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Abstract

Second harmonic generation (SHG) is a nonlinear optical effect sensitive
to interfaces between materials with inversion symmetry. It is used as an
effective tool for detection of the adsorption of a substance to microscopic
particles, cells, liposomes, emulsions and similar structures, surface analy-
sis and characterization of microparticles. The scattered second harmonic
intensity from surfaces of suspended microparticles is characterized by its
complex angular distribution dependence on the shape, size, and physical
and chemical properties of the molecules making up the outer layer of the
particles. In particular, the overall scattered second harmonic intensity has
been predicted to have a dramatic and nontrivial dependence on the particle
size.

Results are reported for aqueous suspensions of polystyrene microspheres
with different dye molecules adsorbed on their surfaces. They indicate that
the scattered second harmonic power has an oscillatory dependence on the
particle size. It is also shown that adsorption of one of the dyes (malachite
green) on polystyrene particles is strongly affected when SDS surfactants are
added to the solution. for this system a rapid increase of the second harmonic
signal with increasing concentration of SDS was observed in the range of low
SDS concentration.

Three different theoretical models are used to analyze the observed parti-
cle size dependence of SHG. The calculated angular and particle size depen-
dences of the second harmonic scattered power show that the models do not
agree very well between each other when the size of the particles is of the
order of the fundamental light wavelength, as here. One of the models - non-
linear Mie scattering - predicts oscillatory behaviour of the scattered second
harmonic power with the particle size, but fails to reproduce the position of
the maxima and minima of the experimentally observed oscillations.

The obtained results on the size dependence of the second harmonic can
be used in all applications to increase the count rate by choosing particles
of the size for which the second harmonic efficiency was found to the high-
est. A new effect of cooperative malachite green and SDS interaction at the
polystyrene surface can be employed, for example, in the areas of microbi-
ology or biotechnology, where adsorption macromolecules, surfactants and
dyes to polystyrene microparticles is widely used.
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Chapter 1

Introduction

1.1 Definition of the problem

and methodology

The general topic of my thesis is the nonlinear optical interaction of an
electromagnetic field with a material system of small spherical particles sus-
pended in solution. A strong light field incident upon such a system causes a
nontrivial nonlinear optical response and represents an interesting scientific
problem. This thesis discusses experimental observations and the analysis of
that response in an answer to that problem.

The variety of materials comprising the particles and the medium sur-
rounding them is large, as is the number of nonlinear optical processes that
one can utilise. The work presented in this thesis deals mainly with the
process of second harmonic generation (SHG) from a dye molecule-water
suspension of polystyrene (PS) microspheres with a size on the order of the
incident light wavelength. The major focus is the measurement of the scat-
tered light intensity dependence on the size of the microspheres. The size
dependence, together with the angular distribution and polarization prop-
erties of the scattered light [1, 2], is among the fundamental properties of
any light scattering process and, therefore, is of great importance. The work
carried out during the work on the thesis also included a number of other
investigations in addition to the size dependence of the SHG. In particular,
I would emphasize the problem of the SHG response of the specified system
of particles in the presence of surfactant molecules in the dye-water solution.

The experimental work on the fundamental size dependence property of
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the SHG initiated a deeper interest to understand the physical picture of
the process of SHG from the suspension of the particles, and, if possible,
to explain the observed size dependence. Hence, I was led into the realm
of mathematical description of the problem. The methods used for treating
the problems of nonlinear scattering of optical light on the microparticles are
those of classical electrodynamics. This is the reason for the appearance of
some theoretical chapters in this thesis.

1.2 Overview and motivation

Before addressing the main scope of the thesis, a historical overview of the
experiments and theoretical models linked with the work discussed in the
thesis is presented to place into context the reasons and motivation behind
the research.

The interest of physicists in nonlinear optical phenomena arose after the
first demonstration of second harmonic (SH) signal from a quartz crystal in
1961 [3]. Since that first observation many different techniques in numerous
branches of science have been established which utilize the nonlinear proper-
ties of different types of media. Second-order nonlinear optical processes, to
which SHG belongs, were realized to be a powerful tool for studying the in-
terface between media due to the fundamental property of such processes: in
the electric dipole approximation they are forbidden in media with a center of
symmetry. At interfaces and surfaces, however, the centro-symmetry is nec-
essarily broken. As such, the second-order nonlinear signal generated at the
interfaces can be detected without contributions from the bulk. This is not
the case when using conventional (linear) techniques because the interface
signal is normally much weaker than the signal from the bulk due to the fact
that the interfaces are formed by a much smaller number of light scatterers.
In the presence of one intense beam interacting with a nonlinear medium,
SHG is a process of particular interest. In this example, two photons of
one frequency are scattered to produce one photon of the doubled frequency.
When applied to physical systems these and other features of second-order
nonlinear optical processes enable scientists to obtain information on the
molecules forming interfaces and the surfaces between media.

Second harmonic generation at the surface of small spherical particles
which are comprised of an isotropic material was first demonstrated about
a decade ago [4]. It was reported that for particle sizes on the order of the
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Figure 1.1: Schematic drawing of a centro-symmetric system - sphere - with two dipoles at the sphere
surface and at the opposite cites of the sphere.

process coherence length, lcoh = π/∆k (1.1), significant enhancement of the
SHG by molecules adsorbed on the surface of the particles can be expected.
This can be qualitatively understood [4] when looking at the superposition of
two SH waves which are generated at z = 0 and z = d, i.e., on opposite points
of the sphere along the z direction (see Figure 1.1). The incident field is a
plane wave propagating along the z axis with an amplitude of Eince

ikω
mz, with

kωm denoting the incident wavevector magnitude in the surrounding medium.
The amplitude of each SH wave is proportional to the amplitude of the
incident field squared at z = 0 and z = d respectively, so that

E2
ince

2ikω
mz|z=0e

ik2ω
p deik

2ω
m z − E2

ince
2ikω

p z|z=deik
2ω
m z ∝

E2
inc(1− e−i∆kd)eik

2ω
p deik

2ω
m z, (1.1)

∆k = k2ω
p − 2kωp ,

where kωp is the incident wavevector magnitude in the particle, k2ω
p and k2ω

m

are the SH wavevector magnitude in the particle and the surrounding particle
medium, respectively. Surface generated SH light from a centro-symmetric
system (e.g. a sphere) is electric dipole forbidden if the system is centro-
symmetric on a scale much less than the coherence length of the process.
From the expression given in (1.1), if d << λω, where λω is the fundamental
beam wavelength, then (1.1) tends to zero, which is not the case if d = lcoh.

It was noted [4] that the spherical nature of the SH generating systems
might lead to a rather simple SH intensity dependence on the size of the
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particles, possibly giving rise to an interference pattern of the electromagnetic
SH light generated at opposite points on the sphere.

Since the demonstration of SHG from a suspension of spherical particles
in 1996, SHG has been employed to probe numerous physical and chemical
processes occurring at the surfaces of such particles and its application to
colloids of small particles provides complementary or unique tools in medicine
and technology [5, 6]. Examples of these applications include characterization
of molecular adsorption on polymer beads and clay particles [7, 8], emulsions
and sprays [7, 9], and biological vesicles [10]. Moreover, SHG was used to
observe molecular transport across biological membranes [10, 11] and was
found to be sensitive to the membrane potential of individual cells [12].

The practical interest of SHG from small particles has spurred a growing
number of experimental and theoretical investigations into related fundamen-
tal physical phenomena [5, 6]. For surface related SHG, such exploration has
been mainly restricted to spherical nanoparticles and clusters for which the
size parameter kωma� 1, with a denoting the particle radius. In this Rayleigh
scattering regime the fundamental physical properties which are studied in-
clude the particle size and shape [13, 14, 15, 16], the particle concentration
dependence [17], and the polarization dependence and angular distribution of
the SH light [13, 16, 17, 18, 19, 20, 21, 22, 23]. It was shown that in this range
the theoretical total SH scattering intensity scales monotonically as (kωma)6

[16, 20]. Both the few theoretical studies [13, 16] dealing with microspheres
have revealed a considerably more complex dependence on the sphere size.
The nonlinear Mie scattering model (NLMS) elaborated by [13, 16] and the
integral equations approach [24, 25] indicate that the total SH scattering in-
tensity in this range has an oscillatory variation with kωma. The significantly
simpler nonlinear Rayleigh-Gans-Debye (NLRGD) model [18, 19, 20, 21, 23]
was found to reproduce measured SH polarization properties, angular dis-
tributions, and size dependence for nanospheres with kωma � 1 [22, 23], as
well as microspheres with kωma ∼ 1 [19]. Despite the apparent success of this
approach [19], its validity in the latter size range can be questioned [21, 26] as
it is already inadequate for linear Mie scattering [1, 2]. A promising idea of
using a modified version of the NLRGD model - nonlinear Wentzel-Kramers-
Brillouin (NLWKB) model - was suggested by [21] in the case of relatively
large particles, i.e. kωma ≥ 1.
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1.3 Principal results and conclusions of the

thesis

The optical SHG at the surface of microspheres in aqueous suspensions
was measured as a function of particle size for diameters comparable to or
larger than the fundamental wavelength of 850 nm. An oscillatory pattern
in the single-sphere SH intensity with a period in the particle diameter of
around 0.5µm was observed. Particle suspensions containing two different
dye molecules were investigated to measure the SHG dependence on the par-
ticles size - Malachite Green (MG) and Pyridine 1 (Pyr1). Both dyes were
found to be good nonlinear materials. They have different chemical struc-
ture and presumably different mechanism of interaction with the PS particles.
However, the measured SHG size dependence did not reveal strong differences
between the two different dyes. It was concluded that the observed signal
was due to the different particle size and not due to the different adsorbates.

In the work reported here, the SHG signal is shown to be very sensitive
to the chemical composition of the system being investigated. The effect of
surfactants present in the dye-water solution on the SH response was recorded
and the factors causing it are discussed.

It is shown that the NLRGD and NLWKB models, despite their success
to model the angular distribution of SH light and the size dependence in the
small-particle limit, are inadequate in the context of the particle sizes used
here and the observed oscillatory behavior of the SHG. The indication of
such oscillations, however, was found within the frame of the NLMS model.

The models applied in this thesis agree with each other for small particles
sizes but show rather large differences when the size of the particle is compa-
rable to or larger than the wavelength of the fundamental light. A discussion
of the possible reasons of such discrepancies is given.

1.4 Outline of the thesis

The first chapters (2-4) introduce the basic concepts of linear and nonlinear
optics which are used in this thesis. The formalism of the Maxwell’s equa-
tions and approximate methods of theoretical description of linear optical
scattering processes from the spherical particles of different sizes is described
in chapters 2 and 3.

In chapter 5 a description of the experimental method and the samples
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used is presented. The different methods used for the theoretical description
of the linear light scattering are adapted to the case of SH optical light gen-
eration at the surface of the spherical particles is discussed and a description
of the methods used to describe nonlinear light interaction is given in chapter
6.

Chapter 7 presents and discusses the theoretical and experimental results.
The main conclusions from the work and the future outlook are given in
chapter 8 and 9, respectively.



Chapter 2

Basic relations of classical
electrodynamics

Classical linear and nonlinear scattering phenomena are described by com-
mon laws. Models describing the interaction of linear and nonlinear light
with media are formulated within in the framework of classical electrody-
namics and are based on the equations describing the propagation of elec-
tromagnetic radiation - Maxwell’s equations. Maxwell’s equations describe
the electric and magnetic fields, independently from their wavelength and,
therefore, frequency. The latter argument is used when applying Maxwell’s
equations to the linear propagation of light with a frequency ω and generated
SH light having the frequency of 2ω.

2.1 Maxwell’s equations, vector potential,

boundary conditions

Throughout this thesis the electric dipole approximation is assumed to be
valid. This means that the magnetic and higher-order multipoles in the
expansion of the the current density J(r, t) and charge density ρ(r, t)

J(r, t) =

Jf (r, t) +
∂P (r, t)

∂t
+ ∇×M(r, t) +

∂

∂t
(∇ ·Q(r, t)) + ... (2.1)

ρ(r, t) = ρf (r, t)−∇ · P (r, t) + ∇ (∇ ·Q(r, t)) + ... (2.2)
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are neglected [27, p.3]. Here, ρf (r, t) is the free charge density and Jf (r, t) is
the current density, P (r, t) is the electric polarization, M (r, t) is the mag-
netization, Q(r, t) is the electric quadrupole polarization. All the functions
depend on time t and position vector r. ∇ is a vector operator which, for
the purposes of this thesis, is useful to write in spherical coordinates (r, θ,
φ) with a basis of êr, êθ and êφ

∇ =
∂

∂r
êr +

1

r

∂

∂θ
êθ +

1

rsinθ

∂

∂φ
êφ. (2.3)

The mathematical description of all classical optical phenomena is based
on the set of Maxwell’s equations describing the macroscopic electromagnetic
field. The general forms of Maxwell’s equations are given by [28, 29]

∇ ·E(r, t) = ρf (r, t) (2.4)

∇×E(r, t) +
∂B(r, t)

∂t
= 0, (2.5)

∇ ·B(r, t) = 0, (2.6)

∇×H(r, t)− ∂D(r, t)

∂t
= Jf (r, t), (2.7)

where E(r, t) is the electric field, H(r, t) is the magnetic field, B(r, t) is
the magnetic induction, D(r, t) is the electric displacement. All the fields
describe the propagation of an electromagnetic wave of some fixed frequency.
For a dielectric material ρf (r, t) and Jf (r, t) are equal to zero.

The vector fields are related as

D(r, t) = ε0E(r, t) + P (r, t) (2.8)

H(r, t) =
1

µ0

B(r, t)−M (r, t), (2.9)

where ε0 is the electric permittivity and µ0 is the magnetic permeability of
free space. The unique determination of electric and magnetic fields from
a given distribution of charges and currents requires additional constitutive
relations. In the case of a linear medium the polarization field is

P (r, t) = ε0χE(r, t), (2.10)

and magnetic fields are connected by

B(r, t) = µH(r, t), (2.11)
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where χ is the electric susceptibility and µ is the magnetic permeability of
the material.

It is convenient to rewrite Maxwell’s equations in terms of vector and
scalar potential functions A(r, t) and Φ(r, t). The latter are connected with
the fields by

B(r, t) = ∇×A(r, t), (2.12)

E(r, t) = −∇Φ(r, t)− ∂A(r, t)

∂t
. (2.13)

In the Lorenz gauge [28, p.240], the set of equations 2.4-2.7 is equivalent to
two inhomogeneous wave equations for the potentials:

∇2Φ(r, t)− εµ∂
2Φ(r, t)

∂t2
= −ρ(r, t)/ε, (2.14)

∇2A(r, t)− εµ∂
2A(r, t)

∂t2
= −J(r, t)µ, (2.15)

where ε is the dielectric function, which is in general complex and depends
on the frequency of the electromagnetic light.

Maxwell’s equations are valid when the properties of the material vary
continuously [29, p.9]. In the presence of a discontinuity, e.g. at the interface
between two materials 1 and 2, the relation between the components of the
fields in the different linear materials are given by the boundary conditions

n̂× (E2(r, t)−E1(r, t)) = 0, (2.16)

n̂ · (D2(r, t)−D1(r, t)) = σf (r, t), (2.17)

n̂× (H2(r, t)−H1(r, t)) = jf (r, t), (2.18)

n̂ · (B2(r, t)−B1(r, t)) = 0, (2.19)

where n̂ is the local normal vector to the interface between the materials 1
and 2, pointing toward medium 2, σ(r, t) is the surface free charge density,
j(r, t) is the surface current density. If media 1 and 2 are made of dielectric
materials, σf (r, t) = 0 and jf (r, t) = 0.

In the absence of free charge and current densities, it is useful to consider
the second term in the multipole expansion of the charge density in equation
(2.2)- the so called polarization charge density

σb = −∇ · P (r, t). (2.20)
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The bound surface charge density is given through the polarization of the
materials 1 and 2 at the boundary between the dielectrics [28, p.156]

σb = (P1 − P2) · n̂. (2.21)

Without losing generality of the problem one can consider all of the fields,
charge and current to vary sinusoidally in time with an angular frequency ω
[28, p.407]

E(r, t) = E(r)e−iωt, (2.22)

ρ(r, t) = ρ(r)e−iωt, (2.23)

J(r, t) = J(r)e−iωt. (2.24)

It is implied that any real physical quantity is defined by taking the real part
of the corresponding complex quantity. It is useful to notice that the elec-
tric and magnetic fields are linked by the relation, following from Maxwell’s
equations:

E(r) =
i

ωµε
∇×B(r). (2.25)

2.2 Radiation from a localized

oscillating source

The description of electromagnetic phenomena so far has been held rather
general. For the purpose of this thesis, the formalism of classical electrody-
namics must be applied to the problem of electromagnetic wave scattering
by a particle. It is convenient to think of a particle as a system of charges
(2.23) and currents (2.24) localized in space and oscillating with an angular
frequency ω. The solution of the wave equation for the vector potential (2.15)
created by such system can be found by means of the Green function of the
vector Helmholtz equation, G(r, r′) [28, p.243]. In the absence of boundary
surfaces, the solution is given by

A(r) =
µ

4π

∫
V

d3r′G(r, r′)J(r′), (2.26)

where the integration is performed over the volume V in which the current
is localized. The Green function is

G(r, r′) =
eik|r−r

′|

|r − r′|
. (2.27)
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k = ω
√
µε is the wave number and 1/

√
µε is the speed of light in the medium.

In the absence of free current density, the material current density is given by
the second term in the expansion (2.1), and can be referred to as the bound
charge current density

Jb(r, t) =
∂P (r, t)

∂t
. (2.28)

Employing (2.28), the vector potential of a localized system of currents is
given by

A(r) =
µ

4π
(−iω)

∫
V

d3r′
eik|r−r

′|

|r − r′|
P (r′), (2.29)

where P (r′) is the source polarization, related to the electric field inducing
this polarization in a linear medium by (2.10).

The electric field created by such a system is referred to as the scattered
field and is denoted by Esc(r). The field inducing the polarization of the
material is referred to as the incident field. The scattered field can be found
by using the relationships (2.12) and (2.25), and is given by

Esc(r) =
1

4πε

(
∇×∇×

(∫
V

d3r′
eik|r−r

′|

|r − r′|
P (r′)

))
. (2.30)

Equations (2.29) and (2.30) represent fundamental relationships of the light
scattering problem. They can be used “as is” when one can neglect discon-
tinuities introduced in the system by boundaries between different media,
e.g. for radiation from a particle with dimensions much smaller than the
wavelength of the incident electromagnetic wave or radiation from a particle
having a dielectric function equal or very close to that of the surrounding
medium.

2.3 Scattering in the far field

Usually one is interested in calculating (2.29) and (2.30) in the so-called far-
field region, i.e., under the assumption that kr � 1 and that r � r′ for any
r′ ∈ V , where r = |r| is the magnitude of the position (radius) vector r. In
this region

eik|r−r
′|

|r − r′|
≈ eikr(1−êr·r′)

r
,

(2.31)
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where êr = r/r is the unit vector in r direction. The vector potential (2.29)
and electric field (2.30) in the far-field zone are therefore:

A(r) =
µ

4π
(−iω)

eikr

r

∫
V

d3r′e−ikêr·r′P (r′), (2.32)

Esc(r) =
1

4πε

eikr

r
k2(1− êr(êr·))

∫
V

d3r′e−ikêr·r′P (r′), (2.33)

where only terms proportional to 1/r are retained. The operator 1− êr(êr·)
acts to remove the radial component of the scattered electric field, meaning
that the scattered field behaves as an outgoing transverse spherical wave,
i.e., the electric field vector is perpendicular to the direction of propagation
[29, 30].

2.4 Power of scattered electromagnetic light

The time-averaged power radiated per unit solid angle in the direction r in
the far-field zone is given by [29]

dW (θ, φ)

dΩ
=

1

2

√
ε

µ
r2 |Esc(r)|2 =

1

2

√
ε

µ
r2
(
|êθ ·Esc(r)|2 + |êφ ·Esc(r)|2

)
. (2.34)

The total scattered time-averaged power W is

W =

∫
4π

dΩ′
dW (θ′, φ′)

dΩ′
, (2.35)

where dΩ′ = dφ′dθ′sinθ′. Similarly, we define the time-averaged total power
scattered in a definite solid angle Ω WΩ as

WΩ =

∫
Ω

dΩ′
dW (θ′, φ′)

dΩ′
. (2.36)

The total scattering cross section σtotal is defined as the ratio of the total
power W to the unit incident flux (power per unit area). It is common to
use scattering efficiency Qsca along with the W and σtotal to describe the
scattering process. The scattering efficiency is [2, 30]

Qsca =
σtotal
πa2

. (2.37)



Chapter 3

Linear light scattering by
spherical particles

The following discussion on the theory of linear light scattering from spherical
particles is useful because it provides a theoretical basis for the description
of nonlinear optical phenomena. The existing theoretical models of the non-
linear light scattering processes [16, 18, 20, 21, 31] are based on approaches
used for the description of linear light scattering. The formalism described
in chapter 2 is applied here to the phenomena of linear scattering. An up-
per index ω is given to the values related to the linear scattering. In order
to distinguish between linear and nonlinear cases, index 2ω will be used to
define the SH scattering parameters.

