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Abstract

The Bayesian approach to cluster analysis is presented. We assume that all data
stem from a �nite mixture model, where each component corresponds to one clus-
ter and is given by a multivariate normal distribution with unknown mean and
variance. The method produces posterior distributions of all cluster parameters
and proportions as well as associated cluster probabilities for all objects. We
extend this method in several directions to some common but non-standard sit-
uations. The �rst extension covers the case with a few deviant observations not
belonging to one of the normal clusters. An extra component/cluster is created for
them, which has a larger variance or a di¤erent distribution, e.g. is uniform over
the whole range. The second extension is clustering of longitudinal data. All units
are clustered at all time points separately and the movements between time points
are modeled by Markov transition matrices. This means that the clustering at
one time point will be a¤ected by what happens at the neighbouring time points.
The third extension handles datasets with missing data, e.g. item non-response.
We impute the missing values iteratively in an extra step of the Gibbs sampler
estimation algorithm. The Bayesian inference of mixture models has many ad-
vantages over the classical approach. However, it is not without computational
di¢ culties. A software package, written in Matlab for Bayesian inference of mix-
ture models is introduced. The programs of the package handle the basic cases
of clustering data that are assumed to arise from mixture models of multivariate
normal distributions, as well as the non-standard situations.
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1 Introduction

Cluster analysis or classi�cation is the collective term for methods which create
distinct and homogenous subgroups in a given set of data points. The majority of
cluster analyses done in practice are based on deterministic methods. Most statis-
tical software available is of this kind. The idea behind deterministic clustering is
to base groupings on measures between objects, or between objects and centroids,
to create groups that are as cohesive and homogenous as possible. Contrary to
these approaches, model-based clustering is based on standard principles of sta-
tistical inference. Data is assumed to arise from a mixture model, which means
that it is viewed as coming from a �nite number of populations, mixed in various
proportions. Each population represents a cluster with its speci�c characteristics.
This approach brings advantages in the sense of �exibility in sizes, shapes, and ori-
entations among groups. Model-based clustering is also able to handle overlapping
groups by taking cluster membership probabilities in these areas into account. We
use Bayesian inference, which has certain advantages over a classical frequentist
approach. Point estimates of the parameters in the model are replaced by the
whole posterior distributions. This gives information concerning associated uncer-
tainties to all point estimates. In the Bayesian approach, an observation is not
allocated to a cluster with probability 1. The Bayesian approach generates cluster
probabilities for each single object. This is especially important for observations
close to cluster boundaries.

2 Deterministic versus Model-based Cluster Analy-
sis

Most clustering is in practise based on traditional deterministic methods. In these
methods, the observations are classi�ed in a mechanical manner according to some
chosen procedure. There is a vast literature on traditional deterministic clustering
methods: see for instance Sharma (1996), Jain and Dubes (1988), and Everitt et
al. (2001).

One widely used deterministic method involves hierarchical clustering. It starts
with as many clusters as there are observations, and the number of clusters is de-
creased one by one, at each step. Two groups are merged at each stage, according
to certain optimization criteria. Commonly used criteria for merging are cluster
measures such as smallest dissimilarity (single-linkage), average dissimilarity (av-
erage linkage), or maximum dissimilarity (complete linkage). In single linkage, the
distance between two clusters is represented by the minimum distance between all
possible pairs of objects. In average linkage, the distance used is the average of all
pairs of objects and complete linkage is based on the maximum distance between
all possible pairs of objects in the two clusters.

Ward�s method is another hierarchical method. It forms clusters by maximizing
within-cluster homogeneity. The measure of homogeneity is the within-group sum
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of squares. The method tries to minimize the total sum of squares by in each step
merging the two clusters for which the increase of the sum of squares are the lowest.
Ward�s method creates clusters of near equal size, having close to hyperspherical
shapes.

Another commonly used deterministic method is non-hierarchical clustering, which
is based on iterative relocation. These methods do not create a tree structure to
describe the groupings in data, but create rather a single level of clusters. Objects
are relocated between a predetermined number of groups until there is no further
improvement according to the criteria used. As opposed to hierarchical clustering,
the number of groups must be known prior to the clustering. K-means clustering
is a non-hierarchical clustering algorithm which uses an iterative algorithm that
minimizes the sum of distances from each object to its cluster centroid, over all
clusters. This algorithm moves objects between clusters until the sum cannot be
decreased further. The result is a set of clusters that are as compact and well-
separated as possible.

Deterministic clustering is suited for cohesive and well-separated groups, but is
not constructed for clusters with di¤erent geometric forms, nor for situations with
overlapping groups. Moreover, these methods are not based on standard principles
of statistical inference and do not provide an assessment of clustering uncertainties.

