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Abstract

The quantum Hall (QH) system—cold electrons in two dimensions in
a perpendicular magnetic field—is a striking example of a system where
unexpected phenomena emerge at low energies. The low-energy physics of
this system is effectively one-dimensional due to the magnetic field. We
identify an exactly solvable limit of this interacting many-body problem,
and provide strong evidence that its solutions are adiabatically connected
to the observed QH states in a similar manner as the free electron gas is
related to real interacting fermions in a metal according to Landau’s Fermi
liquid theory.

The solvable limit corresponds to the electron gas on a thin torus. Here
the ground states are gapped periodic crystals and the fractionally charged
excitations appear as domain walls between degenerate ground states. The
fractal structure of the abelian Haldane-Halperin hierarchy is manifest for
generic two-body interactions. By minimizing a local k+1−body interaction
we obtain a representation of the non-abelian Read-Rezayi states, where the
domain wall patterns encode the fusion rules of the underlying conformal
field theory.

We provide extensive analytical and numerical evidence that the Laugh-
lin/Jain states are continuously connected to the exact solutions. For more
general hierarchical states we exploit the intriguing connection to conformal
field theory and construct wave functions that coincide with the exact ones
in the solvable limit. If correct, this construction implies the adiabatic con-
tinuation of the pertinent states. We provide some numerical support for
this scenario at the recently observed fraction 4/11.

Non-QH phases are separated from the thin torus by a phase transi-
tion. At half-filling, this leads to a Luttinger liquid of neutral dipoles which
provides an explicit microscopic example of how weakly interacting quasi-
particles in a reduced (zero) magnetic field emerge at low energies. We argue
that this is also smoothly connected to the bulk state.
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Preface

One may ask what motivates people like me to do research on the quantum
Hall system. Of course in reality the content of a PhD thesis is often greatly
influenced by chance, and what kind of good senior physicists you happen
to meet. However, if I had the possibility to revise my choice in retrospect,
I would not take the opportunity. I really feel that the area of strongly
correlated systems in general, and the fractional quantum Hall effect in
particular is special and very interesting: there is probably nowhere else in
science, where the development of beautiful and clean experiments go hand
in hand to such an extent with the growth of elegant theoretical concepts
and physical realizations of deep mathematical structures.

However, some people seem to disagree with my enthusiasm. As a begin-
ning PhD student I attended a summer school in Zuoz, Switzerland. During
a questions and answers session, someone asked the senior scientists what
would be a good direction for young scientists to go in. It turned out that
they did not have much to say, except that we should avoid the quantum
Hall effect! After all, many very prominent physicists had been thinking
about this problem for more than twenty years, so what could possibly be
left to understand or discover!?

A few years ago it was a widespread opinion that the quantum Hall
(QH) effect [1,2] was already fully understood, mainly through the concept
of composite fermions [3–5] that claims to map the fractional effect onto
the already well understood integer effect [6, 7]. Moreover, for a number
of years the input in form of interesting experiments had been declining.
Since then the situation has changed. Quantum Hall physics is now an
important ingredient in several very topical subjects such as topological
quantum computation [8, 9], graphene [10–13], rotating boson condensates
[14,15], spintronics [16,17] etc. Moreover, there is a renewed interest in the
fundamentals of the QH effect fueled also by experimental discoveries [18]
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of states that are not naturally accommodated for within the composite
fermion approach, and in particular, by theoretical ideas on non-abelian
phases of matter [19,20].

In this thesis we provide a new perspective on the fundamentals of the
quantum Hall problem. In particular, we address the key question of how
strongly interacting particles arrange themselves within a partially filled
Landau level. Our perspective is explicitly one-dimensional—this is not
an approximation but merely reflects the fact that the dynamics within a
Landau level is one-dimensional. This is of course standard knowledge, but
as the 1D formulation amounts to a very complicated and infinitely long-
ranged interaction, its usefulness has been doubted. However, we identify
an exactly solvable limit of this problem, and provide strong evidence that
its solutions are adiabatically connected to the experimentally accessible
regime [21–27]. Thus we follow a logic that has become a paradigm in
theoretical physics: since the full solution of the microscopic problem is
untractable (and if we would somehow stumble over the complete solution
it would presumably be so complicated that we probably would not learn
much from it anyway), we look for a simplified problem that (hopefully)
captures the essential physics of the problem.

We study interacting particles in a partially filled Landau level on a torus
with circumferences L1 and L2. This is mathematically equivalent to a 1D
lattice model with a lattice constant proportional to 1/L1, and as L1 tends
to zero this model is exactly solvable. This situation is very fortunate as
it allows us to compute the quantities we are interested in (in the solvable
limit) and then study how they behave as we continuously vary L1, towards
the experimental situation (very large L1).

As L1 → 0, the ground state at filling fraction ν = 1/3 approaches
the state were every third site is occupied. This is the state that Tao and
Thouless proposed to explain the QH-effect in 1983 [28], and therefore we
often refer to this limit as the Tao-Thouless (TT) limit. After Laughlin’s
ingenious explanation of the 1/3 effect [29] (also in 1983), the TT state
was simply considered as incorrect as the Laughlin state proved to have
considerably lower energy (in the large L1 regime) and a very high overlap
with the exact ground states in small systems. However, the TT state does
have the same qualitative features, such as fractionally charged excitations.
Moreover, as an interesting historical remark, we note that shortly after
these two works appeared, Andersson noted [30] that the Tao-Thouless has
a finite overlap with the Laughlin state, and that it may be thought of as
the parent state evolving into the Laughlin state as interactions are turned
on. This scenario is explicitly realized (and greatly expanded) in our work.
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In the TT limit the ground states, at generic filling fractions, are gapped
periodic crystals1 [22] and the fractionally charged excitations appear as do-
main walls between the degenerate ground states, in close analogy with the
appearance of fractional charge in one-dimensional polymer systems, such
as polyacetylen [31–33]. By explicitly solving the problem of a generic two-
body interaction (which could be Coulomb) we find that the fractal structure
of the (abelian) Haldane-Halperin hierarchy construction [34,35] is manifest,
and the stability of a given TT state is monotonously decreasing with in-
creasing denominator q at filling ν = p/q [24,25]. Albeit being calculated in
an extreme limit, this simple result is in surprisingly good agreement with
recent experiments [18]. By making minimal assumptions the global phase
diagram of the QH effect [36,37] is derived in this microscopic approach.

It is commonly believed that even more complex states are realized in the
quantum Hall system. Of special interest, in particular due to their possible
application as topologically protected quantum bits, or ’qubits’ (building
blocks for a quantum computer) [9], are non-abelian states [19] that may
be realized in higher Landau levels [38–41] or in rapidly rotating Bose con-
densates [14,15]. Also for this type of states the TT limit provides a simple
picture. By minimizing a local k + 1−body interaction we obtain a repre-
sentation of the non-abelian Read-Rezayi states [20]. In this case there are
several inequivalent ground state configurations, and the various ways to
form domain wall structures encode the quasiparticle degeneracies that are
crucial for the non-abelian statistics of these states [23,27,42–44].

The usefulness of the TT limit is of course crucially depending on whether
it has anything to tell us about the bulk system or not. First, and most im-
portantly, we note that the qualitative predictions from the TT limit are in
agreement with what is expected and observed in the bulk system. For the
Laughlin state and the Read-Rezayi states it is actually possible to prove the
adiabatic continuation from the TT limit to the bulk given a suitably chosen
real-space (pseudopotential) interaction. For the Jain states a very strong
case can be made using the trial wave functions that are very good approx-
imate ground states for any L1, and coincide with the TT states as L1 → 0.
For more general hierarchy states there are no well-esthablished wave func-
tions, and the evidence is mainly numerical. However, we have constructed
a new set (corresponding to the fractions where all condensations are of
quasielectrons as oposed to quasiholes) of trial wave functions obtained as
a very natural generalization of a recent conformal field theory (CFT) con-
struction of the Jain states [45, 46]. If correct, these wave functions would

1These ’crystals’ are gapped since they do not support phonon excitations.
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provide the adiabatic continuation at the pertinent fractions [23,26,47].

In retrospect, the adiabatic continuity is perhaps not as surprising as it
may first appear; the gapped quantum Hall states are said to be topologically
ordered [48, 49], which implies that they are very robust and should be
insensitive to details (such as smooth deformations of the torus). In the
physical system it is this topological robustness that makes the states prevail
in spite of local disturbances and make (some of) these states potentially
interesting in the context of quantum computation.

What may be more surprising is that the gapless state at half-filling also
exists on a thin torus. For the gapless states, there is a phase transition at
finite thickness to phases different from the gapped crystals. At half-filling
in the lowest Landau level, this new phase is a Luttinger liquid of neutral
dipoles which is smoothly connected to the gapless state observed in the
bulk [21, 22, 25, 50]. This provides an explicit microscopic example of how
weakly interacting quasiparticles moving in a reduced (zero) magnetic field
emerge as the low energy sector of strongly interacting electrons in a strong
magnetic field, as predicted by the composite fermion inspired mean field
theory [51,52].

It was actually the observation of the ν = 1/2 state in a numerical study
(see Paper I) of the QH system using the density matrix renormalization
group study (DMRG) [53], that triggered our thin torus approach2. In my
mind, the subsequent analysis of the ν = 1/2 state provides the most striking
evidence that the thin torus is relevant also for the bulk physics.

Most of the material presented in this thesis is already published in the
attached papers. In particular, the exposition in Paper VII contain many
details and proofs related to the TT limit and the transition to the bulk.
The main text of the thesis is complementary to the articles in the sense that
detailed proofs are left out, and instead more emphasis is put on heuristic
arguments and discussions about the relation to previous theoretical work
and to some extent also to experiments. Moreover, the emphasis of the
presentation is on parts where I have played an important role, which implies
that the proportion of conformal field theory related issues is lower than
in the average of the attached papers (see discussion of my contributions
below). To make the thesis reasonably self-contained we discuss some basic
features of the quantum Hall effect, with emphasis on topics discussed in
later chapters. In chapter two, we introduce the TT limit and describe our
main results obtained on the thin torus. The third chapter is devoted to the

2Paper I is unpublished, since, at the time of its rejection, we had reached an analytical
understanding and did not bother to push for publication.
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crucial question of adiabatic continuation, and discuss to what extent our
results shed light on the physics in the experimental regime. In this context
we also introduce our CFT construction of trial wave functions.

My contributions to the accompanying papers

As obliged, I comment on my contributions to the accompanying papers.
The work in these papers separates naturally into two categories, and I will
discuss them separately.

The first category is the thin torus perspective, which is where my con-
tributions are most significant. In all papers, I have basically been involved
in everything regarding the TT limit. Much of the outcome is a result of
rather frequent discussions and close collaboration, and it is thus hard to
define who has done exactly what, especially on mine and Anders’ papers.
There are however some things that stand out as originally my ideas, such as
the stability calculation for the hierarchy, and how the Read-Rezayi states
look in the TT limit. Related to this category, we have also done rather
extensive numerical investigations, and I have been involved in both the
production of the codes and in the actual simulations. More specifically,
I wrote the DMRG program from scratch and did all the simulation runs
using that program (it was actually from these first simulations we got in-
terested in the thin torus physics). Anders and I also co-developed the exact
diagonalization code, and I performed most of the simulations.

The second part is the CFT construction. Here, I have contributed
less. My main contributions here are phenomenological and related to the
synthesis of the thin torus and the CFT perspectives. Initially it was not
at all obvious how to modify the CFT operators to get good hierarchical
wave functions and in particular how to get a unique construction (so that
the same filling fraction did not appear more than once). I contributed
to the resolution of this, mainly by arguing for wave functions that have
good correlations in terms of pseudopotential energies, and by relating the
problem to the thin torus. On a more technical level, I also contributed
substantially to putting these wave functions on the torus.
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Sammanfattning p̊a svenska

Vi har utvecklat en en-dimensionell teori för kvanthallsystemet; detta system
best̊ar av ett tv̊a-dimensionellt skikt av extremt kalla elektroner i ett starkt
magnetfält vinkelrätt mot skiktet. Kvanthallsystemet har ett mycket rikt
fasdiagram och de experimentella upptäckterna och teoretiska förklaringarna
har hittills belönats med tv̊a nobelpris (1985 och 1998). Trots detta finns det
fortfarande en rad fundamentala fr̊agor som saknar svar, och än idag dyker
det upp nya oväntade fenomen i detta till synes enkla system. Den teori vi
utvecklat beskriver systemet p̊a mikroskopisk niv̊a och utnyttjar det faktum
att elektroner i ett starkt magnetfält effektivt beter sig som en-dimensionella
objekt. Grunden för v̊ar analys är en exakt lösning av det växelverkande,
kvantmekaniska mångpartikelproblemet. V̊ar lösning är matematiskt ex-
akt i en väldefinierad gräns och delar alla kvalitativa egenskaper med vad
som förväntas för de mest prominenta tillst̊anden, s̊asom fraktionellt lad-
dade excitationer etc. Omfattande numeriska och analytiska (bl.a. bevis
i specialfall samt ’konform fältteori’) studier visar att v̊ar lösning även är
relevant under mer realistiska omständigheter. Under vissa förutsättningar
sker det dock fasöverg̊angar till andra typer av tillst̊and, vilket är förväntat
i kvanthallsystemet (under motsvarande förutsättningar). Även i dessa fall
har vi lyckats hitta mikroskopiska beskrivningar av l̊agenergifysiken. Av
särskilt intresse är v̊ar beskrivning av det gaplösa tillst̊and som observer-
ats i den halvfyllda Landauniv̊an, samt de icke-abelska tillst̊and som just
nu attraherar mycket uppmärksamhet d̊a de möjligen kan användas som
’topologiskt skyddade q-bitar’ (byggstenar till robusta ’kvantdatorer’). V̊ara
upptäckter ger insikter om tillst̊andens mikroskopiska struktur samt vissa
experimentella förutsägelser, till exempel under vilka förutsättningar man
kan förvänta sig finna nya intressanta kvanthalltillst̊and.
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Chapter 1

Quantum Hall

basics—theory and

experiments

Here we review some facts about the quantum Hall system as well as the
basic theoretical understanding of them. The presentation is not meant to
be complete, rather it is tailored to provide background to the specific topics
discussed in the later chapters.

1.1 The classical Hall effect

The classical Hall effect was discovered by Edwin Hall already in 1879 [54].
He observed that when a metal plate (in the xy−plane) was placed in a
perpendicular magnetic field, B = Bẑ, and a current, I, was driven in
the x−direction, a potential difference—the Hall voltage, Vy—appeared in
the y−direction (see Fig. 1.1). This effect is easily explained by classical
electromagnetism. The Lorentz force F = qv×B acts on a charged particle
moving in a magnetic field. Since the force is perpendicular both to the
magnetic field and to the velocity (ie, to the current), there must be a
potential difference Vy between the edges in the y−direction. It follows that
Vy is proportional to B, thus if one plots the Hall voltage, Vy, (or the Hall
resistance RH = Vy/I) against the magnetic field, one expects a straight
line, which is confirmed experimentally under ’ordinary’ conditions.
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Vx

Vy

I

B

x

y

Figure 1.1: The setup for the Hall experiment. A current is driven through a Hall

bar (eg, a metal or a two-dimensional electron gas). This gives rise to a potential

difference, Vy, due to the Lorentz force, F = qv×B, acting on the charge carriers.

