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In this paper it is demonstrated that the split-potential driven Schrödinger approach to two-body
Coulomb multichannel quantum scattering in a diabatic framework presented by us in a previous
paper [XXXXX] also can be formulated within an adiabatic framework. The new formulation of the
theory is numerically realised using finite element discrete variable representation. The method is
applied to a realistic model of the fundamental mutual neutralisation reaction H+ +H−

→ H∗
2 →

H(1) +H(n) described in terms of the seven lowest 1Σ+
g electronic states of the H2 molecule. The

obtained cross sections are in good agreement with other methods applied to the same model.

PACS numbers: 03.65.Nk, 34.80.-Bm

I. INTRODUCTION

Quantum mechanical electron structure and electron
scattering calculations are most often done within the
Born-Oppenheimer (BO) approximation by fixing the nu-
clear geometry and solving the electronic Schrödinger
equation with some appropriate method, for examples
MCSCF, full CI etc.[1, 2].The eigenvalues as functions
of the nuclear coordinates of this electronic problem are
denoted electronic potential energy surfaces and which
are used in the construction of the equations of motion
for the nuclei. The Born-Oppenheimer approximation
implies that no couplings between the various electronic
states are taken into account. Thus no reactions of the
kind where two atoms or atomic ions are non-elastically
scattered can be treated within the BO framework. The
usual means of studying these reactions is by taking the
dependence of the electronic wave functions on the nu-
clear coordinates into account. This dependence is for-
mulated in terms of the non-adiabatic couplings between
the set of electronic states considered in the calculation.
A description of the problem of nuclear motion includ-
ing non-adiabatic couplings, but still based on the BO
electronic states, is called the adiabatic framework. It
was realised fairly early on that the adiabatic formula-
tion is ill suited for numerical studies of the nuclear mo-
tion since the non-adiabatic couplings vary dramatically
with the inter-nuclear geometry. Scattering calculations
on two-body atom - atom reactions were thus most of-
ten performed in the diabatic framework, in which the
derivative terms of the non-adiabatic couplings present
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in the adiabatic scheme are transformed into the coupled
diabatic potential energy surfaces.

We have recently reported on a split-potential driven
Schrödinger equation method [7] ( referred to hereafter
as paper I ) by which we have been able to derive, anal-
yse, and study two-body multichannel scattering using a
diabatically formulated Hamiltonian.

In this report we compare the adiabatic and diabatic
formulations of the Schrödinger problem describing the
nuclear motion based on a set of electronic states and
their couplings for a realistic model of a diatomic sys-
tem. In order to construct the total wave function one
should resolve the system of the coupled equations for
the nuclear motion wave functions. These equations are
based on quantum mechanical considerations and for the
complete set of the electronic states they are exact. How-
ever, from a numerical point of view, the calculation is
complicated and one commonly works with a truncated
set of electronic states. Based on the relationship be-
tween the consistently truncated (see later) set of adia-
batic and diabatic states for a diatomic system we derive
a split-potential driven Schrödinger formalism for a set
of adiabatic potentials and compare the calculated total
scattering cross section obtained with both the adiabatic
and diabatic formulations.

There are a number of questions which motivates the
present investigation. First, it seems that most scattering
calculations on heavy-particle atomic or molecular sys-
tems are performed within the diabatic framework with
the argument that the non-adiabatic couplings that allow
these reactions are rapidly varying, implying computa-
tional difficulties and thereby causing inaccurate results
when performed within the adibatic framework. This has
meant that the potential energy surfaces and coupling
are, for diatomic systems, transformed from the adia-
batic frame, in which they are calculated, to the strictly
diabatic frame where the heavy particle scattering prob-
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lem is solved. We therefore want to investigate if the
finite element method can be used to compute scattering
cross sections in the adiabatic framework.
However, for systems consisting of more than two

atoms, it is shown that no strictly diabatic frame can
be constructed. As discussed below this means that nu-
merical methods which can handle terms which vary fast
with the nuclear geometry, namely the first derivative
coupling terms, have to be used. Finally, the adiabat to
diabat transformation may become complicated when we
are dealing with electronic potential energy surfaces that
are asymptotically degenerate or that have couplings be-
tween electronic potential energy surfaces that do not go
to zero asymptotically.
In the present contribution this introduction is followed

