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Abstract

Longitudinal twin data provide important information for explor-
ing sources of variation in human traits. In statistical models for
twin data, unobserved genetic and environmental factors influenc-
ing the trait are represented by latent variables. In this way, trait
variation can be decomposed into genetic and environmental com-
ponents. With repeated measurements on twins, latent variables
can be used to describe individual trajectories, and the genetic and
environmental variance components are assessed as functions of age.
This thesis contributes to statistical methodology for analysing lon-
gitudinal twin data by (i) exploring the use of random change point
models for modelling variance as a function of age, (ii) assessing how
nonresponse in twin studies may affect estimates of genetic and en-
vironmental influences, and (iii) providing a method for hypothesis
testing of genetic and environmental variance components. The ran-
dom change point model, in contrast to linear and quadratic random
effects models, is shown to be very flexible in capturing variability
as a function of age. Approximate maximum likelihood inference
through first-order linearization of the random change point model
is contrasted with Bayesian inference based on Markov chain Monte
Carlo simulation. In a set of simulations based on a twin model for
informative nonresponse, it is demonstrated how the effect of non-
response on estimates of genetic and environmental variance com-
ponents depends on the underlying nonresponse mechanism. This
thesis also reveals that the standard procedure for testing variance
components is inadequate, since the null hypothesis places the vari-
ance components on the boundary of the parameter space. The
asymptotic distribution of the likelihood ratio statistic for testing
variance components in classical twin models is derived, resulting
in a mixture of chi-square distributions. Statistical methodology is
illustrated with applications to empirical data on cognitive function
from a longitudinal twin study of aging.

Keywords: Latent variable models; twin models; variance compo-
nents; change point models; non-ignorable nonresponse; likelihood
ratio tests.
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draft of the thesis, Ola Hössjer, for good discussions, and Christina
Nordgren, for always being very friendly and helpful.

v



All my colleagues and friends at MEB, and especially everyone in
the Biostat group, for contributing to the good and friendly atmo-
sphere. In particular, I want to thank Yudi Pawitan and Paul Dick-
man for important contributions to making theoretical and applied
work in the Biostat group so rewarding, Anna Johansson, Anna
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1 Introduction

Genetic and environmental influences on human traits can be ex-
plored by comparing the resemblance in trait values for different
kinds of relatives. In twin studies, a larger trait resemblance among
identical twins compared to fraternal twins is interpreted as an ef-
fect of genes. Because genes can be turned on and off in different
phases of life and environmental factors change through accumula-
tion or removal, genetic and environmental influences may not be
the same throughout life. Longitudinal twin studies offer an excep-
tional possibility to explore these issues.

The classical twin model can be formulated as a structural equa-
tion model (e.g. Bollen, 1989), where unobserved genetic and envi-
ronmental factors are represented by latent variables (random vari-
ables) with a specified probability distribution. This enables an
investigation of sources of individual variability. Random variables
can also be used for describing variability and dependence in re-
peated measurements on individuals, in so called random effects
models (e.g. Laird and Ware, 1982). In latent growth curve models
for longitudinal twin data, these ideas are combined by incorporat-
ing genetic and environmental factors influencing the overall level
of an individual’s outcome (trait), as well as factors influencing the
temporal development (e.g. McArdle, 1986).

This thesis addresses various aspects of statistical methodology
for analysing longitudinal twin data. It consists of an introductory
part and three original papers. The introductory part is a broad
synthesis of the topic area placing the papers in a broader context.
The work has been guided by the general aim of improving methods
for the statistical analysis of data from the Swedish Adoption/Twin
Study of Aging (SATSA) (Finkel and Pedersen, 2004). Empirical
data on cognitive function from this study are used to illustrate
statistical methodology. Cognitive function is measured on contin-
uous scales and the twin models considered in the thesis are for
multivariate normally distributed outcomes.

A central goal when analysing longitudinal twin data is to de-
compose the trait variance profile over age into genetic and envi-
ronmental variance components. This can be achieved by formulat-
ing a growth curve model for the individual trajectories, including
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assumptions about variability and co-variability of features of the
curves. Because the shape of the variance profile is restricted by the
growth curve model, it is crucial that the growth curve model does
not only reflect the change in mean trait level over age but also the
change in trait variance with age.

The aim of Paper I is to formulate a longitudinal model that is
flexible for modelling changes in trait variability. We consider a ran-
dom change point model for modelling cognitive decline in old age,
and compare it to linear and quadratic random effects models. Due
to the nonlinearity of the random change point model, parameter
estimation is not straightforward. We contrast approximate max-
imum likelihood inference based on first-order linearization of the
random change point model (Beal and Sheiner, 1982), with Bayesian
inference based on Markov chain Monte Carlo (MCMC) simulation
using Gibbs sampling (Geman and Geman, 1984).

In longitudinal twin studies, loss to follow-up (dropout) of some
participants is often a reality, which means that the available data
are incomplete. Estimation of genetic and environmental variance
components based on incomplete twin data is commonly based on
full information maximum likelihood (FIML), assuming that the
dropout mechanism is ignorable (Little and Rubin, 2002). In studies
of aging, loss to follow-up due to death is likely to occur, and this
is also the case in SATSA. Dropout due to death is believed to
be related to the aging process, which makes the nonresponse in
SATSA problematic (Pedersen et al., 2003).

The aim of Paper II is to clarify the meaning of ignorable non-
response in twin studies and assess how non-ignorable nonresponse
may influence estimates of genetic and environmental variance com-
ponents. In a set of simulations, we investigate if the decrease in es-
timates of genetic variance components with time, which is observed
in analyses of cognitive function in SATSA, may be attributable to
the dropout of study participant.

Assessments of genetic and environmental influences based on
twin data are usually based on likelihood inference. Statistical tests
rely on standard asymptotic theory. However, tests of genetic or en-
vironmental variance components correspond to tests of hypotheses
on the boundary of the parameter space, since variance components
are naturally constrained to be non-negative. Hence, the test of
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variance components is a nonstandard problem and the methods
commonly used are inappropriate.

Paper III raise this question and provide a method for making
correct inference. Based on asymptotic likelihood theory for testing
parameters on the boundary of the parameter space (Self and Liang,
1987), we derive the asymptotic distribution of the likelihood ratio
statistic for tests of genetic and environmental variance components
in classical twin models.

A more detailed background to Papers I to III is given in the
following sections. In section 2, the Swedish Adoption/Twin Study
of Aging is presented. Section 3 describes the ideas underlying la-
tent variable modelling of twin data, longitudinal data, and longi-
tudinal twin data. Likelihood inference for latent variable models
is described in section 4, and is contrasted with Bayesian inference
through MCMC simulation in section 5. Dropout from twin studies,
and nonresponse in general, is discussed in section 6. Conclusions
and final remarks are given in section 7.
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2 Swedish Adoption/Twin Study of Aging

The Swedish Adoption/Twin Study of Aging (SATSA) is a longi-
tudinal twin study including both questionnaire assessments and
in-person testing of cognitive and functional capabilities, personal-
ity and health. The base population of SATSA consists of 3838
individuals, comprising all twin pairs in the Swedish Twin Registry
(Lichtenstein et al., 2002) who indicated that they had been sepa-
rated before the age of eleven years and reared apart, and a sample
of twins reared together matched on the basis of gender, date and
county of birth. The first in-person testing in SATSA took place in
1986-1988 for a subsample of pairs and follow-up data were obtained
after 3, 6, 13 and 16 years. SATSA has been described in detail by
Finkel and Pedersen (2004).

In this thesis, cognitive measures are used as markers of the aging
process. The SATSA cognitive test battery includes eleven cogni-
tive measures drawn from various sources and chosen to assess four
areas of cognitive ability: crystallized intelligence, fluid intelligence,
memory and perceptual processing speed (Pedersen et al., 1992).
Crystallized intelligence refers to those cognitive processes that are
imbedded in a context of cultural meaning and reflects the store of
knowledge or information that has accumulated over time. Fluid in-
telligence is the on-the-spot reasoning ability, which is not basically
dependant on an individual’s experience. Perceptual speed is the
ability to quickly and accurately compare letters, numbers, objects,
pictures, or patterns.

Only one cognitive measure at a time is used to illustrate statis-
tical methodology addressed in this thesis. In Paper III the Block
Design test, tapping fluid ability, is used for illustration. In Pa-
pers I and II we use the Symbol Digit test, which is a measure of
perceptual speed. The bivariate distribution of Symbol Digit test
scores for twins, stratified on zygosity, is shown in Figure 1. With
the purpose of giving a rough idea of the distribution, test scores
from all five test occasions are included and treated as independent.
The picture indicates that the within-pair correlation for identical
(monozygotic, MZ) twins is higher than for fraternal (dizygotic, DZ)
twins, suggesting a genetic influence on perceptual speed.

