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Abstract

First, I show that the expected consumer's surplus is equivalent to ex ante

compensating variation if and only if the consumer is risk neutral, and the

consumer's income elasticity of demand for the commodity is zero. Moreover,

the conditions are equivalent to the von Neuman - Morgenstern utility func-

tion being quasi-linear. Second, I show that the expected consumer's surplus

is an approximation for the consumer's welfare, measured by expected util-

ity, also if the expenditure share is small. Third, I propose a formula to

evaluate approximately the consumer's welfare, measured both by expected

utility and by ex ante compensating variation, when the above conditions

are not met.
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1 Introduction

In applied micro, for example industrial economics, it is frequently necessary

to evaluate the e®ect of a change in industry structure on consumer welfare.

The change may be a policy proposal that will a®ect the industry, or it may

concern some predicted change in ¯rm behavior such as a merger. Often the

context is stochastic, so that one needs to evaluate the e®ect on consumer's

welfare associated with the move from one stochastic price regime to another.

More precisely, the present paper is concerned with the evaluation of the

e®ect on consumer's welfare when there is a change in the stochastic partial-

equilibrium price of a single commodity.1 The purpose is to ¯nd practical

tools that can be easily used in applied work.

It is useful to distinguish between two di®erent, but exact, measures of the

e®ect of a change in industry structure on consumer welfare, in a stochastic

setting. The ¯rst measure of the consumer's welfare is the expected indirect

von Neumann - Morgenstern utility. The utility-theoretic framework provides

important qualitative results (by de¯nition it ranks di®erent price regimes

according to the consumer's preferences), but it does not produce a quantita-

tive measure of the bene¯ts or costs associated with the move from one price

regime to another. A quantitative measure is nevertheless desirable in many

applications, because it could be compared with the policy makers' costs of

program implementation and/or changes in the producers' pro¯ts. To ¯nd a

building block that is convenient for social welfare judgments, Helms (1985)

proposes a second approach - the ex ante compensating variation. This is

1Through out this paper, the variability in prices is assumed to stem exclusively from
the supply side. Moreover, the price may be stochastic for two reasons: First, there may
be variations in the exogenous conditions of the situation, for example the ¯rms' cost
conditions, that generate variations in the market price. Second, the ¯rms on a market
may be required to use mixed strategies in equilibrium, so that the source of the variability
of the prices is endogenous.
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the amount of income which, if provided to the consumer in the new price

regime, would restore expected utility to the level attained under the old

price regime. Helms shows that this measure generates rigorous qualitative

and quantitative assessments of price regimes, without imposing any restric-

tions on preferences. (Helms (1984) shows that the expected compensating

variation is generally not a good measure of welfare.)

A third (but inexact) approach, which is the approach frequently taken

in applied work (see for example Baron and Myerson 1982, Shapiro 1986,

Riordan and Sappington 1987, and Kirby 1988) is to use the expected con-

sumer's surplus as a measure of the consumer's welfare. As an example,

Shapiro (1988, p.434) motivates his use of the expected consumer's surplus

by ignoring income e®ects.2 However, even when income e®ects are small,

the expected consumer's surplus is generally not a good measure of welfare,

in a stochastic setting, since it is only based on information about the con-

sumer's demand (ordinal utility information) and hence does not take into

account the consumer's preferences towards risk. To illustrate the problem,

consider a consumer who has unit demand for the commodity and willing-

ness to pay ®. Hence, there are no income (or price) e®ects. Assume that

the price is stochastic, but that we always have p · ® (· m). The resid-

ual income m ¡ p is spent on a composite commodity with unit price. The

consumer's surplus is de¯ned as the area under the (Marshallian) demand

function over the price, that is ® ¡ p. The expected consumer's surplus is

® ¡ Ep, which is independent of price dispersion. Since the consumer al-

ways consumes one unit of the good, his utility can be indexed solely by

his consumption of the composite good, that is m¡ p. If the consumer dis-

2If the income elasticity of demand is small, then the consumer's surplus is a good
approximation of compensating variation, in a non-stochastic setting, as shown by Willig
(1976). However, when the price is stochastic, then Willig's results are not applicable.
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likes variations in the consumption of the composite good (then his utility

function is a concave function of m ¡ p), then the consumer is risk-averse

with respect to variations in residual income. Hence, the consumer's welfare

decreases if (a mean preserving) increase in the variance of the price occurs.

However, the expected consumer's surplus does not depend on the variance,

and does not \detect" the change. Hence, the expected consumer's surplus

cannot represent the consumer's preferences.

To illustrate that risk preferences toward price risk have important conse-

quences in the economy, interpret the above discussion in terms of the market

for mortgages. In the short run, the consumer is stuck with his house and

hence the amount borrowed is ¯xed to the consumer, so that there are no

price and income e®ects. Moreover, mortgage payments normally constitutes

a large expenditure share, so that variations in the interest rate creates sub-

stantial variations in the consumer's real (or residual) income. It is, in this

light, not surprising that the consumer's risk-aversion toward income risk

implies aversion toward price risk, as revealed by the regular choice of ¯xed

rate mortgages.3

The facts that the expected consumer's surplus is a practical tool that is

often used, and that it is based solely on observables (the consumer's demand

function), makes it important to establish the conditions under which it gen-

erates rigorous assessments of consumer welfare. This question is discussed

in Section 3. Observation 1 is a (simpli¯ed) restatement of Rogerson's (1980)