Model-based cluster analysis is another cast of mind developed in recent years
which provides a principled statistical approach to clustering. For a comprehen-
sive review, see McLachlan and Peel (2000) or Fraley and Raftery (2002). The idea
is to base cluster analysis on a probability model. The population of interest con-
sists of J di¤erent subpopulations, each with its own distribution. Data is viewed
as coming from a mixture model where each distribution represents a cluster. The
development of cluster analysis in this direction opens for understanding of the
true process and origin of clusters, and for suggesting new and better methods.
Various geometric properties are obtained through di¤erent parametrization of the
distributions, or even completely di¤erent distributions among clusters. Measure-
ment errors are an inherent part of the model, and outliers can be modeled by
adding a distribution with larger variance or a di¤erent distribution than the rest
of the clusters in the mixture.

In Figure 1, we visualize the di¤erence between the deterministic and the model-
based probabilistic approaches for one-dimensional data. The top graph shows
the true model with three overlapping groups with di¤erent distributions. The
middle graph shows what we observe from data and also the approximate outcome
of a non-hierarchical, deterministic clustering based on Euclidean distance. The
dividing point between any two clusters lies an equal distance from the two cluster
means. Objects in the group tails will then be incorrectly classi�ed into the nearest
cluster.
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Figure 1: Comparison of deterministic versus model-based clustering. Top graph -
three overlaping distributions. Middle graph - data as it appears in reality and the ap-
proximate result of a deterministic clustering by minimizing Euclidean distance. Bottom
graph - model-based clustering and its ability to handle cluster membership probabili-
ties for overlapping areas. The X, Y, and Z points illustrate di¤erent probabilities for
an object being a member of the three possible distributions/clusters. For example, an
object at point X has equal probability of coming from the two left distributions and,
in addition, a small probability of being an extreme observation from the right cluster.

The bottom graph in Figure 1 shows the features of a model-based clustering.
This approach is able to handle classi�cation probabilities in overlapping areas.
One object at the intersection point between two densities, as the one marked
with an X, has an equal probability of coming from either cluster. In this speci�c
case there is, in addition, a slight chance that it is an extreme observation from
the third distribution. At Y , the probability of belonging to the middle cluster is
about 25 percent and of belonging to the right cluster is about 75 percent. An
observation at Z is most likely an observation from the left cluster.

3 Mixture Models

The theory of mixture models dates back to Pearson (1894) who estimated the
parameters of a mixture of two univariate normal distributions by using a method
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of moments. Since then, mixture models have been used in a wide range of appli-
cations. Titterington (1997) gives a comprehensive list of examples. It is however
in the �eld of cluster analysis that mixture models are increasingly used. Finite
mixture models in the context of clustering have been studied in, for example,
Wolfe (1970), Edwards and Cavalli-Sforza (1965), Day (1969), Scott and Symons
(1971), and Binder (1978). In recent years, it has been recognized that model-
based clustering can answer practical questions such as how many clusters data
should be divided into, which distributions and parametrization to use, and how to
handle outlier objects. Ban�eld and Raftery (1993), Cheeseman and Stutz (1995),
and Fraley and Raftery (1998) have all made contributions in the �eld.

Many recent publications have shown a number of practical applications. Identi-
�cation of textile �aws from images in Campbell et al. (1997), microarray images
in DNA in Li et al. (2005) and Yeung et al. (2001), setting in social networks in
Schweinberger and Snijders (2003), classi�cation of astronomical data in Bensmail
et al. (1997), separating species in Raftery and Dean (2004), color image quanti-
zation, or clustering of the color space in Murtagh et al. (2001), and curvilinear
clustering for detecting mine�elds and seismic faults in Dasgupta and Raftery
(1998) and Stanford and Raftery (2000).

Mixture models are used to model data where each observation is assumed to have
arisen from one of J possible groups. Speci�cally, data (y1; :::;yn) are viewed as
coming from a mixture model, where each distribution fj represents a cluster.

f(yi j� ) =
JX
j=1

!jfj(yi j� ) i = 1; :::; n (1)

The cluster proportions !j satisfy 0 < !j < 1 and
JP
j=1

!j = 1.

The distributions fj may theoretically represent any probability distribution. Dif-
ferent types of distribution within the same mixture model are also possible. In this
thesis, each cluster follows a multivariate normal distribution (with one exception,
see Section 6.1). Formula (1) may then be written as

f(yi
���j;�j ) =

JX
j=1

!jfj(yi
���j;�j ) i = 1; :::; n

where �j is the mean vector and �j the covariance matrix of the normal distrib-
ution fj, representing cluster j.

3.1 Gaussian Mixtures

One of the greatest advantages with the model-based clustering approach is its
ability to handle groups of di¤erent shape, orientation, and volume. In a Gaussian
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mixture, these characteristics are described by the covariance matrices �j. Each
cluster is represented by its speci�c covariance matrix, which gives the form of
the cluster. �j can be given without any restrictions, allowing for any form.
Several constraints can, however, be placed on the covariance matrices. Ban�eld
and Raftery (1993) suggest eight di¤erent models, based on the standard spectral
decomposition of the covariance matrix �j.

