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Abstract

This thesis is about complex convexity. We compare it with other notions
of convexity such as ordinary convexity, linear convexity, hyperconvexity
and pseudoconvexity. We also do detailed study about C-convex Hartogs
domains, which leads to a definition of C-convex functions of class C1. The
study of Hartogs domains also leads to characterization theorem of bounded
C-convex domains with C1 boundary that satisfies the interior ball condi-
tion. Both the method and the theorem is quite analogous with the known
characterization of bounded C-convex domains with C2 boundary. We also
show an exhaustion theorem for bounded C-convex domains with C2 bound-
ary. This theorem is later applied, giving a generalization of a theorem of L.
Lempert concerning the relation between the Carathéodory and Kobayashi
metrics.
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Chapter 1

Introduction

1.1 Background

This thesis is about convexity notions in general, and especially complex
convexity. Convexity is an important and fundamental notion that appears
in most fields of mathematics. One example of how convexity naturally
appears in complex analysis is the fact that the domain of convergence for
a power series is logarithmically convex. There is also the Paley-Wiener
theorem which shows a clear connection between a certain class of entire
functions and compact convex sets in Rn. All convex domains are domains
of holomorphy, but the converse is not true. Instead there exists the weaker
concept pseudoconvexity, which can be shown to be equivalent with being a
domain of holomorphy. Some, but not all, theorems which hold for convex
domains, remain valid for pseudoconvex ones.

Convexity concepts that are weaker than convexity but stronger than pseudo-
convexity have been studied, for example by Benkhe and Peschl [BP35] who
introduced linear convexity in C2 using the term Planarconvexität, planar
convexity. Linear convexity has also been studied by Martineau [Mar66] in
his work on the Fantappiè transform. There has been some discrepancy in
the terminology, for example Martineau used the term linéellement convexe
which translates to lineally convex as opposed to linearly convex which is
the term in [APS04]. We will follow the latter terminology throughout this
paper. For a thorough account of the field of convexity, see [Hör94].
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The property of ordinary convexity requires that the intersection between
the set and a real line should be contractible. A weakening is to require
this only for complex lines, which are of real dimension two. This property
lies in between of convexity and pseudoconvexity and one calls it complex
convexity, usually abbreviated as C-convexity. In one complex variable this
property is not so interesting because it only specifies whether the set is
contractible or not, and some of the theorems about complex convexity
apply only in the case of two or more dimensions.

1.2 Summary

In Chapter 2 we exhibit the some of the convexity concepts that occur in
complex analysis. We recall some inclusion and exclusion relations among
these concepts. However, there seem to remain some open issues regarding
pseudoconvexity and local linear convexity. We also recall some properties
of defining functions and distance functions of domains satisfying different
convexity conditions. These properties reveal some great similarity between
the various convexity notions. We also provide a geometrical tool that can
be used to determine whether or not Hartogs domains in C2 are C-convex,
see Lemma 2.2.1. The strength this method is that instead of looking at
complex affine lines in C2, we consider cones in R3. Even though the lemma
is very simple, it is the intuitive foundation on which most of our later results
are built.

In Chapter 3 we focus on complex convexity and linear convexity. We in-
vestigate properties of linearly convex Hartogs domains in C2 according to
the ideas in Chapter 2. In the case of Hartogs domains with a C1 defining
function, we can formulate a property that precisely characterizes the linear
convex ones, see Lemmas 3.1.10 and 3.1.13. The former lemma is a global
condition on the defining function whereas the latter one is a local condition.
The local condition is significantly harder to prove. We also show that if a
Hartogs domain in C2 having a disc as base domain and a defining function
of class C1, then it is linearly convex precisely if it is C-convex. Putting
these facts together, we have a definition of C-convex functions of class C1.
This definition fits well with the previously known definition of C-convex
functions of class C2, when viewed from the perspective of C. Kiselman’s
important theorem in [Kis96], stating the precisely same theorem for C2

functions. The non linearity of the differential inequality (2.1.2), constitut-
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ing the C2 definition of C-convex functions, leads to significant difficulties
when working with C-convex functions. Kiselman’s theorem can be used
to characterize C-convex bounded domains of class C2. This was done in
[APS04] and the methods used where based on work of C. Kiselman and
L. Hörmander. We use our corresponding C1 result in the same manner
in the C1 case, when adding the extra assumption that the domain full-
fills the interior ball condition for some positive radius, see Therorem 3.2.2.
At the end of the chapter we give an example showing that a theorem of
this type cannot hold when considering general domains, see Example 3.2.6.
For bounded C-convex domains with C2 boundary we are able to find a
method of exhausting the domain with strictly C-convex domains with C∞

boundary, see Theorem 3.2.5

In Chapter 4 we find an application of Theorem 3.2.5 regarding the rela-
tion between the Carathodory and the Kobayashi metrics. Our result is a
generalization of a theorem of L. Lempert stating that the above mentioned
metrics are equal on bounded strictly C-convex domains with C∞ boundary.
We are able to show that the statement also holds for bounded C-convex
domains with C2 boundary.
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Chapter 2

Some Notions of Convexity

2.1 Definitions and notations

We will refer to several different convexity notions, regarding both functions
and sets. For sets we will compare the following notions: convexity, complex
convexity, linear convexity, weak linear convexity, local weak linear convex-
ity, hyperconvexity and pseudoconvexity. We will recall how, under certain
technical conditions, these notions in the order written above, constitute a
chain of weakening notions. Without these technical conditions the situation
becomes more complex and also uncertain. For function we will discuss the
concepts of convexity, complex convexity and plurisubharmonicity. Most
often we will use the abbreviated notation C-convexity insted of complex
convexity. If u is a real valued function of class C1 defined on Cn we will
use the common short notations

uj =
∂u

∂zj
=

1

2

(
∂v

∂xj
− i

∂v

∂yj

)

uj̄ =
∂u

∂z̄j
=

1

2

(
∂v

∂xj
+ i

∂v

∂yj

)

where the function v goes from R2n to R and is defined by

v(x1, y1, . . . , xn, yn) = u(x1 + i y1, . . . , xn + i yn).

If the function u depends of only one complex variable, then we shall often
write uz and uz̄ instead of u1 and u1̄.
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2.1.1 Functions

Definition 2.1.1. Let u be a real valued functions of class C2 defined in a
neighborhood of z0 ∈ C. Then we label the different convexity properties
that u may have at z0 according to the following list:

Convex uzz̄(z0) ≥ |uzz(z0)| (2.1.1)

C−convex uzz̄(z0) ≥ |uzz(z0) − uz(z0)uz(z0)| (2.1.2)

Plurisubharmonic uzz̄(z0) ≥ 0 (2.1.3)

Assume that the function u is of class C2 and depends on n complex vari-
ables, and that we wish to test one of the convexity concepts in Definition
2.1.1 at a point z0 ∈ Cn. Then we consider its restriction to any complex line
passing through z0 and test the concept for this function. More explicitly,
for every unit vector w ∈ Cn we consider the one variable function

f(λ) = u(z0 + λw)

which at λ = 0 should satisfy the condition in Definition 2.1.1 corresponding
to the convexity notion against which we want to test u. To shorten notation,
the plurisubharmonic functions in a domain Ω ⊂ Cn, will sometimes be
referred to with the standard notation PSH(Ω).

2.1.2 Sets

We recall some notions of convexity in the next definition. Later we will
also discuss some of these notions in their strict versions, for example strict
C-convexity.

Definition 2.1.2. Let Ω be a domain in Cn. Then we label the different
convexity properties that Ω may satisfy according to the following list:

Convex – the intersection between Ω and any real line is contractible.

C-convex – the intersection between Ω and any complex line is con-
tractible.

Linearly convex – the complement of Ω is a union of complex hy-
perplanes.
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Weakly linearly convex – for every point p on the boundary of Ω,
there is a complex hyperplane that intersects p but not Ω.

Locally weakly linearly convex – for every point p on the boundary
of Ω, there is a complex hyperplane that intersects p but does not
intersect Ω in a neighborhood of p.

Hyperconvex – there exists a continuous negative plurisubharmonic
function φ defined on Ω such that the set Ωx = {z ∈ Ω : φ(z) ≤ x} is
relatively compact to Ω for all real and negative values x.

Pseudoconvex – there exists a continuous plurisubharmonic function
φ on Ω such that the set Ωx = {z ∈ Ω : φ(z) ≤ x} is relatively compact
in Ω for every real value x.

We will sometimes use the self explanatory abbreviations

C − CC − LC −WLC − LWLC −HC − ψC

for the concepts in Definition 2.1.2.

2.2 Some properties of Hartogs domains in C2

Here we state some simple properties of Hartogs domains in C2 that will be
important when showing exclusion properties for the concepts in Definition
2.1.2. For example, constructing a domain that is locally weakly linearly
convex but not weakly linearly convex. It will also be important later onfor
our work with C-convex functions of class C1.

We will be considering the standard projection of the Hartogs domains, in-
stead of the domains themself. Recall that this projection, which we denote
π, is defined as

π : C2 → C × R≥0 (2.2.1)

(z,w) 7→ (z, |w|).

We denote the coordinates of C × R≥0 by (z, r). The function π sends
complex affine lines to cones. By cones we mean sets of the form {(z, r) :
r = |a + b z|} with a, b ∈ C or sets of the form {(z, r) : z = z0}. The latter
ones will be called degenerate cones. Note that the inverse image of any
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cone is a complex affine line in C2. Fix two distinct points α, β ∈ C2 and let
δL be the distance function between affine complex lines in C2 defined as

δL(l1, l2) = |(l1 − α) − (l2 − α)| + |(l1 − β) − (l2 − β)|.

Here (l − p) denotes the unique point s ∈ C2 such that p + s ∈ l and |s|
equals the distance between the affine line l and the point p. Note that the
topology on the set of affine lines does not depend on the choice of α and
β. The set of affine complex lines with this topology will be denoted L. Fix
a point p ∈ C2, and denote the subset of all lines through p as X. Then
δL will induce the same topology on X as the Fubini-Study metric, when
identifying X with the projetive space P(C). Now we can define a distance
between two cones c1 and c2 as

δC(c1, c2) = inf{δL(l1, l2) : π(l1) = c1, π(l2) = c2}. (2.2.2)

The set of cones with the topology inherited by δC will be denoted Z. We
are now ready for the following lemma.

Lemma 2.2.1. Let D be a bounded open set in C and consider the Hartogs
domain H = {(z,w) : z ∈ D, |w| < g(z)} where g is a continuous function.
Given a point p ∈ C × R≥0 let Zp denote the set of cones that go through p
but does not intersect π(H). Then the following statements hold:

1. H is weakly linearly convex if and only if Zp is non empty for each
point p on the boundary of π(H).

2. H is C-convex if and only if Zp is non empty and connected in Z for
each p on the boundary of π(H).

3. H is C-convex if and only if the intersection π(H) ∩C is contractable
or empty for each cone C ∈ Z.

Proof.
1. Assume that H is weakly linearly convex. Then take a point p ∈ ∂π(H)
and choose a q = (z,w) ∈ π−1(p). Since H is weakly linearly convex there
exists a line lq that goes through q but does not intersect H. Hence the cone



2.2. Some properties of Hartogs domains in C2 11

cp = π(lq) will go through p but not intersect π(H). Therefore Zp is not
empty.

Now assume that Zp is non empty for each point in ∂π(H). Take a point q
on the boundary of H. Let p = π(q). It is clear that p ∈ ∂π(H) and hence
we know that there is a cone cp that passes through p but does not intersect
π(H). Now consider π−1(cp) which will be a union of affine complex lines,
each of them going through p and none of them intersecting H. Precisely one
of them will pass through q. Note that if cp is a degenerate cone, then this
union consists of exactly one affine complex line but the statement remains
true. Hence statement 1 is proved.

2. Given a point q = (z,w) ∈ C2, let Lq denote the set of complex lines that
pass through (z,w) but do not intersect H. Assume that H is unbounded,
which means that the function g is unbounded. Take a point z0 ∈ D let
q0 = (z0, g(z0)) ∈ ∂H, then we claim that Lq0

is empty and hence is H not
even linearly convex and therefore not C-convex. Indeed, let l be a complex
line containing the boundary point q0. If the line l is constant in the first
variable, the it must intersect H in all points (z0, w) where |w| < g(z0). If l
is not constant in the first variable, then it must have a finite slope in the
sense that there exist a constant C > 0 such that |w| < C for all w such
that z ∈ D and (z,w) ∈ l. Hence l intersects H in, among others, all points
(z,w) such that z ∈ D and g(z) > C. This meas that Lq0

is empty and
hence is Zπ(q0) also empty, so the statement is true if H is unbounded.

Therefore we may assume that H is bounded, which according to Theorem
2.5.2 in [APS04], implies that H is C-convex if and only if Lq is non empty
and connected in L for every q ∈ ∂H.

Assume that Lq is non empty and connected in L for every q ∈ ∂H. Because
H is a Hartogs domain, we have that ∂π(H) = π(∂H) and that Zπ(q) =
π(Lq). Since π is continuous not only from C2 to C×R, but also from L to
Z, it is clear that Zπ(q) will be non empty and connected if Lq is non empty
and connected.

What remains is to show that if Lq is empty or not connected, then Zπ(q) is
empty or not connected. The part about emptiness is obvious and therefore
we consider the case when Lq = A ∪ B where A and B are two open and
disjoint sets. Since Lq is bounded, we may assume that both A and B are
bounded. It is clear that the set Lq is closed and that the metric space L is
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complete. Now let

LA = Lq ∩A
LB = Lq ∩B
ZA = π(LA)

ZB = π(LB).

Since A and B are bounded, all of the sets above must be bounded. We
claim that they are also closed. Indeed, since LA∪LB = Lq, we must have
that LA ∪ LB closed, and since the closures of LA and LB are disjoint,
both LA and LB must be closed. Since π is continuous we must have that
ZA and ZB are closed. Now assume that ZA and ZB are not disjoint
and the intersection between them contains a cone c. Let Sq denotes all
affine complex lines intersecting q, which implies that LA = π−1(ZA) ∩ Sq.
Hence booth LA and LB would contain the line π−1(c) ∩ Sq which is a
contradiction. Hence ZA and ZB are disjoint. Since they are both closed
and bounded there exists two open and disjoint sets ZA′ containg ZA and
ZB′ containg ZB. The union of ZA′ and ZB′ contains Zπ(q) which cannot
be connected.