The general formulation of the linear light scattering is rather simple.
An electromagnetic field of frequency ω with the associated electric field
Eω
inc(r, t) is incident on a scatterer of volume V and creates a field Eω

in(r, t)
inside the scatterer and an additional field Eω

sc(r, t) outside the scatterer. To
solve this problem several different models can be used, e.g. Mie theory [1,
2, 32, 33], Rayleigh-Gans-Debye (RGD) [1, 2, 29, 30, 32], Wentzel-Kramers-
Brillouin (WKB) [30, 32] and linear Rayleigh scattering [1, 2, 28]. Mie theory
is the exact solution to the electrodynamic problem of a plane wave scattering
on a sphere of arbitrary size. It is valid for a spherical particle of arbitrary
size, covering the Rayleigh, Mie and geometric optical regimes [1, 2, 32, 33],
as well as different composition materials. The RGD, WKB and Rayleigh
scattering models are all approximate methods. They can be used only within
a certain range of values of the scattering parameters - the size parameter
and the relative refractive index.
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3.1 Notations

Before applying the general theory (chapter 2) to the scattering of a plane
wave by a particle, the following notation and definitions are adopted in
the thesis. The lower index p(m) corresponds to the quantities related to
the material properties of the particle (surrounding medium). That is, nωp
and nωm are the refractive indices of the particle and the surrounding media,
respectively, and mω = nωp /n

ω
m is the linear relative refractive index. It is

assumed in this thesis that the refractive indices of all the media are real.
εωp(m) = (nωp(m))

2 is the dielectric function of the particle (surrounding media).

The incident wave Eω
inc(r) is assumed to be monochromatic with an an-

gular frequency related to the kωm vector through the dispersion relation,
nωmω = ckωm. Here, c is the speed of light in vacuum. The size parame-
ter is defined as kωma, where a is the radius of the particle. The magnetic
permeability µ of all media is taken to be 1.

3.2 Scattering geometry

The right-handed cartesian laboratory coordinate system (X, Y , Z) is de-
fined by three orthonormal vectors î, ĵ and k̂ (Figure 3.1). The incident
electromagnetic field is a plane wave (3.1) propagating along Z with the as-
sociated electric field being linearly polarized in the X − Y plane along ê0

and with an amplitude of E0:

Eω
inc(r) = ê0E0 e

ikω
m·r, (3.1)

The polarization of the incident field is referred to as p, if it is along the
X-axis, and s, if it is polarized along the Y -axis. Furthermore, we assume
that the incident light is p-polarized:

ê0 = {1, 0, 0} . (3.2)

This assumption does not affect the results and a generalization to the case
of arbitrary polarization is trivial.

We used the spherical coordinate system, associated with the particle,
with the polar angle θ, measured from the positive Z-axis, and the azimuth
angle φ, measured from the positive X-axis (Figure 3.1). Hence, the scat-
tering vector kωs = kωmêr is defined by the pair of scattering angles θ and φ.
The scattering in the X − Z plane is referred to as in-plane scattering.
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Figure 3.1: Illustration of the scattering geometry. Direction of the incident wave propagation kω
m is

parallel to Z-axis. Polarization vector ê0 is along X.

It is also convenient to define the so-called scattering plane holding the
laboratory Z-axis and the linear scattering vector kωs . The polarization of
the scattered field is found to have s and p polarization components, per-
pendicular and parallel to the scattering plane respectively, and defined as
ês and êp, respectively. We define the s and p polarization directions to
coincide with the spherical basis unit vectors êφ and êθ, respectively (Figure

3.1). If ê0‖̂i and the êp component of the scattered light is measured, the
polarization configuration is called pin − pout.

3.3 Linear approximate methods

3.3.1 Linear Rayleigh scattering

The main ideas behind all of the approximate methods are related to con-
straints on certain values of the important scattering parameters, i.e. the
relative refractive index mω and the size parameter kωma. Rayleigh scattering
refers to the scattering of electromagnetic light by very small particles. If
[32]

kωma� 1,

kωma|mω| � 1 (3.3)
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the integrals in equations (2.32) and (2.33) can be expanded in powers of
kωm [28, p.409]. Radiation from such a small source will come from the first
nonvanishing terms in the expansion, which are customarily associated with
the electric dipole, magnetic dipole and electric quadrupole radiation. For a
nonmagnetic small sphere the magnetic response is vanishingly small. With
the incident electric field (3.1), the expression for the scattered electric field
of an electric dipole in the far-field zone is given by [28]

Eω
sc(r) = (kωm)2 e

ikω
mr

r

(
(mω)2 − 1

(mω)2 + 2

)
a3E0(ê0)‖, (3.4)

(3.5)

where

(ê0)‖ = ê0 − (ê0 · êr)êr. (3.6)

(3.7)

The time-averaged power radiated in the direction êr per unit solid angle is
expressed by

dW ω(θ, φ)

dΩ
=

√
ε

2
(kωm)4a6

(
(mω)2 − 1

(mω)2 + 2

)2

E2
0(|(ês · ê0)|2 + |(êp · ê0)|2), (3.8)

where êp · ê0 = cosθ cosφ and ês · ê0 = −sinφ. The total scattered power is
given by

W ω =
4π
√
ε

3
(kωm)4a6

(
(mω)2 − 1

(mω)2 + 2

)2

E2
0 . (3.9)

From (3.9) the variation of the scattered power is given by (kωm)4a6.
An analysis of the high-order terms of the multipole expansion of (2.33)

is complex. For small particles they are of minimum interest due to their
relatively small contribution to the scattered power in comparison to that
from the dipoles (electric and magnetic). Beyond the Rayleigh approxima-
tion contribution from different multipoles should be included, and this is
explained in section 3.4.

3.3.2 Linear Rayleigh-Gans-Debye and
Wentzel-Kramers-Brillouin models

The basic theoretical framework underlying the RGD and WKB models is
the formulation of the integral equation (2.33) which expresses the scattered
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field Eω
sc(r) in the direction kωs ‖r (Figure 3.1) through the Green function

for the vector Helmholtz equation G(r, r′) and the field inside the particle
Eω
in(r′) [28, 29, 32]. In the far-field zone

Esc(r) =
((mω)2 − ε0/εωm)

4π

eik
ω
mr

r
(kωm)2×

(1− êr(êr·))
∫
V

d3r′e−ik
ω
s ·r′Eω

in(r′), (3.10)

where the relationship between induced the polarization and the electric field
(2.10) is used. Another approach leading to an identical result is based on
the physical interpretation of scattering as a result of interference between
the fields of independent dipoles excited by the incident field in the particle
[1, 2].

The RGD approximation is obtained when the field inside the particle
Eω
in(r′) is set to be equal to the field of the incident wave Eω

inc(r
′). This

implies that while propagating through the particle the field is not perturbed
in any way by the presence of the particle. If the incident electromagnetic
field is a plane wave propagating in the direction of kωm with the associated
electric field (3.1), the RGD problem is reduced to finding the interference
function ∫

V

d3r′eiq
ω ·r′ , (3.11)

where qω = kωm−kωs is the linear scattering vector. The absolute magnitude
equals qω = |kωm − kωs | = 2kωm sin(θ/2). In other words, the RGD model takes
into account only the geometrical phase difference accumulated by the ray
of light propagating through the particle. The interference functions for the
particles of several shapes were found in the form of analytical expressions.
For spheres, this problem was first solved by Rayleigh [34] and using the no-
tations discussed earlier an expression for the vector of the scattered electric
field in RGD in the far-field zone is given by

Eω
sc(r) = 4π(kωm)2((mω)2 − ε0/εωm)

eik
ω
mr

r
×

(ê0)‖E0
sin(qωa)− (qωa)cos(qωa)

(qω)3
. (3.12)

This formulation is identical to those derived in [1, 2].
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The WKB approximation was originally suggested in optics by Rayleigh
[35], but found its name and use first in quantum mechanics [30, 33]. The
WKB model can be considered as a modification of the RGD model. In the
WKB model the interference integral (3.11) also includes the phase change
due to the difference in the refractive indices of the particle and the surround-
ing media such that the wave front of a wave travelling along the particle
becomes distorted. Under this modification equation (3.11) becomes∫

V

d3r′eiq
ω ·r′+2i(mω−1)kω

m·r′ . (3.13)

The WKB scattered field can be found by computing the following integral
[30]

Eω
sc(r) = 4π(kωm)2((mω)2 − ε0/εωm)

eik
ω
mr

r
(ê0)‖E0

a2

kωm((mω)2 − cosθ)
×

×
∫ 1

0

dx xJ0(kωmaxsinθ)sin(kωma(mω − cosθ)
√

1− x2)eik
ω
ma(mω−1)

√
1−x2

,

(3.14)

where J0 is the zeroth-order Bessel function. RGD and WKB scattered
powers can be calculated according to (2.34) and (2.35).

The polarization properties of the scattered light in the WKB model
remains unchanged from those of the RGD model. This means that if the
incident light is 100% polarized the scattered light will be polarized in the
same way [2, p.133].

Both the RGD and WKB approximations are used to describe the scatter-
ing from so-called “optically soft” particles, i.e., when the relative refractive
index is close to 1. The RGD model is applicable when [1, 30, 32]

|mω − 1| � 1, |ρω| � 1. (3.15)

Here ρω = 2kωma(mω − 1) is the phase shift, also called the phase parameter.
The WKB model gives a reasonable approximation of the scattering from
“optically soft” particles of any size, i.e., the phase shift can be arbitrary
large [30], and the second of the RGD conditions (3.15) can be dropped.

3.4 Linear Mie scattering

The incident plane electromagnetic wave, the outgoing spherical scattered
fields of frequency ω, and the fields inside the particle can be written in the
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form of multipole expansions [28, p.473-474], which for all the fields can then
be expressed as

Eω
i (r) =

1

2

∑
l,m

C(l)×[
ai,ω(l,m)f

(i)
l (kωj r)Y

(0)
l,m (θ, φ) +

1

kωj
bi,ω(l,m)∇× f

(i)
l (kωj r)Y

(0)
l,m (θ, φ)

]
,(3.16)

c

nωi
Bω
i (r) =

1

2

∑
l,m

C(l)×[
bi,ω(l,m)f

(i)
l (kωj r)Y

(0)
l,m (θ, φ)− 1

kωj
ai,ω(l,m)∇× f

(i)
l (kωj r)Y

(0)
l,m (θ, φ)

]
,(3.17)

where C(l) =
√

4π(2l + 1)il, ai,ω(l,m) and bi,ω(l,m) are multipole expansion coeffi-

cients. Y
(0)
l,m are vector spherical harmonics, as defined in [36]. Angles θ and

φ are defined in the frame of the spherical coordinate system centered on the
particle (Figure 3.1).

Three types of fields must be considered; the incident (i = inc), scattered
(i = sc) and internal (i = in). The functions f (i) depend on the region being
considered, so that f (inc) = f (in) = jl is a spherical Bessel function of the
first kind and f (sc) = h

(1)
l is a spherical Hankel function of the first kind. For

the wavevectors, refractive indices, etc., index j = m, p is retained: j = m(p)
for parameters describing propagation of the incident and scattered (inner)
fields. The multipole expansion coefficients, ai,ω(l,m) and bi,ω(l,m), are obtained

from the boundary conditions (r = a):

êr × (Eω
sc(r) +Eω

inc(r)) = êr ×Eω
in(r),

êr · (Dω
sc(r) +Dω

inc(r)) = êr ·Dω
in(r),

êr × (Hω
sc(r) +Hω

inc(r)) = êr ×Hω
in(r),

êr · (Bω
sc(r) +Bω

inc(r)) = êr ·Bω
in(r),

(3.18)

The coefficients of scattered and inner fields can be expressed as functions
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of the incident field:

bsc,ω(`,m)

binc,ω(`,m)

=
j`(k

ω
m r)(rj`(m

ω kωm r))
′ − (mω)2j`(m

ω kωm r)(rj`(k
ω
m r))

′

(mω)2j`(mω kωm r)(rh
(1)
` (kωm r))

′ − h(1)
` (kωm r)(rj`(m

ω kωm r))
′

∣∣∣∣∣
r=a

,

(3.19)

asc,ω(`,m)

ainc,ω(`,m)

=
j`(k

ω
m r)(rj`(m

ω kωm r))
′ − j`(mω kωm r)(rj`(k

ω
m r))

′

j`(mω kωm r)(rh
(1)
` (kωm r))

′ − h(1)
` (kωm r)(rj`(m

ω kωm r))
′

∣∣∣∣∣
r=a

,

(3.20)

bin,ω(`,m)

binc,ω(`,m)

=
mωj`(k

ω
m r)(rh

(1)
` (kωm r))

′ −mωh
(1)
` (kωm r)(rj`(k

ω
m r))

′

(mω)2j`(mω kωm r)(rh
(1)
` (kωm r))

′ − h(1)
` (kωm r)(rj`(m

ω kωm r))
′

∣∣∣∣∣
r=a

,

(3.21)

ain,ω(`,m)

ainc,ω(`,m)

=
j`(k

ω
m r)(rh

(1)
` (kωm r))

′ − h(1)
` (kωm r)(rj`(k

ω
m r))

′

j`(mω kωm r)(rh
(1)
` (kωm r))

′ − h(1)
` (kωm r)(rj`(m

ω kωm r))
′

∣∣∣∣∣
r=a

.

(3.22)

The expressions for the coefficients (3.19)-(3.22) explicitly include two dif-
ferent media described by arbitrary refractive indices. When the surround-
ing medium is vacuum, (3.19), (3.20) and(3.22) reduce to the corresponding
equations in [16], but (3.21) does not.

ainc,ω(`,m) and binc,ω(`,m) are known from the multipole expansion of the plane wave

[28, p.473]:

ainc,ω(`,m) = δm,±1

binc,ω(`,m) = ∓iδm,±1,

where δij is the Kronecker delta. It follows that for the spherical symmetric
problem considered here, only m = ±1 occurs. m = +1 and m = −1 indicate
right and left circular polarizations of the incident plane wave, respectively.
Linear polarization of the incoming light is described by inclusion of both
polarization states with m = +1 and m = −1 in the expansions (3.16)
and (3.17). The scattered field and the field inside the particle are fully
determined by (3.16),(3.17) and (3.19)-(3.22) and are the source fields for
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the higher order nonlinear processes. In the far-field zone, the expressions
for the θ and φ components of the electric field are obtained from

(Eω
sc(r))θ =

eik
ω
mr

kωmr

∑
l

C(l)(−i)l

l(l + 1)

√
2l + 1

4π
cos(φ)×

×
[
iasc,ω(`,1)

1

sin(θ)
P 1
l (cosθ) + bsc,ω(`,1)

∂

∂θ
P 1
l (cosθ)

]
, (3.23)

(Eω
sc(r))φ =

eik
ω
mr

kωmr

∑
l

C(l)(−i)l

l(l + 1)

√
2l + 1

4π
sin(φ)×

×
[
(−i)asc,ω(`,1)

∂

∂θ
P 1
l (cosθ)− bsc,ω(`,1)

1

sin(θ)
P 1
l (cosθ)

]
, (3.24)

where Pm
l (cosθ) are the Legendre polynomials [37]. The (Eω

sc(r))r component
of the scattered field decays as 1/r2 and is therefore irrelevant.

dW ω(θ, φ)/dΩ and W ω are the linear differential and total scattered pow-
ers defined by the general formulas (2.34) and (2.35). The total scattering
cross section σωtotal can be found by noting that the unit incident flux equals
1
2

√
εωm
µ

[28, p.457]. Hence, using the expressions (3.23) and (3.24) for the

scattered field, we can write

σωtotal =
π

(kωm)2

∑
l

(2`+ 1)
(
|asc,ω(`,±1)|

2 + |bsc,ω(`,±1)|
2
)
. (3.25)

The scattering efficiency Qω
sca [2, 30] is given by (2.37).

3.5 Examples of linear scattering

It is useful to compare the different approximative models (linear RGD, WKB
and Rayleigh approximation) with the rigorous Mie scattering theory. We
were interested in seeing the result of the application of the different mod-
els to our real system of polystyrene microspheres suspended in water. The
scattering parameters used in the models are therefore taken from the ex-
perimental values, that is the refractive indices of the particle are the those
of polystyrene at 850 nm and 425 nm, nωp = 1.58 and n2ω

p = 1.62 [38], and
for the surrounding medium, the refractive indices of water are taken to be
nωm = 1.33 and n2ω

m = 1.35 [39]. Only scattering from a sphere was calculated.



24 Linear light scattering by spherical particles

We assumed that the incident electric field was linearly polarized along the X
axis (Figure 3.1). Whenever we refer to the size of the particle, the diameter
is implied unless otherwise stated.

Angular distributions and total scattering intensity as functions of the
particle size are presented below. We used the derived formulas (3.23) and
(3.24) to calculate the angular distribution given by the rigorous Mie solution,
and (3.12) and (3.14) were used to compute the angular scattering pattern in
the RGD and WKB models. The total scattering power and the scattering
efficiencies were calculated according to (2.35), (3.25) and (2.37). Equations
(3.4) and (3.9) were used in the Rayleigh scattering calculations.

The results from the calculations for three particle sizes are plotted in
Figure 3.2. For a particle diameter of 0.01 µm the conditions (3.3) and (3.15)
are satisfied and all the approximations give the same angular distribution.
Deviation of the Rayleigh approximation from the RGD, WKB models and
Mie scattering is seen for the 0.2 µm particle. In this case it is easy to check
that the second condition in (3.3) is not exactly fulfilled. For the 1 µm particle
calculations by the RGD model and in the Rayleigh approximation are not
expected to give a good match to the Mie scattering model, whereas the
WKB model should still work. The bottom plot in Figure 3.2 indicates that
both of the WKB and RGD models significantly underestimate the scattered
power for a large range of scattering angles. The WKB model, nevertheless,
reproduces the positions of the intensity maxima, whereas the RGD model
predicts positions of the maxima with a shift away from the direction of the
incident light propagation (θ=0). The Rayleigh scattering calculations show
that this approximation is irrelevant at this particle size.

Analysis of the data plotted in Figure 3.3 reveals that the scattering ef-
ficiencies from the WKB model and the Mie scattering theory of a dielectric
particle oscillate slowly approximately around Qsca = 2, which is known as
the ”extinction paradox” [1, 2]. If plotted as a function of size parameter
kωma, Qsca oscillates with a period of about π/(mω − 1) [1, 2, 40]. These
slow oscillations are usually referred to as interference structure [2, 40]. The
resonance peaks superimposed onto the scattering efficiency curve form the
so-called ripple structure in the extinction. The WKB model does a reason-
able job in predicting the maxima and minima in the interference structure of
the scattering efficiency, though underestimates the magnitude of the latter.
However, the WKB model fails to predict the resonance structure. Appar-
ently, the RGD model fails to predict the observed characteristic oscillations
of the extinction beyond the range of it is application. The same applies to
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the Rayleigh scattering extinction which scales as a4 according to (3.9) and
(2.37).

The conventional physical interpretation of the interference structure is
that the interference is between the incident wave on the particle and that
scattered in the forward direction [2, p.106]. The resonance structure is
associated with the electromagnetic normal modes of the spherical particle,
described by the vector spherical harmonics as in the expansions (3.16) and
(3.17), each weighted by the corresponding coefficient asc,ω(l,m) or bsc,ω(l,m). The
maxima of the coefficients correspond to peaks in the ripple structure of the
scattering efficiency [2, p.301].