�j = �jDjAjD
t
j

�j is a scalar controlling the volume. Dj is an orthogonal matrix of eigenvectors
in charge of orientation. Aj controls the shape and is a diagonal matrix with
elements proportional to the eigenvalues of �j.

The eight models representing di¤erent covariance structures are shown in Table
1. Di¤erent models are obtained by placing constraints on the covariance matrix
such as Aj = A, which means that the shape is the same for all j clusters. The
model �j = �jDjAD

t
j; for example, has the same shape but di¤erent orientation

and volume among the clusters. Model 1, with spherical shaped clusters and the
same volume corresponds to the structure of a deterministic clustering based on
Euclidean distance.

Model �j Shape Orientation Volume
1 �I Spherical None Same
2 �jI Spherical None Di¤erent
3 � Same Same Same
4 �j� Same Same Di¤erent
5 �DjAD

t
j Same Di¤erent Same

6 �jDjAD
t
j Same Di¤erent Di¤erent

7 �jDAjD
t Di¤erent Same Di¤erent

8 �j Di¤erent Di¤erent Di¤erent

Table 1: Cluster models indicating whether the shape, orientation, and volume are the
same or di¤erent for each group. (From Ban�eld and Raftery (1993)).

The mixture model in Formula (1) is equally applicable to all these covariance
structures, but Model 8 is used throughout this thesis. If knowledge about the
covariance structure is available, one should restrict the model as much as possible
to improve the estimates. The unrestricted choice in Model 8 often requires longer
simulation sequences than the restricted models.

4 The Bayesian Approach

Bayesian estimation for mixture models is a relatively new approach in the liter-
ature. It took almost 100 years from Pearson�s (1894) introduction of the mix-
ture model until Bayesian solutions were developed. Among the �rst to write
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about Bayesian estimations for mixtures via posterior simulations were Gilks et
al. (1989), Gelman and King (1990), Verdinelli and Wasserman (1991), and Evans
et al. (1992). Some initial key papers on the subject are Lavine and West (1992),
Diebolt and Robert (1994), Escobar and West (1995), and Bensmail et al. (1997).

Development of the method for special purposes has been the focus of many stud-
ies. Model selection for mixtures is studied in various Bayesian approaches. An
approximation of Bayes factor (BIC) can be used for the pairwise comparison
of models with di¤erent numbers of components or various underlying densities.
Examples can be seen in Raftery and Dean (2006), Leroux (1992), Roeder and
Wasserman (1997), and Stanford and Raftery (2000). Another type of model se-
lection can be obtained by a reversible jump MCMC algorithm which can deal with
parameter estimation and model selection jointly. The algorithm jumps between
subspaces, corresponding to di¤erent numbers of components and/or variable sets
in the mixture model. This procedure often allows for the birth and death of a
cluster during the simulations. Richardson and Green (1997), Phillips and Smith
(1996), Stephens (2000), and Zhang et al. (2004) have all made contributions in
the �eld. Another approach to mixture modeling is to handle noise or deviant
observations. Fraley and Raftery (2002) and Bensmail and Meulman (2003) add
an extra term in the mixture distribution, which models noise as a homogenous
Poisson process. The most recent papers on Bayesian estimation of mixture mod-
els with applications on real data sets, include Bensmail et al. (2005), Fraley and
Raftery (2007), and Oh and Raftery (2007).

In the following section, an introduction to Bayesian inference is given. A more
comprehensive explanation can be found for example in Bernardo and Smith (2000)
or Gelman et al. (2004). Bayesian inference on mixture models are included in
the books by Gelman et al. (2004), McLachlan and Peel (2000) and Gilks et al.
(1999).

4.1 Bayesian Inference

While classical statistics deals with point estimators, their variances and con�-
dence intervals, Bayesian statistics is concerned with calculating whole posterior
distributions of the unknown quantities, �, given both data, y; and the prior opin-
ions on those parameters. In classical hypothesis testing, a hypothesis is either
rejected or not. Bayesian statistics, on the other hand, calculates the probability
that the hypothesis is true or uses Bayes factors for similar purposes. Bayesian
statistics therefore gives a more complete picture of the uncertainty.

In probability theory Bayes theorem is well known:

p(� jy ) = p(�)p(y j� )
p(y)

/ p(�)p(y j� ) (2)

where p(y) =
P

�p(�)p(y j� ) when � is discrete; i.e. the sum over all possible
values of � or p(y) =

R
p(�)p(y j� )d� when � is continuous.
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Formula (2) may be expressed in words: The posterior distribution p(� jy ); of the
parameter �; given the data y is proportional to the prior information p(�); times
the information from data, i.e. the likelihood function p(y j� ).

