.618033988749895 . . . .We can also see that the total number 

of generated segments L+S= F for a given cycle n equals the sum of generated 

segments of two preceding cycles; this can be expressed as:   

 

Fn+1=Fn +Fn-1 

 

        Furthermore, we can observe that not only the total sum F, but also the 

resulting sequence for a given cycle n, is obtained by concatenating the 

sequences of L and S for the two preceding cycles n-1 and n-2, in that order.  

      If we start with Fn-1=0 and Fn=1, the first ten elements of the sequence are: 

0, 1, 1, 2, 3, 5, 8, 13, 21, 34….. We are already familiar with these numbers, the 

Fibonacci Series, which was described above.  
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1.2.4 Penrose Tilings 

Before quasicrystals were discovered in 1984,[1] the British mathematician 

Roger Penrose devised a way to cover a plane in a non-periodic fashion using 

two different types of tiles (rhombi) (figure 1.3a).[51] An example can be seen in 

figure 1.3b below. The tiles are arranged in such a way that they obey certain 

matching rules.  

        The rules themselves are: when constructing a Penrose tiling, two adjacent 

vertices must both be blank or must both be black. If two edges lie next to each 

other they must both be blank, or both have an arrow. If the two adjacent edges 

have arrows, both arrows must point in the same direction. Matching rules also 

exist for a 3-dimensional Penrose tiling.[52–53]           

 

 

 

 

 

 

 

 

 

                           (a)                                                                    (b) 

Figure 1.3. (a) Two different types of rhombi. The thin rhombus has angles of 36 and 
144 degrees: the thick rhombus has angles of 72 and 108 degrees. (b) Part of a 2-
dimensional Penrose tiling constructed by two building blocks by matching rules.  
 

        It is possible to put the blocks together without the matching rule. This 

method is called a random tiling. The quasicrystal long-range order is then 

disturbed and there may even be some space unfilled by the building blocks 

when constructing the random tiling. It has recently been suggested that the 

structure can be described by a single unit cell, which is repeated periodically 

in the structure.[54–55]  The cells are allowed to overlap with a certain pattern. 
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This model has some experimental verification in the decagonal quasicrystal 

Al72Ni20Co8.[56]  

        In short, we can regard quasiperiodic tilings as frameworks that give 

quasicrystal structures when filled up with atoms in an appropriate way.  

1.2.5 Quasicrystals and approximants 

Quasicrystals may be defined as structures without translational periodicity 

along some directions in 3-dimensional space, but that show Bragg spots in the 

diffraction pattern. Furthermore, they may show rotational symmetries 

forbidden in classic crystallography (e.g. 5-fold, 8-fold, 10-fold and 12-fold) 

(conf. figure 1.4a). The structure of a quasicrystal is periodic in a higher-

dimensional hyperspace. It has long-range translational order. The structure of 

a quasicrystal can not be explained in terms of a simple lattice. A good way to 

describe it is by a space-filling packing of, e.g., two different rhombohedra 

without 3-dimensional periodicity but able to adopt icosahedral symmetry.  

 

 

 

 

 

 

 

                                    

                                   (a)                                                        (b)  

Figure 1.4. TEM diffraction pattern from (a) Rapidly quenched Al–Mn icosahedral 
quasicrystal;[1] (b) Crystalline Gd–Mg–Zn approximant.[57]  
 
 
        On the other hand, Quasicrystal Approximants exhibit full 3-dimensional 

periodicity. They are termed approximants, because their compositions are in 

the vicinity of quasicrystalline phases in the phase diagrams of intermetallic 

alloys, and the arrangements of atoms within their unit cells are believed to 
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closely approximate the local atomic structures in quasicrystals. Quasicrystal 

approximants often exhibit translational periodicity on a large scale. Their 

diffraction patterns are similar to those of quasicrystals in that pentagons are 

ubiquitous. But the 5-fold symmetry is broken by reflections from the 3-

dimensional unit cell (conf. figure 1.4b). Therefore the structures of 

quasicrystal approximants can be solved as normal crystal structures. The high-

symmetry polyhedra of approximants can provide a well-defined starting point 

for models of the local atomic structure of quasicrystals. Therefore 

approximants serve as convenient models of real quasicrystals.[2,3] Furthermore, 

both quasicrystalline and approximant phases have similar physical properties. 

Since the direct determination of quasicrystal structures is difficult, the 

structures of quasicrystal approximants provide very important information for 

the model construction of quasicrystal.  

1.3 Order and disorder 

A crystal is a solid object in which a basic pattern of atoms is repeated over and 

over in all three dimensions. As described before, with periodicity the entire 

crystal can be fully described by tiling space with perfectly arranged identical 

unit cells, and a crystal has long-range order. The traditional view of an atomic 

structure was formed at the end of 19th century  and is based on symmetry 

elements and 3-dimensional order.[58–59] After the discovery of X-ray diffraction 

in 1912,[60–61] it became possible to determine the atomic positions inside the 

unit cell, and this yields the location of every single atom in the entire crystal.  

        However, an ideal crystal does not exist; in any real crystal there are 

several lattice defects and/or impurities. It is generally accepted that a certain 

level of disorder is always present in a crystal as dislocations and point defects. 

When long-range order characterizes most of a substance, and only small parts 

are disordered, its diffraction pattern still has sharp Bragg peaks, hence the 

structure can usually be solved and refined by the conventional method and the 

defect structure can be described with an average unit cell plus a small 

perturbation.  
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There are two common types of disorder:  

1) Discrete or continuous positional disorder where one atom or a group of 

atoms is statistically distributed over two or more positions.  

2) Site occupancy disorder, where the same site in two unit cells is occupied by 

different types of atoms.  

1.4 Commensurate and incommensurate structures 

1.4.1 Modulation functions 

The ideal crystal has three-dimensional lattice periodicity. The existence of a 

lattice periodicity is apparent in the diffraction pattern, which consists of sharp 

spots located on points of a reciprocal lattice, and the diffraction pattern can be 

indexed by three-integer indices. In 1927,  a crystal with a diffraction pattern 

involving sharp spots not belonging to a regular reciprocal lattice was 

discovered in some mechanically treated metals.[62] The locations of those sharp 

spots, which are called satellite reflections, are not simple fractions of the 

lattice of the main reflections, and if they are interpreted as super-structure 

reflections, they must correspond to a very long-period ordering indeed.   

        A modulation can be considered to be a periodic deformation of an 

average structure having space group symmetry. But the modulation itself is 

always ordered and periodic. If the periodicity of the modulation and the 

periodicity of the main lattice are related to each other by a rational number, the 

unit cell can be magnified, and the overall periodicity of the structure is 

preserved. The modulation is then called commensurate, and the magnified 

structure is often called a superstructure. On the other hand, if the periodicities 

are related to each other by an irrational number, they will never get in phase 

no matter how many times the structure is magnified. Such structures are called 

incommensurate phases. Commensurate and incommensurate phases are 

structurally close, as rational and irrational numbers may be infinitely close. 

Commensurate phases that are found in the midst of incommensurate phases in 

a system are often called lock-in phases. 
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a* 

b* 

q = (0 ~1/7 0) (a* b* c*) 

        The diffraction patterns of modulated structures not only contain 

reflections deriving from the basic atomic lattice, but also additional satellite 

reflections arising from the modulation, as shown in figure 1.5. In the figure, 

the main reflections (larger spots) are from the basic structure and the satellites 

(smaller spots) are from the modulated structure, q is the modulation wave 

vector and in this case q is parallel to b* and amounts to ~1/7 along the 

reciprocal lattice dimension.  

  

 

 

 

 

 

 

 

Figure 1.5. A diffraction pattern including main reflections (larger spots) and satellite 
reflections (smaller spots), with a modulation wave vector q≈1/7 b*. 
 

       de Wolff, Janner and Janssen intensively studied the theory of the structural 

analysis of modulated crystals in the early seventies. The theory was further 

developed in the eighties and became standard for modulated phases.[63–71] By 

considering the diffraction pattern of an aperiodic structure as (3+n)-

dimensional, periodicity was re-established. The theory allows a generalization 

of the concept of symmetry and also a modification of all methods used for 

structure determination and refinement of aperiodic crystals.  

        Modulations can be either positional, occupational or a combination of 

both. Positional modulations affect the atoms with a periodic displacement 

from their original positions, while occupational modulations affect the atoms 

so that their positions are occupied according to a periodic probability function. 

The combination of both kinds of modulation is very common, which is easily 

realized by e.g. a vacant position that forces the surrounding atoms to 

compensate positionally for the created hole.  
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        The atomic modulation can be modelled by a sum of different types of 

periodic wave functions: the normal procedure is to first attempt to model the 

deviations by a harmonic function, that is, by sine and cosine waves. These are 

the standard modulation functions supplied by software package JANA2000.[72] 

Generally, a modulation function is given by  

U=U(ν),  ν = q•r.                                                     Equation 1.1 

Where U is a vector function with components in x, y and z, and ν = q•r  is the 

scalar product of the q-vector with the atomic position r (=x,y,z ), which 

defines displacement along the fourth dimension.  

        If U is a harmonic function, it can be written as 

 

                U = Ux,Uy,Uz                                                                Equation 1.2                                        

 

                Ux = Σj Cjxcos(2jπν)+Sjxsin(2jπν)                           Equation 1.3                                        

 

               Uy = Σj Cjycos(2jπν)+Sjysin(2jπν)                            Equation 1.4                                       

 

               Uz = Σj Cjzcos(2jπν)+Sjzsin(2jπν)                            Equation 1.5                                        

 

For a particular atom μ, this expression becomes: 

                
1

( ) sin(2 ) cos(2 )
m

pos j j
j

j jμ μ μυ π υ π υ
=

= +∑U S C                Equation1.6                                         

Cj
μ and S j

μ have to be determined to define the modulation function (figure 

1.6a). Complex shapes can be modelled using the sum of many harmonics. 

Harmonic functions are used to model both positional modulation and 

occupational modulation.  

        One of the most frequently used codes for incommensurate structure 

refinement, JANA2000,[72] offers special functions for non-harmonic cases; one 

is called square wave or crenel function, and the other is called a sawtooth 

function. 
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         The crenel function displays maximal or minimal occupancies as 

described in equation 1.7:   

 

              

01
2

( )
0

occ

for

otherwise

μ

ν ν

ν

⎧ Δ
≤ +⎪

⎪⎪= ⎨
⎪
⎪
⎪⎩

U                            Equation 1.7                                        

where νo defines centre of the crenel function, and the width ∆ defines the 

probability of the average occupation (figure 1.6b).  

        On the other hand, the sawtooth function displays a linear variation in 

position for the modulated atom. It describes both a positional displacive wave 

and the restricted interval where the same atom exists. Similar to the crenel 

function, sawtooth functions are characterised by a centre νo, a width ∆ and 

additionally a maximal displacement vector u0 from the average position 

(figure 1.6c).  

        The modulations in the study of the RE13Zn∼58 cases are generated by 

interstitial atoms. The interstitial atoms themselves are often best described 

using crenel function, but the surrounding atoms respond to the 

presence/absence of interstitials by positional modulations that are generally 

harmonic in nature. The limited resolution of the X-ray experiment leads to a 

loss of fine detail in the modulation functions, which tends to round off any 

sharply defined function to render it more harmonic, and finally, disorder 

contributes to generate an altogether more harmonic appearance of the 

modulation function. 

1.4.2 Classification of incommensurate structures 

From the chemical point of view, apart from quasicrystals, mainly two different 

kinds of ordered aperiodic phases are known presently: (a) incommensurately 

modulated structures and (b) incommensurate intergrowth compounds. 
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Figure 1.6. Atomic modulation functions. (a) A harmonic function; (b) A crenel 

function; (c) A sawtooth function. 

 

(a) Incommensurately modulated structures 

A modulation can be considered as a superstructure, and an incommensurate 

modulation is a superstructure where the period of the superstructure order is 

incompatible with any (reasonably small) multiple of the basic unit cell. 

        Modulations are characterized by Bragg reflection peaks in the diffraction 

pattern which are well separated, but their positions deviate from the basic 

lattice. The deviation or modulation is itself periodic, however with a 

periodicity incommensurate with the basic lattice (figure 1.7 and 1.8).[73-74] 

There is no real difference between a long-period superstructure and an 

incommensurate structure. It is simply a matter of how the structure is 

described. Incommensurately modulated structures are states between normal 

crystals and quasicrystals. 
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Figure 1.7. Part of a two-dimensional basic crystal, with one atom per unit cell. 
 

 

             

 

 

 
 
Figure 1.8. The same 2-dimensional crystal as in figure 1.7, now with a transversal 
modulation of the positions of the atoms. The grid represents the average lattice.  
 

(b) Incommensurate intergrowth compounds 

An incommensurate intergrowth, which is also called composite compound, 

does not have a basic or average lattice. To first approximation, it can be 

described as the combination of at least two structures, each of which is 

periodic according to its own lattice (figure 1.9) [74]. The true structure of an 

intergrowth compound is given by a set of incommensurately modulated 

structures, the modulation period in one subsystem being given by the basic 

periodicities of the other subsystems. 

 

 

 

 
 
 
 
 
Figure 1.9. An intergrowth compound with two subsystems, labelled A and B, 
respectively. The grid is the lattice of subsystem A. Note that the two a directions are 
equal, while the b directions provide the incommensurateness.  
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        The above is only an example of a common composite structure with a 

basic structure and its subsystem. In our investigation of RE13Zn～58 phases, a 

very complicated behaviour of a composite structure was observed in the 

orthorhombic compounds containing Ho, Er, Tm and Lu; the electron density 

propagates along a sine-wave-like tube through constant Zn–Zn distances (conf. 

figure 1.10, representing the Tm12.88Zn58.64 compound). The atoms on the chain 

are displaced along all three directions.  In those structures, there is not a 

constant Zn–Zn distance along any particular unit cell dimension within the 

tube, but only along the arc length of the tube. To model the positions of the 

interstitial Zn atoms as a second partner in a composite, the arc length of the 

tubular channel has to be used. But that would be too complicated to model. 

For detailed descriptions, see section 3.2.2.3.  

 

 

 

 

 

 
 
 
 
Figure 1.10. Electron density map calculated from Fobs data for Tm12.88Zn58.64, 

showing a composite-like behaviour. 

1.5 Prototype structures 

A sequence of related phases can be often described as a succession of 

symmetry reductions of a certain common parent structure called the prototype 

structure. The reduction of the symmetry of the prototype leads to the 

occurrence of domain structures in the lower-symmetry phases.  

1.5.1 Fundamental building blocks  

The compounds in the RECd6 and RE13Zn58 systems are related to each other 

and can to a certain extent be described by the same structural building 



 18 

blocks.[42] One of the fundamental building blocks of both phase types is the 

double pentagonal anti-prism (DPAP) formed by 15 Cd/Zn atoms around an RE 

atom (figure 1.11). Different arrangements of RE atoms surrounded by Cd/Zn 

or RE atoms are shown in figure 1.12. The pentagonal faces of the DPAPs are 

capped, either by Cd/Zn or by RE atoms. The different arrangements shown in 

the figures are the Zn1 mono-capped, Zn2 bi-capped, RE1Zn1 bi-capped and RE2 

bi-capped DPAPs. According to the number of Cd or Zn atoms which are 

around the rare-earth atoms, they are called RET15, RET16, RET17 polyhedra 

respectively (T = Cd or Zn). 

