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Abstract

This paper investigates the strategic interaction effects that precede
network formation. We find that for a general class of payoff functions
which, among other things, feature strict supermodularity, the degree
of a node is a sufficient statistic for the action it undertakes. Dynami-
cally, we construct a general model where each period consists of two
stages: first, a game on the given network is played and second, a link
is either created or severed. It turns out that the payoff functions we
consider give absolute convergence to the absorbing class of networks
called nested split graphs. These networks do not only possess mathe-
matically tractable characteristics, but we can also interpret real-world
networks as perturbed nested split graphs. The general framework pro-
vided here can be applied to more or less complex models of network
formation.
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1 Introduction

Social networks are fundamental elements of everyday life for just about
everyone. Whether we want it or not, meetings occur on a daily basis in
school, at work and in other contexts. We are constantly exposed to the
possibility of adding new friends to our network or removing current ones.
Friends and contacts are not only intermediaries in information diffusion,
among other things they also influence our consumption decisions, who to
vote for in elections and what career path to choose. For these reasons, it
is of utmost importance to understand how social networks form.

The regularities that social networks display are, e.g. short average distance
(where distance means the shortest path between two nodes in a network),
large clustering coefficient (the clustering coefficient measures the tendency
of friends of a given node to be friends of each other), the power law1 char-
acterizing the degree distribution (where degree denotes the number of links
a node has) and positive assortativity (where assortativity measures the
tendency of high degree nodes to be linked to other high degree nodes).2

The aim of this paper is twofold. First, we want to describe and explain
the emergence of such networks with a theory as general as possible. Our
intention is to provide qualitative insights on link formation behavior which
generates the regularities above. The fundamental feature of our analysis
is that we allow for strategic interactions between agents on the network.
We analyze the interplay between strategic effects between nodes on a net-
work and a network formation process. As was emphasized by Jackson and
Rogers (2007), social ties are created randomly (to family and relatives) and
deterministically (to friends). We are interested in the non-random network
formation process and, more specifically, the strategic effects that precede
link creation and deletion. Focusing on these externalities, all links are en-
dogenous throughout this paper. To our knowledge, there is only one paper,
by König et al. (2009), combining games on networks and network forma-
tion and their model has a specific structure. Extending their work, we lay
out a general framework and point to the mechanisms at play.

Secondly, the paper constitutes a methodological contribution. The general
theory we provide is applicable to many economic problems. We are able to
provide the frames for building models due to the focus on a class of networks
called nested split graphs. These graphs possess some features making them
very tractable to work with when constructing complex network formation

1A continuous random variable X satisfies the power law if its density is of the form
f(x) = κx−γ for positive scalars κ and γ.

2Empirical properties of networks - the ones above included - are recapitulated in
Jackson and Rogers (2007). A thorough empirical inquiry is provided by Albert and
Barabási (2002).
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models. For example, mathematical properties of nested split graphs can
be summarized succinctly. On the other hand, they possess some properties
that might restrict the potential of these graphs. We present these features
in a concise and intuitive way. Without taking a stand for or against nested
split graphs, in the general theory presented here we obtain unconditional
convergence to nested split graphs and that these graphs constitute an ab-
sorbing state.

Although our focus is new, there is an extensive literature with models cast-
ing light on the appearance of these regularities that social networks possess.
Watts and Strogatz (1998) calibrate measures for the degree of clustering
and the characteristic path length on some empirical social networks. They
find that the clustering coefficient and characteristic path length are both
higher than in a randomly generated network (where the number of nodes
and links are as in the empirical social network). Newman (2002) general-
izes and improves the random graph provided by Erdős and Rényi, by being
able to explain clustering and degree properties of real-world networks in a
more accurate way.

In their seminal paper, Jackson and Rogers (2007) extend the original pref-
erential attachment model3 by allowing nodes to be born sequentially and
to create some links uniformly at random and some to friends of neighbors
by preferential attachment. They fit their model to data and are able to ex-
plain the regularities above to a considerable extent. However, their model
does not feature strategic interaction effects between nodes.

The focal point of recent papers on network formation has been heterogene-
ity. Currarini et al. (2008) study link formation where individuals have
types. They analyze the tendency of nodes to link to other nodes of their
own types empirically. This so called homophily is also a key feature in the
recent paper by Bramoullé and Rogers (2009). They study the relationship
between the degree of homophily and the degree distributions of subgroups
in the network. A key finding is that nodes with higher degree form more
diverse networks.

Bala and Goyal (2000) analyze network formation in a microfounded model,
where the cost of link formation falls on the initiator of the link. They study
convergent and efficient network structures where links are either directed
or undirected and calibrate convergence rates for these networks.

For strategic interaction effects, Ballester et al. (2006) and Bramoullé and
Kranton (2006) are two influential papers analyzing games on given net-
works. The first of the two distinguishes between local complementarity

3With the preferential attachment model, we refer to the model proposed by Barabasi
and Albert (1999)
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and global substitutability effects and derives the action in terms of central-
ity. The second paper features substitutability effects creating free-riding
distortions.

There exist some papers investigating the class of nested split graphs. Apart
from the paper by König et al. (2009), see Aouchiche et al. (2007) for an
alternative definition of these graphs.

The paper at hand combines games on networks with network formation. We
provide a microfounded network formation process and elucidate attributes
of the game and the network formation process that yield a network with
characteristics in common with empirically observed social networks.