Posterior / Prior � Likelihood

The prior distribution p(�); of the unknown � value, describes the uncertainty of
� before data is observed. The prior belief is subjective and varies according to
the knowledge and experience with regard to the unknown parameter. A strong
belief about the parameter is expressed by a compact prior distribution around its
believed mean value. The likelihood function p(y j� ); expresses the probabilities
for the data, given the parameter. When the prior distribution is updated with
data in the form of the likelihood function, one obtains the updated prior, i.e. the
posterior distribution p(� jy ).

In the classical approach, the unknown parameter � is thought of as a �xed quan-
tity and the known data as random. In the Bayesian approach � is viewed as an
unknown quantity whose variation is described by its prior and posterior distrib-
ution while the data is observed, and after that considered �xed in the analysis.
Therefore, in Bayesian inference, one can, for example, make statements about the
probability that the parameter�s lying in a certain interval, which is not possible
in classical inference. This causes many misunderstandings. It is not uncommon
that scientists using the classical approach falsely believe that the probability that
a parameter lies inside a 95 percent con�dence interval is 95 percent. They are
then treating con�dence intervals as Bayesian probability intervals.

Example 1 In Figure 2, the e¤ects of two di¤erent priors for the parameter �
are illustrated. In this example, � is one univariate parameter. Suppose that two
persons with di¤erent prior knowledge (A and B) are faced with the same data.
Prior A represents a person with little prior knowledge modeled by �A � N(27; 72)
while prior B represents a specialist with better prior knowledge, �B � N(40; 12).
The broken line is the likelihood function created from one observation Y = 32
where data is normally distributed with known variance, Y j� � N(�; 32). A nor-
mal prior distribution and the likelihood yield a normal posterior distribution with
new parameters. In this case the posterior distributions are �A jY � N(31:2; 2:82)
and �B jY � N(39:2; 0:62). From Figure 2 it appears that the prior A does not
have much e¤ect on the posterior distribution. Instead the likelihood and data
stand for a large part of the information. In the case of a more precise prior B the
posterior is greatly a¤ected by it. Since person B knows much about the parameter
in advance, the prior belief is very precise. For him the new data only stands for
a minor part of the information.
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Figure 2: Two di¤erent prior distributions (dotted lines) and their e¤ect on the pos-
terior distributions (solid lines). The likelihood function (broken line) is the same for
both examples.

In Example 1, the experiment was based on one observation. A person with
no prior opinion learned a lot but the specialist�s knowledge was based on more
substantial experience. If the experiment grows larger, both persons will eventually
reach the same conclusion. The mean and variance for the posterior distributions
approach the same values as the number of observations increases.

5 MCMC Estimation Technique

According to Bayesian methodology, our prior assumptions together with the
likelihood function from the data generate the posterior distribution. Its exact
evaluation often requires complicated integration. One problem with, and non-
philosophical criticism of, Bayesian mixture estimation are its computational dif-
�culties. Thanks to the availability and development of high-speed computing
in recent years, the use of Bayesian inference has increased. In Markov Chain
Monte Carlo (MCMC) simulations, complicated or impossible analytical calcula-
tions are replaced by simulated approximations. The MCMC method evaluates
the posterior by drawing samples from a Markov Chain, with the true posterior as
equilibrium. After a burn-in period, the draws can be treated as coming from the
target distribution. MCMC methods can be traced back to at least Metropolis et
al. (1953) and have been further developed by Hastings (1970). The method was
introduced in Tanner and Wong (1987) and Gelfand and Smith (1990) as a power-
ful alternative to numerical integration. With these articles, the implementation
of the Bayesian approach for mixtures became practical.
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The Gibbs sampler is a particular MCMC algorithm working with conditional
states. It was �rst introduced in Geman and Geman (1984) and Tanner and
Wong (1987). Each iteration of the Gibbs sampler cycles through the conditional
distributions of all the parameters. In each iterative step, new parameters are
generated and the conditional distributions are updated for the next iteration. It
is suitable in situations where the joint distribution of the parameters of interest,
say p(�; �; �); is di¢ cult to calculate, but the conditional distributions p(� j�; � ),
p(� j�; � ); and p(� j�; � ) are possible to simulate from. This iterative procedure
makes the process approach the equilibrium p(�; �; �). Gamerman and Lopez
(2006) give a comprehensive explanation of MCMC simulation including Gibbs
sampler.

The posteriors of the parameters in the mixture model of Formula (1), (�j, �j; !j
fj = 1; :::Jg) are estimated with the Gibbs sampler algorithm throughout this
thesis. The posterior distributions for all parameters, generated from the prior
and likelihood distributions, are expressed conditional on one or more of the other
model parameters.

