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Abstract

We deal with low-dimensional homology and cohomology of current Lie al-
gebras, i.e., Lie algebras of the form L⊗A, where L is a Lie algebra and A is
an associative commutative algebra.

We derive, in two different ways, a general formula expressing the sec-
ond cohomology of current Lie algebra with coefficients in the trivial module
through cohomology of L, cyclic cohomology of A, and other invariants of
L and A. The first proof is achieved by using the Hopf formula expressing
the second homology of a Lie algebra in terms of its presentation. The sec-
ond proof employs a certain linear-algebraic technique, ideologically similar
to “separation of variables” of differential equations.

We also obtain formulas for the first and, in some particular cases, for the
second cohomology of the current Lie algebra with coefficients in the “cur-
rent” module, and the second cohomology with coefficients in the adjoint
module in the case where L is the modular Zassenhaus algebra.

Applications of these results include: description of modular semi-simple
Lie algebras with a solvable maximal subalgebra; computations of structure
functions for manifolds of loops in compact Hermitian symmetric spaces; a
unified treatment of periodizations of semi-simple Lie algebras, derivation al-
gebras (with prescribed semi-simple part) of nilpotent Lie algebras, and pre-
sentations of affine Kac-Moody algebras.
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Preface

Current Lie algebras are curious objects. Algebraically, they are defined in a
very simple way: given a Lie algebra L and associative commutative algebra
A, the current Lie algebra is defined as the vector space L⊗A equipped with
the Lie bracket:

[x⊗a,y⊗b] = [x,y]⊗ab

for x,y ∈ L, a,b ∈ A. Yet, this simple construction leads to a large body of
interesting mathematics.

Current Lie algebras are ubiquitous in various branches of mathematics and
physics. Let us mention only two examples. According to the classical Block’s
theorem about the structure of modular semisimple Lie algebras, the latter are
described in terms of the direct sums of algebras of the type

S⊗K[x1, . . . ,xn]/(xp
1 , . . . ,xp

n)n 1⊗D, (1)

where A n B denotes the semidirect sum of modules (algebras) with A a sub-
module (ideal), S is a simple Lie algebra, and D is an algebra of derivations of
the reduced polynomial algebra K[x1, . . . ,xn]/(xp

1 , . . . ,xp
n) (p being the charac-

teristic of the ground field). Thus, current Lie algebras of this special type, ex-
tended by a “tail” of derivations, provide a typical model of modular semisim-
ple Lie algebras.

Essentially the same structural picture holds for the celebrated affine Kac-
Moody algebras: they are nothing but “extended” current Lie algebras of the
form

Cz n
(

g⊗C[t, t−1]nCt
d
dt

)
'
(
Cz ng⊗C[t, t−1]

)
nCt

d
dt

, (2)

or twisted versions thereof. Here g is a complex finite-dimensional simple Lie
algebra, C[t, t−1] is the algebra of Laurent polynomials, and z is the central
term. Their generalizations – toroidal and Krichever-Novikov algebras (Lie
algebras of functions or vector fields on tori or compact Riemann surfaces) –
also follow this scheme.

Kac-Moody algebras, Krichever-Novikov algebras and variations thereof
appear as algebras of symmetries in various physical theories (in fact, the
term “current algebra” came from physics). It is known that physicists are
(somewhat justly) obsessed with central extensions, and, luckily for them, the
current Lie algebra g⊗C[t, t−1] has a well-known beautiful central extension
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(2) turning it to a Kac-Moody algebra. Our cohomological computations show
how this central extension fits a broader picture.

Besides of being an amusement to physicists, low-dimensional cohomology
is important in the structural theory of Lie algebras itself: to describe gener-
ators and relations, derivations and deformations. As special types of current
algebras and algebras close to them pop up in various situations in the modu-
lar Lie algebra theory, it is only natural to try to consider these invariants for
current Lie algebras in general.

So the problem arises to “compute” the cohomology of the current Lie al-
gebra L⊗A – that is, to describe it in terms of some structures associated with
L and A. In general, this problem seems to be hopeless. But in some special
low-dimensional situations this seems to be possible. Moreover, the additive
K-theory of Loday-Quillen and Feigin-Tsygan, linking the cohomology of
Lie algebras of infinite size matrices over an associative algebra A (which,
in the case of A commutative, are, again, nothing but current Lie algebras),
with the cyclic cohomology of A, gives us a hint that the cyclic cohomology
is involved. And this is indeed so: our low-dimensional computations, though
more pedestrian than general additive K-theoretic ones, but encompassing a
broader class of algebras and modules, provide a further insight how various
cohomological theories – Hochschild cohomology, cyclic cohomology, Harri-
son cohomology – are intertwined via the current Lie algebras cohomology.

Each chapter of this thesis is either an edited version of a published paper,
or paper accepted for publication.

In the first chapter, “The second homology group of current Lie algebras”,
published in Astérisque 226 (1994), 435–452, we derive a general formula
for the second homology of the current algebra with coefficients in the triv-
ial module, using the Hopf formula expressing the second homology of an
algebra in terms of its presentation.

In the second chapter, “Deformations of W1(n)⊗A and modular semisim-
ple Lie algebras with a solvable maximal subalgebra”, published in J. Algebra
268 (2003), 603–635, we compute the second cohomology of the current Lie
algebra of the form W1(n)⊗A, where W1(n) is the modular Zassenhaus alge-
bra. This has an interesting application in the structure theory of modular Lie
algebras: according to a result of Weisfeiler, semisimple Lie algebras with a
solvable maximal subalgebra are filtered deformations of algebras of the form
(1) with S = W1(n). The result we obtain about the second cohomology of
W1(n)⊗A with coefficients in the adjoint module, allows us to describe these
filtered deformations, and thus complete Weisfeiler’s description of such alge-
bras. In the proof of the central Theorem 3.1 of that paper, I use some earlier
results from another of my paper, “Central extensions of current algebras”,
Trans. Amer. Math. Soc. 334 (1992), 143–152 (not included in this thesis).

In the third chapter, “Low-dimensional cohomology of current Lie alge-
bras and analogs of the Riemann tensor for loop manifolds”, published in Lin.
Algebra Appl. 407 (2005), 71–104, we obtain further results about the low-

12



dimensional cohomology of arbitrary current Lie algebra with coefficients in
the “current” module. Though the complexity of even these partial results
demonstrates that in general, it seems to be impossible to give an adequate
(and rather graphic) description of (co)homology of L⊗A in terms of invari-
ants of L and A, in some particular situations such description is possible. One
of such situations is the case of the second cohomology and abelian L, yield-
ing a description of structure functions on some manifolds of loops, via the
known link to the Spencer cohomology and Cartan prolongations.

In the fourth chapter, “Invariants of Lie algebras extended over commu-
tative algebras without unit”, to be published in J. Nonlin. Math. Phys., we
generalize some of the results of preceding chapters to the situation when the
commutative algebra A is not necessary unital. As an application, this pro-
vides a unified treatment of seemingly separate subjects, like generators and
relations of periodizations of semisimple Lie algebras and of Kac-Moody al-
gebras, and existence of derivation algebras of nilpotent Lie algebras, with
prescribed semisimple part.

13





1. The second homology group of
current Lie algebras

Astérisque 226 (1994), 435–452

We derive a general formula expressing the second homology of a Lie algebra of the form

L⊗A with coefficients in the trivial module through homology of L, cyclic homology of A, and

other invariants of L and A. This is achieved by using the Hopf formula expressing the second

homology of a Lie algebra in terms of its presentation. We also derive a similar formula for the

associated Lie algebra of the tensor product of two associative algebras.

0 Introduction
It is a well known fact that the current Lie algebra G ⊗C[t, t−1] associated to
a simple finite-dimensional Lie C-algebra G has a central extension leading
to the affine non-twisted Kac-Moody algebra Cz nG ⊗C[t, t−1] with bracket
(z is the central element)

{x⊗ f ,y⊗g}= [x,y]⊗ f g+(x,y)Res(
d f
dt

g) z

where (· , ·) is the Killing form on G (cf. [Kac]).
In view of the known relationship between central extensions and the sec-

ond (co)homology group with coefficients in the trivial module, one of the
main results of this paper can be considered as a generalization of this fact for
the case of general current Lie algebras, i.e., Lie algebras of the form L⊗A,
where L is a Lie algebra and A is associative commutative algebra, equipped
with bracket

[x⊗a,y⊗b] = [x,y]⊗ab.

Theorem 0.1. Let L be an arbitrary Lie algebra over a field K of characteristic
p 6= 2 and A an associative commutative algebra with unit over K. Then there
is an isomorphism of K-vector spaces:

H2(L⊗A)' H2(L)⊗A
⊕

B(L)⊗HC1(A)⊕
∧2(L/[L,L])⊗Ker(S2(A)→ A)

⊕
S2(L/[L,L])⊗T (A) (0.1)

where the mapping S2(A)→ A is induced by the multiplication in A,

T (A) = 〈ab∧ c+ ca∧b+bc∧a |a,b,c ∈ A〉,



B(L) is the space of coinvariants of the L-action on S2(L), HC1(A) is the first
cyclic homology of A, and ∧2 and S2 denote the skew and symmetric products,
respectively.

Notice that in the case L = [L,L], the third and fourth terms in the right-hand
side of (0.1) vanish.

Many particular cases of this theorem were proved previously by different
authors. An exhaustive description of previous works on this theme may be
found in [H] and [S].

For the first time, a cohomology formula of the type (0.1) has appeared in
[S], where Theorem 0.1 was proved assuming that L is 1-generated over an
augmentation ideal of its enveloping algebra. A. Haddi [H] obtained a result
similar to Theorem 0.1 in the case where K is a field of characteristic zero
(however, it seems that his arguments work over any field of characteristic
p 6= 2,3).

Our method of proof differs from previous ones known to us, and is
based on the Hopf formula expressing H2(L) in terms of a presentation
0→ I→L → L→ 0, where L = L (X) is the free Lie algebra over K
freely generated by the set X :

H2(L)' ([L ,L ]∩ I)/[L , I] (0.2)

(see, for example, [KS]).
The contents of the paper are as follows. §1 is devoted to some techni-

cal preliminary results. In §2 we determine the presentation of a current Lie
algebra L⊗A. In §3 Theorem 0.1 is proved. As it corollary we get in §4 a
description of the space B(L⊗A). In §5 a "noncommutative version" of The-
orem 0.1 is proved (Theorem 5.1). Namely, we derive the formula for the sec-
ond homology group of the Lie algebra (A⊗B)(−), where A, B are associative
(noncommutative) algebras with unit, and (–) in superscript denotes passing to
the associated Lie algebra. The technique used here is no longer based on the
Hopf formula, but on more or less direct computations in some quotients of
the spaces of cycles. However, arguments used in proof, resemble, to a great
extent, the previous ones. Getting a particular case B = Mn(K), we recover,
after a slight modification, an isomorphism H2(sln(A))' HC1(A) obtained in
[KL].

The following notational convention will be used: the letters a,b,c, . . . , pos-
sibly with sub- and superscripts, denote elements of algebra A, while letters
u,v,w, . . . denote elements of the free Lie algebra L (X) with the set of gen-
erators X = {xi}, unless stated otherwise. L n(X) denotes the nth term in the
derived series of L (X). The arrows� and� denote injection and surjection,
respectively.

All other undefined notions and notation are standard, and may be found,
for example, in [F] for Lie algebra (co)homology, and in [LQ] for cyclic ho-
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mology. In some places we use diagram chasing and 3× 3-Lemma without
explicitly mentioning it.
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1 Preliminaries
Looking at formula (0.1), one can distinguish between the first two “principal”
terms and other two “non-principal” ones. In order to simplify calculations,
we will obtain a version of the Hopf formula leading to the appearance of
“principal” terms only, and then the general case will be derived.

Each nonperfect Lie algebra L, i.e., not coinciding with its commutant
[L,L], possesses “trivial” homology classes of 2-cycles with coefficients in
the module K, namely, classes whose representatives do not lie in L∧ [L,L].
More precisely, consider a natural homomorphism

ψ : H2(L)→ H2(L/[L,L])' ∧2(L/[L,L])

and denote Hess
2 (L) = Kerψ , the homology classes of “essential” cycles.

Lemma 1.1. One has an exact sequence

0→ Hess
2 (L)→ H2(L)

ψ→∧2(L/[L,L]) π→ [L,L]/[[L,L],L]→ 0

where π is induced by multiplication in L.

Proof. This is just an obvious consequence of a 5-term exact
sequence derived from the Hochschild-Serre spectral sequence
Hn(L/[L,L],Hm([L,L]))⇒ Hn+m(L).

Further, we need a version of Hopf formula for Hess
2 (L).
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Lemma 1.2. Given a presentation 0→ I→L → L→ 0 of a Lie algebra L,
one has

Hess
2 (L)' L 3∩ I

L 3∩ [L , I]
. (1.1)

Proof. Since L/[L,L]'L /(L 2 + I), the Hopf formula (0.2) being applied to
the algebra L/[L,L] gives H2(L/[L,L])'L 2/[L ,L 2 + I], and

Kerψ = Ker
(

L 2∩ I
[L , I]

→ L 2

[L ,L 2 + I]

)
'

L 2∩ I∩ [L ,L 2 + I]
[L , I]

' L 3∩ I
L 3∩ [L , I]

.

Now consider an action of a Lie algebra L on S2(L) = L∨L via

[z,x∨ y] = [z,x]∨ y+ x∨ [z,y].

Let B(L) = S2(L)/[L,S2(L)] be the space of coinvariants of this action. The
dual B(L)∗ is the space of symmetric bilinear invariant forms on L.

Let I,J be ideals of L. Define B(I,J) to be the space of coinvariants of the
L-action on I ∨ J. One has a natural embedding B(I,J)→ B(L). The natural
map

L∨ J→ (L/I)∨ ((I + J)/I)

defines a surjection B(L,J)→ B(L/I,(I + J)/I).

Lemma 1.3. The short sequence

0→ B(L, I∩ J)+B(I,J)→ B(L,J)→ B(L/I,(I + J)/I)→ 0 (1.2)

is exact.

Proof. Since Ker(L∨ J→ L/I∨ (I + J)/I) = L∨ (I∩ J)+ I∨ J, the factoriza-
tion through [L,S2(L)] yields

Ker(B(L,J)→ B(L/I,(I + J)/I))

= (L∨ (I∩ J)+ I∨ J +[L,S2(L)])/[L,S2(L)]' B(L, I∩ J)+B(I,J).
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Remark. Actually we need the following two cases of this Lemma:
(1) J = [L,L]. Since I∨ [L,L] and [I,L]∨L are congruent modulo [L,S2(L)]

and [I,L]⊆ I∩ [L,L], then B(I, [L,L])⊆ B(L, I∩ [L,L]) and we get a short exact
sequence

0→ B(L, I∩ [L,L])→ B(L, [L,L])→ B(L/I, [L/I,L/I])→ 0. (1.3)

(2) I = [L,L] and J = L. Then taking into account that for an abelian Lie
algebra M, B(M)' S2(M), the short exact sequence (1.2) becomes

0→ B(L, [L,L])→ B(L)→ S2(L/[L,L])→ 0. (1.4)

2 Presentation of L⊗A

In this section starting from a presentation of L we construct a presentation of
L⊗A.

Let 0→ I →L (X)
p→ L→ 0 be a presentation of the Lie algebra L. Ten-

soring by A, we get a short exact sequence

0→ I⊗A→L (X)⊗A
p⊗1→ L⊗A→ 0. (2.1)

Let X(A) be a set of symbols x(a), where x ∈ X ,a ∈ A. Define a homomor-
phism φ : L (X(A))→L (X)⊗A by

φ : u(x1(a1), . . . ,xn(an)) 7→ u(x1, . . . ,xn)⊗a1 . . .an.

Obviously this mapping is surjective, and taking (2.1) into account, gives rise
to the following exact sequence:

0→ φ
−1(I⊗A)→L (X(A))

(p⊗1)◦φ−→ L⊗A→ 0 (2.2)

which gives a presentation of L⊗A.
In order to determine the structure of φ−1(I⊗A), let us introduce one no-

tation. For each homogeneous element u = u(x1, . . . ,xn) of L (X), define u(a)
to be u(x1(a),x2(1), . . . ,xn(1)). Now having an arbitrary element u ∈L (X),
define u(a) as u1(a)+ · · ·+ un(a), where u = u1 + · · ·+ un is decomposition
of u into the sum of homogeneous components, with respect to the standard
grading on L (X) induced by word lengths.

Lemma 2.1. (i) Kerφ is spanned by elements of the form

∑
j

u(xi1(a
j
1), . . . ,xin(a

j
n)), (2.3)

where u(xi1 , . . . ,xin) is a homogeneous element of L (X) and
∑ j a j

1 . . .a j
n = 0.
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(ii) φ−1(I⊗A) is spanned modulo Kerφ by elements of the form u(a), where
u ∈ I.

Proof. (1) Evidently each element of L (X(A)) may be expressed as a sum
of elements of the form u(a) and elements of the form (2.3), the latter ly-
ing in Kerφ . To prove that they exhaust all Kerφ , take a nonzero element
∑i ∑ j ui(ai j) belonging to Kerφ , where ui’s are linearly independent, and ob-
tain ∑i ∑ j ui⊗ai j = 0, which implies ∑ j ai j = 0 for each i.

(2) The quotient space φ−1(I⊗A)/Kerφ , consisting of cosets u(a)+Kerφ ,
maps onto I⊗A, whence the conclusion.

We also need the following technical result.

Lemma 2.2. For any u,v,w ∈L (X) and a,b,c ∈ A, the elements

[[w,u](a),v(b)]− [[w,u](b),v(a)]+ [[w,v](a),u(b))− [[w,v](b),u(a)]

and

[[u,v](ab),w(c)]− [[u,v)(c),w(ab)]
+[[u,v](ca),w(b)]− [[u,v](b),w(ca)]
+[[u,v](bc),w(a)]− [[u,v](a),w(bc)]

belong to [L (X(A)),Kerφ ].

Proof. Consider the first case only, the second one is analogous. We have mod-
ulo [L (X(A)),Kerφ ]:

[[w,u](a),v(b)]− [[w,u](b),v(a)]+ [[w,v)(a),u(b)]− [[w,v](b),u(a)]
≡ [[w(1),u(a)],v(b)]+ [[v(b),w(1)],u(a)]
+ [[w(1),v(a)],u(b)]+ [[u(b),w(1)],v(a)]

≡−[[u(a),v(b)],w(1)]+ [[u(b),v(a)],w(1)]≡ 0

3 The second homology of L⊗A

The aim of this section is to prove Theorem 0.1.
Consider the following commutative diagram with exact rows and columns,

where φ−1 stands for φ−1(I⊗A) (we will use this notation in some places
further):
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0 0y y
0 −→ L 3(X(A))∩ [L (X(A)),φ−1]∩Kerφ −→ L 3(X(A))∩Kerφy y
0 −→ L 3(X(A))∩ [L (X(A)),φ−1] −→ L 3(X(A))∩φ−1 −→ Hess

2 (L⊗A) −→ 0

φ

y φ

y
0 −→ (L 3(X)⊗A)∩ [L (X)⊗A, I⊗A] −→ (L 3(X)⊗A)∩ (I⊗A)y y

0 0

The middle row follows from the Lemma 1.2 applied to the presentation
(2.2).

Completing this diagram to the third column, we get a short exact sequence

0→ L 3(X(A))∩Kerφ

L 3(X(A))∩ [L (X(A)),φ−1(I⊗A)]∩Kerφ
→ Hess

2 (L⊗A)

→ L 3(X)∩ I
L 3(X)∩ [L (X), I]

⊗A→ 0. (3.1)

According to Lemma 1.2, the right term here is nothing but Hess
2 (L)⊗A.

Let us compute the left term.
Let F (Y ) be a free skewcommutative algebra on an alphabet

Y with nonassociative product denoted by [· , ·]. Define a mapping
α : F 2(X(A))→ S2(F (X))⊗ (A∧A) by

α : [u(x1(a1), . . . ,xn(an)),v(x1(b1), . . . ,xm(bm))] 7→
(u(x1, . . . ,xn)∨ v(x1, . . . ,xm))⊗ (a1 . . .an∧b1 . . .bm). (3.2)

(recall that F 2(Y ) is just [F (Y ),F (Y )]).
It is easy to see that this mapping is well defined and surjective.
Let J(Y ) be an ideal of F (Y ) generated by elements of the form

[[u,v],w]+ [[w,u],v]+ [[v,w],u], where u,v,w ∈F (Y ),

so F (Y )/J(Y )'L (Y ).

Lemma 3.1.

α(J(X(A))) = (J(X)∨F (X)+ [F (X),S2(F (X))])⊗ (A∧A)

+(F 2(X)V ∨F (X))⊗T (A).
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Proof. Writing the generic element in J(X(A)), it is easy to see, by considering
graded degree, that every element in α(J(X(A))) can be written as a sum of an
element lying in (J(X)∨F (X))⊗ (A∧A) and an element of the form

([u,v]∨w)⊗ (ab∧ c)+([w,u]∨ v)⊗ (ca∧b)+([v,w]∨u)⊗ (bc∧a) (3.3)

for certain u,v,w ∈F (X) and a,b,c ∈ A.
Substituting b = c = 1 in (3.3), we get an element

([u,v]∨w+[w,u]∨ v− [v,w]∨u)⊗ (1∧a).

Now permuting the letters u,v in the last expression, one easily get

(F 2(X)∨F (X))⊗ (1∧A)⊂ α(J(A(X))).

Substituting c = 1 in (3.3) and taking into account the last relation, we get

([w,u]∨ v+u∨ [w,v])⊗ (A∧A)⊂ α(J(A(X))). (3.4)

Any element in (3.3) is congruent modulo (3.4) to an element of the form

(F 2(X)∨F (X))⊗ (ab∧ c+ ca∧b+bc∧a)

proving the Lemma.

Now factorizing the surjection α through J(X(A)) and using Lemma 3.1,
we get a map

α : L 2(X(A))−→ B(L (X))⊗HC1(A)+(KX ∨KX)⊗ (A∧A),

(KX denotes the space of linear terms in F (X), so F (X) = KX +F 2(X)),
which being restricted to L 3(X(A)), gives rise to the surjection

α : L 3(X(A))−→ B(L (X),L 2(X))⊗HC1(A),

where HC1(A) = (A∧A)/T (A) (for the definition of T (A), see Theorem 0.1)
is a first cyclic homology of A.

Further, the restriction of the mapping φ defined in §2 to L 3(X(A)) leads
to a surjection φ : L 3(X(A))→L 3(X)⊗A.

Lemma 3.2. α(L 3(X(A))∩Kerφ) = α(L 3(X(A))).

Proof. The Lemma follows immediately from Lemma 2.1 and equality

α[u(a),v(b)] =
1
2

α([u(a),v(b)]− [u(b),v(a)]),

where the argument in the right-hand side lies in Kerφ .
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Lemma 3.3.

α(L 3(X(A))∩ [L (X(A)),φ−1(I⊗A)]) = B(L (X), I∩L 2(X))⊗HC1(A)

Proof. According to Lemma 2.1, α(L 3(X(A))∩ [L (X(A)),φ−1(I⊗A)]) con-
sists from the linear span of elements of the following two types: first,

u∨ v⊗a∧b

where either u ∈L 2(X),v ∈ I or u ∈L (X),v ∈ I∩L 2(X), and second,

∑
j

u∨ v⊗a∧b j

where ∑ j b j = 0. The elements of the second type obviously vanish.
Modulo [L (X),S2(L (X))] we have:

L 2(X)∨ I ≡L (X)∨ [I,L (X)]⊆L (X)∨ (I∩L 2(X)),

which implies the assertion of Lemma.

Lemmas 3.2 and 3.3 imply that the mapping α , being restricted to
L 3(X(A))∩φ−1(I⊗A) and factorized through

L 3(X(A))∩ [L (X(A)),φ−1(I⊗A)]

gives rise to a surjection

β :
L 3(X(A))∩φ−1(I⊗A)

L 3(X(A))∩ [L (X(A)),φ−1(I⊗A)]
→ B(L (X),L 2(X))

B(L (X), I∩L 2(X))
⊗HC1(A).

(3.5)
The right-hand side here is by (1.3) isomorphic to B(L, [L,L])⊗HC1(A).
Further, according to (3.1) and Lemma 3.2, β can be restricted to a surjec-

tion

β :
L 3(X(A))∩Kerφ

L 3(X(A))∩ [L (X(A)),φ−1(I⊗A)]∩Kerφ
→ B(L, [L,L])⊗HC1(A).

(3.6)

Lemma 3.4. β in (3.6) is injective.

Proof. Denoting the source of the map (3.5) as Frac, consider the following
diagram:

Ker([L,L]⊗A∧L⊗A→ L⊗A) h−→ Hess
2 (L⊗A)

j−→ Frac

i

x β

y
L∨ [L,L]⊗A∧A n−→ B(L, [L,L])⊗HC1(A)
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where h is the obvious factorization, j is the isomorphism following
from Lemma 1.2 applied to presentation (2.2), n = l ⊗ s, where
l : L∨ [L,L]→ B(L, [L,L]) and s : A∧A→ HC1(A) are obvious factorizations,
and i is defined to be

i : (x∨ y)⊗ (a∧b) 7→ 1
2
(x⊗a∧ y⊗b− x⊗b∧ y⊗a) (3.7)

for any x ∈ [L,L],y ∈ L.
The following calculation verifies the commutativity of this diagram:

β ◦ j ◦h◦ i((x∨ y)⊗ (a∧b)) =
1
2

β ◦ j ◦h(x⊗a∧ y⊗b− x⊗b∧ y⊗a)

=
1
2

β ◦ j(x⊗a∧ y⊗b− x⊗b∧ y⊗a)

=
1
2

β ◦ j((u(a)+φ−1)∧ (v(b)+φ−1)− (u(b)+φ−1)∧ (v(a)+φ−1))

=
1
2

β ([u(a),v(b)]− [u(b),v(a)]) =
1
2
((x∨ y)⊗ (a∧b)− (x∨ y)⊗ (b∧a))

= x∨ y⊗a∧b

= n((x∨ y)⊗ (a∧b))

where the overlined elements denote cosets in the corresponding quotient
spaces, and x = u+ I,y = v+ I.

It is also clear from the calculation just performed, and from Lemmas 2.1
and 3.2, that the image of j ◦h◦ i coincides with the left-hand side of (3.6).

Thus the kernel of the mapping (3.6) can be evaluated as
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Kerφ = j ◦h◦ i(Ker n)
= j ◦h◦ i(〈[z,x]∨ y+[z,y]∨ x〉⊗〈a∧b〉
+ 〈[x,y]∨ z〉⊗〈ab∧ c+ ca∧b+bc∧a〉)
= j(〈[z,x]⊗a∧ y⊗b− [z,x]⊗b∧ y⊗a

+[z,y]⊗a∧ x⊗b− [z,y]⊗b∧ x⊗a〉
+ 〈[x,y]⊗ab∧ z⊗ c− [x,y]⊗ c∧ z⊗ab

+[x,y]⊗ ca∧ z⊗b− [x,y]⊗b∧ z⊗ ca

+[x,y]⊗bc∧ z⊗a− [x,y]⊗a∧ z⊗bc〉)
= 〈[[w,u](a),v(b)]− [[w,u](b),v(a)]

+ [[w,v](a),u(b)]− [[w,v](b),u(a)]〉
+ 〈[[u,v](ab),w(c)]− [[u,v](c),w(ab)]

+ [[u,v](ca),w(b)]− [[u,v](b),w(ca)]

+ [[u,v](bc),w(a)]− [[u,v](a),w(bc)]〉

(here u = x + I, v = y + I, w = z + I). The last expression vanishes thanks to
Lemma 2.2.

Putting together (3.1), (3.6) and Lemma 3.4, we get

Proposition 3.5. Hess
2 (L⊗A)' Hess

2 (L)⊗A ⊕ B(L, [L,L])⊗HC1(A).

By Lemma 1.1 we have an exact sequence

0→ Hess
2 (L⊗A)→ H2(L⊗A)→∧2(L/[L,L]⊗A) πA→ [L,L]/[[L,L],L]⊗A

→ 0. (3.8)

Lemma 3.6.

KerπA ' Ker(∧2(L/[L,L]) π→ [L,L]/[[L,L],L])⊗A

⊕ ∧2(L/[L,L])⊗Ker(S2(A)→ A) ⊕ S2(L/[L,L])⊗∧2(A).

Proof. The following commutative diagram with exact rows and columns
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0y
S2(L/[L,L])⊗∧2(A) =−→ S2(L/[L,L])⊗∧2(A) π−→ 0

i
y y

0 −→ KerπA −→ ∧2(L/[L,L]⊗A) πA−→ [L,L]/[[L,L],L]⊗A −→ 0

k

y ∥∥∥
0 −→ Ker(π⊗m) −→ ∧2(L/[L,L])⊗S2(A) π⊗m−−−→ [L,L]/[[L,L],L]⊗A −→ 0y

0

where i is defined in (3.7), and

k : x⊗a∧ y⊗b 7→ (x∧ y)⊗ (a∨b)
m : a∨b 7→ ab

for any x,y ∈ L/[L,L] and a,b ∈ A, implies

KerπA ' Ker(π⊗m) ⊕ S2(L/[L,L])⊗∧2(A). (3.9)

Considering the commutative diagram with exact rows and columns

0y
∧2(L/[L,L])⊗Ker m =−→ ∧2(L/[L,L])⊗Ker m π−→ 0y y

0 −→ Ker(π⊗m) −→ ∧2(L/[L,L])⊗S2(A) π⊗m−−−→ [L,L]/[[L,L],L]⊗A −→ 0

1⊗m
y ∥∥∥

0 −→ Ker(π⊗1) −→ ∧2(L/[L,L])⊗A π⊗1−−→ [L,L]/[[L,L],L]⊗A −→ 0y
0

we get

Ker(π⊗m)' ∧2(L/[L,L])⊗Ker(S2(A)→ A)

⊕ Ker(∧2(L/[L,L]) π→ [L,L]/[[L,L],L])⊗A. (3.10)

Putting (3.9) and (3.10) together proves the Lemma.
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Combining Proposition 3.5, (3.8) and Lemma 3.6, we get

H2(L⊗A)' Hess
2 (L)⊗A ⊕ Ker(∧2(L/[L,L])→ [L,L]/[L, [L,L]])⊗A

⊕ B(L, [L,L])⊗HC1(A) ⊕ S2(L/[L,L])⊗∧2(A)

⊕ ∧2(L/[L,L])⊗Ker(S2(A)→ A).