We start out on an arbitrary network. Time is discrete and every period
consists of a sequence of events. First, some game is played in which ev-
ery player (node) chooses a non-negative effort level subject to some payoff
function, or utility function, which takes own effort and neighbors’ efforts as
arguments. We only consider payoff functions such that the game obtains a
unique Nash equilibrium.4

Thereafter, some node is selected in accordance with a predetermined rule,
e.g. randomly. Facing the option to either add or delete a link, in the model
specification of no link maintenance costs, it is always optimal to add a
link5. Therefore we impose an exogenous rule which determines whether a
link may be added or must be removed. Without this rule we will approach
the complete network in a mechanical and unrealistic way. We leave the
choice of partner node endogenous to the chosen node. For the reason laid
out above, a link offer will always be accepted.

We study a general class of utility functions that microfound the behavior
of adding (deleting) a link to the node with highest (lowest) degree, i.e.
number of links, that it does not (does) link to. This holds independently
of whether nodes reoptimize their chosen efforts after the network structure
has changed or not. Payoffs are realized after link addition or removal.
Furthermore, we show that the network converges to a nested split graph in
finite time under the specified conditions and that a nested split graph is an
absorbing state.

Under general conditions on the formation process, we are able to generate
a network that has a number of empirically observed characteristics such
as degree distribution, high clustering coefficients and low distance. At the
same time we identify and interpret the economic and social roles that our
key assumptions play. This corresponds to the first contribution of our pa-
per. We are able to determine 6 general and sufficient conditions on the

4Le Breton and Weber (2009) present a general class of games on networks that admit
a Nash equilibrium in pure strategies.

5However, it is not obvious with which node to create a link.
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payoff function such that the network formation process described above is
attained. First, the continuously differentiable payoff function is symmetric
in its arguments, illustrating that all nodes’ effort levels are ex ante equally
valued. This means that nodes are homogenous. Restricting payoff func-
tions to be continuously differentiable does not devaluate our results, since
any continuous function can be locally approximated with a differentiable
function with arbitrary precision. Second, the payoff function is supermod-
ular, i.e. an increase in the effort of a node i triggers its neighbor j’s effort.
Broadly speaking, efforts are complementary rather than substitutes. Third,
the payoff of exerting no effort is zero. Fourth, the marginal payoff of own
effort is positive for given effort of neighbors while own effort is zero, i.e. it
is never optimal to exert no effort. Fifth, comparing two agents where one
has a given number of links and the other has links to the exact same nodes
as the first one and at least one more, we presume that marginal payoff of
own effort is higher for the latter for any given effort level of the neighbors.
Finally, we enforce existence and uniqueness of an interior Nash equilibrium
by imposing that the payoff function is strictly concave enough in own effort.

The outline of this paper is as follows. In section 2 we expose basic defini-
tions of networks in general and the class of nested split graphs in particular.
We also look at a static game being played between nodes on the network.
Section 3 introduces dynamics both in the simple nested split graph frame-
work as well as in our two-stage dynamic model. Stability analysis of the
process is contained in section 4. Section 5 consists of illustrative examples
and section 6 concludes.

2 A Static Model

In this section we present the class of networks called nested split graphs.
These networks are important for two reasons. First of all, it is possible
to generate nested split graphs that have many characteristics in common
with observed social networks. Due to the definition of nested split graphs,
these networks are not completely comparable to empirically observed social
networks. For instance, the average distance (where the distance refers
to the shortest path between two nodes on the network) cannot exceed 2.
However, being able to generate networks where the degree distribution and
clustering coefficient matches reality, we can think of real-world networks as
perturbed nested split graphs. Second, we investigate a static game with
continuous actions being played between nodes on a nested split graph. We
provide conditions on the payoff function giving that the degree is a sufficient
statistic for the strategy chosen by nodes. In other words, the ranking of
nodes according to degree is equivalent to the ranking of nodes according to
actions.
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We represent a network consisting of a finite set N = {1, 2, 3, . . . , n}, of
agents or nodes by the adjacency matrix g (of dimension n × n). Entry
gij ∈ {0, 1} denotes whether a link ij between i and j is present or not.
The network is undirected, implied by gij = gji. Further, let Ni be the
neighborhood of i, i.e. Ni = {j ∈ N : gij = 1}, and denote the degree of i,
i.e. i’s number of neighbors, by di = |Ni|.

2.1 Nested Split Graphs

For any graph, we can define a degree partition {Z1, . . . , ZD} of the nodes
N , where all nodes in block Zi have the same degree δi and δ1 > · · · > δD.
Distinguishing between networks with and without isolated nodes, we define
the positive degree partition by {Z1, . . . , ZD+} with D+ = D if δD ≥ 1 and
D+ = D − 1 if δD = 0. Hence, we always have δ1 > · · · > δD+ ≥ 1, and
the positive degree partition thus lacks the final block of the ordinary degree
partition if and only if its members have zero degrees. Note that the positive
degree sequence is empty if the graph itself is empty and the degree sequence
only consists of a single block Z1 with δ1 = 0.
Definition 1 (Nested split graph: block structure). A non-empty and non-
complete graph is called a nested split graph if and only if all nodes in
block Zi are connected to all other nodes in blocks Z1, . . . , ZD++1−i for
i = 1, . . . , D+.