6 Development of the Model for Non-standard
Situations

The �exibility in the Bayesian, model-based clustering methodology can be used for
a number of speci�c purposes, such as model and variable selection, the handling
of outlier objects, or clustering of odd shaped groups. In this thesis, three special
extensions of the model are investigated.

1. It is not unusual with some observations that are unsuitable for classi�ca-
tion. Sometimes it is not realistic that all observations can be described by
a small number of groups. These observations can be included in the model
by introducing a deviant group with another distribution or the same distri-
bution but with a much larger variance than the rest of the clusters. This is
done in Paper I and II.

2. Besides cross-sectional clustering, the method may be used for longitudinal
clustering. Cluster parameters are estimated at each time point and longi-
tudinal movements are studied through transition probabilities between the
time points. One may learn how objects move between groups over time and
how group structures change as time passes. This is explored in Paper III.

3. Missing data is a frequent problem in any kind of multivariate analysis. The
method can easily and e¤ectively be extended to deal with missing data.
In Paper IV, the longitudinal approach is extended to data with item non-
response. Multiple imputation is carried out as a step in the estimation
process.

9



6.1 Deviant Observations

In many real data sets there are objects not suitable for classi�cation. These
objects are characterized by their discrepancy from all other objects in the data set.
If present, these observations should not be ignored. Milligan (1981) point out the
importance of the level of coverage in cluster analysis, and Edelbrock (1979) argues
that a requirement for all observations to be classi�ed can severely in�uence the
accuracy. One common approach to outliers or deviant observations is simply to
identify and remove them prior to the analysis. There are several methodologies for
the identi�cation process. The RESIDAN methodology is described in Bergman
et al. (2003), where observations similar to at most k other observations are
removed from the data set. Raftery and Dean (2004) compare models with di¤erent
variable sets and decide which observations should be removed by pairwise model
comparison using Bayes factors. Fyyad and Smyth (1996) use a method where
observations are removed from clusters in an iterative clustering-removal process.
The iterations are repeated until all remaining observations have relatively high
density.

Contrary to the above methods, one may argue that the outliers or deviant obser-
vations rightly belong to the sample. Instead of removing them, one should use a
method of analysis that takes their existence into account. The �exibility of the
model-based approach o¤ers the possibility of handling these deviant observations
within the model.

Fraley and Raftery (1998) and (2002) propose a way of dealing with �noise and
outliers�within the model. One extra component in the mixture models noise as a
homogenous Poisson process. Even though the method has been used successfully
in a number of applications (Bensmail and Meulman 2003, Ban�eld and Raftery
1993, Dasgupta and Raftery 1998, and Campbell et al. 1997, 1999), the estimation
is done in several steps, and information is needed prior to clustering. The method
requires an initial approximate identi�cation of the noise and clusters, whereupon
a hierarchical clustering of the denoised data is performed. In a �nal step, the
estimation is executed on the entire data set with the added noise term included
in the model.

A more direct solution is to add an extra distribution to the mixture model,
representing the deviant observations. This distribution can be spread over part
of, or the whole sample space. In Paper I, a mixture of Gaussians are used where
the deviant observations are represented by a normal distribution of larger variance
than the other clusters. The method is tested on two simulated data sets, with
a thriving outcome. One deviant cluster of smaller size and larger variance is
successfully distinguished.

In Paper II, the deviant observation is instead modeled by a uniform distribution.
The method is applied to one simulated and one real data set. The simulated data
study shows correct estimates for the non-deviant cluster as well as the deviant.
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In the real data study, the method is applied on data from 935 children in sixth
grade. Data was collected by the Individual Development and Adaption (IDA)
program at the Department of Psychology, Stockholm University. A longitudinal
data base has been created with the purpose of studying individual development
processes. A selection of seven variables is used in the attempt to �nd a cluster
structure among a group of twelve-year old students. The variables used are the
students�attitudes to three school subjects, their grades in the same subjects, and
their parents�educational level. Using this method, we manage to separate the
pupils into logical clusters and, moreover, identify outlier objects by placing them
in a separate cluster. In general, the clusters follow a pattern where high grades go
hand in hand with positive attitudes and highly educated parents, and vice versa.
Exceptions from the pattern are mainly due to the variable representing parents�
educational level. Students with probabilities for the deviant cluster of 50 percent
or higher are sorted out. These individuals have in general a di¤erent variable
set than those described in the ordinary clusters. The results from our solution
are compared with those from clustering by Ward�s method, giving a promising
outcome for the model-based method.

6.2 Longitudinal Cluster Analysis

When working with clustering of longitudinal data, there are mainly two ap-
proaches. In the �rst, the development pattern is the focus of the analysis. The
aim is to cluster observations into a few typical development classes: see Pauler
and Laird (2000). In the second approach, classi�cation is made at each sepa-
rate time point and the focus is to study how observations move between groups
over time and how group structure changes as time passes. Both approaches are
consistent with the model-based approach to clustering. The second approach is
the main topic of Paper III and the underlying condition for further development
concerning missing data, in Paper IV.

