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Abstract
A differential, membrane-based nanocalorimeter has been designed and con-
structed for thermal studies of mesoscopic samples at low temperatures. The
calorimeter is intended for sample masses from mg to sub-µg and a broad
temperature range from above room temperature down to the sub-K region.
It allows concurrent use of ac steady state and relaxation methods. Effort was
spent to achieve good absolute accuracy to enable investigations of the elec-
tronic contribution to the heat capacity of superconductors. The calorimeter
consists of a pair of cells, each of which is a stack of heaters and thermome-
ter in the center of a silicon nitride membrane, in total giving a background
heat capacity less than 100 nJ/K at 300 K, decreasing to 10 pJ/K at 1 K.
The device has several distinctive features: i) The resistive thermometer,
made of a GeAu alloy, displays a high sensitivity, dlnR/dlnT ≈ −1 over the
entire temperature range. ii) The sample is placed in direct contact with
the thermometer, which is allowed to self-heat. The thermometer can thus
be operated at high dc current to increase the resolution. iii) Data are ac-
quired with a set of eight synchronized lock-in amplifiers measuring dc, 1st

and 2nd harmonic signals of heaters and thermometer. iv) Absolute accuracy
is achieved via a novel variable-frequency fixed-phase technique in which
the measurement frequency is automatically adjusted during ac-calorimetry
measurements to account for the temperature variation of the sample specific
heat and the device thermal conductance. The properties of the empty cell
and the effect of the thermal link between sample and cell were analytically
studied. Practical expressions for describing the frequency dependence of
heat capacity, thermal conductance, and temperature oscillation amplitude
of the system were formulated. Comparisons with measurements and nu-
merical simulations show excellent agreement. Calibration procedures are
simple, but care should be taken to minimize thermal radiation effects. The
experimental setup is operated with self-regulation of heater powers and ther-
mometer bias, including compensation to zero the differential dc signal. As a
result its high resolution and compact format, the calorimeter is well suited
for studies of phase transitions and phase diagrams as well as electronic spe-
cific heat. The performance of the device is demonstrated by a study of the
superconducting state of a small lead crystal.

Keywords: Nanocalorimetry, specific heat, membrane-based calorimeter,
AC steady state, frequency dependence, thermal link conductance, thermal
relaxation, GeAu thermometer, numerical simulations.
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Sammanfattning
En differentiell, membran-baserad nanocalorimeter har designats och till-
verkats för termiska studier av mesoskopiska prover vid låg temperatur.
Kalorimetern är avsedd för provmassor från mg till sub-µg och ett brett
temperaturområde från över rumstemperatur till under 1 K. Den tillåter
samtidig användning av både ac steady state och relaxations-metod. Fokus
har lagts på att uppnå en god absolut noggrannhet för att möjliggöra studier
av det elektroniska bidraget till värmekapaciteten hos supraledare. Kalorime-
tern består av två celler, var och en uppbyggd som en stack med värme-
element och termometer i mitten av ett kiselnitrid-membran, med en total
bakgrundsvärmekapacitet på mindre än 100 nJ/K vid 300 K, minskande till
10 pJ/K vid 1 K. Kalorimetern har flera särdrag: i) Den resistiva termome-
tern, gjord av en GeAu legering, visar en hög känslighet, dlnR/dlnT ≈ −1
över hela temperaturområdet. ii) Provet placeras i direkt kontakt med ter-
mometern, som tillåts att självvärma. Termometern kan alltså användas
vid hög dc ström för att öka upplösningen. iii) Mätningarna genomförs med
en uppsättning av åtta synkroniserade lock-in förstärkare, som mäter dc,
grundfrekvens och 1:a övertonen hos värme-element och termometer. iv) Ab-
solut noggrannhet uppnås genom en ny variabel-frekvens konstant-fas teknik
där mätfrekvensen justeras automatiskt under ac-kalorimetrimätningar för
att kompensera temperaturberoendet hos provets specifika värmekapacitet
och kalorimetercellens värmeledningsförmåga. Egenskaperna hos den tomma
cellen och inverkan av den termiska länken mellan prov och cell studerades
analytiskt. Praktiska uttryck för att beskriva frekvens beroendet hos sys-
temets värmekapacitet, värmeledningsförmåga, och temperaturoscillationer
har formulerats. Jämförelser mellan mätningar och numeriska simuleringar
visar mycket bra överensstämmelse. Kalibreringsförfarandet är enkelt, men
försiktighet bör vidtas för att minimera värmestrålningseffekter. Experiment-
uppställningen drivs med självreglering av värmare och termometer, inklu-
sive kompensation för att nollställa den differentiella dc signalen. Som en
följd av dess höga upplösning och kompakta format är kalorimetern väl
lämpad för studier av fasövergångar och fasdiagram såväl som det elektro-
niska specifika värmet. Kalorimeterns prestanda demonstreras genom en
studie av det supraledande tillståndet hos en liten blykristall.
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List of main symbols

C0 heat capacity of the platform

Ce frequency dependent part of the platform heat capacity

Cs heat capacity of the sample

C = C0 + Cs total heat capacity (sample plus platform)

Ki thermal conductance between sample and platform

Ke thermal conductance between platform and thermal bath

τi = Cs/Ki relaxation time constant between sample and platform

τe = C/Ke relaxation time constant between sample plus platform and thermal bath

τe,0 = C0/Ke relaxation time constant between empty platform and thermal bath

P0 power oscillation amplitude

Pdc additional DC heating on the platform

Tb temperature of the thermal bath

T0 temperature sensed on the platform

Tac,0 temperature oscillation amplitude sensed on the platform

Toff = P0+Pdc
Ke

average temperature above Tb at steady state with additional DC heating

Tdc = P0/Ke average temperature above Tb at steady state due to the AC power

ω angular frequency of the power (and temperature) oscillation

φ phase shift between applied power and temperature response at the platform

ϕ phase shift between applied power and temperature response at the sample
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Chapter 1

Thesis outline and introduction

This dissertation is based on research that I carried out during the time be-
tween April 2007 and December 2011 in the Experimental Condensed Matter
Physics group at Stockholm University. This chapter starts with the moti-
vation of the work. Two introductions on calorimetric methods and ther-
modynamic properties of superconductors follow. In chapter 2 a thermal
analysis of the calorimeter is presented. The results obtained from this the-
oretical study are taken in account and used to develop the measurement
method which is explained in chapter 5. The device design underwent sev-
eral changes. Numerical simulations of the original design are discussed in
chapter 3. These simulations helped to improve the system to its current sta-
tus, which is described in chapter 4. The experimental results are presented
in chapter 6.

1.1 Motivation
Accurate thermodynamic measurements are essential to understand funda-
mental properties of materials in various fields of physics. Examples of inter-
esting applications of novel calorimetric techniques include the study of quan-
tum effects and phase transitions, in superconducting [1–21] and magnetic
[22–29] systems, in condensed matter at nano-scales and low temperatures,
to the investigation of soft matter objects, like polymers or biological samples
at room temperature and above [30–37]. In condensed matter physics, the
measurement of low temperature heat capacity is central to study volume
effects such as the superconducting state in a material. Small sample calori-
metric measurements of specific heat are particularly suited for detecting
phase transitions and exploring the phase diagram of superconductors [6–10]
and magnetic systems [24, 25]. The electronic specific heat provides infor-
mation about the nature of the superconducting state and its temperature
dependence is related to the energy gap [13–16]. In the past two decades very
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2 CHAPTER 1. THESIS OUTLINE AND INTRODUCTION

much attention was devoted to studies of high-Tc superconductors [17–19], of
the interplay between magnetism and superconductivity [25–27] and, more
recently, of the pnictides superconductors [10–13, 15]. Because calorimetry is
a unique tool to characterize the presence of unknown nano-phases in mod-
ern materials, a device with nJ/K sensitivity, such as a membrane based
nanocalorimeter, represents an important tool for thermo-physical analysis.
New classes of materials may be difficult to synthesize in large, crystalline
samples which are thus available just in small quantities or thin films. There
exist many nanocalorimeters, both custom-made and commercial, for various
different applications. Membrane based calorimeters include devices to study
heat capacity of thin films, small samples and assemblies of mesoscopic crys-
tallites and other systems. Methods include ac calorimetry, fast-scanning,
and other novel techniques [38–46]. Nevertheless, to date a nanocalorimeter
with high resolution and absolute accuracy, for low temperatures and high
magnetic fields applications, able to give quantitative information on the
electronic contribution of the heat capacity of a superconductor, has yet not
been demonstrated. The device presented in this thesis aims at filling this
gap.
The nanocalorimeter was developed for samples with mass ranging from mg
to sub-µg, in the temperature range 0.3−400 K and angular-dependent mea-
surements in magnetic fields. The device is built onto silicon nitride mem-
branes using thin film techniques which provide low background heat capacity
and low thermal conductance. As a consequence the thermal relaxation time
is long enough (ms range) to enable AC steady state and relaxation methods
to be used concurrently, resulting in both high resolution and good abso-
lute accuracy. The high resolution of the AC steady state method allows
the measurement of small contributions to the heat capacity such as elec-
tronic specific heat [20, 21], or vortex phase transitions of a superconductor
in the mixed state [1, 2]. Furthermore studies of frequency dependent heat
capacity (dynamic heat capacity) could be performed [33–35]. While the AC
method is devoted to the detection of second order phase transitions, the
thermal relaxation method allows studies of latent heat and first order phase
transitions.

1.2 Overview of calorimetric methods
Calorimetry finds its historical root in the 18th century with the pioneer-
ing studies of Joseph Black [47] who first introduced the concepts of latent
heat and heat capacity, and with the celebrated ice calorimeter invented by
Lavoisier and Laplace in the 1780s [48].
The term calorimeter is used for the description of an instrument devised to
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Figure 1.1: Schematic representation of a calorimeter. The measuring cell with
temperature T and heat capacity C is thermally connected via a thermal conduc-
tance Ke to the thermal bath, or shield, which is at temperature Tb. The internal
and external time constants τi = C/Ki and τe = C/Ke represent the time in which
thermal equilibrium is achieved in the calorimetric cell, and cell plus shield system
respectively.