The repeated measures of cognition in SATSA are unbalanced in
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the sense that individuals are measured at different ages. One rea-
son for the unbalance is the study design, with participants being
50 years or older at study entry. The only exception to this rule is
a subsample of twins younger than 50 years, who were recruited for
another study and also were administered the same cognitive bat-
tery. Another reason for the unbalance is that some participants are
lost to follow-up or have intermittent missing values. The dropout
mechanism is believed to be related to the process of aging and
cognitive decline (Pedersen et al., 2003; Dominicus, 2003). Figure
2 displays cognitive trajectories for a random subsample of SATSA
participants, stratified on participation pattern. The first group
consists of individuals with test scores from 5 occasions, and the
other groups include individuals who drop out from the study after
participating at 4, 3 and 2 occasions, respectively. The figure shows
that the age distribution is somewhat different for these groups.
There is also an indication that the distribution of the overall level,
and temporal development, of cognitive function may be different
as well, although the pattern is not clear.
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Figure 1: Contour level plots for Symbol Digit test scores.
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Figure 2: Trajectories of Symbol Digit test scores for a random subsample of
SATSA participants stratified on participation pattern.
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3 Latent variable models

3.1 Models for twin data

Based on trait data from monozygotic (MZ) and dizygotic (DZ)
twins, genetic and environmental influences can be dissected with-
out having any molecular genetic, or environmental, data. This is
possible through the formulation of models including latent vari-
ables representing unobserved genetic and environmental factors.
To fix ideas, consider an univariate trait measured on a continu-
ous scale. Genes can have an additive effect on the trait, or show
a dominance deviation. The latter reflects the extent to which a
genetic variant (allele) does not simply ‘add up’ if it is present in
zero, one or two copies in the chromosome pair. For the jth twin
(j = 1, 2) in the ith twin pair (i = 1, ..., n), let ηAij and ηDij denote
the additive and the dominant genetic influences on the trait, Yij.
Environmental influences can be either shared within twin pairs or
individual-specific, and these components are denoted ηCij and ηEij,
respectively. The model is expressed as

Yij = xijβ + λAηAij + λDηDij + λCηCij + λEηEij, (1)

where β is a vector of regression coefficients (including an inter-
cept), xij is the associated vector of covariates, and λA, λD, λC

and λE are factor loadings (path coefficients) for the unobserved
genetic and environmental factors. The latent variables ηAij, ηDij,
ηCij and ηEij are assumed to be normally distributed with mean
zero and variances VA, VD, VC and VE, respectively. The normality
distribution is a consequence of the central limit theorem under the
assumption that a large number of genetic and environmental influ-
ences are present, all effects being small and largely independent of
each other (Lange, 1978).

Some of the random components in (1) are correlated between rel-
atives. Assuming random mating and Hardy–Weinberg equilibrium
in the population, the within-pair correlation of genetic factors for
relatives can be derived. MZ twins share all their segregating genes,
so the genetic correlations, ρ(ηAi1, ηAi2) and ρ(ηDi1, ηDi2), are both
equal to one. In contrast, DZ twins share on average only half of
their segregating genes, and it can be shown that ρ(ηAi1, ηAi2) = 0.5
and ρ(ηDi1, ηDi2) = 0.25 (e.g. Falconer and Mackay, 1996).
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Environmentally caused similarity for twins reared in the same
family is assumed to be the same for MZ and DZ twins, that is,
ρ(ηCi1, ηCi2) = 1 for all twin pairs. The equal environments as-
sumption is of course crucial for the interpretation of findings in
twin studies. It has been tested in several ways and appears rea-
sonable for most traits (Plomin et al., 2001, pp. 79–82).

Model (1) can be parameterized in terms of the variances VA, VD,
VC and VE, by setting the factor loadings λA, λD, λC and λE to one.
Alternatively, the model can be parameterized in terms of the factor
loadings λA, λD, λC and λE, by fixing the variances VA, VD, VC and
VE to one. The latter is the parametrization commonly used because
it ensures that estimated variance components are non-negative, and
can be directly interpreted as genetic and environmental influences
contributing to the heterogeneity between individuals.

If the genetic and environmental factors are independent and
normally distributed then the trait Yij is normally distributed with
the following mean and variance-covariance structure:

E(Yij) = xijβ for all twins

Var(Yij) = λ2
A + λ2

D + λ2
C + λ2

E for all twins

Cov(Yi1, Yi2) = λ2
A + λ2

D + λ2
C for MZ twins

Cov(Yi1, Yi2) = 0.5λ2
A + 0.25λ2

D + λ2
C for DZ twins.

It is not possible to estimate all four variance components λ2
A, λ2

D,
λ2

C and λ2
E from the equations above. One solution is to compare

several constrained models based on indices of fit such as the Akaike
information criterion (AIC) (Akaike, 1987). Often the dominant
genetic effect is excluded and the genetic effect thus assumed to be
solely additive. The model, referred to as the ACE model (Neale
and Cardon, 1992), has the form

Yij = xijβ + λAηAij + λCηCij + λEηEij. (2)

Like model (1), model (2) assumes that many independent in-
fluences are present and that neither Gene-Environment correlation
nor Gene-Environment interaction is present. Gene-Environment
correlation means that for some loci, the distribution of the alleles
is associated with environmental factors. Gene-Environment inter-
action refers to the case where the effect of some genes is associ-
ated with the exposure to some environmental factors or vice versa.
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Purcell (2002) extends model (2) by relaxing the assumptions of no
interaction, and no correlation, between genes and environment.

The twin model, as formulated in (2), belongs to the family of
structural equation models (SEM) (see e.g. Bollen, 1989). It can
easily be extended to more complex data structures. An important
feature of model (2) is that the variation for MZ and DZ twins is
constrained to be equal. In contrast, early methods for the sta-
tistical analysis of twin data were based on the idea of dissecting
trait variance into between-pair and within-pair components in an
analysis of variance (ANOVA). If there is a genetic influence, the
within-pair variation is smaller among MZ twins than among DZ
twins (e.g. Sham, 1998). A general framework for variance decom-
position into within-pair and between-pair components are based on
multilevel models, including latent variables corresponding to dif-
ferent levels of clustering (see e.g. Hox, 2002). By restricting the
sum of within-pair and between-pair variance to be the same for
MZ and DZ twins in a multilevel model for twin data, estimates
of genetic and environmental variance components similar to those
in the SEM formulation can be obtained (McArdle and Prescott,
2005).

Conclusions about a general population based on findings in twin
studies relies on the assumption that the marginal trait distribution
of twins is representative for the trait distribution of individuals in
the general population. Although twins differ from individuals in
the general population for some traits, such as birth weight, this is
not believed to be the case for most phenotypes.
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3.2 Models for longitudinal data

Longitudinal data arise when responses (trait values) for each indi-
vidual are available on multiple occasions. The dependence among
measurements from the same individual can be accommodated in
several ways. Unobserved heterogeneity between individuals in-
duces within-individual dependence, which can be accounted for
by including individual-specific latent variables in the model. This
approach uses a combination of (across individuals) fixed effects to
summarize the average features of the trajectories and individual-
specific random effects (with some specified probability distribution)
to represent variability between individuals.

In the random intercept model, an individual-specific intercept
accounts for the association between measurements from the same
individual. Extensions of this model to random coefficient models
allow both the level of the response and the effects of covariates
to vary randomly across individuals (e.g. Laird and Ware, 1982).
A useful version of the random coefficient model for longitudinal
data is the growth curve model where individuals are assumed to
differ not only in their intercepts but also in other aspects of their
trajectory over time. These models include random coefficients for
(functions of) time. Let Yjk denote the response of the jth individual
at time point tjk (k = 1, ..., nj). This notation allows for unbalanced
data. The linear growth curve model is expressed as

Yjk = βI + tjkβS + ηIj + tjkηSj + εjk, (3)

where βI and βS are fixed effects, ηIj and ηSj are individual-specific
random effects, and εjk is an error term. In vector notation, model
(3) is expressed as

Yj = Xjβ + Λjηj + εj, (4)

where Yj = (Yj1, ..., Yjnj
)T , εj = (εj1, ..., εjnj

)T , β = (βI , βS)T ,

ηj = (ηIj, ηSj)
T , and Xj = Λj =

(
1 · · · 1
tj1 · · · tjnj

)T

, with ηj and

εj random. The model specification involves specifying probability
distributions for the random effects, ηj, and the error terms, εj.
For multivariate normal data, the random effects are assumed to
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be multivariate normally distributed with mean zero and variance-
covariance matrix Ψ, and the error terms are multivariate normally
distributed with mean zero and variance-covariance matrix Φ. If
responses from the jth individual are independent, conditional on
the individual-specific random effects, the error terms in εj are inde-
pendent and Φ thus a diagonal matrix. Deviations from conditional
independence can be accounted for by including a serial correlation
between error terms (e.g. Verbeke and Molenberghs, 2000).

Model (4) assumes a linear relationship between the responses,
Yj, and the random effects, ηj. A generalization to nonlinear re-
lationships between Yj and ηj is the family of generalized linear
mixed models (GLMM) (e.g. Breslow and Clayton, 1993; Diggle
et al., 2002). GLMMs are extensions of generalized linear mod-
els (McCullagh and Nelder, 1989), to models with random effects
among the predictor variables. Let µj denote the expected value
of Yj conditional on ηj. In GLMMs, µj is related to the linear
predictor via the link function g(·):

g(µj) = Xjβ + Λjηj. (5)

In addition to the specification of the link function, a probability
distribution for the random effects, ηj, has to be specified.