The WKB model predicts an angular distribution and a size dependence
of the scattered light which are closer to the Mie theory calculations than
those from the RGD model or Rayleigh scattering, even when the size of the
particle is comparable to the wavelength of the incident light. The capacity
of the WKB model to reproduce the oscillatory behavior of the scattered
efficiency in the linear scattering case was found to be promising, especially
when the theoretical size dependence of the SH light from the same type
of the particles was studied. The results of this study will be described in
chapter 7.
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Figure 3.2: In-plane angular distribution of the scattered light power for different particle sizes. The
wavelength of the X-polarized incident light is 850 nm. The linear Mie scattering solutions are shown
with the solid curves, WKB model solutions - with the dashed curves, RGD model solutions - with the
dash-dotted curves. The magnitude has been normalized so that the peak value is one.
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Chapter 4

Nonlinear light interaction:
basic concepts

The central physical property of a material system resulting in the observa-
tion of nonlinear optical effects is the anharmonic oscillation of the electrons
under the application of strong electric fields. The physical properties of
the material leading to such optical response are reflected in the nonlinear
susceptibility. The response of a certain medium to the applied electric field
is described by the nonlinear polarization function. These concepts are dis-
cussed in this chapter. Second harmonic generation is introduced here as one
of the examples of the second order nonlinear optical phenomena.

4.1 Nonlinear polarization

The response of a material to the applied electric fieldEω(r, t) can be written
in the generalized form of the polarization function P (r, t) as a power series
in the field strength

P (r, t) =

ε0
[
χ(1)Eω(r, t) + χ(2)(Eω(r, t))2 + χ(3)(Eω(r, t))3 + . . .

]
=

P ω(r, t) + P 2ω(r, t) + P 3ω(r, t) + . . . =

P ω(r, t) + PNL(r, t), (4.1)
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where

P ω(r, t) = ε0χ
(1)Eω(r, t), (4.2)

P 2ω(r, t) = ε0χ
(2)(Eω(r, t))2, (4.3)

. . . .

χ(1) is the linear optical susceptibility tensor, which describes the linear op-
tical properties of the material and equals the susceptibility introduced in
(2.10). χ(n) (n = 2, 3, ...) are the nonlinear optical n− th-order susceptibility
tensors describing the nonlinear optical properties of the material. P nω(r, t)
are the n − th-order components of the nonlinear polarization PNL(r, t) of
the system. The electric field Eω(r, t) is defined locally at a position r and
time t. A plane monochromatic wave incident on the material is described
by

Eω(r, t) =
1

2

(
Eω(r)e−iωt + c.c

)
, (4.4)

where c.c. is the complex conjugate of the preceding term. Substituting (4.4)
into (4.1) and considering first two expansion terms (4.2) and (4.3) we obtain

P (r, t) =

ε0
1

2
[χ(1)(Eω(r)e−iωt + c.c.)] + (4.5)

ε0[χ(2)Eω(r)(Eω(r))∗ +
1

2
(χ(2)(Eω(r))2e−2iωt + c.c.) + ...]. (4.6)

The first term (4.5) is the polarization component arising from the linear
response of the medium to the applied field, and the second term (4.6) de-
scribes the second-order polarization and arises from the quadratic nonlinear
response of the medium. The physical implication of (4.5) and (4.6) is that
the scattered electromagnetic field contains frequency components which are
double, triple, and so forth, relative to that of the incident frequency.

4.2 Second harmonic generation

When the field (4.4) is incident upon a material with a nonzero second-order
susceptibility χ(2), the nonlinear polarization P 2ω(r, t) created in the ma-
terial is described by equation (4.6). The first term in (4.6) describes the
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Figure 4.1: Energy-level diagram presenting the process of SHG. The exchange of energy between the
field and the medium is through a virtual excitation.

phenomenon called optical rectification, in which a static electric field is cre-
ated in the nonlinear medium. Another contribution to the polarization is
created at a frequency 2ω (second term) and describes the coherent radiation
of a photon with a frequency 2ω, a process called SHG. The latter is illus-
trated schematically in Figure 4.1. According to this picture, two photons of
frequency ω are destroyed and a photon of frequency 2ω is instantaneously
created in a single quantum-mechanical process.

Second harmonic generation can be resonant or nonresonant, depending
on how close the optical frequencies of the participating photons are to the
optical transitions in the material. An example of the resonant SHG process
is when the upper or intermediate virtual level (denoted by dashed line) on
Figure 4.1 is close to a real electronic level in the physical system.

4.3 Second order susceptibility

4.3.1 Molecular polarizability tensor

Consider only the term in (4.6) governing the process of SHG. For the sake
of brevity the time-dependent part exp(−2iωt) can be dropped and (4.6) can
be expressed in suffix notation by:

(P 2ω(r))i = ε0χ
(2)
ijk(E

ω(r))j(E
ω(r))k, (4.7)
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where summation over repeated indices is implied. The second-order suscep-
tibility χ

(2)
ijk is a tensor of rank three and describes the macroscopic optical

properties of the medium and, as such, it depends on the microscopic prop-
erties of the assembly of molecules comprising the medium as well as the
geometric configuration of this assembly. The general expression for the
macroscopic nonlinear susceptibility of a certain order can be obtained by
averaging over all the molecules’ polarizabilities of that order. Assume that
the medium is comprised by only one type of noninteracting molecules. For
the second-order processes we obtain

χ
(2)
αβγ =

∑
m

Nm < TαiTβjTγk > β
(2)
ijk, (4.8)

where m stands for the mth molecule, Nm is the number density of molecules,
β

(2)
ijk is the nonlinear hyperpolarizability tensor characterizing the nonlinear

optical properties of an individual molecule, and T is a transformation ma-
trix. For rotations, the elements of the transformation matrix are given by
the direction cosines, Tαi = cos(θαi), and θαi is the angle between the α and i
axes. < TαiTβjTγk > indicates averaging over the molecules’ orientations. If
there is no preferential orientation of the molecules in the assembly, averaging
aver all the possible direction is required, and this is given by

< TαiTβjTγk >=

1

8π2

∫ 2π

0

∫ π

0

∫ 2π

0

Tαi(φθψ)Tβj(φθψ)Tγk(φθψ)sinθdφdθdψ, (4.9)

where φ, θ, ψ are the Euler angles for the coordinate-frame transformation
as shown in Figure 4.2 [41, p.85].

The hyperpolarizability tensor β(2) is defined in the same way as the sus-
ceptibility tensor, χ(2) (4.3). In a full analogy with (4.1), the series expansion
of the molecular dipole moment is given by [41]

p(rm, t) = p0(rm) + pω(rm, t) + p2ω(rm, t) + . . . . (4.10)

where p0(rm) is the permanent dipole moment of the m-th molecule, defined
at the position of this molecule rm. Therefore, β(2) can be expressed via the
quadratic molecular electric dipole moment p2ω(rm) as

p2ω(rm) = β(2)(Eω(rm))2, (4.11)

where Eω(rm) acts locally at the site of the mth molecule.
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Figure 4.2: Euler angles of 3D rotational transformation of one cartesian coordinate system x’y’z’
relative to another xyz .

4.3.2 General properties of the second order suscepti-
bility tensor

The second-order susceptibility, χ
(2)
ijk, possesses a number of important sym-

metry properties. The intrinsic permutation symmetry [27, 41, 42] results in

the following symmetry of χ
(2)
ijk under the interchange of the last two indices

as

χ
(2)
ijk = χ

(2)
ikj. (4.12)

Furthermore, the form of the susceptibility tensor is constrained by the sym-
metry properties of the optical medium. Each medium has a certain point
symmetry with a group of symmetry operations under which the medium is
invariant and, therefore, χ(2) remains unchanged (these considerations can be
extended to any-order nonlinear susceptibility). The analytical method for
reduction of the susceptibility is through Neumann’s principle: components
of the susceptibility tensor remain invariant under a transformation of coordi-
nates which is governed by a valid symmetry operation for the medium. The
general expression for the transformation of the second-order nonlinear sus-
ceptibility tensor, which is a tensor of rank three and each of its components
transforms as a component of a polar vector [41, 4.4.3], is

χ
(2)′
lmn = TliTmjTnkχ

(2)
ijk. (4.13)
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A prime denotes that the tensor is written in the basis of the new coordinate
system. If the transformation T belongs to the point group of the medium
then the susceptibility tensor must be identical in the two coordinate systems,
i.e.,

χ
(2)′
ijk = χ

(2)
ijk. (4.14)

This yields many relationships between the various elements of χ(2), and
the number of independent elements of the tensor is reduced greatly. For
example, the inversion operation Tij = −δij for the nth-order susceptibility
results in

χ(n) = (−1)n+1χ(n). (4.15)

From this expression it follows that χ(n) vanishes when n is even. All even-
order susceptibility tensors are zero in a medium with inversion symmetry.
The same conclusion can be obtained by showing that the elements of the
χ(2) tensor vanish when calculating (4.8) with the isotropic transformation
matrix given by (4.9).

4.3.3 Surface second order susceptibility tensor

Within the electric dipole approximation, the problem of second order non-
linear optical scattering from a particle made of isotropic material is reduced
to the problem of scattering from the molecular layer constituting the sur-
face of the particle. If the higher-order multipole interactions are taken into
account, a contribution from the bulk is allowed and can be rather strong
[20, 27, 31, 43]. This is due to the symmetry properties of the tensors char-
acterizing the multipole interactions, which are not as necessary as for the
tensor χ(2) (e. g., (4.15)).

The second-order nonlinearity of the surface layer is described by the
surface nonlinear susceptibility, χ

(2)
s . This is related to the volume nonlinear

susceptibility (introduced in (4.3)) via [27]

χ(2)
s =

∫
χ(2)dz. (4.16)

The integration runs across the surface layer along the surface normal. The
limits of the integration are defined within the model being used to describe
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SHG from a specific system. In general, they are defined by the region where
the inversion symmetry is broken. It is implied in (4.16) that the volume χ(2)

is a function, defined at every point of the material, and as such it includes
information on microscopic properties of the bulk of the material, as well as
of the surface. Note that according to (4.16) the surface susceptibility is a
function which is independent on the coordinate along the direction normal
to the surface.

Of relevance to the work discussed here, let us consider the case of an
isotropic interface (e. g., defined by the x − y plane in Figure 4.2) with an
infinite number of mirror planes perpendicular to the plane. If a material
macroscopically exhibits such a spatial symmetry, it is said to belong to the
∞m symmetry class. Knowing the molecular hyperpolarizability tensor β(2),
it is possible to find all components of the susceptibility tensor χ(2). In the
case of the isotropic x − y plane, it is necessary to average the orientation
of all molecules by integration over the Euler angles φ and ψ from 0 to 2π,
as in (4.9). Since no isotropy in other planes was assumed, integration over
angle θ must be excluded. Therefore, by employing (4.8) and (4.9) with the
modified integration limits, the susceptibility tensor was found to have four
independent elements, which are in general functions of the angle theta (in
agreement with [27, 31, 42]):

χ(2)
zzz = χ

(2)
⊥⊥⊥ (4.17)

χ(2)
zxx = χ(2)

zyy = χ
(2)
⊥‖‖ (4.18)

χ(2)
xzx = χ(2)

yzy = χ
(2)
‖⊥‖ (4.19)

χ(2)
yyz = χ(2)

xxz = χ
(2)
‖‖⊥ (4.20)

Since x and y directions are indistinguishable they are denoted by ‖. The
direction normal to the surface is denoted by ⊥. In the case of SHG, the
intrinsic permutation symmetry requires that

χ
(2)
‖⊥‖ = χ

(2)
‖‖⊥, (4.21)

meaning that there are only three independent possibly nonzero components
of the χ(2) tensor. The nonlinear polarization components (4.7) therefore
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become:

(P 2ω(r))x = 2ε0χ
(2)
‖‖⊥(Eω(r))z(E

ω(r))x

(P 2ω(r))y = 2ε0χ
(2)
‖‖⊥(Eω(r))zE

ω((r))y (4.22)

(P 2ω(r))z = ε0

{
χ

(2)
⊥⊥⊥(Eω(r))2

z + χ
(2)
⊥‖‖
[
(Eω(r))2

x + (Eω(r))2
y

]}
It should be noted that an identical result can be obtained for 4mm and 6mm
symmetry classes of the medium [16, 27, 31, 42].

All derivations discussed here were made under the assumption that the
surface lies in the x− y plane. It can be generalized for the case of a curved
surface, by considering each point of such surface to be in the plane formed
by two of the three orthonormal basis vectors of a defined local coordinate
system. In the case of a sphere such a local coordinate system is given by
the spherical basis vectors êφ, êθ, and êr (Figure 3.1). The surface is then
assumed to be isotropic in the local planes formed by êφ, êθ at each point of
the sphere surface.

Implementation of a certain form of the surface susceptibility tensor into
the theoretical models of the system studied in this thesis is discussed in
chapter 6.



Chapter 5

Materials and experimental
method

5.1 Description of the experimental setup

The experimental apparatus constructed for use in the current study is sim-
ilar to that described in numerous papers, see e.g. [4, 44, 45]. A schematic
sketch of the apparatus is shown in Figure 5.1.

A Ti:sapphire oscillator (Tsunami, Spectra Physics) provides femtosecond
pulses within the wavelength range of 700 to 1000 nm at a repetition rate of
82 MHz. In the present work it was set to operate at wavelengths of 850-860
nm. Femtosecond laser pulses provide the high peak power necessary for
nonlinear optical processes to be efficient. With an average beam power of
0.5−1 W, the energy per pulse varies within the range 6−12.5 nJ. The laser
can be tuned to produce pulses of different time duration. During the current
study it was tuned to create pulses with a spectral intensity distribution of
FWHM ∆λω = 6 − 10 nm. Assuming a Fourier-transform limited gaussian
pulse (any real-life laser does not produce ideal transform-limited pulses) this
corresponds to a temporal intensity profile FWHM of ∆t ≈ 100− 170 fs:

∆νω ∆t = 0.4, (5.1)

∆νω =
c∆λω

λ2
ω −

∆λ2
ω

4

, (5.2)

where νω is the frequency bandwidth of the pulse. The peak power is defined
as the ratio of the pulse energy to the pulse duration and, correspondingly,
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Figure 5.1: Scheme of the experimental setup

varies between 10 and 100 kW. The polarization of the laser beam is linear
and at the sample makes a 45-degree angle with respect to the optical table.
The laser beam is focused by a plano-convex 7.4 cm focal-length lens (fused
silica, CVI) into the sample cell. Fused silica cuvettes were bought from
Hellma.

The light intensity is highest in the region closest to the focus of the
laser beam. This could cause undesirable deposition of the sample on the
surfaces of the cuvette and/or generation of SH light from them due to the
high intensity of the fundamental laser beam. The interaction region is char-
acterized by the so called Rayleigh length parameter. For cuvettes with an
optical path length less than the calculated Rayleigh length, there is a dan-
ger of contributions to the SH signal from the cuvette surfaces, whereas for
larger optical path lengths the turbidity of the particle suspension becomes
a significant effect.

To estimate the interaction region within the cuvette, the characteristics
of the light beam propagation through the medium must be known. We
assume that the beam is propagating along the z direction. The commonly
adopted definition of a laser beam diameter is the diameter at which the
beam intensity has fallen to 1/e2 of its peak, or axial, value [46, p.123]. The
fundamental beam has a gaussian profile with a radius ω0 measured to be 0.8
mm at the position of minimum beam spot size inside the laser cavity, z = 0.
This was measured using knife-edge scanning of the laser beam at several
distances z from the beam waist to determine the diverged beam radius ω(z)
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[47]. If ω(z) is known, ω0 can be found through the formula [46, 47]

ω2(z) = ω2
0(1 +

z2

z2
0

), (5.3)

where z0 is the confocal beam parameter defined as the distance over which
the beam radius spreads by a factor of

√
2:

z0 =
πω2

0n
ω
air

λω
, (5.4)

and nωair is the refractive index of the medium of beam propagation in air.
The Rayleigh length, zR, of the focused beam inside the cell is obtained

from:

zR = 2z01, (5.5)

z01 =
πω2

01n
ω
m

λ
, (5.6)

where ω01 is the minimum spot size of the focused beam in the cuvette and
nωm = 1.33 is the refractive index of water. The minimum focus spot size can
be estimated according to

ω01 = f/

√
πnωa (f 2 − 2fz + z2 + z2

01)

z01λ
(5.7)

and was found to be about 10 µm. Equation (5.7) was obtained according to
the laws of gaussian beam transformation for propagation through the first
focusing lens of the setup [46, p.121]. The Rayleigh length zR is calculated
according (5.5) and is about 2 mm. Therefore, a cuvette with the optimal
optical path length of 2 mm was used in this experiment.

The SH light generated (about 425 nm) is collected in the transmitted
direction and focused into the monochromator (H-20 VIS, Jobin Yvon) by
a system of lenses (see section 5.2). Single-photon counting is performed
by means of a photomultiplier tube (PMT) (R4220P, Hamamatsu, see sec-
tion 5.3) connected to a dual-channel gated photon counter (SR400, Stand-
ford Research Systems). The photomultiplier provides low dark count rate
≤ 5 counts/s at an operation voltage of 1.1 kV. Data are digitally collected
through a GPIB interface and Instrument Control Data Acquisition Software
DDDA (Stanford Research Systems). Glass filters (3 mm, BG28, Schott) are
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used to prevent fundamental beam photons from entering the monochroma-
tor. In practice this filter worked better than a BG39 filter, which should
seemingly perform better at the wavelength of the SH light since its trans-
mission is higher than that of BG28. However, BG39 filters broke within half
an hour when exposed to the laser beam.

We can estimate the overall sensitivity of the setup by estimation of the
losses due to imperfect reflections from the mirrors (2% each), reflection losses
from the lenses (best estimate around 10% each), the monochromator grat-
ing efficiency (≈50%), and the PMT quantum efficiency (≈25%). Hence,
the efficiency of the setup is about 10%. In practice this number can be
even smaller. Moreover, according to the specifications from the monochro-
mator manufactures, the H-20 VIS monochromator introduces polarization
sensitivity of the detection setup. The ratio of the detection efficiencies of
horizontally to perpendicularly polarized light at 425 nm is estimated to be
about 0.8. Due to the complexity of resolving the polarization properties of
the generated SH light in our experiment, the polarization sensitivity of the
monochromator was not taken into account in data analysis.

5.2 Light collection system

The characteristics of the light collection part of any experimental setup
which involves detecting photons are very important. For the type of the
experiment described here, in which the radiated light is distributed inhomo-
geneously in space, the effective detection solid angle in the forward direction
is a parameter of great importance. The collection of SH light in the forward
direction can be justified by the observation that scattering of SH light in
the forward direction dominates when the polystyrene particle diameter is
comparable with the wavelength of the incident light [19].

Here the generated SH light was collimated by a f = 3.7 cm aspheric lens
(crown glass, Melles Griot) and focused into a spectrometer by a combina-
tion of a plano-convex and a meniscus lenses, each with f = 40 cm (BK7,
Thorlabs). The diameter of all lenses was 50.8 mm.

To characterize the effective detection solid angle of the setup, a knife-
edge experiment was performed in which the signal was collected while grad-
ually blocking the entrance aperture of the collimating lens (Figure 5.2). In
this experiment fluorescent coumarine 6 methanol solution was used. With
an average laser beam power of 0.6 W or higher it is possible to monitor the
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Figure 5.2: Two-photon fluorescence count rate decay when gradually blocking the collimation lens
aperture. The collected signal S is normalized to the maximum value of the count rate.

beam propagation using white paper when working with two-photon fluores-
cence (TPF) from Coumarine 6 (the concentration of Coumarine 6 was high
but not quantitatively determined). Measurements were performed both in
the horizontal and the vertical direction with respect to the laser table.

A typical plot for the dependence of the signal on the position of the
knife-edge is shown on the right in Figure 5.2. The effective collection solid
angle was found to be confined to the polar angle α ≈ 25◦. This value was
corrected for the refraction of the SH light while propagating from water
through the cuvette to air according to Snell’s law. The solid angle in the
forward direction with the plane projections defined by the polar angle α is
referred to as the effective detection solid angle of our setup. It was noticed
that the use of a second set of the lenses (e. g., the aspheric lens replaced
by a bi-convex lens and the doublet of plano-convex and meniscus lenses by
a single plano-convex lens) for collection of the light can significantly reduce
the effective detection angle due to severe spherical aberrations.
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Figure 5.3: Left: pulse height distribution from two light sources, lamp (dashed curve) and laser (solid
curve). Actual counts from the laser are obtained when data shown here are multiplied by 10. Right:
photomultiplier R4220P quantum efficiency dependence on the wavelength of the incident light [48].