3. Since H is a Hartogs domain we have that H ∩ l is homeomorphic with
π(H)∩π(l) for every affine line l that is not constant in its first coordinate.
For lines l that are constant in their first coordinate, both H ∩ l and π(H)∩
π(l) are contractible. By definition H is C-convex if the intersection between
H and affine complex lines are contractible or empty, hence statement 3 is
proved.

Remark 2.2.2. If the boundedness condition is removed from Lemma 2.2.1,
then part 2 becomes false. To see this, let g be a C∞ non negative concave
function on [1,∞) where g(x) = x for x ≥ 2, g(1) = 0 and g′(1) = ∞. Now
consider the Hartogs domain in C2 defined by

H = {(z,w) : |z| > 1, |w| < g(|x|)}

which is illustrated in Figure 2.1. It is clear that ∂H is C∞ and that it is
weakly linearly convex. Therefore Zp consists of exactly one point for every
p ∈ ∂π(H) and is thus obviously connected. However it is clear that H is
not C-convex. •
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Figure 2.1: A Hartogs domain in C2 that is weakly linearly convex with C∞

boundary, which is not C-convex.

2.3 Relation of concepts

Here we will investigate the relation between the concepts in Definitions
2.1.1 and 2.1.2. We begin with the case of functions.

2.3.1 Functions

The first thing one may note in Definition 2.1.1 is that the definitions of con-
vex and plurisubharmonic function are linear differential conditions. Hence
those inequalities may be interpreted in the sense of distribution theory,
which in particular provides immediate definitions of continuous convex and
plurisubharmonic functions respectively. This is not the case for the C-
convexity definition. The non linearity of inequality (2.1.2) is one of the
biggest difficulties that we have to deal with in this thesis.

If a function is convex or C-convex then it is obviously plurisubharmonic. On
the other hand there are plenty of functions that are plurisubharmonic but
neither convex nor C-convex. The function u1(z) = − log |z|2, considered
outside the origin, gives equality in inequality (2.1.2) and is hence C-convex.
It is clear that u1 is not convex. Next look at the two variable function
u2(z1, z2) = k(z1z̄1+z2z̄2). It is clear that u2 is convex for all k > 0. However
if k is large enough it will not satisfy inequality (2.1.2), and hence it is not
C-convex for large k. The relations between the concepts are illustrated in
Figure 2.2.
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ψ

CC

convex

Figure 2.2: The relation between the function convexity concepts regarding
convexity, C-convexity and plurisubharmonicity in the C2 case.

2.3.2 Sets

Here we will present a more hierarchical structure than the one found among
the function concepts. Our goal is to understand the logic behind Figure 2.3,
which shows the inclusion and exclusion relations between the concepts from
Definition 2.1.2. The relations depend on whether we consider bounded C1

domains or more general ones. We will first investigate the inclusions by
giving arguments and the exclusions by giving examples.

Inclusions

We list the inclusions consecutively and provide argument in each case. First
we consider the general case when Ω is an arbitrary domain in Cn, and after
that we shall add the necessary information for the case when Ω is a bounded
domain with C1 boundary.

C ⇒ CC
Let Ω be a convex domain and consider the intersection between Ω
and a complex line. If the intersection is empty there is nothing to
prove, and hence we assume that the intersection is not empty. Since
both the complex line and Ω are convex, the intersection is convex.
An open convex set is always contractible. Hence Ω is C-convex.

CC ⇒ LC
Here we follow the proof given by Therorem 4.6.8 in [Hör94]. If the
dimension n equals 1 the statement is trivial, since every domain in
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CC

convex

LWLC

WLC

LC

ψ

HC

convex

LWLC  WLC  LC  CC

H Ψ

Figure 2.3: The hierarchy among the convexity concepts in Definition 2.1.2.
To the left we have the situation for arbitrary domains, and to the right we have
the situation for C1 bounded domains. Note the uncertainty, marked with the
dotted line, regarding local weak linear convexity in the general case. In the
genereal case, there are also two lines describing hyperconvexity. The filled line
is valid when completely arbitrary domains are considered, and the dashed line
is valid for domains which does not contain a complex line.

C is linearly convex, so we may assume that n ≥ 2. We shall argue
by contradiction and assume that the C-convex domain Ω does not
contain the origin, but nevertheless any complex hyperplane through
the origin has a non empty intersection with Ω.

We begin with the case when n = 2 and consider the complex hyper-
planes through the origin, parametrized by P1(C), here briefly referred
to as P. Pick a point ζ = (ζ1 : ζ2) ∈ P and consider the complex line
Lζ = {v(ζ1, ζ2) : v ∈ C} in C2 which is independent of the choice of
representative (ζ1, ζ2) of ζ. Since the intersection Xζ = Ω ∩ Lζ is non
empty and contractible we may define a function

Aζ : Xζ → R

such that Aζ(λ(z1, z2)) = A(z1, z2)+arg λ for every λ ∈ C close enough
to 1. Indeed, such a Aζ can be constructed by fixing (a, b) ∈ Xζ , next
defining Bζ(λ(a, b)) = log(λ) for λ close enough to 1, and then defin-
ing Bζ on the whole of Xζ by analytic continuation. This can be done
since Xζ is contractible and does not contain the origin. Now we let
Aζ(λ (a, b)) = Im(Bζ(λ(a, b)). No matter how Aζ is constructed, once
the value at (a, b) is prescribed, Aζ is uniquely determined. Without
loss of generality we may assume that b 6= 0 and consider the neigh-
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borhood around (a : b) given by

ω = {(α : b) : |α− a| < ǫ}

for small ǫ. Then we could extend the function Aζ to a function Aω

defined in Xω = Ω ∩ P−1(ω), where the projection P is defined by
P (z1, z2) = (z1 : z2), by prescribing Aω(α, b) = Aζ(a, b) for |α− a| < ǫ
and extending Aω the same way as we did with Aζ . Note that Aω is
the imaginary part of an analytic function on Xω, and hence it is a
C∞ function on Xω. Since P is compact we may use a partition of
unity of P and construct a C∞ function A defined on the whole of Ω
where A(λz1, λz2) = arg(λ) +A(z1, z2) for z1, z2 ∈ Ω and |1− λ| < ǫz.

Since A(Lζ) is an open interval in R for every ζ ∈ P we may define
a C∞ function φ : P → R such that for every ζ ∈ P, there is a
z = (z1, z2) ∈ Ω with (z1 : z2) = (ζ1 : ζ2) and A(z) = φ(ζ). Moreover,
z is uniquely defined up to multiplication with a positive scalar, and
hence the unit vector z/|z| is uniquely defined. This construction
produces a function from P to C2 \ {0} which by the implicit function
will be C∞. Hence the function F (ζ1 : ζ2) = z/|z| produces a non
vanishing C∞ global section on P. This contradicts a well known
theorem and hence Ω must be lindn.se early convex.

Now consider the case when n > 2 and assume that we know the
statement to be true for any lower dimension. By using the same
argument as above, one can conclude that there is at least one com-
plex line through the origin that does not intersect Ω. Indeed one
of all the complex lines that pass through the origin and lie inside
{(z1, z2, 0, . . . , 0) : z1, z2 ∈ C} must have an empty intersection with
Ω. We may assume that this line equals {z : z2 = . . . = zn = 0}. Let
T be the projection T (z1, . . . , zn) = (z2, . . . , zn). It is clear T (Ω) is C-
convex. Indeed, since T is surjective, for every complex line L ⊂ Cn−1

there is a line L′ ⊂ Cn such that the restriction of T to L′ is a home-
omorphism onto L. Further more we have L ∩ T (Ω) = T (L′ ∩ Ω)
so L ∩ T (Ω) ∼= L′ ∩ Ω. By induction there is a complex hyperplane
S ⊂ Cn−1 that passes through the origin and does not intersect T (Ω).
Hence T−1(S) does not intersect Ω and the statement is proved.

CC ⇒ HC
Let Ω be a domain that does not contain a complex line, then by
Proposition 3 in [NPZ06], we have that Ω is hyperconvex. Without
this assumption, this statement is false as we shall sea later on.
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LC ⇒ WLC ⇒ LWLC
This is obvious.

WLC ⇒ ψC
If Ω is the whole of Cn, then it is clearly pseudoconvex, and hence
we may assume that Ω is strictly contained in Cn. Since Ω is weakly
linearly convex, to any given a point p ∈ ∂Ω, there is a complex hy-
perplane Lp containing p but not intersecting Ω. Hence the boundary
dinstance function δ may be written as

δ(z) = inf
p∈∂Ω

|Lp − z|.

For fixed p ∈ ∂Ω, the function − log |Lp − z|2 is plurisubharmonic.
Hence φ = − log δ2 will be plurisubharmonic since it is the maximum
of plurisubharmonic functions. Now we define ψ(z) = φ(z)+|z|2 which
is also a plurisubharmonic function. Now the sublevel set Ωx = {z ∈
Ω : ψ(z) ≤ x} is relatively compact in Ω for all real values x, hence Ω
is pseudoconvex.

HC ⇒ ψC
Assume that Ω is hyperconvex. Then there exists a continuous neg-
ative plurisubharmonic function φ defined on Ω such that φ tends to
zero when approaching the boundary. Since φ ∈ PSH(Ω) and φ < 0,
the function ψ = −1/φ will be plurisubharmonic. It is clear that
Ωx = {z ∈ Ω : ψ(z) ≤ x} is relatively compact in Ω for every real x.
Hence Ω is pseudoconvex.

Now to the situation when bounded domains of class C1 are considered.
What is left to show is, firstly equality of local weak linear convexity and
complex convexity, and secondly, equality between hyperconvexity and pseu-
doconvexity.

LWLC ⇒ CC
We follow the proof given by Proposition 4.6.4 in [Hör94]. First we
assume only that Ω is a locally weakly linearly convex domain with C1

boundary but not necessarily bounded. Let L be a complex affine line
in Cn. Assume that XL = L ∩ Ω is non empty. Take a point z that
belongs to the boundary of XL as a subset of L, that is z ∈ XL \XL.
Since Ω is locally weakly linearly convex, L cannot be contained in
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the tangent plane at z, hence it has to intersect ∂Ω transversely at z.
From now on we add the assumption that Ω is bounded.

Take two points z0, z1 in Ω and denote the complex line through them
by L1. Assume that z0 and z1 lie in different components of Ω ∩ L1.
Since Ω is connected and has C1 boundary, there is a path γ : [0, 1] →
Ω with γ(0) = z0 and γ(z1) = 1. Let Lt be the complex line through z0
and γ(t) and let S ⊂ (0, 1] be the set where z0 and γ(t) lie in the same
component of Ω∩Lt. It is clear that S is open in (0, 1] and that t ∈ S
for t small enough. Since Lt intersects ∂Ω transversely, any compact
subset of the intersection ∂Ω∩Lt will transform continuously when we
alter t. Since Ω is bounded ∂Ω∩L is compact for all L, hence (0, 1]\S
will also be open in (0, 1]. Therefore 1 ∈ S and Ω ∩ L1 is connected.

Now take a line L where Ω∩L 6= ∅. Since Ω is bounded and L intersects
Ω transversely we must have that L ∩ Ω is homeomorphic to Ω ∩ L′

for small perturbations L′ of L. The set of complex lines such that
L∩Ω 6= ∅ is connected, and any two lines with non empty intersection
with Ω can be connected via a compact path in the topology of affine
complex lines. Hence, to show that L ∩ Ω is simply connected for
all lines intersecting Ω, we only have to show this for one line. Since
Ω is bounded, there is a ball B containing Ω such that ∂B ∩ ∂Ω is
non empty. Without loss of generality we may assume that the origin
lies in ∂B ∩ ∂Ω and that the real tangent plane at the origin is {z :
Im(zn) = 0}. Since Ω is C1 we can introduce the coordinates z′ =
(z1, . . . , zn−1,Re(zn)) and parametrize the boundary around the origin
as

{z : Im(zn) = φ(z′))}
for z′ small and some C1 function φ. Since Ω is included in the sphere
we know that φ(z′) > c|z′|2 for some positive constant c. It is clear
that the complex line L = {(z1, . . . , zn) : z2 = . . . = zn−1 = 0, zn = i ǫ}
has the property that Ω ∩ L is simply connected for small ǫ.

ψC ⇒ HC
Let Ω be a pseudoconvex domain with C1 boundary. Then, by Propo-
sition 1 in [KR81], there exists a negative plurisubharmonic continuous
function φ that tends to zero when approaching the boundary. If Ω is
bounded, the subdomains {z ∈ Ω : φ(z) ≤ x} are compact for all real
and negative values x. Hence Ω is hyperconvex.

Remark 2.3.1. As pointed out in Remark 2.2.2 it is essential that the C1

domain Ω is bounded in order to deduce that if Ω is locally weakly linearly
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convex, then it is also C-convex. What fails in the proof LWLC ⇒ CC
above are two things. Firstly, and quite obviously, there is no ball in C2

of which H is a subset. Secondly, and more interesting, the topology of
H ∩ L is different for different lines L with H ∩ L 6= ∅. To see this we
only have to consider the intersections between H and the two different
lines {(z,w) : z = 2} and {(z,w) : w = 1}. This happens even though every
complex affine line intersecting H, intersects the boundary ofH transversely,
a fact that applies for all locally weakly linearly complex domains ω with C1

boundary, as seen in the argument above. To get a picture of what is going
on, we may consider the cone C = {(z, r) : r = |z − 2|}. The intersection
between the cone and π(H) is contractible. However, let Cǫ be the cone
{(z, r) : r = (1 − ǫ)|z − 2|}, then the intersection between π(H) and Cǫ is
not simply connected for any positive ǫ < 1. Hence, the statement that small
perturbations of the complex affine lines do not alter the topology for the
intersection between the line and the weakly linearly complex C1 domain Ω,
is not correct if Ω is unbounded. This can be understood alternatively by
noting that the complex line L = {(z,w) : w = z − 2} has a non transverse
intersecting point with the boundary of H at the point at infinity. •

Exclusions

A = CC \ C
Consider that Hartogs domain

H = {(z,w) : |z| < 1, |w|2 < h(z) = |2 − z|2}.

Since the base domain of this Hartogs domain is a disc and the defining
function h is C2, a theorem due to Kiselman, see [Kis96], implies that
H is C-convex precisely if u = − log h is C-convex as a C2 function.
Calculating the important derivatives we get

uz = − 1

z − 2
,

uzz̄ = 0,

uzz =
1

(z − 2)2
.