Other generalizations of model (4) are the nonlinear mixed mod-
els (hierarchical nonlinear models) (e.g. Davidian and Giltinan, 1995).
In vector notation, such models can be expressed as

Yj = f(Xj, ηj, β,Λj) + εj, (6)

where f(·) is any nonlinear function. Going from a linear to a non-
linear function introduces various complications along the road. A
fundamental difference between the linear and the nonlinear ver-
sions of the mixed model lies in the ability to explicitly derive the
marginal distribution of Yj. This is possible for the linear model
but not for the nonlinear model, which complicates the estimation of
model parameters. The nonlinearity also complicates the interpre-
tation of model parameters. In the linear mixed model, the fixed ef-
fects, β, have the interpretation as ‘mean effects’, that is, the values
producing the ‘typical’ response vector at the covariate setting Xj.
In contrast, in the nonlinear mixed model the mean response vector
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for a given individual with covariate setting Xj is f(Xj, ηj, β,Λj),
and the corresponding variation in the population of response vec-
tors Yj (j = 1, ..., n for n individuals) depends on the assumptions
made about ηj and f(·). In general,

E(f(Xj, ηj, β,Λj)) 6= f(Xj, β,Λj).

Hence, using the same function f(·) to model either individual mean
response or population mean response does not in general lead to
the same marginal model for the population.

Hierarchical nonlinear models of the general form (6) have been
used extensively in some fields of applications, e.g. in pharmacoki-
netic analyses, but not as often in applications in behavioral genet-
ics. In Paper I, we adapt a random change point model belonging to
the family of hierarchical nonlinear models. Our particular model
is a two-phase model with different linear trend before and after a
change point. The change point, that is, the time point for transi-
tion from the first to the second phase, is allowed to be individual-
specific and is therefore treated as a random effect. Using the model
parametrization suggested by Bacon and Watts (1971), and using
the notation bj = β + ηj, the model has the form

Yjk = b0j + b1j(tjk − b3j) + b2j(tjk − b3j)sign(tjk − b3j) + εjk, (7)

where sign(z) = −1 if z < 0, sign(z) = 0 if z = 0, and sign(z) =
+1 if z > 0. In this parametrization, b3j is the change point, b0j is
the expected value of the response at the change point, b1j is the
average of the two slopes, and b2j is half the difference of the two
slopes. The slope for the jth individual is equal to b1j − b2j before
the change point, and equal to b1j + b2j after the change point. In
model our application of model (7), the individual-specific random
variables, b0j, b1j, b2j and b3j, are assumed to have a multivariate
normal distribution.

3.3 Models for longitudinal twin data

The ideas underlying twin modelling can be combined with the
ideas underlying growth curve modelling to formulate latent vari-
able models for longitudinal twin data. In this section, an example
of such a model is described. Especially, the assumption inherent to
such models about the variance as a function of age is demonstrated.

12



3.3.1 Latent growth curve models

Just as in models for cross-sectional data, unobserved genetic and
environmental factors are represented by latent variables in lon-
gitudinal models. The additional complexity lies in the fact that
genetic and environmental factors may influence different aspects
of the longitudinal process. For example, assuming a linear growth
curve, factors may act on either the level or the rate of change, or
both. The model for the response Yijk for the jth twin in the ith
pair at time tijk is

Yijk = βI + tijkβS + ηIij + tijkηSij + εijk (8)

ηIij = λA1ηAIij + λC1ηCIij + λE1ηEIij (9)

ηSij = λA2ηAIij + λC2ηCIij + λE2ηEIij+ (10)

+ λA3ηASij + λC3ηCSij + λE3ηESij,

where βI and βS are the mean intercept and slope parameters, and
ηIij and ηSij are the individual-specific intercept and slope, respec-
tively. In the model described by (8)–(10), the genetic influences are
assumed to be additive. The latent variables ηAIij, ηCIij and ηEIij

represent genetic and environmental factors acting on the intercept,
and potentially also on the slope. The latent variables ηASij, ηCSij

and ηESij are factors that only influence the slope. The correlation
between the level and the slope enters through the latent variables
ηAIij, ηCIij and ηEIij. This means that at least one of the factor
loadings λA2, λC2 and λE2 will be different from zero if there is
a correlation between level and slope, that is, if some of the fac-
tors that affect level and slope are correlated. However, it does not
necessarily mean that the same genes or the same environmental
factors are acting on level and slope. Figure 3 displays the path
diagram for the model specified by (8)–(10) for an individual with
four repeated measures. Following the conventions for drawing path
diagrams, latent variables are represented as circles, while measured
variables are depicted with boxes.

The model can be parameterized in different ways. One option
is to set all variances of genetic and environmental factors equal
to one and estimate the factor loadings, λA1, λC1, λE1, λA2, λC2,
λE2, λA3, λC3 and λE3. This parametrization ensures that estimates
of variance components are non-negative. As in the twin model
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for cross-sectional data, we assume that many independent factors
are involved, i.e. that the latent variables representing genetic and
environmental factors are independent and multivariate normally
distributed. We further assume that error terms are independent
and normally distributed with mean zero and the same variance φ.

In longitudinal models for twin data, the trait value is usually
a linear function of the individual-specific growth variables (e.g.
McArdle, 1986; Reynolds et al., 2002a,b). Neale and McArdle (2000)
describe latent growth curve models for dynamic processes that are
nonlinear in the individual-specific latent growth variables. As men-
tioned in section 3.2, nonlinearity complicates model estimation.
Neale and McArdle (2000) solve this by adapting a first-order lin-
earization, which is described in section 4.1.

Y14Y11 Y12 Y13 Y21 Y22

ηI1 ηS1

ηAI1 ηCI1 ηCS1 ηES1

ηI2 ηS2

ηAI2

Y24Y23

ηEI2 ηCS2 ηES2

ρ=1

ηAS2

ρ=1 for MZ
ρ=0.5 for DZ ρ=1

ρ=1 for MZ
ρ=0.5 for DZ

1
1

λA2

λC1

11

λC2

λA1

ηEI1 ηAS1

λC3 λE3
λA3

λE2

λE1

t11

t12

t13

t14

twin 1 twin 2

e14e13 e23e22e21 e24e12e11

ηCI2

Figure 3: Path diagram for a linear latent growth curve model for twins, including
additive genetic (A), shared (C), and nonshared (E) environmental effects on
intercept (ηI) and slope (ηS).
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3.3.2 Linear latent variable models

A general formulation of the linear latent variable model (structural
equation model), which extends the twin model (8)–(10), can be
expressed as in Muthén and Muthén (1998–2004):

Yi = Λiηi + X1iβ + εi (11)

ηi = Bηi + X2iΓ + ζi. (12)

Model (11) is called the measurement model and has the same form
as model (4), except that twin pairs are now the units of clustering
on the highest level, which we indicate by using the index i. Model
(12) is called the structural model and specifies the structure for
the latent variables. As before, β denotes the vector of regression
parameters related to observed covariates X1i. B is a parameter
matrix of slopes for regression of latent variables on other latent
variables and thus has zero diagonal elements. It is assumed that
(I −B) is non-singular so that (I −B)−1 exists. Then (12) can be
solved algebraically and written in reduced form with ηi only ap-
pearing on the left-hand side. Γ is a parameter matrix for regression
of the latent variables on known covariates X2i, and ζi are vectors
of zero mean random errors. Inserting the reduced form expression
for ηi obtained from (12) into the measurement model (11) gives
the reduced form model for Yi:

Yi = Λi(I−B)−1X2iΓ + X1iβ + Λi(I−B)−1ζi + εi.

The mean vector, µi, and the variance-covariance matrix, Σi, for
Yi are thus

µi = Λi(I−B)−1X2iΓ + X1iβ (13)

Σi = Λi(I−B)−1Ψi((I−B)−1)TΛT
i + Φi, (14)

where Ψi is the variance-covariance matrix for the random errors ζi.
The index i in Ψi indicates that the variance-covariance structure
need not be the same for all units. Φi is the variance-covariance
matrix for the error terms εi. When the observed outcomes Yi are
conditionally independent given the latent variables ηi, Φi will be
diagonal. In the latent growth curve model (8)–(10), the parameters
to be estimated are the factor loadings in B, the variance parameter
in Φi, and the regression parameters in β.
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3.3.3 Variance profiles

In behavioral genetics there is a specific interest in the trait variance
expressed as a function of age, dissected into genetic and environ-
mental components. For linear latent variable models, the variance
components profiles can be calculated from expression (14). Because
the time points enter into the matrix Λi, the shape of the variance
profiles are driven by the choice of growth curve model. As an il-
lustration, consider the linear latent growth curve model specified
by (8)-(10). In this model, the variance-covariance structure for the
individual-specific intercept and slope is

Var(ηIij) = λ2
A1 + λ2

C1 + λ2
E1

Var(ηSij) = λ2
A2 + λ2

C2 + λ2
E2 + λ2

A3 + λ2
C3 + λ2

E3

Cov(ηIij, ηSij) = λA1λA2 + λC1λC2 + λE1λE2.

Based on these expressions, the variance of Yij at time t, V (t),
can be calculated and decomposed into genetic and environmental
components:

V (t) = VA(t) + VC(t) + VE(t) + φ

VA(t) = λ2
A1 + 2tλA1λA2 + t2(λ2

A2 + λ2
A3)

VC(t) = λ2
C1 + 2tλC1λC2 + t2(λ2

C2 + λ2
C3)

VE(t) = λ2
E1 + 2tλE1λE2 + t2(λ2

E2 + λ2
E3),

where φ is the variance of the error term. In the linear latent growth
curve model, V (t) is thus a function of t and t2, which restricts the
estimated variance curves to be of some specific forms. Estimated
variance component profiles based on results from fitting model (8)-
(10) to the Symbol Digit test scores in SATSA have been plotted in
Figure 4.