 

 

 

 

 

 

 

 

 
Figure 1.11. A double pentagonal anti-prism (DPAP) formed by 15 Zn atoms around 
an RE atom in the compound Ce13Zn58. 
 
 
                 

 
             (a)                                (b)                              (c)                             (d) 
 
Figure 1.12. Capping schemes of DPAPs. Figure (a) to (d) show the DPAPs capped 
(a) by a Zn atom solely on one side (HoCd6); (b) on both pentagonal faces by Zn 
atoms (HoCd6); (c) by an RE atom on one side and a Zn atom on the other side (in 
Ce13Zn58); (d) on both pentagonal faces by RE atoms (Ce13Zn58). 
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        A second fundamental building block of both phase types are T8 cubes. 

The T8 cubes are interstitial cavities formed in between the RET15, RET16, 

RET17 polyhedra. They exist in all the 1:6 and 13:58 phases. In some of the  

compounds, additional T atoms were observed within the T8 cubes. 

        The third fundamental building block, which is unique for the 13:58 

phases, is the rows of alternating RE and Zn atoms residing the hexagon-shaped 

tunnel.  

1.5.2 The prototype structure of RECd6 phases  

Three different type structures have been assigned as prototype structures in the 

RECd6 system: YCd6
[75], YbCd6

[76], and Ru3Be17
[77]. The skeletal networks of 

these three types of structures are identical; their structures can all be described 

as a simple body-centred cubic (bcc) packing of partially interpenetrating 

defect triacontahedral cluster units as shown in figure 1.13.[38] Another 

alternative representation of the triacontahedral cluster units is by a building 

block of 12 RECd16 polyhedra and 8 Cd8 cubes as shown in figure 1.14.[38] 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.13. The structure of the RECd6 phases can be displayed as a bcc packing of 
partially interpenetrating triacontahedral cluster units. 
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Figure 1.14. The basic building block of the RECd6 phases. The cluster unit is built up 
from twelve RECd16 polyhedra and eight Cd8 cubes. 

 

        The difference between the three different type structures lies solely in the 

description of the species residing inside the central dodecahedral cavity that is 

found in all the RECd6 phases. In the case of the Ru3Be17, the cavity is reported 

to be empty, while in the other prototype structures it contains a Cd4 

tetrahedron exhibiting various types of disorder. The disorder of that 

tetrahedron in YbCd6 has been modelled by a cube with one-half occupancy of 

all vertices. In the case of YCd6 the model has been an icosahedron with one-

third occupancy of all vertices. In the work of Gomez et al.,[38] these type 

structures have been challenged, and it appears more likely that various 

disordering modes exist in a more or less continuous range, from arrangements 

of perfectly ordered tetrahedra to electron densities more reminiscent of 

cuboctahedra.       

1.5.3 The prototype structure of RE13Zn58 phases  

In the past, two different prototype structures have been used for the 13:58 

phases. One, Gd13Cd58,[29] was actually first determined for the compound 

Pu13Zn58
[26] in the centrosymmetric space group P63/mmc. The structure is built 

up from Gd-centred DPAPs and empty Cd cubes; together they form hexagon-

shaped tunnels that are inhabited by rows of alternating Gd and Cd atoms as 

shown in figure 1.15a. The other prototype structure was first assigned to 

Gd13Zn58
[27] (figure 1.15b) in the non-centrosymmetric space group P63mc. The 
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structure is built up from the same DPAPs and Zn cubes; together they form 

star-shaped tunnels that are inhabited by rows of alternating Gd and Zn atoms. 

The two prototypes are very similar; the symmetry breaking is manifested in 

the displacement of several atoms away from the mirror plane perpendicular to 

the rotation hexad. However, there was not any explanation for the cause of the 

absence of the mirror plane.   

                              (a)                                                                  (b) 

Figure 1.15. The RE13Zn58 prototype structures. (a) Gd13Cd58. (b) Gd13Zn58. 

1.5.4 Relation between RECd6  and RE13Zn58  phases 

The structures of the RECd6 and RE13Zn58 type compounds can to a certain 

extent be described by the same fundamental building blocks (as described 

previously in section 1.5.1). Figure 1.16 shows two fundamental building units 

from the structures of the two systems. Both of them are composed of eight 

RET16 polyhedra and two cubes. They differ only in the orientation of some of 

the RET16 polyhedra.  

                  
 
 
 
 
 
 
                                   (a )                                                          (b) 
Figure 1.16. Similar building units existing in both the RECd6 (a) and the RE13Zn58 (b) 
systems.  
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        An alternative way of describing the structures of both systems in a 

similar way is illustrated in figure 1.17.  As shown in the figure, the network in 

the RECd6 phase is assembled by fusion of two building units, and in the 

RE13Zn58 phase of three building units. Therefore the RE13Zn58 structure is 

really a 3-fold chemical twin of the cubic structure. It has been found that the 

network of the RECd6 phases and the RE13Zn58 phases are obtained simply by 

changing the arrangement of these building units.[42] 

 

 

 

 

 

 

 

(a) 
 

 
 

 

 

(b) 
 
Figure 1.17. (a) The network of the RECd6 phase is assembled by fusion of two 
building units and (b) RE13Zn58 phase assembled by fusion of three building units. 
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2. Experimental  

2.1 Synthesis 

All preparations were carried out in an inert atmosphere (argon) in order to 

avoid detrimental effects from water vapour or oxygen.  

        The single crystals used for the structural determination were obtained by 

mixing chips of target rare earth metal (STREM and CHEMPUR 99.9%) with 

Cd (Baker Chemicals 99.9%, splinters from a rod of pure metal) or with Zn 

ingot (Baker Chemicals 99.9%) in stoichiometric proportions for all the 1:6 

phases. For most of the 13:58 phases, a stoichiometric or a slightly more rare-

earth rich mixture proved optimal. The Cd-containing mixtures were enclosed 

in sealed stainless steel ampoules. On the other hand, for the Zn-containing 

samples, using stainless steel ampoules may result in an enrichment of Ni in the 

final products,[78] therefore Nb ampoules were used instead. The ampoules were 

heated in regular muffle furnaces for the Cd-containing samples, or in vacuum 

furnaces for the Zn-containing ones, to avoid oxidization of Nb metal at high 

temperature. In order to obtain the desired phase in a well crystallized state, it 

was found effective to anneal the ampoules for a period of 48–96 h. Reaction 

times did not prove crucial for crystal quality. The annealing temperatures were 

chosen at about 20 K below the reported melting points of each phase; the idea 

is to let the more low-melting metal (Cd or Zn) act as a flux for the high-

melting RE metal. For those systems where pertinent information was lacking, 

several different annealing temperatures were tried  in order to optimize the 

yield of the target phase.  

       For some of the RE13Zn∼58 phases, namely Gd, Tb, Dy, Ho and Yb, it was 

possible to distinguish two phases, belonging to two different space groups. 

From this it may be inferred that a solid solution field occurs for the phases at 

elevated temperature. On cooling, such a solution field could bifurcate into two 

separate phases. 

        After annealing, the furnaces were turned off with the samples left inside 

to cool down slowly to ambient temperature (cooling rate 1~3 ˚C/min). Single 
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crystals could easily be isolated from the resulting samples. All products were 

silvery and brittle, with irregular shapes. Most of the single crystals are tabular 

or flake-shaped (conf. figure 2.1). The details of the experiments are given for 

RECd6 in Paper I, for the RE13Zn∼58 phases in table 2.1 and Paper II ∼ V, and  

for the Ce12.60Cd58.68 phase in Paper VI and table 2.2.  

 

 

 

 

 

 

 

 

 

Figure 2.1. Single crystal images of Tb12.64Zn59.10 taken by Xcalibur from two 
different directions (the crystals were stuck on the tip of the glass fibres by epoxy 
glue). 
 
 
    Table 2.1. Experimental details for syntheses of RE13Zn∼58 

Rare earth 
elements 

Initial molar 
ratio (RE : Zn) 

Reaction 
temperature (K) 

Reaction 
time  (h) Diffractometer 

Ce 15:58 1123 48 Xcalibur 
Pr 17:58 1153 48 Xcalibur 
Nd 17:58 1103 72 Xcalibur 
Sm 17:58 1123 96 Xcalibur 
Gd [I] 13:58 1143 72 Stoe IPDS 
Gd [II] 13:58 1108 48 Xcalibur 
Tb [I] 13:58 1103 90 Stoe IPDS 
Tb [II] 15:58 1103 90 Stoe IPDS 
Dy [I] 15:58 1143 48 Xcalibur 
Dy [II] 13:58 1143 87 Stoe IPDS 
Yb [I] 15:58 993 48 Xcalibur 
Yb [II] 17:58 993 48 Xcalibur 
Ho [I] 13:69 1113 48 Xcalibur 
Ho [II] 15:58 1108 48 Xcalibur 
Er 13:58 1143 96 Xcalibur 
Tm 13:58 1108 96 Xcalibur 
Lu 13:81 1108 96 Xcalibur 

    [I] form hexagonal phases; [II] form non-hexagonal phases. 

0.1mm
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   Table 2.2. Experimental details for synthesis of Ce12.60Cd58.68(2) 

Initial molar ratio  
(Ce : Cd ) 

Reaction          
temperature (K) 

Reaction  
time (h) Diffractometer 

13:58 1033 48 Xcalibur 
 

2.2 Characterization  

To investigate the resulting compounds and to determine the elemental 

compositions, a scanning electron microscope (SEM, JEOL 820) operating at 

20kV, equipped with an Energy Dispersive X-ray (EDX, LINK AN10000) 

analyser was used. Elemental Co was used as internal standard. Corrections 

were made for atomic number, absorption, and fluorescence. EDX analysis was 

performed on approximately six different crystals from each synthesized 

sample in order to ascertain the elemental purity. The analyses were generally 

in good agreement with the final compositions obtained from the refinements. 

In all reactions the target structures were the major crystalline products. 

Elemental impurity levels in the samples were below the detection limit of 

EDX (ca 0.1%).  

2.3 Single crystal X-ray data collection and structural refinement  

Detailed structural characterization was performed by means of single crystal 

X-ray diffraction. For each diffraction experiment, several crystals were 

selected from the crushed sample and mounted on a glass fibre. The single-

crystal data was collected either on a Stoe IPDS single-crystal X-ray 

diffractometer with a rotating anode Mo Kα X-ray source operated at 50 kV 

and 90 mA or on an Oxford Diffraction Xcalibur CCD diffractometer with 

graphite monochromatized Mo Kα radiation (λ = 0.71073Å) operated at 50 kV 

and 40 mA. The distance between the crystal and detector was 80 mm. The 

range of 2θ values was normally around 3.0–57.0ο. The intensities of the 

reflections were integrated using the software supplied by the manufacturers of 

the diffractometers.[79–80] Due to the twinning and irregular shape of the crystals, 

absorption correction by actual measurement of the crystal shape is 
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inapplicable. Therefore, a numerical absorption correction, based on a shape 

obtained by optimizing the equivalence for symmetry related reflection, was 

performed with the programs X-RED[81] and X-SHAPE[82]. Most of the 

structures were solved by direct methods, using SHELXS97,[83] and refined by a 

full-matrix least-squares procedure based on F, using the program 

JANA2000.[72] Exceptions were the structures of Ce12.60Cd58.68 and Ho13Zn58.  

The structure solutions for these two systems were carried out by means of 

reduction of symmetry in the parent structure as well as by charge flipping[84–86] 

in (3+1)-d, using the program Superflip,[87] and the structures were refined by a 

full-matrix least-squares procedure using the JANA2000 software package.[72] 

The structural analysis electron density isosurfaces were generated using the 

program JMAP3D.[88] The images were rendered using the programs 

DIAMOND, version 2.1c[89] and TRURSPACE, version 5.2[90]. 
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3 Results and discussion      
The results presented here are based on structural analyses on the families of 

compounds where the members crystallize in similarly built structures. An 

overall structural relation between all the different compounds is described 

below.  

The results have been classified into two sections: 

1) The RECd6 system in Section 3.1 [based on Paper I]; 

2) The RE13(Zn/Cd)∼58 system in Section 3.2 [based on Paper II∼VI].  

3.1 RECd6 phases (Paper I)  

The results presented in this section deal with RECd6 (RE = Tb, Ho, Er, Tm and 

Lu) phases. 

3.1.1 Basic structural considerations 

The compounds in the RECd6 family containing elements in the rare earth 

family with larger atomic radii, such as Ce, Pr, Nd, Sm, Eu, Gd, Dy and Yb, 

have been investigated by Gomez et al.[38] These compounds are structurally 

related to each other: all except the Ce and Eu compounds crystallize with Im-3 

symmetry, and can be described by a bcc packing of similar cluster units 

(figure 3.1); but they are not isostructural. None of them can be described in a 

satisfactory way by the three assigned prototype structures, since various forms 

of disorder among tetrahedra exist, and in some cases additional Cd atoms are 

found in the cubic interstices.  

        Two different types of models may be used to describe the disorder 

mechanism for tetrahedra;[38] The Type-1 disorder is an image of a semi-

occupied cube in the electron density map, caused by a 90° rotational disorder 

of the Cd4 tetrahedron along its inherent two-fold axis. The Type-2 disorder is 

caused by the misalignment among the inherent three-fold axes of a Cd4 

tetrahedron and  results in triple splits of the tetrahedral corner positions. Figure 

1.13 shows an example of Type-2 disorder, displayed by the electron density 
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isosurfaces at the 8.5 e/Å3 level in the location of the Cd4 tetrahedra from the 

compound Ce6Cd37.[38] The Type-2 disorder may appear alone in the RECd6 

phases. On the other hand, the Type-1 disorder is always found in combination 

with Type-2 disorder in the RECd6 system.  

        If the amount of split in Type-2 disorder is increased moderately, a cube-

octahedron is obtained as an intermediate state. This is the case for the five 

compounds in this study. The two types of disorder may coexist. Figure 3.1b 

shows a state caused by the interplay of the two types of disorder in the YbCd6 

compound.[38] 

 

 

 

 

 

 

 

                                          (a)                                                   (b) 
Figure 3.1. Electron density isosurfaces at the 8.5 e/Å3 level in the location of Cd4 
tetrahedra. (a) Type-2 disorder occurring in the Ce6Cd37 compound. (b) A truncated 
cube formed by interplay of type-1 and type-2 disorders in the YbCd6 compound. 
        

        The smaller elements, such as Tb, Ho, Er, Tm and Lu nicely follow the 

trend of decreasing atomic size. Therefore, the corresponding compounds were 

expected to crystallize in the same space group, and a meticulous check of the 

shapes of the tetrahedral and the cubic interstices was considered ahead of the 

work. 

        The atomic positions, isotropic displacement parameters and occupancies 

for these compounds are given in appendix I. Refinement details and 

parameters are given in appendix II.   