Proposition 1, and it shows that the consumer's surplus is a rigorous equiva-

3It is di±cult to ¯nd other markets where consumers insure against price risk. However,
if the expenditure share is small, then the price risk does not create much real-income risk.
Moreover, if the quantity is not ¯xed, so that the consumer buys more when the price is
low and vice versa, then the consumer may actually bene¯t from price variability. Also
the supply of price insurance may be limited due to moral \hazard problems,\ if not the
quantity is also ¯xed ex ante.
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lent of the change in utility if only if the marginal utility of income is constant

with respect to the price of the commodity. Stated more operationally, the

necessary and su±cient condition is that the consumer's relative risk aversion

is equal to his income elasticity of demand for the commodity. Observation

2 extends Rogerson's analysis and shows that the expected consumer's sur-

plus is equivalent to ex ante compensating variation if and only if (1) the

consumer is risk neutral, and (2) the consumer's income elasticity of demand

for the commodity is zero. It is also shown that the conditions are equivalent

to the von Neumann - Morgenstern utility function being quasi-linear.

Section 4 is concerned with su±cient conditions for the change in ex-

pected consumer's surplus to approximate the change in welfare, measured

by expected utility (Observation 3). In the context of approximations, the

expected consumer's surplus may be motivated also by a small expenditure

share on the commodity.

The expected consumer's surplus is a good quantitative measure of wel-

fare only if the consumer is risk-neutral with respect to income-risk. However,

standard estimates indicate that the coe±cient of relative risk-aversion is at

least one (Mehra and Prescott 1985). Moreover, the expected consumer's

surplus is a good qualitative measure of welfare only if the consumer's rela-

tive risk-aversion with respect to income-risk is equal to his income-elasticity

of demand. However, standard estimates of the income-elasticity of demand

indicates dispersion between .5 and 1.5 for di®erent goods (see for example

the review by Deaton and Muellbauer 1986). It is consequently important

to design tools that can be used also in the case the consumer is not risk-

neutral, and when his income elasticity of demand is di®erent from relative

risk-aversion. Section 5 is concerned with this case and suggests simple for-

mulas to approximately evaluate the e®ect on consumer welfare, measured
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both by expected utility (Observation 4) and by ex ante compensating vari-

ation (Observation 5). In the formula, the change in the price regime is

described by only two variables: (i) the change in the expected price, and

(ii) the change of the variability of the price. All other aspects of the changed

price regime are abstracted from. The parameters of the formula are given by

the consumer's preferences, namely (i) the consumer's relative risk aversion

with respect to income risk, (ii) the price elasticity of demand, (iii) the in-

come elasticity of demand, and (iv) the commodity's expenditure share. All

parameters are evaluated in the old price regime, and may hence (apart from

the risk aversion) be estimated by observation of the consumers demand in

the old price regime.

2 Price Risk and Welfare Measures

Consider a consumer who allocates budget m0 > 0 between purchases of a

homogeneous commodity with price p and a composite good which serves

as a numeraire. The price is distributed according to cumulative distribu-

tion function F on (0;+1). The consumer makes his purchases at known

prices after the uncertainty is resolved. Maximization of a quasi-concave,

twice continuously di®erentiable, strictly increasing von Neumann - Mor-

genstern utility function subject to the budget constraint generates the de-

mand function D (p;m) and the indirect von Neumann - Morgenstern util-

ity W (p;m). It is assumed that D (p;m0) > 0 for all prices p. Conse-

quently, Wp (p;m) < 0 for all p: Let s = p ¢D (p;m) =m be the share of con-

sumer's budget allocated to the commodity. Let " = Dp (p;m) (p=D (p;m))

be the own uncompensated price elasticity of demand for the commodity,

and ´ = Dm (p;m) (m=D (p;m)) be the income elasticity of demand for the
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commodity. Sub-indices indicate partial derivatives.

The consumer's risk-preferences toward income risk are represented by

½ = (¡Wmm (p;m) ¢m) =Wm (p;m) which is the income elasticity of the

marginal utility of income, which in turn is the Arrow (1971) - Pratt (1964)

measure of relative risk aversion with respect to income risk: In analogy,

de¯ne a price risk averter as a consumer who is willing to take an insur-

ance that stabilizes the price at its expected value. Hence, W (p;m) >

(1=2)W (p¡ h;m)+(1=2)W (p+ h;m) orW (p;m)¡W (p¡ h;m) > W (p+ h;m)¡

W (p;m), that is the utility di®erence corresponding to equal changes in the

price are decreasing as the price increases. Thus, the utility function of a

price risk averter is characterized by the condition that Wp (p;m) is strictly

decreasing as p increases, or that Wpp (p;m) < 0. Price risk neutrality and

price risk love are de¯ned in a similar way. To measure price risk preferences

quantitatively, Turnovsky, Shalit, and Schmitz (1980) propose the use of the

coe±cient of relative price risk aversion, ¾ = (¡Wpp (p;m) ¢ p) =Wp (p;m),

de¯ned in analogy with ½. Note that the measure is invariant under pos-

itive a±ne transformations of the utility function. Note that ¾ < (>) 0 if

Wpp < (>) 0 that is if the consumer is risk avert. (To avoid confusion note

that ¾ < 0 implies price risk aversion, but that ½ > 0 implies income risk

aversion.) Moreover, Turnovsky, Shalit, and Schmitz (1980, expression (23))

proposes an identity that links the consumer's relative risk-aversion with

respect to price risk to more familiar concepts:

¾ ´ s ¢ (´ ¡ ½)¡ ": (1)

Consequently, the net risk-aversion with respect to price risk can be decom-

posed into three terms: the \price-elasticity e®ect," the \income-elasticity

e®ect," and the \income-risk e®ect." Normally, the \price-elasticity e®ect"

makes the consumer positive toward price risk (for a good with Dp < 0).
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Intuitively, the reason is that the consumer buys a large quantity when the

price is low and small quantity when the price is high, hence he may in ex-

pectation buy the same amount as he would under stable prices, but at a

lower expected expenditure (price times quantity). Normally, the \income-

risk e®ect" makes the consumer negative toward price risk (for a consumer

with ½ > 0). Intuitively, the reason is that variations in the price creates

variations in real income, in proportion to the expenditure share, and that

such income variations are evaluated according to income risk preferences.