The inherent restrictions on the shape of the variance curves are
problematic, since the variance curves are the quantities of interest
and presumably sensitive to the choice of growth curve model. In
Paper I we investigate the ability of the random change point model
(7) to capture the marginal trait variance as a function of age. In an
analysis of cognitive function based on SATSA data, we demonstrate
that the random change point model captures the observed variance
profile well, in contrast to the linear and the quadratic random
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effects models, which both make too rigid assumptions about the
variance profile. Due to the nonlinearity of the random change
point model, the marginal trait variance at a specific age cannot
be calculated analytically. One solution to this problem is to use
a first-order approximation of the model, giving an approximate
expression for the variance. In a Bayesian perspective, draws from
the posterior distribution of the random effects can be used to obtain
predicted outcomes. The variability in the predictions together with
a draw from the posterior distribution of the variance of the error
term, yields a variance profile.
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Figure 4: Estimated variance profiles for genetic (VA), shared (VC), and non-
shared environmental (VE) factors based on a linear latent growth curve model
for Symbol Digit test scores.
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4 Likelihood inference

4.1 Maximum likelihood estimation

Maximum likelihood (ML) methods are widely used for fitting the
type of linear latent variable models described in section 3.3. ML
estimators have many nice properties: they are consistent, asymp-
totically unbiased, asymptotically normal and asymptotically effi-
cient, i.e. no other consistent estimators can have a smaller asymp-
totic variance. When Yi is multivariate normally distributed, as in
the linear latent variable models, ML is straightforward. For non-
normally distributed Yi, however, exact ML is not always possible
and approximate methods have to be used. In Paper I, we evaluate
the performance of an approximate maximum likelihood procedure
for fitting the random change point model (7).

4.1.1 The likelihood

In latent variable models, the complete data from n units are (Y, η)
with Y = (YT

1 , ...,YT
n )T and η = (ηT

1 , ..., ηT
n )T . Only Y is observed.

Letting θ denote variance parameters for η, and φ the variance
parameters for the error terms, the marginal density of Y is obtained
from

p(Y|X, β, θ, φ) =

∫
p(Y|X, η, β, φ)p(η|θ)dη, (15)

where X denotes the covariate matrix associated with the fixed ef-
fects parameters β. p(Y|X, β, θ, φ) is the marginal density of Y,
p(Y|X, η, β, φ) is the conditional density of Y given the random
effects η, and p(η|θ) is the marginal distribution of η.

4.1.2 Linear latent variable models

The integral in (15) can in some instances be expressed in closed
form and evaluated analytically. When both p(Yi|Xi, β, θ, φ) and
p(ηi|θ) are multivariate normal densities, the marginal distribution
of Yi is multivariate normal. For models of the form (11)–(12),
the mean vector, µi, and variance-covariance matrix, Σi, are given
by (13) and (14), respectively. Thus, estimates of β, θ, and φ are
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obtained from maximizing the loglikelihood

`(β, θ, φ|Y) =
n∑

i=1

(
−1

2
log |Σi| − 1

2
(Yi − µi)

T Σ−1
i (Yi − µi)

)
, (16)

where µi = µi(β) and Σi = Σi(θ, φ). In general, the likelihood
function (16) is a complicated nonlinear function of β, θ, and φ,
and iterative numerical optimization procedures are necessary to
obtain the maximum likelihood estimates.

Maximum likelihood estimators of variance-covariance parame-
ters in latent variable models are expected to be biased downwards.
To address this problem a so-called restricted or residual maximum
likelihood (REML) method can be used (Patterson and Thompson,
1971). In this case, ML is not applied directly to the responses
Yi but instead to linear functions of the responses AiYi, where
Ai is chosen so that E(AiYi) = 0. In this way, the fixed effects
are ‘swept out’ from the model. In a Bayesian perspective, REML
can be derived from integrating out β, that is, marginalizing with
respect to a flat prior density (e.g. Harville, 1977; Dempster et al.,
1981). REML, unlike ML, produces unbiased estimators of variance
parameters in balanced study designs. However, the bias of ML es-
timates will be important only if the number of units, n, is small
compared to the number of fixed effects. In the models considered
in this thesis, the units of clustering are either twin pairs or repeated
measurements on individuals. The number of fixed effects is small
compared to the number of units and REML and ML are expected
to give similar results.

4.1.3 Nonlinear latent variable models

Generalized linear random intercept models, i.e. special cases of
(5), can also have closed-form likelihoods (e.g. Skrondal and Rabe-
Hesketh, 2004). In general, however, the integral in (15) does not
have a closed-form expression. To make the numerical optimization
of the likelihood function tractable, different approximations have
been proposed in the literature.

In Paper I, we consider the random change point model (7),
which belongs to the family of nonlinear mixed models (6), for de-
scribing repeated measurements on cognitive function in old age.

19



For the estimation of model parameters, we evaluate the first-order
linearization method advocated by Beal and Sheiner (1982), which
is an approximate maximum likelihood approach. The idea is to
approximate the nonlinear model (6) with the first terms in a Tay-
lor expansion around the expected value of the random effects, that
is, around ηj = 0. Retaining the first two terms in the expression
gives

Yj ≈ f j(Xj,0, β) + Fj(Xj,0, β, )ηj + εj, (17)

where Fj(Xj,0, β) is the matrix of first order partial derivatives of
f j(Xj, ηj, β) with respect to ηj, evaluated at ηj = 0. Expression
(17) is linear in the random effects ηj, and a nonlinear function of
the fixed effects, β. The important consequence of (17) is that the
marginal mean and covariance of Yj may be specified readily as:

E(Yj) ≈ f j(Xj,0, β), (18)

Cov(Yj) ≈ Fj(Xj,0, β)ΨFT
j (Xj,0, β) + φInj

, (19)

where Inj
is the nj × nj identity matrix, and Ψ is the covariance

matrix for ηj. If ηj and εj are normally distributed, it follows from
(17) that the marginal distribution of Yj is approximately normal
with moments given by (18) and (19), and inference may be based
on standard asymptotic theory under the assumption that (17) is a
good approximation.

A refinement of the first-order linearization method is the con-
ditional first-order linearization of Lindstrom and Bates (1990).
Here, the first-order Taylor expansion is evaluated at the condi-
tional modes of ηj, that is, around the empirical Bayes estimates
η̂j. This procedure involves an additional computational burden
since it requires an alternating algorithm, but is expected to re-
duce bias in parameter estimates from the approximation in (17).
The difference between the first-order and the conditional first-order
analyses will decrease as the number of observations per individual
decreases. The reason is that the empirical Bayes estimates, η̂j,
are ‘shrunk’ towards the mean value of zero, and the shrinkage is
greater when less data are available for each individual (Davidian
and Giltinan, 1995, pp. 186–187).

There are several alternatives to the linearization methods de-
scribed above for estimation of nonlinear mixed models. These in-
clude Laplacian approximation, importance sampling, Monte Carlo
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EM, and various quadrature rules, such as adaptive Gaussian quadra-
ture (for a comparison of methods see Pinheiro and Bates, 1995).
These alternative procedures may perform better than the lineariza-
tion methods, but are in general computationally intensive.

4.2 Goodness-of-fit

Likelihood ratio tests of nested models and comparisons of AIC and
BIC measures for non-nested models are commonly used for assess-
ing goodness-of-fit of twin models to empirical data. The assessment
of genetic and environmental influences is usually based on standard
likelihood theory. However, the test of genetic and environmental
variance components is in fact a nonstandard problem, correspond-
ing to a test of a hypothesis on the boundary of the parameter space.
In this section, the ideas underlying likelihood theory are reviewed,
and the details of Paper III on the likelihood ratio test of variance
components are explained.

4.2.1 Asymptotic likelihood theory

Consider the log-likelihood function for some parameter vector θ =
(θ1, ..., θH)T based on observed data Y, `(θ) = `(θ|Y). Asymptotic
theory for the maximum likelihood estimator of θ, and tests of hy-
potheses about θ, are based on a quadratic approximation to the
log-likelihood function:

`(θ) ≈ `(θ0) + ST
θ0

(θ − θ0)− 1

2
(θ − θ0)

TIθ0
(θ − θ0), (20)

where θ0 is the vector of true parameter values. Sθ0
is the score func-

tion, that is, the vector of first order partial derivatives of `(θ) with
respect to the elements of θ, and Iθ0

is the (expected) Fisher infor-
mation matrix, that is, minus the expectation of the Hessian matrix,
evaluated at θ = θ0. Assuming regularity conditions, the score func-
tion, Sθ0

, has a multivariate normal distribution with mean 0 and
variance-covariance matrix Iθ0

(e.g. Pawitan, 2001). This means

that the score function can be expressed as Sθ0
= (I1/2

θ0
)TZ, where

Z has a standard multivariate normal distribution with mean 0, and
the H ×H identity matrix as variance-covariance matrix.
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The likelihood ratio test statistic, TLR, for the test of a null hy-
pothesis H0 : θ = θ0 (meaning θh = θh0 for h = 1, ..., H) versus
an alternative HA : θ 6= θ0 (meaning θh 6= θh0 for h = 1, ..., H) is
defined as

TLR = 2(sup
HA

`(θ)− `(θ0)).

To find the distribution of TLR, consider the parameter transforma-

tion υ = I1/2
θ0

(θ − θ0). From expression (20) we then get

`(θ)− `(θ0) ≈ ST
θ0

(θ − θ0)− 1

2
(θ − θ0)

TIθ0
(θ − θ0)

= ZTI1/2
θ0

(θ − θ0)− 1

2
(θ − θ0)

TIθ0
(θ − θ0)

= ZTυ − 1

2
υTυ.