3.1.2 Structural descriptions and discussions 

The structures of the 1:6 compounds in this study are essentially similar to the 

structure of other members in the family as described in previous work.[38]  The 
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cluster unit of the basic building block of the RECd6 phases contains 12 RECd16 

polyhedra and eight Cd8 cubes. Figure 3.2 shows the network of the RECd6 

phases displayed by the cluster units of Cd atoms. The dodecahedra sitting at 

the corner and the centre serve as cages for the disordered Cd4 tetrahedra. The 

next shell outside the dodecahedron at the centre is an icosidodecahedron, and 

the outermost shell at the centre is a defect triacontahedron. The innermost 

units of these clusters, sitting within the dodecahedral cavities, are the 

disordered Cd4 tetrahedra. These tetrahedra do not exhibit any 5-fold 

symmetry; nevertheless, the shells of polyhedra that describe the unit cell all 

obey the pseudo-icosahedral symmetry.  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.2. The network of the RECd6 phases displayed by the cluster units of Cd 
atoms. 
 

        Since the disorder of the tetrahedron is ubiquitous in the previous studies, 

it is expected to exist in the phases of this study as well.  Therefore the electron-

density isosurfaces at the location corresponding to the centre of the 

dodecahedral cavity was generated at the 9 eÅ3 level as shown in figure 3.3a-e.  

        For the compounds studied previously, the disordered tetrahedra were 

described by two isotropic atomic positions, Cd1a and Cd1b for the phases 

containing Pr, Nd, Sm, and Dy, except for the case of the GdCd6 phase, where 



 30 

(a)TbCd6 

(e) LuCd6(d)TmCd6

(c) ErCd6 (b) HoCd6 

the irregular shape of the atoms was modelled solely by the position Cd1a with 

anisotropic displacement parameters. In the present structure refinements, the 

electron density located in the innermost cluster was modelled using a single, 

anisotropic atomic position, as in the case of GdCd6 phase, and in a re-

inspection of the models, it was possible to refine the positions by one 

anisotropic Cd1a position for the Nd, Sm and Dy compounds. This facilitates a 

direct comparison.  For the Ce and Pr compounds, this is not possible because 

of the complex shape of the electron density. 

        Basically, the refinements for these compounds are in good agreement 

with the result of the GdCd6 case: only Type-2 disorder exists throughout all 

these compounds. The four atoms residing in the dodecahedral cavities of the 

compounds form almost perfectly shaped cube-octahedra. 

        The atomic positions, isotropic displacement parameters and occupancies 

are given in Paper I.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3.3. Electron-density isosurfaces at the 9 e/Å3 level, from measured electron 
density corresponding to the disordered tetrahedra located inside the dodecahedral 
cavities of the different RECd6 phases, show the differences in the disorder of the Cd4 
tetrahedron among the compounds. 
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        The additional Cd atoms occasionally located inside the Cd8 cubes (conf. 
Ce6Cd37

[37] and Pr3Cd19
[38] compounds), and the absence of the entire Cd4 

tetrahedron in one case (conf. Ru3Be17
[77]), are the main factors that result in the 

deviations from ideal 1:6 stoichiometry of RECd6 in this study. But neither of 
these factors was observed for the RECd6 phases studied here. Figure 3.4a 
shows the electron density iso-surfaces generated at the 8.5 e/Å3 level for the 
PrCd6.12 compound. A significant electron density is clearly shown inside the 
Cd8 cubes. The atoms sitting on the space diagonal are noticeably elongated. 
The elongation of the atomic positions may be explained as the Cd8 cube 
expands when filled by extra Cd atoms, which pushes the vertices shared with 
the dodecahedron, and thus the inscribed cubes, towards the centre of the 
dodecahedron. These elongated atomic positions are refined by split positions. 
In contrast to the case of PrCd6.12, TmCd6 in figure 3.4b shows no electron 
density inside the cube. This case is applicable for all the compounds in this 
study, and none of them shows any signs of occupation of the cubes. Thus the 
ideal 1:6 stoichiometry of all the RECd6 phases in this study was maintained. 
This result is consistent with the hypothesis that the compounds containing an 
RE atom smaller than Pr are not able to accept filled cubes.[78] In figure 3.5, a 
dotted horizontal line separates the rare-earth elements into two different 
groups; the elements sitting above the line tend to form RECd6 phases with 
filled cubes, and those below will exhibit empty cubes.  
 

 
 
 
 
 
 
 
 

 
 (a)                                               (b) 

Figure 3.4. Electron-density isosurfaces at the 8.5 e/Å3 level generated from Fobs data. 
(a) The appearance of the three extremely elongated atoms in the PrCd6.12 compound 
is caused by the insertion of the Cd atom inside the cube.  (b) In the TmCd6 compound, 
there are no signs of occupation of the cubes.  
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Figure 3.5. The possibility of forming RECd6 with filled cubes: filled cubes are only 
formed in the phases containing the elements above the line. 
 

        In order to correlate the disorder of the tetrahedra to the size of the RE 

atom, the largest anisotropic component of Cd1a atom, U11, was compared to 

the unit cell dimension. In figure 3.6, the magnitude of U11 and the metallic 

radius of the RE elements are represented as a function of the unit cell 

dimension of the RECd6 phases. The well-defined trend shows that the motion 

of the atoms making up the tetrahedron inside the dodecahedral cavity depends 

strongly on the size of the unit cell, and consequently on the effective size of 

the RE atom.  

        In conclusion, the studies on the RECd6 phases show that the structure of 

the compounds studied closely resemble that of GdCd6. While 1:6 compounds 

formed with large RE atoms show a remarkable diversity of disorders, the 

smaller RE atoms lead to smaller central cavities, which do not allow for such 

behaviour. Further, none of the compounds in this study shows any occupancy 

of the Cd8 cubes. It would seem that large RE atoms tend to expand the Cd 

network, leading to the creation of larger cavities; the Cd8 cubes are able to 

host additional Cd atoms. The network formed by the Cd8 cubes and the 

dodecahedral cavities is a strongly correlated system, and the presence of  a Cd 

atom inside the Cd8 cubes results in a deformation of the dodecahedral cavity, 

making the environment much less spherical. Thus, for compounds with  
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Figure 3.6. The magnitude of U11 and metallic radius of the RE metal are represented 
as a function of the unit cell dimension of the RECd6 phases. (* For the Ce and Pr 
compounds it was not possible to calculate U11 due to the split positions.)   
 

 

ordered cube occupancies, there is a strong tendency towards orientational 

ordering of the central tetrahedra as well. This is the case that we see in Eu and 

Ce compounds. Figure 3.7 shows the Cd4 tetrahedra residing in the 

dodecahedral cavity surrounded by cubes. In figure 3.7a half of the cubic 

interstices in the Ce6Cd37 compound are filled by Cd atoms. Note how the filled 

cube in the circle displaces one of the vertices of the dodecahedron towards the 

centre. To avoid short Cd-Cd distances, all vertices of the tetrahedra are 

oriented towards vacant cubes, and the faces towards occupied cubes. For cases 

where the cubes are all empty (figure 3.7b), the dodecahedron is undistorted 

and, as a consequence, there is no preferred orientation of the tetrahedron. 

Therefore the tetrahedron appears to be a cube-octahedron.  

         As the size of the RE atom decreases from intermediate to small, the 

displacement ellipsoids of the Cd atoms shrink. Since there are no filled cubes, 

the central tetrahedron has a much more isotropic environment, and the 
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tendency to ordering disappears. The shrinking of the dodecahedral cavity does, 

however, lead to a more restricted motion of the tetrahedron as it diminishes in 

size. The decreasing free volume in the central cavity is clearly displayed in the 

dependence of the anisotropic displacement parameters (U11) of the tetrahedron 

atoms on the unit cell dimensions.            

                        

       

 
(a) Ce6Cd37                                                                 (b) HoCd6 

Figure 3.7. Within the dodecahedral cavity surrounded by cubes, a Cd4 unit resides. 
The disorder of this entity is determined by the interstitial positions in the 
surroundings.  (a) Half of the cubic interstices in Ce6Cd37 compound are filled by Cd 
atoms (blue). (b) All the cubic interstices in the HoCd6 compound are empty.  

 

3.2 RE13(Zn/Cd)~58 phases (paper II-VI)    

The results presented in this section deal with RE13Zn~58 (RE = Ce, Pr, Nd, Sm, 

Gd, Tb, Dy, Ho, Er, Tm, Lu and Yb) phases, the incommensurately modulated 

Ho13Zn58 phase and the commensurately modulated Ce12.60Cd58.68(2) phase. 

3.2.1 Space group determination and basic structural considerations 

In the literature, all of the compounds concerned were assigned one of two 

space groups: P63/mmc[29] or its non-centrosymmetric counterpart P63mc[27] and 

most of the phases were characterized by the X-ray powder diffraction method. 

Superstructure reflections were then easily missed because of the weakness of 
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their intensities. In the present study, the power of single crystal X-ray 

diffraction becomes apparent, and superstructure ordering was detected for 

most of the compounds. Furthermore, in some systems the existence of 

superstructure ordering depended on composition, and possibly on thermal 

history, so that different batches from the same system might exhibit different 

ordering. For crystals from the same batch, however, the diffraction pattern was 

always invariant. 

        According to the main feature of the diffraction patterns found for the 

different systems, the space groups for all the RE13Zn~58 phases were 

determined as listed in the table 3.1. The RE elements are arranged in order of 

decreasing atomic size from Yb at the top till Lu at the bottom. The compounds 

containing Ce, Pr, Nd, Sm, which have larger metallic radii, show 

superstructure reflections neither on the hexagonal base planes hk0 nor on the 

hexagonal hk1 planes. Therefore hexagonal symmetry was retained for these 

compounds. The compounds containing Gd, Tb, Dy and Yb are intermediate 

cases and, depending on synthesis conditions, they may or may not show 

superstructure. Those that exhibited superstructure reflections were refined in 

orthorhombic P212121 (Gd and Tb), Pcmn (Dy) and monoclinic Pc (Yb) space 

groups.  

    
   Table 3.1. Crystal systems for RE13Zn～58 phases found in this study  

RE Hexagonal system Orthorhombic system Special case 
Yb P63/mmc  Pc 
Ce P63/mmc    
Pr  P63/mmc    
Nd P63/mmc    
Sm  P63mc    
Gd P63mc P212121  
Tb P63mc P212121  
Dy P63mc Pcmn  
Ho  Pcmn Pc21n(0β0)s0s 
Er  Pc21n  
Tm  Pc21n  
Lu  Pc21n  
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        Generally, the reciprocal lattices of all of the compounds in this study are 

characterized by a doubling of the hexagonal a and b axes, but the intensity 

distribution indicates twinning. Furthermore, there are no superstructure 

reflections in the hexagonal hk0 plane, indicating an n-glide perpendicular to c*, 

which is forbidden in hexagonal symmetry but allowed with orthorhombic 

twins. The superstructure reflections simply correspond to a violation of the C-

centring of the orthohexagonal setting of the basic unit cell. The Ho-containing 

compound crystallizes in space group Pcmn (Pnma), while the remaining three 

compounds crystallize in Pc21n (Pna21).  

         For the Ho compound it was possible to crystallize a sample that shows 

satellite reflections in its diffraction patterns indicating an incommensurately 

modulated structure (figure 3.8). The incommensurate Ho13Zn58 is unique 

among the members of the RE13Zn∼58 family with respect to the modulated 

superstructure ordering. The superstructure reflections that occur along the 

orthorhombic b axis are close to those of a 4-fold superstructure. The intensity 

distribution is however strongly indicative of a modulated behaviour. 

Furthermore, strong satellites appear close to weak reflections, and vice versa. 

This is taken to indicate that the q vector should be chosen as q ≈ (0, ¾, 0). 

According to the systematic absences in the diffraction pattern, the superspace 

group for Ho13Zn58 is determined as Pcmn(0β0)s0s with β ≈ ¾.  

 

Figure 3.8. Single-crystal X-ray diffraction pattern of the Ho13Zn58 compound. Note 
the presence of weak satellites along the b* direction (vertical).  
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        For the commensurate Ce12.60Cd58.68(2) compound, the satellite reflections 

clearly indicate a superstructure along the a axis (in hexagonal setting) (figure 

3.9). The crystal that yielded the strongest satellite reflections is metrically 

commensurate (q = 0 2/3 0), and it may well be suspected to be a lock-in phase. 

Remarkably, no twinning was observed in the crystal.  In view of the special 

extinction conditions (the hexagonal hk0 plane is void of any satellites) and the 

surrounding phase-field of clearly incommensurate nature, it was however 

deemed useful to solve and refine the structure as a modulated phase. 

Orthorhombic Cmcm, as the highest allowed subgroup of P63/mmc, was chosen, 

and the extinction conditions clearly show that the (maximal) superspace group 

is Cmcm(0β0)00s. The final model is given in a non-conventional setting 

(origin shifted by ¼¼0) of the superspace group Ccmm in order to make the 

atomic parameters directly comparable to the structures in the related systems.  

                                                                   

Figure 3.9. Single-crystal X-ray diffraction pattern of the commensurate 
Ce12.60Cd58.68(2) compound in hexagonal setting.  
 
 
        Although the prototype structures are in fact quite rare, it is useful first to 

consider the prototype P63/mmc structure as a reference frame for the 

deviations that occur in all other structures. 
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        A detailed description of the crystal data, data acquisition and refinement 

is given in Paper II-V for most of the RE13Zn~58 phases, with the exception of 

the orthorhombic Gd13Zn59, hexagonal Yb12.61Zn59.82 and monoclinic Yb13Zn59, 
which are given in appendix III. The atomic positions, isotropic displacement 

parameters and occupancies for these compounds are given in appendix IV-VI. 

Refinement details and the parameters of the structure of Ce12.60Cd58.68(2) are 

given in paper VI.   

        For describing a complete prototype structure, four RE and twelve Zn 

atomic positions are used, as in the case of Ce13Zn58 and Pr13Zn58 phases (conf. 

paper II).  

        The fundamental building blocks of the 13:58 phases are essentially the 

same as those of the 1:6 phases. The relation between the high-symmetry 

Gd13Cd58 prototype and the cubic RECd6 phases has been elaborated previously 

in section 1.5.4. A new feature for the RE13Zn∼58 structures, which is  different 

from the RECd6 structures, is a tunnel along the hexagonal axis that contains 

atoms unconnected to the DPAPs. 

        There are mainly two types of DPAPs formed by Zn atoms around RE1 

and RE2 atoms in RE13Zn~58 phases. The RE1-centred DPAP is an REZn15 

polyhedron, and it is capped on both pentagonal faces by RE3 atoms (figure 

3.10a), on the other hand, the RE2-centred DPAP is an REZn16 polyhedron that 

is capped by a Zn10 atom on one side and an RE3 atom on the other side 

(figure 3.10b).  

        Apart from these atomic positions, the network contains RE4 atoms and 

Zn11 atoms, which alternate in the hexagonal tunnels, and a Zn12 atom, which 

occupies cubic interstices between the DPAPs (conf. figure 3.11a). 

        In the RE13Zn~58 phases, the DPAPs surrounding the RE1 and RE2 

positions form a regular and rather rigid network (figure 3.11). Figure 3.11a 

shows hexagonal channels and cubic interstices formed by RE2-centred DPAPs. 

RE1-centred DPAPs (light grey, figure 3.11b,) fill in the space between RE2-

centred DPAPs (figure 3.11c). This completes the description of the prototype 

structure. 
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  (a)                                                          (b) 

Figure 3.10. Capping schemes of DPAPs centred by RE1 and RE2 atoms. (a) The RE1-
centred DPAP is capped on both pentagonal faces by RE3 atoms. (b) The RE2-centred DPAP 
is capped by an RE3 atom on one side and by a Zn10 atom on the other side. 
 
