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 I 

Abstract 
 
The motions of a wavepacket in the two coupled potentials studied in this thesis 
can be classified into either bistable or astable motion according to the wavepacket 
interference at the curve crossing. Bistable motion, in which the wavepacket 
performs a coupled oscillation but remains in the same adiabatic and diabatic state, 
can exist both in bound-bound systems and bound-unbound ones with long time 
stability. Astable motion, in which the wavepacket at the curve crossing switches 
between the adiabatic and diabatic states and thus alternates between the two 
possible turning points in the unforked part of the motion, can only exist in bound-
bound systems on a limited time scale. The motion of a wavepacket under bistable 
interference conditions exhibits all of the features expected if the wavepacket 
moved in a single anharmonic potential. The revival time can be predicted from 
the revival times in the corresponding diabatic and adiabatic potentials. The 
phenomenon was observed not only in model molecular systems but also in the 
system of the harmonically trapped ion pumped by an external laser field with 
standing wave spatial profile.  

In order to study the bias effect of the detector on pump-probe rotational 
anisotropy measurements, in a specific direction the fluorescence polarization 
effect was removed by measuring the rovibrational wavepacket with the help of 
properly oriented polarizer placed in front of the detector. Our results show clearly 
the necessity to take polarization effects into account in ultrafast pump-probe 
rotational anisotropy measurements. 
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Chapter 1  
 

Introduction 
 
A quantum wavepacket can be considered theoretically as a superposition of a set 
of eigenstates in a system. The eigenstates can be, for instance, electronic states in 
atoms, vibrational states in molecules and photon-number states in quantum optics. 
These can form, respectively, the Rydberg wavepacket in atoms, the vibrational 
wavepacket in molecules and “photon wavepacket” in the Jaynes-Cummings 
model [1]. Various types of wavepacket and their properties have been discussed 
in a book by J.A. Yeazell and T. Uzer [3]. 

In this thesis the wavepacket dynamics in molecular and trapped ion systems 
is studied. In the molecular systems, the main focus is on the vibrational and 
rotational motions. Vibration and rotational motion in small molecules are 
typically in time scales of 10-13 s and 10-10 s, respectively [3,4]. In order to observe 
these motions with a laser pulses the time resolution must be better than this. 
Nowadays, lasers with pulse lengths less than 100 fs are common in labs. For 
more than twenty years, the femtosecond transition-state spectroscopy (FTS) 
technique has become a powerful tool to study the various dynamics occurring in 
different molecular systems [3]. These studies, for examples the vibrational and 
rotational motions in the bound B state of I2 [4,5], pre-dissociative dynamics in 
NaI [6,7] and IBr [8,9], and the dissociation of ICN [10], have provided scientists 
with rich information on molecular structures and chemical reaction processes.  

An important concept in FTS, or more commonly now called femtosecond 
pump-probe spectroscopy, is the vibrational wavepacket.  According to 
Heisenberg’s uncertainty principle, a laser pulse with a very short duration should 
have a very broad energy width. When a laser pulse with duration around 100 fs is 
used to excite a small molecule, usually several vibrational levels in the upper 
excited state are excited simultaneously. The superposition of the corresponding 
vibrational eigenstates is a vibrational wavepacket. Unlike an individual eigenstate, 
which is spatially diffuse and exhibits no motion, a wavepacket may be localized 
in space and is dynamically non-stationary. Non-stationary in this case means that 
the corresponding quantum-mechanical expectation values, such as position or 
momentum, are not constant in time [11,12]. Molecular dynamics can then be 
described by wavepacket dynamics. For example, the vibrational motion in a 
diatomic molecule after excitation can be seen as the vibrational wavepacket 
motion in the excited state. A pre-dissociative process can be described by the 
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“leaking out” of a wavepacket as it passes the crossing region of the potential 
curves.  

The wavepacket provides a bridge between classical and quantum mechanics. 
There is no dispersion for a wavepacket in a harmonic oscillator. The motion of a 
wavepacket in a harmonic oscillator can be considered as motion along a classical 
trajectory, but that this trajectory has a certain distribution in phase space. The 
trajectory is a classical concept while the distribution in phase space reflects its 
quantum character. For systems with anharmoniciy, the energy spacings of the 
vibrational levels are different. Wavepackets moving in such systems spread out 
due to the dephasing caused by the differences in the energy spacings. Under some 
conditions the spreading process can be reversed due to vibrational rephasing and, 
after long enough time, the wavepacket can come back to its initial state nearly 
completely. This is called wavepacket revival [13]. Before the full revival, several 
localized small wavepackets may form. These small wavepackets also move as on 
classical trajectories and each moves with the classical period. This is called 
fractional revival. Between the initial and fractional revivals the wavepacket is in a 
spread out state and a classical trajectory cannot be applied to describe its motion. 

The main topic in the theoretical part of this thesis is vibrational wavepacket 
interference. As is well known from Young’s double slit experiment, two coherent 
light waves coming from the same source show interference structures on a plane 
behind the slit. As a kind of matter wave, vibrational wavepackets show a similar 
interesting phenomenon. Before interference, the wavepacket first splits into two 
parts at the curve crossing. When the two split wavepackets meet again, 
interference can occur. In the same was that light waves propagate in optical paths, 
two wavepackets propagate along two electronic states in the molecule and the 
accumulated phases along the routes decide the final fate of constructive or 
destructive interference [8,9,14-19]. An example for this is the interference 
scheme proposed by Garraway and Stenholm [19]. In this scheme, two energy 
levels in a molecule are coupled together by a laser pulse at two points. By shifting 
one of the two levels by the energy of one photon, laser induced crossings are 
formed at the two points. One crossing point acts as the beam splitter and the other 
is the combiner. Other examples, such as wavepacket dynamics in predissociative 
systems NaI [18,20] and IBr [9], are in fact still a double crossing problem. Here 
the same crossing point plays both roles as a splitter and combiner. Romstad et al. 
[15] propose a wavepacket interference model in which two repulsive excited 
states are coupled together by nonadiabatic electronic couplings. The two states 
are very close in energy at the equilibrium distance of the ground state and have 
one crossing point along the dissociative path. When an ultrashort laser pulse is 
used to excite the molecules, two wavepackets are prepared simultaneously in the 
two excited states.  The two wavepackets propagate along the two states and 
interference is reflected in the products after dissociation.  In this case, both the 
transitions from the ground state to the excited states and the electronic 
interactions between the two excited states have to be considered together. The 
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interference can also take place between two wavepackets prepared by two pulses 
in the same electronic states, such as the fluorescence-detected wavepacket 
interferometry experiment in I2 by Scherer et al. [21], the photodissociation 
experiment in Cs2 by Girard et al. [22] and photodissociation experiment in I2 by 
Stapelfeldt and co-workers [23,24]. In these cases the wavepacket interference is 
controlled either by time delay or phase difference between the two pulses.  

In general the interference in molecular systems can be classified into two 
types according to the outcome of the interference. In one type, there are clear 
changes in the involved partial wavepackets after interference and the interference 
pattern is very stable in time [25]. All examples we mentioned above belong to 
this type. The partial wavepackets are propagating in the same direction and have 
the same momentum. The other type of interference is observed between 
counterpropagaing partial wavepackets. The interference takes place only during 
the wavepacket crossing time. The phase effect between partial wavepackets 
results in changes of the interference patterns, which can be detected by pump-
probe experiments [25,26]. 

The interference phenomenon studied in this thesis belongs to the first type 
though the second type also exists at the same time. The background of these can 
be traced back to the theoretical study by Dietz and Engel [18]. They demonstrated 
that, if certain timing conditions are fulfilled, a pre-dissociative molecular system 
such as modified NaI can be stabilized due to the constructive interference 
between wavepackets in the bound and dissociative channels. In the diabatic 
picture, NaI consists of the electronic ground state, which is ionic in character, and 
the first excited state, which is covalent. When the molecule is excited from the 
ground state to the first excited state by an ultrafast laser pulse, a wavepacket is 
formed at the inner turning point of the excited state. The wavepacket then moves 
out and splits into two at the crossing region. The part on the covalent curve is 
then lost while the part on the ionic state will turn back and split into two again. 
By shifting the first excited state so that the two wavepackets reflected from the 
inner turning points can arrive back at the crossing point at the same time, the 
wavepackets are observed to be completely in the ionic state due to their 
interference. The wavepackets turn back and repeat the same motions. Therefore 
the dissociation channel becomes closed and the molecule is stabilized.  

Another example of wavepacket interference in two coupled states is 
illustrated by pre-dissociative states in IBr studied by Shapiro et al. [8,9]. By 
pump-probe experiments and theoretical simulations on the non-adiabatic 

dynamics in the diabatic +Π 0
3B  and )0( +Y  states, they report that the excited 

lifetime oscillates as a function of excitation energy. At some excitation 
wavelengths, the excited lifetimes are very long while at some wavelengths the 
predissociation is very fast. The long lifetimes are explained by interference 
between diabatic and adiabatic wave packet evolution. Later Zhang et al. [27] and 
Gador et al. [28] reported further evidence of this kind of wavepacket motion, 
which they called bistable motion, in Rb2. They further report that interference can 
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lead to what they called astable motion for bound-bound system at perfect 
intermediate coupling strength. The new name “mesobatic interference” was 
introduced to generalize the two types of interference. General conditions required 
for mesobatic interferences have been derived and analyzed.  

In this thesis mesobatic interference is studied in some general model systems. 
In particularly, the existence and properties of long time stabilities in mesobatic 
systems have been demonstrated. Similarly to a wavepacket moving in a single 
anharmonic potential we demonstrate that the wavepacket in bistable motion 
shows revival phenomena and the revival time has connections with the revival 
times for the wavepacket in the diabatic and adiabatic potentials and the electronic 
coupling between them.  

 
In the present work stable bistable wavepacket motion is studied not only for 

molecular-like systems but also for an ion trap system. The latter system consists 
of a harmonically trapped ion interacting with an external classical laser. Such ion 
trap systems are key models in quantum optics, both theoretically and 
experimentally [29]. It allows the preparation of nonclassical states of the 
vibrational motion of the ion, such as Fock, coherent, squeezed and Schrödinger-
cat states [30-33]. The interaction of the trapped ion with the laser field is usually 
solved under certain limiting situations or approximations such as the Lamb-Dicke 
limit, the weak or the strong laser excitation intensity limit, the rotating-wave 
approximation, and the strong confinement limit [30,34-37]. Under these 
approximations analytical results can be obtained in the form of the familiar 
Jaynes-Cummings model (JCM) [38]. The external pumping laser field can be 
either a standing wave (SW) or a travelling wave (TW) according to its spatial 
profile. Cirac et al [30,34,35] showed that under the rotating-wave approximation, 
in the Lamb-Dicke and strong confinement limits, the dynamics of a trapped and 
laser-cooled two-level ion, at the node of standing wave, is described by the JCM. 
Wu et al. [36] extended Cirac’s work to the situation for the ion in any position of 
a standing wave. Alam et al. [37] treated this problem via Gauge-Like 
Transformations and obtained similar results for the first order in the Lamb-Dicke 
parameter. In addition, their treatment is valid for all orders in the Lamb-Dicke 
parameter and the higher orders lead to the m-photon JCM and the nonlinear JCM. 
Within the Lamb-Dicke limit, and by a unitary transformation, Fang et al. [39] 
reduced the dynamics of a trapped ion at any position of a standing wave to a 
normal JCM in the bare basis of the trapped ion. In quantum optics the JCM 
describes the coupling of a two-level atom to a single quantized field. 
Harmonically trapped ions render an alternative system for realizing JCM type of 
dynamics. Consequently, effects which are known in JCM, such as quantum 
collapse and revivals, can be applied to investigate statistical properties of the 
motion of the ion directly. In a different approach from the above standard method 
of treating the evolution via various JCMs, wavepacket propagation methods have 
been considered for the study of the JCM and the Rabi model [40]. In this thesis 
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the wavepacket propagation method is employed to study the dynamics of the 
harmonically trapped ion pumped by a standing wave field. The system is in the 
strong field-ion coupling regime without any simplifications. As in the molecular 
system, revival and fractional revival phenomena are observed in the bistable 
wavepacket motions of the ion trap system.  

 
The previous discussion focussed on pure vibrational wavepacket in 

theoretical model systems. In real experiments when ultrashort laser pulses are 
used to excited small molecules, a rovibrational wavepcket is prepared. As 
mentioned earlier, the rotation of free small molecules occurs in about 10-10 s. This 
motion can be clearly resolved by an ultrashort laser pulse. When ultrafast laser 
pulses are used to excite molecules, a coherent superposition of both vibrational 
and rotational quantum states is excited. Under certain circumstances, vibrational 
motion can be measured by setting the pump and probe laser polarizations at the 
magic angle [5]. Similarly, rotational motion may be studied by measuring the 
rotational anisotropy in which the difference of parallel and perpendicular pump-
probe traces is divided by the synthesized quasi-isotropic signal. In pump-probe 
experiments, the measured signals can be laser-induced fluorescence (LIF), 
product ion counts, or the transmittance signal depending on the molecule 
properties and the detection technique. On large difference to ion or transmittance 
signals, LIF generally is polarized in pump-probe experiments. In principle, all the 
fluorescence, which is emitted in 4π, should be collected otherwise the detected 
signal is not proportional to the total population in the final state [41,42]. This also 
means that the synthesized signal contains time-dependent molecular orientation 
contributions. In a unidirectional detection configuation the fluorescence is 
detected in a narrow solid angle. In this case the experiment setup can be arranged 
so that the detected signals are proportional to the isotropic components of the 
fluorescence. In 1973, Fano and Macek (FM) obtained a general expression for the 
intensity of polarized light emitted in any direction following an arbitrary 
excitation process of atoms [43]. In a subsequent review of this work, Greene and 
Zare give broader applications to the molecular domain [44]. Starting from FM’s 
general formula we identified the conditions for detecting signals proportional to 
the isotropic component of the fluorescence in a unidirectional detection setup. 
The results are the same as those reported by Wegener [45] in a theoretical 
treatment which had recently been adopted by Lettinga [46] in fluorescence 
recovery experiments.  

Based on the assumption of unpolarized fluorescence, Dantus et al. [47] had 
derive the formulas for rotational anisotropy in various detection directions. The 
basic idea is to synthesise the isotropic fluorescence signals in the detection 
direction by a suitable combination of the parallel and perpendicular transients 
such that the rotational effect in this direction is removed. The theoretical 
treatment reported here extends on the formulas derived by Dantus et al. by taking 
into account the bias effect of the detection system and is, therefore, more general. 
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Using gas phase I2 as sample the removal of fluorescence anisotropy in ultrafast 
pump-probe transients was verified experimentally, and the influence of the 
polarization bias from the detection system on measurements of the rotational 
anisotropy is elegantly demonstrated. 

 
The thesis is divided into the following topics. Chapters 2 and 3 mainly deal 

with vibrational wavepacket dynamics in molecular systems. Some of the basic 
concepts and methods in molecular physics related to this thesis are introduced in 
chapter 2. Chapter 3 focuses on mesobatic wavepacket dynamics, and discuss in 
some detail what the mesobatic dynamics is and how to model such a system. 
Furthermore, the effects that could influence the wavepacket interference, 
especially the long time stability in bistable wavepacket dynamics, are also 
discussed. Chapter 4 discusses the wavepacket dynamics in the ion trap system. 
Some of the general concepts in quantum optics are presented, together with a 
brief discussion of the famous Jaynes-Cummings model and, finally, the 
Hamiltonian of the ion trap system and the wavepacket calculation method are 
discussed in detail. In Chapter 5 the polarization effects on the detected 
rovibrational wavepacket dynamics in ultrafast pump-probe experiments with LIF 
detection are investigated. The thesis concludes with a summary of the attached 
papers. 
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Chapter 2  
 

Basic concepts and methods 
 
This chapter consists of three sections. First, some concepts in molecular physics 
related to this thesis, such as potential energy surface (PES), Gaussian wavepacket, 
fractional revivals and full revivals are briefly discussed. Next, I present the 
numerical methods for wavepacket propagation and initial wavefunction 
calculation method used in this thesis. The last part describes how to monitor the 
wavepacket evolution on a PES. A frequently used measure is the autocorrelation, 
which reflects how close the propagated wavepacket to its original state. Another 
very useful tool is the wavepacket distribution in the phase space, which gives the 
wavepacket distribution not only in position space but also in momentum space. 
from this it is easy to understand the wavepacket dynamics. The autocorrelation 
traces and phase space wavepacket distributions in some potentials related to this 
thesis are demonstrated. 
 