Under regularity conditions, ensuring that θ0 is an interior point of
the parameter space, the estimator of υ that maximizes the expres-
sion above is Z, and the likelihood ratio statistic becomes

TLR = 2 sup
HA

(ZTυ − 1

2
υTυ) = ZTZ,

which has a χ2(H) distribution.

4.2.2 Tests of hypotheses on the boundary

The result that TLR asymptotically has a χ2 distribution does not
hold if the null hypothesis places the parameter vector on the bound-
ary of the parameter space, which violates the regularity conditions.
One example that is common in twin analyses is the test of vari-
ance components, where the null hypothesis value is zero and hence
a boundary point.

The asymptotic distribution of TLR for tests where the null hy-
pothesis value is a boundary point was examined already by Cher-
noff in 1954. Self and Liang (1987) generalized the results of Cher-
noff, and presented some special cases where the asymptotic distri-
bution of the likelihood ratio statistic is obtained as a mixture of
chi-square distributions. An example where this distribution is not

22



a mixture of chi-square distributions was also given (Case 8 in Self
and Liang, 1987).

Sen and Silvapulle (2002) and Silvapulle and Sen (2005) give a
broad description of constrained statistical inference, and refer to
the mixture of chi-square distributions as chi-bar squared distribu-
tions. They discuss the computation of the chi-bar squared-weights,
which in many practical situations may be difficult to compute ex-
actly. In these situations, simulation techniques are needed. In
other situations, e.g. when sample sizes are small and asymptotic
results cannot be trusted, sampling methods may be preferable.

The asymptotic results for hypothesis testing under nonstandard
conditions have been used in some fields of applications. For ex-
ample, Stram and Lee (1994, 1995) addressed the problem of test-
ing variance components in longitudinal random effects models. In
twin research, however, the fact that variance component testing is
a nonstandard problem has been ignored. In Paper III, we describe
the asymptotic distribution of the likelihood ratio statistic for tests
involving up to two variance components.
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Figure 5: Regions of the parameter space for υ = (υ1, υ2)
T .
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4.2.3 Likelihood ratio tests of variance components

Just as under standard conditions, the derivation of the asymptotic
distribution of TLR under nonstandard conditions is based on the
quadratic approximation to the log-likelihood, and TLR is expressed
in terms of Z and the new parameter set υ as previously described.
In addition, the parameter space for θ is approximated with a cone
locally around the null value θ0 (Self and Liang, 1987).

For a single variance component θ1, consider the test of H0 : θ1 =
0 versus HA : θ1 > 0. Using the same terminology and notation as
before, θ = θ1, Z = Z1, υ = υ1, and TLR = Z2

1I(Z1 > 0), where
Z1 ∼ N(0, 1) and I(·) is an indicator variable (Case 5 in Self and
Liang, 1987). Hence, the asymptotic distribution of TLR is a 0.5:0.5
mixture of χ2(0) (a distribution with a point mass at 0) and χ2(1).

For the test of two variance components, consider a model with
parameters θ = (θ1, θ2)

T , and the test of H0 : θ1 = θ2 = 0 versus
HA : θ1 > 0, θ2 > 0. In this case Z = (Z1, Z2)

T , where Z has
a bivariate standard normal distribution. The parameters θ are

transformed to υ = (υ1, υ2)
T = I1/2

θ0
(θ1, θ2)

T . By approximating
the parameter space for θ with a cone locally around the null θ0 =
(0, 0)T , the parameter space for υ can be described as in Figure 5,
where the two vectors f1 and f2 are

f1 = I1/2
θ0

(
1
0

)
and f2 = I1/2

θ0

(
0
1

)
. (21)

The shaded region in Figure 5, Υ1, is the image of the region of
the parameter space for θ = (θ1, θ2)

T where θ1 > 0 and θ2 > 0 (Case
7 in Self and Liang, 1987). Observations in region Υ2 are projected
on to f2, observations in Υ3 are projected on to f1, and observations
in Υ4 are projected on to the origin, giving

TLR =





0 if (υ1, υ2) ∈ Υ4

Z2
2 if (υ1, υ2) ∈ Υ3

Z2
1 if (υ1, υ2) ∈ Υ2

Z2
1 + Z2

2 if (υ1, υ2) ∈ Υ1.
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Consequently, the asymptotic distribution of TLR is a mixture of
χ2(0), χ2(1), and χ2(2), with mixing proportions (0.5− p), 0.5, and
p. The mixture probability p is calculated by deriving the angle
α in Figure 5. Here we can use that α = β − γ (Figure 5), and
cos(α) = cos(β−γ) = cos(β) cos(γ)+ sin(β) sin(γ). For the angle α
between the two vectors f1 = (x1, y1)

T and f2 = (x2, y2)
T this result

gives

cos(α) =
x1x2 + y1y2√

(x2
1 + y2

1)(x
2
2 + y2

2)
=

fT
1 f2

‖f1‖ ‖f2‖ .

Using the expression for f1 and f2 in (21), the mixing probability p
is thus obtained from

p =
α

2π

=
1

2π
arccos

(
fT

1 f2

‖f1‖ ‖f2‖
)

=
1

2π
arccos




(1 0)(I1/2
θ0

)TI1/2
θ0

(
0
1

)

‖I1/2
θ0

(
1
0

)
‖ ‖I1/2

θ0

(
0
1

)
‖




=
1

2π
arccos


 I12

θ0√
I11

θ0
I22

θ0


 , (22)

where I11
θ0

, I22
θ0

and I12
θ0

are the components of the expected Fisher
information matrix evaluated at θ0.

The structure of the mixing probability in (22) can be under-
stood by noting that, for unconstrained parameters θ1 and θ2, the
asymptotic covariance matrix for the maximum likelihood estimates
θ̂1 and θ̂2 under H0 is given by I−1

θ0
, and the mixing probability p is

a function of the components of Iθ0
. If θ̂1 and θ̂2 are asymptotically

uncorrelated under H0, the shaded region in Figure 5 will cover the
first quadrant, and the mixture distribution is a 0.25 : 0.5 : 0.25
mixture of χ2(0), χ2(1) and χ2(2). If θ1 and θ2 describe similar
aspects of variation in the data, then the asymptotic correlation be-
tween θ̂1 and θ̂2 will be close to -1 under the null hypothesis that
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θ1 and θ2 are both equal to zero, and the ratio I12
θ0

/
√
I11

θ0
I22

θ0
will be

close to 1. In this case, the mixing probability p obtained from (22)
is small, which is expected: If θ1 and θ2 capture similar aspects of
variation, we do not expect θ̂1 and θ̂2 to both be positive at the same
time if the true values of θ1 and θ2 are zero. Hence, the contribution
of χ2(2) is expected to be small in this case.

The p-value for a test of two parameters on the boundary from an
observed likelihood ratio statistic value tLR based on the (0.5− p) :
0.5 : p mixture of χ2(0), χ2(1) and χ2(2), is easily obtained from

(0.5− p) · p0(tLR) + 0.5 · p1(tLR) + p · p2(tLR),

where p is the mixture probability given by expression (22), and
ps(tLR) denotes the p-value for an observed test statistic tLR based
on the χ2(s) distribution.

4.2.4 Likelihood ratio tests of nested twin models

According to the results from the previous section, the p-value ob-
tained from χ2(1) in a likelihood ratio test of one variance compo-
nent should be divided by two to yield a correct inference. The
procedure does not depend on the model or which variance compo-
nent that is tested.

For a test of two variance components, the Fisher information
matrix has to be calculated to obtain the correct reference distri-
bution. Consider a twin model within the family of linear latent
variable models, with likelihood given by (16). For simplicity, we
only consider the variance component parameters θ = (θ1, ..., θH),
and write Σi = Σi(θ), and `(θ) = `(θ|Y). The derivative of `(θ)
with respect to θh (h = 1, ..., H) can be obtained using the following
general results for the differentiation of matrix expressions:

∂Σ−1

∂θh
= −Σ−1 ∂Σ

∂θh
Σ−1 (23)

∂

∂θh
log |Σ| = tr

(
Σ−1 ∂Σ

∂θh

)
, (24)

where tr() denotes the trace (Searle et al., 1992). Using (23) and
(24), the first order partial derivative of `(θ) in (16) with respect to
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θh can be expressed as

∂`(θ)
∂θh

=
n∑

i=1

(
−1

2
tr

(
Σ−1

i

∂Σi

∂θh

)
+

1
2
(Yi − µi)

TΣ−1
i

∂Σi

∂θh
Σ−1

i (Yi − µi)
)

=
n∑

i=1

(
1
2
tr

(−Σ−1
i Σi(h) + Σ−1

i Σi(h)Σ
−1
i (Yi − µi)(Yi − µi)

T
))

, (25)

where Σi(h) = ∂Σi

∂θh
. The second equality is obtained by noting that

(Yi − µi)
TA(Yi − µi) = tr(A(Yi − µi)(Yi − µi)

T ) for any non-
stochastic matrix A. The components of the Hessian of `(θ), i.e.
the second order partial derivatives, are obtained by again using the
general derivation rule (23) on expression (25). The expected Fisher
information matrix I(θ) is obtained as minus the expectation of the
Hessian matrix. From E((Yi − µi)(Yi − µi)

T ) = Σi we obtain

Ihk(θ) = −E

(
∂2`(θ)

∂θh∂θk

)
=

n∑
i=1

(
1

2
tr

(
Σ−1

i Σi(h)Σ
−1
i Σi(k)

))
. (26)

For models such as the longitudinal twin model for unbalanced data
described in section 3.3, Σ−1

i , Σi(h) and Σi(k) are different for all
twin pairs. On the other hand, for twin models where the variance-
covariance structure only depends on zygosity there are only two
variance-covariance matrices, which we denote ΣMZ and ΣDZ . In
this case, with data on nMZ MZ twin pairs and nDZ DZ twin pairs,
expression (26) becomes

Ihk(θ) =
nMZ

2
tr

(
Σ−1

MZΣMZ(h)Σ
−1
MZΣMZ(k)

)
+

+
nDZ

2
tr

(
Σ−1

DZΣDZ(h)Σ
−1
DZΣDZ(k)

)
,

(27)

where ΣMZ(h) = ∂ΣMZ

∂θh
and ΣDZ(h) = ∂ΣDZ

∂θh
.