5.3 Experimental method

To be able to detect low intensity signals a single-photon counting technique
was used. A monochromator selects photons at the SH wavelength and a
PMT transforms the transmitted photons into electronic pulses which are
registered by the photon counter. The PMT may also produce signals which
are due to thermal electrons. As such, noise elimination is performed by
setting an appropriate discriminator level for the photon counter above the
noise level. In general, the optimal discriminator level is set at the first
minimum of pulse height distribution (Figure 5.3) which was found at about
30 mV.

The PMT was chosen for its high detection efficiency at 400-450 nm and
low efficiency in the infrared region (Figure 5.3) to reduce the sensitivity to
light from the fundamental laser beam.
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5.4 Sample chemical and photophysical prop-

erties

The samples’ principal components were the purchased suspensions of PS
microspheres, aqueous solution of dye molecules, and aqueous solution of
surfactant sodium dodecyl sulfate (SDS). An aqueous solution of Malachite
Green was commonly used when the properties of SHG from micro- and
nanoparticles were investigated, mainly due to the strong nonlinear optical
properties of this dye [4, 19, 22, 45, 49, 50, 51]. The second dye molecule
used in our experiments, Pyr1, was not previously used in experiments on
SHG from molecules adsorbed on micro- or nano- particles.

5.4.1 Adsorption of dye molecules on the surface

A crucial step in the resonance-enhanced SHG from the surface of the parti-
cles in aqueous suspension in the present study is the adsorption of molecules
in the solution onto the surface of the particles. The simplest model of ad-
sorption of species from the liquid phase onto a solid surface is the so called
Langmuir model. It it is shown later that this model and its modification
(modified Langmuir model) were found to be irrelevant when adsorption of
more than one species of molecule occurs. Comparisons of the results pre-
sented here are often made with results obtained by other research groups
which were based on these models. Moreover, the modified Langmuir model
will be used in this thesis to describe the effective absorption of the dye
molecules on PS surface. Therefore these two models are described here.

Irving Langmuir devised a model based on thermodynamic equilibrium to
predict the fraction of a solid surface covered by an adsorbate as a function of
its gas pressure [52, p.989]. This was later extended to liquid systems where
the equilibrium situation depends on the adsorbate’s concentration in solu-
tion. In this model the adsorbate and solvent molecules compete to adsorb
onto sites on the surface of the powder. Each site must be occupied by either
a solvent molecule or an adsorbate molecule. Figure 5.4 illustrates this model,
where B represents a binding site, S represents a solvent molecule, and an
ellipse represents an adsorbate molecule. The model assumes that the surface
can be treated as a lattice of noninteracting sites with the adsorption process
described as the “reaction” between solute molecules (Ads-in-solution) and
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Figure 5.4: Langmuir’s model for competitive adsorption

surface sites occupied by the solvent molecules (Sol-bound):

(Sol-bound) + (Ads-in-solution)
K↔

(Ads-bound) + (Sol-in-solution) , (5.8)

where K = k1
k−1

is the equilibrium constant of the adsorbing reaction and
k1 and k−1 are the rate constants for the adsorption and desorption, respec-
tively. Thus, the Langmuir model yields the kinetic equation

dN

dt
= k1

C

55.5
(Nmax −N)− k−1N. (5.9)

where N is the number of adsorbed molecules at the interface per unit surface
area (in µm−2), Nmax is the corresponding maximum number of molecules per
unit surface area which can be adsorbed at the thermodynamical equilibrium.
C is the concentration of the adsorbates in the bulk in M, and 55.5 M is the
molarity of water.

The modified Langmuir model also takes into account the depletion of
the solutes which results in the kinetic equation

dN

dt
= k1

(C − CpN)

55.5
(Nmax −N)− k−1N. (5.10)
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Figure 5.5: Chemical structure of SDS.

where CpN is the overall number of molecules adsorbed at the interface in
M, Cp = πd2[PS]/NAV has the dimension of (µm)2M, [PS] is the number
of polystyrene microparticles per L, d is the diameter of the corresponding
spheres and NAV = 6.022× 1023 mol−1 is the Avogadro number.

5.4.2 Aqueous polystyrene microsphere suspension

PS microspheres with a mean diameter in the range of 0.9-2.9 µm were used
(see Table 5.1), which corresponds to 4.3 ≤ kωma ≤ 14. Thus, our small kωa
values overlap with the large ones used by Yang et al. [19]. The surface of the
particles carry an unspecified but supposedly negligible amount of negative
charges due to presence of the sulfate groups [49]. The latter is due to the
preparation procedure of the microspheres.

As purchased, the PS microspheres were transported in a water solution
and contained the surfactant SDS (CH3(CH2)11OSO3Na) (Figure 5.5). The
surfactants prevent aggregation of the PS particles during their synthesis
by adsorbing on the surfaces. The concentration of SDS in the purchased
solutions was specified for some of the samples but not for all. Detailed
information on this is collected in Table 5.1.

In an aqueous medium surfactants form micelles after reaching a concen-
tration called the critical micellar concentration (CMC). For SDS in pure
water CMC is about 8 mM. Below the CMC the presence of premicelles was
observed for SDS [53]. The hydrophobic interaction was suggested to be the
driving force for the premicellar formation [53]. SDS molecules might po-
tentially influence the adsorption of the dye molecules and, thereby, affect
effect the SHG. Adsorption of SDS on the PS particle surface has been stud-
ied previously [54, 55]. Langmuir adsorption isotherms were determined for
the adsorption of SDS onto PS particles yielding the equilibrium constant
K = 8.6 × 103 [54] and K = 6.7 × 103 [55] and the respective maximum
surface concentration of SDS molecules Nmax = 3.5 × 105 µm−2 [54] and
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Figure 5.6: Schematic energy-level diagram and molar extinction coefficient of MG dissolved in water
(cm−1M−1)

Nmax = 4.4× 105 µm−2 [55].

5.4.3 Malachite Green

The chemical and electronic structure and absorption spectrum of the MG
cation are represented in Figure 5.6. By using focused short laser pulses at
850 nm one can observe S2 level resonance-enhanced SH generation from MG
covered surfaces.

Malachite green belongs to the category of triphenylmethane dyes and
its chemical and optical properties in solution depends on the properties
of the solvent. One of the important reactions in aqueous solutions is the
alkaline fading of MG. This process determines the concentrations of the
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Figure 5.7: Alkaline fading reaction of MG.

ionic MG+ and neutral carbinol MGcarb forms of MG (Figure 5.7) [49, 56].
It was found [56] that the pK of this reaction is about 6.9. The carbinol
form is colorless and does not contribute to TPF from MG-water solution
[57, 58]. It was shown [57] by measuring the S1 and S2 fluorescence from
MG solution at different relative concentrations of carbinol and ionic forms.
The contribution to the SHG from carbinol MG could be only due to the
nonresonant SHG process, which gives much more weaker contribution to
the SHG signal in comparison with the resonance-enhanced SHG [58].

The rates of the fading reaction depends strongly on several parameters.
One of these parameters is the pH value of the solvent. The degree of ion-
ization of the carbinol form is defined as the ratio of the number of ionized
molecules to the total number of molecules dissolved. It was found [56] that
for MG in water the degree of ionization is 100% at pH=4. At a pH of about
7 (pure water) the degree of ionization is approximatly 50%. MG is present
in the carbinol form only at high pH values of 10 or higher.

The fluorescence quantum yield is estimated to be ≈ 10−4 [59] from both
of the S1 and S2 electronic states. The low quantum yield of the MG ion
when either S1 or S2 electronic states are excited ensures a low two-photon
fluorescence background. Fluorescence from the S1 and S2 levels was found
to be very much dependent on the solvent viscosity, which was explained by
the viscosity dependence of one of the radiationless relaxation pathways for
MG-water solution - rotation of the phenyl rings [59].

At high concentrations of MG in water (about 5 mM), the formation of
dimers was recorded [60]. However, at the concentrations employed in this
study (10-30 µM), no significant molecular association is expected.
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5.4.4 Malachite Green interaction with SDS

The alkaline fading reaction of MG was found to be affected by SDS pre-
micelles and micelles [61]. The observed equilibrium constant of the fading
reaction shown in Figure 5.7 in 5 mM NaOH solution (pH about 12) changes
from 6.3 × 104 to 80 when SDS concentration changes from 0 to 3 mM and
continues decreasing with increasing concentration of surfactant [61].

The acceleration of the fading reaction in the backward direction and in-
hibition of the forward reaction can be due to several factors. Electrostatic
interaction between the SDS premicelles and the dye cations causes a hydrox-
ide ion to be repelled by the negative charges of SDS premicelles [61] and
an MG cation to be attracted to the SDS anion. At the same time, carbinol
MG experiences hydrophobic interaction with the hydrophobic premicelles
and micelles. The electrostatic binding reaction between the SDS complexes
and the MG cations was found to be more effective (with equilibrium con-
stant of about 1010) than the hydrophobic attraction between the carbinol
MG and the SDS (with equilibrium constant of about 10−4). These factors
mean that the formation of the neutral MG is more favorable in the SDS free
bulk than in the premicellar or micellar phases. Conversely, acceleration of
the backward reaction becomes favorable in the presence of SDS premicelles
and micelles.

5.4.5 Pyridine 1

The chemical structure of Pyr1 and its absorption spectrum are presented
in Figure 5.8.Its chemical and electronic structures are found to be similar
to those of the cyanine dyes. Furthermore, there is a very close dye called
Pyridine 2 (Pyr2), which differs from Pyr1 only in the position of the N atom
in the pyridine ring. Hence, similarity in the chemical and optical properties
is expected. Since Pyr1 is poorly studied in comparison with the cyanine
dyes and other organic dyes similar to Pyr1, data on such molecules provide
a valuable insight when discussing the properties of Pyr1.

By using focused femtosecond laser pulses at 850 − 900 nm we observed
S1 level resonance-enhanced SH light generation. It was noticed that the
fluorescence quantum yield of Pyr1 was low [62]. As we are not aware of
accurate measurements on the fluorescent properties of Pyr1 in the literature,
we based our estimate of the yield on the analysis of the similar organic dyes
[63, 64, 65]. By comparing the fluorescence decay rates of MG and Pyr1-like
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Figure 5.8: Pyridine 1 chemical structure and absorbance (from Lambdachrome)

molecules, the quantum yield of Pyr1 was estimated to be of the order of
10−2 − 10−3.

Literature reporting on the chemical properties of Pyr1 in water solution
and its interaction with PS and SDS is very limited. However, some closely
chemically related cationic dyes to to Pyr1 have been studied and the ob-
tained data allows several assumptions about the chemical properties of Pyr1
to be made. For instance, based on the measurements of the absorption and
fluorescence from the water solution of 3,3’-diethylthiacarbocyanine iodide
(DTC) [66], it was assumed that at the employed concentration of 50 µM
formation of Pyr1 dimer pair was possible, as it is for DTC.

5.4.6 Pyridine 1 interaction with SDS

For some dye-detergent systems with opposite charges, the dye-detergent
aggregates form large particles and precipitate from the solution around a
[SDS] of about 1-2 mM [66, 67]. Absorption and fluorescence measurements
for DTC in water showed that dye-detergent 1:1 complex formation occurs
already at a [SDS] much less than the CMC (lower premicellar region) [66].
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Figure 5.9: Molecular frames of MG and Pyr1 molecules.

Electrostatic and hydrophobic interactions between the dye and SDS are the
mechanisms behind the observed complex formation [66, 67]. It is shown
later that Pyr1 precipitates from the SDS-water solution and formation of
large aggregates occurs even at relatively small concentration of SDS, much
lower that 1 mM.

5.4.7 Malachite green as a source of SHG

To describe the nonlinear optical properties of the MG molecule it is instruc-
tive to examine its spatial symmetry properties. Since the molecule belongs
to the C2v symmetry class, its hyperpolarizability tensor β(2) has seven non-
vanishing elements in the x′, y′, and z′ molecular frame (Figure 5.9): β

(2)
z′z′z′ ,

β
(2)
z′x′x′ , β

(2)
x′x′z′ = β

(2)
x′z′x′ , β

(2)
y′z′y′ = β

(2)
y′y′z′ and β

(2)
z′y′y′ [42, p.45].

If it is assumed that the surface density of MG is homogeneous and that
the molecules are isotropically oriented in the surface plane, then the surface
susceptibility tensor can be defined locally for each point on the surface of
the sphere along the spherical basis unit vectors, êφ, êθ, and êr, respectively
(Figure 3.1). It is possible to relate the nonlinear properties of the layer
to the nonlinear properties of its constituent molecules provided that the
orientation of the molecules relative to the surface and the spatial symmetry
of the molecules are known. This can be achieved by averaging over all
molecular orientations, as shown in section 4.3.3.

It was concluded in [49] that van der Waals forces govern the adsorption
of MG molecules onto the polystyrene surfaces and that minimization of the
hydrophobic interaction is accomplished through orientation of the positively
charged ends of the MG molecule away from the neutral interface of the
polystyrene bead. The z′ (C2) axis of the molecule is tilted 28◦ relative to
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the surface normal [49], i.e., θ = 28◦ can be fixed in Figure 4.2. Note that
(x′, y′, z′) in Figure 4.2 is associated with the molecular frame of MG as in
Figure 5.9. Assuming that the angles ψ and φ defining the rotation of the
molecule around z′ and z, correspondingly, are arbitrary for each molecule,
the macroscopic susceptibility tensor χ(2) has three independent components
(4.17)-(4.20):

χ
(2)
⊥⊥⊥/χ

(2)
‖‖⊥ = −2

χ
(2)
⊥⊥⊥/χ

(2)
⊥‖‖ = 0.26.

(5.11)

Our estimate of χ(2) when all the components are to be taken in to con-
sideration is consistent with the values obtained by Shan et al. [22] from
measurements on nanospheres.

5.4.8 Pyridine 1 nonlinear optical properties

No data regarding the second order hyperpolarizability tensor of Pyr1 is
available. However, the presence of the delocalized π-electrons in the elec-
tronic structure of Pyr1 also means that this molecule is an effective nonlinear
medium [62]. It is known to have relatively large third order susceptibility
in comparison with some other laser dyes [62]. The closely related Pyr2 was
studied in [68] by means of measuring the hyper-Rayleigh scattering (HRS)
from a Pyr2 solution. It was found to have a relatively large hyperpolarizabil-
ity β(2) and we therefore expect Pyr1 to have similar qualitative properties.
It follows from the results in [64], that the nonlinear optical properties of
the Pyr1-chromophores is likely to result from a single major charge-transfer
band along the conjugated path z′ and in one dominating component of the
hyperpolarizability tensor - β

(2)
z′z′z′ (Figure 5.9)

5.5 Sample preparation

An aqueous solution of MG cations was made by dissolving MG hydrochloride
(Sigma-Aldrich, purity 80-85 %) in deionized water (Figure 5.10). The MG
sample was used without further purification.

The pH level of solutions with [MG]=10 µM was measured to be about 7
or slightly less. It follows from [56] that about 50% of the carbinol MG form
was ionized. However, it was realized that the dissolved hydrochloride might
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Figure 5.10: Dissolving of MG hydrochloride in water results in the production of positively charged
MG ions, neutral carbonol MG, water and negatively charged chloride ions.

change the pH balance, and the solutions with different MG concentrations
would have different pH. Assuming that all hydrochloride molecules are fully
dissociated in water by giving away HCl acid, which in its turn is fully dis-
sociated forming H+ and Cl−, then the effect of the [MG] concentration on
the pH of the solutions can be estimated by the formula [56]

([MGcarb]− [MG+])2

[MG+]
= 10−6.9. (5.12)

The degree of ionization α is determined by the ratio of [MG+] to the initial
(added) concentration of MG (in this case it is the concentration of MG
hydrochloride). It follows from (5.12) that pH=6.5 and α = 0.7 when [MG]
is 1 µM, pH=6 and α = 0.89 when [MG] is 10 µM and that pH=5.6 and
α = 0.93 when [MG] is 30 µM. The largest effect of the pH is therefore at
[MGcarb] below 2 µM.

An aqueous solution of Pyr1 cations was made by dissolving the purchased
Pyr1 powder (Radiant Dyes Laser, purity unspecified) in deionized water.
The Pyr1 sample was used without further purification.

Polystyrene microspheres were purchased from Polysciences and Bangs
Laboratories and used without preliminary washing procedure [69]. The
concentration of the microspheres in the purchased samples was high, thus
dilution of the samples was carried out using the deionized water. Table
5.1 contains detailed information about the initial contents of the purchased
samples. The diameters of particles were measured using dynamic light scat-
ting by Bang Laboratories. Determination of the concentration standard
deviations were based on measurements from three samples, involving quite
poor statistics, and was provided by the manufacturer [70]. For the samples
with a known initial amount of SDS it follows from Table 5.1 that if the con-
centration of the PS particles is less than about 1× 108 PS/ml (PS particles
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per ml), and no SDS was added, the SDS concentration is less than 10 µM.
The particle suspensions can usually be bought with known or unknown

[SDS], as well as without SDS. It is not mentioned in any of the previously
reported experiments with the same type of PS particles [4, 6, 22, 23, 49]
if care was taken to detect the presence of SDS. Furthermore, washing of
the particles was not mentioned either. It is therefore impossible to judge
whether the previously reported data were obtained for SDS free samples or
not, and this turned out to be an issue of great importance.

To investigate the SDS effect on the nonlinear optical response of the
samples, SDS solution (10% in 18 megohm water, Sigma-Aldrich) was used.
Although all measurements were performed at room temperature, samples
were stored prior to use in a refrigerator at 4◦C.
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Chapter 6

Theoretical methods

In order to model the nonlinear electromagnetic scattering from spherical
particles, several theoretical models were used: nonlinear Rayleigh-Gans-
Debye (NLRGD) [18, 19, 20, 21, 23], nonlinear Wentzel-Kramers-Bri-llouin
(NLWKB) models [21] and nonlinear Mie scattering (NLMS) theory [13,
16]. The NLRGD and NLWKB models provide approximate solutions to
the problem of nonlinear scattering of the plane electromagnetic wave from
a sphere of arbitrary size. The NLMS theory claims to provide a rigorous
electrodynamical solution to the nonlinear light generation from a sphere.
We restricted ourself to the case of SHG, although generalization of the
problem to higher harmonics generation with nonidentical interacting fields
is straightforward in many cases.

Existing formulations of the NLRGD model for SHG from microspheres
[19, 20, 21, 23] differ from each other in different and non-trivial ways. A
detailed analysis of the original paper on NLMS [16] shows that it contains
number of errors and ambiguities. Therefore, we re-derived expressions for
the NLRGD model and made the necessary corrections to the NLMS theory.
Furthermore, we will refer to the NLMS theory and to the NLMS model,
because the model of the nonlinear optical response of the sphere in this
theory is not unique and deserves to be discussed to a greater extent.

The angular distribution, polarization dependence, and particle size de-
pendence of the scattered SH light can be obtained from each of the theories.
A detailed comparison of the models is an interesting task on its own but is
suitably formidable that it represents a goal for future work. The calculated
angular distributions of SHG are used here to evaluate the light collection
part of the experimental setup. In addition the calculated size dependence
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Figure 6.1: Illustration of the in-plane scattering geometry for SHG. The direction of the incident
wave propagation kω

m is parallel to Z-axis. Polarization vector ê0 lies in the X − Y plane. Scattering
vector k2ω

m lies in X−Z plane, which is also the scattering plane. Unit vector ν̂ is defined by the scattering
vector q2ω

of SHG efficiency on the particle size will be compared to the experimental
data.

6.1 Scattering geometry

As discussed earlier, the right-handed cartesian laboratory coordinate system
(X, Y , Z) is defined by the three orthonormal vectors î, ĵ and k̂ (Figure
6.1). The incident electromagnetic field is a p- polarized plane wave (3.1).
This assumption will not affect the results and the generalization to the case
of arbitrary polarization is trivial.