2.1 Born-Oppenheimer approximation and potential 
energy surfaces 

 
The movements of nuclei and electrons in molecules are determined by the time-
dependent Schrödinger equation [48] 
 

( ) ),(, RrHRr
t

i Ψ=Ψ
∂
∂h .                                                             (2-1) 

 
Here we use r  and R to denote electronic and nuclear coordinates respectively. 
For simplicity, we restrict to one dimensional condition as we studied in this thesis. 
In the absence of external field, the non-relativistic molecular Hamiltonian of an 
isolated molecule is given by 
 

elNNeeeNNeN HRTRrVrVRVrTRTH +=++++= )(),()()()()( .      (2-2) 

 
Here NT  and eT  are kinetic energies for nuclei and electrons, respectively. And 

NNV is the repulsive energy between nuclei and eeV  is the repulsive energy 
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between electrons. The term NeV stands for the nuclear-electron attractions. For 

convenient, 2
2

2 A
A A

N M
T ∇−= ∑ h

 has been abbreviated as 
2

22

2
)(

RM
RTN ∂

∂−= h
, 

and so forth for other terms. Here AM  is the mass for the nuclearA  and M is the 
reduced mass for the nuclei. 

In formula (2-2) elH  is the electronic Hamiltonian 

 
),()()()( RrVrVRVrTH NeeeNNeel +++= .                                    (2-3) 

 
In the electronic Hamiltonian R  can be regarded as a parameter since there are no 
derivatives with respect to R . For fixed nuclear configuration, the electronic 
eigenfunction can be written as 
 

);()();( RrRURrH knkel ϕϕ = .                                                         (2-4) 

 

The set of electronic states { });( Rrkϕ  are parametrically dependent onR . 

Based on the fact that in molecules the nuclei are much heavier than electrons, 
usually a change in the electronic configuration can be considered as instantaneous 
compared with the time-scales of the nuclear motion. Thus the electronic 
movement can be separated from the nuclear. The first approximation can be made 
by writing the total molecular wavefunction as the product of the electronic and 
nuclear wavefunctions, 

  

( ) ( ) ( )∑=Ψ
k

kk RrRRr ;, ϕψ  .                                                            (2-5) 

 
Putting (2-5) into the time-dependent Schrödinger equation (2-1) and making 
some simplifications according to (2-4) and the orthonormality conditions for 
electronic states, we get 
 

[ ] ( ) ∑∑
′

′
′

′
′′ ∂

∂ ∂
∂

+−+=
∂
∂

k el

kk
k

k
kelkNkkkNk RR

R

M
RTRUTR

t
i ϕϕψψϕϕψψ )(

)()(
2hh .                                                                                                

                                                                                                  
(2-6) 

 
The second approximation is made by ignoring the last two terms on the right side 
of the equation, finally 
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 [ ] )()( RUTR
t

i kkNk ψψ +=
∂
∂h                                                            (2-7) 

 
here kψ  is the nuclear wavefunction or component of wavepacket. Equation (2-7) 

is obtained under the Born-Oppenheimer approximation. We can see that equation 
(2-7) defines the potential surface on which the nuclei move and this potential 
surface corresponds to the electronic state. This kind of surface is completely 
independent of other surfaces. In real systems there exist different interactions 
between the electronic states. These can be laser induced coupling, spin-orbital 
couplings et cetera. The same as the two terms neglected in equation (2-6), the 
existence of these interactions will make Born-Oppenheimer approximation fail.  
 

2.2 Gaussian wavepacket 
 
This thesis to a large extent deals with the vibrational wavepacket in molecular 
systems. In the lab the vibrational wavepacket can be produced by ultrashort laser 
pulses. Simply speaking, when an ultrashort laser pulse is used to excite the 
molecules, due to the broad energy width of the pulse, not one but a set of 
eigenstates are excited and form the wavepacket in the excited states.  The lowest 
vibrational state in the molecular ground state is often very close to a Gaussian 
wavefunction. By assuming that the laser pulse that is used to excite the molecule 
is very short and neglecting the R -dependence of the transition dipole moment, 
the initial wavepacket is close to a replica of the ground vibrational state of the 
molecule. Therefore, a Gaussian shape is often assumed for the initial wavepacket.  
In this thesis the Gaussian wavepacket is defined as: 
 

( ) ( )  −−
= −

2

2
04

1
2

4
exp2)(

σ
πσψ RR

R .                      (2-8) 

 
If it is considered as the lowest vibrational state of the harmonic oscillator, 
 

2
0

2 )(
2

1
)( RRMRV −= ω ,                                        (2-9) 

 
the width of the Gaussian wavepacket, σ ,  is calculated by the relation  
 

ω
σ

M2

h= .                                                           (2-10) 
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In these formulas M  is the reduced mass of the molecule, ω  the vibrational 
frequency and 0R  the equilibrium distance of the oscillator.  

 

2.3 Revivals and fractional revivals 
 
Ultrashort laser pulses can create wavepackets in a variety of physical systems. A 
localized wavepacket created in an anharmonic potential first propagates with 
almost classical periodicity and then spreads significantly after some oscillation 
periods and the whole wavepacket is in a collapsed phase with probability density 
extending over the entire classical trajectory. After that, the reverse process may 
happen and the wavepacket becomes increasingly localized again. After long 
enough time, the wavepacket can come back to its original shape and propagate 
with the classical periodicity. This phenomenon is called quantum wavepacket 
revival. Before revival, small wavepackets can be formed. These small 
wavepackets are found at times equal to rational fractions of the revival time and 
the phenomenon is called fractional revival [13,49]. Quantum wavepacket revivals 
were first found in numerical studies of Rydberg atoms by Parker and Stroud [50] 
and confirmed experimentally later by Yeazell et al [51,52]. In molecular systems, 
vibrational wavepacket revivals have been observed in diatomic molecules such as 
I2, Br2 [53,54] and Na2 [55,56].  

For bound state systems, the wavepacket can be expanded in terms of energy 
eigenfunctions nψ  with quantized energy eigenvalues nE  in the form: 

 

[ ]∑ −=
n

nnn tiERctR hexp)(),( ψψ  .                                  (2-11) 

 
Here, nc  is the expansion coefficient for quantum number n . In general, the time-

dependence of an arbitrary bound wavepacket can be quite complex. However, in 
many experimental realizations, a localized wavepacket is excited with an energy 
spectrum which is tightly spread around a large central value of the quantum 
number n , so that 1>>∆>> nn . In that case, the individual eigenenergy can be 
expanded around the quantum number n , such as 
 L+−′′′+−′′+−′+≈ 32 )(

6

1
)(

2

1
)( nnEnnEnnEEE nnnnn ,                     (2-12) 

 
where ( ) nnnn nEE ==′ dd  and so forth. If the following quantities are defined 
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hnE
=0ω , 

nE
T

′
= hπ2

cl , 
2

2

n
rev E

T
′′

= hπ
, 

6

2
super

nE
T

′′′
= hπ

 ,                              (2-13) 

 
the wavepacket can be written as  
  +−−−−−−−=∑ L

super

32

0

)(2)(2)(2
exp)(),(

T

tnni

T

tnni

T

tnni
tiRctR

revcl
n

n
n

πππωψψ .  

 
(2-14) 

 
The first term is an n -independent overall phase and usually has no observable 
effect. clT   is associated with the classical period of vibrational motion and is 

called the classical period. It is useful to define the classical component of the 
wavepacket to be 
  −−=∑

cl
n

n
ncl T

tnni
RctR

)(2
exp)(),(

πψψ          

                 ′−
−=∑ h tEnni

Rc n
n

n
n

)(2
exp)(

πψ .  (2-15) 

 
This component can be used to describe the short term time-development and is 
especially useful to describe the fractional revival phenomenon. When a 
wavepacket propagates on the time scale of clT , it behaves mostly classically. 

The third term in (2-14) is associated with the quantum wavepacket revival and 

revT  is called the revival time. As can be seen from (2-14), for times of the order 

of revT , the term [ ]revTtnni 2)(2exp −− π  returns to unity. The wavepacket then 

reduces to the form of the classical component. Finally, superT  is called the 

superrevival time. Superrevival is observed in systems with high order 
anharmonicities. Compared with the revival time the superrevival takes places at 
even longer time scale. In our studies only revivals are explored. 

By using (2-15), the wavepacket at revival or fractional revival time can be 
explicitly written in the form of combinations of classical components, such as 
 

( ) ( )tRTtR clrev ,, ψψ =≈ ,  

( ) ( )2,2, clclrev TtRTtR +=≈ ψψ , 
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( ) ( ) ( ) ( ){ }[ ]32,3,,
3

3, 32
clclclcl

i
clrev TtRTtRetR

i
TtR ++++−=≈ ψψψψ π , 

( ) ( ) ( )[ ]2,,
2

4, 44
clcl

i
cl

i
rev TtRetRe

i
TtR ++=≈ − ψψψ ππ  .   (2-16) 

 
For general expressions, please see Ref. [13]. 
 

2.4 Numerical methods for wavepacket propagation 
 
There are several methods that can be used to numerically propagate wavepackets 
on potential surfaces, such as, Crank-Nicholson [57], Split-Operator Fourier 
Transform (SOFT) [58,59,60], Chebychev propagation [58,60,61], and Lanczos 
recurrence [62]. We use either the SOFT or the Chebychev method to propagate 
the wavepacket in the calculations. From (2-7) the time-dependent Schrödinger 
equation is written as 
 

[ ] ),()(),(),( tRRUTtRHtR
t

i N ψψψ +==
∂
∂h ,          (2-17) 

 
where t  is the wavepacket evolution time and )(RU  is the potential operator. 

Given the initial wavepacket at time 0t , the propagations of the wavepacket on the 

potential surfaces are determined by the evolution operator ),( 0ttU  

 

),(),(),(),( 0
)(

00
0 tRetRttUtR ttiH ψψψ h−−== .                    (2-18) 

 

2.4.1 Split-operator Fourier transform method 
 
The SOFT method is one of the simplest and most popular methods for time 
propagation of wavepackets [59]. The essence of the SOFT method is to split the 
kinetic and potential operator and treat each operator separately. This is realized 
by the following approximation 
 

[ ] ≈+∆− h)),((exp tRUTti N  

[ ] [ ] [ ]hhh 2),(expexp2),(exp tRtUitTitRtUi N ∆−∆−∆− . (2-19) 
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The potential exponent operator is applied in the position representation and the 
kinetic operator is applied in the momentum representation. The transformation 
between position and momentum representation is realized by a Fourier transform 

( F ) and its inverse ( 1−F ) 
 

=∆+Ψ ),( ttR   

[ ] [ ]{ } Ψ∆− ∆−∆− − ),(2),(exp
2

exp2),(exp
2

1 tRtRtUiF
m

pti
FtRtUi hhh . 

 
                                                                                                                       (2-20) 
 
Numerically we carry out the Fourier transform using a Fast Fourier transform 
(FFT) [63]. By using short enough time steps, the solution to the time dependent 
Schrödinger equation can be accurate in a certain time range. 
 

2.4.2 The Chebychev propagation method 
 
Compared to short-time propagators, such as the split operator method, the 
Chebychev method for wavepacket propagation is a global propagator, which is 
more accurate than short-time propagators [58,60,61]. The main idea with a global 
propagator is to use a polynomial expansion of the evolution operator: 
 ∑

=

−− −−≈=
N

n
nn

ttiH ttiHPaettU
0

0
)(

0 ))((),( 0 hh .                              (2-21) 

 
The problem then becomes the choice of best polynomial approximation for the 
expansion. It is known that Chebychev polynomial approximations are optimal 
since the maximum error in the approximation is minimal compared to almost all 
possible polynomial approximations. The complex Chebychev polynomials 

)(XΦ  are used in the Chebychev scheme. Considering the range of the definition 
of these polynomials is from i−  to i , the Hamiltonian is renormalized by 
dividing by minmax EEE −=∆ in order to make it work in this domain. Here 

maxE and minE  are the maximum and minimum of the potential represented on the 

grid. For efficiency considerations, the Hamiltonian is further shifted to the form 
 

( )
E

VEIH
H norm ∆

+∆−
= min21

2  .                           (2-22) 
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Here I  is the unit matrix. By this transformation, the range of eigenvalues are 
positioned from 1−  to 1. 

Using the Hamiltonian defined in (2-22) in the complex Chebychev 
polynomials, the evolution of the wavepacket ψ  can be approximated as 
 

≈= )(),()( 00 tttUt ψψ  

[ ]∑
=

+∆− −Φ −∆N

n
normnn

VEi tiH
ttE

ae
0

0
0)21)(( )(

2

)(
min ψhh ,     (2-23) 

 
where )( 0tψ is the initial wavepacket, nΦ are the complex Chebychev 

polynomials. The expansion coefficients are  
 

( )∫ =
−

Φ
= )(2

1

)(
)(

212
αα

α

n
n

xi

n J
x

dxxe
a , 

)()( 00 αα Ja =  ,                                                            (2-24) 

 
 where h)( 0ttE −∆=α  and nJ  and 0J  are Bessel functions. 

The operation of )( normn iH−Φ  on )( 0tψ  is calculated by using the recursion 

relation of the Chebychev polynomials 
 

11 2 −+ +−= nnnormn iH φφφ ,                                              (2-25) 

 
where )()( 0tiH normnn ψφ −Φ= . 

The Chebychev propagator effectively does the propagation in a single time 
step. One of the most important aspects of the Chebychev propagation method is 
that the error is uniformly distributed over the whole range of eigenvalues. The 
drawback of this method is that the intermediate results are not automatically 
obtained. This can be overcome by splitting the propagation into smaller intervals. 
 

2.5 Calculation method for initial wavefunction 
 
In the calculations including pulsed excitation, the initial wavefunctions are the 
vibrational wavefunctions in the ground state. In this thesis the initial 
wavefunctions are calculated by the Fourier Grid Hamiltonian (FGH) method [64]. 

From equation (2-7) we can see that within the Born-Oppenheimer 
approximation, the one-dimensional time-independent nuclear Schrödinger 
equation for the ground state potential U  is: 
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( ) vibvibvib EUTH ψψψ =+= .                                            (2-26) 

 
Here vibψ   are the vibrational eigenfunctions of the ground state U  and E are the 

corresponding eigenenergies. 
Representing the Hamiltonian in (2-26) in coordinate space, we can get 

 

RURRTRRHR ′+′=′ .                                            (2-27) 

 
The matrix elements of the potential operator in coordinate representation is  
 

( )RRRURUR −′=′ δ)( .                                                    (2-28) 

 
The same we can get the matrix elements of the kinetic energy operator in the 
momentum representation as 
 

( )kk
M

k
kTk −′=′ δ

2

2h
.                                                      (2-29) 

 

Here k  are the eigenvectors and k  are the eigenvalues of the momentum 

operator K : 
 

kkkK = .                                                                             (2-30) 

 
The completeness relation holds for the momentum eigenvectors: 
 

1=∫∞

∞−
dkkk .                                                                         (2-31) 

 
If we insert (2-28) and (2-31) in equation (2-26) and consider equation (2-29), we 
get 
 

( )RRRUdkRkkTRRHR −′+′=′ ∫∞

∞−
δ)(    

                 ( )RRRUdkRk
M

k
kR −′+′= ∫∞

∞−
δ)(

2

2h
.    (2-32) 

 
The transformation matrix elements between the coordinate and the momentum 
representation are 
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RikekR ′=′
π2

1
,                                                              (2-33) 

 

ikReRk −=
π2

1
 .                                                                       (2-34) 

 
By using (2-33) and (2-24), equation (2-32) becomes 
 

( ) ( )∫∞

∞−

−′ −′+=′ RRRUdk
M

k
eRHR RRik δ

π
)(

22

1 2h
.                     (2-35) 

 
We can see that the matrix elements of the kinetic operator in the coordinate 
representation are calculated by a Fourier transform.  