It follows from this definition that when we order the rows of the correspond-
ing adjacency matrix according to degree in descending order - such that
the nodes with lowest index, i.e. nodes in Z1 are placed in the first |Z1| rows
and so on - we obtain a characteristic step-wise form. Intuitively speaking,
the entries on the upper left side of the adjacency matrix consist of ones
whereas the entries on the lower right side are zeros. Below we present an
example which illustrates this characteristic. For an alternative definition
of nested split graphs applying this step-wise form of the matrix, see König
et al. (2009).

Notice that the empty network and the complete network are nested split
graphs. The definition reveals that on these graphs, nodes i and j are either
friends, friends of friends (i.e. separated by one node) or there exists no
path between them. This is summarized in the following proposition:

Proposition 1. A nested split graph consists of at most one connected com-
ponent and the nodes not in that component are all singletons. The distance
between nodes in the connected component is at most two.

The proof is a direct consequence of definition 1 and is given in the appendix.
Further, we are able to show that the degrees of linked nodes are always non-
positively correlated on a nested split graph. This is referred to as negative
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assortativity and stands in contrast to empirical evidence. Newman (2003)
finds that the degree of connected nodes tends to be positively correlated in
socially generated networks.

Assortativity can be measured in different ways. We employ the Pearson
correlation coefficient as discussed in Newman (2003). Order the row entries
of the adjacency matrix g in non-increasing degree so that d(1) ≥ d(2) ≥
· · · ≥ d(n) where d(i) is the degree of node i: the higher the degree, the
lower is the row number index. Let gUV be an entry chosen uniformly at
random from the set partition E = {gij ∈ g : gij = 1}, i.e. an entry chosen
among the edges. Let (X,Y ) = (d(U), d(V )) be the degrees of the nodes
that are the endpoints of this link. The correlation Corr(X,Y ) is called the
assortativity of a graph. There exists trivial nested split graphs where d(i)
is constant for all nodes. The correlation, or equivalently, the assortativity
for those graphs is by definition 0.

To show that Corr(X,Y ) < 0 for non-trivial nested split graphs, it suffices
to show that Cov(X,Y ) < 0. Since d(i) is non-increasing and non-constant
in its argument, it suffices to show that Cov(U, V ) < 0. Negativity of the
latter covariance follows from the structure of nested split graphs: nodes
with low degrees/high index tend not to be connected to other nodes with
low degree/high index. On the other hand, nodes with low degree/high
index tend to be connected to nodes with high degree/low index.

Let us illustrate this with an example. Figure 1 illustrates the support for
(U, V ) for a typical nested split graph, here with adjacency matrix

0 1 1 1 1 1 0
1 0 1 1 0 0 0
1 1 0 1 0 0 0
1 1 1 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0


,

and degree sequence d(1) = 5, d(2) = d(3) = d(4) = 3, d(5) = 1, d(6) = 0.
To obtain the covariance of the indexes U and V , we shift the adjacency
matrix and let ones in the matrix be represented by bold circles in figure 1.
It is clear from the picture that choosing a circle uniformly at random, the
coordinates (i.e. the indexes U and V ) tend not to comove. In other words,
Cov(U, V ) < 0.

There exist quite a few definitions on the clustering coefficient which measure
the tendency of the neighbors of a node to be friends with each other in
various ways. The coefficient due to Watts and Strogatz (1998) looks at the
number of existing links between the neighbors of a node divided by the
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Figure 1: The random variable (U, V ) of the example above is uniformly
distributed on the points illustrated above. Clearly Cov(U, V ) < 0.

total number of possible links between the neighbors. In order to derive the
clustering coefficient of the network, one simply computes the average over
nodes. König et al. (2009) derive this clustering coefficient for nested split
graphs. Alternatively, Newman (2003) defines a measure of clustering of the
network as the probability of any two nodes having a link, given that they
have one friend in common. Formally, the clustering coefficient takes the
following form: C = P (gik = 1|gij = gjk = 1) = 3×no. of triangles

no. of paths of length 2 . For
the ordered positive degree partition, we follow König et al. (2009) and
define the core as K = {Z1, ..., ZD+

2

} for D+ even and K = {Z1, ..., ZD++1
2

}
for D+ odd. Further, k = |K| is the cardinality of K, i.e. the number
of nodes in the core and P = {Z1, ..., Zd} \ K denotes the set of nodes in
the periphery. Given these definitions, the clustering coefficient takes the
following form:

Proposition 2. Consider a nested split graph. Then the clustering coeffi-
cient defined in Newman (2003) takes the following form:

C =
3
(
k
3

)
+ 3

∑
j∈P

(dj
2

)∑n
j

(dj
2

) (1)

The proof is given in the appendix.

We abstain from analyzing centrality measures on nested split graphs, since
centrality can be most succinctly defined by degree. Recall that all nodes
with the same degree are linked to exactly the same nodes. The nodes being
identical reveals that centrality rankings will not differ from degree rankings.

2.2 Games on Nested Split Graphs

Assume a nested split graph where players (or nodes) have complete informa-
tion about the graph structure and everyone’s payoff functions. Nodes opti-
mize a given payoff function simultaneously. A strategy is scalar-valued, i.e.
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nodes do not take link specific actions, in line with the papers by Ballester
et al. (2006) and Bramoullé and Kranton (2006). A node’s payoff depends
on own strategy, or effort, and neighbors’ actions.

The class of payoff functions we consider is defined over own and neighbors’
actions: Πi : Rdi+1

+ → R is the payoff of agent i. Denote the action of node i
by xi and let the actions of i’s neighbors be defined as {x1,i, x2,i, . . . , xdi,i}6.