                           

                          (a)                                                 (b)                                                   (c) 

Figure 3.11. Assembly of the network of DPAPs surrounding RE1 and RE2. View 
along [001] (a) RE2-centred DPAPs (olive) form hexagonal channels and cubic 
interstices. (b) RE1-centred DPAPs (light grey). (c) RE1-centred DPAPs fill in the 
space between RE2-centred DPAPs and forms a rigid network.  
 
 
        The prototype structure is only realized for the compounds Ce13Zn58 and 

Pr13Zn58. Therefore the structure model of Ce13Zn58 was used as a starting point 

for the entire family of structures. 
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3.2.2 Structural descriptions and discussion 

Three different disorder mechanisms come into play in the RE13Zn~58 system.  

        Disorder mechanism I is the partial replacement of an RE atom on the 

hexagonal axis by a pair of Zn atoms (pair exchange mechanism).   

        Disorder mechanism II involves the insertion of additional capping (Zn) 

atoms on the pentagonal faces of the DPAPs, resulting in non-stoichiometry (as 

for disorder mechanism I) and lowering of the symmetry.  

        Disorder mechanism III concerns the partial occupancy of the Zn8 cubes. 

Interacting with disorder mechanism II, it results in a very complicated sine-

wave-like pattern of occupational electron densities in the structure.  

        Due to the different disorder mechanisms, the sequence of RE13Zn~58 

compounds exhibits a large variability in local ordering and diversity of crystal 

systems, as shown in table 3.1. 

        In the following sub-sections, the results for the family are discussed in a 

grouping according to the size of the RE atoms. 

3.2.2.1 The RE13Zn~58 phases containing larger RE elements (RE = Ce, Pr, 

Nd, Sm, Gd, Tb, Dy and Yb) (Paper II) 

In the series, the prototype structure is only realized for the Ce and Pr 

compounds. For these two structures, refinements were possible directly from 

the prototype model. For Nd13Zn∼58, the RE4 position is not fully occupied, but 

partially replaced by a Zn2 dumbbell, Zn13. The Nd compound is the first 

where disorder mechanism I is observed, and it is the only compound in which 

this mechanism has been observed isolated. The partial replacement of the RE4 

position by a Zn2 dumbbell has clear consequences for the immediate 

surroundings. Figure 3.12 shows a typical electron density situation along the 

hexagonal axis in the Nd13Zn∼58 compound. Figure 3.12a shows the electron 

density iso-surfaces generated at the 8.5 eÅ3 level from within the hexagonal 

tunnel. The extended electron densities corresponding to the Nd4 and Zn11 

atoms are clearly seen. In figure 3.12b the disordered model used in the 

refinement is shown. The transparencies of the atoms are proportional to their 
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refined occupancies.  In the case of the Nd compound, the occupancy for the 

Zn2 dumbbell is only 17.6% (conf. table 3.2). This can be interpreted to signify 

that, in most cases, there is no pair exchange, which means that the Nd and Zn 

atom are arranged alternately as shown in figure 3.12c.  In some other cases, 

one of the Nd atoms is replaced by a pair of Zn atoms, causing a short Zn–Zn 

distance and resulting in a displacement of the neighbouring Zn atoms towards 

the neighbouring Nd atoms (figure 3.12d-e). The arrows in the figure indicate 

the expected deformation. Ideally, the presence of the Zn2 dumbbell should 

lead to a displacement of the nearest-neighbouring position Zn11 away from 

the dumbbell, along the hexagonal axis. Because of the disorder, this position is 

however superimposed on the corresponding negative displacement and also on 

the undistorted Zn11 position resulting from a local surrounding of RE4 only. 

This is why the Zn11 atoms have a very large displacement parameter. This 

causes another, and perhaps more important, difference between the prototype 

structure and the Nd compound, which is non-stoichiometry. Therefore the 

refined composition of the Nd compound is Nd12.82Zn58.35 rather than Nd13Zn58. 

 

 
 
 
 
 
 
 
 
 
 
 
Figure 3.12. Arrangement along the rotation hexad in the Nd12.82Zn58.35 compound. 
The transparencies of the atoms are proportional to their refined occupancies. (a) 
Electron density along the hexagonal axis. Note the large extent of the electron 
density corresponding to Zn11. (b) Disordered model used in the refinement. The 
degree of transparency codes for occupancy.  (c) Environment of a local sequence 
Zn11-RE4-Zn11-RE4-Zn11. (d) Environments of local sequences Zn11-RE4-Zn11-
Zn13-Zn13-Zn11. Arrows indicate expected deformation. (e) Environments of local 
sequences Zn11-Zn13-Zn13-Zn11-RE4-Zn11.   
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        The pair exchange mechanism is well known from other systems, in 

ordered form notably in the Th2Zn17 and Th2Ni17 structure types [91-92] where the 

large heteroatom is replaced by a pair of small homoatoms in an ordered 

fashion. There are also numerous such replacements that take place in a 

disordered form in related structures, e.g. in the Cu5Tb family.[93-94] 

        In order to study the different ordering mechanisms in the structures, it is 

instructive to draw a section of the electron density map including the 

hexagonal tunnel and the RE3 capping atoms. Figure 3.13a shows a template 

that is useful for describing the disorder mechanisms I and II occurring in the 

structures. The atomic positions of Zn13a and Zn13b are related to disorder 

mechanism I, and the atomic position of Zn14 is related to disorder mechanism 

II.   

        In figure 3.13 the corresponding electron density maps are shown 

(calculated from Fobs) for compounds containing the larger RE atoms. 

Compared to the template, there is no sign of Zn13 electron densities for the 

compounds containing Ce and Pr, which indicates the absence of disorder 

mechanism I in these two compounds. Exchange mechanism becomes apparent 

in the Nd compound. It is clear that the Zn13 occupancy increases in the 

hexagonal phases as the size of the RE atom decreases from Nd to Dy (table 

3.2). Consequently, the shape of the electron density corresponding to the Zn11 

position changes from circular for the Ce and Pr cases, where the distorting 

influence of Zn13 is absent (figure 3.13b-c), to pronouncedly elliptic for high 

Zn13 occupations in the hexagonal Dy compound (figure 3.13h). In the ordered 

orthorhombic Gd and Tb compounds and the monoclinic Yb compound, 

electron density corresponding to the Zn13 position is absent (figure 3.13j–l).  

        In compounds containing Sm and the later elements Gd, Tb and Dy, 
disorder mechanism II becomes important; an extra electron density (Zn14) 
was observed in the same sections of the electron density maps for these 
compounds. The presence/absence of the atom in position Zn14 is apparent in 
the electron density maps calculated from Fobs (figure 3.13b–l). There is no sign 
of the density at position Zn14 in the compounds containing Ce, Pr and Nd.              
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     Table 3.2. The occupancies of Zn pairs in the tunnel and extra capping atoms 
      in   the hexagonal RE13Zn～58 compounds. 

Compound Refined occupancy of 
Zn pair (Zn13) in the tunnel 

Occupancy of the extra 
capping atom(Zn14) 

Ce13Zn58 — — 
Pr13Zn58 — — 
Nd12.82Zn58.35 0.176 — 
Sm12.72Zn59.08 0.283 0.172 
Gd12.71Zn59.50 0.291 0.310 
Tb12.64Zn59.10 0.361 0.127 
Dy12.60Zn59.22 0.403 0.139 
Yb12.61Zn59.82 0.387 0.130 

  
 

The shape of the electron density at the RE3 position is only slightly elliptic for 

Ce, Pr and Nd compounds, perhaps a manifestation of the rather long RE–Zn 

distances for this atom. From Sm, the appearance of electron density 

corresponding to the position of Zn14 is noticeable. The shape of the electron 

density at the RE3 position is strongly elliptic for the disordered hexagonal Sm, 

Gd, Tb, Dy and Yb phases. On the other hand, the shape is almost perfectly 

circular for the ordered orthorhombic Gd and Tb compounds and for the 

monoclinic Yb compound (figure 3.13j-l). 

        In the hexagonal structure, the RE3 position is displaced away from the 

mirror plane on which it was supposed to be located, which results in the 

breaking of the centro-symmetry. In orthorhombic structures, the mechanism is 

the same, and the mirror symmetry is indeed violated. However, the enlarged 

unit cell allows for the presence of an n glide that supplants the mirror 

symmetry. This n glide is indeed present in the orthohexagonal setting of the 

centro-symmetric space group P63/mmc (Cmcm), where the mirror plane 

perpendicular to the c axis generates an n glide in conjunction with the C-

centring. Generally, the inclusion of Zn14 leads to a lowering of the symmetry 

to P63mc and a deformation of the RE3 position away from the mirror plane 

perpendicular to the hexagonal axis of the hexagonal phases. However, for the 
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             (a) Template                                (b) Ce13Zn58                               (c)  Pr13Zn58               

             
         (d) Nd12.82Zn58.35                                       (e)  Sm12.72Zn59.08                                    (f) Gd12.71Zn59.50 

        
               (g) Tb12.64Zn59.10                         (h)  Dy12.60Zn59.22                               (i) Yb12.61Zn59.82                                 

       
          (j) Gd13Zn59(ortho)                                     (k) Tb13Zn59(ortho)                               (l) Yb13Zn59(mono) 

 
Figure 3.13. Electron density maps (calculated from Fobs) showing the disorder 
mechanisms. (a) template for all the compounds. (b) and (c) show that there is no sign 
of disorder in Ce and Pr compounds. (d) to (i) show the two types of disorder 
mechanism in the hexagonal phases. (j) to (l) show the ordered Gd, Tb and Yb 
compounds.   
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Yb compound (figure 3.13i), lowering the symmetry to P63mc made the 

refinement worse. Therefore the P63/mmc symmetry was retained. 

        When the Zn14 position is fully occupied, which corresponds to 1/3 

occupancy of the equivalent position in the hexagonal compounds, the structure 

becomes ordered. This is the case for the orthorhombic Gd and Tb compounds 

and for the monoclinic Yb compound. In these compounds, the inclusion of a 

fully occupied Zn14 position leads to a major displacement of the atom in 

position RE3. In figure 3.14a-b, two different situations of the capped DPAPs 

in the ordered orthorhombic Tb compound are compared. Note how the atomic 

position RE3 is distorted due to the insertion of the Zn14 atom. Interestingly, 

for these compounds the zinc dumbbells are unoccupied, and consequently the 

RE4 position is fully occupied. While the occupancy of the Zn13 position 

varies monotonically with the size of the RE, the occupancy of the capping 

atom Zn14 shows no obvious trend (conf. table 3.2). It is quite conceivable that 

both positions allow for some compositional flexibility, as is obviously the case 

for the Gd, Tb and Yb compounds.     
 

 

 

 

 

 

 

 

 

                                                                                                                                              

                                      (a)                                                          (b) 

Figure 3.14. Comparison between the capped DPAP of RE2 atoms in the various 
situations that arise in the Tb compounds. (a) RE capped DPAP, (b) RE and Zn14 
capped DPAP. Note the mutual distorting influence of the atomic positions RE3 and 
Zn14. 
 

         Disorder mechanism II can be considered to be related to the size of the 

RE atoms: as the size of the rare earth atom decreases, the spaces between the 
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atoms expand, and this leads to the creation of an increasingly lager interstitial 

position for a Zn atom.   

3.2.2.2 The RE13Zn~58 phases containing smaller RE elements (RE = Ho, Er, 

Tm and Lu) (Paper V) 

In contrast to the phases containing larger lanthanide atoms, which mainly 

crystallize in hexagonal systems, the smaller lanthanides Ho, Er, Tm and Lu all 

yield phases that crystallize in the orthorhombic system, and they all form 

superstructures. Hereafter, they are collectively referred to as orthorhombic 

systems. It is notable that the Ho compound is refinable in the centro-

symmetric space group Pcmn, while the immediately preceding, lighter, 

hexagonal congeners crystallize in the acentric group P63mc.  

        The fundamental building block of the orthorhombic structures is the same 

as that of the hexagonal structures. In addition to the atomic positions in the 

hexagonal structures, several partially occupied Zn positions, ZnX1, ZnX2, 

ZnX3, ZnX4, and ZnX5, are introduced in the orthorhombic structures. 

        To inspect whether disorder mechanisms I and II operate in the 

orthorhombic system, the same 13Å * 13Å section of the electron density map 

as was previously used for the hexagonal system is again employed.[46] 

(compare figure 3.13a–l). For ease of comparison, atomic labels used in the 

hexagonal structures are maintained as far as possible for describing the 

corresponding atomic positions in the orthorhombic structures. 

        In the Ho compound (figure 3.15a), no Zn2 dumbbell appears in the 

electron density map, but an interstitial atom that corresponds to the position of 

Zn14 is clearly evident, indicating the existence of disorder mechanism II but 

not disorder mechanism I. In fact, the Ho compound is the only compound in 

which disorder mechanism II has been observed independently from disorder 

mechanism I among these four compounds. For the Er–Lu compounds, the 

Zn14 atoms can be clearly seen in the electron density map, indicating the 

occurrence of disorder mechanism II. Furthermore the Zn2 dumbbell is evident 

in the electron density map of Er and Tm compounds (figure 3.15b–c), and 

even more pronounced for the Lu compound (figure 3.15d). Thus, both 
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disorder mechanisms I and II come into play in the Er, Tm, and Lu compounds. 

Similar to the hexagonal systems, the occupancy of the Zn2 dumbbell in 

orthorhombic systems gradually increases as the size of the rare earth atom 

decreases from Ho to Lu. However, there is no obvious trend for the occupancy 

of the Zn14 atom (conf. table 8 in paper V).  

 

                                               
(a) Ho13Zn58.71                                                             (b) Er12.89Zn58.82 

         
(c) Tm12.88Zn58.64                                                         (d) Lu12.71Zn58.54 

 
Figure.3.15. Electron density maps (calculated from Fobs) showing disorder 
mechanism I and disorder mechanism II.  
         

        The structures of these four compounds are much more complex than their 

counterparts with the larger lanthanides.[46] In addition to disorder mechanisms 

I and II, disorder mechanism III caused by the partial occupancy of the cube 

interstitials comes into play. Interacting with disorder mechanism II, it results  
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in a sine-wave-like electron density variation permeating the structure along the 

orthorhombic b direction.  

        Disorder mechanism III is clearly visible in the electron density maps 

created from Fobs (figure 3.16I), whereas in the hexagonal system there is no 

indication of such a disorder mechanism for the Ce compound (figure 3.16eI). 

Figure 3.16II shows the structures of the orthorhombic compounds. The sine-

wave-like behaviour is clearly seen and may be compared to the simpler 

structure of the Ce compound in the orthorhombic setting (figure 3.16eII). In 

some cases the electron density is quite smooth, indicating very little site 

preference (for example in the Ho compound), while in others it is granular, 

indicating site preference and probably local ordering (for example in the Lu 

compound). The atomic positions used to model the sine-wave-like electron 

density variations form a chain of partially occupied orbits, where simultaneous 

occupancy of neighbouring sites is impossible because of the short mutual 

distances. 