Data at each separate time point is assumed to arise from a �nite mixture of
multivariate normal distributions. The objects or individuals are the same for all
measurement occasions but the number of variables and what they represent may
change between times. As in cross sectional clustering, group characteristics are
studied. In addition movements between clusters at di¤erent time points are an-
alyzed. These movements are modeled by transition matrices, where one matrix
is applied between two consecutive time points. Information about cluster prob-
abilities for a single observation is generated, as well as its possible movements
between clusters and the probabilities for each movement.

There are previous examples of deterministic, longitudinal clustering using transi-
tion matrices to describe development from one time to another. In these examples,
data is clustered at each time point separately, using a deterministic method. The
cluster assignments and cluster centers are treated as known, whereupon the in-
formation is used to estimate the transition matrices. Applications can be found
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in Sugar et al. (1998) and (2004) with k-means clustering and in Bergman et
al. (2003) with Ward�s method. The two-step procedure, of �rst assigning ob-
servations to clusters and then estimating transition matrices, does not take all
available information into account. In the longitudinal model-based clustering ap-
proach, cluster allocation for an observation is done simultaneously for all time
points. This means information from all times is taken into consideration. Scott
et al. (2005) adopt this approach and adapt it for special circumstances using
treatment data.

In Paper III, longitudinal, model-based clustering is applied to two simulated and
one real data set for a maximum of three time points. The results from the sim-
ulated data sets are compared to k-means clustering. The cluster parameters,
including cluster probabilities and transition probabilities, are satisfactorily es-
timated. In comparison with k-means clustering, the method generates similar
results concerning classi�cation accuracies. In this respect, the advantages of tak-
ing information from all time points into consideration does not seem to have
a signi�cant e¤ect. The e¤ect would probably have been more noticeable, with
longer time chains. With similar results concerning classi�cation accuracies, the
model-based approach generates useful information in addition to point estimates.

The IDA data base is once again the provider of the real data set. The data covers
720 students in third grade and then again in sixth grade. Variables used are the
grades and attitudes to three school subjects. Logical cluster solutions appear at
both time points, even though they di¤er in structure. In third grade, the attitudes
to a subject are more or less independent of the mark in the same subject. When
reaching sixth grade the dependencies between the two types of variables are much
stronger. Transitions between the two times show high probabilities for transitions
to clusters with similar characteristics, which is the expected pattern.

6.3 Missing Data

Multivariate data sets are often subject to non-response. When the data, in ad-
dition, is longitudinal, it is even more exposed to non-response. The model-based
approach to longitudinal clustering may easily be extended to deal with missing
data, provided that the data is missing at random (MAR) or missing completely at
random (MCAR), see Little and Rubin (2002). Imputation under the assumption
of a multivariate normal mixture has been studied in Schafer (1997), Liu (1999),
and Gahramani and Jordan (1994). These authors all use the EM algorithm when
estimating the parameters. Lin et al. (2006) made a comparison between im-
putation using the EM algorithm and imputation using Bayesian inference. The
Bayesian approach shows promising accuracies in comparison, especially when the
non-reponse rate becomes high.

In the Bayesian estimation process, imputation is carried out in an extra step in the
Gibbs sampler algorithm. The process itereratively generates model parameters
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and imputes missing values. Imputed values for an observations are generated
from the distribution/cluster the observation is classi�ed to at that iteration step.

In Paper IV, the imputation method is tested on simulated and real, longitudinal
data sets with various rates of non-response. Studies with simulated data show a
well-functioning imputation method which handles non-reponse rates of up to 40-
45 percent without serious loss of precision in estimates. The method is compared
to other methods of handling missing data. The most primitive, and unfortunately
most often used method, is that of removing observations with at least one missing
variable. This may drastically reduce the data set and worsen the result, which one
of the studies in Paper IV con�rms. Using the mean imputation method generates
reasonable estimates for low non-response rates, but for higher rates the method
is outperformed by the Bayesian, model-based imputation method.

For the students in the IDA data base, a comparison study is made between
applying the method on data including only those with a complete variable set
and including all individuals, using imputation. The 720 students who were the
object of the longitudinal study in Paper III are included in this study, together
with those 486 students who were left out because of their incomplete variable
sets. When including all individuals, the variances of the estimates were lower and
the cluster membership and transitions between them seemed to be more stable.
The cluster structures did not di¤er much, even if the variables that were most
prominent in the clustering changed when adding individuals with missing data.