Definition 2. The payoff of node i, Πi (xi;x1,i, x2,i, . . . , xdi,i) ∈ C2 where
Πi : Rdi+1

+ → R, satisfies the following:

1. Πi (0;x1,i, x2,i, . . . , xdi,i) = 0.

2. ∂Πi
∂xi

= hdi (xi;x1,i, x2,i, . . . , xdi,i) where h is symmetric in all arguments
except xi, i.e. the ordering of neighbors’ efforts does not matter.

3.
∂hdi
∂xi

= ∂2Πi
∂x2
i
< − ∂2Πi

∂xi∂xj,i
= − ∂hdi

∂xj,i
< 0 for all j = 1, . . . , di.

4. hdi (0;x1,i, x2,i, . . . , xdi,i) > 0.

5. hdi+1 (xi;x1,i, x2,i, . . . , xdi,i, xdi+1,i) > hdi (xi;x1,i, x2,i, . . . , xdi,i)

6. ∂Πi
∂xi

< 0 for xi sufficiently large and ∂2Πi
∂x2
i
< 0 for all xi.

Notice that strict concavity in own effort, part 3. and part 4. imply that a
unique solution will always be interior. The first inequality of part 3. in-
dicates strict supermodularity, i.e. that an increase in a neighbor’s effort
triggers own effort upwards. Part 1. entails that payoff functions are ho-
mogenous across nodes and absence of link maintenance costs. Notice that
this renders link offers acceptable at all times. Nodes efforts’ ex ante equal
value is enunciated in part 2. 5. implies that marginal payoff of own effort
is increasing in degree, for given effort levels. Finally, part 6. implies an
interior Nash equilibrium.

The first result regarding payoff functions that satisfy the definition above
is of static nature. Any static game on a nested split graph with a payoff
function obeying definition 2 has the salient feature that the degree ranking
is equivalent to effort ranking.

Theorem 3. Suppose the payoff function satisfies definition 2 and that the
network belongs to the class of nested split graphs. Then the ordering of the
nodes’ optimal efforts is identical to the ordering of their degrees.

6Here the ordering of players’ efforts are of no importance. In other words, xj,i is the
effort of node i’s j’th neighbor, where the neighbors are ordered in an arbitrary way.
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The proof is contained in the appendix. This result states that we can think
of the ordered partition of nodes in sets according to degree as a partition
in terms of actions.

Having presented the mathematical properties of nested split graphs and
their significance economically in a static game-theoretic setting, we now
turn to dynamics.

3 A Dynamic Model

In this section we will discuss properties of nested split graphs in a dynamic
setting. Our aim is twofold. First, we apprehend the dynamics of these
networks when one edge is either created or severed in each time period.
Our result is general and can be applied in many models. Secondly, we
consider a microfounded two stage-model with link formation. We show
that for payoff functions satisfying definition 2 and starting from any nested
split graph (recall that the empty network is a nested split graph), this
network is an absorbing state.

3.1 Dynamics of Nested Split Graphs

Given a nested split graph with the set of nodes, N , being constant over
time, define Mi as the set of nodes with the highest degree that are not
neighbors of i, i.e. Mi = arg max{dk : k /∈ Ni}, and similarly let mi be the
neighbors of i with the least degree, i.e. mi = arg min{dk : k ∈ Ni}. An
important feature of nested split graphs regarding these sets is emphasized
in the following lemma:

Lemma 4. On a nested split graph, if j ∈ Zk then Mj = ZD++2−k and
mj = ZD++1−k. By symmetry we have

j ∈Mi ⇐⇒ i ∈Mj ,

j ∈ mi ⇐⇒ i ∈ mj .

The first part of the lemma follows immediately from definition 1. The
symmetry of j ∈Mi if and only if i ∈Mj is a consequence of the partition of
nodes on a nested split graphs into blocks. Focusing on models in which links
are either added or removed one at a time, we use the essential properties of
lemma 4 to show necessary and sufficient conditions on the link formation
processes generating nested split graphs.

Theorem 5. Let g0, g1, . . . be a sequence of graphs such that gt+1 is obtained
from gt by adding or deleting an edge, and g0 is a nested split graph. All
g0, g1, . . . are nested split graphs if and only if
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(i) An edge ij is only added whenever j ∈Mi (and thus i ∈Mj).

(ii) An edge ij is only removed whenever j ∈ mi (and thus i ∈ mj).

The proof is contained in the appendix.

It is important to note that the network structure of formation models with
links being formed or deleted randomly do not generally belong to the class
of nested split graphs.

3.2 A Microfounded Dynamic Model

We will provide a general and microfounded dynamic model that fits the
framework implied by the above. Time is discrete and the network in the
first period is a nested split graph. Every period consists of two stages. In
the first stage, a game is played in which all nodes choose a strategy profile
which is scalar-valued. A node’s payoff satisfies definition 2. In the second
stage, some node is chosen according to some rule7. The payoff functions we
consider are strictly increasing in links representing that we abstract away
from link maintenance costs. For this reason we impose a mechanical and
exogenous rule for whether a link shall be added or not. However, we leave
the choice of target to the chosen node. A link is created if and only if the
targeted node accepts the incoming link offer and to sever an edge it suffices
that one of the nodes delete it.