by a discussion of the theory II where, in the first subsec-
tion IIA, we present the so called molecular expansion of
the diatomic wave function in terms a sum of products of
functions describing the electronic and the nuclear mo-
tion. In subsection II B we outline the adiabatic repre-
sentation. This is followed by a likewise brief description
of the diabatic framework in subsection II C. The formal
theory behind the partial wave two-body multichannel
scattering is briefly described in subsection IID while
subsection II E outlines a generalisation from the two-
body adiabat to diabat transformation to a three-body
adiabat to quasidiabat formalism. A general discussion of
the split-potential driven Schrödinger equation approach
to two-body quantum multichannel charged particle scat-
tering is given in subsection II F. We then discuss the
results of paper I, i.e., the diabatic formulation in subsec-
tion IIG. The adiabatic formulation of the same problem
is then presented in subsection IIH. In subsection II I the
application of exterior complex scaling theory is used to
formulate our split-potential driven Schrödinger equation
such that we have zero boundary conditions both at the
origin as well at infinity. The numerical realization of
both the adiabatic and the diabatic formulation ( previ-
ously studied in paper I) is presented in section III. This
report concludes IV with a comparative application of
our theory in both its adiabatic and diabatic forms to
a realistic model of an atom - atom scattering problem
earlier studied by Stenrup et al. [4].
Throughout this report we use atomic units, i.e. me =

e = h̄ = 1

II. THEORY

A. Defining the problem: the molecular expansion

Consider a system of two atomic nuclei, A and B, and
N electrons. The masses and charges of the nuclei are
denoted by Mi and Zi, respectively, where i = A,B.
The wave function for the entire system, Υ, can be de-
scribed in terms of the inter-nuclear distance, r, and
a set of vectors, ξj , denoting vectors from the centre
of mass of the nuclei to the jth electron. We collect,

for convenience, these electronic vectors in the notation
ξ = (ξ1, ξ2, . . . , ξN). We now separate out the centre of
mass motion of the system to obtain a Hamiltonian [3]

H = −
1

2µ
∇2

r
+Hel , (1)

where µ = MAMB/(MA +MB) is the reduced mass of
the nuclei and Hel is the electronic Hamiltonian. If the
small mass polarisation terms, which are proportional to
∇ξi

· ∇ξj
, are neglected it then follows that

Hel = −
1

2
∇2

ξ +
ZAZB

r
+

N
∑

i>j=1

1

|ξi − ξj |

−

N
∑

i=1
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∣



 . (2)

The total wave function, Υ, satisfies the time-
independent Schrödinger eq.

HΥ(r, ξ) = EΥ(r, ξ) (3)

where E is the total energy in the centre of mass sys-
tem. In the molecular close-coupling approach [3] the to-
tal wave function is expanded in terms of electronic and
nuclear eigenfunctions assuming clamped nuclei. This
leads to the adiabatic representation expansion

Υ(r, ξ) =
∞
∑

i=1

Ξa
i (r, ξ)Ψ

a(r) (4)

where Ξa are the normalised solutions of the electronic
Schrödinger eq.

HelΞa
i (r, ξ) = ǫai (r)Ξ

a
i (r, ξ). (5)

B. Adiabatic representation

The wave function of the diatomic molecule is quan-
tised with respect to the inter-nuclear axis. It is conve-
nient to use the body-fixed frame instead of the space-
fixed one. Here we refer the papers by Thorson [8],
Gaussorgues et al [9], Van Vleck [10], Kolos and Wol-
niewicz [11], Wolniewicz and Dressler[12], Mead and
Truhlar [13] and Stenrup et al. [4] where more detailed
information can be obtained.
Inserting the expansion (4) into eq.(3) and using the

orthonormality of the electronic states yields, for a model
of a diatomic molecule where if we here only consider
electronic states of a given symmetry, a set of coupled
differential equations in which the partial wave represen-
tation has the form

(

−
1

2µ

d2

dr2
+
ℓ(ℓ+ 1)− Λ2

2µr2
+ V a

nm(r)− E

)

ψℓ
n(r)

−
1

2µ

∑

m

Ga
nm(r)ψℓ

m(r) (6)

−
1

µ

∑

m

F a
nm(r)

dψℓ
m(r)

dr
= 0
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where ℓ is the partial wave quantum number, E denotes
the energy, and Λ is the projection of the electronic an-
gular momentum on the inter-nuclear axis, and where

F a
nm(r) = 〈Ξn|

∂

∂r
|Ξm〉 (7)

Ga
nm(r) = 〈Ξn|

∂2

∂r2
|Ξm〉 (8)

V a
nm(r) = 〈Ξn|Hel|Ξm〉 (9)

The matrices Fa and Ga are constructed from the ele-
ments F a

nm(r) and Ga
nm(r), respectively.