The SH scattering vector is k2ω
s = k2ω

m êr. As in the linear scattering,
the scattering of SH light in the X − Z plane is referred to as in-plane
scattering [21, 26]. The solution to the problem of SH scattering in the
direction defined by the pair of angles (θ, φ) can be reduced to the problem
of in-plane scattering with the polarization of the incident wave tilted by φ :

ê0 = {cos(φ),−sin(φ), 0} . (6.1)

Similarly to linear scattering, to characterize the polarization of the scat-
tered SH light it is convenient to define the so-called scattering plane holding
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the laboratory Z-axis and the SH scattering vector k2ω
m . The polarization of

the scattered field is found to have s and p polarization components, perpen-
dicular and parallel to the scattering plane, respectively. We define the s and
p polarization directions to coincide with the spherical basis unit vectors êφ
and êθ (Figure 6.1). With the incident polarization in the form of (6.1), the
unit s and p polarization vectors and the unit radial vector are written as

êφ = {0, 1, 0} , (6.2)

êθ = {cos(θ), 0,−sin(θ)} , (6.3)

êr = {sin(θ), 0, cos(θ)} . (6.4)

6.2 Notation

It is assumed that the microscopic properties of the medium are known and
are contained in the frequency dependent dielectric functions εωm(p) and ε2ωm(p)

and in the tensor of the second-order nonlinear susceptibility χ(2)(r). The
physical system of the polarized molecular layer on the sphere surface is
assumed to possess 4mm, 6mm or ∞m symmetry [16, 19, 20, 21, 23, 26,
27, 31, 43]. This means that the only nonvanishing elements of the surface

susceptibility tensor χ
(2)
s are χ

(2)
⊥⊥⊥, χ

(2)
⊥‖‖ and χ

(2)
‖‖⊥ as discussed in section

4.3.3.
In the same way as for the linear scattering problem, we define the non-

linear relative refractive index m2ω = n2ω
p /n

2ω
m . The angular frequency of

the SH scattered light 2ω is related to the k2ω
m vector through the dispersion

relation, n2ω
m ω = ck2ω

m . All the material parameters are assumed to be real.
The nonlinear scattering vector is defines as q2ω = 2kωm − k2ω

s (Figure
6.1).

6.3 Nonlinear Rayleigh-Gans-Debye model

The NLRGD model is a nonlinear analog of the Rayleigh-Gans-Debye model
[1, 2, 29, 33]. The incident plane wave of frequency ω and the scattered
spherical wave of frequency 2ω are assumed to travel through the particle
without being modified in any way by the presence of the particle. The
starting point is the rigorous integral equation formulation for scattering in
the same way as for the linear case (2.30) [29, 30, 32]. In the laboratory



58 Theoretical methods

frame the scattered SH electric field can be represented as

E2ω
sc (r) =

1

4πε2ωm

(
∇×∇×

(∫
V

d3r′
eik

2ω
m |r−r′|

|r − r′|
P 2ω(r′)

))
, (6.5)

The induced nonlinear polarization of the sphere P 2ω(r) is written as

P 2ω(r) = χ(2)(r)Eω(r)Eω(r), (6.6)

where Eω(r) is the applied electric field at the position r of the particle. If E
is the amplitude of the field Eω(r) and I the intensity, from the expressions
(6.5) and (6.6) it can be seen that the scattered SH field scales as E2 and,
consequently, the scattered SH power is proportional to I2.

In the NLRGD approximation Eω(r) is taken to be equal to the funda-
mental incident field Eω

inc(r) and is given by (3.1). In the approximate non-
linear methods discussed in this thesis the second-order susceptibility tensor
of a particle of radius a is assumed to have the following form [20, 21, 26]

χ(2)(r) = χ(2)(θ, φ)δ(r − a), (6.7)

where δ(r− a) is Dirac delta function [37], and a is the radius of the sphere.
The form of the susceptibility tensor (6.7) implies that it is nonvanishing
only at the surface.

As it was noticed for the linear scattering case (2.33), in the far-field zone
the scattered field behaves as an outgoing transverse spherical wave [29, 30].
The scattered SH field is then given by

E2ω
sc (r) =

1

4πεωm

eik
2ω
m r

r
(k2ω
m )2(1− êr(êr·))

∫
V

d3r′e−ik
2ω
m ·r′P 2ω(r′). (6.8)

Furthermore, for the sake of simplicity, the operator (1 − êr(êr·)) is
dropped, keeping in mind that the resulting scattered field E2ω

sc (r) should
not contain any radial component. Substituting (3.1) and (6.6) into (6.8),
we obtain the i−component of the scattered SH field:

(E2ω
sc (r))i = (k2ω

m )2 e
ik2ω

m r

r
(E0)2a2

[∫
4π

dΩ′eiq
2ω ·R′χ

(2)
ijk(θ

′, φ′)

]
(ê0)j(ê0)k,

(6.9)
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where R′ = aêr′ . In NLRGD the scattering vector q2ω is defined to have an
absolute magnitude of q2ω = |2kωm − k2ω

s | = 2k2ω
m sin(θ/2), which is due to

the fact that the dispersion of the media is neglected. The unit vector ν̂ in
the direction of scattering vector q2ω can be expressed as

ν̂ = {−cos(θ/2), 0, sin(θ/2)} . (6.10)

The integral in (6.9) can be solved analytically. For this purpose we used the
representation of the surface susceptibility tensor, symmetric over the last
two indices, in the form of [71]

χ
(2)
ijk = χ1(êr)i(êr)j(êr)k + χ2(êr)iδjk + χ3((êr)jδik + (êr)kδij), (6.11)

where the explicit dependence of the surface susceptibility tensor component
on the angles θ and φ has been dropped, but it is implied here and also
later on in this section. It can be shown that at the surface of the particle
χ1 = χ

(2)
⊥⊥⊥ − χ

(2)
⊥‖‖ − 2χ

(2)
‖‖⊥, χ2 = χ

(2)
⊥‖‖ and χ3 = χ

(2)
‖‖⊥. After substitution of

(6.11) into (6.9), two integrals were solved to obtain (E2ω
sc (r))i:∫

4π

dΩ′eiq
2ω ·R′(êr′)i(êr′)j(êr′)k =

1

i3
(νiδjk + νjδki + νkδij)F2(q2ωa) +

1

i3
νiνjνk

(
−3F2(q2ωa) + F (3)(q2ωa)

)
,∫

4π

dΩ′eiq
2ω ·R′(êr′)i =

1

i
νiF

(1)(q2ωa),

F2(q2ωa) =
1

q2ωa

(
−1

q2ωa
F (1)(q2ωa) + F (2)(q2ωa)

)
,

F (β)(q2ωa) =
dβ

d(q2ωa)β

∫
dΩ′eiq

2ω ·R′ = 4π
dβ

d(q2ωa)β
j0(q2ωa),

where j0(q2ωa) is a spherical Bessel function of the first kind [37, p.623]. The
SH field component (E2ω

sc (r))i then can be expressed through the components
of the scattering unit vector and incident wave polarization vector as

(E2ω
sc (r))i =

(k2ω
m )2 e

ik2ω
m r

r
ia2 ×

{χ1

[
(ν̂i + (e0)i2(ν̂ · ê0))F2(q2ωa) + ν̂i(ν̂ · ê0)2(−3F2(q2ωa) + F (3))

]
−

χ2

[
ν̂iF

(1)(q2ω)
]
− χ3

[
(ê0)i2(ν̂ · ê0)F (1)(q2ωa)

]
}. (6.12)
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The following functions have been extensively used to obtain the final
expression for the scattered SH in the NLRGD model [18, 19, 20, 23]

Fp(q
2ωa) =

3

(q2ωa)3
×[(

1− 1

2
(q2ωa)2

)
sin(q2ωa)−

(
q2ωa− 1

6
(q2ωa)3

)
cos(q2ωa)

]
, (6.13)

Fs(q
2ωa) =

3

(q2ωa)3

[(
1− 1

3
(q2ωa)2

)
sin(q2ωa)− (q2ωa)cos(q2ωa)

]
. (6.14)

The resulting SH field is expressed in terms of the Fp(q
2ωa) and Fs(q

2ωa)
functions by means of the identities

F (1)(q2ωa) =
8π

q2ωa
(Fp(q

2ωa)− Fs(q2ωa)),

F (3)(q2ωa) =
−8π

q2ωa
Fp(q

2ωa),

F2(q2ωa) =
4π

q2ωa
Fs(q

2ωa).

Finally, in the radiation zone far from the particle, the scattered SH field
can be represented as

E2ω
sc (r) = (k2ω

m )2 e
ik2ω

m r

r
(E0)2a2 1

q2ωa
[Θ(θ, φ)êθ + Φ(θ, φ)êφ] , (6.15)

where we adopted the notation used previously by Dadap et al. [20]:

Θ(θ, φ) = cos(θ/2)
{[

Γ1(θ) + Γ2(θ)cos2(θ/2)
]
cos2(φ) + Γ3(θ)

}
,

Φ(θ, φ) = cos(θ/2)Γ1(θ)cos(φ)sin(φ),

Γ1(θ) = 2
[(
χ

(2)
⊥⊥⊥ − χ

(2)
⊥‖‖

)
Fs(q

2ωa)− 2χ
(2)
‖⊥‖Fp(q

2ωa)
]
,

Γ2(θ) = −
(
χ

(2)
⊥⊥⊥ − χ

(2)
⊥‖‖

) [
Fs(q

2ωa)− 2Fp(q
2ωa)

]
−

2χ
(2)
‖⊥‖
[
3Fs(q

2ωa)− 2Fp(q
2ωa)

]
,

Γ3(θ) = −χ(2)
⊥⊥⊥Fs(q

2ωa)− χ(2)
⊥‖‖
[
Fs(q

2ωa)− 2Fp(q
2ωa)

]
+2χ

(2)
‖⊥‖Fs(q

2ωa).

The field (6.15) is identical to that reported by Dadap et al. [20] apart from
our crucial factor of 1/(q2ωa). This factor is essential when the particle size
dependence of the scattered SH power needs to be calculated.
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6.4 Nonlinear Wentzel-Kramers-

Brillouin model

The NLWKB model is a nonlinear analog of the Wentzel-Kramers-Brillouin
model [30, 32] and a modification of the NLRGD model. As in the RGD
and NLRGD models, rectilinear propagation of the incident and scattered
waves is assumed but, in addition, a change of phase of the waves is allowed
which is proportional to the degree of penetration into the sphere. Figure
6.2 illustrates the phase modification of the incident and the scattered waves
due to the presence of a particle with refractive indices nωp and n2ω

p different
from those of the surrounding medium nωm and n2ω

m . The field acting at the
surface of the sphere is the modified incident field (3.1) and can be written
as [21]

Eω
s (r) = ê0E0 e

ikω
m·r+i(mω−1)(kω

m·r+|kω
m·r|). (6.16)

The correction to the scattered field phase due to the propagation through
the particle is made in analogy to [21]. The ith-component of the scattered
electric field is then written as

(E sc2ω(r))i = (k2ω
m )2 e

ik2ω
m r

r
(E0)2a2×∫

4π

dΩ′eiq
2ω ·R′ei(m

2ω−1)(−k2ω
m ·R′+|k2ω

m ·R′|)e2i(mω−1)(kω
m·R′+|kω

m·R′|) ×

χ
(2)
ijk(θ

′, φ′)(ê0)j(ê0)k. (6.17)

The integral (6.17) could not be solved analytically. Numerical calculations
were performed to obtain the angular profile of the scattered SH field together
with the dependence of the scattered SH power (6.41) or (6.42) on the size
of the sphere. This results are discussed in chapter 7.

6.5 Nonlinear Mie scattering model

As mentioned earlier, the theoretical problem of SHG from a spherical par-
ticle of arbitrary size has been considered by several authors [16, 20]. Only
[16] proposed and developed a theoretical formalism directly applicable to
spherical particles of arbitrary size and arbitrary material, whereas in [20] a
model was proposed which was directly applied to particles of small size but
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Figure 6.2: Illustration of the Wentzel-Kramers-Brillouin model. The incident wave is phase-shifted
by an amount of 2(mω − 1)kω

m · r at the particle surface adjacent to the dark area (a). The scattered
electric field obtains a phase shift of 2(m2ω − 1)k2ω

m · r when it is generated at the surface adjacent to the
dark area and detected in the direction of k2ω

m (b).
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could, in principle, be generalized in order to cover the Mie and the geomet-
ric optical regimes. In this thesis the model discussed in [16], NLMS, was
corrected and employed to calculate the angle and particle size dependencies
of the scattered SH light.

The physical assumptions made in the NLMS model of [16] are discussed
here. It is assumed that the nonlinear polarization is created around the
particle in a layer of finite thickness δ, which is macroscopically small but re-
mains large on the microscopic scale. One can imagine a sphere coated with
a layer of nonlinear material. The applied electric field inside the layer pro-
duces a nonlinear polarization which acts as a source of the SH light. The
second-order susceptibility tensor of this layer is not described by a delta
function but rather by the rectangular function such that the nonlinear sus-
ceptibility χ(2) is non-zero inside the layer and zero outside it. The refractive
index of the layer is that of the surrounding medium.

It could be argued that a closely related problem is considered in [28,
8.1] for the propagation of time-varying fields into a very good, but not
erfect, conductor. If δ is macroscopically small, the current density J in
the layer can be integrated in the direction normal to the surface to obtain
the so-called effective surface current density. The effective surface current
density replaces the idealized surface current density J for a non-perfect
conductor. The current (and charge) is then distributed throughout a very
small, but finite, layer at the surface [28, p.356]. It is possible the authors
of the NLMS model were guided by similar considerations. This seems to
be even more likely when it is noticed that the NLMS model was claimed to
be a generalization of the work in [13] and [72], which provided theoretical
models for the nonlinear optical response of small metallic spheres.

The NLMS model can be considered in steps: (i) solution of the classi-
cal Mie problem of linear scattering by the sphere and determination of the
linear fields just at the outer side of the particle surface; (ii) utilizing the
obtained surface field Eω

s (r) to calculate the second order nonlinear polar-
ization P 2ω(r). This polarization is associated with the nonlinear surface
charge density σ2ω and nonlinear current density j2ω

s which act as sources of
the second harmonic field; (iii) solution of the boundary problem to obtain
the SH fields from the known nonlinear sources. After resolving the fields,
the angular distribution in the far-field approximation and the particle size
dependence of the scattered SH power can be calculated.

The solution of the linear Mie problem is given in section 3.4 and rep-
resents the first step of NLMS. Next, Maxwell’s equations a formulated for
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the SH light and the sources of SHG - the nonlinear surface charge density
σ2ω and the surface current density j2ω

s ar defined. The set of Maxwell’s
equations is given by

∇ ·E2ω(r, t) = −∇ · P 2ω(r, t) (6.18)

∇×E2ω(r, t) +
∂B2ω(r, t)

∂t
= 0, (6.19)

∇ ·B2ω(r, t) = 0, (6.20)

∇×H2ω(r, t)− ∂D2ω(r, t)

∂t
=
∂P 2ω(r, t)

∂t
, (6.21)

where−∇·P 2ω(r, t) is the nonlinear polarization charge density and ∂P 2ω(r, t)/∂t
is the nonlinear polarization current density, in analogy with (2.20) and
(2.28). The linear polarization of the medium due to the propagation of
the SH wave P 2ω

L (r, t) is included in the SH electric displacement vector
D2ω(r, t) by the conventional relation D2ω(r, t) = ε0E

2ω(r, t) + P 2ω
L (r, t).

Assuming that nonlinear polarization is non-zero only in the surface layer,
we obtain for the surface charge density (2.20)

σ2ω = êr · P 2ω(r). (6.22)

The surface current density vector is defined in the plane of the particle sur-
face through the expression (2.28). Assuming that the polarization function
does not depend on the radial coordinate, integration over the radial coor-
dinate will result in an additional factor of δ, the thickness of the nonlinear
layer [16],

j2ω
s = −2ωδêr × (P 2ω(r)× êr). (6.23)

It is useful to expand (6.22) in terms of spherical harmonics Y`,m(θ, φ) and

vector spherical harmonics Y
(λ)
l,m (θ, φ), λ=0,±1 [36]. The definition (6.23)

implies that the component of j2ω
s parallel to the normal vector êr is zero:

σ2ω =
1

2

∑
`,m

σ2ω
`,mY`,m(θ, φ), (6.24)

j2ω
s =

1

2

∑
`,m

[
j
‖
l,mY

(0)
l,m (θ, φ) + j⊥l,mY

(1)
l,m (θ, φ)

]
(6.25)
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The second order polarization, P 2ω(r), is expressed via the driving elec-
tric field on the surface of the sphere Es(r), as discussed earlier in connection
with equation (4.7) and (4.22). In [16] Es(r) was defined through the inner
field Eω

in(r), and is defined at the particle surface as

(Es(r))r =
εωp
εωm

(Ein(r))r (6.26)

(Es(r))t = (Ein(r))t, (6.27)

where r and t refer to the normal and parallel to the surface components of
the fields, respectively. (6.27) is valid when all the media are dielectrics and
there are no free charges.

The non-zero elements of the surface second order susceptibility tensor
χ

(2)
ijk are as discussed previously: χ

(2)
⊥⊥⊥, χ

(2)
⊥‖‖ and χ

(2)
‖‖⊥. The field Es(r) can

be rewritten in terms of vector spherical harmonics as

Es(r) =
∑
l,m

A
(1)
l,mY

(1)
l,m (θ, φ) + A

(0)
l,mY

(0)
l,m (θ, φ) + A

(−1)
l,m Y

(−1)
l,m (θ, φ). (6.28)

After some rearrangement the expansion coefficients for the nonlinear surface
charge and current densities are obtained:

σ2ω
`,m =χ

(2)
⊥⊥⊥

∑
`1,m1

∑
`2,m2

A
(−1)
l1,m1

A
(−1)
l2,m2

Y`1,m1(θ, φ)Y`2,m2(θ, φ)+

χ
(2)
⊥‖‖

∑
`1,m1

∑
`2,m2

[A
(1)
l1,m1

A
(1)
l2,m2

Y
(1)
l1,m1

(θ, φ) · Y (1)
l2,m2

(θ, φ)+

A
(0)
l1,m1

A
(0)
l2,m2

Y
(0)
l1,m1

(θ, φ) · Y (0)
l2,m2

(θ, φ)+

A
(0)
l1,m1

A
(1)
l2,m2

Y
(0)
l1,m1

(θ, φ) · Y (1)
l2,m2

(θ, φ)+

A
(1)
l1,m1

A
(0)
l2,m2

Y
(1)
l1,m1

(θ, φ) · Y (0)
l2,m2

(θ, φ)],

(6.29)

j
‖
l,mY

(0)
l,m (θ, φ) + j⊥l,mY

(1)
l,m (θ, φ) =

iχ
(2)
‖‖⊥

∑
`1,m1

∑
`2,m2

A
(0)
l1,m1

A
(−1)
l2,m2

Y
(1)
l1,m1

(θ, φ)× Y (−1)
l1,m1

(θ, φ) +

A
(1)
l1,m1

A
(−1)
l2,m2

Y
(0)
l1,m1

(θ, φ)× Y (−1)
l1,m1

(θ, φ). (6.30)

The third step in the nonlinear Mie problem is very similar to the first
step, i.e., the second harmonic field must be found by solving a boundary
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condition problem

êr × (E2ω
sc (r)−E2ω

in (r)) = 0, (6.31)

êr · (D2ω
sc (r)−D2ω

in (r)) = σ2ω, (6.32)

êr × (H2ω
sc (r)−H2ω

in (r)) = j2ω
s , (6.33)

êr · (B2ω
sc (r)−B2ω

in (r)) = 0, (6.34)

where D2ω
i (r) = ε2ωi E

2ω
i (r) and H2ω

i (r) = 1
µ
B2ω
i (r) are the SH electric

displacement field and the SH magnetic field strength, respectively [28]. The
macroscopic magnetization of the media is assumed to be zero and the SH
fields are given by:

E2ω
i (r) =

1

2

∑
l,m

C(l)×[
ai,2ω(l,m)f

(i)
l (k2ω

j r)Y
(0)
l,m (θ, φ) +

1

k2ω
j

bi,2ω(l,m)∇× f
(i)
l (k2ω

i r)Y
(0)
l,m (θ, φ)

]
, (6.35)

c

n2ω
i

B2ω
i (r) =

1

2

∑
l,m

C(l)×[
bi,2ω(l,m)f

(i)
l (k2ω

j r)Y
(0)
l,m (θ, φ)− 1

k2ω
i

ai,2ω(l,m)∇× f
(i)
l (k2ω

j r)Y
(0)
l,m (θ, φ)

]
, (6.36)

where all the notation was described in section 3.4.
In the far-field zone, the θ and φ components of the electric field (6.36)

are [16]

(
E2ω
sc (r)

)
θ

=
eik

2ω
m r

k2ω
m r

∑
l

C(l)(−i)l

l(l + 1)

√
2l + 1

4π
cos(φ)×

×
[
iasc,2ω(`,1)

1

sin(θ)
P 1
l (cosθ) + bsc,2ω(`,1)

∂

∂θ
P 1
l (cosθ)

]
, (6.37)

(
E2ω
sc (r)

)
φ

=
eik

2ω
m r

k2ω
m r

∑
l

C(l)(−i)l

l(l + 1)

√
2l + 1

4π
sin(φ)×

×
[
(−i)asc,2ω(`,1)

∂

∂θ
P 1
l (cosθ)− bsc,2ω(`,1)

1

sin(θ)
P 1
l (cosθ)

]
, (6.38)

The coefficients in the expansion of the scattered SH electric field E2ω
sc (r)
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are

bsc,2ω(`,m) =σ2ω
`,m

irk2ω
m√

l(l + 1)C(l)ε2ωm
×

× (rj`(m
2ω k2ω

m r))′

(m2ω)2j`(m2ω k2ω
m r)(rh

(1)
` (k2ω

m r))′ − h(1)
` (k2ω

m r)(rj`(m2ω k2ω
m r))′

∣∣∣∣∣
r=a

,

(6.39)

asc,2ω(`,m) = j
‖
`,m

rk2ω
0 c

C(l)
· h

(1)
` (k2ω

m r)

j`(m2ω k2ω
m r)(rh

(1)
` (k2ω

m r))′ − h(1)
` (k2ω

m r)(rj`(m2ω k2ω
m r))′

∣∣∣∣∣
r=a

.