Hence, the Hall resistance RH = Vy/I is expected to be proportional to B. This

classical relationship is however modified under the extreme conditions of the QHE,

see Fig. 1.2.

1.2 The quantum Hall experiment

The integer quantum Hall effect is observed at low temperatures when high
mobility samples of the two-dimensional electron gas are placed in very
strong perpendicular magnetic fields, B = Bẑ [1]. In contrast to its classical
analog, the (quantum) Hall resistance Rxy = Vy/I is not a linear function
of B. Instead, Rxy is observed to jump between regions where it is constant
(ie, between plateaus). If one also measures the longitudinal resistance
Rxx = Vx/I, one finds that it vanishes1 when Rxy is on a plateau and shows

1This is a T = 0 effect. At finite temperature Rxx ∼ e
− Ea

2kBT , where Ea is the activation
energy, which is related to the gap, Eph, for creating a quasiparticle-quasihole pair, see eg
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large peaks whenever Rxy jumps, see Fig. 1.2. Furthermore, the plateaus
are observed at the values

Rxy =
RK

n
, n = 1, 2, 3, . . . , (1.1)

where RK = h/e2 ≈ 25812.807 Ω is the so-called von Klitzing constant.
It should be noted that Rxy is universal and independent of experimental
details such as sample geometry, size, disorder and so on. These features are
strongly dependent of the special circumstances in two dimensions, where
resistivity, ρij , (what a theorist calculates) and resistance, Rij , (what an
experimentalist measures) are simply related by a dimensionless geometry
factor. Actually, the quantization of the resistance is so precise that it has
become a laboratory resistance standard.

When the samples became even cleaner and the temperatures reached in
the laboratories decreased even further, a new quantum Hall effect emerged—
the fractional effect [2]. New plateaus were observed at

Rxy =
RK

ν
, (1.2)

with fractional ν = p/q—mostly with odd q. Pronounced plateaus are found
at ν = 1

3 ,
1
5 ,

2
5 , . . . and we will later identify ν as the filling fraction of a

Landau level.
The quantum Hall system also exhibits many other phenomena of great

interest. Among them one finds Wigner crystals at very low filling fractions
[56,57], stripe and bubble phases at high filling factors [58–60], bilayer states
[61, 62] and skyrmion excitations [63–67] at integer filling. Of particular
interest in the context of this thesis are the metallic (gapless) states at even
denominator fractions such as ν = 1/2. Here, Rxx is finite and sample
dependent as T → 0, whereas Rxy is unquantized and close to its classical
value [51,68].

In the early 1980’s it was very hard to fabricate pure enough samples to
be able to see the effect, hence only a few fractions were observed initially.
Nowadays there are standard techniques to fabricate samples where the QHE
can be observed. However, to see the more fragile phases one needs ultra
clean samples and it is an art in itself to produce them. As semiconductor
technology advances, it seems like new interesting phenomena will never
stop appearing. This gives continuous new input to the subject and an
opportunity for theorists to predict and explain the results of present and
future experiments, respectively.

chapter 11 of [55].
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Figure 1.2: Rxy (the approximately straight curve above) and Rxx are shown as

functions of the magnetic field, B. At the quantum Hall fractions, Rxx drops

abruptly whereas Rxy forms a plateau (see eg ν = 2/3 and ν = 1). The com-

pressible states are characterized by a finite longitudinal resistance, Rxx, and the

transverse resistance, Rxy, remains unquantized (see eg ν = 3/4 and ν = 1/2).

The displayed results are from an experiment by Willett et al (1987) [76]. Today,

many more states and details are observed—a list of all observed states as of 2008,

is given in [69].

1.3 Elementary considerations

The very first question to address is where the current, I, is flowing. As
the bulk is not conducting, it must be carried along the edge of the system;
it turns out that there are gapless chiral edge states that can support the
current.

According to the standard theory, pioneered by Laughlin [6] and Halperin
[7], the existence of the quantum Hall effect in the two-dimensional electron
gas is dependent on two basic criteria. First, there has to be a finite gap
in the energy spectrum. This makes the ground state stable against various
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perturbations. Second, (translation invariance breaking) disorder has to
be present: impurities can pin charged excitations and prevent them from
contributing to the conductivity (the conductivity does not change as the
magnetic field is varied slightly around a stable QH state). However, it has
to come in moderate portion as too much disorder destroys the effect. In a
real sample, there is of course always some finite amount of disorder, thus
the fundamental theoretical challenge lies in establishing the gap.

As we will explain below, it is easy to identify the origin of the energy gap
in the case of the integer effect—this follows from just filling the one-particle
quantum states with lowest kinetic energy. However, in the fractional effect,
the emergence of a gap is completely caused by electron-electron interactions
and it is a hard problem to analyze this strongly correlated quantum many-
body problem.

There are three relevant energy scales in the problem: the kinetic en-
ergy, the Zeeman energy and the interaction (Coulomb) energy. The non-
interacting part of the hamiltonian of a charged particle in a magnetic field
is equivalent to the one-dimensional harmonic oscillator, whence the kinetic
energy levels are quantized as

En = (n+ 1/2)~ωc, n = 0, 1, . . . (1.3)

where ωc ≡ eB
mc is the cyclotron frequency. These energy levels are the

so-called Landau levels (LL), which are hugely degenerate: there are two
states, one for each spin state, for every magnetic flux quantum, Φ0 = hc

e ,
penetrating the sample. In the quantum Hall regime the magnetic field is
large and the total energy is minimized when the lowest available Landau
levels are populated. The Zeeman energy,

EZ = −µB · S, (1.4)

favors states where all spins are aligned in the same direction. In fact, even
without the Zeeman term the spins tend to align as this effectively reduces
the interaction energy.

The filling fraction, ν, is defined as

ν =
Ne

Ns
=
NeΦ0

BA
, (1.5)

where Ne is the number of electrons, Ns is the number of flux quanta (ie
states per spin-polarized LL), and A is the area of the sample. As should
be clear by now, ν is the crucial parameter in the QH regime. At filling
ν = p, p = 1, 2, . . ., the gapped ground state is obtained by filling the p
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lowest Landau levels—this provides the basic understanding of the gap in
the IQHE. However, in the fractional effect ν is a fraction and there is a huge
number of states with exactly the same kinetic (and Zeeman) energy. Thus,
it becomes clear that the gap must be caused by the formation of special
quantum states that effectively minimizes the energy of the electron-electron
interaction. The so-called magnetic length

ℓ ≡
√

~c

eB
=

257Å
√

B
1 tesla

(1.6)

is the characteristic length in the system and roughly reflects the mean
distance between the electrons. In the quantum Hall regime ℓ is typically of
the order 100Å= 10−8m. In this thesis we will often set ℓ = 1.

We stress that there are indeed many circumstances under which Landau
level mixing and deviations from spin-polarization are important. Still, the
solution of the interacting problem within a Landau level remains at the
heart of the theoretical challenge of the FQHE—in most cases it constitutes
the most important part of a theoretical understanding of a QH phase.

1.4 Laughlin’s theory

The explanation of the QH effect at ν = 1/(2m+ 1) was given by Laughlin,
an achievement that gained him 1/3 of the 1998 Nobel price2. In his famous
paper from 1983 [29], Laughlin put forward a strikingly new explanation. He
proposed that electrons condense into a new kind of matter—an incompress-
ible homogenous quantum fluid. In particular, he wrote down an extremely
good trial wave function for these states and predicted the existence of frac-
tionally charged excitations, which should appear when the filling slightly
deviates from ν = 1/(2m + 1). The charge e∗ = e/3 was indeed observed
at ν = 1/3 in so-called shot noise experiments in 1997 [70, 71]. Moreover,
these excitations provide the first known physical realization of fractional
statistics [35, 72–74]—a theoretical possibility exclusive for two dimensions
as first pointed out by Leinaas and Myrheim [75].

Expressed in complex coordinates, z = x+ iy, Laughlin’s wave function,
at filling fraction ν = 1

2m+1 , takes the following form in the plane:

Ψ 1
2m+1

(z1, z2, . . . , zNe) =
∏

i<j

(zi − zj)
2m+1e−

1
4

P

i |zi|2. (1.7)

2The remaining part of the prize was shared equally by Tsui and Störmer for their
(with Gossard) experimental discovery of the ν = 1/3 effect.
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The form of Ψ is actually very restricted in the lowest Landau level: the
gaussian part of the wave function is common to all states, and the remain-
ing part has to be a totally antisymmetric polynomial in the holomorphic
electron coordinates z1, z2, . . . , zNe . Moreover, the power of the polynomial
is determined by the filling fraction, ν, and the polynomial also has to be
homogenous to ensure a well-defined angular momentum. At ν = 1 (the
filled lowest Landau level) there is a unique solution:

Ψ1(z1, z2, . . . , zNe) =
∏

i<j

(zi − zj)e
− 1

4

P

i |zi|2 . (1.8)

Thus, in general the problem of finding the low energy states is reduced
to finding a polynomial that minimizes the electron-electron repulsion. In
retrospect, Laughlin’s construction seems almost obvious. However, at that
time it was very unconventional to even think of a many-body problem in
terms of microscopic wave functions.

Laughlin’s ground state proves to be a very good approximation to the
ground state of a large class of repulsive electron-electron interactions3 and
it is the exact solution to a certain type of short range interaction [34,77–79].
Laughlin’s theory is the basis of the understanding of the FQHE today and
the ν = 1/3 and 1/5 states are observed and behave as Laughlin predicted4.
One intuitive way to understand why Laughlin’s wave functions are as good
as they really are is to note that at precisely these fractions it is possible
to write down fermionic (antisymmetric) wave functions that vanish faster
when two particles approach each other than at other fractions. Thus an
effective minimization of the energy is possible at these fractions.

Laughlin’s construction is the most well established theoretical concept
within the theory of the FQHE—over the years it has reached a status almost
similar to that of the BCS theory [80,81] in superconductivity.

1.5 The hierarchy and composite fermions

The Laughlin fractions were the first experimentally observed states, and as
we have seen these were explained very elegantly. However, nature proved
much more complicated and interesting. Shortly after the first discovery of
the fractional effect at ν = 1/3 [2], a whole zoo of new states emerged (see

3This statement is based on exact diagonalization studies on small systems, where
ground states are shown to have very large overlaps with this state, typically ≥ 0.99.

4At even lower fractions, such as ν = 1/9, the states are unstable to crystallization,
thus regular 2D lattices are preferred ground states.
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eg Fig. 1.1). An early explanation for the new fractions was given by the
Haldane-Halperin hierarchy model [34, 35] (see also [82]), in which quasi-
particles existing in the vicinity of a given Laughlin state condense into
a new Laughlin-like state with the electrons replaced by the quasiparticles.
This construction may be iterated many times and provides an intuitive way
of understanding the new states. However, this picture has been criticized,
and it has given way to the composite fermion approach [3–5,83,84] as the
dominating theoretical approach to the QHE in the lowest Landau level.
On the other hand, several authors argue that these two approaches are
complementary rather than mutually excluding [86,87]—this picture appears
naturally also within our framework, as we discuss later in this thesis (see
also Paper V, VII and VIII).

The hierarchy construction yields every rational, odd denominator filling
fraction, ν = p/q. In the composite fermion approach, the electrons bind
magnetic flux and in the process map the FQHE onto the integer effect [3–5].
This immediately implies the filling fractions ν = p

2mp+1 , which agreed with
the early observations of FQHE states. QH states at other fractions have
since then been observed [18], as will be discussed in the following chapters.

A benefit of the composite fermion approach is that it provides explicit
and very accurate trial wave functions. Inspired by Laughlin’s wave func-
tion engineering, Jain, the ’godfather’ of composite fermions, succeeded in
describing a large class of observed QH states [3–5]. He noted that the
Laughlin state may be written as

Ψ 1
2m+1

(z1, z2, . . . , zNe) =
∏

i<j

(zi − zj)
2mΨ1, (1.9)

where Ψ1 is the completely filled lowest Landau level (1.8). Generalizing
this, he proposed that the ground state wave functions at ν = p

2mp+1 can be
written as

Ψ p
2mp+1

(z1, z2, . . . , zNe) = PLLL

∏

i<j

(zi − zj)
2mΨp, (1.10)

where PLLL is a projection operator that projects the state onto the low-
est Landau level and Ψp is the state with the p lowest Landau levels filled.
This somewhat bizarre construction of wave functions, involving completely
unphysical higher Landau levels which are subsequently projected away5,
is justified by excellent agreement with exact diagonalization results on

5An alternative derivation of these wave functions, without any reference to higher
Landau levels, was given by Ginocchio and Haxton [85].
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small systems for various m and p. Different m give the so-called Jain
sequences. The most pronounced sequence is obtained for m = 1, with
ν = 1/3, 2/5, 3/7, . . .

At the same time, independent progress was made by Zhang, Hansson
and Kivelson [88] and by Read [89] who constructed effective field theories
for the fractional quantum Hall effect. This was further developed by Lopez
and Fradkin [90] and by Kalmeyer and Zhang [52], resulting in a field theory
(of Chern-Simons type) where a singular gauge transformation turns the
electrons into “composite fermions”, and a mean field solution amounts to
(partial) cancelation of the external magnetic flux.

The biggest success of, and main evidence for, the composite fermion
picture is actually its implications for certain un-quantized Hall states, found
at even denominator fractions such as ν = 1/2 and 1/4. As explained below,
a straight-forward application of the composite fermion idea suggests that
all the magnetic flux is absorbed by the electrons resulting in (nearly) non-
interactng composite fermions in zero magnetic field. These states, having
received considerable attention during the years, are metallic as observed
by Jiang et al. in 1989 [68]. Here, Rxx is finite and sample dependent
as T → 0, whereas Rxy is not quantized. These compressible (ie gapless)
states are described by the composite fermion concept as follows. Take the
ν = 1/2 state for example: this state is gapless and thus not a quantum
Hall state. However, it is a limiting case of two sequences of gapped QH
states approaching ν = 1/2 from above and from below (see Jain sequences
above)6. The effective magnetic field, B∗, vanishes, hence the system is not
mapped onto the IQHE. Instead the system is mapped onto free (composite)
fermions! Thus the composite fermion picture suggests that the ground state
is a free Fermi gas (ie, with a Fermi surface) in zero magnetic field.

The physics of the half-filled Landau level and its vicinity (ν = 1/2 ±
ǫ) was successfully described by Halperin, Lee and Read (HLR) [51] (see
also [52]), who introduced a mean field theory where the magnetic field is
canceled by a smeared out statistical field. This also results in composite
fermions moving in zero magnetic field, which implies that the state becomes
a two-dimensional free fermion gas with a Fermi surface. This prediction has
been spectacularly confirmed by surface acoustic wave experiments (SAW)
[91, 92], which shows a Fermi surface as predicted by HLR, as well as by
ballistic transport measurements showing particles moving with increased
cyclotron radii near ν = 1/2 [93–95], see Fig. 1.3.