Next step is to represent the continuous coordinate values Ron the discrete 
grid: 
 

RiRi ∆= ,             Ni ,,1K= .                                                     (2-36) 

 
Here R∆ denotes the spacing in coordinate space and N is the number of grid 
points. 

The final expression for the matrix elements of H is: 
 

( )  +⋅
∆

== ∑
−=

−N

Nl
ijil

Njiil

jiij RUT
N

e

R
RHRH δ

π

)(
1 2

                    (2-37) 

 
with  

( )2
2

2
kl

M
Tl ∆⋅= h

,    RNk ∆=∆ π2 .                                                  (2-38) 

 
Diagonalizing the NN ×  matrix of the Hamiltonian operator (2-37) yields the 
eigenvectors and eigenvalues of H on the chosen grid. 
 

2.6 Autocorrelations of wavepacket 
 
We use the wavepacket dynamics in a single Rosen-Morse potential [65], Morse 
potential and harmonic potential, as examples to illustrate the wavepacket 
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spreading, fractional revival and revival phenomena. The autocorrelation function 
is a measure of the overlap between the evolved wavepacket and the original 
wavepacket and defined as 
 ∫ ∗= dRtRRtA ),()0,()( ψψ .                                                                        (2-39) 

 
Here )0,(Rψ  is the initial wavepacket and ),( tRψ  is the wavepacket at 
propagation time t .  

In this thesis the survival function, which is defined as the absolute square of 
the autocoorelation function, is calculated to study the evolution of wavepacket in 
potentials: 
 

2

),()0,()( ∫ ∗= dRtRRtS ψψ .                                                            (2-40) 

 
Rosen-Morse potential 
 
The Rosen-Morse potential is defined as 
 

( )( ) εα +−= 0
2tanh)( RRDRV .                                                         (2-41) 

 
Here D  is the potential amplitude, α  is a parameter for the potential width and 

0R  and ε  are the central position and minimum energy. As shown in Fig. 2.1 the 

Rosen-Morse potential is a symmetric potential. Due to its anharmonicity, the 
wavepacket propagating in this type of potential shows spreading and revival 
phenomena. 
 

 
 

Fig. 2.1 Rosen-Morse potential 
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In Fig. 2.2 we show the survival function for an initially Gaussian wavepacket 
propagating in a single Rosen-Morse potential up to the revival time. As can be 
seen from the figure, very rich structures can be observed in the survival function. 
It typically consists of a classical wavepacket motion at early time, wavepacket 
spreading, various fractional revivals and full revival. In Fig. 2.2 we denote some 
fractional and the full revivals with nm . Due to the anharmonicity of the 
potential, localized wavepacket motion with the classical vibrational period along 
the classical trajectory only exists for a limited time scale. The insert in Fig. 2.2 
shows the autocorrelation function for the first five oscillations, where the 
wavepacket behaves almost classically. If we enlarge the trace and check the 
details at fractional revival times, we can find that at half revival time the 
wavepacket moves with the classical frequency. At 1/4 and 1/3 revival times, the 
vibrational frequencies are two and three times of the classical frequency, 
respectively. This fact can be well explained by formula (2-16) and can be easily 
understood from the wavepacket dynamics in phase space (see more below). At 
full revival time the wavepacket comes back to its original state almost completely. 
At half revival time, the wavepacket is very close to its original state and moves 
also with classical vibrational period but there is a phase difference of π , as seen 
from Eq. (2-16). 
 

 
Fig. 2.2 Survival function for a Gaussian wavepacket propagating 
in a single Rosen-Morse potential. The first classical vibrational 
period in the potential clT  is used as the time unit. Numbers in the 

trace stand for revival and fractional revivals. 21  means half 
revival and so forth. The inset is the expansion of the trace for the 
first few classical periods. 

 
Morse potential 
 
Another important potential is the Morse potential, which is defined as [48]: 
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( )[ ] 0
2

0 )(exp1)( ERRDRV e +−−−= α ,                                 (2-42) 

 
with 
 

e
eD

M ωα
2

= , 
e

e
e x

D
4

ωh
=  .                                                     (2-43) 

 
Here eD  is the dissociation energy, 0R  the equilibrium distance, eω  the harmonic 

eigenfrequency, ex  the anharmonicity and 0E  the minimum energy. The shape of 

the potential is often useful to describe bound electronic states of diatomic 
molecules. Fig. 2.3 shows the Morse potential defined in (2-42). 
 
 

 
 

Fig. 2.3 Morse potential.  
 
In Fig. 2.4 the survival function for a Gaussian wavepacket propagating in a Morse 
potential are displayed. Fig. 2.4 (a) shows the autocorrelation trace when the initial 
wavepacket is on the right side of the equilibrium distance. The survival function 
shown in (b) is calculated when the initial Gaussian wavepacket is on the left side 
of the equilibrium distance. Under the two conditions, the initial wavepackets have 
the same energy and the same width. As can be seen from the figure, when the 
initial wavepacket propagates from the left side, the wavepacket has a shorter 
collapse time and the survival function contains richer fractional revival structures. 
This feature is related to the numbers of the vibrational states the initial 
wavepacket is composed of [66]. The Morse potential has a steep energy change 
on the left side of the equilibrium distance. For the wavepacket with the same 
width, the one on the left side is composed by more vibrational states compared to 
the one on the right side of the equilibrium distance.  Therefore, the wavepacket 
on the left side will spread faster due to the larger difference of the vibrational 
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states it is composed of. Under the two conditions, the revival times are the same, 
since the initial wavepackets have the same energy. The full revivals and fractional 
revivals in Morse type potentials are not only of theoretical interest. They have 
also been experimentally verified [67]. If the anharmonicity parameter ex  is 

known, the revival time in the Morse potential can be predicted by 
)(2 eerev xT ωπ=  [66,67].   

 

 
Fig. 2.4 Survival function for the Gaussian wavepacket in a 
single Morse potential. The initial wavepackets on the right (a) 
and left side (b) of the equilibrium distance with the same 
energies and widths  
 

 
Fig. 2.5 Survival function for the Gaussian wavepacket in a single harmonic 

potential. 
 

Harmonic Potential 
 
In Fig. 2.5 we show the survival function for a Gaussian wavepacket propagating 
in a single harmonic potential. Because there is no anharmonicity for the harmonic 
oscillator, every time when the wavepacket come to its initial position, it can retain 
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its original shape. Therefore after every classical vibrational period, the 
autocorrelation in the harmonic oscillator is always 1. There is no revival or we 
can say the revival for the wavepacket in the harmonic oscillator is in the infinity.  
 

2.7 Phase space distributions of wavepacket 
 
A classical particle can be described by a point in phase space and the dynamics of 
the classical particle is following a classical trajectory in phase space.  That is, the 
position and momentum of this particle at any time are definite. Correspondingly, 
the dynamics of a quantum mechanical system is described by the motion of the 
wavepacket via the time dependent Schrödinger equation (2-1). In phase space the 
wavepacket is no longer a point but has distributions both in position and 
momentum. The widths in position and momentum satisfy the Heisenberg’s 
uncertainty relation: 
 

2h≥∆⋅∆ pR .                                  (2-44) 
 
Here the width of the wavepacket in position R∆ and in momentum p∆ are 
calculated according to 
 

  
2

22

ψψ

ψψ

ψψ

ψψ RR
R −=∆ , 

 

    
2

22

ψψ

ψψ

ψψ

ψψ pp
p −=∆ .                (2-45) 

 

ψ  is the wavepacket. The distribution of the wavepacket in phase space can be 

obtained by distribution functions such as the Wigner function [68-70], the 
Glauber-Sudarshan P-function and the Q-function of Husimi [69-72]. In our 
studies, the Wigner distribution function is used for the transformation. Suppose 

the wavepacket is a pure state and in position representation ψψ RR =)( , the 

distribution of this wavepacket in phase space can be obtained by the Wigner 
transformation (see more in Appendix) 
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( ) − + −= ∫ ∗ hh ipss
R

s
RdspRW exp

222

1
, ψψ

π
.                 (2-46) 

 
Here s  is the transformation parameter. 

The motion of a classical particle in a bound potential is always periodic. It 
does not matter whether the potential is harmonic or anharmonic. A wavepacket 
propagating in free space or in a potential with anharmonicity will spread with 
time. The mechanism for the spreading can be easily understood in phase space. A 
wavepacket in phase space has a distribution in momentum. That means different 
parts of the wavepacket have different initial momentum. If the wavepacket 
propagates in free space, due to the momentum difference, different parts in the 
wavepacket will propagate with different velocities. And therefore a spreading of 
the wavepacket in position space is observed. As a very special case, the 
wavepacket dynamics in a harmonic oscillator is very interesting. Instead of 
spreading for the wavepacket in the potentials with anharmonicity, the “breathing” 
phenomena are observed for the wavepacket propagating in harmonic potentials. 
Depending on the initial width, the width of the wavepacket changes during each 
vibrational period. But the evolution remains periodic. This can be understood 
from the energy levels in harmonic oscillators. As is well known, the spacings 
between different energy levels in the harmonic oscillator are the same. Therefore 
the harmonic oscillator has only one vibrational frequency. That means the 
vibration periods for the harmonic oscillator are independent of the energy and are 
always the same. A wavepacket with a broad width in position space has a narrow 
distribution in momentum space. When such a wavepacket propagates in the 
harmonic oscillator, though different parts have different initial energy, they can 
finish one vibration period with the same vibration period and therefore keep its 
width in position space unchanged. The same mechanism applies to the condition 
when the wavepacket has a broad distribution in momentum. In this case, different 
parts of the wavepacket have the same initial position but different kinetic energies. 

In contrast to the harmonic oscillator, the energy spacings of the energy 
eigenstates in a potential with anharmonicity are different and therefore different 
parts of the wavepacket move with different vibrational periods. This results in 
spreading of the wavepacket both in position and momentum spaces.  

We use the evolution of a Gaussian wavepacket in the harmonic oscillator and 
in the Morse oscillator to illustrate the wavepacket spreading effect. The variances 
of the wavepacket in position and momentum are calculated according to formula 
(2-45). For the Gaussian wavepacket, its initial widths in position and momentum 
satisfy the minimum uncertainty relationship  
 

2h=∆⋅∆ pR .                                                                                      (2-47) 
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The changes of the width of the Gaussian wavepacket with time in the harmonic 
oscillator depend on the initial width of the Gaussian wavepacket. If the initial 
wavepacket width satisfies the relationship in formula (2-10), the Gaussian 
wavepacket will keep its shape unchanged during the evolution. Its widths in 
position and momentum are constants and satisfy the relation pR ∆=∆ . Under 
this condition the wavepacket is always in the minimum uncertainty state. In 
quantum optics language this is called a coherent state.  

In Fig. 2-6 we use a Gaussian wavepacket in a harmonic oscillator to show the 
changes of the widths R∆ , p∆ and their product pR ∆⋅∆  with time. The initial 
width of the wavepacket is narrower than that of a coherent state. The wavepacket 
has a minimum width in position but a maximum width in momentum. That is 

pR ∆<∆ . With time the width in position increases and the width in momentum 
decreases. When the wavepacket arrives at the equilibrium distance, the 
wavepacket has a minimum width in momentum and maximum width in position. 
At this momentum the wavepacket is in the minimum uncertainty state as well. 
The minimum uncertainty state appears next time at half a vibrational period when 
the wavepacket is at the left turning point. So during the wavepacket evolutions in 
the harmonic oscillator, every quarter classical vibrational period the wavepacket 
is in the minimum uncertainty state. The oscillation of the width with time in the 
harmonic oscillator is also called the breathing phenomenon. 

 
 

 
 

Fig. 2.6 Time dependence of wavepacket widths R∆  (a), p∆  (b) 

and their product pR ∆⋅∆ (c) in a harmonic oscillator. The initial 
wavepacket is a normalized Gaussian wavepacket.  

 
Fig. 2-7 shows the same as in Fig. 2.6 but for a Gaussian wavepacket in a single 
Morse potential. In this case after one vibrational period, the wavepacket will not 
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return to the minimum uncertainty state. That is, 2h>∆⋅∆ pR . For each time 
the wavepacket comes back to its initial position, the widths in position, 
momentum and their product become larger and larger until the wavepacket is 
completely collapsed. The next time the wavepacket is close to the minimum 
uncertainty state is at the half revival time.  

 

 
 

Fig. 2.7 The same as in Fig. 2.6 but in a Morse oscillator. 
 

For propagation in an anharmonic potential, the wavepacket will spread as a 
function of time both in position and momentum. This is can be understood using 
the Wigner distribution in phase space. Here we use the wavepacket dynamics in 
the Rosen-Morse potential to illustrate the wavepacket distributions in phase space 
at selected propagation times. Figure 2.8 (a) shows snap shots of the wavepacket 
in phase space within the first vibrational period. The solid line is the classical 
trajectory. During this time scale, the wavepacket moves along the classical 
trajectory and is still in a localized state. With time the wavepacket spreads both in 
position and momentum. In phase space the “head” of the wavepacket is seen to 
try to catch up with the “tail” of the wavepacket. When the “head” of the 
wavepacket catches up with its “tail”, the wavepacket is completely spread out. 
Figure 2.8 (b) shows the wavepacket phase space distribution at a time when the 
wavepacket is in a completely spread out state, which corresponds to about 233 
classical vibrational periods. After complete spreading, the wavepacket can 
rephase and after long enough time, wavepacket fractional revivals and full revival 
will occur. Figure 2.9 shows phase space distributions of the wavepacket at times 
around the 1/4 revival and the 1/6 revival. The 1/4 fractional revival is observed at 
time of 1/4 of the full revival time and two fractional wavepackets of the same size 
are observed. Each of the small wavepackets moves along the classical trajectory 
with the classical vibrational frequency. Thus at any local position along the 
classical trajectory, a vibrational frequency double of the classical one is observed. 
At around 1/6 revival, there exist three small wavepackets and therefore a local 
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vibrational frequency three times of the classical one can be seen. The regular 
patterns between the wavepackets result from the interference between the 
wavepackets and demonstrate the existence of the coherence among them. 
 

 
 

Fig. 2.8 Wigner transform of wavepackets in a single Rosen-Morse 
potential during the first vibrational period (a) and around the time 
for the wavepacket in the spread out state (b). The lines between the 
wavepackets in (a) represent the classical trajectory. 
 

 

 
 

Fig. 2.9 Wigner transform of wavepackets at times around 41  (a) 

and 61 (b) fractional revivals in a single Rosen-Morse potential. 
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Chapter 3  
 

Mesobatic wavepacket dynamics in molecular 
system 
 
In this chapter wavepacket dynamics in two coupled electronic states in diatomic 
molecular systems is described. Interference occurs when wavepackets meet at the 
crossing region of the two coupled electronic states. Under perfect interference 
condition, the wavepacket motion in phase space has restrictions.  The wavepacket 
dynamics represented by this kind of special motion is called mesobatic dynamics. 
In this chapter we describe how to realize mesobatic motion in the model studies 
and we study the effects that can have influence on the stability of mesobatic 
dynamics.  
 