        Because the atomic positions on the chain cannot be described accurately, 

there are many possibilities for the arrangement of coordination polyhedra. We 

must assume local ordering propagating through the crystal, and this leads to 

the formation of rather different local environments. Figure 3.17a illustrates a 

model for the arrangement of the atomic positions on the chain: the Zn atoms in 

green form one set that may all be present simultaneously, and the Zn atoms in 

orange present another possibility. The atoms in yellow are the centres of the 

cubes and coexist with the green ones. Figure 3.17b shows the effect of the 

green set of Zn atoms on the local coordination environment (REZn17 

polyhedron), and figure 3.17c shows the corresponding pattern for the orange 

set (REZn18 polyhedron). Note how the partially occupied Zn positions lead to 

new coordination polyhedra for the RE atom. The propagation of partially 

occupied positions makes it probable that cubic interstices of neighbouring 

REZn17 polyhedra should be centred by Zn, while those next to an REZn18 

polyhedron would probably be vacant. The distortion of the shape of the cubic 

interstices also indicates that this should be the case.   
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             (aI) Ho13Zn58.71                            (bI) Er12.89Zn58.82                    (cI) Tm12.88Zn58.64                               (dI) Lu12.71Zn58.54                              (eI) Ce13Zn58 

                 
             (aII) Ho13Zn58.71                            (bII) Er12.89Zn58.82                 (cII) Tm12.88Zn58.64                             (dII) Lu12.71Zn58.54                            (eII) Ce13Zn58 

                                                        
 
Figure. 3.16. (aI) - (eI), (aII) - (eII) represent the electron density maps and the structures for Ho13Zn58.71, Er12.89Zn58.82, Tm12.88Zn58.64,  Lu12.71Zn58.54 
and Ce13Zn58 compounds, respectively. The larger spheres in red are RE atoms, the smaller spheres are fully occupied Zn atoms (in light grey) and 
partially occupied Zn atoms (in black). The partially occupied Zn atoms permeate the structure along the orthorhombic b direction and result in 
disorder mechanism III in Ho, Er, Tm and Lu compounds, while there is no such phenomenon in Ce compound.       
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                                                                     (a)  

 
                                             
 
 
 
 
 
                                          (b)                                             (c)    

   
Fig. 3.17. (a) A self-consistent model for the arrangement of the atomic positions on 
the chain. The larger red spheres are Er atoms, and smaller grey spheres are the fully 
occupied Zn atoms. The others are partially occupied Zn atoms. In (b), the green set 
of Zn atoms of the local coordination environment form an REZn17 polyhedron, and 
occupancy of the centres of the neighbouring cubes is allowed (yellow). In the 
corresponding pattern for the orange set, an REZn18 polyhedron is formed (c). This 
probably leads to vacant neighbouring cubic interstices. 
 
       There is no simple trend for the Zn content in these compounds. For the 

early hexagonal members of the sequence, the decrease in the atomic radius of 

the RE elements is matched by a decrease in the unit cell volume. When 

disorder mechanism I becomes active, the Zn content increases, and the 

shrinkage in the unit cell volume becomes less apparent. The effect is expected 

to be small, however, because the addition of the Zn2 dumbbells is made at the 

expense of the occupancy of the rare earth in Wyckoff position 2a. As disorder 

mechanism II becomes active, the volumetric shrinkage becomes even less 

pronounced, and the unit cell content peaks for the fully ordered Tb compound 

Tb13Zn59. In this structure, the size of the RE atom is sufficiently small to allow 

for full occupancy of the extra Zn atom, Zn14, while the Zn partial structure is 

still open enough to allow for full occupancy of the cubic interstices.  
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        After the peak value is reached for the compound Tb13Zn59, Zn–Zn 

repulsion becomes dominant. A further decrease in the cell volume now leads 

to a decrease in the Zn content according to disorder mechanism III. Note, 

however, that disorder mechanism I again becomes more pronounced as the 

rare-earth size decreases from Ho to Lu. It would appear that the local 

environment here is less susceptible to the general shrinkage, and thus the 

reduction of the RE size leads to increased space for Zn. However, it should be 

noted that this discussion is a simplification of the behaviour of the system.                     

3.2.2.3 Incommensurately modulated Ho13Zn58 phase (Paper III-IV)  

The incommensurately modulated structure of Ho13Zn58 is unique among the 

members of the RE13Zn∼58 system in terms of modulated superstructure 

ordering. Its structure is essentially the same as the prototype structure, which 

is also composed of REZn15 and REZn16 polyhedra, cubes and hexagonal 

channels. However, it crystallizes in the orthorhombic system, and the REZn15 

and REZn16 polyhedra as well as the cubes are heavily distorted as a result of 

the modulation (figure 3.18). In addition, there exist empty cubes in this 

compound, while all the cubes in the prototype structure are filled (by Zn 

atoms). Nevertheless, empty cubes are not unprecedented in the family: the 

ordered Dy13Zn57,[42] and the disordered Ho13Zn58.71, Er12.89Zn58.82 Tm12.88Zn58.64, 

Lu12.71Zn58.54 compounds [48] also show this feature in their structures.  

                          

                            (a)                                                          (b) 

Figure 3.18. The effect of the modulation. The polyhedra in red are [HoZn16] 
polyhedra in (a) and [CeZn16] polyhedra in (b). The cubes in blue are filled by Zn 
atoms and the one in white is empty. The atoms in black are Zn atoms affected by the 
occupational modulation function. The [HoZn16] polyhedra and the cubes in Ho13Zn58 
are heavily distorted compared to those in the Ce13Zn58 compound. 
 



 52 

        To examine if disorder mechanisms I and II occur in this compound, the 

same section of the electron density map (figure 3.19a) used for the other 

RE13Zn∼58 phases was again adapted. Compared to the template in figure 3.19b, 

there is not any sign of the density at the position of Zn13, indicating an 

absence of disorder mechanism I in this system. The presence of electron 

density at the position of Zn14 indicates the occurrence of disorder mechanism 

II in the system. However, this position is fully occupied, and therefore the 

structure becomes ordered. This phenomenon is reminiscent of the structures of 

the ordered Gd13Zn59, Tb13Zn59 and Yb13Zn59 compounds. 

 

 

 

 

 

 

 
                                   

     (a) Ho13Zn58                                            (b) Template 

Figure 3.19. Electron density map of the incommensurately modulated Ho13Zn58 
compound in (a) is compared to the template in (b). 
 
        The cause of the satellite reflections is quite apparent, since a sine-wave-

like electron density permeates the structure along the orthorhombic b direction 

in the electron density map of the average structure (conf. figure. 3.20). There 

are several possible positions for the atoms located on the chain in these 

compounds. But in their diffraction patterns, there is not any sign of satellite 

reflections, and these compounds are assumed to be disordered. However, for 

the Ho13Zn58 compound the appearance of satellite reflections indicates 

additional ordering, and indeed, the structural solution furnishes a more or less 

well ordered structure of the interstitial Zn atoms that gives rise to the sine-

wave-like electron density. The sine-wave-like chain is modelled by three 

positions of Zn1a, Zn1b and Zn14 (figure 3.20). Each atomic position on the 
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chain is remarkably elongated along the chain, indicating substantial disorder in 

addition to the modulated displacement of these atoms.  

 

 
 
 
 
 
 
 
 
 
 
 
Figure 3.20. Electron density map summed over t and e3 to exhibit the sine-wave-like 
chain. (red: Zn14; green: Zn1a; blue: Zn1b, average positions) 
 
        The modulations of most atoms are described by one positional wave in 

the final model. The exceptions are Zn1a, Zn1b and Zn14; each of these atoms 

was modelled using non-harmonic saw-tooth functions. Figure 3.21a-c show 

the projections of the sawtooth functions applied to the Zn1a atom in x1–x4, 

x2–x4 and x3–x4 sections, illustrating the remarkable displacement of the Zn1a 

atom along all three directions; The Zn1b atom shows large displacements in 

the a and b directions and a smaller displacement in the c direction (figure 

3.22a–c); The Zn14 atom is situated at the apex of the sinusoidal wave, 

therefore its displacement is restricted to some extent to the b direction (figure 

3.23a–c). These three atoms have large displacements along all three directions; 

therefore the sine-wave-like chain is not simply a chain that propagates along 

the b-direction. It’s actually a sinusoidal tube. This sinusoidal tube defines a 

regime where interstitial Zn may reside. If the Zn-content of the tube is low, 

there is no reason for ordering beyond the local scale, since frequent absences 

break the chain of interaction. If the Zn occupancy in the tube is high, the 

ordering reaches beyond the local scale and the long-range order will be 

manifested in the appearance of satellite reflections. The Zn chain propagates 
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1.00 x2
0.86 0.92 1.00 x2
0.86 0.92

-0.95 x2-0.90-0.95 x2-0.90

through the channel through constant Zn–Zn distances, very much reminiscent 

of a composite structure.  Figure 3.24 shows an electron density map summed 

over x and z to demonstrate the composite nature of the structure.   

  

        

                                   

 

 

 

 

 

 

   

                        

 

                            (a)                                      (b)                                    (c)        

Figure 3.21. Electron density maps (calculated from Fobs) showing the modulated 
behaviour of Zn1a in (a) x1–x4, (b) x2–x4 and (c) x3–x4 sections.  
                                             

 

 

 

 

 

 

 

 

 

 

     

                           (a)                                  (b)                                  (c) 

Figure 3.22. Electron density maps (calculated from Fobs) showing the modulated 

behaviour of Zn1b in (a) x1–x4, (b) x2–x4 and (c) x3–x4 sections.  
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                          (a)                                      (b)                                       (c) 

Figure 3.23. Electron density maps (calculated from Fobs) showing the modulated 
behaviour of Zn14 in (a) x1–x4, (b) x2–x4 and (c) x3–x4 sections.  
 
 

  

                   

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.24. Electron density map (calculated from Fobs) showing a composite like 
behaviour of the structure. The image is generated from a summation over a large 
range in x1 and x3. The centre of the map is [0.6 0.75 -0.1]. 
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        An analysis of the interatomic distances between the atoms on the 

sinusoidal chain and its surrounding atoms has been performed. The 

modulation of the interatomic distances between Zn1a as well as Zn1b and 

their surrounding atoms are reasonable.  However there are some short   

distances between Zn14 and its surrounding atoms, and the shortest distance is 

1.926 Å, which is between Zn14 and Zn4d (figure 3.25). The model of the 

Ho13Zn58 structure is not detailed enough to capture all details of the local 

ordering in this remarkable compound, and the restrictions imposed by using 

sawtooth waves makes the description locally unphysical. Adding more detail 

is however impossible because of the paucity of data. The structure may more 

appropriately be described as a composite. But since the Zn atoms on the chain 

are moving in all directions, there is no direction in which to assign a constant 

distance between those atomic positions. Ideally, a model should be 

constructed using the arc length of the tube that twists in 3d as a parameter. 

This parameter, on the other hand, will be a complicated structure in terms of 

the basic structure. Although the overall behaviour is clear, a composite 

structure description is not feasible in this particular case. Therefore the 

modelling of this rather complex structure must be completed using a classic 

modulated approach.  

 

 

 

 

 

 

 

 
 
 
 
 
Figure 3.25. The modulation of the interatomic distances representing the distances 
between Zn14 and the surrounding atoms.  
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3.2.2.4 Commensurately modulated Ce12.60Cd58.68(2) phase  

The compound Ce12.60Cd58.68(2), formerly known as Ce13Cd58, was first reported 

by Roof and Elliot[33] in 1965, and they reported the existence of micro-phases 

in the CeCd∼4.5 composition region. Their study showed that the compound has 

a variable composition and that the variation is manifested in a continuously 

changing superstructure. The precession images from the original paper are 

strongly indicative of a modulated structure. Later, in 1973, Bruzzone et al. 

reported CeCd∼4.5 as a hexagonal P63/mmc phase in a powder diffraction study, 

but without refinement details.[30] In our study, using the single-crystal 

diffraction method, a superstructure ordering was clearly detectible from the 

satellite reflections along the a-axis (hexagonal setting). The crystal that 

yielded the strongest satellite reflections is metrically commensurate and the 

superspace group was determined as Ccmm(α00)00s with α=2/3.  

        The structure of the Ce12.60Cd58.68(2) compound is very interesting from the 

point of view that all three order/disorder mechanisms described in the former 

section come into play and interact with each other.  

        Disorder mechanism I and II are apparent in figure 3.26 (compare to the 

template in figure 3.13). The Ce4 atom in the hexagonal channel was modelled 

using a coupled harmonic function so that the presence of the Ce4 atom 

excludes the simultaneous presence of a Cd2 pair (Cd13). It is evident how the 

pair exchange mechanism (disorder mechanism I) couples to a displacement of 

the position Cd11 above and below the Ce/Cd2 entity, moving away from Cd13 

pairs. The presence of Ce4 in conjunction with the concurrent absence of Cd13 

is seen at the centre of the image. Further, the capping atom Cd14 (disorder 

mechanism II) is also evident in this section. The presence of Cd14, to the left 

of Ce4, causes a displacement of Ce3 away from Cd14. In the final refinement, 

the occupancy of Cd14 was locked to a value complementary to that of Ce4. 

The capping atom Cd14 competes for space not only with Cd13, but also with 

Ce3b. Ce3b behaves like Cd11, moving out of the way of the sphere of 

influence of Cd14 into the next half cell along the hexagonal c-axis. The out-
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of-phase behaviour of subsequent subcells along this direction ensures that this 

mechanism is viable.  

 

Figure 3.26. Projection of electron density map from a section of the [010] zone 

around Ce4 is generated for the t-value 0.95. Horizontal axis is a, vertical axis is c. 

The presence/absence of Ce4 correlates with the absence/presence of Cd13 and 

presence/ absence of Cd14.  

 

        The one remaining occupationally modulated position is the centre of the 

Cd8 cube, Cd12a (disorder mechanism III). Figure 3.27 shows the propagation 

of the modulation between the adjacent channels along the a-direction. It again 

reveals the subtle interplay between occupancies and displacements. When the 

Ce4 atoms are present in neighbouring subcells (left hand side), a large void is 

created in the triangular region created by Ce4–Ce3–Cd5 and leaves sufficient 

space to allow the insertion of Cd14.  On the right hand side, the Ce4 atom is 

replaced by a pair of Cd atoms (Cd13), the triangular region (Ce3–Cd5–Cd13) 

shrinks, and the cubic vertices adjacent to this region are released toward this 

free space. Note how the Cd13 pair fits in the general packing scheme of the 

structure. The void is no longer sufficient for the insertion of the Cd14 atom. 
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The empty cube appears only when the adjacent channels are occupied 

simultaneously by Ce4 atoms. Therefore the occupancy of the Cd14 atom is 

coupled to the absence of the Cd13 pair. The difference of sizes between the 

empty cube and filled cube is quite pronounced. The shortest/longest diagonals 

in the empty and filled cubes are 4.78/5.31 and 5.32/5.93, respectively.   

 
 
 
 
 
 
 
Figure 3.27. Projection of the structure of Ce12.60Cd58.68(2) on the ac plane, showing 
the propagation of the modulation between the adjacent channels. The cubes in blue 
are occupied by Cd atoms and those in white are empty. The larger spheres are the Ce 
atoms; Ce4 in red and Ce3 in orange. The smaller spheres are the Cd atoms; Cd5 in 
light grey, Cd11 in dark grey, Cd13 in purple and Cd14 in yellow. All these atoms are 
modelled by occupational modulation.  
 