The derivatives above give equality when inserted into inequality (2.1.2).
Hence H is C-convex. As claimed in Figure 2.3, there should also be
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Set Bounded C1 Bounded C0 Unbounded C1

A trivial

B does not exist

C does not exist Hard to draw ?

D does not exist ?

E ?

F does not exist ?

Table 2.1: Some domains that show upon exclusion among the concepts in
definition 2.1.2. Questionmark indicates that this us unknown to the author.
We use the abbreviations A = CC \ C, B = LC \ CC, C = WLC \ LC,
D = LWLC \WLC, E = HC \ LWLC, and F = LC \ HC.
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bounded C1 domains in Cn which are C1 and C-convex but not convex.
One can construct such a domain by smoothing off the edges of the
Hartogs domain H, actually this construction was a part of the proof
by Kiselman. More precisely, one wants a family {hr : 0 < r < 1}
of C2 functions defined on the closed disc where hr(z) > 0 if |z| < 1,
− log hr is C-convex inside the open unit disc, hr(z) ր h(z) when
r → 1 if |z| < 1 and hr(z) = 0 if |z| = 1. The last condition guar-
antees that Hr = {(z,w) : |z| < 0, |w|2 < hr(z)} is C1. As shown in
Theorem 2.5.16 in [APS04], {h(z)φr(|z|)} where

φr(x) =

{
1 0 ≤ x < r

1 − (x− r)3/(1 − r)3 r < x ≤ 1

is an example of such a family. The figure in Table 2.1 is drawn with
r = 0.9. It is trivial to construct unboundedC1 domains in Cn that are
C-convex but not convex. Indeed Let X be any bounded contractible
and non convex C1 domain in C, then X×C will be C-convex and C1

but not convex. One often referes to these kind of product domains
as degenerate C-convex domains.

B = LC \ CC
First we give an example of such a bounded domain. Define

H = {(z,w) : |z| < 1, |w| < min(|1 − z|, |1 + z|)}

which is the intersection of two C-convex Hartogs domains. Looking
at the figure in Table 2.1, it seems plausible that H is linearly convex.
To show this, fix a point (z0, r0) belonging to the complement of π(H).
From the proof of Lemma 2.2.1, it is clear that we shall find a cone
containing the point without intersecting π(H). If |z0| > 1 we may
take the degenerate cone {z0} × R≥0. Otherwise we may assume that
Re(z0) ≥ 0 and the we may take the cone {(z, r) : r = r0|z−1|/|z0−1|}
which clearly does not intersect π(H) However, intersecting π(H) with
the cone {(z, r) : r = 11/10} and using Lemma 2.2.1 we conclude that
H is not C-convex.

For the C1 unbounded case, see Remark 2.2.2.

C = WLC \ LC Here we refer to Example 2 in [Hör94] on page 297. As
mentioned later on, if H is a Hartogs domain in C2, then it is locally
linearly convex if it is weakly locally linearly convex. Hence there is
no such counterexample in this case. That is why it written, ”hard to
draw” in Table 2.1.
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D = LWLC \WLC
Here see Remark 3.1.15 and Figure 3.5.

E = HC \ LWLC
Consider the torus T = {(z,w) : (2 − |z|)2 + |w|2 < 1}. Obviously
T is not C-convex. Since it is bounded and C1 it can according to
the statements illustrated in Figure 2.3, not be locally weakly linearly
convex. However it is hyperconvex. To show this we define g(z) =
(2 − |z|)2 and calculate

gzz̄(z) = ∂zz̄(|z|2 + 4|z| + 4) = 1 − 1/|z|

which is positive on the domain |z| > 1. Hence g is pseudoconvex
on T . Let h(z,w) = g(z) + |w|2 − 1. Then h is a continuos and
negative pseudoconvex function on T . It it clear that the sublevet sets
{(z,w) ∈ T : h(z,w) ≤ x} are relatively compact in T for all real and
negative valuex x. Hence T is hyperconvex.

The torus T is C∞. To find an example of a bounded C0 domain
that is hyperconvex but not weakly linearly convex we only have to
intersect T with a suitable cylinder as suggested by the figure in Table
2.1.

F = LC \ HC
For the bounded C0-case we may consider the Hartogs triangle T =
{(z,w) : |z| < 1, |w| < |z|}. From the picture it is clear that T is
linearly convex. Indeed take a point (z0, r0) in the complement of
π(T ). If |z0| < 1 then the cone C = {(z, r) : r = r0|z|/|z0|} will
intersect (z0, r0) but not π(T ). If |z0| ≥ 1 we may take the degenerate
cone with z-coordinate equal to z0. To show that T is not hyperconvex
one may use the following well known argumentation. Assume that
φ is a negative plurisubharmonic function with φ(z,w) → 0 when
(z,w) → ∂T . The function ψ(z) = φ(z, 0) must be subharmonic on the
punctured unit disc. Because of The removable singularities theorem
for plurisubharmonic functions, see for example page 373 in [JP93],
ψ extends to a subharmonic function on the whole unit disc. By the
Maximum principle, it must be constant. This is a contradiction, hence
T is not hyperconvex.

G = C \ HC
Let Ω = C which is clearly convex. If Ω is hyperconvex there must
exist a continuous plurisubharmonic and negative function φ on C
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such that the sublevel sets Ωx = {z ∈ C : φ(z) ≤ x} are compact for
every negative x. By taking a large ball B with center at origin and
using that φ(0) must greater that or eqaul to the mean value inside
B, one concludes that φ(0) = 0. This is a contradiction, hence C
cannot be hyperconvex. If Ω is convex but not hyperconvex then, as
stated before, Proposition 3 in [NPZ06] implies that Ω must contain a
complex line.

2.4 Relation of properties

2.4.1 Intersection preservation

Considering the exclusion example C = LC \ CC one realizes that com-
plex convexity is not closed under intersection. Each and one of the other
convexity concepts in Definition 2.1.2 are. For convexity, linear convexity
and its different weaker relatives, this is obvious. Since the maximum of
two plurisubharmonic functions is again plurisubharmonic, the intersection
preservation property is clear also for hyperconvexity and pseudoconvexity.
This could be viewed as a weakness for the notion of complex convexity as
it does not satisfy this rather important convexity property.

2.4.2 Distance functions and defining functions

Despite the differences mentioned above, there are big similarities between
the concepts in Definition 2.1.2. The following three propositions show how
the boundary distance function and the defining function characterize the
convexity concepts in the bounded C2 case. We will, when we feel necessary,
point out the ideas of the proofs, instead of giving the full details. The
relevance for us here is not so much the proofs themselves, but rather to
exhibit the simmilarity between the properties of the convexity concepts.
We shall begin by introducting the following two important quadratic forms,
the Hessian and the Levi form:
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Hρ(z,w) =
∑

ρjk̄(z)wjw̄k − Re
(∑

ρjk(z)wjwk

)

, (2.4.1)

Lρ(z,w) =
∑

ρjk̄(z)wjw̄k. (2.4.2)

Note that both forms occur in one or more of the definitions of convex
functions, C-convex functions and plurisubharmonic functions given in Def-
inition 2.1.1. The Hessian also occurs as the second degree term obtained
when Taylor expanding a real valued function ρ depending on n complex
variables. More precisely, if ρ : Cn → R is of class C2 in a neighborhood of
z, then we have

ρ(z + w) = ρ(z) + 2Re
∑

ρj(z)wj +Hp(z,w) + o(|w|2). (2.4.3)

Proposition 2.4.1. Let Ω = {z : ρ(z) < 0} be a domain in Cn where ρ is
a C2 defining function. Then the following properties are equivalent:

i) The domain Ω is convex.

ii) The Hessian (2.4.1) of ρ is positive semidefinite when restricted to the
real tangent plane at any point on ∂Ω.

iii) The function u = − log δ2 is convex near the boundary ∂D.

Proof. First we settle the equivalence i) ⇐⇒ ii). Take a point z ∈ ∂Ω
and let TR

z denote the real tangent plane to Ω at z. If we can show that
TC

z ∩D = ∅ precisely if the Hessian is positive semidefinite at z, we are done.
Since the defining function ρ is defined for values slightly bigger than zero we
can Taylor expand it at z according to equation (2.4.3). If z + w ∈ Tz then
the first term of the Taylor expansion is zero and, hence the condition on the
Hessian is necessary. Now assume that Hρ ≥ 0. Then it is possible to find
(one can copy the perturbation of the defining function made in the proof of
Theorem 3.2.5) a decreasing family of functions ρn ց ρ with Hρn

> 0 which
will define smaller domains Dn. The domains Dn will be strictly convex and
increasing and since D is the union of those, it will itself be convex.

Now we turn to the equivalence i) ⇐⇒ iii). Assume that D is convex.
Then at each point z ∈ ∂D there exists a real tangent plane Tz which does
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not intersect D. We have

δ(w) ≤ δTz
(w) = |w − Tz|

δ(w) = inf
z∈∂D

δTz
(w).

The boundary function δTz
is affine and linear. The infimum of such func-

tions is concave. Hence δ is concave. Since log is increasing and concave,
log δ is concave, and therefore − log δ2 = −2 log δ is convex. Now to the con-
verse. Assume that there exists a non constant convex function f : D → R
such that

Dt = {z ∈ D : f(z) ≤ t}
is compact for all t < m = supz∈D f(z). Now take z1, z2, z3 ∈ D and assume
[z1, z2], [z2, z3] ⊆ D. Let X = {z ∈ [z1, z2] : [z, z3] ⊆ D} and let t0 be the
supremum of f on the union of the line segments [z1, z2], [z2, z3]. Note that
t0 is smaller than the supremum of f on D. Indeed, since D is open and f
is convex and non constant, it cannot attain its supremum at any point of
D. Otherwise it would be constant on every line going through that point
and since D is assumed to be connected f would be constant on the whole
of D. Since D is open, X is relatively open in [z1, z2] . But if z ∈ [z1, z2]
then

[z, z3] ⊆ D ⇒ [z, z3] ⊆ Dt0

since t0 was chosen to be the supremum of f on [z1, z2], [z2, z3], and f attains
its maximum value on line segments at one of the endpoints. But Dt0 is by
assumption compact, which implies that X is also relatively closed in [z1, z2].
Of course z2 ∈ X, so X is not empty which implies X = [z1, z2] and D is
convex. If D is such that − log δ2 is convex then f = − log δ2 + |z|2 is also
convex. Since its level sets stay away from the boundary, Dt is closed. The
|z|2 term makes Dt bounded. Hence the function f = max(− log δ2(z),N)
has the properties described above, and therefore Ω must be convex.

Proposition 2.4.2. Let D = {z : ρ(z) < 0} be a bounded domain in Cn, n >
1, where ρ is a C2 defining function whose gradient is non zero on ∂D. Then
the following properties are equivalent:

i) D is C-convex.

ii) The Hessian (2.4.1) of ρ is positive semidefinite when restricted to the
complex tangent plane at any point on ∂D.

iii) The function u = − log δ2 is C-convex near the boundary.
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Proof. First we do i) ⇒ ii). From the inclusion stated before and illustrated
in Figure 2.3, we know that D is weakly linearly convex. Hence for every
z ∈ ∂D there is a complex tangent plane Tz that does not intersect D. If
z + w ∈ Tz with w such that Hρ(z,w) < 0 we would according to equation
(2.4.3) have ρ(z + rw) < 0 for small r > 0.

ii) ⇒ iii) : Let d = δ2 and fix a point p ∈ D ∩ND, where the open set ND

containing the boundary of D is so small that δ ∈ C2(ND), and every point
in ND has a unique closest point on the boundary. Let V be a neighborhood
of p which is contained in ND ∩D and let q be the closest boundary point
to p. We intend to show that − log d is C-convex in V . Without any loss of
generality we may assume that p = (0, iyn) with yn > 0 and q = 0. As D
is C1 we can locally parametrize ∂D as a graph over the real tangent plane
{yn = 0}. Since the condition on the Hessian is independent of the choice
of ρ as long as ∇ρ is non zero on the boundary, see Remark 2.4.6, we may
assume that

ρ(z) = f(z′,Re(zn)) − Im(zn), ∀z ∈ V,

where z′ = (z1, ..., zn−1), f is C2 and f(0) = fj(0) = 0. Now take a small
w with p + w ∈ V . Of course (w′, i f(w′, 0)) ∈ ∂D and hence, with wn =
un + i vn, we get

d(p + w) ≤ |(p+ w) − (w′, i f(w′, 0)|2 = |i yn + wn − i f(w′, 0)|2

≤ y2
n + 2ynvn + u2

n + f(w′, 0)2

≤ d(z) + 2Re(
∑

dj(z)wj) + |
∑

dj(z)wj |2/d(z) + o(|w|2).

Now we can compare the last line with equation (2.4.3) and conclude that

Hd(z,w) ≤ |
∑

dj(z)wj |2/d(z),

which combined with equations (2.4.1) and (2.1.2) implies that − log d is
C-convex.

iii) ⇒ i) : Since D is C1 and bounded it is, by the inclusion stated before
and illustrated in Figure 2.3, enough to prove that D is weakly linearly
convex. For this we take a point q ∈ ∂D and let p ∈ ND have q as its closest
boundary point. We may assume that p and q are as before. Let w be such
that p+λw ∈ V for all |λ| ≤ 1. Then we define u(λ) = − log d(p+λw) which
implies that u is C-convex in the unit disc U , and hence the corresponding
Hartogs domain

H = Hu
U = {(λ, σ) : |σ|2 < d(z + λw)}
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is C-convex. Then we define the following linear transformation

T : H → D

(λ, σ) 7→ z + λw + (0, ..., 0, σ).

This image domain H̃ = T (H) will be embedded in D and since 0 ∈ ∂H̃, D
and H̃ must be tangential, so L = {z : zn = 0} must be the complex tangent
plane to bothD and H̃ at the origin. Since p+w ∈ ∂H̃ and d(p+w) ≤ |p+w|2
we must have a point a ∈ ∂H̃ with d(p + w) = |p + w − a|2. But H̃ is C-
convex, and hence by the inclusions illustrated in Figure 2.3, lineally convex
so L ∩ H̃ = ∅. Therefore

|p+ w − a|2 = d(p + w) ≤ inf
b∈L

|p +w − b|.

