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Abstract
Planets are believed to form in primordial gas-dust discs surrounding newborn
stars. An important breakthrough in our understanding of planetary formation
was the discovery of extra-solar planets around sun-like stars, especially the
frequent occurrence of giant planets on close orbits (hot Jupiters). The mecha-
nisms involved in the formation of these objects remain uncertain, however the
difficulties associated with their formation at their observed orbital radius has
awoken an interest in theories for the migration of protoplanetary cores due to
gravitational interaction with the disc. There are three fundamental regimes of
planet migration. The type I and II migration regimes, driven by the differen-
tial Lindblad torques, result mostly in inward migration and concern low- and
high-mass planets respectively. Type III migration, driven by the co-orbital
gas flow, concerns an intermediate range of planetary masses and does not
have a predefined direction.

In this thesis the orbital evolution of a high-mass, rapidly (type III) migrat-
ing planet is investigated using numerical hydrodynamical simulations. For
these simulations we used the state-of-the-art hydrodynamics code FLASH.
We focus on the physical aspects of type III migration. However, the prob-
lem of rapid migration of such massive planets is numerically challenging,
and the disc model has to be chosen carefully, using numerical convergence
as a discriminator between models (Paper I). We simulate both inward and
outward directed migration (Papers II and III) and provide an extensive de-
scription of the co-orbital flow responsible for driving the migration, as well
as its time evolution. The migration rate due to type III migration is found to
be related to the mass of the planet’s co-orbital region, making inward and
outward directed migration self-decelerating and self-accelerating processes
respectively (for a standard disc model). Rapid migration depends strongly
on the flow structure in the planet’s vicinity, which makes it sensitive to the
amount of mass accumulated by the planet as it moves through the disc. This
quantity in turn depends on the structure of the accretion region around the
planet. The results of the numerical simulations show a good agreement with
the analytical formulation of type III migration (Paper IV).
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1 Introduction

The more we know,
the more we know that we don’t know.

Socrates

The main subject of this thesis is the description of the so called type III mi-
gration regime, which is one of the possible migration modes for a protoplanet
embedded in a protoplanetary disc. The interest in the orbital evolution of pro-
toplanets increased after the discovery of extra-solar planets around sun-like
stars (Mayor & Queloz, 1995; Vogt et al., 2002; Udry et al., 2007), revealing a
population of giant planets on close orbits. Indeed, although these objects can
have formed in situ (Bodenheimer et al., 2000), it is more likely they formed in
a more distant region of the disc and migrated toward the star through gravita-
tional interaction with the disc (Lin et al., 1996; Trilling et al., 1998). Although
planetary migration provides an explanation for the observed semi-major axes
of extra-solar planets, it introduces new problems for the planet formation sce-
nario. The main issue is that the calculated migration rate for an Earth-mass
core is too fast to allow further growth to a giant planet and the survival of
planetary systems becomes an important question (Ward, 1997a,b).

During the last decade a number of studies were devoted to this problem.
One possible solution would be a better understanding of the detailed structure
and evolution of circumstellar discs. Nelson & Papaloizou (2004) investigated
the interaction between a low-mass protoplanet and a turbulent disc and found
that the density fluctuations generated by MHD turbulence can significantly
modify planetary migration leading to a process of stochastic migration rather
than monotonic inward drift.

Another solution could be that a low-mass protoplanet embedded in a disc
interacts with material corotating with the planet through the corotational res-
onance (Masset, 2001; Ogilvie & Lubow, 2003, 2006). This can slow down
inward migration (D’Angelo et al., 2003; Masset et al., 2006; Paardekooper
& Mellema, 2006), or lead to a very fast migration mode (called type III),
that depends strongly on the gas flow in the planet’s vicinity (co-orbital flow)
and does not have a predetermined direction (Masset & Papaloizou, 2003;
Artymowicz, 2004a; Papaloizou et al., 2007). Migration driven by such co-
orbital flows is thus a potentially important process for the orbital evolution of
planets. Numerical simulations of high-mass protoplanets on eccentric orbits
showed this type of migration (D’Angelo et al., 2006). It is however still not
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fully understood and difficult to simulate accurately, and this thesis attempts
to improve on previous work. In this work we concentrate on the rapid migra-
tion of massive planets, since we employ two-dimensional simulations, which
are only a good approximation for planets whose Roche lobe (region where
the planet’s gravity dominates over the stellar one) exceeds the thickness of
the disc. In the case of low-mass planets deeply embedded in the disc vertical
gas stratification has to be taken into account and full 3-dimensional consid-
erations should be performed. This is left for future work.

The layout of the thesis is as follows. In Sect. 2 we briefly present the cur-
rent ideas about planet formation. We start this discussion by placing planet
formation in the broader context of star formation (Sect. 2.1), followed by a
short description of terrestrial (Sect. 2.2) and giant (Sect. 2.3) planet forma-
tion. After that we briefly present the properties of observed planetary systems
(Sect. 3) and we give a short description of the relevant properties of proto-
planetary discs (Sect. 4), the sites of planet formation and migration. We focus
mostly on the mechanisms which influence the mass and surface density of
protoplanetary discs important for understanding type III migration. Sect. 5
contains a description of the various modes of planetary migration. Finally in
Sect. 6 we provide a brief review of the papers making up the main part of this
thesis.
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2 Planet Formation Scenario

The modern theory of planetary formation has a long history. It starts with
René Descartes (1595-1650), who believed that planets form as a result of vor-
tices created by velocity differences of the matter and ether, which he thought
the Universe was filled with. Georges Buffon (1707-1788) proposed the catas-
trophic scenario in which planets are formed from material removed from the
Sun by collisions with comets, which was later changed to close stellar en-
counters. At the beginning of 20th century this scenario was still used by
James Jeans (1877-1946) and Harold Jeffreys (1891-1965). Immanuel Kant
(1724-1804) and Pierre Simon de Laplace (1749-1827) put forward a sce-
nario which is closest to our current ideas. They suggested that planets form
from the collapsing primordial stellar nebula. Both stressed the role of angular
momentum conservation, forcing the collapsing nebula into a flat disc.1 Inves-
tigations from 19th and the beginning of 20th century revealed a common ori-
gin for the planets and meteorites, which led to the concept of planetesimals,
small solid objects that accumulated to form the planets (Chamberlin, 1905).

The first quantitative theory of planetary formation was developed by
Safronov (1969). According to this scenario planets form in primordial
gas-dust discs starting from the collisional growth of a dust grains followed
by the solid body accretion of the kilometre-sized objects, building the
protoplanetary cores (terrestrial planets; see Lissauer (1993) and references
therein). These cores grow in mass surrounded by a quasi-static gaseous
atmosphere, until they reach a critical mass and rapid gas accretion starts,
leading to the formation of giant planets (Pollack et al., 1996). This is known
as the core accretion model for giant planet formation.

There exists an alternative model for the formation of giant planets related
to the original idea of Kant and Laplace, in with giant planets form through the
gravitational collapse and fragmentation of the protostellar disc (Boss, 2001;
Cameron, 1978; Kuiper, 1951). This is called the core collapse model for giant
planet formation.

An excellent review of the planetary formation scenario is given in Lissauer
(1993). Recent reviews can be found in Papaloizou & Terquem (2006) and
Protostars and Planets V.

1Kant based his investigation on the erroneous interpretation of the observed disc-like objects,
which are currently identified as galaxies, however his idea of local gravitational instabilities
forming planets is still present in some contemporary models of massive planet formation.
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2.1 Star Formation Scenario
Planets are believed to be a byproduct of the star formation process. Accord-
ing to current observations, at least 12% of stars of spectral type F, G, K har-
bour gas-giant exoplanets on orbits smaller than 20 AU (Marcy et al., 2005),
showing that planet formation is a common process. Star formation starts in
dense regions of giant molecular clouds through the gravitational collapse of
a massive clump (see for example the review in Bergin & Tafalla 2007 and
Fig 2.1). The first stage, lasting for about 105 years, is an almost isothermal,
gravitational self-contraction of the cloud core, in which the gravitational en-
ergy released from the infall is mostly radiated away. This continues until the
density of the collapsing core becomes high enough to reduce the efficiency
of radiative energy losses and the infall is stopped due to the build up of ther-
mal pressure. In this so-called protostellar phase the dense core undergoes a
quasi-static contraction and the protostar gains most of its stellar mass (Lar-
son 2003 and references therein). Protostars are the nearly fully assembled
T-Tauri and Herbig Ae/Be type stars, in which the core becomes hot enough
to ignite nuclear fusion of deuterium. The duration of the protostellar phase
depends strongly on the mass of the object, but is typically 105−106 years for
solar-type stars. Once a low-mass star has started nuclear fusion of hydrogen,
it becomes zero-age main sequence star and enters the more stable phase that
lasts for a few million years.

During the protostellar phase the protostar is surrounded by the infalling
cloud, which becomes flattened due to angular momentum conservation and
forms a disc around the newborn star. Large discs of the size of the Solar Sys-
tem and above (Williams & Andrews, 2006; Jørgensen et al., 2005) seem to be
a natural consequence of the star formation process. Initially these protoplan-
etary discs are massive and for low- and intermediate-mass2 protostars, discs
with a mass comparable to that of the central star are common (Andrews &
Williams, 2005; Cesaroni et al., 2007). The discs are usually associated with a
strong bipolar outflow from the star’s vicinity. These provide a way of remov-
ing both mass and angular momentum from the protostellar system (Ray et al.,
2007; Pudritz et al., 2007). The outflows are strongest during the gravitational
collapse of the cloud core, when a large amount of gas from the envelope is
still falling down onto the forming protostellar disc and the disc accretion rate
is high. In the T-Tauri stage most of the surrounding envelope has disappeared
after being accreted onto the star, blown away by the bi-polar outflow, or by
settling into the disc. In this stage the bi-polar outflow in the form of a high-
speed jet becomes optically visible. This is also the phase when dust particles
in the disc are believed to grow and stick to each other starting the planetary
formation process. This is discussed in more detail in the next section.

2This scenario outlined here is valid for low-mass (∼ 0.1 to 3 M�) and the intermediate-mass
(less then ∼ 20M�) stars.
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Figure 2.1: Schematic presentation of star formation. There are four main stages of
this process. It starts from a dense core within a molecular cloud (a) which collapses
to form a protostar surrounded by a disc and dense envelope (b). Later a strong bipolar
outflow develops (c) and the envelope is dispersed revealing the star and disc (d). After
Shu et al. (1987).

The gaseous disc is eventually destroyed after about 10 million years
(Haisch et al., 2001; Lada et al., 2006) by the action of the bi-polar outflow,
accretion onto the star, photoevaporation, etc., and the left-overs from the
planet creation process form a so-called debris disk. At this stage all the
planetary embryos and the giant planets should have already formed and
the star joins the Main Sequence. Debris discs are believed to be low-mass
discs consisting mostly of dust and small rocky bodies. These discs last for
about 107−109 years (Rhee et al., 2007; Habing et al., 2001) after which the
planetary system is thought to reach its mature phase having cleared the inner
part of the system from most of the remaining debris. In the final stage the
main sequence star is surrounded by very small amounts of gas and dust, and
most of the original circumstellar material is contained in the planets.

An extensive review of the theory of star formation can be found in McKee
& Ostriker (2007).

2.2 Terrestrial Planets and Planetary Cores Formation
Terrestrial planets are formed via solid body accretion of planetesimals,
which themselves are produced by sedimentation and collisional growth of
dust grains. The sizes of planets and dust particles differ by at least 12 orders
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Figure 2.2: Schematic visualisation of the main phases in the terrestrial planets for-
mation. It starts from the dust particles growth through particle-particle interaction
followed by the growth of planetesimals due to two-body interaction aided by gravity.
The last phase is the accretion of gas via gravitational attraction. Different size scales
are drawn. After Beckwith et al. (2000).

of magnitude, and it is necessary to consider several stages of planetary
formation valid for different size regimes. Each of these regimes differs in the
sticking properties of the bodies and their interaction with the surrounding
gas (Fig. 2.2). We can distinguish the following regimes:
• Dust - small bodies of the size ranging from sub-micron to few centimetres.