Table 1.1: Principal methods used in modern calorimetry (after [49]). The mean-
ing of T , Tb, τi, and τe is explained in Fig. 1.1. The time ∆th represents the length
of the pulse.

Method Typical Measured Condition for Typical
condition quantity good accuracy sample size

Heat pulse Adiabatic Temp. τe � ∆th > τi > 200mg
variation

Thermal Isoperibol Temp. τe � τi 0.01− 1 g
Relaxation variation

Continuous Adiabatic Temp. (T − Tb)/τi � dT/dt > 100mg
heating variation

DSC / Isoperibol Heat flow τe short 10− 100 mg
TMDSC

AC steady Isoperibol Temp. ωτe > 1 > ωτi sub-µg −mg
state (TMC) variation
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determine heat and rate of heat exchange, and denotes the combination of
sample and measuring system, kept in a well defined surrounding, the thermal
bath or shield, as shown in Fig. 1.1. In this thesis the terms microcalorime-
ter and nanocalorimeter are intended to designate such calorimeters in which
heat capacities of the order of µJ/K and nJ/K are studied.
Depending on the heat transfer conditions between the sample cell and the
thermal bath, calorimeters can be divided in isothermal, isoperibol, and
adiabatic. A simple classification of the principal methods used in mod-
ern calorimetry is reported in Table 1.1. Isothermal calorimeters have both
calorimeter and thermal bath at constant Tb. If only the surroundings are
isothermal the mode of operation is called isoperibol. The term isoperibol
was introduced in 1962 by Kubaschewski and Hultgren [50] and literally
means equal (Greek: esos) surroundings (Greek: periballon). In adiabatic
calorimeters the exchange of heat between the calorimeter and the shield is
kept close to zero by making the thermal conductance as small as possible.
Nevertheless, the thermal insulation of the device can never be perfect as
long as there is a temperature difference between calorimeter and shield. If
the temperature of the shield is made to vary and follow the temperature
of the internally heated calorimeter, there will be no heat flux by radiation
or conduction along the supporting elements. This heat compensation be-
comes particularly important above 100 K, when the radiation heat transfer
is not negligible anymore. When the adiabatic conditions are fulfilled, the
electrically measured heat input into the calorimeter, Q, coupled with the
measurement of the sample temperature change, ∆T , allows direct measure-
ment of the heat capacity of calorimeter plus sample C = Q/∆T .
The first adiabatic calorimeter was described in 1910 by Nernst [51], who
recognized the necessity of thermal insulation, in particular for low temper-
ature measurements. On cooling from room temperature to liquid helium
temperatures, the specific heat of a substance decreases by several orders of
magnitude, and becomes vanishingly small at absolute zero. Accurate mea-
surements of low temperature heat capacities become thus more and more
difficult because small heat fluxes from the surroundings can lead to signifi-
cant errors. Nernst used the heat-pulse method which is realized by heatingHeat pulse
the sample for a finite time ∆th and measuring the temperature increment
∆T . This method is the direct transposition of the thermodynamic definition
of heat capacity:

C = lim
∆T→0

Q

∆T (1.1)

where Q is the heat supplied to the sample and calorimeter in form of a
pulse. A full measuring cycle is schematically shown in Fig. 1.2. The ideal
case, in which fully adiabatic conditions are accomplished and the fore- and
after-heating lines are isothermal (Fig. 1.2a), can be realized only for samples
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Figure 1.2: Temperature sensed by the thermometer versus time in a heat pulse
calorimeter for three different cases: (a) strictly adiabatic, (b) semi-adiabatic,
and (c) strongly non-adiabatic conditions. Ti and Tf indicate initial and final tem-
perature in the heating phase of the sample, and ∆T is the resulting temperature
increment. The heat pulse has a duration ∆th. A certain time ∆td is required for
the sample/calorimeter assembly to come to equilibrium.

with large heat capacity, i.e., mass m > 100 mg and T > 100 K [52].
The classical adiabatic calorimeter of Nernst has been an excellent tool for
determination of specific heats for more than five decades. The need for
excellent thermal insulation and minimization of stray heat leaks led to the
development of several other calorimetric techniques, especially suited for the
measurement of small samples. As a result of this ever-lasting development,
the nomenclature in calorimetry is still lacking a standardized definition, and
no univocal classification of calorimeters can be found yet [53, 54].
Adiabatic conditions become more and more difficult to be fulfilled when the
temperature and dimensions of the sample decrease. Semi-adiabatic condi-
tions are met for samples with masses between 10 mg and 1 g [52]: the heat
losses are no longer negligible resulting in a small drift in the temperature
(Fig. 1.2b). The thermal insulation of the sample can never be perfect as long
as there is a temperature difference between the calorimeter and the shield
and continuous heat-loss corrections have to be made [38]. Non-adiabatic or
isoperibol conditions exist when the measured heat capacities are so small
that the thermal conductance along the electrical measuring lines cause the
sample temperature to decay exponentially towards the shield temperature
Tb (Fig. 1.2c). The relaxation method [55] represents an alternative under Relaxation

methodisoperibol conditions. It can be used, for instance, to carry out measurements
at constant T , while continuously varying other parameters such as magnetic
field or pressure. It consists of applying a known power P to the cell to raise
the sample temperature by an amount ∆T = P/Ke. When a steady state
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condition is reached the power is turned off and the temperature will drop
back to the initial value with an exponential decay which depends on the
external time constant τe = C/Ke:

T = Tb + ∆Te−t/τe . (1.2)

The heat capacity is thus given by C = τeKe for a known thermal link Ke.
In the continuous heating method, heat is added continuously to the sampleContinuous

heating at constant power P and the resulting temperature increase is recorded. The
heat capacity is given by the instantaneous derivative of the temperature T
with respect to time as

C = P

dT/dt . (1.3)

This method is usually performed under adiabatic conditions and is well
suited for samples of high thermal conductivity which exhibit a short inter-
nal relaxation time τi. The requirements for a fast distribution of the heat
within the calorimeter/sample system restricts its general application. The
scanning method is based on the observation of the temperature rise duringScanning

method the heating of the sample by a pulse of current, and uses Eq. (1.3) to de-
termine the heat capacity of the cell. The heat flow needed to heat a very
small sample (nano-grams) at moderate rates is very small (about 0.2 nW to
detect heat capacities of the order of nJ/K at a scan rate of 10 K/min) and
not easily detected by conventional calorimeters. A new generation of ultra
fast scanning calorimeters was developed to overcome this problem, where
increased heating/cooling rates, inversely proportional to the sample mass,
yield heat flows that can be detected using thin film sensors [39, 40]. A
heating rate of up to 105 K/s was achieved by Allen et al. [41].
A non-adiabatic calorimeter is also called dynamic, with respect to the truly
adiabatic systems which are static, because it may probe the dynamic heat
capacity which depends on either measuring time or frequency (see Sect. 1.2).
One can identify two ways of measuring the dynamic heat capacity of a
given system [56, 57]. In the first case the system is thermally attached to
a reservoir whose temperature is made to vary in time and the heat flow
between reservoir and system is measured. In the converse situation one
supplies a known amount of heat to the system and monitors the temperature
response. The first method is used, for example, in commercially available
Differential Scanning Calorimeters (DSC). The differential method consists,DSC
in general, in comparing the measured quantity to a quantity of the same
kind of known value, and measuring the difference between the two. DSC is a
thermal analysis method where differences in heat flow into a substance and
a reference are measured as a function of sample temperature, while both
are subjected to a controlled temperature program. There exist two types
of DSCs: heat-flux DSCs and power-compensated DSCs [58, 59]. In theHeat-flux DSC
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Figure 1.3: Schematics of (a) heat-flux and (b) power-compensated differential
scanning calorimeters.

heat-flux DSC (Fig. 1.3a) a well defined exchange of the heat to be measured
with the environment takes place via a specific heat conduction path with
given thermal resistances. The sample and reference are connected by a
low resistance heat flow path (isothermal conditions), and the assembly is
enclosed in a single furnace which is heated with a linear heating rate

T = Tb + βt, (1.4)

where Tb is the initial temperature and β = dT/dt is the known heating
rate. For an ideally symmetrical arrangement the same heat flows to sample
and reference sides and the differential temperature ∆T is zero. When a
phase transition occurs a ∆T signal arises proportional to the difference of
the heat flow rates to sample and reference. The heat flow rate is propor-
tional to ∆T through a temperature dependent proportionality factor E(T )
which is related the geometry and the materials of construction of the device
as Q̇ = E(T )∆T . The heat capacity is given by C = Q̇/β.
In the power-compensated DSC (Fig. 1.3b) the heat to be measured is Power-

compensated
DSC

compensated by increasing or decreasing an adjustable Joule heat. The
measuring system consists of two identical furnaces, embedded in a large
temperature-controlled heat sink. The temperatures of the sample and ref-
erence are controlled independently and are made identical by varying the
power input to the two furnaces; the energy required to do this is a measure
of the heat capacity changes in the sample relative to the reference. Finally,
there exist hybrid versions which combine advantages of both pure heat-flux
and power-compensated DSCs resulting in better resolution and faster re-
sponse time.
Besides the classical operation mode where the heating rate is constant, one TMDSC
can drive the device with a variable change of the heating rate. In commer-
cially available Temperature Modulated Differential Scanning Calorimeters
(TMDSC) [60], a periodic variation is superimposed to the conventional tem-
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perature program so that