3.1 Classification of mesobatic wavepacket motion 
 
In Fig. 3.1 (a) the two thin solid lines 1 and 2 are two potentials in the diabatic 
representation [48] and we call them diabatic potentials. The two diabatic states 
are assumed to be coupled by a constant coupling or a coupling with a Gaussian 
shape centered around the crossing point. The upper and lower potentials u and � 
shown with dashed curves are two potentials represented in the adiabatic picture 
and are called adiabatic potentials. The two adiabatic potentials are obtained by 
diagonalization of the diabatic potential matrix. If a wavepacket propagates in the 
two coupled curves, usually the wavepacket can reach all of the four turning points 
in the system. This motion has no special feature and is not of interest to us here. 
What we studied in this thesis is that under some conditions, one of the channels 
represented by the four turning points in Fig. 3.1 can be completely closed. 
Therefore some special phenomena can be observed in the wavepacket dynamics. 
We use the terms “mesobatic”, “bistable”, and “astable” to classify and 
characterize the coupled-state wavepacket motion under optimal interference 
conditions [27,28]. Let us focus on the two heavy lines. A wavepacket is started 
from the common point on the right side of the curves and propagates to the left. 
After passing through the crossing point it splits into two parts. One part follows 
the adiabatic potential and the other follows the diabatic potential. If these two 
wavepackets come back to meet at the crossing point, two extreme things can 
happen due to wavepacket interference. One is complete “constructive” 
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interference. In this case the wavepacket will come back completely to its original 
starting point in potential 1(u) and finish one classical vibrational period. Then the 
wavepacket continues similar motion always along the solid trajectory. We call 
this kind of wavepacket motion bistable. The other is the completely “destructive” 
interference. In this case, after half a vibrational period the two wavepackets 
reflected from the inner turning point will propagate along the heavy lines as 
shown in Figs. 3.1 (b) and go completely to the outer turning point of potential 
2(�). Then the wavepacket will return along its incoming routes and split into two 
parts again after it passes through the crossing point. Due to interference the two 
parts finally go back to its starting point in potential 1(u). In this case the 
wavepacket will alternating propagate along the heavy lines as shown in Figs. 3.1 
(a) and (b). This kind of wavepacket motion is called astable motion. In both cases, 
from the start to the end, the wavepacket is in a well defined, entangled state of 
motion consisting of an adiabatic wavelet synchronized to a diabatic one and can 
be described simply neither in a diabatic picture nor in an adiabatic one. Both the 
bistable and the astable wavepacket motions are called mesobatic wavepacket 
motion. For mesobatic wavepacket motion, only three turning points are reached 
by the wavepacket within one vibrational period. 
 

 
 

Fig. 3.1 Schematic drawings of bistable and astable wavepacket 
motions. Heavy line in (a): Bistable motion. Heavy line in (a) + (b): 
Astable motion (refer to text below). Thin solid line,1/2:diabatic 
potentials. Dashed line, u / �: adiabatic potentials. 

 
It should be pointed out that there are two requirements for the existence of the 
astable motion. One is that the non-adiabatic transfer probability must be 0.5 for 
the astable case, while for the bistable case this has no limitations [28]. The other 
is that astable motion can only occur in bound-bound systems. It is clear from Figs. 
3.1 (b), if the potential 2 is dissociative the wavepacket switched into this potential 
for the astable condition will not return to the crossing point. Mesobatic dynamics 
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persists during the whole wavepacket evolution even when the wavepacket is in a 
complete spread out state. 
 

3.2 Model systems and calculation methods 
 
Mesobatic wavepacket motion here has been studied for both bound-bound and 
bound-unbound systems. Wavepacket dynamics under bistable interference 
condition was successfully modelled for a variety of systems. For bound-bound 
systems we have used harmonic, Rosen-Morse, and Morse potentials (see chapter 
2 for the shape of these potentials). For bound-unbound systems an exponential 
potential is used to represent the unbound electronic state and a Morse potential is 
used for the bound state.  

Our calculation consists of two stages. In the first stage, we neglect the 
excitation process and wavepacket propagation is performed just for the two 
coupled excited states. By doing this it is easier to specify the conditions for stable 
mesobatic wavepacket motion. In the second stage, we add the ground electronic 
state and a pulsed excitation process from the ground state to the excited electronic 
states. This has more resemblance to a real experiment and we further study the 
influences of the pulsed excitation on the wavepacket motion under bistable 
mesobatic interference conditions. 
 

3.2.1 Calculation without pulsed excitation 
 
In all models used here the two diabatic potential curves 11V  and 22V are coupled 
by a constant coupling or by a coupling with a Gaussian shape around the crossing 
region 
 

))(exp()( 2
1212 xRRARV −−= β .                                    (3-1) 

 
Here, 12A  is the coupling amplitude, β  is the parameter controlling the coupling 

range and xR  is the crossing point of the two diabatic potentials. 

A normalized Gaussian wavepacket is chosen as the initial wavepacket 
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where 0R  and σ  are the initial wavepacket position and width, respectively 

(please note that 0R  is not the equilibrium distance of the potential as defined 

before). The Gaussian wavepacket here mimics the wavepacket in the excited state 
generated from the lowest vibrational level in the ground state by an ultrashort 
laser pulse. In all our calculations in the first stage, the initial electronic state is 
defined as state 1. The initial wavepacket is localized at a position on the right side 
of the crossing point in state 1.  

The mesobatic interference condition can be found by making adjustments of 
the coupling amplitude and relative position or relative energy between the two 
diabatic potentials. 

For the two coupled electronic systems, the time dependent Schrödinger 
equation becomes 
  +

+
=∂

∂
),(

),(

)(

)(

),(

),(

2

1

2221

1211

2

1

tR

tR

RVTV

VRVT

tR

tR

t
i

N

N

ψ
ψ

ψ
ψh .              (3-3) 

 
Here )(11 RV , )(22 RV  are two diabatic potentials and )( 2112 VV =  is the coupling 
between them. The mesobatic conditions can be checked by monitoring the partial 
population in the initial state after the first classical vibrational period. For a 
normalized initial wavepacket the partial population in the initial state (state 1) is 
defined as 
 

dRtRtRtN
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),(),()( 111 ψψ∫∞ ∗+ = .                                              (3-4) 

 
Here the partial population in state 1 is integrated from the crossing point to the 
end of the potential. For perfect bistable conditions, this population after one 
classical period should be one, whereas for perfect astable conditions it should be 
zero. We define the first classical vibrational period to be the time of the first 
recurrence peak in the autocorrelation function. 

As mentioned above, only the bistable case exists in a predissociative system. 
The astable condition does not exist since when the wavepacket is transferred to 
the repulsive state, it will dissociate and not return to the curve crossing. In order 
to avoid reflections at the edge of the grid an absorbing potential is applied at large 
nuclear separation of the form [73] 
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Here, aV  is the amplitude, cA defines the absorbing slope width and aR defines 

the slope center. The parameters are optimized to maximize the absorption and 
thereby minimize the reflection. 

In Fig. 3.2 we show the population for state 1 and 2 in a system composed of 
two coupled Rosen-Morse potentials under mesobatic interference conditions. 
Here the population for the two states are integrated over the whole range of the 
two diabatic potentials 
 

dRtRtRtN iii ),(),()( ψψ∫∞
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In the astable case as shown in Fig. 3.2 (a), the wavepacket initially is on potential 
1 and then splits into two equal parts after the crossing point. When these two 
parts return back from their turning points, they will merge, interfere and switch 
completely into the diabatic potential 2. For the bistable case the merged 
wavepackets come back completely to state 1 as can see from Fig. 3.2 (b).   
 

 
 

Fig. 3.2 Population in the diabatic states under mesobatic 
interference conditions. The solid line is the population in state 1 
and the short dotted line is that in state 2. (a) Astable case. (b) 
Bistable case. 
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Fig. 3.3 Wigner distribution under bistable mesobatic interference 
conditions for the first (a) and second (b) classical vibrational periods. 
The solid lines are the classical trajectories. 

 

 
 
Fig. 3.4 Phase space wavepacket dynamics under astable mesobatic 
interference conditions for the first (a) and second (b) classical 
vibrational periods. 
 

As mentioned in chapter 2 the mesobatic dynamics can be easily visualized in 
phase space. Fig. 3.3 shows the wavepacket distribution in phase space at different 
moments for the bistable case using the Wigner transformation. Here only the 
population terms in the transformation (See Appendix) are shown. In (a) the 
transform of the wavepackets for the first vibrational period is shown. The 
rightmost wavepacket image is the initial state and the evolution is clockwise. The 
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solid lines are classical trajectories. At the end of the first classical period, the 
wavepacket goes back to its initial position and then continues with the next 
vibrational period, as shown in Fig. 3. 3 (b). Fig. 3.4 shows the same as Fig. 3.3, 
but for the astable case. Obviously, the wavepacket in bistable motion only has 
one turning point to the right. While for the wavepacket in astable motion there are 
two such turning points, the wavepacket alternatingly return to these. 

3.2.2 Calculation including pulsed excitation 
 
The relevant potential curves when pulse excitation is included in the model are 
shown in Figs. 3.5 (a) and (b) for the bound-dissociative and bound-bound systems, 
respectively. Here, we use the dissociative system as an example to illustrate the 
calculation scheme. The coupled two excited states 1 and 2 are under bistable 
condition provided that the initial wavepacket in the excited state 1 is at a position 
of 6.0 a.u.. The ground potential is arranged in a way such that after vertical 
excitation by an ultrashort laser pulse, the wavepacket prepared at the inner 
turning point of state 2 has the same energy as the wavepacket would have at 6.0 
a.u. in state 1. The same as in the optimization stage, the wavepacket dynamics is 
monitored by the population changes with time in the two excited states. Due to 
the fact that during the pulse excitations, the prepared wavepacket in the excited 
state is nonstationary, it is difficult to choose an initial wavepacket with which to 
do autocorrelations for the evolved wavepacket. The autocorrelation is therefore 
calculated according to 
 ∫ ∗= dRtRTRtA cl ),()2,()( 1

1
11 ψψ .              (3-7) 

 

Here )2,( 1
1 clTRψ  is the wavepacket in the excited state 1 after half a vibrational 

period of state 1. And ),(1 tRψ  is the wavepacket in the excited state 1 at arbitrary 
propagation time. The autocorrelation function calculated in this way can be 
compared with that obtained in the optimization stage. The wavepacket evolution 
in the excited states can also be studied by adding a Gaussian probe window at the 
outer turning point in state 1. The same calculation scheme including pulsed 
excitation can be applied to the bound-bound system as shown in Fig. 3.5 (b). It 
should be pointed out that for the bound-bound system, also the autocorrelation 
function for the wavepacket evolution in state 2 can be calculated by  
 ∫ ∗= dRtRTRtA cl ),()2,()( 2

1
22 ψψ .               (3-8) 

 

In this formula ( )2, 2
2 clTRψ  is the wavepacket in state 2 after half a vibrational 

period and ),(2 tRψ  is the wavepacket in the excited state 2 at arbitrary 
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propagation time. It should be noted that since the vibrational periods in state 1 

and 2 are different and so 22 12
clcl TT ≠ .  

 
 

 
 

Fig. 3.5 Potential settings used in the mesobatic dynamics 
calculations including pulse excitations. (a) bound-dissociative 
system (b) Bound-bound system. 

 
 
In the diabatic representation, for the three coupled potentials in the model we 
studied, the time dependent Schrödinger equation is 
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Here NT  is the kinetic energies of the system, )(00 RV  is the ground state potential, 

)(11 RV  and )(22 RV  are the potentials of the two excited states and 2112 VV =  is 
the coupling between the two excited states. In our models the coupling is 
assumed to have a Gaussian distribution around the crossing point of the two 
excited states. The ground state 0 and excited state 2 are coupled by a laser pulse. 
The transition dipole moment from the ground state to the excited state µ  is 

assumed to be independent of R . The laser pulse )(tE  is taken as an oscillating 
electric field with a Gaussian envelope 
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Here 0E  is the field amplitude, ∆  and 0t determine the width and the center of the 

laser pulse in the time domain. The phase of the pulse )( 0tt −Φ can be expanded 

in time: 
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The frequency of the laser electric field is given by the derivative of the phase: 
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Therefore in general the frequency of the laser field is time dependent and not a 
constant. A pulse containing time-dependent oscillating frequencies is called a 
chirped pulse. The constant term 0ω  in formula (3-11) and (3-12) is the carrier 

frequency andβ  is called the linear chirp parameter [74,75]. The laser pulse 
remaining only the carrier frequency and the linear chirp term is written as 
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The laser pulse is called a positively chirped pulse for 0>β  and a negatively 

chirped for 0<β . In Fig. 3.6 (a), (b) and (c) we demonstrate the differences for 
the negatively chirped, unchirped and positively chirped laser pulses, respectively. 
For the positively chirped pulse, a low frequency part comes first and is followed 
by a high frequency part. 

All the wavepacket propagations are performed in one-dimensional space. The 
grid length and the grid points are chosen to ensure that wavefunction motion is 
converged both in coordinate and momentum space. That is, for all time in the 
wavepacket propagation, the wavepacket does not hit the grid edge in the 
coordinate space and its momentum is always less than the maximum momentum 
determined by the grid setting. In the Morse potential related systems, a typical 
time step of 1 fs is used for wavepacket propagation in the potential curves. 
During the pulsed excitation process, a shorter time step of 0.01 fs is chosen in 
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order to catch up with the fast oscillations in the electric field. In all the 
calculations atomic units are used. The reduced mass of Rb2 is chosen as the mass 
for all molecular model systems. In the calculations including pulsed excitation, 
the vibrational wavefunction in the ground state is obtained by the Fourier Grid 
Hamiltonian (FGH) method as described in chapter 2 [64]. 
 
 

 
Fig. 3.6 Electric fields of laser pulses with FWHM of 50 fs. (a) 
negatively chirped pulse (b) unchirped pulse (c) positively chirped 
pulse 

 

3.3 Effects that influence mesobatic dynamics 
 

3.3.1 Initial wavepacket width and energy 
 
In the model of two coupled states without pulsed excitation, for the initial 
wavepacket there are two parameters that can have influence on the mesobatic 
interference. One is the initial energy, the other is the initial width. The two effects 
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can be studied by calculating the partial population in state 1, as defined in (3-4), 
after one vibrational period as a function of the initial parameters.  

Assume we have a system under optimal mesobatic interference conditions. If 
the initial wavepacket position is moved, two different effects will occur. First, the 
splitting ratio after the first crossing will change as the initial energy changes. This 
can be understood from the Landau-Zener formula [76,77].  Suppose the initial 
wavepacket is in the diabatic potential 1. According to the Landau-Zener formula, 
the probability of finding the wavepacket in the diabatic potential 2 after the 
crossing point then is  
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Here, 12V  is the coupling between the two potentials at the crossing point, E  and 

)(2,1 xRV  are the initial energy and the potential energy at the crossing point xR , 

respectively, and ( )
xRRVRV
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∂=λ . Second, the accumulated 

wavepacket phase after one vibration period will change. Definitely, both effects 
can have influence on the partial population of the wavepacket on the diabatic 
potentials. Fig. 3.7 (a) illustrates such changes in state 1 for a bistable case in a 
model system of Rosen-Morse potentials. The result shown here, in practice, can 
be used as another way to switch between bistable and astable mesobatic 
interference conditions. 
 