Planet formation starts from the interstellar grains of micron size present in
the collapsing molecular cloud. These particles are much smaller than the
gas mean free path, which is of order of 1 metre at the disc mid-plane, and
experience the drag force according to the Epstein law (Weidenschilling,
1977a). Due to the drag force the grains are strongly coupled to the gas,
however there should be a small difference in the gas and dust velocities,
since the dust particles do not experience pressure effects and tend to rotate
at Keplerian speed. In a laminar disc (without turbulence) this should lead
to an inward drift of the dust grains and their sedimentation towards the disc
mid-plane. Sedimentation proceeds on a relatively short time-scale τs (on
order 105 years for a micron size grain at 1 AU). This time-scale is inversely
proportional to the grain size, allowing growing grains to sediment faster.
While settling at the disc mid-plane dust grains also experience a radial
drift, which is relatively slow, and the micron size grain at 1 AU during τs

drifts radially over a distance of the order of 10−2 AU, which is negligible.
However both τs and the radial drift depend strongly on the grain size, and
simulations taking into account the grain growth show significant radial
drift and shorter τs (Weidenschilling, 1980).
Collisions between the small dust particles lead to aggregation and fast
grain growth, since the micron size particle stick easily. The situation gets
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more complicated for larger grains where the relative grain velocity during
the impact has to be taken into account. Since dust grains are strongly cou-
pled to the gas, in the non-turbulent disc the relative velocities are small and
grains can easily grow up to meter size bodies (Dominik et al., 2007). How-
ever the whole process may be strongly influenced by turbulence, which
increases the relative velocities of particles (Weidenschilling, 1984).

• Rocks - bodies of meter size.
For bodies of a size comparable to the gas mean free path the drag force is
given by the Stokes law (Weidenschilling, 1977a). There are three different
regimes for the drag force depending on the particle size, giving a com-
plicated relation between the body size and its radial velocity. The radial
velocity of both small (∼ 1 mm) grains and big (∼ 1 km) bodies is low,
but it has a maximum for particles in the 10 cm to metre range. For these
rocks the time-scale of radial drift in a laminar disc is extremely short (of
order 103 years for a metre-sized body at 1 AU), making further growth
difficult. Moreover for metre size bodies the radial drift increases the colli-
sion velocity, increasing the likelihood of destructive collisions. Cuzzi et al.
(1993) argue that 10−100 kilometre sized bodies can be assembled by co-
agulation in about 106 years, much longer than the time-scale of the radial
drift. This leads to a catastrophic loss of mass into the star, unless some
additional process speeds up the growth through the metre-size regime.
Possible solutions for this problem are assuming gravitational instability of
thin dust layers (Goldreich & Ward, 1973), drag-driven instability of over-
dense rings (Goodman & Pindor, 2000) or trapping of particles in vortices
(Klahr & Henning, 1997) or at the pressure maxima (Haghighipour & Boss,
2003). However it is presently not clear whether these processes can oper-
ate efficiently and the growth of rocks is still under discussion.

• Planetesimals - bodies above 10 kilometre size.
These bodies are mostly decoupled from the gas, since their mass is big
enough to make the drag unimportant. However it is still too low for the
gravitational disc-body interaction to induce migration. Although the disc-
planetesimal interaction is negligible, the gravitational interaction between
planetesimals has to be taken into account, since it significantly increases
the effective cross section of the colliding bodies (gravitational focusing;
Lissauer 1993), accelerateing their accumulation. Since the effective cross
section is related to the planetesimal’s mass, its growth rate is expected to
increase rapidly leading to runaway accretion (Safronov, 1969; Wetherill
& Stewart, 1989; Kokubo & Ida, 2002). It is believed, that the single body
with slightly higher mass than the others will grow increasingly faster than
its neighbours. Finally the mass of the growing planetesimal becomes big
enough to influence significantly the motion of surrounding smaller bod-
ies, and the system enters an oligarchic growth phase, in which a relatively
small number of larger bodies remain on circular orbits and accrete the
smaller planetesimals due to gravitational focusing. This phase ends, when
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most of smaller bodies have been accreted and the biggest planetesimals
reach their isolation mass, at which the growth rate decreases rapidly. At
this stage big planetesimals become planetary embryos. The isolation mass
is strongly dependent on the surface density of solids, allowing planetesi-
mals to reach bigger masses in more massive discs. For the Minimum Mass
Solar Nebula (Sect. 4) at 1 AU and a cosmic dust to gas ratio the isolation
mass is about 0.07M⊕ (Lissauer, 1993). Further growth occurs through col-
lisions between the remaining planetary embryos. However the details of
this process are still not well understood, since the bodies become massive
enough for the gravitational disc-protoplanet interaction to be important. In
a laminar disc this interaction lead to fast inward (type I; Sect. 5) migration,
making the survival of planetary embryos problematic. If the influence of
gas is neglected, the formation of terrestrial planets is predicted to take
about 108 years, that is much longer than the disc life-time.

• Terrestrial planets - bodies with Earth masses.
These bodies are coupled to the gaseous disc through gravity and like plan-
etary embryos migrate fast in the type I migration regime. They grow
through accretion of smaller bodies and are surrounded by quasi-static,
pressure supported atmospheres. These atmospheres are heated by energy
released by the accretion of solids.

• Planetary cores - bodies with masses exceeding about 10 Earth masses.
At around this mass a rapid gas accretion starts and a giant gas planet forms.
It is possible to form such a massive cores beyond the snow line (Sect. 4),
where water ice increases the surface density of solids by a factor of few.

2.3 Giant Planet Formation
There are two possible scenarios for giant planet formation: core accretion
and gravitational instability (core collapse). The structure of the solar system
seems to favour the core accretion model with Jupiter as a fully formed gas
giant placed close to the original snow line. The more distant planets contain
less gas since in their case the time-scale for core assembly was much longer,
and they probably formed after disc dispersal. There is a variety of possible
architectures of planetary systems in this model depending on the disc mass
(Fig. 2.3), which seems to be consistent with observations of extra-solar sys-
tems (Ida & Lin, 2004).

However, current investigations of Jupiter’s interior show a big uncertainty
about the core mass (Saumon & Guillot, 2004), and this planet may possibly
have no core at all. The gravitational instability scenario can explain massive
planets at large orbital radii, where the disc is more likely to be gravitationally
unstable, and time-scales for core formation are very long.

Because of that both scenarios should be treated as possible channels of
giant planet formation. Ribas & Miralda-Escudé (2007) suggest the existence
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of two populations of gaseous planets: a low-mass and more abundant at high
metallicities population formed by gas accretion onto a rock-ice core in a cir-
cumstellar disc, and a high-mass population formed directly by fragmentation
of a circumstellar disc. We now describe both scenarios in more detail.

2.3.1 Core Accretion Model
In this scenario the solid cores are assembled in a similar way to terrestrial
planets. The evolution of the protoplanet depends strongly on its mass, and can
be described using its growth time-scale Tgrow, the contraction (cooling) time-
scale Tcont of the protoplanet’s envelope and the disc life-time Tdisc (Kokubo
& Ida, 2002).

Planetary embryos are massive enough to keep atmospheres, which remain
in quasi-static and thermal equilibrium as long as the core does not exceed the
critical mass Mcrit . During this stage Tcont > Tgrow and the contraction of the at-
mosphere, which loses energy due to radiation into the surrounding nebula, is
prevented by the release of the gravitational energy of planetesimals accreted
by the core. Significant gas accretion starts when Tcont < Tgrow and may happen
when the planet is about to reach its isolation mass. Since Tcont decreases fast
with core mass, the fate of the core depends on its mass. For relatively low-
mass protoplanets gas accretion proceeds slowly, leading to the formation of
terrestrial planets. If the core mass exceeds the criticl mass Mcrit , the atmo-
sphere is too massive to be supported by the accretion of planetesimals and
starts to contract in a runaway manner. This leads to rapid gas accretion and
the formation of a giant planet. Gas accumulation continues until the planet
opens a gap in the disc (transferring from type I to type II migration regime;
Sect. 5) or the disc is dispersed (Sect. 4). The critical core mass for gas accre-
tion to start is estimated to be in range 5−15 M⊕ depending on the assumed
physical conditions (Pollack et al., 1996; Papaloizou & Terquem, 1999). It is
strongly dependent on the dust opacity, the growth rate of the core and de-
creases with the distance to the star, making the formation of giant planets
more probable at higher radii.

There are two important conditions for the formation of giant planets re-
lated to the disc life-time. For the core to accrete a sufficient amount of gas
the disc life-time has to be longer than the contraction time scale Tdisc > Tcont ,
which is equivalent to condition Mcore > Mcrit . It means that only runaway gas
accumulation allows the formation of a gas-giant. The second condition is re-
lated to the previous one, since in order to capture the gas, core growth must
be completed before the depletion of the gas Tdisc > Tgrow. This shows, that
there is a limited region in the disc, where giant planets can be formed. Ter-
restrial and Uranus-like planets are formed in the regions, where the first and
the second condition are not satisfied respectively. Since both Tcont and Tgrow

depend on the surface density of solids, the final structure of the planetary
system depends on the disc mass. This is illustrated in Fig. 2.3.
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Figure 2.3: Schematic visualisation of different possible structure of the planetary
system depending on the disc mass. Relation between the disc life-time Tdisc, contrac-
tion time-scale Tcont and the core growth time-scale Tgrow are signed. The left large
circles stand for the star. Terrestrial planets are located left to Tcont < Tdisc. Double cir-
cles (cores with envelopes) stand for giant planets, and the ice (Uranus-like) planets
are located right to Tgrow < Tdisc line. Middle row corresponds to MMSN model, but the
upper and lower rows show results for density 10 times bigger and lower respectively.
After Kokubo & Ida (2002).

2.3.2 Gravitational Instability Model
Gravitational instabilities of the protostellar disc have been considered as a
possible scenario for giant planet formation by a number of authors (Boss,
1997; Cameron, 1978; Kuiper, 1951), since it allows to form the planet on
a very short time-scale and provides an explanation for the observed mas-
sive (several Jupiter masses) extra-solar planets, which are difficult to cre-
ate by the core accretion. According to this model giant planets are formed
through the gravitational fragmentation of a massive disc, in which the gas
self-gravity allows density perturbations to grow into a spiral arms on dy-
namical timescales, providing a mechanism for mass and angular momentum
transport. In a gravitationally unstable disc with rapid cooling, spiral arms can
produce self-gravitating clumps, which subsequently can form giant planets.
Unfortunately this process requires conditions that seem to be rather extreme,
and it is not clear whether protoplanetary discs can be gravitationally unsta-
ble. Currently the details of fragmentation are still not well understood, and
numerical simulations are challenging and give different results (Boley et al.,
2006; Boss, 2005; Mayer et al., 2007).
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3 Properties of Planetary Systems

Until 1995 our solar system was the only planetary system known and pro-
vided the only constraints for scenarios of planetary formation. The most im-
portant facts are:
• Radioactive dating of meteorites shows the age of the solar system to be

4.57 109 years and the time-scale for the formation of the Earth to be about
108 years (Wadhwa & Russell, 2000).

• The Sun contains more than 99% of the mass of the whole solar system,
however more than 99% of its angular momentum is in the orbital motions
of the planets.

• The solar system consists of four inner (terrestrial) planets and four outer
(giant) planets. The giant planets can be divided into gas giants (Jupiter
and Saturn) composed primarily of hydrogen and helium1, and ice giants
(Uranus and Neptune) composed mostly of water, ammonia, methane, sili-
cates and metals (see Fig. 3.2).

• There is a large number of small objects grouped into two bigger reservoirs:
the asteroid belt (inner solar system) and Kuiper Belt (outer solar system).

• All planetary orbits are almost circular (apart from Mercury) and lie in a
plane that is almost perpendicular to the solar rotation axis.

• Planets influence the motion of the smaller bodies through resonances,
however there are no simple resonances among the major planets, except
between Jupiter and Saturn, which are close to their 5:2 mean-motion res-
onance.

• The solar system has a hierarchical structure with many of the planets hav-
ing their own satellite systems.
Before the discovery of extra-solar planets it was assumed that all plane-

tary systems would be similar to the solar system, and that the core accretion
model, based on the solar system properties, could explain their structure. In
this scenario the division into inner and outer planets is related to the pre-
dicted position of the ice front (Sect. 4) in the primordial solar nebula, which
was estimated to about a few AU. It was believed that terrestrial planets and
gas giant are placed within and just beyond the radius of the ice front respec-
tively. Migration of planets was not taken into account, even though the theory
of tidal interaction between a planet and the primordial disc had already been
developed by Goldreich & Tremaine (1979, 1980). Since nobody expected to
find giant planets within a few-AU of a star, the discovery of the first extra-

1Saturn, unlike Jupiter, is known to have substantial core.
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Figure 3.1: Detection methods for extra-solar planets. There are three main branches
of observational techniques based on different aspects of planet-star interaction: dy-
namical effects, photometric measurements and microlensing. Possible ranges of
planet masses, which can be detected by each of these methods are shown. After Per-
ryman (2000).

solar planet2 around the solar-type star 51 Pegasi (Mayor & Queloz, 1995)
was an important breakthrough in our understanding of planetary formation.
51 Pegasi was the first hot Jupiter to be discovered. It has a mass of 0.47 MJ

and 4 day period. During the last decade a further 265 extra-solar planets were
discovered in 229 planetary systems around solar-type stars, including 25 mul-
tiple planet systems. Their masses and semi-major axes range form 0.0158 up
to 21.5 MJ and form 0.0177 up to 9.21 AU.3 In this chapter we will shortly
describe detection methods and statistical properties of extra-solar planetary
systems.