T = Tb + βt+ A sinωt, (1.5)

where A and ω are the amplitude and frequency of the modulation, and
one measures the oscillating heat flow from the reservoir to the cell. This
technique adds the frequency dependence information to the heat capac-
ity measurement. The DSC technique allows, in general, studying samples
down to about 10 mg; when the sample size decreases, higher scan rates are
required to maintain quasi-adiabatic conditions leading to lower temperature
and energy resolution.
The requirement for heat capacity measurements on specimens with smallerTMC
masses has led to the development of a number of Temperature Modulation
Calorimetry (TMC) techniques [61, 62]. Modulation techniques for studying
thermodynamic properties consist in periodically modulating the power that
heats the sample to create temperature oscillations around a mean tempera-
ture. The amplitude of these oscillations is related to the thermal properties
of the sensor and sample. There is a major difference between TMDSC and
TMC. The former is a development of differential scanning calorimeter and
as such it measures heat flow to the sample when heating the shield, while the
latter measures temperature variation of the sample when heating directly
on it.
The first measurement of specific heat using the modulation method was3ω method
performed by Corbino in 1910/11 [63]. He used the resistance of electrically
conducting samples to determine the temperature oscillations with a method
known as third-harmonic (3ω) method. In this kind of experiment the same
metal resistor element is used as both heater and thermometer. The heater,
with resistance R, is driven by a current at frequency ω which results in a
power of double the frequency:

I(t) = I0 cosωt, (1.6a)
P (t) = P0(1 + cos 2ωt), (1.6b)

where P0 = I2
0R/2. The power causes diffusive thermal waves which perturb

the sensor resistance at a frequency 2ω:

R(t) = R0[1 + αδT cos(2ωt+ φ)], (1.7)

where α ≡ (1/R)(dR/dT ) is the temperature coefficient, and φ is the phase
shift of the temperature oscillation δT with respect to the power oscillation.
The combined effect of driving current and resistance oscillations gives a
voltage across the resistor in the form:

V (t) = I(t)R(t) = I0R0 cosωt+ I0R0

2 αδT cos(ωt+φ)+ I0R0

2 αδT cos(3ωt+φ).
(1.8)
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The first term is the normal AC voltage at the drive frequency, while the
second and third terms, which derive from mixing the current and resistance
oscillations, are dependent on the δT . The temperature oscillation amplitude,
in turn, is related to the sample heat capacity [64].
The 3ω technique was historically developed in the works of Rosenthal [65],
who used a bridge technique to cancel out the much larger first harmonic,
by Smith et al. [66], who measured the frequency dependent heat capacity
of germanium, and, more recently, by Birge and Nagel [67, 68], who showed
the spectroscopic capability of this method. The third harmonic signal is
nowadays detected using lock-in amplifiers, which give much higher precision
with respect to the older techniques which consisted, for example, in detecting
the third harmonic output signal by means of a selective amplifier and an
oscilloscope. The use of a lock-in amplifier was introduced in the milestone AC steady

state methodpaper written by Sullivan and Seidel in 1968 [69] which paved the way to
the application of modulation calorimetry to low temperature phenomena.
They called their method AC steady state and this term is now generally
accepted. In the original work the heater was driven by an AC current
given by Eq. (1.6a) and the voltage variation was detected across a separate
resistance thermometer through which a dc current was maintained. When
steady state conditions occur, the temperature oscillation is, under certain
conditions, related to the heat capacity of the sample plus addenda (heater
and thermometer) by

δT = P0

Cω
. (1.9)

Nowadays there exist many modifications of the temperature modulated
method. They differ in the ways of modulating the heating power (by an
electric current, with laser irradiation [70], induction heating [71], Peltier
heating [72]), and by the methods of detecting the temperature oscillations
(by the resistance of the sample or radiation from it, by the use of thermo-
couples, resistance thermometers, or pyroelectric sensors).
It should be noted that the AC calorimetry has typically poor performances
in detecting first order phase transitions and the results are essentially dif-
ferent from the results of DSC [73] or those of adiabatic calorimetry. The
exclusion of the latent heat from the AC signal could be attributed to the
delay of the phase transition and thus, complete exclusion occurs only in case
of large frequency ω. If ω is much smaller than the rate of the phase transi-
tion, the system is almost in equilibrium and the results of AC calorimetry
contain a large contribution of the latent heat [74]. A qualitative signal can
always be appreciated in the abrupt shift of the phase φ when two coexisting
phases are present.
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Dynamic heat capacity

In temperature modulated calorimetry, like for example the AC or 3ω method,
one measures the response of a sample to a heat input which oscillates with
a certain frequency ω. In TMDSC one measures the heat flow to the sample
necessary to keep up with a prescribed periodic temperature variation. These
calorimeters work in the frequency domain and the time scale of the measure-
ment is set by the inverse of the frequency ω. The time scale of measurement
is the smallest characteristic time interval during which a physical property
of a system is recorded without any specific averaging [75]. An adiabatic
calorimeter works in the time domain: the temperature change of the sample
is followed as a function of time. In a time domain calorimeter the measured
thermodynamic quantities are time-averaged or, in other words, static. On
the other side, in a frequency domain calorimeter the heat capacity is con-
sidered a dynamic quantity because its value does depend on the measuring
time scale, i.e., on the driving frequency. Suppose that a system contains a
slow kinetic process which relaxes with a characteristic time constant τ , such
as structural change or chemical reaction. If heat is supplied in a shorter
time interval than the kinetic relaxation time constant of this internal degree
of freedom, this degree will not contribute totally to the equilibrium value of
the measured heat capacity under the time scale of observation. The mea-
sured heat capacity C(ω) is thus a non-equilibrium quantity which varies in
time and becomes a complex number. The complex heat capacity is defined,
in analogy with the complex permittivity, as [76]:

C∗ = C ′ − iC ′′ = C∞ + C0 − C∞
1 + iωτ

, (1.10)

where
C ′ = C∞ + C0 − C∞

1 + (ωτ)2 (1.11)

is the real component, indicating the storage of the energy in the sample,
and

C ′′ = (C0 − C∞)ωτ
1 + (ωτ)2 (1.12)

is the imaginary part related to the energy loss. The real part C ′ has two
asymptotic limits: C∞, at ω → ∞, is the heat capacity related to the in-
finitely fast degree of freedom as compared to the frequency, like the vibra-
tional modes of the phonon bath, and C0, at ω → 0, is the static term,
i.e., the total contribution at equilibrium of all the degrees of freedom of the
sample.
It has been derived elsewhere [35, 57] that for a typical AC experiment, the
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Figure 1.4: Qualitative sketch of the real and imaginary part of the frequency
dependent heat capacity as a function of frequency.

real and imaginary part of the complex heat capacity are given by:

C ′ = − P0

ωδT
sinφ, (1.13)

C ′′ = P0

ωδT
cosφ− Ke

ω
(1.14)

where P0 is the power oscillation amplitude at frequency ω, δT is the induced
temperature modulation, φ is the phase lag between power and temperature
oscillations, and Ke is the thermal conductance between the calorimetric
cell plus sample and the thermal bath. In the derivation of Eqs. (1.13) and
(1.14) it was assumed to use frequencies low enough to neglect the internal
relaxation time constant τi between sample and calorimetric cell and within
the cell itself. In ordinary cases C ′′ = 0 and the measured temperature
oscillation amplitude is given by:

δT = P0√
(ωC)2 +K2

e

. (1.15)

Any dispersion in the sample is indicated by a non-zero value of C ′′. During
phenomena like glass transitions, crystallization and melting of polymers, or
chemical reactions, C ′′ will assume finite values which can be obtained by
measuring the magnitude and phase of δT as a function of frequency at a
determined temperature. Using then Eqs. (1.13) and (1.14) one obtains the
typical behavior shown in Fig. 1.4.

1.3 Superconductivity
The calorimeter described in this thesis work was developed having in mind
its application in superconductivity. I give here a very brief overview of the
background needed to understand the heat capacity of superconductors.
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Figure 1.5: Temperature dependence of (a) specific heat, (b) entropy, (c) en-
thalpy and (d) free energy in the normal and superconducting states both in zero
applied magnetic field (dotted red line), and in the presence of a weak applied
magnetic field Bapp = 0.36Bc (continuous blue line). T ′c denotes the transition
temperature when a field is present.

1.3.1 Thermodynamic functions

When a material becomes superconducting, it undergoes a thermodynami-
cally reversible phase transition. The basic thermodynamic potential in the
description of phase transitions is the Gibbs potential G which, in turn, is
associated with a set of independent variables. For a thermodynamic treat-
ment of the superconducting phase the significant associated variables are
temperature T and applied magnetic field B. By definition, the free energy
is G = H ′ − TS where T is the temperature of the body, and H ′ and S are
enthalpy and entropy respectively. The enthalpy is H ′ = U − BM where
U is the internal energy, and BM is the magnetic energy. The Gibbs free
energy in its differential form is dG = −SdT −MdB where the item −PdV
for mechanical work is negligible and hence omitted. From the function G,
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the specific heat is obtained directly by means of the expression:

cp = T

(
∂S

∂T

)
B

= −T
(
∂2G

∂T 2

)
B

. (1.16)

The entropy and free energy can thus be obtained with successive integra-
tion of the specific heat versus temperature curve, measured with calorimet-
ric methods. The temperature dependence of the various thermodynamic
functions is plotted in Fig. 1.5. The normal state is compared to the super-
conducting behaviors in zero and non-zero magnetic field as predicted for a
type I superconductor with no demagnetization effects. The transition from
the normal to superconducting state and viceversa in the absence of a mag-
netic field is a second order phase transition, which means that the Gibbs
free energy and its first temperature derivative are continuous at the transi-
tion. In this case there is no latent heat but a discontinuity in the specific
heat. The transition from the superconducting to the normal state in the
presence of magnetic field has latent heat involved and is a first order phase
transition.
The difference between the free energy density in the superconducting and
normal state is related to thermodynamic critical field Hc by the relation
Gn(T ) − Gs(T ) = µ0H

2
c (T )/2, where µ0 = 4π · 10−7 Vs/Am is the magnetic

permeability.