7 The MBCA Data Program

Most statistical software packages contain alternatives for traditional deterministic
clustering. If one instead wants to adopt the model-based clustering approach,
the selection of prewritten programs is much more limited. The MCLUST (Fraley
and Raftery 2007, 2006, and 2003) and MIXMOD (Biernacki et al. 2005) are
two choices for model-based cluster analysis using classical inference. The model
parameters are estimated using the EM algorithm, which is a maximum likelihood
estimator. Applications can be seen in Fraley and Raftery (1998), Wehrens et
al. (2003), and Dasgupta and Raftery (1998). The EM algorithm is advanced
in many respects. Still, it comes with a number of limitations which we can
overcome or more e¤ectively generate with the Bayesian approach. The maximum
likelihood estimator runs the risk of being stuck in a local maximum, if present.
Moreover, the method only generates point estimates with no estimates about the
uncertainty of the parameters. The so called MCMC simulation technique used in
the Bayesian inference will eventually reach the target distribution. The Bayesian
approach generates associated uncertainties for all point estimates in the form of
the whole posterior distribution. The method also generates posterior predictive
probabilities for a single observation�s being derived from any of the distributions
(groups) in the model.
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WINBUGS is a widely used software package that has been designed to carry out
MCMC computations for a wide variety of Bayesian models. It may also handle
normal mixtures. The �exibility of the program is also its greatest disadvantage
for a novice user. WINBUGS is not menu driven and pre-packaged. It requires
previous knowledge about both Bayesian inference and the program itself. Discus-
sions on how to use WINBUGS is found in Schollnik (2001), Fryback et al. (2001),
and Woodworth (2004, Appendix B).

The MBCA software package, described in Paper V, is written in Matlab for
Bayesian inference of model-based clustering. Users with very limited knowledge
about both Bayesian inference and Matlab will be able to use it. The program
assumes a mixture of a �nite number of multivariate distributions. The program
generates parameter estimates for mean values, (co)variances, and cluster probabil-
ities for all groups, as well as cluster probabilities for single observations. Iteration
plots can be obtained as well as visual graphical representations of the posterior
distributions in the form of histograms. The user may freely choose prior speci-
�cations or use default priors. The program is available for free downloading on
the internet. Five programs within the package handle di¤erent aspects of model-
based clustering. The �rst program is the basic approach which clusters data into
a prespeci�ed number of groups. This program can also handle a deviant group
with a normal distribution of larger variance. The second program uses instead a
uniform distribution to model the outlier or deviant observations. The third pro-
gram makes it possible to include all observations in the cluster analysis, despite
item non-response. The fourth program clusters data at two or three consecutive
time points. In addition to parameter estimates, the program generates estimates
of transition matrices between time points. The last program handles longitudinal
clustering of data with non-response.

8 The IDA Data

The same data base has been used throughout the various applications in this
thesis. �Individual Development and Adaption� (IDA) is a Swedish longitudinal
research program from the Department of Psychology, Stockholm University. It
was created to study individual development as a process in which adaption is a
central concept. The main IDA cohort contains all school children (about 1300)
who attended third grade in 1965 in a moderately sized city in Sweden, called
Örebro. The individuals have been investigated from third grade in 1965 up to
adult age. The database covers a broad range of topics such as school marks,
school related behaviors, social relations, family climate, psychological, mental,
and socioeconomic factors. The program has resulted in several hundred scien-
ti�c publications. Information about the project can be found in Bergman and
Magnusson (1997) and in Magnusson (1988).

For this thesis, three types of variable are chosen. The marks in three school
subjects, the student attitudes towards the same subjects, and their parents�ed-
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ucational level. Data from when the students where in third and sixth grade are
used. From this kind of data, one can expect to �nd clusters generally going from
students with high marks, positive attitudes and highly educated parents to clus-
ters with the opposite characteristics. One is also likely to �nd clusters with more
unpredictable structures. In addition, there may be students who do not �t into
the general pattern. The seven variables used are discrete, but an approximation
by a normal distribution is believed to be acceptable.

Even though the main aim of this thesis is not to make quali�ed psychological
evaluations, the applications have generated some interesting results.

Studies on the student when they were in sixth grade show a cluster division which
in general follow the expected pattern. Five groups, excluding the deviant, seems
to be enough to catch the main patterns of the data. The largest group consists of
about 30 percent of the students. The estimates in this group are average for all
parameters, except for parents�educational level, which is surprisingly low in this
group. Marks in�uence the classi�cations more than the attitudes, and even more
by the parents�education. Within a cluster the mark variable are quite similar,
while the attitudes di¤er more.

The results also show evidence for a deviant group of about 5 percent. If one looks
closer on the individuals with a probability for the deviant cluster of more than 50
percent, odd variable patterns appear. We �nd, for example, individuals with bad
attitude, low marks despite highly educated parents. Good marks together with
negative attitude or vice versa is also found, as well as large variation between
practically all seven variables.

