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Abstract

The thesis treats three di�erent areas; (i) Ranked increments of sta-
ble processes and ranked excursions of Brownian motion, (ii) Su�cient
capital levels for banks, and (iii) Trading strategies for reduction of the
�uctuations of revenues for power plants. The �rst part is a theoret-
cial investigation involved with the calculation of distribution functions
concerning special properties of stable processes. The second part is a
description of a framework in which the su�ciency of capital levels for
banks can be evaluated. The third part is a typical example of how �-
nancial mathematics can be used to derive practical methods applicable
in risk management of energy derivatives and real options. Altogether,
�ve papers are presented.





List of Papers

The thesis is based on the following papers, which are referred to in the
text by their Roman numerals.

I Lindell, A. and Holst, L. (2007). Distributions of the
longest excursions in a tied down simple random walk and
in a Brownian bridge. Journal of Applied Probability. 44(4),
1056�1067.

II Lindell, A. and Martin-Löf, A. (2008). Ranked incre-
ments of a stable subordinator and ranked excursion lengths
of Brownian motion. Research Report 2008:13. Department
of Mathematics, Division of Mathematical Statistics, Stock-
holm University.

III Andersson, H. and Lindell, A. (2007). Risk capital
stress-testing framework and the new capital adequacy rules.
Journal of Risk Model Validation. 1(3), 3�28.

IV Andersson, H. and Lindell, A. (2008). Risk tolerance
concepts and scenario analysis of bank capital. Stress testing
for �nancial institutions. Chapter 16, Risk Books, edited by
Scheule and Roesch.

V Lindell, A. and Raab, M. (2008). Strips of
hourly power options - Approximate hedging using
average-based forward contracts. Energy Economics,
doi:10.1016/j.eneco.2008.11.010.

Reprints were made with permission from the publishers. In Papers I and II,

Lindell contributed with theoretical results, numerical investigations and the

writing. In Papers III and IV, Lindell contributed to the development of the

framework, the theory and parts of the writing. In Paper V, Lindell contributed

with theoretical results, numerical analysis and the writing. The original idea

is from Mikael Raab and the theory was further developed by Lindell.





Tack

Jag vill i första hand tacka familjen (Anna, Eskil och Saga) för deras stöd
och förståelse under arbetets gång. Jag kan ibland bli väldigt engagerad
i arbetet och då är det bra att få lite perspektiv. Min pappa är den
som en gång skapat mitt intresse för just sannolikhetsteori, ett intresse
som vi båda delar och utbyter. Utan stödet av Lars Holst i början av
utbildningen hade jag aldrig lyckats prestera det jag ändå gjort till slut.
Lasse tog sig verkligen tid till att hjälpa mig med känsla och förståelse
för sannolikhetsberäkningar som är absolut nödvändig. Det är makalöst
hur duktig Lasse, och många andra i hans generation, är på faktiska
beräkningar. Håkan Andersson vill jag speciellt tacka för hans goda per-
sonliga egenskaper vilka under åren bidragit till att vi är de allra bästa
vänner. Håkans professionella kunnande är såklart av toppklass och hans
intresseområden är desamma som mina. Vi har jobbat tillsammans både
på Vattenfall och banken och jag har verkligen uppskattat våra diskus-
sioner under åren som gått. Jag vill också tacka övriga medförfattare,
Mikael Raab och Anders Martin-Löf. Micke är den som först lärde upp
mig i hur man tänker risk och �nans. Anders är en fantastisk sannolikhet-
steoretiker med en stor bredd. Till sist vill jag tacka Magnus Carlehed
för att han gjort det möjligt för mig att slutföra denna utbildning och
vetenskapsrådet som �nansierat utbildningen under andra halvan.