1.3.2 BCS theory
The BCS theory is a microscopic theory of superconductivity, so called
from the names of the scientists who formulated it in 1957, J. Bardeen,
L. N. Cooper and J. R. Schrieffer [77]. In this theory it is shown that elec-
trons with energies that differ from the Fermi energy by no more than ~ωD,
where ωD is the Debye angular frequency, may be attracted to each other and
form Cooper pairs [78, 79]. Electrons are fermions, but when they bound in
Cooper pairs they have a bosonic nature and condense into a ground state
below the Fermi energy, separated from the excited states by an energy gap
∆. The strength of the pairing defines the strength of the superconducting
gap and therefore the transition temperature Tc of a superconductor. The
BCS theory is based on some approximations. First, the matrix element of
the electron interaction is constant and equal to −V within the cutoff ener-
gies ±~ωD away from the Fermi energy level εF, and 0 beyond ~ωD. Thus,
only those electrons that occupy the states within a narrow spherical layer
near the Fermi surface experience mutual attraction.
Second, the energy interval 2~ωD is small compared to the Fermi energy.
Therefore, any variations of the density of states N(ε) over this interval is
negligible and it can be assumed N(ε) = N(0).
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With these approximations, the difference in energy between the supercon-
ducting and normal state, i.e. the condensation energy at absolute zero is
given by:

E0 ≈
−2N(0)(~ωD)2

e2/N(0)V − 1 , (1.17)

which, in the weak-coupling limit (N(0)V � 1), becomes:

E0 ≈ −2N(0)(~ωD)2 exp
[
−2

N(0)V

]
. (1.18)

Equation (1.18) shows that at T = 0 the difference in energy between super-
conducting and normal state is negative, that is, the superconducting state
is more favorable energetically.
The energy gap separates the energy levels of elementary excitations fromEnergy gap
the ground state level, i.e. the energy level of the Cooper pairs. At T = 0,

∆0 ≈ 2~ωD exp
[
− 1
N(0)V

]
. (1.19)

In order to break a pair one needs at least the energy 2∆0. At T > 0
some Cooper pairs are broken because of thermal fluctuations, and ther-
mally excited single electrons are generated. As the temperature increases
the number of broken pairs grows and the energy gap ∆ decreases. At the
transition temperature T = Tc, the gap is ∆ = 0. The expression for the
critical temperature Tc furnished by the BCS theory is:

kBTc = 1.14~ωD exp
[
− 1
N(0)V

]
, (1.20)

where kB is the Boltzmann constant. Since the pairing interaction V is
constant, the gap has an isotropic s-wave simmetry. The ratio of the energy
gap at T = 0 to kTc is then ∆0/kTc = 3.53. Near Tc the gap is expressed as
∆ = 3.2kTc

√
1− (T/Tc).

In general there are two main contributions to the specific heat C: the lat-Specific heat
tice, or phonon, contribution, Clat and the conduction-electron contribution
Ce. The lattice contribution does not change for a material in its normal or
superconducting state, and it is assumed to be magnetic field independent.
At low enough temperature the electronic specific heat of the superconduct-
ing state, Ces, is smaller than in the normal state, Cen, and becomes larger
as the transition temperature Tc is approached. At Tc it jumps abruptly to
the normal state value γTc. The Rutgers formula relates the height of the
jump with the slope of Hc at Tc [80]:

∆C
Tc

= Vmµ0

(
dHc

dT

)2

Tc

, (1.21)
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where Vm is the molar volume.
Due to the energy gap, the specific heat of the superconductor is suppressed
strongly at low temperatures, where there is no thermal excitations left. The
BCS theory evaluates the molar superconducting electronic specific heat Ces
as follows:

Ces

γTc
= 3

2π2

(
∆
kTc

)(
Tc

T

)2 [
3K1

(
∆0

kT

)
+K3

(
∆0

kT

)]
(1.22)

where γTc is the electronic specific heat in the normal state at the transition
temperature Tc, and K1 and K3 are modified Bessel functions of second kind.
Equation (1.22) can be approximated by an exponential decay

Ces

γTc
= a exp

(
−bTc

T

)
, (1.23)

where a = 8.5 and b = 1.44 for T/Tc between about 2.5 and 6 [81]. The BCS
theory predicts also that the electronic specific heat jumps abruptly at Tc
from the normal state value γTc to the superconducting state value Ces with
ratio:

Ces − γTc

γTc
= 1.43. (1.24)

Other dimensionless BCS ratios which are associated with thermodynamics
and are often quoted are the ratio γT 2

c /H
2
c (0) and the slope of the specific

heat at Tc, [d∆C(T )/dT ]Tc
/γ, or, alternatively, the slope at Tc normalized

to the jump, (Tc/∆C) [d∆C(T )/dT ]Tc
which have the value 0.168, 3.77 and

2.64 respectively [83].

1.3.3 Extensions of BCS theory
The BCS theory successfully describes the measured properties of low tem- BCS theory ex-

tensionsperature superconductors. Nevertheless, when applied to strong-coupling
materials, i.e. superconductors in which the electron-phonon interaction is
particularly strong, discrepancies arise. Extensions to the basic theory have
been developed to account for these discrepancies, for example for systems
such as Pb or Hg. With the discovery of the so called high-temperature super-
conductors, in 1986, and of the iron pnictide superconductor, in 2008, more
and more experimental data indicating both qualitative and quantitative dis-
agreements with the predictions of the BCS theory have emerged. Several
extensions regarding the anisotropy of the gap, the energy dependence of the
electronic density of states, the multiband nature of the electronic structure,
and the dynamic of the pairing interaction, where developed in an attempt
to understand the experimental data.
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In the BCS theory the electron-phonon interaction is assumed to be weak Eliashberg the-
oryand the properties of the lattice and the dispersion of phonon curves do

not enter directly into the theory. The Eliashberg theory is a general the-
ory which includes retardation effects of the electron-phonon interaction. It
was found to be very accurate in describing conventional superconductors
with variable coupling strength [83]. The central quantity of this theory is
the so-called Eliashberg function αF (ω), where α is the average electron-
phonon interaction and F (ω) is the phonon density of states. It expresses
the electron-phonon interaction in the form of a spectral density and mea-
sures the contribution of phonons with frequency ω to scattering processes
of electrons at the Fermi level. The electron-phonon coupling parameter

λ = 2
∫ ∞

0

α2F (ω)
ω

dω, (1.25)

defines the strength of the coupling: weak λ � 1, intermediate λ ≈ 1, and
strong λ � 1. In addition to the attractive electron-phonon coupling there
is a residual screened Coulomb repulsive interaction characterized by the so
called Coulomb pseudopotential µ∗.
In 1973, Padamsee, Neighbor and Schiffman developed a semi-empiricalPhenomeno-

logical models model, called α model, to describe the phenomenology of strong coupling
superconductors [84]. The model assumes a combinatorial expression for the
entropy of independent fermions

Ses = −2k
∑

[fk ln fk + (1− fk) ln(1− fk)] (1.26)

where fk ≡ (expEk/kT + 1)−1. The quasiparticle energies Ek are given by
E2

k = (ε2k + ∆2), where εk are the normal state quasiparticle energies and ∆
the gap function. The model assumes a BCS temperature dependence of the
energy gap ∆(T ). The only adjustable parameter is α ≡ ∆(0)/kTc, providing
a scaling of the BCS gap, ∆(T ) = (α/αBCS)∆BCS(T ), where αBCS = 1.764.
Using Eq. (1.26), Bouquet et al. [85] generalized the α model [84] to two
gaps that scale with the BCS gap, ∆1(T ) = (α1/αBCS)∆BCS(T ) and ∆2(T ) =
(α2/αBCS)∆BCS(T ). Fits with this phenomenological two–gap model, assum-
ing that the heat capacity can be decomposed as a sum of the two individual
heat capacities, gave a very good description of MgB2 [85] and other super-
conductors [14–16].
More recently Kogan et. al. [86] proposed a model to describe a two-band
superconductor. This so-called γ model, where γ determines the partial con-
tributions from each band, represents a self-consistent alternative to the α
model. Differently from the α model, in the γ model, the γ value is not a
partial density of states but it involves the band′s Fermi velocities; futher-
more, the ∆1(T ) and ∆2(T ) gaps are not renormalized BCS gaps, but they
are calculated self-consistently.



Chapter 2

Analytical models

2.1 Model diagrams
The nanocalorimeter was developed to perform AC steady state and thermal
relaxation methods. For both methods a detailed analysis and understand-
ing of the behavior of the calorimetric system is required to achieve the most
accurate result. Several problems can arise such as spatial temperature inho-
mogeneity in the sample-substrate-thermometer-heater system, thermal loss
of the sample, and poorly selected measurement frequency. To be able to
handle these issues, the influence of the thermal link resistances between the
elements which compose the calorimeter and contribute differently to the
overall heat capacity must be taken into consideration. In the primary work
of Sullivan and Seidel [69] a heater and a thermometer were attached to the
sample that, in turn, was connected to the thermal bath through a suitable
thermal link. The corresponding thermal diagram is depicted in Fig. 2.1a.
In more recent works with smaller samples, a substrate like sapphire [42, 89]
or a suspended membrane [43, 44] is used. The sample is mounted directly

Figure 2.1: (a) Diagram of sample coupled to bath, thermometer and heater
by the thermal conductances Ke, Kθ, and Kh respectively, used by Sullivan and
Seidel [69]. (b) Diagram of a more recent AC calorimeter with a carrying substrate
coupled, among others, to the sample via Ki [90, 91].