Normally, the \income-elasticity e®ect" makes the consumer positive toward

price risk (for a good with ´ > 0). This e®ect is related to the e®ect on other

markets.

The change in industry structure is represented by a move from cu-

mulative distribution F 0 to cumulative distribution F 1. The consumer's

preferences over price regimes are represented by expected indirect utility

EW (F;m) =
R
W (p;m) dF , so that EW (F 1;m) ¸ EW (F 0;m) if and only

if the consumer weakly prefers F 1 to F 0. Since the discussion concerns

change, de¯ne the change in expected consumer's welfare as ¢EW (F 0; F 1;m) =

EW (F 1;m) ¡ EW (F 0;m). Moreover, any function G (F 0; F 1;m) repre-

sents the consumer's preferences if it provides the same ranking, that is if

G (F 0; F 1;m) ¸ 0, ¢EW (F 0; F 1;m) ¸ 0, or equivalently if

¢EW
³
F 0; F 1;m

´
´ k ¢G

³
F 0; F 1;m

´
, for some k > 0: (2)

The ex ante compensating variation, denoted by C (F 0; F 1;m0), is de¯ned

as the amount of income which, if provided to the consumer in the new price

regime F 1, would restore expected utility to the level attained under the old

price regime F 0. Hence, C (F 0; F 1;m0) is de¯ned implicitly by

Z
W

³
p;m0 + C

³
F 0; F 1;m0

´´
dF 1

´

Z
W

³
p;m0

´
dF 0: (3)
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The prescript ex ante indicates that C (F 0; F 1;m0) is not contingent on the

realization of the price and may hence be given to the consumer before the

price is known. Helms (1985) shows that the ex ante compensating variation

represents the consumer's preferences, without imposing any restrictions on

preferences. To see this, ¯rst note that C (F 0; F 1;m0) < 0 implies

Z
W

³
p;m0

´
dF 1 >

Z
W

³
p;m0 + C

³
F 0; F 1;m0

´´
dF 1 =

Z
W

³
p;m0

´
dF 0

since W is increasing in income. Second, note that by the same argument

C (F 0; F 1;m0) > 0 implies
R
W (p;m0) dF 1 <

R
W (p;m0) dF 0. Moreover,

the ex ante compensating variation has a quantitative, willingness-to-pay,

interpretation, that follows directly from the de¯nition.4 Helms (1985) also

de¯nes ex ante equivalent variation, as the amount of income which, if taken

from the consumer in the old price regime F 0, would give him the expected

utility associated with F 1. The ex ante equivalent variation hence mea-

sures the consumer's willingness to pay to avoid the change from F 0 to F 1.

Although this measure also represents the consumer's welfare and has a will-

ingness to pay interpretation, I con¯ne attention to ex ante compensating

variation since it is a natural building block for social welfare assessments

using the compensation principle.

Consumer's surplus is de¯ned as the area under the Marshallian demand

function over the price, that is

CS
³
p;m0

´
=

Z
1

p

D
³
x;m0

´
dx: (4)

Expected consumer's surplus, when price is distributed according to F , is

ECS
³
F;m0

´
=

Z
CS

³
p;m0

´
dF; (5)

4The ex ante compensating variation was also de¯ned by Schmalensee (1972) to assess
the value of a price change under uncertainty about income and preferences.
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and the change in consumer's surplus resulting from the move from F 0 to F 1

is given by

¢ECS
³
F 0; F 1;m0

´
= ECS

³
F 1;m0

´
¡ ECS

³
F 0;m0

´
: (6)

3 Expected Consumer's Surplus as an Exact

Measure of Welfare

Rogerson (1980) has shown that, under the assumptions of the present paper,

the necessary and su±cient conditions for the expected consumer's surplus to

represent the consumer's preferences is that the marginal utility of income is

constant with respect to the price of the commodity, that is Wmp (p;m) ´ 0.

Stated more operationally, the necessary and su±cient condition is that the

consumer's relative risk aversion is equal to the income elasticity of demand

for the commodity, that is ½ ´ ´ (see Claim 1 in Appendix A). To summarize,

Observation 1 ¢EW (F 0; F 1;m) ´ k ¢¢ECS (F 0; F 1;m) if and only if

(1) ½ ´ ´;

where k > 0 is an arbitrary constant.

Proof: Rogerson (1980).

Note that ¢EW is only proportional to ¢ECS, as indicated by the constant

k. However, proportionality gives all essential information about utility dif-

ferences. In particular, ¢ECS and ¢EW will rank di®erent price-regimes

in the same way, regardless of k.