The terms (7) and (8) follow, for example, the ap-
proach suggested in Worth and Cederbaum [20], and are
related through

Ga =
d

dr
Fa + Fa ·Fa (10)

The potential energy matrix Va is diagonal and
V a
nn(r) = ǫan(r). Eq.(6) can therefore be written in matrix

form as
[

−
1

2µ

(

1
d

dr
+ Fa

)2

+ 1
ℓ(ℓ+ 1)− Λ2

2µr2
(11)

+Va − E1

]

Ψℓ,a = 0

It is well known that both F a
nm(r) and Gnm(r) may vary

dramatically with the inter-nuclear distance r. There-
fore, it is argued that one should transform the total wave
function to a form where the first and second derivative
terms in eqs.(7, 8) are combined into the potential energy
term.

C. Diabatic representation

The von Neumann non-crossing rule [14] is used to
describe the situation in which, as a function of the
inter-nuclear distance, two electronic adiabatic poten-
tial energy curves, V a

nn(r) and V a
mm(r), which have the

same symmetry can not cross. Note, however, that the
potential energy curves appearing in the Landau-Zener
model [15, 16] do cross. The philosophy behind the
Landau-Zener approach may thus be thought of as a
starting point for the diabatic formulation. Smith [17]
suggested to expand the total wave function in a form
where it is required that

F d
nm(r) = 〈Ξd

n|
∂

∂r
|Ξd

m〉 = 0, (12)

where Ξd
n(r, ξ) denotes the diabatic electronic wave func-

tion. The total wave function must then remain the same:

Υ(r, ξ) =
∑

i=1

Ξd
i (r, ξ)Ψ

d(r) . (13)

Gabriel and Taulbjerg [18] showed that the electronic
wave function within the formulation of Smith [17] is
independent of the inter-nuclear distance, except for a
phase factor. In practice, this makes it useless in com-
putational studies. Andresen and Nielsen [19] present
similar arguments. However, if we limit the expansion
to a truncated set ofM electronic adiabatic and diabatic
states, this gives two sets describing the same problem

Υ(r, ξ) =

M
∑

i=1

Ξa,d
i (r, ξ)Ψa,d(r) (14)

then the diabatic formulation is both formally and com-
putationally meaningful. Following, for example, Truhlar
and Mead [13] we can only define a strictly diabatic for-
mulation for diatomic systems in the sense that the first
derivate term (7) can be removed from the rovibrational
Schrödinger eq.(6) as outlined later.
An orthogonal transformation matrix T = {Tnm} can

be defined [23] such that the diabatic nuclear Schrödinger
wave function ψd

n is expressed in the corresponding adi-
abatic quantity ψa

n.

ψℓ,d
n (r) =

M
∑

j=1

ψℓ,a
j T T

nj(r) (15)

As indicated in [4] this yields a strictly diabatic nuclear
Schrödinger eq.

[

−1
1

2µ

d2

dr2
++1

ℓ(ℓ+ 1)− Λ2

2µr2
(16)

+Vd − E1
]

Ψℓ,d = 0

with

Vd = TTVaT (17)

provided that

(

1
d

dr
+ F

)

T = 0 . (18)

It is assumed here that the channels are asymptotically
uncoupled. Studies of additional complications which
arise when modelling asymptotically coupled channels
are described by Belyaev [21]. As such, as in [4], we
can now state that

lim
r→∞

T(r) = 1 (19)

implying that the asymptotic forms of the adiabatic and
diabatic wave functions for the nuclear motion are iden-
tical.
We have now outlined the truncated adiabatic and

diabatic representations in terms of the partial wave
Schrödinger eqs.(11) and (16), respectively. We now
demonstrate how they can be used to describe a two-
body multichannel scattering problem.
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D. The two-body multichannel partial wave

problem including its boundary conditions.