Nodes or agents optimize sequentially and payoffs are realized after link ad-
dition or removal. Payoffs are of a static nature and there is no intertemporal
aspect that the agents must respect. Whether we allow the chosen node or
other nodes to change strategy as a response to the addition or removal of
a link do not affect our results. Throughout we assume that efforts are kept
constant. Recall that theorem 3 rendered the ordering of nodes according
to effort equivalent to the ordering of nodes according to degree. Next, we
show that if node i is chosen to create (sever) a link, its optimal target node
belongs to the set Mi (mi) of nodes with the highest degree that it yet does
not link to (lowest degree that it links to).

Theorem 6. In the two-stage dynamic model described above, let g0, g1, . . . , gt

be a sequence of graphs such that gt+1 is obtained from gt by letting a
node either add or delete an edge, and let g0 be a nested split graph. All
g0, g1, . . . , gt+1 are nested split graphs if the payoff functions obeys defini-
tion 2.

The proof is given in the appendix. This result emphasizes the importance
of nested split graphs. The network structure of the dynamic model above,

7e.g. randomly or according to some predetermined rule
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where nodes have any payoff function that satisfies the general definition
2, belongs to the absorbing class of nested split graphs. Note that network
formation models without a game can be fitted into our framework. Allowing
for payoff functions that take as arguments the degrees of the neighbor nodes
and are strictly increasing in these arguments, gives a simplified version of
the preferential attachment model provided by Jackson and Rogers (2007)
without randomness nor node birth. Such a model fits our framework.

To illustrate the generality of our results further, examples of payoff func-
tions that yield games consistent with the formation process of theorem 5
will be provided below in the section Examples.

4 Stability

Starting out on a nested split graph, any network formation process obeying
the two conditions (i) and (ii) of theorem 5 has a network structure absorbed
in the class of these graphs. However, our next key theorem extends the
results obtained so far. We show that, for any initial network structure,
the graph converges to the class of nested split graphs with probability one.
Moreover, as shown above, this is an absorbing state.

Theorem 7. Let g0, g1, . . . be a sequence of graphs such that gt+1 is obtained
from gt by adding or deleting an edge where

(i) an edge ij is only added whenever j ∈Mi (and thus i ∈Mj),

(ii) an edge ij is only removed whenever j ∈ mi (and thus i ∈ mj).

Furthermore assume that at each time step all nodes

(a) have a positive probability of being chosen to remove a link (if possible),
or

(b) have a positive probability of being chosen to add a link (if possible).

Then with probability one the process will ultimately consist entirely of nested
split graphs.

The proof is given in the appendix but we present an intuition for the result.
Suppose the current graph is not a nested split graph. Since there exists
a positive probability of severing a link which is strictly less than one, the
probability that all current links will be removed in a sequence is positive
(but typically very small). By the law of large numbers, such a sequence
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will eventually take place, giving us an empty graph which belongs to the
class of nested split graphs. From that moment on, all graphs are nested
split graphs. Likewise when there is a positive probability of adding a link:
in that case one will reach a complete graph with probability one. That this
theorem covers our dynamic two-stage framework as well is emphasized by
the following:

Corollary 8. Consider the two-stage dynamic model above. Let g0, g1, . . . , gt

be a sequence of graphs such that gt+1 is obtained by letting a node either
create or remove one link. The network structure converges to the absorbing
class of nested split graphs if the payoff function obeys definition 2 and there
is a positive probability of creating a link which is strictly less than one.

The proof is a straightforward extension of theorem 7 and is given in the
appendix. Without discussing the relevance of nested split graphs when
explaining reality, we can conclude that many microfounded models satisfy-
ing our general framework has a network structure which converges to the
absorbing class of nested split graphs. To illustrate the generality of our
results, we provide some more or less known examples in the next section
and point to key features rendering them consistent or inconsistent with our
theory.

5 Examples

First, revisiting the paper by König et al. (2009), we point out key features
that bring their utility function consistent with the network formation pro-
cess. Also, we present a social hierarchy model without interaction effects.
Finally, we present an information search model that relates to the intro-
ductory discussion. In order to elucidate the conditions under which the
dynamic network process is a nested split graph, we will also point to payoff
functions that do not fall in the category of definition 2.

Ballester, Calvo-Armengol and Zenou (2006) considered a game with the
following payoff function, where we emphasize that it is defined over the
entire network by letting payoffs be represented by Φ:

Φi (x) = axi − σx2
i +

∑
j 6=i

σijxixj,i. (2)

Clearly, part 1, 4 and 5 of definition 2 are satisfied. Part 3 is fulfilled
for σ > 1

2σij for all i and j. Finally, 5 holds if σij ∈ {0, 1} representing
sufficiency of definition 2.

In equilibrium, the Nash effort is proportional to the Bonacich centrality.
König et al. (2009) show that on a nested split graph, the ordering of nodes
by Bonacich centrality is tantamount to the ordering by degree.
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The importance of networks in acquiring information has been established by
Granovetter (1973) and others. Individuals’ acquaintances possess informa-
tion that reduce the cost of collecting information. An important situation
of this kind is job searching. Consider a payoff function of the following
kind:

Πi (xi;x1,i, x2,i, . . . , xdi,i) = xi −
c

2
∏
j∈Ni x

α
j,i

x2
i (3)

where 0 < α < 1. Think of xi as the amount of information acquired.
When xi is low, returns to information are high but as the stock of infor-
mation increases, both marginal returns and the total payoff of information
acquired decline. However, the marginal cost of obtaining information de-
pends on the level of information that the neighbors possess. Higher levels
of neighbors’ efforts reduces the marginal cost of information, representing
that information is diffused to a large extent in a social network.