A recent review can be found in Udry & Santos (2007)

3.1 Observational Techniques
There are several methods for detecting extra-solar planets, but a full descrip-
tion of them is outside the scope of this thesis, and for more details we refer
the reader to Perryman (2000). Fig. 3.1 presents a simple scheme of observa-
tional techniques showing the possible ranges of planet masses which can be
detected with each of these methods. We can distinguish three main kinds of
methods each based on a different aspect of planet-star interaction: dynamical

2The first extra-solar planetary system was discovered by Wolszczan & Frail (1992) around
pulsar PSR1257 + 12a. In this work we will concentrate on planets discovered around Sun-like
stars only.
3All characteristics of extra-solar planets after http://exoplanet.eu/catalog.php.
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effects, photometric measurements and microlensing. We will briefly describe
the most important methods: radial velocity and astrometry (dynamical ef-
fects), transits (photometric measurements) and microlensing.
• Radial velocity measurement. This method is the most efficient one, and

as of today it has resulted in the discovery of 257 planets in 221 plane-
tary systems. It relies on measuring the Doppler shift of stellar radiation
due to the motion of the star around the centre of mass of the system, and
gives the velocity of the star projected along the line of sight (radial veloc-
ity). From the time evolution of this radial velocity a planet’s semi-major
axis, eccentricity and projected mass MP sin(i) can be calculated, where i
is the unknown angle between the line of sight and the normal of the or-
bital plane. The projected mass gives only a lower limit for planet mass,
but this can be neglected in statistical investigations, since in a big sample
the average value of sin(i) is of order of unity. This method is well suited
for the discovery of relatively massive, short period planets. An important
constraint is the detection limit of the spectrograph (currently about 1 m/s)
and the orbital period of the observed object. The radial velocities of the
Sun due to Jupiter and the Earth are of the order of 11 m/s and 0.1 m/s,
respectively.

• Astrometry. This method is complementary to the radial velocity
approach, since it follows the stellar motion perpendicular to the line
of sight using astrometric measurements. It allows a calculation of the
planet mass and semi-major axis. Currently there is one planet confirmed
by HST astrometry, but several searches are ongoing or planned. In this
case a crucial constraint is the astrometric accuracy, which is on the
order of 10 µas and 1 µas for ground and space based observations,
and the distance to the observed star. When observed from a distance of
10 pc, Jupiter and Earth induce positional shifts in the Sun of the order
of 500 µas and 0.3 µas respectively. This method is well suited for the
discovery of giant planets with longer periods.

• Transits. In this method extra-solar planets are detected by measuring the
photometric signature of the eclipse of a star by a planet. Relative variations
of the stellar flux during the transit of an orbiting planet across the stellar
disc can be measured with high accuracy, on the order of 0.1% and 10−4%
for ground and space based observations respectively. Since the relative
variations of the stellar flux for the Sun eclipsed by Jupiter or Earth are
on the order of 1% and 0.01%, terrestrial planets could be detected by this
method without any problem. Unfortunately the probability for a transit
detection, given by the ratio of stellar radius and planet’s semi-major axis
(plus the requirement, that i ∼ π/2), is rather low and a large number of
stars have to be observed. An important advantage of this method is the
possibility of measuring a planet’s radius, giving some information about
its internal structure (see Fig. 3.2). Currently 35 have been planets detected
by this method.
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Figure 3.2: Comparison of the internal structure of the giant planets in the solar sys-
tem and extra-solar planets detected by transits. After Artymowicz (2006).

• Microlensing. This method uses the phenomenon of gravitational lensing
of a distant (background) star by a closer (foreground) object. It consists of
a sudden brightening (as much as 1000 times) of the background star, when
the foreground (lensing) star passes in front of it. This process depends on
the mass distribution in the vicinity of foreground star, and the presence of
a planet at separation ∼ 1−5 AU from the lensing star would influence the
light curve by adding two spikes. This effect is significant even for Earth-
mass planet and microlensing is well suited to detect terrestrial planets.
Currently 4 candidates have been foundy by this method.

3.2 Statistical Properties of Extrasolar Systems
The first important statistical number is the fraction of stars with planets. Anal-
ysis of microlensing surveys indicates that at most 45% of the M dwarfs in the
Galactic bulge have a Jupiter-mass planet within a distance 1-4 AU. Radial ve-
locity searches show that at least 7% of solar-type stars harbour a giant planet
within 5 AU from the star.

The planetary systems discovered so far do not show much similarity to the
solar system. Histograms of projected planet mass MP sin(i) and semi-major
axis a are presented in Fig. 3.3. Most of the observed extrasolar planets are
giant planets with projected masses falling in the range from Saturn to three
Jupiter masses. Only 27% of planets have masses bigger than 3 MJ and 36% of
planets have a mass smaller than MJ , even though the radial velocity searches
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Figure 3.3: Mass and separation distributions. Upper row shows histogram of pro-
jected planet mass in Jupiter-masses (linear and logarythimc scale on left and right
panels respectively). Lower left panel present histogram of semi-major axis in loga-
rithmic scale. Lower right panel gives projected planet mass versus its separation from
the star on logarithmic scales. Red dots represent planets in the solar system. Solid and
dotted lines show a detection limits for radial velocity detection for 10 m/s and 3 m/s.

are biased towards massive planets. This suggests that there is a deficit of
massive planets within a few AU from the central star.

A histogram of semi-major axes shows two maxima at 0.05 and 1 AU. The
first one corresponds to the so-called hot Jupiters (planets with masses on the
order of a Jupiter mass and period of few days) and also shows a well defined
inner border around the star that cannot be passed by massive planets. How-
ever only 1% of observed stars harbour a hot Jupiter, suggesting that most
giant planets do not reach this border. The second maximum is more promi-
nent and 54% of detected planets have a semi-major axis bigger than 0.5 AU,
even though observations are biased towards short-period planets. There is a
visible deficit of planets in the range of separations between 0.05 and 0.5 AU,
which may be connected to the position of the inner edge of a dead zone in
protoplanetary discs (Sect. 4).

Fig. 3.4 presents eccentricity e versus semi-major axis and projected mass.
Unlike in the solar system, the eccentricity of extrasolar planets varies from
0 up to 0.93. There is a clear relation between the semi-major axis and ec-
centricity, which varies in wider range for bigger a. In a similar way more
massive planets show higher eccenticities. The eccentricities of hot Jupiters
are relatively low, since they are damped by star-planet tidal interaction, but



16 Properties of Planetary Systems

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.01  0.1  1  10

e

a [AU]

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.01  0.1  1  10

e

MP sin(i) [MJ]

Figure 3.4: Eccentricity versus semi-major axis (left panel) and projected mass (right
panel) on a logarythmic scale. Red dots represent planets in the solar system.
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Figure 3.5: Distribution of stellar metallicity [Fe/H] for the stars harbouring planets
(left panel) and relation between metallicity and projected mass (right panel).

for larger orbits high eccentricities are common. In this sense the eccentricity
distribution of extrasolar planets is very similar to the eccentricity distribution
of stellar binaries. However, Ribas & Miralda-Escudé (2007) found the rela-
tion between e and and MP sin(i) to be dependent of planet mass. They claim,
that planets with MP sin(i) > 4 MJ have an eccentricity distribution consistent
with that of binary stars, while planets with MP sin(i) < 4 MJ are less eccentric
than binary stars. They found also a correlation between the stellar metallicity
and planet mass (right panel in Fig. 3.5), which suggests different formation
mechanism for low and high mass planets (core accretion versus gravitational
instability). However, the statistical significance of both of these trends is only
marginal with the present sample of exoplanets.

The distribution of stellar metallicity [Fe/H] is presented in Fig. 3.5. Planets
are more often found around more metal rich stars, consistent with the core
accretion model, since a higher density of solid grains should make planet
formation easier.
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4 Protoplanetary Discs

Discs surrounding young stellar objects were discovered by the IRAS mis-
sion through an infrared excess over the stellar photospheric contribution in
the spectral energy distribution (SED) λFλ (λ ) (Aumann et al., 1984). This
excess is caused by absorption and emission processes in the protostellar disc
and envelope. Dust particles present in discs heat up, absorbing higher fre-
quency stellar radiation (visible) and re-emit it as thermal radiation at longer
wavelengths (infrared). The details of this process depend strongly on the par-
ticle size and its absorption properties, influencing the grain temperature Tg

and thus the radiation spectrum. The wavelength at which maximum energy
per frequency unit is radiated, can be estimated as λmax = 5100 K/Tg µm.

A schematic depiction of the SED of a young star surrounded by a disc is
shown in Fig. 4.1. It displays the details of an infrared contribution due to hot
dust in the circumstellar disc, but there also is an ultra-violet excess caused
by gas accretion onto the star. Protostellar SEDs, depending on their infrared
slope αIR = [∆ log(λFλ )]/[∆ log(λ )], are divided into four different classes,
which are interpreted as an evolutional sequence (Adams et al., 1987; Andre
et al., 2000):
• Class 0: protostars in their first embedded phase with an SED that strongly

peaks in the far-infrared,
• Class I: relatively evolved protostars with both circumstellar discs and en-

velopes; αIR > 0,
• Class II: pre-main-sequence stars with significant circumstellar discs (clas-

sical T Tauri stars); −1.5 < αIR < 0,
• Class III: pre-main-sequence stars that are no longer accreting significant

amounts of matter (weak-line T Tauri stars); αIR <−1.5.
Here we concentrate on the Class II objects.

Even though the spatial resolution of observations is steadily increasing,
current observations still suffer from substantial resolution and sensitivity lim-
itations and most of our knowledge of the disc structure is based on spatially
unresolved spectroscopy and SED analysis. The main goal is to determine the
density ρg,d(r,z) and the temperature Tg,d(r,z) structures of the disc, where in-
dexes g and d stand for gas and dust. Observations allow us to constrain the
mass surface density distribution Σ, however this kind of measurement is dif-
ficult due to radiative transfer effects and uncertainties about the dust to gas
ratio. Σ is usually found to be a power law of the disc radius Σ ∼ ra, with an



18 Protoplanetary Discs

Figure 4.1: Spectral energy distribution (SED) of a young star surrounded by a disc.
The SED consists of three main regions: Wien domain (λ < 1.5µm), energetic domain
(1.5µm < λ < 100µm; dependent on the disc geometry and the temperature profile)
and Rayleigh-Jeans domain (λ > 100µm; depending on the grain properties and the
disc optical depth). There are a few bumps in the energetic domain of the SED, which
are produced by different parts of the disc (marked on the plot). The near- and mid-
infrared emission comes from the inner, hotter part of the disc (inner hot rim), while
the far-infrared emission comes from the outer, cooler regions. After Dullemond et al.
(2007).

exponent ranging between -1 and 0 (Wilner et al., 2000; Kitamura et al., 2002;
Andrews & Williams, 2007).

A lower limit for Σ can be also derived from observations of our own solar
system. Indeed, taking into account the masses and composition of the plan-
ets one can try to reconstruct the primordial nebula by adding hydrogen and
helium to the heavy elements from the planets until the average solar compo-
sition is obtained (Weidenschilling, 1977b; Hayashi, 1981). This leads to the
so-called Minimum Mass Solar Nebula model (MMSN), in which Σ ∼ r−3/2

and the total mass of the nebula lies between 0.01 and 0.1 M�. However this
model gives a steeper slope for Σ than what is predicted by theoretical models
(Bell et al., 1997) and than what is observed around protostars. Still, many of
investigations use it, taking

ΣMMSN = 1.7×103
( r

AU

)−3/2
g cm−2. (4.1)

ρg can be obtained from Σ and Tg assuming vertical hydrostatic equilibrium
for the disc. For the simplest case when Tg is independent of z we can write

ρg(r,z) =
Σ(r)

Hp
√

2π
exp

[
−1

2

(
z

Hp

)2
]
, (4.2)
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where Hp is the pressure scale hight. The disc geometry is determined by the
equation

Hp

r
=

cs

vk
, (4.3)

where cs and vk are the sound speed and the Keplerian velocity.
The SED modelling provides a good method to determine the internal struc-

ture of the inner disc regions, especially its geometry and the temperature pro-
file. Since dust is the main source of opacity, most models make the assump-
tion that the gas temperature is equal to the dust temperature Tg = Td . This
assumption is justified in the inner layers of the disc but breaks down at the
hot surface, where the densities are low and stellar X-rays can strongly heat
the gas (Fig. 4.4). The thermal structure of the disc thus can be quite complex.
The disc can be heated both externally by the absorption of direct stellar light
at the disc’s surface, and internally by viscous dissipation of the gravitational
energy in the accretion process. Because of this the details of disc models
depend strongly on the mass accretion rate Ṁ. There are two limiting cases:
• passive discs in which Ṁ is low, the heating is dominated by irradiation,

and Tg has a minimum at the mid-plane (Adams & Shu, 1986; Kenyon &
Hartmann, 1987; Chiang & Goldreich, 1997),

• active discs in which Ṁ is high, the heating is dominated by viscous dissi-
pation and Tg has a maximum at the mid-plane (Pringle, 1981; Frank et al.,
2002).
Unfortunately the accretion mechanism in protoplanetary discs is still not

well understood and the so-called α-prescription for the mean viscosity ν is
widely used (Shakura & Syunyaev, 1973). In this prescription

ν = αHpcs, (4.4)

where α is a free non-dimensional parameter, Hp and cs are the pressure scale
hight and the sound speed respectively. In most cases α is assumed to be in
the range of 10−4−10−2. The radial distributions of temperature and Σ for an
axisymmetric α-disc model are presented in Fig. 4.2. Recent 3-dimensional
modelling of turbulent discs shows a more complicated, time variable disc
structure with significant variations in Σ (Fig. 4.3).