6In the same way the ν = 1/4 state is a limiting case for the m = 2 sequence and so
on. There are two sequences since p can take either positive or negative values.
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B

e

*

e

B

Figure 1.3: Ballistic transport. Particles near ν = 1/2 move in circles (cyclotron

orbits) determined by an effective magnetic field B∗ < B. Note that this can alter-

natively be seen as an effect of reduced charge |e∗| < |e|, which is the most natural

interpretation of our findings.

The theory of the ν = 1/2 state has later been further developed by
several authors [96–101], and a description of the state in terms of neutral
dipoles has been proposed. We will return to the discussion of these dipoles
when we discuss our work on the half-filled Landau level in the later chapters.

Rezayi and Read [102] carried on in the spirit of Laughlin and Jain and
proposed a microscopic wave function for the ν = 1/2m state. The Laughlin
state at ν = 1/2m (Ψ 1

2m
in (1.7)) is symmetric under particle exchange, thus

it describes bosons. To obtain a fermionic state, the bosonic state may be
multiplied with a determinant—this fixes the statistics while (essentially)
keeping the short-range behavior that proved so successful for the quantum
Hall states. Rezayi and Read multiplied the bosonic ν = 1/2m Laughlin
state by a determinant of plane waves appropriate for free particles. This
again takes the state outside the lowest Landau level, hence a projection is
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needed. The final result is

Ψ 1
2m

(z1, z2, . . . , zNe) = PLLLDet[eiki·rj ]
∏

i<j

(zi − zj)
2me−

1
4

P

i |zi|2, (1.11)

where {ki} is a set of parameters or ’momenta’. The correctness of this
wave function is strongly supported by numerics, and in our approach it
provides the bridge from the exact solution on the thin torus to the bulk as
we explain in chapter 3.2.

1.6 Conformal field theory, statistics and non-abelian

states

From the work of Witten [103] it is known that there is a correspondence be-
tween the Hilbert space of a (2+1)-dimensional Chern-Simons theory, which
is the effective low energy theory of the FQHE [104], and the space of corre-
lation functions in certain (1+1)-dimensional conformal field theories. How-
ever, this formal connection to CFT7 does not a priori tell us what the
ground state is, nor anything about the low energy excitations in the QH
system.

Around 1990 it was noted that some quantum Hall wave functions can
be extracted from correlation functions in certain conformal field theo-
ries [19,108], thus providing explicit and useful examples of the general con-
nection. In particular, the seminal paper by Moore and Read [19] boosted
the understanding of the implications of the FQHE-CFT correspondence.
Among other things, Moore and Read proposed that a new kind of incom-
pressible liquid, with non-abelian excitations, could exist in the QH system.
It is also believed that the same CFT that provides wave functions also
should describe the edge physics [19,104,109,110].

Let us first consider the simplest possible CFT-FQHE example before we
discuss the more exotic non-abelian liquids. Consider the vertex operator

Vγ(z) = eiγϕ(z) , (1.12)

where ϕ(z) is a free massless holomorphic bosonic field, with propagator

〈ϕ(z)ϕ(w)〉 = −ln(z − w) . (1.13)

7For background material on CFT, see eg the reviews in [105,106], or the original paper
by Belavin, Polyakov and Zamolodchikov [107].
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The Laughlin wave function is obtained as a correlation function of vertex
operators:

〈V√q(z1) · · · V√q(zNe)Obg〉 =
∏

i<j

(zi − zj)
qe−

1
4

P

i |zi|2 . (1.14)

The crucial polynomial part follows from (1.13) using Wick’s theorem, whereas
the gaussian factor is obtained from the background charge Obg, which must
be included for technical reasons (u(1)−charge neutrality).

For odd q the Laughlin state (1.14) is fermionic. These are also the
values for which the operator V√q anticommutes with itself, thus it can
be interpreted as an electron creation operator. A Laughlin quasihole is
obtained by multiplying the ground state with

∏

i(zi−w), which is achieved
by inserting the hole operator

Vqh(w) = e
i√
q
ϕ(w)

(1.15)

into the correlation function. This depletes the electron liquid at w, and
from the way the electrons are pushed away it follows that the charge of
the hole is e∗ = e/q. Moreover, if we create two holes, at positions w1 and
w2, we get a factor (w1 − w2)

1/q. This is the so-called monodromy from
which one can extract the fractional statistics [75] of the quasiholes: by
exchanging the quasiholes the wave function acquires a phase eiθ, with the
statistics angle θ = ±π/q. The fact that the monodromy appears directly
in the CFT is of course a great advantage. However, its precise relation to
the fractional statistics (ie monodromy + Berry phase [111]) is not proven
in general, although a very strong case can be made for the Laughlin holes
where the electron density vanishes in the core [72, 112]. Moreover, it has
been conjectured that the monodromy always gives the correct statistics8,
and this is widely assumed to be true. However, the proof of this remains
an important open problem (this is especially important in the non-abelian
cases).

Recently, the CFT analysis was extended to describe the states in the
positive Jain sequence, ν = p

2mp+1 , by introducing vertex operators of p
bosonic fields [45, 46]. In Paper V and VIII, we extended this further and
obtained wave functions for a larger part of the hierarchy, as we will discuss
in chapter 3.

Let us now turn to the non-abelian states, and discuss how non-abelian
statistics can be realized. When two quasiparticles are adiabatically ex-
changed (braided) there are two possible outcomes (in two dimensions).

8Early examples were given by Moore and Read [19] and by Blok and Wen [113], while
an early general discussion was given by Nayak and Wilczek [114].
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One possibility is that we get the same state up to a phase, Ψ(wi, wj) =
eiθΨ(wj , wi); this is the abelian fractional statistics which is the only pos-
sibility in absence of degenerate states. However, in presence of degenerate
states (for the same set of electron and quasiparticle coordinates) we may
end up in a different state;

Ψα(wi, wj) = MαβΨβ(wj, wi), (1.16)

where M is a unitary matrix acting on a space of degenerate states. Thus
in this case there are even more exotic possibilities: if the matrices corre-
sponding to exchange of different pairs of quasiparticles do not commute we
say that their statistics is non-abelian [114,115].

Thus, non-abelian statistics is crucially dependent on the existence of a
degenerate space of quasihole (or quasielectron) states. This degeneracy is
encoded in the fusion rules (which tell us how two (nearby) fields, φ, look
like when observed from a large distance) of the theory. The fusion rules in
an abelian theory are of the form φa×φb = φc. However, fusing two particles
in a non-abelian theory, in general, gives more than one possible result. This
is in close analogy to how spins are added (remember that eg two spin-1/2
particles combine into either spin zero or spin one; 1/2 ⊗ 1/2 = 0 ⊕ 1). In
general, the fusion rules can be written as

φa × φb =
∑

c

(Na)b,cφc , (1.17)

where the integer (Na)b,c is the number of times φc appears in the fusion of
the fields φa and φb. The bottom line is that a given correlation function,
including quasiholes, in general corresponds to several wave functions—one
for each possible way the fields can fuse to create a non-zero correlator, as
described in Paper IX.

Moore and Read observed that it is possible to write down a fermionic
state at even denominator fractions ν = 1/q if we add a Majorana fermion
ψ, 〈ψ(z1)ψ(z2) 〉 ∼ 1

z1−z2
. Forming the electon operators Vel(z) = ψV√q(z),

and using Wick’s theorem, one finds

〈Vel(z1) · · · Vel(zNe)Obg〉 = Pf
( 1

zi − zj

)

∏

i<j

(zi − zj)
qe−

P

i
|zi|2

4 , (1.18)

where Pf is the so-called pfaffian, which is the square root of the determinant
of an anti-symmetric 2n× 2n matrix. There is by now abundant numerical
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evidence [40, 116, 117] that the Moore-Read pfaffian indeed describes9 the
enigmatic FQHE state observed at ν = 5/2 [76], as was first suggested by
Greiter, Wen and Wilczek [38]. It was observed by Read and Green that
the pfaffian state also describes the weak pairing phase of a two-dimensional
px + ipy superconductor [118]. Moreover, the pfaffian state can roughly be
thought of as the result of the pairing instability of the composite fermion
state at half-filling [19].

In the theory of the Moore-Read pfaffian and its excitations there are
(in addition to the chiral boson ϕ) three fields; 1 (the identity), ψ and
σ. These fields fulfill the Ising fusion algebra: ψ × ψ = 1, σ × ψ = σ,
σ × σ = 1 + ψ. The elementary quasiholes in the pfaffian state are created

by the spin fields σ (times a boson factor), Vqh = σe
i√
q
ϕ
, and (assuming that

the monodromy provides the statistics) they obey non-abelian statistics, as
is indicated by the non-unique fusion product involving two σ’s. Moreover,
the charge of these excitations is e∗ = e/2q, ie half of the charge expected
in an abelian state. Very recently, two independent experiments [119, 120]
showed indications of an effective charge e∗ = e/4 (and basically exclude
e∗ = e/2) at ν = 5/2, thus providing support for the idea that a non-abelian
state is indeed realized at this filling fraction10.

The Laughlin and Moore-Read states are special cases (k = 1 and k = 2
respectively) of the Zk parafermion construction of QH states due to Read
and Rezayi [20]. The wave functions of the Read-Rezayi states can be ex-
pressed in terms of correlators of the operators Vel and Vqh:

ΨRR = 〈Vel(z1) · · · Vel(zNe)Vqh(w1) · · · Vqh(wnqh
)Obg〉 . (1.19)

The form of the wave functions without quasiholes was first given in [20].
In general it is not known how to evaluate the correlation function in (1.19)
(for an arbitrary number of quasiholes), but for four quasiholes (in which
case there are two conformal blocks), they were explicitly calculated in [121].

Without quasiholes, the Read-Rezayi (RR) states at filling ν = k
kM+2

can be written as (see [122])

ΨRR = S
(

N/k
∏

i1<j1

(zi1 − zj1)
2 · · ·

N/k
∏

ik<jk

(zik − zjk
)2

)

N
∏

i<j

(zi − zj)
Me−

1
4

P

i |zi|2 ,

(1.20)

9Higher Landau levels are isomorphic to the lowest level, and it is thus possible to
describe any phase of a partially filled Landau level within the lowest Landau level.

10Explanations in terms of abelian states are also possible as these experiments do not
address the issue of statistics.
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in the disk geometry. Here S symmetrizes over possible divisions of the par-
ticles into k sets of equal size. For even M the wave function is symmetric
under particle exchange and describes bosons, while it is antisymmetric and
thus describes fermions for odd M . By using the operator product expan-
sions of the fields, Vel, creating the electrons, one can show that these wave
functions are exact ground states of certain local k + 1-body interactions.
Moreover, in spite of the lack of explicit expressions for the quasihole wave
functions it is possible to get a handle on the non-abelian statistics via the
algebraic properties of the quasihole operators [114,115].

Bosonic RR states have also been predicted to describe the state of a
rapidly rotating Bose-Einstein condensate, in the regime where the rotation
frequency is very high [14], see [15] for a recent review. This system provides
a promising setting to realize these states as the extremely local potentials
used to motivate the RR states may be more realistic in a dilute atomic bose
gas than in the electronic quantum Hall system.

A strong reason for the huge recent interest in the non-abelian QH states
is their possible application in quantum computation. This branch of re-
search, often referred to as topological quantum computation, was triggered
by Kitaev’s [8] original insight that if information is coded in global degrees
of freedom, then the system is insensitive to local perturbations and may
be immune to decoherence. The non-abelian quantum Hall states provide
such a possibility where the quantum information (qubits) are stored in the
different quasihole states. In particular, it has been shown that the Read-
Rezayi states at k = 3, 5, 6, 7, 8, . . ., support so-called universal quantum
computation, see [9] for a recent review on this specific topic and [123] for
a more general introduction to quantum computation.
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Chapter 2

One-dimensional mapping

and the solvable limit

In this chapter we show how to exactly map a (spin-polarized) Landau level
onto a one-dimensional lattice model and we identify a solvable limit of this
model. We also discuss how the hierarchy, the global phase diagram, gapless
phases, and non-abelian quantum Hall states can be analyzed in this limit.

2.1 Mapping to one dimension

We consider a torus with lengths L1, L2 in the x− and y−directions respec-
tively. Consistent boundary conditions can be enforced when L1L2 = 2πNs

(in units where ℓ = ~ = c/eB = 1), where Ns is the number of magnetic
flux quanta penetrating the surface. In Landau gauge, A = Byx̂, the single
particle hamiltonian is

H =
1

2m
(p− e

c
A)2 = − 1

2m
[(∂x − iy)2 + ∂2

y ] . (2.1)

The states

ψp,j = π−1/4L
−1/2
1

∑

m

Hp(y +
2π

L1
j +mL2)e

i( 2π
L1

j+mL2)x
e
−(y+ 2π

L1
j+mL2)2/2

,

(2.2)
j = 0, 1, ..., Ns − 1, where Hp is the pth Hermite polynomial (H0 = 1), form
a basis of one-particle states in the pth Landau level. The corresponding
energies (eigenvalues of (2.1)) are

Ep = (p+ 1/2)~ωc, p = 0, 1, . . . , (2.3)
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where ωc ≡ eB
mc is the cyclotron frequency. Note that the energy is inde-

pendent of j, which implies that a Landau level hosts Ns degenerate single
particle states.

Throughout this thesis we will focus on the lowest Landau level states
ψj ≡ ψ0,j . The higher Landau levels are isomorphic to the lowest level, thus
the physics of any Landau level can be described in the lowest one (with a
modified interaction).



1
y

x

Figure 2.1: Single particle states in the lowest Landau level on the cylinder. The

gaussian represents the amplitude of a state ψj and the dotted lines are at y =

−2πjℓ2/L1 around which the states are centered. It is important to note that the

distance between adjacent states depends on L1 (it is 2πℓ2/L1) while the extent of

the states ψj is independent of L1 (∼ ℓ). This provides an exact mapping of the

two-dimensional electron gas in a single Landau level onto a one-dimensional lattice

model where the lattice constant, and hence the hamiltonian, depends on L1.

ψj is quasiperiodic1 and centered along the line y = −2πj/L1, thus the
y−position is given by the x−momentum. This maps the Landau level onto a
one-dimensional lattice model with lattice constant 2π/L1. A basis of many-
particle states is given by |n0, n1, . . . , nNs−1〉, where nj is the number of

1Ordinary translations do not, in general, commute with the single-particle hamilto-
nian, thus strictly periodic boundary conditions cannot be enforced within a Landau level.
Instead the states are periodic under magnetic translations, which do commute with the
hamiltonian, see eg Paper VII.
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particles occupying site j. Due to periodic boundary conditions, ni+Ns ≡ ni.
We are now in a position to analyze the lattice model describing a par-

tially filled Landau level on a torus. Applying the standard second quanti-
zation procedure the electron-electron interaction becomes

H =
∑

k1k2k3k4

Vk1k2k3k4c
†
k1
c†k2
ck3ck4 , (2.4)

where the matrix elements are

Vk1k2k3k4 =
1

2

∫ ∫

ψ†
k1

(r1)ψ
†
k2

(r2)V (r1−r2)ψk3(r2)ψk4(r1)d
2r1d

2r2. (2.5)

As a consequence of translation invariance we can re-write (2.4) as

H =

Ns−1
∑

n=0

∑

|m|<k≤Ns
2

Vkm

1+δk, Ns
2

c†n+mc
†
n+kcn+k+mcn , (2.6)

where

Vkm = Vn+m,n+k,n+m+k,n − Vn+m,n+k,n,n+m+k

+Vn+k,n+m,n,n+m+k − Vn+k,n+m,n+m+k,n . (2.7)

The physics of the interaction can be understood by dividing H into two
parts: Vk0, the electrostatic repulsion (including exchange) between two
electrons separated k lattice constants, and Vkm, the amplitude for two
particles separated a distance k −m to hop symmetrically to a separation
k +m and vice versa. This is illustrated in Fig. 2.2.