17
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Figure 2.2: (a) Diagram of the nanocalorimeter developed in this thesis. The
sample with heat capacity Cs and temperature Ts is coupled by the thermal con-
ductance Ki to the platform (C0, T0) which in turn is connected to the heat sink
through the thermal conductance Ke < Ki. The heat capacity C0 of the platform
represents the background contribution to the signal measured by the calorimetric
cell. (b) More detailed diagram which describes how the different elements are
thermally connected in the nanocalorimeter. Heater and thermometer are thin
films lying on top of each other. They compose the platform, together with a
membrane that supports them.

on the substrate which carries the heater, the thermometer and the thermal
link to the external bath, as represented in Fig. 2.1b. The influence of the
different parameters depends on the technique that is performed. For the
AC steady state method, the influence of the thermal links was analyzed
by Sullivan and Seidel [69] for the construction in Fig. 2.1a, and Velichkov
[90] for the construction in Fig. 2.1b, under the approximation of constant
and lumped parameters for the separate parts. In particular it is assumed
that (i) the temperature varies so little that the parameters are tempera-
ture independent, (ii) the thermal links are massless, and (iii) the thermal
conductances of thermometer, heater and sample are infinite. The work of
Velichkov was extended by Riou et al. [91] who took into consideration the
thermal diffusivity of the various components of the cell.
The thermal diagram of the nanocalorimeter developed in this thesis corre-
sponds to the one depicted in Fig. 2.1b. Each element is lying on top of each
other and, in turn, on top of the substrate as shown in Fig. 2.2. Thermome-
ter, heater and substrate form a single platform, since the thermal coupling
between them is practically infinite. The platform is then weakly connected,
through the thermal conductance Ke, to a thermal bath with constant tem-
perature Tb, and more strongly connected to the sample through Ki.
A set of equations which describe our nanocalorimeter was derived taking
into account the different thermal links and the influence of the selected
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frequency. This derivation helped in understanding the properties of our
system. The theoretical results have been confirmed by comparison with
experimental data, and with previous works.

2.2 AC steady state method

2.2.1 Analysis of the calorimetric system
In the AC steady state method a certain temperature modulation is induced
in the sample and calorimetric cell. The oscillating power responsible for
such modulation is generally due to resistive heating, and can be expressed
as:

P (t) = RhI
2
0 (1 + sinωt). (2.1)

It is generated by an AC current with amplitude I0
√

2 and angular frequency
ω/2 flowing through a resistor Rh. In general the power applied is P (t) =
Pdc + P0(1 + sinωt), where P0 = RhI

2
0 and Pdc represents any further DC

heating.
The thermal response of the platform (T0) and sample (Ts), sketched in
Fig. 2.3, can be written as

T0(t) = Tb + Toff + Tac,0(t) (2.2a)
Ts(t) = Tb + Toff + Tac,s(t) (2.2b)

where Tb is the base temperature and Toff is the DC offset due to the time-
averaged power supplied by the heater resistance plus any other DC power
(Pdc). Tac(t) is the oscillating term that can be further expressed as

Tac,0(t) = Tac,0 sin(ωt− φ) (2.3a)
Tac,s(t) = Tac,s sin(ωt− ϕ) (2.3b)

where φ and ϕ are the phase shifts which develop between power P (t) and
temperature Tac(t), due to the finite thermal conductances Ke and Ki. The
measured Tac and phase will be functions of the power P0, frequency ω, heat
capacities Cs and C0, and thermal links Ki and Ke. In particular, the func-
tions that correlate these variables will look different for each setup since
they depend on how heater and thermometer are connected to the sam-
ple/platform system. In our nanocalorimeter the heater and thermometer
are thin film elements of the platform and are well thermally connected to
each other, as shown in Fig. 2.2b. The dynamics of the system will first be
analyzed using the one-dimensional heat flow model introduced by Sullivan
and Seidel [69], assuming that the thermal links are massless. Expressions
for the measured variables can easily be obtained. The thermal equations
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Figure 2.3: Oscillating heating power (top) which gives rise to a stationary state
where a temperature amplitudes Tac oscillates around an offset value Toff + Tb
(bottom).

governing the system ensure the conservation of energy leaving and entering
each part of the system:

C0
dT0

dt = P +Ke(Tb − T0) +Ki(Ts − T0), (2.4a)

Cs
dTs

dt = Ki(T0 − Ts). (2.4b)

Inserting the full expressions for P , Ts and T0 in Eqs. (2.4), and separating the
constant terms from the time dependent ones gives the following relations:

P0 + Pdc = KeToff , (2.5a)
Tac,0C0ω cos(ωt− φ) = P0 sinωt−KeTac,0 sin(ωt− φ)+
+Ki[Tac,s sin(ωt− ϕ)− Tac,0 sin(ωt− φ)], (2.5b)
Tac,sCsω cos(ωt− ϕ) = Ki[Tac,0 sin(ωt− φ)− Tac,s sin(ωt− ϕ)]. (2.5c)

Recalling the trigonometric identities cos(α − β) = cosα cos β + sinα sin β
and sin(α−β) = sinα cos β− cosα sin β one can expand the Eqs. (2.5b) and
(2.5c) and then collect the sinωt and cosωt terms. A system of four different
equations is thus obtained:

CsTac,sω cosϕ = −KiTac,0 sinφ+KiTac,s sinϕ (2.6a)
CsTac,sω sinϕ = KiTac,0 cosφ−KiTac,s cosϕ (2.6b)
C0Tac,0ω cosφ = KeTac,0 sinφ−Ki[Tac,s sinϕ− Tac,0 sinφ] (2.6c)
C0Tac,0ω sinφ = P0 −KeTac,0 cosφ+Ki[Tac,s cosϕ− Tac,0 cosφ] (2.6d)

The experimentally measured values are just Tac,0 and φ since the thermome-
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ter is part of the platform:

Tac,0 = P0

√√√√ K2
i + C2

s ω
2

2C2
sKeKiω2 +K2

e (K2
i + C2

s ω
2) + ω2K2

i (C0 + Cs)2 + ω4C2
sC

2
0
,

(2.7a)

tanφ = ω[CsK
2
i + C0(K2

i + C2
s ω

2)]
C2

sKiω2 +Ke(K2
i + C2

s ω
2) . (2.7b)

Define the total heat capacity C = C0 + Cs, and the external and internal
time constants τe = C/Ke and τi = Cs/Ki. The external time constant
characterizes the thermal relaxation between the platform plus sample and
the surroundings. The internal time constant determines instead the time
needed for the system to homogenize to inside temperature: it could be
limited either by poor thermal conductance between sample and platform,
or within the sample itself. With these definitions, Eqs. (2.7a) and (2.7b)
can be rewritten as

Tac,0 = P0

ωC

[
1 + 1

(ωτe)2 −
(

1− C2
0

C2

)
g + 2 τi

τe

(
1− C0

C

)
(1− g)

]−1/2

,

(2.8a)

tanφ = ω[C0 + Cs (1− g)]
Ke +Ki g

. (2.8b)

where
g = (ωτi)2

1 + (ωτi)2 , g
ω→0−→ 0, g ω→∞−→ 1. (2.9)

Equations (2.8a) and (2.8b) can be written in the compact form

Tac,0 = P0√
(ωC)2 +K

2
, (2.10a)

tanφ = ωC

K
, (2.10b)

where
C = C0 + (1− g)Cs. (2.11)

and
K = Ke + gKi. (2.12)

The apparent heat capacity C reduces to C0 either when Cs = 0 or at high
frequencies. At low frequencies it coincides with C0 + Cs. The effective
thermal conductance K coincides with Ke at low frequencies and increases
in the high frequency range.
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Manipulating Eqs. (2.8a) and (2.8b), the expression for the total heat capac-
ity C can be derived:

C = P0

ωTac,0

τe

τi + τe
(sinφ+ ωτi cosφ). (2.13)

In the particular case where Cs = 0 (empty cell): C = C0, and Eqs. (2.8a),
(2.8b) and (2.13) become

Tac,0 = P0

ωC0

[
1 + 1

(ωτe,0)2

]−1/2

, (2.14a)

tanφ = ωτe,0, (2.14b)

C0 = P0

ωTac,0
sinφ. (2.14c)

The time constant τe,0 = C0/Ke characterizes the thermal relaxation of the
platform itself. Experimentally it is hard to determine τi, so using Eq. (2.13)
is not useful. Instead, Eqs. (2.10a) and (2.10b) can be reshaped to give

C = P0

ωTac,0
sinφ, (2.15a)

K = P0

Tac,0
cosφ. (2.15b)

2.2.2 Effect of the internal time constant
The relaxation time τi limits the accuracy of the measurement and a correct
choice of the working frequency minimizes its effect. The frequency of the
temperature oscillation should satisfy the following inequalites: ωτi < 1 <
ωτe. When the condition ωτe > 1 is satisfied, the sample-platform system
heats up in a shorter time compared to the relaxation time to the thermal
bath (adiabatic criterion, in a calorimetric sense and not in a thermodynamic
sense). The condition ωτi < 1 is necessary to achieve good temperature
homogeneity within the sample-platform system (quasi-static criterion).
Consider what happens in the limiting cases. For very low ω, the temperatureLimiting case:

low ω oscillation amplitude and phase become respectively:

lim
ω→0

Tac,0 = P0

Ke
(2.16)

and
lim
ω→0

tanφ = ωτe → 0. (2.17)
In this limit the adiabatic criterion fails and the system composed by plat-
form plus sample has time to relax towards the thermal bath. The phase ap-
proaches zero meaning that heater power and temperature oscillations have
time to synchronize.
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For very high ω the quasi-static criterion is not satisfied. The sample is Limiting case:
high ωthermally disconnected from the platform, and just the heat capacity of the

platform C0 is probed. Equation (2.8a) for Tac, transforms into Eq. (2.14a),
and Eq. (2.8b) becomes

tanφ ≈ ωC0

Ki +Ke
. (2.18)