Observation 2 extends Rogerson's analysis and shows that the change

expected consumer's surplus not only represents the consumer's preferences,

but also is equivalent to (the negative of) ex ante compensating variation and
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hence has a willingness-to-pay interpretation, if and only if (1) the consumer

is risk-neutral, and (2) the income elasticity of demand for the commodity is

zero.

Observation 2 ¢ECS (F 0; F 1;m0) ´ ¡C (F 0; F 1;m0) if and only if

(1) ½ ´ 0, and

(2) ´ ´ 0.

Proof: See Appendix A.

The positive side of this result is that ex ante compensating variation can be

computed as the consumer's surplus under D (p;m0) which can be observed.

The negative side of the result is that the conditions under which this is

possible are very restrictive. This issue is further discussed in Section 5.

For modeling purposes it is interesting to note that ½ ´ ´ ´ 0 is equivalent

to the indirect utility function being of the form

W (p;m) = V (p) +m; (7)

and positive a±ne transformations thereof (see Claim 7 in Appendix A).

Moreover, this is equivalent to the (direct) utility function U(q; y), where q

denotes the commodity under discussion and y denotes the composite good,

being of the form

U (q; y) = eU (q) + y, (8)

and a±ne transformations thereof. Hence, the requirement is equivalent to

the utility function being \quasi-linear."
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4 Expected Consumer's Surplus as an Ap-

proximation of Welfare

Suppose that s ¢ (´ ¡ ½) is small, and that we are willing to abstract from the

sum of the \income-elasticity e®ect" and the \income-risk e®ects when we

evaluate the consumer's preferences, then expression (1) reduces to ¾ ¼ ¡",

and by the de¯nitions of ¾ and ",

Wpp (p;m)

Wp (p;m)
¼

Dp (p;m)

D (p;m)
: (9)

Rewriting the expression as (@=@p) (lnWp (p;m)) = (@=@p) (lnD (p;m)) and

integrating both sides with respect to p, gives D (p;m) ¼ ¡k¡1
¢Wp (p;m),

where k is an arbitrary positive constant. Integrating both sides with respect

to p again, and using the de¯nition of the consumer's surplus yields

CS (p;m) ¼ k¡1
¢W (p;m)¡ k¡1

¢W (1;m) : (10)

Consequently, if s ¢ (´ ¡ ½) ¼ 0 then the consumer's surplus is approximately

a positive a±ne transformation of utility, and hence an approximate repre-

sentation of preferences. Observation 3 is an approximation counterpart to

Rogerson (1980).

Observation 3 ¢EW (F 0; F 1;m0) ¼ k ¢¢ECS (F 0; F 1;m0) if

(1) s ¢ (´ ¡ ½) ¼ 0,

where k > 0 is an arbitrary constant.

Proof: Take expectations of expression (10) and form the di®erences.

Again, note that ¢EW is only approximately proportional to ¢ECS, as

indicated by the constant k. However, proportionality gives all essential in-

formation about utility di®erences. In particular, ¢ECS and ¢EW will

rank di®erent price-regimes in approximately the same way, regardless of k.
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As expected, also in the case of approximations the condition is that in-

come elasticity of demand should be (approximately) equal to the relative

risk aversion. However, in the context of approximations, then a small expen-

diture share is also a su±cient condition for using the expected consumer's

surplus as a qualitative measure of welfare.

An important di®erence between the approximations suggested in the

present paper and the approximations suggested by Willig (1976) is that he

derives observable bounds on the error made by using the approximation.

No such bounds are o®ered here.

5 Direct Approximations of Welfare

The expected consumer's surplus is a good quantitative measure of welfare

only if the consumer is risk-neutral with respect to income-risk. However,

Mehra and Prescott (1985) survey a variety of studies that conclude that

the coe±cient of relative risk-aversion is at least one. Moreover, the ex-

pected consumer's surplus is a good qualitative measure of welfare only if

the consumer's relative risk-aversion with respect to income-risk is equal to

his income-elasticity of demand. However, standard estimates of the income-

elasticity of demand indicates dispersion between .5 and 1.5 for di®erent

goods (see for example the review by Deaton and Muellbauer 1986). It is

consequently important to design tools that can be used also in the case the

consumer is not risk-neutral, and when his income elasticity of demand is

di®erent from relative risk-aversion.

To derive the approximation results of this section, consumer welfare

is approximated by a second degree Taylor expansion of W (p;m) around

(E0;m0) : Moreover, the price regime F i is characterized by the mean Ei =



13

R
p dF i and the variance V i =

R
(p¡ Ei)

2
dF i.

W (p;m) ¼ W (E0;m0)

+Wp (E
0;m0) ¢ (p¡E0) +

1

2
Wpp (E

0;m0) ¢ (p¡ E0)
2

+Wm (E0;m0) ¢ (m¡m0) +
1

2
Wmm (E0;m0) ¢ (m¡m0)

2

+Wmp (E
0;m0) ¢ (m¡m0) (p¡ E0) :

(11)

The expected utility of situation (F i;mi) is approximated by taking expec-

tations

EW (F i;mi) ¼ W (E0;m0)

+Wp (E
0;m0) ¢ (Ei

¡ E0) +
1

2
Wpp (E

0;m0) ¢
³
V i + (E i

¡E0)
2
´

+Wm (E0;m0) ¢ (mi
¡m0) +

1

2
Wmm (E0;m0) ¢ (mi

¡m0)
2

+Wmp (E
0;m0) ¢ (mi

¡m0) (Ei
¡ E0) :

(12)

Consequently, the expected welfare is written as a function of income and

only the ¯rst two moments (mean and variance) of the price regime.