        This concerted action also explains the somewhat puzzling sideways 

modulation displacement of the Ce4 position. The absence/presence of atoms 

surrounding the Ce4/Cd13 exchange pair leads to dramatic displacive 

modulations that are best modelled using split positions for these sites. For 

those atoms (Cd1b, Cd1b2, Cd1c, Cd1c2 Cd5a, Cd5a2, Cd12a, Cd14), the 

relative occupancies were fixed to be the same as for the Ce4/Cd13 pair.  

        In conclusion, the study on the compound Ce12.60Cd58.68(2) shows that the 

modulation in this structure is caused by an interplay of the three disorder 

mechanisms.  

3.2.2.5 Trends and Phase distributions in RE13Zn∼58 system 

Generally, the RE elements exhibit a large but smooth decrease in size in the 

series from La to Lu with the exception of the elements Eu and Yb. In table 3.3, 

a survey of all the RE13Zn∼58 phases is given. The RE elements are arranged in 

order of decreasing atomic sizes. The variation encountered among the 

structures of the RE13Zn∼58 phases is remarkably large.  The largest elements, 
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Eu and La, do not form any 13:58 compound. The larger RE elements (Yb, Ce, 

Pr, and Nd) form centro-symmetric structures in the space group P63/mmc. 

These structures show either perfect ordering (Ce, Pr) or disorder mechanism I 

(Yb, Nd), and disorder mechanism I allows the centro-symmetry to be retained. 

As we move to RE elements of intermediate size (Sm, Gd, Tb, Dy), the 

disorder becomes much more pronounced, with both disorder mechanism I and 

II playing a role. The occurrence of disorder mechanism II is accompanied by 

the insertion of a Zn capping atom (Zn14), which breaks the original centro- 

symmetry, lowering it to P63mc. When the occupancy of the Zn14 atom 

reaches 1/3, the disorder turns into the order, and the symmetry is lowered to 

orthorhombic P212121. The monoclinic Pc form of Yb is an outlier in this 

sequence.  For the smaller RE elements beyond Dy the situation becomes much 

more complex; disorder mechanism III concerning the partial occupancy of the 

Zn8 cubes comes into play, breaking the hexagonal symmetry down to 

orthorhombic (centred orthorhombic structures for the Ho compound and non-

centred orthorhombic structures for the Er, Tm and Lu compounds). There is 

another special case for Ho; it shows additional satellite reflections indicating 

an incommensurate ordering in the structure.  

        The phase distribution in the RE13Zn∼58 systems is illustrated in figure 3.28.  

The RE elements are arranged in order of decreasing atomic sizes from Eu at 

the top till Lu at the bottom. It is evident that the hexagonal phases mainly form 

in the region of the larger RE elements and the orthorhombic ones are formed 

in the region of smaller RE elements.  

        The structures and compositions of intermetallic compounds are known to 

be affected not only by the valences and electronegativities of the constituent 

atoms, but also by the relative atomic radii. The electronegativities of RE 

elements vary by less than 10%. The trivalent state is the most common 

valency in the series of RE elements, with the exception of divalent Eu and Yb 

elements. 
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Hexagonal

Monoclinic
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Doesn’t form 13:58 phase

  

Table 3.3. Trends and phase distribution in RE13Zn～58 systems 

RE Atomic 
number Radius (Å) Crystal system of RE13Zn~58 Space group 

Eu 63 1.9945 #  
Yb 70 1.9400 Hexagonal + Monoclinic P63/mmc + Pc 
La 57 1.8695 #  
Ce 58 1.8250 Hexagonal P63/mmc 
Pr 59 1.8200 Hexagonal P63/mmc 
Nd 60 1.8140 Hexagonal P63/mmc 
Sm 62 1.7985 Hexagonal P63mc 
Gd 64 1.7865 Hexagonal + Orthorhombic P63mc + P212121 
Tb 65 1.7625 Hexagonal + Orthorhombic P63mc + P212121 
Dy 66 1.7515 Hexagonal + Orthorhombic P63mc + Pnma 
Ho 67 1.7430 Orthorhombic Pnma + Pc21n(0β0)s0s 
Er 68 1.7340 Orthorhombic Pc21n 
Tm 69 1.7235 Orthorhombic Pc21n 
Lu 71 1.7175 Orthorhombic Pc21n 

       # does not form a 13:58 phase       
 

 

      

 

Figure 3.28. Phase distribution in the RE!3Zn∼58 systems. 
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        Yb forms 13:58 phases. If electronegativity is the main factor in forming 

the 13:58 phases, Eu would be expected to form a 13:58 phase as well. This is 

however not the case. Another indication that electronegativity is not a major 

influence in the systems can be seen in figure 3.29. This is a plot of volume per 

formula unit versus the atomic size of the RE elements. Major discontinuities in 

such a plot may be taken as an indication of valency effects.[95] On the other 

hand, since no significant departures from a smooth curve are observed, the 

major effects have been attributed to the size contraction of the RE elements.   

 

Figure 3.29. The unit cell volume per formular unit vs. metallic radii of the RE 
element. 
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4 Conclusion 
In general, the size of the unit cell decreases with decrease in RE size in the 

RECd6 system (conf. figure 4.1). Eu and Yb are excluded from the series due to 

their different valences from the others in the family. In the earlier and later 

region of the RE elements, the unit cell size decreases remarkably with 

decreasing RE sizes, but on the other hand, in the intermediate region from Gd 

to Dy, the change of the unit cell is slight. The disorder of the tetrahedra inside 

the dodecahedral cavity depends strongly on the size of the unit cell, and 

consequently on the effective size of the RE atoms. RECd6 compounds formed 

with large RE elements show a remarkable diversity of disorders; the smaller 

RE elements lead to smaller central cavities that do not allow for such 

behaviour. Further, none of the compounds in this study shows any occupancy 

of the Cd8 cubes. It would seem that large RE elements tend to expand the Cd 

network, leading to the creation of larger cavities; the Cd8 cubes are able to 

host additional Cd atoms. 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.1. The unit cell dimensions of the RECd6 phases are plotted vs. the size of 
the RE elements. 
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        The RE13Zn~58 system shows a similar trend to the RECd6 system, and the 

changes of the unit cell in the intermediate region are small compared to the 

earlier and later regions (figure 4.2). (Yb is excluded from the series). In figure 

4.3, the Zn content, excluding the Zn pair, is plotted versus the RE size. The 

reason for omitting the Zn2 dumbbell is that it replaces a RE atom, and the 

spatial requirements are somewhat unclear. The full range of the plot may be 

subdivided into three individual ranges; from the dotted vertical line to the left 

is the orthorhombic area, from the solid vertical line to the right is the 

hexagonal area, and in between the two lines is the intermediate area containing 

both the hexagonal and orthorhombic phases. In the 1:6 cubic structures, the 

larger RE elements have higher Cd content (Ce and Pr) and the situation is the 

same as in the orthorhombic area of the 13:58 phases, that the largest, Ho, has 

the highest Zn content.  However, in the hexagonal area, the situation is the 

reversed with respect to the cubic system: the Zn content is the highest for the 

smallest RE element (Sm). In the intermediate area of 13:58 systems, the 

situation is much more complicated, and no clear trend can be seen.   

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.2. The unit cell dimensions of the RE13Zn~58 phases are plotted vs. the size of 
the RE elements.   
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     It is notable that the partially occupied cubic interstices in the cubic 1:1 

approximants are also found in the orthorhombic phases in the 13:58 system. 

There is a very attractive parallel between these two systems. In figure 4.4, the 

electron density map created from Fobs defined by the [111] and [-111] 

directions for PrCd6.12 compound shows the propagation of disorder along the 

cubic space diagonal. The displacement of the tetrahedron encircled by the 

dotted line is coupled with the displacement of its neighbouring cube enclosed 

by the solid line. The information about the presence/absence of the tetrahedron 

propagates to the surrounding Cd8 cubes, distorting them and causing the 

absence/presence of additional Cd in the cubic interstices along the body 

diagonal of the cubic unit cell.  It is reminiscent of the sine-wave-like electron 

density observed in the orthorhombic phase in the 13:58 system (conf. figure 

3.16), where the displacement of the cubic interstices involved in the disorder 

mechanism III is connected with the displacement of its neighbouring atoms on 

the chain. But for the 13:58 phases the relative arrangement of the 

occupationally modulated positions is non-linear, causing a sine-wave-like 

electron density permeating the structure. 

 
 

 

 

 

 

 

 

 

 

 

 
 
Figure 4.3. The Zn content (excluding the Zn pair) within a unit cell is plotted versus 
the RE size. The full range of the plot is subdivided into three individual ranges 
(*Orthorhombic Dy compound is from previous work [42]).  
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Figure 4.4. Electron density map created from Fobs for the PrCd6.12 compound. The 
horizontal direction is [111]. The Cd4 tetrahedron is encircled by the dotted line. The 
centre and two vertices of the cube sitting on the body diagonal are enclosed by the 
solid line. 
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5 Summary and outlook 
Members of two quasicrystal approximant families, RECd6 and RE13(Zn/Cd)~58 

have been synthesized and structural studies have been performed by the 
single-crystal X-ray diffraction method. The formerly assigned prototype 
structures for both systems have been proved to be insufficient for a full 
description.   
        The work on RECd6 quasicrystal approximants is a continuation of a 
previous study on this system, in which the different types of disorder of the 
central Cd4 tetrahedra located in the dodecahedral cavities were examined. The 
compounds formed by larger RE elements show a remarkable diversity of 
disorders on the central cavities and cubic interstices. However, the compounds 
formed by the smaller RE elements in this study all show a similar 
cuboctahedral disorder, and none of them shows any occupancy of the Cd8 
cubes. The size of the unit cell is very much related to the size of the RE 
element.  
        The structures of the RE13Zn～58 and Ce13Cd～58 quasicrystal approximants 
are generally rather more complex than previously reported; the prototype 
structure is only realized for Ce13Zn58 and Pr13Zn58. The rest of the phases show 
measurable compositional variations coupled to subtle structural differences, 
and they exhibit a number of different ordering and disordering modes. The 
major effects for forming different phases have been attributed to the size 
contraction of the RE elements.   
       The phases comprising RE elements of intermediate sizes, such as Gd, Tb 
and Ho, crystallize in two different systems. The phase formed seems to be 
dependent not only on compositions but also on the annealing temperatures. 
Therefore, a study where the influence of both these parameters is probed 
would be very interesting. 
        The Ho compound shows both disordering and incommensurate ordering 
modes. The occurrence of such an extra ordering seems to be dependent on 
subtle compositional differences or, possibly, on the thermal history of the 
sample. The Ce12.60Cd58.68(2) compound has a structure quite distinct from the 
prototype structure. It may be expected that the RE13Cd58 system would also 
show a diversity of order and disorder mechanisms. Therefore an investigation 
on the RE13Cd58 system would be very interesting. 
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Appendixes  
   

 
Appendix I. Crystal data, data collection and refinement parameters for the 
                     structures of RECd6 phases. 
Formula TbCd6 HoCd6 ErCd6 TmCd6 LuCd6 

Molar mass (g/mol) 833.4 839.4 841.7 843.4 849.4 
Temperature of   
measurement (K) 293 293 293 293 293 

Crystal system cubic cubic cubic cubic cubic 

Space group Im 3  Im 3  Im 3  Im 3  Im 3  

a Axis (Å) 15.453(4) 15.423(1) 15.399(4) 15.332(4) 15.330(4) 

Cell  volume (Å3) 3690.1 3668.6 3651.5 3604.1 3602.7 

Z 24 24 24 24 24 

F(000) 8472 8568 8544 8520 8616 

Calculated density 
(g/cm3) 8.998 9.159 9.183 9.279 9.393 

Absorption coefficient 31.5 33.1 34.0 33.7 37.0 

Diffractometer Stoe IPDS Stoe IPDS Stoe IPDS Stoe IPDS Stoe IPDS 

Range  of 2θ (°) 3.7-51.9 3.7-52.0 3.7-52.2 3.7-51.9 9.9-53.4 

Radiation MoKα MoKα MoKα MoKα MoKα 
Observed reflections 
[I>3σ] 

671 672 647 657 694 

Independent reflections 670 651 549 656 598 

Rint (obs/all) 9.41/9.41 5.55/5.56 12.36/12.60 4.58/4.58 6.20/6.31 

Number of parameters 46 45 45 45 45 

R1(obs) 0.0369 0.0249 0.0252 0.0299 0.0327 

wR (all) 0.0661 0.0531 0.0300 0.0492 0.0366 

Absorption correction numerical, 
from shape 

numerical, 
from shape 

numerical, 
from shape 

numerical, 
from shape 

numerical, 
from shape 

Tmin ,                                  
Tmax 

0.0170, 
0.0746 

0.2882, 
0.5186 

0.2810, 
0.5050 

0.0493, 
0.1419 

0.1664, 
0.6645 

Δρmax , Δρmin (e/A3) 6.44, -3.25 1.85, -2.09 1.81, -2.08 2.11, -2.91 2.71, -7.58 
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Appendix II. Atomic coordinates and equivalent isotropic atom displacement  
                       parameters of RECd6 phases (RE = Tb, Ho, Er, Tm, Lu) 
RE Atom Wyck. Occ. x y z Ueq(Å2) 
Tb Cd1a 24g 1/3 0 0.0827(5) 0.0763(5) 0.0950(3) 
Ho Cd1a 24g 1/3 0 0.0830(3) 0.0764(4) 0.088(2) 
Er Cd1a 24g 1/3 0 0.0824(4) 0.0774(4) 0.080(2) 
Tm Cd1a 24g 1/3 0 0.0806(3) 0.0805(4) 0.0773(19)
Lu Cd1a 24g 1/3 0 0.0794(4) 0.0813(5) 0.0750(3) 
Tb Cd2 24g 1 0 0.09218(8) 0.2403(1) 0.0318(5) 
Ho Cd2 24g 1 0 0.09219(6) 0.23985(8) 0.0297(3) 
Er Cd2 24g 1 0 0.09203(7) 0.2396(1) 0.0315(4) 
Tm Cd2 24g 1 0 0.09139(7) 0.23851(9) 0.0357(3) 
Lu Cd2 24g 1 0 0.09106(10) 0.2382(12) 0.0394(6) 
Tb Cd4 16f 1 0.16075(6) 0.16075(6) 0.16075(6) 0.0218(3) 
Ho Cd4 16f 1 0.16075(4) 0.16075(4) 0.16075(4) 0.0180(1) 
Er Cd4 16f 1 0.16066(5) 0.16066(5) 0.16066(5) 0.0185(2) 
Tm Cd4 16f 1 0.1604(1) 0.16050(6) 0.16050(6) 0.0203(2) 
Lu Cd4 16f 1 0.16034(7) 0.16034(7) 0.16034(7) 0.0222(2) 
Tb Cd6 48h 1 0.20034(5) 0.34051(5) 0.11774(6) 0.0175(3) 
Ho Cd6 48h 1 0.20039(4) 0.34041(4) 0.11801(4) 0.0147(2) 
Er Cd6 48h 1 0.20037(5) 0.34038(5) 0.11784(5) 0.0160(2) 
Tm Cd6 48h 1 0.19993(4) 0.34040(4) 0.11711(4) 0.0179(2) 
Lu Cd6 48h 1 0.19981(6) 0.3405(1) 0.1171(1) 0.0198(3) 
Tb Cd7 12d 1 0.40574(11) 0 0 0.0291(6) 
Ho Cd7 12d 1 0.40545(8) 0 0 0.0247(4) 
Er Cd7 12d 1 0.40534(10) 0 0 0.0253(5) 
Tm Cd7 12d 1 0.40520(8) 0 0 0.0255(4) 
Lu Cd7 12d 1 0.4050(1) 0 0 0.0271(7) 
Tb Cd8 24g 1 0 0.34569(7) 0.40417(7) 0.0141(4) 
Ho Cd8 24g 1 0 0.34541(5) 0.40414(5) 0.0114(2) 
Er Cd8 24g 1 0 0.34512(6) 0.40417(6) 0.0128(3) 
Tm Cd8 24g 1 0 0.34428(5) 0.40418(5) 0.0151(2) 
Lu Cd8 24g 1 0 0.34398(8) 0.40437(8) 0.0176(4) 
Tb Cd9 12e 1 0.19033(9) 1/2 0 0.0160(5) 
Ho Cd9 12e 1 0.18956(7) 1/2 0 0.0140(3) 
Er Cd9 12e 1 0.18921(9) 1/2 0 0.0147(4) 
Tm Cd9 12e 1 0.18827(8) 1/2 0 0.0177(3) 
Lu Cd9 12e 1 0.18759(12) 1/2 0 0.0196(6) 
Tb Tb1 24g 1 0 0.29945(4) 0.18909(4) 0.0113(3) 
Ho Tm1 24g 1 0 0.29949(3) 0.18915(3) 0.0112(1) 
Er Er1 24g 1 0 0.29947(4) 0.18887(4) 0.0104(2) 
Tm Ho1 24g 1 0 0.29903(3) 0.18777(3) 0.0114(2) 
Lu Lu1 24g 1 0 0.29881(5) 0.18759(5) 0.0166(3) 
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    Appendix III. Crystal data, data collection and refinement parameters for the  
                          Gd13Zn59, Yb12.61Zn59.82 and Yb13Zn59 structures  