1 1 1 1

i i+k-m i-m i+k

Vkm

Figure 2.2: The action of a general two-body interaction on the torus/cylinder.

The hopping comes with strength Vkm and the symmetry is imposed by momen-

tum conservation—the position in the y−direction equals the momentum in the

x−direction. Note that the m = 0 terms should be included and can be thought of

as the electrostatic repulsion (including exchange).

Let us briefly give the most important symmetry properties of the lat-
tice problem, see Paper VII for details (the general symmetry analysis was
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first carried out by Haldane [124]). We consider the electron gas at filling
fraction ν = p/q ≤ 1, where p and q are co-prime. There are two transla-
tion operators, Tα, α = 1, 2, which commute with the hamiltonian H; they
obey T1T2 = e2πip/qT2T1, thus {H,T1, T

q
2 } is a set of commuting operators.

From the (quasi)periodic boundary conditions, TNs
α Ψ = Ψ, it follows that

the translation operators Tα have eigenvalues e2πiKα/Ns ,Kα = 0, ..., Ns − 1.
The many particle states can be chosen as T1 eigenstates with momentum
K1 =

∑

i ki mod(Ns) (in units of 2π/Ns), where {ki} denote momenta in the
x−direction or, equivalently, the positions in the lattice (in the y−direction).
T2 translates the system in the y-direction and changes K1 by pNs/q = Ne.
Thus the application of T2 on any eigenstate of the hamiltonian yields a de-
generate orthogonal state with the same energy. This implies that all energy
eigenstates are (at least) q-fold degenerate [124], and all states can, up to the
q−fold center of mass translations, be characterized by a two-dimensional
vector Kα = 0, . . . , Ns

q − 1 (where e2πiK2q/Ns is the T q
2 -eigenvalue).

At a fixed filling fraction, the electrostatic repulsion strives to keep the
particles apart, whereas the hopping terms favour maximally ’hoppable’
states. To find the low-energy states is in general a very complicated prob-
lem. However, in a few special cases the problem turns out to be solvable
as we will describe in the following sections. Furthermore, this approach
makes the powerful techniques of one dimension available, which might be
used to shed more light on the subject.

2.2 Solvable limit

We note that the hamiltonian (2.6) provides a completely general description
of the (pairwise) interacting electron gas in a Landau level on the torus.
However, the matrix elements, Vkm, depend on a set of parameters: the
Landau level index, the real-space interaction V (r) and the shape (aspect
ratio and size) of the torus. Moreover, the hamiltonian (2.6) should be
diagonalized subject to a constraint—the filling fraction ν. To solve this
problem in general is of course impossible. However, below we discuss a
well-defined limit in which it is solvable while it still bears the characteristics
of the real-life quantum Hall system.

We will now exploit the fact that the distance between adjacent states,
ie the lattice constant 2πℓ2/L1, depends on L1 while the extent of the wave
functions is constant (∼ ℓ). For small L1 the overlap between different
single particle states decreases rapidly and the matrix elements Vkm simplify
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considerably. As L1 → 0 one finds that

Vkm ∼ e−2π2m2/L2
1Vk0, (2.8)

thus the m 6= 0 terms are exponentially suppressed in this limit. Assuming
that Vk0 vanishes slower than e−2π2/L2

1 (as L1 → 0), we get2

HTT ≡ lim
L1→0

H =
∑

l

∑

k

Vk0nl+knl, (2.9)

where nk = c†kck. The states with fixed charges are energy eigenstates of
(2.9). The ground state at filling fraction ν = 1/3 iss the state were every
third site is occupied. This is the state that Tao and Thouless proposed to
explain the QH-effect in 1983 [28], and therefore we often refer to this limit
as the Tao-Thouless (TT) limit, and the ground states (at generic filling
fractions) as TT states.

The result that the TT states and the bulk quantum Hall states are re-
lated have a long history. The very first observation was made by Anderson
in 1983 [30] who discussed the TT state as the ’parent state’ of the Laugh-
lin state and observed that the fractionally charged quasiparticles could be
thought of as domain walls between the degenerate vacua. In 1984 Su draw
similar conclusions from his numerical study of ν = 1/3 and 2/5 on the
torus [125]. Rezayi and Haldane noted that the Laughlin state is the exact
ground state for the short range interaction on a cylinder of any circumfer-
ence and showed that the state approaches a crystal as L1 → 0 in 1994 [126].
Despite these early results, the simplicity and potential usefulness of this
limit was not realized until recently.

We remark that the solvable limit may alternatively be viewed as the two-
dimensional bulk system albeit with a peculiar and anisotropic real-space
interaction V (r) (that may, or may not, exist). An important property is
also that we can interpolate between the solvable limit and the bulk by
continuously varying a single variable, L1.

2.3 Hierarchy, phase diagram and composite fermions

We will now show how the ground states of (2.9), subject to the condition

Vk+1,0 + Vk−1,0 > 2Vk0 , (2.10)

2This is indeed the case for realistic potentials V (r). For ultra short-range interactions
(pseudo-potentials) this does not hold, and we instead get a model where only the terms
with small k and m contribute. However, all results presented below will be true also in
this case.
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can be organized according to the Haldane-Halperin hierarchy [34,35]. The
lowest lying excitations are (pairs of) fractionally charged domain walls and
we find that their energy only depends on the denominator q at filling frac-
tion ν = p/q. We relate our findings to the global phase diagram due
to Kivelson, Lee and Zhang [36] (see also Lütken and Ross [37]) and to
the effective Landau level structure of composite fermions as well as to the
experimental situation. Finally we comment on the relation between the
hierarchy and composite fermion constructions. First, however, we discuss
the simplest possible example—the Laughlin fraction ν = 1/3.

2.3.1 The Laughlin state: a simple example

In the TT limit the ground states are obtained by separating the particles
as far apart as possible in the 1D lattice. At ν = 1/3, this means that every
third site is occupied:

001001001001001001001001001001001001001 , (2.11)

where 1 denotes an occupied site and 0 is an empty site. A minimal excita-
tion is created by moving one electron one site;

001001001001001010001001001001001001001 (2.12)

(the underlined electron is moved). As we will explain, this has the interpre-
tation of a minimally separated quasielectron-quasihole pair. The excited
state (2.12) is different from the ground state (2.11) only in that there are
two sequences of three consecutive sites that contain two (101) and zero (000)
electrons respectively—all other sequences of three sites contain exactly one
electron (in both states). To determine the charge of the quasielectron we
insert 10 at three separated places in the ground state3, and compare with
a ground state of the same size:

001001001001001001001001001001001001001

001001010010010010010100100100101001001 , (2.13)

where the quasielectrons are now underlined. In the first line (the ground
state) we have 13 electrons whereas there are 14 electrons in the excited state
(second line). As three identical quasielectrons are created in the excited
state they must carry equal shares of the excess charge 14(−e) − 13(−e) =

3Note that inserting 10 in the ground state creates a sequence 101, ie it creates a
quasielectron.
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−e, thus they can each be assigned the fractional charge −e/3. (This is
the Su-Schrieffer counting argument [32], originally introduced to describe
fractionally charged solitons in polyacetylen [31, 33].) The quasihole, cre-
ated by inserting 0, is the antiparticle of the quasielectron, 10, and thus
carries charge e/3. More generally, low energy excitations appear as sep-
arated quasielectron-quasihole pairs. Such pairs are created by moving
s = 1, 2, 3 . . . consecutive electrons one step in the same direction. For
s = 4 we have

001001001001010010010010001001001001001 , (2.14)

where the underlined electrons are moved one step to the left with respect to
the ground state (2.11). Between the two excitations this state looks iden-
tical to the ground state, or to be precise, as an equivalent but translated
ground state. This observation leads to a simple interpretation of the frac-
tionally charged excitations in terms of domain walls between degenerate
ground states.

Precisely at ν = 1/3 the quasielectron-quasihole pairs build up the low
energy sector. Near ν = 1/3, however, the low energy states slightly below
(above) ν = 1/3 are obtained from the ν = 1/3 state by inserting quasiholes
(quasielectrons)—the ground states are obtained when the excitations are
separated as far apart as possible, just as the electrons were organized to
form the ν = 1/3 ground state. Continuing this yields an explicit construc-
tion of the Haldane-Halperin hierarchy as described below.

2.3.2 Ground states, excitations and the hierarchy

Let us now discuss the generalization of the simple TT picture of the Laugh-
lin fractions to generic filling fractions ν = p/q. There are several different,
but equivalent, ways of constructing the generic ground states of (2.9) un-
der the condition (2.10). Hubbard made the crucial observation that the
interactions between the kth nearest neighbors can be simultaneously min-
imized for all k when he encountered the same problem in the context of
one-dimensional salts back in 1978 [127]. He also proposed an explicit con-
struction that accomplishes this. We will present an alternative, iterative,
construction [25] that brings out the connection to the hierarchy of frac-
tional quantum Hall states [34, 35] and determines the fractionally charged
quasiparticles. First, however, we briefly describe an even simpler construc-
tion of the ground states, whose validity is especially simple to prove (see
Paper VII) and provide some intuition of why the energy is minimized [25].
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a) b)

Figure 2.3: Ground state unit cell at ν = 5/13 by relaxation on circle. a) p=5

equidistant electrons on a circle with q=13 lattice sites; b) each electrons moved to

its closest site.

In our first construction, see Fig. 2.3, the ground state is obtained by
placing the electrons equidistantly on a circle and then letting them relax
to the closest lattice sites. The initial configuration is clearly the ground
state in the continuum problem when there is no lattice—when there is a
lattice the ground state is as similar to the continuum one as possible. An
algebraic expression for the unit cell is obtained by noting that electron α
is at site

I[α/ν] , (2.15)

where I[x] denotes the integer closest to x. For example, for ν = 5/13, (2.15)
gives {I[α/ν]} = {0, 3, 5, 8, 10, . . .} and hence the unit cell is 1001010010100.
In general, this gives periodic TT ground states with a unit cell of length
q containing p electrons at ν = p/q. This implies that the ground state is
q-fold degenerate, which is nothing but the center of mass degeneracy of any
state at ν = p/q discussed in section 2.1 [124]. For the quantum Hall states
this is the topological degeneracy of the ground state identified by Wen and
Niu [49].

Let us now turn to the hierarchy construction. We denote the unit cell
of the ground states at filling νn = pn

qn
by C(n), n = 0, 1, 2, . . ., where n

corresponds to the level of the iteration process. At the first two levels we
have

C(0) = 0 , ν0 = 0
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Table 2.1: Ground states and quasiparticles in the TT-limit for some hier-
archy fractions.

ν ground state quasiparticle

1/3 021 01

2/5 02101 01

4/11 (021)301 021

5/13 (02101)2021 02101

5/17 ((021)20)2021 (021)20

C(1) = 0t1−11 , ν1 =
1

t1
, (2.16)

where t1 = 1, 2, . . .. Clearly, this gives the ground states at the correspond-
ing filling fractions. The unit cells at higher levels (n ≥ 2) are obtained
iteratively as

C(n) = C
(n−1)
tn C(n−2), νn =

tnpn−1 + pn−2

tnqn−1 + qn−2

C(n) = C
(n−1)
tn−1 C(n−2), νn =

tnpn−1 − pn−2

tnqn−1 − qn−2
, (2.17)

where C
(n−1)
t indicates that C(n−1) is repeated t times; C(n−2) is defined by

C(n−2)C(n−2) = C(n−1). This construction gives each rational filling factor
0 ≤ ν ≤ 1 and the cells in (2.17) have the interpretation of condensates
of quasiparticles which provides an understanding of why the interaction
energy is minimized. To be specific:

C(n−2) and C(n−2) (2.18)

are the quasihole and the quasielectron (which is which depends on the state)
in the ground state with unit cell C(n−1), and the ground state at level n,
C(n), is a condensate where these quasiparticles are separated as far apart
as possible. That the proposed quasiparticles4, C(n−2) and C(n−2), have
the expected charges e∗ = ±e/q at ν = p/q follows from the Su-Schrieffer
counting argument [32], see Appendix C of Paper VII.

4The quasiparticles discussed here are the ones with the elementary charge e∗ = ±e/q
and the QH states are the simple abelian ones. Of course more complicated scenarios
are possible and we encounter one such case in section 2.5 where we discuss non-abelian
states.
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The energy of a quasielectron-quasihole pair at ν = p/q can be calculated
in the limit L1 → 0. According to the discussion above, the quasiparticles in
a TT state with unit cell C(n) are C(n−1) and C(n−1). Thus, a (separated)
particle-hole pair is obtained by the replacement

C(n)
s → C(n−1)C

(n)
s−1C

(n−1), (2.19)

in the ground state. It can be shown that the nearest neighbor pair (s = 1)
is the lowest lying excitation in the TT limit. Note that the replacement

in (2.19) amounts to a translation of the unit cells C
(n−1)
s (with periodic

boundary conditions on that set of cells), thus it creates two domain walls

(with the expected charge). It can be shown that C(n−1)C
(n)
s−1C

(n−1) differs

from C
(n)
s only in that s electrons5 have been moved one lattice constant.

The replacement (2.19) implies an ordering of the particle-hole pair. The
opposite ordering is obtained by instead making the reverse replacement

C(n)
s → C(n−1)C

(n)
s−1C

(n−1) . (2.20)

Again this amounts to a translation of C
(n)
s .

From the two observations 1) the replacement (2.19) (or (2.20)) amounts
to a translation of s unit cells and 2) that this only moves a lattice of
s electrons at relative distance q, one can figure out its energy cost. It
follows that these s electrons change their interactions with all electrons
that originally were at distance kq, and are outside of the particle-hole region
(see [25] for details). This implies that the energy of the separated particle-
hole pair in (2.19,2.20) is

Eph(s) =

s−1
∑

k=1

k∆kq + s
∑

s≤k≤Ns/2q

∆kq

1+δk, Ns
2q

, (2.21)

where

∆kq ≡ Vkq−1,0 − 2Vkq,0 + Vkq+1,0 . (2.22)

∆kq is the change in energy for an electron with its two neighbors k unit
cells away (one in each direction) when the electron is moved one lattice
constant. This energy, which is the second derivative of Vk0, is positive due
to the concavity condition (2.10), which thus ensures the stability of the TT-
ground state to particle-hole formation. Note that Eph(s) is independent of
the numerator p of the filling factor.