(6.40)

In the direction r the radiated SH power per unit solid angle in the far-
field zone is

dW 2ω(θ, φ)

dΩ
=

1

2

√
ε2ωm
µ
r2
∣∣E2ω

sc (r)
∣∣2 =

1

2

√
ε2ωm
µ
r2
(∣∣êθ ·E2ω

sc (r)
∣∣2 +

∣∣êφ ·E2ω
sc (r)

∣∣2) (6.41)

and the total scattered power W 2ω, the power scattered in a finite solid angle
Ω W 2ω

Ω (W 2ω = W 2ω
4π ), the total scattering cross section, and the scattering

efficiency of SH scattered light can be calculated in the same way as for the
linearly scattered light (2.36), (2.37), (3.25)

W 2ω
Ω =

∫
Ω

dΩ
dW 2ω(θ, φ)

dΩ
(6.42)

σ2ω
total =

π

(k2ω
m )2

∑
l

(2`+ 1)
(
|asc,2ω(`,±1)|

2 + |bsc,2ω(`,±1)|
2
)
. (6.43)

Q2ω
sca =

σ2ω
total

πa2
. (6.44)

6.5.1 Boundary conditions problem

It must be mentioned that the boundary condition (6.34) employed in [13, 16,
72] and in this thesis are different from those suggested and employed by other
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authors [20, 31, 73, 74]. The alternative boundary conditions arise from the
explicit inclusion in the model of an infinitely thin polarized sheet possessing
a third dielectric function ε′, which is in general different from those of the
particle and the surrounding medium (Figure 6.3). The polarization of the
sheet is singular in the radial direction and represented by a delta function.
The alternative boundary conditions adopted by [20, 31] in order to describe
the nonlinear optical processes are

∆E2ω
t = − 4π

ε′2ω
∇tP

2ω
r , (6.45)

∆D2ω
r = −4π∇tP

2ω, (6.46)

∆H2ω
t = −4πi

ε′2ω
êr × P 2ω, (6.47)

∆B2ω
r = 0, (6.48)

(6.49)

where ∆E2ω
t = E2ω

t (r = a+)−E2ω
t (r = a−), etc., and P 2ω = P 2ω(θ, φ)δ(r−

a). The driving electric field E′(r) in the nonlinearly polarized layer was
defined through the inside field as [20]

(E′(r))r =
εωp
εωm

(Ein(r))r (6.50)

(E′(r))t = (Ein(r))t, (6.51)

The discontinuity of the tangential electric field (6.45) is surprising in view
of those Maxwell’s equations which are common in all the models considered
here. The discontinuity arises from the jump in the electrostatic potential
which, in turn, is due to a singular polarization oscillating in the direction
normal to the surface êr. Correspondingly, the radial component of the
electric field has a delta function singularity at r = a [73].

It was noticed in [20] that different boundary conditions might account
for the differences in the calculated angular distributions of the SH light
from small metallic particles in [20] and [13]. Therefore, it is must be con-
cluded that adopting the alternative boundary conditions (6.45-6.48) could
significantly change the results from the NLMS calculations.

6.6 Nonlinear Rayleigh scattering

The nonlinear analog of the Rayleigh approximation in linear light of scat-
tering by small particles is discussed extensively in the literature [20, 22, 43].
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Figure 6.3: Schematic representation of the polarization sheet model [20, 31].

Since this theory can be applied only for particle sizes which are much smaller
than the wavelength of the incident light, it has not been used in this thesis
for analysis of the data. Nevertheless, some main properties of the nonlin-
ear Rayleigh scattering are listed below and will be used for the purpose of
analysis of the obtained theoretical results.

It was summarized in [20] that the surface SH polarization gives rise
to two radiation modes, electric dipole and electric quadrupole, that are
excited nonlocally and locally, respectively, by the fundamental field. The
bulk response was found to give rise only to dipolar radiation. The total
scattered SH power scales as (k2ω

m a)6, in contrast to the case of linear Rayleigh
scattering in which the scaling is (k2ω

m )4a6.
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Chapter 7

Results and discussion

In this section both the numerical results from of the theoretical models and
the experimental results are shown and discussed. At the end of the chapter
the theoretical and experimental size dependencies of SHG are compared.

7.1 Theoretical results

To estimate the SHG angular dependence and total scattering power as a
function of the solid detection angle and particle size, we use the NLRGD,
NLWKB and NLMS models, which were described in details in previous chap-
ters. The parameters describing the material were taken as in our experiment,
that is, the refractive indices of the particle are those of polystyrene at 850
nm, nωp = 1.58, and 425 nm, n2ω

p = 1.62, and for the surrounding medium
the refractive indices of water are taken to be nωm = 1.33 and n2ω

m = 1.35.
Regarding the values of the nonzero components of the susceptibility tensor,
there appears to be some disagreement about the actual values of the differ-
ent components of χ(2) for MG adsorbed on PS microspheres [19, 22, 23, 49].
Although the conclusions from the most recent experiments [22, 23, 49] was
that all three components of χ(2) (5.11) were to be included, there was also

an indication that the χ
(2)
⊥⊥⊥ component made the major contribution to the

detected signal [19]. Therefore, we consider both possibilities in most of our
calculations.
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Figure 7.1: The in-plane scattering patterns for spheres of four diameters: 0.10 µm (dotted curves),
0.87 µm (dash-dotted curves), 1.67 µm (dashed curves) and 2.88 µm (solid curves). a) NLRGD, only

χ
(2)
⊥⊥⊥ is non-zero. b) NLRGD, all three χ(2) components are non-zero. c) NLWKB, only χ

(2)
⊥⊥⊥ is non-

zero. d) NLWKB, three components are non-zero. The magnitudes have been normalized so that the peak
values were one.

7.1.1 Angular dependence of the SHG from the ap-
proximate methods

In order to calculate the angular dependence of SHG using the NLRGD and
the NLWKB models, the above derived expressions for the scattered electric
field (6.12) and (6.17) were used.

For the p-polarized incident plane wave the in-plane SH power scattered
in a unit solid angle, dW 2ω/dΩ, is shown in Figure 7.1. The calculation shows
that in all the models the scattered SH light is p-polarized in the X−Z plane.,
which agrees with previously reported experimental observations [19]. For the
chosen particle diameters, the NLRGD and NLWKB models do not predict
a significant SH back-scattering. The different non-zero components of the
susceptibility tensor affect the distribution pattern, although it maintains
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the qualitative appearance of the peaks of maximal scattering power.

From Figure 7.1 one can see that NLRGD and NLWKB predict very sim-
ilar angular distribution of the SH light for a small enough particle diameter
of 0.1 µm (dotted curves) and close angular dependencies for the 0.87 µm
particles (dash-dotted curve) . The angular distributions in NLRGD and
NLWKB for particle diameters larger than the wavelength of the incident
light differ significantly. The difference between the NLRGD and NLWKB
calculated angular dependences for the 0.87 µm particles with the only non-
zero χ

(2)
⊥⊥⊥ is a slight shift of the NLWKB pattern to the left (to the direction

of forward scattering, θ = 0). This is in contradiction with the observations
of [19], where the measured SH angular dependence for the particles of a
close size (0.97 µm) was shifted slightly to the right relative to the calculated
NLRGD angular distribution. However, due to the lack of experimental data,
we regard this observation as a weak argument against investigation of the
NLWKB model. Measurements of the angular distribution of SHG from the
larger particles are needed in order to assess the applicability of the NLWKB
model.

7.1.2 Angular distribution of the SHG from the non-
linear Mie scattering model

In order to calculate the angular dependence of SHG using the NLMS model,
the above derived expressions for the scattered electric field (6.37) and (6.38)
were used. As in the calculations above, the in-plane scattering was calcu-
lated for a p-polarized incident plane wave. As for the NLRGD and NLWKB
models, in the X − Z plane the scattered SH light is p-polarized. The re-
sulting scattering profiles for five different sizes of the particles are shown
in Figure 7.2. Only the χ

(2)
⊥⊥⊥ component of the susceptibility tensor was

assumed to be non-zero.

One can observe that the NLRGD, NLWKB and NLMS models agree
very well in the range of particle diameters considerably smaller than the
wavelength of the incident light. A significant difference between the angular
patterns from the approximate methods and NLMS model is easily observable
already when the particle diameter is about the wavelength of the incident
light (0.87 µm diameter and 850 nm wavelength, Figure 7.2,b). However, it
can be said that in this range both of the NLRGD and NLWKB models man-
age to predict the position of the maximal scattering power. The NLWKB
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Figure 7.2: Comparison between angular scattering patterns for NLRGD (dotted curves), NLWKB
(dashed curves), NLMS (solid curves) calculated for particle of several diameters: a) 0.10 µm, b) 0.87 µm,
c) 1.67 µm, d) 2.88 µm, e) 6.0 µm.
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Figure 7.3: Angular dependence of the scattered power in NLRGD (dashed), NLMS(solid) and RGD

limit of NLMS (dotted) for several particle sizes. Comparison is done for the nonzero χ
(2)
⊥⊥⊥ component

of the second-order susceptibility tensor.
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model does a reasonable prediction of the position of the back-scattering
maxima.

The angular distribution becomes more complicated for rather large par-
ticles (Figure 7.2, c-e). The NLRGD and NLWKB models show a strong
peak of SH in the near-forward direction, whereas the NLMS model does not
for the examined particle diameters. The NLWKB model, however, follows
the amplitude distribution of scattered intensities in the NLMS calculation
for the forward scattering better than the NLRGD model, which disagrees
with the NLMS results in this range of particle size.

It is interesting to compare the NLRGD and NLMS models in the limit
of equal refractive indices (RGD limit of the NLMS model). Some of the
numerical results are shown in the Figure 7.3. As expected, the agreement
is good for the smallest chosen size. However, with increasing particle size,
no similarity between the two models’ predictions can be found.

At last, it is interesting to look at the evolution of the differences between
the approximate methods’ numerical results and the NLMS calculations. The
diameters of particles are smaller, equal and slightly larger than the wave-
length of the incoming light. Figure 7.4 shows the angular distribution as a
function of particle size for the NLRGD, the NLWKB and the NLMS mod-
els. A general comment on this evolution is that with increasing particle size,
the lobes of maximal intensity of the scattered SH light ”moves” toward the
direction of the incident beam propagation θ=0. Rather unexpected devia-
tion from this trend in the NLMS model, however, is seen at a particle size
of 0.3-0.5 µm. As it was noticed before, the approximate models and the
NLMS one disagree when back-scattering intensities are compared.

7.1.3 Scattered SHG power from the approximate meth-
ods

The total scattered power W 2ω and the power scattered in the finite solid
angle of detection in our experiment Ωexp, W

2ω
Ωexp

, as functions of the particle
size was calculated in the frame of the NLRGD and NLWKB models. As the
calculations showed, the size dependence of the scattered power is rather in-
sensitive to the choice of the non-zero components of the susceptibility tensor.
Figure 7.5 presents the calculated scattered power dependences on the size
of the particle given by the NLRGD and NLWKB models for the refractive
indices of the materials as in our experiment. In the shown calculations all
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Figure 7.4: Evolution of the scattering angular dependence from NLRGD (dotted), NLWKB (dashed)

and NLMS (solid). The calculations are done for pure χ
(2)
⊥⊥⊥ character of the second-order susceptibility

tensor.
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Figure 7.5: The total scattered SH power from the NLRGD (dash-dotted) and NLWKB (solid)
models. The SH power scattered into the effective solid angle Ωexp from the NLRGD (solid with dots)
and NLWKB (dashed) models.

three components of the susceptibility tensor χ(2ω) were non-zero (5.11). No
interference or resonance structure analogous to linear scattering was found
in the range of the examined particle sizes.

7.1.4 Scattered SHG power from the NLMS model

The total scattered SH power and power scattered in finite solid angles in
the forward direction were in this case calculated for χ(2) ∝ χ

(2)
⊥⊥⊥. The

results are shown in the Figure 7.6, a. The calculated scattered SH power
features are very different from those in the linear case. It was not possible
to identify any straight forward connections between the calculated linear
and SH scattered powers. An oscillatory behavior of the scattered SH power
is evident for the power scattered in the full solid angle of 4π as well as in
the forward-scattered light. The SH scattering efficiency calculated by the
different methods is shown in Figure 7.6, b. An interesting observation is
that, in contrast to linear scattering, the NLWKB model does not repeat the
oscillatory structure of the scattering efficiency found in the NLMS model, if
we take it as an nonlinear analog of the rigorous linear Mie scattering theory.

A seemingly similar oscillatory structure was obtained by Dewitz et al.
[13] in their study of the SH and third-harmonic light generation from metal-
lic particles with complex refractive indices. From the linear Mie scattering
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Figure 7.6: Top: The total scattered SH power is shown with the thick solid curve. The SH power
scattered into the solid angle 2Ωexp and Ωexp (dashed and thin solid lines respectively). Bottom: The SH
scattering efficiency calculated by NLMS (solid curve), NLWKB (dashed curve) and NLRGD (dash-dotted
curve). The normalization of the curves is arbitrary.

theory it is known that absorbing materials exhibit no ripple structure. It
was shown in [13] that in the case of metals the interference structure found
in linear scattering was more pronounced and occurred in a more complex
fashion in SHG.

For a dielectric non-absorbing sphere of the size employed in this thesis,
however, the interference structure of the linear scattering efficiency at a
wavelength of 850 nm shows only one maximum around d = 2 µm (Figure
3.3). Therefore the same argument as for metallic spheres cannot be applied
in order to account for the oscillatory structure in Figure 7.6, a. The observed
oscillations must be due to the mutual contribution of the resonances in
the expansion coefficients of the linear and SH scattered waves. However,
to elucidate the origin of the oscillations, a systematic theoretical study is
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necessary to carry out, which is beyond the scope of this thesis.
As a result of changes in the SH angular distribution in combination

with the restricted solid angle of light collection, the detected fraction η of
the total SH intensity in our experiment varies with microsphere size. To
visualize this effect, the fraction of generated SH light scattered in the solid
angle Ωexp was calculated using the NLRGD, NLWKB and NLMS models
according to the formula

η = W 2ω
Ωexp

/W 2ω. (7.1)

The calculated η in the NLRGD, NLWKB and NLMS models is shown in
Figure 7.7. The NLRGD value of η is almost constant at about 60% and
gradually descreasing with increasing particle size for NLWKB. The oscilla-
tions in the NLWKB η curve in Figure 7.7 were assigned to the changes in
the SH angular distribution predicted by NLWKB.

Only a small amount of scattered light can be collected within the exper-
imental detection solid angle according to the NLMS model. It is interesting
that the NLWKB and NLMS models predict a gradual decrease of η with in-
crease of particle size after reaching a maximum around d=0.8 µm, although
NLWKB does not show the oscillatory pattern obtained for the NLMS model.
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The results of the NLMS model η calculation are in quantitative agreement
with the corresponding NLMS results in [16] (Figure 4 in [16]), if the ka size
parameter in that article equals the kωma size parameter, as defined in this
thesis. If the latter is true, one must expect an increase of η at very large
particle size (kωma� 10) up to the value of 0.5, meaning that half of the SH
light is scattered within the detection solid angle (Figure 5 in [16]).
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7.2 Experimental results: Malachite Green

The experimental results obtained for the MG-water suspensions of PS par-
ticles will be shown and discussed first. It is important to note that when
referring to the concentration of MG in solution, the concentration of the
added carbinol form of MG from the purchased MG hydrochloride is meant.
Furthermore, when referring to a particle suspension or a dye solution, an
aqueous suspension or solution is meant since all the used samples were pre-
pared in deionized water.

7.2.1 Spectral analysis of the signal

An analysis of the spectra of the suspensions has been made in order to
identify the signal contribution at the SH wavelength. Figure 7.8 plots the
spectra obtained under various experimental conditions, e.g., with or without
PS particles and MG. S is the measured count rate without background
subtraction.

The background count rate from the experimental setup and ambient
laboratory light was about 10 counts/s. The typical count rate without a
cuvette placed in the beam usually showed a peak at the SHG wavelength.
This peak was found to be due to generation of SH light on the surfaces of
the mirrors and lenses in the apparatus. A sample containing only water
did not usually show significant SHG, around 50 counts/s, whereas signal
from the water suspension with only particles showed a small contribution
to SHG, on the order of the SHG signal from just water.

Data from an MG solution showed a fairly high signal peaked at 460 nm
and a small peak at λ2ω, which is entirely due to background contributions
(SHG from different parts of experimental setup). The signal from just an
MG-water solution changed in intensity but not position (Figure 7.9) when
the excitation wavelength was varied. This signal was assigned to the S2

two-photon fluorescence (TPF) spectra of MG in solution. Comparison of
the obtained TPF spectrum with the TPF signal from the MG solutions
reported in other studies (e. g. [59]) supports this conclusion.

Addition of the PS particles into the MG solution gives rise to a growth
of the signal centered at a half of the fundamental wavelength, i.e., the large
peak at λ = λ2ω. It is concluded that the detected signal increase is due
to the presence of the PS particles. Furthermore, changing the excitation
wavelength caused a corresponding change in the position of the peak in the



7.2 Experimental results: Malachite Green 83

400 420 440 460 480 500 520
10

0

10
1

10
2

10
3

10
4

10
5

λ (nm)

S
 (

co
un

t /
 s

)

Figure 7.8: All data taken with the fundamental beam wavelength λω=850 nm. Average power of
the beam was 580 mW. 1) Background (curve with diamonds); 2) signal without cuvette in the beam
(dotted curve); 3) signal from pure water (solid curve); 4) signal from water suspension of 1.37 µm PS
microspheres, [PS]=1×108 PS/ml (dashed curve); 5) MG-water solution [MG]=10 µM (solid curve with
circles); 6) suspension of 1.37µm particles in aqueous MG solution, [PS]=1×108 PS/ml, [MG]=9 µM
(dash-dotted curve). The concentration of SDS was not defined, but estimated to be of the order of 1
µM (if initial [SDS] is assumed to be as high as in the samples with the known [SDS],see Table 5.1). The
spectral resolution of the monochromator is to be about 10 nm.

spectrum, i.e. the peak always appearing at exactly half the wavelength of the
fundamental. From these observations it is concluded that the signal peaking
at λ2ω is from SHG involving MG molecules adsorbed on the PS particle
surface. This result is in agreement with previously reported observations of
SHG under similar conditions [4].

7.2.2 Background subtraction

Apart from these spectra, all measurements of SHG were made at a fixed
value of the monochromator wavelength λ2ω = 425 nm. The detection of
the signal from a dye suspension of PS particles was followed by a procedure
for extraction of the background contribution from the detected signal. The
background included the signal from the water solution and constant minor
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Figure 7.9: TPF spectra from MG solution taken at three different excitation wavelengths. Concen-
tration of malachite green is 10 µM. Small peaks at λ2ω originate from the SHG from the parts of the
experimental setup.

contributions from the experimental setup and the cuvette. In the case of
MG, these corresponded to the signal level of the peak at 425 nm shown in
Figure 7.8 as the solid curve with circles. When the concentration of dye
was varied, the background measurements consisted of the collection of the
signal from the cuvette with the water-dye solution at the corresponding
dye concentration. For MG solutions the typical measured concentration
dependence is shown in Figure 7.10. Linear scaling of the signal from MG
solution goes hand in hand with the statement made previously about the
origin of this signal. Two-photon fluorescence is an incoherent nonlinear
optical process which should depend linearly on the concentration of the
molecule in the solution [27], as in Figure 7.10.