Molecular viscosity is too small to account for the observed Ṁ and many
possible mechanisms have been investigated (Gammie & Johnson, 2005). The
currently most popular mechanism for the anomalous viscosity is turbulence
driven by the magnetorotational instability (MRI), expected to be present in
weakly magnetised discs (Balbus & Hawley, 1991; Stone & Pringle, 2001).
However, this mechanism requires some minimum value of the ionisation
fraction to operate. In most of the disc the ionisation fraction is high enough
for MRI to operate (due to the thermal ionisation or cosmic ray ionisation), but
there can be a region in the disc (dead zone), where the ionisation is too low
for MRI. A typical dead zone is located near the mid-plane of the disc between
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Figure 4.2: Radial distribution of the mid-plane Tm and surface Te temperatures (upper
panel) and Σ (lower panel) for α-disc model. Profiles are calculated for α = 0.01
and different accretion rates Ṁ = 10−9,−8,−7,−6,−5M�yr−1 (mass flux increases from
bottom to top). After Bell et al. (1997).

Figure 4.3: Density variations in a turbulent disc. Turbulence are driven by the mag-
netorotational instability and variations of Σ are visible (left panel). Right panel shows
the azimuthally averaged mid-plane density as a function of radius. The initial condi-
tion (dashed line) and the evolved stage (solid line) are plotted. After Papaloizou &
Nelson (2003).
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Figure 4.4: Sketch of the structure of a flaring protoplanetary disc for the dust (upper
panel) and gas (lower panel) component. After Dullemond et al. (2007).

about half and few AU from the central star (D’Alessio et al., 1998), and is en-
closed between two hotter, active surface layers (Gammie, 1996). This leads
to the layered disc structure presented in Fig. 4.4. In addition, edges of the
dead zone can provide density jumps in the disc.

The upper panel in Fig. 4.4 shows the structure of the dust component of
the disc. The dusty disc starts beyond the dust sublimation radius (0.1-1 AU
depending on the stellar luminosity). The inner edge of the disc is directly
illuminated by the star and forms a hot inner rim shadowing the colder part
of the disc behind it. The surface of the rest of the disc is irradiated under
a shallower angle and forms a relatively hot layer surrounding the inner, not
directly illuminated and colder interior of the disc. Observations show discs
to be flared, and the angle under which the disc is illuminated grows with
distance to the star.
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Figure 4.5: Schematic description of disc clearing by photoevaporation from a central
star star UV radiation. The upper panel shows the disc geometry for a weak stellar
wind (after Hollenbach et al. 2000). H(r) is here the disc scale hight, and Ṁph is
the mass loss due to photoevaporation. The typical path of direct and diffused EUV
photons is indicated too. The lower panel presents the corresponding surface density
evolution (after Dullemond et al. 2007). In this model photoevaporation starts to affect
the disc after about 6 Myr and the disc rapidly disappears after a gap in the inner region
has formed.

Dust particles can grow in the disc and settle close to the disc mid-plane
forming a layer of bigger dust grains (Sect. 2.2). There is observational evi-
dence for this process (D’Alessio et al., 1999; Chiang et al., 2001).

The gas component also reveals a layered structure (lower panel in Fig. 4.4)
with a hot, directly irradiated surface and a colder interior. Additionally the
disc interior is heated by viscous dissipation and the temperature can have a
local maximum at the mid-plane depending on Ṁ. The mid-plane temperature
determines which types of ices and minerals can be present in the disc. It
decreases with distance to the star and the composition of ices and minerals
in the disc changes in the form of a series of fronts (Lodders, 2003). One of
the most important fronts is the so-called snow line (Tg ' 150K; placed at
about 3 AU from the central star; Morbidelli et al. 2000; Garaud & Lin 2007;
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Lecar et al. 2006), beyond which water ice is present and the surface density
of condensed material rises dramatically.

An important constraint for planetary formation scenarios is the gaseous
disc life time Tdisc, which is of order of 107 years. Observations suggest that
discs disappear within a relatively short time of ∼ 105 years. There are a few
mechanisms that can cause disc dispersal (Hollenbach et al., 2000), but pho-
toevaporation is believed to be the most important one. This process is also
thought to be responsible for making inner holes and truncating the outer disc
(Clarke et al., 2001; Alexander et al., 2006a,b). A schematic visualisation of
photoevaporation by the central star and the corresponding surface density
evolution is presented in Fig. 4.5.

Stellar UV photons can directly heat and ionise the gas at the surface of
the disc, leading to temperatures of the order of 104 K. This produces a ver-
tically extended atmosphere above the disc surface. Within the gravitational
radius rg the corresponding sound speed cs is smaller than the escape veloc-
ity and this hot atmosphere is bound to the disc. However, outside this radius
a strong thermal wind develops giving a relatively high mass loss Ṁph. The
whole process is driven by the stellar UV photons scattered in the inner bound
atmosphere and heating up the disc outside rg. When the viscous accretion
rate within the disc drops below Ṁph, a gap near rg opens, and the disc rapidly
disappears.
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5 Planetary Migration

The properties of extra-solar planets suggest that planetary migration which
may take place during the planet formation phase or can be a post-formation
process, is important in determining the characteristics of planetary systems.
There are at least three different mechanisms leading to significant orbital
evolution:
• Interaction between planet and gaseous protoplanetary disc. This takes

place during the planet formation process within first 107 years, before the
gaseous disc is dispersed. In this mechanism planets in a wide range of
masses (from sub-Earth up to giant planets) exchange angular momentum
with the surrounding gaseous disc through tidal interaction and undergo
substantial orbital migration. This mechanism is commonly used as the
explanation for the existence of hot Jupiters (Lin et al., 1996; Trilling et al.,
1998).

• Interaction between planet and planetesimal disc. In this mechanism
massive planets undergo orbital evolution due to interaction with surround-
ing planetesimals. It is believed that this process led to inward migration of
the ice giants in the outer solar system (Levison et al., 2007).

• Interaction between planets within formed planetary systems. This is a
post-formation process, which takes place after the gaseous disc has dis-
persed. Formed planetary system can be initially dynamically unstable and
interaction between planets can lead to significant changes in their orbital
elements or even to ejection of lower mass planets, offering an explana-
tion for the higher eccentricities of observed extra-solar planets (Lin & Ida,
1997).
In this work we only consider the first mechanism. The importance of grav-

itational planet-gaseous disc interaction was first recognised by Goldreich &
Tremaine (1979, 1980). They found that a planet exchanges angular momen-
tum with the disc only at the so-called inner/outer Lindblad and corotation
resonances (described in more detail in the next section).

The structure of gas flow in a disc with an embedded planet on a circular
orbit is presented on Fig. 5.1. The co-orbital region is marked gray and is
located between the inner and outer disc regions. The streamline separating
these two regions is called the separatrix. For a slowly migrating planet the
co-orbital region consists of a horseshoe and two tadpole regions (Fig. 5.1
and upper panel of Fig. 5.9), which occupy an annulus a few Hill sphere radii
(RH) away from the planetary orbit. The Hill sphere is an approximation for
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Figure 5.1: Schematic representation of gas streamlines in the disc for massive planet
held on a fixed circular orbit in a corotating reference frame. The left and right panels
are plotted in Cartesian and cylindrical coordinate systems, with planet placed at (1,0)
and (0,1) respectively. There are three main regions in the disc. The co-orbital region
(marked gray) is located between the inner and outer discs (with respect to the planet
orbit), and consists of the horseshoe (light-gray) region including two tadpole regions
(dark-gray). Adapted from Masset (2001).

the region in which the gravitational influence of the planet dominates, and its
radius is given by the formula

RH = a
(

MP

3M?

)1/3

, (5.1)

where a, MP and M? are the planet’s semi-major axis, mass and star mass re-
spectively. For a massive planet the interior of the Hill sphere (more precisely
the interior of the Roche lobe; Fig. 5.9) makes up an additional region, which
contains a circumplanetary disc (see cover image). For a slowly migrating
planet the circumplanetary disc is mostly disconnected from the horseshoe re-
gion as well as from the inner and outer disc regions. For steady state and in
the absence of dissipation, orbits in the co-orbital region are closed and sym-
metric, and there is no significant mass transfer between the inner and outer
disc.

At the Lindblad resonances the planet-disc tidal interaction leads to the
excitation of density waves (forming characteristic bow shocks; Figs. 5.6
and 5.8), which allow the redistribution of the angular momentum deposited
by the planet at resonances. At the corotation resonance the planet does not
excite any density waves and it is often assumed that this resonance saturates
quickly. Because of this its effect on the planet’s angular momentum has been
neglected in many of studies.

As a back-reaction the disc exerts on the planet a gravitational torque, which
causes evolution of planet’s orbital elements. Early, very simplified models
of planetary migration were based on analytical estimates for the torque ex-
erted by a single resonance on the planet. Ward (1997a) considered a simple
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Figure 5.2: Drift velocity as a function of planet mass for different values viscosity pa-
rameter α . Left and right scales give a relative drift velocity and migration timescale.
Two main migration regimes are visible with a substantial velocity drop in transition
region. Conditions in the model are appropriate for Jovian zone in MMSN. After Ward
(1997a).

axisymmetric (1-dimensional) disc model and calculated its response to the
perturbing gravitational potential of an embedded planet, assuming saturation
of the corotation torque and adopting the α-viscosity prescription (Eq. 4.4).
He found two main regimes of migration (Fig. 5.2):

• Type I. In this regime, valid for terrestrial planets, the asymmetry of the
Lindblad torques causes the planet to migrate relative to the disc, with a
rate proportional to both the planet’s mass and the disc surface density. The
corresponding migration time-scale decreases linearly with planet’s mass
and is on the order of 105 years for an Earth-mass planet. This regime is
also called the linear regime, since it is believed that for such a low-mass
planet the linearised analytical theory would be valid.

• Type II. This regime is valid for massive planets, for which non-linear
effects become important. This results in removing gas from the planet’s
co-orbital region, leading to the formation of a circular gap in the disc.
The formation of this gap locks the planet in the circumstellar disc and
decreases its migration rate significantly. The drift rate is now determined
by the strength of the viscosity and is independent of both planet and disc
mass.

For both types the planet migrates inward on a time-scale which is shorter
or similar to gaseous disc life-time, making formation of gas giants and sur-
vival of terrestrial planets problematic. These results motivated more detailed
studies of planetary migration, summarised in Lin & Papaloizou (1993), Lin
et al. (2000) and Papaloizou et al. (2007). These investigations revealed the
complicated nature of migration and especially the significance of the corota-
tion torque, which cannot be neglected in most cases.
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In some situations the flow symmetry in the co-orbital region can be broken
(Fig. 5.9) causing a rapid increase of the corotation torque, leading to an ad-
ditional very rapid migration regime, the so called type III migration regime
(Masset & Papaloizou, 2003; Artymowicz, 2004a; Papaloizou et al., 2007).
This regime is characterised by a strong gas flow through the co-orbital region
(co-orbital flow), which can provide a far larger torque on the planet than the
wave-launching Lindblad torque. The corresponding migration time-scale is
only on the order of 103 years.

In the following sections we will describe the disc-planet interaction at the
resonances and three mentioned migration regimes in more detail. Recent re-
views can be found in Papaloizou et al. (2007) and Masset (2008).

