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Abstract
In the standard model of cosmology, the universe is currently dominated by
dark energy in the form of the cosmological constant that drives the expansion
to accelerate. While the cosmological constant hypothesisis consistent with
all current data, models with dynamical behaviour of dark energy are still al-
lowed by observations. Uncertainty also remains over whether the underlying
assumption of a homogeneous and isotropic universe is valid, or if large-scale
inhomogeneities in the matter distribution can be the causeof the apparent
late-time acceleration.

This thesis investigates inhomogeneous cosmological models in which dark
energy clusters or where we live inside an underdense regionin a matter-
dominated universe. In both of these scenarios, we expect directional depen-
dences in the redshift-luminosity distance relation of type Ia supernovae.

Dynamical models of dark energy predict spatial variationsin the dark en-
ergy density. Searches for angular correlated fluctuationsin the supernova
peak magnitudes, as expected if dark energy clusters, yieldresults consistent
with no dark energy fluctuations. However, the current observational limits on
the amount of correlation still allow for quite general darkenergy clustering
occurring in the linear regime.

Inhomogeneous models where we live inside a large, local void in the mat-
ter density can possibly explain the apparent accelerationwithout invoking
dark energy. This scenario is confronted with current cosmological distance
measurements to put constraints on the size and depth of the void, as well
as on our position within it. The model is found to explain the observations
only if the void size is of the order of the visible universe and the observer is
located very close to the center, in violation of the Copernican principle.
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Preface

Outline

The thesis is divided into nine chapters. Chapter 1 is a general introduction to
the dark energy problem. Chapter 2 introduces the frameworkof standard cos-
mology. The use of type Ia supernovae in cosmology, which is ofcentral im-
portance in this thesis, is described in Chapter 3. Chapter 4gives an overview
of different dark energy models. Chapter 5 describes how observational data
can be used to constrain the properties of dark energy. In Chapter 6 the pos-
sibility of inhomogeneous dark energy and how it can be probed is discussed.
Chapter 7 deals with models that have an inhomogeneous matter distribution
as a means to explain cosmic acceleration. Chapter 8 is a summary of the the-
sis and the papers. Finally, a short summary in Swedish is given in Chapter 9.

My contribution to the papers

Paper I started as a close collaboration, but I became the main executer after
the initial investigations. I wrote most of the code and produced all the figures,
except the right panel of figure 4. The results were interpreted together with
the other authors. I wrote several sections of the paper. ForPaper II , my work
was the analysis of the LTB models. I wrote the accompanying sections and
produced figure 5.Paper III is largely a result of my efforts. I wrote all the
code, produced all the figures and wrote the vast majority of the paper. For
Paper IV, much of the work was carried out in close collaboration withJonas
Enander. I wrote all the code and was the main responsible for the data anal-
ysis. The results were interpreted together with the other authors. I produced
all the figures and wrote several sections of the paper.

Notation

I will for clarity write all constants explicitly in the equations, including the
speed of light,c, and the gravitational constant,G (i.e. I will not put c =
G = 1 as is done in many cosmology texts). I will use the metric signature
(−,+,+,+). The subscript 0 conventionally denotes a quantity evaluated at
the present time. I will use the subscript x to denote a generic form of dark
energy and replace this when appropriate with model specificnotations. Dis-
tances are usually measured in parsec (pc), where 1 pc≈ 3.26 ly ≈ 3×1016 m.
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1 Introduction

Thanks to brilliant ideas and great advances in technology, we have entered
the era of precision cosmology. This extraordinary revolution in observational
cosmology has revealed new aspects of the universe which will require
tremendous efforts on both the theoretical and observational front in order to
be understood.

In the late 1990’s, measurements of cosmological distancesby use of type
Ia supernovae (SNe Ia) indicated that the expansion rate of the universe is
increasing rather than decreasing. The SN Ia measurements marked the first
evidence for a late-time accelerated expansion, and these have since then been
corroborated by several other observations using different techniques. The dis-
covery significates a profound revolution in our view of the universe. Under-
standing what is causing the universal expansion to accelerate is arguably the
most dominant question in cosmology today.

In the context of the standard cosmological picture, based on Albert Ein-
stein’s theory of general relativity, together with the assumption that the uni-
verse is homogeneous and isotropic (the cosmological principle), the observa-
tions are most readily explained by invoking a new energy component, dubbed
dark energy, which currently dominates the universe. This mysterious sub-
stance permeates all of space and has the unusual property that its pressure is
negative, which acts to counter the braking force from gravity on cosmological
scales and drive the expansion to accelerate.

The results of several independent measurements have defineda concor-
dance model of cosmology with the following (approximate) properties:
• It is spatially flat, i.e., the total density is close to the critical density.
• 5 % of this density is made up of baryonic matter.
• 25 % is made up of pressureless (cold) dark matter, so far onlyobserved

through its gravitational effect on the universal expansion, structure forma-
tion and the dynamics of collapsed structures down to the scale of dwarf
galaxies.

• 70 % dark energy in the form of a cosmological constant (denoted byΛ),
observed through an apparent accelerated universal expansion at low red-
shifts.

• The age of the universe is 13.7 billion years.
The cosmological model with a cosmological constant and colddark matter is
referred to as theΛCDM model.



2 Introduction

The cosmological constant, first introduced by Einstein, is physically equiv-
alent to quantum vacuum energy and constant in both time and space. Even
though the cosmological constant is consistent with all observational data, un-
certainty remains over whether it is indeed the correct description of dark en-
ergy. The error bars obtained when fitting to the observational data still leave
ample room for models with more complex behaviour of dark energy. One
such possibility is that dark energy is described by a dynamical scalar field
that can vary in both time and space. A detection of temporal evolution or
spatial inhomogeneity of dark energy would falsify the cosmological constant
hypothesis. These variations can, however, be exceedingly small and slow,
making the models hard to distinguish from a cosmological constant.

Although dark energy is the most popular possibility to explain the observa-
tions, such models are not without problems. Dark energy is anew and com-
pletely unknown component in the universe that cannot be fully understood
with current physical theories. Furthermore, that we apparently live in an era
when the densities of matter and dark energy are almost equalis known as
the coincidence problem. Most dark energy models fail to give a compelling
argument why dark energy has evolved in such a way that we as observers
happen to live at the right time to measure the onset of cosmicacceleration.
The cosmological constant, specifically, also suffers from the problem that its
value as predicted from standard particle physics theory iswrong by up to a
staggering 120 orders of magnitude compared to the measuredvalue.

In light of these problems, alternative explanations to theapparent accel-
eration are also being pursued. Explaining the observationswith a universe
dominated by dark energy is done in a framework where Einstein’s gravity
and the cosmological principle are assumed to be valid. General relativity is
well tested on small length scales, but it could be that it is an incomplete de-
scription on cosmological scales. A theory of modified gravity would then be
necessary and could perhaps explain the observations of an accelerated expan-
sion. Another possibility is that the assumption of homogeneity and isotropy
is a too simplified description of the universe, in which casethe impact from
the large-scale matter inhomogeneities on the global expansion rate could be
significant enough to explain the observations. Or perhaps we just happen to
live in a special place in the universe, close to the center ofa large void where
the local expansion rate is higher?

The aim of this thesis is to investigate some inhomogeneous cosmological
models which have been proposed as alternatives to the cosmological constant
for explaining cosmic acceleration, and confront these models with current
observational data.Paper I andPaper IV deal with the possibility of inho-
mogeneous dark energy and, specifically, how observations of SNe Ia can be
used to identify such models.Paper II andPaper III treat models where the
observer lives inside a local void in the matter density, andgive constraints on
the size and depth of the void, as well as on the observer position in such a
scenario.
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2 Framework of standard cosmology

2.1 Cosmic dynamics
2.1.1 The homogeneous and isotropic universe

The standard model of cosmology is based on two tenets which coupled to-
gether determine the dynamics of the universe:
• Einstein’s theory of general relativity correctly describes gravity on all

length scales in the universe.
• The universe can be treated as homogeneous and isotropic.
Homogeneity means that there is no preferred location in theuniverse, while
isotropy implies that there is no preferred direction. The cosmological prin-
ciple summarises this by stating that the universe looks thesame in all direc-
tion as seen from all locations. There is thus no center in the universe and
the cosmological principle can be viewed as an extension of the Copernican
principle; that our position in the universe has no particular significance. The
assumption of spatial homogeneity and isotropy is only valid on scales larger
than∼ 100Mpc.

A homogeneous and isotropic universe implies:
• The geometry of the universe has constant curvature such thatit is either

spatially flat (for which the dimensionless curvature constantk = 0), posi-
tively curved (k=+1, spherical) or negatively curved (k=−1, hyperbolic).
For the cases of curved space, the quantityR gives the radius of curvature,
which has the dimension of length and is the same at every point in space
but evolves with time.

• The universal expansion rate is the same everywhere and thus only depends
on time. The scale factor,a(t), which is a dimensionless function of time,
describes how distances grow with time as the universe expands; it is con-
ventionally normalised so thata(t0) = 1, wheret0 is the current cosmic
time.
The relationship between space-time coordinates and physical distances in

an expanding homogeneous and isotropic universe is given bythe Friedmann-
Lemaître-Robertson-Walker (FLRW) metric. Using comoving spherical coor-
dinates(r,θ ,φ), with cosmological proper timet anddΩ2 ≡ dθ2+sin2θdφ2,
the FLRW metric is

ds2 =−c2dt2+a2 (t)
[

dr2+S2
k (r,R)dΩ2] , (2.1)
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where

Sk (r,R) =











Rsin(r/R) (k =+1)

r (k = 0)

Rsinh(r/R) (k =−1) .

(2.2)

A different, but equivalent, form of the metric can be written using a change of
variables; switch the radial coordinate tox ≡ Sk (r,R) and rescale the curvature
K ≡ k/R2,

ds2 =−c2dt2+a2(t)

[

dx2

1−Kx2 + x2dΩ2
]

. (2.3)

Note that yet another form of the FLRW metric is commonly used in cos-
mology texts,

ds2 =−c2dt2+a2(t)

[

dr2

1− kr2 + r2dΩ2
]

. (2.4)

While this is similar to eq. (2.3), its implementation is less stringent, ask =
[−1,0,+1], which gives a problem with dimensionality. The radial coordi-
nater would then have to be dimensionless and instead a dimension of length
would be imposed on the scale factora. We therefore choose to use the forms
in eq. (2.1) or eq. (2.3).

The proper distance,dp, between an object at the origin and an object at
comoving radial coordinater is the physical distance between them at a fixed
time t [putting dt = dθ = dφ = 0 in eq. (2.1)], i.e., the distance we would
measure with a ruler if we could stop the expansion at timet,

dp (t) = a(t)

r
∫

0

dr = a(t)r . (2.5)

Differentiating eq. (2.5) with respect to time gives the proper velocity,vp,

vp (t) = H (t)dp (t) . (2.6)

The Hubble parameter,H (t), is defined as

H (t)≡ ȧ(t)
a(t)

, (2.7)

where the dot denotes time derivative. Eq. (2.6) is known as Hubble’s law and
follows directly from the metric. Here the interpretation of velocity is that of a
change in distance due to the expansion of space. The Hubble parameter at the
current cosmic time is called the Hubble constant,H0 ≡ H (t0). Note that con-
ventionally the subscript0 denotes any quantity evaluated att = t0. A common
parameterisation of the Hubble constant isH0 = 100h km s−1Mpc−1, where
h is a dimensionless constant.
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Photons propagating through an expanding universe will become
redshifted, meaning that the wavelength of light at the timeof observation,
λo = λ (to), is larger than the wavelength at the time of emittance,λe = λ (te).
These wavelengths are related by

λo

λe
=

a(to)
a(te)

. (2.8)

How much the universe has been stretched between a timet and the current
time t0 is encoded in the dimensionless redshift parameter,z,

1+ z ≡ a(t0)
a(t)

. (2.9)

Note the close connection between time, scale factor and redshift. Quantities
which evolve with time are therefore often written as functions of z, since
redshift is an observable, whereas cosmic time is not.

2.1.2 The expansion of the universe

In general relativity, the relationship between curvatureand matter is given by
Einstein’s field equations,

Gµν ≡ Rµν −
1
2

gµν R =
8πG

c4 Tµν . (2.10)

The Einstein tensor,Gµν , describes the curvature of space. The indicesµ and
ν take on the values0,1,2,3, corresponding to time and three spatial coordi-
nates. The Ricci tensor,Rµν , and the Ricci scalar,R, (not to be confused with
the radius of curvature) depend on the metric tensor,gµν , and its derivatives.
The energy-momentum tensor,Tµν , describes the properties of the energy in
the universe. Note that eq. (2.10) contains no explicit cosmological constant
term, but that any dark energy contribution has been absorbed into Tµν in or-
der to keep the description as general as possible. The meaning of Einstein’s
field equations can be simply summarised: matter tells spacehow to curve,
and curvature tells matter how to move.

The energy-momentum tensor for a perfect fluid with densityρ and pres-
surep takes the form

Tµν =
(

ρ +
p
c2

)

uµuν + pgµν , (2.11)

whereuµ is the four velocity of the fluid. In a universe containing different en-
ergy components (radiation, matter and dark energy), we candefine the total
densityρtot and pressureptot, respectively, by simply summing the contribu-
tions from the different fluid species.

The time evolution of the scale factora(t) is determined by using the
FLRW metric in Einstein’s equations for a given fluid composition Tµν . The
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µ = ν = 0 component of eq. (2.10) gives the Friedmann equation,
(

ȧ
a

)2

=
8πG

3
ρtot−

kc2

R2
0a2

. (2.12)

Combining theµ = ν = 1 andµ = ν = 0 components of Einstein’s equations
gives the acceleration equation,

ä
a
=−4πG

3

(

ρtot+3
ptot

c2

)

. (2.13)

Eq. (2.12) and eq. (2.13) can be combined to give the continuity equation,

ρ̇tot+3H
(

ρtot+
ptot

c2

)

= 0 , (2.14)

which also holds for each component separately.
The relation between the pressure and density of a fluid is usually parame-

terised using the dimensionless equation of state,w, such that

p = wρc2 . (2.15)

Integrating the continuity equation for each fluid speciesi gives

ρi (z)
ρi,0

= exp







3

z
∫

0

dz′
1+wi (z′)

1+ z′







. (2.16)

For (non-relativistic) matter the equation of statewm ≈ 0, which gives
ρm (z) = ρm,0(1+ z)3. For radiationwr = 1/3, implying ρr (z) = ρr,0(1+ z)4.
The value of the equation of state of dark energy,wx, is still an unresolved
question and might possibly evolve with redshift. It is therefore not known
how the dark energy density,ρx, scales with redshift. Eq. (2.13) tells us that a
universe dominated by dark energy will have accelerated expansion only if
wx <−1/3.