Interpreting this model in the framework laid out above, we immediately
see that part 1 and 2 of definition 2 are satisfied. Since marginal payoff of
own effort is defined as

∂Πi (xi;x1,i, x2,i, . . . , xdi,i)
∂xi

= 1− c∏
j∈Ni x

α
j,i

xi, (4)

we infer that the payoff function submits to part 4. The quadratic form
implies that condition 6 is met. To inquire whether the last two conditions
are satisfied is slightly more involved. In particular, we need to impose
restrictions on the parameters α and c. Straightforward algebra implies
that the following must hold if 3 is to be satisfied:

xj,i > αxi (5)

for all j ∈ Ni. An optimal solution to equation 4 prescribes xi = 1
c

∏
j∈Ni x

α
j,i.

Now, in order to implement part 5 we need to impose that xαj,i > 1, in other
words that marginal payoff of own effort increases by adding a link. Using
optimality, this is satisfied as long as c <

∏
j∈Ni x

α
j,i.

We conclude that if this game is played according to the dynamic process
specified above on a nested split graph, the node with highest degree will
possess most of information and the linking process will obey theorem 5 in
absence of link maintenance costs.

Consider the network formation process due to Jackson and Wolinsky (1996)
known as the connections model. Their framework is a pure formation
model without any game being played. The payoff of a neighbor amounts
to δ ∈ (0, 1) and a neighbor’s neighbor gives a payoff δ2 and so on. Consider
an agent with the opportunity to create a link with someone. Even on a
nested split graph, the additional payoff of linking is constant across nodes.

14



Hence, the network formation process as in 5 is not in line with this kind of
model.

Consider another network formation model with no game being played. This
is a model of social hierarchy in which agents obtain status, i.e. payoff, by
mimicking those agents with higher ranking. Status is represented by cen-
trality or degree. Individuals are subject to conformism, but they only care
about mimicking those with higher status. Suppose now that two individu-
als i and j are chosen randomly, and they are to decide whether a link should
be created between them (in absence of present link) or if the current link
should be removed. To create a link, both must agree, but to remove a
link, it suffices that one prefers it. The agents will only accept a new link
if everyone with higher social status than each of them respectively, already
have a link with the opposite agent. I.e. i will prefer a link if all entries in
the adjacency matrix vertically above gij contain ones. Similarly, agent j
prefers it if all entries above gji are one. At the moment, there is no disu-
tility or cost of having links, so given a nested split graph, no one will ever
want to remove a link. Hence, dynamically, the network will approach the
complete network. This is also the only pairwise stable network.

These examples illustrate the generality of the framework laid out in this
paper. In the remaining part of the paper, we will discuss potential appli-
cations as well as general extensions of this paper.

6 Discussion and Extensions

In this paper we started out investigating and presenting the properties of
nested split graphs. In a static setting, we presented conditions on the payoff
function such that, in an economic game, the ordering of nodes according to
degree is a sufficient statistic for the ordering of nodes according to actions.
We believe this finding is important, since the conditions on the payoff
function that we find are both general and economically feasible. It is also
important in a dynamic sense, since it turns out that in many network
formation models with these payoff functions, the network structure will
become a nested split graph with probability one and that this class of
graphs is an absorbing state.

Fundamental extensions of this work includes analysis of the dynamics of
the networks when the dynamic framework is changed. Under what cir-
cumstances will the network still belong to the class of nested split graphs?
Changing the structure of the game and studying implied features that the
two-stage dynamic model produces are also interesting extensions. These
thoughts give rise to a discussion regarding the chosen game and the chosen
dynamic framework. Our results have no economic significance if the games
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on given networks that we have in mind and the network formation models
are not interesting.

As alluded to earlier, one purpose of this paper is to produce a general frame-
work of a two-stage dynamic network formation model where the network
belongs to or converges to the class of nested split graphs. These mathemat-
ically tractable graphs can have many features in common with real world
social networks and can be interpreted as perturbed representations of em-
pirically observed social networks. It turns out that we are able to define
the framework of a microfounded dynamic model that is very general, in
allowing for a wide class of payoff functions.

The structure of the game is partly motivated by the seminal paper by
Ballester et al. (2006). Although games with targeted actions may be
interesting to analyze, we also capture information search or effort exerted in
a social context having choices being scalar-valued and influencing everyone
to the same extent.

The dynamic framework is motivated by how social networks form. We
are constantly exposed to the positive probability of being able to create
friendships or remove ties. A full microfoundation of our dynamic framework
requires the choice of addition or removal of links to be endogenous. Such
an extension can be made in different ways. However, simply introducing
link maintenance costs generates problems. Suppose part 1. of definition 2
would take the following form: Π (0;x1, x2, . . . , xdi) = v (d) where v is the
cost of maintaining d links. This extension has two implications. First of
all, as opposed to the case when v(d) = 0, it is now not always optimal to
add a link. This part endogenizes the choice of link addition or removal.
This extension has no effects on theorem 3. On the other hand, it breaks
down the symmetry of optimality implied by lemma 4. It may well be that
a node with low degree wants to create a link to a high-degree node, but
the second finds it suboptimal due to marginal cost of the additional link
being greater than the marginal benefit. Any endogenization of the choice
of action (i.e. to create or sever a link) must respect the implication of the
lemma in order for the network structure to belong to the class of nested
split graphs. Naturally, any exogenous rule must obey the lemma as well.
However, this being the only criterion leaves room for rich and realistic
choice-rules that can be of both stochastic as well as deterministic nature.
This discussion regarding whether node j finds it optimal to accept a link
offer from node i (who targeted j optimally) points to the key elements of
our framework. Supermodularity implies that nodes with high degree exert
high effort because of the externalities its neighbors generate. This means
that a node getting the opportunity to add a link always targets the node
with highest degree that it does not yet link to. However, supermodularity
does not imply that it is a best response for the targeted node to accept
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the incoming link offer. Part 5. of definition 2 defines marginal payoff of
own effort as strictly increasing in degree. This renders the symmetry of
optimality implied by lemma 4 optimal.