The tangent of the phase tends to ∞, i.e., the temperature oscillation signal
has a phase π/2 with respect to the power input, meaning that the system
has no time to relax towards the thermal bath. The high frequency regime is
called quasi-adiabatic because there is a negligible AC heat loss during one
temperature cycle although a DC heat flow is always present. The tempera-
ture amplitude decreases when increasing the frequency and it reaches a point
where the resolution degrades considerably. Higher powers must thus be ap-
plied to maintain the measured Tac at a certain minimum value, resulting in
increased Tdc. This is an obstacle when one aims to work in the sub-Kelvin
region since self-heating would not allow to reach the lowest temperatures.
In practice it is useful to use simplified formulas such as

C ≈ P0

ωTac,0
, (2.19)

or

C ≈ P0

ωTac,0
sinφ ≈ P0

ωTac,0

[
1 + 1

(ωτe)2

]−1/2

. (2.20)

Equation (2.19) is the simplest possible expression generally used when the
phase is not known. With modern electronics the measurement of the phase
became more and more feasible and Eq. (2.20) is used instead.
The resolution of the heat capacity is obtained by differentiating Eq. (2.20) Simplified rela-

tions: resolu-
tion

with respect to the temperature oscillation amplitude and phase, ∆C =
|∂C/∂Tac,0|∆Tac,0 + |∂C/∂φ|∆φ. The phase resolution is assumed to be
given by ∆φ = ∆Tac,0/Tac,0, where ∆Tac,0 is determined by equipment and
setup. Under these conditions,

∆C
C
≈ ∆Tac,0

Tac,0

(
1 + 1

tanφ

)
. (2.21)

At a constant Tdc (i.e., P0), Eq. (2.21) is minimized for Tac,0/Tdc = cosφ =
1/
√

2, corresponding to φ = 45◦ or tanφ = 1. If a constant Tac,0 is instead
maintained, the resolution can be improved by a factor 2 by increasing the
frequency further, i.e., by decreasing the excess noise factor 1/ tanφ.
Considering the absolute accuracy, Eq. (2.19) offers a narrow interval of work- Simplified rela-

tions: accuracying frequencies, while, using Eq. (2.20), lower frequencies are generally more
accurate, as shown in Fig. 2.4. From Fig. 2.4 it is also evident that the higher
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Figure 2.4: Error on the absolute accuracy of the measurement that derives from
using simplified formulas for the temperature oscillation of a relatively big sample
(C/C0 = 10): (a) T (a)

ac,0 ≈ P0/ωC and (b) T (b)
ac,0 ≈ P0/(ωC

√
1 + 1/(ωτe)2). The

error is calculated as |1 − T
(a)
ac,0/Tac,0| and |1 − T

(b)
ac,0/Tac,0|, for figures (a) and

(b) respectively, where Tac,0 is given by Eq. (2.7a). The peaks are artifact due
to intersection of the curves. Each curve corresponds to a different ratio of the
external and internal time constants, obtained by varying the thermal conductance
Ki while keeping the other variables constant. τe is set equal to 1 s.

the ratio between external and internal time constants, the wider the interval
of frequencies that ensure a certain accuracy. The ratio of the time constants
can be written as

τe

τi
= Ki

Ke

(
1 + C0

Cs

)
. (2.22)

Considering that C0 ≤ Cs, i.e., the parentheses with the heat capacity ratio
will at most contribute with a factor 2, andKe is a given property of the mea-
suring device, it follows that τe/τi decreases when the thermal link between
sample and platform, Ki, is poor. The best accuracy can be achieved using
highly thermally conducting substances to increase the thermal connection
to the platform. If τe ≈ τi, in order to use the simplified relations over a wide
temperature range without deviating too much from the true heat capacity
value, the frequency at which the heaters are driven needs to be continuously
adjusted. On the other hand, when τi and τe differ by at least two orders of
magnitude from each other, Eq. (2.20) gives a certain freedom in the choice
of the working frequency still ensuring an error level below 1%.
Figure 2.5 summarizes graphically the general frequency behavior for three
different cases: i) an empty cell, ii) a cell with sample with heat capacity
Cs comparable to the one of the platform C0, and iii) a cell with sample
with Cs nine times bigger than C0, where C0 is supposed constant and equal
to 0.1 µJ/K. As shown in Fig. 2.5a, at very low frequency, Tac is constant
and any change is related to a variation of the thermal link, which moves the
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Figure 2.5: Frequency dependence of: (a) the temperature oscillation amplitude
in log-log scale, (b) the apparent heat capacity C in linear-log scale, (c) the
tangent of the phase shift φ in log-log scale, and (d) the phase shift φ in linear-
log scale. Three different situations were considered: empty platform (dotted
line) with heat capacity C0 = 0.1 µJ/K, relatively small sample (dashed line)
and relatively big sample (continuous line) placed on the platform for the same
internal and external thermal conductances, Ki = 90 µW/K, and Ke = 1 µW/K
respectively. The red arrow indicates the point at which C deviates 10% from the
correct value for Cs = 9C0.
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Figure 2.6: (a) Temperature os-
cillation amplitude in log-log scale,
and (b) tangent of the phase shift φ
in log-log scale, versus ω normalized
with the external time constant τe.

curve up or down, provided that a constant power P0 is used. At high enough
frequency the thermal connection to the sample decreases until the sample
is completely lost and the temperature oscillations just sense the platform.
A clear signature of the decoupling of the sample is seen both in Tac, which
no longer goes as 1/ω (in log-log scale), and in tanφ, which displays a char-
acteristic decrease during the process, as shown in Fig. 2.5c. The frequency
dependence of the apparent heat capacity C given by Eq. (2.11) and rep-
resented in Fig. 2.5b, clearly indicates the deviation of the measured heat
capacity from the real value which occurs at high frequencies. Inaccuracies
are due to a non-zero g in Eq. (2.11), in turn caused by a finite Ki. The fre-
quency range for most accurate heat capacity measurements is the one where
C is constant and equal to Cs + C0. For example, for Cs = 9C0 the working
frequency ωwork should be chosen in the interval 1 rad/s < ω < 20 rad/s for
1% accuracy. Observe that when C deviates already 10% from the correct
value, the temperature oscillation amplitude still follows a 1/ω dependence,
while the phase, in Fig. 2.5d, senses the loss of the sample much earlier.
The sample starts to decouple and to lag behind the temperature oscilla-
tions of the platform near the local maximum of tanφ. The key parameter
that controls this maximum is the thermal conductances ratio Ki/Ke. In
particular the location of the maximum is ωmax ≈

√
Ki/Ke, while its value is

tanφmax ≈
√
Ki/Ke/2. For the simulated curve of a sample with heat capac-

ity Cs = 9C0 in Fig. 2.5, the ratio Ki/Ke = 90 and τe = 1 s. The maximum
is located at ωmax ≈ 9.5 rad/s and its value is tanφmax ≈ 4.75.
The correct ωwork depends on the requirements for the particular measure-
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ment: the absolute accuracy, the resolution of the measured signal, the res-
olution on the temperature scale (how smeared the signal is allowed to be),
and the temperature range. The phase is a very sensitive indicator of the
actual working conditions and it could be used to determine ωwork. The ideal
condition is obtained working in the frequency range where the tangent of
the phase shows a perfect linear frequency dependence in log-log scale. There
are two such ranges, but the sample is sensed just in the one at lower ω. This
concept becomes clear when Tac and tanφ are plotted versus the normalized
frequency using the time constant τe (Fig. 2.6). As long as the sample curves
overlap the platform curve (dotted line), the relaxation time constant be-
tween sample and platform is negligible. The experimental conditions for an
optimal working frequency are discussed thoroughly in Paper IV.

2.2.3 1D model of the membrane

Until now the heat capacity of the platform has been considered to be lo-
calized in one point. In reality, the extent of platform, leads of thermome-
ter and heater, and thermal link components should be taken into account.
The temperature oscillations spread in the metal leads of thermometer and
heater, and in the platform (SiN membrane) over a distance of the order of
a frequency dependent thermal length

`th(ω) =
√

2D
ω

(2.23)

where D = κ/ρcp is the diffusivity, with κ, ρ and cp, being the thermal con-
ductivity, volume density and specific heat respectively. This effect becomes
more and more negligible when the size of the sample increases, but must
be taken into account when samples with heat capacity Cs comparable to C0
are studied. This diffusion practically results in an additional contribution to
the addenda heat capacity that can be written as C0 = Cc+Ce(ω), where Cc
is the constant part in direct contact with the heater, and Ce(ω) = Cwp(ω) is
an effective heat capacity of the support as a function of frequency, and p(ω)
is some frequency-dependent function. In order to derive the functional form
of the frequency dependent apparent heat capacity we first use a simplified
one-dimensional case. Given a uniform wire of length L, the profile of the
oscillating part of the temperature along the x-axis can be derived by solving
the heat equation

∂T

∂t
= D

∂2T

∂x2 . (2.24)
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Figure 2.7: Qualitative behavior of the frequency dependent heat capacity and
thermal conductances derived in Eqs. (2.35) and (2.36). At high frequencies both
behaviors are well approximated by the respective limiting forms. The parameters
Cw and τw where arbitrarily chosen equal to 3 nJ/K and 0.1 s respectively.