Puttingk = 0 in eq. (2.12), we can derive the critical density,ρcrit, which is
the total density required to give a spatially flat universe,

ρcrit (z)≡
3H2(z)

8πG
, (2.17)

The current value isρcrit,0 ∼ 10−26 kg m−3; a truly tiny number.
It is convenient to define the dimensionless density parameter, Ω, as the

fractional contribution to the critical density from a given fluid species,

Ωi (z)≡
ρi (z)

ρcrit (z)
. (2.18)

A similar notation is also introduced for the contribution from curvature,

Ωk (z)≡− kc2

R2
0a2H2(z)

. (2.19)
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Using these definitions, the Friedmann equation is often written as

H2(z) = H2
0

[

Ωm,0(1+ z)3+Ωk,0(1+ z)2+Ωx,0 f (z)
]

, (2.20)

where the redshift dependence of the dark energy density is described by

f (z) = exp







3

z
∫

0

dz′
1+wx (z′)

1+ z′







. (2.21)

The radiation term has been neglected in eq. (2.20), since itscontribution is
only significant in the early universe. Note also that the subscripts 0 on the
density parameters usually are omitted in cosmology texts (and we will do the
same in subsequent chapters). At the present time we must have

1= Ωm,0+Ωk,0+Ωx,0 . (2.22)

Another quantity which is used to describe the dynamics of the universe is
the dimensionless deceleration parameter,q,

q(z) =− ä
aH2(z)

. (2.23)

Using eq. (2.13), the deceleration parameter can also be written as (neglecting
radiation)

q(z) =
1
2

[

Ωm,0(1+ z)3+(1+3wx (z))Ωx,0 f (z)
]

. (2.24)

Finally, the lookback time, i.e., the difference in time between the present
epoch and the time of emission, is given by

t0− te =

ze
∫

0

dz
(1+ z)H (z)

. (2.25)

The age of the universe is obtained by settingte = 0 (such thatze → ∞). The
age of the universe is thus a model dependent quantity through the Hubble
parameterH (z).

2.2 Cosmological distances
The concept of distance in an expanding universe is not uniqueand it is thus
important to be clear about exactly what is meant. Information comes to us
mainly in the form of photons, which we use to infer distancesto objects.
At very low redshifts, the different distinctions do not really matter, but on
cosmological scales they become crucial.
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2.2.1 Comoving distance

The comoving distance,dc, is the distance between two objects
instantaneously today. It does not take the scale factor into account and is
thus only a coordinate distance, obtained by a radial integration at the fixed
time t0,

dc =

r
∫

0

dr = r . (2.26)

The comoving distance is thus often denoted byr (and we will also use this
notation in subsequent chapters). We see from eq. (2.5) thatdc = dp (t0), i.e.,
the comoving distance is the current proper distance. The comoving distance
does not change as the universe expands and is not a measurable quantity.
Combining eq. (2.7) with eq. (2.9) and integrating eq. (2.1)for radially in-
coming light rays (ds = dθ = dφ = 0), we obtain

dc (z) = c

z
∫

0

dz′

H (z′)
. (2.27)

2.2.2 Luminosity distance

The luminosity distance,dL , is the distance inferred by measuring the flux,F,
of a source with known luminosity (a so-called standard candle), L,

F =
L

4πd2
L

. (2.28)

It can be shown that the relation between the flux and the luminosity is

F =
L

4πS2
k (r) (1+ z)2 . (2.29)

Here, the factor4πS2
k (r) is the current proper area that the emitted photons

are spread out over. The factor(1+ z)2 arises because of two effects: photons
become redshifted in the expansion, and the rate of photon emission is slowed
as viewed by the observer. From this we can identify

dL (z) = Sk (r) (1+ z) . (2.30)

A more useful expression for the luminosity distance is obtained if we put in
eq. (2.26), eq. (2.27) and eq. (2.19) into eq. (2.30),

dL (z) =
c(1+ z)

H0
√

|Ωk,0|
S





√

|Ωk,0|
z
∫

0

dz′

E (z′)



 , (2.31)
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where

S(x) =











sin(x) (k =+1)

x (k = 0)

sinh(x) (k =−1)

(2.32)

and
E (z)≡ H (z)/H0 . (2.33)

2.2.3 Angular diameter distance

The angular diameter distance,dA , is the distance inferred by measuring the
small angle subtended on the sky,δθ , of a source with known proper length
(a so-called standard ruler),l,

δθ =
l

dA
. (2.34)

The proper length, at the time when the light was emitted,te, can be obtained
from eq. (2.1),

l = a(te)Sk (r)δθ =
Sk (r)δθ

1+ z
. (2.35)

From this we can identify

dA (z) =
Sk (r)
1+ z

. (2.36)

The relation between the angular diameter distance and the luminosity dis-
tance is thus

dA (z) =
dL (z)

(1+ z)2 . (2.37)

Chapter summary:

In the standard model of cosmology, the universe is taken to be homoge-
neous and isotropic. The dynamics of the universe are described by Ein-
stein’s field equations, derived from general relativity, which connect the
geometry of the universe to its energy content. Cosmological observations
allow us to (at least in principle) measure the luminosity distance to stan-
dard candles and the angular diameter distance to standard rulers.
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3 Type Ia supernovae in cosmology

3.1 Type Ia supernovae as standard candles
Standard candles are objects which all have the same luminosity, inferred from
some common characteristic shared by all the objects. Knowing the intrinsic
luminosity of an object allows for it to be used as a distance indicator accord-
ing to eq. (2.28). In cosmology, SNe Ia have been employed as such a class
of objects (through a standardisation of their luminosities; see Section 3.2)
to determine the expansion history of the universe. In fact,the use of SNe Ia
as standard candles was the method through which the accelerated expansion
of the universe was discovered at the end of the 1990’s (Riesset al. 1998;
Perlmutter et al. 1999).

SNe Ia are thought to occur when a carbon-oxygen white dwarf in a binary
system accretes enough matter from its companion star to reach the Chan-
drasekhar mass limit1 of ∼1.4 solar masses, which results in a thermonuclear
explosion of the white dwarf that completely destroys it. This model for the
progenitors of SNe Ia implies similarity2 in their peak luminosities. Obser-
vationally, SNe Ia are classified by lacking hydrogen but featuring silicon in
their spectra.

SNe Ia are particularly useful as standard candles since their enormous lu-
minosities allow them to be seen to large cosmic distances. At peak brightness,
the typical luminosity of a SN Ia is a few billion times that ofthe Sun. The
brightness of astronomical objects are usually given in terms of magnitudes
rather than flux or luminosity. The apparent magnitude,m, of a light source is
related to the measured flux,F, as

m ≡−2.5log10

(

F
F0

)

, (3.1)

whereF0 is a reference flux. The absolute magnitude,M, is defined as the
apparent magnitude of the light source if it was located at a distance of 10 pc.
The relation between the apparent peak magnitude and the luminosity distance
is

m = 5log10

(

dL

1 Mpc

)

+M+25 . (3.2)

1The maximum mass which can be supported against gravitational collapse by electron degen-
eracy pressure.
2Note that the metallicity, i.e., the amount of elements heavier than hydrogen, of the progenitor
also affects the luminosity.
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A convenient measure is the distance modulus,µ, defined as

µ ≡ m−M = 5log10

(

dL

1 Mpc

)

+25 . (3.3)

Eq. (3.2) is also commonly written on the form

m = 5log10

(

H0dL

c

)

+M , (3.4)

where the constantM = 25+M +5log10(c/H0). By observing the apparent
peak magnitude of SNe Ia as a function of redshift, cosmological parameters
such asΩx andwx can be constrained through eq. (3.2) and eq. (2.31).

3.2 Standardising the luminosities
In reality, SNe Ia are not standard candles, but rather standardisable candles.
The absolute magnitude of a SN Ia at peak brightness in theB band3 is typi-
cally about−19.3. There is, however, an intrinsic variation in the peak mag-
nitude of∼ 0.3, which, seemingly, would degrade SNe Ia as standard can-
dle candidates. The light curve gives the apparent magnitudeas a function of
time which for SNe Ia typically peaks about 20 days after the explosion, be-
fore declining over a matter of weeks. It was found empirically that the peak
brightness is tightly correlated with the shape of the lightcurve. The empiri-
cal relation, known as the Phillips relation (Phillips 1993), states that brighter
SNe Ia have broader light curves (i.e. decay more slowly). Historically, the
width-luminosity correlation was given in terms of the parameter∆m15(B),
which gives the decline in theB-band magnitude during the first 15 rest-frame
days past maximum brightness. It was also discovered that the peak brightness
has a dependence on the colourB−V 4, with the correlation being that brighter
SNe Ia are bluer (Tripp 1998; Tripp & Branch 1999). This could possibly be
due to dust extinction, since it would render a SN Ia dimmer and redder. Af-
ter applying these calibrations, it was found that the intrinsic scatter in the
absolute magnitude is reduced to∼ 0.15 in theB band.

In practice, the calibration is today performed using a light-curve fitter.
There exist several such fitters currently in use, which all handle the empirical
corrections in different manners and therefore have different advantages and
disadvantages. The most frequently employed light-curve fitters are the Spec-
tral Adaptive Light curve Template (SALT/SALT2) (Guy et al. 2005, 2007)
and the Multicolor Light-Curve Shape (MLCS/MLCS2k2) (Riess etal. 1996;
Jha et al. 2007).

3Magnitude filter centered in the blue wavelength (0.44µm) region.
4The colourB−V is the difference between the apparent magnitude in the bluefilter B and
apparent magnitude in the visible (0.55µm) filter V .
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Figure 3.1: Hubble diagram for the Union2 compilation of 557 SNe Ia from different
surveys (Amanullah et al. 2010).

In the case of the SALT light-curve fitter, the width-luminosity relation is
quantified using the stretch factor,s. This gives a measure of how much the
time axis must be stretched to make the light curve match a template light
curve defined to haves = 1 (Perlmutter et al. 1997; Goldhaber et al. 2001).
Similarly, the colour-luminosity relation is quantified using a colour parame-
ter,c, which givesB−V at maximum brightness relative to a reference colour
(Guy et al. 2005). Using this parameterisation, theB-band distance modulus,
corrected for stretch and colour dependence, is

µB = mB −MB+α (s−1)−βc . (3.5)

The parametersα and β are coefficients in the linear correction terms and
must be determined from the data when fitting cosmological models. In the
SALT method, the approach is phenomenological, meaning that the correc-
tions are made purely empirically, with no prior imposed that it is due to dust
extinction.

The most significant difference between the SALT and the MLCS method
is that MLCS attempts to do a physical modelling of the corrections by con-
sidering specific dust extinction models. This is in principle good, as long
as the modelling is accurate, but can be problematic if the prior assumptions
are incorrect. An advantage of the MLCS method is that it directly gives the
distance modulus, which is the quantity relevant for cosmology.

Figure 3.1 shows the redshift-magnitude relation for SNe Ia, known as
the Hubble diagram, after they have been standardised. The data are from
the Union2 compilation (Amanullah et al. 2010), consistingof 557 SNe Ia
analysed using the SALT2 light-curve fitter. Several SN Ia surveys have
been collecting data for a number of years to help populate the Hubble



14 Type Ia supernovae in cosmology

Figure 3.2: Sky distribution in galactic coordinates of the 557 SNe Ia inthe Union2
data set. SNe Ia withz < 0.1 are marked with pluses andz > 0.1 with squares. The
distinct feature in the lower left part consists of SNe Ia along the equatorial plane
discovered by the SDSS-II survey. FromPaper IV.

diagram in all redshift ranges, including CfA3 (Center for Astrophysics 3;
Hicken et al. 2009a), SDSS-II (Sloan Digital Sky Survey-II;Holtzman et al.
2008), ESSENCE (Equation of State: SupErNovae trace Cosmic Expansion;
Miknaitis et al. 2007) and SNLS (SuperNova Legacy Survey; Astier et al.
2006). The Hubble Space Telescope has been instrumental in finding SNe Ia
at z > 1 (Riess et al. 2007). The number of discovered SNe Ia is expected to
grow rapidly as numerous surveys are planned to commence in the coming
years.

Figure 3.2 shows the sky distribution in galactic coordinates of the SNe Ia in
the Union2 data set. SNe Ia withz < 0.1 are marked with pluses andz > 0.1
with squares. Whereas the SNe Ia at low redshift are scattered quite evenly
across the sky, the SNe Ia discovered at high redshift are mainly confined to
small survey patches. This difference is due to the fact that atelescope needs to
observe in a given direction for a longer time in order to go deeper in redshift.
The sky distribution is of fundamental importance in this thesis. InPaper I,
Paper III andPaper IV, the SN Ia positions of different data sets are used to
look for anisotropies in the redshift-magnitude relation.

3.3 Uncertainties
As the number of SNe Ia in the Hubble diagram increases, the main limitation
in measuring cosmological parameters using SNe Ia comes from the system-
atic uncertainties. The sources of systematic errors need tobe studied in great
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detail and reduced in order to sharpen the standard candles.It is important
that all peak magnitudes in a data set are derived using the same procedure,
i.e., that all SNe Ia are analysed using the same light-curvefitter. However,
even if this is usually the case, because of the systematic differences between
light-curve fitters, cosmological results are sensitive towhich one is used for
the calibration (Kessler et al. 2009).

Some systematic errors are related purely to the general experimental
method. These include, e.g., photometric calibration and Malmquist bias5.

Extinction by intervening dust along the line of sight will make the SN Ia
appear fainter and redder, and is one of the most important uncertainties. The
extinction can arise because of circumstellar dust, dust inthe host galaxy, in-
tergalactic dust and dust in the Milky Way. The Milky Way extinction can be
corrected for using specific dust maps (Schlegel et al. 1998), and intergalactic
dust is expected to only be a small effect (Östman & Mörtsell 2005; Mé-
nard et al. 2010). While circumstellar dust may be important(Goobar 2008),
the main uncertainty probably comes from the host galaxy dust. It is often
assumed that the extinction laws derived for the Milky Way apply also for
distant galaxies, but this may not be valid (Östman et al. 2006). Note that the
measured reddening is an effective value which also includes an unknown,
intrinsic colour variation of the SNe Ia. There have been attempts at reducing
the impact of dust extinction by only selecting SNe Ia in elliptical galaxies,
where the dust content is lower (Sullivan et al. 2003). Another way to miti-
gate the dust extinction effect is to observe the SNe Ia in thenear-infrared,
where these effects are less significant (Wood-Vasey et al. 2008). However,
this wavelength region is only fully observable from space.Note also that the
dust properties might evolve with redshift.

Another important concern regards the evolution of SN Ia properties with
redshift. The question is whether SNe Ia have the same luminosity also at
higher redshift (i.e. at earlier times in the history of the universe), depending
on host-galaxy properties and the progenitors. There is evidence for two com-
ponents for SN Ia progenitors, with older progenitors preferentially found in
old, passive galaxies, and younger progenitors found in star-forming galaxies
(Mannucci et al. 2006). The relative mix between the two components could
then evolve with redshift to cause a drift in the average stretch with redshift.
It is possible that the stretch method can correct for this drift to avoid any bias
in the cosmological parameters. There have been claims that the residuals in
the Hubble diagram are correlated with the host-galaxy metallicity (Gallagher
et al. 2008), but this was not confirmed in a subsequent study (Howell et al.
2009). There are also indications that the SN Ia luminositiescorrelate with
the host-galaxy type (Sullivan et al. 2010). A deeper understanding of the

5A selection effect in flux-limited samples that more luminous objects are easier to detect than
faint at large distances.
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progenitors and the supernova physics are needed to better control possible
evolutionary effects.

Physical effects such as peculiar motions and gravitational lensing will also
add scatter to the peak magnitudes. At low redshifts, the peculiar velocities
of SNe Ia on top of the Hubble flow will add a non-negligible contribution
to the observed magnitudes (Hui & Greene 2006; Haugbølle et al. 2007). At
higher redshifts, uncertainties from gravitational lensing become more impor-
tant, since SNe Ia are (de)magnified as the light passes through the inhomo-
geneous matter distribution towards the observer (Jönssonet al. 2006, 2007).
These effects need to be controlled and, if possible, corrected for.