The second degree Taylor polynomial is a good approximation of the indi-

rect utility function, close to (E0;m0), in the sense that all parameters s, ", ´,

½, and ¾ are una®ected by the transformation at (E0;m0).5 Moreover, it is an

improvement over the expected consumer's surplus, since it is °exible enough

to incorporate the consumer's attitudes towards risk. However, a straight for-

ward use of quadratic utility functions has been criticized, by for example

Arrow (1971), on two related grounds: (1) for incomes (prices) above (below)

a certain level, additional incomes will decrease (increase) utility; and (2) it

violates the \principle" of decreasing absolute risk-aversion. However, in the

5Note that T
¡
E0;m0

¢
=W

¡
E0;m0

¢
, and Tp

¡
E0;m0

¢
=Wp

¡
E0;m0

¢
, Tpp

¡
E0;m0

¢
=

Wpp

¡
E0;m0

¢
, Tm

¡
E0;m0

¢
= Wm

¡
E0;m0

¢
, Tmm

¡
E0;m0

¢
= Wmm

¡
E0;m0

¢
, and

Tpm
¡
E0;m0

¢
= Wpm

¡
E0;m0

¢
. Moreover, de¯ne ½T = ¡(Tmm ¢m)=Tm and similarly

for sT , "T , ´T , and ¾T . Then ½T = ½
¡
E0;m0

¢
and so on.
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present context the quadratic form is used as a local approximation of the

true utility function. Consequently, two identical consumers, but with dif-

ferent incomes, are indeed both described by some quadratic utility, however

the (estimated) parameters will di®er between the two consumers.

For convenience, I consider the percentage change in expected price, de-

noted by bE = (E1
¡E0) =E0, and a relative measure of the change in variance

bV = (V 1
¡ V 0) = (E0)

2
. Consequently, all changes are measured without di-

mension ($=$ and $2=$2 respectively), and are hence comparable.

Observation 4 provides a simple approximation of the change in welfare.

Observation 4 ¢EW (F 0; F 1;m0) ¼

·
¡ bE +

¾

2

³ bE2 + bV ´¸
k,

where ¾ is evaluated at (E0;m0), and k > 0 is an arbitrary constant.

Proof: See Appendix B.

Again, due to the constant k > 0, ¢EW is only approximately proportional

to ¡ bE +
¾

2

³ bE2 + bV ´
. However, only the sign of ¢EW is of interest, and

since the constant is strictly positive, the sign of ¢EW is independent of k's

value.

A potential problem with the formula is that we have very vague ideas

about consumer's preferences towards price risk, as measured by ¾. However,

the Turnovsky et al. identity, expression (1) above, helps to evaluate con-

sumer's risk preferences with respect to price risk, in terms of more familiar

concepts. Note also that the expenditure share s, the income-elasticity of de-

mand ´, and the price-elasticity of demand ", are all observable. Moreover,

the approximations used in Observation 4 are made around price E0 and in-

comem0. Consequently, all the parameters are evaluated at the price E0 and

income m0. This is convenient since then s, ´, and " can then be estimated

by observation of the agents consumption behavior in the old price regime
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F 0. However, the consumers relative risk aversion with respect to income

risk ½ can not be estimated just by using such ordinal information, but must

be provided by other means.

By inspection of Observation 4, and using expression (1), the following

comparative statics results are immediate. The consumer is made worse o®

if the expected price increases E1 > E0. (The formula is an approximation

so the change must not be too large. For example, if ¾ = :1, then the change

in expected price should not exceed one thousand percent, in order for the

e®ect to have the \right" sign.) The consumer's preferences towards price

variability are ambiguous. Suppose that the commodity is a normal good, so

that ´ ¸ 0 and hence " < 0. If risk aversion ½ and the expenditure share s are

not too high, then the \price-elasticity e®ect" determines the net e®ect, and

then the consumer prefers price variability. According to Turnovsky et al.

(1980) we may take " = ¡:2, ´ = 0:6, ½ = 1, and s = :3 as typical estimates

of a composite commodity such as food. For a more extensive survey, see

Deaton and Muellbauer (1986). Hence, for such a commodity ¾ = :08 and,

consumers prefer risky prices. On the other hand, if the expenditure-share

of the commodity is high and the consumer is very risk-averse, then the

consumer bene¯ts from price stabilization. Finally, note that Observation

4 suggests that the relative importance of the change in expected price and

the change in price variability is determined solely by the consumer's relative

risk aversion towards price risk ¾.

Observation 5 provides an approximation of the ex ante compensating

variation.

Observation 5 The ex ante compensating variation, in relation to income,
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bC (p0; p1;m0) = C (p0; p1;m0) =m0 is approximated by

bC ¼ 1

½

h
1¡ s (´ ¡ ½) bEi

¡

s
1

½2

h
1 ¡ s (´ ¡ ½) bEi2

+ 2
1

½
s

·
¡ bE +

¾

2

³ bE2 + bV ´¸
:

where s, ´ and ½ are evaluated at (E0;m0) :

Proof: See Appendix B.

It is possible to derive a much \cleaner" expression for the ex ante compen-

sating variation if one is willing to make the Taylor approximation around

price (E0 + E1) =2 and income (m0 +m1) =2. However, this means that the

parameters cannot be directly estimated by observation of the consumer's

consumption pattern in regime (F 0;m0).