In our specific case, Eq. (2.24) has to satisfy the following boundary condi-
tions:

T (0, t) = Tac,0 sinωt+ T1,

T (L, t) = T2 (2.25)

where one end (x = 0) is at temperature T1 and subjected to a power

P (t) = P0 sin(ωt+ φ), (2.26)

and thus is periodically oscillating with amplitude Tac,0, while the other end
is at a constant temperature T2. Solving the time-independent problem the
following temperature profile is obtained:

Tdc(x) = T1 + x

L
(T2 − T1). (2.27)

The time-dependent temperature profile along the wire at steady-state is
found by means of the Laplace transforms:

Tac(x, t) = Tac,0
Im

{
sinh

[√
−iω
D

(x− L)
]

sinh
[√

iω
D
L
]
e−iωt

}
∣∣∣sinh

(√
iω
D
L
)∣∣∣2 . (2.28)

The solution to the full problem is the sum of the time-dependent and time-
independent contributions:

T (x, t) = Tac(x, t) + Tdc(x). (2.29)

Consider the time-dependent solution and solve the Fourier law of heat trans-
fer with P (t) given by Eq. (2.26) and Tac(x, t) by Eq. (2.28),

P (t) = −LKw

[
dTac(x, t)

dx

]
x=0

, (2.30)
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Figure 2.8: Behavior of the frequency dependent heat capacity when there exists
a constant term Cc 6= 0. Cw = 3 nJ/K, τw = 0.1 s, and Cc = Cw/10 arbitrarily
chosen.

where Kw is the thermal conductance in the wire. The expression for the
power amplitude that generates the temperature oscillation at x = 0 becomes

P0 = Tac,0
ωCw√
2ωτw

sinh
√

2ωτw − sin
√

2ωτw

cosh
√

2ωτw − cos
√

2ωτw

1
sinφ (2.31)

where the diffusivity D was substituted by L2Kw/Cw and the parameter
τw = Cw/Kw was introduced. Note that the factor α =

√
2ωτw = 2L/`th

where the thermal length is given by Eq. (2.23). The frequency dependence
of the phase φ is also obtained:

tanφ = sinhα− sinα
sinhα + sinα. (2.32)

The experimentally measured power amplitude P0, temperature amplitude
Tac,0, phase φ and angular frequency ω are related to each other by the
following equations: 

C0 = P0

ωTac,0
sinφ (2.33a)

Ke = P0

Tac,0
cosφ (2.33b)

Or, alternatively:

Tac,0 = P0√

(ωC0)2 +K2
e

(2.34a)

tanφ = ωC0

Ke
(2.34b)
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Both the heat capacity Ce and thermal conductance Ke are frequency depen-
dent and they can be written as Ce = Cwp(ω) and Ke = Kwq(ω). Solving
either of the two systems for Ce and Ke gives the following functional forms:

p(ω) = 1
α

sinhα− sinα
coshα− cosα (2.35)

and
q(ω) = α

2
sinhα + sinα
coshα− cosα. (2.36)

Consider the limits for

ω → 0 : Ce = Cw

3 , Ke = Kw, (2.37)

and
ω →∞ : Ce = Cw

α
,Ke = Kw

α

2 . (2.38)

The same heat capacity frequency dependence was derived by Greene et al.
[92] for the case of a sample suspended by wire thermocouples.
In a more realistic case there exists a constant heat capacity Cc which should
be taken into account. Equation (2.30) transforms into

P (t) = −LKw

[
dTac(x, t)

dx

]
x=0

+ Cc

[
dTac(x, t)

dt

]
x=0

, (2.39)

and the power and tangent of the phase modify as

P0 = ωTac,0

(
Cc + Cw

α

sinhα− sinα
coshα− cosα

)
1

sinφ, (2.40)

and
tanφ = Cc

Cwα

coshα− cosα
sinhα + sinα + sinhα− sinα

sinhα + sinα. (2.41)

The heat capacity C0 = Cc +Cwp(ω) and thermal conductance Ke = Kwq(ω)
conserve the same frequency dependence, and Eqs. (2.35) and (2.36) are still
valid.

2.2.4 2D model of the membrane
In case of a two-dimensional platform, as in our specific case where the sample
is supported by a SiN membrane, the heat equation should be expressed in
polar coordinates. Equation (2.24) is transformed as

∂T

∂t
= D

1
ρ

∂

∂ρ

(
ρ
∂T

∂ρ

)
. (2.42)
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Figure 2.9: Qualitative images of the (a) 1D and (b) 2D frequency dependent
geometries.

The temperature oscillation is independent from the angle, thus only the
radial term survives. Suppose that a circular area with radius L0 in the center
of the membrane is uniformly heated. The goal is to calculate the radial
temperature profile outside the isothermal area. The boundary conditions
become

T (L0, t) = Tac,0 sinωt+ T1,

T (L, t) = T2. (2.43)

Following the same procedure as in the one-dimensional case, the time-
independent solution is given by

Tdc(ρ) =
T1 log L

ρ
+ T2 log ρ

L0

log L
L0

. (2.44)

Compared to the one-dimensional case, the DC temperature profile is damp-
ened faster. The Laplace transform of Eq. (2.42) is

z

D
T̃ (ρ, z) = T̃ ′′(ρ, z) + 1

ρ
T̃ ′(ρ, z) (2.45)

and substituting
x = ρ

√
z

D
(2.46)

one obtains the modified Bessel equation of zeroth order whose solution has
to satisfy the boundary conditions Eqs. (2.43). Using the asymptotic approx-
imation for the modified Bessel functions

I0(x) ≈ ex√
2πx

,

K0(x) ≈
√
π

2xe
−x (2.47)
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valid for x > 0, one can finally write the steady state radial temperature
profile:

Tac(ρ, t) = Tac,0

√
L0

ρ

Im
{

sinh
[√
−iω
D

(ρ− L)
]

sinh
[√

iω
D

(L− L0)
]
e−iωt

}
∣∣∣sinh

[√
iω
D

(L− L0)
]∣∣∣2 .

(2.48)
The solution to the full problem is the sum of two contributions:

T (ρ, t) = Tac(ρ, t) + Tdc(ρ). (2.49)

Equation (2.48) differs from Eq. (2.28) by a multiplying factor
√
L0/ρ. This

means that, in the radial situation, the amplitude of the temperature oscil-
lation is dampened faster.
The power amplitude P0 and tanφ that are obtained by solving the Fourier
heat equation in ρ = L0 differ from Eqs. (2.40) and (2.41) in the argument of
the hyperbolic and trigonometric functions which is multiplied by (L−L0)/L,
and for the presence of an additive factor deriving from

√
L0/ρ of Eq. (2.48).

The models given by Eqs. (2.33) and (2.34) are still valid. The participating
heat capacity and thermal conductance are both constant at low frequency,
and at high frequency the heat capacity still goes as 1/

√
ω and the thermal

conductance as
√
ω. Since there is no major difference in the frequency

dependence of the 2D heat capacity and thermal conductance compared to
the 1D model, it is enough to use Eqs. (2.35) and (2.36) for fitting purposes.

2.2.5 Sample size effects
In a material with diffusivity D the amplitude of a thermal oscillation is
dampened out on a frequency dependent length scale `th(ω) given by Eq. (2.23).
It is generally required that the thermal diffusion length is much larger than
the sample thickness, to reach a uniform temperature at a given frequency.
Note that the magnitude of `th depends not only on the frequency but also
on the properties of the sample, since D = κ/ρcp. For instance, the diffu-
sivity of gold can be easily calculated: DAu ≈ 1.28 · 10−4 m2/s which gives
`th,Au(ω) ≈ 15/

√
ωmm. Through the diffusivity, one can estimate the sam-

ple time constant τs, which gives the time scale at which a temperature wave
front reaches the extremity of the sample. It has been calculated for a slab of
thickness L, heated uniformly on one side, and is given by τs = L2/(

√
90D)

[69].
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Figure 2.10: Differential scheme where one calorimetric cell hosts the sample while
the other acts as reference.

2.2.6 Differential mode
In the differential scheme two calorimetric cells are used, as illustrated in
Fig. 2.10. One with the sample to be studied and the other with or without
a reference sample. To practically perform differential measurements the
same power PS = PR = P0 is applied to sample and reference side, and the
resulting temperature difference Tdiff is recorded. The heat capacity of the
reference side Cr+0 is given by Eq. (2.20):

Cr+0 = P0

ωTac,r
sinφr. (2.50)

The subscript r+0, added for clarity reasons, corresponds to the sum of a
reference sample and platform. Supposing to work in the optimal frequency
range, i. e., ω such that ωτi � 1, and τi � τe, the sample side heat capacity
is also given by Eq. (2.20),

Cs+0 = P0

ωTac,0
sinφ0. (2.51)

The subscript s+0 corresponds to the sum of the sample and platform. The
heat capacity sensed by the differential signal is the difference between the
heat capacity of sample and reference sides:

Cdiff = Cs+0 − Cr+0 = P0

ωTac,0Tac,r
(Tac,r sinφ0 − Tac,0 sinφr) (2.52)

We have Tac,r = P0/Ke cosφr and Tac,0 = P0/Ke cosφ0. Using the definition
of Tdc, Eq. (2.52) becomes

Cdiff = P0Tdc

ωTac,0Tac,r
(cosφr sinφ0 − sinφr cosφ0). (2.53)
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Figure 2.11: (a) Frequency dependence of the temperature oscillation amplitudes
where Tdiff = Tac,r − Tac,0. (b) Argand diagram in which the time dependent
oscillating vectors are represented. Tdiff is the vector difference between Tac,r =
Tdc cosφr and Tac,0 = Tdc cosφ0, and depends on the phase shifts φr and φ0.