It is important to point out that the uncertainties not only affect the SNe Ia
individually, but that the scatter in the peak magnitudes from systematic ef-
fects can be correlated. This concerns the details in the light-curve fitting pro-
cedure, but is also the case for, e.g., peculiar motions (Cooray & Caldwell
2006), gravitational lensing (Cooray et al. 2006) and dust extinction (Zhang
& Corasaniti 2007). These effects are important to consider as a source of
noise inPaper I andPaper IV, which search for correlated fluctuations in the
peak magnitudes induced by dark energy inhomogeneities.

Chapter summary:

SNe Ia have successfully been employed as standard candles to determine
that the expansion of the universe is accelerating. Their luminosities are
standardised empirically using a light-curve fitter, of which there are sev-
eral currently being utilised. The main limitation in using SNe Ia to probe
cosmology now comes from the systematic uncertainties, such as dust ex-
tinction and evolution of SN Ia properties with redshift.
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4 Dark energy models

The most fundamental question in dark energy research at thispoint is if
dark energy is described by the cosmological constant, or ifit is dynamical
with variations in time and space. While the cosmological constant remains
the leading candidate to explain dark energy, future observations may reveal
properties of dark energy that deviate from those of the cosmological con-
stant, either through a time-evolving equation of state or through spatial inho-
mogeneities in the density. There is no shortage of ideas for modelling dark
energy, but to theoretically motivate these models and connect them to estab-
lished particle physics, as well as observationally distinguish them, is tremen-
dously challenging. Many dark energy models should therefore be regarded as
phenomenological, in wait for better theoretical motivations. In this chapter,
we outline some of the most commonly considered models of dark energy.

4.1 The cosmological constant
The simplest explanation for dark energy, at least from a phenomenological
perspective, is a cosmological constant (see, e.g., the review by Carroll 2001).
From a purely mathematical point of view, adding a cosmological constant,Λ,
to Einstein’s field equations is a degree of freedom that does not destroy the
coordinate independence of the equations,

Rµν −
1
2

gµνR+Λgµν =
8πG
c4 Tµν . (4.1)

The physical interpretation of the cosmological constant becomes apparent
when considering Einstein’s equations in vacuum (Tµν = 0),

Rµν −
1
2

gµνR =−Λgµν . (4.2)

The term proportional to the cosmological constant thus takes the place of an
energy-momentum tensor of the vacuum,

T Λ
µν =− c4

8πG
Λgµν . (4.3)

The interpretation of the cosmological constant is thus thatit corresponds to
vacuum energy. Comparing to the general form of the energy-momentum ten-
sor of a perfect fluid in eq. (2.11), we can identify the vacuumdensity

ρΛ =
Λc2

8πG
(4.4)
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and the vacuum pressure

pΛ =− Λc4

8πG
. (4.5)

Both of these quantities are constant in time and space and will thus not
change as the universe expands. Note thatΛ has the dimensions of length−2.
The equation of state of the cosmological constant will also remain constant
in time and is sufficiently negative to give an accelerated expansion,

wΛ =−1 . (4.6)

The reason that the pressure is negative can be simply understood from the
thermodynamical relation

dE =−pdV . (4.7)

The cosmological constant will cause the universe to expand (dV > 0), but
then the energy inside the volume will increase (dE > 0) since the energy
density is constant. This can only be achieved ifp < 0.

The fact that the equation of statewΛ =−1, simplifies the equations for the
cosmic dynamics. In the case of dark energy in the form of the cosmological
constant, the Friedmann equation reads

H2(z) = H2
0

[

Ωm (1+ z)3+Ωk (1+ z)2+ΩΛ

]

. (4.8)

The cosmological constant provides a reasonably straightforward explana-
tion for dark energy and the accelerated expansion which gives good fits to
the observations. However, it comes associated with a couple of conceptual
problems, which do not yet have any satisfactory solutions.Current observa-
tions favour a universe withΩm ∼ 0.3 andΩΛ ∼ 0.7, i.e., the contributions
from matter and the cosmological constant are comparable today. This is pe-
culiar since matter gets diluted with the expansion, while the vacuum density
stays constant. That we live in a time when these densities arealmost equal is
called the coincidence problem. It is important to note, however, that in terms
of cosmic time, the densities have been comparable for roughly half of the
age of the universe. For our given universe, it is thus not so much of a coinci-
dence that we live during this epoch, but rather a fine-tuningproblem that the
cosmological constant has the particular value that it does.

The second, more profound, problem concerns comparing the measured
value of the cosmological constant to that predicted from quantum field the-
ory. Observations imply thatρΛ ∼ ρcrit,0 ∼ 10−26 kg m−3, which corresponds
to Λ ∼ 10−52 m−2. This is an extremely small number. It seems natural to ex-
pect that some symmetry of nature would rather put the value identically to
zero, but none has been found so far (and indeed cosmic acceleration is being
observed). The total free-field vacuum energy is the sum over the vacuum en-
ergy over all modes and all particles up to a certain cut-off scale. If this scale
is taken to be the Planck scale (where quantum field theory is expected to
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break down), the theoretical vacuum density comes out to be∼ 120orders of
magnitude larger than the observed density. This phenomenaldiscrepancy is
referred to as the cosmological constant problem (Weinberg1989). Assuming
supersymmetric extensions of the standard model of particle physics, the cut-
off scale may be taken to correspond to the energy scale wheresupersymmetry
is broken (∼ 1 TeV), reducing the discrepancy to∼ 60 orders of magnitude.

4.2 Dynamical dark energy
Due to the problems associated with the cosmological constant, several al-
ternative models of dark energy have been proposed (see, e.g., the review by
Copeland et al. 2006). The most commonly considered idea is tomodel dark
energy as a scalar field,φ . Such a field will be dynamical, allowing for varia-
tions in both time and space. This opens up the possibility that the dark energy
density has evolved in time in such a way that it currently is comparable to the
matter density, alleviating the coincidence problem.

4.2.1 Quintessence

The quintessence type of scalar field models (Caldwell et al. 1998; Zlatev et al.
1999) is described by the action,S,

S =

∫

d4x
√−gL , (4.9)

whereg is the determinant of the metric tensor, and the canonical Lagrangian
density,L , is

L =−1
2

c2∂µφ∂ µφ −V (φ) , (4.10)

where∂µφ ≡ ∂φ/∂xµ . HereV (φ) is a self-interacting potential which deter-
mines the dynamics of the field.

The contribution to the energy-momentum tensor is of the form

T µν
φ = c2∂ µφ∂ ν φ +gµν

L . (4.11)

Comparing this to the energy-momentum tensor of a perfect fluid in eq. (2.11),
the energy density and pressure of the quintessence field are

ρφ c2 =−1
2

c2∂µφ∂ µφ +V (φ) , (4.12)

pφ =−1
2

c2∂µφ∂ µφ −V (φ) . (4.13)

This shows explicitly how the density and pressure depend on both temporal
and spatial variations of the field. The spatial variations will be important
in Chapter 6 where we discuss inhomogeneous dark energy. If we, for the
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time being, assume that the field is homogeneous (∇φ = 0), the expressions
simplify to

ρφ c2 =
1
2

φ̇2+V (φ) , (4.14)

pφ =
1
2

φ̇2−V (φ) . (4.15)

The equation of state of the quintessence field then becomes

wφ =
φ̇2−2V (φ)
φ̇2+2V (φ)

. (4.16)

In general, this means that−1 ≤ wφ ≤ 1. The limit wφ = −1 is approached
for φ̇2 ≪ 2V ; a condition called slow roll.

The equation of motion ofφ gives the dynamics of the scalar field,

φ̈ +3H φ̇ +V ′ = 0 , (4.17)

whereV ′ ≡ dV/dφ . This is similar to the equation of motion of a ball in a
potential well. The field evolution is driven by the steepnessof the potential
and dragged by the Hubble friction term,3H φ̇ , due to the expansion acting
against the evolution inφ . The field is therefore said to be rolling down the
potential. Acceleration is achieved if the potential is sufficiently flat so that
the potential energy dominates over the kinetic energy, i.e., the field is slowly
rolling. Note that the scalar field is assumed to be minimallycoupled to the
other fluids, but that it still depends on them through the Hubble parameter,
present in the equation of motion (4.17), the Friedmann equation (2.12) and
the continuity equation (2.14).

Two classes of quintessence models can be identified, thawing and freezing,
depending on the properties of the potential. Thawing modelshave a potential
with a minimum accessible within a finite range ofφ . One example of such a
potential isV (φ)∼ φ2. The field starts frozen by the Hubble friction and then
is released to roll down towards the minimum asH decays. The equation of
state will then evolve away from the value−1. Freezing models are such that
the potential has no minimum for finiteφ , e.g.,V (φ)∼ 1/φα , α > 0. The field
rolls down a steep potential but gradually slows down as the potential flattens
out. The equation of state will in this case evolve towards thevalue−1.

The potentialV (φ)∼ 1/φα is an example of a potential with an attractor so-
lution that gives late-time acceleration of the expansion independent of the ini-
tial conditions for the scalar field. The dark energy density falls off less rapidly
with time than the background density and will eventually start to dominate.
The exact epoch when dark energy domination starts is not predicted by the
models, and thus the coincidence problem is only partially resolved.

The general problem of explaining dark energy with scalar field models is
that it requires the introduction of a new field and a specific potential which
has to be motivated from particle physics. Furthermore, in order for the scalar
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field to play an important role today, its effective mass mustbe extremely
light compared to other mass scales in particle physics, which seems very
unnatural. A fair amount of fine-tuning is thus needed in constructing a viable
model. It should also be noted that, in alternative models tothe cosmological
constant it is simply assumed thatΛ = 0, without addressing exactly how this
arises.

4.2.2 Beyond quintessence

Looking beyond quintessence models, there is a large selection of more com-
plex dark energy model candidates which can emerge from different parts of
fundamental theory. Below we present the broad idea of some of these classes.

Scalar fields with a non-canonical kinetic term form a class of models called
k-essence, short for kinetic quintessence (Chiba et al. 2000; Armendariz-Picon
et al. 2001). The general action for such theories is given by

S =
∫

d4x
√−gL (X ,φ) , (4.18)

where the Lagrangian density is a function of the scalar fieldφ and its ki-
netic energyX =−1

2c2∂µφ∂ µφ . Accelerated expansion is achieved due to the
modification of the kinetic energy, even in the absence of a potential. The class
of k-essence comprises a wide variety of dark energy models.Note that the
action (4.18) also includes quintessence models.

Models which predict an equation of statewφ < −1 are called phantom
energy (Caldwell 2002). For such models the dark energy density grows with
time. The scale factor and expansion rate diverge at finite time, causing a ‘Big
Rip’ in which all matter structures are ripped apart.

Another major issue regards the possibility of a non-minimally coupled
scalar field (Amendola 2000), i.e., models where dark energycouples to
matter, with the coupling strength being a function of the field φ . So-called
chameleon fields (Khoury & Weltman 2004) couple strongly to matter and
have a matter dependent effective potential. The field mass isthen not
constant, but changes with the local matter density, and will thus depend on
the environment.

There exist also models in which dark matter and dark energy are treated as
different manifestations of a single fluid (known as unified dark matter models
or quartessence). The major candidate for such a scenario is the generalised
Chaplygin gas (Kamenshchik et al. 2001; Bento et al. 2002); afluid with an
exotic equation of state that allows it to behave as dark matter in the early
epoch and dark energy at late times.
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4.3 Modified gravity
A different approach to explaining cosmic acceleration is to consider modifi-
cations of gravity on cosmological scales. General relativity is well tested in
specific systems, such as the Solar system or binary pulsar systems, but it is
conceivable that gravity is altered on very large scales in such a way as to give
accelerated expansion at late times.

In general relativity, gravity can be described by the Einstein-Hilbert action,

S =
c4

16πG

∫

d4x
√−gR+Sm , (4.19)

whereR = gµνRµν is the Ricci scalar andSm is a matter action. The simplest
modification is calledf (R) gravity (Capozziello et al. 2003; Carroll et al.
2004), where the Einstein-Hilbert action is generalized to

S =
c4

16πG

∫

d4x
√−g f (R)+Sm , (4.20)

where f is a function of the Ricci scalar. The field equations derived from this
action contain additional terms involvingf and its derivatived f/dR. There
are several theoretical conditions on the functional form of f in order for the
models to be viable (Amendola et al. 2007). Furthermore, as is the case for
any modified gravity model, strong constraints come from Solar system tests.
There are also models which extendf (R) gravity by letting f be an arbitrary
function of scalar combinations of the Ricci scalar and the Riemann tensor
(Carroll et al. 2005).

In braneworld models, gravity is modified in the sense that welive on a
four-dimensional (4D) brane embedded in a higher-dimensional bulk space-
time. An example is the Dvali-Gabadadze-Porrati (DGP) model (Dvali et al.
2000), in which matter fields are confined to our 4D brane, whereas gravity
propagates in the 5D bulk as well. Standard 4D gravity is recovered for small
distances, but at large distances gravity is weakened by leaking out into the
bulk, leading to accelerated expansion. The length scale at which this transi-
tion occurs is called the cross-over scale,rc; a parameter that enters the ef-
fective Friedmann equation. Note that this description applies to the so-called
self-acceleration branch of the DGP model.

In Cardassian models (Freese & Lewis 2002), it is noted that accelerated
expansion can be achieved by simply modifying the Friedmannequation, e.g.,
by adding an extra term that is a power-law of the density. While the Cardas-
sian expansion is introduced phenomenologically, such a term may arise as a
consequence of embedding our universe as a brane in a higher-dimensional
bulk.
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Chapter summary:

The cosmological constant, corresponding to vacuum energy,is the sim-
plest dark energy candidate, but suffers from a severe fine-tuning problem,
which is not yet resolved. In dynamical models, where dark energy is de-
scribed as a scalar field, the equation of state evolves with time and the
density is inhomogeneous, distinguishing such models fromthe cosmo-
logical constant. Alternatively, gravity may be modified oncosmological
scales to give accelerated expansion without dark energy.
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5 Confronting dark energy with
observational data

After the discovery of cosmic acceleration, initial efforts were focussed on
corroborating the evidence for dark energy by improving theconstraints on
the density parameter,Ωx, and fitting a constant equation of state,wx. As
more data of better quality are becoming available, and the role of systematic
errors is better understood, current efforts are aimed at learning more about
the nature of dark energy. The most pressing question is whether dark energy
is described by the cosmological constant, as seems favoured by the current
data, or if it is dynamical.

5.1 Parameterising the equation of state
The interplay between theory and observations is crucial, meaning that one
can guide the other. As presented in Chapter 4, a vast selection of dark energy
models exists, but theoretical work has not yet started to converge to any front-
running candidate. The equation of state of dark energy is an observable that is
a useful phenomenological tool to characterise different models. Note that we
will hereafter switch to the commonly used notationw (without subscript) for
the dark energy equation of state, since there is anyway no risk of confusing
it with that of matter or radiation. For dynamical models,w will evolve with
time. Determiningw as a function of redshift is an important approach to
probing dark energy. Most notably, a detection of any deviation from the value
−1 will refute the cosmological constant as the dominant energy component
in the universe. However, precise measurements ofw(z) may only point us
to certain classes of dark energy models, without necessarily indicating any
specific model.