Our choice of letting links be created or severed one at a time is not a
consequence of the mathematical complexity that a model with multiple
link creation delivers. We believe that contacts are created and deleted
without strategic effects accruing from other contacts creation or removal.

Further analysis on nested split graphs and directed links (as opposed to
undirected) as well as allowing for growing number of nodes are interesting
extensions that are outside the scope of this paper.
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Proof of proposition 1. If the graph is empty there is no component and
all nodes are singletons. In the non-empty case, consider nodes with positive
degree. All these nodes are connected to the nodes in Z1, the innermost core
block, and thus there is only one component. A path between two nodes
can pass through nodes in Z1, and hence the maximum distance in the
component is two.

Proof of proposition 2. The total number of paths of length 2 can be
written as follows:

P2 =
n∑
j

(
dj
2

)
=
∑
j;dj≥2

(
dj
2

)
(6)

since every node j constitutes the center of a path of length two for all pairs
i,k ∈ Nj . This is true for all graphs.

In a nested split graph, the nodes in the periphery do not know each other
which means that a triangle (i.e. a complete subgraph with 3 nodes) must
either consist of nodes from the core only or have one node from the pe-
riphery and the remaining two from the core. This means that the number
of triangles, defined as T = T0 + T1, where T0 = no. of triangles in K T1 =
no. of triangles with one edge in P . Now, T0 =

(
k
3

)
since all triples of nodes

in K constitute a triangle. Moreover, T1 =
∑

j∈P
(dj

2

)
=
∑

j∈P ;dj≥2

(dj
2

)
,

since nodes in the periphery only link to nodes in the core and, as stated
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above, the nodes in the core are always connected. Combining these results
we obtain:

C =
3T
P2

=
3 (T0 + T1)

P2
=

3
(
k
3

)
+ 3

∑
j∈P

(dj
2

)∑n
j

(dj
2

) (7)

Proof of theorem 3. Nodes with equal degree have the same neighbor-
hood and therefore face the same optimization problem. Thus their optimal
efforts are identical. It remains to show that di > dj implies xi > xj .

Suppose i /∈ Nj (equivalent to j /∈ Ni) and that xi = xj = x. The network
being a nested split graphs entailsNj ⊂ Ni , which - by part 5. and symmetry
of arguments (part 2) of definition 2 - implies that hdi (x;x1,i, x2,i, . . . , xdi,i) >
hdj
(
x;x1,j , x2,j , . . . , xdj ,j

)
. Conclude that xi > xj .

Now suppose i ∈ Nj (equivalent to j ∈ Ni). This means that Nj \ {i} ⊂
Ni \ {j}. Keeping all other nodes’ effort levels fixed, define gi (x, y) ≡
hdi (x;x1,i, x2,i, . . . , y, . . . , xdi,i) as i’s marginal payoff of own effort x when
j’s effort is y. Similarly, gj (x, y) ≡ hdj

(
y;x1,j , x2,j , . . . , x, . . . , xdj ,j

)
repre-

sents j’s marginal payoff of own effort y.

From uniqueness of Nash equilibrium established above (det är inte gjort
ännu), we know that, keeping all other nodes’ effort levels fixed, there exists
an x∗ for every y such that gi (x∗, y) = hdi (x∗;x1, x2, . . . , y, . . . , xdi) = 0.
Define fi (y) = x∗ as node i’s best response function (similarly for j: fj (x) =
y∗).

Lemma 9. There exist unique z1 > z2 such that fi (z1) = z1 and fj (z2) =
z2.

Proof. Suppose that z1 = z2 = z such that gj (z, z) = 0. Then

gi (z, z) = hdi (z;x1,i, x2,i, . . . , z, . . . , xdi,i)
> hdj

(
z;x1,j , x2,j , . . . , z, . . . , xdj ,j

)
= gj (z, z) = 0.

Conclude that gi (z, z) > gj (z, z) implies that z1 > z2, since marginal re-
turns of increasing effort at the point of z1 = z2 are positive for node i but
zero for node j.

To show existence and uniqueness of fix points it is sufficient to show that
the functions fl, l ∈ {i, j} are monotone in their arguments. Define F (x∗) ≡
f−1
i (x∗) = y as the level of y such that x∗ is the best response of node i.
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At an optimum we have that gi (x∗, F (x∗)) = 0. Since Π ∈ C2, the second
derivative exists and is, at optimum, given by:

∂

∂x
(gi (x, F (x))) =

∂gi
∂x

+
∂gi
∂y

F ′ (x) = 0. (8)

Rearranging,

F ′ (x) = −
∂gi
∂x
∂gi
∂y

= −
∂2Πi
∂x2
i

∂2Πi
∂xi∂y

> 1 (9)

where the last inequality follows immediately from part 3. of definition 2.