By Lemma 1.1 the first two terms here give H2(L)⊗A. Using a (noncanonical)
splitting ∧2(A) = HC1(A)⊕T (A) and the exact sequence (1.4), the third and
fourth terms give

B(L)⊗HC1(A)⊕S2(L/[L,L])⊗T (A).

Combining these identifications gives Theorem 0.1.

Remark. It is interesting to compare Theorem 0.1 with a particular (for n = 2)
case of the homological operation

Hn(L⊗A)→
⊕

i+ j=n−1

HCi(U(L))⊗HC j(A)

defined in [FT] (U(L) is the universal enveloping algebra of L and the ground
field assumed to be of characteristic zero). Taking n = 2, we obtain a mapping

H2(L⊗A)→ HC1(U(L))⊗HC0(A) ⊕ HC0(U(L))⊗HC1(A). (3.11)

Cyclic homology of universal enveloping algebras was studied in [FT] and
[Kas2]. Using their results, we observe that if S(L) denotes the symmetric al-
gebra over L, then

HC0(U(L)) = H0(L,S(L)) = S(L)/[L,S(L)]

and HC1(U(L)) is a certain quotient space of H1(L,S(L)) containing H2(L).
This implies that in general (3.11) is neither injection, nor surjection. However,
if L = [L,L], then (3.11) is an injection.

4 Computation of B(L⊗A)

Theorem 0.1 allows us to compute B(L⊗A) in terms of L and A (of course, an
alternative but longer proof may be given by means of direct computations).

Theorem 4.1. B(L⊗A)' B(L, [L,L])⊗A ⊕ S2(L/[L,L])⊗A.

Proof. It is more convenient to use Proposition 3.5 rather then Theorem 0.1
to obtain an expression for B(L⊗A, [L,L]⊗A) and then to derive the general
case.
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Take any commutative unital algebra A′ with HC1(A′) ' K. According to
Proposition 3.5,

Hess
2 (L⊗A⊗A′)' Hess

2 (L⊗A)⊗A′ ⊕ B(L⊗A, [L,L]⊗A)
' Hess

2 (L)⊗A⊗A′ ⊕ B(L, [L,L])⊗HC1(A)⊗A′ ⊕ B(L⊗A, [L,L]⊗A).
(4.1)

On the other hand,

Hess
2 (L⊗A⊗A′)' Hess

2 (L)⊗A⊗A′ ⊕ B(L, [L,L])⊗HC1(A⊗A′)
' Hess

2 (L)⊗A⊗A′ ⊕ B(L, [L,L])⊗HC1(A)⊗A′ ⊕ B(L, [L,L])⊗A. (4.2)

The last isomorphism follows from the partial first-order commutative case of
the Künneth formula for cyclic homology (cf. [Kas1]):

HC1(A⊗A′)' HC1(A)⊗A′+A⊗HC1(A′).

Comparing (4.1) and (4.2), and using the naturalness condition guaranteeing
compatibility, one has

B(L⊗A, [L,L]⊗A)' B(L, [L,L])⊗A.

Now the assertion of Theorem easily follows from the last isomorphism and
the short exact sequence (1.4) applied to the algebra L⊗A.

5 The second homology of A⊗B

Let characteristic of the ground field K be different from 2. Recall that given
an associative algebra A, we may consider the Lie algebra A(−) with the same
underlying space A and the bracket [a,b] = ab− ba, as well as the Jordan
algebra A(+) with multiplication a◦b = 1

2(ab+ba).
Recall that

T (A) = 〈ab∧ c+ ca∧b+bc∧a |a,b,c ∈ A〉.

For the sake of convenience we will also use the following notation:

T (A, [A,A]) =
T (A)+ [A,A]∧A

[A,A]∧A

HC1(A, [A,A]) =
A∧A

[A,A]∧A+T (A)
' ∧

2(A/[A,A])
T (A, [A,A])

(the second one is an analog of Hess
2 (L) for cyclic homology).

The aim of this section is to prove the following
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Theorem 5.1. Let A,B be associative algebras with unit over a field K of char-
acteristic p 6= 2. Let F(A,B) denote the direct sum of the following four vector
spaces:

(1) A[A,A]/[A,A]⊗HC1(B)
(2) A/A[A,A]⊗H2(B(−))
(3) (Ker(S2(A)→ A/[A,A]))/[A,S2(A)]⊗HC1(B, [B,B])
(4) Ker(S2(A/[A,A])→ A/A[A,A])⊗T (B, [B,B])

where arrows in (3) and (4) are induced by (associative or Jordan) multiplica-
tion in A.

Then H2((A⊗B)(−))' F(A,B)⊕F(B,A).

The proof is divided into several steps.
We employ the following short exact sequence:

0→∧2A⊗S2B i→∧2(A⊗B)
p→ S2A⊗∧2B→ 0

where the middle term is identified with the direct sum of its neighbors via

a1⊗b1∧a2⊗b2↔ a1∧a2⊗b1∨b2 +a1∨a2⊗b1∧b2,

and i and p are obvious, by an imbedding and projection, respectively. In what
follows, this will be used without explicitly mentioning it.

The arguments are quite analogous to the ones at the beginning of §3. Here
they are applied to H2((A⊗B)(−)) ' Ker d/Imd (d is the differential in the
standard homology complex of (A⊗B)(−)). The mapping p gives rise to the
following short exact sequence:

0→ Ker p∩Ker d
Ker p∩ Imd

→ H2((A⊗B)(−))→ p(Ker d)
p(Imd)

→ 0. (5.1)

The Lie bracket on A⊗B may be expanded as a sum

[a1⊗b1,a2⊗b2] = [a1,a2]⊗b1 ◦b2 +a1 ◦a2⊗ [b1,b2].

The proof of the following statement is quite analogous to the proof of
(3.10).

Lemma 5.1. We have:

p(Ker d)' Ker(A∨A→ A/[A,A])⊗B∧B+A∨A⊗Ker(B∧B→ B)

where the first arrow is induced by (associative or Jordan) multiplication in
algebra A and the second one is the Lie multiplication in B(−).

Lemma 5.2. The space p(Imd) is a linear span of the following elements:

(1) [A,S2(A)]⊗B∧B
(2) [A,A]∨A⊗T (B)

29



(3) (a1∨a2−1∨a1 ◦a2)⊗ [B,B]∧B,ai ∈ A
(4) A∨A⊗ ([b1,b2]∧b3 +[b3,b1]∧b2 +[b2,b3]∧b1),bi ∈ B.

Proof. The notation x ≡ 0 reflects the fact that certain element
x ∈ (A∨A)⊗ (B∧B) lies in p(Imd). The generic relation defining the
quotient by p(Imd) is

[a1,a2]∨a3⊗ (b1 ◦b2)∧b3 +(a1 ◦a2)∨a3⊗ [b1,b2]∧b3

+[a3,a1]∨a2⊗ (b3 ◦b1)∧b2 +(a3 ◦a1)∨a2⊗ [b3,b1]∧b2 (5.2)

+[a2,a3]∨a1⊗ (b2 ◦b3)∧b1 +(a2 ◦a3)∨a1⊗ [b2,b3]∧b1 ≡ 0.

Symmetrizing this relation with respect to a1,a2, we get:

2(a1 ◦a2)∨a3⊗ [b1,b2]∧b3

+([a3,a1]∨a2− [a2,a3]∨a1)⊗ ((b3 ◦b1)∧b2− (b2 ◦b3)∧b1)
+((a3 ◦a1)∨a2 +(a2 ◦a3)∨a1)⊗ ([b3,b1]∧b2 +[b2,b3]∧b1)≡ 0. (5.3)

Cyclic permutations of a1,a2,a3 in the last relation yield:

((a1 ◦a2)∨a3 +(a3 ◦a1)∨a2 +(a2 ◦a3)∨a1)
⊗ ([b1,b2]∧b3 +[b3,b1]∧b2 +[b2,b3]∧b1)≡ 0.

This relation, in its turn, evidently implies

A∧A⊗ ([b1,b2]∧b3 +[b3,b1]∧b2 +[b2,b3]∧b1)≡ 0. (5.4)

Now rewriting (5.3) modulo (5.4) and substituting a3 = 1 and b2 = 1, we
get, respectively:

(a1∨a2−1∨a1 ◦a2)⊗ [B,B]∧B≡ 0 (5.5)

and

([a3,a1]∨a2− [a2,a3]∨a1)⊗ (b1∧b3 +1∧b1 ◦b3)≡ 0.

Symmetrizing the last relation with respect to b1,b3, one gets:

([a3,a1]∨a2− [a2,a3]∨a1)⊗B∧B≡ 0. (5.6)

Particularly, taking in (5.6) a2 = 1, one gets

(1∨ [A,A])⊗ (B∧B)≡ 0. (5.7)

Now, (5.2) is equivalent modulo (5.4)–(5.6) to

30



[a1,a2]∨a3⊗ (b1b2∧b3 +b3b1∧b2 +b2b3∧b1)
+1∨ ((a1 ◦a2)◦a3− (a2 ◦a3)◦a1)⊗ [b1,b2]∧b3 (5.8)

+1∨ ((a3 ◦a1)◦a2− (a2 ◦a3)◦a1)⊗ [b3,b1]∧b2 ≡ 0.

Taking into account the identity

(a◦b)◦ c− (a◦ c)◦b =
1
4
[a, [b,c]]

(cf. [J], p.37), and (5.7), the relation (5.8), in its turn, is equivalent to

[A,A]∨A⊗T (B)≡ 0. (5.9)

Putting together (5.4)–(5.6) and (5.9), we get exactly the statement of the
Lemma.

Lemma 5.3. We have:
(1) p(Ker d)/p(Imd)' F(A,B).
(2) (Ker p∩Ker d)/(Ker p∩ Imd)' F(B,A).

Proof. (1) is derived from Lemmas 5.1 and 5.2 after a number of routine trans-
formations.

(2) Define a projection p′ : ∧2(A⊗B)→∧2A⊗S2B. Due to an obvious fact
that p′ is the identity map on Ker p = (A∧A)⊗ (B∨B), we have an isomor-
phism

Ker d∩Ker p
Ker p∩ Imd

' p′(Ker d∩Ker p)
p′(Ker p∩ Imd)

=
p′(Ker d)
p′(Imd)

But the right-hand term here is computed as in the part (1), up to permutation
of A and B.

Now Theorem 5.1 follows immediately from (5.1) and Lemma 5.3.

Remark. Taking B = Mn(K) in Theorem 5.1, we get, after a series of elemen-
tary transformations, an isomorphism

H2(gln(A))' HC1(A)⊕∧2(A/[A,A]).

We have the following central extension of Lie algebras:

0→ sln(A)→ gln(A)→ A/[A,A]→ 0.

Using the Hochschild-Serre spectral sequence of gln(A) with respect to the
subalgebra sln(A), we derive

H2(sln(A))' HC1(A)

which is a result of C. Kassel and J.-L. Loday [KL].
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2. Deformations of W1(n)⊗A and
modular semisimple Lie algebras with
a solvable maximal subalgebra

J. Algebra 268 (2003), 603–635

In one of his last papers, Boris Weisfeiler proved that if a modular semisimple Lie algebra

possesses a solvable maximal subalgebra which defines a long filtration, then the associated

graded algebra is isomorphic to the one constructed from the Zassenhaus algebra tensored by

the divided powers algebra. We completely determine the class of such algebras, calculating in

the process low-dimensional cohomology of the Zassenhaus algebra tensored by any associative

commutative algebra.

Introduction
The ultimate goal of this paper is to describe semisimple finite-dimensional
Lie algebras over an algebraically closed field of characteristic p > 5, having a
solvable maximal subalgebra (that is, a maximal subalgebra which is solvable)
which determines a “long filtration”, as defined below. We hope, however, that
some intermediate results contained here are of independent interest.

Simple Lie algebras with a solvable maximal subalgebra were described by
B. Weisfeiler [W]. We heavily depend on his results and to a certain extent this
paper may be considered as a continuation of Weisfeiler’s paper. Since its ap-
pearance the classification of modular simple Lie algebras has been completed
(announced in [SW] and elaborated in a series of papers among which [Str] is
the last one), and recently the approach to the classification problem has been
reworked in a series of papers among which [PS] is the latest, including the
cases of low characteristic.

Though the classification provides a powerful tool for solutions of many
problems in the modular Lie algebra theory, the question considered here re-
mains non-trivial even modulo this classification. Moreover, we hope that the
result we obtain here in particular, and the cohomological technique we use to
prove it in general, may simplify to certain degree the classification itself.

Let us recall the contents of Weisfeiler’s paper. He considers the semisimple
modular Lie algebra L with a solvable maximal subalgebra L0 which defines
a filtration in L via

Li+1 = {x ∈ Li | [x,L] = Li}



(though in general the filtration can be prolonged also to the negative side, in
the case under consideration we can let L−1 = L).

When the term L1 of this filtration does not vanish, the filtration is called
long, otherwise it is called short. Weisfeiler proved that when the filtration is
long, the associated graded algebra is isomorphic to S⊗Om + 1⊗D, where
S coincides either with sl(2), the three-dimensional simple algebra, or with
W1(n), the Zassenhaus algebra, Om is the ring of truncated polynomials in m
indeterminates, and D is a subalgebra of the derivation algebra of Om. The
grading is “thick” in the sense that it is completely determined by the standard
grading (defined below) of W1(n) or sl(2), containing, therefore, the whole
tensor factor Om in each component. In the case of a short filtration, Weisfeiler
proved that the initial algebra L possesses a Zp-grading with very restrictive
conditions. Then, considering the case of simple L, he derived that in the case
of a long filtration, L is isomorphic either to sl(2) or to W1(n) (in fact, this fol-
lows immediately from the results of Kuznetsov [K], which are also important
for us here), and the case of a short filtration does not occur.

Here we study the case of a long filtration. We determine all filtered alge-
bras whose associated graded algebra is W1(n)⊗Om n 1⊗D or sl(2)⊗Om n
1⊗D with the above-mentioned “thick” grading (recall that A n B denotes
the semidirect sum of modules or algebras with A a submodule or ideal). This
is done in the framework of the deformation theory due to Gerstenhaber. In
this theory the second cohomology group of a Lie algebra with coefficients
in the adjoint module plays a significant role (for an excellent account of
this subject, see [GS]). As it turns out that the “tail” 1⊗D is not important
in these considerations, one needs to compute H2(W1(n)⊗Om,W1(n)⊗Om).
In a (slightly) more general setting, we compute H2(W1(n)⊗ A,W1(n)⊗ A)
for an arbitrary associative commutative algebra A with unit. (Cohomology
H2(sl(2)⊗A,sl(2)⊗A) was earlier computed by Cathelineau [C].) This cal-
culation seems sufficiently interesting for its own sake, as a nontrivial example
of the low-dimensional cohomology of the current Lie algebras L⊗A. This
may also be considered as a complement to Cathelineau’s computation of the
second cohomology of the current Lie algebra g⊗A, where g is a classical
simple Lie algebra, as well as generalization of the Dzhumadil’daev-Kostrikin
computations of H2(W1(n),W1(n)) [DK].

The knowledge of H2(W1(n)⊗Om,W1(n)⊗Om) allows one to solve the
problem of determining all filtered algebras associated with the graded struc-
ture mentioned above. The answer is not very surprising – all such algebras
have a socle† isomorphic to W1(k)⊗Ol for some k and l.

The contents of this paper is as follows. §1 contains some preliminary
material, the most significant of which is a representation of W1(n)
as a deformation of W1(1) ⊗ On−1, due to Kuznetsov [K]. It turns out
that it is much easier to perform cohomological calculations using this

† The socle of a Lie algebra is the (necessarily direct) sum of its minimal ideals.
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representation. Following Kuznetsov, we define a class of Lie algebras
L(A,D) which are certain deformations of W1(1) ⊗ A defined by means
of a derivation D of A. Then we compute H2(L(A,D),L(A,D)) in two
steps: in the first step (in §2), we compute H2(W1(1) ⊗ A,W1(1) ⊗ A),
and then, in §3, we determine H2(L(A,D),L(A,D)), using a spectral
sequence abutting to H∗(L(A,D),L(A,D)) with the E1-term isomorphic to
H∗(W1(1)⊗A,W1(1)⊗A).

In parallel to the results for the second cohomology, we state similar results
for the first cohomology, as well as for the second cohomology with trivial
coefficients, which are useful later, in §5.

In §4, using Kuznetsov’s isomorphism, we transform the results on
H2(L(A,D),L(A,D)) into those on H2(W1(n)⊗ A,W1(n)⊗ A). This section
contains also all necessary computations related to the rings of truncated
polynomials, particularly, of their Harrison cohomology. After that, in §5 we
formulate a theorem about filtered deformations of W1(n)⊗A n 1⊗D and of
sl(2)⊗A n 1⊗D and almost immediately derive it from preceding results. It
turns out that each such deformation strictly related to the class L(A,D) (for
different A’s), so in §6 we determine all, up to an isomorphism, semisimple
algebras in this class, completing, therefore, the consideration of the case of a
long filtration (Theorem 6.4).

Since the present paper is overloaded with different kinds of computations,
we omit some of them which are similar to those already presented, or just too
tedious. We believe that this will not cause inconvenience to the reader.

1 Preliminaries
In this section we recall all necessary notions, notation, definitions, results and
theories, as well as define a class of algebras L(A,D) important for further
considerations.

The ground field K is assumed to be of characteristic p > 3, unless otherwise
is explicitly stated. When appealing to Weisfeiler’s results, we have to assume
the ground field is algebraically closed of characteristic p > 5.

As we deal with modular Lie algebras, it is not surprising that the divided
powers algebra O1(n) plays a significant role in our considerations. Recall that
O1(n) is the commutative associative algebra with basis {xi | 0 ≤ i < pn} and
multiplication xix j =

(i+ j
j

)
xi+ j. It is isomorphic to the reduced polynomial ring

On = K[x1, . . . ,xn]/(xp
1 , . . . ,xp

n), the isomorphism is given by

xα1
1 xα2

2 . . .xαn
n 7→ α1!α2! . . .αn!xα1+pα2+···+pn−1αn (1.1)

The subalgebra {xi | 1 ≤ i < pn}, denoted as O1(n)+ (or O+
n ) is the single

maximal ideal of O1(n). The invertible elements of O1(n) are exactly those not
lying in O1(n)+.
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The Zassenhaus algebra W1(n) is the Lie algebra of derivations of O1(n)
of the kind u∂ , where u ∈ O1(n) and ∂ (x j) = x j−1. It possesses a basis
{ei = xi+1∂ | −1≤ i≤ pn−2} with the bracket

[ei,e j] = Ni jei+ j, where Ni j =
(

i+ j +1
j

)
−
(

i+ j +1
i

)
.

The grading W1(n) =
pn−2⊕
i=−1

Kei is called standard. In the case n = 1 it coin-

cides with the root space decomposition relative to the action of the semisimple
element e0.

Notice the following properties of the coefficients Ni j:

(1) Ni j = 0 if −1≤ i, j ≤ p−2, i+ j ≥ p−2;

(2) Ni j = Ni−1, j +Ni, j−1;

(3) Ni, j−p = Ni j if −1≤ i≤ p−2≤ j.

The first two are obvious, the third may be found, for example, in [DK].
Notice also that if 0≤ i≤ j≤ p, then

( p−i
p− j

)
= (−1) j−i

( j−1
i−1

)
and if i = ∑

n≥0
in pn,

j = ∑
n≥0

jn pn are p-adic decompositions, then

(
i
j

)
= ∏

n≥0

(
in
jn

)
(the latter equality is known as Lucas’ theorem). Here and below, we will deal
occasionally with rational fractions whose denominators are integers not divis-
ible by p. Their reduction modulo p is well defined.

The derivation algebra Der(W1(n)) is generated (linearly) by inner deriva-
tions of W1(n) and derivations (ad e−1)pt

,1≤ t ≤ n−1 (so the latter constitute
a basis of H1(W1(n),W1(n)) (cf. [B1] or [D2]).

The whole derivation algebra of O1(n) ' On, known as a general
Lie algebra of Cartan type Wn, is freely generated, as O1(n)-module, by
{∂ pi |0≤ i≤ n−1} (or, in terms of On, by { ∂

∂xi
|1≤ i≤ n}) (cf. [BIO], [K],

or [W]).
Let L be a Lie algebra and A an associative commutative algebra with unit.

Define a Lie structure on the tensor product L⊗A by setting

[x⊗a,y⊗b] = [x,y]⊗ab (1.1a)

for any x,y ∈ L, a,b ∈ A. If D is a subalgebra of Der(A), then L⊗A n 1⊗D

is defined as a semidirect product, where 1 ⊗ D acts on L ⊗ A by
[x⊗a,1⊗d] = x⊗d(a). For any a ∈ A, the symbol Ra stands for the
multiplication by a in A.

We will need the following elementary results.
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Proposition 1.1.
(i) Z(L⊗A) = Z(L)⊗A (here Z(L) is the center of L);
(ii) (1⊗Der(A))∩ad(L⊗A) = 0.

Proof. (i) Obviously Z(L)⊗A ⊆ Z(L⊗A). Let ∑zi⊗ai ∈ Z(L⊗A). We may
assume that all ai are linearly independent. Then

[∑zi⊗ai,x⊗1 ] = ∑[zi,x]⊗ai = 0

for every x ∈ L, which together with our assumption implies zi ∈ Z(L) for all i.
(ii) Let 1⊗d = ∑ad xi⊗ai ∈ (1⊗Der(A))∩ad(L⊗A). Applying it to y⊗1,

we get ∑[yi,xi]⊗ai = 0 whence xi ∈ Z(L) for all i, and d = 0.

Definition. Let D ∈Der(A). Define L(A,D) to be a Lie algebra with the under-
lying vector space W1(1)⊗A and Lie bracket {x,y}= [x,y]+ΦD(x,y), where
[ · , · ] is the bracket on W1(1)⊗A given by (1.1a), and

ΦD(ei⊗a,e j⊗b) =

{
ep−2⊗ (aD(b)−bD(a)), i = j =−1
0, otherwise

(1.2)

for any a,b ∈ A.

Remark. (Referee). In [Re], Ree considered a class of Lie algebras which are
subalgebras of Der(B) for a commutative associative algebra B (freely) gener-
ated over B. The algebras L(A,D) belong to this class. Indeed, let D ∈ Der(A)
and consider

d = ∂ ⊗1+ xp−1⊗D ∈ Der(O1⊗A).

One can easily see, by identifying O1 and W1(1) as vector spaces via

xi 7→ ei−1, 0≤ i < p,

that L(A,D) is the Lie algebra of derivations of O1 ⊗ A of the form
{bd |b ∈ O1⊗A} (i.e., freely generated, as a module over O1⊗A, by a single
derivation d).

The following is crucial for our considerations.

Proposition 1.2 (Kuznetsov). W1(n)⊗A' L(O1(n−1)⊗A,∂ ⊗1).

Proof. This obviously follows from the isomorphism W1(n)' L(O1(n−1),∂ ),
noticed in [K]. A direct calculation shows that the mapping

epk+i 7→ ei⊗ xk, −1≤ i≤ p−2, 0≤ k < pn−1

provides the isomorphism desired.
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The reason why we prefer to deal with such a realization of W1(n) lies in
the fact that e0⊗1 is a semisimple element in L(A,D) with root spaces ei⊗A.
So we obtain the grading of length p, and not of length pn as in the case of
W1(n)⊗A. The significance of the "good"(=short) root space decomposition
follows from the well-known theorem about the invariance of the Lie algebra
cohomology under the torus action.

Introduce a filtration

L(A,D) = L−1 ⊃ L0 ⊃ L1 ⊃ ·· · ⊃ Lp−2 (1.3)

by setting Li =
⊕
j≥i

e j⊗A.

In general, for a given decreasing filtration {Li} of the Lie algebra L, let
grL =

⊕
i

Li/Li+1 denote its associated graded algebra.

The following is evident.

Proposition 1.3. The graded Lie algebra grL(A,D) associated with filtration

(1.3), is isomorphic to W1(1)⊗A =
p−2⊕

i=−1
ei⊗A.

This is the place where deformation theory enters the game. It is known
that each filtered algebra can be considered as a deformation of its associated
graded algebra L =

⊕
Li (for this fact as well as for all necessary background in

the deformation theory we refer to [GS]). One calls such deformations filtered
deformations (or {Li}-deformations in the terminology of [DK]). As the space
of infinitesimal deformations coincides with the cohomology group H2(L,L),
the space of infinitesimal filtered deformations coincides with its subgroup

H2
+(L,L) = {φ ∈ H2(L,L) |φ(Li,L j)⊂

⊕
k≥1

Li+ j+k}.

To describe all filtered deformations, one needs to investigate prolongations
of infinitesimal ones, obstructions to which are described by Massey products
[φ ,ψ] ∈ H3(L,L) defined as follows, where the symbol y after an expression
refers to the sum of all cyclic permutations of letters and indices occurring in
that expression:

[φ ,ψ](x,y,z) = φ(ψ(x,y),z)+ψ(φ(x,y),z)+ y .

(This product arises from the graded Lie (super)algebra structure on H∗(L,L).)
We formulate just a small part of this broad subject needed for our purposes.

Proposition 1.4 (cf. [GS] or direct verification). Let L be a finitely graded Lie
algebra such that the Massey product of any two elements of Z2

+(L,L) is zero.
Then any filtered Lie algebra L such that grL ' L (as graded algebras), is
isomorphic to a Lie algebra with underlying vector space L and Lie bracket
{· , ·}= [ · , · ]+Φ for some Φ ∈ Z2

+(L,L).
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Note in this connection that [ΦD,ΦD] = 0. We will see later that this holds
also for other 2-cocycles on W1(1)⊗A (and more generally, on W1(n)⊗A),
which preserve the standard filtration, so Proposition 1.4 will be applicable in
our situation.

Now we formulate Weisfeiler’s main result [W]:

Theorem 1.5 (Weisfeiler). (The ground field K is algebraically closed of char-
acteristic p > 5).

Let L be a semisimple Lie algebra with a solvable maximal subalgebra L0.
Suppose that L0 defines a long filtration in L. Then L is a filtered deforma-
tion of a graded Lie algebra L = S⊗Om n 1⊗D, where S = sl(2) or W1(n)
equipped with the standard grading

⊕
i

Kei, D ⊂ Der(Om), and the homoge-

neous components are:

Li =

{
e0⊗Om n 1⊗D, i = 0
ei⊗Om, i 6= 0.

Further, the Harrison cohomology Har∗(A,A) with coefficients in the
adjoint module A plays an important role in our considerations. Note that
Har1(A,A) = Der(A) and Harrison 2-cocycles, denoted by Z 2(A,A), are just
symmetrized Hochschild 2-cocycles (cf. [Ha] where this cohomology was
introduced and [GS] for a more modern treatment). δ refers to the Harrison
(=Hochschild) coboundary operator, i.e.

δG(a,b) = aG(b)+bG(a)−G(ab)
δF(a,b,c) = aF(b,c)−F(ab,c)+F(a,bc)−F(a,b)c

for G ∈ Hom(A,A) and F ∈ Hom(A ⊗ A,A). The action of Der(A) on
Har2(A,A) is defined via

D?F(a,b) = F(D(a),b)+F(a,D(b))−D(F(a,b)).

The same formula defines the action of Der(L) on the cohomology H2(L,L)
of the Lie algebra L.

Considering the L-action on H∗(L,L), the well-known theorem says that
if T is an abelian subalgebra relative to which L decomposes into a sum of
eigenspaces L =

⊕
Lα , then one can decompose the cochain complex into the

sum of subcomplexes

Cn
α = {φ ∈Cn(L,L) |φ(Lα1 , . . . ,Lαn)⊆ Lα1+···+αn+α}

and, moreover, H∗(Cα) = 0 for α 6= 0 (cf. [F], Theorem 1.5.2).
Similarly, any Z-grading L =

⊕
Li induces a Z-grading on the cohomology

group H∗(L,L), as the initial complex C∗(L,L) splits into the sum of subcom-
plexes C∗i (L,L), where

Cn
i (L,L) = {φ ∈Cn(L,L) |φ(Li1 , . . . ,Lin)⊆ Li1+···+in+i}. (1.4)
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The cocycles, coboundaries and cohomology of these subcomplexes form the
modules denoted by Zn

i (L,L), Bn
i (L,L) and Hn

i (L,L) respectively. If there is an
element e ∈ L whose action on Li is multiplication by i, then H∗(Ci) = 0 for
any i 6= 0mod p.

2 Low-dimensional cohomology of W1(1)⊗A

The aim of this section is to establish the following isomorphisms.

Proposition 2.1.
(i) H1(W1(1)⊗A,W1(1)⊗A)' Der(A)
(ii) H2(W1(1)⊗A,W1(1)⊗A)

' H2(W1(1),W1(1))⊗A
⊕

Der(A)
⊕

Der(A)
⊕

Har2(A,A).

Before beginning the proof, let us make several remarks.
Part (i) follows from [B2], Theorem 7.1 (formulated in terms of derivation

algebras). Alternatively, one may prove it in a similar (and much easier) way as
(ii). Perhaps it should only be remarked that the basic 1-cocycles on W1(1)⊗A
can be given as 1⊗D for D ∈ Der(A).

So we will concentrate our attention on (ii).
The cohomology H2(W1(n),W1(n)) was computed in [DK]. Namely,

dimH2(W1(1),W1(1)) = 1 and the single basic cocycle can be chosen as:

φ(ei,e j) =

{
(Ni j/p) · ei+ j−p, i+ j ≥ p−1
0, otherwise

(2.1)

where (Ni j/p) denotes a (well defined) element of the field K, which is ob-
tained from Ni j by division by p and further reduction modulo p.

The appearance of the first and last summands in (ii) is evident: the corre-
sponding parts of the cohomology are spanned by the classes of cocycles

Θφ ,u : x⊗a∧ y⊗b 7→ φ(x,y)⊗abu (2.2)

ϒF : x⊗a∧ y⊗b 7→ [x,y]⊗F(a,b) (2.3)

respectively, where φ ∈ Hom(L ⊗ L,L), u ∈ A, and F ∈ Hom(A ⊗ A,A).
We will denote the cochains of type (2.2) with u = 1 by Θφ (so, actually,
Θφ ,u = (1⊗Ru)◦Θφ ).