As described in paper I, the two-body multichannel
scattering problem be expressed in matrix form as

[

H0 +L(r) +C(r) − k2
]

Ψ(r) (20)

+V (r)Ψ(r) = 0 .

where k and H0 represent the diagonal matrices

kn δnm = δnm
[

2µ
(

E − Eth
n

)]1/2
, and −d2/dr2δnm, re-

spectively. Eth
n ≡ limr→∞ Vnn(r) is the corresponding

n channel threshold energy. The centrifugal term L(r),
the Coulomb interaction term C(r) and the short range
potential coupling matrix V (r) are defined by the fol-
lowing matrix elements ℓ(ℓ+1)/r2 δnm, 2knηn/r δnm and
Vnm(r), respectively.
The large r boundary condition is ob-

tained as a diagonal matrix by considering
the functions [u]nm(r) = δnmu

+
ℓ (ηn, kn, r) =

δnme
+ıσn

ℓ [Gℓ(ηn, knr) + ıFℓ(ηn, knr)] where Fℓ (Gℓ)
is the regular (irregular) Coulomb wave function and
σn
ℓ = arg {Γ(1 + ℓ+ iηn)} denotes the Coulomb phase

shift in the n-th channel [22]. In matrix form the large r
boundary condition can then be expressed as

Ψ(r) ∼ F(r) + u(r)As, r → ∞ . (21)

where F(r) = [u(r)D − u∗(r)]/(2ı) and [D]nm =
exp[2ıσn

ℓ ]δnm. Due to the short-range interaction, V,
the amplitude matrix As is constructed from the partial-
wave scattering amplitudes As

fi with all possible values
of indices f and i. The dependence on both the energy
and on ℓ is here, and in the discussions later, implicit.
The full partial wave scattering amplitude matrix is then
given by the sum

A = AC +As, (22)

where the partial wave Coulomb scattering amplitude
matrix is denoted as AC and is written as a diagonal
matrix with the elements

[AC ]fi = δfi
exp(2ıσf

ℓ )− 1

2ı
. (23)

The partial wave cross sections are then determined by
the amplitude through the standard expression

σℓ
fi(E) =

kf
k3i

4π(2ℓ+ 1)|Afi|
2
. (24)

The total cross section corresponding to the reactive scat-
tering transition i→ f is given by the sum over momenta

σtot
fi (E) =

∞
∑

ℓ=0

σℓ
fi(E) . (25)

E. Outline of adiabatic - quasi-diabatic

representations for triatomic systems.

The von Neumann non-crossing rule is not valid for
systems with more than two particles [14]. Abrol and
Kuppermann[29] describe this problem. In their tri-
atomic formalism the adiabatic Schrödinger eq. for the
nuclear motion is written as

[

−
1

2µ

{

1∇2
r
+ 2Fa(r) · ∇r +Ga(r)

}

(26)

+Va(r)− E1

]

Ψa(r) = 0,

where the angular momentum terms are in Va(r). The
same holds forVqd(r) below in eq.(28). The first and sec-
ond derivative terms, in eq.(26), are singular for triatomic
systems at so called conical intersections where two po-
tential energy surfaces V a

i (r) and V
a
j (r) are degenerate.

As in [29] the first derivative term can be divided into a
longitudinal and transversal part:

Fa(r) = Fa
long(r) + Fa

trans(r). (27)

The authors then show how the singularity of Fa(r) is
located in Fa

long(r) but not in Fa
trans(r). They also de-

scribe how the singular term can be transformed away to
obtain a quasi diabatic Schrödinger eq. for a triatomic
system :

[

−
1

2µ

{

1∇2
r
+ 2Fqd

trans(r) · ∇r +Gqd(r)
}

(28)

+Vqd(r) − E1

]

Ψqd(r) = 0 (29)

where the superscript qd denotes the quasi-diabatic
form.
As briefly outlined in [6] we are in the process of de-

veloping a three-body multichannel formalism and code
for describing three-body scattering and the resonances
that occur in such processes. As such, we first want to
study the numerical properties of the simpler adiabatic
Schrödinger eq. (6). In the following discussion we then
clarify one detailed motive behind the present study.

F. The driven Schrödinger approach to two-body

multi channel charged particle scattering.

We have recently used the driven Schrödinger eq. ap-
proach to describe charge particle scattering within two-
and three-body systems [5–7].
In our approach, in detailed described in paper I, we

generalise the formalism of Nuttall and Cohen [24] which
was extended to long range non-Coulombic systems by
Rescigno, McCurdy and collaborators [25] to scattering
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of charged particles. We assume the couplings between
the channels to be of short range. We then define a radial
point R such that the short range part of the potential,
V s(r), is negligible for

V (r) = V s(r) +C(r), r > R. (30)

We further divide the diagonal channel potentials into a
Coulombic tail and a core part such that

V (r) = VR(r) + V R
ii (r) (31)

where
{

VR(r) = 0 ; r > R
V R(r) = 0 ; r ≤ R

(32)

and
{

VR(r) = V ; r ≤ R
V R(r) = V ; r > R .