An optimal point for node j prescribes gj (x, fj (x)) = 0. Applying the same
methods as above, we obtain

∂

∂x
(gj (x, fj (x))) =

∂gj
∂x

+
∂gj
∂y

f ′j (x) = 0, (10)

which can be rewritten as

f ′j (x) = −
∂gj
∂x
∂gj
∂y

= −
∂2Πj
∂y∂x

∂2Πi
∂y2

< 1. (11)

Part 3. of definition 2 does not only establish the last inequality, but also
confirms that f ′j (x) > 0. Conclude that both best response functions are
monotone functions, thus confirming existence and uniqueness of fix points.

To complete the proof of theorem 3, monotonicity of the best response func-
tions implies that there exists a unique point, x̂, such that, F (x̂) = fj (x̂) =
ŷ. From lemma 9, we know that F ′ > 1, f ′j < 1 and that the fix point of
F is larger than that fj . Conclude, at the intersection of the best response
curves we have x̂ > fj (x̂) = ŷ which completes the proof.

Proof of theorem 5. By induction, it suffices to check that g1 is a nested
split graph if and only if (i) and (ii) hold. Let Zk1 , Z

k
2 , . . . be the degree

partition of gk and Dk+ the number of distinct positive degrees in gk for
k = 0, 1. Consider two nodes: i in some block Z0

k and j in some block Z0
l of

the degree partition of g0.

Addition of a link ij increases both i’s and j’s degrees by one. If i’s degree
in g1 equals the degree of some nodes in g0, then i is “promoted” to their
block in the degree partition: i ∈ Z1

k−1, otherwise i will constitute a block
of its own in the degree partition of g1: {i} = Z1

k . The same argument goes
for node j, either j ∈ Z1

l−1 or {j} = Z1
l . The rest of the blocks in the degree

partition are unchanged in the transition from g0 and g1. D1+ = D0+ + 0, 1
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or 2 corresponding to whether both, one or none of i and j are in blocks of
their own in the new block partition.

If (i) holds, then l = D0+ + 2− k and it is straightforward to check that g1

is a nested split graph by definition 1 in the three cases D1+ = 0, 1 or 2.
If on the other hand l 6= D0+ + 2 − k, i.e. (i) does not hold, the blocks in
g1 are no longer connected in accordance with the definition. For example,
if i ∈ Z1

k−1, the nodes in that block are no longer connected to the same
nodes: j is connected to i but not to the other nodes of Z1

k−1.

The argument for the necessity and sufficiency of (ii) in the case of link
removal is similar to the proof with link addition.

Proof of theorem 6. If nodes connected to all other nodes get to add a
link or nodes not connected to any nodes get to remove a link, nothing
happens and the network continues to be a nested split graph.

For other nodes, it remains to show that a node i optimally targets a node
j ∈ Mi (j ∈ mi). Rewrite Πi

(
x∗i ;x

∗
1, x
∗
2, . . . , x

∗
di

)
as

Πi

(
x∗i ;x

∗
1, x
∗
2, . . . , x

∗
di

)
=
∫ x∗i

0
hdi
(
t;x∗1, x

∗
2, . . . , x

∗
di

)
dt. (12)

Part 5 of definition 2 implies that

Πi

(
x∗i ;x

∗
1, x
∗
2, . . . , x

∗
di
, x∗k
)

=
∫ x∗i

0
hdi
(
t;x∗1, x

∗
2, . . . , x

∗
di
, x∗k
)

dt (13)

>

∫ x∗i

0
hdi
(
t;x∗1, x

∗
2, . . . , x

∗
di

)
dt = Πi

(
x∗i ;x

∗
1, x
∗
2, . . . , x

∗
di

)
(14)

for any k. However, since payoffs are supermodular we know that

Πi

(
x∗i ;x

∗
1, x
∗
2, . . . , x

∗
di
, x∗j
)

=
∫ x∗i

0
hdi
(
t;x∗1, x

∗
2, . . . , x

∗
di
, x∗j
)

(15)

>

∫ x∗i

0
hdi
(
t;x∗1, x

∗
2, . . . , x

∗
di
, x∗k
)

dt = Πi

(
x∗i ;x

∗
1, x
∗
2, . . . , x

∗
di
, x∗k
)

(16)

for all j ∈ Mi and k ∈ N \ (Ni ∪Mi) (since x∗j > x∗k for all j ∈ Mi and k ∈
N \ (Ni ∪Mi) ). The second part of the proof follows analogously.

Proof of theorem 7. Consider an arbitrary time point in the process. If
the current graph is a nested split graph Theorem 5 implies that the process
will continue to consist of nested split graphs and we are done. Assume oth-
erwise, in particular that the current graph is non-empty and non-complete,
i.e. the number of links in the graph is larger than zero and less than

(
n
2

)
.
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Let ε be the least probability in either (a) or (b) as the case may be. The
probability that all next

(
n
2

)
link actions are removals (additions) is at least

ε(
n
2) in case (a) (case (b)), and since this number is positive, though typically

very small, it will eventually happen that a stretch of
(
n
2

)
link actions are all

removals (additions), which would create an empty (complete) graph. From
that moment on, all graphs will be nested split graphs.

Proof of corollary 8. In every period a node is chosen to create or to
sever a link. By theorem 6 we know that node i optimally targets j ∈ Mi (j
∈ mi) when creating (severing) an edge. Since the events of node removal
and addition both have positive probability of occurring, the reasoning of
theorem 7 applies.
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