Data from when the students where in third and sixth grade, are clustered in a lon-
gitudinal manner. Now all variables except parents�educational level is included
in the analysis. The most interesting conclusion is the di¤erent cluster structures
between the two time points. The cluster structure is much more unanimous in
sixth grade than in third. In the third grade, good marks and a positive attitude or
vice versa, do not necessarily come hand in hand. When the student have reached
sixth grade, the mark variables become more in line with the attitude variables.
The clusters are nicely ordered, going from �better� groups to �worse� according
to all variables. In the third grade, the attitudes are in general considerably more
positive than in the sixth grade while the marks in general do not change much.

Transition probability estimates between third and sixth grades show movements
between clusters of similar characteristics. Even though it is hard to make a similar
ranking of clusters at the two times, due to di¤erent group structures, it is obvious
that most individuals are in clusters of similar features at both times. Nevertheless,
a smaller percent of the transitions are to very di¤erent clusters. There are a few
percent who make a turn from prosperous groups to more �unsuccessful� groups,
or vice versa.
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9 Conclusions and Further Developments

The main conclusion from this thesis lay in di¤erent extensions of the model-based
clustering approach:

The existence of a component in the mixture corresponding to outlier or deviant
observations is not an innovation. Studies already made concentrate on modeling
the outliers using a homogenous Poisson process or by capturing these observations
in the broad tails of t-distributions. We showed that it is also e¢ cient to model
deviant observations by either a normal distribution with larger variance or by a
uniform distribution over the whole sample space.

We developed the model-based method for clustering longitudinal data. Previ-
ous studies most often use deterministic clustering at each time point whereupon
transition matrices are estimated. Very few studies use a model-based approach.
When this is done, it is for special or customized situations. We presented a general
clustering approach where the longitudinal aspect of data is taken into account.
The cluster allocation of an observation were performed simultaneously for all time
points by calculating probabilities for all possible trajectories an observation can
take between clusters at the di¤erent time points.

Imputation of missing data in various ways is the focus of many studies. Imputing
missing values as an extra step in the Gibbs sampler algorithm is much more
uncommon. We took it one step further by imputing missing values in longitudinal
clustering. The longitudinal aspect of clustering in�uence the imputation and vice
versa. Including observations with partial non-response most de�nitely improves
the estimates, and the clustering structure helps to generate appropriate values to
impute.

The special extensions of this thesis together with the Bayesian approach require
complex estimation procedures. To make these methods practicable for anyone,
the MBCA software has been developed. Users with access to Matlab, may, with-
out much previous knowledge, execute the MCMC simulations for any desired
situation/extension, described in this thesis.

The Bayesian inference used in this thesis is in itself a contribution. Even though
the Bayesian approach has been used in many situations involving mixture models,
applications to the special areas of this thesis are rare or nonexistent.

Our work can be investigated further in various ways and other developments
may also be of interest. The possibilities are many, but below are some relevant
suggestions.

The simulation studies can be more far reaching. More extensive simulation studies
can strengthen the credibility of the method. To really declare a good performance
of a method, it should be tested with satisfactory result on several di¤erent data
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sets. Comparison studies can be made between simulations with many di¤erent
priors or start values, to investigate their e¤ects on the result. Another angle
concerning the performance would be to see what happens if data is generated
with no deviant observations and one then tries to �t a model with a deviant
cluster.

Normality is assumed for all groups, except the deviant, throughout this thesis.
Other distributions, and also di¤erent distributions within the same mixture distri-
bution can broaden the area of applications. An example is Stanford and Raftery
(2000) who show promising results in �nding curvilinear clusters by assuming other
distributions.

Gibbs sampler is a rather simple algorithm in MCMC simulations. More com-
plicated algorithms can improve the results and open for new possibilities. A
�reversible jump� algorithm allows for simulation of the posterior distribution on
spaces of varying dimensions. The algorithm split or merge clusters throughout
the simulations, which means clustering is possible even if the number of parame-
ters in the model is not known. Bayes factor can also be used when the number
of components is unknown. It is a model comparison tool, which makes pairwise
comparison between two models of di¤erent number of components or variable
sets.

In the longitudinal studies in this thesis, the number of time points are limited
to three. The limitation is not set by the method, but by the MBCA software
package, which is not prepared for more. Development of the software for any
chosen number of time points will extend its �eld of application. In the current
method, independence between time points is assumed. This is not always a
realistic assumption. Development of the method to handle dependencies between
times is not straight-forward, but can be done.

The real data material used, is only a small part of the total IDA data base. Studies
with more speci�c intensions and prespeci�ed problems can be made on extensive
or di¤erent variable sets. The longitudinal data base also o¤ers possibilities to
analyze data during more time points than just two.

There are mainly two types of longitudinal approaches concerning clustering. The
�rst is concerned with the clusters patterns at each time points and movements in
between, which was the approach in this thesis. The other approach clusters data
according to their development pattern over time. The mixture model is suitable
for both approaches. It may be interesting both in a theoretical and practical
viewpoint, to explore the various possibilities the second approach can bring.
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