7.2.3 SHG versus laser intensity

One of the fundamental properties of the SH optical intensity is the quadratic
scaling with the intensity of the fundamental radiation. This was investi-
gated and the data plotted in Figure 7.11 shows the count rate at the SHG
wavelength from the MG-PS particle suspension as a function of the laser
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Figure 7.10: Measurement of the signal from the MG solution. STFP is a detected TPF signal which
equals the detected signal S minus a signal from the cuvette with [MG]=0. S1=1 count/s and C1=1 µM.
In this experiment the count rate at [MG]=0 was approximately 350 count/s. Error bars represent the
calculated statistical error σ (standard deviation).

intensity. The linear fit to the plotted data points gives a slope of 2.0±0.2
in accordance with the expected quadratic SHG intensity dependence. This
agrees with the results from an analogous study reported by [4].

7.2.4 SDS in the MG aqueous suspension of particles

A strong dependence of the radiated SHG power from the MG-PS particle
solution on the concentration of SDS was observed and these data are plotted
in Figure 7.12 for four different sizes of the PS particles. The signal increases
monotonically when SDS is added to the solution up to an SDS concentration
of about 300 µM. The growth of the signal is followed by a signal plateau
and a gradual decrease of the SHG when the SDS concentration is about
1-1.5 mM. The negative value for the SHG signal for 2.20 µm particles is
due to the linear scattering processes (turbidity) in the cuvette and the very
low SHG signal in comparison to the background contribution from the MG
solution. The SHG signal becomes easily detectable when SDS was added.
The initial concentration of SDS in the sample with 2.88 µm particles was 0.6
µM. Though the SDS concentrations of the 0.87, 1.37 and 2.20 µm particle
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Figure 7.11: SHG dependence on average power of fundamental beam Pω . The sample contains
3× 107 PS particles per ml, [MG] is about 10 µM. S1= 1 count/s and P1=1 mW.

samples were not determined by Bangs Laboratories, the similar behavior of
the SHG dependence on the concentration of the added SDS indicates that
they are most likely of the same order as the initial SDS concentration in the
2.88 µm particle sample and, consequently, in the other samples with known
amount of initial [SDS].

At an SDS concentration of 600 µM, a 30 µM MG solution typically
showed a TPF signal of 2000-4000 counts/s and, therefore, a pure bulk con-
tribution from MG could not fully explain the overall detected signal increase,
which was up to the order of 104 counts/s.

From the data presented here it is only possible to deduce that the pres-
ence of SDS in the solution has a great effect on the adsorption of the MG
ions at the PS surface. As such, we only will suggest some factors that could
lead to the observed dependence. A rigorous explanation of the effect re-
quires a careful experimental investigation that is beyond the scope of this
thesis.

A possible mechanism governing the increase of the SHG signal at low
[SDS] (less than 0.2-0.3 mM) is the increasing number of ionic MG at the
surface of the PS particles. The growth of the ionic MG population at the
surface could be due to processes favoring its increase in the bulk of the
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Figure 7.12: Dependence of the SHG from the MG-water PS particle solution on the concentration
of the added SDS. Initial concentration of the SDS in the examined samples was not known, but assumed
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solution or processes at the surface of the PS particles.

Several known processes featuring MG in water were considered. In the
bulk of the solution, growth of the [MG+] could be attributed to a shifted
equilibrium of the alkaline fading reaction (section 5.4.3) in the backward
direction. Since the pH value of the solutions was constant during each of
the shown measurements (6 at [MG]=30 µM), the increase of the SHG signal
most likely cannot be explained by the strong dependence of the alkaline
fading reaction on pH value [56].

Growth of the ionic MG concentration in the bulk due to increasing [SDS]
is another possible mechanism [61]. At the used [MG] the degree of ionization
of MG is 0.93. This means that the ionic population of MG could be increased
by about 10% by adding SDS to the solution.
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One must also take into account the interaction between SDS and MG
dye in the PS particle suspensions. According to the model developed and
proved by [61], electrostatic binding of MG cations to the negatively charged
SDS ions was found to be a very favorable reaction, resulting in an enormous
increase of the concentration of MG cations. Although the increase of the
SHG signal in the lower premicellar region of SDS concentration (below 300
µM) can partly be assigned to an increase of the number of ionic MG species,
the saturation of the signal and the following decrease cannot be explained
only by changing rates of the fading reaction.

It is concluded that adsorption of the ionic MG on the PS surface is
strongly affected by the presence of SDS. The actual situation at the PS
surface can be very much dependent on the mutual interaction of all the
chemical components with PS surface and between each other. There are
several contributions to be taken into consideration: hydrophobic interaction
of neutral carbinol MG with the PS [61], van der Waals forces between ionic
MG and the PS [49] and hydrophobic interaction of MG-SDS complexes
with PS [61]. It is most likely that only the cooperative effect of SDS and
MG interaction together with the adsorption properties of the compounds
present in the solution can account for the observed increase, saturation, and
descending behavior of SHG with increasing SDS concentration.

To our knowledge, the effect of SDS on the adsorption of MG from the
solution to the PS surface has not been studied before. The results presented
and discussed here comprise the first experimental observation of this SDS
effect using SHG. One of the important consequences of the observed effect
is that care must be taken when interpreting results reported for the simi-
lar systems if the treatment of the purchased particle suspensions was not
explicitly described [4, 7, 19, 22, 23, 45, 49, 50, 75].

7.2.5 SHG versus concentration of MG

To probe the dependence of the SHG from the MG-PS particle solution on
the concentration of MG, adsorption isotherms of MG on PS particles were
measured. In the presence of one type of adsorbate, the modified Langmuir
model can be used to assess an adsorption process and information on the
surface properties can be retrieved [23, 49]. Samples with two different SDS
concentrations were prepared: one with the initial amount of SDS as provided
by the manufacturer and one with an added amount of surfactant to make
[SDS]=1 mM. The value of 1 mM was chosen in order to make the SHG
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Figure 7.13: Adsorption isotherms of MG to PS particles. Particles mean diameter is 2.88 µm. [PS]=
0.05× 108 [PS]/ml and [SDS] is 1.5 µM, for the data plotted with squares. Langmuir model best fit gives
K=1.6×107 and Nmax = 2.6× 107 µm−2. [PS]=0.1× 108 [PS]/ml and [SDS]=1 mM for the data plotted
with circles. Langmuir model best fit gives K=4.8×107 and Nmax = 3.6× 106 µm−2.

signal to be independent on slight changes of [SDS] due to the different (and
in some cases unknown) initial small amount of surfactant in the solutions
(Figure 7.12). Figures 7.13 and 7.14 show the measured data for two sizes of
the particles, 1.37 and 2.88 µm, respectively. The best fits to the modified
Langmuir model are also plotted in these figures. Each point in Figures
7.13, 7.14 and 7.15 is the actual SHG signal SSHG, which is found after the
subtraction of the background signal SBG from the detected signal S. SBG is
the contribution from the cuvette containing MG-SDS solution without PS
particles.

Strictly speaking, in the presence of two and more types of adsorbates (in
our case there are three of them: ionic, carbinol forms of MG and SDS) the
validity of this model is questionable. Here we want to show that the modified
Langmuir model is irrelevant when the [SDS] concentration and the pH value
of the solutions were not controlled but that the model, nevertheless, may be
used to assess the effective adsorption of the ionic MG molecules on the PS
particle surface at a concentration of SDS within the plateau range of 0.4-1
mM (Figure 7.12).

It proved to be impossible to fit two adsorption isotherms curves obtained
at low and different SDS concentrations with a single set of fitting param-
eters. This must be due to the unaccounted effects of SDS and pH of the
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Figure 7.14: Adsorption isotherms of MG to PS particles. Particles mean diameter is 1.37 µm.
[PS]= 0.5 × 108 [PS]/ml and [SDS] is undefined, presumably of the order of 1 µM, for the data plotted
with squares. Langmuir model best fit gives K=3.6×108 and Nmax = 1.2 × 107 µm−2. [PS]=0.1 × 108

[PS]/ml and [SDS]=1 mM for the data plotted with circles. Langmuir model best fit gives K=4.6×107

and Nmax = 1.7× 106 µm−2.

solution. When adding MG·HCl in water (Figure 5.10), the amount of ionic
MG molecules grows nonlinearly as can be seen from equation (5.12). To-
gether with the fact that the exact concentration of SDS in the sample with
1.37 µm particles was not known, it was impossible to state whether the
properties of the surfaces of different particles were different or not. How-
ever, at a high SDS concentration of 1 mM it was noticed that the two curves
obtained for two different particle sizes could be fitted with almost identi-
cal pairs of parameters. Figure 7.15 shows that, indeed, very good results
can be obtained with a single set of fitting parameters, K = 4.7 × 107 and
Nmax = 3.3× 106 µm−2. Although, the obtained parameters do not describe
adsorption of precisely MG ion to the PS surface directly, they could be
used to describe an effective adsorption process of an unknown molecule or
molecular complex having the MG ion as one of the components. Hence,
we interpret this successful fit as an indication of identical conditions for the
ionic MG adsorption on the surface of PS particles of different sizes when the
concentration of SDS is at the value when the SHG signal is maximal and
saturated.

It was noticed that each adsorption isotherm could be successfully fitted
with different pairs of fitting parameters - equilibrium constant K and maxi-
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mum adsorbate surface density Nmax - within the experimental error. These
values can differ significantly for one set of experimental data. For example,
the adsorption isotherm for 1.67 µm particles could be characterized by pairs
of fitting parameters taken from the intervals in K of (5.5 − 10) × 107 and
in Nmax of 2× 104 − 5× 105 µm−2. For 2.40 µm particles K could be in the
interval of 8× 106 − 1× 107 and Nmax = (1− 5)× 105 µm−2. We estimated
the uncertainty in the values of the fitting parameter to be about 60-100%.
This clearly indicates that the parameters of the fit of the modified Langmuir
model to the data should be interpreted and compared with caution.

It is interesting to note that at the concentrations of MG of 30 µM and
SDS of 1 mM, the SHG signal was not dependent on the concentration of SDS
or MG and had reached its maximum. Therefore, we conclude that at these
concentrations particle surfaces are already saturated with SH light scatter-
ers. This fact together with the argument about the identical conditions for
the ionic MG effective adsorption on PS particles of different sizes will be
used later to support the measurement of the size dependence of SHG.

7.2.6 SHG versus concentration of particles

The dependence of the SHG signal on the concentration of the spherical
particles has been measured. Typical data are shown in Figure 7.16. As the
particle concentration increases, the signal increases linearly to a maximum
before falling off. The main reason for such a behavior is the Mie scattering
of the fundamental and the SH light generated inside the cell [4, 51]. These
data agree with an analogous study of the SHG power dependence on the
concentration of PS particles reported in [51].

These data obtained can be used to both investigate the SH signal de-
pendence on the concentration of the particles and to choose an appropriate
concentration to maximize the accuracy and efficiency of the experiment. If
the signal from each particle contributes to the overall detected signal inco-
herently, the SH intensity will depend linearly on the concentration of the
particles. To prove that particles do not contribute to the detected signal
coherently, the data have to be corrected for the turbidity (Mie scattering)
[4, 51]. Applying turbidity corrections to the experimental measurements
(Figure 7.16) introduces large uncertainties into the data measured at high
particle concentrations and for large particle sizes. In order to obtain the sig-
nal from a single particle while avoiding turbidity corrections, it was decided
to perform measurements in the concentration region that can be approxi-
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Figure 7.15: Adsorption isotherms of MG to PS particles, [SDS]=1 mM. Particle mean diameter is
1.37 and 2.88 µm. [PS]=0.1× 108 PS/ml. K=4.7×107 and Nmax = 3.3× 106 µm−2.

mated by a straight line, i.e., at low PS particle concentrations (Table 5.1).

7.2.7 SHG versus size of the particles

Figures 7.17 and 7.18 plot SH signals obtained for different particle sizes and
different concentrations of SDS. The data in Figure 7.17 were obtained when
no SDS was added to the solution, whereas for the data plotted in Figure
7.18 all points were obtained by adding SDS to reach a uniform concentration
of 1 mM. Both sets of data are uncorrected for angular variation of the
SH intensity. The concentration of PS particles was kept low (see Table
5.1) to ensure a linear dependence of the measured SHG intensity on the
concentration of particles. As such, the actual [PS] was chosen to be in the
range of 0.25− 4.5× 107 PS/ml. The data presented here were reproducible
under slightly different conditions (different laser power, different times and
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Figure 7.16: Dependence of the SH signal on the concentration of the PS particles. MG concentration
in every sample was 10 µM. The points are connected with dotted lines to guide the eye.

sequence of different samples).
Each point in Figures 7.17 and 7.18 corresponds to the normalized SH

power scattered into the experimental solid angle by a single microparticle.
This SH power W 2ω

sph per particle was extracted from the average measured
signal S as

W 2ω
sph ∝ SSHG/[PS], (7.2)

SSHG = (S − SBG) /(W ω)2 (7.3)

where W ω is the average incident power, S is the detected count rate and
SBG is the background signal, dominated by the two-photon fluorescence
signal from the MG solution without particles. For each size of microsphere,
measurements of the SHG signal SSHG as a function of [PS] were performed.
Results from a typical measurement of the SSHG is shown in Figure 7.19. A
least-squares fit to a straight line was used [76, p.92] to obtain W 2ω

sph.
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Figure 7.17: Measured SH scattering power per microsphere versus microsphere diameter. The points
are connected with dashed lines to guide the eye. The experimental W 2ω

sph were normalized at d = 1.67

µm. [MG]=10 µM whereas the [SDS] varied between points, see Table 5.1.

The data plotted in Figure 7.18 were obtained at a concentration of SDS
of 1 mM and a concentration of MG of about 30 µM. The difference in size
dependencies shown in the Figures 7.17 and 7.18 is striking. A number of
factors should be considered in order to judge the validity of the measured
size dependencies. The data in Figure 7.17 apparently suffers from the SDS
effect on the adsorption of the ionic MG molecules on the PS particle surface,
in accordance to the results shown in section 7.2.4. A slight difference in
the SDS concentration has the greatest effect on the SGH from a MG-PS
particle suspension in the region of low SDS concentration. This problem was
overcome when measuring the SHG signal with the solutes concentrations
at their values when the SHG signal is insensitive to small differences in
[SDS] or [MG] (Figures 7.12 and 7.15). Moreover, it was shown that at
such concentrations of solutes, the adsorption of ionic MG on the PS particle
surface occurs under uniform conditions for the various particle sizes. This
enables us to conclude that the detected SHG signal shown in Figure 7.18
is solely due to the nonlinear optical properties of MG and the size of the
particle.

To our knowledge the only other experimentally observed dependence of
SH efficiency (SH intensity per unit surface area) on the size of the particles
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Figure 7.18: Top: The detected SH scattering power per microsphere versus microsphere diameter.
The experimental points are connected with solid lines to guide the eye. [MG]=30 µm, [SDS]=1 mM.
Bottom: The corresponding SH scattered efficiency. The experimental W 2ω

sph and O2ω
sca were normalized

to the value at d = 2.65µm.
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Figure 7.19: SH signal SSHG as a function of the PS particle concentration. The TPF background
from the MG solution STPF was subtracted. The particle mean diameter was 1.97 µm. The slope of
the fitted line equals the SH scattered power per one microsphere P 2ω

sph. Here, the slope is found to be

(4.1±0.2)×105. [MG]=30 µM and [SDS]=1 mM.

was reported in [75]. The range of the particle diameters used in that study
range from 0.1 to 3 µm and the author reported a maximum in SH efficiency
for particle sizes closest to the wavelength of the fundamental. The pH of
the MG solution was low enough to ensure that all MG molecules added to
the bulk were in their ionic form.

The position of the first maximum in the scattering efficiency in Figure
7.18 agrees with the measurement in [75] in the sense that this maximum
is observed for particle diameters close to the wavelength of the fundamen-
tal laser beam. Otherwise, more complex dependence of the SH scattering
efficiency on the particle size is reported in this thesis. Our measurements
of the SH size dependence indicates an oscillatory behavior of the scattering
efficiency with a period in diameter of about 0.4-0.5 µm.

To point out a possible problem in [75], we note that the concentration of
MG employed in that study was 5 µM. In that experiment the low detected
SHG efficiency from the largest particles (larger than 2 µm) could be due to
the unsaturation of the surfaces by MG. We observed a similar effect when
the SHG size dependence was measured at MG concentrations less than 10
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µM.
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7.3 Experimental results: Pyridine 1

When Pyr1-water suspensions of PS particles were used a signal at the SHG
wavelength was detected. As in the case of MG, a number of experiments
were carried out in order to ensure that the collected signal was indeed SHG
light. Another set of experiments then probed the properties of the SHG
from these samples.

7.3.1 Spectral analysis of the signal

The spectra collected from the Pyr1 samples were analyzed with the aim of
identifying the signal contributions at the SH wavelength λ2ω.

Figure 7.20 plots typical spectra obtained from the Pyr1-particle suspen-
sion under various conditions. The lowest curve plots the background signal,
which is at most 20 counts/s. Data obtained without a cuvette placed in the
beam usually shows a small peak at the SH wavelength (200 count/s). As
pointed out in section 7.2.1, this peak was found to be due to the generation
of SH light on the surfaces of the mirrors and lenses.

A sample containing only water does not usually show significant SHG,
around 600 counts/s, and the signal from the water suspension containing
only particles showed a signal on the order of the SHG signal from just water.
These signals are larger than those reported in section 7.2.1, which is due to
the higher average laser power employed here (630 mW vs. 580 mW) and
possibly a slightly different alignment in the optical part of the experimental
setup. A small bump of the order of 100 count/s around 480 nm in the spectra
of water and PS-water suspensions in Figure 7.20 is of unknown origin but
most likely due to contamination of the cuvette with a small amount of Pyr1.

The spectra from a Pyr1 solution showed a signal peaked at λ2ω due
to contributions from the background processes (SHG from the mirrors and
lenses surfaces) and additional scattering - Hyper-Rayleigh scattering (HRS).
This argument is based on the fact that the signal appears at the SH wave-
length and scales linearly with the concentration of Pyr1. The latter is
shown in Figure 7.22. One such example of incoherent second-order nonlin-
ear optical scattering is HRS [27, 41, 42] and thus we attribute the observed
additional SH signal in the Pyr1 solution to this process.

The signal from the Pyr1-water solution at different excitation wave-
lengths is shown in Figure 7.21. Small peaks which are shifted to the longer
wavelengths by approximately 30 nm from the SH wavelength were detected.
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Figure 7.20: All data taken at λω=860 nm. Average power of the beam was 630 mW. 1) background
(curve with diamonds); 2) Signal without cuvette in the beam (dotted curve); 3) signal from pure water
(solid curve); 4) signal from water suspension of 2.65 µm PS microspheres, [PS]=0.05×108 PS/ml (dashed
curve); 5) Pyr-1-water solution, [Pyr1]=50 µM (solid with circles curve); 6) suspension of 2.65 µm particles
in aqueous Pyr1 solution, 0.05×108 PS/ml, [Pyr1]=50 µM (dash-dotted curve). The spectral resolution
of the data is estimated to be about 10 nm.

Systematic studies of this effect have not been carried out and therefore we
cannot determine the exact origin of the observed bands. However, we may
assume that these peaks are Hyper-Raman scattering [41, 42] of the funda-
mental beam with a Raman shift of about 1300-1400 cm−1. This assumption
is based on the observation that similar Raman bands have been found in
many molecules with chemical structure close to that of Pyr1. For example,
studies [77] of the surface-enhanced Raman scattering of aggregated cyanine
dyes revealed a strong Raman band with the shift of 1350-1400 cm−1 and in
Ref. [78] a Raman band was observed at 1364 cm−1 for a certain type of cya-
nine dye (D266). Therefore, the dominating components of the Pyr1-water
solution spectrum are the HRS and Hyper-Raman scattering. If there were
traces of TPF from this solution it would have been difficult to assign them
due to their negligible contribution.

Addition of the particles into the Pyr1 solution gives rise to a growth
of the signal centered at half of the fundamental wavelength λ2ω=430 nm
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Figure 7.21: Spectra from Pyr1 solution taken at three different excitation wavelengths: 800, 850
and 890 nm. Concentration of Pyr1 is 50 µM. Average power of the beam was 600 mW. Peaks at λ2ω

originate from background and HRS.