This means that L cannot intersect D near the origin and we are done.

Proposition 2.4.3. Let D = {z : ρ(z) < 0} be a domain in Cn, n > 1
where ρ is a C2defining function whose gradient is different from zero on
∂D. Then the following are equivalent:

i) The domain D is pseudoconvex.

ii) The Levi form (2.4.2) of ρ is positive semidefinite when restricted to
complex tangent plane at any point on ∂D.

iii) The function u = − log δ2 is plurisubharmonic near the boundary.

Proof. We sketch some basic steps in the proof. i) ⇒ ii) : Assume that ii)
is false. Then there exists a point z0 on the boundary of D and a quadratic
polynomial q such that {z : |z0 − z| < ǫ, q(z) < 0} is contained in D and
there is a non zero w with

∑
qj(z0)wj = 0. By Theorem 4.1.25 in [Hör94] D

is pseudoconvex. ii) ⇒ iii) : Assume that iii) is false. By Theorem 4.1.19
in [Hör94] we know that i) is false. However, if i) is false, know by Theorem
4.1.25 in [Hör94] that there is a quadratic polynomial as the one described
above. By the same theorem we deduce that D cannot be pseudoconvex.
iii) ⇒ i) : Obvious.

Remark 2.4.4. As pointed out in the introduction, one example on how
important convexity is for complex analysis is the fact that a domain D is
a domain of holomorphy precisely if it is pseudoconvex. To show this, take
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a compact subset K of D. Then define the analytic convex hull and the
pseudoconvex hull:

ach(K,D) = {z ∈ D : |f(z)| ≤ sup
z′∈K

|f(z′)| ∀f ∈ A(D)},

ψch(K,D) = {z ∈ D : f(z) ≤ sup
z′∈K

f(z′) ∀f ∈ PSH(D)}.

We claim that the following two statements are equivalent:

ach(K,D) ⋐ D ∀K ⋐ D, (2.4.4)

ψch(K,D) ⋐ D ∀K ⋐ D. (2.4.5)

That (2.4.4) implies (2.4.5) is trivial, because if f ∈ A(D) then log |f | ∈
PSH(D). The converse is by far more difficult and the details can be found
in Corollary 4.2.8[Hör94]. The property (2.4.4) is quite easily shown to
be equivalent with − log δ being plurisubharmonic (see Theorem 4.1.19 in
[Hör94]) so it is by Figure 2.3 equivalent with D being pseudoconvex. On
the other hand it is also quite straightforward to prove that equation (2.4.5)
is equivalent with D being a domain of holomorphy, for details see Theorem
2.5.5 in [Hör73]. •

2.4.3 Strict convexity conditions

The three propositions above give us a hint about how to define the strict
counterparts of the convexity notions in Definition 2.1.2. We shall do this
in the C2 case, and according to the inclusions illustrated in Figure 2.3, we
only have to consider convexity, C-convexity and pseudoconvexity.

Definition 2.4.5. Let Ω be the domain {z ∈ Cn : ρ(z) < 0} where the
defining function ρ is of class C2. We label the different convexity properties
that Ω may satisfy according to the following list:

Strict convexity, the Hessian Hρ(z,w) is positive for every z ∈ ∂Ω
and every non zero w such that z +w lies in the real tangent plane at
z.

Strict C-convexity, the Hessian Hρ(z,w) is positive for every z ∈ ∂Ω
and every non zero w such that z+w lies in the complex tangent plane
at z.
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Strict pseudoconvexity, the Levi form Lρ(z,w) is positive for every
z ∈ ∂Ω and every non zero w such that z + w lies in the complex
tangent plane at z.

Remark 2.4.6. In order for the definitions to make sense, we need to show
that the different conditions on ρ are independent of which defining function
ρ we choose. Consider two defining functions ρ1 and ρ2. Then there will be
a positive function h such that ρ1 = hρ2 in a neighborhood of the boundary.
Now take a point z at the boundary, if z + w lies in the complex tangent
plane at z then we have

Hρ1
(z,w) = h(z)Hρ2

(z,w)

Lρ1
(z,w) = h(z)Lρ2

(z,w).

Hence the two Hessians will have the same sign and simmilarly for the Levi
forms. •

Looking at equation (2.4.3) we realize that the domain Ω = {z : ρ(z) < 0}
is strictly C-convex precisely if

ρ(z + w) ≥ cz|w|2, (2.4.6)

for some positive constant cz, all z ∈ ∂Ω, and all w small enough and such
that z + w lies in the complex tangent plane at z. Since this definition
remains valid if ρ is only a defining function of class C1 we can make the
following definition.

Definition 2.4.7. Let Ω = {z : ρ(z) < 0} be a domain in Cn where ρ is a
defining function of class C1. If ρ satisfies inequality (2.4.6), then Ω is called
strictly C-convex.
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Chapter 3

Complex Convexity

3.1 C-convex functions

Here we look at some patterns that show up for C-convex functions and
sets in the C2 case. We shall extract some conditions that do not at first
sight seem to have anything to do with C2, and then use them to make the
following definition.

Definition 3.1.1. Let u be a real valued C1 function defined in a neighbor-
hood of z ∈ C. Then u is called C-convex at z if there is a positive number
δz such that

u(w) ≥ u(z) − log |(w − z)uz(z) − 1|2 (3.1.1)

for every w with |w − z| < δz.

If there exist two positive constants δz and cz such that

u(w) ≥ u(z) − log |(w − z)uz − 1|2 + cz|z − w|2 (3.1.2)

for every w with |w − z| < δz , then u is called strictly C-convex at z. A
function is called (strictly) C-convex in an open set Ω ⊂ C if it is (strictly)
C-convex at each point of Ω. A function depending on several complex
variables is called (strictly) C-convex if the restriction to any complex line
is (strictly) C-convex.
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3.1.1 Some basic comparisons with the C2 case

A basic requirement on Definition 3.1.1 is that it does not contradict the
standard definition for C-convex functions of class C2. The definitions, see
Definition 2.5.15 in [APS04], of a C2 C-convex function, and strictly C-
convex function respectively, from C to R can be stated as the differential
conditions

uzz̄ ≥ |uzz − uz uz|, (3.1.3)

uzz̄ > |uzz − uz uz|, (3.1.4)

whose non linearity provides substantial difficulties in generalizing C-convexity
to lower order of smoothness. The following lemma builds a first bridge be-
tween the two definitions.

Lemma 3.1.2. Let u be a real valued C2 function defined in a neighborhood
of z ∈ C. If u is C-convex at z in the sense of (3.1.1), then it is C-convex
at z in the sense of (3.1.3). Furthermore, u is strictly C-convex at z in the
sense of (3.1.2) if and only if it is strictly C-convex at z in the sense of
(3.1.4).

Proof. First we consider the non strict case. Let A = u(w) − u(z) and
B = − log |uz(z)(w − z) − 1|2. Note that whenever the quantity

x = |uz(z)(w − z)|2 − 2Re[uz(z)(w − z)]

is small, we may write

B = − log(1 + x) = −x+ x2/2 +O(x3).

Expanding A and B in Taylor series and using the above mentioned expan-
sion for B, we get

A = 2Re[uz(z)(w − z)] + uzz̄(z)|w − z|2 + Re[uzz(z)(w − z)2] + o|w − z|2

B = −|uz(z)(w − z)|2 + 2Re[uz(z)(w − z)]

+ 2Re[uz(z)(w − z)]2 +O|w − z|3

= 2Re[uz(z)(w − z)] + Re[(uz(z)(w − z))2] +O(|w − z|3)



3.1. C-convex functions 33

Note that the last equality for B is just a messy reformulation of the triviality
(a2 + ā2)/2 = (a + ā)2/2 − aā. It is clear that (3.1.1) is equivalent with
A − B ≥ 0. Since the condition (3.1.1) has to be valid for all w close
enough to z, we can rotate w− z and write A−B ≥ 0 in its strongest way.
More precisely, if |z − w| is fixed then A − B attains its minimum when
(uzz(z)−uz(z)

2)(w− z)2 is purely real and negative. Hence we end up with

uzz̄(z) ≥ |uz(z)
2 − uzz(z)| +

o(|w − z|2)
|w − z|2 .

Letting w → z proves the non strict case. Now assume that (3.1.2) holds
for w close enough to z. As before we can Taylor expand A − B. However
in this case we can remove the o(|w − z|2) and O(|w − z|3) terms that we
got above when we started out from inequality (3.1.1). This is due to the
cz|w−z|2 term that dominates both the remainder terms. Hence, inequality
(3.1.2) holding for w close enough to z, is equivalent with the inequality

uzz̄(z) ≥ |uz(z)
2 − uzz(z)| + cz ,

and the second statement of the lemma is proved.

Remark 3.1.3. It is clear that one cannot get equivalence in the non strict
statement in Lemma 3.1.2. To see this one may consider the function u =
1 − |z|4 at z = 0. Since all derivatives of order two and lower vanish at the
origin, u will be C-convex at z = 0 in the sense of (3.1.3). However, u is not
C-convex at the origin in the sense of (3.1.1). We will later show that the
two definitions coincide for C2 functions on open sets, rather than at single
points, see Corollary 3.1.14. •

In the C2 case one often works with the function exp (−u) instead of u
for C-convex functions u. One reason for this is the important theorem of
Kiselman which states that if u is a C2-function then the Hartogs domain
{(z,w) : |z| < r, |w|2 < exp(−u(z))} is C-convex precisely if u is C-convex.
We will later show the same thing for C1 functions. In order to do this we
need the following lemma.

Lemma 3.1.4. Let u be a real valued C1 function, h = exp(−u) and g =
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√
h. Pick two points z,w ∈ C, then the following are equivalent

u(w) ≥ u(z) − log |(w − z)uz(z) − 1|2 (3.1.5)

h(w) ≤ |h(z) + hz(z)(w − z)|2/h(z) (3.1.6)

g(w) ≤ |g(z) + 2gz(z)(w − z)|. (3.1.7)

Proof.
We prove the equivalence by showing the following three implications.

(3.1.5) ⇒ (3.1.6)
Plugging in − log(h) = u into (3.1.5) we get the following equivalent
inequalities

− log(h(w)) ≥ − log(h(z)) − log |−hz(z)(w − z)/h(z) − 1|2

h(w) ≤ h(z)| − hz(z)(w − z)/h(z) − 1|2 =
|hz(z)(w − z) + h(z)|2

h(z)

which proves the statement.

(3.1.6) ⇒ (3.1.7)
Plugging in g2 = h into (3.1.6) and one gets

g(w)2 ≤ |2gz(z) g(z) (w − z) + g(z)2|2
g(z)2

= |2gz(z)(w − z) + g(z)|2.

Taking the square root of the left hand side and right hand side re-
spectively proves the statement.

(3.1.7) ⇒ (3.1.5)
Plugging in exp(−u/2) = g into inequality (3.1.7) we get the following
equivalent inequalities

exp(−u(w)/2) ≤ | exp(−u(z)/2) − exp(−u(z)/2)uz(z)(w − z)|
exp(u(z)/2 − u(w)/2) ≤ |1 − uz(z)(w − z)|

u(w) ≥ u(z) − log |uz(z)(w − z) − 1|2

which proves the statement.
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We also need the same kind of lemma for the strict versions of the inequal-
ities.

Lemma 3.1.5. Let u be a real valued C1 function from C and let h =
− exp(u) and g =

√
h. Fix a point z ∈ C. Then for w close enough to z,

the following inequalities are equivalent

u(w) ≥ u(z) − log |(w − z)uz(z) − 1|2 + c1|w − z|2 (3.1.8)

h(w) ≤ |h(z) + hz(z)(w − z)|2/h(z) − c2|w − z|2. (3.1.9)

g(w) ≤ |g(z) + 2gz(z)(w − z)| − c3|w − z|2 (3.1.10)

Here c1, c2, c3 are some positive real constants.

Proof. We prove the equivalence by showing the following three implications.

(3.1.8) ⇒ (3.1.9)
Again, from the proof of Lemma 3.1.4 we know that (3.1.8) implies
that

log(h(w)) ≤ log(h(z)) + log |−hz(z)(w − z)/h(z) − 1|2 − c1|w − z|2

but this clearly implies that

exp(c1|w − z|2) ≤ h(z) |−hz(z)(w − z)/h(z) − 1|2 /h(w)

which implies that

1 + c1|w − z|2 +O(|w − z|4) ≤ h(z) |−hz(z)(w − z)/h(z) − 1|2 /h(w)

which proves the statement.

(3.1.9) ⇒ (3.1.10)
Put in g2 = h into (3.1.9). Then we get the inequality

g2(z) ≤ |g(z) + 2gz(z)(w − z)|
︸ ︷︷ ︸

a

2 − c2 |w − z|
︸ ︷︷ ︸

b

2.

which gives us that
g(z) ≤

√

a2 − c2b2.

Now take a positive number t that is smaller than 1/(2a). Then we
will have

(a− tc2b
2)2 = a2 − 2tc2ab

2 + t2c22b
4 ≥ a2 − c2b

2.
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If we denote c3 = tc2 we can write

g(z) ≤ a− tc2b
2 = |g(z) + 2gz(z)(w − z)| − c3|w − z|2

which proves the statement.

(3.1.10) ⇒ (3.1.8)
From the proof of Lemma 3.1.4 we get that (3.1.10) implies

exp(
u(z) − u(w)

2
) ≤ |1 − uz(z)(w − z)| − (c3|w − z|2) exp(u(z)/2).

If we divide both sides with |1 − uz(z)(w − z)| and apply log on both
sides we get the inequality

u(z) − u(w)

2
−log |1−uz(z)(w−z)| ≤ log

(

1 − c3|w − z|2 exp(u(z)/2)

|1 − uz(z)(w − z)|

)

.

Denoting the right hand side of the inequality above by R1(w), we get
by Taylor expanding in the w variable that

R1(w) = −c3|w − z|2 exp(u(z)/2) + f1(w)|w − z|3

where f1 is a continuous real valued function. Denoting c1 = c3 exp(u(z)/2)
the statement is proved.

In the C2 case it is trivial to show that if a function u : C → R is C-convex
then it is also plurisubharmonic. Indeed if if u fulfills inequality (3.1.3)
then obviously uzz̄ ≥ 0. In the C1 case it is almost as easy. Assume that
u : C → R is C1 and u fulfills inequality (3.1.1). Then we consider the mean
value of u according to

u(z) =
1

|Br(z)|

∫

Br(z)
u(z)dw ≤

≤ 1

|Br(z)|

∫

Br(z)
u(w) + log |(w − z)uz(z) − 1|2dw =

=
1

|Br(z)|

∫

Br(z)
u(w)dw.