6 Concluding Remarks

The paper suggest simple tools to evaluate the welfare-e®ect of a change

in the stochastic partial-equilibrium price of a single commodity. The paper

provides conditions under which the expected consumer's surplus provides an

exact or approximate index of consumer welfare, measured both by expected

indirect von Neumann - Morgenstern utility and by ex ante compensating

variation. Moreover, approximation-formulas are provided for the case when

these conditions are not satis¯ed.

The discussion in Section 3 pointed out that not only the income-elasticity

of demand, but also the consumer's attitudes towards income-risk is an im-

portant determinant of how a consumer ranks di®erent price-regimes. It

turns out that risk-neutrality with respect to income risk is a necessary con-

dition for the expected consumer's surplus to be equivalent to the ex ante

compensating variation.
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Although the approximation results of Section 5 are (by de¯nition) not

exact, they do provide important additional insights about the crucial im-

portance of risk-preferences. An immediate consequence of Observation 4 is

that all studies that rely on the expected consumer's surplus to make welfare

judgments should be interpreted with much caution. First, the Turnovsky

et al. identity shows that by varying the coe±cient of relative risk-aversion

with respect to income risk any preference towards price-risk can be gen-

erated, compatible with any given demand functions. Second, Observation

4 shows that by varying the relative risk-aversion with respect to price-risk

any conclusion about the welfare-e®ect of a change in the price-regime (if

the variability of the price is changed) can be generated.
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A Equivalence Between ¢ECS and ¡C

In all proofs it is assumed that m > 0 and p > 0. I say that two func-

tions f (p;m) and g (p;m) are identical, f (p;m) ´ g (p;m), if and only if

f (p;m) = g (p;m) for all m > 0 and p > 0. Note that Wm (p;m) > 0 and

Wp (p;m) < 0 for all m > 0 and p > 0. In some proofs a star symbol * indi-

cates the steps in the proofs where the conditions of the Claim are crucial.

If f (p;m) = f (p0;m) for all p and p0 then I write f (¢;m).

Claim 1 ½ ´ ´ ,Wmp (p;m) ´ 0.

Proof:

1 D (p;m) ´ ¡
Wp (p;m)

Wm (p;m)

2 ) Dm (p;m) ´ ¡
Wpm (p;m)

Wm (p;m)
+

Wp (p;m)

Wm (p;m)

Wmm (p;m)

Wm (p;m)

3 , ´ ´
m

D (p;m)

"
D (p;m)

Wpm (p;m)

Wp (p;m)
¡D (p;m)

Wmm (p;m)

Wm (p;m)

#

4 , ´ ´
Wpm (p;m)m

Wp (p;m)
¡
Wmm (p;m)m

Wm (p;m)

5 , ´ ´
Wpm (p;m)m

Wp (p;m)
+ ½

6 ,
Wpm (p;m)m

Wp (p;m)
´ ´ ¡ ½:

Step 1: Roy's identity. Step 2: Di®erentiate Roy's identity with respect

to m. Step 3: Multiply both sides by m=D and use the de¯nition ´ ´

(Dm ¢m) =D at the left hand side and Roy's identity at the right hand side.

Step 4: Rearrange. Step 5: Use the de¯nition ½ ´ ¡ (Wmm ¢m) =Wm. Step

6: Rearrange.

Finally, since m=Wp < 0 for all m > 0 and p > 0

Wpm (p;m) ´ 0, ´ ¡ ½ ´ 0:

Claim 2 ½ ´ 0, Wmm (p;m) ´ 0.
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Proof: By de¯nition

¡
Wmm (p;m)m

Wm (p;m)
´ ½:

Since ¡m=Wm < 0 for all m > 0 and p > 0

Wmm (p;m) ´ 0, ½ ´ 0:

Claim 3 If and only if ½ ´ 0,

W
³
p;m1

´
´ W

³
p;m0

´
+Wm

³
p;m0

´ ³
m1
¡m0

´
:

Proof:

1
Rm1

m0 Wm (p; z) dz ´
Rm1

m0 Wm (p; z) dz

2¤ ,
Rm1

m0 Wm (p; z) dz ´ Wm (p;m0)
Rm1

m0 dz

3 ,
R
m1

m0 Wm (p; z) dz ´ Wm (p;m0) (m1
¡m0)

4 , W (p;m1)¡W (p;m0) ´Wm (p;m0) (m1
¡m0)

5 , W (p;m1) ´ W (p;m0) +Wm (p;m0) (m1
¡m0) :

Step 1: Self-evident. Step 2: First, note that Wm (p; z) can be \factored

out" if and only if it is constant in the relevant interval. Second, note that

Wm (p; z) is constant for all intervals if and only if Wmm (p;m) ´ 0, which

is equivalent to (Claim 2) ½ ´ 0. Step 3: Use
Rm1

m0 dz ´ (m1
¡m0). Step 4:

The function W is twice continuously di®erentiable. Step 5: Rearrange.

Claim 4 If and only if ½ ´ 0 and ´ ´ ½,

C
³
F 0; F 1;m0

´
´ Wm

³
¢;m0

´
¡1

·Z
W

³
p;m0

´
dF 0

¡

Z
W

³
p;m0

´
dF 1

¸
:

Proof:

1
R
W (p;m0 + C) dF 1

´
R
W (p;m0) dF 0

2¤ ,
R
[W (p;m0) +Wm (p;m0)C] dF 1

´
R
W (p;m0) dF 0

3¤ ,
R
W (p;m0) dF 1 +Wm (¢;m0)C

R
dF 1

´
R
W (p;m0) dF 0

4 , C ´ Wm (¢;m0)
¡1

[
R
W (p;m0) dF 0

¡
R
W (p;m0) dF 1] :
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Step 1: De¯nition of C. Step 2: Use Claim 3. Step 3: First, note that

Wm (p;m0) can be \factored out" if and only if it takes on the same value

at all p with positive mass. Second, note that Wm (p;m0) takes on the same

value at all p with positive mass, for all distribution functions F 1, if and only

if Wmp (p;m
0) ´ 0, which is equivalent to (Claim 1) ´ ´ ½. Step 4: UseR

dF 1
´ 1 and rearrange.