5There is one translated electron in each unit cell; they form a lattice with lattice
constant q.
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2.3.3 Phase diagram and relation to experiments

Let us now discuss some implications of the fact that the gap to charged
excitations at fixed filling fraction ν = p/q is independent of the numerator
p, and as is readily seen from (2.21), decreases with increasing q (for realistic
potentials). Even though this gap is calculated in an extreme limit it pro-
vides a rough estimate that can be related to experiments6. We note that
Halperin estimated that the gap would be predominantly determined by, and
decreasing with, increasing q within the original hierarchy construction [35].
From now on we focus on odd q; the TT states at even q presumably do not
correspond to QH states as discussed in section 2.4 and in chapter 3.

To make contact with the QH phase diagram and with experiments we
make the following assumptions:

• The gap is a measure of the stability and more stable states are seen
at higher disorder.

• Transitions between QH states occur via condensation of elementary
quasiparticles.

The first assumption implies that in a given sample (ie at given disorder)
one would expect to observe QH states at all filling fractions p/q for all
odd q ≤ q0 for some sample dependent threshold q0. This motivates the
plot in Fig. 2.4, where 1/q (a measure of the stability) is plotted for all
ν = p/q < 1, q odd. Fractions where signatures of QH states are observed
are also indicated in Fig. 2.4. These experimental data are from the highest
mobility sample yet studied [18].

From Fig. 2.4 we conclude that there is a surprisingly good agreement
with the simple prediction that the smaller q is, the higher is the disorder
where the state can first be seen. It is also quite natural that fractions at
low 1/q are harder to see if they are close to prominent states7—this for
instance could explain why the Jain state at ν = 9/19 is observed, but not
the state at ν = 7/19. The state at ν = 7/19, which we predict to be on
the verge of observation, is interesting in that it would be the first third
generation state whose parent is a non-Jain state (the observed ν = 4/11
state).

6A fully realistic estimate must of course also take many other effects, such as possible
deviations from spin-polarization, Landau level mixing etc. However, we will see that our
estimate still gives a good first approximation.

7From Fig. 2.4 it is evident that the Jain states are special in that they are never close
to a much more stable state.
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Figure 2.4: Each rational filling factor, ν = p/q ≤ 1, q odd, is plotted against 1/q

which is a measure of the stability of a given hierarchy state. Signatures of QH

states (dip in Rxx) in the region 2/7 ≤ ν ≤ 2/3 reported by Pan et al [18] are

marked by crosses; plusses mark fractions were we infer a possible weak signal from

the experimental data. The horizontal line marks the extent in ν of the experiment

and is an approximate boundary for the observed QH states.

What is also worth stressing is that a naive application of the composite
fermion theory cannot account for a large proportion of the observed states
in [18]. Several authors have proposed that this should be interpreted as
a fractional effect of composite fermions [18, 128–133], but the microscopic
origin of these states is still far from well-established.

The second assumption leads to the phase-domes indicated in Fig. 2.5
which is identical to the lowest Landau level part of the global phase dia-
gram, previously derived via sequences of composite fermion inspired trans-
formations8 of the effective Chern-Simons action [36] (see also [37] for an

8The transformations are: 1) Particle hole symmetry, 2) Landau level addition, and 3)
Flux attachment.
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Figure 2.5: The lowest Landau level part (ν = p/q, q odd, in the region 1/4 <

ν < 1/2) of the global phase diagram. Dashed lines indicate predictions for a

given experiment, ie at fixed disorder and varying magnetic field. Fractions where

we derive trial wave functions from conformal field theory are marked by red, see

Section 3.1.2.

alternative approach). The significance of the domes is that they dictate
how phase transitions can occur, hence only the topology of these domes
is important. As an example, when ν is varied9 a direct transition from
the ν = 1/3 plateau to the ν = 3/7 plateau cannot occur without passing
through the ν = 2/5 plateau.

Many experimental features are observed in agreement with the global
phase diagram. However, some violations are also observed. For instance
Jiang et al observed signatures of an electron solid in a small region around
the FQHE state at ν = 1/5 [134], and Manoharan and Shayegan have ob-
served ’forbidden’ transitions in the two-dimensional hole sample [135]. The
precise status of the phase diagram is thus an open, and interesting, ques-

9The experimentalist achieves this by changing the magnetic field, B.
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tion. We note however, that it is very likely that its applicability may be
sample dependent (as the results of the hole sample suggests).

2.3.4 Effective Landau levels and composite fermions

Although the hierarchy construction is manifest in the TT limit, aspects of
the composite fermion approach can also be seen in this limit. In particular,
the composite fermion picture predicts the emergence of an effective Landau
level structure within the lowest Landau level. This structure is seen in
numerics and has been taken as evidence for the correctness of the composite
fermion idea [136]. We will now demonstrate how this comes about in the
TT limit.

Imagine a ground state at level n consisting of Nc unit cells C(n). A
quasiparticle C(n−1) (or C(n−1)) can now be inserted in Nc equivalent places
that all give the lowest possible energy. More quasiparticles can be inserted
in many almost degenerate places until we approach Nc quasiparticles—the
last one can only be inserted in one place and we have one quasiparticle
per unit cell. This corresponds to filling an effective Landau level with
Nc quasiparticle states. The composite fermion states at ν = p

2pm±1 are
special in the sense that all p effective Landau levels are completely filled.
However, we stress that there is no magic here; the reason for the stability of
the composite fermion states is that they effectively minimize the interaction
energy between the electrons, which in the hierarchy picture means that the
denominator, q, is smaller than for the states with partially filled effective
Landau levels.

2.3.5 Hierarchy vs composite fermions

It is often stated that there is a conflict between the original hierarchy
construction and the theory of composite fermions. I think this is a miscon-
ception. Let us consider one argument for the incorrectness of the original
hierarchy. Based on the belief that the level in the hierarchy determine the
stability of a given QH state, Ezawa claims [55] that the observation of a
state at eg ν = 6/13, which corresponds to the fifth generation in the hi-
erarchy, proves the incorrectness of the hierarchy as there are (an infinite
number of) states that are not observed experimentally already at level 2.
Similar arguments are given by many others, including Jain [5].

However, according to the original hierarchy construction (and also in
our approach) it is the denominator, q, that predominantly determines the
stability of the states in agreement with experiments. This is clearly spelled
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out in Halperin’s early paper [35], but apparently ignored by many. Within
a given sequence (fixed m in p

2pm+1) a similar stability rule can also be ac-
counted for in the composite fermion approach: higher denominator implies
a larger number off filled Landau levels, which should correspond to pro-
gressively weaker states. However, more importantly, the composite fermion
picture suggests that no other fractions than ν = p

2pm+1 should appear at
all.

The claim that the composite fermion approach is not a hierarchy model
(see eg [5]) leads to serious problems. The discovery of non-Jain sates within
the lowest Landau level, such as ν = 4/11 is, within the CF theory, most
naturally accounted for as a second generation of composite fermions. This,
however, implies a hierarchical structure. A problem with the original hier-
archy is that it is lacking the explicit nature of the CF theory. In particular
microscopic, testable wave functions have, at lest in some sense, been miss-
ing10.

The obvious resolution of these apparent problems is that the hierarchy
and the CF theory are two sides of the same coin, rather than mutually
excluding pictures. According to Read [86], Blok and Wen [87], the space
of low energy excitations in the two theories are equivalent. Some issues are
best addressed within the hierarchy (such as the newly discovered states),
while the CF approach is very powerful in other aspects (such as the explicit
wave functions, and in particular, the predictions for the half-filled Landau
level and its vicinity).

Further evidence for the equivalence of the two schemes comes from our
CFT construction, as we describe in Paper VIII and in section 3.1.2. Here
the hierarchy construction is manifest, and the successful (composite fermion
inspired) wave functions due to Jain appear as special cases within the larger
framework.

2.4 The half-filled lowest Landau level

The physics of the half-filled lowest Landau level is known to be very differ-
ent from the gapped fractions discussed above. There is strong experimental
and numerical evidence that the system is gapless. In the composite fermion
picture, all magnetic flux is attached to the electrons and the system becomes
a free Fermi gas of composite fermions in no magnetic field [3, 51, 52]. Fur-
thermore, it has been proposed that the quasiparticles are dipoles [96–101].

10An exception is the elegant construction on the sphere by Greiter [137].
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In the TT limit, the ν = 1/2 ground state is |1010101010....〉 and the
(gapped) low lying excitations are the fractionally charged excitations de-
scribed above. In fact, the ν = 1/2 state has a larger energy gap than the
ν = 1/3 state on the thin torus. This is clearly different from the observed
gapless state in the bulk. In order to explain this discrepancy we consider
the situation when L1 increases (slightly) from zero. Short range hopping
terms will now become important and start to compete with the electrostatic
terms. However, the shortest range hopping V21 annihilates the TT state
|1010101010....〉 (note the difference compared to eg ν = 1/3, where the TT
state is very ’hoppable’). Also, from early numerical investigations it was
clear that there is a sharp transition from the TT state |1010101010....〉 at
L1 ∼ 5.3 to a gapless homogeneous state [50].

Below, we present an exact solution for the low energy sector of the half-
filled lowest Landau level on a thin, but finitely thick, torus. The ground
state is a filled one-dimensional Fermi sea of neutral dipoles, and supports
gapless excitations. Thus it provides an explicit example of how weakly
interacting quasiparticles that do not couple to the magnetic field emerge
at low energies. The dipole description on the thin torus has striking sim-
ilarities (but also some differences) to the standard bulk description of the
ν = 1/2 state and in chapter 3 we argue that our solution is smoothly
connected to the bulk state.

2.4.1 An exact solution—again!

We truncate the interaction in (2.6) and keep only the two shortest range
electrostatic terms and the shortest range hopping term

H =
∑

n

[V10n̂nn̂n+1 + V20n̂nn̂n+2 − V21(c
†
ncn+1cn+2c

†
n+3 +H.c.)] , (2.23)

where n̂k = c†kck. Moreover, we begin by considering the special point
V10 = 2V20. This provides a good starting approximation of the interaction
on a thin torus (L1 ∼ 5 − 8) as discussed below and in [21,25].

The crucial part in (2.23) is the hopping term V21. However, we will
begin by considering the electrostatic part, H|V21=0, which has eigenstates
with fixed charges. The energies are

E0 =
V10

2
(
Ns

2
+ n111 + n000) . (2.24)

Here, n111 (n000) is the number of 3-strings, ie strings consisting of three
nearby electrons (holes) in |n0n1...nNs−1 〉. Thus there is a degenerate
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ground state manifold H0 consisting of all states where at most two electrons
or two holes are next to each other.

To proceed we define a subspace H′ of H0 by requiring each pair of sites
(2p, 2p + 1) to have charge one. We expect that H′ is the low-energy sec-
tor under fairly general conditions since it contains the maximally hoppable
state | 100110011001... 〉 and it has a low electrostatic energy by construc-
tion11. Furthermore Hsr preserves the subspace H′ thus any other ground
state candidate may not mix with the states in H′.

There are two possible states for a pair of sites in H′:

| ↓〉 ≡ |01〉, | ↑〉 ≡ |10〉 (2.25)

and it is natural to introduce the spin operators

s+p = c†2p−1c2p, s−p = c†2pc2p−1. (2.26)

On states in H′, s+, s− describe hard core bosons—they commute on dif-
ferent sites and obey anti-commutation relations on the same site,

[s−i , s
+
j ] = [s−i , s

−
j ] = [s+i , s

+
j ] = 0, i 6= j

{s−i , s+i } = 1, {s−i , s−i } = {s+i , s+i } = 0, (2.27)

and H is the nearest neighbor spin 1/2 XY -chain,

H =
αNs

2
+ V21[

Ns/2
∑

p=1

s+p+1s
−
p + s−p+1s

+
p ]. (2.28)

Expressing the (hard core) bosons in terms of fermions d using the Jordan-
Wigner transformation (see eg [138]),

s−p = Kpdp, Kp = eiπ
Pp−1

j=1 d†jdj , (2.29)

the hamiltonian (2.23) is simply that of free fermions,

H =
V10Ns

4
+ V21[

Ns/2−1
∑

p=1

d†p+1dp + d†1KNs/2dNs/2 +H.c.], (2.30)

when restricted to H′. Thus, after a Fourier transformation,

dj =
1√
Ne

∑

k

eijkd̃k, (2.31)

11A copy, in the subspace H′
T , is of course given by the alternative grouping (2p−1, 2p)
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the hamiltonian becomes

H̃ =
V10Ns

4
+ 2V21

∑

k

cos k d̃†k+1d̃k. (2.32)

For even number of particles the unique ground state is obtained by simply
filling all negative energy states:

|GS 〉 =
∏

|k|> π
2

d̃†k| 0101010 . . . 〉, Ne = 2, 4, . . . . (2.33)

However, for Ne odd this interferes with the boundary conditions and one
finds four degenerate ground states, see Paper VI for details.

The excitations are given by adding or removing d̃†k. These quasiparticles
are neutral and have a natural interpretation in terms of dipoles cf (2.26).
In the limit Ne → ∞, the excitations become gapless. It is also easy to show
that the ground state is homogenous. These properties closely resemble
those from the (mean field) composite fermion theory, however there are a
few interesting deviations.

We note that the number of quasiparticles, d̃†k, that build up the ground
state equals half the number of original electrons12. In the composite fermion
picture, these numbers are the same (each composite fermion consists of
one electron and two flux quanta). Moreover, the obtained solution is one-
dimensional, in contrast to the explicitly two-dimensional nature of the CF
state.

That the obtained solution captures the physics on a thin but finite torus
is strongly supported by numerical simulations (DMRG and exact diagonal-
ization). We will elaborate on this and the connection to the composite
fermion picture in the following subsection and in Section 3.2.

2.4.2 Luttinger liquid description on the thin torus

We will now consider the stability of the solution which we have obtained
for H in (2.23) at the solvable point, V10 = 2V20; V21 ≥ 0, and argue
that it develops into an interacting Luttinger liquid [139] for more realistic
interactions.

Of course the interactions between real-life electrons are not of the short-
range type described above. However, at a fixed filling, ν, the physics of
these interactions can be captured by an effective short-range electrostatic
interaction (ie with new renormalized coefficients). Thus we can hope that

12If Ne is odd, the number of quasiparticles are either Ne+1
2

or Ne−1
2

.



2.4 The half-filled lowest Landau level 35

our model will remain a good approximation on the thin torus for a larger
class of interactions. That this is indeed the case is supported by extensive
numerical calculations for both Coulomb [22,25] and short-range interactions
[50]: we have varied Vkm continuously from the solvable point to several more
realistic interactions, including a short range real-space interaction and an
unscreened Coulomb interaction, without encountering a transition.

Even though our model (2.23) gives a good starting point that captures
the essential physics, this description is by no means exact for any physical
interaction. However, we know that the states not in H′ are separated from
the low energy states by a gap in our model. Hence small perturbations
of the hamiltonian around the solvable point lead, in perturbation theory,
to an effective spin 1/2 hamiltonian in H′. To obtain the general effective
hamiltonian explicitly is not feasible. However, the electrostatic terms, Vm0,
and the hopping terms V2m,1 preserve H′ and simply become13

Heff =
∑

p,n

[V2n,1(s
+
p s

−
p+n + s−p s

+
p+n) − ∆2ns

z
ps

z
p+n]. (2.34)

The additional generated terms are small near the solvable point and will as
such be suppressed in this region. The hopping terms, Vmn, will, in general,
contribute in second (and higher) order perturbation theory.