 
 

Fig. 3.7 Partial population of the wavepacket in state 1 of the 
coupled Rosen-Morse potentials as a function of initial wavepacket 
position (a) and initial wavepacket width (b). The partial population 
is calculated after one classical vibration period under bistable 
mesobatic interference condition. 
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The initial wavepacket position has more influence on unbound systems. For an 
unbound system under bistable interference conditions, the wavepacket is trapped 
in the bound diabatic and adiabatic potentials. There is no leakage of the 
wavepacket to the dissociative state. If the initial position is changed so that the 
bistable condition is destroyed to some extent, after the first vibrational period part 
of the wavepacket will go to the dissociative state. In the extreme, the wavepacket 
can completely disappear if the system is tuned to the condition corresponding to 
the astable case in bound systems. In pump-probe experiments, the initial position 
can be changed by tuning the pump wavelengths. Essentially, results from IBr 
experiments [9], in which the excited state life time is changing with pump 
wavelength, are in good agreement with our simulations here. 

Fig. 3.7 (b) gives the partial population of the wavepacket in state 1 of the 
coupled Rosen-Morse potentials as a function of initial wavepacket width after one 
classical vibration period. The partial population is calculated according to (3-4) 
and the system is initially under bistable mesobatic interference condition. The 
initial wavepacket width effect shown in Fig. 3.7 (b) tell us that for a system under 
mesobatic interference condition there exists an optimal initial wavepacket width 
for which the interference is maximum. It should be mentioned that in the 
calculation range the total partial populations in the two potential are kept to be 
observed. 
 

3.3.2 Pulse properties 
 
Pulse properties include intensity, carrier frequency, shape, width and the linear 
chirp. In our simulations, the intensity is kept weak enough to avoid any strong 
field effects to occur. A Gaussian envelope is used in all simulations. As we have 
discussed before, the effect on the mesobatic interference of changing the pulse 
carrier frequency should be the same as that of tuning the initial wavepacket 
energy in the meobatic condition of two-coupled potentials. We focus mainly on 
the influences of pulse width and chirping properties on the wavepacket dynamics 
under bistable interference conditions. A predissociative model as shown in Fig. 
3.5 (a) is used for the study. The ratio of partial population produced in the second 
and first crossing process in state 1 is calculated as a function of tuning parameters  
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Calculation results tell us that long laser pulse is helpful to the interference and 
chirping of the pulse has a negative effect on that.  
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3.3.3 Molecular thermal condition 
 
In our calculations the excitation wavelength is set in the way that after vertical 
excitations from the lowest vibrational level in the ground state, the prepared 
wavepacket in the excited state is in perfect bistable motion. The pulse can excite 
population from the higher vibrational levels in the electronic ground state as well. 
The motion of a wavepacket prepared from the higher vibrational levels by the 
same wavelength shows a decrease of the bistable interference efficiency with 
increasing of vibrational energy. This is another result of the initial wavepacket 
energy effect. Fig. 3.8 shows the autocorrelation for the wavepacket prepared from 
vibrational level 10 in the bound-dissociative system as shown in Fig. 3.5 (a). 
With time the autocorrelation decreases fast. It can be predicted that there exists a 
vibrational level in the ground state from which the prepared wavepacket in the 
excited state can be completely dissociated after one and half vibrational periods. 
If higher vibrational levels are excited, the final probed signal in the pump-probe 
experiment should be the thermal average of the ground state vibrational levels. 
Simple simulations including the excitations from higher vibrational levels tell us 
that the excitations in the higher vibrational levels have little effect in the final 
result. The system is still in stable bistable motion. 
 
 

 
Fig. 3.8 Autocorrelation for the bound-dissociative system. The 
wavepacket in the excited state is prepared by a 50 fs pulse from 
the 10th vibrational level in the ground state. For details see the 
text. 

 
 
In the simulation, we put a Gaussian window at the right turning point in state 1. 
The probe signal from the wavepacket prepared from the i th vibrational 

wavefunction ),(1 tRiψ  in the ground state is 
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Here )( 0RW is the Gaussian probe window.  

The thermal average signal is obtained by summing over probe signals and 
each is weighed by the Boltzmann factor: 
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Here iE  is the eigenenergy for vibrational level i  in the ground state, Bk  is the 

Boltzmann constant and T is the temperature of the molecule. 
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Chapter 4  
 

Mesobatic wavepacket dynamics in ion trap 
system 
 
The mesobatic wave packet dynamics we observed in molecular models has also 
been studied in an ion trap system. The model system we consider is a 
harmonically trapped ion pumped by an external field with a standing wave spatial 
profile. The calculation is performed in the strong ion-field coupling regime [78] 
in the diabatic representation. Under this condition, the Hamiltonian defines two 
equally shifted, displaced and modulated harmonic potentials with only one 
crossing point between them. The wavepacket motion in this system shows 
mesobatic interference phenomena. It thus resembles the dynamics in molecular 
electronic states we studied in chapter 3. In this chapter, we first present the basic 
concepts related to our calculations and then discuss in brief the Jaynes-Cummings 
model. In the following section, the Hamiltonian of the ion trap system is derived 
in the diabatic representation. The last section describes how to apply the 
wavepacket propagation method to the trapped ion system in order to study its 
dynamics.  
 

4.1 Basic concept in quantum optics 

4.1.1 Quantization of the radiation field 
 
Quantum optics describes the interaction between matter and light on a fully 
quantum level [79,80]. After quantization, the Hamiltonian of the free radiation 
field can be expressed as the sum of independent harmonic oscillators. In free 
space, where the quantization volume tends to infinity, the discrete sum turns into 
a continuous integral. Each harmonic oscillator corresponds to a single mode of 
the electromagnetic field. Assuming that only a single mode of electromagnetic 
field is considered, its Hamiltonian becomes [80] 
  2

1
ˆˆˆ +aaω=H +

Ffield h .                                                         (4-1) 
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Here Fω  is the field frequency and the operators +â  and â  are called photon 
creation and annihilation operators, respectively, and they obey the regular boson 

commutation relations[ ] 1, =+aa . The creation and annihilation operators relate to 
the conjugate variables via 
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Note that x̂  and p̂ , also called field quadrature operators,  do not have the 
dimensions of length and momentum, but that they satisfy the canonical 
commutation relations [ ] hipx =ˆ,ˆ . The new operators are introduced in order to 
establish the analogy between the dynamical problem of a single mode of the 
electromagnetic field and that of the single harmonic oscillator.  
 

4.1.2 Quantum states of the radiation field 
 
In this section we introduce various states of the quantized field. These states will 
later on be used in the study of the ion-trap system. 
 
Fock state 
 
The eigenstates of the harmonic oscillator (free field Hamiltonian) are called Fock 
states. From (4-1) we can see that if state 〉n|  is an eigenstate of the harmonic 

oscillator, it is also an eigenstate of the number operator aa=n + ˆˆˆ .                                                                                
 
 〉〉 n|n=n|n̂ .                                                                               (4-3) 
 
Therefore the Fock state, or number state, 〉n|  can be interpreted as a state with 

nquanta, where in particular 0  is the vacuum state. The Fock states satisfy the 

orthonormality and completeness relations, i.e., they form a complete set.  The 
annihilation and creation operators act on the Fock states according to the 
following relations 
 〉−〉 1ˆ n|n=n|a  〉〉 11ˆ +n|+n=n|a+ .                                                            (4-4) 
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Thus, they respectively create or annihilate one photon of the field. The Fock state 
is an example of a non-classical state of the radiation field, showing singularities 
in the quasi phase space distributions [1, 81].   
                                                                                            
Coherent State 
 
Compared with Fock state, which shows non-classical features, coherent state 
mimics the classical motion of a particle in a quadratic potential and behaves most 
“classical” [81]. In conjugate representation, the corresponding wavepacket of the 
coherent state bounces back and forth in the harmonic potential while retaining its 
width in both “position” x  and “momentum” p . Indeed, the classical limit of a 
quantized theory for the light field is obtained by letting the field amplitude of the 
coherent state go to infinity. Another aspect is that in general these states are 
experimentally easily prepared by pumping the system by a classical source.  
In x -representation, the Fock states read 
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where nN  is the normalization factor 

4/12
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nn and h/Fω=κ . 

The function nH  is the n'th Hermite polynomial. It is seen that the lowest 

eigenstate (vacuum) of the oscillator is a Gaussian function: 
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Contrary to the excited Fock states, the ground state (4-6) has no singularities in its 

phase space representation and, in particular, one has 00 =a , hence it is an 

eigenstate of the annihilation operator. In fact, it can be shown that any state α  

being an eigenstate of a  [71,82],  
 〉〉 α|α=α|â      (4-7) 
 
behaves as a semi-classical state, which therefore serves as the definition of a 

coherent state. Mathematically, the state α  can be obtained from the vacuum 

state by operating with a displacement operator )(αD on 0 : 
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( ) 0exp0)( aaD ∗+ +== αααα ,                                             (4-8) 

 
where the amplitude α  may be complex. Expressed in polar coordinates 

( )θαα iexp= , we have that the squared radius 
2α gives the average number of 

photons n  for a coherent state, while the angle θ  is the phase of the field [1]. In 

this thesis we will, however, assume α  to be real for simplicity. In the conjugate 
representation, the coherent state is obtained from the vacuum by displacing it by κα=x /20  

  −− 24/1
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2(
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1
exp α)x)πκ(=(x)ψcoh κ .                                        (4-9) 

 
The coherent state is no longer an eigenstate of the harmonic oscillator. They do, 
however, form an over-complete set of states, meaning that any state can be 
represented as a linear combination of coherent states. We can expand the coherent 
state in the eigenstates of the harmonic oscillator according to  
 ∫∞

∞−

(x)dxuw=(x)ψ nncoh ,                                                                       (4-10) 

 
with coefficients  
 ∫∞

∞−

(x)dx(x)ψu=w cohnn .                                                                                (4-11) 

 
Using (4-4) and the definition of a coherent state, the probability amplitude for the 
n 'th energy eigenstate (x)un  in the coherent state is  
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The photon distribution of a coherent state then follows 
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which is a Poissonian. So a coherent state has a photon number distribution that is 
Poissonian, and in general one says that if the photon distribution is sub-
Poissonian (its width is smaller than a Poissonian) the state is non-classical. The 
state 〉α|  can be obtained from (4-12) and reads 
 

| | ∑∞ 〉−〉
0

2

2
exp

=n

n

n|
n!

αα
=α|  .                                                    (4-14) 

 
During its evolution in the harmonic oscillator (free field evolution), the coherent 
state retains its shape. Explicitly, the variances in position and momentum x∆  and 

p∆ , obey the minimum uncertainty relation 2/h=px ∆⋅∆  with p=x ∆∆ . We 
may therefore, conveniently, say that the quantum fluctuations are minimized in 
the semi-classical coherent states. Below we will see, however, that the minimum 
uncertainty property can not serve as a definition of a semi-classical state in itself.    
 
Squeezed State 
 
The wavepacket width for the coherent state (4-9) is κ=x /10∆ . It is clear that 

the coherent states cover only a subset of all possible Gaussian wavepackets, and 
in particular the width of a Gaussian wavepacket can be larger or smaller than 0x∆ . 

In the case when one of the variances, x∆ or p∆ , is smaller than 2h , the 
wavepacket is called a squeezed state, and if in addition it fulfils the minimum 
uncertainty relation 2/h=px ∆⋅∆  it is said to be an ideal squeezed state. An 
ideal squeezed state, as for coherent states, can be obtained by application of a 
displacement operator [81] 
 

( ) ( )2))((exp 22 +∗ −= aaS µµµ                                                           (4-15) 
 
on some coherent state 〉α| . Since )(µS and )(αD do not commute the ordering 
in which the two operators act on the vacuum is of importance and the two 
possibilities define respectively different types of squeezed states. A squeezed 
state with real α and µ can be written in the form: 
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where s  is introduced as the squeezing parameter. The initial wavepacket width 

for the squeezed state is )s(κ=xsq /1∆ . When 1=s , the state becomes a 

coherent one. For 10 <s< , the initial wave packet has a larger variance in 
“position” space compared with the coherent state. When a squeezed wave packet 
with initial squeezing in the “momentum” direction propagates in its harmonic 
oscillator, its variance in “position” contracts and becomes the smallest when it 
arrives at the centre of the oscillator. After passing the centre, the variance in 
position expands and goes back to its initial size when the wavepacket arrives at 
the turning point. For 1>s , the squeezed state has a smaller initial “position” 
variance. In this case, the wave packet has its largest “position” variance at the 
centre of the oscillator. The evolutions of “position” and “momentum” variance 
and their product for a squeezed state in the harmonic oscillator have been 
demonstrated in Chapter 2. In particular, the breathing motion of the variances is 
typical for the squeezed states. Then squeezing of initial unsqueezed states may be 
generated, as is for example the case of a coherent state evolving according to the 
Jaynes-Cummings Hamiltonian presented in the next section [40].  
 

4.2 The Jaynes-Cummings model 
 
The Jaynes-Cummings model describes the interaction between a two-level atom 
system with a quantized field mode, which can be experimentally realized in for 
example cavity quantum electrodynamics or trapped ions [83].  This model was 
first proposed in 1963 by Edwin Jaynes and Fre Cummings [38] in order to 
explain the spontaneous emission phenomenon. It is stated in the rotating wave 
approximation and therefore can be solved analytically. The Jaynes-Cummings 
model has turned out, besides the one in quantum optics, to have many analogues 
in other areas of physics. Among its many predictions, the most important one is 
that of collapses and revivals of field quantities [84]. This is a direct result of the 
quantized graininess of the radiation field, and has been verified experimentally 
[83].  

The Hamiltonian of an atom in the radiation field can be written as 
 

intH+H+H=H fieldat .                                                              (4-17) 

 
Here atH  is the Hamiltonian of the atom, fieldH  is the Hamiltonian of the free 

radiation field and intH  is the interaction between the two subsystems. The 

Hamiltonian of the two-level atom can be written as 
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zatH σ̂
2

1 Ω= h .                                                                                    (4-18) 

 
Here Ω  is the transition frequency between the two levels in the atom and zσ̂  is 
the Pauli matrix,  
  −

=
10

01
ˆ zσ .                                                                          (4-19) 

 
According to formula (4-1), the Hamiltonian of the free radiation field is given by 
(neglecting the constant vacuum free energy) 
 

aaω=H +
Ffield ˆˆˆ h .                                                                            (4-20) 

 
For a single mode cavity field, the dipole interactions between the atom and the 
quantized field can be written, implying the dipole approximation, as [80] 
 

( )( )++ aaσσg=H ˆˆˆˆint −−h .                                                                           (4-21) 

 

Here g  is the vacuum Rabi frequency and +σ̂  and σ̂  are the Pauli matrices 
 =+

00

10
σ̂ ,    =

01

00
σ̂ .                                                            (4-22) 

 
After the rotating wave approximation, neglecting the fast oscillating terms, the 
atom-field interaction becomes 
 

( )aσ+aσg=H ++ ˆˆˆˆint h .                                                                              (4-23) 

 
The full Hamiltonian for the system is written in the final form 
 

( )aagaaH zF ˆˆˆˆˆ
2

1
ˆˆ +++ ++Ω+= σσσω hhh .                                         (4-24) 

 
The system described by this Hamiltonian is called the Jaynes-Cummings model. 
It is derived under the condition that a two-level atom and the quantized 
electromagnetic field with only a single mode are considered, plus the assumption 
that the dipole and rotating wave approximations can be applied. In most cavity 
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quantum electrodynamical applications of the Jaynes-Cummings model, the 
motion of the atom is taken to be classical, which is only justified for “hot” atoms 

[84]. Once in the rotating wave approximation, the number 2zaaN σ+= +  of 
excitations is a conserved quantity, and as a consequence, in the interaction picture 
with respect to N , the model only depends on the atom-field coupling g and the 
atom-field detuning F= ω−Ω∆ . If the two-level atom is put into a cavity with 
n  photons, the system will undergo Rabi oscillations with a frequency given by 
 

)1(4 222 ++∆=Ω ngn .                                                                        (4-25) 

 
In the general case, the atom population inversion, which is defined as the 
probability difference of finding the atom in the ground and excited state, is given 
by 
 

[ ]∑ ∑∞  Ω
ΩΩ

∆−
n =n

n

nn

nnne,ng, t)(
)+(n

+)(ρ=PP=W(t)
0

2

2

2

2

cos
14g

0 .    (4-26) 

 
Here nnρ  is the initial photon distribution, which for an initial coherent state is, 

according to (4-13), 
 

| | | |2
2n

0 α
nnn e

n!