(33)

All other quantities in Eq.(20) are split in a similar way.
By using exterior complex scaling[26–28] with an exterior
scaling point Q ≥ R we can force the wave function in
the tail region to have a zero boundary condition.

G. Outline of two-body multi-channel charge

particle scattering using the driven Schrödinger

approach within the diabatic framework.

The details of our many channel two-body theory is
found paper I ( ref. [7] ). The quantum Coulomb scatter-
ing problem is first solved with the diagonal long range
tail potential yielding a diagonal scattering amplitude
matrix AR and then generating a Green’s function gR.
This Green’s function is then used when solving the scat-
tering problem for the entire potential tail to yield a new
Green’s function GR and a wave function ΨR which, in
this formalism, plays the role of the incoming wave. Con-
sidering the action of the operator

(

H− k2
)

on this in-
coming wave we obtain

(

H− k2
)

ΨR(r) = [CR(r) + VR(r)]Ψ
R(r) . (34)

Introducing a ”scattered” wave Ψscatt(r) through

Ψ(r) = ΨR(r) +Ψscatt(r) (35)

yields the driven Schrödinger eq.

(

H− k2
)

Ψscatt(r) = − [CR(r) + VR(r)]Ψ
R(r) . (36)

Note that in eq.(36) the inhomogeneous term vanishes
outside R and, as follows from the asymptotic relations
(21) in this report and equation (39) in paper I, the solu-
tion Ψscatt asymptotically behaves as a purely outgoing
wave. This implies that exterior complex scaling can be
used to obtain zero boundary conditions for eq.(36) at
large r.

The right hand side of eq.(36) can be shown to be of
the form

[CR(r) + VR(r)]Ψ
R(r) = (37)

[CR(r) + VR(r)] ĵ(r)a
R,

where aR for a fixed R is a constant matrix defined in
Eq.(42) in paper I and ĵ is a diagonal matrix constructed

from Bessel functions ĵn(knr) in the respective channels
n.
Defining

Φ(r) = Ψscatt(r)(aR)−1 (38)

and multiplying Eq.(36) from the left by (aR)−1 the for-
mer equation transforms into

(

H− k2
)

Φ(r) = − [CR(r) + VR(r)] ĵ(r) (39)

The boundary conditions are then given by

Φ(0) = 0

Φ(r) ∼ u(r)(As −AR)(aR)−1 r → ∞ (40)

where As is the short range scattering amplitude in
Eq.(21) and AR is the scattering amplitude for the entire
tail potential (see eq.(45) in paper I ).
The integral representation of the scattering amplitude

can be obtained if eq.(39) is re-cast into
[

H0 +L(r) +CR(r) + V R(r) − k2
]

Φ(r) =

− [CR(r) + VR(r)]
[

ĵ(r) +Φ(r)
]

. (41)

Using the Green’s function GR(r, r′) together with its
asymptotic form, it was shown in paper I that

Φ(r) ∼ u(r)aR
T
J(Φ) as r → ∞ (42)

where

J(Φ) = −k−1
R
∫

0

dr′ ĵ(r′) [C(r′) + V (r′)] (43)

[

ĵ(r′) +Φ(r′)
]

.

Comparing eqs.(42), (40) and the definition stated in eq.
(22) the total scattering amplitude matrix can be written
as

A = AC +AR + (aR)TJ(Φ)aR (44)

This is the formal result for the diabatic formulation of
two-body multichannel potential scattering in the adia-
batic frame.

H. Two-body multi-channel scattering using the

driven Schrödinger approach within the adiabatic

framework.

The adiabatic form of the Schödinger eq. for the nu-
clear motion formally differs from the diabatic form both
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through the existence of a first derivative matrix Fa and
the fact that the potential energy matrix Va is diago-
nal. By adding the second derivate matrix Ga to Va we
formally obtain a non-diagonal potential energy matrix
Wa = Va −Ga.
Let us now consider the scattering formalism in the

adiabatic framework. We begin with eq.(41) and add the
first and second derivative terms

[

H0 +L(r) +CR(r) +WR,a(r)+

−F a(r)
d

dr
− k2 ]Φa(r) = (45)

−

[

CR(r) +W a
R(r) − F a(r)

d

dr

]

[

ĵ(r) +Φa(r)
]

.