Claim 5 If and only if ´ ´ ½,

¢ECS
³
F 0; F 1;m0

´
´ ¡Wm

³
¢;m0

´
¡1

·Z
W

³
p;m0

´
dF 0

¡

Z
W

³
p;m0

´
dF 1

¸
:

Proof:

1 ¢ECS ´ ECS (F 1;m0)¡ ECS (F 0;m0)

2 , ¢ECS ´
R
CS (p;m0) dF 1

¡
R
CS (p;m0) dF 0

3 , ¢ECS ´
R R

1

p D (z;m0) dz dF 1
¡
R R

1

p D (z;m0) dz dF 0

4 , ¢ECS ´ ¡
R R

1

p

Wp (z;m
0)

Wm (z;m0)
dz dF 1 +

R R
1

p

Wp (z;m
0)

Wm (z;m0)
dz dF 0

5¤ , ¢ECS ´ ¡
R
Wm (p;m0)

¡1 R1
p Wp (z;m

0) dz dF 1+

+
R
Wm (p;m0)

¡1 R1
p Wp (z;m

0) dz dF 0

6¤ , ¢ECS ´ ¡Wm (¢;m0)
¡1

hR R
1

p Wp (z;m
0) dz dF 1

¡
R R

1

p Wp (z;m
0) dz dF 0

i
7 , ¢ECS ´ ¡Wm (¢;m0)

¡1
[
R
[W (1;m0)¡W (p;m0)]dF 1

¡

¡
R
[W (1;m0) ¡W (p;m0)] dF 0]

8 , ¢ECS ´ ¡Wm (¢;m0)
¡1

[
R
W (p;m0) dF 0

¡
R
W (p;m0) dF 1]

Step 1: De¯nition of ¢ECS. Step 2: De¯nition of ECS. Step 3: De¯nition

of CS. Step 4: Roy's identity. Step 5: First, note that Wm (p;m)
¡1

can be

\factored out" if and only if Wm (z;m) is constant for all z 2 (p;1), where p

is ¯xed. Second, note that the operation can be done for all F 1 and F 0 if and

only Wm (z;m) is constant for all z 2 (0;1), that is for all z 2 (p;1) where

p is variable. Third, note that Wm (z;m) is constant for all z 2 (0;1) if and
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only ifWmp (p;m) ´ 0, which is equivalent to (Claim 1) ´ ´ ½. Step 6: First,

note thatWm (p;m)
¡1

can be \factored out" if and only ifWm (p;m) takes on

the same value at all pwith positive mass. Second, note thatWm (p;m0) takes

on the same value at all p with positive mass, for all distribution functions F 1,

if and only if Wmp (p;m
0) ´ 0, which is equivalent to (Claim 1) ´ ´ ½. Step

7: The function W is twice continuously di®erentiable. Step 8: Rearrange

and use
R
W (1;m) dF ´ W (1;m)

R
dF ´W (1;m).

Claim 6 C (F 0; F 1;m0) ´ ¡¢ECS (F 0; F 1;m0), ½ ´ ´ ´ 0:

Proof: First, show that C ´ ¡¢ECS ) ½ ´ ´: According to Helms (1985)

C represents the consumer's preferences. By assumption C ´ ¡¢ECS,

and hence ¡¢ECS represents the consumer's preferences. But, according

to Rogerson (1980) expected consumer surplus represents the consumer's

preferences if and only if Wmp (p;m) ´ 0. (This was shown in a more general

framework than used here.) Hence Wmp (p;m) ´ 0. Equivalently (Claim 1)

´ ´ ½.

Second, show that C ´ ¡¢ECS ) ½ ´ 0, or equivalently (Claim 2)

C ´ ¡¢ECS ) Wmm (p;m) ´ 0: Since ´ ´ ½ we have

¢ECS
³
F 0; F 1;m0

´
´ ¡Wm

³
¢;m0

´
¡1

·Z
W

³
p;m0

´
dF 0

¡

Z
W

³
p;m0

´
dF 1

¸
;

according to Claim 5. Then, by assumption

C
³
F 0; F 1;m0

´
´ Wm

³
¢;m0

´
¡1

·Z
W

³
p;m0

´
dF 0

¡

Z
W

³
p;m0

´
dF 1

¸
:

Use Claim 4 to conclude ½ ´ 0.

Third, show that ½ ´ ´ ´ 0 ) ¢ECS (F 0; F 1;m0) ´ ¡C (F 0; F 1;m0).

Assume ½ ´ ´ and ½ ´ 0 and combine Claim 5 and Claim 4:
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Claim 7 If and only if ´ ´ ½ ´ 0, there exist a function V such that

W (p;m) ´ a [V (p) +m] + b; (13)

for some constants a > 0 and b.

Proof: First, it is easy to see that if expression (13) holds then ´ ´ ½ ´ 0.

Second, consider the reverse.