Contents

Part I: Introduction
I Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

I.1 Increments of stable processes and excursions of Brownian motion . . . . . . . 17
I.2 Scenario analysis of bank capital . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
I.3 Approximate hedging of strips of hourly power options . . . . . . . . . . . . . . . . 23

II Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Part II: Papers





Part I:
Introduction





I. Introduction

As the title of the thesis suggests, three quite di�erent areas are dis-
cussed. The �rst part is a theoretical investigation of some speci�c prop-
erties of stable processes, in particular excursions of Brownian motion.
Stable processes are stochastic processes that can be thought of as stair-
ways where the lengths and heights of the steps are random. The sizes
of the largest heights, referred to as increments, are studied. Papers I
and II deal with this area. The second part is a discussion on required
capital levels of banks. A new world-wide regulation concerning bank
capital has recently been e�ectuated by law which forces banks to assess
the su�ciency of capital by quantitative and qualitative measures. Pa-
pers III and IV deal with such quantitative tools, in particular scenario
models. The third part, Paper V, discusses di�erent techniques to re-
duce the �uctuations of the revenues for power plants. These techniques,
so-called hedging strategies, show how available �nancial products for fu-
ture power prices can be traded in an optimal risk-neutralizing way.

I.1 Increments of stable processes and excursions of
Brownian motion
Consider two people, A and B, involved in the following game. For a
prede�ned even number of times, n, a coin is �ipped. There is equal
probability for head and tail respectively. In the case of head A will
receive one dollar from B, otherwise A pays one dollar to B. We let ξi

denote this amount for the ith trial. Now, keep track of A's wealth by
Sn =

∑n
i=1 ξi. This game is commonly known as a simple symmetric

random walk. Random walks are beautifully described in Feller's two
works [6], [7]. In the �rst part of the thesis, we are interested in how long
time a person is in the lead, referred to as excursions in the following. The
length of such a period is denoted by Xi. The longest possible excursion
is obviously n and the shortest possible excursion is two. After n steps,
we are interested in the probability that the kth longest excursion, X(k),
is of a given length. A possible realisation is shown in Figure I.1 below.

It turns out that the probability distribution of excursion lengths be-
longs to a special class of probability distributions. We say that the dis-
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Figure I.1: Illustration of a random walk with excursions

tribution belongs to the domain of attraction of the stable distributions
with characteristic exponent α = 1/2. For 0 < α < 1, we know that the
distributions, suitably normalized, converge to distributions with a spe-
cial tail behaviour. For example, this means that the expected value of
an excursion length is in�nite. Let S̃n =

∑n
1 Xi. The stable distributions

(for 0 < α < 1) can be de�ned as the limiting probability distributions
arising from the following type of convergence in distribution.

S̃n

an

d→ S̃, n →∞, (I.1)

where an remains to be de�ned. It can be proved that the normalizing
sequence an is an = n1/α.
A stable subordinator (i.e. a stable process with characteristic expo-

nent 0 < α < 1) can be described as a stochastic process which is built
up by the stable distributions with 0 < α < 1. Let S̃(t) be the value of
the process at time t. A proper construction of the process should for

example lead to S̃(1) d= S̃, where S̃ is a stable distribution. Since the
contributions, Xi

an
, to the sum S̃ have a probability distribution with the

special tail behaviour, as described above, it is possible to prove that the
stochastic process S̃(t) will develop as illustrated by Figure I.2.
We denote the ranked jumps (referred to as increments) of the process

by Lk, k = 1, 2, . . ., where the increments are ranked in decreasing size.
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Figure I.2: Illustration of a stable subordinator

The increments occur at random times and are in�nitely many. However,
there are only a limited number of increments which are larger than any
arbitrary chosen amount ε > 0. This is why the process behaves like a
stairway.
Properties of Brownian motion and stable processes have been exten-

sively studied over the years. Regarding the speci�c applications de-
scribed above, one of the �rst works is Wendel [14]. Wendel derives the
Laplace transforms for marginal distributions of the ranked increments
by renewal theory arguments but is also referring to some previous re-
sults. Pitman and Yor [12] seems to be the most cited paper in the area.
However, Pitman and Yor, in their turn cite Wendel who originally cov-
ered most of the results known at this time.
Paper I is involved with the calculation of distributions of the longest

excursions while Paper II deals with the generalized case of ranked in-
crements of stable subordinators. The originality of Paper I is mainly
the derivation of joint distributions but also the explicit numerical cal-
culations and illustrations of actual probability distributions. Paper II
is an attempt to collect previous results as well as to provide full details
of alternative proofs. Moreover, explicit numerical calculations for the
distribution functions are given for some new cases.
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I.2 Scenario analysis of bank capital
The business of a retail bank is essentially to be a part of the pay-
ment system, to provide customers with deposit accounts and loans and
to manage the credit risks of the bank. Clients are charged in order
to achieve a revenue-generating business on average, e.g. the expected
credit loss is charged to the client. Furthermore, the stockholders of the
bank require a return on the invested equity, which is also charged to
the client.
Example: Stylized retail bank