Formula Gd13Zn59 Yb12.61Zn59.82 Yb13Zn59 
Molar mass (g/mol) 5901.7 6093.8 6106.9 
Temperature of measurement (K) 293 293 293 
Space group P212121 P63/mmc Pc 
a Axis (Å) 24.858(2) 14.266(2) 24.811(6) 
b Axis (Å) 14.322(2) 14.266(2) 14.322(6) 
c Axis (Å) 14.054(3) 14.135(2) 14.191(7) 
Cell volume (Å3) 5003.6 2491.5 5056.9 
Z 4 2 4 
F(000) 10408 5355 10653 
Calculated density (g/cm3) 7.832 8.120 8.019 
Absorption coefficient 44.6 51.5 51.1 
Range of 2θ  (°) 3.3 - 48.1 4.4 - 48.2 9.5 - 53.7 
Observed reflections [I>3σ(I)] 10615 787 17261 
Independent reflections 6914 544 11554 
Number of parameters 651 84 698 
Rint (obs/all) 13.30 / 14.24 11.29 / 12.28 8.84 / 8.96 
R1(obs) 8.59 4.13 7.77 
wR (obs/all) 9.48 / 9.71 4.29 / 4.39 7.62 / 7.97 
Absorption  
correction 

Numerical 
From shape 

Numerical 
from shape 

Numerical 
from shape 

Tmin, Tmax 0.0020, 0.0212 0.2521, 0.5326 0.0507, 0.1205 
Δρmax , Δρmin (e/Å3) 8.45, -10.02 5.09, -6.89 10.64, -8.19 

 
 
 
    Appendix IV. Fractional atomic coordinates, occupancies and isotropic ADPs 

                   for the Hexagonal Yb12.61Zn59.82 structure 
Element Atom Wyck. Occ. x y z Uiso/Ueq(Å2) 
Yb Yb1 6h 1 0.54311(7) 0.0862(13)  1/4 0.0097(6) 
Yb Yb2 12k 1 0.20699(4) 0.7930(4) 0.05430(8) 0.0075(4) 
Yb Yb3 6h 1 0.12456(9) 0.87544(9) - 1/4 0.0703(14) 
Yb Yb4 2a 0.613 0 0 0 0.013(2) 
Yb Zn1 24l 1 0.3666(2) 0.0345(19) 0.0993(17) 0.0339(13) 
Yb Zn2 4f 1  1/3  2/3 0.0956(4) 0.0065(13) 
Yb Zn3 2d 1  2/3  1/3  1/4 0.018(3) 
Yb Zn4 12k 1 0.09951(15) 0.1990(3) 0.1588(3) 0.0310(15) 
Yb Zn5 12i 1 0.1959(3) 0 0 0.080(3) 
Yb Zn6 12j 1 0.0827(2) 0.3686(2)  1/4 0.0111(13) 
Yb Zn7 12k 1 0.43714(12) 0.8743(2) 0.1441(2) 0.0101(11) 
Yb Zn8 12k 1 0.60081(13) 0.2016(3) 0.0514(2) 0.0143(12) 
Yb Zn9 12k 1 0.76440(13) 0.23560(13) 0.1585(2) 0.0106(11) 
Yb Zn10 6h 1 0.27049(17) 0.5410(3)  1/4 0.0091(16) 
Yb Zn11 2b 1 0 0  1/4 0.051(4) 
Yb Zn12 6g 1  1/2 0 0 0.069(3) 
Yb Zn13 4e 0.387 0 0 -0.0899(11) 0.017(6) 
Yb Zn14 12k 0.170 0.8826(18) 0.1174(18) 0.081(3) 0.09(2) 
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Appendix V. Fractional atomic coordinates, occupancies and isotropic ADPs for  
                       the orthorhombic Gd13Zn59 structure 
Element Atom Wyck. Occ. x y z Uiso/Ueq(Å2) 
Gd Gd1a 4a 1 0.9813(3) 0.1874(4) -0.0032(5) 0.025(2) 
Gd Gd1b 4a 1 0.9764(3) -0.1868(4) 0.0082(5) 0.028(2) 
Gd Gd1c 4a 1 0.2924(3) -0.5053(5) 0.0064(5) 0.026(2) 
Gd Gd2a 4a 1 0.1473(3) -0.3063(5) 0.1989(5) 0.032(2) 
Gd Gd2b 4a 1 0.1448(3) 0.3096(4) 0.1996(4) 0.024(2) 
Gd Gd2c 4a 1 0.1457(3) 0.3123(5) 0.8014(4) 0.021(2) 
Gd Gd2d 4a 1 0.1488(3) -0.3071(5) 0.8071(5) 0.032(2) 
Gd Gd2e 4a 1 0.4550(3) -0.0026(5) 0.7987(5) 0.028(2) 
Gd Gd2f 4a 1 0.9570(3) -0.4911(5) 0.8038(5) 0.023(2) 
Gd Gd3a 4a 1 0.8140(3) -0.3051(4) -0.0038(6) 0.037(2) 
Gd Gd3b 4a 1 0.8125(3) 0.3124(5) 0.0334(5) 0.038(2) 
Gd Gd3c 4a 1 0.6236(3) 0.4972(6) 0.9772(5) 0.032(2) 
Gd Gd4 4a 1 0.2537(4) 0.0004(5) 0.2519(6) 0.044(2) 
Zn Zn1a 4a 1 0.2499(7) 0.0024(13) 0.0019(15) 0.030(4) 
Zn Zn1b 4a 1 0.9163(7) 0.0048(11) 0.6573(8) 0.016(4) 
Zn Zn1c 4a 1 0.0820(7) -0.4921(11) -0.4991(13) 0.020(4) 
Zn Zn1d 4a 1 0.9180(7) 0.0017(11) 0.3479(8) 0.016(4) 
Zn Zn1e 4a 1 0.4504(6) -0.4036(10) 0.1982(10) 0.016(5) 
Zn Zn1f 4a 1 0.4474(7) 0.3966(11) 0.1980(11) 0.019(5) 
Zn Zn1g 4a 1 0.4499(7) 0.3966(11) 0.8028(8) 0.016(5) 
Zn Zn1h 4a 1 0.4480(8) -0.4093(12) 0.7965(15) 0.033(6) 
Zn Zn1i 4a 1 0.1477(6) 0.4982(13) 0.6991(11) 0.023(5) 
Zn Zn1j 4a 1 0.3481(7) 0.4984(12) 0.8024(11) 0.020(5) 
Zn Zn1k 4a 1 0.0039(9) 0.2528(14) 0.2507(17) 0.034(5) 
Zn Zn1l 4a 1 -0.0085(8) -0.2583(15) 0.7397(15) 0.040(6) 
Zn Zn2a 4a 1 0.6145(8) 0.0909(11) -0.0023(14) 0.026(5) 
Zn Zn2b 4a 1 0.6144(6) -0.1008(9) -0.0017(9) 0.009(4) 
Zn Zn3 4a 1 0.5199(7) -0.0067(13) -0.0049(12) 0.025(5) 
Zn Zn4a 4a 1 0.2103(7) -0.1448(13) 0.1017(13) 0.025(5) 
Zn Zn4b 4a 1 0.2077(8) 0.153(1) 0.0966(10) 0.019(5) 
Zn Zn4c 4a 1 0.1942(8) 0.1379(12) 0.9069(11) 0.025(5) 
Zn Zn4d 4a 1 0.1986(7) -0.1421(12) 0.9143(9) 0.016(5) 
Zn Zn4e 4a 1 0.8465(8) 0.5068(15) 0.0962(13) 0.031(6) 
Zn Zn4f 4a 1 0.8463(7) -0.5112(12) 0.9076(12) 0.023(5) 
Zn Zn5a 4a 1 0.4136(7) -0.2050(13) 0.1388(10) 0.021(5) 
Zn Zn5b 4a 1 0.4206(6) 0.1961(13) 0.1565(9) 0.017(5) 
Zn Zn5c 4a 1 0.4200(7) 0.1979(13) 0.8477(11) 0.022(5) 
Zn Zn5d 4a 1 0.4081(7) -0.1967(11) 0.8511(11) 0.023(5) 
Zn Zn5e 4a 1 0.0660(7) 0.1498(12) 0.1512(12) 0.022(5) 
Zn Zn5f 4a 1 0.0649(6) -0.1476(10) 0.1470(9) 0.008(4) 
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Apeendix V. (continued) 
Element Atom Wyck. Occ. x y z Uiso/Ueq(Å2) 

Zn Zn6a 4a 1 0.0568(7) -0.1574(12) 0.8416(14) 0.028(5) 
Zn Zn6b 4a 1 0.0790(8) 0.1357(13) 0.8589(13) 0.029(5) 
Zn Zn6c 4a 1 0.2649(7) -0.3461(12) 0.1461(9) 0.016(5) 
Zn Zn6d 4a 1 0.2689(8) 0.3294(15) 0.1457(13) 0.034(6) 
Zn Zn6e 4a 1 0.2658(7) 0.3613(12) 0.8447(11) 0.019(5) 
Zn Zn6f 4a 1 0.2709(8) -0.3603(14) 0.8509(17) 0.043(7) 
Zn Zn7a 4a 1 0.0294(8) -0.6494(13) 0.1027(14) 0.029(6) 
Zn Zn7b 4a 1 0.0334(7) 0.6586(10) 0.1098(10) 0.014(5) 
Zn Zn7c 4a 1 0.0285(7) 0.6567(13) 0.8948(12) 0.022(5) 
Zn Zn7d 4a 1 0.0324(7) -0.6523(11) 0.8914(11) 0.016(5) 
Zn Zn7e 4a 1 0.1882(7) -0.4988(13) 0.8921(12) 0.023(5) 
Zn Zn7f 4a 1 0.8144(7) 0.0053(13) 0.3925(10) 0.019(5) 
Zn Zn8a 4a 1 0.3626(7) 0.0591(14) 0.3065(13) 0.036(6) 
Zn Zn8b 4a 1 0.8485(7) 0.3965(12) 0.2440(16) 0.030(6) 
Zn Zn8c 4a 1 0.8507(6) -0.4091(10) 0.2621(8) 0.009(4) 
Zn Zn8d 4a 1 0.8446(8) -0.3861(15) 0.7778(16) 0.044(7) 
Zn Zn8e 4a 1 0.2498(7) -0.202(1) 0.2589(12) 0.022(5) 
Zn Zn8f 4a 1 0.2366(8) 0.1987(15) 0.2828(16) 0.048(7) 
Zn Zn9a 4a 1 0.1093(6) -0.2182(11) 0.0042(13) 0.020(5) 
Zn Zn9b 4a 1 0.1085(7) 0.2316(9) 0.0017(10) 0.018(5) 
Zn Zn9c 4a 1 0.2080(7) -0.3269(12) 0.0018(10) 0.023(5) 
Zn Zn9d 4a 1 0.2057(7) 0.3231(11) -0.0024(14) 0.027(5) 
Zn Zn9e 4a 1 0.5666(7) 0.3976(10) 0.5060(14) 0.025(5) 
Zn Zn9f 4a 1 0.5671(6) -0.4056(10) 0.5003(8) 0.011(4) 
Zn Zn10a 4a 1 0.3703(7) -0.6426(10) 0.9093(9) 0.012(4) 
Zn Zn10b 4a 1 0.5158(6) -0.4985(11) 0.0932(9) 0.011(4) 
Zn Zn10c 4a 1 0.5116(6) 0.4994(12) 0.9099(10) 0.016(5) 
Zn Zn11 4a 1 0.7463(6) 0.9854(12) 0.2655(11) 0.024(5) 
Zn Zn12a 4a 1 0.0039(9) 0.2528(14) 0.2507(17) 0.034(5) 
Zn Zn12b 4a 1 0.3685(8) 0.6354(11) 0.0920(12) 0.021(5) 
Zn Zn12c 4a 1 0.3678(7) 0.6473(12) 0.9092(10) 0.020(5) 
Zn Zn14 4a 1 0.8151(10) 0.3360(12) 0.8250(16) 0.066(8) 
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   Appendix VI. Fractional atomic coordinates, occupancies and isotropic ADPs  
                           for the Monoclinic Yb13Zn59 structure 