This implies that eq.(43) is re-cast into

Ja(Φa) = −k−1
R
∫

0

dr′ĵ(r′)

[

C(r′) +W a(r′)− (46)

F a(r′)
d

dr′

]

[

ĵ(r′) +Φa(r′)
]

.

yielding

Φa ∼ u(r) aR
T
Ja(Φa) as r → ∞ , (47)

and the adiabatic form of the scattering amplitude is
given by

Aa = AC +AR + (aR)TJa(Φa)aR (48)

I. Applying exterior complex scaling to the

diabatic and adiabatic formulations of the driven

Schrödinger equation scattering problems.

The important results of the preceding analysis is that
we can calculate both the diabatic and adiabatic scat-
tering amplitude matrices, Ad and Aa, by knowing the
wave functions Φd and Φa, respectively, only over the
finite interval (0 < r ≤ R). It is well known that the
complex scaling transformation [26–28] converts a purely
outgoing wave to an exponentially decreasing function.
In both paper I and the preceding discussion we showed
that the boundary condition of the outgoing wave func-
tions Φd and Φa have purely outgoing wave character
at large inter-nuclear distances r. After a complex scal-
ing transformation, we thus obtain a problem with zero
boundary conditions at infinity.
The exterior complex scaling theory implies that the

Schrödinger eq.
{ (

H− k2
)

Φ(r) = − [CR(r) +VR(r)] ĵ(r) , (49)

is, through the coordinate transformation r 7−→
gα(r) , 0 < α ≤ π/2, given by

gα,Q(r) =

{

r, r ≤ Q
r + f(r,Q, α), r > Q

(50)

such that

gα,Q(r) ∼ constant+ r exp(ıα), as r → ∞ (51)

where f is a smoothly varying function. This implies
that the complex scaled wave function can be denoted

Φ̃(r) = Φ(gα,Q(r)) (52)

and that the Schrödinger eq. is converted into











(

H̃− k2
)

Φ̃(r) = − [CR(r) +VR(r)] ĵ(r) ,

Φ̃(0) = 0 ,

Φ̃(∞) = 0 .

(53)

where H̃ denotes the exterior complex scaled Hamilto-
nian. For R ≤ Q the finite-range driving part of eq.(53)
does not change. As such, the value of the diabatic or
the adiabatic representation of the wave function Φ̃(r)
in this region is the same as Φ(r) which thus defines J

and we obtain J(Φ) = J(Φ̃). This in turn implies in both
representations that the respective scattering amplitude
matrices can be expressed as

A = AC +AR + aR
T
J(Φ̃)aR. (54)

The matrices aR and AR are computed in the region
r > R from the wave function ΨR(r). In the same way as
in paper I, if it is assumed that all off-diagonal potential
matrices as well as non-adiabatic couplings are zero for
r > R, i.e., V R,(a,d)(r) = 0. The boundary condition (19)
for adiabat - diabat transformation further implies that
the influence of the non-adiabatic coupling terms F and
G on ΨR(r) will be the same in both representations.
As in paper I, if we set V R = 0 for r > R it can be
shown that the matrices aR andAR becomes the diagonal
matrices aR and AR.
The integral representations of the scattering amplitude

in both the diabatic and adiabatic representations are
then given by

Ad,a = AC +AR + aRJ(Φ̃d,a)aR. (55)

The asymptotic relations (42) and (47) both becomes ex-
act under the given condition r ≥ R. Since the point r =
R is not complex scaled we obtain Φ̃d,a(R) = Φd,a(R)
yielding the local representation of the scattering ampli-

tude :

Ad,a = AC +AR + u−1(R)Φ̃d,a(R)aR. (56)

A further simplification of the above formulae is, as was
shown in paper I, obtained by splitting up the centrifugal
term into L(r) = LR(r) + LR(r). This implies that the
Riccati-Bessel and the Riccati-Hankel functions in the
previous formulas are replaced by trigonometric sin(knr)
functions and exp(±ıknr),respectively.
The calculations reported in section IV are based on

these modified forms.
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III. NUMERICAL REALIZATION OF THE