Consider a mortgage institute which is only involved in lending activities
and is funded in the interbank markets. Our example is very simple; let
the full lending volume, VA (A=Assets), be lended to the private seg-
ment with short maturity earning the interest rate rA. The volume VL

(L=Liabilities) is funded at rate rL and there is a book equity of VE .
Let the fraction of credit losses be given by p. The balance sheet is il-
lustrated in Figure I.3.

  

Assets Liabilities

V
A
, r

A
V

L
, r

L

V
E

Figure I.3: Balance sheet of a stylized bank
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Consequently, introducing the margin mA = rA − rL, the earnings are

Earnings = Revenues− Funding costs− Credit losses

= VA · rA − VL · rL − VA · p = {VA = VL + VE}
= VA · rA − (VA − VE) · rL − VA · p
= VA(rA − rL − p) + VE · rL = {mA = rA − rL}
= VA(mA − p) + VE · rL, (I.2)

and we can calculate the Return on Equity (RoE) as

RoE =
Earnings

Equity

=
VA(mA − p) + VE · rL

VE

= rL + (mA − p)
VA

VE
= {N =

VA

VE
}

= rL + (mA − p)N. (I.3)

It is clear that the owners of the bank earn risk free rate plus earnings
from the margin minus credit losses. The earnings from the margin are
given by the net margin (when expected credit losses are withdrawn) of
each deal multiplied by the scaling factor N . The scaling factor speci�es
the amount that can be lent to customers proportionally to the book
equity. The size of the scaling factor is regulated by Basel II, see below.
It is fair to say that the bank
• has control over the size of the margin and
• has control over the risk pro�le of the credit portfolio (and thus the
expected credit losses).

Thus, the bank should concentrate on the relation margin vs credit qual-
ity. To see the link to actual pricing, we rewrite the expression given by
(I.3):

mA = rA − rL = (RoE− rL)
1
N

+ p. (I.4)

The formula above suggests that the lending margin should be set as to
cover for expected credit losses plus a required RoE above the risk free
rate times the inverse of the scaling factor. Let us now sum up what
should be the lesson from this example. In principal, the risk of a retail
bank consists of two major parts; credit losses and �uctuations of interest
income. The interest income, in its turn, consists of interest earned on
the invested book equity as well as interest earned from the margin of
each deal. Regulations stipulate minimum requirements on the relation
between the size of lending and the book equity (referred to as capital).
Stockholders are quite aware of the fact that stock investments are

risky, and as illustrated above they require the return on equity to ex-
ceed the rate on a risk-free bond investment with an adequate amount.

21



However, the stockholders could accept a default of the bank given their
expected return on equity. But, the special situation of banks is that
there are a number of other stakeholders to consider. Banks are im-
portant for a stable global �nancial system and payment system; even
though the stability can be questioned given the prevailing crisis (at the
time of writing, February 2009). Hence, banks are regulated by law
to withhold minimum capital levels, see the new capital adequacy rules
Basel II [2]. Furthermore, investors (having invested in bonds issued
by the bank) also have an interest in the survival of the bank. Rat-
ing agencies continuously evaluate the default risk of banks (as well as
other companies of course). If the bank has a certain rating ambition,
it is important to ful�l the requirements as given by the rating agencies,
in particular with respect to other banks in the peer group. All these
stakeholders are interested in the risk level of the bank in relation to
the current capital level and prospects of future earnings (after tax and
dividend). Therefore, it is very important for banks to have their own
assessments of the su�ciency of capital levels and to be able to com-
municate the risks. The book among books, describing these issues is
Matten [11].
In the risk analysis, it is important to have several risk assessments,