The generated terms all have small coefficients since there is a gap to
states not in H′ (the matrix elements for transitions to states in H′

T vanish).
Furthermore, all terms are irrelevant in the sense of the renormalization
group, except for sz

i s
z
i+n which makes the non-interacting fermion theory

develop into a Luttinger liquid with interaction parameter K 6= 1 (the free
fermions obtained at the solvable point have K = 1) [140]. As long as the
perturbations are small, the system remains in the XY-phase. On the other
hand, if the perturbations become large, the system ends up in the Ising
phase and the spectrum would become gapped14.

Based on the renormalization group argument, and strongly supported
by the numerical studies, we conclude that the ν = 1/2 system on a thin
torus is a Luttinger liquid for a finite range of L1 and that the generation of
sz
i s

z
i+n terms indicates that the interaction parameter that determines the

decay of correlation functions is shifted from its free value at the solvable
point.

However, far from the solvable point (L1 ≫ 5.3) the analysis here is not

13Note that ∆ needs not to be positive for finite L1 because of the exchange maximum.
14This is exactly what happens on the very thin torus; ∆2 become large and we end up

in the (ferromagnetic) TT state which is gapped.
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Table 2.2: Examples of ground states in the TT-limit.

k M TT unit cells degeneracy

1 2 100 3

2 0 11, 20 3

2 1 1010, 1100 6

2 2 100100, 101000 9

3 0 21, 30 4

4 0 22, 31, 40 5

applicable. We will return to this issue in section 3.2 where we discuss the
transition to the bulk.

2.5 Non-abelian states

Just as the abelian states discussed above, non-abelian states have a simple
and illuminating manifestation on the thin torus. Our discussion below will
closely follow the arguments of Paper IX, and focus on the so-called Read-
Rezayi states [20]. However, the discussion presumably generalizes to many
other (discovered and undiscovered) states.

2.5.1 Ground states and elementary excitations

Non-abelian QH states are not believed to exist in the lowest Landau level
electron gas, but rather in higher Landau levels and/or in rapidly rotating
boson gases. In the one-dimensional picture, this would imply modified
matrix elements Vkm. However, as we have seen above the TT ground
states for generic two-body interactions will be the abelian ones. Instead,
we minimize another interaction that is known to yield states of the desired
universality class.

In the case of the Read-Rezayi states this amounts to minimizing a hyper-
local k + 1-body interaction (as well as two-body pseudopotential). At the
pertinent filling fractions, ν = k

kM+2 , the L1 → 0 limit of this hamiltonian
is minimized by putting k particles on every sequence of kM + 2 sites, and
as a consequence of the two-body term, no more than one particle on M
consecutive sites. (Remember that M = 0, 2, 4, . . . correspond to bosons,
while M = 1, 3, 5, . . . give fermionic states.)
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It follows that the ground state degeneracy is k+1
2 (kM+2) as is expected

for these states. Some examples are given in Table 2.2. The lowest charge
quasiparticles are domain walls between degenerate (TT) ground states and
their fractional charge is determined by the Su-Schrieffer counting argument
[32]. The smallest charge excitation one can create in such a ground state is
achieved by letting kM + 2 consectutive sites host k ± 1 particles, while all
other sequences of kM+2 sites still have exactly k particles. We refer to these
as elementary excitations15 and note that they are expected to dominate the
low energy physics due to their minimal local charge accumulation. It follows
that the charge of the elementary excitations are

e∗ = ± e

kM + 2
. (2.35)

Note that when k is odd, the charge is just the one implied by symmetry, ie
e∗ = ±e/q at ν = p/q, while it is halved, e∗ = ±e/2q, for even k. However,
it is only possible to create an even number of elementary excitations for
even k.

It is clear that elementary charges cannot be formed between arbitrary
ground states. Let us now focus on the bosonic case M = 0, where this is
most easily understood. To obtain a minimal excitation we need to have
two adjacent sites occupied as (n, k−n±1). To this end, we label the states
with unit cell (k− l, l) by l and note that an elementary excitation is created
by joining states with labels l and l ± 1 respectively. This motivates us to
organize the states as shown in Fig. 2.6.

2.5.2 Degeneracy of excited states

Let us now go on to derive the degeneracy of a general Read-Rezayi state
containing nqp quasiparticles and nqh quasiholes of elementary charge. We
have already observed that such excitations are formed between neighboring
states as shown in Fig. 2.6. It is not hard to realize that a domain wall
between eg l = 2 and l = 3 can correspond to either a quasihole or a
quasiparticle16.

The structure shown in Fig. 2.6 is known as a Bratelli diagram and we
can exploit well known results from the combinatorical literature to calcu-
late degeneracies—which correspond to counting the number of paths in the
Bratteli diagram. The counting described here is valid for fixed positions of

15Non-elementary excitations are formed by placing k ± m, m ≥ 2 particles on kM + 2
sites.

16. . . 22223131 . . . hosts a quasiparticle while . . . 2221313 . . . contains a quasihole.
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the excitations. This is the counting that is most closely related to the con-
formal field theory description of the Read-Rezayi states and the one that
makes the non-abelian structure explicit. However, other ways of counting
are more useful in other aspects. For instance, a counting that gives the
number of states in a given momentum sector is the one to compare nu-
merical experiments to. How such a counting can be done in the TT limit,
using results from the combinatorical literature [141], was recently outlined
by Read [44].

It is natural to introduce the off-diagonal (k + 1) × (k + 1) adjacency
matrix17 N1, [N1]ij = δi,j±1; i, j = 0, . . . , k. It readily follows that the
number of distinct paths d(n, k, l1, l2) from the state l1 to l2 via n = nqp+nqh

domain walls are given by the matrix elements of the nth power of the
adjacency matrix

d(n, k, l1, l2) = [Nn
1 ]l1l2 . (2.36)

l = 4, ⌊04⌋

l = 3, ⌊13⌋

l = 2, ⌊22⌋

l = 1, ⌊31⌋

l = 0, ⌊40⌋
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Figure 2.6: An example of a Bratelli diagram, here for k = 4. The arrows indicate

how we can join different ground states to create the minimally charged excitations

discussed in the text.

In the plane, where there is a unique ground state (the l = 0 state at
which all paths must start and end), the degeneracy of n = nqp + nqh is

17The slightly strange notation is due to the fact that N1 appears in the fusion rules of
the underlying conformal field theory of the Read-Rezayi states.
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simply given by

pd(n, k) = d(n, k, 0, 0), (2.37)

for even n and

pd(n, k) = d(n, k, 0, k), (2.38)

for odd n.

On the torus, all paths must be compatible with the periodic boundary
conditions. When the number of sites, Ns, is even, these paths are the
periodic ones, ie l1 = l2, and when Ns is an odd number, all such paths
connect the states labeled by l1 and l2 = k− l1. Combining this we find the
total degeneracy to be

td(n, k,M = 0) =
∑

paths

d(n, k, l1, l2) = Tr(Nn
1B

δ), (2.39)

where δ is one (zero) if Ns is odd (even) and B is a (k+1)×(k+1) symmetric
matrix [B]ij = δi,k−j; i, j = 0, . . . , k.

The results above can be generalized to M 6= 0. Here, all degeneracies
are just multiplied by a simple, M -dependent, factor due to the enhanced
number of center of mass translations. We find

td(n, k,M) =
kM + 2

2
Tr(Nn

1B
δ), (2.40)

where the condition on δ generalizes to δ ≡ (2Ne + nqh − nqe)/k (mod 2).
The trace in (2.40) can be evaluated for all values of k and δ, see Paper
IX for details. Here, we provide a few examples and compare these torus
degeneracies with the degeneracies on the plane namely pd(k,M, n, δ = 0) =
d(k, n, 0, 0) and pd(k,M, n, δ = 1) = d(k, n, 0, k). On the torus we find

td(2,M, n, δ) =
2M + 2

2
(2n/2+1 + (−1)δδn,0) (2.41)

td(3,M, n) =
3M + 2

2
2(Fn−1 + Fn+1) (2.42)

td(4,M, n, δ) =
4M + 2

2

(

2(3n/2 + (−1)δ) + δn,0

)

(2.43)

and the corresponding results for the plane are

pd(2,M, n, δ) = (2n/2 + (−1)δδn,0) (2.44)

pd(3,M, n) = Fn−1 (2.45)

pd(4,M, n, δ) = ((3n/2−1 + (−1)δ)/2 + δn,0/3) (2.46)



40 Chapter 2. One-dimensional mapping and the solvable limit

where it is assumed that n is even for even k. Fn are the Fibonacci numbers,
Fn = Fn−1 + Fn−2, with the initial conditions F0 = 0 and F1 = 1. Note
also that the degeneracies in the plane are independent of M .

All degeneracies calculated in this section agree with what is found from
the standard CFT approach. This, and how the TT analysis of the non-
abelian states is related to the bulk description of these states is discussed
in section 3.4.



Chapter 3

Beyond the solvable limit

In the previous chapter we have seen that different phases of the QH system
can be studied in detail on the thin torus. In this chapter we discuss the cru-
cial question of to what extent these results are relevant to the experimental
regime. We will argue that the abelian and non-abelian gapped states, as
well as the gapless state at ν = 1/2, are adiabatically connected to the states
found on the thin torus. The strength of the argument varies with the filling
factor but we believe that the over all picture is firmly established.

Before we proceed with a more detailed account for each of the consid-
ered cases we make the following important remarks: 1) The TT states and
the bulk QH-states do in fact have the same symmetries and qualitative
properties. That the TT state is not homogenous is not a result of spon-
taneous symmetry breaking—in fact the Laughlin/Jain states have periodic
density variations on any finite torus [142]. 2) The gapped QH states are
topologically ordered. This suggests that the qualitative properties of these
states are unchanged by smooth deformations (such as varying L1) of the
manifold on which they exist.

3.1 The hierarchy

Below we discuss the adiabatic continuity for the abelian hierarchy states.
For the Laughlin/Jain states the continuity is firmly established, and for
more general fractions the case is emerging. In particular we present a CFT
construction of hierarchy states, that, if correct, would imply the continuity
for a larger subset of the hierarchy. We also present some numerical results.
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3.1.1 Laughlin’s and Jain’s fractions

We begin by considering the simplest case, ν = 1/q, q odd. At these filling
factors it is well established that the Laughlin wave functions describe the
bulk physics. These states are the exact and unique ground states to a short
range pseudo-potential interaction and there is a gap to all excitations [34,78,
79]. This holds also on a torus (or cylinder) for arbitrary circumference1 L1.
This is fairly obvious since it depends only on the short distance properties
of the electron-electron interaction. In our opinion, this establishes that
the ground state develops continuously as L1 increases, without a phase
transition, from the TT state to the bulk Laughlin state for this short range
interaction. This result is implicit in the work of Haldane and Rezayi [126],
and explicitly worked out in Paper VII for completeness. The same is then
very likely true for the Coulomb interaction—this is supported by exact
diagonalization where no transition is seen as L1 varies, see Fig. 3.1.

The conclusion that there is no phase transition separating the TT states
and the bulk Laughlin states is well esthablished. This result has a long his-
tory. As already mentioned, the very first observation was made already
in 1983 by Anderson who discussed the TT state as the ’parent state’ of
the Laughlin state [30]. In 1984 Su studied the QH system in exact diag-
onalization on the torus and observed that QH states were charge density
waves also at more general filling fractions [125], and in 1994, Haldane and
Rezayi studied the Laughlin state on the cylinder as a function of the cir-
cumference [126]. More recently this was reexamined by us in DMRG cal-
culations [22,50] and in exact diagonalization [22], and a numerical study of
the rapid crossover from the TT state to a virtually homogeneous Laugh-
lin state was performed by Seidel et al using Monte Carlo methods [143].
Very recently, this issue has also attracted interest from people focusing on
the mathematics of the crossover from the Laughlin state to the TT state as
Ne → ∞ [144]. More general hierarchy states are however much less studied.

In the case of the Jain states, there is no known interaction to which
they are the exact and unique ground states. However, as noted above, they
have the same qualitative properties as the corresponding TT states: the
quantum numbers, the relative sizes of the gaps, and the fractional charge
of the quasiparticles are the same as in the bulk. These TT states, including
quasiparticle excitations, are obtained as the L1 → 0 limits of Jain’s wave
functions. Furthermore, exact diagonalization of small systems shows a
smooth development of the ground state from the TT state to the Jain state
as L1 grows. No transition is observed and there is a gap for all L1 [22].

1On the torus, the ground state of course has a q-fold center of mass degeneracy.
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Figure 3.1: The evolution of the one-dimensional density 〈 c†ncn 〉 from the small

L1 TT state (triangles) to the nearly homogenous bulk Laughlin state (circles) at

ν = 1/3. This process is smooth and the quantum numbers Kα remain unchanged

as L1 changes. Results are obtained from exact diagonalization with an unscreened

Coulomb potential.

As an example, we now show that the Laughlin wave function on a
cylinder [145]

Ψ1/q =
∏

n<m

(e2πizn/L1 − e2πizm/L1)qe−
1
2

P

n y2
n , (3.1)

where z = x + iy, approaches the TT state as the radius of the cylinder
shrinks [126]. Expanding Ψ1/q in powers of e2πiz/L1 and using that the single
particle states (obtained by setting p = m = 0 in (2.2)) can be written as
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ψk = 1

π1/4L
1/2
1

(e2πiz/L1)ke−y2/2e−2π2k2/L2
1 , one finds

Ψ1/q =
∑

{kn}

∏

n

c{kn}(e
2πizn/L1)kne−

1
2

P

n y2
n

= πNe/4L
Ne/2
1

∑

{kn}
c{kn}ψk1ψk2 · · ·ψkNe

e2π2
P

n k2
n/L2

1 , (3.2)

where c{kn} are coefficients that are independent of L1. The weight of a

particular electron configuration is multiplied by the factor e2π2
P

m k2
m/L2

1 ,
thus in the limit L1 → 0 the term with the maximal

∑

m k2
m will dominate

(all terms have the same K1 =
∑

m km). The dominant term is the one that
corresponds to the TT state discussed above, where the electrons are situ-
ated as far apart as possible. In this case at every q:th site. This argument
can be generalized to the Jain wave functions describing the ground states
at filling factors ν = p/(2mp+1) showing that they approach the TT states
above as L1 → 0. It can also be generalized to show that the fractionally
charged quasiparticles in the TT state are the L1 → 0 limits of the bulk
quasiparticles at filling factor ν = p/(2mp+ 1).

One direct consequence of the result that the L1 → 0 limits of the wave
functions coincide with the TT states is that the TT states and the bulk
Laughlin/Jain state on the torus at ν = p/(2mp+1) have the same quantum
numbers. The symmetry generators that commute with the hamiltonian are
T1 and T2 (Tα translates all particles in the α-direction). The Laughlin/Jain
state is an eigenstate of T1 and T 2mp+1

2 , with quantum numbers K1 and
K2, whereas T k

2 , k = 1, 2, . . . , 2mp generate the degenerate states—this is
true for any L1—and the eigenvalues are independent of L1. The state
is inhomogeneous for any finite L1, although the inhomogeneity decreases
very rapidly as L1 grows. Furthermore, the TT state and the Laughlin/Jain
state both have a gap and have quasielectrons and quasiholes with the same
fractional charge.