TWO-BODY MULTI-CHANNEL SCATTERING

PROBLEM

.
One reason that the diabatic form of the Schrödinger

eq. for the nuclear motion has dominated in the liter-
ature is most likely related to how it can be numeri-
cally treated. A comparison of numerical methods for
solving the second order differential equations of molec-
ular scattering theory [30] was published some 30 years
ago. If any specific conclusion from this study can be
drawn, it is that the logarithmic derivate algorithm [31–
33] may be preferable in many situations. The fact that
the study [30] focused on second order differential equa-
tions without any first derivative terms may have influ-
enced the use of the diabatic representation in all sub-
sequent studies. The development of numerical methods
has naturally proceeded since the publication of ref. [30].
Several studies on local basis expansion approaches, such
as the B-spline method [35] or the finite element method
(FEM) [36, 37] have since appeared in the literature.
These methods are likely to be better suited for treat-
ing problems such as the adiabatic representation of the
close-coupling scattering problem. The FEM is in par-
ticular well suited since the potentials can described by
dense grids where the variation is dramatic. One reason
for exploring the problem in the present study is to inves-
tigate how well FEM can be used to describe atom-atom
scattering in the adiabatic framework.
Our numerical realization of the adiabatic and diabatic

formulations follow the FEM-DVR description give by
McCurdy and Rescigno [38]. This method is based on
the Gauss-Lobatto integration algorithm. The Lobatto
shape functions [38, 39] have the property that integrals
over local operators in the Lobatto quadrature sense have
a diagonal representation which simplifies the evaluation
of the FEM matrix elements. Our diabatic treatment
follows the formalism of [38], also used in paper I, while
in our adiabatic treatment we add the matrix element
of the first derivate time term as given by eq.(20) in ref.
[38].

IV. A NUMERICAL EXAMPLE AND

DISCUSSION

Using the two described formal methods and a derived
computer code we have been able to compare the adi-
abatic and strictly diabatic approaches to atom -atom
scattering by studying the simplest and most fundamen-
tal mutual neutralisation reaction:

H+ +H− → H(1) +H(n), n = 1, 2, 3 (57)

As a particular example we chose the lowest (1-7)1Σ+
g

potential energy curves earlier obtained by Stenrup et

al. [4] who used the Johnson logarithmic derivative tech-
nique [31, 32] to study this reactive scattering process
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FIG. 1: The mutual neutralisation cross section for the
reactionH+ + H−

→ H(1) + H(n), n = 1, 2, 3 ending up
in the seven first 1Σ+

g electronic states of H2.

(57). The potential energy curves and coupling poten-
tials for the adiabatic as well as the diabatic representa-
tions are described by third order spline functions based
on the tables from electronic structure calculations [4] up
to an inter-nuclear distance of 70.0 bohr. For larger inter-
nuclear distances we used analytical extensions based on
fits to the outermost few data points. In order to obtain
the adiabatic to diabatic transformation matrix we nu-
merically integrated Eq. (19) using the radial couplings
of the preceding section as input data. The integration
has been carried out with a matrix version of the Runge-
Kutta Fehlberg method [40]. The boundary condition
T = 1 has been imposed at r = 50 a0 and the integra-
tion has been performed inwards.

The FEM-DVR grid consisted of equi-distant elements
where the wave function was represented as an 8th degree
Lobatto polynomial. Eqs. (55) and (56) were solved for
partial waves ℓ = 0 to 1000 which satisfied the same par-
tial wave convergence criteria as used in [4]. The loga-
rithmic derivative calculations, used for comparison, had
identical parameters to those in [4].

The adiabatic formulation allows us to study the influ-
ence of the non-adiabatic coupling terms (7,8).

We note that the results of the adiabatic and
the strictly diabatic representations described with
the present, split-potential driven Schrödinger equation
methods agree within the accuracy of the calculation
∆σtot/σtot with the log-derivative description of [4]. We
further note that the adiabatic approximation , where
the second derivative term Ga in eq.(8) was neglected,
in this case produced a somewhat too high total cross
section.

We can thus finally claim that the adiabatic and dia-
batic representations can be used for realistic systems
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such as the reaction (57) and that the introduction
of the first derivative term in the multichannel driven
Schrödinger equation is numerically stable. This gives us
faith when generalising the present two-body formalism
to a three-body formalism as briefly discussed in [6] since
in this generalisation, as was mentioned in section II E,
we need to introduce a first derivative term.
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