One approach to probing an evolving equation of state is to parameterise
w as a function of redshiftz (or scale factora). The most commonly used
parameterisation was proposed by Chevallier & Polarski (2001),

w(z) = w0+wa (1−a) = w0+wa
z

1+ z
, (5.1)

wherew0 is the value today andwa measures the variations in time. For the
cosmological constant the corresponding values arew0 =−1 andwa = 0. Sev-
eral other parameterisations have been considered in the literature, including
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a simple linear expansion,

w(z) = w0+w1z , (5.2)

or a logarithmic form (Efstathiou 1999),

w(z) = w0+w1 ln(1+ z) . (5.3)

At low z, these are essentially equivalent to eq. (5.1), but they become less
suitable for increasing redshift. It is important to point out that even though
eq. (5.1) possesses several advantages (Linder 2003) and hasbeen adopted as
the conventional parameterisation, its functional form restricts it from mod-
elling any general evolution ofw(z). See also, e.g., Jassal et al. (2005), Bassett
et al. (2002), Corasaniti & Copeland (2003) and Hannestad & Mörtsell (2004)
for some further examples of parameterisations ofw.

It is possible to avoid choosing a specific form forw(z) by instead assuming
a simple, but general, parameterisation in which the equation of state is piece-
wise constant. The valueswi calculated in each redshift bini will be correlated,
but can be decorrelated by rotating them into a basis where they are diagonal
(see Huterer & Cooray 2005). This corresponds to applying a weight function
to the correlated parameters. The new, uncorrelated parameters are then lin-
ear combinations of allwi described by the weight function. The method is
a variant of the principle component technique presented inHuterer & Stark-
man (2003) to determinew(z). Its application to data was tested inPaper II ,
giving constraints consistent withw=−1 in all four bins considered. A piece-
wise constant equation of state, but without decorrelatingthe parameters, was
investigated in, e.g., Amanullah et al. (2010).

5.2 Probes of dark energy
The properties of dark energy are investigated using mainly two different tech-
niques; probing the background expansion in terms of geometrical distance
measures and probing the growth of cosmic structures, both of which are sen-
sitive to the energy content of the universe. Distances are most robustly probed
via SNe Ia, the baryon acoustic oscillation (BAO) peak and the last scatter-
ing surface of the cosmic microwave background (CMB). Structure growth
is mainly probed by large galaxy surveys but also via galaxy cluster counts
and weak gravitational lensing. While these methods provide constraints on
dark energy individually, the strength lies in combining different constraints
to break degeneracies and guard against systematics, sincethe probes com-
plement each other. So far, constraints have primarily comefrom distances
measures, but for the future a much more powerful test of darkenergy models
will be to include also the constraints from structure growth. The Dark Energy
Task Force issued a report (Albrecht et al. 2006), in which they assess the per-
formance of future experiments in measuring the propertiesof dark energy.
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This was quantified in a figure of merit, defined as the reciprocal of the area
in thew0−wa plane that encloses the 95 % confidence limit region (see, e.g.,
Wang (2008) for an alternative to this). The experimental wayforward is rec-
ommended to include multiple techniques, since each have their own different
strengths and weaknesses.

SNe Ia have played a key role in establishing the evidence fordark energy
and will continue to be important also for future studies. They are the main
source of constraints used in this thesis and are therefore described in detail in
Chapter 3. Below we discuss how some of the other probes can beemployed
for constraining dark energy.

5.2.1 Cosmic microwave background

The CMB temperature anisotropies have been measured with high precision
by the WMAP satellite for several years (Komatsu et al. 2010). Using these
measurements to constrain dark energy usually involves treating the CMB as
a standard ruler, where the angular diameter distance to thelast-scattering
surface is inferred from comparing the typical angular sizein the sky of the
temperature fluctuations,θA , to their expected intrinsic size.

The position of the first peak in the angular power spectrum of the temper-
ature anisotropies of the CMB (also referred to as the acoustic scale),lA , is
given by

lA =
π
θA

= π (1+ z∗)
dA (z∗)
rs(z∗)

, (5.4)

wherez∗ ≈ 1090 is the redshift of the last-scattering surface. Here,rs is the
comoving size of the sound horizon at recombination,

rs =

∞
∫

z∗

csdz
H (z)

, (5.5)

where the speed of sound prior to recombination is roughlycs = c/
√

3. The
parameterlA thus represents the angular scale of the sound horizon at recom-
bination.

Another parameter which is often used is the so-called shiftparameter,R
(Efstathiou & Bond 1999), given by

R =

√

Ωm

|Ωk|
S





√

|Ωk|
z∗
∫

0

dz
E (z)



 , (5.6)

where the functionS(x) is given in eq. (2.32). WhileR can be related to the
position of the first peak,lA , these parameters complement each other and can
be used together very effectively to constrain models. It should be pointed
out, however, that the values oflA andR are derived from the data in a model
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dependent way (assuming, e.g., FLRW metric and certain physical properties
of the pre-recombination universe), and should thus be employed with some
caution when testing non-standard models (Elgarøy & Multamäki 2007).

Note that in more careful analyses, cosmological models arefitted to the
entire angular power spectrum, rather than to single peaks.

5.2.2 Baryon acoustic oscillations

In the primordial plasma in the early universe, photons and baryons interacted
to give acoustic oscillations in the baryon density. When the photons decou-
pled from matter at recombination, the oscillations becamefrozen in and im-
printed a characteristic length scale that can be seen todayin the 3D distribu-
tion of matter. Surveys of the large-scale distribution of galaxies show a peak
in the galaxy correlation function at the comoving scale∼ 100h−1 Mpc, cor-
responding to the baryon acoustic oscillations (Eisensteinet al. 2005; Percival
et al. 2010). Whereas the signature from the oscillations allows us to treat the
CMB as a standard ruler toz ≈ 1090by means of the first acoustic peak in
the CMB angular power spectrum, the same signature also provides a stan-
dard ruler in the form of the BAO atz . 1 (but in principle measurable also at
larger redshifts), that can be used to constrain dark energy.

Since the large-scale correlation function is three-dimensional, it is a com-
bination of the correlations in the radial and the transverse direction. A mea-
sure of the BAO scale in the radial direction thus probes the Hubble parameter
H (z), whereas a measure in the transverse direction gives constraints on the
angular diameter distancedA . The distance measure constrained by the 3D
correlations is a combination of these, known as the dilation scale,DV ,

DV (z) =

[

(1+ z)2 d2
A (z)

cz
H (z)

]1/3

. (5.7)

The dilation scale is often given in the form of the dimensionless parameterA
(Eisenstein et al. 2005),

A(z) = DV (z)

√

ΩmH2
0

cz
. (5.8)

Percival et al. (2010) reported measurements of the parameterdz, defined as
the ratio between the comoving size of the sound horizon at the baryon-drag
epoch1, rs(zd), and the dilation scale,

dz =
rs(zd)

DV (z)
. (5.9)

It is possible to combine the measurements of the BAO with those of the
CMB in order to get a more model-independent constraint. InPaper II ,

1The drag epoch,zd ≈ 1020, is the epoch at which the acoustic oscillations are frozen in.
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Figure 5.1: 68.3 %, 95.4 % and 99.7 % constraints onΩm andΩΛ from the Union2
compilation of SNe Ia including systematic errors (blue), BAO (green) and CMB (or-
ange) (Amanullah et al. 2010). Note that a cosmological constant (w = −1) has been
assumed.

eq. (5.9) was combined with eq. (5.4) to give the constraint

dzlA = π
(1+ z∗)dA (z∗)

DV (z)
rs(zd)

rs(z∗)
, (5.10)

where the ratiors(zd)/rs(z∗) cancels out the dependence on much of the com-
plex pre-recombination physics that is needed to calculatethe sound horizon
size.

As is the case for the CMB parameters, the BAO parameters are derived
assuming a standard-model background cosmology and thus may not be fully
applicable to constrain more exotic scenarios.

Amanullah et al. (2010) combined the latest measurements ofSNe Ia, CMB
(lA andR) and BAO (dz) to constrain dark energy parameters. The constraints
in the parameter spacesΩm − ΩΛ, Ωm −w and w0 −wa are shown in Fig-
ure 5.1, Figure 5.2 and Figure 5.3, respectively. Note that while the differ-
ent probes show individual degeneracies, they complement each other so that
when combined, they give tight constraints on the parameters. Note also that
for a constantw the value is close to−1, but that the constraint on the time
evolutionwa is still weak.



30 Confronting dark energy with observational data

Figure 5.2: 68.3 %, 95.4 % and 99.7 % constraints onΩm and a constant dark energy
equation of statew from the Union2 compilation of SNe Ia including systematic er-
rors (blue), BAO (green) and CMB (orange) (Amanullah et al. 2010). Note that a flat
universe has been assumed.

Figure 5.3: 68.3 %, 95.4 % and 99.7 % combined constraints onw0 andwa from the
Union2 compilation of SNe Ia, BAO and CMB both with (solid contours) and without
(shaded contours) SN Ia systematics (Amanullah et al. 2010). Note that a flat universe
has been assumed.
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5.2.3 Growth of structure

Using the large-scale structure of the universe to probe dark energy is a
promising method that involves several different techniques.

Galaxy redshift surveys are useful not only to extract the BAO correla-
tion, but also to probe the growth rate of large-scale structure. Measuring how
rapidly structures assemble in the universe as a function ofredshift is a par-
ticularly good test to discriminate between dark energy andmodified gravity.
The growth rate function can also be determined by measuring redshift-space
distortions in the observed galaxy maps due to large-scale peculiar velocities,
which are a consequence of structure growth (Hawkins et al. 2003; Guzzo
et al. 2008).

Galaxy cluster counts measure the number of galaxy clustersin a given
mass interval within a certain volume at different redshifts. The galaxy cluster
abundance depends both on the growth of structure and the expansion history,
and the measurements can be compared to expected values fromcosmological
N-body simulations. The sensitivity of cluster counts to dark energy enters
in how density perturbation evolve with time and how the volume element
changes with the expansion (Haiman et al. 2001).

Weak gravitational lensing by the foreground mass distribution will dis-
tort the images of background galaxies. The statistical signal of these dis-
tortions is called cosmic shear. Measurements of cosmic shear can provide
constraints on dark energy through how dark energy influences the evolution
of the power spectrum of matter density perturbations, as well as through the
redshift-angular diameter distance relation (Hoekstra etal. 2006).

5.3 Model selection
Given a set of dark energy models and an array of experimentaldata, the ulti-
mate goal is to determine a single model that can explain the data better than
any other model, and which preferably is as simple as possible (in the spirit of
Occam’s razor). The simplest approach is referred to as parameter estimation,
where an underlying model is assumed to be valid and the focuslies on fitting
the model parameters to the data. An extended approach, called model selec-
tion, is to treat a model with a set of parameters as a completeentity by taking
into account model dimensionality and model priors, balancing the quality of
the fit to the data against the complexity of the model. The model selection
approach is based on Bayesian statistics and generally favours models with
fewer parameters (Trotta 2008).

Testing dark energy models against observational data usually gives incon-
clusive results. For a given model, there are usually degeneracies between
the model parameters, meaning that the data allow for many combinations of
parameter values. When comparing different models, these often fit the data
roughly equally well and can sometimes mimic each other. Distinguishing
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between different models is thus very difficult. By use of different statistical
measures it is possible to assess the strength of different models, but ruling
out a model at high statistical significance is usually hard given the current
quality of the data. It is prudent to be cautious when testingmodels against
observational data and also when interpreting the results presented by others,
since parameter fits and model selections can be deceiving. Different priors
enter the analyses, the form of the parameterisations can artificially constrain
parameters, and statistical measures come with different levels of sophistica-
tion.

There are different ways to quantify which model best explains the data.
The standardχ2 statistics is useful to determine the best-fit parameters ofa
given model, but is not a good measure to compare the strengthof differ-
ent models, since it contains no information on the relativecomplexity of the
models. A simple way to take into account such information isto instead con-
sider the reducedχ2, given as the ratio between theχ2 value and the number
of degrees of freedom (defined as the difference between the number of data
points and the number of model parameters).

In cosmological model selection, information criteria have been a
frequently employed as a tool to assess the strength of models (Liddle
2004, 2007). The information criteria can be seen as a mathematical
implementation of Occam’s razor, since if two models give equally good fits,
the one with fewer parameters is favoured. Two examples of information
criteria are the Akaike Information Criterion, AIC,

AIC =−2lnLmax+2k , (5.11)

and the Bayesian Information Criterion, BIC,

BIC =−2lnLmax+ k lnN . (5.12)

Here,Lmax is the maximum likelihood,k is the number of parameters of the
model, andN is the number of data points. Note that for Gaussian errors,
χ2 = −2lnLmax. The AIC and BIC are similar, but BIC penalises models
with extra parameters harder (as long aslnN > 2). It is only the relative value
of the criterion between models that is of importance when selecting the best
model. A difference∆BIC> 5 is conventionally considered as strong evidence
and∆BIC > 10 as decisive evidence against the model with the higher crite-
rion value. InPaper II , the AIC and BIC were applied to rank some of most
popular non-standard cosmological models.

Information criteria are easy to use and often sufficient to give guidance in
model selection. However, they only involve the maximum of the likelihood
function and should only be regarded as a first approximation. In Bayesian
model selection, a more rigorous way of quantifying the best-fit model is to
calculate the Bayesian evidence,E, given as the average likelihood of a model
over the prior parameter ranges (Saini et al. 2004; Liddle et al. 2006). While
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calculating the Bayesian evidence can be difficult, it is themost powerful tool
to use in model selection.

5.4 Model independent tests
Rather than imposing a parameterisation of the equation of state and fitting
the model parameters, a different, and model independent, approach is to at-
tempt to reconstructw(z) directly from data (generally assuming a flat uni-
verse) (Sahni & Starobinsky 2006). This involves obtaining the first and sec-
ond derivatives with respect to redshift of the comoving distancer (z) such
that (Huterer & Turner 1999)

1+w(z) =
1+ z

3

3(H0/c)2 Ωm(1+ z)2+2
(

d2r/dz2
)

/(dr/dz)3

(H0/c)2 Ωm (1+ z)3− (dr/dz)−2 . (5.13)

The comoving distance is derived from the luminosity distance obtained from
SN Ia measurements. Using similar techniques, it is possible to reconstruct
also the scalar field potentialV [φ (z)] or the dark energy densityρx (z). While
this seems like a promising approach to probing the properties of dark energy,
in practice it is very difficult to take derivatives of noisy data (Daly & Djor-
govski 2004; Weller & Albrecht 2002). Furthermore, preciseknowledge of
Ωm andH0 is required for an accurate reconstruction.

Another approach for probing cosmic acceleration without involving spe-
cific models is to consider a kinematic description, using the expansion his-
tory, H (z), and the deceleration parameter,q(z). The Hubble parameter can,
in principle, be reconstructed directly from the SN Ia data using

H (z) =

[

d
dz

(

dL

c(1+ z)

)]−1

. (5.14)

This might be advantageous over aw(z) reconstruction since only the first
derivative of the luminosity distance is needed and no dependence onΩm

enters. A method for measuringH (z) in practice was presented in Wang &
Tegmark (2005). Note thatH (z) can be derived not only from distance mea-
sures, but also from relative ages of passively evolving galaxies (Simon et al.
2005; Stern et al. 2010). KnowingH (z) makes it possible to reconstruct also
the deceleration parameter (Daly & Djorgovski 2003).

A less independent investigation, but still without referring to any particular
model, is to parameterise the deceleration parameterq(z), similarly to how
w(z) is being treated, and fit the parameters to data. Mörtsell & Clarkson
(2009) considered both a piecewise constantq(z) and the parameterisation

q(z) = q0+qa
z

1+ z
. (5.15)
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Paper II contains constraints on the parametersq0 andqa as well as a recon-
struction ofH (z) in four redshift bins.