We have the following simple proposition.

Proposition 2.2. Let L be a Lie algebra which is not 2-step nilpotent. Then
(i) (1⊗Ru)◦Θφ ∈ Z2(L⊗A,L⊗A) if and only if either φ ∈ Z2(L,L) or u = 0
(ii) ϒF ∈ Z2(L⊗A,L⊗A) if and only if F ∈Z 2(A,A).

Proof. We will prove the second part only, the first one is similar. The cocycle
equation for ϒF together with Jacobi identity gives

[[x,y],z]⊗δF(a,c,b)+ [[z,x],y]⊗δF(a,b,c) = 0. (2.4)
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Since [[L,L],L] 6= 0 and p 6= 3, one may choose x,y ∈ L such that [[y,x],x] 6= 0.
Setting z = x, one gets F ∈ Z 2(A,A). Conversely, the last condition implies
(2.4).

It is possible to prove also that for any Lie algebra L these cocycles are coho-
mologically independent, whence H2(L⊗A,L⊗A) must contain H2(L,L)⊗A
and Har2(A,A) as direct summands.

Let us define now explicitly the remaining classes of basic cocycles: ΦD is
already defined by (1.2), and

ΨD(ei⊗a,e j⊗b)

=

{
ei+ j⊗ (

(i+ j+1
j

)
bD(a)−

(i+ j+1
i

)
aD(b)), −2 < i+ j < p−1

0 otherwise.
(2.5)

Lemma 2.3. For any D∈Der(A), we have ΨD,ΦD ∈ Z2(W1(1)⊗A,W1(1)⊗A).

Proof. We perform necessary calculations for ΨD, leaving the easier case of
ΦD to the reader (the fact that ΦD is a 2-cocycle on W1(1)⊗A follows from
the Jacobi identity in L(A,D)).

Isolating the coefficient of ei+ j+k⊗abD(c) in the cocycle equation for ΨD,
we get

−Ni j

(
i+ j + k +1

i+ j

)
+N jk

(
i+ j + k +1

i

)
+Nki

(
i+ j + k +1

j

)
+Ni, j+k

(
j + k +1

j

)
−N j,k+i

(
k + i+1

i

)
= 0.

The last relation can be verified immediately.

The element e0⊗ 1 acts semisimply on W1(1)⊗A, as well as on L(A,D).
The roots of ad(e0⊗1)-action lie in the prime subfield of the ground field K,
and the root spaces are:

L[i] = ei⊗A, [i] ∈ Zp = Z/pZ, −1≤ i≤ p−2. (2.6)

This action induces a corresponding action on the cohomology, and any cocy-
cle in Z2(W1(1)⊗A,W1(1)⊗A) is cohomologous to a cocycle in

Z2
[0](W1(1)⊗A,W1(1)⊗A) = Z2

−p⊕Z2
0 ⊕Z2

p (2.7)

as noted above.

Lemma 2.4. Let ui be linearly independent elements of A, Di linearly inde-
pendent derivations of A, and Fi cohomologically independent cocycles in
Z 2(A,A).

Then the cocycles (1⊗Rui)◦Θφ , ΨDi , ϒFi , ΦDi defined in (2.2), (2.5), (2.3)
and (1.2), respectively, are cohomologically independent.
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Proof. As the cocycles (1⊗ Rui) ◦Θφ belong to the (−p)th component of
Z2(W1(1)⊗A,W1(1)⊗A), the cocycles ΨDi and ϒFi – to the zero component,
the cocycles ΦDi – to the pth component, and the degree of any coboundary
lies between 1− p and p−1, one needs only to show the cohomological inde-
pendence of cocycles of the form ΨDi and ϒFi .

Suppose there is a linear combination of the above-mentioned cocycles
equal to a coboundary dω . Clearly this condition can be written as

ΨD +ϒF = dω (2.8)

where D, F are some linear combinations of Di’s and Fi’s respectively.
Due to the e0⊗ 1-action on L(A,D) and its cohomology, we may assume

that ω preserves the root space decomposition (2.6), i.e.

ω(ei⊗a) = ei⊗Xi(a)

for some Xi ∈ Hom(A,A).
Evaluating the left and right sides of (2.8) for the pair e0⊗a, e0⊗1, one gets

D = 0. Then (2.8) reduces to

F(a,b) = aX j(b)+bXi(a)−Xi+ j(ab) (2.9)

for all i, j such that Ni j 6= 0.
Substituting j = 0 in (2.9) and using the symmetry of F , we get F = δX0.

Since F is a linear combination of cohomologically independent Harrison co-
cycles, F = 0. We see that all elements entering (2.8) vanish, whence all coef-
ficients in the initial linear combinations of cocycles are equal to zero.

Now, to prove Proposition 2.1(ii), one merely needs to show that each co-
cycle φ ∈ Z2

[0](W1(1)⊗A,W1(1)⊗A) is cohomologous to the sum of previous
cocycles.

Let

φ = φ−p +φ0 +φp, φk(ei⊗A,e j⊗A)⊆ ei+ j+k⊗A, k =−p,0, p (2.10)

be a decomposition corresponding to (2.7). It is immediate that

dφ = 0 ⇐⇒ dφ−p = dφ0 = dφp = 0.

The next three lemmas elucidate the form of cocycles φ−p,φ0,φp, respec-
tively. Two of the lemmas are formulated in a slightly more general setting
which will be used later, in §3.

Lemma 2.5. φ−p = (1⊗Ru)◦Θφ for some u ∈ A.

Proof. Write

φ−p(ei⊗a,e j⊗b) =

{
ei+ j−p⊗Xi j(a,b), i+ j ≥ p−1
0, otherwise
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for certain Xi j ∈ Hom(A⊗A,A). From the cocycle equation for triples ei⊗ a,
e j⊗b, e−1⊗1 and ei⊗a, e j⊗1, e0⊗ c, one obtains, respectively:

Xi j(a,b) = Xi−1, j(a,b)+Xi, j−1(a,b), i+ j > p−1 (2.11)

Xi j(ac) =
i+ j

j
cXi j(a,1)− i

j
Xi j(ac,1), i+ j ≥ p−1 (2.12)

The last equality in the case i+ j = p entails

Xi j(a,c) = Xi j(ac,1), i+ j = p.

Now the cocycle equation for the triple ei ⊗ a, e j ⊗ b, e1 ⊗ 1, where
i+ j = p−1, i, j 6= 1, implies

Xi j(a,b) =−N1,i(Xi+1, j(a,b)+Xi, j+1(a,b)), i+ j = p−1.

Substitution of the penultimate equality into the last one yields

Xi j(a,b) = Yi j(ab), i+ j = p−1, i, j 6= 1 (2.13)

where Yi j = −N1,i(Xi+1, j(a,1)+ Xi, j+1(a,1)). Substituting this, in its turn, in
(2.12) (with i+ j = p−1), one gets

Yi j(ac) = cYi j(a)

which implies Yi j(a) = aui j for some ui j ∈ A. Hence

Xi j(a,b) = abui j, i+ j = p−1, i, j 6= 1.

Evaluating the cocycle equation at the triple e1⊗a, e1⊗1, ep−2⊗1, one obtains

X1,p−2(a,1) = aX1,p−2(1,1).

Substituting this in (2.12) in the particular case i = 1, j = p− 2, one deduces
(2.13) also in this case, with u1,p−2 = X1,p−2(1,1). Then writing the cocycle
equation for the triple ei⊗ 1, e j⊗ 1, e1⊗ 1, where i + j = p− 2 and i, j 6= 0,
and taking into account (2.13), one obtains

N1,iui+1, j +N1, jui, j+1−Ni ju1,p−2 = 0, i+ j = p−2, i, j 6= 0.

The last relation for i = 2,3, . . . , p− 4 (i = 1 and p− 3 give trivial relations)
together with the equality u p−1

2 , p−1
2

= 0 (which follows from (2.13)) gives p−5
equations for p−5 unknowns u2,p−3, . . . ,up−3,2. One easily checks that

ui j = (Ni j/p) ·u, i+ j = p−1

for a certain u ∈ A (actually, u =−2
3 u1,p−2), provides a unique solution.

With the aid of (2.11) this equality can be extended to all i, j such that
i+ j ≥ p−1.
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Lemma 2.6. Let dφ0 = ξ , where φ0 ∈ C2
0(W1(1) ⊗ A,W1(1) ⊗ A) and

ξ ∈ C3
0(W1(1)⊗A,W1(1)⊗A) such that ξ (ei⊗ a,e j⊗ b,ek⊗ c) is (possibly)

nonzero only when one of the indices i, j,k is equal to −1 and the sum of the
other two indices is equal to p−1.

Then ξ = 0 and φ0 is a cocycle cohomologous to ϒF + ΨD for some
F ∈Z 2(A,A) and D ∈ Der(A).

Proof. Write

φ0(ei⊗a,e j⊗b) =

{
ei+ j⊗Xi j(a,b), −2 < i+ j < p−1
0, otherwise.

Define ω ∈C1(W1(1)⊗A,W1(1)⊗A) as follows:

ω(e−1⊗a) = 0, ω(ei⊗a) = ei⊗
i

∑
j=0

X−1, j(1,a), i≥ 0.

Then dω(e−1⊗1,ei⊗a) = ei−1⊗X−1,i(1,a) = φ0(e−1⊗1,ei⊗a) and replac-
ing φ0 by φ0−dω (without changing the notation), one can assume that

X−1, j(1,a) = 0. (2.14)

Writing the equation dφ0 = ξ for the triple e−1⊗ a, e−1⊗ b, ei⊗ c, one
obtains

X−1,i−1(b,ac)−X−1,i−1(a,bc) = aX−1,i(b,c)−bX−1,i(a,c). (2.15)

Setting here b = 1 and using (2.14), one gets X−1,i−1(b,c) = X−1,i(b,c) which
implies

X−1,i(a,b) = X−1,0(a,b). (2.16)

Together with (2.15) this gives

X−1,0(b,ac)−X−1,0(a,bc)−aX−1,0(b,c)+bX−1,0(a,c) = 0. (2.17)

Writing the equation dφ0 = ξ for the triple ei⊗ a, e j ⊗ b, e−1⊗ c, where
i+ j ≤ p−2, one obtains

Ni jX−1,i+ j(c,ab)−Xi−1, j(ac,b)−Xi, j−1(a,bc)+ cXi j(a,b)
−Ni, j−1aX−1, j(c,b)−Ni−1, jbX−1,i(c,a) = 0, i+ j ≤ p−2, i, j ≥ 0.

(2.18)

Setting c = 1 in the last equality, one gets

Xi j(a,b) = Xi−1, j(a,b)+Xi, j−1(a,b).
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The last relation together with (2.16) permits to prove, by induction on i + j,
the following equality:

Xi j(a,b) =
(

i+ j +1
j

)
X−1,0(a,b)−

(
i+ j +1

i

)
X−1,0(b,a) (2.19)

Setting i = j = 0 in (2.18) and since X00(a,b) = X−1,0(a,b)−X−1,0(b,a)
(which follows from (2.19)), one obtains

X−1,0(bc,a)−X−1,0(ac,b)−bX−1,0(c,a)− cX−1,0(b,a)
+ cX−1,0(a,b)+aX−1,0(c,b) = 0. (2.20)

Set

F(a,b) =
1
2
(X−1,0(a,b)+X−1,0(b,a)−X−1,0(ab,1))

= X−1,0(b,a)−aX−1,0(b,1);
D(a) = X−1,0(a,1).

Using (2.17) and (2.20) it is easy to see that F ∈Z 2(A,A) and D ∈Der(A),
and hence (2.19) implies

Xi j(a,b) = Ni jF(a,b)+
(

i+ j +1
j

)
bD(a)−

(
i+ j +1

i

)
aD(b).

Thus, φ0 is a cocycle, whence ξ = 0.

Lemma 2.7. Let dφp = ξ , where φp ∈ C2
p(W1(1) ⊗ A,W1(1) ⊗ A) and

ξ ∈C3
p(W1(1)⊗A,W1(1)⊗A) such that the only possibly nonzero values of ξ

are given by

ξ (e−1⊗a,e−1⊗b,e0⊗ c) = ep−2⊗ (aG(b,c)−bG(a,c))

for some G ∈ Hom(A⊗A,A).
Then G is a Harrison 2-coboundary and φp = ΦD for some D ∈ End(A). If

G = 0, then D ∈ Der(A).

Proof. Write

φp(ei⊗a,e j⊗b) =

{
ep−2⊗X(a,b), i = j =−1
0, otherwise.

Obviously, X is skew-symmetric. Writing the equation dφp = ξ for the triples
e−1⊗a,e−1⊗b,e−1⊗1 and e−1⊗a,e−1⊗1,e0⊗b, one gets, respectively:

X(a,b) = aX(b,1)−bX(a,1) (2.21)
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and

−X(ab,1)+X(b,a)+2bX(a,1) = aG(1,b)−G(a,b). (2.22)

Setting D(a)= X(1,a), we obtain φp = ΦD. Substitution of (2.21) into (2.22)
gives

G(a,b)−aG(1,b) = δD(a,b).

Symmetrizing the last equality, one gets

G(a,b) = δD(a,b)+abG(1,1) = δ (D+RG(1,1))(a,b).

If G = 0, then δD = 0, i.e., D ∈ Der(A).

This completes the proof of Proposition 2.1(ii).
Similar but more elementary computations can be used to prove

Proposition 2.8.
(i) H1(sl(2)⊗A,sl(2)⊗A)' Der(A)
(ii) H2(sl(2)⊗A,sl(2)⊗A)' Har2(A,A).

Proof. We refer to the paper of Cathelineau [C]. Though formally it contains a
slightly different result – namely, the computation of H2(g⊗A,g⊗A) for any
finite-dimensional simple Lie algebra g over a field of characteristic zero, the
methods employed there can be easily adapted to our case. Alternatively, one
may go along the lines of our proof for the case W1(1)⊗A. All basic cocycles
turn out to be of the type (2.3).

3 Low-dimensional cohomology of L(A,D)

Let super- and subscripts denote the kernel and cokernel respectively of the
corresponding action of D (which is, for (i), given by D f (a) 7→ f (D(a)) for any
f ∈ A∗, and for (ii) and (iii), is the standard action on Harrison (=Hochschild)
cocycles described in §1).

Theorem 3.1.
(i) H2(L(A,D),K)' (A∗)D

(ii) H1(L(A,D),L(A,D))' Der(A)D

(iii) H2(L(A,D),L(A,D))' AD⊕Der(A)D⊕Der(A)D⊕Har2(A,A)D.

Part (i) is borrowed from [Z], where it is proved along the lines of the present
paper (though the computations are easier).

We give also an explicit basis of H1(L(A,D),L(A,D)) and
H2(L(A,D),L(A,D)).

There are at least three ways to compute the cohomology of the deformed
algebra knowing the cohomology of an initial one. The first way is the Coffee-
Gerstenhaber lifting theory (cf. [GS]) which tells how to determine obstruc-
tions to lifting cocycles from a Lie algebra L to its deform L.
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The second way is applicable when L is a filtered deform of L, i.e., L is
a filtered Lie algebra with descending filtration {Li} and L = grL. One can
define a descending filtration in the Chevalley-Eilenberg complex C∗(L,L):

Cn
i (L,L) = {φ ∈Cn(L,L) |φ(Li1 , . . . ,Lin)⊆ Li1+...in+i}.

Then the associated graded complex will be C∗(L,L) with the grading defined
by (1.4), and the general theory about filtered complexes says that there is a
spectral sequence abutting to H∗(L,L) whose E1-term is H∗(L,L).

The third way is applicable in a special situation when L is a deform of L,
linear with respect to the deformation parameter, i.e., the multiplication in L is
given by

{x,y}= [x,y]+φ(x,y)t,

where [ · , · ] is a multiplication in L and φ ∈ Z2(L,L). Then we have three com-
plexes defined on the underlying module C∗(L,L): the first one, responsible
for the cohomology of L with differential d, the second one, with differential
b = [ · ,φ ] (Massey bracket), and the third one is responsible for the coho-
mology of L with differential b + d. Moreover, the Jacobi identity for {· , ·}
implies bd + db = 0. In this situation it is possible to define a double com-
plex on C∗(L,L) whose horizontal arrows are given by d and the vertical ones
by b. The total complex T of this double complex is closely related to the
Chevalley–Eilenberg complex C = C∗(L,L) responsible for the cohomology
of L. Namely, there is a surjection

T n =
n⊕

i=1

Cn(L,L)→Cn(L,L)

defined by the summation of all coordinates, whose kernel K is closely related
to the shifted complex T [−1]. So one can determine the cohomology Hn(L,L)
from the long exact sequence associated with the short exact sequence of com-
plexes 0→K →T → C → 0.

However, in our even more specific situation, we will use the fourth method
employing a special Z-grading. Its advantage is that we will be able not only
to determine H1(L(A,D),L(A,D)) and H2(L(A,D),L(A,D)) as modules, but
also to find explicit expressions for cocycles.

As noted in §1, when considering the cohomology both of W1(n)⊗A and
L(A,D), we may restrict our attention to a subcomplex preserving the Zp-
grading of W1(1)⊗A:

Cn
[0](W1(1)⊗A,W1(1)⊗A) =

⊕
i∈Z

Cn
ip(W1(1)⊗A,W1(1)⊗A).

Let d and dD be the differentials in the Chevalley-Eilenberg complexes
C∗(W1(1)⊗A,W1(1)⊗A) and C∗(L(A,D),L(A,D) respectively. We obviously
have

dD = d +[ · ,ΦD] (3.1)
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where [ · , · ] denotes the graded Lie (super)algebra structure (given by the
Massey bracket) on H∗(W1(1)⊗A,W1(1)⊗A).

Since ΦD ∈C2
p(W1(1)⊗A,W1(1)⊗A), the bracket b = [ · ,ΦD] acts as a dif-

ferential of bidegree (1, p) on the bigraded module C∗∗(W1(1)⊗A,W1(1)⊗A)
(the first grading is the usual cohomology grading, the second one comes
from the Z-grading on W1(1)⊗ A). Denoting for convenience the module
Cn

ip(W1(1)⊗A,W1(1)⊗A) by Ĉn
i , we have a double complex

. . . . . . . . . . . .x x x x
Ĉ0

1
d−−−−→ Ĉ1

1
d−−−−→ Ĉ2

1
d−−−−→ Ĉ3

1 −−−−→ . . .xb

xb

xb

Ĉ0
0

d−−−−→ Ĉ1
0

d−−−−→ Ĉ2
0 −−−−→ . . .xb

xb

Ĉ0
−1

d−−−−→ Ĉ1
−1 −−−−→ . . .x

. . .

In view of (3.1), the total complex associated with this double complex
is exactly the Chevalley-Eilenberg complex computing the cohomology
H∗(L(A,D),L(A,D)). Therefore the first spectral sequence {Est

r } associated
with the double complex, has the E1-term

Est
1 ' Hs+t

ps (W1(1)⊗A,W1(1)⊗A).

A necessary condition for Ĉn
i 6= 0 is that there exists a solution to inequality

−1≤ i1 + · · ·+ in + ip≤ p−2 for−1≤ ik ≤ p−2. This implies the inequalities
−n+ 2n−1

p ≤ i≤ 1+ n−2
p (so i = 0 for n = 1, −1≤ i≤ 1 for n = 2, and −2≤

i≤ 1 for n = 3). Thus, in each degree, there is finite number of non-vanishing
components and the spectral sequence converges to Hs+t(L(A,D),L(A,D)).

The only possibly nonzero terms responsible for the 1st and 2nd cohomol-
ogy are:

E01
r ,E−1,3

r ,E02
r ,E11

r ,E−2,5
r ,E−1,4

r ,E03
r ,E12

r .

Hence the only possibly nonzero differentials affecting the values of
H1(L(A,D),L(A,D)) and H2(L(A,D),L(A,D)) are:

d01
1 : E01

1 → E11
1

d−1,3
1 : E−1,3

1 → E03
1

d02
1 : E02

1 → E12
1

d−1,3
2 : E−1,3

2 → E12
2 .
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Consequently,

E01
∞ = E01

1 = Ker d01
1

E−1,3
∞ = E−1,3

3 = Ker d−1,3
2 ; E−1,3

2 = Ker d−1,3
1

E02
∞ = E02

2 = Ker d02
1 (3.2)

E11
∞ = E11

2 = E11
1 /Imd01

1

and

H1(L(A,D),L(A,D))' E01
∞

H2(L(A,D),L(A,D))' E−1,3
∞ ⊕E02

∞ ⊕E11
∞ .

Proposition 2.1 (strictly speaking, the explicit basic cocycles provided in its
proof) yields

E01
1 ' H1

0 (W1(1)⊗A,W1(1)⊗A)' Der(A)

E−1,3
1 ' H2

−p(W1(1)⊗A,W1(1)⊗A)' H2(W1(1),W1(1))⊗A' A

E02
1 ' H2

0 (W1(1)⊗A,W1(1)⊗A)' Der(A)⊕Har2(A,A)

E11
1 ' H2

p(W1(1)⊗A,W1(1)⊗A)' Der(A).

In the next lemmas we will determine all necessary kernels and images in
(3.2).

Lemma 3.2. E−1,3
∞ ' AD.

Proof. In order to determine Ker d−1,3
1 , one needs to consider the equation

[(1⊗Ru)◦Θφ ,ΦD] = dΛu (3.3)

for some Λu ∈C2
0(W1(1)⊗A,W1(1)⊗A). The elements of E−1,3

2 will be of the
form

(1⊗Ru)◦Θφ −Λu

for appropriate solutions of (3.3).
Direct computations show that

[(1⊗Ru)◦Θφ ,ΦD] = (1⊗Ru)◦ [Θφ ,ΦD]+ (1⊗RD(u))◦Γ (3.4)

where Γ ∈C3(W1(1)⊗A,W1(1)⊗A) is defined as (assuming i≤ j ≤ k)

Γ(ei⊗a,e j⊗b,ek⊗ c) =

{
ep−2⊗ (N jk/p) ·abc, i =−1, j + k = p−1
0, otherwise

and

[Θφ ,ΦD](ei⊗a,e j⊗b,ek⊗ c)

=

{
ep−2⊗ (N jk/p) · (bcD(a)−aD(bc)), i =−1, j + k = p−1
0, otherwise.

(3.5)
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(Notice that N jk/p = (−1)k 2k+1
k(k+1) if j + k = p− 1, see p. 36, under “Lucas’

theorem”.)
Define

Θ
′(ei⊗a,e j⊗b) =

{
ei+ j⊗ (λi jaD(b)−λ jibD(a)), −2 < i+ j < p−1
0, otherwise

for some λi j ∈ K.
Let us verify first that there are λi j such that Θφ + Θ′ ∈ E−1,3

2 . Writing the
equation (3.3) under conditions u = 1 and Λu = −Θ′ for the triple e−1⊗ a,
e j⊗ b, ek⊗ c, where j + k = p− 1 and for all remaining possible triples, we
obtain respectively:

λ j−1,k +λ j,k−1 = (−1)k 2k +1
k(k +1)

(3.6)

λ j,k−1−λk, j−1 = 2(−1)k
λ j,−1 +2(−1)k+1

λk,−1 +(−1)k+1 2k +1
k(k +1)

(3.7)

where j + k = p−1, and

Ni jλi+ j,k−N jkλi, j+k +Nikλ j,i+k +N j+k,iλ jk−Ni+k, jλik

= 0, i, j,k ≥ 0, i+ j + k < p−1. (3.8)

The left-hand side in the latter equality is a basic expression for the coefficient
of abD(c) in dΘ′.

Lemma 3.3. The element

λi j =
i

∑
k=1

(
i+ j +1− k

j +1

)
k +2

k(k +1)
, −1≤ i, j ≤ p−2

provides solution for equations (3.6)–(3.8).

Proof. Note the following properties of the just defined coefficients λi j:
(i) λ−1, j = λ0 j = 0; λ1, j = 3

2

(ii) λi,−1 =
i

∑
k=1

k+2
k(k+1)

(iii) λi j = λi−1, j +λi, j−1.
Now, (3.6) may be reformulated as

λi j = (−1) j 2 j +1
j( j +1)

, i+ j = p−1, i, j ≥ 1

which can be proved with the help of simple transformations of binomial co-
efficients in the spirit of the first few pages of [Ri].

Equation (3.7) is proved by induction on j, using equation (3.6) in the in-
duction step.
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Finally, equation (3.8) is proved by induction on i+ j+k. The induction step
is:

Ni jλi+ j,k−N jkλi, j+k +Nikλ j,i+k +N j+k,iλ jk−Ni+k, jλik

= Ni jλi+ j−1,k +Ni jλi+ j,k−1−N jkλi−1, j+k−N jkλi, j+k−1 +Nikλ j−1,i+k

+Nikλ j,i+k−1 +N j+k,i−1λ jk +N j+k−1,iλ jk−Ni+k, j−1λik−Ni+k−1, jλik

= (Ni−1, jλi+ j−1,k−N jkλi−1, j+k +Ni−1,kλ j,i+k−1 +N j+k,i−1λ jk−Ni+k−1, jλi−1,k)
+(Ni, j−1λi+ j−1,k−N j−1,kλi, j+k−1 +Nikλ j−1,i+k +N j+k−1,iλ j−1,k−Ni+k, j−1λik)

+(Ni jλi+ j,k−1−N j,k−1λi, j+k−1 +Ni,k−1λ j,i+k−1 +N j+k−1,iλ j,k−1−Ni+k−1, jλi,k−1)
= 0

where the first equality follows from recurrent relations for λi j, the second one
from those for Ni j, and the third one from the induction assumption for the
triple (i−1, j,k), (i, j−1,k) and (i, j,k−1).

Continuation of the proof of Lemma 3.2. Now consider a general solution of
(3.3). Taking equation (3.4) into account, the partial solution [Θφ ,ΦD] =−dΘ′,
and the commutativity of operators d and Ru, equation (3.3) can be rewritten
as

d(Λu +(1⊗Ru)◦Θ
′) = (1⊗RD(u))◦Γ.

By Lemma 2.6, D(u) = 0 and

Λu =−(1⊗Ru)◦Θ
′ mod Z2

0(W1(1)⊗A,W1(1)⊗A).

Hence E−1,3
2 consists of elements of the form

Θu = (1⊗Ru)◦ (Θφ +Θ
′), u ∈ AD

and E−1,3
2 ' AD.

To compute Ker d−1,3
2 , take a look at Imd−1,3

2 , i.e. at the space of elements
of the form [(1⊗Ru)◦ (Θφ +Θ′),ΦD], where u ∈ AD. This expression is equal
to (1⊗Ru)◦ [Θ′,ΦD] modulo B3(W1(1)⊗A,W1(1)⊗A). Direct computations
show that

[Θ′,ΦD](ei⊗a,e j⊗b,ek⊗ c)

=

{
ep−2⊗λp−2,0(aD(b)−bD(a))D(c), i = j =−1,k = 0
0, otherwise.

But

λp−2,0 =−
p−2

∑
k=1

(1+
2
k
) =−(p−2)−2

p−1

∑
k=1

k +
2

p−1
= 0.

Consequently, d−1,3
2 = 0 and E−1,3

∞ = E−1,3
3 = E−1,3

2 ' AD.
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Lemma 3.4. E02
∞ ' Der(A)D⊕Har2(A,A)D.

Proof. To determine Ker d02
p , one needs to solve two equations

[ΨE ,ΦD] = dΛE (3.9)

[ϒF ,ΦD] = dΛF (3.10)

for ΛE ,ΛF ∈C2
p(W1(1)⊗A,W1(1)⊗A). Let

Ψ
′
E(ei⊗a,e j⊗b) =

{
ep−2⊗ (D(a)E(b)−E(a)D(b)), i = j =−1
0, otherwise.

By means of direct computations one gets

[ΨE ,ΦD] = dΨ
′
E +ΓE

where the only possibly nonzero values of ΓE are given by

ΓE(e−1⊗a,e−1⊗b,e−1⊗ c) = ep−2⊗ (a[E,D](b)−b[E,D](a))c.

But equation (3.9) implies that ΓE = d(ΛE −Ψ′E). One easily checks that
each coboundary vanishes on the triple e−1⊗ a, e−1⊗ 1, e0⊗ 1. This implies
[E,D] = 0 and ΓE = 0. Consequently,

ΛE = Ψ
′
E mod Z2

p(W1(1)⊗A,W1(1)⊗A),

and the set of elements {ΨE −Ψ′E |E ∈ Der(A)D} embeds into E02
2 .

To solve equation (3.10), define

ϒ
′
F(ei⊗a,e j⊗b) =

{
ep−2⊗ (F(D(a),b)−F(a,D(b))), i = j =−1
0, otherwise.

By means of direct computations one gets

[ϒF ,ΦD] = dϒ
′
F +ΓF (3.11)

where the only possibly nonzero values of ΓF are given by (for the definition
of the ? see Introduction to this chapter)

ΓF(e−1⊗a,e−1⊗b,e0⊗ c) = ep−2⊗ (aD?F(b,c)−bD?F(a,c)).

By (3.11), ΓF = d(ΛF − ϒ′F). According to Lemma 2.7, ΛF − ϒ′F = ΦH

for some H ∈ End(A) and moreover, D ? F = δH (we may suppose that
D?F(1,1) = 0).

Conversely, if D?F = δH, then ΓF =−dΦH , which in view of (3.11) leads
to the solution ΛF = ϒ′F +ΦH of equation (3.10).

So, E02
∞ = E02

2 is the direct sum of two subspaces consisting of elements
of the form ΨE −Ψ′E and ϒF −ϒ′F −ΦH for appropriate E, F and H. These
subspaces are isomorphic to Der(A)D and Har2(A,A)D, respectively.
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Lemma 3.5.
(i) E01

∞ ' Der(A)D

(ii) E11
∞ ' Der(A)D.

Proof. d01
1 acts on the space E01

1 ' Der(A) as

1⊗E 7→ [1⊗E,ΦD] = Φ[D,E],

where E ∈ Der(A). Hence Ker d01
1 ' Der(A)D, proving (i).