The last equality is due to the harmonicity of f(w) = log |(w− z)uz(z)− 1|.
In neither of the situations described it is a problem that we only considered



3.1. C-convex functions 37

C-convex functions of one variable. In both the C1 and C2 cases a function u
dependent of n complex variables is called C-convex precisely if its restriction
to any complex line is C-convex. Hence if a function u is C1 and C-convex
then it is plurisubharmonic.

3.1.2 Strictly C-convex C1 functions.

Here we discuss the concept of a strictly C-convex C1-function, which will be
important in the connection between C-convex functions and weakly linearly
convex Hartogs domains.

Lemma 3.1.6. Let Ω ⊂ C be a bounded open set and let u : Ω → R be
a bounded C1 C-convex function. Then there exists a sequence of strictly
C-convex C1 functions uǫ : Ω → R that decreases uniformly to u on Ω.

Proof. Let h = exp(−u). From Lemma 3.1.4 we know that there exists a
positive function δ on Ω such that

h(w) ≤ |hz(z)(z − w) − h(z)|2/h(z) (3.1.11)

for every z and w such that |w−z| < δ(z). From Lemma 3.1.5 we know that
it will be enough to find a sequence of positive functions hǫ that increases
uniformly to h on Ω and a sequence of positive functions cǫ for which

hǫ(w) ≤ |hǫ
z(z)(w − z) + hǫ(z)|2/hǫ(z) − cǫ(z)|w − z|2

for every z and w where |w − z| < δ(z). To achieve this, consider the
sequence hǫ(z) = h(z) − ǫ(1 + |z|2). Since u was bounded we know that hǫ

will be positive. Now plug in h(z) = hǫ(z) + ǫ(1 + |z|2) into (3.1.11) whose
left hand side L and right hand side R then become

L = h(w) + ǫ
(
1 + |w|2

)

R =
|(hz(z) + ǫz̄)(w − z) + hǫ(z) + ǫ(1 − |z2|)2

hǫ(z) + ǫ(1 + |z|2) =

=
|hǫ(z)(w − z) + hǫ(z) + ǫ (z̄w + 1)|2

hǫ(z) + ǫ(1 + |z|2) ≤

≤ |hǫ(z)(w − z) + hǫ(z)|2
hǫ(z)

+ ǫ
|z̄w + 1|2
1 + |z|2 .
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The last inequality is a consequence of the fact that |α + β|/(r1 + r2) ≤
|α|/r1 + |β|/r2 for all complex α, β and all real and positive r1, r2. What
remains is therefore to show that there exists a real positive function c(z)
such that

c(z) |w − z|2 ≤ (1 + |w|2) − |z̄w + 1|2
1 + |z|2 .

The right hand side of this inequality can be rewritten as

1 + zz̄ + ww̄ + zz̄ww̄ − 1 − zw̄ − wz̄ − zz̄ww̄

1 + |z|2 =

(z − w)(z̄ − w̄)

1 + |z|2 =
|w − z|2
1 + |z|2

Hence we can choose c(z) = 1/(1+ |z|2). Note that since Ω is bounded then
we may in fact choose c(z) to be the positive constant infΩ 1/(1 + |z|2).

The result has a higher dimensional counterpart which we formulate in fol-
lowing corollary.

Corollary 3.1.7. Let Ω ⊂ Cn be a bounded open set and let u : Ω → R be a
bounded C-convex function class C1. Then there exists a sequence of strictly
C-convex C1 functions that decreases uniformly to u on Ω.

Proof. As in the proof of Lemma 3.1.6 we will work with h = exp(−u)
instead of u itself. The converging sequence will in this case be

hǫ(z1, . . . , zn) = h(z1, . . . , zn) − ǫ(1 + |(z1, . . . , zn)|2).

To prove that uǫ = − log hǫ is strictly C-convex we have to show that hǫ

fulfills inequality (3.1.9) on every complex line. Therefore pick a z ∈ Ω and
a point w ∈ Cn with |w| = 1 and consider

f(λ) = h(z + λw)

f ǫ(λ) = hǫ(z + λw) = f(λ) − ǫ|w|2(1/|w|2 + |λ|2).

Now the statement is a direct consequence of the proof of Lemma 3.1.6.

One is sometimes interested in approximating C-convex functions with strictly
C-convex function of class C∞. If the original function is of class C2 this is
not very hard as shown by the following theorem.
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Theorem 3.1.8. Let Ω ⊂ Cn be a bounded open set and let u : Ω → R
be a bounded C-convex function of class C2. Given any relatively compact
and open set E in Ω, then there exists a sequence of strictly C-convex C∞

functions that decreases uniformly to u on E.

Proof. From Lemma 3.1.6 we know that there exists a function v defined in
a neighborhood E′ of E such that v is strictly C-convex in E′ and |u−v| < ǫ
on E′. Now we can regularize v to be C∞. Hence take a φ ∈ C∞

0 (Cn) with
total mass one and define φk(z) = φ(kz) for k > 0. From Theorem 1.3.2 in
[Hör03] we know that the function

vk(z) = (φk ∗ v)(z) =

∫

Cn

φ(z − w)v(w)dw

converges uniformly to v in C2-norm on E. Hence it is clear that for k large
enough, we will have that |vk−u| < 2ǫ on E and that vk is strictly C-convex
on E.

Remark 3.1.9. It would of course be nice if such a theorem could be shown
for C-convex functions of class C1. More precisely the aim should be, given
a C1 function φ on a bounded open set E in Cn that is strictly C-convex
and a realitively compact subset E′ ⊂ E, then for any C∞ function v ap-
proximating the Dirac measure well enough, the convolution φ ∗ v is strictly
C-convex on E′. However it seems to be much harder to show the preser-
vation of the semi differential condition (3.1.1) for C1 functions rather than
the differential condition (3.1.3) for C2 functions, under the operation of
convolution. •

3.1.3 Background to the C1 definition

Let Hu be the Hartogs domain consisting of all (z,w) ∈ C2 such that z lies
in a disc and |w| < exp(−u(z)). From [Kis96] we know that if u is twice
continuously differentiable then Hu is C-convex if and only if u is C-convex
in the sense of (3.1.3). Therefore we could use this information to declare a
continuous or C1 function to be C-convex if all its circular Hartogs domains
are C-convex. However, it is quite difficult to determine whether a Hartogs
domain is C-convex or not. Furthermore, it is more desirable to have a
formula as the definition of a C-convex function instead of a geometrical
condition related to Hartogs domains.
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However, one could try to do the calculations backwards. That is, try to
see which properties of the function u control whether Hu is C-convex or
not. Since the theorem of Kiselman is pretty hard, one can assume that
this will be quite difficult. Having the great similarity between C-convexity
and weak linear convexity in mind, another approach is to consider weakly
linearly convex Hartogs domains. It turns out that this is quite feasible in
the C1 case.

3.1.4 C-convex and weakly linearly convex Hartogs domains

In genereal weak linear convexity does not imply linear convexity, see for
instance Example 2, p. 297 in [Hör94]. However, a Hartogs domain H =
{(z,w) : z ∈ Ω, |w| < g(z)} in C2 is weakly linearly convex if and only if it is
linearly convex. This is almost obvious, indeed take a point (z0, w0) ∈ H, if
z0 /∈ Ω then the line z0×C goes through the point but does not intersect H.
Otherwise, since H is assumed to be weakly linearly convex, there is a cone
C(z) that goes through (z0, g(z)) but does not intersect π(H). Hence the
cone |w0|C(z)/g(z0) will go through the point (z0, |w0|) without intersecting
π(H). This makes it clear that H is linearly convex. Having this equivalence
in mind we will work with the term weakly linearly convex rather than
linearly convex for Hartogs domains.

The following lemma gives a precise answer to the question when a Hartogs
domain in C2 defined by a C1 function is weakly linearly convex.

Lemma 3.1.10. Let Ω be an open set in C and g : Ω → R a positive C1

function. Then the open Hartogs set H={(z, z′) : z ∈ Ω, |z′| < g(z)} is
weakly linearly convex if and only if

g(w) ≤ |2gz(z) (w − z) + g(z)| (3.1.12)

for every pair z,w ∈ Ω.

Proof. According to Lemma 2.2.1, we must show that condition (3.1.12) is
equivalent with Zp being non empty for each point p on the boundary of
π(H). Therefore pick a boundary point p = (z0, r). If z0 ∈ ∂Ω then Zp

is obviously non empty. Hence we may assume that z0 ∈ Ω and r = g(z).
Since g is C1, Zp can consist of at most one point, the tangential cone at
p which we denote Cp. Since Cp is tangential to π(H) at p, it cannot be
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Figure 3.1: The tangential cone to the left and computational triangle to the
right.

a degenerate cone. Hence it is a function of z whose gradient at z0 must
be parallel with the gradient of g at z0. If ∂zg(z0) = 0 then it is clear that
Zp is empty precisely if (3.1.12) is violated. Therefore we may assume that
∇Cp 6= 0 which tells us that the cone Cp(w) has a slope k and a vertex ζp
which can be calculated as

Cp(w) = k|w − ζp|
k = |2gz(z0)|

ζp = z0 −
gz(z0)

|gz(z0)|
g(z0)

|2gz(z0)|

The calculation of ζp and Cp is illustrated in Figure 3.1. Writing the function
Cp in plain text we end up with

Cp(w) = |2gz(z) (w − z0) + g(z0)|

and the lemma is proved.

Remark 3.1.11. Lemma 3.1.10 is strongly inspired by Proposition 1.5 in
[Hör08]. This proposition is based on the both simple and brilliant idea of
characterizing weakly linearly convex domains by a formula involving only
δ and ∇δ. If the domain Ω is C1, then the formula is derived using nothing
else but completely elementary linear algebra. •
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It is well known, see for example Corollary 4.6.9 in [Hör94], that C-convexity
and weak linear convexity coincide for bounded C1 domains. The following
theorem says the same thing for Hartogs domains in C2 where the base
domain is a disc and the defining function is C1.

Theorem 3.1.12. Let D be an open disc in C and g : D → R a positive
C1 function. Then the Hartogs domain H = {(z,w) : z ∈ D, |w| < g(z)} is
weakly linearly convex if and only if it is C-convex.

Proof. Since every C-convex domain is weakly linearly convex, see for ex-
ample Theorem 4.6.8 in [Hör94], all we have to prove is that if H is weakly
linearly convex, then it is also C-convex. Assume therefore that H is weakly
linearly convex. It will be enough to show that H ′ = {(z,w) : z ∈ D′, |w| <
g(z)} is C-convex for every compactly contained disc D′

⋐ D, for then
one can exhaust H with an increasing sequence of C-convex domains H ′.
Hence we may assume that g is greater than some positive constant and of
class C1 in an open set containing the closure of D. According to Lemma
2.2.1, 2, it is enough to show that Zp is connected and non empty for every
p = (pz, r) ∈ ∂π(H). Therefore consider such a point p ∈ ∂π(H). If pz ∈ D
or r < g(pz) then Zp consists of exactly one point and will hence be con-
nected. Therefore we may assume that pz ∈ ∂D and r = g(pz). Without
loss of generality we may assume that D is centred at the origin and that
pz = R1, where R1 is the radius of D. The calculations will be more easy
if we identify C ∼= R2 and consider g as a function of the two real variables
(x, y) and hence pz = (R1, 0). We want to find all cones that pass through
(R1, 0, g(R1, 0)) but do not intersect π(H). One obvious such cone is the
degenerate one consisting of the points (R1, 0, r) where r ∈ [0,∞). This
means that Zp is not empty. All other cones will have finite slope and hence
we may calculate their partial derivatives. Take a non degenerate cone C
that is passing through (R1, 0, g(R1, 0)) but not intersecting π(H). Then,
identifying C with the function from R2 to R whose graph is equal to C, we
must have C ′

y(R1, 0) = g′y(R1, 0). Let v = g′y(R1, 0) and assume first that
v 6= 0. We will parametrize all such cones C by the angle which is given
by the arc starting at the positive x-axis and going counter clockwise to the
line segment connecting the origin and the vertex of the cone. Denoting this
angle β, we define the corresponding cone function

Cβ(x, y) =
g(R1, 0)

d(β)

∣
∣(x, y) − d(β) (cos(β), sin(β))

∣
∣
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Figure 3.2: To the left we have the calculation setup. To the right we have two
tangential cones for the set H = {(z,w) : |z| < 1/10, |w| < 1/10 + Im(z)}.
We have drawn the cones for β = π/6, π/2. Note that the latter angle is the
largest one in Γ in this case.

where d(β) is the distance to from the vertex of the cone to the origin.
Calculating the partial derivative of Cβ with respect to y at the point (R1, 0),
one concludes that it equals g′y(R1, 0) precisely if

d(β) =
g(R1, 0) sin(β)

v
.

Note that if v < 0 then β has to be in the interval [0, π], and if v > 0
then β ∈ [π, 2π]. Neither of the alternatives will cause any difference in the
calculations compared with the other one, and we may hence assume that
v < 0. The case when v = 0 will be dealt with later. The vertex of the cone
Cβ will move along the closed curve

γ = {d(β)(cos(β), sin(β)) + (R1, 0) : β ∈ [0, π]}
which will be a circle with center in (R1, g(R1, 0)/(2v)) and radius R2 =
g(R1, 0)/(2v). The circle γ will intersect the boundary of D at precisely two
points, one when β = 0 and the other one when

β = βm = π − arctan(R1/R2).

Let Γ = {β : Cβ(x, y) ≥ g(x, y)∀ (x, y) ∈ D}. We want to show that
Γ is connected. It is clear that Γ ⊂ [0, βm]. Writing the points in polar
coordinates (x, y) = (s cos(θ), s sin(θ)) and putting Fβ = C2

β we can write

Fβ(s, θ) = v2 (s cos(θ) −R1 − 2R2 sin(β) cos(β))2 + (s sin(θ) − 2R2 sin2(β))2

sin2(β)
.
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We will now fix (s, θ) ∈ [0, R1) × [0, 2π] and consider f(β) = Fβ(s, θ). If we
can show that f ′(β) is non positive when β ∈ [0, βm], we are done.