Consider a test of two variance component parameters, say θ1
and θ2, being components of the vector of variance-covariance pa-
rameters, θ, describing ΣMZ and ΣDZ . The mixing probability for
the asymptotic distribution of the likelihood ratio statistic for the
test of H0 : θ1 = 0, θ2 = 0 versus HA : θ1 > 0, θ2 > 0 can be obtained
by first calculating I(θ)−1. We then invert the 2 × 2 submatrix of
I(θ)−1 corresponding to θ1 and θ2. The terms I11

θ0
and I22

θ0
in ex-

pression (22) are the diagonal elements, and I12
θ0

the off-diagonal
element, of this matrix evaluated under H0.
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In Paper III, we derive the mixture probability for the likelihood
ratio test of the E model, only including individual-specific environ-
mental effects, against the ACE model (2). We provide a formula
for the mixing probability p as a function of the ratio r = nMZ

nDZ
, and

show that p ≈ 0.05 is a good approximation in all realistic situa-
tions. The 0.45 : 0.5 : 0.05 mixture of χ2(0), χ2(1), and χ2(2) is
far from the χ2(2), which is commonly used as reference distribu-
tion for this test. The small contribution of χ2(2) can be intuitively
understood by noting that the genetic and environmental variance
components in the ACE model, λ2

A and λ2
C , both capture familial

correlation. Hence, there is a very strong negative asymptotic corre-
lation between the estimates of λ2

A and λ2
C under the E model of no

familial correlation. Consequently, if there is no familial correlation
it rarely happens that both estimates of λ2

A and λ2
C are found to be

positive at the same time, and there is little contribution from the
χ2(2) distribution.

4.2.5 Model selection based on relative fit criteria

Twin analyses are often of an hypothesis-generating nature. Sev-
eral models are tried out and their relative fit to the available data
is assessed. If inference is taken from the perspective that we are
comparing several working models on equal footing, not necessar-
ily containing the true model, alternatives to the likelihood ratio
test are needed. One such overall model fit measure is the Akaike
information criterion (AIC), defined as

AIC = −2` + 2r,

where ` is the log-likelihood and r is the number of free model
parameters (Akaike, 1987). The first term in AIC can be interpreted
as a measure of data fit and the second term as a penalty. In
this formulation, small values of the AIC are preferable. The AIC
has the advantage of also enabling comparisons of goodness-of-fit
of non-nested models. An alternative to the AIC is the Bayesian
information criterion (BIC), defined as

BIC = −2` + r log(N),

where N is the number of observations (Schwarz, 1978). Many
variants of the AIC and the BIC measures exist (e.g. Burnham and
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Anderson, 2002).
Unfortunately, the problems for likelihood ratio tests of param-

eters on the boundary of the parameter space also affects the AIC
and the BIC. In addition, use of the AIC and the BIC in latent
variable models is not straightforward because it is not clear how
the number of degrees of freedom (effective number of parameters),
should be determined. Hodges and Sargent (2001), Burnham and
Anderson (2002) and Vaida and Blanchard (2005) argue that the
degrees of freedom lie somewhere between the number of model pa-
rameters (excluding the latent variables) and the sum of the number
of model parameters and the number of realizations of the latent
variables. An additional difficulty with the application of BIC is
that the number of observations N must be specified, which is not
straightforward in latent variable modelling (Skrondal and Rabe-
Hesketh, 2004, pp. 264–265).
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5 Bayesian inference

An alternative to likelihood-based inference is to view the problem
in a Bayesian perspective. In Bayesian analysis of hierarchical (ran-
dom effects) models, Markov chain Monte Carlo (MCMC) methods,
especially the Gibbs sampler, have been shown to be useful (e.g.
Gelfand and Smith, 1990). In Paper I, we use a Gibbs sampler for
model estimation of the random change point model (7).

5.1 Three-stage hierarchical models

In the Bayesian analysis we make a conceptual shift and treat the
model parameters β (for fixed effects), θ (for random effects), and
φ (for error terms) as random, while the data Y = (YT

1 , ...,YT
n )T

(from a sample of n individuals) are treated as fixed. Writing the
individual effects as the sum of fixed effects and random effects, we
have bj = β + ηj for the jth individual, and b = (bT

1 , ...,bT
n )T .

The model can be specified as a three-stage hierarchical model, by
specifying p(Y|X,b, φ), the conditional likelihood for the data given
b and φ (stage 1), p(b|β, θ), the joint prior for the random effects
(stage 2), and p(β, θ, φ), the joint (hyper)prior distributions for the
model parameters (stage 3). The joint posterior distribution of the
unknowns in the three-stage hierarchical model is obtained from

p(β,b, θ, φ|Y,X) ∝ p(Y|X,b, φ)p(b|β, θ)p(β, θ, φ). (28)

The models specified in stage 1 and stage 2 are the same as the ones
specified within the likelihood framework. In addition, we now also
specify prior distributions for the model parameters β, θ, and φ.

In the hierarchical change point model (7), the parameters are
β = (β0, β1, β2, β3), θ is the vector of parameters in Ψ, which is the
variance-covariance matrix for the random effects, and φ = φ is the
variance of the error terms. We use conjugate priors for the model
parameters, which means that the posterior distributions follow the
same parametric form as the prior distributions. This is convenient
in that the posterior distributions follow a known parametric form.
In the most general specification, we use a multivariate normal dis-
tribution as prior for β, an inverse-Wishart distribution as prior for
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Ψ and an inverse-gamma distribution as prior for φ. The inverse-
gamma(ε, ε), with ε set to a low value, is a typical choice of prior
distribution for independent variance components, in an attempt at
noninformativeness within the conditional conjugate family. How-
ever, the limit of ε → 0 results in an improper posterior density, and
thus ε must be set to a reasonable value. For a general discussion
of alternative prior distributions for variance components, refer to
Gelman (2005).

Marginal posterior distributions for the parameters β, θ, and
φ can be obtained by integrating expression (28) over b. The
multi-dimensional integration required for explicit calculation of the
marginal distributions may be prohibitive, in which case sampling-
based procedures may be useful. One such procedure is Markov
chain Monte Carlo simulation, which involves the construction and
the simulation of a Markov chain that has the posterior distribu-
tion of interest as the stationary distribution. After deleting the first
part of realizations of the Markov chain (the burn-in) to remove any
effects of the choice of starting points, the posterior distribution is
obtained from the simulated Markov chain.

5.2 MCMC for the hierarchical change point model

One way of constructing Markov chains is by the Gibbs sampler
(e.g. Geman and Geman, 1984; Gelfand and Smith, 1990), involv-
ing sampling from the full conditional distributions of all unknowns.
The implementation of the Gibbs sampler thus relies on the abil-
ity to sample from the relevant conditional distributions, which is
straightforward when the necessary full conditionals are explicitly
specified. Due to the nonlinearity of the regression function in the
hierarchical change point model, the full conditional density of each
bj, given the remaining parameters and the data, cannot be cal-
culated explicitly. The conditional density of bj may, however, be
written up to a proportionality constant. To overcome this problem
a Metropolis algorithm can be used within the Gibbs sampler. The
Metropolis algorithm is an adaption of a random walk that uses an
acceptance/rejection rule to converge to the specified target distri-
bution. It often starts with an adapting phase where the Metropolis
jumps are tuned to get the acceptance rates desired (e.g. Davidian
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and Giltinan, 1995).
Just as in the context of maximum likelihood, it is desirable that

model parameters correspond approximately to contrasting features
of the data. In the Bayesian analysis of the hierarchical change
point model in Paper I, the stage 1 model in the hierarchy is the
same as in (7). This parametrization is useful for distinguishing
between the slope parameters in the first and the second phase.
However, some of the model parameters are still highly correlated,
and long Markov chains are needed to reach convergence. Other
parameterizations, such as the one adapted by Lange et al. (1992),
could improve convergence.

In the implementation of the Gibbs sampler, questions arise con-
cerning how long and how many Markov chains should be run.
There are no clear answers to these questions. However, running
many short chains, motivated by a desire to obtain independent
samples from the stationary distribution, seems to be misguided
unless there is some special reason for needing independent samples
(Gilks et al., 1996). In the application of the Gibbs sampler for the
hierarchical change point model, we run two parallel chains, aiming
to obtain as long chains as possible and still being able to assess the
robustness to the choice of starting point.