1 W (p;m) ´ W (p;m)

2¤ , W (p;m) ´ W (p; ³) +Wm (p; ³) (m¡ ³)

3¤ , W (p;m) ´ W (p; ³) +Wm (¢; ³) (m¡ ³)

4 , W (p;m) ´ [V (p) +m]Wm (¢; ³)¡ ³Wm (¢; ³) :

Step 1: Self evident. Step 2: Claim 3. Step 3: If and only if Wmp (p;m) ´

0, that is if and only if ´ ´ ½, there exist a constant Wm (¢; ³) such that

Wm (p; ³) = Wm (¢; ³). Step 4: Let V (p) ´W (p; ³) =Wm (¢; ³).

B Direct Approximations

Observation 5 Form the equation ¢EW (F 0; F 1;m0) = EW (F 1;m0) ¡

EW (F 0;m0), but using the approximation (12). Then

¢EW (F 0; F 1;m0) ¼

Wp (E
0;m0) ¢ (E1

¡ E0) +
1

2
Wpp (E

0;m0) ¢
h
(V 1

¡ V 0) + (E1
¡ E0)

2
i
:

(14)

Factor out Wp (E
0;m) ¢ E0

¢EW (F 0; F 1;m0) ¼

¼Wp (E
0;m0)E0

Ã
E1
¡E0

E0
+

1

2

Wpp (E
0;m0)

Wp (E0;m0)
E0

·
V 1

¡V 0

(E0)
2 +

³
E1

¡E0

E0

´2¸!
:

(15)
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Hence

¢EW
³
F 0; F 1;m0

´
¼ ¡Wp

³
E0;m0

´
¢ E0

¢

µ
¡ bE +

1

2
¢ ¾ ¢

h bV + bE2
i¶

: (16)

Remember that the multiplication of utility (di®erence) by a positive con-

stant is an unessential transformation of von Neumann - Morgenstern util-

ity (di®erence). Proportionality gives all essential information. Let k =

[Wp (E
0;m0) ¢ E0] > 0, then Observation 4 results.

Observation 6 Form the equation

EW
³
F 1;m0 + C

´
= EW

³
F 0;m0

´
(17)

but using the approximation (12). Then

1

2
WmmC

2 +
h
Wm +Wmp

³
E1
¡ E0

´i
C ¡WpE

0

·
¡ bE +

1

2
¾
³ bE2 + bV ´¸

¼ 0

(18)

Consequently

bC2 + 2 Wm

Wmm ¢m

h
1 +

Wmp¢E
0

Wm

³
E1

¡E0

E0

´i bC¡
¡2

Wp

Wm

Wm

Wmm¢m

E0

m

h
¡ bE + 1

2
¾
³ bE2 + bV ´i

¼ 0
(19)

and

bC2
¡ 2

1

½

"
1 +

Wmp ¢ E
0

Wm

bE
# bC ¡ 2s

1

½

·
¡ bE +

1

2
¾
³ bE2 + bV ´¸

¼ 0: (20)

Step 6 in the proof of Claim 1 shows
Wpm ¢m

Wp

´ ´¡½. Hence
Wpm ¢ p

Wm

Wm

Wp

m

p
´

¡
Wmp ¢ p

Wm

1

s
´ ´ ¡ ½. Consequently,

½ bC2
¡ 2

h
1 ¡ s (´ ¡ ½) bEi bC ¡ 2s

·
¡ bE +

1

2
¾
³ bE2 + bV ´¸

¼ 0: (21)

Finally, solve for bC and use the root that gives bC = 0 when there is no

change.



24

References

Arrow, K. (1971). \The Theory of Risk Aversion," in Essays in the

Theory of Risk-Bearing, ed: K. Arrow, North-Holland, Amsterdam.

Baron, D., and Myerson, R. (1982). \Regulating a Monopolist with

Unknown Costs," Econometrica 50, 911-930.

Deaton, A., and Muellbauer, J. (1986). Economics and Consumer

Behavior, Cambridge University Press, Cambridge.

Helms, J. (1984). \Comparing Stochastic Price Regimes - The Limita-

tions of Expected Surplus Measures," Economics Letters 14, 173-178.

Helms, J. (1985). \Expected Consumer's Surplus and the Welfare E®ects

of Price Stabilization," International Economic Review 26, 603-617.

Kirby, A. (1988). \Trade Associations as Information Exchange Mecha-

nisms," Rand Journal of Economics 19, 138-46.

Mehra, R., and Prescott, E. (1985). \The Equity Premium: A

Puzzle," Journal of Monetary Economics 15, 145-61.

Pratt, J. (1964). \Risk Aversion in the Small and in the Large," Econo-

metrica 32, 122-36.

Riordan, M., and Sappington, D. (1987). \Awarding Monopoly Fran-

chises," American Economic Review 77, 375-87.

Rogerson, W. (1980). \Aggregate Expected Consumer Surplus as a Wel-

fare Index with an Application to Price Stabilization," Econometrica

48, 423-436.



25

Schmalensee, R. (1972). \Option Demand and Consumer's Surplus:

Valuing Price Changes under Uncertainty," American Economic Re-

view 62, 813-24.

Shapiro, C. (1986). \Exchange of Cost Information in Oligopoly," Review

of Economic Studies LIII, 433-43.

Turnovsky, S., Shalit, H., and Schmitz, A. (1980). \Consumer's

Surplus, Price Instability, and Consumer Welfare," Econometrica 48,

135-152.

Willig, R. (1976). \Consumer's Surplus Without Apology," American

Economic Review 66, 589-597.