based both on scenario analysis and on statistical measures. Most banks
perform both types of analysis. A mix of qualitative expert judgments
and statistically signi�cant causalities between risk factors can be used
to evaluate the development of the income statement (and balance sheet)
by scenario analysis. A few scenarios of the world-economy are set up
and the bank is evaluated under these scenarios. The other type of risk
assessment is to evaluate each risk by itself based on quantitative sta-
tistical analysis. In the end, the two risk assessments must be compiled
and analyzed together with other criteria concerning the bank's capital.
For example, there may be plans to grow organically or by acquisitions
etc. Following such a discussion, a decision on a target capital level is
made. For the decision to be based on solid grounds, there should be a
clear framework describing how everything �ts together and what kind
of view the company bases the decision on. The view on risks is often
referred to as risk tolerance.
Scenario analysis for banks is described generally in the CEBS (Com-

mittee of European Banking Supervisors) recommendations [1] while
Jokivuolle and Peura [9] also involves the regulatory minimum require-
ments in the calculations. Statistical measures are often referred to as a
building block analysis or economic capital, see van Lelyveld [10] for an
introduction. Typically, each risk type is evaluated separately, assuming
a risk horizon of one year and using statistical methods to estimate loss
quantiles, then diversi�cation e�ects between risk types are estimated.
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Papers III and IV describe how the risk tolerance can be de�ned and
how a framework can be implemented in which both statistical risk mea-
sures and scenario analysis can be combined. In particular, the scenario
analysis is described in detail.

I.3 Approximate hedging of strips of hourly power
options
This section concerns risk management of special risks for energy com-
panies. To illustrate the type of problem, we give a number of examples.
Example: Hedging one stock with a correlated stock

Consider two stocks A and B. A is regularly traded at a stock-exchange
but B is listed on an exchange with only limited liquidity. Also assume
that the stock A can be shorted which means that you borrow a num-
ber of stocks from someone for a pre-de�ned period in order to sell the
stocks. The stocks are bought back at the same time as the pre-de�ned
period ends and are returned to the original owner. In practical terms,
this means that you can own a negative number of stocks. Assume that
you own hB stocks in the company B and that, by some unknown reason,
you must keep these stocks for a year. You are risk averse and want to
get rid of the risks given by price �uctuations. Since it is di�cult to
trade in stock B you come up with the idea to use stock A to reduce the
�uctuations. A risk-minimizing strategy such as this one is often referred
to as a hedge. What is the best way to perform this strategy in practice?
To answer this question, we need some notation.
Time is measured in years and one day is denoted by ∆t = 1/252

(assuming 252 trading days per year). Assume prices are observable
for both stocks and denoted by SA(t) and SB(t) respectively at time t.

Daily price returns can then be calculated as rA(t) = 1√
∆t

ln SA(t)
SA(t−∆t) ≈

1√
∆t

SA(t)−SA(t−∆t)
SA(t−∆t) for A and accordingly for B. Here, the price returns

are scaled by 1√
252

to get results on a scale corresponding to one year.

Based on the daily price returns, we estimate the annualized standard
deviations (referred to as volatilities) for the two stocks and denote these
by σA, σB. The estimated correlation is denoted by ρ. The idea now
is to minimize the price �uctuations each day by an investment in the
stock A. The aim is to calculate the optimal number of stocks to short,
hA, in the following sense. For each time t, solve

minhA
Var (hBrB(t)− hArA(t)) .

The optimal number of stocks to short, i.e. the solution of the minimiza-
tion, is to short h∗A = hB

σB
σA

ρ stocks, which is independent of t. The
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residual variance is given by

Var (hBrB(t)− h∗ArA(t)) = h2
Bσ2

B(1− ρ2). (I.5)

The time scaling cancels out in the expressions above, and hence we have
neglected the scaling for illustrative purposes. In this case, our hedge is
static, i.e. the hedge does not need to be changed when time evolves.
This is possible since there is a linear relationship between the price re-
turns. If the stocks are perfectly correlated and have equal standard
deviations, we should short the same amount of stocks as we own of B.
If the stocks are perfectly correlated but σB = 2σA, we should short 2hB

number of stocks. In both of these cases we are able to completely elim-
inate the risk. However, when the stocks are not perfectly correlated we
cannot eliminate the risk. A high correlation leads to a high elimination
of risks. To sum up:
• A concept for optimal hedging must be introduced. Here, the de�ni-
tion is given by variance minimization