There exist many methods for monitoring convergence of simu-
lated Markov chains, for an overview see Brooks and Roberts (1998).
In our application of the Gibbs sampler, we use the diagnostic cri-
terion proposed by Geweke (1992) and assess convergence of each
Markov chain separately. Geweke’s diagnostic criterion corresponds
to a test for equality of the means in the first and the last part
of a Markov chain. If the samples are drawn from the stationary
distribution of the chain, the two means are equal and Geweke’s
statistic has an asymptotically standard normal distribution. The
test statistic is a standard Z-score: the difference between the two
sample means divided by its estimated standard error.
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6 Dropout from longitudinal twin studies

Loss to follow-up (dropout) of study participants, and nonresponse
in general, can potentially bias results of statistical analyses. The
literature on dropout from longitudinal studies is rich (e.g. Laird,
1988; Diggle and Kenward, 1994). The consequences of nonresponse
in twin studies has also been studied, but there is still confusion
about whether it is possible to say in which direction genetic and
environmental variance component estimates will be biased. Mathe-
matical derivations, as well as simulations, have shown that selection
(nonresponse) reduces the size of within-pair correlations (Martin
and Wilson, 1982; Neale et al., 1989). These earlier results clearly
show that nonresponse may bias heritability estimates which rely
on comparisons of MZ and DZ correlations. The effect of nonre-
sponse on estimates of variance components in behavioral-genetic
analyses was studied in a set of simulations by Taylor (2004), sug-
gesting that nonresponse primarily serves to attenuate the effect of
shared environment and inflate estimates of nonshared environment
and additive genetic effects. The aim of Paper II is to give a bal-
anced picture of the problem and show that the magnitude and the
direction of the bias in variance component estimates depends on
the underlying nonresponse mechanism.

6.1 Missing value mechanisms

Little and Rubin (2002) describe a hierarchy that can be used for
distinguishing between different types of missing value mechanisms.
To fix ideas, let Y denote the complete data matrix, Yobs the ob-
served part, and Ymis the missing part, so that Y = (Yobs,Ymis).
Let R be a matrix of indicator variables with elements equal to
zero or one depending on whether the corresponding elements of Y
are missing or observed. A probability model for the missing value
mechanism defines the probability distribution of R conditional on
Y = (Yobs,Ymis). Little and Rubin say that missing values are

• Missing completely at random (MCAR) if R is independent of
both Yobs and Ymis

• Missing at random (MAR) if R is independent of Ymis
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• Informative if R is dependent of Ymis.

Thus, despite the name, MAR does not suggest that the missing val-
ues are a simple random sample of all values; it only requires that
the missing values behave like a random sample of all values within
subclasses defined by the observed data. For likelihood-based infer-
ence, the important distinction is between random and informative
missing value mechanisms. To see this, consider the probability dis-
tribution of the observed data. If some of the data are missing the
‘observed data’ truly consist not only of Yobs but also of R and the
probability distribution of the observed data is given by

p(R,Yobs|θ, ξ) =

∫
p(R,Y|θ, ξ)dYmis

=

∫
p(R|Y, ξ)p(Y|θ)dYmis,

where θ are the model parameters for Y, and ξ are the model
parameters for R. When missing values are MAR, the probability
distribution of the observed data simplifies to

p(R,Yobs|θ, ξ) = p(R|Yobs, ξ)

∫
p(Y|θ)dYmis

= p(R|Yobs, ξ)p(Yobs|θ).

Taking logarithms in the expression above, the log-likelihood func-
tion is

`(θ, ξ|R,Y) = `(ξ|R,Yobs) + `(θ|Yobs),

which is maximized by separate maximization of the two terms on
the right-hand side. The first term contains no information about
the distribution of Yobs, and can be ignored for the purpose of mak-
ing inferences about Yobs. This requires that the measurement pa-
rameters, θ, and the missing value mechanism parameters, ξ, are
variation independent, or ‘distinct’ (Little and Rubin, 2002). This
means that no group of parameter values for θ restricts the possible
range of values of any parameters in ξ, and vice versa. If missing
values are MAR and θ and ξ are distinct, the missing value mech-
anism is said to be ignorable, and if not, the missing value mecha-
nism is non-ignorable, or informative (Little and Rubin, 2002). Note
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that θ refers to the parameters of the model for the complete data
Y = (Yobs,Ymis), not the parameters for the distribution of Yobs

alone.

6.2 Ignorable dropout

If the missing value mechanism underlying dropout is ignorable, es-
timation of θ can be based on the likelihood ignoring the missing
value mechanism, `(θ|Yobs). This is sometimes referred to as full
information maximum likelihood (FIML), or raw maximum likeli-
hood (Lange et al., 1976; Arbuckle, 1996), and is usually the basis
for model estimation based on incomplete twin data. For the linear
latent variable models described in section 3.3, Yobs

i simply replaces
the complete data Yi in the log-likelihood given by (16).

Missing data can alternatively be handled by multiple imputation
methods (e.g. Rubin, 1987; Schafer, 1997). Multiple imputation is
based on the idea of imputing values that are missing, based on an
imputation model for missing values given the observed data, and
averaging over multiple imputations. This procedure provides con-
sistent estimates as long as the missing data mechanism is ignorable.
The observed likelihood method can be seen as a multiple imputa-
tion approach where infinitely many imputations are performed.
The advantage with multiple imputation is that it can handle both
missing covariates and missing responses.

6.3 Modelling the dropout process

If the missing value mechanism is non-ignorable, the procedures
described above may yield biased parameter estimates. To accom-
modate a non-ignorable missing value mechanism, joint models for
the longitudinal and the missingness processes can be formulated.

In the ‘selection model’ approach (e.g. Little, 1995), the depen-
dence of the missingness process on the unobserved response is ex-
plicitly modeled. In other words, the joint distribution of Y and R
is factorized as the marginal distribution of Y and the conditional
distribution of R given Y, that is, p(R,Y) = p(Y)p(R|Y). In
the setting of dropout from a longitudinal study, Diggle and Ken-
ward (1994) model the dropout at each time-point (given that it
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has not yet occurred) using a logistic regression model with previ-
ous responses and the contemporaneous response as covariates. If
dropout occurs, the contemporaneous response is not observed but
can be represented by a latent variable, and the likelihood is the
joint likelihood of the response and dropout status after integrating
out the latent variable.

The joint distribution of Y and R can alteratively be factor-
ized in terms of the marginal distribution of R and the conditional
distribution of Y given R, that is, p(R,Y) = p(R)p(Y|R). These
models are referred to as pattern-mixture models, and are especially
useful when the focus is on Y conditional on missing value patterns
(e.g. Little, 1993; Hogan and Laird, 1997).

Yet another approach for incorporating informative dropout, and
nonresponse in general, is to adapt a random effects model. Here,
an individual’s propensity to drop out depends on unobserved vari-
ables, that is, on random effects. Postulating the latent variables
η = (ηR, ηY ), the joint distribution of Y, R and η is

p(R,Y, η) = p(Y|ηY )p(R|ηR)p(η). (29)

The dependence between R and Y is a by-product of a dependence
between the latent variables ηR and ηY .

In Paper II, we formulate a model for twin data with informative
nonresponse, which can be expressed as in (29). The factors ηR and
ηY are decomposed into genetic and environmental factors, and the
factors underlying ηR and ηY are allowed to be correlated. In a
simulation study, we assess the bias in FIML estimates of the genetic
and environmental variance components for different scenarios. We
demonstrate that the bias does not only depend on the value of the
correlation between ηR and ηY , but also on the mechanism giving
rise to the correlation.

In analyses of cognitive function from SATSA, based on measure-
ments at occasions 13 years apart, the estimated genetic variance
based on FIML decreases dramatically. The decrease is potentially
partly explained by the dropout of study participants. However, our
simulations suggest that even with a highly informative dropout
mechanism it is unlikely that the dramatic decrease solely is at-
tributable to the dropout. This result supports the hypothesis that
genetic influences on some cognitive abilities decrease with age in
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late life.
Modelling informative dropout is clearly associated with identifi-

ability problems, since it is impossible to verify the model assump-
tions based on empirical data. On the other hand, relying on the
assumption of ignorable dropout, which is untestable as well, may
yield biased estimates. It is therefore recommendable that different
scenarios for the dropout mechanism are considered, to get an idea
of the potential effect of the dropout mechanism. Molenberghs et al.
(2003) argue that the treatment of incomplete data should be em-
bedded within a sensitivity analysis, and present several modelling
strategies.

6.4 Dropout due to death

Standard approaches for handling missing data assume that miss-
ing values hide true values, and estimation of parameters are per-
formed by integrating over, or imputing, missing values. Trunca-
tion of follow-up data due to death is conceptually different from
dropout where the individual is still alive. For most outcomes it is
not reasonable to think of missing values after death, since they are
counterfactual and poorly defined. The value is not ‘missing’ be-
cause an existing value is unobserved, but because no value exists.
Within the framework of marginal models, models conditional on
being alive have been described (e.g. Dufouil et al., 2004; Kurland
and Heagerty, 2005). The methods proposed make a distinction be-
tween dropout and truncation by death in analyses based on inverse
probability of censoring-weighted generalized estimating equations
(Robins et al., 1995). How truncation by death should be accounted
for within the framework of latent variable models for modelling lon-
gitudinal twin data, remains to be explored.
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7 Discussion

Longitudinal family studies provide important information for ex-
ploring sources of variation in human traits. To fully make use of the
information from such studies, statistical tools have to be developed
and refined. This thesis contributes to this process by addressing
various questions related to the statistical analysis of longitudinal
twin data.