Imd01
1 ' [D,Der(A)], E11

∞ = E11
2 ' Der(A)D and E11

∞ consists of elements
ΦE for E ∈ Der(A). These elements are independent modulo [D,Der(A)]; this
proves (ii).

Putting all these calculations together, we get statements (ii) and (iii) of
Theorem 3.1. (Lemma 3.5(i) is used to get a formula for cohomology of degree
1, while all the rest is used to get a formula for cohomology of degree 2.)

For convenience we summarize here the cocycles whose cohomology
classes constitute a basis of H1(L(A,D),L(A,D)) and H2(L(A,D),L(A,D)).

Basic cocycles of degree 1 are just mappings of the form 1⊗ E, where
E ∈ Der(A)D.

All cocycles of degree 2 constructed here have their counterparts in
Z2(W1(1) ⊗ A,W1(1) ⊗ A) (in fact, they are liftings, in Gerstenhaber’s
terminology [GS], of 2-cocycles on W1(1) ⊗ A). Each class of cocycles
denoted by overlined capital Greek letter is lifted from the corresponding
class of §2 denoted by the same letter.

So, let Θu, ϒF,H , ΨE and ΦE be 2-cochains on L(A,D) defined by the fol-
lowing formulas, where the top line comes from the appropriate cocycle of §2
(the “regular” components), and the second line represent a new component
coming from the deformation:

Θu(ei⊗a,e j⊗b) =


ei+ j−p⊗ (Ni j/p) ·abu, i+ j ≥ p−1
ei+ j⊗ (λi jaD(b)−λ jibD(a))u, −2 < i+ j < p−1
0, otherwise

where u ∈ AD and the coefficients λi j defined as in Lemma 3.3 (the regular
component is given by equation (2.2)),

ϒF,H(ei⊗a,e j⊗b)

=


ei+ j⊗Ni jF(a,b), −2 < i+ j < p−1
ep−2⊗ (bH(a)−aH(b)−F(D(a),b)+F(a,D(b))) , i = j =−1
0, i+ j ≥ p−1
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where F ∈ Z 2(A,A)D and H ∈ End(A) such that D ? F = δH (the regular
component is given by equation (2.3)),

ΨE(ei⊗a,e j⊗b) =
ep−2⊗ (E(a)D(b)−E(b)D(a)), i = j =−1

ei+ j⊗
((i+ j+1

j

)
bE(a)−

(i+ j+1
i

)
aE(b)

)
, −2 < i+ j < p−1

0, i+ j ≥ p−1

where E ∈ Der(A)D (the regular component is given by equation (2.5)), and,
finally, ΦE = ΦE (the regular component is given by equation (1.2); there is no
deformation component).

Lemma 2.4 (stating cohomological independence of the initial cocycles on
W1(1)⊗A) together with the spectral sequence construction assure the coho-
mological independence of the corresponding cocycles on L(A,D). More pre-
cisely, the following is true:

Proposition 3.6. Let ui be linearly independent elements of A, Fi cohomolog-
ically independent cocycles in Z 2(A,A), Hi elements in Hom(A,A) linearly
independent modulo Der(A) and such that D ? Fi = δHi, Ei linearly indepen-
dent elements in ZD(Der(A)), and E ′i derivations of A linearly independent
modulo [D,Der(A)].

Then the cocycles Θui , ϒFi,Hi , ΨEi , ΦE ′i are cohomologically independent.

4 Low-dimensional cohomology of W1(n)⊗A

Now our objective is to transform the results obtained so far for L(A,D) into
those for W1(n)⊗A.

For this, take A = O1(n−1)⊗B and D = ∂ ⊗1. By Proposition 1.2, L(A,D)
in this case is isomorphic to W1(n)⊗B, and Theorem 3.1 entails

H2(W1(n)⊗B,W1(n)⊗B)

' (O1(n−1)⊗B)∂⊗1⊕Der(O1(n−1)⊗B)∂⊗1⊕Der(O1(n−1)⊗B)∂⊗1

⊕Har2(O1(n−1)⊗B,O1(n−1)⊗B)∂⊗1. (4.1)

The next lemmas collect all necessary information for evaluating the four
summands appearing on the right side of this isomorphism. Just for notational
convenience, we put m = n−1.

Lemma 4.1.
(i) (O1(m)⊗B)∂⊗1 = 1⊗B
(ii) Der(O1(m)⊗B)∂⊗1' 〈xpm−1∂ pk |0≤ k≤m−1〉⊗B

⊕
xpm−1⊗Der(B)

(iii) Der(O1(m)⊗B)∂⊗1 ' 〈∂ pk |0≤ k ≤ m−1〉⊗B
⊕

1⊗Der(B).
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Proof. (i) Obvious, as KerO1(m)∂ = K1.
(ii) Since

Der(O1(m)⊗B)' Der(O1(m))⊗B+O1(m)⊗Der(B)

and Der(O1(m)) is a free O1(m)-module with basis {∂ pk | 0 ≤ k ≤ m− 1}, it
follows that

[∂ ⊗1,Der(O1(m)⊗B)]' [∂ ,Der(O1(m))]⊗B ⊕ ∂ (O1(m))⊗Der(B)

= 〈xi
∂

pk |0≤ i < pm−1,0≤ k≤m−1〉⊗B⊕〈xi |0≤ i < pm−1〉⊗Der(B).

As 〈xpm−1∂ pk |0≤ k < m−1〉 is a complement in Der(O1(m)) to the tensor
factor in the first summand, and 〈xpm−1〉 is a complement in O1(m) to those in
the second summand, we get the isomorphism desired.

(iii) Analogous to (ii).

Further, according to [Ha], Theorem 5,

Har2(O1(m)⊗B,O1(m)⊗B)∂⊗1

' Har2(O1(m),O1(m))∂ ⊗B ⊕ O1(m)∂ ⊗Har2(B,B) (4.2)

(as O1(m)∂ ' K, the second summand is actually just Har2(B,B)).
So we need to compute the second Harrison cohomology of the divided

powers algebra O1(m). First we determine its Hochschild cohomology. It is
more convenient to work with the ring of truncated polynomials Om.

Note that Om is a quotient of a polynomial algebra as well as the group
algebra of an elementary abelian group, and for both class of algebras all sort
of cohomological computations have been done. Instead of digging the result
we need out of the literature (which will require some additional computations
anyway, see, e.g., [L], §7.4 and [Ho] and references therein), we give a direct
simple proof suited for our needs.

We use multi-index notations: zm = {α = (α1, . . . ,αm) ∈ Zm |0≤ αi < p},
xα = xα1

1 . . .xαm
m , and εi = (0, . . . ,0,1,0, . . . ,0) (1 in the ith position).

Proposition 4.2. H i(Om,Om) is a free Om-module of rank
(i+m−1

i

)
.

Proof. Consider first the case m = 1, i.e. an algebra O1 = K[x]/(xp). We use
a very simple (and nice) free Oe

1-resolution of O1 presented in [RS] (as O1 is
commutative, Oe

1 ' O1⊗O1):

. . .
d1−→ O1⊗O1

d0−→ O1⊗O1
m−→ O1 −→ 0

where m is the multiplication in O1 and

di(a⊗b) =

a⊗ xb−ax⊗b, i even
p−1
∑

k=0
axk⊗ xp−1−kb, i odd.
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Applying the functor HomOe
1
(−,O1), we get a (deleted) complex whose all

but first differentials are zero:

0−→ O1
id−→ O1

0−→ O1
0−→ . . .

Therefore, H i(O1,O1)' O1 for each i.
Now the general case is proved by induction on m by applying the Künneth

formula to the decomposition Om ' Om−1⊗O1.

Lemma 4.3.
(i) Har2(Om,Om) is a free Om-module of rank m. The basic cocycles (over
Om) can be chosen as

Fi(xα ,xβ ) =

{
xα+β−pεi , αi +βi ≥ p
0, αi +βi < p

for 1≤ i≤ m.
(ii) rk Har2(O1(m),O1(m))∂ = m. The basic ∂ -invariant cocycles can be
chosen as

Fi(xα ,xβ ) =

{((
α+β

β

)
/p
)
· xα+β−pi

, αi +βi ≥ p

0, αi +βi < p
(4.3)

where α = ∑
i≥1

αi pi−1,β = ∑
i≥1

βi pi−1 are p-adic decompositions.

Proof. (i) By Proposition 4.2, H2(Om,Om) is a free Om-module of rank m(m+1)
2 .

We assert that the two classes of cocycles, Fi, where 1 ≤ i ≤ m, and ∂

∂xi
∪ ∂

∂x j
,

where 1≤ i < j≤m and ∪ denotes the usual cohomological cup product, form
a basis of this module. Indeed, the cocycle condition is verified immediately.
As we have m + m(m−1)

2 = m(m+1)
2 cocycles, it remains to check their inde-

pendence. Since the Fi are symmetric and ∂

∂xi
∪ ∂

∂x j
are skew, one suffices to

perform this check only for Fi (remember that 2-coboundaries are symmetric).
Suppose

m

∑
i=1

uiFi = δG (4.4)

for some G ∈ Hom(Om,Om) and ui ∈ Om.
Then δG(xα ,xβ ) = 0 if αi + βi < p for each i. This implies that G acts as

derivation on products xαxβ if αi +βi < p for all i, hence

G(xα) =
m

∑
i=1

αixα−εiG(xεi)

what in its turn entails that G is a derivation, and thus δG(xα ,xβ ) = 0 for all
α,β . Then evaluating the left side of equation (4.4) for all pairs (xα ,xβ ) such

56



that α j + β j = δ ji p for each j and a fixed i, we get ui = 0. This shows that
cocycles Fi are cohomologically independent.

Now picking from the basic cocycles of H2(Om,Om) those which are sym-
metric, we obtain a basis {Fi |1≤ i≤ m} of Har2(Om,Om) (as a module over
Om). The freeness of Har2(Om,Om) follows either from the previous reason-
ings or from the fact that the Harrison cohomology is a direct summand of the
Hochschild one (cf. [GS]).

(ii) Using the isomorphism (1.1), the cocycles of part (i) may be rewritten as
(4.3). An easy direct check shows that the cocycles Fi are ∂ -invariant (in fact,
∂ ? Fi = 0). The identity ∂ ? (uF) = u ? ∂F − (∂u)F shows that the equality
∂ ? (u1F1 + · · ·+ukFk) = 0 implies

(∂u1)F1 + · · ·+(∂uk)Fk = 0

which due to the freeness of Har2(O1(m),O1(m)) over O1(m) entails that all
ui ∈ K1, and the assertion desired follows.

Now, collecting (4.1), (4.2) and Lemmas 4.1 and 4.3(ii), we get an isomor-
phism

H2(W1(n)⊗B,W1(n)⊗B)'H ⊗B⊕Der(B)⊕Der(B)⊕Har2(B,B) (4.5)

where H is a vector space with basis {1,xpn−1−1∂ pk
,∂ pk

,Fk+1 |0≤ k≤ n−2}.
To obtain an explicit basis of this cohomology, regroup the basis of

H2(L(A,D),L(A,D)), exhibited in §3, according to the direct summands in
equation (4.5) as follows.

The classes of 3n−2 cocycles

Θ1⊗u,ϒFi+1⊗Ru,0,Ψ∂ pi⊗Ru
,Φxpn−1−1∂ pi⊗Ru

, 0≤ i≤ n−2, u ∈ B

form a module denoted in (4.5) by H ⊗B. It is easy to see that all these cocy-
cles are of the form (1⊗Ru) ◦Θφ for an appropriate φ ∈ Z2(W1(n),W1(n)).
As by Proposition 3.6 all these cocycles are independent, the correspond-
ing 3n− 2 cocycles on W1(n) are also independent. But according to [DK],
dimH2(W1(n),W1(n)) = 3n−2, whence H 'H2(W1(n),W1(n)). It should be
noted that the 2-cocycles derived here constitute a basis of H2(W1(n),W1(n)),
different from the one presented in [DK].

The classes of cocycles Ψ1⊗D and Φxpn−1−1⊗D, where D ∈ Der(B), denoted
from now for the convenience as ψD and φD respectively, form two modules
isomorphic to Der(B). They are just obvious generalizations of cocycles ΨD

and ΦD to arbitrary n:

ψD(ei⊗a,e j⊗b) = ei+ j⊗
((

i+ j +1
j

)
bD(a)−

(
i+ j +1

i

)
aD(b)

)
,

−1≤ i, j ≤ pn−2 (4.6)
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φD(ei⊗a,e j⊗b) =

{
epn−2⊗ (aD(b)−bD(a)), i = j =−1
0, otherwise.

(4.7)

And finally, the classes of cocycles ϒ1⊗F,0 where F ∈ Z 2(B,B), generate
a module isomorphic to Har2(B,B). These cocycles are of the form ϒF (cf.
Proposition 2.2).

Thus, we get a generalization of Proposition 2.1:

Theorem 4.4. For an arbitrary associative commutative unital algebra B,

H2(W1(n)⊗B,W1(n)⊗B)

' H2(W1(n),W1(n))⊗B
⊕

Der(B)
⊕

Der(B)
⊕

Har2(B,B).

The basic cocycles can be chosen among (1 ⊗ Ru) ◦ Θφ for
φ ∈ Z2(W1(n),W1(n)), ψD, φD for D ∈ Der(B), and ϒF f orF ∈ Z 2(B,B),
given by formulas (2.2), (4.6), (4.7) and (2.3), respectively.

We conclude this section with formulation of all necessary results needed
for our further purposes, which are obtained in a similar (and much simpler)
way as Theorem 4.4 and/or can be found elsewhere (cf. [B2], [C], [Z]):

H1(W1(n)⊗B,W1(n)⊗B)' H1(W1(n),W1(n))⊗B
⊕

Der(B) (4.8)

H2(W1(n)⊗B,K)' H2(W1(n),K)⊗B∗ (4.9)

H2(sl(2)⊗A,K)' HC1(A). (4.10)

5 Filtered deformations of the Lie algebra
W1(n)⊗A n 1⊗D

As we explained in §1, we are interested in filtered Lie algebras whose as-
sociated graded algebra is S⊗Om n 1⊗D for S = W1(n) or sl(2), where D

is a subalgebra of Der(B). First, using Theorem 4.4, we compute the second
cohomology of such algebras.

Lemma 5.1. Let L be a Lie algebra which can be written as the semidirect
product L = I oQ, where I is a centerless perfect ideal of L, Q is a subalgebra,
and Q∩ ad(I) = 0 (in the last equality, Q and ad(I) are considered as sub-
spaces of End(I)). Then the terms relevant to the cohomology group H2(L,L)
in the Hochschild-Serre spectral sequence of L with respect to I with the gen-
eral E2-term E pq

2 = H p(Q,Hq(I,L)), are the following ones:

E20
∞ = 0

E11
∞ = E11

2 = H1(Q,H1(I, I)/Q)

E02
2 = H2(I, I)Q⊕ (Ker F)Q

E02
∞ = E02

3 = Ker d02
2
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where F : H2(I)⊗Q→ H3(I, I) is induced by the mapping

C2(I,Q)→C3(I, I)
φ 7→ (x∧ y∧ z 7→ [x,φ(y,z)]+ y).

Proof. One has E p0
2 = H p(Q,LI). The condition Q ∩ ad(I) = 0 entails

LI = Z(I) = 0, so E p0
2 = 0. Thus E20

∞ = 0 and E02
∞ = E02

3 follow from standard
considerations. As d2 maps E11

2 to E30
2 = 0, it follows that E11

∞ = E11
2 . We also

have

E02
2 = H0(Q,H2(I,L)) = H2(I,L)Q

E11
2 = H1(Q,H1(I,L))

E21
2 = H2(Q,H1(I,L)).

Consider a piece of the long exact cohomology sequence associated with the
short exact sequence 0→ I → L→ Q→ 0 of I-modules (Q is considered as
the trivial I-module):

H0(I,L)→ H0(I,Q)→ H1(I, I)→ H1(I,L)→ H1(I,Q)→ H2(I, I)

→ H2(I,L)→ H2(I,Q) F→ H3(I, I) (5.1)

(F is the connecting homomorphism).
We obviously have: H0(I,L) = LI = 0, H0(I,Q) = QI = Q, H1(I,Q) =

H1(I)⊗Q = 0, H2(I,Q) = H2(I)⊗Q. Hence

H1(I,L)' H1(I, I)/Q

H2(I,L)' H2(I, I)⊕Ker F

(note that since Q∩ad(I) = 0, Q consists of outer derivations of I, and there-
fore embeds in H1(I, I)).

As L = I⊕Q as Q-modules and the differential commutes with ad x for any
x ∈ Q, the Q-action commutes with inclusion and projection arrows in (5.1)
(but not necessarily with connecting homomorphism), and we get

H2(I,L)Q ' H2(I, I)Q⊕ (Ker F)Q.

Putting all this together, we obtain the equalities asserted.

Passing to our specific case, define the grading on L = S⊗B n 1⊗D as in
Theorem 1.5, i.e.,

Li =

{
e0⊗B⊕1⊗D, i = 0
ei⊗B, i 6= 0

(5.2)

and consider the induced grading on H2(L,L). Let H2
+(L,L) denote the positive

part of that induced grading.
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Proposition 5.2. Let L = S⊗B n 1⊗D, where D⊆ Der(B). Then:
(i) if S = W1(n), then H2

+(L,L)' H2
+(S,S)⊗BD ⊕ Der(B)D

(ii) if S = sl(2), then H2
+(L,L) = 0.

Proof. (i) Proposition 1.1 ensures that Lemma 5.1 is applicable here if we put
I = S⊗B and Q = 1⊗D. Using Theorem 4.4, (4.8) and (4.9) and consider-
ing the action of 1⊗D on appropriate cohomology on the level of explicit
cocycles, one gets

E11
2 ' H1(S,S)⊗H1(D,B) ⊕ H1(D,Der(B)/D)

E02
2 ' H2(S,S)⊗BD ⊕ Der(B)D ⊕ Har2(B,B)D ⊕ (Ker F)D.

The grading (5.2) induces a Z-grading on each term of the spectral sequence
(cf. [F]).

The knowledge of H1(W1(n),W1(n)), H2(W1(n),K) (cf. [B1] or [D2]) and
H2(W1(n),W1(n)) (cf. [DK]), allows one to write down all nonzero homoge-
neous components of E2 = E11

2 ⊕E02
2 with respect to grading (5.2):

(E2)−pn ' H2
−pn(W1(n),W1(n))⊗BD ⊕ (Ker F)D

(E2)−pt ' H2
−pt (W1(n),W1(n))⊗BD ⊕ H1

−pt (W1(n),W1(n))⊗H1(D,B)

(E2)0 ' Der(B)D ⊕ Har2(B,B)D ⊕ H1(D,Der(B)/D)

(E2)pn−pt ' H2
pn−pt (W1(n),W1(n))⊗BD

(E2)pn ' Der(B)D

where 1≤ t ≤ n−1.
The last two classes constitute (E2)+ and are generated by cocycles

(1⊗Ru)◦Θψt , where u ∈ BD,

ψt(ei,e j) =

{
epn−2, i =−1, j = pt −1
0, otherwise

and φD, where D∈Der(B)D, respectively. Strictly speaking, these cocycles are
extended from the corresponding cocycles from Z2(W1(n)⊗B,W1(n)⊗B) by
letting them vanish on W1(n)⊗B∧1⊗D and 1⊗D∧1⊗D.

According to Lemma 5.1, the corresponding E3-term is

(E02
3 )+ = Ker((E02

2 )+
(d02

2 )+−→ (E02
3 )+).

Theorem 4.4 shows that all D-invariant cohomology classes in

(E02
2 )+ ' H2

+(S,S)⊗BD⊕ (Der(B))D

can be represented by D-invariant cocycles. This implies (d02
2 )+ = 0 and the

positive part of the spectral sequence stabilizes in the relevant range.
(ii) Quite analogous (and simpler).
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Remark. For G = S⊗ B n 1⊗D, one can compute the whole cohomology
H2(G,G) by the following scheme: First, it is possible to evaluate (Ker F)D in
the spirit of §2 or §3, and, in particular, to show that in this case, the Q-action
commutes with F , which, in its turn, implies

E02
2 = H2(S⊗B,S⊗B)D⊕ (Ker F ∩ (H2(S⊗B)⊗D)D).

Then the same reasoning as at the end of the proof of Proposition 5.2 shows
that d02

2 = 0 in general.

Since all the cocycles constituting the basis of H2
+(L,L) are of the type

(1⊗Ru) ◦Θψt and φD that do not possibly vanish only at the (−1)st, 1st and
(pt − 1)st (1 ≤ t ≤ n− 1) components of L and take values in the (pn− 2)th
component, it follows that each Massey product of two such cocycles is obvi-
ously zero, and by Proposition 1.4 we have

Theorem 5.3. Let L be as in Proposition 5.2 with grading defined by (5.2).
Let L be a filtered algebra whose associated graded algebra is isomorphic (as
graded algebra) to L. We have:

(i) if S = W1(n), then the bracket in L is of the form

{· , ·}= [ · , · ]+
n−1

∑
t=1

(1⊗Rut )◦Θψt +φD

for some ut ∈ BD and D ∈ Der(B)D

(ii) if S = sl(2), then L' L.

Note that the basic cocycles in H2
+(L,L) are of the form Φd for an appropri-

ate d ∈ Der(O1(n−1)⊗B): indeed, φD = Φxpn−1−1⊗D and

(1⊗Ru)◦Θψt = Φxpn−1−1∂ pt−1⊗Ru
,

where 1 ≤ t ≤ n− 1. Therefore the algebras appearing in part (i) of Theorem
5.3 are of the kind

L(A,D)n 1⊗D

for A = O1(n−1)⊗B and D ⊆ Der(A). Note that the Jacobi identity implies
that [D,D] = 0. Combining this fact (in the particular case B = Om) with The-
orem 1.5, we conclude:

Corollary 5.4. The ground field is algebraically closed of characteristic p > 5.
Let L be a semisimple Lie algebra with a solvable maximal subalgebra

defining in L a long filtration. Then either L ' sl(2)⊗ Om n 1⊗D, or
L' L(Om,D)n 1⊗D for some m ∈ N, D ∈ Der(Om) and a solvable subal-
gebra D in Der(Om) such that [D,D] = 0 and Om has no 〈D,D〉-invariant
ideals.
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Remarks. (i) Close inspection of Weisfeiler’s results shows that if in Theorem
1.5 L0 is a solvable maximal subalgebra, then after passing to the associated
graded algebra, L0 goes to 〈e0,e1〉⊗Om n 1⊗D (in the case S = sl(2)) or to
W1(n)0⊗Om n 1⊗D (in the case S = W1(n)). Our computations of filtered
deformations show that actually L0 coincides with these algebras (as they do
not change under deformations).

(ii) Since [D,D] = 0, the algebra 〈D,D〉 ⊆ Der(Om) either coincides with
D (if D ∈D), or is an 1-dimensional abelian extension of D (if D /∈D).

So, to classify semisimple Lie algebras with a solvable maximal subalgebra
occurring in Theorem 1.5, it remains to describe algebras appearing in Corol-
lary 5.4 up to an isomorphism and to identify them with the known semisimple
Lie algebras. We accomplish this task in the next section.

6 Classification of the semisimple Lie algebras
L(A,D)n 1⊗D

The object of this section is the class of Lie algebras L(A,D)n 1⊗D, where
1⊗D acts on L(A,D) as on W1(1)⊗A and [D,D] = 0. The case A = Om is of
particular importance.

Throughout this section, all algebras are assumed to be finite-dimensional.
Note that dimension considerations immediately imply that no algebra of

the form L(On,D) is isomorphic to some sl(2)⊗Om.

Lemma 6.1. Each ideal of L(A,D) n 1⊗D is of the form L(I,D) n 1⊗E,
where I is a 〈D,D〉-invariant ideal of A, E is an ideal of D, and E(A)⊆ I.

Proof. Let I be an ideal of L(A,D) n 1⊗D, then I∩L(A,D) is an ideal of
L(A,D). Passing to the associated graded algebra (as in Proposition 1.3), we
see that gr(I∩L(A,D)) is an ideal of W1(1)⊗A. Either a direct calculation in
W1(1), or the general result of [Ste], yields that

gr(I∩L(A,D)) = W1(1)⊗ I (6.1)

for some ideal I of A. In particular, ep−2 ⊗ I ⊂ I ∩ L(A,D). Multiplying
elements from ep−2 ⊗ I a necessary number of times by e−1 ⊗ 1, one gets
ei⊗ I ⊂ I∩L(A,D) for each −1≤ i≤ p−2, that is, W1(1)⊗ I ⊆ I∩L(A,D).
Due to equation (6.1) this inclusion is actually an equality (of vector spaces):
I∩L(A,D) = W1(1)⊗ I. In particular, W1(1)⊗ I is closed under the bracket
{· , ·} (cf. Definition and equation (1.2) in §1), which is equivalent to
D(I)⊆ I.

Now, taking an arbitrary element
p−2
∑

i=−1
ei⊗ ai + 1⊗ d ∈ I, and multiplying

it by e0 ⊗ 1 and e−1 ⊗ 1, we get, respectively, ∑
i

iei ⊗ ai ∈ I∩L(A,D) and

∑
i

ei−1⊗ai ∈ I∩L(A,D) showing therefore that ai ∈ I for all i. This proves
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that I = L(I,D)+1⊗E for some subalgebra E⊆D. The rest of the conditions
in the assertion follow immediately.

Lemma 6.2. Let a Lie algebra L = L(A,D)+ 1⊗D be semisimple. Then the
following hold:

(i) A'
⊕

i
Oni for some ni ∈ N, each Oni has no 〈D,D〉-invariant ideals;

(ii) L(A,D)'
⊕

i
Si⊗Omi for some mi ∈ N and simple Lie algebras Si;

(iii) Si ' L(Oki ,di) for some ki ∈ N and di ∈ Der(Oki), Oki has no
di-invariant ideals.

Proof. The proof merely consists of multiple applications of the classical
Block’s results [B2].

By Lemma 6.1, A has no 〈D,D〉-invariant nilpotent ideals, i.e. A is 〈D,D〉-
semisimple in the terminology of Block [B2]. According to [B2], Main Theo-
rem and Corollary 8.3, A is isomorphic to the direct sum

⊕
i

Oni of rings of trun-

cated polynomials having no 〈D,D〉-invariant ideals. Hence D = ∑
i

Di, where

each Di acts as derivation on Oni and by zero on On j , if j 6= i. Obviously

L(
⊕

i

Oni ,∑
i

Di)'
⊕

i

L(Oni ,Di)

and by Lemma 6.1 each minimal ideal of L coincides with one of the
L(Oni ,Di). Thus by [B2], Theorem 1.3, L(Oni ,Di)' Si⊗Omi for some simple
Lie algebra Si and mi ∈ N.

Applying Lemma 6.1 again, we see that each ideal of L(Oni ,Di) is of the
form L(I,Di) for some Di-invariant ideal I of Oni , and by [Ste] each ideal of
Si⊗Omi is of the form Si⊗ J for some ideal J of Omi . But O+

mi
is the greatest

(it contains all other ideals) ideal of Omi whence there is a greatest Di-invariant
ideal Ii of Oni , L(Ii,Di)' S⊗O+

mi
, and

L(Oni ,Di)/L(Ii,Di)' (Si⊗Omi)/(Si⊗O+
mi

)' Si.

It is easy to see that the left side here is isomorphic to L(Oni/Ii,di),
di ∈ Der(Oni/Ii) being induced from Di. Since Si is simple, Oni/Ii has no
di-invariant ideals and again by Block’s theorem, Oni/Ii ' Oki for some
ki ∈ N.

Now we determine simple Lie algebras in the class L(A,D).

Lemma 6.3. The ground field is perfect of characteristic p > 3.
L = L(A,D) is simple if and only if L'W1(n) for some n ∈ N.

Proof. The “if” part is contained in Proposition 1.2. So suppose L(A,D) is
simple. According to Lemmas 6.1 and 6.2, A ' On for some n ∈ N. Hence
L has a subalgebra L0 = (e−1⊗O+

n )⊕ (〈e0, . . . ,ep−2〉⊗On) of codimension
1. Then by [D1], L is isomorphic to either sl(2) or W1(n), the first case is
impossible by dimension consideration.
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Remarks. (i) If the ground field is algebraically closed, one may deduce the
assertion of Lemma 6.3 from many other results in the literature, e.g., [Re]
(by utilizing the fact that algebras under consideration are Ree’s algebras, see
remark after definition of L(A,D) in §1), or [K] or [W] (by noting that that L0
is solvable).

(ii) Combining Theorem 5.3(i) (with remark after it) and Lemma 6.3, we
recover the fact that each filtered deform (with respect to the standard grading)
of W1(n) is isomorphic to W1(n). This fact is important in considering of some
classes of Lie algebras with given properties of subalgebras or elements and
was proved by Benkart, Isaacs and Osborn in [BIO], §3 and Dzhumadil’daev
in [D1].

Now summarizing all our results, we obtain the final classification of the
long filtration case.

Theorem 6.4. The ground field is algebraically closed of characteristic p > 5.
L is a semisimple Lie algebra with a solvable maximal subalgebra defining

in it a long filtration, if and only if either L' sl(2)⊗Om n 1⊗D, or

W1(n)⊗Om ⊂ L⊂ Der(W1(n))⊗Om n 1⊗Wm,

where D in the first case, and prWmL in the second one, are solvable subalge-
bras of Wm such that Om has no D- or prWmL-invariant ideals.

Proof. “only if” part. Summarizing results of Lemmas 6.2 and 6.3, we get
that the semisimple Lie algebras of the form L(A,D)n1⊗D are exactly those
whose socle is a direct sum of algebras W1(n)⊗Om for some n,m ∈ N. By
Corollary 5.4, these algebras (with solvable D), along with sl(2)⊗Om n1⊗D,
exhaust all possible semisimple Lie algebras with a solvable maximal subal-
gebra defining a long filtration. Obviously a socle of such an algebra should
consist of only one minimal ideal, and the assertion desired follows.

“if” part. In the sl(2) case, it is evident that L0 = 〈e0,e1〉⊗Om n1⊗D is a
solvable maximal subalgebra.

In the W1(n) case, we have

W1(n)⊗Om ⊂ L⊂ Der(W1(n)⊗Om)' Der(W1(n))⊗Om n 1⊗Der(Om).