Chapter summary:

A key approach to revealing the nature of dark energy is to determine the
redshift evolution of the dark energy equation of state, either by consid-
ering a specific parameterisation or through a model independent recon-
struction. A wide array of techniques are available for thispurpose, giving
constraints from geometrical distance measures or the growth of structure.
The cosmological constant remains consistent with the current data, but
the constraints on any temporal variations are still weak.
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6 Inhomogeneous dark energy

Dynamical dark energy will not only have a time-varying energy density, but
will also exhibit spatial fluctuations. The clustering of dark energy is a signa-
ture of dynamical models that can be used to falsify the cosmological constant
hypothesis. The search for dark energy inhomogeneities is therefore an impor-
tant complement to studies aiming at constraining the time evolution of dark
energy.

6.1 Dark energy clustering
The cosmological constant valuew = −1 is special in the sense that it not
only gives a constant energy density in time, but also that itprevents any spa-
tial clustering of dark energy. Any deviations from this value inevitably causes
the dark energy to cluster, although for values close tow =−1 the clustering
is weak. The clustering properties of dynamical dark energy has been studied
for many different models and scenarios. Such studies need to take into ac-
count the simultaneous clustering of two fluid components, matter and dark
energy, which will affect each other, either purely throughgravity, or possi-
bly with the addition of a direct coupling. In general, for a light quintessence
scalar field with no coupling to matter, the clustering of dark energy is ex-
pected to be weak, much weaker than the matter clustering, and take place
mainly on very large scales, larger than the Hubble horizon and thus inacces-
sible for observations. However, the results depend on the dark energy model
employed. Since the nature of dark energy is poorly understood, it remains an
open question whether dark energy clustering can occur on smaller scales in
the universe and be significant enough to cause observational effects.

The quantity of interest in the study of clustering of a fluid isthe density
contrast, defined as the fractional perturbation from the average density,

δ (r , t)≡ δρ (r , t)
ρ̄ (t)

=
ρ (r , t)− ρ̄ (t)

ρ̄ (t)
, (6.1)

where the bar indicates spatial average. The value|δ | = 1 defines the limit
between the linear (|δ | ≪ 1) and the non-linear (|δ | ≫ 1) clustering regimes.
Values|δ | ∼ O (1) are usually referred to as the quasi-linear regime.
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6.1.1 The speed of sound

An important property of dynamical dark energy is the speed of sound within
it. This characterises the clustering of dark energy, and itsobserved value can
be used as a tool to discriminate between different models.

For a perfect fluid, perturbations in the pressure and the density will be
adiabatic (i.e. no entropy change) and the adiabatic sound speed,ca, is given
by (Bean & Doré 2004)

c2
a ≡

ṗ
ρ̇
= wc2− c2

3H
ẇ

(1+w)
. (6.2)

The adiabatic sound speed is thus determined by the equation of state, and is
a gauge invariant quantity.

For a fluid which is not perfect, the sound speed,cs, is defined as the ratio
between the pressure perturbation and the density perturbation,

c2
s ≡

δ p
δρ

. (6.3)

This is related to the adiabatic sound speed with an additional term for the
entropy perturbationΓ,

c2
s = c2

a+
wΓc2

δ
. (6.4)

The sound speedcs is only gauge invariant in the rest frame of the fluid. Note
that the rest frame sound speed is sometimes denoted asĉs.

For a minimally coupled quintessence scalar field, the soundspeed is al-
ways equal to the speed of light,cs = c. For k-essence, where the Lagrangian
densityL (X ,φ) is a general function of the kinetic termX and the field (see
Section 4.2.2), the sound speed is given by

c2
s =

p,X
ρ,X

=
L,X c2

L,X +2XL,XX
, (6.5)

where the subscript,X means derivative with respect toX . In k-essence mod-
els, the sound speed can thus vary a lot, in principle allowing for the possibility
of c2

s < 0. A low value of the sound speed enhances the clustering.
The sound speed determines the transition between the smoothand the clus-

tered regimes. The sound horizon of a fluid,ls = cs/H, is the length scale
above which the fluid clusters. For quintessence,ls = c/H and the clustering
is thus negligible below the Hubble horizon. For smaller values of the sound
speed, however, clustering can occur also on smaller scalesin the universe.

6.1.2 Scalar field perturbations

Dutta & Maor (2007) investigated the inhomogeneous behaviour of dynamical
dark energy by considering the simple case of clustering in the linear regime
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of a light quintessence scalar field which is not explicitly coupled to matter.
This serves as an illustrative, basic study of the clusteringproperties of dark
energy. The picture can be made more complicated in scenarioswhere cluster-
ing occurs also in the non-linear regime, dark energy takes on a more complex
form (such as k-essence), or where there is a direct couplingbetween matter
and dark energy.

The metric used to consider spherical perturbations is a generalised form of
the flat FLRW metric,

ds2 =−c2dt2+U (r, t)dr2+V (r, t)
(

dθ2+sin2 θdϕ2) , (6.6)

whereU (r, t) andV (r, t) are general functions. These metric functions can
be redefined (in the synchronous gauge, where perturbationsare only in the
spatial components) as

U (r, t) = a(t)2 e2ζ (r,t) (6.7)

V (r, t) = r2a(t)2e2ψ(r,t) (6.8)

whereζ (r, t) andψ (r, t) are function that parameterise the perturbations.
The properties of a quintessence scalar field were detailed inSection 4.2.1.

For a flat universe containing a scalar fieldφ and non-relativistic matter, which
are coupled only gravitationally, the dynamics are governed by the Friedmann
equation, acceleration equation, and the continuity equations for the two com-
ponents separately,

3H2 = 8πG

(

ρm+
1
2

φ̇2

c2 +
V (φ)

c2

)

(6.9)

Ḣ +3H = 8πG

(

1
2

ρm+
V (φ)

c2

)

(6.10)

ρ̇m+3Hρm = 0 (6.11)

φ̈ +3H φ̇ +V ′ (φ) = 0 (6.12)

Perturbations around a homogeneous background are given by

ρm (r, t) = ρm(t)+δρm(r, t) (6.13)

φ (r, t) = φ (t)+δφ (r, t) (6.14)

V (φ +δφ) =V (φ)+δV (φ ,δφ) (6.15)

Introducing the perturbed quantities into the dynamical equations gives to lin-
ear order the evolution equations,

δ ρ̇m+3Hδρm+ρmχ = 0 (6.16)

δ φ̈ +3Hδ φ̇ +δV ′+ χφ̇ − c2

a2 ∇2(δφ) = 0 (6.17)
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χ̇ +2Hχ +8πG

(

1
2

δρm− δV
c2 +

2φ̇ δ φ̇
c2

)

= 0 , (6.18)

where we have definedχ ≡ ζ̇ +2ψ̇, which can be identified to give the Hubble
flow perturbation,χ = 3δH. The density perturbation is given by

δρφ = φ̇δφ +V ′δφ , (6.19)

where the first and second term represents the perturbation in the kinetic and
the potential energy, respectively.

Eqs. (6.16)-(6.18) form a system of coupled differential equations for the
matter, scalar field and Hubble flow perturbations, respectively. Note that there
is no direct coupling between matter and the scalar field, as assumed, but that
they affect each other through the Hubble flow perturbation.In order to solve
this system of equations (which is easier done in Fourier space), one needs to
specify a scalar field potentialV (φ) and give a set of initial conditions.

Dutta & Maor (2007) chose a simple quadratic potential and a very light
scalar field with a mass scalemφ ∼ H0h̄/c2 (corresponding to∼ 10−32 eV/c2).
The initial conditions were such that the matter component isperturbed,
while the scalar field starts out as homogeneous and with an equation of state
wφ = −1. The question is how dark energy reacts to the matter clustering as
the universe evolves.

Figure 6.1 shows the redshift evolution of the absolute value of the dark
energy density contrastδφ at the center of the matter perturbation. The dark
energy initially shows a very weak tendency to collapse along with the matter
collapse. At1+ z ≈ 10, the density contrast changes to a negative value (seen
as a kink in the figure) as the potential energy contribution to the perturbation
starts to dominate over the kinetic energy contribution. Themain result of the
simulation is seen at late times, where the density contrastgrows increasingly
negative very rapidly, such that dark energy forms a void in response to the
collapsing matter. The basic outcome is thus that the clustering of matter and
dark energy is anti-correlated.

These results are only valid in the linear clustering regime.Investigations
which follow the clustering into the non-linear regime showthat the dark en-
ergy perturbations always remain small compared to the matter density con-
trast (Mota et al. 2008). Linear and quasi-linear (such as super-clusters) over-
densities of matter generally correspond to voids of dark energy, with density
contrastδφ ∼−10−5(1+w) for a typical super-cluster. For voids of matter as
well as non-linear overdensities, dark energy clusters with δφ ∼ 10−5 (1+w).
The largest value obtained for the density contrast occurs within very large
matter voids with radii of 100-300 Mpc, whereδφ ∼ 10−3 (1+w).

6.1.3 Phenomenological power spectrum

The clustering of dark energy is described by the density contrast δx (r , t).
If the dark energy density contrast is a Gaussian random field, its statistical
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Figure 6.1: Growth of the absolute value of the scalar field density contrast at the
center of the matter perturbation. The kink at 1+ z ≈ 10 corresponds to the time when
δφ evolves from a positive to a negative value. At late times thedynamical dark energy
forms a void. Courtesy of Jonas Enander.

properties are encoded in the spatial power spectrumPx (k), formally defined
in Fourier space as

〈

δx (k)δ ∗
x

(

k ′)〉= (2π)3δ 3
D

(

k −k ′)Px (k) . (6.20)

Here,k is the comoving wavenumber, related to the comoving wavelength λ
by k = 2π/λ . Large-scale fluctuations correspond to smallk-values and vice
versa. The power spectrum thus gives the variance of each wavemode.

Ideally, one would want to know the dark energy power spectrum for spe-
cific models. However, since dark energy clustering is very model dependent,
theoretical investigations have not yet reached a stage where such predictions
have been made. A different approach is therefore to describe the density fluc-
tuations using a phenomenological power spectrum with different parameters
characterising the clustering scales and amplitudes. Theseparameters can be
constrained by observational data which can be used to aid indetermining
the nature of dark energy. A phenomenological power spectrum Px(k,z) was
considered in Cooray et al. (2008),

∆2(k)≡ k3Px (k,z)
2π2 = δ 2

xH

(

ck
H0

)nx+3

e−k/kc (1+ z)−sx . (6.21)

Here, we have introduced the dimensionless quantity∆2(k), which gives the
contribution to the variance of the fluctuation field per logarithmic interval.
This parameterisation is basically a modified inflation powerspectrum which
covers the amplitude distribution of different wavenumbers, with a cut-off to-
wards small fluctuation scales and a redshift dependent growth factor. The
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Figure 6.2: Phenomenological dark energy spatial power spectrum todayfor nx =
[1.5,1,0.5] with cut-off wavenumberkc = 0.1 h Mpc−1. The amplitude values are (in
the above order)δ 2

xH = [10−12,2× 10−12,10−10]. The dot-dashed line indicates the
linear matter power spectrum. FromPaper IV.

power spectrum has four free parameters:δ 2
xH gives the fluctuation ampli-

tude on Hubble horizon scales;nx gives the power law distribution of the
fluctuations;kc is a cut-off wavenumber above which fluctuations are sup-
pressed; andsx is a growth parameter that determines the degree of gravi-
tational growth with redshift of the dark energy density contrast. This phe-
nomenological power spectrum is used inPaper IV to calculate the effect of
dark energy inhomogeneities on SN Ia measurements.

Figure 6.2 shows the phenomenological power spectrum todayfor
kc = 0.1 h Mpc−1 and different values ofnx. The amplitudes of the curves
have been normalised in such a way that the variance of the density contrast
is
〈

δ 2
x

〉

= 0.1, so that the clustering takes place only in the linear regime.
Also plotted for comparison is the linear matter power spectrum using a
fitting formula in Peacock (1997). For this set of parameter values the dark
energy power spectra all lie below the matter power spectrum.

6.2 Probing dark energy inhomogeneities with
supernovae
As presented in Section 6.1, models with a clustering quintessence scalar field
typically predict very weak clustering that takes place on Hubble horizon
scales, since the mass scale of the field is so small and the sound speed is
equal to the speed of light. The prospects for detecting such clustering are
therefore low. However, the nature of dark energy is still very much unknown
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and the clustering properties model dependent. Observational constraints on
the amount of clustering of dark energy are therefore needed. Dark energy
clustering will manifest itself through several differentobservational effects.
Paper I andPaper IV of this thesis concern the possibility of using SNe Ia
to probe dark energy inhomogeneities. In Section 6.3, some other possible
probes are presented.

6.2.1 Anisotropy in supernova data

There have been several studies that search for deviations from an isotropic
expansion rate using SNe Ia. Such tests have mainly focussedon detecting
anisotropy in the form of a dipole in the cosmic acceleration, which could
suggest the presence of a dark energy void. Of course, directional dependence
in SN Ia data may also be associated with, e.g., a general departure from the
cosmological principle or directional dependent systematic errors. Using dif-
ferent compilations of SNe Ia and slightly different techniques, most studies
have found no statistically significant evidence for a dipole anisotropy (An-
toniou & Perivolaropoulos 2010; Cooke & Lynden-Bell 2010; Gupta & Deep
Saini 2010; Gupta et al. 2008; Kolatt & Lahav 2001; Bochner 2007). Schwarz
& Weinhorst (2007) discovered an anisotropy in the lowz Hubble diagram
between the north and south equatorial hemispheres at the 95% confidence
level, but attributed this to systematic effects such as a calibration off-set be-
tween the hemispheres. In addition to these studies, SN Ia data have also been
used to constrain models with an anisotropic dark energy equation of state
(Koivisto & Mota 2008a,b).

Dark energy clustering will affect observations of SNe Ia beyond inducing
just a simple dipole anisotropy. When light from a SN Ia passes through a
region where the dark energy density fluctuates, the inferred luminosity dis-
tance will change due to the local expansion perturbation that the fluctuation
creates. This will show up as correlated fluctuations in the SNIa peak magni-
tudes. The more complete way of probing dark energy inhomogeneities with
SNe Ia is thus to do a statistical analysis of the magnitude fluctuations to look
for correlations as a function of spatial distance or angular separation between
the SNe Ia. Using SN Ia observations in this way probes dark energy clus-
tering out toz ∼ 1.5. Limited by the low number of available SNe Ia in the
Hubble diagram, the most relevant study at this point is a search for angular
correlations in the data. The detection of such correlationsis observationally
demanding because of the intrinsic variation in SNe Ia magnitudes as well as
systematic effects that have their own particular correlations (see Section 3.3).
Note that a dipole anisotropy in the data would show up as a correlation for
angular separations< 90◦, and an anti-correlation for separations> 90◦.

In Paper I, we devised a basic methodology for detecting angular correla-
tions in SN Ia magnitude residuals and applied it to two different data sets. The
method was modified inPaper IV and applied to the much larger Union2 data
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Figure 6.3: Angular covariance function for the 557 SNe Ia in the Union2 data set.
The error bars represent the 95 % confidence limit. The data have been binned uni-
formly using an angular resolution of 18◦. The horizontal bars indicate the range of
each bin and the points are placed at the average angular separation in each bin. Note
that the data points are not independent, since each SN Ia contributes to several bins.
FromPaper IV.

set. The positions in the sky of the SNe Ia in the Union2 compilation is shown
in Figure 3.2. The sky distribution governs on what scales andto what preci-
sion we can detect possible angular correlations (as is generally illustrated in
Paper I).