A somewhat involved derivation yields

f ′(β) =u1(β)u2(β), where

u1(β) =
2v2

sin(β)(cos2(β) − 1)
,

u2(β) = − 2 cos(β) cos(θ) sR1 + cos(β)R2
1 + s2 cos(β)

− 2R2 s cos(θ) sin(β) + 2R1R2 sin(β).

It is clear that u1(β) < 0 when β ∈ [0, π] and hence we need to show
that u2(β) ≥ 0 for β ∈ [0, βm]. Solving the equation u2(β) = 0 with the
additional condition that β ∈ [0, π] yields

βroot = π − arctan

(
R2

1 + s2 − 2 cos(θ)R1s

2R2(R1 − s cos(θ))

)

.

Now we want to compare βroot and βm which is best done by looking at

R2
1 + s2 − 2 cos(θ)R1s

2R2(R1 − s cos(θ))
=

s2 −R2
1

2R2(R1 − s cos(θ))
+

2R1(R1 − s cos(θ))

2R2(R1 − s cos(θ))
=

=
R1

R2
− R2

1 − s2

2R2(R1 − s cos(θ))
< R1/R2

and hence we have that βroot > βm. The setup of the calculations together
with a twin tangent cone situation is illustrated in Figure 3.2.

If v = 0 then it is almost obvious that Zp is connected. Indeed, in that case
the vertex will move along the outward pointing normal, instead of along
a circle. This means that γ will be the x-axis and one may use ∂xC to
parametrize the cones in Zp.

Recall that Lemma 3.1.10 tells us when a Hartogs domain in C2 with a C1

defining function is weakly linearly convex. The answer is a global condition
on the defining function g. If the base domain is a disc, we now use Theorem
3.1.12 to sharpen the lemma so that the condition only has to apply locally.
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Lemma 3.1.13. Let D be an open disc in C and g : D → R a positive
function of class C1, then the Hartogs domain

H = {(z, z′) : z ∈ D, |z′| < g(z)}

is weakly linearly convex if and only if there is a positive function δ on D
such that

g(w) ≤ |2gz(z)(w − z) − g(z)|

for every z,w ∈ D where |z − w| < δ(z).

Proof. First we note that if u = − log(g2) then Lemma 3.1.4 tells us that
the condition on g above is equivalent with u being C-convex. If H is weakly
linearly convex then Lemma 3.1.10 together with Lemma 3.1.4 immediately
gives that u is C-convex. Hence we have to show that if u is C-convex then H
is weakly linearly convex. In fact it will be enough to show this implication
when u is strictly C-convex. Indeed from Lemma 3.1.6 we know that we can
approximate u with a decreasing sequence of strictly C-convex C1 functions
that converges uniformly to u on any relatively compact subset of D. These
functions would then induce an increasing sequence of Hartogs domains, all
of which are C-convex. The union of these sets would itself be C-convex.

Following the notation and spirit of Lemma 2.2.1, we want to show that Zp

is non empty for every p ∈ ∂π(H). Let p = (pz, pr) ∈ C × R≥0. If pz ∈ ∂D
then Zp is certainly not empty and hence we may assume that pz ∈ D. For
any p ∈ ∂π(H) with pz ∈ D, which gives that pr = g(pz), we need to show
that the tangential cone to g at p does not intersect π(H). More precisely,
the unique cone Cpz

with Cpz
(pz) = pr and ∇Cpz

(pz) ‖ ∇g(pz) fulfills the
inequality

Cpz
(z) ≥ g(z) ∀z ∈ D.

Since u is strictly C-convex, Lemma 3.1.5 gives us that there is a positive
function δ on D and a positive constant c such that

Cpz
(z) ≥ g(z) + c|z − pz|2 ∀z : |z − pz| < δ(pz). (3.1.13)
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Figure 3.3: The lowering of the cone in the case when ∂Ak ∩ ∂Bk 6= ∅. To the
left we have the intersection set before lowering the cone, that is Czk

≥ h. To
the right we have the intersection set after lowering the cone, that is tk Czk

≥ h.

Without loss of generality, we may assume that D is centered at the origin.
Denote Dλ = {λ z : z ∈ D} where λ ∈ (0, 1]. Let S be the set of λ for which
Dλ is weakly linearly convex. We want to show that S = (0, 1). It is clear
that if x ∈ S then (0, x] ⊂ S. If we can show that S is non empty, open and
closed in (0, 1] we are done.

S is non empty. Denote by r(z) the radius of the largest open disc centered
at z and contained in D such that the corresponding Hartogs domain is
weakly linearly convex. Let us argue by contradiction and assume that
r(z) = 0 for some z ∈ D. This would imply that there is a sequence
{(zk, wk)} with the property that zk 6= wk, zk, wk → z ∈ D and

Czk
(wk) < g(wk).

For t ∈ [0, 1], let Ct
zk

be the cone Ct
zk

= tCzk
. Now denote

Ωt
k = {w ∈ D : g(w) < Ct

w(w)}

which will be an open set. Note that Czk
→ Cz in the topology of cones

and that Cz(w) − g(w) ≥ c|z − w|2 for |w − z| = δ(z). This gives that if k
is large enough, there will be a smallest tk ∈ (0, 1) such that zk and wk will
be in different components of Ωtk

k . Let the component which contain zk be
denoted Ak and let the component which contain wk be denoted Bk. First
we assume that ∂Ak ∩∂Bk 6= ∅. Therefore take a point ζ ∈ ∂Ak ∩∂Bk. It is
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clear that Czk
(ζ) = g(ζ). Since the the zero set of the function Czk

−g is non
connected around ζ we must have ∇Czk

(ζ) = ∇g(ζ). Therefore Czk
is the

unique tangential cone also to ζ. But Cζ = Czk
does not fulfill inequality

(3.1.13) for pz = ζ.

Now to the case if ∂Ak ∩ ∂Bk = ∅. Recall that zk and wk will be in the
same component of Ωt

k for any positive t with t < tk. Thus there will be
a sequence of numbers {ζj}, for large j enough, with the properties that
Czk

(ζj)−g(ζj) ≤ 0 and that the distance from ζj to Ak equals 1/j. Let ζ be
a limit point of {ζj}, which will belong to the boundary of Ak. Now assume
that ∇(Czk

− g)(ζ) 6= 0. Then, by the implicit function theorem, the zero
set of Czk

− g near the point ζ will be a C1 curve that locally constitutes
the boundary of Ak. For some small disc centered at ζ, the C1 curve would
divide the disc into two open sets, one which belongs to Ak where Czk

−g < 0
and one that belongs to the complement of Ak where Czk

− g > 0. This
contradicts the assumptions made on the sequence. Hence we must have
∇Czk

(ζ) = ∇g(ζ) = 0. But then, we would have Cζ = Czk
which does not

fulfill inequality (3.1.13) for pz = ζ. Hence we know that r(z) > 0 for all
z ∈ D. The idea with the lowering of the cone Czk

is illustrated in Figure
3.3.

S is open in (0,1]. Again we argue by contradiction and assume that there
is a largest λ ∈ S with λ < 1. This implies that there are two sequences
{zk} and {wk} with Czk

(wk) < g(wk) which has limit points ζ ∈ ∂Dλ and
ω ∈ Dλ. Since r(ζ) > 0 we have that ζ 6= ω. But g fulfills inequality (3.1.13)
and hence the open set

X = {z : z ∈ D′, t Cζ(z) < g(z)}

will consist of at least two components for 0 ≪ t < 1. Indeed one component
will have ζ in its closure and one will have ω in its closure, and since we
have c|z − w|2 term in inequality (3.1.13), ζ and ω cannot be joined in X̄
if t is close enough to one. This would imply that H ′ is not C-convex.
But according to Theorem 3.1.12 H ′ must be C-convex since H ′ is weakly
linearly convex and g is C1.

S is closed in (0,1]. This is clear since the union of an increasing sequence
of C-convex sets is itself C-convex.
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Figure 3.4: A Moebius transformation taking Ω to a non convex set.

By combining Theorem 3.1.12, Lemma 3.1.4 and Lemma 3.1.13 we get the
following corollary.

Corollary 3.1.14. Let D be an open disc and u : D → R a positive C1

function, then the Hartogs set H={(z,w) : z ∈ D, |w|2 < exp(−u(z))} is
C-convex if and only if u is C-convex on D.

The corollary above is the final evidence that the definition of a C-convex
C1 function given by (3.1.5) is sound. This is because the corollary has a
complete analogue for C2 functions u. The C2 theorem is due to Kiselman,
see [Kis96], and becomes formulated as above when combining Example
2.5.13 and Theorem 2.5.16 in [APS04]. Hence if u : Cn → R is a C2 function,
then it is C-convex in an open set Ω according to (3.1.1) precisely if it is
C-convex in Ω according to (3.1.3).

Remark 3.1.15. In Theorem 3.1.12, Lemma 3.1.13 and Corollary 3.1.14 it
is essential that the base domain is a disc. To be precise we consider a
Hartogs domain H = {(z,w) : z ∈ Ω, |w| < g(z)} where g is a positive C∞

function and Ω is not a disc, but it is contractable and equals the interior
of its closure. By Lemma 8.2 in [Kis96] there is a disc D that contains Ω
and such that there are two points a, b ∈ ∂Ω ∩ ∂D that cannot be joined in
∂Ω ∩ ∂D. Hence there is a Moebius transformation m, mapping Ω to a non
convex bounded domain as suggested in Figure 3.4.

As a direct consequence of Theorem 2.3.6 i [APS04] we know that the set
Hm = {(z,w) : z ∈ m(Ω), |w| < g(m−1(z))} is C-convex precisely if H is
C-convex. This has the implication that gm = g ◦ m−1 satisfies condition
(3.1.7) precisely if g does. To show the importance of Ω being a disc we
have to do it in the following two cases:

1. Theorem 3.1.12 and Corollary 3.1.14: Here we can let gm(z) = c −
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A

B

A

B

Figure 3.5: To the left we have the non convex base domain m(Ω) of Hm. To
the right we indicate the defining graph gm. This will make Hm non weakly
linearly convex. However, it is locally weakly linearly convex. The domain is
illustrated as a three dimensional picture in Table 2.1.

Im(z) where c is a positive constant so big that gm > 0 on Ω, then Hm

will not be C-convex but it will be weakly linearly convex. We will
also have that um = − log g2

m is C-convex.

2. Lemma 3.1.13: Here we let gm be as in Figure 3.5. Since gm is concave
it is obvious that gm satisfies condition (3.1.7). It is also clear that Hm

is not weakly linearly convex. Indeed, take a horizontal tangent cone
at area B, then it will intersect H below area A. Now look at H which
also will have two horizontal areas with different altitude, hence H is
not weakly linearly convex. However, as mentioned above, g = gm ◦m
satisfies condition (3.1.7).

•

3.1.5 Extremal functions

It is well known that the extremal C-convex C2 functions are the ones of
the form u(z) = − log |a+ bz|2. By extremal we mean the ones who results
in equality when tested against inequality (3.1.3). However this is not very
easy to prove. One has to solve the non linear differential equation which is
produced when changing the ’≥’ symbol to the ’=’ symbol in the previous
mentioned inequality. To show that functions of the form − log |a + bz|2
satisfy the equality is of course trivial, but to show that they are the only
solutions is not. When it comes to proving that these functions are the
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extremal also to the C1 definition 3.1.1 is even harder. However, instead of
using the partial differential equation approach, there is a shortcut. Indeed
assume that u is extremal with respect to (3.1.5) in an open set Ω. Then
g = exp(−u/2) is also extremal, but with respect to inequality (3.1.7). Now
take a point z0 ∈ Ω and let D be a disc that contains z and is contained
in Ω. Consider the Hartogs domain H = {(z,w) : z ∈ D, |w| < g(z)} and
the tangent cone Cz0

(z) to H at the point (z0, g(z0)). Since g is extremal
with respect to (3.1.7), Lemma 3.1.10 gives us that Cz0

(z) = g(z) in a
neighborhood of z0. Hence for every compact K ⊂ Ω we must have Cz0

(z) =
g(z) for all z ∈ K and hence g = Cz0

. Since Cz0
was a tangent cone to H

and z0 ∈ Ω it must be of the form g(z) = |a+ b z|.

3.2 C-convex sets

3.2.1 A characterization theorem in the C1-case.

Let Ω be a bounded domain in Rn. One says that Ω satisfies the interior ball
condition with radius r if Ω is a union of balls of radius r. If Ω is a bounded
domain of class Ck, k ≥ 2, then Ω automatically satisfies the interior ball
condition for some r > 0, however this is not the case if k = 1. When k ≥ 2,
the boundary distance function δ is of class Ck near the boundary, see for
example [KP80]. For the C1 case we need the following lemma.

Lemma 3.2.1. Let X be a bounded domain in Rn of class C1 that satisfies
the interior ball condition for some positive radius r. Then the boundary
distance function δ is of class C1 near ∂X inside X.

Proof. Assume that X is a domain that satisfies the interior ball condition
for r > 0, and δ is the boundary distance function. In the proof of Lemma
2.1.29 in [Hör94] it is stated that δ is differentiable at x ∈ X precisely if
there is a unique y ∈ ∂X such that |x − y| = δ(x). Let Xs be all x in X
such that δ(x) < s. Assume that there is a point x in Xr such that there
exist distinct points y1, y2 on ∂X where

δ(x) = |x− y1| = |x− y2| < r

Now, for every p in the line segment [x, y1] there is a ball Bp with radius
r that contains p and is contained in X. By letting p → y1, there must
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be a ball By1
that is contained in X but is tangential to ∂X at y1; here

it is important that X is C1. However By1
must contain y2 which is a

contradiction. Hence every point in Xr has a unique closest point on the
boundary. Therefore δ is differentiable in Xr. We only need to show that the
gradient ∇δ is continuous in Xr. It is clear that |∇d| = 1, therefore we need
only to check the directions. More precisely take x ∈ Xr whose closest point
on the boundary is denoted y and assume that there is a sequence {xn}
converging to x whose corresponding closest points {yn} do not converge
to y. Then there exists a subsequence ynk

that converges to a point y′ on
∂X that is distinct from y. This contradicts the fact that y was the unique
closest point to x on ∂X.

From the proof it is also clear that Ω satisfying the interior ball condition
for r > 0, is equivalent with δ(z) being differentiable for all z ∈ Ω where
δ(z) < r.