• The correlation between a position and the hedging instrument is
important for the hedge. A high correlation leads to a good hedge

• A complete elimination of risks is only possible when the position and
the hedge are perfectly correlated

• A static hedge is optimal when there is a linear relationship between
the position and the hedge

The original references to this type of hedging are Du�e and Richardson
[5] and Schweizer [13].
Example: Hedging a stock option with the underlying stock

Denote the stock prices by S(t), the price returns by r(t) and the volatil-
ity by σ. A standard so-called European stock option gives the holder
of the contract the following payo�, Π(T ), at maturity T :

Π(T ) = max(ST −K, 0). (I.6)

The �xed number K is referred to as the strike price. It is common to
assume that the probability distribution of the prices is lognormal, i.e.
the price returns are Normally distributed:

ln
S(T )
S(t)

∼ N(µ(T − t)− σ2

2
(T − t), σ2(T − t)). (I.7)

The parameter µ describes an expected upward drift of the stock price.
Given this model, and a few other realistic assumptions, it is possible to
derive a formula of the following type for the current price, C(t), of the
option:

C(t) = EQ(Π(T )|S(t)) = f(K, S(t), σ). (I.8)

Note that the formula does not depend on the drift µ; a surprising fact
that is thoroughly described and analyzed in many textbooks. We have
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assumed the interest rate to be zero in the above expression and condi-
tion on the information given by the development of prices until time t.
The expectation is calculated with respect to a risk-adjusted probability
distribution which we point out by the superscript Q. This is a technical
issue that is now standard material in many textbooks. We do not need
to explain the details here.
It is now straightforward to propose a hedge. Since the pricing formula

is given in terms of the price of the current price of the underlying stock,
i.e. S(t), we simply di�erentiate the option price with respect to the
stock price to get

δ(t) =
∂C(t)
∂S(t)

, (I.9)

which depends on t. If we invest −δ(t) in the stock, we can eliminate the
�rst order movements of the option price. If we perform this strategy and
rebalance very often, it is possible to show that all risks can be eliminated
and that the holder of the option contract ends up with gaining the
amount C(t) irrespective of the price development of the stock. Hence, a
perfect hedge is possible to achieve at the cost of a dynamic rebalancing
of the hedge, referred to as a dynamic hedge. To sum up:
• A complete elimination of the risk is possible when it is possible to
trade in the underlying of the option, in this case the underlying
stock (given a number of natural assumptions about the market, the
involved probability distributions, etc)

• A dynamic hedge is required when there is a non-linear relationship
between the position and the hedge

Hedging of stock options is now standard material in many text books.
Example: Hedging a stock option with a correlated stock

Now, look at a combination of the examples above. Assume that the
stock option is given in terms of the non-tradable stock B and the hedge
is performed in terms of the correlated and tradable stock A. We observe
the following from the examples above.
• A concept for optimal hedging must be introduced. One de�nition is
given by variance minimization

• A perfect hedge, i.e. a complete elimination of risks is not possible to
achieve since trading is only possibly in a correlated asset

• Dynamic hedging is required since the original position is a non-linear
contract

This particular problem is solved by e.g. Henderson and Hobson [8], but
for a slightly di�erent de�nition of optimal hedging. As mentioned pre-
viously, original references are Du�e and Richardson [5] and Schweizer
[13].
Our case: Hedging a strip of hourly power options with an

average-based forward contract

Spot deliveries of power, on an hourly basis, are traded at power ex-
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changes such as Nordpool or EEX. A common speci�cation of the spot
market is to set up an auction with bids and o�ers. The spot price is
given by the intersection of these bid and o�er curves. Hence, it is pos-
sible to observe a spot price, S(t) for each hour of delivery. Some power
plants can be considered as follows. Say that the fuel cost per MWh is K
(converted to a power equivalent) and that it is possible to start up and
shut down the plant without delay and without additional costs. Also
assume that there are no planned or unplanned outages of the plant,
i.e. no revision periods etc. Then it is optimal to run the plant when
the spot price exceeds K and to let the plant rest otherwise. Assume
that the maximum installed power is E MW. Considering a particular
future time period I, we have the following description of the revenues,
ΠI (assuming zero interest rate):