5.1 Tidal Torque and Angular Momentum Transfer
The problem of disc-planet interaction is complicated, and some simplifica-
tions are necessary to make it solvable in an analytical investigation. Here we
use two important simplifications: the Navier-Stokes equations are linearised
with respect to the ratio of the planet to star mass µ = MP/M?, and the per-
turbing gravitational potential Φ is expressed as a Fourier series:

Φ(r,ϕ,z, t) =
∞

∑
m=0

Φm(r,ϕ,z, t) =

=
∞

∑
m=0

Φm(r,z)cos [m(ϕ−ΩPt)+ϕm(r,z)], (5.2)

where we have adopted a cylindrical coordinate system (r,ϕ,z) and t is the
time variable. ΩP, Φm(r,z) and ϕm(r,z) are the pattern orbital frequency, am-
plitude and phase of each potential component. This approach allows the re-
duction of the problem to a linear response of the disc to a single, uniformly
rotating component Φm(r,ϕ,z, t) of the perturbing potential. However, we
should keep in mind that solutions are only valid for µ � 1. For simplicity
we will consider a 2-dimensional disc with the planet on a fixed, circular or-
bit, for which ΩP is equal planet’s orbital frequency.

Each potential component exerts a torque on the disc

Γm =−
∫

Disc

Σ~r×∇Φmd2r, (5.3)

modifying the gas surface density Σ and triggering a response (−Γm) which
exchanges angular momentum with the planet. Goldreich & Tremaine (1979)
identified the positions where this angular momentum exchange takes place
as resonances between the planet and the gas element orbiting in the disc and
satisfying one of the conditions:

κ(r) = ±m [ΩP−Ω(r)] , (5.4)
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ΩP = Ω(r), (5.5)

where Ω(r) is the gas orbital frequency, and κ(r) is the epicyclic frequency
defined as

κ
2 =

2Ω

r
d(r2Ω)

dr
. (5.6)

κ gives the frequency at which an eccentric test particle makes an epicycle
about its guiding centre, which is placed on a circular orbit. For a Keplerian
disc κ = Ω.

5.1.1 Lindblad Resonances
The first condition (Eq. 5.4) corresponds to the Lindblad resonances, which
are the gas-dynamical equivalents of the mean motion resonances of celestial
mechanics. At their position the perturbing potential tends to excite epicyclic
motions in the gas, exchanging angular momentum. A positive sign in Eq. 5.4
gives the outer Lindblad resonance (OLR), a negative sign the inner (ILR). We
will not describe here in details the formula for the torques ΓRL

m , which can be
found in Goldreich & Tremaine (1979), Artymowicz (1993) and Tanaka et al.
(2002). Rather we focus on the main properties of the Lindblad torques.
• In a Keplerian (pressure-less) disc Eq. 5.4 gives

Ω(rRL
m ) = m/(m±1)ΩP.

This means that at the Lindblad resonances the fluid elements are in mean
motion resonance with the planet. They complete m±1 orbits around star,
while the planet completes m orbits.

• ILR and OLR are placed inside and outside the corotation radius with reso-
nance position rRL

m = (1±1/m)2/3a. Therefore Ω(rRL
m ) is bigger than ΩP at

ILR and smaller at OLR. In this case there is no ILR for m = 1 (see Fig. 5.7
for approximate positions of the Lindblad resonances).

• The disc exerts positive and negative torques on the planet at the inner and
outer Lindblad resonances respectively.

• The torque ΓRL
m is proportional to the disc surface density Σ and scales

with the square of the perturbing potential Φm(r,z), which is proportional
to planet’s mass MP.

• ΓRL
m only depends on the disc surface density Σ and the orbital frequency

Ω, and is independent of the physical processes working in the disc and
redistributing the angular momentum deposited at resonances (no other
quantities like sound speed cs appear in the torque formula). Pressure or
self-gravity effects enter through modification of Ω and are visible as shifts
of the resonance positions rRL

m .
• ΓRL

m is very sensitive to rRL
m . In a Keplerian disc rRL

m tends to a for m→ ∞,
causing the sum of ΓRL

m to diverge. However, the exact positions of the
Lindblad resonances depend on various processes, such as pressure or disc



30 Planetary Migration

Figure 5.3: Schematic representation of gas streamlines in the disc for m = 3 potential
component in corotating reference frame and cylindrical coordinate systems. Libration
regions with closed orbits are marked gray.

self-gravity effects. When pressure effects are included , the condition for
the Lindblad resonances takes the form

m2(Ω−ΩP)2 = Ω
2(1−m2h2),

where h = Hp/r is the disc aspect ratio (see Eq. 4.3). In this case the Lind-
blad resonances are moved away from the planet’s orbit, and high order
resonances accumulate at a±ΩHP/(2|A|), the position where the flow be-
comes supersonic in the corotating frame. A = (1/2)rdΩ/dr is known as
the first Oort constant, and for a Keplerian disc is equal to −(3/4)Ω. This
provides the necessary cutoff of ΓRL

m for large m (Fig. 5.4).

5.1.2 Corotation Resonance
The second condition (Eq. 5.5) corresponds to the corotation resonance. Gol-
dreich & Tremaine (1979) found the corotation torque ΓCR

m to be proportional
to the square of the perturbing potential Φm(r,z) as well as to the vorten-
sity gradient d(Σ/B)/dr, where B = (1/2r)d(r2Ω)/dr is known as the second
Oort constant. In a Keplerian disc B ∼ r−3/2, and ΓCR is zero for Σ ∼ r−3/2

(MMSN model). However linear analysis does not capture all properties of
the corotation resonance, especially its saturation. The reason is that in the lin-
ear analysis the corotation torque appears as a discontinuity, and corresponds
to an infinitely narrow co-orbital region. Therefore nonlinear effects can be
expected to strongly influence the corotation resonance.

The physical processes responsible for the angular momentum transfer dif-
fer between the corotation and Lindblad resonances. There is no simple mech-
anism to remove angular momentum from corotation, since the dispersion re-
lation does not allow the excitation of waves at this position. For an m-folded



5.2 Linear Torque and Type I Migration 31

Figure 5.4: Absolute value of individual inner (triangle) and outer (diamond) torques
as a function of m for disc with h equal 0.07 and 0.03. Torques are normalised to
Γ0 = πµ2Σa4Ω2

Ph−3.

perturbing potential this leads to the formation of m regions in corotation with
the planet, in each of which material is librating (libration islands). This is
shown in Fig. 5.3, which shows gas streamlines in a disc for an m = 3 potential
component in the corotating reference frame. There are three regions (marked
gray), in which the gas is circulating around libration points with azimuths
ϕ = 2nπ/m, where n = 0, ..,m− 1. The librating fluid elements periodically
gain and lose angular momentum due to the interaction with the planet, and
the net angular momentum transfer remains zero as long as the orbits in the
libration regions are closed.

The libration time-scales are much longer than the orbital time-scale and
grow with decreasing distance to the libration points. This leads to saturation
of ΓCR, because fluid elements move on closed orbits with different libration
periods, leading to phase mixing, and the initial vortensity gradient will tend
to zero after a few libration time-scales. To avoid torque saturation additional
processes should restore the vortensity gradient at the planet’s orbital radius.
Ogilvie & Lubow (2003) showed that viscous diffusion across the co-orbital
region is able to prevent saturation, provided the viscous time-scale across the
co-orbital region is smaller than the libration time-scale. The relation between
the corotation resonance and the viscosity is also discussed by Masset (2001).

The corotation torque can also grow significantly due to a co-orbital flow,
corresponding to breaking the symmetry of streamlines in the co-orbital re-
gion. This case we will describe in more detail in Sect. 5.4.

5.2 Linear Torque and Type I Migration
The type I migration regime concerns low-mass planets, for which the overall
disc response to the perturbing potential can be treated as a linear superposi-
tion of individual resonances. In this case one has to sum all the contributions
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Figure 5.5: Migration rate as a function of planet mass for high resolution, 3-
dimensional numerical calculations. Solid line shows the analytical prediction for type
I migration, and the symbols give results of numerical calculations. Adopted from
D’Angelo et al. (2003).

from the Lindblad ΓRL
m and corotation ΓCR

m resonances, resulting in a differen-
tial Lindblad torque ΓRL and corotation torque ΓCR. This differential Lindblad
torque is found to be negative, since the OLR are stronger than the ILR, thus
giving an inward directed planet migration (Ward, 1997a). This is illustrated
in Fig. 5.4, which presents the absolute value of individual ILR and OLR as a
function of m for two disc models, one with the disc aspect ratio h equal 0.07,
the other with 0.03. A thicker disc causes a faster decay of the higher order
ΓRL

m terms and moves the maximum towards smaller m, but in both cases the
OLR dominate. This is mostly caused by the geometrical asymmetry between
the ILR and OLR, since for any given m the ILR lies further away from the
planet’s orbit than the OLR.

The most recent analytical estimates of ΓRL and ΓCR are given by Tanaka
et al. (2002)

ΓRL = −(2.34−0.099α)
µ2Σa4Ω2

P

h2 , (5.7)

ΓCR = (0.976−0.64α)
µ2Σa4Ω2

P

h2 , (5.8)

where Σ∼ r−α , and the second equation gives the fully unsaturated corotation
torque. The resulting migration time-scale has the following form

τ ≡ a
ȧ

= (2.7+1.1α)−1 M2
?h2

MPΣa2ΩP
, (5.9)

which gives a relatively short migration time-scale τ = 1.6 105 years for an
Earth-mass planet at 1 AU in the MMSN.
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Figure 5.6: Surface density distribution for a relatively low mass planet (type I mi-
gration regime). The planet excites a noticeable wave in the disk gas but does not
significantly perturb the azimuthally averaged surface density profile (shown as the
inset graph). In this case shape of the wake can be described as a superposition of
waves excited in the separate Lindblad resonances. After Armitage & Rice (2005).

We should notice here that ΓRL is almost independent of the density profile.
This may seem counter-intuitive, since a larger α should increase the differ-
ence in Σ between the inner and outer Lindblad resonances. The explanation
is that a larger α corresponds to a larger pressure gradient and so to a shift
of the resonance location compensating the effects of the density difference.
This is known as the pressure buffer effect. Another interesting fact is that
both ΓRL and ΓCR depend on the disc and planet parameters in a similar way.
Their relative strength depends only on α , and ΓRL dominates over ΓCR for all
reasonable density profiles, even though Eq. 5.8 gives the maximal, unsatu-
rated value of ΓCR. So the differential Lindblad torque dictates the direction
and time-scale of planetary migration in the linear regime.

Early studies applied the type I migration regime over a wide range of
planet masses from sub-Earth to about 30 Earth masses. However recent in-
vestigations show that non-linear effects become important already for a few
Earth masses. D’Angelo et al. (2003) found very long migration time-scales
for Neptune-mass planets (Fig. 5.5), something which cannot be explained by
the linear approximation. Recently, Masset et al. (2006) showed that this de-
crease of migration speed is related to a non-linear enhancement of the coro-
tation torque, connected with the transition of the gas flow from the low-mass
to high-mass planet situation. This process starts at about few Earth masses
when the planet begins growing a Roche lobe around itself. This increases the
thickness of the co-orbital region, which strengthens the corotation torque and
thus decreases the migration speed.
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Figure 5.7: Schematic illustration of the gap formation process. Upper panel shows
planet in a gap with marked influence of the tidal torque (broadening the gap) and
viscous dissipation (filling the gap). Arrows give approximate positions of m-th order
Lindblad resonances. Lower panel shows schematically dissipation of waves excited
at the Lindblad resonances. These waves carry angular momentum deposited at reso-
nances and redistribute it in the disc. After Takeuchi et al. (1996).

In some cases it is even possible for the corotation torque to stop inward mi-
gration. This for example takes place close to surface density maxima, which
can become so-called planet traps, since a relatively sharp jump in Σ can en-
hance the positive corotation torque enough to overcome the differential Lind-
blad torque (Masset et al., 2006). Other investigations show that corotation
torque is very sensitive to the entropy distribution and in non-isothermal discs
can dominate over the Lindblad torques and induce an outward directed mi-
gration (Baruteau & Masset, 2008a; Paardekooper & Mellema, 2008). Other
processes such as the influence of magnetic fields (Terquem, 2003; Nelson &
Papaloizou, 2004) or self-gravity (Baruteau & Masset, 2008b) have also been
considered.

The low-mass planet excites a noticeable wave in the disk gas but the radial
profile of the disc surface density is only weakly modified (Fig. 5.6). Ogilvie
& Lubow (2002) found a good agreement between numerical simulations and
an analytical superposition of waves excited at the separate Lindblad reso-
nances.