Considering all the evidence above we consider it firmly established that
the Laughlin/Jain states are adiabatically connected to the TT states. As
we will discuss in section 3.1.3 this conclusion is also supported by numerical
investigations.

3.1.2 Wave functions and conformal field theory

Recent progress suggests that the adiabatic continuity holds also for more
general odd denominator fractions in the lowest Landau level, such as the
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non-Jain state at ν = 4/11; we have constructed a new set of trial wave func-
tions that connect the solvable limit to the bulk [24,26]. The wave functions
are obtained using conformal techniques generalizing the construction of the
Laughlin states [19] and the Jain states [45, 46] to include all states in the
hierarchy that are obtained by successive condensation of quasielectrons (as
opposed to quasiholes). If correct, these wave functions support the adia-
batic continuity also for this subset of the hierarchy states.

Before we describe our construction we stress two key properties: The
wave functions

• ...coincide with the Laughlin/Jain states at fractions where these exist.

• ...continuously approach the TT states as L1 → 0.

Below, we briefly describe the CFT construction, for details see Paper
VIII. To obtain wave functions for hierarchy states at level n we define new
operators recursively:

Vα+1 = ∂Vαe
−iϕα/γαeiγα+1ϕα+1 , (3.3)

for α = 1, 2, . . . , n − 1, where and V1 = eiγ1ϕ1 and ϕα+1 is a new bosonic
field obeying (1.13).

Our proposed hierarchy wave functions are obtained in terms of confor-
mal correlators of n operators

Ψ = A〈
n

∏

α=1

Mα
∏

iα=1

Vα(ziα)Obg〉 , (3.4)

where A denotes antisymmetrization, and Mα is the number of particles in
subset α. At the first level, n = 1, this is identical to the construction of the
Laughlin state described in section 1.6, and thus leads to the requirement
γ1 =

√
t1, t1 = 3, 5, . . . since we want to describe fermions2.

At higher levels we get additional constraints. To sort out these, it
is useful to consider (3.4) without the anti-symmetrization and to ignore
the derivatives3. Without the antisymmetrization, the states are multi-
component Halperin states [62], where the sets, α, correspond to some
flavour (eg spin, or layer).

2We also exclude t1 = 1, as we cannot create quasielectron excitations upon the filled
Landau level.

3Formally, the primary fields of the theory are the exponentials of the bosonic fields
only—the derivatives generate so-called descendant fields. However, the descendant fields
will have the same topological properties as the primary fields.
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The vertex operators obey operator product expansions

Vα(z)Vα(w) ∼′ (z − w)sα

Vα(z)Vβ(w) ∼′ (z − w)sαβ , (3.5)

where ∼′ indicates that we have suppressed the derivatives. From (3.3) we
find

sα+1 = sα + γ−2
α + γ2

α+1 − 2

sαβ = sβα = sα − 1 , for β > α . (3.6)

Now we introduce the natural requirements that Vα should anti-commute
with itself and commute with Vβ, α 6= β. This is achieved by

γα+1 =

√

tα+1 − γ−2
α , tα+1 = 2, 4, 6, . . . . (3.7)

Finally, the number of particles, Mα, in each set is determined by the con-
dition that all sets should have the same size, ie that all sets should have
the same maximal power of z (up to ’boundary terms’ of order 1).

In the disk, the wave functions (3.4) are uniquely determined by the
operator product expansions (3.5) and, reintroducing the derivatives and
the anti-symmetrization, we get

Ψ = A{(1 − 1)s1∂2(2 − 2)s2 · · · ∂n−1
n (n− n)sn

× (1 − 2)s12(1 − 3)s13 · · · ((n − 1) − n)sn−1,n}e− 1
4

P

i |zi|2 , (3.8)

where

∂α−1
α (α− α)sα ≡

Mα
∏

iα=1

∂α−1
ziα

∏

i<j∈Mα

(zi − zj)
sα

(α− β)sαβ ≡
Mα
∏

iα=1

Mβ
∏

iβ=1

(ziα − ziβ )sαβ , (3.9)

and the derivatives act on all of Ψ except the gaussian in (3.8).
By translating these wave functions to the cylinder (z → e2πiz/L1 and

e−|z|2/4 → e−y2/2) and taking the L1 → 0 limit it is straight forward (but
cumbersome) to obtain the TT limits, see Paper VIII for details. As ex-
pected these coincide with the exact TT ground states corresponding to
repeated use of the second recursion relation in (2.17). This also implies
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that the filling fractions are the same, and by pondering on the (second)
relation in (2.17) one finds that they can be written as

νn =
1

t1 − 1
t2− 1

··
tn−1− 1

tn

, (3.10)

in accordance with the hierarchy construction [34,35]. Although this incor-
porates a much larger set than the Jain states4, it is a vanishingly small
subset of the entire hierarchy. The fractions where we obtain wave func-
tions are marked by red in Fig. 2.5. While our construction gives all states
formed from successive condensation of quasielectrons, Halperin’s hierarchy
construction [35] provides a method for obtaining states formed by succes-
sive quasihole condensation (by integrating over the quasihole coordinates).
It is an open question how to obtain wave functions for the entire hierarchy
in our approach.

As an explicit example, the level two wave functions at ν = t2
t1t2−1 are

Ψ = A{(1 − 1)t1∂2(2 − 2)t1+t2−2(1 − 2)t1−1}e− 1
4

P

i |zi|2 ,

where the relative size of the two sets are given by M1 = (t2 − 1)M2. For
t2 = 2, these wave functions are identical to those of Jain at filling fraction
ν = 2

2(t1−1)+1 , and for t1 = 3, t2 = 4, it gives our proposed wave function at

ν = 4/11. Note that the Jain states are special in the sense that both sets
are of equal size and the vanishing powers are the same (up to derivative
corrections). This observation holds at arbitrary level n, where the Jain
states at ν = n

n(t1−1)+1 are obtained if ti = 2 for i = 2, 3, . . . , n.

Let us now go on to discuss quasihole excitations within this approach.
First we express the n electron operators (3.3), at level n, in the form

Vα = ∂α−1eiQ
(α)·ϕ , (3.11)

where ϕ = (ϕ1, ϕ2, . . . , ϕn). This notation turns out to be more convenient
when discussing quasiholes, and the topological classification of these states.
Note that (3.3) is a special case of (3.11). To describe the quasiholes we
introduce the operators,

Vqh,α = eil
(α)·ϕ . (3.12)

4Note, however, that we only get the positive Jain sequence (p > 0).



48 Chapter 3. Beyond the solvable limit

The wave function for a state with m holes at positions {wi} is given by the
correlator

Ψh({wi}) = A〈
m
∏

i=1

Vqh,βi
(wi)

n
∏

α=1

Mα
∏

iα=1

Vα(ziα)Obg〉 , (3.13)

where antisymmetrization is performed over the electron coordinates zi only.
Evaluating the correlators gives

Ψh = A{(1 − 1)s1∂2(2 − 2)s2 . . . ∂n−1
n (n− n)sn

× (1 − 2)s12(1 − 3)s13 . . . ((n− 1) − n)sn−1,n

× f({wi}, {ziα})}e−
P

i
|zi|2

4 e−
P

i
|wi|2

4 , (3.14)

where sαβ = Q(α) · Q(β), sα ≡ sαα, and

f({wi}, {ziα}) =

n
∏

α=1

Mα
∏

iα=1

m
∏

i=1

(ziα − wi)
l(βi)·Q(α)

×
n

∏

i<j

(wi − wj)
l(βi)·l(βj)

. (3.15)

If we choose the vectors l(α), α = 1, . . . , n, to be reciprocal to the vectors
Q(α),

l(α) · Q(β) = δαβ , (3.16)

then Vqh,α = eil
(α)·ϕ corresponds to an ’elementary’, Laughlin like, hole in

the αth condensate (cf (3.14) and (3.15)). These excitations provide the
building blocks for general low energy quasihole excitations.

We have now arrived at a rather general result: the hierarchy wave
function at level n containing an arbitrary number of quasiholes. The corre-
sponding expressions fits nicely into Wen’s general classification of abelian
liquids [104]. As an example, the so-called K−matrix that encodes topo-
logical properties (such as ground state degeneracy on the torus) is simply
given by Kαβ = Q(α) · Q(β). Moreover, direct contact is made between
the hierarchy construction and the composite fermion picture. It is indeed
a striking fact that the composite fermion wave functions are exactly re-
produced within our explicitly hierarchical construction. In my mind, this
clearly displays that both constructions are equally capable of explaining
the QH effect at those fractions. Although some states, like ν = 4/11 can



3.1 The hierarchy 49

be cast in the language of a fractional effect of composite fermions [129],
such an interpretation gets increasingly contrived for more general states
(where several ’effective Landau levels’ are partially filled). Hence, for these
more complex states, the terminology of the hierarchy is much more natural.
Further details and discussion on this, and on the topological classification,
is given in Paper VIII.

We end this section with a brief comment on the generalization of the
CFT construction to the torus, which is described in some detail in Paper
VI. In the context of this thesis the generalization to the torus is important
because it enables comparison of our wave functions with numerical results
on a finite geometry, and in particular, it allows for explicit studies of the
connection to the L1 → 0 limit.

Technically, the construction of wave functions is much more involved
on the torus. For some QH states their vanishing properties determine
the wave functions on the torus; in the case of the Laughlin state this was
shown by Haldane and Rezayi [142]. This is however not true for the general
hierarchy states. Instead we must rely on generalizing the calculation of the
CFT correlators to the torus. However, on the torus the holomorphic and
anti-holomorpic parts of the bosonic fields, ϕα, do not decouple. It follows
that we have to include also the anti-holomorpic part of the vertex operators,
Vα. As explained in Paper VI, the relevant correlators can (after some work)
be written as finite sums of positive terms (if we ignore the derivatives),

〈
n

∏

α=1

Mα
∏

iα=1

Vα(ziα , z̄iα)Obg〉 =
∑

α

|Fα({zi})|2e−y2
. (3.17)

The holomorphic functions, Fα, provide a space of trial wave functions

Ψ(i) =
∑

α

c(i)α Fα({zi})e−y2/2 . (3.18)

Generally this procedure yields surprisingly many wave functions. However,
all of them do not obey the correct boundary conditions, and we get q
admissible wave functions at ν = p/q.

However, one problem remains: the action of derivatives destroys the
analyticity and periodicity conditions of a Landau level on the torus. A
solution, that yields non-zero wave functions is to instead use the (single

particle) translation operator, t1 = e
L1
Ns

∂x (this is actually the only non-
trivial operator that commutes with the single particle hamiltonian and
conserves the quantum numbers). However, there is still some ambiguity
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in this choice: we could as well have taken any power of this operator, ie
∂ → tn1 for some n. As we will see in section 3.1.3 below, taking the simplest
choice, n = 1, gives a rather good trial wave function, which can be improved
further by including corrections with higher n.

3.1.3 Numerical studies

In Paper III, we reported exact diagonalization studies (using an unscreened
Coulomb interaction) for all ν = p/q, q ≤ 11, showing a clear sign of a phase
transition (level crossings) as L1 was increased for all even denominator
states, but never for any of the odd denominator states. The lack of a
transition is of course not a proof, but rather an indication of continuity.
When the numerical tests of the adiabatic continuity is discussed it is of
course crucial to remember that the conclusions from small systems may be
of limited (or no) help when we are really interested in very large systems.
An example of this is the behavior at very small filling factors. For (very)
small systems, no transition (change in ground state quantum numbers etc)
is observed for ν = 1/7, 1/9 and 1/11 (see also [146]) despite the fact that
it is well established that a (2D) Wigner crystal has lower energy at these
fractions [57].

Despite these caveats we can learn some things from numerical studies
of small systems. One thing that is very clear from our studies is that there
is a qualitative difference between the behavior of odd and even denomi-
nator fractions. As discussed in section 3.2, the adiabatic continuity may
also suggest non-trivial sequences of level crossings (as may be expected for
gapless states), which increase the confidence of the investigations—this is
what happens at ν = 1/2.

We may also take a situation where the overlap with a given trial state
remains very high for all values of L1 and Ne as rather strong support for
the correctness of the wave function, and for the adiabatic continuation of
such a state. This scenario is indeed realized at the two well established
states at ν = 1/3 and 2/5 that we have studied in some detail. In Fig. 3.2
we display the overlap obtained for the ν = 2/5 trial wave function with
the exact ground state for ten particles as a function of L1. The results for
ν = 2/5 were first published in Paper VI.

We have also carried out some numerical tests of our proposed wave
function at the non-Jain filling ν = 4/11. Here the situation is much more
complex. In the case of four particles we find a good overlap with the
exact ground state of the unscreened Coulomb interaction for all values of
L1. However, for eight particles we observe the following: At small L1 the
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Figure 3.2: Ovelap between the exact ground state of an unscreened Coulomb in-

teraction and the Jain state at ν = 2/5 for 10 electrons on the torus at various

aspect ratios. The different curves correspond to different choices of the derivative

operator, as discussed in Paper VI. The error bars reflect the uncertainty in the

overlap calculation performed using a simple Monte Carlo algorithm.

overlap with the ground state is (of course!) very high, but at L1 ≈ 9 the
overlap drops quickly, and our wave function instead shows a high overlap
with the first excited state (in the same K-sector). If we would just have
looked at the numerical results (without comparing to the wave function),
we would probably not have noticed anything particular and would have
taken the results as a further indication of adiabatic continuation—after all,
the quantum numbers of the ground state remain unchanged and there is
always a finite energy gap. An inspection of the energy levels shows that the
two relevant states come rather close in energy at the point where the overlap
to the ground state drops. This may suggest that there is a phase transition
in the system at finite L1, this would spoil our conjecture about adiabatic
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continuation. However, there are several possible resolutions to this problem.
First, we note that the adiabatic continuation may indeed still be true for
a slightly modified interaction5. Second, and most importantly, the rather
fragile features of the ν = 4/11 state may not be captured by such small
number of particles. Indeed, several other authors have come to different
conclusions on the nature of the 4/11 state when they have studied different
number of particles. For instance, Jain and collaborators first concluded the
system to be compressible, but changed their conclusion after having studied
larger systems [129]. A further possibility that is certainly not ruled out by
our numerics is that the state is non-abelian. All we can say with confidence
at the moment is that the proposed wave function have low energy, and thus
have a realistic chance of describing the ν = 4/11 QH phase.

3.2 The half-filled Landau level

The ν = 1/2 solution on the thin torus, described in chapter two, has
striking similarities to what is expected from theory and experiment for
the bulk state. Based on this, we conjectured [21] that this state develops
continuously, without a phase transition, to the bulk state as L1 → ∞. This
is however a very delicate issue since the state at ν = 1/2 is gapless.

To investigate this conjecture, we performed exact diagonalization stud-
ies for various Ne and L1 using an unscreened Coulomb potential [22, 25].
The obtained ground states were then compared with the Rezayi-Read
state [102], that is expected to describe the bulk state, by calculating over-
laps.