Element Atom Wyck. Occ. x y z Uiso/Ueq(Å2) 
Yb Yb1a 2a 1 0.2273(3) 0.4330(7) -0.2546(5) 0.016(2) 
Yb Yb1b 2a 1 0.7297(3) 0.9311(7) 0.7597(5) 0.015(2) 
Yb Yb1c 2a 1 0.2706(3) -0.4354(7) 0.2597(5) 0.016(2) 
Yb Yb1d 2a 1 0.7721(3) 0.0672(7) 0.2460(5) 0.013(2) 
Yb Yb1e 2a 1 0.54512(17) -0.2518(8) -0.2546(4) 0.0117(13) 
Yb Yb1f 2a 1 0.04404(18) 0.2484(8) 0.7608(5) 0.0147(14) 
Yb Yb2a 2a 1 0.3966(3) -0.0615(6) -0.0553(6) 0.0107(19) 
Yb Yb2b 2a 1 0.8975(3) 0.4394(7) 0.5625(6) 0.013(2) 
Yb Yb2c 2a 1 0.1031(3) 0.0596(7) 0.0614(6) 0.016(2) 
Yb Yb2d 2a 1 0.6041(3) 0.5598(7) 0.4451(6) 0.013(2) 
Yb Yb2e 2a 1 0.8975(3) 0.4415(6) -0.0539(6) 0.0120(14) 
Yb Yb2f 2a 1 0.3970(3) 0.9421(7) 0.5613(6) 0.015(2) 
Yb Yb2g 2a 1 -0.3965(3) -0.4440(7) 0.0625(6) 0.0137(19) 
Yb Yb2h 2a 1 0.1022(3) 0.0578(6) 0.4451(6) 0.0122(17) 
Yb Yb2i 2a 1 0.7065(2) 0.2491(7) -0.0504(5) 0.0129(15) 
Yb Yb2j 2a 1 0.20525(19) 0.7488(7) 0.5581(5) 0.0135(15) 
Yb Yb2k 2a 1 0.20183(19) 0.7485(7) -0.0537(5) 0.0123(15) 
Yb Yb2l 2a 1 0.7018(2) 1.2493(7) 0.5592(5) 0.0172(16) 
Yb Yb3a 2a 1 0.0630(3) -0.0600(7) -0.2662(7) 0.037(3) 
Yb Yb3b 2a 1 0.5650(3) 0.4400(6) 0.7758(5) 0.0130(14) 
Yb Yb3c 2a 1 0.4348(3) 0.0580(7) 0.2758(6) 0.0163(17) 
Yb Yb3d 2a 1 0.9361(3) 0.5601(7) 0.2358(7) 0.036(3) 
Yb Yb3e 2a 1 0.8795(2) -0.2510(7) -0.2091(5) 0.0251(17) 
Yb Yb3f 2a 1 0.3816(2) 0.2495(7) 0.7111(5) 0.0169(14) 
Yb Yb4a 2a 1 0.48511(17) 0.25000 -0.02580 0.0156(11) 
Yb Yb4b 2a 1 0.9868(2) 0.7474(8) 0.5188(5) 0.088(3) 
Zn Zn1a 2a 1 0.8172(7) 0.8965(12) -0.0919(14) 0.020(4) 
Zn Zn1b 2a 1 0.3156(6) 0.3996(11) 0.6007(14) 0.015(4) 
Zn Zn1c 2a 1 -0.3157(6) -0.9015(11) 0.1000(13) 0.012(4) 
Zn Zn1d 2a 1 0.1837(6) -0.4005(11) 0.4041(12) 0.010(4) 
Zn Zn1e 2a 1 0.5183(7) -0.1194(12) -0.0913(14) 0.025(4) 
Zn Zn1f 2a 1 0.0161(6) 0.3841(11) 0.6040(13) 0.016(4) 
Zn Zn1g 2a 1 -0.0174(7) 0.1090(12) 0.1007(14) 0.023(4) 
Zn Zn1h 2a 1 0.4807(6) 0.6144(11) 0.4054(13) 0.013(4) 
Zn Zn1i 2a 1 0.0183(7) 0.4069(11) -0.0964(13) 0.029(4) 
Zn Zn1j 2a 1 0.5191(6) 0.9131(11) 0.6015(13) 0.015(4) 
Zn Zn1k 2a 1 -0.5204(6) -0.4232(12) 0.1063(14) 0.023(4) 
Zn Zn1l 2a 1 -0.0200(6) 0.0707(11) 0.4023(13) 0.029(4) 
Zn Zn1m 2a 1 0.3241(6) 0.4574(11) 0.1029(13) 0.012(4) 
Zn Zn1n 2a 1 0.8142(6) 0.9664(11) 0.4161(12) 0.036(4) 
Zn Zn1o 2a 1 0.1774(6) -0.4634(12) -0.0962(13) 0.018(4) 
Zn Zn1p 2a 1 0.6725(6) 0.0387(11) 0.6065(14) 0.021(4) 
Zn Zn1q 2a 1 0.8405(6) 0.9481(12) 0.1001(13) 0.023(4) 
Zn Zn1r 2a 1 0.3327(6) 0.4504(12) 0.4050(13) 0.012(4) 
Zn Zn1s 2a 1 -0.3333(7) -0.9526(13) -0.0927(14) 0.021(4) 
Zn Zn1t 2a 1 0.1650(6) -0.4517(12) 0.5985(13) 0.012(4) 
Zn Zn1u 2a 1 0.2848(6) 0.4393(11) -0.0623(12) 0.019(4) 
Zn Zn1v 2a 1 -0.1515(9) -0.1413(15) 0.6120(17) 0.103(7) 
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   Appendix VI. (continued) 

Element Atom Wyck. Occ. x y z Uiso/Ueq(Å2) 
Zn Zn1w 2a 1 0.7115(6) 0.0637(11) 0.4310(12) 0.015(3) 
Zn Zn1x 2a 1 0.2060(7) 0.5717(12) 0.0897(14) 0.057(5) 
Zn Zn2a 2a 1 0.3320(4) -0.2502(18) -0.7481(8) 0.017(3) 
Zn Zn2b 2a 1 0.8318(4) 0.2486(16) 1.2681(7) 0.014(2) 
Zn Zn3a 2a 1 0.3318(5) -0.2520(14) -0.0942(9) 0.012(3) 
Zn Zn3b 2a 1 0.8327(5) 0.2483(14) 0.5996(9) 0.012(2) 
Zn Zn3c 2a 1 0.8342(5) 0.2478(14) -0.0919(9) 0.012(2) 
Zn Zn3d 2a 1 0.3338(5) 0.7472(14) 0.6010(9) 0.011(2) 
Zn Zn4a 2a 1 0.4487(7) 0.0935(11) -0.1826(12) 0.017(4) 
Zn Zn4b 2a 1 0.9490(7) 0.5966(13) 0.6841(13) 0.023(4) 
Zn Zn4c 2a 1 0.0521(7) -0.1060(12) 0.1702(12) 0.037(5) 
Zn Zn4d 2a 1 0.5521(8) 0.4055(12) 0.3186(14) 0.023(4) 
Zn Zn4e 2a 1 0.4736(6) 0.1058(10) 0.6385(12) 0.013(3) 
Zn Zn4f 2a 1 -0.4753(7) -0.6109(12) 0.1373(13) 0.023(4) 
Zn Zn4g 2a 1 0.0401(8) -0.1045(14) 0.3554(16) 0.055(6) 
Zn Zn4h 2a 1 0.6001(5) 0.2470(15) -0.1508(10) 0.018(3) 
Zn Zn4i 2a 1 0.0968(6) 0.7427(15) 0.6532(12) 0.036(4) 
Zn Zn4j 2a 1 0.0992(5) 0.7469(15) -0.1711(9) 0.021(3) 
Zn Zn4k 2a 1 0.5948(5) 0.2506(15) 0.6680(9) 0.019(3) 
Zn Zn4l 2a 1 0.0316(8) 0.5983(14) 0.3618(16) 0.044(6) 
Zn Zn5a 2a 1 0.6295(6) 0.1570(11) 0.4110(12) 0.015(3) 
Zn Zn5b 2a 1 0.9094(8) 0.8840(13) 0.4448(15) 0.049(5) 
Zn Zn5c 2a 1 0.0896(10) -0.4000(17) -0.068(2) 0.076(8) 
Zn Zn5d 2a 1 -0.6308(7) -0.6620(13) -0.0925(13) 0.022(4) 
Zn Zn5e 2a 1 0.9025(6) 0.8420(11) -0.0078(12) 0.020(4) 
Zn Zn5f 2a 1 0.4030(6) 0.3447(11) 0.5068(12) 0.011(4) 
Zn Zn5g 2a 1 -0.4045(6) -0.8509(11) -0.0020(12) 0.015(4) 
Zn Zn5h 2a 1 0.0953(7) -0.3501(12) 0.5045(14) 0.026(4) 
Zn Zn5i 2a 1 0.5057(7) 0.0446(12) -0.0297(14) 0.018(4) 
Zn Zn5j 2a 1 0.0042(8) 0.5469(13) 0.5289(14) 0.035(5) 
Zn Zn5k 2a 1 -0.0105(8) -0.0499(15) 0.0433(15) 0.046(5) 
Zn Zn5l 2a 1 0.4948(6) 0.4528(11) 0.4715(12) 0.008(3) 
Zn Zn6a 2a 1 0.4596(8) -0.0847(14) -0.2445(13) 0.024(5) 
Zn Zn6b 2a 1 0.9608(8) 0.4188(14) 0.7551(13) 0.021(5) 
Zn Zn6c 2a 1 0.0398(8) 0.0772(14) 0.2544(12) 0.016(5) 
Zn Zn6d 2a 1 0.5401(7) 0.5781(13) 0.2547(12) 0.011(4) 
Zn Zn6e 2a 1 0.6868(7) 0.3531(13) -0.2443(12) 0.017(5) 
Zn Zn6f 2a 1 0.1818(8) 0.8519(13) 0.7538(12) 0.014(5) 
Zn Zn6g 2a 1 -0.1834(8) -0.3556(14) 0.2550(13) 0.021(5) 
Zn Zn6h 2a 1 0.3172(8) 0.1466(14) 0.2538(13) 0.018(5) 
Zn Zn6i 2a 1 0.6484(8) 0.4673(14) 0.2613(13) 0.019(5) 
Zn Zn6j 2a 1 0.1468(8) 0.9705(14) 0.2480(13) 0.015(5) 
Zn Zn6k 2a 1 -0.1452(8) -0.4741(14) -0.2489(13) 0.023(5) 
Zn Zn6l 2a 1 0.3534(8) 0.0281(14) 0.7578(13) 0.018(5) 
Zn Zn7a 2a 1 0.2777(6) -0.4018(11) -0.1462(11) 0.010(4) 
Zn Zn7b 2a 1 0.7770(8) 0.0955(13) 0.6414(14) 0.021(4) 
Zn Zn7c 2a 1 0.2205(8) 0.4046(12) 0.1437(14) 0.020(4) 
Zn Zn7d 2a 1 0.7215(7) 0.9027(12) 0.3597(13) 0.014(4) 
Zn Zn7e 2a 1 0.7815(7) 0.0895(12) -0.1386(12) 0.016(4) 
Zn Zn7f 2a 1 0.2798(8) 0.5915(13) 0.6493(13) 0.018(4) 
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Apeendix VI. (continued) 
Element Atom Wyck. Occ. x y z Uiso/Ueq(Å2) 
Zn Zn7g 2a 1 -0.2812(8) -0.0971(12) 0.1462(13) 0.018(4) 
Zn Zn7h 2a 1 0.2186(7) 0.4024(12) 0.3577(12) 0.011(4) 
Zn Zn7i 2a 1 0.9355(6) 0.2501(15) -0.1448(10) 0.016(3) 
Zn Zn7j 2a 1 0.4357(6) 0.7470(16) 0.6496(11) 0.021(3) 
Zn Zn7k 2a 1 0.4392(5) 0.7479(14) -0.1419(9) 0.009(3) 
Zn Zn7l 2a 1 0.9397(6) 0.2495(16) 0.6472(11) 0.022(3) 
Zn Zn8a 2a 1 0.1985(7) 0.3519(12) -0.0447(12) 0.017(4) 
Zn Zn8b 2a 1 0.7032(8) 0.8538(13) 0.5499(14) 0.031(5) 
Zn Zn8c 2a 1 0.2995(8) -0.3506(12) 0.0545(14) 0.019(4) 
Zn Zn8d 2a 1 0.8016(6) 0.1564(10) 0.4485(10) 0.006(3) 
Zn Zn8e 2a 1 0.6985(8) 0.8438(13) -0.0464(14) 0.022(4) 
Zn Zn8f 2a 1 0.1976(8) 0.3441(12) 0.5538(13) 0.020(4) 
Zn Zn8g 2a 1 -0.1988(8) -0.8471(13) 0.0524(14) 0.022(4) 
Zn Zn8h 2a 1 0.2986(6) -0.3555(10) 0.4574(11) 0.012(4) 
Zn Zn8i 2a 1 0.5969(5) -0.2517(15) -0.043(1) 0.016(3) 
Zn Zn8j 2a 1 0.0933(5) 0.2505(15) 0.5506(10) 0.016(3) 
Zn Zn8k 2a 1 0.1048(4) 0.2506(14) -0.0497(9) 0.008(3) 
Zn Zn8l 2a 1 0.6090(5) 0.7515(17) 0.5569(11) 0.026(3) 
Zn Zn9a 2a 1 0.1172(7) 0.0950(11) -0.1494(12) 0.013(4) 
Zn Zn9b 2a 1 0.6201(7) 0.5974(12) 0.6633(13) 0.015(4) 
Zn Zn9c 2a 1 0.3814(8) -0.1013(12) 0.1610(13) 0.016(4) 
Zn Zn9d 2a 1 0.8826(7) 0.3976(12) 0.3415(12) 0.014(4) 
Zn Zn9e 2a 1 0.6191(7) 0.6089(12) -0.1572(12) 0.012(4) 
Zn Zn9f 2a 1 0.1183(7) 0.1048(11) 0.6573(12) 0.009(4) 
Zn Zn9g 2a 1 -0.1178(7) -0.6112(12) 0.1603(13) 0.014(4) 
Zn Zn9h 2a 1 0.3800(7) -0.1120(12) 0.3485(14) 0.019(4) 
Zn Zn9i 2a 1 0.7629(5) -0.2513(15) -0.1542(10) 0.015(3) 
Zn Zn9j 2a 1 0.2641(5) 0.2510(14) 0.6625(10) 0.011(3) 
Zn Zn9k 2a 1 0.2722(5) 0.2470(15) -0.1535(10) 0.016(3) 
Zn Zn9l 2a 1 0.7719(6) 0.7461(15) 0.6604(11) 0.023(3) 
Zn Zn10a 2a 1 0.3636(9) -0.1548(16) -0.2481(13) 0.024(5) 
Zn Zn10b 2a 1 0.8632(7) 0.3460(13) 0.7508(11) 0.011(4) 
Zn Zn10c 2a 1 0.1356(8) 0.1551(14) 0.2518(12) 0.014(5) 
Zn Zn10d 2a 1 0.6355(8) 0.6510(13) 0.2555(11) 0.010(4) 
Zn Zn10e 2a 1 0.7312(4) 0.7494(16) 0.2523(10) 0.010(2) 
Zn Zn10f 2a 1 0.2299(5) 1.2485(18) 0.2536(11) 0.019(3) 
Zn Zn11a 2a 1 0.5031(5) 0.2485(18) -0.2506(8) 0.020(3) 
Zn Zn11b 2a 1 1.0001(5) 0.7465(17) 0.7465(8) 0.022(3) 
Zn Zn12a 2a 1 0.7482(9) -0.0051(14) 0.0032(15) 0.028(3) 
Zn Zn12b 2a 1 0.2495(10) 0.4982(15) 0.5047(16) 0.026(3) 
Zn Zn12c 2a 1 0.4923(6) 0.7417(13) 0.0225(11) 0.027(4) 
Zn Zn12d 2a 1 0.9927(7) 0.2434(15) 0.4855(12) 0.039(4) 
Zn Zn14a 2a 1 0.5808(6) 0.0985(11) 0.5709(11) 0.015(3) 
Zn Zn14b 2a 1 0.4172(7) 0.3963(13) 0.0659(14) 0.027(4) 
Zn Znx 2a 1 -0.2228(6) -0.0513(12) 0.5519(13) 0.057(5) 
Zn Znz 2a 1 0.1291(8) 0.6618(14) 0.0967(16) 0.043(5) 
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