The magnitude residual,δm, of a SN Ia on the Hubble diagram is the differ-
ence between its observed peak magnitude and the magnitude predicted from
its redshift in the best fit cosmology,mfit,

δm = mobs−mfit . (6.22)

The angular (auto)covariance function as a function of angular separation,θ ,
is defined as

cov(θ) = 〈(δm−µδm) · (δm(θ)−µδm)〉 . (6.23)

The covariance function gives a statistical measure of the amount of correla-
tion of the magnitude residuals at different angular separations. If cov(θ)> 0,
then SNe Ia separated by the angleθ on average have correlated magnitude
residuals, ifcov(θ) < 0, the magnitude residuals are anti-correlated. Uncor-
related magnitude residuals will givecov(θ) = 0. Since the peak magnitude
uncertaintiesσm vary between SNe Ia, each magnitude residual is weighed
using the weights1/σ2

m in the calculations.µδm is thus the weighted mean
of all the magnitude residuals, and the outer brackets in eq.(6.23) denote a
weighted expectation value.

Figure 6.3 shows the angular covariance function for the 557SNe Ia in the
Union2 data set. The error bars represent the 95 % confidence limit. The data
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set is consistent with the SN Ia magnitude residuals being uncorrelated, with
the covariance constrained to< 10−3 over the entire sky. SeePaper IV for
details. The analysis inPaper I applied to two earlier compilations of SNe Ia
also gave results consistent with no correlations.

6.2.2 Angular correlations from dark energy clustering

The observational limits on the amount of angular correlation of the magni-
tude residuals can be used to constrain dark energy fluctuations. A theoretical
framework for constraining dark energy clustering models with SN Ia data was
considered in Cooray et al. (2008). InPaper IV, we continued to develop the
formalism which relates a spatial power spectrum of dark energy fluctuations
to an angular covariance function of magnitude fluctuations.

The main ingredient in the formalism is a projection of the spatial power
spectrumPx (k), encoding the statistical properties of the three-dimensional
dark energy fluctuation field, down onto the celestial sphereinto an angular
power spectrum of fractional luminosity distance fluctuationsCl. In the flat-
sky approximation, this is given by

Cl =

rs
∫

0

dr
W 2(r)

r2 Px

(

k =
l
r
,z(r)

)

, (6.24)

wherers is the comoving distance to the most distant SN Ia. The angular
power spectrum tells us how much fluctuations there are on angular scales
θ = 180◦/l. The exact nature of the projection is determined by the weight
functionW (r). Eq. (6.24) is a projection down on a small patch of the sky
that effectively can be considered flat, and is only valid forsmall angular sep-
arations. This form of the flat-sky angular power spectrum requires that the
weight function is fairly constant over the regions of interest and that the cor-
relation lengths are small compared to the integration range. This relation has
been used extensively in relation to galaxy counts (Peebles1973) and weak
lensing observations (Kaiser 1998; Bartelmann & Schneider2001).

From the angular power spectrum of fractional luminosity distance fluctua-
tions one can calculate the angular covariance function of magnitude fluctua-
tions as

cov(θ) =
(

5
ln10

)2 ∞
∫

0

dl
2π

lClJ0(lθ) , (6.25)

whereJ0 is the zeroth order Bessel function of the first kind, and the pre-factor
comes from eq. (3.2).

Eq. (6.24) and eq. (6.25) are quite general, and what makes them describe
the effect of dark energy fluctuations on SN Ia observations is determined by
the weight functionW (r). A detailed derivation of the weight function is given
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Figure 6.4: Angular covariance function of magnitude fluctuations fornx =
[1.5,1,0.5], kc = 0.1 h Mpc−1 andsx = 2 in the phenomenological power spectrum.
The curves are normalised as in Figure 6.2. The confidence limits obtained from the
data are 95 % (orange) and 99.7 % (yellow). Included is also the covariance expected
from gravitational lensing (dot-dashed). FromPaper IV.

in Paper IV. The final expression is

W (r) =− Ωx

2E2 [z(r)]
f [z(r)]α [z(r)]

rs
∫

r

dr′
n(r′)

r′
, (6.26)

whereE (z) is given by eq. (2.33),f (z) by eq. (2.21), andn(r) is the nor-
malised radial distribution of SNe Ia. The functionα (z) involves the growth
of the density contrast with redshift and ensures that the expansion rate is spa-
tially homogeneous atz = 0 in our setup. The weight function basically tells
us how much a dark energy fluctuation at a comoving distancer will affect
the luminosity distance of SNe at largerr. A local overdensity of dark energy
will increase the luminosity distance in the direction of the fluctuation. A key
assumption in the derivation of the weight function is that the density fluc-
tuations are small, i.e., that dark energy clustering only occurs in the linear
regime.

Figure 6.4 shows the predicted angular covariance functionof magnitude
fluctuations based on the phenomenological power spectrum in eq. (6.21),
with cut-off wavenumberkc = 0.1 h Mpc−1, growth parametersx = 2 and
different values of the spectral tiltnx. The observational limits established
from the Union2 data are for a single data bin covering0 < θ ≤ 1.5◦. Also
shown for comparison is the expected angular covariance from gravitational
lensing based on the linear matter power spectrum. It is clear that the SNe Ia
are not yet abundant enough to rule out any phenomenologicalmodel with
linear dark energy clustering. Increasing the number of SN Ia pairs by a factor
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of 100 in the bin would reduce the observational limits by roughly an order of
magnitude, making it possible to discriminate between different models.

The main limitation in using SNe Ia to constrain dark energy clustering is
that it is not (yet) possible to calculate exact distances ingeneral inhomoge-
neous cosmologies. The formalism developed inPaper IV relies on a sim-
plified model where the inhomogeneities produce perturbations in the Hubble
function with a fixed background expansion. The formalism neither takes into
account the observed matter power spectrum, but instead assumes that the
matter perturbations are anti-correlated with the dark energy perturbations,
such that the Hubble constant is spatially homogeneous. A less restricted setup
of the perturbations would also allow for spatially varyingcurvature, but un-
fortunately it is currently not possible to treat such a general model. The re-
sults are a reasonable estimate of the effect of dark energy fluctuations on
the angular covariance function of magnitude fluctuations,but a more refined
formalism will be needed in the event that correlations are detected in future
data.

6.3 Other probes of dark energy inhomogeneities
Dark energy clustering will affect structure growth in the matter component.
Non-linear gravitational collapse is often studied using the spherical collapse
model in which a spherical overdense region breaks away fromthe general
expansion, collapses and eventually virialises. The presence of dark energy
perturbations in this process may alter the predictions of the spherical collapse
model, with important consequences for studies of structure formation (Mota
& van de Bruck 2004; Maor & Lahav 2005; Nunes & Mota 2006).

Galaxy cluster counts have been shown to have a dependence ondark en-
ergy clustering. Inhomogeneous dark energy that collapsesalong with the
dark matter will enhance the departures from the number counts predicted
in theΛCDM model as compared to homogeneous dark energy1 (Nunes et al.
2006). If dark energy couples to dark matter, inhomogeneousmodels have
higher cluster abundances than their homogeneous counterparts (Manera &
Mota 2006). Future galaxy cluster surveys may be able to detect the effects of
dark energy clustering on galaxy cluster counts (Abramo et al. 2009).

Alimi et al. (2010) investigated the effect of dark energy clustering on the
matter power spectrum. Quintessence dark energy causes a slight suppression
of the non-linear matter power spectrum compared to theΛCDM model. Dark
energy clustering will enhance the matter power spectrum onvery large scales
(above the sound horizon) and reduce it on smaller scales compared to unclus-
tered quintessence. Consequently, the value of the parameter σ8 (giving the
amplitude of matter density fluctuations averaged on the scale of 8 h−1 Mpc)

1To be correct, it is not physically meaningful to compare a given dark energy model with and
without perturbations, since only the cosmological constant is spatially homogeneous.
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will be diminished as a result of the clustering. However, ifthe sound horizon
of dark energy becomes smaller than 8h−1 Mpc, dark energy clustering will
increaseσ8. Future wide-field galaxy redshift surveys could possibly distin-
guish clustering dark energy if the sound speed is sufficiently small (Takada
2006).

Weller & Lewis (2003) studied in detail the effect of the dark energy speed
of sound on the CMB angular power spectrum. For an arbitrary constant sound
speed, the large-scale anisotropies (l . 20) increase with increasing sound
speed forw > −1 and decrease forw < −1. No significant constraints on the
constant sound speed could be established from the available data. The be-
haviour of the small-l CMB multipoles is made more complex if the equation
of state and the sound speed evolve with redshift (DeDeo et al. 2003).

A promising technique to constrain dark energy clustering is the late-time
integrated Sachs-Wolfe effect (ISW), which describes the energy change of
CMB photons induced by the passage through the time-evolving gravitational
potential associated to nearby large-scale structure (Bean & Doré 2004; Hu
& Scranton 2004; Corasaniti et al. 2005; Dent et al. 2009). TheISW effect
is investigated through a cross-correlation of the large-angle CMB and the
large-scale structure as traced by, e.g., galaxies. On scales where dark energy
clusters, the ISW effect is reduced in a potentially measurable way. The cross-
correlation angular power spectrum of the CMB temperature fluctuations and
the galaxy number density fluctuations is sensitive to the sound speed, with an
increased sensitivity the further the equation of state deviates fromw = −1.
The ISW effect occurs only on the largest angular scales and the main limita-
tion in using this technique thus comes from cosmic variance(the statistical
uncertainty arising from that we have only one realisation of the CMB avail-
able for measuring large-angle fluctuations).

In conclusion, tests which use the current data to probe darkenergy clus-
tering do not yield significant constraints on the dark energy sound speed (de
Putter et al. 2010; Mota et al. 2007). Clearly, a lot more datais needed if we
are to detect possible dark energy inhomogeneities.
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Chapter summary:

A dark energy component with an equation of statew 6= −1 will be inho-
mogeneous. The clustering is characterised by the dark energy sound speed
and is model dependent. For an uncoupled quintessence field the clustering
is weak and only takes place on horizon scales, but for coupled dark en-
ergy or k-essence the effect can be larger and occur also on smaller scales.
The observational consequences of inhomogeneous dark energy have been
studied to some extent. A search for correlations in the magnitudes resid-
uals of SNe Ia induced by dark energy density fluctuations gives a result
consistent with no correlations. The current data are insufficient to estab-
lish significant constraints on the clustering scales and amplitudes.
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7 Inhomogeneous matter

The cosmological principle states that any point in space is equivalent to any
other, i.e., that all observers see the universe as isotropic around them, irre-
spective of their spatial location. This assumption of spatial homogeneity and
isotropy, such that space-time is described by the FLRW metric, is very pow-
erful and greatly facilitates our treatment of the universe. The assumption is
that, in practice, all matter inhomogeneities average out over large scales such
that the universe is effectively homogeneous. This has proven to be a success-
ful approach, which constitutes a cornerstone in the construction of the stan-
dard model of cosmology. However, inhomogeneities clearlyexist and can be
sizeable [such as, e.g., the underdensity in the local galaxy distribution (Frith
et al. 2003), the Sloan and CfA2 Great Wall structures (Gott et al. 2005), and
possibly seen in the CMB cold spot (Vielva et al. 2004)]. The homogeneity
limit is only reached on scales larger than∼ 100Mpc. Inhomogeneities affect
the light as it travels through the universe on its way to us, but their impact on
the global dynamics of the universe is still unknown. It could be the case that
the cosmological principle is an over-simplified description of the universe,
that leads us to wrong conclusions when we interpret the observational data.
Models which consider an inhomogeneous matter distribution as the explana-
tion for the apparent accelerated expansion typically do not invoke any form
of dark energy. As such, the questions regarding the nature of dark energy and
its effects on cosmological observations do not apply here.

7.1 LTB models
In the simplest class of inhomogeneous models, we live within a large, spher-
ically symmetric local void described by the Lemaître-Tolman-Bondi (LTB)
metric (Lemaître 1933; Lemaître & MacCallum 1997; Tolman 1934; Bondi
1947). The LTB model is an exact solution of Einstein’s equations containing
dust only. In contrast to homogeneous universe models, the Hubble expan-
sion rate and the matter density parameter depend on both time and the radial
coordinate in LTB models. The apparent acceleration is causedby the radial
dependence, such that our local underdense region has a larger Hubble pa-
rameter than the surrounding homogeneous universe. The LTB models thus
violate the Copernican principle by placing the observer ina special place in
the universe.
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7.1.1 Dynamics of the LTB model

A spherically symmetric void can be described mathematically using the
Lemaître-Tolman-Bondi metric,

ds2 =−c2dt2+
A′2(r, t)
1− k (r)

dr2+A2(r, t)
(

dθ2+sin2 θdφ2) , (7.1)

where the scale functionA(r, t) depends on both time and the radial coordinate
(note that bothA andr have the dimensions of length), andk (r) is associated
with the spatial curvature. Primes and dots denote partial derivatives with re-
spect to space and time, respectively.

In LTB models, the Hubble parameter,H (r, t)≡ Ȧ(r, t)/A(r, t), for a matter
dominated universe can be written as (Enqvist & Mattsson 2007)

H2(r, t) = H2
0 (r)

[

Ωm (r)

(

A0(r)
A(r, t)

)3

+Ωk (r)

(

A0(r)
A(r, t)

)2
]

, (7.2)

where the density parameters are related byΩm(r) + Ωk (r) = 1, and the
present-day valuesA0(r)≡ A(r, t0) = r andH0(r)≡H (r, t0). Compared to the
ordinary Friedmann equation of the homogeneous FLRW universe, all quan-
tities in eq. (7.2) depend on the radial coordinate.

The two arbitrary functionsH0(r) andΩm (r) define the LTB models and
are as boundary conditions independent, allowing for inhomogeneities both in
the expansion rate and in the matter density. Alternatively, the two boundary
condition functions of the model can be taken to be the local matter density,
F (r), and the local spatial curvature,k (r), such that

H2(r, t) =
F (r)

A3(r, t)
− k (r)c2

A2(r, t)
. (7.3)

The sets of boundary condition functions can be related by

F (r) = H2
0 (r)Ωm (r)A3

0(r) , (7.4)

k (r) =
1
c2 H2

0 (r)(Ωm(r)−1)A2
0(r) . (7.5)

Eq. (7.2) can be solved analytically using an additional parameter η
(García-Bellido & Haugbølle 2008a),

A(r, t) =
Ωm (r)

2[1−Ωm(r)]
[cosh(η)−1]A0(r) , (7.6)

H0(r) t =
Ωm(r)

2[1−Ωm(r)]3/2
[sinh(η)−η ] . (7.7)

Due to the observed near-perfect isotropy of the CMB, the observer is gen-
erally assumed to be located very close to the center of the void. An observer
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located exactly at the center sees a spherically symmetric universe. Incoming
light rays travel along radial null geodesics so that the relation between the
redshift and the coordinates is given by a pair of differential equations (En-
qvist & Mattsson 2007),

dt
dz

=− A′ (r, t)

(1+ z) Ȧ′ (r, t)
, (7.8)

dr
dz

=
c
√

1− k (r)

(1+ z) Ȧ′ (r, t)
. (7.9)

Eqs. (7.8)-(7.9) determinet (z) andr (z). Combining these with eq. (7.6) and
eq. (7.7) gives the angular diameter distance measured by anon-center ob-
server as

dA = A [r (z) , t (z)] . (7.10)

The luminosity distance is as usual related to the angular diameter distance
according to eq. (2.37). This way the LTB model can be constrained by SN Ia
data.