On the torus the Rezayi-Read wave function takes the form

Ψ = Det[eiki·Rj ]Ψ 1
2

, (3.19)

where R is the guiding center coordinate and Ψ 1
2

is the bosonic Laughlin

state at ν = 1/2. This wave function depends on a set of momenta {ki},
which determine the conserved quantum numbers Kα, see eg [25] for details.

For L1 ≤ 5.3 we find a simple crystal 1010 . . . independent of Ne ≤ 10.
At L1 ∼ 5.3 there is a sharp transition into a new state that we identify as
our Luttinger liquid solution, obtained above, by comparing quantum num-
bers and calculating overlaps. To verify this we have also varied the matrix
elements Vkm continuously from the solvable point to realistic values corre-
sponding to the Coulomb potential without passing through a transition.

5A very preliminary study where the pseudo-potential parameters are changed to make
the interaction more local does not seem to change the situation for eight particles.
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As L1 is increased further, there is a number of different transitions into
new states—details depend sensitively on Ne but all transitions are much
smoother than the one at L1 ∼ 5.3. As shown in Fig. 3.3, we find that
each of these states correspond to a given set of momenta in the Rezayi-
Read state. Furthermore, these Fermi seas of momenta develop in a natural
and systematic way. Starting from an elongated sea, which we identified
as the exact solution, a single momentum is moved at each level-crossing,
terminating in a symmetric Fermi sea when L1 = L2 =

√
4πNe. The overlap

of the Reazyi-Read state (3.19) with the ground state obtained in exact
diagonalization is above or around 0.99 in all regions.

Our interpretation of this is that the transitions at L1 > 5.3 are not to
new phases but rather to similar states—all of them are after all described
by the Rezayi-Read state. Thus, we argue that our exact solution evolves
into the bulk state as L1 → ∞, without a phase transition, and that the
Luttinger liquid of neutral dipoles is continuously connected to the bulk
phase.

It is tempting to speculate on what consequences our findings may have.
We have showed that the ν = 1/2 system is a Luttinger liquid for L1 slightly
larger than 5.3 and L2 → ∞. As L1 increases there are transitions to similar
states. This suggests that the system is still a Luttinger liquid, or possibly
several Luttinger liquids—at least as long as L1 is finite. The big question
is what happens as L1 → ∞? Is it still a gapless one-dimensional system or
does it become a two-dimensional Fermi sea as commonly believed6? If the
one-dimensional nature is somehow remembered in the bulk it may lead to
observable effects in transport measurements.

Another very interesting, and unresolved, question concerns the dipolar
quasiparticles that build up the ground state. The number of quasiparticles
in the Rezayi-Read state (and in the HLR picture [51]) equals the number
of electrons. This leads to a magnitude of the Fermi momentum that seems
to disagree with experiments7, see the discussion by Halperin in [148]. The
result on the thin torus is that the number of quasiparticles is half the num-
ber of electrons, which seem to be in worse agreement with experiments.
However, it suggests that the number of dipoles may be determined dynam-
ically, and details of this kind may very well change rather dramatically as
L1 → ∞, and the thermodynamic limit is taken.

6Some properties of these states are known to be different due to the K-invariance [147]
(translation invariance of the Fermi sea in (3.19)) in the CF state, which is of course not
a symmetry of a normal Fermi gas.

7This assumes that the number of dipoles gives kF as in an electron gas in zero magnetic
field.
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is around or above 0.99 for all Ne (in all regions).
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3.3 Odd vs even denominators

It is interesting to contrast the behavior of odd and even denominator frac-
tions as L1 is increased from zero. The qualitative difference can be seen
from comparing the ν = 1/2 and ν = 1/3 states. At ν = 1/2, the TT
ground state is | 101010 . . . 〉 (when L1 → 0). As noted earlier, this state is
annihilated by the shortest range hopping term V21 which favours hoppable
states of the type | 11001100 . . . 〉. Thus there is a competition between the
electrostatic terms and the hopping term, which leads to a phase transition
to a gapless state when L1 grows. For ν = 1/3, on the other hand, the TT
state | 100100 . . . 〉 favoured by electrostatics is also a maximally hoppable
state favoured by the short range hopping term. In this case there is no
competition between electrostatics and hopping and there is no phase tran-
sition as L1 grows. From our numerical studies we notice that this scenario
applies to more general fractions p/q. In particular, as L1 is increased be-
yond ∼ 5−10, we always observe a doubling of the unit cell for even q, thus
there is a phase transition. For odd q we never observe a transition. This
suggests that generic even denominator states (in the lowest Landau level)
are gapless, while the odd denominator states are gapped.

As mentioned earlier, minima in Rxx were recently observed by Pan et
al [18] at new fractions such as ν = 5/13, 3/8, 3/10, 4/11 and 6/17 which
cannot be identified as an integer effect of composite fermions. While some
authors have tried to explain some of these states as a fractional effect of
composite fermions, their origin and nature is under debate. Since both the
gapless and the gapped Hall states can have this signature (dip in Rxx) it is
not yet experimentally settled whether these states corresponds to gapped
QH states or to gapless metallic states. We have performed exact diagonal-
ization of small systems for some of these states. We find that at 3/8 and
3/10 there are transitions (level crossings) as L1 is varied whereas no tran-
sition is found at 4/11 (see also the discussion in section 3.1.3). In analogy
with our other findings this suggests that the recently observed odd denom-
inator states are gapped (albeit fragile) QH states, while the ν = 3/8, 3/10
states are metallic. To experimentally settle this issue one would need mea-
surements of Rxx at different temperatures (or observe a plateau). Such
experimental data do not exist to our knowledge.

Some authors have speculated that (some or all) of the states observed
by Pan et al may actually be non-abelian [18, 149], in analogy with the
proposed explanation for the 5/2 state [19,38]. Such a scenario is not ruled
out by our studies.
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3.4 Non-abelian states

The Read-Rezayi ground states are the exact ground states of a hyperlocal
k+1−body interaction8 on the torus—as in the case of the Laughlin states,
this holds for general L1 as it depends on the local properties only. As L1

decreases the states continuously approach the TT states. This implies the
adiabatic continuation for these, somewhat artificial, interactions. In Paper
IV, we obtained numerical evidence that this may hold also for more realistic
(two-body) interactions in the case of the Moore-Read pfaffian (k = 2,M =
1).

Actually the exact relation between the ’exclusion rule’ [150] in the TT
limit is not strictly derived from the k+1−body pseudo potential interaction.
A naive truncation may indeed suggest that the different Read-Rezayi states
approaching different TT states have different energies even for the pseudo
potential interaction. By studying the L1 → 0 limit of the wave functions9

the solution to this apparent problem is revealed: the speed at which the
different wave functions approach the various TT states is different. For
instance, the 1010... Moore-Read pfaffian state approaches the TT state
faster than the 1001... state does.

The claimed exclusion rule for the Read-Rezayi states is certainly cor-
rect; it gives the correct degeneracies and any other attempts are obviously
incompatible with minimizing the pseudo potentials. However, the example
above shows that naive considerations may lead to erroneous conclusions.

A strong argument for the claim that the various TT states represent
simple forms of the non-abelian Read-Rezayi states comes from the counting
formulas derived in section 2.5. As explained in some detail in Paper IX, the
fusion rules of the Zk parafermion theory give the same Bratteli diagrams
as those that appeared in the TT limit, when the number of non-zero corre-
lators (for fixed coordinates) is calculated10. Hence these counting formulas
are identical for the bulk and the thin torus. As pointed out by Read [44],
this holds also for counting total quasihole degeneracies, which is relevant
for comparing with numerics.

One thing that is actually different on the thin torus and in the bulk
is related to particle-hole symmetry. The TT limits of the Moore-Read
pfaffian (k = 2,M = 1) are 10011001 . . . (four possible translations) and

8For M 6= 0 two-body pseudo-potentials are added to make Read-Rezayi states the
unique ground states.

9We have done this in detail for the Moore-Read pfaffian (k = 2), see [151] for details.
10The adjacency matrix, N1, introduced in section 2.5 is identical to the fusion matrix

(cf (1.17)) of the Zk theory.
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10101010 . . . (two possibilities). This six-dimensional multiplet maps onto
itself under particle-hole conjugation, 1 ↔ 0. This is not the case for the
bulk wave functions, which actually have physical consequences [152, 153].
The breaking of particle-hole symmetry is a consequence of the three-body
interaction, and shows already in the leading corrections to the TT states.
However, for any two-body interaction the particle-hole symmetry is mani-
fest, and one would expect to see 12 rather than 6 nearly degenerate states,
in the numerical studies of this phase on the torus. This has not been the
case, as may be explained by the smallness of the studied systems. Recently
however, it was claimed that the additional states show up when finite layer
effects are included [154].

3.5 Symmetric polynomials

In a series of recent papers Bernevig and Haldane have identified a large
class of abelian as well as non-abelian QH states in terms of so-called Jack
symmetric polynomials (Jacks) [155–157]. The Jacks, Jα

λ , depend on a pa-
rameter α related to the vanishing properties of the polynomial and a parti-
tion λ = {λ1, . . . , λNe} that is closely related to the TT state. Another set of
related polynomial wave functions has recently been written down by Wen
and Wang [158,159]. One aspect of this work is that, when given a certain
TT state (ie a partition) the recent polynomial constructions provide the
connection to the experimental regime by returning the bulk wave functions.

The polynomial constructions have several benefits. The construction in
terms of Jacks may eg enable analytical calculations of correlation functions
using ’old’ knowledge about these polynomials. However, there appears to
be rather strong constraints on what one can actually describe efficiently
using this method (at least this far). To get a feeling for the basics of the
construction in terms of Jacks we consider the following simple example:
given that the TT state (or any state for that matter) have a finite amplitude
in a state Ψ, there is a set of coefficients {cn,k,m} such that

Ψ =
∑

n,k,m

cn,k,mV̂
n
kmΨTT , (3.20)

where V̂km is an operator containing hopping terms that are included in the
hamiltonian, H. However, it is not very helpful as we a priori do not know
anything about the coefficients {cn,k,m}, and thus do not get an explicit
expression for Ψ. In some cases the Jack polynomials provide the answer.
In these cases one starts from a ’root partition’ which corresponds to the
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TT state on the cylinder11 (≃ plane). From the partition all the terms in
the Jacks are generated from squeezing inwards, as if there were rigid walls
at the edges. Thus this ’squeezing rule’ correspond to the situation on the
disk/sphere/cylinder where it is natural that there is a boundary which the
particles cannot penetrate. However, this cannot generate eigenstates on the
torus, where such processes are actually important. Quasiparticles are also
possible to create using Jacks. Here, the ’root partitions’ mimic the domain
walls expected from the thin torus approach, but the explicit expressions in
terms of Jacks are more complicated.

The very recent construction due to Wen and Wang does however work
on the torus [158, 159], and they classify the states from patterns of zeros
(of the polynomials). It would be interesting to study their work, and its
relation to the material presented in this thesis.

3.6 Other states

The states we have discussed so far may represent the most well known
states in the QH regime, but they are by no means the only interesting
states observed in the system. It is thus a natural issue to address whether
other states can be studied on the thin torus, and to what extent one can
follow them to the bulk.

A type of states that has not been discussed in this thesis are the mul-
tilayer states [61,62]. At least some of these states are clearly connected to
simple (multi-component) TT states. This is implicit in Paper VIII, as the
hierarchy states represent multi-layer states before the antisymmetrization.
In a recent pre-print Seidel and Yang [160] had a closer look at this in the
case of bilayer states, focusing on the implications for the (3,3,1)-Halperin
state [62].

There are also states that may be harder to understand in the TT limit.
Such states may, for instance, include Wigner crystals, which are observed
at low enough filling fractions.

11In the case of the M = 0 Read-Rezayi states, the TT states on the cylinder are
k0k0k0 . . . k0k.
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Epilogue

In the previous chapters we have seen that our one-dimensional view of the
quantum Hall system provides a very simple and intuitive picture of many
observed (or conjectured) phenomena. A summary of our results was given
in the preface; let us here instead discuss some possible future directions
and open questions.

An interesting question is how our Luttinger liquid description of the
ν = 1/2 state on the thin torus is related to the bulk state. In particular,
does the two-dimensional bulk state somehow still show any one-dimensional
characteristics? If so, this may be observable in transport measurements. A
related and unresolved issue is how the dipoles in our approach relate to the
composite fermions in the standard theory.

Another, rather obvious, question is how good our trial wave functions
for the hierarchy states are. The numerics on ν = 4/11 so far are incon-
clusive, and studying larger systems seems necessary. According to Chang
and Jain [129], the signs of an incompressible state shows up at 12 particles,
which is just slightly beyond our present computing abilities. Thus, it would
be very interesting if we could push the numerics a bit further, or possibly
to outsource this task.

By slightly changing the parameters in our CFT construction for the
hierarchy, we get wave functions with unexpected properties. For instance,
the n = 2 wave function at ν = 2/7 with s1 = s2 = 5 and s12 = 2 has
an enhanced ground state degeneracy on the torus and a non-trivial TT
limit. It remains to understand whether such wave functions are physically
relevant.

I am very curious of what future experimental progress can tell us about
the QH phase diagram; in particular how well the hierarchy prediction for
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the stability of states will agree with such experiments. In this context, the
state at ν = 7/19, which we predict to be on the verge of observation, is of
special interest as it would be the first observed state with a non-Jain state
as its parent. Such an observation would once and for all prove that the
composite fermion picture has to be accounted for as a hierarchical scheme.

As we have encountered several connections between the fractional quan-
tum Hall effect, conformal field theory and spin chains one may speculate
on further connections along these lines.

It is tempting to consider the possibility of mapping other fractions than
ν = 1/2 onto spin chains. The mapping of the low energy sector at ν = 1/2
onto an s = 1/2 spin chain would then presumably generalize into a mapping
of ν = 1/3 onto an s = 1 chain and so on. This suggests that the Haldane
conjecture [161, 162] for the gaps in spin chains might also be relevant for
the two-dimensional electron gas in a strong magnetic field. One may also
investigate whether there are any spin chain counterparts to more exotic
FQHE states. Of course, this potential connection goes both ways, and can
perhaps shed some light also on the physics of spin chains.

The TT limit can also act as a sort of playground, where one can play
around with different patterns. It is pretty evident that the ideas of the
TT limit do generalize to many other states. Interesting examples would,
for instance, include haffnians [163], gaffnians [164] and non-abelian spin-
singlet states [165]. Even more interesting is the possibility to invent wave
functions describing unknown, possibly exotic phases. Given a guess from
the TT limit, there are at least two possible routes to get a handle of a proper
bulk description of a (candidate) QH phase. One is through the recent
polynomial constructions [155–159] as described in section 3.5. However,
the most promising approach is probably to use conformal field theory. The
domain wall patterns in the TT limit clearly suggest a group structure (ie the
fusion rules), but this is still far from sufficient information for describing a
CFT. However, the conformal dimensions are also related to the allowed TT
states, which further narrow down the number of possibilities. At the end
some more inspired guess work will be needed, but in the fashion sketched,
we at least get some guidance from thinking in terms of simple patterns and
domain wall structures.
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