α
=P=)(ρ − .                                                               (4-27) 

 

The average photon number n  is given by | |2α=n , while the spread is | |α=n∆ . 

Thus, in the classical limit ∞→α , the ratio 0→∆ nn . The feature of the 

inversion with time in formula (4-26) is quite similar to that of the vibrational 
wavepacket in an anharmonic potentials. The inversion is first oscillating with a 
Rabi frequency, which is similar to the classical frequency in the molecular 
systems. These oscillations continue until a collapse is occurring. At the time 
when the neighboring terms in (4-26) acquire a common π2  phase difference, the 
inversion of the system returns to the behavior close to its time starting and shows 
revival. The conditions for this to occur are 
 
( ) mTrevnn π21 =Ω−Ω − , …1,2,=m                                                  (4-28) 

 
giving the revival time: 
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2

22 42

g

ngm
Trev

∆+
=

π
.                                                                  (4-29) 

 
Similarly, the collapse time and the envelope functions for the inversion can be 
obtained [85]. 
 

4.3 The Hamiltonian of the trapped ion system 
 
If an external classical field is applied to an ion trapped in a potential, the 
Hamiltonian of the ion trapped system can be written as: 
 

dipItp V+H+H=H .                                                                           (4-30) 

 
Here tpH  is the Hamiltonian for the ion in the trap potential, which for a 

harmonic trapping potential can be described by 
 

)+aaω(=XMω+
M

P
=H +

tp 2

1
ˆˆˆ

2

1

2

ˆ
ˆ 22

2 h ,                    (4-31) 

 
where M is the ion mass, ω  is the oscillation frequency of the ion around 0=X  

and the creation and annihilation operators +â  and â  are defined according to 
 

)a+a(
Mω=X + ˆˆ

2
ˆ h

,   )aa(
Mω

i=P + ˆˆ
2

ˆ −h
.                          (4-32) 

 

So far in this section, a  and +a  have been representing creation and annihilation 
operators for the radiation field, while for the trapped ion Hamiltonian (4-31) they 
describe vibrational excitations/de-excitations of the ion in the trap. The second 
term in formula (4-30) is the Hamiltonian resulting from ion-energy splitting. 
Under an external laser field this term is written as 
 

zIH σ̂
2
h∆= ,                                                           (4-33) 

 
where Lω−Ω=∆  with Ω   the ion transition frequency and Lω  the laser 

frequency, and zσ̂  is the Pauli matrix as defined in (4-19). Note that again the 
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atom has been approximated by an effective two-level system. The last term in the 
Hamiltonian is the dipole interaction between the trapped ion and the external field. 
Two types of fields are often considered in studies, the running wave or the 
standing wave.  For the case of a standing wave field, as is studied in this thesis, 
the interaction term can be written as 
  

xLdip XkV σφλ ˆ)ˆcos( += h ,                         (4-34) 

 
where λ  is the coupling between the ion and the laser field, cω=k LL / , in which 

c  is the speed of light. The phase φ  accounts for the relative position of the ion in 

the standing wave. The Pauli matrix xσ̂  is defined as  

 =
01

10
ˆ xσ .                                                                                       (4-35) 

 

Expressing X̂  in terms of creation and annihilation operators according to the 
relation (4-32) and further introducing the Lamb-Dicke (LD) parameter 

2/hMωk= Lη  [1], the laser ion interaction term can be written in the form 
 

[ ] xdip aaV σφηλ ˆ)ˆˆ(cos ++= +h .                                                            (4-36) 

 
Adding the above three terms, the Hamiltonian for the trapped ion in the standing 

wave can be expressed in the formalism of creation +â  and annihilation â  
operator as 
 

[ ] xz aaaaH σφηλσω ˆ)ˆˆ(cosˆ
2

ˆˆ +++∆+= ++ hhh .                                  (4-37) 

 
The Hamiltonian in this operator algebra formalism is frequently used in the 
quantum optics community. 

In order to make a direct comparison with the molecular physics and apply the 
wavepacket propagation method to the ion trap system, the conjugate variable 
representation is used, in which the Hamiltonian reads 
 

xLz XkXM
M

P
H σφλσω ˆ)ˆcos(ˆ

2
ˆ

2

1

2

ˆ
22

2

++∆++= hh .                        (4-38) 
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The resemblance with molecular physics is even more clearly seen once written in 
matrix form  
 
  ∆−+

+∆++=
2)ˆcos(

)ˆcos(2ˆ
2

1

2

ˆ
22

2 hh hh
φλ

φλω
Xk

Xk
XM

M

P
H

L

L .   (4-39) 

 
 
Thus, the system consists of two-centered harmonic potentials which are shifted in 
energy and coupled to each other by a position dependent coupling. The diagonal 
and off-diagonal terms can be swapped by a unitary transformation  
 

xzL XkXM
M

P
HUUH σσφλω ˆ

2
ˆ)ˆcos(ˆ

2

1

2

ˆ~ 22
2

1
11 h∆++++== − ,      (4-40) 

 
in which  
  −

=+=
11

11

2

1
)ˆˆ(

2

1
1 zxU σσ .                                            (4-41) 

 
If we write the last two terms in formula (4-38) in matrix format, the transformed 
Hamiltonian reads 
 
  +−∆

∆+
++=

)ˆcos(
2

2
)ˆcos(

ˆ
2

1

2

ˆ~ 22
2

φλ

φλ
ω

Xk

Xk
XM

M

P
H

L

L hh hh
.   (4-42) 

 
 

The transformed Hamiltonian defines two modulated harmonic potentials coupled 
by a constant term. In Fig. 4.1 (a) and (b) we show as an example the potentials 
defined in the Hamiltonian (4-39) and (4-42), respectively. As can see from the 
figures clearly, compared with (4-39), the basis that defines the system of (4-42) 
resembles the coupled molecular states we previously studied. Therefore, the 
phenomenon of mesobatic wavepacket motion as we observed in the molecular 
systems can be expected to occur in the ion trap system under certain conditions.  
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Fig. 4.1 (a) Potentials defined in Hamiltonian (4-39), (b) potentials 
defined in Hamiltonian (4-42). The parameters are (in atomic units): 

0.80000=M , 0005.0=ω , 05.0=λ , 02514.0=∆ , 2.0=Lk , 

07249074.1=φ . 
 

4.4 Wavepacket calculation method for the ion trap 
system 

 
From bases viewpoint, the two energy-shifted harmonic oscillators in Hamiltonian 
(4-39) define two bare potentials. While the diagonal terms in Hamiltonian (4-42) 
define two diabatic potential curves (see the definitions of bare and diabatic 
potentials in paper III). The transformation between the two types of 
potentials/bases is performed by the unitary operator 1U . In our wavepacket 
calculations, the wavepacket is propagated in the diabatic basis. The dynamics of 
the bare states can be obtained from that of the diabatic states via the above unitary 
transformation. Suppose bareΨ  and diaΨ  are the bare and diabatic states 

respectively, the time dependent Schrödinger equation for the bare states reads 
 

barebare HΨ=Ψ
t

i
∂
∂h .                                                                      (4-43) 

 
Applying the unitary operator 1U  from the left we obtain 
 

barebare
1

1barebare ΨUH=ΨUHUU=HΨU=ΨU
t

i 11111

~−

∂
∂h .              (4-44) 
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Identifying baredia ΨU=Ψ 1 , the above equation gives the Schrödinger equation in 

the diabatic basis 
 

diadia ΨH=Ψ
t

i
~

∂
∂h .                                                                          (4-45) 

 
The two diabatic potentials are 
 

)+X(k±XMω=(X)V D
± φλ ˆcosˆ

2

1 22 h .                                                  (4-46) 

 
In the same way as in previous sections, the adiabatic basis and corresponding 
adiabatic potentials can be defined. 

The initial state is taken to be a Gaussian wavepacket in the diabatic potential 
DV−  

 

( ) ==Ψ
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−

0

2
)0,(

)0,( 2

2
0

4

)(
412 σπσ

ψ
ψ

XX

dia
e

X

X
.                                          (4-47) 

 
The propagation of the wavepacket in the two diabatic potentials is carried out 
using the Chebychev method [58,60,61]. Just as we did for the coupled electronic 
states, the bistable interference conditions are realized by making adjustment of 
the crossing point between two diabatic states and monitoring the populations in 
the two diabatic states after one oscillation period.  

Three quantities are used to study the dynamics of the trapped ion system. 
 

1. Autocorrelation   ∫ ∗ t)dX(X,)(X,=A(t) ψψ 0 .                                     (4-48) 

 
Here )0,(Xψ  is the initial wavepacket and ),( tXψ the wavepacket at time t.  
 

2. Inversion   dXtXdXtXtW z

2

2

2

1 ),(),()( ∫∫ −== ψψσ .            (4-49) 

 
In this definition 1ψ  and 2ψ are the bare state wavepackets. According to the 
relation (4-45), we have 
 

)(
2

1
1 +− += ψψψ , )(

2

1
2 +− −= ψψψ .                       (4-50) 
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From this we see that the bare state inversion can be expressed in terms of the 
diabatic wavepacket as 
 

[ ]∫ −
∗
+= dXtXtXtW ),(),(Re2)( ψψ .                                      (4-51) 

 
3. Entropy   [ ])log(Tr)( I II tS ρρ−=                                        (4-52) 
 
Entropy is a very useful measure of the purity of the quantum mechanical state and 
of the degree of entanglement shared between the two ion-field subsystems [86]. 
The von Neumann entropy of a quantum mechanical system can be defined as: 
 

)log( ρρTrS −= ,                                                                           (4-53) 
 
where ρ  is the density operator of the full quantum. Quantum entropies of the 
field and the ion subsystem are defined through the corresponding reduced density 
operator: 
 

( ))()()()( log IFIFIFIF TrS ρρ−= ,                                                        (4-54) 

 
where the reduced density operators )( IFρ  are 

 

( )ρρ )()( FIIF Tr−= , ),(),( tXtX ΨΨ=ρ .                                   (4-55) 

 
Here ),( tXΨ is the full two-level wavepacket at time t . The reduced density 
operator for the ion(field) is obtained once the field(ion) degrees of freedom of the 
full density operator ρ  have been traced out. It has been proved that the field 

entropy FS  equals the ion entropy IS  in a closed system if the total initial state is 
a pure state [87]. Numerically the ion entropy for the system we studied here is 
calculated as follows, 
 

)(WW)(WW=(t)S ++I −−−− loglog ,                                                 (4-56) 
 

( )01
2

1
W+=W+ , ( )01

2

1
W=W −− ,                                                 (4-57) 

 

| |22
0 4 cd q+q=W ,                                                                          (4-58) 
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| | | | dXψdXψ=q +d ∫∫ −−
22

,    dXψψ=q +c ∫ − .                                 (4-59) 

 
Here −ψ  and +ψ  are the wavepackets in the diabatic states as defined before. 
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Chapter 5  
 

Fluorescence polarization effects on rotational 
anisotropy measurement 
 
In this chapter, by using gas phase I2 as sample we study the fluorescence 
polarization effects on rotational anisotropy measurement. The effects mainly 
reflect in two respects. First, formula used for rotational anisotropy measurements 
and simulations have to be modified according to the fluorescence detection 
direction. Second, the bias effect of the detection system has to be considered in 
order to obtain the correct experiment result. We first introduce the backgrounds 
for this study, such as how to measure rotational anisotropy and the semiclassical 
theory of rotational wavepacket. Then we discuss how to measure the signals 
proportional to the isotropic term in the fluorescence based on the Fano and Macek 
formula [43] and explain in detail the experiment process. The measured 
rovibrational wavepackets are demonstrated in the last part.  
 

5.1 Semiclassical theory of rotational wavepacket 
 
When an isotropic sample is excited by polarized light, alignment of it can be 

created. For one photon excitation process this alignment has θ2cos  distribution, 
provided no saturation occurs, where θ  is the angle between the transition dipole 
moment and the polarization vector. Due to molecular rotation, the alignment 
rapidly dephases and gives way to a more isotropic distribution of molecular 
orientations [88]. After a long rephasing process, half or full alignment recurrence 
can happen. The rotational changes with time can be recorded by a second 
polarized pulse in pump-probe experiment. The mechanism is very simple. As the 
distribution dephases due to rotation of the molecules, the number of molecules 
that can be further excited to the final state by the probe pulse will change. This 
results in a change of the transmittance or fluorescence signal depending on the 
final state properties.  

In the pump-probe experiments, if femtosecond laser pulses are used to 
excited molecules, usually not only a rotational wavepacket but also a vibrational 
wavepacket has been generated. Thus detected signals reflect rovibrational motion 
in molecules. The vibrational motion of molecules can be studied by setting the 
polarizations of the pump and probe light in magic angle [5]. If the detected 
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signals are proportional to the total population changes in final excited state, the 
rotational anisotropy, which reflects molecular rotations, can be measured 
according to the formula [89,90] 
 

⊥

⊥

+
−

=
II

II
tr

2
)(

||

||
.                                                         (5-1) 

 
Here, ||I  and ⊥I  are signals measured with pump and probe polarization vectors 

parallel and perpendicular, respectively. The denominator in Eq.(5-1) is called 
synthesized isotropic signal, which reflects the pure vibrational wavepacket 
motion.  

Eq. (5-1) only applies to situations where the detected signal is proportional to 
the total population changes in the probe step. Anisotropy obtained by measuring 
the transmittance in solution apparently belongs to this case. As is well known, 
generally, fluorescence is polarized, or, we can say, the fluorescence induced by 
light has an anisotropic distribution in space even when unpolarized light is used. 
The fluorescence signals detected in a certain direction, thus, may not be 
proportional to the total population changes. In this case the denominator in Eq.(5-
1) contains rotational term and the rotational anisotropy measured based on this 
formula thus is molecular orientation dependent. Brown et al. found that this 
problem can be resolved by a proper adjustment of the “2” factor in the 
denominator of Eq.(5-1) according to the fluorescence detection direction [47]. A 
more general formula for fluorescence rotational anisotropy in a unidirectional 
detection setup should be 
 

⊥
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AII

II
tr
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||)( ,           (5-2) 

 
whereA  is called the anisotropy factor. Its exact form depends on the fluorescence 
detection direction and the molecular dipole directions. 

Rotational anisotropies can be theoretically calculated by both semiclassical 
and quantum method [42,91,92]. Due to its simplicity and without any loss of 
accuracy, the semiclassical method is used in the simulations in this thesis:  
 ∑∑=
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Here, j  is the rotational quantum number. jP  is the product state distribution, 

which is assumed to be a Gaussian or Maxwell-Boltzmann distribution, or to be 
more accurately determined by experiment. In our simulations a Maxwell-
Boltzmann distribution is used: 
  +−

+=
Tk

jjB
jP

b

e
j

)1(
exp)12(     .                     (5-4) 

 
Here, bk  is the Boltzmann constant. T  and eB  is the rotational temperature and 

rotational constant for the excited state, respectively. In Eq. (5-3), )(tr j  is the 

individual rotational state anisotropy; its exact form depends on the excitation 
conditions and the vectors of transition dipoles during the pump, probe and 
fluorescence processes. Brown et al. [47] give the formulas of )(tr j  in different 

fluorescence detection directions for parallel pump and probe transitions under one 
photon pump and probe conditions. Zhang et al. [90] discussed the conditions for 
multiphoton pump or probe transitions.  