Latent growth curve models commonly used for analysing lon-
gitudinal twin data implicitly impose restrictions on the variance-
covariance structure. This is problematic, since a central goal of
longitudinal twin analyses is to decompose trait variance into ge-
netic and environmental variance components as functions of age.
Hence, it is desirable that growth curve models are flexible in this
respect. In Paper I, we describe a random change point model for
cognitive function in old age, and demonstrate its ability to capture
trait variance as a function of age. The extension of the random
change point model to incorporate the dependence within twin pairs
is a topic for future work.

In models for incomplete twin data, it is usually assumed that the
missing data mechanism is ignorable. In Paper II, we investigate
how estimates of genetic and environmental variance components
may be affected if the ignorability assumption is violated. Unfortu-
nately, there is no simple answer to this question. It all depends on
how the factors driving the nonresponse are related to the factors
influencing the trait. Relaxing the assumption that dropout from
longitudinal twin studies is ignorable remains a challenge for future
research.

In studies of aging, joint modelling of longitudinal data and sur-
vival seems appropriate. The literature on such joint models is
extensive. An interesting example is the model of Jacqmin-Gadda
et al. (2005), including a random change point model for repeated
measures on cognitive function and a survival model for age at onset
of dementia. These model extensions necessitate additional model
assumptions, which will most likely be impossible to test. Hence,
sensitivity assessments, providing bounds on parameters of interest
for different scenarios for the missing data mechanism, will play an
important role.
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In parallel to the model extensions suggested, successful use of
twin data in behavioral research will involve a development of appro-
priate methods for hypothesis testing and model selection. In Paper
III, we reveal that a test of genetic and environmental variance com-
ponents in twin models is a nonstandard problem, corresponding to
a test of a hypothesis placing the parameters on the boundary of the
parameter space. Consequently, the common assumption that the
likelihood ratio statistic follows a chi-square distribution is invalid.
We provide a solution to this problem by deriving the asymptotic
distribution of the likelihood ratio statistic for tests of up to two
variance components, based on the arguments of Self and Liang
(1987). We show that the asymptotic distribution of the test statis-
tic for the test of the E model against the ACE model is a 45:50:5
mixture of χ2(0), χ2(1) and χ2(2), which is substantially different
from χ2(2) that is usually used. This means that previous twin
studies may have failed to find evidence of familial influences only
because the statistical inference was incorrect. For more complex
twin models, analytic derivation of the distribution of the likelihood
ratio statistic may be unfeasible, in which case statistical inference
has to rely on other methods, such as sampling methods.

The longitudinal models considered in this thesis are for situa-
tions where the dependence between repeated measurements is due
to unobserved heterogeneity between individuals, and is captured
by individual-specific latent variables. It should be noted though
that dependence between repeated measurements may have other
explanations. For example, the dependence may be due to time-
varying influences inducing greater dependence between responses
occurring closer together in time. This could be accounted for by
including serial correlations between repeated measurements (e.g.
Verbeke and Molenberghs, 2000). Another possibility is that the
response at some time point directly depends on previous responses,
in which case a transition model would be appropriate (e.g. Diggle
et al., 2002).

The focus of this thesis is on variance-covariance structures of
data, and the family of latent variable models is a natural frame-
work. The models are parametric, involving the full specification
of probability distributions for the data, and the models considered
are for continuous traits assumed to be multivariate normally dis-
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tributed. Generalizations accommodating other types of outcomes,
such as categorical and count data, have been described by Muthén
(2002) and Skrondal and Rabe-Hesketh (2004).

Clearly, the need to rely on the validity of distributional assump-
tions is a weakness. To avoid a full specification of the probability
structure for the data, semiparametric methods may be adopted,
for example variants of generalized estimating equations (e.g. Liang
and Zeger, 1986). Investigations of how deviations from the nor-
mality assumption may influence inferences based on a parametric
approach, indicate that estimates of mean, variance and correlation
parameters are in general consistent, but that estimates of standard
errors may be incorrect (Prentice and Zhao, 1991). Semiparametric
methods for the analysis of twin data were discussed by Hindsberger
(2001).

In conclusion, this thesis demonstrates the need to extend exist-
ing longitudinal twin models for cognitive decline in old age. One
step towards this goal is taken by demonstrating the flexibility of the
random change point model in capturing individual variability as a
function of age. Some insights to the potential effect of nonresponse
in twin studies are also gained, serving as a starting point for future
efforts to accommodate informative dropout in models for longitu-
dinal twin data. The importance of refining the statistical tools for
hypothesis testing and model selection is also demonstrated, and
some methods for hypothesis testing of genetic and environment
variance components are offered.
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8 Svensk sammanfattning

Longitudinella studier av tvillingar tillför viktig information i sökan-
det efter en förklaring till hur arv och miljö p̊averkar mänskliga
egenskaper och hur denna p̊averkan förändras med åldern. I stati-
stiska modeller för upprepade mätningar p̊a tvillingar representeras
gener och miljöfaktorer som inte är observerade av latenta variabler
med en specificerad sannolikhetsfördelning. P̊a s̊a sätt kan varia-
tionen i en egenskap hos olika individer delas upp i komponenter
som förklaras av gener och miljöfaktorer. Varianskomponenterna
kan sedan beskrivas som en funktion av ålder.

Denna avhandling är en bred syntes av statistisk modellering
av longitudinella tvillingdata och utvecklar denna genom att (i)
utvärdera en tv̊a-fas-modell för modellering av variation som en
funktion av ålder baserat p̊a longitudinella data, (ii) undersöka
hur skattningar av varianskomponenter p̊averkas av bortfall fr̊an
tvillingstudier, och (iii) presentera en metod för hypotestest av vari-
anskomponenter. Statistisk metodik illustreras med analyser av em-
piriska data p̊a kognitiv förmåga fr̊an en longitudinell studie kring
åldrande (the Swedish Adoption/Twin Study of Aging, SATSA).

De ovan nämnda bidragen återfinns i tre artiklar som en del
av avhandlingen. I den inledande delen av avhandlingen beskrivs
idéerna bakom statistisk modellering av tvillingdata och longitudi-
nella data, och hur de knyts samman i modellering av longitudinella
tvillingdata. Likelihood-baserad inferens kontrasteras med Bayesi-
ansk inferens, och fr̊ageställningar kring bortfall av deltagare i tvil-
lingstudier diskuteras. Detaljerna bakom resultaten i artiklarna
beskrivs och ämnen för framtida forskning pekas ut.

I artikel I jämförs olika modeller för att beskriva individers pro-
filer fr̊an upprepade mätningar över tid. Vi formulerar en tv̊a-fas-
modell där åldern vid överg̊ang fr̊an den första till den andra fasen
till̊ats vara olika för olika individer. Modellen är icke-linjär i de
latenta variabler som beskriver en individs profil över tid, vilket
komplicerar skattning av modellparametrar. En approximativ max-
imum likelihood-metod som är baserad p̊a en linjärisering av mod-
ellen utvärderas och jämförs med en Bayesiansk metod som är base-
rad p̊a Markov chain Monte Carlo simulering. Vi visar att tv̊a-fas-
modellen, till skillnad fr̊an den linjära och den kvadratiska modellen

41



som ofta används för att beskriva en individs förändring över tid,
är flexibel i att beskriva variationen som en funktion av ålder.

I artikel II undersöks hur skattningar av varianskomponenter
p̊averkas när tvillingdata är ofullständiga, t.ex. p̊a grund av bortfall
av deltagare i longitudinella studier. Den metod som ofta används
för att anpassa modeller till ofullständiga tvillingdata är baserad p̊a
ett antagande om icke-informativt bortfall, d.v.s. att bortfallsmekan-
ismen helt kan förklaras av observerade data. Vi formulerar en mod-
ell för tvillingdata med informativt bortfall och visar att bortfall-
ets p̊averkan helt beror p̊a hur faktorerna som styr bortfallsmekan-
ismen hänger ihop med de faktorer som influerar egenskapen i fr̊aga.
Mätningar av kognitiv förmåga fr̊an SATSA, gjorda med 13 års
mellanrum, analyseras och en markant nedg̊ang i skattad genetisk
varians observeras. Baserat p̊a en simuleringsstudie utifr̊an ett an-
tal olika hypoteser om den underliggande bortfallsmekanismen, drar
vi slutsatsen att nedg̊angen inte helt kan förklaras av borfallet av
deltagare i studien.

I artikel III presenteras en metod för hypotesprövning av var-
ianskomponenter i statistiska modeller för familjedata. Eftersom
varianser är icke-negativa placerar nollhypotesen parametrarna p̊a
randen av parameterrymden. Det medför att standardresultat inom
maximum-likelihood-teori som brukar användas ger felaktiga resul-
tat. Som lösning till detta härleder vi den asymptotiska fördelnin-
gen för likelihood-kvot-statistikan för test av varianskomponenterna
i klassiska tvillingmodeller. Resultatet är en mix av chi-tv̊a-fördel-
ningar. Fördelningen har större sannolikhetsmassa för små värden
p̊a likelihood-kvot-statistikan än den chi-tv̊a-fördelning som brukar
användas. Det betyder att tidigare tvillingstudier kan ha misslyck-
ats att p̊avisa genetiska effekter endast p̊a grund av att fel sanno-
likhetsfördelning har använts.
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