By Proposition 1.2, we identify W1(n)⊗Om with L(O1(n− 1)⊗Om,∂ ⊗ 1).
By Theorem 3.1(ii), L = L(O1(n−1)⊗Om,∂ ⊗1)n1⊗D for some solvable
subalgebra D⊂Der(O1(n−1)⊗Om) (a further elucidation of the structure of
D is possible due to conditions imposed on prDer(Om)L and Theorem 4.1(iii),
but we don’t need it here).

Consider a maximal subalgebra L0 containing a subalgebra

〈e0,e1, . . . ,ep−2〉⊗O1(n−1)⊗Om n 1⊗D.

Obviously

L0 = (e−1⊗ I⊕〈e0,e1, . . . ,ep−2〉⊗O1(n−1)⊗Om)n 1⊗D
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for some I C O1(n− 1)⊗Om. Since O1(n− 1)⊗Om is a ring of truncated
polynomials itself, each its ideal is nilpotent, whence L0 is solvable.
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3. Low-dimensional cohomology of
current Lie algebras and analogs of
the Riemann tensor for loop manifolds

Lin. Algebra Appl. 407 (2005), 71–104

We obtain formulas for the first and second cohomology of the general current Lie algebra

with coefficients in the “current” module, and apply them to compute structure functions for

manifolds of loops with values in compact Hermitian symmetric spaces.

Introduction
We deal with the low-dimensional cohomology of current Lie algebras with
coefficients in the “current module”. Namely, let L be a Lie algebra, M an
L-module, A an associative commutative algebra with unit, V a symmetric uni-
tal A-module. Then the Lie algebra structure on L⊗A and the L⊗A-module
structure on M⊗V are defined via obvious formulas:

[x⊗a,y⊗b] = [x,y]⊗ab,

(x⊗a)• (m⊗ v) = (x•m)⊗ (a• v)

for any x,y ∈ L, m ∈M, a,b ∈ A, v ∈V , where • denotes, by abuse of notation,
a respective module action.

The aim of this paper is twofold. First, we want to demonstrate that the prob-
lem of description of such cohomology in terms of the tensor factors L and A
probably does not have an adequate general solution, as even a partial answer
for the two-dimensional cohomology seems to be overwhelmingly complex.
Second, we want to demonstrate, nevertheless, computability of this cohomol-
ogy in some cases and its application to some differential geometric questions.

In §1 we establish an elementary result from linear algebra which will be
useful in the course of subsequent algebraic manipulations. In §2 we get a
formula for the first cohomology group. In §3 we compute the second coho-
mology group in the two cases – where L is abelian and where L acts trivially
on the whole cohomology group H2(L⊗A,M⊗V ). At the end of this section,
we present the list of 13 types of 2-cocycles (so-called cocycles of rank 1, gen-
erated by decomposable elements in the tensor product) in the general case.
However, this list is a priori not complete. In §4 a certain spectral sequence is
sketched, which may provide a more conceptual framework for computations



in preceding sections. However, we do not go into details and other sections are
not dependent on this one. The last §5 is devoted to an application. We show
how to derive from previous computations obstructions to integrability (struc-
ture functions) of certain canonical connections on the manifolds of loops with
values in compact Hermitian symmetric spaces.

One should note that the result about the first cohomology group (in partic-
ular, about derivations of the current Lie algebra) can be found (in different
forms) in the literature and is a sort of folklore, and partial results on the sec-
ond cohomology were obtained by Cathelineau [C], Haddi [Had], Lecomte
and Roger [R] and the author [Z]. However, all these results do not provide
the whole generality we need, as various restrictions, notably the zero charac-
teristic of the ground field and perfectness of the Lie algebra L were imposed.
Moreover, as we see in §5, the case in a sense opposite to the case of perfect L,
namely, the case of abelian L, does lead to some interesting application (first
considered by Poletaeva).

The technique used is highly computational and linear-algebraic in nature
and based on applying various symmetrization operators to the cocycle equa-
tion.

Notation
The ground field K is assumed to be arbitrary field of characteristic 6= 2,3 in
§1–4, and C in §5.

Hn(L,M), Cn(L,M), Zn(L,M), Bn(L,M) stand, respectively, for the spaces
of cohomology, cochains, cocycles and coboundaries of a Lie algebra L with
coefficients in a module M.

ML = {m ∈M | x•m = 0 for any x ∈ L} is a submodule of L-invariants.
If M,N are two L-modules, Hom(M,N) bears a standard L-module structure

via

(x•ϕ)(m) = ϕ(x•m)− x•ϕ(m)

for any x ∈ L,m ∈M. HomL(M,N) is another notation for Hom(M,N)L.
Sn(A,V ) stands for the space of symmetric n-linear maps A×·· ·×A→V .
∧n(V ) and T n(V ) stand, respectively, for the spaces of n-fold skew and ten-

sor products of a module V .
Harn(A,V ) and Zn(A,V ) stand, respectively, for the spaces of Harrison co-

homology and Harrison cocycles of an associative commutative algebra A with
coefficients in a module V (for n = 2, these are just symmetric Hochschild co-
cycles; see [Har], where this cohomology was introduced, and [GeSc] for a
more modern treatment).

Der(A) denotes the derivation algebra of an algebra A. More generally,
Der(A,V ) denotes the space of derivations of A with values in a A-module
V .

70



All other (nonstandard and inavoidably numerous) notations for different
spaces of multilinear maps and modules are defined as they introduced in the
text.

The symbol y after an expression refers to the sum of all cyclic permuta-
tions (under S3 of letters and indices occurring in that expression).

1 A lemma from linear algebra
If either both L and M or both A and V are finite-dimensional, then
each cocycle Φ ∈ Zn(L⊗ A,M ⊗V ) can be represented as an element of
Hom(L⊗n,M)⊗Hom(A⊗n,V ):

Φ = ∑
i∈I

ϕi⊗αi (1.1)

where ϕi,αi are n-linear maps L× ·· ·×L→ M and A× ·· ·×A→ V respec-
tively. We restrict our considerations to this case. The minimal possible number
|I| such that the cocycle Φ can be written in the form (1.1) will be called the
rank of cocycle.

Representing Hn(L⊗A,M⊗V ) in terms of pairs (L,M) and (A,V ), we en-
counter conditions such as

∑
i∈I

Sϕi⊗T αi = 0, (1.2)

where S and T are some linear operators defined on the spaces of n-linear maps
L×·· ·×L→M and A×·· ·×A→V , respectively.

For example, the substitution a1 = · · ·= an+1 = 1 in the cocycle equation

dΦ(x1⊗a1, . . . ,xn+1⊗an+1) = 0,

where Φ is as in (1.1), yields

∑
i∈I

dϕi(x1, . . . ,xn+1)⊗ai(1, . . . ,1) = 0.

Another example: applying the symmetrization operator Y with respect to
the letters x1, . . . ,xn+1, to the cocycle equation, we get:

∑
i∈I

(
Y (x1 •ϕi(x2, . . . ,xn+1))⊗

n+1

∑
j=1

(−1) ja j •αi(a1, . . . , â j, . . . ,an+1)

)
= 0.

So, suppose that a condition of type (1.2) holds. Since

Ker(S⊗T ) = Hom(A⊗n,V )⊗Ker T +Ker S⊗Hom(L⊗n,M),

it follows that replacing αi’s and ϕi’s by appropriate linear combinations, one
can find a decomposition of the set of indices I = I1∪ I2 such that

Sϕi = 0, i ∈ I1 and T αi = 0, i ∈ I2. (1.3)
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Suppose that another equality of type (1.2) holds:

∑
i∈I

S′ϕi⊗T ′αi = 0. (1.2′)

Then it determines a new decomposition I = I′1∪ I′2 such that S′ϕi = 0 if i ∈ I′1
and T ′αi = 0 if i ∈ I′2. It turns out that it is possible to replace ϕi’s and αi’s
by their linear combinations so that both decompositions will hold simultane-
ously.

Lemma 1.1. Let U,W be two vector spaces, S,S′ ∈ Hom(U, · ),
T,T ′ ∈ Hom(W, · ). Then

Ker (S⊗T )∩Ker (S′⊗T ′)
' (Ker S∩Ker S′)⊗W +Ker S⊗Ker T ′+Ker S′⊗Ker T

+U⊗ (Ker T ∩Ker T ′).

Proof. Since Ker(S ⊗ T ) = Ker S ⊗W + U ⊗ Ker T and analogously for
Ker(S′⊗T ′), the equality to prove is a particular case of

(U1⊗W +U⊗W1)∩ (U2⊗W +U⊗W2)
= (U1∩U2)⊗W +U1⊗W2 +U2⊗W1 +U⊗ (W1∩W2) (1.4)

provided U1,U2 and W1,W2 are subspaces of U and W , respectively.
Assume for the moment that U1 ∩U2 = W1 ∩W2 = 0. Then expressing

U = U1⊕U2⊕U ′ and W = W1 ⊕W2 ⊕W ′ for some subspaces U ′,W ′ and
substituting this in the left side of (1.4), we get:

(U1⊗W ⊕ U2⊗W1 ⊕ U ′⊗W1)∩ (U1⊗W2 ⊕ U2⊗W ⊕ U ′⊗W2)
= U1⊗W2 ⊕ U2⊗W1.

To prove (1.4) in the general case, pass to quotient modulo
(U1∩U2)⊗W +U⊗ (W1∩W2) and obtain U1 ⊗W2 + U2 ⊗W1 by the just
proved.

Below, in numerous applications of Lemma 1.1, we will, by abuse of lan-
guage, say “by (1.2) and (1.2)′, one gets a decomposition I = I1 ∪ I2 ∪ I3 ∪ I4
such that Sϕi = S′ϕi = 0 for i ∈ I1, Sϕi = T ′αi = 0 for i ∈ I2, S′ϕi = T αi = 0
for i ∈ I3, and T α = T ′αi = 0 for i ∈ I4”. This means that one can find a new
expression Φ = ∑

i∈I
ϕi⊗αi with indicated properties (where the new ϕi’s and

αi’s are linear combinations of the old ones).
Unfortunately, for the “triple intersection”

Ker(S⊗T )∩Ker(S′⊗T ′)∩Ker(S′′⊗T ′′)

the analogous decomposition is no longer true. That is why dealing with the
second cohomology in §3, we are unable to obtain a general result and restrict
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our considerations with cocycles of rank 1 or with some special cases. For the
first cohomology, however, Lemma 1.1 suffices to consider the general case,
but at the end of the proof it turns out that it is possible to choose a basis
consisting of cocycles of rank 1.

2 The first cohomology
From now on (in this and subsequent sections), either both L and M or both A
and V are finite-dimensional.

Theorem 2.1.

H1(L⊗A,M⊗V )' H1(L,M)⊗V

⊕HomL(L,M)⊗Der(A,V )⊕Hom(L/[L,L],ML)⊗ Hom(A,V )
V +Der(A,V )

. (2.1)

Each cocycle in Z1(L⊗A,M⊗V ) is a linear combination of cocycles of the
three following types (which correspond to the summands in (2.1)):

(i) x⊗a 7→ ϕ(x)⊗ (a• v) for some ϕ ∈ Z1(L,M),v ∈V
(ii) x⊗a 7→ ϕ(x)⊗α(a) for some ϕ ∈ HomL(L,M),a ∈ Der(A,V )
(iii) as in (ii) with ϕ(L)⊆ML,ϕ([L,L]) = 0,α ∈ Hom(A,V ).

Remark. Theorem 2.1 was obtained earlier by Santharoubane [Sa] in the par-
ticular case where M = L∗, V = A∗ and L is 1-generated as an U(L)+-module,
where U(L)+ is the augmentation ideal of the universal enveloping algebra
U(L), and by Haddi [Had] (in homological form) in the case of characteristic
zero and L perfect.

Proof. Let Φ = ∑
i∈I

ϕi⊗αi be a cocycle of

Z1(L⊗A,M⊗V )⊂ Hom(L,M)⊗Hom(A,V ).

The cocycle equation dΦ = 0 reads

∑
i∈I

(x•ϕi(y)⊗a•αi(b)−y•ϕi(x)⊗b•αi(a)−ϕi([x,y])⊗αi(ab)) = 0. (2.2)

Symmetrizing this equation with respect to x,y, we get:

∑
i∈I

(x•ϕi(y)+ y•ϕi(x))⊗ (a•αi(b)−b•αi(a)) = 0.

Substitute a = b = 1 in (2.2):

∑
i∈I

dϕi(x,y)⊗αi(1) = 0.
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Applying Lemma 1.1 to the last two equations, we get a decomposition
I = I1∪ I2∪ I3∪ I4 such that

dϕi = 0, x•ϕi(y)+ y•ϕi(x) = 0 for any i ∈ I1,

dϕi = 0, a•αi(b) = b•αi(a) for any i ∈ I2,

x•ϕi(y)+ y•ϕi(x) = 0, αi(1) = 0 for any i ∈ I3,

a•αi(b) = b•αi(a), αi(1) = 0 for any i ∈ I4.

It is easy to see that αi(a) = a • αi(1) for each i ∈ I2, and the maps
x⊗a 7→ ϕi(x)⊗αi(a) are cocycles of type (i) from the statement of the
Theorem 2.1, and that αi = 0 for each i ∈ I4.

Substitute b = 1 in the cocycle equation (2.2):

∑
i∈I1∪I3

(x•ϕi(y)−ϕi([x,y]))⊗ (αi(a)−a•αi(1)) = 0.

Now apply Lemma 1.1 again. For elements ϕi, where i ∈ I1, we see that
if x • ϕi(y)− ϕi([x,y]) = 0, then ϕi([L,L]) = 0 and ϕi(L) ⊆ ML, what gives
rise to cocycles of type (iii), and if αi(a)−a•αi(1) = 0, then cocycles of type
(i) appear, an already considered case. We have x • ϕi(y) = ϕi([x,y]) for all
(remaining) i ∈ I3.

Hence (2.2) can be rewritten as

∑
i∈I3

ϕi([x,y])⊗ (a•αi(b)+b•αi(a)−αi(ab)) = 0. (2.2a)

The vanishing of the first and second tensor factors in each summand in
(2.2a) gives rise to cocycles of type (iii) and (ii), respectively.

Hence we have

Z1(L⊗A,M⊗V ) = Z1(L,M)⊗V

+HomL(L,M)⊗Der(A,V )+Hom(L/[L,L],ML)⊗Hom(A,V )

which can be rewritten as

Z1(L⊗A,M⊗V ) = Z1(L,M)⊗V

⊕ HomL(L,M)⊗Der(A,V ) ⊕ Hom(L/[L,L],ML)⊗ Hom(A,V )
V +Der(A,V )

.

From the considerations above we easily deduce:

B1(L⊗A,M⊗V ) = B1(L,M)⊗V

and (2.1) now follows.
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Corollary 2.2. The derivation algebra of the current Lie algebra L⊗A is iso-
morphic to

Der(L)⊗A ⊕ HomL(L,L)⊗Der(A) ⊕ Hom(L/[L,L],Z(L))⊗ End(A)
A+Der(A)

.

This overlaps with [B, Theorem 7.1] and [BM, Theorem 1.1].
Note that HomL(L,L) is nothing but a centroid of an algebra L (the set of all

linear transformations in End(L) commuting with algebra multiplications).
Specializing to particular cases of L and A, we get on this way (largely

known) results about derivations of some particular classes of Lie algebras. So,
letting L = g, a finite-dimensional simple Lie algebra over C, and A = C[t, t−1],
the Laurent polynomial ring, we get an expression for the derivation algebra
of the loop algebra:

Der(g⊗C[t, t−1])' g⊗C[t, t−1] n 1⊗W,

where W = Der(C[t, t−1]) is the famous Witt algebra.
More generally, replacing the Laurent polynomial ring by an algebra of

functions meromorphic on a compact Riemann surface and holomorphic out-
side the fixed finite set of punctures on the surface, we get a similar formula for
the derivation algebra of any Krichever-Novikov algebra of affine type, where
the Witt algebra is replaced by a Krichever-Novikov algebra of Witt type.

3 The second cohomology
In this section we obtain some particular results on the second cohomology
H2(L⊗A,M⊗V ). The computations go along the same scheme as for H1 but
are more complicated.

As we want to express H2 in terms of the tensor products of modules de-
pending on (L,M) and (A,V ), it is natural to do so for underlying modules
of the Chevalley–Eilenberg complex. We have (under the same finiteness as-
sumptions as before):

C1(L⊗A,M⊗V )'C1(L,M)⊗C1(A,V )

C2(L⊗A,M⊗V )'C2(L,M)⊗S2(A,V )
⊕

S2(L,M)⊗C2(A,V ).
(3.1)

To obtain a similar decomposition in the third degree, let us denote (by abuse
of language) the Young symmetrizer corresponding to tableau λ by the same
symbol λ . We have the following decomposition of the unit element in the
group algebra K[S3]:

e =
1
6

1
2
3

+
1
3

(
1 3
2

+ 1 2
3

)
+

1
6 1 2 3 .
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Then, using the natural isomorphism i : T 3(L⊗A)' T 3(L)⊗T 3(A) and the
projection p : T 3(L⊗A)→ ∧3(L⊗A), one can decompose the third exterior
power of the tensor product as follows:

∧3 (L⊗A) = p◦ (e× e)◦ i(T 3(L⊗A))

' ∧3(L)⊗S3(A)
⊕(

1 2
3

(L)⊗ 1 3
2

(A)+ 1 3
2

(L)⊗ 1 2
3

(A)
)

⊕
S3(L)⊗∧3(A)

(all other components appearing in T 3(L)⊗ T 3(A) vanish under the projec-
tion). One directly verifies that

1 2
3

× 1 3
2

(u) = 0 if and only if 1 3
2

× 1 2
3

(u) = 0

for each u ∈ ∧3(L⊗A).
Hence we get a (noncanonical) isomorphism:

∧3(L⊗A)' ∧3(L)⊗S3(A)
⊕ 1 3

2
(L)⊗ 1 2

3
(A)

⊕
S3(L)⊗∧3(A).

Passing to Hom( · ,M⊗V )' Hom( · ,M)⊗Hom( · ,V ), one gets:

C3(L⊗A,M⊗V )

'C3(L,M)⊗S3(A,V )
⊕

Y 3(L,M)⊗ Ỹ 3(A,V )
⊕

S3(L,M)⊗C3(A,V ),
(3.2)

where Y 3(L,M) = Hom
(

1 3
2

(L),M
)

,Ỹ 3(A,V ) = Hom
(

1 2
3

(A),V
)

.

According to (3.1)–(3.2) one can decompose H2 as

H2(L⊗A,M⊗V ) = (H2)′⊕ (H2)′′ (3.3)

where (H2)′ is the space of classes of cocycles lying in C2(L,M)⊗ S2(A,V )
and (H2)′′ is the space of classes of cocycles of the form Φ + Ψ, where
Φ ∈ S2(L,M)⊗C2(A,V ), Ψ ∈C2(L,M)⊗S2(A,V ) such that Φ 6= 0. We will
compute (H2)′ and obtain some particular results on (H2)′′ (actually, (H2)′

and (H2)′′ are limit terms of a certain spectral sequence; see §4).
The differentials of the low degree in the piece

C1(L⊗A,M⊗V ) d1

→C2(L⊗A,M⊗V ) d2

→C3(L⊗A,M⊗V )

of the standard Chevalley-Eilenberg complex can be decomposed as follows:

d1 = d1 +d2

d2 = ∑
1≤i≤2
1≤ j≤3

di j,
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where

d1 : C1(L,M)⊗C1(A,V )→C2(L,M)⊗S2(A,V ),

d2 : C1(L,M)⊗C1(A,V )→ S2(L,M)⊗C2(A,V ),

d11 : C2(L,M)⊗S2(A,V )→C3(L,M)⊗S3(A,V ),

d12 : C2(L,M)⊗S2(A,V )→ Y 3(L,M)⊗ Ỹ 3(A,V ),

d13 : C2(L,M)⊗S2(A,V )→ S3(L,M)⊗C3(A,V ),

d21 : S2(L,M)⊗C2(A,V )→C3(L,M)⊗S3(A,V ),

d22 : S2(L,M)⊗C2(A,V )→ Y 3(L,M)⊗ Ỹ 3(A,V ),

d23 : S2(L,M)⊗C2(A,V )→ S3(L,M)⊗C3(A,V ).

Direct computations show:

d1(ϕ⊗α)(x1⊗a1,x2⊗a2) =
1
2
(x2 •ϕ(x1)− x1 •ϕ(x2))⊗ (a1 •α(a2)+a2 •α(a1))

−ϕ([x1,x2])⊗α(a1a2);

d2(ϕ⊗α)(x1⊗a1,x2⊗a2) =
1
2
(x1 •ϕ(x2)+ x2 •ϕ(x1))⊗ (a2 •α(a1)−a1 •α(a2));

d11(ϕ⊗α)(x1⊗a1,x2⊗a2,x3⊗a3) =
1
3
(ϕ([x1,x2],x3)+ y)⊗ (α(a1a2,a3)+ y)

−1
3
(x1 •ϕ(x2,x3)+ y)⊗ (a1 •α(a2,a3)+ y);

d12(ϕ⊗α)(x1⊗a1,x2⊗a2,x3⊗a3) =
(2ϕ([x1,x2],x3)+ϕ([x1,x3],x2)−ϕ([x2,x3],x1))⊗(α(a1a2,a3)−α(a2a3,a1))

+(−x1 •ϕ(x2,x3)+ x2 •ϕ(x1,x3)+2x3 •ϕ(x1,x2))
⊗ (a1 •α(a2,a3)−a3 •α(a1,a2));

d13(ϕ⊗α)(x1⊗a1,x2⊗a2,x3⊗a3) = 0;

d22(ϕ⊗α)(x1⊗a1,x2⊗a2,x3⊗a3) =
(2ϕ([x1,x2],x3)+ϕ([x1,x3],x2)−ϕ([x2,x3],x1))⊗(α(a1a2,a3)−α(a2a3,a1))

+(−x1 •ϕ(x2,x3)+ x2 •ϕ(x1,x3))
⊗ (a1 •α(a2,a3)+a3 •α(a1,a2)+2a2 •α(a1,a3));
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d23(ϕ⊗α)(x1⊗a1,x2⊗a2,x3⊗a3) =
1
3
(x1 •ϕ(x2,x3)+ y)⊗ (a1 •α(a2,a3)+ y)

(the absence of d21 in this list is merely a technical matter: at a relevant stage of
computations, it will be convenient to use the entire differential d rather than
d21).

Now the reader should be prepared for a bunch of tedious and cumber-
some definitions. Our excuse is that all this stuff provides building blocks for
H2(L⊗A,M⊗V ) and one can hardly imagine that it may be defined in a sim-
pler way. Taking a glance at the expressions below, one can believe that the
general formula for Hn(L⊗A,M⊗V ) hardly exists – if it does, one should
give correct n-dimensional generalizations of definitions below (in a few cases
this is evident – like Harrison or cyclic cohomology, but in most cases it is
not).

Definitions.
(i) Define d[ ],d• : Hom(L⊗2,M)→ Hom(L⊗3,M) as follows:

d[ ]
ϕ(x,y,z) = ϕ([x,y],z)+ y

d•ϕ(x,y,z) = x•ϕ(y,z)+ y .

(ii) Define ℘,D : Hom(A⊗2,V )→ Hom(A⊗3,V ) as follows:

℘α(a,b,c) = α(ab,c)+ y
Dα(a,b,c) = a•α(b,c)+ y .

(iii) B(L,M) = {ϕ ∈C2(L,M) |ϕ([x,y],z)+z•ϕ(x,y) = 0;d[ ]ϕ(x,y,z) = 0}.

(iv) Q2(L,M) = {dψ |ψ ∈ Hom(L,M);x•ψ(y) = y•ψ(x)};
H2

M(L) = (Z2(L,ML)+Q2(L,M))/Q2(L,M).
(v) K(L,M) = {ϕ ∈C2(L,M) |d[ ]ϕ(x,y,z) = 2x•ϕ(y,z)};
J(L,M) = {ϕ ∈C2(L,M) |ϕ(x,y) = ψ([x,y])− 1

2 x•ψ(y)+
1
2 y•ψ(x) for ψ ∈ Hom(L,M)};
H(L,M) = (K(L,M)+J(L,M))/J(L,M).

(vi) X(L,M) = {ϕ ∈C2(L,M) |2ϕ([x,y],z) = z•ϕ(x,y);
ϕ([x,y],z) = ϕ([z,x],y)}.

(vii) T(L,M) = {ϕ ∈C2(L,M) |3ϕ([x,y],z) = 2z•ϕ(x,y);
ϕ([x,y],z) = ϕ([z,x],y)}.

(viii) Poor−(L,M) = {ϕ ∈C2(L,ML) |ϕ([L,L],L) = 0};
Poor+(L,M) = {ϕ ∈ S2(L,ML) |ϕ([L,L],L) = 0}.

(ix) Sym2(L,M) = {ϕ ∈ S2(L,M) | x•ϕ(y,z) = y•ϕ(x,z)};
SB2(L,M) = {ϕ ∈ S2(L,M) |ϕ(x,y) = x•ψ(y)+ y•ψ(x)
for ψ ∈ Hom(L,M)};
SH2(L,M) = (Sym2(L,M)+SB2(L,M))/SB2(L,M).
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(x) Define an action of L on Hom(L⊗2,M) via

z◦ϕ(x,y) = z•ϕ(x,y)+ϕ([x,z],y)+ϕ(x, [y,z]).

S2(L,M) = {ϕ ∈ S2(L,M)L |ϕ([x,y],z)+ y= 0}.

(xi) D(A,V ) = {β ∈ Hom(A,V ) |β (abc) = a•β (bc)−bc•β (a)+ y}.

(xii) HC1(A,V ) = {α ∈C2(A,V ) |℘α = 0}.

(xiii) C2(A,V ) = {α ∈C2(A,V ) |α(ac,b)−α(bc,a)+a•α(b,c)−
b•α(a,c)+2c•α(a,b) = 0}.

(xiv) P−(A,V ) = {α ∈C2(A,V ) |α(ab,c) = a•α(b,c)+b•α(a,c)};
P+(A,V ) = {α ∈ S2(A,V ) |α(ab,c) = a•α(b,c)+b•α(a,c)}.

(xv) A(A,V ) = {α ∈ S2(A,V ) |2Dα =℘α}.

The spaces defined in (xi), (xv) are relevant in computation of Ker d11
(Lemma 3.2), the spaces defined in (iii)–(viii), (xiv) are relevant in
computation of Ker d11 ∩Ker d12 (see (3.6)), the spaces defined in (ix) are
relevant in computation for the particular case where L is abelian (Proposition
3.5), and the spaces defined in (x), (xii)–(xiii) are relevant in computation of
the relative cohomology group H2(L⊗A;L,M⊗V ) (Proposition 3.8).

Remarks.
(i) d (the Chevalley-Eilenberg differential) = d[ ] +d•.
(ii) As B2(L,ML)⊆ Q2(L,M), there is a surjection

H2(L)⊗ML→ H2
M(L).

(iii) If V = K, then HC1(A,V ) is just the first-order cyclic cohomology
HC1(A).

(iv) The following relations hold:

Poor−(L,M)⊆B(L,M)⊆ Z2(L,M),

B(L,M)∩Z2(L,ML) = Poor−(L,M),

S2(L,M)∩S2(L,ML)L = Poor+(L,M),

C2(A,V )∩HC1(A,V ) = P−(A,V ),

Z2(A,V )∩A(A,V ) = P+(A,V ),
Der(A,V )⊆ D(A,V ).
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Proposition 3.1.

(H2)′ ' H2(L,M)⊗V ⊕ H2
M(L)⊗ Hom(A,V )

V ⊕Der(A,V )
⊕ H(L,M)⊗Der(A,V )

⊕ B(L,M)⊗ Har2(A,V )
P+(A,V )

⊕ C2(L,M)L⊗P+(A,V )

⊕ X(L,M)⊗ A(A,V )
P+(A,V )

⊕ T(L,M)⊗ D(A,V )
Der(A,V )

⊕ Poor−(L,M)⊗ S2(A,V )
Hom(A,V )+D(A,V )+Har2(A,V )+A(A,V )

.

Each cocycle which lies in C2(L,M)⊗ S2(A,V ) is a linear combination of
cocycles of the eight following types (which correspond to the respective direct
summands in the isomorphism):

(i) x⊗a∧ y⊗b 7→ ϕ(x,y)⊗ab• v, where ϕ ∈ Z2(L,M) and v ∈V ;
(ii) x ⊗ a ∧ y ⊗ b 7→ ϕ(x,y) ⊗ β (ab), where ϕ ∈ Z2(L,ML) and
β ∈ Hom(A,V );

(iii) as in (ii) with ϕ ∈K(L,M) and β ∈ Der(A,V );
(iv) x⊗a∧y⊗b 7→ ϕ(x,y)⊗α(a,b), where ϕ ∈B(L,M) and α ∈Z2(A,V );
(v) as in (iv) with ϕ ∈C2(L,M)L and α ∈ P+(A,V );
(vi) as in (iv) with ϕ ∈ X(L,M) and α ∈A(A,V );
(vii) x⊗ a ∧ y⊗ b 7→ ϕ(x,y)⊗ (3a • β (b) + 3b • β (a)− 2β (ab)), where
ϕ ∈H(L,M) and β ∈ D(A,V );

(viii) as in (iv) with ϕ ∈ Poor−(L,M) and α ∈ S2(A,V ).

Proof. We have

(H2)′ =
Ker d11∩Ker d12

Imd1
. (3.4)

We compute the relevant spaces in the subsequent series of lemmas.

Lemma 3.2.

Ker d11 = Z2(L,M)⊗V

+{ϕ ∈C2(L,M) |2d[ ]
ϕ +d•ϕ = 0}⊗A(A,V )

+{ϕ ∈C2(L,M) |3d[ ]
ϕ +2d•ϕ = 0}⊗D(A,V )

+{ϕ ∈C2(L,M) |d[ ] = d•ϕ = 0}⊗S2(A,V ).