In the following, we show how the semiclassical formula (5-3) is obtained 
according to the treatment of Baskin and Zewail [42]. The isotropic fluorescence 
intensity from an individual rotational state in the excited state is  
 

[ ])),((cos)(cos541),(),( 22 tjPPtjaPtjI j ηδδ +′=  .     (5-5) 

 
Here, δ  is the angle between directions of pump and probe polarizations, jP′  is 

the population of rotational state j . It can be seen later, its definition is different 

from jP  in (5-3). ),( tja  is a alignment-independent function to take into account 

factors such as pump/probe vibronic transitions and pump/probe pulses. 

[ ])13(21)( 2
2 −= xxP  is the second-order Legendre polynomial. ),( tjη  is the 

angle between the transition dipole of the pump transition at 0=t and that of the 
probe at time t . The macroscopic signal is obtained by a sum over all rotational 
states:  
 ∑=

j

tjItI ),()( δδ .                                                         (5-6) 

 
The individual state fluorescence intensity in (5-5) is proportional to the total 
population changes. Thus rotational anisotropy for the individual rotational state 
j  should be calculated according to (5-1) and the result is 
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[ ]),(cos4.0)( 2 tjPtr j η= .                                                     (5-7) 

 
Then, based on the assumption of free rigid rotor motion of the molecules, the 
formula for the individual state anisotropy can be further derived. For parallel 
pump and probe transitions, for the simplest case, it reduces to  
 
   )2cos(3.01.0)( ttr j ω+= .                                                   (5-8) 

 
Here jBeπω 4=  in which eB  is the effective rotational constant of the molecule. 

The macroscopic rotational anisotropy is obtained by a weighted sum of the state-
resolved individual anisotropies according to (5-6), 
 ∑∑ ′

′
=

j
j

j
jj

tjaP
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)(  .                                                         (5-9) 

 
A usually good approximation can be made by separating the parameter ( )tja ,  

into one state dependent part and one temporal part like( ) )(, tABtja j= , in which 

jB  reflects the strength of the probe transition for the particular rotational state 

and )(tA depends only on the evolution of the vibronic state. Under this 

approximation the weights in Eq.(5-9) reduce to jjj PBP =′  and  Eq. (5-9) 

becomes Eq.(5-3). 
The procedure to obtain the individual anisotropy in a particular direction is 

the same. In our case, the fluorescence signal in a given detector direction is 
conveniently expressed by some factors to describe the molecular dynamics, 
detection geometry, and a generalizedβ  parameter characterizing the geometric 
properties of the corresponding transitions [93]. The rotational anisotropy in one 
direction is obtained in a similar way.  

 The initial θ2cos  distribution created by a one-photon pump pulse applies 
only under weak excitation conditions.  As the intensity of the pump pulse 

increases, the θ2cos  distribution broadens. This results in a reduction in the 
overall anisotropy. Brown et al. [47] used a saturation model to fit the anisotropy 
measured in gas phase I2. 
 
 )()1()( trAtr jSAS −= .                                                       (5-10) 
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Here, )(tr j  is the unperturbed rotational anisotropy and SA is the saturation 

parameter, which can vary between 0 and 1. In Fig. 5.1 we show the simulated 
results of rotational anisotropy in molecular iodine at 180=T  K for parallel-
parallel (||, ||) type pump-probe transitions. The simulation is based on the isotropic 
fluorescence signals. The solid line is the anisotropy without saturation effect 
corresponding to SA  = 0 and the dotted line is the anisotropy including saturation 

effect with SA  = 0.25. If saturation happens, according to this model, it can be 

seen clearly that the anisotropy has lower values around time zero and at the time 
infinity relative to that at around the minimum anisotropy. Semiclassical 
simulations can be used to check if there is saturation effect or not in the 
experimental results. 
 
 

 
 

Fig. 5.1 Simulated rotational anisotropy based on isotropic 
fluorescence signals at temperature 180=T  K. A parallel-
parallel type of pump-probe transition is assumed. The solid 
line is the result without saturation effect and the dotted line is 
the result with saturation effect.  

 

5.2 The Fano and Macek formula 
 
To analyze the fluorescence in a pump-probe experiment, let us first give two 
coordinate frames, one for the molecular excitation (X,Y,Z) and one for the 
fluorescence measurement (x,y,z), as shown in Fig.5.2. In the excitation frame of 
coordinates the Z axis is chosen to be the probe polarization direction. In the 
detector frame of coordinates the z axis is chosen to be the detector’s direction and 
the x axis to be the polarization direction of the observed photon.  
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Fig. 5.2 The two coordinate frames to define the excitation 
and detection. The probe polarization vector defines the Z 
direction and the detector is in the z direction. The exciting 
light pulses propagate in the Y direction. The transmission 
direction for the polarizer is along x. 

 
 
According to Fano and Macek [43,44], the light intensity detected in a particular 
location can be expressed as 
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1 det
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   (5-11) 

 

Here, ( )fi
k JJh ,)(  (k =1 or 2) are called geometrical factors which depend only 

on the angular momentum quantum numbers of the initial and final molecular 

states. The alignment factorsdet
0A , det

2A , and the orientation factor det
0O  are the 

expectation values of mutipole moment operators for the molecular excited state 
which contain dynamical information about the excited state. The factorβ  is used 
to characterize the polarization properties of the fluorescence in the xy plane. If 
linearly polarized detection is detected 0=β  and formula (5-11) reduces to 
 



 63 

( ) ( )  +−= det
2

)2(det
0

)2(
0 ,

2

3
,

2

1
1

3

1
AJJhAJJhII fifi

.  (5-12) 

 
As can be seen from this formula, in order to measure a signal proportional to the 

isotropic part 03

1
I  we have to look for directions in which the second and the 

third term in (5-12) cancel each other, that is  
 

 03 det
2

det
0 =+− AA .                                     (5-13) 

 
The pump and probe pulses are taken to propagate collinearly in the Y direction. 
With the Z axis as the direction of probe polarization, the polarization vector of the 
pump is specified by the angle puθ  with respect to that of the probe in the XZ 

plane. The relative orientations of pump and probe vectors result in different 
symmetry operations in the excitation frame, which govern the existence of the 
alignment tensors and orientation vectors [93]: 
 
1. When 20 πθ << pu , the XZ plane forms a plane of symmetry. That is, we 

have hC2  symmetry. After application of the symmetry operations three elements 

of the alignment tensor, 0A , 1A  and 2A  and one element of the orientation vector, 

−1O , are left in the excitation frame. The parameters det
0A , det

2A  and det
0O  in the 

detector frame can be obtained by frame transformation. 
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det
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Under this pump-probe setup configuration, there is no solution for ),,( χφθ to 
cancel the three terms in (5-14) simultaneously. Therefore, it is impossible to 
measure the signal that is proportional to the isotropic fluorescence for this 
symmetry of pump-probe arrangement. For photon excitation,hC2  is the lowest 

possible symmetry. So Eq. (5-14) stands for the general conditions for alignment 
and orientation parameter transformations from the excitation frame to the 
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detection frame. By inserting Eq. (5-14) into Eq. (5-11), the general expression for 
spatial variations of the polarized fluorescence is obtained. Our analysis here tells 
that it is impossible to find a general way to get rid of fluorescence polarization 
effect in the lowest excitation symmetry.  
 
2. When 2πθ =pu , the vectors of pump and probe polarizations formhD2  

symmetry. In this case1A  disappears while 0A  and 2A  remain. There are several 

arrangements allowing isotropic measurement.  Such as, 
 

{ }ooo 7.54,45,90 ±=== χφθ ,                    (I) 
 

{ }oooo 3.35),90(0,45 ±=== χφθ ,              (II) 
 

{ }oooo 0,45),7.144(3.35 === χφθ .              (III) 
 
3. 0=puθ  yields hD∞  symmetry. In this case only 0A  exists. Thus, there is no 

restriction on φ . After substituting det
0A  and det

2A  into (3-13), the following 

relationship is obtained, 
 

θ

θ
χ

2

2

sin
3

1
cos

2cos
−

= ,                                         (5-15) 

 

which has a solution for χ  for oo 7.1443.35 ≤≤ θ . If we just wish to detect 

polarization free fluorescence, hD∞  symmetry provides more options. The three 

schemes to realize polarization free detection underhD2  symmetry are naturally 

valid also under hD∞  symmetry. For anisotropy measurements, both hD∞  

symmetry and hD2  symmetry have to be used. Thus in order to get rid of 

fluorescence polarization effects in general rotational anisotropy measurements, 
only the three schemes under hD2  symmetry can be applied in the experimental 

setup. Among these three schemes, (II) provides a convenient way of experiment 
manipulation. As seen from Fig. 5.2, if the probe polarization is 45 degree to the 
table, the above option can be realized by convenient right angle detection 
geometry. We used this scheme in the experiment. 
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5.3 Rovibrational wavepacket measurement 
 

5.3.1 Molecular system 
 
Gas phase molecular iodine in a sealed and evacuated glass gas cell is used as the 
sample in the experiment. The gas pressure inside the gas cell is 0.28 mbar at room 
temperature. In the experiment, a 624 nm ultrashort laser pulse is used as the pump 
to excite the iodine molecule from the ground state to theB  3Π0u

+ state. A pulse at 
312 nm is used as probe by exciting the molecule from the B  state to the E  and 
f  ion-pair states. Laser induced fluorescence (LIF) at 340 nm from thef state to 

the B  state is detected as the signal in the pump-probe experiment [5,94]. The 
rotational anisotropy of I2 in the gas phase has been studied by Brown et al. 
[47,94]. What we want to do in the experiment is to demonstrate that we can get 
rid of the fluorescence polarization effect with the help of a polarizer in front of 
the detector. For comparison purpose, experiments are also performed in 
collecting fluorescence in X direction as shown in Fig. 5.2, i.e. X-detection [47].  
 

5.3.2 Light preparation and control 
 
The experiment setup is shown in Fig. 5.3. The laser system we used in the 
experiment is the Legend-USPHE Titanium Sapphire regenerative amplifier 
system (Coherent) which has pulse duration less than 40 fs with the central 
wavelength at 800 nm. When working at a pulse repetition rate of 1 kHz the output 
pulse energy is over 2.0 mJ. The light from the Legend first passes through a 
telescope to reduce the beam size and then is split into two parts to pump two 
optical parametric amplifiers (TOPAS, Light Conversion). In our experiment, only 
one of OPAs is used and the light pulses at 624 nm and 312 nm are coming from 
the second and fourth harmonic of its signal beam, respectively. Before sent into 
the prisms, the polarization of both pulses is changed by 90 degrees in order to 
minimize loss at 312 nm. The prisms have two functions. First, they separate 624 
nm and 312 nm from each other and also from other wavelengths. Second, they 
can be used as a pulse compressor. After passing the optics inside the TOPAS and 
the subsequent doubling crystals, the pulses are positively chirped. A prism pair 
can be used to compress the chirped pulses by introducing negative group velocity 
dispersion [95]. In our experiments here the prism pairs are mainly used as 
wavelength separators. After the beam has been reflected by the retroreflector in 
the translation stage, the 624 nm pulse is combined with the 312 nm one by a 
dichroic mirror. The polarization of the pulses is controlled by Berek 
Compensators (New Focus, 5540). The collinearly propagating pump and probe 
pulses are focused together by a quartz lens with a nominal focal length of 30 cm. 
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The polarization purities of f the lights after the lens are higher than 100:1. The 
resolution of the translation stage is 0.1 µm which corresponds to 0.67 fs time 
delay. Step of 2 µm is used in all over the experiment, which determines that the 
time resolution in our experiment is 13.3 fs. Before the gas cell the pump pulse 
energy is about 0.8 µJ and the probe pulse energy is over 3 µJ. In order to avoid 
saturation effects, a neutral density filter is inserted in the probe beam to decrease 
its pulse energy to about 0.6 µJ. The excitation intensities for pump and probe are 
further controlled by moving the focusing lens along the beams. The experiment is 
running at room temperature. 
 

 

 
Fig. 5.3 Experiment setup for fluorescence rotational anisotropy 
measurements. SHG − Second Harmonic Generation, FHG − 
Fourth Harmonic Generation, Psm1, Psm2, Psm3 − Prisms, BC1, 
BC2 − Berek Compensators, DM − Dichroic Mirror, L1, L2 − 
Lens, P − Prism Polarizer, PMT − photomultiplier tube. 

 

5.3.3 Data collection system 
 
The LIF from the gas cell is collected by a quartz lens with a focal length of f = 50 
mm and diameter φ = 50 mm. An adjustable aperture is put in front of the 
collecting lens. The aperture is used to control the collection f-number, which is 
defined as the focal length divided by the collection diameter [47].  In our 
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experiment the f-number is controlled to be around 5 by an iris behind the lens, 
which complies with the large f-number collection requirement to achieve 
unidirectional fluorescence detection [47]. The iris is also used to block the 
scattered probe light, to which the photomultiplier tube (PMT) (1P28, Hamamatsu) 
is sensitive. The PMT mounted on a monochromator is used to detect the 
fluorescence. The wavelength of the monochromator (H20 VIS, Jobin Yvon) is set 
at 340 nm, the peak of the Bf →  fluorescence. In order to remove the 
polarization effect, a properly oriented prism polarizer (Rochon, CVI) is placed in 
front of the collecting lens as close as possible to the entrance slit of the PMT. For 
each point in a delay-time scan the fluorescence intensity is measured by a gated 
photon counter (SR400, Stanford Research Systems) averaging over 1000 laser 
pulses and the data are collected by computer. For each pump-probe trace more 
than 50 delay-time scans are performed, which corresponds to a collecting time of 
about 12 hours. The final data are an average of 50 such delay-time scans. 
 

5.3.4 Time zero determination 
 
The time zero in the gas cell is determined by crosscorrelations in a 0.2 mm length 
BBO crystal. The crystal is cut at 46° for type I phase matching. The experimental 
setup for measuring crosscorrelation is shown in Fig. 5.4.  By scanning the 
translation stage and making adjustment of the direction of the crystal, when 
pulses at 624 nm and 312 nm overlap both in time and space, sum frequency 
generation (SFG) at 208 nm is obtained. The SF light is detected by a UV sensitive 
SiC photodiode (JEC 1, Laser Components). Because we use a collinear setup, a 
quartz prism is used to separate the SF light from the source light.  

Laser pulses with different wavelengths that propagate in a medium in general 
have different group velocities. When the pulses arrive simultaneously at the front 
surface in the first window of the gas cell, they will come out of the back surface 
of the second window in the gas cell with a time delay between the two pulses. 
That means the time zero determined outside of the gas cell is different from that 
inside of the cell. In order to determine the time zero inside the gas cell, we 
measure the crosscorrelation both in front of the gas cell and after the gas cell. If 
as expected the thickness of the two windows of the cell is the same, the time zero 
inside the cell is in the middle of the time zeros determined with and without gas 
cell. In order to check the lengths of the two windows are the same or not, we turn 
around the gas cell 180 degree and use the other window as the light entrance 
window. If the lengths of two windows are the same, there is no time shift between 
two pump-probe traces. Our experimental results confirmed that this is true for the 
gas cell we used. The detected crosscorrelation signal from the photodiode is 
measured by a boxcar integrator (SR245, Stanford Research Corp.). The output 
from the boxcar integrator is sent to an analog-to-digital converter and collected 
by a computer via Labview software. At each point in the delay-time the signal is 
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averaged for 1 second. Each crosscorrelation trace is averaged for several delay-
time scans. The time zero, which is the peak of the crosscorrelation trace, is 
obtained by fitting the trace to a Gaussian function. 
 