ΠI = E
∑
ti∈I

max(S(ti)−K, 0). (I.10)

Individual hours in the time period I are denoted by ti. Now, the aim
is to hedge this risk exposure, i.e. to reduce the �uctuations of the
revenues. To our disposal, we have a so-called averaged-based forward
contract which is de�ned below. At time t, two parties agree on a �x
price FI(t) and settle the contract by the following formula:

E
∑
ti∈I

(S(ti)− FI(t)). (I.11)

Settlement means that one counterparty receives the money and the
other counterparty pays the money. Since the contract pays out the
di�erence between the average spot price and the �x price FI(t), we call
the contract average-based. Since the contract refers to a settlement
forward in time, we call it forward contract. Using this contract, it is
impossible to completely eliminate the risk and we have the same kind of
problem as in the above example. Denote the observed settled average
price by FI .
The hedging procedure for the power plant is comparable to the hedg-

ing of a stock option with a correlated stock. It is impossible to com-
pletely eliminate the risk and we must �nd a de�nition of an optimal
hedge. The optimal hedge will be in terms of a dynamic hedge. Paper V
describes a straightforward approach of hedging for the exposure, which
can be described graphically, see Figure I.4. Assume that power prices
have been observed historically. Study outcomes for consecutive monthly
periods, both for the revenues of the power plant and the average-based
forward contract. The left graph is an illustrated example of histori-
cal payo�s of the type given by (I.10). The payo�s are plotted against
prices of the corresponding average-based forward contracts. The for-
ward prices are observed at the time t∗ immediately before the start of a
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given month. Thus, we have ΠI on the y-axis and FI(t∗) on the x-axis.
The idea is to �t a piece-wise linear function to the scattered payo�s such
that the squared deviations from the function is minimized. In this way,
we can represent the payo� by the piece-wise linear function plus noise.
Since the estimated function is given in terms of prices of the average-
based forward contract, we should be able to �nd out a hedging strategy
using this contract. The function is estimated in two steps. First we plot
the piece-wise linear function max(FI(t∗) − K, 0). This is the same as
plotting the payo� of a European power option, which is the reason for
this two-step procedure. This is illustrated by the graph in the middle.
In this graph, we have also added the result of a static hedge, which is
maintained in the delivery period. The static hedge is constructed in or-
der to reduce the variance of the scattered payo�s without any in�uence
of the expected payo�. This explains why the scattered payo�s now are
above the line given by the European option and that they are less �uc-
tuating. Second, we plot the deviations from the payo� of the European
power option in the graph on the right. At last, a piece-wise linear func-
tion is estimated for this �nal scatter plot. The total estimated function
is given by the combination of the European power option and this last
piece-wise linear function. The procedure of estimating a piece-wise

Figure I.4: Simulated payo� of power plant

linear function, H(FI), gives a possibility to decompose the payo�, ΠI ,
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in the following way.

ΠI = H(FI) + residual. (I.12)

Now, we follow the same method as in the hedging example for the stock
option. Disregarding the residual, which should have an expected value
close to zero, we can calculate the expected value of (I.12) analytically
to get

C(t) = EQ(ΠI) ≈ E(H(FI)). (I.13)

In the expression above, we have also assumed that the so-called market
price of risk can be neglected. That is why the expectation on the right
is calculated with respect to the unadjusted probability distribution of
prices. As before, we calculate the hedging ratio by δ(t) = ∂C(t)

∂S(t) .
Paper V gives full details of the application in the last example. The

proposed hedging strategy is also compared with another strategy, which
is optimal in a minimum variance sense locally in time. The proposed
strategy can be considered as optimal in a global sense. The di�erence
between these two concepts is that the local version optimizes at each
point of time while the global version optimizes over the full period at
once.
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