5.3 Gap Opening and Type II Migration
The linear approximation is valid for low-mass planets, but breaks down when
the planet grows in mass. There are several different estimates of the limiting
mass for which the disc response can no longer be treated as a sum of linear
perturbations. These criteria are usually treated as a gap formation conditions,
since the non-linear planet-disc interaction leads to a strong deposition of an-
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Figure 5.8: Surface density distribution for a 10 MJ planet (type II migration regime).
Due to non-linear interaction with the disc, massive planet clears an annular gap in the
disk, within which the surface density is a small fraction of its unperturbed value (see
the inset graph). After Armitage & Rice (2005).

gular momentum at corotation, which pushes the gas away from planet’s orbit,
opening an annular gap in the disk (Fig. 5.8). The shape of the gap is given
by the balance between the viscous and pressure forces that are trying to close
the gap, and the gravitational torques, which open the gap (Fig. 5.7; Takeuchi
et al. 1996; Crida et al. 2006)

For a low-viscosity disc the linear analysis breaks down even for low-
mass planets, since the waves excited at the Lindblad resonances steepen
their profile as they propagate through the disc, turning into non-linear shock
waves (Goodman & Rafikov, 2001). However, for gap formation this process
matters only if it proceeds in the planet vicinity, and we can treat the inter-
action as non-linear when planetary wakes turn into shocks in the planet’s
neighbourhood. This takes place, when the planet’s Bondi radius GMP/c2

s be-
comes bigger than the distance between corotation and wake excitation radius
ΩHP/(2|A|), where G and cs are the Newton gravitational constant and the
sound speed respectively. The Bondi radius gives the distance from the planet
at which the gravitational potential energy of a gas particle equals 2/3 of its
thermal energy, which for low-mass planets (which do not form a Roche lobe)
delimits their domination region. Using Eq. 4.3 one can thus find a condition
for gap formation

µ ≡ MP

M?
>

2
3

h3. (5.10)

A similar condition, the so-called thermal criterion, was proposed by Lin &
Papaloizou (1993), but this one concerns the Hill radius instead of the Bondi
radius and reads µ > 3h3. They also proposed a viscous criterion, in which the
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balance between angular momentum transport by viscous stresses and plane-
tary tides is considered. It is given by

µ > 40
ν

a2ΩP
. (5.11)

In the literature one can find a modified version of this viscous criterion of the
form

µ > 10

√
h3ν

a2ΩP
. (5.12)

In general both thermal and viscous conditions have to be satisfied for the
planet to open a gap. However Rafikov (2002) showed that deeply embed-
ded planets which do not fulfil the thermal condition can still open a gap,
since even for low-mass planets wakes turn into shocks at some distance from
planet’s orbit.

Recently Crida et al. (2006) proposed another criterion assuming that inte-
grated over a synodic period the gravitational, viscous and pressure torques
cancel out, giving closed orbits close to the separatrix. This condition com-
bines the thermal and viscous conditions and reads

3HP

4a

(
3
µ

)1/3

+
40ν

µa2ΩP
< 1. (5.13)

Fig. 5.8 shows a gap opened in a protoplanetary disc by a massive planet. In
this case planet’s migration rate has to decrease considerably, since the corota-
tion and most of the Lindblad resonances fall inside the gap, and are strongly
reduced (Fig. 5.7). It is believed that a planet opening a gap is locked into
the disc, and drifts inwards at the same rate by which the outer disc spreads
inward. The migration time-scale is thus given by the viscous evolution time-
scale and reads

τ ∼ a2

ν
. (5.14)

For a Jupiter-mass planet at 5 AU, an α-viscosity of ∼ 10−3 this gives τ ∼
105 years. This value is only correct for disc dominated migration, in which
the local disc mass exceeds the planet mass πa2Σ(a) > MP. In the opposite
case migration slows down below type II speed, approximately in proportion
to the gas-planet mass ratio (Syer & Clarke, 1995).

5.4 Co-orbital Flow and Type III Migration
Up to now we have neglected the effect of the radial motion of the planet due
to planetary migration. This seems to be justified, since both type I and type
II migration regimes are driven by the differential Lindblad torque, which
does not depend on planet migration. However, closer investigation shows
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Figure 5.9: Schematic presentation of the gas flow in the disc with embedded massive
planet for different planet’s migration rates ȧ. Three different cases are shown ȧ = 0,
|ȧ|< ȧ f and |ȧ|> ȧ f on upper, middle and lower panels respectively. Co-orbital region
is marked gray, with dark- , middle- and light- colour being tadpole, horseshoe and
co-orbital flow regions respectively. On the other hand regions of circular orbits in
the inner and outer disc, and interior of the Roche lobe are left white. There are no
co-orbital flow on the upper panel, and the whole horseshoe region shrinks to a single
tadpole-like region on the lower plot. Adapted from Ogilvie & Lubow (2006).

that the planet’s radial motion changes the gas flow in the co-orbital region
and gives a substantial growth of the corotation torque1, leading to a new,
rapid migration mode, the so-called type III migration regime. This migration
mode has no predefined direction, even though the differential Lindblad torque
breaks the symmetry between both cases and introduces a bias for inward
migration. It can be both inward and outward directed, since it is driven by the
co-orbital flow, which results from breaking the symmetry of horseshoe orbits
and can transfer mass from inner to outer, or from outer to inner discs. In
this section we will consider rapid migration of massive, Roche lobe forming
planets, since this is the best investigated case.

1The symmetry of horseshoe region may be broken by other mechanisms resulting in relative
planet-disc motion, such as disc viscosity (Masset, 2001).
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To describe the flow structure in corotation we have to consider the libration
time-scale (synodic period) at the position of the separatrix

Tlib =
2πa
|A|xs

, (5.15)

and the migration timescale defined as a migration time across the horseshoe
zone half width

Tmigr =
xs

ȧ
, (5.16)

where xs is the half-width of the horseshoe region (the subscript ‘s’ stands for
separatrix distance). In a Keplerian disc

Tlib =
8πa

3ΩPxs
. (5.17)

Comparing these two time-scales we can distinguish slow Tlib < Tmigr and fast
Tlib > Tmigr migration regimes, which correspond to weakly and strongly dis-
turbed horseshoe orbits respectively. It is useful to introduce here the critical
speed ȧ f = xs/Tlib, which defines the border between the slow and fast migra-
tion regime.

The structure of the gas flow in the planet’s co-orbital region for differ-
ent migration rates ȧ is presented in Fig. 5.9. It shows three important cases:
non-migrating ȧ = 0, slow |ȧ|< ȧ f and fast |ȧ|> ȧ f migrating planet (upper,
middle and lower panels). In the case of a non-migrating planet the horseshoe
orbits are symmetric and both tadpole region are present. The horseshoe re-
gion extends here over the full range of azimuths and the co-orbital flow is
absent or negligible. This corresponds to a low, saturated corotation torque
(in absence of viscosity or other processes restoring the vortensity gradient),
since the total rate of angular momentum exchange between the planet and
the horseshoe region vanishes. Fluid elements performing a U-turn behind the
planet gain angular momentum (exert a negative torque) as they jump from the
inner to outer leg of their streamline. In a similar way fluid elements perform-
ing a U-turn in front of the planet lose angular momentum and exert a positive
torque on the planet. In the fully symmetric case the contributions from all the
fluid elements cancel.

This symmetry is broken by the planet’s radial motion, which causes a co-
orbital flow to develop. In this case not only the gas captured in a horseshoe
region performs U-turns, but also the gas passing through corotation between
inner and outer discs. The sign of the contribution from the co-orbital flow to
the corotation torque depends on the direction of planet migration (negative
for inward and positive for outward directed migration) and thus always sup-
ports the current migration. This positive feedback can be big enough to start
type III migration, but this also depends on the density (or vortensity) differ-
ence between the co-orbital flow and the horseshoe region and on the width
of the horseshoe region 2xs, since these two variables determine the rate of
angular momentum transfer.
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Figure 5.10: Structure of co-orbital region for symmetric switch model in cylindrical
coordinate system. In this model streamlines in a co-moving with planet reference
frame have shape of parabola. There are three different regions marked: horseshoe
region (dark gray), co-orbital flow (light gray) and the region of circulating orbits in
the inner and outer disc (white). Radial coordinate is plotted in xs units.

Notice the difference between the fast and slow migration regimes. There
is a co-orbital flow in both cases, however in the slow migration regime the
horseshoe orbits are only weakly modified and the two tadpole regions are
still present. In this case the co-orbital flow is limited to the planet’s neigh-
bourhood and the horseshoe regions extend over almost the entire azimuthal
range. The width of the co-orbital flow is sensitive to small changes of ȧ.
The situation looks different in the fast migration regime, where the horse-
shoe region becomes disconnected from the planet on one side (front or back
depending on the direction of migration) and shrinks to a single tadpole-like
region. The co-orbital flow now extends over a relatively wide range of az-
imuths, which is weakly dependent on ȧ. This influences the relation between
corotation torque ΓCR and migration rate ȧ, which is different in both regimes.
A more detailed description of the co-orbital flow and the relation between
ΓCR and ȧ can be found in Masset & Papaloizou (2003), and in Papers II, III
and IV.

To determine a planet’s migration rate we have to calculate the drag ex-
erted by the co-orbital region on the planet, which is the sum of all contribu-
tions from fluid elements doing U-terns. In general the corotation torque is not
equal to the calculated drag2 but in the case of an asymmetric horseshoe region
the corotation torque is dominated by the drag of material drifting across the
planet’s orbit. To determine the essential properties of this drag a simple sym-

2Horseshoe drag and corotation torque have the same functional dependence on disc parameters
(Ward, 1991, 1992). Masset et al. (2006) found from a set of numerical simulations that although
the horseshoe drag does not account for all of the corotation torque, it represents a large fraction
of it. The horseshoe drag is therefore a good approximation to the corotation torque.
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metric switch model (SSM) can be used (Murray & Dermott, 2000). We will
briefly describe it here, since despite of its simplicity it allows us to estimate
the shape of the separatrix, important for migration.

In the SSM the gas flow in the disc is considered as a shearing sheet in the
reference frame co-moving with the planet, and the gravitational interaction
between planet and gas is taken into account only at conjunction of a fluid
element with the planet. It means that the gas velocity is equal to the velocity
of the unperturbed disc for any ϕ different from the planet position ϕP, and the
U-turn region is compressed to a single azimuthal position ϕP. At conjunction
(ϕ = ϕP) a fluid element within the co-orbital region (|x| ≡ |r− a| < xs) is
switched from the inner to the outer part of the horseshoe region, changing
the sign of its radial position x. The gas velocity field is simply:

ẋ =−ȧ and ϕ̇ =−3ΩP

2a
x, (5.18)

and streamlines are given by parabolas

ϕ =
3ΩP

4aȧ
x2 +ϕ0, (5.19)

where ϕ0 is an integration constant. Streamlines in the co-orbital region for
SSM are presented in Fig. 5.10. This simple treatment allows us to estimate
ȧ f and the approximate shape of the horseshoe region and co-orbital flow
as a function of the half width of the horseshoe region xs, which is here a
free parameter and has to be derived from other calculations (for details see
Paper IV). The crucial parameters here are the positions of separatrix in con-
junction, which are±xs for ϕ = 2π and (using Eq. 5.19) x2 =±xs

√
1−|ȧ|/ȧ f

for ϕ = 0 and |ȧ| < ȧ f , otherwise x2 = 0. This allows us to divide the torque
calculations into three terms:
• differential Lindblad torque; summation over circular orbits with |x|> xs,
• drag from the co-orbital flow; summation over open orbits performing U-

turns at xs > |x|> |x2|,
• drag from the horseshoe orbits; summation over closed horseshoe orbits at

xs > |x|. In this case it is necessary to take into account all orbits performing
U-turns in the front and back of the planet, which for a constant gas density
within the horseshoe region reduces the summation range to xs > |x|> |x2|.

5.4.1 Runaway Migration
The first estimate of the corotation torque for migrating planets was given by
Masset & Papaloizou (2003). They performed two-dimensional simulations
of a freely moving planet and in steady-state migration for a whole range of
imposed fixed migration rates, and found that the corotation torque is pro-
portional to the migration rate ȧ in the slow migration regime and in the fast
migration regime diminishes slightly after reaching a maximum at ȧ∼ 1.5ȧ f .
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Masset & Papaloizou (2003) also presented an analytical description for
the migration rate in the limit ȧ� ȧ f . Approximating the horseshoe orbits by
straight lines x2 = xs(1− ȧ/ȧ f ), and taking into account the delay between
mass inflow at the upstream separatrix and its impact on the corotation torque,
they obtained the following equation for the migration speed

α(M′
p−δm)ȧ+βδmä = ΓLR, (5.20)

where α = πΩP/2 and β = πa2/2xs are positive variables, ΓLR is the differ-
ential Lindblad torque and M′

p = MP +MRL is the mass within the Roche lobe
(sum of the planet and gas mass). δm is the so-called co-orbital mass deficit,
defined as the difference between the vorticity weighted mass that the horse-
shoe region would have if it had a uniform surface density equal to surface
density at the upstream separatrix Σs, and the actual vorticity weighted mass
of the horseshoe region MHS

δm = 4πaxsΣs
BP

Bs
−MHS = 4πa

xs
Σs

Bs
−

0∫
−xs

Σ(x)
B(x)

dx

BP, (5.21)

where BP and Bs are the second Oort constant calculated at corotation radius
and the upstream separatrix, respectively. It is necessary to stress here that
despite its name and physical units, δm provides a measure of surface density
deficit rather than the actual mass difference of the librating region against
the background disk due to the variable shape of that region. δm becomes the
actual mass deficit only if migration is infinitesimally slow and the librating
region is an annulus of a constant width 2xs.