Proof. Substituting a1 = a2 = a3 = 1 into the equation d11Φ = 0 (as usual,
Φ = ∑

i∈I
ϕi⊗αi), one derives the equality

∑
i∈I

dϕi(x1,x2,x3)⊗αi(1,1) = 0 (3.5)

and a decomposition I = I1 ∪ I2 with dϕi = 0 for i ∈ I1 and αi(1,1) = 0 for
i ∈ I2.
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Substituting then a2 = a3 = 1 into the same equation, one gets

∑
i∈I

(3d[ ]
ϕi +2d•ϕi)⊗ (αi(1,a1)−a1 •αi(1,1)) = 0

and by Lemma 1.1 there is a decomposition I = I11∪ I12∪ I21∪ I22 with

dϕi = 0, 3d[ ]ϕi +2d•ϕi = 0 for any i ∈ I11

dϕi = 0, αi(1,a) = αi(1,1) for any i ∈ I12

3d[ ]ϕi +2d•ϕi = 0, αi(1,1) = 0 for any i ∈ I21

αi(1,1) = 0, αi(1,a) = a•αi(1,1) for any i ∈ I22.

Obviously dϕi = d•ϕi = 0 for any i ∈ I11, so components with i ∈ I11 lie in
Ker d11, and αi(1,a) = 0 for any i ∈ I22.

Further, substituting a3 = 1 in our equation, we get

∑
i∈I

(2d[ ]
ϕi +d•ϕi)⊗ (αi(a1,a2)−3a1 •αi(1,a2)−3a2 •αi(1,a1)

+2αi(1,a1a2)+3a1a2 •αi(1,1)) = 0.

In order to apply Lemma 1.1 again, we unite the sets I12 and I22 (with the
common defining condition αi(1,a) = a•αi(1,1)) and obtain a decomposition
I = I′1∪ I′2∪ I′3∪ I′4 such that

2d[ ]
ϕi +d•ϕi = 0, αi(1,a) = a•αi(1,1)

αi(a,b) = ab•αi(1,1)

d[ ]
ϕi = d•ϕi = 0, αi(1,1) = 0

3d[ ]
ϕi +2d•ϕi = 0, αi(a,b) = 3a•αi(1,b)+3b•αi(1,a)−2αi(1,ab)

for any i ∈ I′1
for any i ∈ I′2
for any i ∈ I′3

for any i ∈ I′4.

Note that components ϕi⊗αi with i ∈ I′3 are among those with i ∈ I11 (and
lie in Ker d11).

Now, since the contribution of terms with i ∈ I′4 to the left side of (3.5)
vanishes, we may apply Lemma 1.1 again, and obtain a decomposition

I′1∪ I′2 = I′11∪ I′12∪ I′21∪ I′22

such that

2d[ ]ϕi +d•ϕi = 0, αi(1,a) = 0 for any i ∈ I′12

dϕi = 0, αi(a,b) = ab•αi(1,1) for any i ∈ I′21,

and the two remaining types of components do not contribute to the whole
picture: those with indices from I′11 satisfy d[ ]ϕi = d•ϕi = 0, the case
covered by previous cases, and those with indices from I′22 vanish, as
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αi(a,b) = ab•αi(1,1) = 0. Moreover, the components with indices from I′21
lie in Ker d11.

The remaining part of the equation d11Φ = 0 now reads:

∑
i∈I′12∪I′4

d[ ]
ϕi(x1,x2,x3)⊗(℘α(a1,a2,a3)−2Dαi(a2,a3)

+3a1a2 •αi(1,a3)−a3 •αi(1,a1a2)+ y) = 0.

Applying Lemma 1.1 again, and noting that the vanishing of the first
tensor factor in each summand above yields the already considered case
d[ ]ϕi = d•ϕi = 0, we see that the second tensor factor vanishes for all
i ∈ I′12∪ I′4.

Consequently, we obtain two types of components ϕi⊗αi lying in Ker d11:

2d[ ]
ϕi +d•ϕi = 0; ℘αi = 2Dαi

and

3d[ ]
ϕi +2d•ϕi = 0; ℘αi =

3
2

Dαi; αi satisfies the defining condition for i ∈ I′4.

The last two conditions imposed on αi imply αi(1, ·) ∈ D(A,V ).
Summarizing all this, we obtain the statement of the Lemma.

Lemma 3.3.

Ker d12

= C2(L,M)⊗V +{ϕ ∈C2(L,M) | x•ϕ(y,z) = z•ϕ(x,y)}⊗Hom(A,V )

+{ϕ ∈C2(L,M) |ϕ([x,y],z)−ϕ([y,z],x)− x•ϕ(y,z)+ z•ϕ(x,y) = 0}
⊗Z2(A,V )

+{ϕ ∈C2(L,M) | x•ϕ(y,z) = z•ϕ(x,y);ϕ([x,y],z) = ϕ([y,z],x)}
⊗S2(A,V ).

Proof. Let Φ = ∑
i∈I

ϕi ⊗ αi ∈ Ker d12. Substituting a2 = 1 in the equation

d12Φ = 0, one gets:

∑
i∈I

(−x1 •ϕi(x2,x3)+ x2 •ϕ(x1,x3)+2x3 •ϕi(x1,x2))

⊗ (a1 •αi(1,a3)−a3 •αi(1,a1)) = 0.

Hence we have a decomposition I = I1 ∪ I2 such that, for i ∈ I1, the first ten-
sor factor in each summand above vanishes, and, for i ∈ I2, the second one
vanishes. Elementary transformations show that

x•ϕi(y,z) = z•ϕi(x,y) for any i ∈ I1

αi(1,a) = a•αi(1,1) for any i ∈ I2.
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Then substituting a3 = 1 into the same initial equation d12Φ = 0, one gets

∑
i∈I

(2ϕi([x1,x2],x3)+ϕi([x1,x3],x2)−ϕi([x2,x3],x1)

− x1 •ϕi(x2,x3)+ x2 •ϕi(x1,x3)+2x3 •ϕi(x1,x2))
⊗ (αi(1,a1a2)−αi(a1,a2)) = 0.

Applying Lemma 1.1 and the fact that the vanishing of the first tensor factor
here is equivalent to the condition

ϕi([x,y],z)−ϕi([y,z],x)− x•ϕi(y,z)+ z•ϕi(x,y) = 0,

we get a decomposition I = I11∪ I12∪ I21∪ I22 such that

x•ϕi(y,z) = z•ϕi(x,y), ϕi([x,y],z) = ϕi([y,z],x) for any i ∈ I11

x•ϕi(y,z) = z•ϕi(x,y), αi(a,b) = αi(1,ab) for any i ∈ I12

ϕi([x,y],z)−ϕi([y,z],x)− x•ϕi(y,z)+ z•ϕi(x,y) = 0,

αi(1,a) = a•αi(1,1) for any i ∈ I21

αi(a,b) = ab•αi(1,1) for any i ∈ I22.

It is easy to see that the components ϕi⊗αi with indices belonging to I11,
I12 and I22, already lie in Ker d12.

The remaining part of the equation d12Φ = 0 becomes:

∑
i∈I21

(2ϕi([x1,x2],x3)+ϕi([x1,x3],x2)−ϕi([x2,x3],x1))⊗δαi(a1,a2,a3) = 0,

where δ is Harrison(=Hochschild) differential. Thus there is a decomposition
I21 = I′1∪ I′2, where ϕi for i ∈ I′1 satisfies the same relations as for i ∈ I11, and
αi ∈ Z2(A,V ) for any i ∈ I′2.

Putting all these computations together yields the formula desired (the four
summands there correspond to the defining conditions for I22, I12, I′2 and I11,
respectively; the sum, in general, is not direct).

Elementary but tedious transformations of expressions entering in defining
conditions of summands of Ker d11 and Ker d12, allow us to write their inter-
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section as the following direct sum:

Ker d11∩Ker d12 ' Z2(L,M)⊗V ⊕ Z2(L,ML)⊗ Hom(A,V )
V ⊕Der(A,V )

⊕ K(L,M)⊗Der(A,V ) ⊕ B(L,M)⊗ Z2(A,V )
P+(A,V )

⊕ C2(L,M)L⊗P+(A,V ) ⊕ X(L,M)⊗ A(A,V )
P+(A,V )

(3.6)

⊕ T(L,M)⊗ D(A,V )
Der(A,V )

⊕Poor−(L,M)⊗ S2(A,V )
Hom(A,V )+D(A,V )+Z2(A,V )+A(A,V )

.

According to (3.4), to compute (H2)′, we must consider the equation

Φ = d1Ψ, where Φ ∈ Ker d11∩Ker d12 and Ψ ∈ Hom(L⊗A,M⊗V ),

which is equivalent to elucidation of all possible cohomological dependencies
between the obtained classes of cocycles.

Lemma 3.4. Let:

{ϕi} be cohomologically independent cocycles in Z2(L,M),
{θi} be cocycles in Z2(L,ML) independent modulo Q2(L,M),
{κi} be elements of K(L,M) independent modulo T(L,M),
{εi} be linearly independent cocycles in B(L,M),
{ρi} be linearly independent elements in C2(L,M)L,
{χi} be linearly independent elements in X(L,M),
{τi} be linearly independent elements in T(L,M),
{ξi} be linearly independent cocycles in Poor−(L,M),
{v j} be linearly independent elements in V ,
{δ j} be linearly independent derivations in Der(A,V ),
{β j} be maps in D(A,V ) independent modulo Der(A,V ),
{γ j} be maps in Hom(A,V ) independent both modulo Der(A,V ) and modulo
maps a 7→ a• v for all v ∈V ,
{Fj} be cocycles in Z2(A,V ) independent both cohomologically and modulo
P+(A,V ),
{Pj} be linearly independent elements in P+(A,V ),
{A j} be elements in A(A,V ) independent modulo P+(A,V ),
{G j} be maps in S2(A,V ) independent simultaneously modulo:
maps a∧b 7→ γ(ab) for all γ ∈ Hom(A,V ),
maps a∧b 7→ 3a•β (b)+3b•β (a)−2β (ab) for all β ∈ D(A,V ), and
Z2(A,V )+A(A,V ).
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Then the elements of Ker d11∩Ker d12:

ϕi⊗ (Rv j ◦m), θi⊗ (γ j ◦m), κi⊗ (δ j ◦m), εi⊗Fj, ρi⊗Pj, χi⊗A j,

τi⊗ (3δβ j−β j ◦m), ξi⊗G j

(m stands for multiplication in A and Rv is an element in Hom(A,V ) defined
by a 7→ a• v), are independent modulo Imd1.

Proof. We must prove that if

∑ϕi(x,y)⊗ab• v j +∑θi(x,y)⊗ γ j(ab)+∑κi(x,y)⊗δ j(ab)
+∑εi(x,y)⊗Fj(a,b)+∑ρi(x,y)⊗Pj(a,b)+∑χi(x,y)⊗A j(a,b)
+∑τi(x,y)⊗ (3a•β j(b)+3b•β j(a)−2β j(ab))+∑ξi(x,y)⊗G j(a,b)

=∑
i∈I

(
ψi([x,y])⊗αi(ab)+

1
2
(−x•ψi(y)+y•ψi(x))⊗(a•αi(b)+b•αi(a))

)
(3.7)

for some ∑
i∈I

ψi ⊗ αi ∈ Hom(L,M)⊗Hom(A,V ) (the right side here is the

generic element in Imd1), then all terms in the left side vanish.
One has δ j(1) = β j(1) = Pj(1,a) = A j(1,a) = 0 and one may assume that

γ j(1) = Fj(1,a) = G j(1,a) = 0. Substitute a = b = 1 in (3.7):

∑ϕi(x,y)⊗ v j = ∑
i∈I

dψi(x,y)⊗αi(1).

As ϕi’s are cohomologically independent and v j’s are linearly independent,
the last equality implies that all summands ϕi(x,y)⊗ v j vanish and there is a
decomposition I = I1∪ I2 with dψi = 0 for i ∈ I1 and αi(1) = 0 for i ∈ I2.

Now substitute b = 1 in (3.7):

∑θi(x,y)⊗ γ j(a)+∑κi(x,y)⊗δ j(a)+∑τi(x,y)⊗β j(a)

= ∑
i∈I

(ψi([x,y])+
1
2
(−x•ψi(y)+ y•ψi(x)))⊗ (αi(a)−a•αi(1)). (3.8)

Substituting (3.8) in (3.7), one gets:

∑εi(x,y)⊗Fj(a,b)+∑ρi(x,y)⊗Pj(a,b)+∑χi(x,y)⊗A j(a,b)
+3∑τi(x,y)⊗δβ j(a,b)+∑ξi(x,y)⊗G j(a,b)

=
1
2 ∑(−x•ψi(y)+ y•ψi(x))⊗ (δαi(a,b)−ab•αi(1)).

The independence conditions of Lemma imply that all summands in the left
side vanish and, due to Lemma 1.1, for ∑

i∈I
ψi⊗βi, there exists a decomposition
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I = I11∪ I12∪ I21∪ I22 with

dψi = 0, x•ψi(y) = y•ψi(x) for any i ∈ I11

dψi = 0, δαi(a,b) = ab•αi(1) for any i ∈ I12

x•ψi(y) = y•ψi(x), αi(1) = 0 for any i ∈ I21

αi(1) = 0, δαi(a,b) = ab•αi(1) for any i ∈ I22.

Denoting α ′i (a) = αi(a)−a•αi(1) for i ∈ I12, we get α ′i ∈ Der(A,V ).
Substituting all this information back into (3.8), one finally obtains

∑θi(x,y)⊗ γ j(a)+∑κi(x,y)⊗δ j(a)

=
1
2 ∑

i∈I12

ψi([x,y])⊗ (αi(a)−a•αi(1))+ ∑
i∈I21

ψi([x,y])⊗αi(a)

+ ∑
i∈I22

(
ψi([x,y])+

1
2
(−x•ψi(y)+ y•ψi(x))

)
⊗αi(a).

The independence conditions of Lemma imply that all terms appearing in the
last equality vanish, and the desired assertion follows.

Conclusion of the proof of Proposition 3.1.
Lemma 3.3 implies that

Imd1 ' B2(L,M)⊗V ⊕ (Q2(L,M)∩Z2(L,ML))⊗ Hom(A,V )
V ⊕Der(A,V )

⊕ (T(L,M)∩K(L,M))⊗Der(A,V ) ⊕ B(L,M)⊗Der(A,V )

which together with (3.6) entails the asserted isomorphism.

Now we turn to computation of the second summand in (3.3), (H2)′′.
We are unable to compute it in general (and are in doubt about the existence

of a closed general formula for (H2)′′) and confine ourselves to two particular
cases (in both of them, it turns out that (H2)′′ coincides with the space of
classes of cocycles lying in S2(L,M)⊗C2(A,V )).

Proposition 3.5. Suppose L is abelian. Then

(H2)′′ ' S2(L,ML)⊗ C2(A,V )
{a•β (b)−b•β (a) |β ∈ Hom(A,V )}

⊕SH2(L,M)⊗{a•β (b)−b•β (a) |β ∈ Hom(A,V )}.

First, we establish a lemma valid in the general situation (where L is not
necessarily abelian).

Lemma 3.6.
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(i) Ker d23 = Ker d•⊗C2(A,V )
+S2(L,M)⊗{α ∈C2(A,V ) |α(a,b) = a•β (b)−b•β (a)} ;

(ii) Imd2 = {ϕ ∈ S2(L,M) |ϕ(x,y) = x•ψ(y)+ y•ψ(x)}
⊗{α ∈C2(A,V ) |α(a,b) = a•β (b)−b•β (a)}.

Proof. The only thing which perhaps needs a proof here is the equality

Ker D = {α ∈C2(A,V ) |α(a,b) = a•β (b)−b•β (a)}.

The validity of it is verified by appropriate substitution of 1’s.

Proof of Proposition 3.5. Let Φ = ∑
i∈I

ϕi⊗αi ∈ Ker d23, with a decomposition

on the set of indices I = I1∪ I2 such that

d•ϕi(x1,x2,x3) = 0 for any i ∈ I1

αi(a,b) =−a•βi(b)+b•βi(a) for any i ∈ I2.

By Lemma 3.6(i), we may also assume that elements αi, where i ∈ I1, are
independent modulo {a • β (b)− b • β (a)}, and hence αi(1,a) = 0 for each
i ∈ I1.

Suppose there is

Ψ = ∑
i∈I′

ϕ
′
i ⊗α

′
i ∈C2(L,M)⊗S2(A,V ) (3.9)

such that the class of Φ−Ψ belongs to (H2)′′ . This, in particular, means that
d22Φ = d12Ψ:

∑
i∈I

(−x1 •ϕi(x2,x3)+ x2 •ϕi(x1,x3))

⊗ (a1 •αi(a2,a3)+a3 •αi(a1,a2)+2a2 •αi(a1,a3))
= ∑

i∈I′
(−x1 •ϕ

′
i (x2,x3)+ x2 •ϕ

′
i (x1,x3)+2x3 •ϕ

′
i (x1,x2))

⊗ (a1 •α
′
i (a2,a3)−a3 •α

′
i (a1,a2)).

Substituting here a2 = 1, one gets

2 ∑
i∈I1

(−x1 •ϕi(x2,x3)+ x2 •ϕi(x1,x3))⊗αi(a1,a3)

+3 ∑
i∈I1

(−x1 •ϕi(x2,x3)+ x2 •ϕi(x1,x3))⊗αi(a1,a3)

= ∑
i∈I′

(−x1 •ϕ
′
i (x2,x3)+ x2 •ϕ

′
i (x1,x3)+2x3 •ϕ

′
i (x1,x2))

⊗ (a1 •α
′
i (1,a3)−a3 •α

′
i (1,a1)).

Hence, due to the independence condition imposed on αi for i ∈ I1,

−x1 •ϕi(x2,x3)+ x2 •ϕi(x1,x3) = 0, i ∈ I1. (3.10)
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This, together with condition ϕi ∈ Ker d•, evidently implies ϕi(L,L) ⊆ ML

for each i ∈ I1. Note that the terms from S2(L,ML) ⊗ C2(A,V ) lie in
Z2(L⊗A,M⊗V ).

Now, for elements of S2(L,M)⊗{a•β (b)−b•β (a)}, write the cocycle
equation:

∑
i∈I2

(x1 •ϕi(x2,x3)⊗ (a1a2 •βi(a3)−a1a3 •βi(a2))

+ x2 •ϕi(x1,x3)⊗ (−a1a2 •βi(a3)+a2a3 •βi(a1))
+ x3 •ϕi(x1,x2)⊗ (a1a3 •βi(a2)−a2a3 •βi(a1))) = 0.

Substituting a2 = a3 = 1, we get

∑
i∈I2

(x2 •ϕi(x1,x3)− x3 •ϕi(x1,x2))⊗ (βi(a1)−a1 •βi(1)) = 0.

As the vanishing of the second tensor factor βi(a1)− a1 • βi(1) in the l;ast
equality leads to the vanishing of the whole αi, we see that the condition (3.10)
holds also in this case, i.e., for all i ∈ I2. Conversely, if (3.10) holds, then the
cocycle equation is satisfied. Thus the space of cocycles in Z2(L⊗A,M⊗V )
whose cohomology classes lie in (H2)′′, coincides with

S2(L,ML)⊗ C2(A,V )
{a•β (b)−b•β (a) |β ∈ Hom(A,V )}

⊕ Sym2(L,M)+SB2(L,M)
SB2(L,M)

⊗{a•β (b)−b•β (a) |β ∈ Hom(A,V )}

(note that we can always take Ψ = 0 in (3.9)).
To conclude the proof, one can observe that all these cocycles are cohomo-

logically independent. This is proved in a pretty standard way, as in Lemma
3.4.

Summarizing Proposition 3.1 (for the case where L is abelian) and Proposi-
tion 3.5, we obtain

Theorem 3.7. Let L be an abelian Lie algebra. Then

H2(L⊗A,M⊗V )' H2(L,M)⊗V ⊕ H(L,M)⊗Der(A,V )

⊕ C2(L,ML)⊗ S2(A,V )
V ⊕Der(A,V )

(3.10a)

⊕ S2(L,ML)⊗ C2(A,V )
{a•β (b)−b•β (a) |β ∈ Hom(A,V )}

⊕ SH2(L,M)⊗{a•β (b)−b•β (a) |β ∈ Hom(A,V )}.

Each cocycle in Z2(L⊗A,M⊗V ) is a linear combination of cocycles of the
following four types (which correspond, respectively, to the first, the sum of
the second and the third, the fourth and the fifth summands in the isomorphism
(3.10a)):
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(i) x⊗a∧ y⊗b 7→ ϕ(x,y)⊗ab• v for some ϕ ∈ Z2(L,M) and v ∈V ;
(ii) x ⊗ a ∧ y ⊗ b 7→ ϕ(x,y) ⊗ α(a,b) for some ϕ ∈ C2(L,ML) and
α ∈ S2(A,V );

(iii) as in (ii) with ϕ ∈ S2(L,ML) and α ∈C2(A,V );
(iv) x⊗a∧y⊗b 7→ ϕ(x,y)⊗ (a•β (b)−b•β (a)) for some ϕ ∈ Sym2(L,M)
and β ∈ Hom(A,V ).

Remark. Let H(L,M) consists of classes of cocycles taking values in ML. It
is easy to see that if L is abelian, then there is inclusion H(L,M)⊆ H2(L,M).
Hence, singling out appropriate terms from the first three direct summands in
the isomorphism (3.10a), we obtain H(L,M)⊗ S2(A,V ) as a direct summand
of H2(L⊗A,M⊗V ).

Now we want to perform another particular computation, namely, compute
the relative cohomology H2(L⊗A;L,M⊗V ).

We easily see that all constructions can be restricted to the relative complex

Hom(∧?(L⊗A/K1),M⊗V )

with a single (but greatly simplifying the matter) difference that all maps from
C3(A,V ), Y 3(A,V ) and S3(A,V ) vanish whenever one of their arguments is 1.

Let (H2
L)′ and (H2

L)′′ denote the corresponding components of
H2(L⊗A;L,M⊗V ).

Proposition 3.8.

(H2
L)′′ ' S2(L,ML)L⊗HC1(A,V ) ⊕ S2(L,M)⊗ C2(L,M)

P−(A,V )

⊕ S2(L,M)L

S2(L,ML)L ⊗P−(A,V ) ⊕ Poor+(L,M)⊗ C2(A,V )
HC1(A,V )+C2(A,V )

Proof. The proof goes along the same scheme as of Proposition 3.1. By
Lemma 3.6(i), Ker d23 = Ker d•⊗C2(A,V ) (as the second tensor factor in the
second component there vanishes in this case).

For Φ = ∑ϕi⊗αi ∈ Ker d23 and Ψ = ∑ϕ ′i ⊗α ′i ∈C2(L,M)⊗S2(L,M), the
condition d22Φ = d12Ψ reads:

∑
i∈I

(2ϕi([x1,x2],x3)+ϕi([x1,x3],x2)−ϕi([x2,x3],x1))

⊗ (αi(a1a2,a3)−αi(a2a3,a1))+(−x1 •ϕi(x2,x3)+ x2 •ϕi(x1,x3))
⊗ (a1 •αi(a2,a3)+a3 •αi(a1,a2)+2a2 •αi(a1,a3))

= ∑
i∈I′

(2ϕ
′
i ([x1,x2],x3)+ϕ

′
i ([x1,x3],x2)−ϕ

′
i ([x2,x3],x1))

⊗ (α ′i (a1a2,a3)−α
′
i (a2a3,a1))

+(−x1 •ϕ
′
i (x2,x3)+ x2 •ϕ

′
i (x1,x3)+2x3 •ϕ

′
i (x1,x2))

⊗ (a1 •α
′
i (a2,a3)−a2 •α

′
i (a1,a2)).
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Substituting here a2 = 1, we obtain (remember about vanishing of all α’s if
one of arguments is 1):

∑
i∈I

(2ϕi([x1,x2],x3)+ϕi([x1,x3],x2)−ϕi([x2,x3],x1)

− x1 •ϕi(x2,x3)+ x2 •ϕi(x1,x3))⊗αi(a1,a3) = 0.

This implies

2ϕi([x1,x2],x3)+ϕi([x1,x3],x2)−ϕi([x2,x3],x1)
− x1 •ϕ(x2,x3)+ x2 •ϕi(x1,x3) = 0, i ∈ I. (3.11)

Since ϕ ∈ Ker d•,

x1 •ϕi(x2,x3)+ x3 •ϕi(x1,x3)+ x3 •ϕi(x1,x2) = 0, i ∈ I. (3.12)

With the help of elementary transformations, (3.11) and (3.12) yield

ϕi([x1,x3],x2)+ϕi([x2,x3],x1)+ x3 •ϕi(x1,x2) = 0

or, in other words, ϕi ∈ S2(L,M)L for each i ∈ I.
Now, writing the cocycle equation for ∑

i∈I
ϕi⊗αi ∈ S2(L,M)L⊗C2(A,V ),

one gets

∑
i∈I

(ϕi([x1,x2],x3)⊗ (αi(a1a2,a3)−a1 •αi(a2,a3)−a2 •αi(a1,a3))

+ϕi([x1,x3],x2)⊗ (−αi(a1a3,a2)−a1 •αi(a2,a3)+a3 •αi(a1,a2))
+ϕi([x2,x3],x1)⊗ (αi(a2a3,a1)+a2 •αi(a1,a3)+a3 •αi(a1,a2))) = 0.

Antisymmetrize this expression with respect to a1,a2:

∑
i∈I

(ϕi([x1,x3],x2)+ϕi([x2,x3],x1))⊗ (−αi(a1a3,a2)+αi(a2a3,a1)

−a1 •αi(a2,a3)+a2 •αi(a1,a3)+2a3 •αi(a1,a2)) = 0.

Consequently, we have a decomposition I = I1∪ I2 with

ϕi([x1,x3],x2)+ϕi([x2,x3],x1) = 0, i ∈ I1 (3.13)

αi ∈ C2(A,V ), i ∈ I2. (3.14)

Note that (3.13) together with condition ϕi ∈ S2(L,M)L implies ϕi(L,L)⊆ML

for any i ∈ I1. Applying the symmetrizer e− (13) + (123) to the condition
(3.14), we get

a1 •αi(a2,a3)+a2 •αi(a1,a3)

=
1
3
(2αi(a1a2,a3)−αi(a2a3,a1)−αi(a1a3,a2)), i ∈ I2. (3.15)
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Taking into account (3.13)–(3.15), the cocycle equation can be rewritten as

∑
i∈I

(ϕi([x1,x2],x3)−ϕi([x1,x3],x2)+ϕi([x2,x3],x1))

⊗ (αi(a1a2,a3)+αi(a1a3,a2)+αi(a2a3,a1)) = 0.

By Lemma 1.1, there is a decomposition I = I11∪ I12∪ I21∪ I22 such that

ϕi([x,y],z) = ϕi(x, [y,z]), ϕi([x,y],z)+ y= 0 for any i ∈ I11

ϕi([x,y],z) = ϕi(x, [y,z]), αi ∈ HC1(A,V ) for any i ∈ I12

ϕi([x,y],z)+ y= 0, αi ∈ C2(A,V ) for any i ∈ I21

αi ∈ C2(A,V )∩HC1(A,V ) for any i ∈ I22.

Evidently, ϕi([L,L],L) = 0 for any i ∈ I11 and αi ∈ P−(A,V ) for any i ∈ I22.
All these four types of components are cocycles in Z2(L⊗A,M⊗V ).

Therefore, the space of cocycles whose cohomology classes lie in (H2
L)′′ is

as follows:

LZ02 ' S2(L,ML)L⊗HC1(A,V )+S2(L,M)⊗C2(A,V )

+S2(L,M)L⊗P−(A,V )+Poor+(L,M)⊗C2(A,V ).

(the four summands here correspond to the components indexed by I12, I21, I22
and I11 respectively; note that, in this case, we may let Ψ = 0 again).

Rewriting this as a direct sum, we get:

S2(L,ML)L⊗HC1(A,V ) ⊕ S2(L,M)⊗ C2(A,V )
P−(A,V )

⊕ S2(L,M)L

S2(L,ML)L ⊗P−(A,V ) ⊕ Poor+(L,M)⊗ C2(A,V )
HC1(A,V )+C2(A,V )

.

And finally, one may show in the same fashion as previously, that all these
cocycles are cohomologically independent, and the assertion of the Proposition
follows.

Summarizing Propositions 3.1 and 3.8, we obtain:

H2(L⊗A;L,M⊗V )' (H2
L)′⊕ (H2

L)′′

where

(H2
L)′ 'B(L,M)⊗ Har2(A,V )

P+(A,V )

⊕
C2(L,M)L⊗P+(A,V )

⊕
X(L,M)⊗ A(A,V )

P+(A,V )⊕
Poor−(L,M)⊗ S2(A,V )

Hom(A,V )+D(A,V )+Har2(A,V )+A(A,V )
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and (H2
L)′′ is described by Proposition 3.8.

We conclude this section with enumeration (for the case of generic L) of all
possible cocycles of rank 1, i.e. those which can be written in the form

ϕ⊗α ∈ Hom(L⊗2,M)⊗Hom(A⊗2,V ).

In view of (3.3), Propositions 3.1 and 3.8, it suffices to consider cocycles
of rank 1 whose cohomology classes lie in (H2)′′ and which are independent
modulo (H2

L)′′. Let us denote this space of cocycles by Z′′.

Proposition 3.9. Each element of Z′′ is cohomologic to the sum of cocycles of
the following two types:

(i) x⊗a∧ y⊗b 7→ ϕ(x,y)⊗ (a•β (b)−b•β (a)), where ϕ ∈ Sym2(L,M) is
such that ϕ([L,L],L) = 0, and β ∈ Hom(A,V );

(ii) as in (i) with ϕ ∈ S2(L,M), where 2ϕ([x,y],z) = x•ϕ(y,z)− y•ϕ(x,z),
and β ∈ Der(A,V ).

Proof. Mainly repetition of arguments of Proposition 3.1, Lemma 3.2, Lemma
3.3, Proposition 3.5, Propositiion 3.8.

Therefore, there are, in general, 13 types of cohomologically independent
cocycles of rank 1 (7 coming from Proposition 3.1 + 4 coming from Proposi-
tion 3.8 + 2 coming from Proposition 3.9). Of course, in particular cases some
of these cocycles may vanish.

We see that, for H2(L⊗A;L,M⊗V ) and for H2(L⊗A,M⊗V ), L abelian,
it is possible (in both cases) to choose a basis consisting of rank 1 cocycles. In
general this is, however, not true. The case of H2(W1(n)⊗A,W1(n)⊗A), where
W1(n) is the Zassenhaus algebra of positive characteristic, treated in [Z], shows
that there are cocycles of rank 2 not cohomologic to (any sum of) cocycles of
rank 1.