Theorem 3.2.2. Let Ω be a bounded domain in Cn with C1 boundary that
satisfies the interior ball condition for some positive radius. Then Ω is
C-convex precisely if − log(δ2) is C-convex at all points in Ω close to the
boundary.

Proof. Note that Lemma 3.2.1 implies that δ is C1 near the boundary. We
will first assume that u = − log δ2(z) is C-convex near the boundary and
show that this implies that Ω is C-convex. Since Ω is C1, Proposition 2.5.8
in [APS04] implies that we only need to show that for every p ∈ ∂Ω, the
complex tangent plane to Ω at p, Lp, avoids Ω in a neighborhood of p.
Therefore fix a p ∈ ∂Ω and consider the tangent plane Lp. Without loss
of generality we may assume that p is the origin and the inward pointing
normal to ∂Ω at p is (0, . . . , 0, i). This gives that the real tangent plane at
p consists of all z = (z1, . . . , zn) where zn is purely real. Hence Lp consists
of all z where zn = 0. Now let q = (0, . . . , 0, i yn) where yn is real and
positive but so small that δ is C1 in a neighborhood of q. Hence we can find
a positive ǫ such that for any ξ ∈ Cn with |ξ| = 1, the one variable function

f(λ) = δ(q + λξ)

is C1 inside the disc D = {λ : |λ| < 1}. Since u is assumed to be C-convex,
f will satisfy inequality (3.1.7) in Lemma 3.1.4 for all λ ∈ D. Now Lemma
3.1.13 gives us that the Hartogs domain
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H = {(λ, σ) : |λ| < 1, |σ| < f(λ)}

is weakly linearly convex. Next consider the affine linear mapping

T : C2 → Cn

(λ, σ) 7→ q + λξ + (0, . . . , 0, σ).

By construction we must have T (H) ⊂ Ω. Since T is affine and T (C2) *
Lp, T

−1(Lp) is an affine complex line in C2. By construction T−1(Lp) is
tangential to H at (0, f(0)), but H is weakly linearly convex and therefore
we must have that H∩T−1(Lp) = ∅ which together with the injectivity of T
implies that T (H) ∩ Lp = ∅. Hence the distance from q + ǫξ to the tangent
plane Lp cannot be smaller than the distance from q + ǫξ to the boundary
of Ω. Since ξ was an arbitrary unit vector we can state that

|ζ − Lp| ≥ δ(ζ) (3.2.1)

for all ζ in the ball centered at q with radius ǫ. Now assume that there
is a sequence {pk} where pk ∈ Ω ∩ Lp and pk → p. Let p′k be the unique
point on ∂Ω which is the closest one to pk. Now consider the ray rk that
starts at p′k and goes through pk. Since the boundary of Ω is C1 the ray rk
will approximate r = {(0, . . . , 0, iy) : y ≥ 0} for large k. The ray r passes
through q and hence for k large enough, the ray rk will intersect the ball
centred at q with radius ǫ. Let k be large and take a point ζ that lies both
on such a ray rk and in the ball centred at q with radius ǫ. It follows that

|ζ − Lp| ≤ |ζ − pk| < |ζ − p′k| = δ(ζ)

which contradicts (3.2.1). This proves the first part of the theorem. The
geometry around the embedded Hartogs domain is illustrated in Figure 3.6.

Now assume that Ω is C-convex, which implies that it is weakly linearly
convex. Then we have to show that u = − log δ2 is C-convex near the
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rk
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zn=0

q

q+ εξ

Ω T(H)

p’k

Figure 3.6: The embedded Hartogs domain T (H). Note that the figure con-
tradicts inequality (3.2.1).

boundary. More precisely this means that for every point q near the bound-
ary and every complex line lq through such a point q, the restriction of u
to lq must be C-convex near q. For this we take a point q ∈ Ω which is so
close to the boundary that there is a unique point p on the boundary that
is the closest one. As before we may assume that p is the origin and the
complex tangent plane at p is Lp{z : zn = 0}. Take a point ξ ∈ Cn with
|ξ| = 1 and define f(λ) = δ(q + ξλ). According to 3.1.4 we have to show
that f(λ) ≤ |2fz(0)(λ− 0)+ f(0)| for λ close enough to zero. We know that
Lp ∩ Ω = ∅ which means that for λ small enough we must have

f(λ) = δ(q + ξλ) ≤ |q + ξλ− Lp| = |qn + λξn|.

However, we have that 2fz(0) = q̄nξn/|qn| which implies that

|2fz(0)λ+ f(0)| =

∣
∣
∣
∣

q̄nξn
|qn|

λ+ |qn|
∣
∣
∣
∣
= |qn + λξn|.

This proves the theorem.

3.2.2 Defining functions

Consider a bounded open domain Ω = {z ∈ Cn : ρ(z) < 0}, where ρ
is a defining function of class C1 whose gradient is non vanishing on the
boundary of Ω.
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Proposition 3.2.3. Let Ω = {z ∈ Cn : ρ(z) < 0} be a bounded C1 domain.
If ρ is C-convex in a neighborhood of ∂Ω, then Ω is C-convex.

Proof. Pick a point z in the boundary of Ω. As mentioned before, it is
enough to show that the complex tangent plane at z, denoted Tz, locally
avoids Ω. Take a point w ∈ Tz with |w−z| = 1 and consider the one variable
function f(λ) = ρ(z + λw). Since ρ is C-convex in a neighborhood of ∂Ω,
inequality (3.1.5) implies that there is a constant r such that

f(λ) ≥ f(0) − log |λf ′λ(0) − 1|2 = 0 − log |1|2 = 0,

for every λ with |λ| < r. Hence we know that ρ(z + λw) ≥ 0 which means
that z + λw /∈ Ω.

3.2.3 Exhaustion of C-convex sets

We will now consider the problem how to exhaust C-convex domain with
strictly C-convex subdomains. Much of the work has already been done
when we managed to approximate a C-convex function with strictly C-
convex functions.

Theorem 3.2.4. Let Ω be a C-convex bounded domain with C1 boundary
that satisfies the interior ball condition for some positive radius. Then there
exist a sequence of strictly C-convex domains {Ωn} with C1 boundary such
that Ωn ⊂ Ωn+1 and Ω = ∪Ωn.

Proof. Let u(z) = − log δ(z)2. Theorem 3.2.2 tells us that u is C-convex
for all z ∈ Ω close to the boundary. According to Corollary 3.1.7, there
is a sequence of C1 functions {un} that decreases uniformly to u and such
that every un is strictly C-convex wherever u is C-convex. Let vn = un − n
and consider the domain Ωn = {z ∈ Ω : vn(z) < 0}. Note that Ωn lies
compactly contained in Ω and if n is large enough, then vn is strictly C-
convex in a neighborhood of ∂Ωn. Because of Sard’s theorem, the level sets
un < c are C1 for almost all c in the range of un. By letting n′ be a real
number very close to n and redefining vn = un − x we may assume that
Ωn = {z ∈ Ω : vn(z) < 0} has C1 boundary and un is strictly C-convex in a
neighborhood of ∂Ωn.
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Now take a z ∈ ∂Ωn and fix a unit vector w such that z + w lies in the
complex tangent plane to Ωn at z. Consider the one variable function

fn(λ) = vn(z + λw).

Since vn is strictly C-convex f will satisfy the inequality

f(λ) ≥ f(0) − log |λf ′λ(0) − 1|2 + cz|w|2 = cn,z,w|w|2.

for λ small enough. However, according to the proof of Lemma 3.1.6, the
constant cz,n,w is independent of both z and w. Hence there is a positive
and global constant cn such that

vn(z,w) ≥ cn|w|2

for all w small enough such that z + w lies in the complex tangent plane
at z. Hence, according to Definition 2.4.7, Ωn is strictly C-convex with C1

boundary. It is clear that Ω = ∪Ωn. Since Ωn was compactly contained in
Ω there is a subsequence {Ωnk

} satisfying Ωnk
⊂ Ωnk+1

for all k.

If the boundary of the domain that we want to exhaust is of class C2, then
we can regularize the boundary by methods of convolution. Whether or not
this is possible in the C1 case remains an open issue.

Theorem 3.2.5. Let Ω be a C-convex bounded domain with C2 boundary.
Then there exists a sequence of strictly C-convex domains {Ωn} with C∞

boundary such that Ωn ⊂ Ωn+1 and Ω = ∪Ωn.

Proof. Here the proof is precisely as the one for Theorem 3.2.4 but according
to Theorem 3.1.8 the sequence vn can be taken to be C∞.

3.2.4 A counterexample in the C0-case

Here we show that a theorem like the one in subsection 3.2.1 is not possible
in the C0 case. For this we consider the following example.
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Example 3.2.6. We will construct two Hartogs domains H1 and H2 where
H1 is not C-convex but H2 is. However, for every point p1 ∈ H1 there is a
positive ǫ, a ξ ∈ C with |ξ| = 1 and a point p2 such that

δ1(p1 + (z,w)) = δ2(p2 + (ξz, w)) (3.2.2)

for every (z,w) ∈ C2 with |(z,w)| < ǫ. Hence whatever local rotationally
invariant property that δ1 violates, must be violated also by δ2. Hence there
cannot be any rotationally invariant local condition so that a domain is
C-convex if and only if the distance function satisfies the property.

Let Cr(z) = |z − r|/r for positive r and let C(z) = inf Cr(z). Now define

H1 = {(z,w) : 0 < |z| < 1, |w| < 1},
H2 = {(z,w) : 0 < |z| < 1, |w| < C(z)}.

It it obvious that H1 is not C-convex. What is left to show is that equation
(3.2.2) holds and that H2 is C-convex. If we write the function C in polar
coordinates (s, θ), z = 7→ s cos θ + is sin θ, a calculation yields

C(s, θ) =

{
sin θ θ ∈ [−π/2, π/2]

1 otherwise,

for s ∈ (0, 1). Now we want to show that equation (3.2.2) holds. Therefore
take a point p1 = (z1, w1) ∈ H1. Let p2 = (−|z1|, w1). From the polar
coordinate version of C above, it is clear that p2 ∈ H2. Note that the level
set

{C(s, θ) ≥ |w1|} = {(s, θ) : 0 < s < 1, θ ∈ [arcsinw1, 2π − arcsinw1]}

is the PacMan like figure on the left in Figure 3.7. It is clear that there is
some positive d(|w1|) such that

δ2

(−z1
|z1|

z,w1

)

= min(1 −w1, |z|, 1 − |z|) = δ1(z,w1) (3.2.3)
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−|z |1
Im(z) = 0

δ(|w |)1

Figure 3.7: To the left we have the level set L = {(z,w) ∈ H2 : w = w1}.
This has the property that points (z,w1) ∈ L where z lies in the disc in the
figure, will fulfill equation (3.2.3). To the right we have π(H2).

for every z with |z − z1| < d(|w1|). It is also clear that the function d will
be continuous and hence there is a positive ǫ such that (3.2.2) holds with
p2 = −|p1|, ξ = −z̄1/|z1|, and for w such that |w| < ǫ. The geometry of the
situation is illustrated in Figure 3.7.

Now to the somewhat more tricky task of showing that H2 is C-convex.
According to Lemma 2.2.1 we have to show that Zp is connected in Z, the
set of all cones, for every point on π(∂H2). It is clear that π(∂H2) consists
of the union of the five sets

V1 ={(s, θ, l) : s ∈ (0, 1], θ = 0, l = 0}
V2 ={(s, θ, l) : s = 0, l ∈ (0, 1]}
V3 ={(s, θ, l) : s ∈ (0, 1), θ ∈ (0, 2π), l = C(s, θ)}
V4 ={(s, θ, l) : s = 1, θ ∈ (0, 2π), 0 ≤ l < C(s, θ)}
V5 ={(s, θ, l) : s = 1, θ ∈ (0, 2π), l = C(s, θ)}

Now take a point p ∈ π(∂H2) for which we want to show that Zp is non empty
and connected. That Zp is non empty is obvious since H2 by construction
is weakly linearly convex. We now go through each and one of the five sets
Vi.

V1 If p = (r, 0, 0) then the set Zp consists of all cones of the form c|z − r|
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where c ≥ 1/r and the degenerate cone r × R≥0. It is clear that Zp is
connected in Z.

V2 Here Zp consists of exactly one point so it is connected.

V3 Here Zp again consists of exactly one point so it is connected.

V4 Here Zp again consists of exactly one point so it is connected.

V5 Since the base domain of the Hartogs domain H2 is a disc minus a zero
set, we can use the same argument as in Theorem 3.1.12 (where the
vertex of the cones lie on circle) which shows that Zp is connected.

Hence H2 is C-convex and the statement above is showed.

In this example it might be interesting to examine what δ2 looks like at one
of these special points where it behaves like δ1. Hence fix a real a ∈ (1/2, 1)
and λ ∈ C with modulus small enough. We have

g(/λ) = δ2((1 − a, 1 − a) + (λ, 0)) = δ1((1 − a, 1 − a) + (λ, 0)).

It is clear that g(λ) = min(|λ − a|, a). However if we consider the Hartogs
domain

H = {(λ, σ) : |λ| < 1 − a, |σ| < g(λ)}
we see that it is not C-convex. Indeed, the intersection between π(H) and
the cone {(λ, r) : r = |λ − 2a|/2} is not connected. This could not happen
if H2 had C1 boundary and satisfied the interior ball condition for some
positive radius as shown by Theorem 3.2.2. The projection of the Hartogs
domain H is displayed in Figure 3.8. •

3.3 Open Issues

For the study of complex convexity, there remain many open issues. Here
we give a brief list of such unsolved problems.

Are locally weakly linearly convex domains always pseudoconvex?

Let E be a locally weakly linearly convex domain in Cn. We want to show
that − log δ is pseudoconvex where δ is the boundary distance function. If
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Figure 3.8: The projected Hartogs domain π(H) showing the behavior of the
distance function at one of the critical values.

E is weakly linearly convex, the argument is easy as shown in the proof of
the implication WLC ⇒ ψC in Section 2.3.2. This argument does not work
in the case when E is just locally weakly linearly convex and the failure is
due to the following. Let z ∈ ∂E, Γz be the set of complex hyperplanes
containing z but locally avoiding E, and let

r(z) = sup{|z − ∂E ∩ L| : L ∈ Γz}.