Eq. 5.20 has the form of an oscillator equation and depending on the relation
between δm and M′

p gives an exponential decrease or growth of ȧ. δm < M′
p

is a domain of a stable migration, in which a steady migration with vanishing
ä can be considered. In this approach ȧ is given by the formula

ȧ =
2ΓLR

Ωa(M′
p−δm)

, (5.22)

and the effect of co-orbital flow can be interpreted as a decrease of the planet’s
inertia. The resulting migration rate for the planets depleting at least par-
tially their co-orbital region is bigger than predicted by standard type I or
type II regimes, and grows fast with decreasing density in the horseshoe re-
gion (growing δm). In the δm < M′

p regime the differential Lindblad torque is
believed to dominate over the corotation torque and drive the migration.

On the other hand δm > M′
p corresponds to an unstable domain with rapidly

increasing migration rate and non-vanishing ä. There are no steady solutions
and small perturbations of ȧ grow rapidly on a very short time-scale. Mas-
set and Papaloizou identified this regime as runaway migration driven by the
corotation torque and defined type III migration as an self-accelerating pro-
cess for δm > M′

p.
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Figure 5.11: Time evolution of non-dimensional migration rate Z = ȧ/ȧ f in model
with aspect ratio of circumplanetary disc hp = 0.6 presented in Paper II. Non-averaged
and averaged over 5 orbits values of Z are plotted. Additionally the border between
fast and slow migration regimes is shown. Initially Z rapidly grows and oscillates.
After about 15 orbits system reaches a steady fast migration, which last for about 65
orbits. Later it transfers to slow migration regime and finally settles in type II like
migration mode with |Z| � 1 after about 75 orbits.

5.4.2 Runaway Versus Steady State Migration
The results in this thesis suggest a different picture for type III migration than
the one outlined above. Here and in the next section we want to explain the
differences in some detail, as this is important for understanding the papers
contained in this thesis. Up to this point we have reviewed the work of others,
but from here on we will also refer to results contained in this thesis.

The interpretation of type III migration as a runaway process depends on
the use of Eq. 5.20. However, as noted above, this equation holds only as long
as the corotation torque scales linearly with ȧ. In the fast migration regime
|ȧ| > ȧ f this assumption breaks down, and it is therefore not clear that the
very rapid growth of ȧ occurs.

The numerical simulations in this thesis actually do not show a runaway na-
ture for type III migration. In the simulations presented in Papers I, II and III
the planet is allowed to migrate freely, allowing us to study non-steady mi-
gration. We find that that relatively high values of the time-averaged ä only
occur during the initial 15–30 orbits. After this the system reaches steady state
migration, even when |ȧ| > ȧ f and the mass deficit significantly exceeds the
planet’s mass. This suggests that type III migration for the cases studied here
is rather a steady state migration, and ä is significant only during the relatively
short transition periods in which the system tends to steady state migration.
This is illustrated in Fig. 5.11, which shows the time variation of the migra-
tion rate for one of the models presented in Paper II. For convenience the non-
dimensional migration rate Z = ȧ/ȧ f is plotted and |Z|> 1 corresponds to fast
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migration regime. The plot shows the non-time-averaged and time-averaged
(over 5 orbits) values of Z. Z rapidly grows and oscillates during the initial
phase of migration before the system settles in a steady fast migration after
about 15 orbits. The fast oscillations of ȧ are caused by gas oscillations within
the Roche lobe, which can be suppressed by assigning a higher temperature to
the direct environment of the planet.

An other analytical approach based on SSM, valid for the whole range of
migration rates and assuming steady migration was proposed by Artymow-
icz (Artymowicz 2004a,b, 2006; Papaloizou et al. 2007, Paper IV). Since the
half-width of the horseshoe region, xs, is a free parameter in SSM, he esti-
mated its value using a guiding centre approximation and found xs ≈ 2.5 RH ,
in good agreement with both analytical prediction and numerical simulations
(Paper IV). This SSM theory is derived using a shearing sheet (pressureless)
model, so all vorticity terms in Eq. 5.21 disappear and the equation for the
mass deficit takes the form

δm = 4πaxs(Σs−Σh), (5.23)

where Σh is the average density in the horseshoe region.
In this approach the corotation torque can be calculated using an impulse

approximation for angular momentum exchange and integrating all contribu-
tions from the fluid elements over [max(0,x2),xs], giving

ΓCR = sign(ȧ)
aΩ2

a
(Σs−Σh)

(
x3

s − x3
2
)

=

= sign(ȧ)
δm
3

ȧ f

(
1−
[

max
(

0,1− |ȧ|
ȧ f

)]3/2
)

Ωa. (5.24)

This torque is a linear function of Z = ȧ/ȧ f for Z� 1 (slow migration regime)
and becomes constant for Z > 1 (fast migration regime).

Unlike Masset & Papaloizou (2003), this version of SSM does not predict
migration to have the runaway or self-accelerating character of an instability
and instead assumes steady migration with vanishing ä. In this formulation a
steady migration speed ȧ results from the torque balance equation

1
2

ΩaM′
pȧ−ΓCR = ΓLR, (5.25)

in which the following three torques are in balance: the torque required for
migration with speed ȧ according to orbital mechanics of nearly circular or-
bits, the corotation torque ΓCR, and the Lindblad resonant torque ΓLR. It is
more convenient to consider this equation using non-dimensional variables
Z = ȧ/ȧ f , M∆ = δm/M′

p, ZCR = 2ΓCR/(ΩaM′
pȧ f ) and ZLR = 2ΓLR/(ΩaM′

pȧ f ),
where the last variable is the non-dimensional migration rate of type I or II mi-
gration. Eq. 5.25 then becomes

Z− sign(Z)
2
3

M∆

(
1− [max(0,1−|Z|)]3/2

)
= ZLR. (5.26)
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Figure 5.12: Solution of balance equation (Eq. 5.26) for ZLR = 0, curves 1 and 2, and
ZLR =−0.05, curves 3 and 4. Curve 5 shows non-dimensional migration rate of steady
migration predicted by Masset & Papaloizou (2003) (Eq.5.22).

It allows one to define Z as a function of M∆ and determine the space of al-
lowed solutions for a given value of ΓLR.

In this description a given value of M∆ corresponds to one or more values of
migration rates Z that give a steady migration. The solutions of equation (5.26)
for the two interesting cases ZLR = 0 (corresponding to a vanishing differential
Lindblad torque) and ZLR =−0.05 are plotted in Fig. 5.12. Neglecting the dif-
ferential Lindblad torque leads to the stable solution (curve 1), which is sym-
metric with respect to the line Z = 0 and in which no direction of migration is
preferred. There is one allowed solution Z = 0 for M∆ < 1 and there are three
allowed solutions (two stable for inward and outward migration and one un-
stable for no migration case Z = 0; curve 2) for M∆ > 1. The bifurcation point
at M∆ = 1 corresponds to the sharp transition between the no migration region
(for M′

p > δm) and the slow migration regime (|Z| < 1 and 1 < M∆ < 1.5).
The fast migration regime corresponding to |Z| ≥ 1 occurs when M∆ > 1.5.
For large values of Z, it is a linear function of M∆: |Z|= 2M∆/3.

When we take into account the differential Lindblad torque, the symme-
try between positive and negative migration rates disappears (curves 3 and 4
for stable and unstable solution respectively). The solution for inward migra-
tion consists of a single curve without a bifurcation point. There is only one
allowed value of the migration rate Z for every value of M∆ and the transi-
tion between the slow migration regime and the type I or II migration regime
is smooth. The situation looks different for the outward migration case. There
are no allowed solutions for M∆ < M∆min, where the value of M∆min depends on
ZLR and is larger than 1. For M∆ > M∆min we have one stable (faster migration)
and one unstable solution. So we need δm to be larger than the planet mass to
start outward migration. So, although both inward and outward migration are
possible, they differ in character.
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Figure 5.13: Inward migration branch of solutions of balance equation (Eq. 5.26)
for different values of ZLR equal -0.01, -0.1 and -0.2 (curves 1, 2 and 3). Regions
marked by light and dark gray colour corresponds to domains , where Z > 2 ZLR and
Z > 10 ZLR respectively, for a range of values for ZLR.

Curve 5 in Fig. 5.12 shows the steady migration rate given by Eq. 5.22
proposed by Masset & Papaloizou (2003). Both descriptions agree nicely for
M∆ < 0.8, which correspond to almost linear growth of ΓCR with ȧ, and diverge
for bigger values of mass deficit, where the assumption of slow migration
ȧ� ȧ f breaks down.

As mentioned above, the results in this thesis do not show runaway migra-
tion. In fact, as shown in Paper IV the numerical results closely match the pre-
dictions of the steady migration description that gave the curves in Fig. 5.12.
We therefore conclude that type III migration does not have the nature of run-
away process, and that the definition proposed by Masset & Papaloizou (2003)
should be reviewed.

5.4.3 Redefining Type III Migration
First, we can note that the original definition of Masset & Papaloizou (2003),
M∆ > 1 agrees well with Z−M∆ relation from the steady migration approach
when the Lindblad torque is not taken into account (ZLR = 0). In this case
the corotation torque does not influence migration until M∆ reaches 1. The
bifurcation point is in this case a well defined border between a regime dom-
inated by Lindblad and corotation resonances respectively. Unfortunately a
non-vanishing Lindblad torque removes the bifurcation point, and the tran-
sition between the type I/II and type III regimes smoothes out with growing
|ZLR| (Fig. 5.13). For ZLR =−0.1 there is no single value of M∆ which forms
a clear border between different migration regimes.

One can think of a few possible ways to redefine type III migration. It could
be defined as a region in M∆ space, where both inward and outward directed
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migration is allowed and where the corotation torque is at least an order of
magnitude stronger than the differential Lindblad torque, or M∆ > M∆min (see
Fig. 5.12). This definition is more restrictive than the definition proposed by
Masset & Papaloizou (2003), since M∆min > 1. Unfortunately no single value
of M∆min can be given, as it depends on ZLR. In this definition M∆ < M∆min
corresponds to the domain of what we could call Lindblad migration, where
the differential Lindblad torque gives the direction of migration. Note that
in this case the Lindblad migration is not equivalent to type I/II migration,
since the surface density can still be strongly perturbed and the differential
Lindblad torque is not necessarily the main driver of migration (|Z| � |ZLR|
for M∆ ∼M∆min).

Other possible definitions of type III migration could be based on a compar-
ison of the strength of the Lindblad and corotation torques. For Z > 2 ZLR the
migration is dominated by the corotation torque (ΓCR > ΓLR) and this could
be called type III migration (plotted as the light gray region in Fig. 5.13 for a
range of values for ZLR). In this definition there is no single value of the mass
deficit which determines the border between type I/II and type III regimes,
but for |Z| < 1 the mass deficit at the border ranges from 0.5 to 0.75, always
smaller than the M∆ = 1 in the definition of Masset & Papaloizou (2003). A
more restrictive choice, requiring the co-orbital flow to decrease the migration
time-scale by an order of magnitude (Z > 10 ZLR) gives a smaller domain in
M∆−Z space, and the minimal value of M∆ at its border is in fact close to 1
(dark gray region in Fig. 5.13).

What this shows is that to some extent the definition of type III migration
is somewhat arbitrary, as there is a smooth transition between type III and the
classical type I/II migration processes (based only on the Lindblad torques).
We prefer the last definition with Z > 2 ZLR, which allows the use of the
classical type I and II migration regimes without the need to introduce the
concept of an intermediate “Lindblad migration regime”.

5.4.4 Consequences for Planet Formation
Type III migration can be an important process for planet formation, since on
a short time-scale the planet’s orbital elements change significantly. In this
last section we want to comment on the relevance of type III migration for the
bigger picture of planet formation and evolution.