4 A sketch of a spectral sequence
The computations performed in preceding sections can be described (and gen-
eralized) in terms of a certain spectral sequence. Let us indicate briefly the
main idea (hopefully, the full treatment with further applications will appear
elsewhere).

One has a Cauchy formula

∧n(L⊗A)'
⊕
λ`n

Yλ (L)⊗Yλ∼(A),

where Yλ is the Schur functor associated with the Young diagram λ , and λ∼

is the Young diagram obtained from λ by interchanging its rows and columns
(see, e.g., [F, p. 121]).
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Applying the functor Hom( · ,M⊗V ) ' Hom( · ,M)⊗Hom( · ,V ) to both
sides of this isomorphism one gets a decomposition of the underlying modules
in the Chevalley–Eilenberg complex:

Cn(L⊗A,M⊗V )' ∑
λ`n

Cλ (L,M)⊗Cλ∼(A,V ), (4.1)

where Cλ (U,W ) = Hom(Yλ (U),W ). The two extreme terms here are
Cn(L,M)⊗Sn(A,V ) and Sn(L,M)⊗Cn(A,V ).

So each differential d : Cn(L⊗ A,M ⊗V ) → Cn+1(L⊗ A,M ⊗V ) in the
Chevalley-Eilenberg complex decomposes according to (4.1) into components

dλ ′

λ
: Cλ ′(L,M)⊗Cλ ′∼(A,V )→Cλ (L,M)⊗Cλ∼(A,V )

for each pair λ ′ ` n and λ ` (n+1). Therefore the following graph of all Young
diagrams

� -

�

� �
-

-

��

�

�

�

-

? �
-

�

-

-

. . . . . . . . . . . . . . .

may be interpreted in the following way: each Young diagram λ of size n des-
ignates a module Cλ (L,M)⊗Cλ∼(A,V ) and the arrow from λ ′ to λ represents
dλ ′

λ
.
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One can prove that nonzero arrows dλ ′

λ
are exactly the following: all arrows

going “from right to left” and those going “from left to right” for which either
λ ′ is a column of height n and λ is a diagram of size n+1 and of the following
shape:

n−1

 . . .

or λ ′ is included in λ .
Using this, we can define a decreasing nonnegative filtration FkC? on the

complex (C?(L⊗A,M⊗V ),d) as the sum of all terms Cλ (L,M)⊗Cλ∼(A,V )
with λ belonging to a “closure” under nonzero arrows of a single column of
height k +1.

Now we may consider a (first quadrant) spectral sequence {E??
r ,dr} associ-

ated with this filtration. Since the filtration is finite in each degree, the spectral
sequence converges to the desired cohomology group H?(L⊗A,M⊗V ).

Then E20
∞ = 0 and (H2)′ and (H2)′′ from §3 are just E11

∞ and E02
∞ , respec-

tively.

5 Structure functions
In this section we show how the result from §3 may be applied to the geometric
problem of calculation of structure functions on manifolds of loops with values
in compact Hermitian symmetric spaces.

Recall that the base field in this section is C, what is stipulated by a geomet-
ric nature of the question considered. However, all algebraic considerations
remain true over any field of characteristic 0.

Let us briefly recall the necessary notions and results. Let M be a complex
manifold endowed with a G-structure (so G is a complex Lie group). Struc-
ture functions are sections of certain vector bundles over M. Their importance
stems from the fact that they constitute the complete set of obstructions to in-
tegrability (= possibility of local flattening) of a given G-structure. In the case
G = O(n) structure functions are known under the, perhaps, more common
name Riemann tensors (and constitute one of the main objects of study in the
Riemannian geometry).

A remarkable fact is that structure functions admit a purely algebraic de-
scription. Starting with g−1 = Tm(M), the tangent space at a point m ∈ M,
and g0 = Lie(G), one may construct, via apparatus of Cartan prolongations, a
graded Lie algebra g =

⊕
i≥−1

gi. Namely, for i > 0, we have:

gi = {X ∈Hom(g−1,gi−1) |(X(v))(w) = (X(w))(v) for all v,w∈ g−1}. (5.1)
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For any such graded Lie algebra, one may define the Spencer cohomology
groups H pq

g0 (g−1). Then the space of structure functions of order k, i.e. obstruc-
tions to identification of the kth infinitesimal neighborhood of a point m ∈M
with that of a point of the manifold with a flat G-structure, is isomorphic to
the group Hk2

g0
(g−1). Note that since H2(g−1,g) =

⊕
k≥1

Hk2
g0

(g−1), to compute

structure functions for a given G-structure on a manifold, one merely needs
to evaluate the usual Chevalley-Eilenberg cohomology group H2(g−1,g) of an
abelian Lie algebra g−1 with coefficients in the whole g and to identify struc-
ture functions of order k with the graded component

{ϕ ∈ H2(g−1,g) | Imϕ ⊆ gk−2}, where k ≥ 1.

We refer for the classical text [St, Chapter VII] for details.
One of the nice examples of manifolds endowed with a G-structure are (ir-

reducible) compact Hermitian symmetric spaces (CHSS). There are two natu-
rally distinguishable cases: rankM = 1 and rankM > 1.

If rank M = 1, then X = CPn, a complex projective space. In this case g turns
out to be a general (infinite-dimensional) Lie algebra of Cartan type W (n) with
a standard grading of depth 1; we recall that W (n) can be defined as a Lie
algebra of derivations of the polynomial ring in n indeterminates, and consists
of differential operators of the form

∑ fi(x1, . . . ,xn)
∂

∂xi
, where fi(x1, . . . ,xn) ∈ C[x1, . . . ,xn].

The result of Serre on cohomology of involutive Lie algebras of vector fields
(see [GuSt] for the original Serre’s letter and [LPS], Theorem 1 or [P], p. 9
for a more explicit formulation) implies that structure functions in this case
vanish. We will refer for this case as a rank one case.

If rank M > 1, g turns out to be a classical simple Lie algebra with a grading
of depth 1 and length 1: g = g−1⊕g0⊕g1. In particular, Cartan prolongations
of order > 1 vanish, so we might only have structure functions of orders 1, 2
and 3 only (see [G1], Proposition 4 or [G2], Proposition 4.2). Corresponding
structure functions were determined by Goncharov ([G1], Theorem 1 or [G2],
Theorem 4.5). We will refer for this case as a general case.

Remark. In the sequel we will need the following well-known fact: for any
rank,

{x ∈ gi | [x,g−1] = 0}= 0, i = 0,1 (5.2)

(this condition sometimes is referred as transitivity of the corresponding
graded Lie algebra; see, e.g., [D] and references therein). In particular, g−1 is
a faithful g0-module.

During the last decade, there was a big amount of activity by Grozman,
Leites, Poletaeva, Serganova and Shchepochkina in determining structure
functions of various classes of (super)manifolds and G-structures on them
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(see, e.g., [GLS], [LPS] and [P] with a transitive closure of references
therein).

Here we describe structure functions of manifolds MS1
of loops with values

in a (finite-dimensional) CHSS M. The group G here is formally no longer a
Lie group, but its infinite-dimensional analogue, the group of loops, and the
corresponding Lie algebra is a loop Lie algebra g⊗C[t, t−1] with a grading
inherited from g:

g⊗C[t, t−1] =
⊕
i≥−1

gi⊗C[t, t−1].

The last statement follows from the next simple but handy observation:

Proposition 5.1. Let
⊕

i≥−1
gi be the Cartan prolongation of a pair (g−1,g0),

where g−1,g0 are finite-dimensional. Then
⊕

i≥−1
(gi⊗A) is the Cartan prolon-

gation of the pair (g−1⊗A,g0⊗A).

Proof. Induction on i. As all gi are finite-dimensional, in the inductive defi-
nition (5.1) of Cartan prolongation, any element X ∈ Hom(g−1⊗A,gi−1⊗A)
may be expressed in the form ∑

i∈I
ϕi ⊗αi, where ϕi ∈ Hom(g−1,gi−1), αi ∈

End(A). The rest goes as in the proof of Theorem 2.1.

Thus, we shall obtain, so to speak, a “loopization” of Serre’s and Gon-
charov’s results.

In November 1993, Dimitry Leites showed to author a handwritten note by
Elena Poletaeva containing computations of structure functions of manifolds
of loops corresponding to the following two cases: the (rank one) case g =
W (1) and the (general) case g = sl(4) with graded components g−1 = V ⊗V ?,
g0 = sl(2)⊕gl(2), g1 = V ?⊗V , where V is the identity 2-dimensional gl(2)-
module. Unfortunately, this note has never been published and seems to be lost,
and more than 10 years later nobody from the involved parties cannot recollect
the details. Though formally the main results of this section are generaliza-
tions of those Poletaeva’s forgotten results, it should be noted that Poletaeva
considered already the typical representatives in both – rank one and general
– cases and observed all the main components and phenomena occurring in
cohomology under consideration.

Definitions. (i) The structure functions (identified with elements of the second
cohomology group) generated by cocycles of the form

(x⊗a)∧ (y⊗b) 7→ ϕ(x,y)⊗abu, x,y ∈ g−1, a,b ∈ C[t, t−1],

where ϕ is a structure function of CHSS and u ∈ C[t, t−1], will be called in-
duced.

(ii) The structure functions generated by cocycles of the form

(x⊗a)∧ (y⊗b) 7→ ϕ(x,y)⊗α(a,b), x,y ∈ g−1, a,b ∈ C[t, t−1],
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where ϕ ∈C2(g−1,g−1) and α ∈ S2(C[t, t−1],C[t, t−1]), will be called almost
induced.

(iii) Define a symmetric analogue of H1,2
g0 (g−1), denoted as SH1,2

g0 (g−1), to
be the quotient space

S2(g−1,g−1)
{ϕ ∈ S2(g−1,g−1) |ϕ(x,y) = [x,ψ(y)]+ [y,ψ(x)] for some ψ ∈ Hom(g−1,g0)}

.

Clearly, induced and almost induced structure functions arise,
respectively, from the direct summands H2(g−1,g) ⊗ C[t, t−1]
and H(g−1,g) ⊗ S2(C[t, t−1],C[t, t−1]) of the cohomology
H2(g−1 ⊗ C[t, t−1],g ⊗ C[t, t−1]) (see Remark after Theorem 3.7
and compare with the paragraph after the proof of Proposition 2.2 in [Z]).

Theorem 5.2. For the manifold MS1
of loops with values in a CHSS M, the

following hold: (i) Structure functions can be only of order 1, 2 or 3.
(ii) The space of structure functions of order 1 modulo almost induced struc-

ture functions is isomorphic to

B1,2
g0

(g−1)⊗
S2(C[t, t−1],C[t, t−1])
(C1⊕C d

dt )⊗C[t, t−1]
⊕ S2(g−1,g−1)⊗

C2(C[t, t−1],C[t, t−1])
End (C[t, t−1])

⊕ SH1,2
g0

(g−1)⊗
End(C[t, t−1])

C[t, t−1]
.

(iii) If rank M = 1, the third direct summand in the last expression vanish.
If rank M = 1, almost induced structure functions of order 1 and all structure

functions of order 2 and 3 vanish.
If rank M > 1, all structure functions of order 2 and 3 are induced.

Remarks. (i) B1,2
g0 (g−1) is the space of corresponding Spencer coboundaries,

i.e., the space of maps ϕ ∈C2(g−1,g−1) of the form

ϕ(x,y) = [x,ψ(y)]− [y,ψ(x)] for some ψ ∈ Hom(g−1,g0).

(ii) Theorem 3.7 suggests the way in which denominator is embedded into
numerator in the three quotient spaces involving C[t, t−1] in (ii). In the first
quotient space, the element (λ1+µ

d
dt )t

n ∈ (C1⊕C d
dt )⊗C[t, t−1] corresponds

to the map α ∈ S2(C[t, t−1],C[t, t−1]) defined by

α(t i, t j) = λ t i+ j+n + µ(i+ j)t i+ j+n−1.

In the second one, the map β (t i) = ∑
n

λintn ∈ End(C[t, t−1]) corresponds to the

map α ∈C2(C[t, t−1],C[t, t−1]) defined by

α(t i, t j) = ∑
n

(λ j,n−i−λi,n− j)tn.
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In the third one, the element tn ∈ C[t, t−1] corresponds to the map
β ∈ End(C[t, t−1]) which is multiplication by tn:

β (t i) = t i+n.

Proof. Our task is to compute H2(g−1⊗C[t, t−1],g⊗C[t, t−1]) for an appro-
priate g. It turns out that the concrete structure of the Laurent polynomial ring
C[t, t−1] is not important in our approach, and for notational convenience we
replace it by an arbitrary (associative commutative unital) algebra A.

Substitute our specific data into the equation of Theorem 3.7:

H2(g−1⊗A,g⊗A)' H2(g−1,g)⊗A ⊕ H(g−1,g)⊗Der(A)

⊕ C2(g−1,g
g−1)⊗ S2(A,A)

A⊕Der(A)
(5.3)

⊕ S2(g−1,g
g−1)⊗ C2(A,A)

{aβ (b)−bβ (a) |β ∈ End(A)}
⊕ SH2(g−1,g)⊗{aβ (b)−bβ (a) |β ∈ End(A)}.

The next technical lemma determines components appearing in this isomor-
phism.

Lemma 5.3.
(i) gg−1 = g−1
(ii) H(g−1,g) = H1,2

g0 (g−1)
(iii) SH2(g−1,g) = SH1,2

g0 (g−1).

Proof. (i) Evident in view of (5.2).
(ii) Follows from definitions of appropriate spaces, (5.2) and part (i).
(iii) Any grading of g induces a grading of SH2(g−1,g):

SH2(g−1,g) =
⊕
i≥−1

SH2
i (g−1,g),

where

SH2
i (g−1,g) = (Sym2(g−1,gi)+SB2(g−1,gi))/SB2(g−1,gi),

Sym2(g−1,gi) = {ϕ ∈ S2(g−1,gi) | [x,ϕ(y,z)] = [y,ϕ(x,z)] for all x,y,z ∈ g−1},
SB2(g−1,gi) = {ϕ ∈ S2(g−1,gi) |ϕ(x,y) = [x,ψ(y)]+ [y,ψ(x)]

for some ψ ∈ Hom(g−1,gi+1)}.

We immediately see that Sym2(g−1,g−1) = S2(g−1,g−1), and ϕ(·,y)
belongs to the (i + 1)st Cartan prolongation of the pair (g−1,g0) for each
ϕ ∈ Sym2(g−1,gi), where i ≥ 0, and y ∈ g−1. Hence, each ϕ ∈ Sym2(g−1,gi)
can be written in the form

ϕ(x,y) = [x,F(ϕ,y)], for all x,y ∈ g−1, (5.4)
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for a certain bilinear map F : Sym2(g−1,gi)×g−1→ gi+1.
But the symmetry of ϕ implies that F(ϕ, ·)∈Hom(g−1,gi+1) belongs to the

(i+2)nd Cartan prolongation of (g−1,g0). Hence

F(ϕ,y) = [y,G(F,ϕ)], for all ϕ ∈ Sym2(g−1,gi),y ∈ g−1, (5.5)

for a certain bilinear map G : Hom(Sym2(g−1,gi)×g−1,gi+1)×g−1→ gi+2.
Combining (5.4) and (5.5) together, one gets ϕ(x,y) = [x, [y,H(ϕ,y)]] for a

certain bilinear map H : Sym2(g−1,gi)×g−1→ gi+2. Applying again symme-
try of ϕ , we see that H is constant in the second argument, and hence each
element ϕ ∈ Sym2(g−1,gi) can be written in the form ϕ(x,y) = [x, [y,h]] for an
appropriate h = H(ϕ, ·) ∈ gi+2.

But then ϕ(x,y) = [x,ψ(y)]+[y,ψ(x)] for ψ =−ad(h)
2 , and SH2

i (g−1,g) = 0
for i≥ 0.

Therefore, SH2(g−1,g) does not vanish only in the (−1)st graded compo-
nent, and the desired equality follows.

Continuation of the proof of Theorem 5.2. Substituting the results of Lemma
5.3 into (5.3), decomposing the Chevalley-Eilenberg cohomology H2(g−1,g)
into the direct sum of corresponding Spencer cohomologies, and rearranging
the summands as indicated in Remark after Theorem 3.7, we obtain:

H2(g−1⊗A,g⊗A)' H1,2
g0

(g−1)⊗S2(A,A)

⊕ (
⊕
k>1

Hk2
g0

(g−1))⊗A

⊕ B1,2
g0

(g−1)⊗
S2(A,A)

A⊕Der(A)

⊕ S2(g−1,g−1)⊗
C2(A,A)

{aβ (b)−bβ (a) |β ∈ End(A)}
⊕ SH1,2

g0
(g−1)⊗{aβ (b)−bβ (a) |β ∈ End(A)}.

The first tensor product here consists of almost induced structure functions of
order 1 and the second one consists of induced structure functions of order
> 1. This implies (ii).

As was noted earlier, in the rank one case the first and second tensor product
vanish (this follows from Serre’s theorem); this implies (iv). In the general
case, the second tensor product reduces to structure functions of order 2 and
3, i.e., to (H2,2

g0 (g−1)⊕H3,2
g0 (g−1))⊗A. This proves (i) and (v) (well, after the

final substitution A = C[t, t−1]).
Part (iii) follows from

Lemma 5.4. For g = W (n) with the standard grading, SH1,2
g0 (g−1) = 0.

Proof. Denoting g−1 as V , we have g0 = gl(V ), and the statement reduces to
the following: for any ϕ ∈ S2(V,V ), there is a ψ ∈ Hom(V,gl(V )) such that

ϕ(x,y) = ψ(x)(y)+ψ(y)(x).
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But this is obvious: take ψ(x)(y) = 1
2 ϕ(x,y).

Remark. In fact, this trivial reasoning shows that any linear map
V ×V →V , not necessarily symmetric one, may be represented in the form
ϕ(x,y) = ψ(x)(y)+ψ(y)(x) for a certain ψ ∈ Hom(V,gl(V )). In particular, it
shows that the second Spencer cohomology H1,2

g0 (g−1) vanishes for g = W (n),
which is a particular case of Serre’s theorem.

This completes the proof of the Theorem 5.2.

Theorem 5.2 tells how to describe structure functions of manifolds of loops
with values in CHSS in terms of structure functions of underlying CHSS
(Spencer cohomology groups), and the space SH1,2

g0 (g−1), which is a sort of a
symmetric analogue of the Spencer cohomology group.

The thorough treatment of the latter symmetric analogue, including its cal-
culation for various g’s, as well as related construction of a symmetric analogue
of Cartan prolongation and some questions pertained to Jordan algebras and
Leibniz cohomology, will, hopefully, appear elsewhere. Here we only briefly
outline how SH1,2

g0 (g−1) can be determined in the general case (i.e., for any
finite-dimensional simple Lie algebra g) in terms of the corresponding root
system.

All gradings of length 1 and depth 1 of any finite-dimensional simple Lie
algebra may be obtained in the following way (see, e.g., [D]). Let R be a root
system of g corresponding to a Cartan subalgebra h, B a basis of R, {hβ ,eα |β ∈
B,α ∈ R} a Chevalley basis of g. Let Nα,α ′ be structure constants in this basis:
[eα ,eα ′ ] = Nα,α ′eα+α ′ if α + α ′ ∈ R. Fix a root β ∈ B such that β enters in
decomposition of each root only with coefficients −1,0,1 (the existence of
such root implies that R is not of type G2, F4 or E8). Denote by Ri, where
i =−1,0,1, the set of roots in which β enters with coefficient i. Then

g−1 =
⊕

α∈R−1

Ceα , g0 = h⊕
⊕

α∈R0

Ceα , g1 =
⊕

α∈R1

Ceα .

Now, consider the map

T : Hom(g−1,g0)→ S2(g−1,g−1)
ψ(x) 7→ (T ψ)(x,y) = [x,ψ(y)]+ [y,ψ(x)].

The question of determining SH1,2
g0 (g−1) evidently reduces to evaluation of

Ker T .
Writing

ψ(er) = ∑
α∈B

λ
r
αhα + ∑

α∈R0

µ
r
αeα

for r ∈ R−1 and parameters λ r
α ,µr

α ∈ C, we see that the equation

[x,ψ(y)]+ [y,ψ(x)] = 0
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is equivalent to the following three conditions:

∑
α∈B

λ
s
αr(hα) = µ

r
r−sNs,r−s for all r,s ∈ R−1 such that r− s ∈ R0 ;

∑
α∈B

λ
s
αr(hα) = 0 for all r,s ∈ R−1 such that r− s /∈ R ;

µ
r
αNs,α = 0 for all r,s ∈ R−1,α ∈ R0 such that r− s 6= α

which serve as (linear) defining relations for the space Ker T and may be com-
puted in each particular case.
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4. Invariants of Lie algebras extended
over commutative algebras without
unit

to be published in J. Nonlin. Math. Phys.

We establish results about the second cohomology with coefficients in the trivial module,

symmetric invariant bilinear forms, and derivations of a Lie algebra extended over a commu-

tative associative algebra without unit. These results provide a simple unified approach to a

number of questions treated earlier in completely separated ways: periodization of semisimple

Lie algebras (Anna Larsson), derivation algebras, with prescribed semisimple part, of nilpotent

Lie algebras (Benoist), and presentations of affine Kac-Moody algebras.

Introduction
In this paper we consider current Lie algebras, i.e., Lie algebras of the form
L⊗A, where L is a Lie algebra, A is a commutative associative algebra, and
the multiplication in L⊗A being defined by the formula

[x⊗a,y⊗b] = [x,y]⊗ab

for any x,y ∈ L, a,b ∈ A.
We are interested in the second cohomology of L⊗ A with trivial coeffi-

cients, the space of symmetric invariant bilinear forms on L⊗A, and the alge-
bras of derivations of L⊗A. These invariants were determined for numerous
particular cases of current Lie algebras (see, for example, [S]), the general for-
mulae for the second homology with trivial coefficients in terms of invariants
of L and A were obtained in [Ha], [Z1] and [NW], and the similar formulae for
the space of symmetric invariant bilinear forms and derivation algebras were
obtained in [Z1] and [Z2], respectively.

So why return to these settled questions? In all considerations until now, the
algebra A was supposed to have a unit. However, there are many interesting
examples of current algebras were A is not unital. For example, in [La], the
so-called periodization of semisimple Lie algebras g was considered, which is
nothing but g⊗ tC[t]. It is known that the second homology of any nilpotent
Lie algebra with trivial coefficients has interpretation in terms of presentation
of the algebra, so allowing A to be nilpotent allows us to obtain presentation of
L⊗A irrespective of the properties of L.



It turns out that elementary arguments similar to those in [Z2] allow us to
extend the above mentioned results to the case of non-unital A. In particular,
concerning the second cohomology and symmetric invariant bilinear forms,
we provide another proof, considerably shorter than all the previous ones even
in the case of unital A.

The contents of this paper are as follows. In §§1–3 we establish the gen-
eral formulae for 2-cocycles, symmetric invariant bilinear forms, and get par-
tial results about derivations of the current Lie algebras, respectively. This is
followed by applications: in §4 we reprove the result from [La] about presen-
tations of periodizations of the semisimple Lie algebras. In passing, we also
mention how to derive from our results the theorem from [Be] about semisim-
ple components of the derivation algebras of certain current Lie algebras, and
the Serre defining relations between Chevalley generators of the non-twisted
affine Kac-Moody algebra.

In all these cases, the absence of unit in A is essential. All these proofs are
significantly shorter than the original ones, and reveal various almost trivial,
but so far unnoticed or unpublished, links between different concepts and re-
sults. These links are, perhaps, the main virtue of this paper.

It seems that everything considered here can be extended in a straightfor-
ward way to twisted, Leibniz and super settings, but we will not venture into
this, at least for now.

Notation and conventions
All algebras and vector spaces are defined over the base field K of characteris-
tic different from 2 and 3 unless stated otherwise (some of the results are valid
in characteristic 3, but we will not go into this).

In what follows, L denotes a Lie algebra, A is an associative commutative
algebra.

Given an L-module M, let Bn(L,M), Zn(L,M), Cn(L,M) and Hn(L,M) de-
note the space of nth degree coboundaries, cocycles, cochains, and cohomol-
ogy of L with coefficients in M respectively (we will be mainly interested in the
particular cases of degree 2 and the trivial module K, or degree 1 and the ad-
joint module or its dual). Note that C2(L,K) is the space of all skew-symmetric
bilinear forms on L. The space of all symmetric bilinear forms on L will be de-
noted as S2(L,K).

Let Z (L), [L,L] and Der(L) denote the center, the commutant (the derived
algebra), and the Lie algebra of derivations of L, respectively. Similarly, let
Ann(A) = {a ∈ A |Aa = 0} and AA denote the annulator and the square of A,
respectively, and let HC∗(A) denotes its cyclic cohomology.

A bilinear form ϕ : L×L→ K is said to be cyclic if

ϕ([x,y],z) = ϕ([z,x],y)
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for any x,y,z ∈ L. Note that if ϕ is symmetric, this condition is equivalent to
the invariance of the form ϕ:

ϕ([x,y],z)+ϕ(y, [x,z]) = 0,

while if ϕ is skew-symmetric, the notions of cyclic and invariant forms differ.
Let B(L) denote the space of all symmetric bilinear invariant (=cyclic)

forms on L. Similarly, a bilinear form α : A×A→ K is said to be cyclic if

α(ab,c) = α(ca,b)

for any a,b,c ∈ A. If the form α is symmetric, it is cyclic if and only if it is
invariant on A.

1 The second cohomology
Theorem 1.1. Let L be a Lie algebra, A an associative commutative alge-
bra, and at least one of L and A be finite-dimensional. Then each cocycle in
Z2(L⊗A,K) can be represented as the sum of decomposable cocycles ϕ⊗α ,
where ϕ : L×L→ K and α : A×A→ K are of one of the following 8 types:

(i) ϕ([x,y],z)+ϕ([z,x],y)+ϕ([y,z],x) = 0 and α is cyclic,
(ii) ϕ is cyclic and α(ab,c)+α(ca,b)+α(bc,a) = 0,
(iii) ϕ([L,L],L) = 0,
(iv) α(AA,A) = 0,

where each of these 4 types splits into two subtypes: with ϕ skew-symmetric
and α symmetric, and with ϕ symmetric and α skew-symmetric.

Proof. Each cocycle Φ ∈ Z2(L⊗A,K), being an element of

End(L⊗A⊗L⊗A,K)' End(L⊗L,K)⊗End(A⊗A,K),

can be expressed in the form Φ = ∑
i∈I

ϕi ⊗ αi, where ϕi : L× L → K and

αi : A×A→ K are bilinear maps. Using this representation, write the cocycle
equation for an arbitrary triple x ⊗ a, y⊗ b, z⊗ c, where x,y,z ∈ L and
a,b,c ∈ A:

∑
i∈I

(ϕi([x,y],z)⊗αi(ab,c)+ϕi([z,x],y)⊗αi(ca,b)+ϕi([y,z],x)⊗αi(bc,a)) = 0.

(4.1)
Symmetrizing this equality with respect to x,y, we get:

∑
i∈I

(
ϕi([x,z],y)+ϕi([y,z],x)

)
⊗
(

αi(bc,a)−αi(ca,b)
)

= 0.

On the other hand, cyclically permuting x,y,z in (4.1) and summing up the 3
equalities obtained, we get:

∑
i∈I

(
ϕi([x,y],z)+ϕi([z,x],y)+ϕi([y,z],x)

)
⊗
(

αi(ab,c)+αi(bc,a)+αi(ca,b)
)

= 0.
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Applying Lemma 1.1 from [Z2] to the last two equalities, we get a partition of
the index set I = I1∪ I2∪ I3∪ I4 such that

ϕi([x,z],y)+ϕi([y,z],x) = 0, ϕi([x,y],z)+ϕi([z,x],y)+ϕi([y,z],x) = 0

for i ∈ I1

ϕi([x,z],y)+ϕi([y,z],x) = 0, αi(ab,c)+αi(bc,a)+αi(ca,b) = 0

for i ∈ I2

ϕi([x,y],z)+ϕi([z,x],y)+ϕi([y,z],x) = 0, αi(bc,a)−αi(ca,b) = 0

for i ∈ I3

αi(bc,a)−αi(ca,b) = 0, αi(ab,c)+αi(bc,a)+αi(ca,b) = 0

for i ∈ I4.

It is obvious that if the characteristic of K is different from 3, then
ϕi([L,L],L) = 0 for i ∈ I1, and αi(AA,A) = 0 for i ∈ I4. It is obvious also that
ϕi⊗αi satisfies the cocycle equation (4.1) for each i ∈ I1, I2, I3, I4.

Now write the condition of skew-symmetry of Φ:

∑
i∈I

ϕi(x,y)⊗αi(a,b)+ϕi(y,x)⊗αi(b,a) = 0 (4.2)

and symmetrize it with respect to x,y:

∑
i∈I

(ϕi(x,y)−ϕi(y,x))⊗ (αi(a,b)−αi(b,a)) = 0

∑
i∈I

(ϕi(x,y)+ϕi(y,x))⊗ (αi(a,b)+αi(b,a)) = 0.

From the last two equalities, using again Lemma 1.1 from [Z2], we see that
each set I1, I2, I3, I4 can be split further into two subsets, one having skew-
symmetric ϕi and symmetric αi, and the other one having symmetric ϕi and
skew-symmetric αi.

Remark. As all our bilinear maps are K-valued, the cocycles of the form ϕ⊗α

are, of course, just products of bilinear maps ϕα . However, we have retained
the symbol ⊗, to make it easier to track dependence on the more general situ-
ation of [Z2].

Remark. The second subdivision in the statement of Theorem 1.1, which fol-
lows from equality (4.2), is merely a manifestation of the vector space isomor-
phism

C2(L⊗A,K)'
(
S2(L,K)⊗C2(A,K)

)
⊕
(
C2(L,K)⊗S2(A,K)

)
.