An observer living off-center will see an anisotropic universe. The geodesic
equations describing the photon path towards the observer become more com-
plicated in such a scenario, since the measurements made by the off-center
observer have to be related to the coordinate system of the void (with the
origin taken to be at the void center). The system of differential equations
determining the coordinates of a distant SN Ia as a function of redshift are
derived inPaper III . The expression for the angular diameter distance is also
modified for the case of an off-center observer (Alnes & Amarzguioui 2007),

d4
A =

A4sin2θ
sin2γ

[

A′2

A2(1− k)

(

∂ r
∂γ

)2

+

(

∂θ
∂γ

)2
]

, (7.11)

whereγ is the polar angle measured by the off-center observer.
Having inhomogeneities in the expansion rate infers that the Big Bang did

not occur simultaneously throughout space, meaning that observers at dif-
ferent locations measure a different age of the universe. However, this will
correspond to a decaying mode of the void, i.e., the void was deeper in the
past. Optionally, by making a particular choice of the expansion rateH0(r),
the time of Big Bang can be made universal. The LTB model will then be
more constrained and only depend on one arbitrary function,the matter den-
sity parameterΩm (r). The required form ofH0(r) for this case is

H0(r) =
3H0

2





1
Ωk (r)

− Ωm (r)
√

Ω3
k (r)

sinh−1

√

Ωk (r)
Ωm(r)



 , (7.12)

so that the time since the Big Bang istBB = 2
3H−1

0 for all observers, irrespec-
tive of their position in space. The pre-factor of 3/2 in eq. (7.12) has been
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introduced to normalize the age of the universe to that of theEinstein–de Sit-
ter universe (a homogeneous, matter-dominated universe).The constantH0

sets the scale of the expansion rate and determines the age ofthe universe for
the model. Note thatH0 does not represent the local expansion rate in this
model.

The LTB model is characterised by the form of the matter densityparam-
eterΩm(r). This is an arbitrary function that, in principle, can be chosen to
be extremely complex, but the more sensible approach is to apply a smooth
parameterisation1 that captures the essential features of the void and that can
be constrained by the current data. A simple choice is a density profile that
takes the form of a Gaussian density fluctuation,

Ωm (r) = Ωout+(Ωin −Ωout)e
−(r/rs)

2
. (7.13)

The model has three free parameters:Ωin is the matter density at the center of
the void;Ωout is the asymptotic value of the matter density; andrs is the scale
radius2 of the density fluctuation. Note that this functional form ofΩm(r)
corresponds to a local underdensity also in the physical matter density. The
density contrast, i.e., the ratio between the local and the asymptotic physical
matter density, decreases with time, so that the void grows deeper as time
progresses.

A different parameterisation was considered in García-Bellido & Haugbølle
(2008a),

Ωm (r) = Ωout+(Ωin −Ωout)

(

1+ e−rs/∆r

1+ e(r−rs)/∆r

)

. (7.14)

Here,rs characterises the size of the void, while∆r characterises the transition
from the local to the asymptotic value of the density. This density profile offers
more flexibility than eq. (7.13), but adds an extra parameter.

The parameterisations in eq. (7.13) and eq. (7.14) were used in Paper II
andPaper III . Of course, these density profiles are simple toy models, but
they provide a smooth transition from the local to the distant matter density,
without introducing too many new parameters. As discussed in Section 5.3, in-
corporating more parameters is usually not preferred from amodel selection
point of view. Several other parameterisations have been used in the litera-
ture. A prior of asymptotic flatness,Ωout = 1, is often imposed on the models,
based on general arguments that inflation left the universe close to spatially
flat. More generally,Ωout is kept as a free parameter, such that, in principle,
the LTB model could describe a localoverdensity. The results of fitting LTB
models to the data have not proven to be particularly sensitive to the exact
form of the parameterisations.

1This is similar to how the dark energy equation of state as a function of redshift is treated in
Section 5.1.
2Note that it is difficult to clearly define the void size since the density profile only matches the
homogeneous region asymptotically.
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Figure 7.1: 68.3 %, 95 % and 99 % constraints onΩin and rs for an on-center ob-
server in the Gaussian LTB model. The contours are given in colour for the SDSS-II
data set and with solid black lines for the Constitution set.Note thatΩout has been
marginalised over in the plot. FromPaper III .

7.1.2 Confronting LTB models with observational data

For the case of an on-center observer, several studies have shown that with
an appropriately chosen void profile, the LTB models can be made to fit data
from SNe Ia, CMB and BAO roughly equally well as theΛCDM model (En-
qvist & Mattsson 2007; García-Bellido & Haugbølle 2008a, 2009; Alnes et al.
2006; Clifton et al. 2008; Bolejko & Wyithe 2009; Zibin et al. 2008; February
et al. 2010; Garfinkle 2006). However, this requires that thevoid is of Gpc
size and usually significantly underdense compared to the surrounding homo-
geneous universe. Such large voids are extremely unlikely in standard models
of structure formation (Hunt & Sarkar 2010).

In Paper II , two different LTB models with the density profiles given in
eq. (7.13) and eq. (7.14), withΩout ≤ 1, were fitted to the first-year SDSS-II
SN Ia data (Kessler et al. 2009), together with CMB and BAO data given as the
distance ratio in eq. (5.10). The LTB models were also ranked against some
of the most popular non-standard cosmologies using the AIC and BIC infor-
mation criteria. The SDSS-II data provide an interesting test of LTB models,
since the new SNe Ia in the previously underexplored intermediate redshift
regime are particularly suited for constraining Gpc sized voids. The LTB mod-
els could be made to fit the SN Ia data as well as any of the dark energy models.
The combined fit with the CMB/BAO constraints gave fits comparable with
those of the dark energy models for void sizes∼ 2− 3 Gpc, with Ωin ∼ 0.2
andΩout ∼ 0.8. However, because of the extra parameters involved, the LTB
models performed rather poorly in the information criteriatest.
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Figure 7.2: Hubble diagram for the best fit on-center models (solid) to the Constitu-
tion data set. Distance modulus differences in magnitudes are shown with respect to an
empty universe. The data have been binned for visualizationpurposes usingn∆z = 5,
wheren is the number of SNe Ia in the bin and∆z the redshift range. The data points
are located at the mean value of the redshifts and the weighted mean of the distance
moduli. The redshift error bars show the standard deviationof the redshifts in the bin,
while the distance modulus error bars give the error of the weighted mean of the dis-
tance moduli within the bin. The best fit flatΛCDM model (dashed) is included for
comparison. FromPaper III .

In Paper III , the Gaussian LTB model in eq. (7.13) for an on-center ob-
server, withΩout≤ 1, was fitted to the SDSS-II SN Ia data, analysed using the
MLCS2k2 light-curve fitter, and to the larger Constitution data set (Hicken
et al. 2009b), analysed using the SALT light-curve fitter. Figure 7.1 shows the
constraints in theΩin-rs plane (Ωout has been marginalised over in the plot),
with the SDSS-II set contours presented in colour and the Constitution set
contours overplotted with solid lines. There is a clear tension between the data
sets, with no overlap of the 68.3 % contours. Whereas the SDSS-II data prefer
a moderately large void and a low value of the asymptotic matter density, the
Constitution set is best fit with an asymptotically flat modelwith a very large
void (rs = 3.5 Gpc). This difference in results is partly a consequence of the
different redshift distributions between the data sets, but also an effect of the
different light-curve fitters used. For both data sets, the LTB model can fit the
data equally well as theΛCDM model.

The best fit to the Constitution data set is illustrated in the Hubble diagram
in Figure 7.2. For comparison, the best fit flatΛCDM model is also included.
The Constitution set contains relatively few SNe Ia at intermediate redshifts,
but instead features twice as many SNe Ia as the SDSS-II set inthe range
z = 0.4− 0.9. These give a very broad bump centered aroundz ∼ 0.6 in the
Hubble diagram. The data is therefore best fit with a very largevoid together
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with a high value forΩout. A smaller void would place the bump at lower
redshift, while a decrease in the asymptotic matter densitywould flatten out
the curve.

Current geometrical distance data from SNe Ia, CMB and BAO are not
sufficient to discriminate between LTB models and theΛCDM model. In fact,
Mustapha et al. (1997) proved that any set of isotropic observations can be
explained by appropriate inhomogeneities. There exist LTB models that can
mimic the redshift-magnitude relation of theΛCDM model (Yoo et al. 2008;
February et al. 2010), although this requires a density profile that is very spiky
at lowz. It is thus crucial to use data from other probes to break the degeneracy
between the void scenario and standard dark energy models.

García-Bellido & Haugbølle (2008b) showed that the kinematic Sunyaev-
Zeldovich (kSZ) effect can put strong constraints on LTB models. If we indeed
are at the center of a large void, a galaxy cluster located off-center would
see a large CMB dipole in their frame of reference which wouldmanifest
itself observationally for us as an apparent kSZ effect (thechange in the CMB
spectrum due to scattering by electrons in the moving cluster). Even though
current kSZ observations are scarce and have large errors, they are still enough
to severely challenge LTB models, demanding a void size. 1.5 Gpc.

A clear signature of LTB models is its prediction for the redshift drift. The
redshiftz of a given source is not a constant in time if space is expanding. For
dark energy models, which predict recent cosmic acceleration, the redshift
drift dz/dt is positive forz . 2. For LTB models, which only contain matter
and do not have accelerated expansion,dz/dt will always be negative. High-
precision spectroscopy of distant sources to measure the redshift drift over the
course of a decade could rule out or confirm LTB models at high statistical
significance (Quartin & Amendola 2010).

There are several other ways to test LTB models. Scattering of CMB pho-
tons towards us by ionized off-center structures will causedistortions of the
CMB blackbody spectrum which we can search for (Caldwell & Stebbins
2008). Direct measurements of the expansion rateH (z) from, e.g., ages of
passively evolving galaxies have been used to constrain LTB models (Febru-
ary et al. 2010). Measuring the curvature parameterΩk at different redshifts
is, in principle, a very good test, since LTB models predict a spatially vary-
ing curvature, while it is constant in a FLRW universe (Clarkson et al. 2008).
Furthermore, LTB models must have a local expansion rate consistent with
observational constraints on the Hubble constant (Riess etal. 2009), and an
age of the universe compatible with the lower limit set by theage of globular
clusters (Krauss & Chaboyer 2003).

An important issue with LTB models regards perturbation theory and struc-
ture formation, which remains relatively unexplored. A powerful test of LTB
models would be to do a rigorous analysis of the evolution of perturbations in
these models to confront them with both the full CMB angular power spec-
trum and the matter power spectrum. This has not yet been realized since the
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growth of perturbations in a spherically symmetric spacetime is not yet fully
understood (Clarkson et al. 2009; Zibin 2008). Studies whichhave used BAO
data or large-angle CMB to constrain LTB models have relied onthe assump-
tion that perturbations evolve like they do in the FLRW spacetime. It has not
yet been quantified how reasonable such an assumption is. The small-scale
CMB may be estimated more readily, and the LTB model can accommodate
the data well, provided that the void is either extremely deep, or if the assump-
tions of asymptotic flatness and a simultaneous Big Bang are relaxed (Clifton
et al. 2009).

As a final remark, we note that the presence of a more moderately sized
local void would fall short of explaining the observationaldata, but may have
an impact as a source of systematic error in our precision measurements of
cosmological parameters (Sinclair et al. 2010).

7.1.3 Constraining the observer position

In a more general scenario, the observer can be located anywhere inside the
void, in which case observers living off-center will see an anisotropic uni-
verse. There are several ways to test the level of anisotropy in the data to put
constraints on the position of an off-center observer. Being situated away from
the center of the void induces anisotropies in the CMB temperature. The ob-
served dipole anisotropy of the CMB restricts a static observer to be located
within a couple of percent of the void size (Alnes & Amarzguioui 2006). The
caveat is – although it requires a certain amount of fine-tuning – that a pecu-
liar velocity of the observer directed towards the center can cancel the effect
of the off-center position so that large displacements are allowed.

Another interesting possibility is to look for cosmic parallax, i.e., a time
variation in the angular separation between distant sources induced by the
anisotropic expansion. Future space-based astrometric missions could mea-
sure the positions of a huge number of quasars over time with outstanding
accuracy and thereby establish constraints on the observerposition that rival
those set by the CMB (Quercellini et al. 2009).

For SNe Ia, off-center observers will see an anisotropic relation between the
redshift and the luminosity distance. This means that a standard candle with
the same redshift but in different directions in the sky willhave different ob-
served magnitudes. The SN Ia data can thus provide independent constraints
on the observer position that complement those imposed by the CMB. Alnes
& Amarzguioui (2007) found that SNe Ia indeed allow for an off-center ob-
server. The constraint on the observer position was found to be fairly weak,
partly due to the low number of SNe Ia in the data set employed.In Paper III ,
the same problem was addressed using larger SN Ia data sets with better sky
distributions. The Constitution set provided the strongestconstraint on the ob-
server position. The fit improved over the on-center case out to about 9 % of
the scale radius. Note, however, that this requires three additional parameters:
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the radial displacementrobs and two orientation angles. The observer can be
displaced∼15 % of the scale radius from the center and still yield an accept-
able fit to the data.

As already noted, the CMB dipole provides a strong constraint on the ob-
server position on its own, but suffers from a degeneracy from a balancing pe-
culiar velocity. InPaper III , a combination of the CMB dipole measurement
and the SNe Ia data was used to break this degeneracy, making it possible to
determine very strict constraints on how far from the centerthe observer can
be located.

In a homogeneous universe, the CMB dipole is attributed to a velocity, vd,
of the observer relative to the comoving coordinates,

vd

c
=

∆T
T0

, (7.15)

whereT0 is the average CMB temperature across the sky and∆T is the am-
plitude of the temperature anisotropies (dominated by the dipole). The COBE
satellite measurements of the CMB imply thatvd = 369km s−1 (Bennett et al.
1996), corresponding to the net velocity of the Sun relativeto the CMB.

In the LTB scenario, the inhomogeneous expansion can be interpreted to
cause a velocity,vh, of the off-center observer relative to the void center (Alnes
& Amarzguioui 2006),

vh

c
=

H0,in −H0,out

c
robs , (7.16)

whereH0,in andH0,out are the local and the asymptotic expansion rates, respec-
tively. In this picture, it is thus the observer’s position in an inhomogeneous
universe, and not primarily a coordinate velocity, that induces the measured
CMB dipole. The CMB photons arriving from the far side of the void will
travel longer through a region with larger expansion rate and will thus be red-
shifted. This means that the CMB temperature measured in the direction of the
void center will be lower compared to that measured in the opposite direction.