The problem of the occurrence of rapid migration was investigated by Mas-
set & Papaloizou (2003) and Papaloizou (2005). They found that this type of
migration is most efficient for planets which are about to open a gap, with
masses in the range 0.1−0.3 MJ . Such planets can undergo rapid migration in
a disc a few times more massive than the MMSN. For numerical reasons we
only considered planets of masses 1 MJ , but the improved understanding of the
physical mechanisms underlying type III migration can help us in evaluating
its effect on lower mass planets.
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Simplifying, one could say that type III migration corresponds to short
episodes of rapid migration, either inward or outward depending on the cir-
cumstances. Masset & Papaloizou (2003) argued for the runaway nature of
the process, which suggests that it is hard to stop, and may for instance lead
to the direct formation of hot Jupiters. Our results suggest that it is more ap-
propriate to consider type III migration as a steady migration process, and as
a result it is unlikely that an episode of inward type III migration will create a
hot Jupiter, or worse cause it to fall into the central star. Rather the planet will
move inward a considerable distance, but stop well short of the typical orbits
of hot Jupiters.

As shown in Paper II, the stopping radius does depend on the disc mass and
the planet mass, with lower mass planets in higher mass discs migrating the
furthest. But even for planets in the mass range 0.1− 0.3 MJ in discs a few
times more massive than the MMSN, orbits of 0.05 AU would not be attained
through type III migration. To create hot Jupiters a subsequent period of type
II migration would be necessary.

Another important aspect for planet formation is that during episodes of
type III migration the planet may grow in mass rapidly. Our simulations show
as much as 50% increase in the planet’s mass. This way type III migration
may shorten the overall time needed to grow massive planets. However, the
details of this process depend strongly on the ability of the gas to cool rapidly
enough for it to be captured and accreted by the planet. Our simulations cannot
constrain this. Also, for the lower mass planets one really needs to consider the
three-dimensional structure of the disc, as material can flow through the co-
orbital region via the upper disc layers without being accreted by the planet.

In general, type III migration depends strongly on the structure of the disc.
Density variations, caused either by disc turbulence or by other processes such
as possibly dead zones, or even gap opening planets, can trigger episodes of
type III migration, but also stop them. Our results show that for a full under-
standing of planet migration it is therefore important to take into account the
internal structure of the disc, something which has been mostly neglected in
numerical studies of planet migration.
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6 Review of the Papers

This thesis is based on a series of three publications describing the results of
numerical simulations of rapid (type III) migration of massive planets (Pa-
pers I, II and III) together with an additional paper (Paper IV) containing an
analytical description of this type of migration. Paper IV also contains a com-
parison of numerical results with these analytical predictions. Here we briefly
describe the main points of these publications.

6.1 Paper I
Paper I presents the numerical method and the convergence tests performed.
Numerical convergence is an important issue here, since the problem of
rapid migration is numerically challenging. Previous numerical simulations
(D’Angelo et al., 2005) showed that the planet’s orbital evolution depends
strongly on the choice of the simulation parameters, e.g. grid resolution,
softening of the planet gravitation potential, and the procedure for the torque
calculation. It was also pointed out that some of these dependencies can be
caused by unphysical effects such as an artificial increase of the planets
inertia (Papaloizou et al., 2007).

The numerical problems are rooted in the simplifications commonly used
in the numerical model. The most important simplifications are the use of
two-dimensional simulations, ignoring gas self-gravity and adopting a local-
isothermal approximation, i.e. imposing a static temperature distribution on
the entire disc, including in the planet’s vicinity. The use of a two-dimensional
domain can be justified when simulating high-mass planets, but maintaining a
constant temperature in the planet’s vicinity allows an unphysical accumula-
tion of mass near the planet, which will influence the planet’s orbital evolution.
In Paper I we investigated how the adopted numerical disc model influences
the planet’s rapid migration.

Our goal was to find a disc model that allows us to reach numerical conver-
gence and that minimises non-physical effects such as an artificial increase of
the planet’s inertia. Here we mean by numerical convergence that increas-
ing the resolution beyond a certain minimum value does not significantly
change the results. Numerical convergence could be achieved by exclusion
of the torque generated within the Roche lobe, however rapid migration is
driven by the corotation torque and the details of the gas flow in the planet’s
vicinity are crucial for the planet’s orbital evolution. In the case of a rapidly
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migrating planet the interior of the Roche lobe is not separated from the co-
orbital flow and we cannot neglect the gas inflow into the circumplanetary
disc. Consequently the torque from within the Roche lobe should not be ne-
glected. We found two physically motivated modifications to the “standard”
disc model which allow us to achieve numerical convergence and make the
solution independent of parameters such as the softening of the planet’s grav-
itation potential. The first is a zero-order correction for the gas acceleration in
the circumplanetary disc due to the gas self-gravity. The second is a modifi-
cation of the local isothermal approximation, allowing us to take into account
the gravitational field of the planet when calculating the local sound speed.
We make a thorough investigation of the effects of these two modifications on
the behaviour of the numerical simulations and show how they can be used to
better study type III migration.

For our calculations we adopted the FLASH hydro code version 2.3 written
by the FLASH Code Group from the Centre for Astrophysical Thermonuclear
Flashes at the University of Chicago 1. It is a modular, adaptive-mesh, parallel
simulation code capable of handling general compressible flow problems. It is
designed to allow users to configure initial and boundary conditions, change
algorithms, and add new physics modules. It uses the PARAMESH library to
manage a block-structured adaptive mesh (AMR), placing resolution elements
only where they are needed most. It also uses the Message-Passing Interface
(MPI) library to achieve portability and scalability on parallel computers. For
our purpose, the code was used in the pure hydrodynamical mode in two di-
mensions, and the adaptive mesh refinement was used to achieve high resolu-
tion around the planet.

AMR allows us to change the grid structure during the simulation, and gives
the possibility for the refined region to follow the planet’s motion. Our simula-
tions used a lowest resolution mesh of 800 cells in each direction, and a square
region around the planet was refined. The maximal cell size in the disc (lowest
level of refinement) was about 1% of the smallest value of the planet’s semi-
major axis. The cell size close to planet was at least 1.8% of the Hill sphere
radius (corresponding to four levels of refinement). We used a Cartesian grid
for our calculations.

Euler’s equations were solved using a directionally split version of the
Piecewise-Parabolic Method (PPM). To solve the equations of motion for the
star and the planet we used a 4-th order Runge-Kutta method.

In order to reduce the computational time we extended FLASH with the op-
tion of different time-steps for different refinement levels. Although the soft-
ware infrastructure of FLASH accommodates level dependent time steps, the
standard version does not have this implemented. In this algorithm coarser
blocks can use longer time-steps than finer blocks. This resolution dependent
time-step can save a lot of computer time, but perhaps more importantly re-

1http://flash.uchicago.edu
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duces the numerical diffusion in blocks at coarser refinement levels, which
need fewer time-steps to calculate a given evolution time.

For the purpose of Papers I-III we performed about eighty different simula-
tions. A single, “standard” (four refinement levels in planet’s vicinity; evolu-
tion up to 100 orbits) simulation run on eight AMD Opteron processors of the
Antares cluster took about ten days.

6.2 Paper II
In this paper we present a study of inward directed type III migration of high-
mass planets focusing on the detailed flow structure in the planet’s vicinity.
Type III migration is driven by the co-orbital torque, which is exerted on the
planet by the gas crossing the co-orbital region and which depends on the
asymmetry of the gas flow in the co-orbital region. The asymmetry of the
gas flow can be characterised by the non-dimensional migration rate Z, the
ratio between the the migration timescale Tmigr and libration timescale Tlib.
This variable describes the shape and the structure of the horseshoe region.
For Tmigr > Tlib (|Z| < 1; so called slow migration regime) the horseshoe re-
gion fills the whole co-orbital region and both tadpole regions are present. For
Tmigr < Tlib (|Z| > 1; so called fast migration regime) the horseshoe region
shrinks to single tadpole-like region.

The division into slow and fast migration regimes is important for type III
migration and parametrises many of the migration properties. In the fast mi-
gration regime the asymmetry of the circumplanetary disc and the horseshoe
region is significant, the gas can cross the co-orbital region over a wide az-
imuthal range and the total torque is only weakly dependent on Z. In this
mode of migration the planet’s radial motion is too fast to allow a gap to be
opened and the migration is almost independent of the planet mass. In the slow
migration regime the asymmetry of the horseshoe region is relatively small,
the flow through the co-orbital region is limited to a narrow stream at a bound-
ary of the Roche lobe and the total torque is almost a linear function of Z. In
this regime the migration becomes dependent on the planet’s mass, the planet
starts clearing a gap, and gradually makes the transition to type II migration.

We also investigated the mechanisms slowing down and stopping rapid mi-
gration. We found a correlation between the mass of the co-orbital region (the
product of the initial density profile and the volume of the co-orbital region)
and the migration rate. Since for the standard disc model the mass of the co-
orbital region decreases with decreasing semi-major axis of the planet, inward
rapid migration is a self-decelerating process. This causes the rapidly migrat-
ing high-mass planet to gradually transfer from the fast to slow migration
regime and finally to get locked in the disc in a type II like migration. The po-
sition where the planet stops rapid type III migration depends on the planet’s



52 Review of the Papers

mass as well as on the disc structure. Type III migration can also be stopped
at significant density jumps in the disc such as a disc edge.

The results in this paper show that type III migration can operate effectively,
but does require the mass in the co-orbital region to be larger than the planet
mass in order to get started. It is therefore easier to start type III migration for
lower mass planets, and for positions further out in the disc. The mass of the
co-orbital region also sets a limit on how far the planet can migrate inward.

6.3 Paper III
In Paper III we investigate outward directed type III migration of high-mass
planets focusing on the differences between the inward and outward migra-
tion cases. The driving mechanism for both cases is the same (gas crossing
the co-orbital region exchanges angular momentum with the planet), but the
existence of the differential Lindblad torque breaks the symmetry between
them. This is the explanation for the sharp boundary of the region in numeri-
cal parameter space for which we find outward migration to occur. We force
the planet to start the rapid migration by placing it at a steep density gradient.
However, the strength of the initial impulse depends on the density profile at
the planet’s position, which can be measured by the initial averaged value of
the non-dimensional migration rate Z. We found that the disc supports out-
ward migration if the initial averaged Z > 1.

The second important difference between inward and outward directed mi-
gration is caused by the relation between the planet’s semi-major axis and
the volume of the co-orbital region. In Paper II we showed that the migration
rate is dependent on the mass of the co-orbital region and for the standard
disc model inward rapid migration is a self-decelerating process (the mass of
the co-orbital region decreases during migration). For the same reason out-
ward directed migration is a self-accelerating process. The migration rate ȧ
grows with the planet’s semi-major axis during outward migration, however
the non-dimensional migration rate Z can grow or decrease depending on how
efficiently the planet accumulates mass from the disc.

The outward migration can be reversed to inward directed migration (type
II or III) by a rapid increase of the planet’s inertia, or by the rapid degeneration
of the co-orbital flow caused by strong corrugations of the bow shock and the
oscillations of the torque caused by this. In the first case the planet’s mass
grows quickly making the angular momentum exchange between the planet
and the co-orbital flow inefficient. In the second case the oscillation of the
gas flow in the planet’s vicinity grow in time and finally destroy the co-orbital
flow opening the flow lines in the co-orbital region.

The results of this paper show that the co-orbital flow generates a torque
which is much stronger than the differential Lindblad torque and type III mi-
gration has no predefined direction. The direction and the speed migration
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depend strongly on the disc structure (initial density profile) and the planet’s
mass accumulation rate.

6.4 Paper IV
This work consists of two parts. In the first one we describe an analytical for-
mulation of the type III migration regime. In this treatment, type III migration
occurs at an equilibrium speed rather than in a runaway manner. The non-
dimensional migration rate Z is a function of the asymmetry of the co-orbital
region defined by the co-orbital mass deficit M∆. M∆ is here a non-dimensional
variable (calculated in units of the planet’s mass) expressing the depletion of
the horseshoe region with respect to the co-orbital flow (the gas crossing the
co-orbital region). The planet’s orbital evolution is determined by the changes
of the co-orbital mass deficit. The crucial parameter for rapid migration is the
half-width of the co-orbital region (separatrix distance) xs, which we analyti-
cally and numerically estimate to be about 2.5 Hill sphere radii.

In the second part we compare the results of the numerical simulations pre-
sented in Papers II and III to the analytical prediction. For this purpose we
investigate the evolution of the horseshoe region and determine the co-orbital
mass deficit calculating the difference between the upstream surface density
Σs (density of the co-orbital flow) and the average density in the horseshoe
region Σg. To estimate Σs and Σg we have to chose a region in the planet’s
neighbourhood excluding the circumplanetary disc. Since the evaluation of
M∆ is very sensitive to the choice of the sampled region, we include in Pa-
per IV a careful analysis of the effects of various numerical parameters which
influence Σs and Σg. Comparing the relation between Z and M∆, we find a
good agreement between the results of numerical simulations and the analyti-
cal predictions for steady type III migration.
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