Let dΩ be the 2-coboundary defined by a given linear map Ω : L⊗A→K. The
latter can be written in the form Ω = ∑

i∈I
ωi⊗βi for some linear maps ωi : L→K
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and βi : A→ K. Then

dΩ(x⊗a,y⊗b) = ∑
i∈I

ωi([x,y])⊗βi(ab),

i.e., coboundaries always lie in the direct summand C2(L,K)⊗ S2(A,K).
Consequently, nonzero cocycles from different direct summands can never
be cohomologically dependent, and the cocycles from the direct summand
S2(L,K)⊗C2(A,K) are cohomologically independent if and only if they are
linearly independent.

One may try to formulate Theorem 1.1 as a statement about H2(L⊗A,K),
but in full generality this will lead only to cumbersome complications. In each
case of interest, one can easily obtain an information about the cohomology.
For example, assuming A contains a unit, one immediately gets that cocycles
of type (i) necessarily have ϕ skew-symmetric and α symmetric, cocycles of
type (ii) necessarily have ϕ symmetric and α skew-symmetric, and cocycles
of type (iv) vanish. This leads to a known formula for H2(L⊗A,K), where the
cocycles of type (i) contribute to the term H2(L,K)⊗A∗, the cocycles of type
(ii) contribute to the term B(L)⊗HC1(A), and the cocycles of type (iii) are
non-essential (in terminology of [Z1]).

Another, more concrete, application is given in §4.

2 Symmetric invariant bilinear forms
Theorem 2.1. Let L be a Lie algebra, A an associative commutative algebra,
and at least one of L and A be finite-dimensional. Then each symmetric invari-
ant bilinear form on L⊗A can be represented as a sum of decomposable forms
ϕ⊗α , ϕ : L×L→ K, α : A×A→ K of one of the 6 following types:

(i) both ϕ and α are cyclic,
(ii) ϕ([L,L],L) = 0,
(iii) α(AA,A) = 0,

where each of these 3 types splits into two subtypes: with both ϕ and α sym-
metric, and with both ϕ and α skew-symmetric.

Proof. The proof is absolutely similar to that of Theorem 1.1. As in the proof
of Theorem 1.1, we may write a symmetric invariant bilinear form Φ on L⊗A
as ∑

i∈I
ϕi⊗αi for suitable bilinear maps ϕi : L×L→ K and αi : A×A→ K. The

invariance condition, written for a given triple x⊗a, y⊗b, z⊗ c, reads:

∑
i∈I

ϕi([x,y],z)⊗αi(ab,c)+ϕi([x,z],y)⊗αi(ca,b) = 0. (4.3)

Symmetrizing this with respect to x,y, we get:

∑
i∈I

(
ϕi([x,z],y)+ϕi([y,z],x)

)
⊗αi(ca,b) = 0.
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Hence the index set can be partitioned I = I1∪ I2 in such a way that

ϕi([x,z],y)+ϕi([y,z],x) = 0

for any i ∈ I1, and αi(AA,A) = 0 for any i ∈ I2. Then (4.3) can be rewritten as

∑
i∈I1

ϕi([x,y],z)⊗
(

αi(ab,c)−αi(ca,b)
)

= 0.

Hence there is a partition I1 = I11∪ I12 such that ϕi([L,L],L) = 0 for any i∈ I11,
and αi(ab,c) = αi(ac,b) for any i ∈ I12.

The condition of symmetry of Φ:

∑
i∈I

ϕi(x,y)⊗αi(a,b)−ϕi(y,x)⊗αi(b,a) = 0,

being symmetrized with respect to x,y, allows us to partition further each of
the sets I11, I12, I2 into two subsets, one having both ϕi and αi symmetric, and
the other one having both ϕi and αi skew-symmetric.

This generalizes [Z1, Theorem 4.1], where a similar statement is proved for
unital A.

3 Derivations
Naturally, one may try to apply the same approach to description of the deriva-
tions of a given current algebra L⊗A (for unital A, see [Z2, Corollary 2.2]).
Indeed, each derivation D of L⊗A, being an element of

End(L⊗A,L⊗A)' End(L,L)⊗End(A,A),

can be expressed in the form D = ∑
i∈I

ϕi⊗αi, where ϕi : L→ L and αi : A→ A

are bilinear maps. The condition that D is a derivation, written for an arbitrary
pair x⊗a and y⊗b, where x,y ∈ L and a,b ∈ A, reads:

∑
i∈I

ϕi([x,y])⊗αi(ab)− [ϕi(x),y]⊗αi(a)b− [x,ϕi(y)]⊗aαi(b) = 0.

Symmetrizing this equality with respect to a, b (this is equivalent to sym-
metrization with respect to x, y):

∑
i∈I

(
[ϕi(x),y]− [x,ϕi(y)]

)
⊗
(

aαi(b)−bαi(a)
)

= 0,

we get a partition of the index set I into two subsets satisfying, respectively,
conditions [ϕi(x),y] = [x,ϕi(y)] and aαi(b) = bαi(a). But as there are only two
variables in each of L and A, no other symmetrization is possible, so the last
equality is all what we can get in this way.
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The failure of this method can be also explained by looking at the simple
example of the Lie algebra sl(2)⊗ tK[t]. In sl(2), fix a basis {e−,h,e+} with
multiplication

[h,e−] =−e−, [h,e+] = e+, [e−,e+] = h. (4.4)

It is easy to check that the map defined, for any n ∈ N, by the formula

e−⊗ tn 7→ e−⊗ (ntn− tn+1)

e+⊗ tn 7→ e+⊗ (ntn + tn+1)
h⊗ tn 7→ h ⊗ntn

is a derivation of sl(2)⊗tK[t]. It is obvious that this map is not a decomposable
one, i.e., of the form ϕ⊗α for some ϕ : sl(2)→ sl(2) and α : tK[t]→ tK[t]. But
for this approach to succeed, all the maps in question should be representable
by the end of the day in such a way.

However, under additional assumption on L⊗A, we can derive information
about Der(L⊗A) from the results of the preceding sections, using the relation-
ship between H1(L,L∗), H2(L,K), and B(L). In the literature, this relationship
was noted many times in a slightly different form, and goes back to the clas-
sical works of Koszul and Hochschild–Serre [HS]. Namely, there is an exact
sequence

0→ H2(L,K) u→ H1(L,L∗) v→B(L) w→ H3(L,K) (4.5)

where for the representative ϕ ∈ Z2(L,K) of a given cohomology class, we
have to take the class of u(ϕ), the latter being given by

(u(ϕ)(x))(y) = ϕ(x,y)

for any x,y ∈ L, v is sending the class of a given cocycle D ∈ Z1(L,L∗) to the
bilinear form v(D) : L×L→ K defined by the formula

v(D)(x,y) = D(x)(y)+D(y)(x),

and w is sending a given symmetric bilinear invariant form ϕ : L×L→ K to
the class of the cocycle ω ∈ Z3(L,K) defined by

ω(x,y,z) = ϕ([x,y],z)

(see, for example, [D1], where a certain long exact sequence is obtained, of
which this one is the beginning, and references therein for many earlier partic-
ular variations; this exact sequence was also established in [NW, Proposition
7.2] with two additional terms on the right).

In the case where L' L∗ as L-modules, this sequence provides a way to eval-
uate H1(L,L) given H2(L,K) and B(L). The L-module isomorphism L ' L∗
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implies the existence of a symmetric invariant non-degenerate invariant form
〈·, ·〉 on L. In terms of this form, u is sending the class of a given cocycle
ϕ ∈ Z2(L,K) to the class of the cocycle u(ϕ) ∈ Z1(L,L) defined by

〈(u(ϕ))(x),y〉= ϕ(x,y),

and v is sending the class of a given cocycle D ∈ Z1(L,L) to the bilinear form
v(D) : L×L→ K defined by the formula

v(D)(x,y) = 〈D(x),y〉+ 〈x,D(y)〉.

Turning to current Lie algebras, we will make even stronger assumption:
that L' L∗ and A' A∗. Then, utilizing the results of preceding sections about
H2(L⊗A,K) and B(L⊗A), we will derive results about Der(L⊗A).

In the literature, given H1(L,L∗), the space H2(L,K) was computed for var-
ious Lie algebras L (see, for example, [S], [D1] and references therein). Here
we utilize this connection in the other direction.

Theorem 3.1. Let L be a nonabelian Lie algebra, A an associative commutative
algebra, both L and A finite-dimensional and with symmetric invariant non-
degenerate bilinear form. Then each derivation of L⊗A can be represented as
the sum of decomposable linear maps d⊗β , where d : L→ L and β : A→ A
are of one of the following types:

(i) d([x,y]) = λ ([d(x),y]+ [x,d(y)]), β (ab) = µβ (a)b for certain λ ,µ ∈ K
such that λ µ = 1,

(ii) d([x,y]) = λ [d(x),y], β (ab) = µ(β (a)b + aβ (b)) for certain λ ,µ ∈ K
such that λ µ = 1,

(iii) [d(x),y]+ [x,d(y)] = 0, β (AA) = 0, β (a)b = aβ (b),
(iv) d([L,L]) = 0, [d(x),y]+ [x,d(y)] = 0, β (a)b = aβ (b),
(v) d([L,L]) = 0, [d(x),x] = 0, β (a)b+aβ (b) = 0,
(vi) [d(x),x] = 0, β (AA) = 0, β (a)b+aβ (b) = 0,
(vii) d([L,L]) = 0, d(L)⊆Z (L),
(viii) d([L,L]) = 0, β (A)⊆ Ann(A),
(ix) d(L)⊆Z (L), β (AA) = 0,
(x) β (AA) = 0, β (A)⊆ Ann(A).

Proof. By abuse of notation, let 〈· , ·〉 denote a symmetric invariant
non-degenerate bilinear form both on L and A. Obviously, the tensor product
of these forms defines a symmetric invariant non-degenerate bilinear form
on L⊗A, for which by even bigger abuse of notation we will use the same
symbol:

〈x⊗a,y⊗b〉= 〈x,y〉〈a,b〉.

We have L∗ ' L as L-modules, A∗ ' A as A-modules, and (L⊗A)∗ ' L⊗A as
L⊗A-modules.
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As a vector space, H1(L⊗A,L⊗A) can be represented as the direct sum
of Ker v and Imv, and the exact sequence (4.5) tells that Ker v = Imu and
Imv = Ker w.

By Theorem 1.1, H2(L⊗A,K) is spanned by cohomology classes which can
be represented by decomposable cocycles ϕ⊗α for appropriate ϕ : L×L→ L
and α : A×A→ K. For each such pair ϕ and α , there are unique linear maps
d : L→ L and β : A→ A such that

〈d(x),y〉= ϕ(x,y) (4.6)

for any x,y ∈ L, and
〈β (a),b〉= α(a,b) (4.7)

for any a,b ∈ A. Hence the decomposable linear map d⊗β : L⊗A→ L⊗A
satisfies

〈(d⊗β )(x⊗a),y⊗b〉= (ϕ⊗α)(x⊗a,y⊗b),

i.e., coincides with u(ϕ ⊗α). Thus, Imu is spanned by cohomology classes
whose representatives are decomposable derivations.

Similarly, by Theorem 2.1, B(L⊗A) is spanned by decomposable elements
ϕ⊗α , and Ker w is spanned by such elements of types (ii) and (iii), i.e., either
ϕ([L,L],L) = 0 or α(AA,A) = 0. Again, for each such element we can find
d : L→ L and β : A→ A satisfying (4.6) and (4.7) respectively. Furthermore,
we may assume that for each such ϕ ⊗α , the maps ϕ and α are either both
symmetric, or both skew-symmetric, and hence both d and β are either self-
adjoint or skew-self-adjoint, respectively, with respect to 〈·, ·〉. In both cases
we have:

〈(d⊗β )(x⊗a),y⊗b〉+ 〈x⊗a,(d⊗β )(y⊗b)〉
= 〈d(x),y〉〈β (a),b〉+ 〈x,d(y)〉〈a,β (b)〉= 2〈d(x),y〉〈β (a),b〉

= 2ϕ(x,y)⊗α(a,b) (4.8)

for any x,y ∈ L and a,b ∈ A.
The condition ϕ([L,L],L) = 0 ensures that d([L,L]) = 0, and an equivalent

condition ϕ(L, [L,L]) = 0 ensures that

〈[d(x),z],y〉=−〈d(x), [y,z]〉= 0,

implying d(L) ⊆Z (L), and hence d⊗β is a derivation of L⊗A. Quite anal-
ogously, the condition α(AA,A) = α(A,AA) = 0 implies also that d⊗β is a
derivation of L⊗A. The equality (4.8) ensures that v maps the cohomology
class of this derivation to 2ϕ⊗α . Thus Imv is spanned by images of cohomol-
ogy classes whose representatives are decomposable derivations.

Putting all this together, we see that H1(L⊗ A,L⊗ A) is spanned by the
cohomology classes whose representatives are decomposable derivations. As
inner derivations of L⊗A are, obviously, also spanned by decomposable inner
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derivations ad (x⊗a) = ad x⊗Ra, where Ra is the multiplication on a∈ A, any
derivation of L⊗A is representable as the sum of decomposable derivations.

The rest is easy. The condition that d⊗β is a derivation, reads:

d([x,y])⊗β (ab)− [d(x),y]⊗β (a)b− [x,d(y)]⊗aβ (b) = 0 (4.9)

for any x,y∈ L, a,b∈A. Symmetrizing (4.9) as in the beginning of this section,
we see that either [d(x),y] = [x,d(y)] for any x,y∈ L, or β (a)b = aβ (b) for any
a,b ∈ A. The equation (4.9) is equivalent to

d([x,y])⊗β (ab)− [d(x),y]⊗ (β (a)b+aβ (b)) = 0

in the first case, and to

d([x,y])⊗β (ab)− ([d(x),y]+ [x,d(y)])⊗β (a)b = 0.

in the second case. Now trivial case-by-case considerations involving vanish-
ing and linear dependence of the linear operators occurring as tensor product
factors in these two equalities, produce the final list of derivations.

Theorem 3.1 can be applied, for example, to the Lie algebra g⊗ tK[t]/(tn),
where g is a semisimple finite-dimensional Lie algebra over any field of char-
acteristic 0, to obtain a very short proof of the result of Benoist [Be] about
realization of any semisimple Lie algebra as semisimple part of the Lie al-
gebra of derivations of a nilpotent Lie algebra (another short proof with direct
calculation of Der(g⊗tK[t]/(t3)) follows from [LL, Proposition 3.5]). Indeed,
as noted, for example, in [BB, Lemma 2.2], tK[t]/(tn) possesses a symmetric
nondegenerate invariant bilinear form B, hence g⊗ tK[t]/(tn) possesses such
a form (being the product of the Killing form on g and B), so Theorem 3.1
is applicable. As g is perfect and centerless, the derivations of types (iv), (v),
(vii), (viii), (ix) vanish. The remaining types can be handled, for example, by
appealing to results of [Ho], [F] or [LL], which imply that in the case g 6' sl(2),
the corresponding mappings d vanish also for types (ii) and (iii), and for the
rest of the types are either inner derivations of g, or multiplications by scalar.
Then, performing elementary calculations with conditions imposed on β ’s in
the remaining types, and rearranging the obtained spaces of derivations, we get
the following isomorphism of vector spaces:

Der(g⊗ tK[t]/(tn))' (g⊗K[t]/(tn))⊕ (End(g)/g)⊕K. (4.10)

Elements of the first summand are assembled from types (i) and (x), and act on
g⊗ tK[t]/(tn) as the Lie multiplication by an element of g and the associative
commutative multiplication by an element of K[t]/(tn). Elements of the second
summand are assembled from types (i), (vi) and (x), and act by the rule

x⊗ t 7→ F(x)⊗ tn−1

x⊗ tk 7→ 0 if k ≥ 2,
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where x ∈ g, F ∈ End(g), and elements of g are assumed to be embedded into
End(g) as inner derivations. Elements of the third, one-dimensional, summand
are assembled from types (i) and (vi), and are proportional to the following
derivation:

x⊗ t 7→ x⊗ tn−2

x⊗ t2 7→ 2x⊗ tn−1

x⊗ tk 7→ 0 if k ≥ 3,

where x ∈ g.
All this implies that, as a Lie algebra, Der(g⊗ tK[t]/(tn)) splits into the

semidirect sum of the semisimple part isomorphic to g (identified with the part
g⊗ 1 of the first summand in (4.10)), and the nilpotent radical consisting of
g⊗ tK[t]/(tn) from the first summand, and the whole second and third sum-
mands.

The case g = sl(2) can be treated separately and easily.

4 Periodization of semisimple Lie algebras
For a given Lie algebra L, its periodization is an N-graded Lie algebra, with
component in each degree isomorphic to L. In other words, the periodization
of L is L⊗ tK[t].

In [La], Anna Larsson studied periodization of semisimple finite-
dimensional Lie algebras g over any field K of characteristic 0. She proved
that, unless g contains direct summands isomorphic to sl(2), its periodization
possesses a presentation with only quadratic relations. Since generators and
relations of (generalized graded) nilpotent Lie algebras can be interpreted
as the first and second homology, Larsson’s statement can be formulated in
homological terms.

Interest in periodizations, and whether they admit generators subject to
quadratic relations, arose from an earlier work of Löfwall and Roos about
some amazing Hopf algebras (for further details, see [La]).

As noted in [La], the whole space H∗(g⊗ tC[t],C) was studied by much
more sophisticated methods in the celebrated paper by Garland and Lepowsky
[GL] (actually, a particular case interesting for us here was already sketched
in [G]; the case of g = sl(2) was also treated in [FF, p. 233]). They determined
the eigenvalues of the Laplacian on the corresponding Chevalley-Eilenberg
(co)chain complex. However, to extract from [GL] exact results about
(co)homology of interest requires nontrivial combinatorics with the Weyl
group, as demonstrated in [HW], and case-by-case analysis for each series of
the simple Lie algebras. Here we derive results for the second cohomology
in a uniform way from the results of §1 using elementary methods, what
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provides an alternative short proof of Larsson’s result. Also, our approach
clearly shows why the case of sl(2) is exceptional.

Theorem 4.1 (Larsson). Let g be a finite-dimensional semisimple Lie algebra
over an algebraically closed field K of characteristic 0. Then

H2(g⊗ tK[t],K)'C2(g,K)/B2(g,K)
⊕ (⊕

Sα

)
,

where the second direct sum is taken over all simple direct summands of g

isomorphic to sl(2), and each Sα is a certain 5-dimensional space of symmetric
bilinear forms on the corresponding direct summand. The basic cocycles can
be chosen among cocycles of the form

Φ(x⊗ t i,y⊗ t j) =

{
ϕ(x,y) if i = j = 1,

0 otherwise,
(4.11)

where x,y ∈ g and ϕ is a skew-symmetric bilinear form on g, and the cocycles
Ψ whose only non-vanishing values on all pairs of the simple direct summands
of g are determined by the formula

Ψ(x⊗ t i,y⊗ t j) =


ψ(x,y) if i = 1, j = 2,

−ψ(x,y) if i = 2, j = 1,

0 otherwise,

(4.12)

where x,y belong to the corresponding sl(2)-direct summand, and ψ is a sym-
metric bilinear form on this direct summand satisfying

ψ(e−,e+) =
1
2

ψ(h,h) (4.13)

in the standard sl(2)-basis (4.4).

Proof. Consider the cocycles appearing in Theorem 1.1 for L = g and A = tK[t]
case-by-case.

Cocycles of type (i). Writing the cycle condition of α for the triple t i−1, t j, t,
we get

α(t i+ j−1, t) = α(t i, t j) (4.14)

for any i≥ 2, j ≥ 1.
(ia). ϕ is skew-symmetric, thus ϕ ∈ Z2(g,K), and α is symmetric. Since

H2(g,K) = 0, it follows that ϕ = dω for some linear map ω : g→ K. Define a
linear map Ω : g⊗ tK[t]→ K by setting, for any x ∈ g,

Ω(x⊗ t i) =

{
0 if i = 1,

ω(x)α(t i−1, t) if i≥ 2.

Then, taking (4.14) into account, we get ϕ⊗α = dΩ, i.e., cocycles of this type
are trivial.
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(ib). ϕ is symmetric, α is skew-symmetric.
If g = sl(2), direct calculation shows that the space of corresponding ϕ’s

coincides with the space of all symmetric bilinear forms on sl(2) satisfying
the condition (4.13), and hence is 5-dimensional (an equivalent calculation
is contained in [D2, Theorem 6.5]). This case is exceptional, as shows the
following

Lemma 4.2 (Dzhumadil’daev–Bakirova). Let g 6' sl(2) be simple. Then any
symmetric bilinear form ϕ on g satisfying

ϕ([x,y],z)+ϕ([z,x],y)+ϕ([y,z],x) = 0 (4.15)

for any x,y,z ∈ g, vanishes.

This Lemma is proved in [DB] by considering the Chevalley basis of g

and performing computations with the corresponding root system. In [D2]
and [DB], symmetric bilinear forms satisfying the condition (4.15) are called
commutative 2-cocycles and arise naturally in connection with classification of
algebras satisfying skew-symmetric identities. We will give a different proof
which stresses the connection with yet another notions and results.

Proof. Consider a map from the space of bilinear forms on a Lie algebra L to
the space of linear maps from L to L∗, by sending a bilinear form ϕ to the linear
map D : L→ L∗ such that D(x)(y) = ϕ(x,y). It is easy to see that a symmetric
bilinear form ϕ satisfying (4.15) maps to a linear map D satisfying

D([x,y]) =−y•D(x)+ x•D(y),

where • denotes the standard L-action on the dual module L∗ (this is com-
pletely analogous to the embedding of H2(L,K) into H1(L,L∗) mentioned in
§3).

For any finite dimensional simple Lie algebra, there is an isomorphism of
g-modules g' g∗, and we have an embedding of the space of bilinear forms in
question into the space of linear maps D : g→ g satisfying the condition

D([x,y]) =−[D(x),y]− [x,D(y)].

Such maps are called antiderivations and were studied in several papers. In
particular, in [Ho, Theorem 5.1] it is proved that central simple classical Lie
algebras of dimension > 3 do not have nonzero antiderivations (generalizations
of this result in different directions obtained further in the series of papers by
Filippov, of which [F] is the last, and in [LL]). Hence, these Lie algebras do
not have nonzero symmetric bilinear forms satisfying (4.15) either.

This can be also compared with the fact that Leibniz cohomology (and, in
particular, the second Leibniz cohomology with trivial coefficients) of g van-
ishes (for homological version, see [P, Proposition 2.1] or [N]). The condition
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for a symmetric bilinear form ϕ to be a Leibniz 2-cocycle can be expressed as

ϕ([x,y],z)+ϕ([z,x],y)−ϕ([y,z],x) = 0

which differs with (4.15) in the sign of the last term.
In the general case, where g is a direct sum of simple ideals g1⊕ ·· ·⊕ gn,

it is easy to see that ϕ(gi,g j) = 0 for i 6= j, and hence the space of symmetric
bilinear forms on g satisfying (4.15) decomposes into the direct sum of appro-
priate spaces on each of gi. The latter are determined by (4.13) if gi ' sl(2)
and vanishes otherwise.

Now, turning to α’s, and permuting in (4.14) i and j, we get α(t i, t j) = 0
for all i, j ≥ 2 and α(tk, t) = 0 for all k ≥ 3. Conversely, it is easy to see that a
skew-symmetric map α satisfying these conditions is cyclic. Hence, the space
of skew-symmetric cyclic maps on tK[t] is 1-dimensional and each cocycle of
this type can be written in the form (4.12).

Cocycles of type (ii).
(iia). ϕ is skew-symmetric, α is symmetric.

Lemma 4.3. Any skew-symmetric cyclic form on g vanishes.

Proof. The proof is almost identical to the proof of the well-known fact
that any skew-symmetric invariant form on g vanishes (see, for example,
[Bo, Chapter 1, §6, Exercises 7(b) and 18(a,b)]). Namely, let ϕ be a
skew-symmetric cyclic form on g. First, let g be simple. There is a linear map
σ : g→ g such that ϕ(x,y) = 〈σ(x),y〉, where 〈·, ·〉 is the Killing form on g.
Then, for any x,y,z ∈ g:

〈σ([x,y]),z〉= ϕ([x,y],z) =−ϕ(y, [z,x]) =−〈σ(y), [z,x]〉=−〈[x,σ(y)],z〉.

Hence σ anticommutes with each ad x and, in particular, [σ(x),x] = 0 for any
x ∈ g. But then by [Be, Lemme 2] (or by more general results from [LL]), σ

belongs to the centroid of g, and hence is a scalar. Consequently, ϕ is propor-
tional to the Killing form, and vanishes due to its skew-symmetry.

In the general case where g is the direct sum of simple ideals g1⊕·· ·⊕gn,
it is easy to see that ϕ(gi,g j) = 0 for any i 6= j. But by just proved ϕ vanishes
also on each gi, and hence vanishes on the whole of g.

(iib). ϕ is symmetric and α is skew-symmetric, so α ∈HC1(tK[t]). There is
an isomorphism of graded algebras

HC∗(K[t])' HC∗(K)⊕HC∗(tK[t])

(for a general relationship between cyclic homology of augmented algebra and
its augmentation ideal, see [LQ, §4]; the cohomological version can be ob-
tained in exactly the same way). On the other hand,

HC∗(K[t])' HC∗(K)⊕ (terms concentrated in degree 0)
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(see, for example, [Lo, §3.1.7]). Hence HC1(tK[t]) = 0. Of course, the vanish-
ing of HC1(tK[t]) can be established also by direct easy calculations.

Cocycles of type (iii) vanish.
Cocycles of type (iv). Obviously α(t i, t j) = 0 for (i, j) 6= (1,1). Hence α is

symmetric, and each cocycle of this type has the form (4.11).
To summarize: cocycles of type (ia), (ii) and (iii) either are trivial or vanish,

and cocycles of type (ib) are given by formula (4.12) and vanish if g does not
contain direct summands isomorphic to sl(2). So in the latter case, all non-
trivial cocycles are of type (iv) and given by formula (4.11). Considering the
natural grading in g⊗ tK[t] by degrees of t, observing that the second coho-
mology is finite-dimensional and hence is dual to the second homology, and
turning to interpretation of the 2-cycles as relations between generators, we
get the assertion proved in [La] – that g⊗ tK[t] admits a presentation with
quadratic relations, provided g does not contain direct summands isomorphic
to sl(2).

Let us decide now when cocycles given by (4.11) and (4.12) are cohomolog-
ically independent. According to Remark 1 in §1, any cohomological depen-
dency beyond linear dependency can occur for cocycles of type (4.11) only.
Writing, as in Remark 1, Φ = dΩ for Ω = ∑

i∈I
ωi⊗ βi, where ωi : g→ g and

βi : tK[t]→ tK[t] are some linear maps, we get, for k ≥ 3:

∑
i∈I

ωi([x,y])βi(t2) = ϕ(x,y) and ∑
i∈I

ωi([x,y])βi(tk) = 0.

Hence it is clear that cocycles of type (4.11) are cohomologically independent
if and only if the corresponding skew-symmetric bilinear forms are indepen-
dent modulo 2-coboundaries.

In [La], the author speculates about the possibility to derive Theorem 4.1
from the standard presentation of the affine Kac-Moody algebra. Let us indi-
cate briefly how one can do the opposite: namely, how Theorem 4.1 allows
us to recover the Serre relations between Chevalley generators of non-twisted
affine Kac-Moody algebras.

Let g be a finite-dimensional simple Lie algebra over an algebraically closed
field K of characteristic 0, and L̂ = g⊗K[t, t−1] be a “centerless, derivation-
free” part of affine non-twisted Kac-Moody algebra. It is well-known that it
admits a triangular decomposition which, with slight rearrangements of terms,
can be written in the form

L̂ =
(
(g⊗ t−1K[t−1])⊕ (n−⊗1)

)
⊕
(
h⊗1

)
⊕
(
(g⊗ tK[t])⊕ (n+⊗1)

)
,

where g = n−⊕h⊕n+ is the triangular decomposition of the simple Lie alge-
bra g ([K, §7.6]; all direct sums are direct sums of vector spaces).

Consider the Hochschild–Serre spectral sequence abutting to
H∗((g⊗ tK[t])⊕ (n+⊗ 1),K) with respect to the ideal g⊗ tK[t]. The general
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result contained implicitly in [HS] and explicitly, for example, in [R, Lemma
1], tells that this spectral sequence degenerates at E2 term. For the sake
of simplicity, let us exclude the case where g = sl(2). Then the E2 terms
affecting the second cohomology in question are:

E02
∞ = E02

2 = H2(n+,H0(g⊗ tK[t],K))' H2(n+,K),

E11
∞ = E11

2 = H1(n+,H1(g⊗ tK[t],K))' H1(n+,g),

E20
∞ = E20

2 = H0(n+,H2(g⊗ tK[t],K))' (C2(g,K)/B2(g,K))n+ .

The first and second isomorphisms here are obvious, the third one follows from
Theorem 4.1. Here the first term corresponds to relations between elements of
n+⊗1, which are (classical) Serre relations for the finite-dimensional Lie alge-
bra g, the second term corresponds to relations between elements of g⊗ tK[t]
and n+⊗ 1, and the third one corresponds to relations between elements of
g⊗ tK[t]. Writing them as Chevalley generators in terms of the corresponding
Cartan matrix, we get the corresponding part of the Serre relations.

Repeating the similar reasonings for the “minus” part, and completing re-
lations in an obvious manner between the “plus” and “minus” parts and the
“Cartan subalgebra” h⊗ 1, we get the complete set of the Serre relations for
L̂. The whole affine non-twisted Kac-Moody algebra is obtained from L̂ by the
well-known construction which adds central extension and derivation, and its
presentation readily follows from the presentation of L̂.

This approach is by all means not new. For example, we find in [LP, Re-
mark in §2]: “Similar calculations by induction on the rank for simple finite-
dimensional and loop algebras give the shortest known to us proof of complete-
ness of the Serre defining relations”. “Induction on the rank” means induction
with repetitive application of the Hochschild–Serre spectral sequence relative
to a Kac-Moody algebra build upon the simple finite-dimensional subalgebra
of g. Here we use the Hochschild-Serre spectral sequence in a different way,
and only once, thus getting even shorter proof.

It is mentioned in [K, §9.16] that “a simple cohomological proof” of the
completeness of the Serre defining relations “was found by O. Mathieu (un-
published)”. We presume that the approach outlined here is similar to that un-
published proof.
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