(Figure 7.20). It is concluded that the detected signal is due to adsorption of
Pyr1 molecules at the microsphere surface, from which it follows that a large
fraction of the signal at λ2ω is SHG. This is the first observation of SHG from
a Pyr1-water-PS particle solution.

In an analogy with the background subtraction procedure undertaken for
the MG-PS suspensions, measurements of the signal from a Pyr1 solution
were performed in order to extract the actual SH signal SSHG from the de-
tected signal S. A result of the background measurement is shown in Figure
7.22. SHRS denotes the actual HRS signal from the Pyr1 solution, which was
a dominating background process.

7.3.2 SHG versus laser intensity

The data plotted in Figure 7.23 shows the count rate at the SHG wave-
length from a Pyr1-PS suspension as a function of the laser intensity. The
data clearly show the expected dependence and the linear fit to the plotted
data points gives a slope of about 2.3±0.2 which agrees with the expected
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Figure 7.22: Measurement of the signal from the Pyr1 solution. SHRS is a detected HRS signal which
equals the detected signal S minus the signal from the cuvette with [Pyr1]=0. S1=1 count/s and C1=1
µM. In this experiment the count rate at [Pyr1]=0 was about 900 count/s.

quadratic behavior of SHG.
This observation is consistent with the supposition that the additional

scattering at the SH wavelength from the Pyr1-water solution is HRS, since
this process depends quadratically on the intensity of the incident field [41,
42].

7.3.3 SDS in the Pyridine 1 aqueous suspension of par-
ticles

Considering the strong effect which SDS has on the SHG signal from MG-PS
samples, the dependence of the SH signal from the Pyr1-PS suspensions on
the concentration of SDS has also been investigated.

It was observed that the chemical and physical properties of the Pyr1-
water solution gradually changed with increasing SDS concentration. At a
Pyr1 concentration of 50 µM and a SDS concentration of 3 mM , the Pyr1
forms a sediment within 30 minutes, which is easily observable visually. At
much lower SDS concentrations, less than about 6 µM, the signal from the
Pyr1-water solution of particles does not show a strong dependence on the
amount of dissolved SDS. Examples are plotted in Figure 7.24.
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Figure 7.23: SHG signal from the Pyr1-PS suspension of microspheres as a function of the average
power of the fundamental beam Wω . S1= 1 count/s and W1=1 mW. [PS]=1 × 107 PS/ml, [Pyr1]=50
µM.

In Figure 7.24 each data point is the mean of 20 measurements of the
count rate. The shown error bars correspond to a statistical error of two stan-
dard deviations. The statistical error of the measured count rate is relatively
stable before the SDS concentration reaches about 6 µM and dramatically
increases for higher concentrations. This is explained by the formation of un-
specified particles in the solution which possess a large scattering efficiency.
The effect is easily observable visually, as bright flashes of light are seen when
the new scatterers enter the region near the focus of the laser light.

In the region of SDS concentrations less than 6 µM, the SHG signal
does not show a strong dependence on the SDS concentration. Since the
SH signal depends on the adsorption of Pyr1 at the microsphere surface, we
can conclude that SDS does not affect the adsorption properties of the Pyr1
molecules. Therefore, we can ignore slight deviations in SDS concentration,
provided that the [SDS] is less than 6 µM. This conclusion is used later in
section 7.3.5 when the SHG size dependence from the PS particles with Pyr1
molecules adsorbed on the particle surface is discussed.
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Figure 7.24: Signal from the Pyr1-water suspension of PS particles at the wavelength of SHG as a
function of the SDS concentration. The shown results are for five different diameters of the PS particles.
The concentration of Pyr1 was 50 µM for all the examined samples. The concentration of PS particles
for the particles with a diameter of 1.01 µm was 1 × 107 PS/ml. For the particles of other diameters
the concentration was 2× 106 PS/ml. Error bars represent standard deviation of the the measured data
points.
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Figure 7.25: Pre-saturation region of the Pyr1 adsorption isotherm on 1.67 µm particles (left) and
2.40 µm particles (right).

7.3.4 SHG versus concentration of Pyr1

Considering the difficulties that were encountered when analyzing the isotherms
of MG adsorption onto the PS particles, systematic studies of the Pyr1 ad-
sorption on PS particles were not carried out. The experiments showed that
at a Pyr1 concentration of 50 µM, the surfaces of particles of all sizes were
fully covered. The assumption used in the modified Langmuir model regard-
ing the quadratic dependence of the SH light on the number of adsorbed
molecules at the low adsorbate concentration in the bulk was checked. Fig-
ure 7.25 reveals a clear quadratic dependence. This means that the number
of adsorbed molecules is proportional to the number of molecules in the bulk
of the solution. The result also indicates that the detected signal is indeed
SHG, since the competing HRS would scale linearly with the same number
in this region of the isotherm [4].

7.3.5 SHG versus concentration of particles

Since identical particle samples were used in the experiments with Pyr1 and
MG, the results obtained from the particle concentration measurements for
the MG-water PS particle solutions in section 7.2.6 should be applicable
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Figure 7.26: Left: Dependence of the scattered SH power per microsphere on the diameter of the
microsphere. Right: The corresponding size dependence of the SH scattering efficiency. The magnitudes
are normalized to one for 1.97 µm diameter particles. [Pyr1]=50 µm.

also to the Pyr1-water PS particle solutions. In order to avoid turbidity
corrections of the collected SHG data, measurements were carried out at low
PS concentrations. Under such conditions, the SH light produced by different
microspheres adds up incoherently [4, 51].

7.3.6 SHG versus size of the particles

Figure 7.26 plots the SH signal as a function of the particle size as measured
for the Pyr1-PS suspensions. The concentration of Pyr1 used here was 50
µM, i.e., all microspheres were fully covered by Pyr1. The microsphere con-
centrations used in the experiments were such that the produced SH intensity
varied linearly with the [PS]. In a similar fashion to the experiment on the
size dependence of SHG from MG-PS samples, the [PS] was chosen to be in
the range of 0.25− 4.5× 107 PS/ml.

In addition to the SHG power size dependence, the SHG efficiency versus
particle size is plotted in Figure 7.26. As for the case of the SHG efficiency
of the PS particle in the MG-SDS solution, the results shown in this section
indicate more a complex dependence of SHG on the particle size than that
reported in [75]. The current measurements also indicate an oscillatory de-
pendence of the SH scattered power and efficiency with a period in diameter
of about 0.5 µm.
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7.4 Comparison of the experiments

The measured dependence of the SHG on the particle size for both the Pyr1-
PS and MG-SDS-PS particle suspensions are plotted together in Figure 7.27.
The results are nearly identical, within the defined experimental error lim-
its, which shows that the measured signal is not sensitive to the choice of
the chemical compound adsorbing onto the PS surface. Apparently, irre-
spective of any microscopic differences between the adsorbing molecules, the
overall macroscopic properties of the adsorbate layers are similar. Hence, it
is concluded from the data plotted in Figure 7.27 that the measured signal
variation is solely due to the particle size.

7.5 Comparison of the experiments and the-

ory

All the models considered here (NLRGD, NLWKB and NLMS) failed to
reproduce the obtained experimental data with a sufficient level of accuracy.
An example illustrating the direct application of all three models is shown
in Figure 7.28. Figure 7.28 plots the normalized measured SH efficiencies
together with the calculated efficiencies for SH scattering, corrected for the
finite experimental collection solid angle. The normalization of the calculated
curves is arbitrary for each curve.

The physical parameters of the calculations were the refractive indices of
the surrounding medium and the particles and the components of the second-
order susceptibility tensor. As pointed out earlier, however, only the radial
component of the susceptibility tensor was used in the NLMS model. The
results of the SH scattering power (and therefore efficiency) calculations in
the NLRGD and NLWKB models were found to be insensitive to the choice
of the non-zero elements of the susceptibility tensor. The curves plotted in
Figure 7.28 for the NLRGD and NLWKB models were obtained when all of
the three allowed components of the susceptibility tensor were non-zero with
values as specified in (5.11).

In Figure 7.28 the calculated efficiencies in the NLWKB and NLMS mod-
els follow the behavior of the measured SH efficiency, whereas the NLRGD
model stands apart due to the predicted gradual increase of the SH efficiency
with increasing particle size. One can say that the calculations based on
the NLWKB and NLMS models are more compatible with the experimental



7.5 Comparison of the experiments and theory 107

1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

1.2

d (µm)

W
 2

ω
sp

h (
ar

b.
 u

ni
ts

)

1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

d (µm)

Q
sc

a
 2

ω

Figure 7.27: Top: Dependence of the SH scattered power on the particle diameter measured for MG-
SDS-water and Pyr1-water PS particle suspensions. Bottom: The corresponding SH scattering efficiencies.
All data are normalized so that all measured magnitudes for 2.65 µm diameter equal one.
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data. Moreover, the NLWKB and NLMS models are more consistent in their
theoretical predictions. This trend was already observed when comparing
the angular distribution of SH scattered power in different models (Figure
7.2).

The observation similar to that in [13] regarding the enhancement of the
linear interference structure by SHG from metallic particles can also be made
here. The interference structure of the linear scattering at 850 nm from PS
particles in water shown in Figure 3.3 has a maximum at the particle diameter
of 1.97 µm. The maximum at the diameter of 1.97 µm is also observed in the
measured SH efficiency for the PS particle in water, as shown in Figure 7.26.
Interestingly, the position of the maxima in the linear scattering efficiency of
light with a wavelength of 425 nm (Figure 3.3) are at the particle diameters
of about 1 and 2.7 µm. The data shown in Figure 7.27 also indicate maxima
in the SH efficiency at these particle diameters.

The model used in [4] to explain the possibility of SHG from a sphere when
its diameter was of the order of the coherence length of the SHG process lcoh =
π/∆k, predicts an oscillation of the SH intensity given by the square of the
absolute value of the complex electric field amplitude (1.1). For a polystyrene
particle the periodicity of the SH intensity in the particle diameter along the
z axis (Figure 1.1) is 10.6 µm. This value is one order of magnitude larger
than the period observed experimentally. Additionally, this simple model
can not account for the absence of SH in the direction along the fundamental
beam propagation axis z. Although it provides a qualitative explanation of
SHG from a microparticle, which is due to the dispersion of the incident
light inside the particle, it can not be used for further characterization of
such systems.

The data from MG-SDS-PS and Pyr1-PS suspensions are plotted sepa-
rately together with the theoretical calculations in Figure 7.28. The observed
oscillations in the Pyr1-PS data have higher amplitude in the middle range
of the particle sizes used here than the oscillation in the MG-SDS-PS data
when compared with the calculated ones. However, for none of the cases
is it possible to conclude decisively whether or not the measured oscillating
pattern of the SH efficiency was related to resonances appearing in the SH
efficiency curve of the NLMS model. In order to draw quantitative conclu-
sions about the oscillatory structure of the SH efficiency, the resolution of the
measured size dependence should be improved. This requires that samples
of particles with differences from the mean diameter of no more than 0.1
µm should be used. The current method is not recommended, however, in
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the case of large particles sizes, due to the size properties of the purchased
suspensions: the standard deviation of the best mono-dispersed suspensions
is larger than 0.1 µm (Table 5.1). Other experimental realizations of the
improved size dependence measurements will be discussed in chapter 9.

For the theoretical description of the process of SHG from microparti-
cles, of the three employed models NLRGD, NLWKB and NLMS, only the
NLMS model has the potential for describing the measured oscillatory SHG
dependence on the particle size. The NLMS model can be improved by con-
sidering the following factors. The current calculations have been performed
only for χ

(2)
⊥⊥⊥ as the only non-zero component of the susceptibility tensor.

Simulation of the data with different parameters was not feasible due to the
very time consuming calculations, but in principle it is possible with larger
computational resources than those available during the course of this work.
Inclusion of other components of the susceptibility tensor χ(2) should change
the position of the maxima and minima in the SH efficiency curve. It should
be noted that reformulation of the boundary conditions in the NLMS model
according to the polarization sheet model suggested by [20, 31] should affect
the calculation results, as was already demonstrated in the Rayleigh range
[20]. The magnitude of the effect, however, is not known and should be
studied.
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Figure 7.28: Top: The SH scattering efficiency measured for the Pyr1-PS particle suspension and the
superimposed calculated SH efficiencies from the NLMS, NLRGD and NLWKB models. Bottom: The SH
scattering efficiency measured for the MG-SDS-PS particle suspension and the superimposed calculated
SH efficiencies from the NLMS, NLRGD and NLWKB models. In both figures the NLMS model calculation
is shown with a solid curve, the NLRGD with a dash-dotted curve, the NLWKB with a dashed curve.



Chapter 8

Conclusions

The process of SHG from the surface of polystyrene (PS) microspheres sus-
pended in an aqueous solution of dye molecules has been studied experi-
mentally as a function of microsphere size. Experiment apparatus was con-
structed in order to collect SHG in the forward direction. The particle
sizes were chosen to be equal or larger than the wavelength of the funda-
mental laser beam. In this range of particle sizes, the SH scattered power
was expected to possess a nontrivial dependence on the particle size. The
experimental data presented in this thesis show that this is indeed true.
The SH scattered power dependence on microsphere size shows an oscilla-
tory behavior. Two different systems were used to record the size depen-
dence of the forward scattered SH light: an aqueous solution of Malachite
Green (MG) molecules in the presence of high concentrations of surfactant
molecules (Sodium Dodecyl Sulfate (SDS)) and an aqueous solution of Pyri-
dine 1 (Pyr1). The detected dependence of the SH scattered power and the
scattering efficiency were nearly identical when changing the dye adsorbate
on the PS particle surface.

This thesis provides data demonstrating that adsorption of MG on PS
particles is very much effected by the presence of the SDS surfactant, even
at very low surfactant concentrations. An enormous increase of the SHG
with increasing concentration of SDS was observed in the range of low SDS
concentration. SHG reaches a maximal plateau value after this rapid increase
and subsides gradually almost to zero with further addition of SDS. The
mechanism governing this effect was suggested to be due to the combined
interaction of the molecular compounds in the solution. An accurate model
of the MG-SDS-surface interaction is as yet unknown, but it should include
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the previously observed phenomenon: the presence of SDS in the aqueous
MG solution shifts the alkaline fading reaction in the backward direction,
meaning that the amount of ionic MG increases. This shift is due to the
binding of the MG cation to the SDS anion. The complexes thus formed,
free ionic MG and free carbinol, interact both with each other and the PS
surfaces, producing the observed SHG dependence. No such dependence of
the SHG on the SDS concentration was detected for Pyr1.

In order to describe theoretically the nonlinear optical properties of the
relatively large particles, nonlinear analogs of the available linear scatter-
ing models have been employed: nonlinear Rayleigh-Gans-Debye (NLRGD),
nonlinear Wentzel-Kramers-Brillouin (NLWKB) and nonlinear Mie scatter-
ing (NLMS). Though the models have been previously described in the liter-
ature, they were rederived in order to correct for obvious mistakes (NLRGD
and NLMS), or reformulated using the Green function formalism (NLWKB).
These models were used to calculate the size dependence of the scattered SH
power and to obtain a better picture of the SH light scattering process. Thus,
angular distributions of the SH power were calculated within the framework
of the listed models and the forward scattering collection capabilities of the
experimental setup were estimated in the frame of the corresponding models.
The models give similar results for very small particles, but differ substan-
tially when the particle size is comparable with or larger than the wavelength
of the fundamental light.

None of the models proved to be adequate to explain the experimentally
observed size dependence of SHG. It was shown that the NLRGD model fails
in the present range of particle sizes, as it already does for the linear Mie
scattering. The NLWKB and NLMS models predict the general trend of
the measured size dependence but fail to predict the position of the maxima
and minima in the measured SH efficiency. It is proposed that the observed
oscillation in the calculated and measured SH efficiencies might be due to
the combined contribution from the resonance (ripple) structure of linear
scattering of the fundamental and similar resonance structure of the SH light
generated at the surface.



Chapter 9

Outlook

The work presented in this thesis can be continued in several directions.
SHG has proved to be an efficient tool to probe the adsorption of different
molecules on the surface of small particles. It can be used to investigate the
apparent interaction of dye and surfactant molecules on the PS surface. The
method of SHG from particle surfaces has been extended here to Pyr1 and
clearly other molecular systems, beyond the widely used MG dye molecule,
can be envisaged as well as different surfaces, positively or negatively charged.

Changing the refractive indices of the particles and the solution should
change the size dependence of the SHG efficiency. One particular interesting
and relatively simple case is when these refractive indices are equal. It then
should be possible to describe such a system within the NLWKB model. This
experiment should provide a better view on and understanding of the physics
of the SHG process at the surface of the particles.

The angular distribution of the SHG from particles with diameters larger
than the wavelength of the fundamental light should be more thoroughly
investigated. Experimental studies in this area should proceed in tandem
with theoretical research. Only high quality and reliable experimental data
can prove which of the models works better than the others in modelling the
physics.

Experiments with optical trapping of small particles in different media
[79] open the possibility for accurate investigations on the nonlinear opti-
cal properties of a single particle. For example, nonlinear spectroscopy and
microscopy experimental schemes employing two-photon fluorescence and
surface-enhanced hyper-Raman scattering with integrated optical tweezers
for particle and biological cell manipulation [80, 81, 82, 83] could serve as
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prototypes for such experiments. The angular distribution and the size de-
pendence of the scattered SH light can be measured with high resolution.

Comparison between different models and comparison between different
boundary conditions is certainly required. This work can be purely theo-
retical and should provide better understanding of the features of nonlinear
optical process appearing in the experiment.

The results obtained for the size dependence of the SHG can be used in
all applications in order to increase the count rate by selecting particles with
sizes for which the second harmonic efficiency is the highest. A novel effect
of cooperative MG and SDS interaction at the PS surface can be employed,
for example, in the areas of microbiology or biotechnology, where adsorption
macromolecules, surfactants, and dyes to PS macroparticles is widely used.



Sammanfattning p̊a svenska

Frekvensdubbling är en ickelinjär optisk effekt som är känslig för gränsytor
mellan material med inversionssymmetriska egenskaper. Den används därför
som ett effektivt verktyg för detektion av adsorption av ämnen till mikro-
skopiska partiklar, biologiska celler, liposomer, emulsioner och liknande struk-
turer, ytanalys och karakterisering av mikropartiklar. Den spridda frekvens-
dubblade intensiteten fr̊an ytor av mikropartiklar i en suspension karakteris-
eras av en komplex vinkelfördelning som beror p̊a form, storlek och fysiska
och kemiska egenskaper hos de molekyler som utgör det yttre lagret p̊a par-
tiklarna. Särskilt den totala spridda intensiteten av frekvensdubblat ljus har
förutsagts ha ett dramatiskt och icke-trivialt beroende p̊a partikelstorleken.

Resultat presenteras här för en vattensuspension av polystyrenmikropar-
tiklar med olika färgämnesmolekyler adsorberade p̊a partiklarnas ytor. De
indikerar att den spridda frekvensdubblade effekten har ett oscillerande par-
tikelstorleksberoende. Här visas ocks̊a att adsorption av ett av färgämnena
(malakitgrön) p̊a polystyrenpartiklar p̊averkas starkt när den ytaktiva mole-
kylen SDS sätts till lösningen. En kraftig ökning av frekvensdubblingssig-
nalen med ökande SDS-koncentration observerades för l̊aga SDS-koncentratio-
ner.

Tre olika teoretiska modeller används för att analysera det observerade
storleksberoendet för frekvensdubbling. De beräknade vinkel- och storleks-
beroendena för frekvensdubblingseffekten visar att modellerna inte överens-
stämmer särskilt väl med varandra när, som här, partikelstorleken är ungefär
densamma som det infallande ljusets v̊aglängd. En av modellerna - ickelinjär
Miespridning - förutsäger ett oscillerande beroende av frekvensdubblingsef-
fekten p̊a partikelstorleken men förmår inte återge positionerna för de i ex-
perimenten observerade svängningarna.

Genom att de möjliggör val av optimal partikelstorlek kan resultaten här
rörande storleksberoendet för frekvensdubbling appliceras i tillämpningarna
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ovan för att öka signalstyrkan och därmed breddade användningsomr̊aden.
Den nyfunna effekten av samverkan mellan malakitgrön och SDS vid poly-
styrenytan kan användas, till exempel, inom mikrobiologi och bioteknik där
adsorption av makromolekyler, ytaktiva ämnen och färgämnen är vanligt
förekommande.
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