It is possible to introduce a peculiar velocity,vp, of the observer, directed
towards the void center, as a counterbalance, in order to allow for larger off-
center displacements without violating the CMB dipole measurement. The
requirement is thus that it is the net effect of the off-center position and the
peculiar velocity that gives rise to the observed dipole,

~vh+~vp =~vd . (7.17)

The introduction of a peculiar velocity will simultaneouslyaffect the qual-
ity of the fit to the SNe Ia, since the redshift and luminosity distance depend on
the velocity. Figure 7.3 shows how the fit to the Constitutionset changes com-
pared to the on-center case as the observer is displaced fromthe center in the
direction of the CMB dipole, for a void scale radiusrs = 3.7 Gpc. In the first
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Figure 7.3: The changes in theχ2 values for the fit to the SNe Ia in the Constitution
set as a function of the observer’s position. The stars show the values when the static
observer is displaced in the direction of the CMB dipole in the best fit on-center LTB
model. The diamonds show the values when the observer also has a peculiar velocity
directed to accommodate the observed CMB dipole. The arrowsindicate the direction
of motion, either away from the void center or towards it. Thevertical dotted line
shows the position where the peculiar velocity is zero. The scale radius of the void is
rs = 3.7 Gpc. FromPaper III .

case (denoted as static), the observer has no peculiar velocity and the CMB
dipole requirement is disregarded. These points only serve as a comparison in
the plot. In the second case (denoted as moving), the observer has a peculiar
velocity that perfectly balances the off-center position so that the dipole re-
quirement of eq. (7.17) is fulfilled at all values ofrobs. The arrows indicate the
direction of the velocity, either away from the void center or towards it. The
vertical dotted line marks the position where the peculiar velocity is zero. The
best fit is obtained for an observer located6 Mpc from the center, correspond-
ing to 0.2 % of the scale radius. The best fit to the SDSS-II data gave similar
results. In order to still get a good fit to the SN Ia data sets, the observer must
be within about 1 % of the scale radius. Observers must thus live very close
to the center in order for the model to accomodate the data. Such a scenario
constitutes a severe challenge to the Copernican principle.

7.2 Toy models
Einstein’s equations can be solved exactly for special metrics like the
FLRW metric and the LTB metric. Introducing general inhomogeneities
leads to problems of technical nature as the symmetries are reduced and
the calculations get increasingly more complicated. To limit this problem,
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several studies have resorted to toy models of an inhomogeneous universe,
as an initial step in the direction of a more general description. These toy
models are thus far too crude to be considered as viable cosmological
models, but serve a purpose to gauge the effect of relaxing the assumption
of homogeneity. The impact of the inhomogeneities is usuallyquantified in
terms of modifications to the redshift-luminosity distancerelation for SNe Ia.

In Swiss cheese models, the matter-dominated, homogeneousbackground
(the cheese) is described by the FLRW metric and contains spherical voids
(the holes) constructed out of an LTB solution. The holes have to be mass-
compensated by having a surrounding overdense shell of matter (or a mass
concentration at the center), such that the average densityof the hole is equal
to the density in the cheese. The holes can be of any size and located anywhere,
but must not overlap. The observer can be located either in thecheese or in
the holes.

Marra et al. (2007) and Marra et al. (2008) investigated a Swiss cheese
model where the voids are surrounded by overdense shells andplaced on a
regular lattice in a spatially flat background. The light beams pass through the
centers of the holes such that the observer is looking through a chain of holes.
The results showed that the redshift-luminosity distance relation is modified
enough to mimic theΛCDM model if the holes have a present size of about
250 Mpc. Vanderveld et al. (2008) argued that such a large effect is due to
gravitational lensing as a consequence of only consideringvoids on a regular
lattice. The special line of sight through the holes’ centersgives less focussing
since the mass density is lowest at the center. With a proper randomisation of
the voids and lines of sight the mean effect of the inhomogeneities is insuf-
ficient to explain the observed dimming of SNe Ia. Several other studies of
light-propagation in Swiss cheese models have also concluded that such mod-
els do not give a significant enough effect to explain the SN Iadata (Brouza-
kis et al. 2007, 2008; Biswas & Notari 2008). Clifton & Zuntz (2009) found
that intervening voids give only minor changes of the apparent magnitude of
SNe Ia, even when viewed through the center of the voids, although sources
inside voids can be affected considerably. Furthermore, full-sky simulations of
the CMB in Swiss cheese models give results which are not compatible with
CMB observations if the holes are larger than 35 Mpc (Valkenburg 2009).

An entirely different construction of an inhomogeneous universe is con-
sidered in meatball models. Here discrete dark matter halos(meatballs) are
placed randomly in empty space in such a way that the Hubble-volume spa-
tial average corresponds to a matter-dominated FLRW model. Kainulainen &
Marra (2009) investigated a model with a moderately sized local LTB void
embedded in a universe filled with two types of meatballs. The combined ef-
fect of the local void and large gravitational lensing effects gave a curve in the
Hubble diagram that partly approaches that of theΛCDM model, although the
fit to the SN Ia data was still significantly worse.
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Clifton & Ferreira (2009a) considered an inhomogeneous universe with
critical density which contains discrete, spherically-symmetric masses
arranged on a regular lattice, rather than a continuous fluid. The masses were
taken to be Milky Way-sized objects with a spacing of about 1 Mpc. Each
lattice cell was described by the Schwarzschild metric. The study showed that
the large-scale dynamics of this model approaches those of the homogeneous
FLRW universe for very many cells, but the optical propertiesdo not.
Including a cosmological constant in the model, a fit to SN Ia data indicated
that the treatment of the matter content as discrete gives a∼10 % difference
in ΩΛ compared to the case of a continuous fluid (Clifton & Ferreira2009b).

7.3 Backreaction
An exact treatment of a general, inhomogeneous universe is beyond compu-
tation. The conventional approach is therefore to resort to spatial averaging.
Because of the non-linear structure of Einstein’s field equations, the evolution
equations will change depending on how the averaging is done. For a FLRW
universe, the quantities have been averaged prior to inclusion in the field equa-
tions. Solving instead the field equations with inhomogeneous quantities, and
then averaging the evolution equations, produces a different result. The differ-
ence obtained between the two approaches is called kinematical backreaction,
and is quantified using the parameterQD, over a domainD. The question is
whether the backreaction effect from inhomogeneities is significant enough
to explain the acceleration of the global expansion withoutthe introduction of
dark energy. Linking the onset of cosmic acceleration to the epoch of structure
formation would also be a way to explain the coincidence problem.

The average dynamics for a regionD are determined by Buchert’s equations
(Buchert 2000),

3

(

ȧD

aD

)2

= 8πG〈ρ〉D − c2

2

(

〈R(3)〉D +QD

)

(7.18)

3
äD

aD
=−4πG〈ρ〉D + c2QD (7.19)

where〈R(3)〉D is the averaged spatial Ricci scalar and〈ρ〉D = MD/VDa3
D is the

averaged density. Average accelerated expansion is possible if the right-hand
side of eq. (7.19) is positive. One method for calculating the effect of density
fluctuations on the averaged expansion rate is to do a perturbative expansion of
the metric, assuming that the deviations from homogeneity are small. So far,
no study has convincingly shown that the backreaction effect is large enough
to explain the accelerated expansion (Räsänen 2004; Kolb etal. 2005, 2006;
Ishibashi & Wald 2006).
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Chapter summary:

Inhomogeneous universe models have been proposed to explain the accel-
erated expansion without invoking dark energy. Models witha spherically
symmetric local void can fit the current SNe Ia data, providedthat the void
is of Gpc size and that we live very close to the center, in violation of
the Copernican principle. These LTB models are now being challenged by
data from a wide variety of different probes. Current studies of models with
more general inhomogeneities indicate that cosmological observations are
affected, but perhaps not to the degree that an inhomogeneous universe can
replace dark energy.
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8 Summary

The cause of the accelerated expansion of the universe remains a mystery, per-
haps the most profound problem in modern physics. Considerable research
activity is ongoing on both the theoretical and the observational side to try
to elucidate its origin. Looking at Einstein’s field equations, one can either
change the right-hand side by introducing a dark energy component that cur-
rently dominates the universe, or one can modify gravity on the left-hand side.
A third possibility is to give up the cosmological principleby considering an
inhomogeneous matter distribution. A wealth of precision observational data
is becoming available to test all of these possibilities. This thesis concerns
studies of inhomogeneous cosmologies where dark energy clusters or where
we live inside an underdense region in a matter-dominated universe.

The most common explanation for the accelerated expansion isdark energy.
Out of the proposed models, the cosmological constant remains the preferred
candidate to account for the observations due to its simplicity. Given the qual-
ity of the current data, there appears to be no reason to invoke more parame-
ters in dark energy models, since that would only add complexity while only
marginally improving the fit. However, we are still only at the initial stages of
exploring temporal and spatial variations of dark energy. The detection of such
possible variations is observationally demanding, but would refute the cosmo-
logical constant as the dominant energy component in the universe.Paper I
andPaper IV consider the prospects of probing dark energy inhomogeneities
with SNe Ia.

In Paper I, we devised a method for detecting angular correlations in SN Ia
magnitude residuals. We applied this method to the two largest data sets avail-
able at the time to calculate the angular correlation function over the entire
sky. The search gave results consistent with no correlationsfor both data sets,
but the error bars still allowed for correlations at the∼ 5% level. We also
simulated how different survey geometries affect how the angular correlations
can be constrained by future data.

In Paper IV, we updated the search for angular correlations in SN Ia mag-
nitude residuals by determining the angular covariance function for the much
larger Union2 data set. The results were again consistent with uncorrelated
magnitude residuals, with the angular covariance constrained to< 10−3 over
all angular separations. We developed a formalism to give a theoretical pre-
diction for how dark energy clustering induces correlations in the magnitude
fluctuations of SNe Ia. The observational limits on the angular covariance
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were not sufficient to rule out any phenomenological model with dark energy
fluctuations in the linear regime. However, the method can give important con-
straints on dark energy clustering as the number of available SNe Ia increases.

As an alternative to the dark energy paradigm, inhomogeneous universe
models have gathered significant interest as a means to explain cosmic ac-
celeration. Ongoing investigations are trying to quantifythe impact of inho-
mogeneities, either by studying the light-propagation through toy model uni-
verses or by calculating the backreaction effect from perturbing the metric.
While such attempts will become more elaborate in the future, current results
suggest that inhomogeneities might take on a role as a sourceof systematic
uncertainty in cosmological observations, rather than being the cause of the
accelerated expansion. The LTB models, however, form a particular class of
inhomogeneous models that could explain the apparent acceleration without
invoking dark energy, but do so by abandoning the Copernicanprinciple.Pa-
per II andPaper III investigate the possibility that we live in a spherically
symmetric local void in the matter density.

In Paper II , we tested two LTB models for an on-center observer using data
from SNe Ia, CMB and BAO, and ranked them against some populardark
energy and modified gravity models. Both LTB models could givegood fits to
the SNe Ia data for a void of Gpc scale size. Combined with the CMB/BAO
constraints, the fits were comparable to those of the other models, but because
of the extra parameters required, the LTB models were not supported in the
information criteria analysis.

In Paper III , we used SN Ia data sets to put constraints on the observer po-
sition in LTB models, using the fact that off-center observers will observe an
anisotropic universe. We found that the SN Ia data alone do not put rigorous
constraints on the observer position, allowing for displacements of∼ 15%
of the void scale radius from the center. When combined with the observed
dipole anisotropy of the CMB however, we showed that the datacompel the
observer to be located within∼ 1% of the void scale radius, strongly dis-
favouring the model from a Copernican principle point of view.
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9 Svensk sammanfattning

Tack vare briljanta idéer och fantastiska framsteg inom teknologin, har det
idag blivit möjligt att göra mycket precisa mätningar över enorma avstånd
i rymden för att kartlägga universums egenskaper. I slutet av 1990-talet
visade avståndsmätningar med hjälp av supernovor av typ Ia att universums
expansion går allt snabbare. Bevisen för den accelererandeexpansionen har
sedan dess stärkts betydligt, tack vare en mängd oberoende observationer
och metoder. Denna upptäckt har inneburit en revolution i vår förståelse av
universum. Att förstå orsaken till den ökande expansionstakten är idag en av
de allra viktigaste och svåraste frågorna inom kosmologin.

Den vanligaste förklaringen för den accelererande expansionen är att uni-
versum domineras av en okänd form av energi, kallad mörk energi. Denna
mystiska substans genomsyrar hela rymden och dess negativatryck driver
expansionshastigheten att öka. Det finns en mängd teorier för vad mörk en-
ergi är, men den enklaste är den kosmologiska konstanten. Denna motsvarar
vakuumenergi och är konstant i både rummet eller tiden. Den kosmologiska
konstanten är konsistent med alla nuvarande observationer, men det är ännu
oklart huruvida mörk energi har rums- och tidsvariationer.En detektion av
sådana eventuella variationer är observationellt mycket krävande, men skulle
vederlägga hypotesen om den kosmologiska konstanten.

Vid sidan om mörk energi finns det även andra sätt att försöka förklara
den accelererande expansionen. I den gängse beskrivningenantas universum
till god approximation vara homogent och isotropt, d.v.s. att materian är helt
jämnt fördelad så att universum ser likadant ut i alla riktningar, sett från alla
platser. Det råder dock fortfarande osäkerhet om detta är ett korrekt anta-
gande, eller om storskaliga ojämnheter i materiafördelningen i universum kan
påverka expansionstakten till en sådan grad att det ger upphov till den synbara
accelerationen. I den enklaste modellen för ett inhomogentuniversum bor vi
i ett område i rymden där materiatätheten är lägre, vilket ger en lokalt högre
expansionstakt jämfört med den omgivande delen av universum.

I denna avhandling undersöks kosmologiska modeller där mörk energi har
rumsliga variationer eller där vi bor i ett undertätt områdei ett materiadomin-
erat universum. I både dessa scenarion förväntar vi oss ett riktningsberoende
på himlen för sambandet mellan rödförskjutningen och luminositetsavståndet
för typ Ia-supernovor.

Artikel I ochArtikel IV behandlar möjligheten att använda observationer
av typ Ia-supernovor för att sätta gränser på inhomogen mörkenergi. Un-
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dersökningar över hela himlen för att finna samvariationer isupernovornas
ljusstyrkor i olika riktningar, vilket förväntas om mörk energi klumpar ihop
sig, ger resultat som är konsistenta med en jämnt fördelad mörk energi. IAr-
tikel IV utvecklar vi en formalism för att beräkna hur ojämnheterna imörk
energi ger upphov till samvariationer i ljusstyrkorna. De nuvarande observa-
tionella gränserna på graden av samvariation är inte tillräckliga för att utes-
luta någon modell med små täthetsfluktuationer. Metoden kandock ge viktiga
gränser på ojämnheterna efter hand som antalet tillgängliga supernovor ökar
i framtiden. IArtikel I simulerar vi också hur utformningen av sökfälten när
man detekterar supernovor påverkar med vilken noggrannhetsamvariation-
erna kan mätas med framtida data.

Artikel II och Artikel III konfronterar modeller där vi bor i ett stort,
sfäriskt symmetriskt område där materiatätheten är lägre,för att sätta gränser
på områdets storlek och djup, samt på vår position inuti området. IArtikel II
testas två modeller där observatören befinner sig exakt i centrum av området.
I båda fallen är det möjligt att få en god anpassning till avståndsmätningarna
från supernovor, under förutsättning att det undertäta området spänner över
storleksordningen för det observerbara universum. Anpassningarna till
nuvarande data blir jämförbara med vad man får för mörk energi, men kräver
samtidigt fler parametrar. IArtikel III används mätningar av supernovor
för att sätta gränser på observatörens position inuti området. Vi finner att
med enbart supernovor ges inga stränga gränser. När de kombineras med
mätningar av den kosmiska bakgrundsstrålningen tvingas dock observatören
befinna sig högst en procent av radien ifrån centrum. Detta strider mot den
kopernikanska principen att vi inte upptar någon speciell plats i universum.
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