 
 

Fig. 5.4 Setup for time-zero measurements. M − Reflecting 
Mirror, DM − Dichroic Mirror, L − Lens, Psm − Prism. 

 

5.4 Rovibrational wavepacket measurement results 
 
In Fig. 5.5 we show as an example the pump-probe transients measured in the 

direction ( )0,45 == φθ o  with (a) and without (b) a polarizer in front of the 
monochromator. The traces show regular vibrational oscillation modulated by 
molecular rotation. The vibrational period is about 300 fs which is the same as that 
measured by other groups at room temperature [5,47]. The first vibrational 
oscillation in the perpendicular transients (⊥I ) is more intense than the one that 
follows it. Just as Dantus et al. [94] mentioned this means in addition to the 

B state the repulsive A ( u1
3Π ) state is excited to some extent as well through the 

XA ←  perpendicular transition. This leads to a decrease of the molecules that 
can be further excited to the final excite state and results in a dip in the anisotropy.  
Due to the fast dissociative property for the A state, the dip of the anisotropy 
occurs only within 300 fs around time zero. 

From measurement point of view it is better that the parallel ( ||I ) and 

perpendicular transients can be measured at the same time. It is however difficult 
to realize such an arrangement in the pump-probe transient measurement detecting 
LIF. In our setup the parallel and perpendicular transients have to be measured 
separately. This requires that the intensities of pump and probe should be kept the 
same during the whole measurements. The background levels in the pump-probe 
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transients tell us that the probe intensities in parallel and perpendicular 
measurements are roughly the same. We need to consider the possible changes in 
pump intensity caused by the dichroic mirror whose transmittance is polarization 

dependent. For ( )0,45 == φθ o  detection setup this has no influence because in 
either parallel or perpendicular transient measurement light can be equally 
decomposed into a s-polarization component and a p-polarization component. 
While in the X-detection setup, the pump light is either p-polarization (in ⊥I  

measurement) or s-polarization (in ||I  measurement), this evidently influences the 

final results and has to be considered in the data treatment. 
 

 

 
 

Fig. 5.5 Pump-probe transients measured in the direction 

( )0,45 == φθ o . (a) No polarizer results (b) Results with 

polarizer setting at o3.35=χ . 
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Chapter 6  
 

Summary of attached papers 
 
Paper I 
 
In paper I we mainly demonstrate three results for long time wavepacket dynamics 
under bistable mesobatic interference conditions. 

First, large-amplitude revivals are observed for the wavepacket in two coupled 
electronic states under bistable mesobatic interference conditions. The wavepacket 
in two coupled states under perfect bistable mesobatic interference conditions can 
persist for long time and shows all dynamic phenomena of a wavepacket in a 
single potential with anharmonicity, such as spreading, fractional revivals, and full 
revival. Even in the spread out state, the wavepacket motion is always in the 
bistable trajectory. That is, the wavepacket is spreading in the upper adiabatic 
potential and initial diabatic potential. For the astable case, regular mesobatic 
dynamics was obtained only for a limited time scale — typically until the 
wavepacket is completely spread out. 

Second, long time bistable wavepacket motion can exist in two coupled states 
with different coupling strength between the two states. For a certain coupling 
strength, the bistable interference condition can be realized by small adjustments 
of the relative positions or relative energy between two diabatic potentials. 

Third, the revival time in coupled states can be predicted by the non-adiabatic 
transfer probability and the revival times in the single diabatic and adiabatic 
potentials. By removing the coupling between the potentials in the bistable case 
and propagating the wavepacket in the initial diabatic potential, full and fractional 
revivals can be obtained. The same can be done for a wavepacket in the upper 
adiabatic potential. If the wavepackets are propagated from the same initial 
position as in the bistable case, there is a clear relationship among the revival 

times obtained under the three conditions. If we take revdT ,
11  and revaT ,

11  to stand for 

the full revival times in the diabatic and adiabatic potentials, respectively, the 

revival time revT 11  in the bistable case can be expressed as 

 
1

,
11

,
11

11

1
− −+=

revdreva
rev

TT
T

ηη
.                            (6-1) 



 72 

 
Here the non-adiabatic transfer probability η  is calculated according to 

)2(1 11
clTN−=η in terms of the population of state 1 )(1 tN  and the classical 

vibrational period in state 1 clT1 . This relationship is obtained based on the fact 
that under bistable interference conditions during one vibrational period, the 
wavepacket first splits in two parts and then merges on return. There is no way to 
distinguish the portions of the wavepacket according to the path taken during the 
previous round-trip. The wavepacket phase evolution in this case is governed by 
the average time spent in each potential. This formula is checked with different η  
both for bound-bound system and bound-unbound systems. It is found that the 
revival time in the coupled system can be accurately predicted. The relative error 

[ ] [ ]revdrevarevrev TTcalTpredT ,
11

,
111111 )()( −−  is less than 1% for Rosen-Morse 

potentials. In the bound-unbound system this error can be larger. However, this is 
largely determined by the imprecision of extracting the revival time in a survival 
function. The Morse potential in the bound-unbound system has high 
anharmonicity, which results in a shorter revival time compared to the Rosen-
Morse potentials.  
 

Paper II 
 
In this paper we study bistable wavepackte dynamics including pulsed excitation, 
which is more close to a real experiment. The system consists of two strongly 
coupled bound states and the ground electronic state. Under ultrashort laser pulse 
excitation, a wavepacket is prepared at the inner turning point in one of the excited 
states. The wavepacket propagates along the two states and splits into two equal 
fractions after it passes through the crossing point. The two partial wavepacket 
arrives at their own outer turning point in sequence and two independent bistable 
wavepacket motions are formed. The two wavepackets share partially the same 
phase space and the existence of one motion has no influence on the other. The 
correlation functions made at outer turning points, which reflect the similarities of 
the evolved wavepacket to each part of the wavepacket at half a vibrational period, 
show very regular collapse-revival structures. The same as for a wavepacket in 
single bistable motion, the revival time for each of the partial wavepacket can be 
predicted from the revival times of the wavepacket in the corresponding diabatic, 
adiabatic potentials and the splitting ratio. 
 

Paper III 
 
The mesobatic dynamics under bistable interference conditions that was studied in 
nuclear motions of molecular systems is demonstrated also for an ion trap system. 
The system consists of a harmonically trapped ion pumped by an external standing 
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light wave. Instead of calculation directly in the bare basis, as usually is done in 
quantum optics, the calculation is performed in the diabatic basis obtained by an 
unitary transformation of the bare state potentials. In this case, the diabatic 
potentials of the ion trap system become two centered modulated harmonic 
oscillators. The modulation depth depends on the intensity of the ion-field 
coupling. Quantum wavepacket propagation is used to study the dynamics of the 
trapped ion system. Three quantities are used to characterize the dynamics process: 
the population inversion, the autocorrelation and the entropy. These reveal very 
rich dynamic information in the ion trap system. The population inversion reflects 
the probabilities for the ion in the bare ground and excited state. It can also be a 
measure of the diabatic energy transfer. The entropy gives the entanglement 
shared between the field and the ion. The same as in the molecular system, 
bistable interference occurs when the relative positions of the two diabatic 
potentials satisfy the wavepacket interference condition. Revival and fractional 
revival phenomena are observed in the long time wavepacket evolution.  The 
optimal interference is found to occur for squeezed initial states. As an example, 
the long time autocorrelation trace and entropy for a squeezed state with 
population splitting ratio of 40-60 in the diabatic and adiabatic potentials is 
demonstrated.  
 

Paper IV 
 
In the review [43] Fano and Macek express the intensity of polarized light emitted 
in any direction following an arbitrary excitation process in terms of simple 
geometrical factors and a few dynamical parameters. According to this formula 
laser-induced fluorescence detected in pump-probe experiments is direction 
dependent. In rotational anisotropy measurements, the detected signal should be 
proportional to the total population change induced by the probe pulse. This can be 
realized by two ways. One is to detect the fluorescence in all directions, i.e. all-
direction detection. The other is to arrange the experimental setup so that the 
signal that is proportional to the isotropic component of the fluorescence can be 
detected in unidirectional setup. The first way is difficult in experimental 
arrangement. Therefore, the second way is treated experimentally and theoretically. 
Using I2 in gas phase as sample, in a specific direction with the help of a properly 
oriented polarizer we experimentally detected the signal that is proportional to the 
isotropic component of the fluorescence. 

A 624 nm ultrashort laser pulse is used to excite I2 to the B  state and 312 nm 
is applied to further excite the molecule to theE  and f state. Fluorescence at 340 

nm resulting from the Bf → transition is detected. The experiment is arranged to 

detect fluorescence at 45° with respect to the probe polarization and the polarizer 
in front of the detector is set 35.3° to the vertical plane formed by probe 
polarization vector and detection direction. For comparison purpose, the rotational 
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anisotropy by detection of the fluorescence in the X direction and in the direction 
45° to the probe polarization without polarizer was measured, as well. A 
semiclassical method is used to simulate the rotational anisotropies measured in all 
cases. Our main findings and conclusions are as follows. 

First, there is a polarization bias effect from the grating in the monochromator. 
In our experiment, because the photomultiplier tube is mounted on a 
monochromator whose detection efficiency is polarization dependent, a 
polarization bias parameter is introduced to take this effect into account. This 
parameter is defined as ||SS⊥=ζ . Here ⊥S  and ||S  are fluorescence intensity 

measured by setting polarizer in front of the monochromator perpendicular and 
parallel to the plane formed by probe polarization direction and detection direction, 
respectively. In our case ζ was measured to be 0.5. In rotational anisotropy 
calculations and semiclassical simulations, the polarization bias parameter needs 
to be included in order to get a correct result. 

Second, simulations based on the semiclassical method including the 
fluorescence polarization effect at rotational temperature 180=T K are in good 
agreement with the experimental results. For the experiment detected in the 
direction 45° to the probe polarization with polarizer, the agreement between 
experimental and simulations based on all-direction detection demonstrates that in 
this case the measured fluorescence signal is proportional to the isotropic part in 
the fluorescence. The experimental and simulation results in X direction detection 
and 45° direction detection without polarizer illustrate the considerable 
polarization effect on transient anisotropy measurements and the necessity to 
include this effect both in measurements and simulations. 
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Sammanfattning på svenska 
 
 
I såväl molekylära som kvant-optiska system är det ofta nödvändigt att använda en 
kvantmekanisk beskrivning av dynamiken. Denna doktorsavhandling studerar 
specifika kvantmekaniska fenomen som kan uppstå, såsom kvantinterferens 
mellan kopplade diabatiska tillstånd som korsar varandra, kollaps av lokaliserade 
vågpaket samt återuppståndelse. De tre teoretiska studierna visar hur interferensen 
som uppstår när vågpaket rör sig på kopplade tillstånd hos antingen en molekyl 
eller ett kvantoptiskt system kan användas för att skapa stabila långlivade 
trajektorier. Experimentellt har effekten av fluorescenspolarisation på pump-
probexperiment på rotation-vibrationsvågpakets rörelse studerats. 

De långlivade vågpaketsrörelsemönster som uppstår genom kvantinterferens 
kan klassificeras i en bistabil och astabil dynamik. I den bistabila dynamiken 
interfererar vågpaketet på sådant sätt att det alltid återvänder till samma tillstånd 
på ena sidan av kurvkorsningen. Denna rörelse kan existera under väldigt långa 
tider i såväl system bestående av två kopplade bundna tillstånd som ett bundet och 
ett repulsivt tillstånd kopplade till varandra. Den astabila dynamiken innebär att 
interferensen får vågpaketet att alternera mellan de två tillstånden på ena sidan om 
kurvkorsningen. 

Den bistabila vågpaketsdynamiken i ett kopplat system har egenskaper som 
påminner om dynamiken i en anharmonisk potential. Det från början lokaliserade 
vågpaketet kommer att spridas i fasrummet, kollapsa för att sedan återuppstå. De 
numeriska studierna visar att tiden det tar innan vågpaketet får en full 
återuppståndelse kan bestämmas från motsvarande tider för de diabatiska och 
adiabatiska potentialerna samt den icke-adiabatiska överföringssannolikheten. 

Vidare visas att bistabil rörelse kan åstadkommas i molekylliknande system 
med en kort laserpuls. Dessutom genom att initiera vågpaketet på motsatta 
positionen i förhållande till den som ger bistabil rörelse kan två separata bistabila 
vågpaketsrörelser skapas. Dynamiken i dessa två rörelser verkar vara helt 
frikopplad. 

Liknande interferensfenomen som i de molekylliknande systemen kan uppstå i 
kvantoptiska system. Vi har funnit möjliga bistabila trajektorier i ett system som 
består av en jon i en harmonisk fälla kopplad till ett klassiskt fält i form av en 
stående våg. Systemet kommer då att alternera mellan en maximal kvantmekanisk 
korrelation och total frikoppling mellan jonens inre tillstånd och dess 
vibrationsrörelse i fällan. 
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Laserinducerad fluorescens är i allmänhet polariserad. I de fall pump-
probexperiment på molekylers rörelser i realtid utnyttjar fluorescensdetektion 
måste effekten av polarisationen helst elimineras eller åtminstone tas hänsyn till 
för att undvika misstolkningar av mätresultat. Ett litet antal 
experimentkonfigurationer existerar under vilka polarisationseffekter kan 
elimineras. En uppställning som med en polarisator framför detektorn möjliggör 
polarisationsfria mätningar i en viss riktning på rotationell anisotropi demonstreras 
i experiment på jodmolekylers rörelse. Dessutom analyseras och illustreras den 
avsevärda effekten av detektorns polarisationskänslighet när en polarisator inte 
sätts framför detektorn. 
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Appendix 
 

Wigner transform 
 

For an ensemble of state vectors iψ , the density matrix is  

 ∑
=

=
n

i
iiiw

1

ψψρ .                                                                                       (7-1) 

 

Here the iw  are the probabilities of finding the system in state iψ . For 

normalized pure states 1)( 2 =ρTr , while for mixed states 1)( 2 <ρTr . 
As is well known there is no quantal equivalent to the classical distribution 
function of statistical mechanics ( )NNcl pprrf ,...,,,..., 11 , which defines for an 

ensemble of N  identical particles the probability of finding them at the points: 

Nrr ,...,1 , with momentum Npp ,...,1 . In 1932 Wigner [68] introduced a quantal 

quantity which has several properties of the classical distribution function and 
which coincides with it in the appropriate limit. This quantal distribution function 
is usually called the Wigner transform [68-70]. The Wigner transform provides a 
connection between quantum mechanics and classical mechanics. For a system in 
a mixed state represented by a density matrix ρ , the Wigner transform is  
 ∫∞

∞−
−+−= hh ipss

r
s

rdsprW exp
222

1
),( ρ

π
.                                   (7-2) 

 
In the case of a pure state Ψ , the corresponding transform becomes 
 ∫∞

∞−

∗ − +Ψ −Ψ= hh ipss
r

s
rdsprW exp

222

1
),(

π
.                            (7-3) 

 
For a system with two states, the state vector 
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=Ψ
2

1

ψ
ψ

                                                                                                (7-4) 

 
gives the corresponding density matrix 
 ==ΨΨ= ∗∗

∗∗

2221

1211

2212

2111

ρρ
ρρ

ψψψψ
ψψψψρ .                                      (7-5) 

 
The Wigner transforms for the components of the density matrix are 
 

( ) − + −= ∫ ∗ hh ipss
r

s
rdsprW jiij exp

222

1
, ψψ

π
.               (7-6) 

 

iiW  are population terms which reflect the distributions of population in state 1ψ  

and 2ψ . )( jiWij ≠  are coherence terms which reflect the coherence between the 

states.  
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