If inf r(z) for z ∈ ∂E is positive, then E is pseudoconvex and the same proof
as in the case for weakly linearly convex domains can be applied. However,
as illustrated by the example when E equals the Hartogs domain

H = {(z,w) : |z| < 1, |w| < g(z)}

where

g(z) =

{
min(|1 − z|, |1 + z|) if Re(z) > 0

min(|1 − z|, |1 + z|, 1) otherwise,

we have that lim r(−s i, 1) = 0 when s ց 0. Hence the method used for a
weakly linearly convex domain cannot be applied for H.

Can C-convex C1 functions be approximated by strictly C-convex

C∞ functions?

For C2 functions we know that the answer is yes and the precise formulation
can be found in Theorem 3.1.8. However, as noted in Remark 3.1.9, the
question remains open in the C1 case. One reason for this is that it is hard
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to see how the C1 condition for C-convex function transforms under the
operation of convolution. This illustrates an important difference between
the C1 condition (3.1.1) and the C2 condition (3.1.3).

Given a bounded C-convex domain, is it possible to find a sequence

of smooth strictly C-convex domains exhausting the original do-

main?

This has been an open issue for a long time. The question was first asked by
L. Aizenberg in [HE94a], Problem 1.18. Some other open issues regarding
C-convexity are stated in problem 17.10 in [HE94b]. This problem seems to
be a hard one.



Chapter 4

An Applications

In this chapter we shall apply our knowledge about C-convex sets in the
field of hyperbolic metrics. More precisely we are going to generalize some
of the results due to L. Lempert regarding the relationship between the
Carathéodory and Kobayashi metrics.

4.1 Hyperbolic metrics

Let U denote the unit disc in C and take two points ζ, ω ∈ U and define the
associated real number

δh(ζ, ω) = 2 tanh−1 ζ − ω

1 − ζω̄
(4.1.1)

where one should recall that tanh−1(x) = −1
2 log 1+x

1−x
for x ∈ (−1, 1). The

function δh actually constitutes a metric on U and is called the Poincaré
hyperbolic metric on U . Below we will describe two metrics that both extend
δh to any open set. We shall however only be considering bounded domains.

Let Ω ⊆ Cn be a bounded domain, then the Carathéodory metric on Ω,
denoted cΩ, is defined as

cΩ(z,w) = sup{δh(F (z), F (w)) : F ∈ A(Ω, U)}

where A(U,Ω) denotes the space of holomorphic functions from U to Ω. One



62 4. An Applications

can also define another, similar function,

kΩ(z,w) = inf{δh(ζ, ω) : f ∈ A(U,Ω), f(ζ) = z, f(ω) = w}.

The function kΩ does not always constitute a metric since it for some Ω
does not satisfy the triangle inequality, see Example 4.1.1. However, one
can create a metric out of kΩ by introducing the Kobayashi metric defined
as

k′Ω(z,w) = inf{kΩ(z, a1) + kΩ(a1, a2) + · · · + kΩ(an, w) : ai ∈ Ω, n ∈ N}.

Now take f ∈ A(U,Ω) and F ∈ A(Ω, U) and let

cF (z,w) = δk(F (z), F (w)),

kf (z,w) = inf{δh(ζ, ω) : f(ζ) = z, f(ω) = w}.

Note that the composed function g = F ◦f belongs to A(U,U) which means
that cF (z,w) = δh(g(ζ), g(ω)). By the well known Schwarz lemma, see
for example [Kob70], we have that that δh(g(ζ), g(ω)) ≤ δh(ζ, ω) for every
g ∈ A(U,U). Since cΩ satisfies the triangle inequality we have

cΩ(z,w) ≤ k′Ω(z,w) ≤ kΩ(z,w)

for all domains Ω. If Ω is a strictly C-convex domain with C∞ boundary,
then Theorem 1 in [Lem84] gives that

cΩ(z,w) = k′Ω(z,w) = kΩ(z,w)

which of course in particular implies that kΩ really is a metric. The equality
does not hold for general pseudoconvex bounded domains. One way to see
this is to consider the following example, see Remark 3.1.11 in [JP93].

Example 4.1.1. Consider the Hartogs domain

H = {(z1, z2) : h(z1, z2) = max(|z1|, |z2|,
√

|z1z2|/ǫ) < 1}

where ǫ ∈ (0, 1/4). The defining function h is non negative plurisubharmonic
with h(s ζ) = |s|h(z) and H is therefore called a balanced pseudoconvex
domain. Proposition 3.1.10 in [JP93] tells us that kH(0, z) = δh(0, h(z)).
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Figure 4.1: The projected Hartogs domain π(H) where ǫ = 0.1. The left
picture displays the level sets.

Fix ǫ < t <
√
ǫ, so that k(0, (t, t)) = δh(0, t/

√
ǫ). Now we estimate k′H with

k′H(0, (t, t)) ≤ kH(0, (0, t)) + kH((0, t), (t, t))

≤ δh(0, t) + δh(0, t2/ǫ)

≤ 1

2
log

(
1 + t

1 − t

ǫ+ t2

ǫ− t2

)

<
1

2
log

√
ǫ+ t√
ǫ− t

= kH(0, (t, t)).

Hence kH does not satisfy the triangle inequality. This domain H is clearly
hyperconvex, but it is not C-convex. To realize this we consider its pro-
jections π(H), see equation (2.2.1), which is displayed in Figure 4.1. If we
intersect π(H) with the cone line going through (0, 1−a) and (1−a,√ǫ−a)
for some small positive a, the intersection is not contractible. Hence H is
not C-convex. •

To get a greater family of sets for which kΩ = cΩ we need the following:

Lemma 4.1.2. If Ω1 ⊆ Ω2 ⊂ · · · ⊆ Ω are domains with ∪Ωn = Ω, then we
have

cΩn
(z,w) ց cΩ(z,w)

kΩn
(z,w) ց kΩ(z,w)
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for all pairs of points z,w in Ω.

Proof. First we assume that we have two fixed points z,w in Ω. Let us first
consider the function kΩ. We know that kΩ ≤ kΩn

since kΩ is an infimum
over a larger set. Take a f ∈ A(U,Ω) which almost realizes the infimum for
the pair of points z,w. Now for all r ∈ (0, 1), define fr(ζ) = f(rζ) which
is a holomorphic function such that the closure of fr(U) lies in Ω. Hence
there exists an N such that fr ∈ A(U,Ωn) for all n ≥ N . By choosing r
close enough to 1 we conclude that kΩ must be the limit of kΩn

Now we turn to cΩ. We know that cΩ ≤ cΩn
because cΩ is a supremum of a

smaller set. Now take a Fn ∈ A(Ωn, U) which almost realizes the supremum
for the pair of points z,w. Then take an open relatively compact subset Ω′

of Ω, with z,w ∈ Ω′. We can assume that Ω′ ⊆ Ω1. So we have a sequence
of holomorphic functions Fn from Ω′ to the unit disc, which obviously makes
the sequence uniformly bounded. Therefore we can use Vitali’s theorem and
conclude that there exists a subsequence Fnk

and a holomorphic function,
which is the limit function of the subsequence, see page 168 in [Tit60].
Since this argument is valid for any open relatively compact subset Ω′, we
can extend the function by analytic continuation to the whole of Ω. Then
we get a holomorphic function F ∈ A(Ω, U) which is the limit function of
Fnk

. But now we can take r ∈ (0, 1) and define Fr(z) = rF (z) ∈ A(Ω, U).
By choosing r close enough to one we conclude that cΩ must be the limit of
cΩn

.

Combining Theorem 3.2.5 and Lemma 4.1.2 we get the following result.

Theorem 4.1.3. If a domain Ω is a union of increasing strictly C-convex
C∞ domains, for example if Ω is C-convex with C2 boundary, then

cΩ = k′Ω = kΩ.

If Ω is strictly C-convex with C∞ boundary, then for all z,w ∈ Ω, there
will be a so called extremal function f ∈ A(U,Ω), realizing the infimum.
Since the metric δh is invariant under projective automorphisms of U we
may assume that f(0) = z and f(r) = w, where r is a positive real number.
As we now make this a requirement, the extremal function becomes unique.
One calls the image f(U) an extremal disc in Ω. For any two points in Ω
there will be a unique extremal disc passing trough the points. An extremal
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mapping f can be extended into a C∞ mapping f̃ which will be a C∞

embedding of Ū onto f̃(Ū) with f̃(∂U) ⊆ ∂Ω. Moreover, any two extremal
discs will meet in at most one point and f will be extremal with respect to
any two points in the extremal disc. These facts are due to L. Lempert, see
Theorems 2, 3 and 4 in [Lem84].

We will now show almost this in the following more general setting.

Theorem 4.1.4. Let Ω be a bounded domain such that there exists a se-
quence of subdomains Ωn ⊂ Ωn+1 whose union equals Ω with each Ωn being
strictly C-convex domain with C∞ boundary (for example Ω may be C-
convex with C2 boundary). Then for all z,w ∈ Ω, there exists an extremal
mapping with respect to the Kobayashi metric. Moreover, this mapping is
extremal with respect to any two points in its extremal disc.

Proof. First we conclude that Ω, since it is a union of an increasing sequence
of C-convex domain, it is itself C-convex. Since Ω is bounded the statements
illustrated in Figure 2.3, implies that Ω is hyperconvex. Now pick two points
z and w which can be assumed to belong to Ω1. Then for each n there will
be an extremal function fn ∈ A(U,Ωn) with f(rn) = w. Since Ω is bounded,
we can as in the proof Lemma 4.1.2, use Vitali’s theorem and conclude that
there is a subsequence fnk

converging to a function f ∈ A(U, Ω̄). To show
that this is an extremal function for z,w ∈ Ω, we must first show that
the image does not intersect the boundary of Ω. Since Ω is hyperconvex,
it exists a negative plurisubharmonic function Φ on Ω which is tends to
zero when approaching the boundary. Since f is holomorphic, it follows
that g = Φ ◦ f is a non positive subharmonic function. By the maximum
principle we conclude that, since U is open, g will not attain zero, unless
it is constantly zero. This cannot be the case because g(ζ) < 0, since
f(ζ) = z ∈ Ω. Therefore we must have f ∈ A(U,Ω). Now we use Lemma
4.1.2 and conclude that k(z,w) = δh(0, r), where r is the limit point of {rn}.
Since f ′n → f ′ and |f ′(r)| <∞, we get the implication

lim fn(r) = f(r) ⇒ lim fn(rn) = f(r).

Therefore f is an extremal function and f(U) is an extremal disc. Now
take two points ζ, ω ∈ U with f(ζ) = z and f(ω) = w. We intend to show
that f is maximal with respect to these points. For this we look at the two
sequences

fn(ζ) = zn → z

fn(ω) = wn → w,
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and calculate

|k(z,w) − kn(zn, wn)| ≤
|k(z,w) − kn(z,w)| + |kn(z,w) − kn(zn, wn)| ≤

|k(z,w) − kn(z,w)| + | ± (kn(z, zn) + kn(z,w) + kn(w,wn) − k(z,w))| ≤
2 |k(z,w) − kn(z,w)| + |k1(z, zn) + k1(w,wn)| → 0.

Since fn is extremal with respect to kn, we have kn(zn, wn) = δh(ζ, ω) Hence
we also have k(z,w) = δh(ζ, ω).

The questions about uniqueness and the number of points in the intersection
of two extremal discs are tricky. This is shown by the following example.

Example 4.1.5. Consider the following three sets

Ω1 = U × U

Ω2 = U × U \ {(p, 0)}
Ω3 = B2 \ {(p, 0)}

where p ∈ (0, 1) and B2 is the unit ball in C2. Now let z = (0, 0) and
w = (p/2, 0). We wish to determine the three real numbers

k1(z,w) ≤ k2(z,w) ≤ k3(z,w).

We know that Ω1 is convex, hence it satisfies the assumptions of Theorem
4.1.4. Therefore there exists an extremal function f = (f1, f2) ∈ A(U,Ω1)
with

f1(0) = f2(0) = f2(r) = 0

f1(r1) = p/2.

Since f1 ∈ A(U,U) we can use the Schwarz lemma and conclude that r ≥
p/2. If f1 is the identity map then r = p/2 and, by the Schwarz lemma again,
if f1 is not the identity map then r > p/2. We conclude that k1(z,w) =
δh(0, p/2) and that the extremal functions are precisely those of the form
(id, h) where h ∈ A(U,U) with h(0) = h(p/2) = 0. Hence there exist
extremal functions, but they are not unique. This gives us immediately
that k2(z,w) = p/2 as well, and that the extremal functions exist and are of
the form (id, h), where h is the same as before with the additional property
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that h(p) 6= 0. For example h(ζ) = c ζ(ζ − p/2) where c is a small constant.
Now to Ω3. By considering function of the form

ft(ζ) =

(

t ζ,
ζ − p

2t

1 − t

)

for 0 ≪ t < 1, see Remark 3.2.5 in [JP93], one concludes that k3(z,w)
also equals p/2. Assume that the distance infimum is realized for some
f = (f1, f2) ∈ A(Ω3, U), hence f1(p/2) = p/2. But this implies that f1 = id
and since f ∈ A(B2, U) we must have f2(ζ) → 0 when |ζ| → 1. But then f2

is identically zero by the maximum principle and hence f = (id, 0), but then
(p, 0) must be in the image of f which is a contradiction. Thus we have the
following situation

k1(z,w) = k2(z,w) = k3(z,w) = kU (z,w),

where Ω1 has a lot of extremal functions, Ω2 a little fewer and Ω3 none. •

The puncturing of a set can be made in general. Take a domain Ω ⊆ Cn and
two points z,w ∈ Ω. Assume that there exists a unique extremal mapping
f with respect to these points. Now choose a third point z0 = f(ζ0) that
is different from z and w. Let Ω′ = Ω \ {z0} which implies that kΩ(z,w) ≤
kΩ′(z,w). Fix 0 ≪ t < 1 and let ǫ be so small that f(t ζ) + v ∈ Ω for all
ζ ∈ U and |v| ≤ ǫ. Now consider

g :U → Cn

ζ 7→ f(ζ) − z0.

Since the g is analytic and the dimension of Bn is greater than one, there
must exist a non zero w0 with modulus less than ǫ that does not lie in the
image of g. Hence we can define

ft(ζ) = f(t ζ) +w0

where ft → f and f ∈ A(U,Ω′). Therefore kΩ(z,w) = kΩ′(z,w) but there is
no extremal function for Ω′.
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