The term in parentheses in Eq. (2.53) is positive. One can thus square it,
and its square root

√
cos2 φr sin2 φ0 + cos2 φ0 sin2 φr − 2 cosφ0 cosφr sinφ0 sinφr (2.54)

will correspond to the original expression. Using basic trigonometric identi-
ties Eq. (2.54) can be rewritten as

√
cos2 φ0 + cos2 φr − 2 cosφ0 cosφr cos(φ0 − φr), (2.55)

and Eq. (2.52) becomes

Cdiff = P0

ωTac,0Tac,r

√
T 2

ac,0 + T 2
ac,r − 2Tac,0Tac,r cos(φ0 − φr), (2.56)

where the square root is the vector difference Tdiff represented in Fig. 2.11b.
Finally, the expression for the differential heat capacity is

Cdiff = P0Tdiff

ωTac,0Tac,r
. (2.57)

This method is particularly suitable for samples with heat capacity Cs com-
parable to C0. The reference side is then left empty and the sample heat
capacity is measured directly, i.e., Cdiff = Cs. The differential signal can be
amplified more and thus be measured with lower noise.
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2.3 Thermal relaxation method

2.3.1 Overview
The thermal relaxation method was introduced by Bachmann et al. [55] in
1972. It consists of applying a known power to the heater to raise the sample
temperature an amount ∆T above the frame temperature Tb. After a stable
condition is reached the heater power is turned off and the temperature will
drop back to Tb. Both temperature rise (TR) and fall (TF) are governed by an
exponential law, which depends on the external time constant of the system:

TR(t) = Tb + ∆T (1− e−t/τe,R), (2.58a)
TF(t) = Tb + ∆Te−t/τe,F . (2.58b)

If the heat capacity and other material parameters can be assumed constant
within ∆T , the rise and fall time constants, respectively τe,R and τe,F, should
coincide. The sample and platform are connected to each other and to the
thermal bath as shown in Fig. 2.2. Equations (2.58) are valid if the thermal
conductance of the heat leak Ke is small compared to that between sample
and platform Ki. When this condition is no longer met, both the external
and internal time constants, τe and τi, should be included in the equations.
This problem, known as τ2 effect, has been addressed and solved by Shep-
herd in 1985 [93], and Brando in 2009 [94], for systems thermally described
by Eqs. (2.4), under the assumption that the thermal contact between the
sample and the platform is good but not ideal (finite values of Ki), while the
internal thermal conductivity of both the platform and sample are considered
infinite. If at time t = 0, the applied power P (t) = P0 is turned to zero, the
platform temperature decay can be represented by a curve consisting of the
sum of two exponentials with different time constants τ1 and τ2:

T0(t) = Tb + ∆T (a1e
−t/τ1 + a2e

−t/τ2) (2.59)

where
a1 = τe − τ2

τ1 − τ2
, a2 = τ1 − τe

τ1 − τ2
(2.60)

and a1 + a2 = 1.
The time constants τ1 and τ2 are given by (after [93])

τ1 = τe + τi

2

[
1 +

√
1− 4τiτe,0

(τe + τi)2

]
, (2.61a)

τ2 = τe + τi

2

[
1−

√
1− 4τiτe,0

(τe + τi)2

]
, (2.61b)
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Figure 2.12: Relaxation of the platform, represented in log-scale, in the three most
significant cases: good (dotted line), bad (dashed line) and intermediate (contin-
uous line) thermal contact between sample and platform. The applied power is
turned off at t = 0.

Figure 2.13: Plot of the coefficients α1 and α2 as a function of the internal and
external thermal conductances ratio.

where τe = (C0 +Cs)/Ke, τe,0 = C0/Ke, and τi = Cs/Ki, as before. The total
heat capacity of sample plus platform is given by

Cs + C0 = Ke(a1τ1 + a2τ2). (2.62)

The limiting cases correspond to Ki � Ke and Ki � Ke. In the first case
the thermal bond between sample and platform is very good, τi tends to zero
and just the external time constant is left: τ1 ≈ τe and τ2 ≈ 0 which results
in T0(t) ≈ Tb + ∆Te−t/τe . It corresponds to the most gradual exponential
decay in Fig. 2.12. The coefficient a1 tends to 1, while a2 ≈ 0, as shown in
Fig. 2.13 and the measured heat capacity can be approximated as

Cs + C0 = Kea1τe. (2.63)
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If instead the thermal bond between sample and platform is poor, the system
behaves as if the sample was not there and the only time constant left is τe,0:
τ1 ≈ ∞ and τ2 ≈ τe,0 which results in T0(t) ≈ Tb + ∆Te−t/τe,0 (steepest
exponential decay in Fig. 2.12). The coefficient a2 tends to 1 and a1 ≈ 0
(Fig. 2.13), and the measured heat capacity is approximated as

C0 = Kea2τe,0. (2.64)
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Chapter 3

Numerical simulations

Numerical simulations were performed on the first successful calorimeter de-
sign in order to verify the theoretical model and discover systematic errors.
A schematic illustration of the design of the calorimetric cell is shown in
Fig. 3.1a. In Fig. 3.1b the three active layers, ac heater, offset heater and
thermometer are shown in detail. Following the simulations results, the de-
sign of the calorimetric cell underwent several improvements as described in
Ch. 4.

3.1 Simulation model
Numerical simulations were performed with Comsol Multiphysics using the
heat transfer module to describe heat flow and the AC/DC module for elec-
trical properties. Since the in-plane dimensions are more than three orders
of magnitude larger than the final stack thickness, we simulated the process
by a pseudo-3D model described by the heat equation [118]

C2D
∂T

∂t
−∇ · (κ2D∇T ) = P̃ d+ ha(Ta − T ) + hb(Tb − T ). (3.1)

Here, C2D = ρCd where ρ (g/cm3) is the density, C (J/gK) is the specific heat
and d is the layer thickness, κ2D = κd, where κ (W/cmK) is the thermal con-
ductivity, P̃ (W/cm3) is the resistive heating power density, ha,b (W/cm2K) is
the heat transfer coefficient between layers, and Ta,b are the temperatures of
neighboring layers above and below the given layer. Radiative heat transfer
was neglected. The heat transfer coefficient terms in Eq. (3.1) were used to
approximate the thermal conduction perpendicular to the layers. The tem-
perature differences between the layers were, however, found to be negligible
for the studied frequency range. The parameters needed for the simulations
are C, κ and ρ for each layer and the resistivity for the layers (heater and
thermometer) whose electrical behavior is involved. The resistivity of the Ti
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Figure 3.1: (a) Schematic of a membrane cell, composed by ac heater, thin
film GeAu thermometer, and offset heater, shown in (b). All active layers are
electrically insulated by AlOx layers. The sample is placed on the 110× 110 µm2

central area of the 1×1 mm2 membrane. On top of the stack a thermalization layer
made of a good thermal consuctor is deposited to obtain a uniform temperature
distribution over the whole thermometer area.

heaters was adjusted so that the numerical results agreed with the measured
electric response. Values of specific heat and thermal conductivities were es-
timated from the literature [119, 120] and Wiedemann-Franz law. To make
the external time constant coincide with experiments, the membrane specific
heat had to be adjusted by 10%. The temperature offset was found to agree
well with experiments using the estimated values of thermal conductivities.
The simulations presented and the experiments carried out for comparison
were performed at a base temperature T0 = 50 K.

3.2 Frequency dependence
The numerical simulations were used as tool for verifying the theoretical pre-
dictions and for finding possible systematic errors in the experimental data.
The frequency dependence of the empty device described in Ch. 2 is con-
firmed, as shown in Fig. 3.2a. Figure 3.2b shows the frequency dependence
for several sample heat capacities. In this case the sample is considered as a
thin film in perfect thermal contact with the calorimetric cell. This means
that the simulations would not show any high frequency deviations due to
internal time constant τi, as would happen in reality for a grain sample at-
tached with a thermally conducting material. Nevertheless, the curves in
Fig. 3.2b give insight to how much the frequency dependence of the mem-
brane affects the measurements for a sample with small heat capacity. The
simulated curves in Fig. 3.2b were initially fitted using the following relation

Tac = Tdc/
√

1 + (2ωτe)2, (3.2)
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Figure 3.2: (a) Frequency dependence of the temperature oscillation Tac, nor-
malized by the average temperature offset Tdc. Experimental data at 50 K are
compared with simulation and the behavior expected from Eq. (3.2) for an empty
platform of constant heat capacity. (b) Simulated frequency dependence for var-
ious sample heat capacities and corresponding model curves. The sample heat
capacity was changed in units of C0 = 12.1 nJ/K. Equation (3.2), was fitted to the
simulation results for CS = 0 to determine the low-frequency membrane addendum
CM. The obtained value, CM = 17.4 nJ/K, was then used together with the known
CS values to calculate the other model curves.

where ω = 2πf , f being the heater current frequency, and τe = C/Ke, being
C the total heat capacity corresponding to the platform on the reference
side and sample plus platform on the sample membrane. It is clear that, for
achieving good absolute accuracy when CS ≤ CM, the frequency dependence
of the platform must be included unless differential measurements are made.

3.3 Heater power
The simulations furnish electrical information including the voltage across
the meander Vh which is current biased with a known value Ih. The power
amplitude of the heater, Ph = VhIh, causing the temperature oscillation is
thus known. Using this information and the parameters found with the fit,
Tdc and τe, the thermal conductance and finally the total heat capacity are
calculated as Ke = Ph/Tdc and C = Ke · τe, for both sample and reference
sides. Finally the heat capacity of the sample is calculated as the difference
of the heat capacities of the sample and reference sides. It turned out that
the calculated Cfit

S was always underestimated by about 15%, with respect
to the true values. This is due to the dissipation in the heater current leads
which partly contributes to the heating but is not measured in our four-
probe configuration. The measurement of the heater power should thus be
corrected by adding 15% of the power in the central area which roughly
corresponds to 75% of the power in the heater current leads. The final and
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more correct value of the platform heat capacity, CM = 17.4 nJ/K, was used
together with the known values for the different samples CS to calculate τe
for each model curve. The conclusion for further development was that the
effect of the heater leads should be reduced.

3.4 Oscillation distributions
Figure 3.3 shows how the temperature oscillations distribute over the en-
tire membrane for an empty device and for a thin film sample over the
110 × 110 µm2. At low frequency the gradient from the central area to the
thermal bath is smooth and the temperature uniformity is good within the
sample area. The high conduction of the internal Au leads of the thermome-
ter, however, causes the adjacent membrane areas to heat unnecessarily. A
conclusion was that making the Au leads shorter would decrease this area
and thus lower the over-all membrane addendum as well as increase the relax-
ation time constant when the temperature gradient becomes more uniform.
At high frequency the gradient from the central area to the thermal bath
becomes steeper for both reference and sample sides. Furthermore the tem-
perature oscillations are dampened faster on the sample side, as shown in
Fig. 3.3d, and the oscillations in the current leads predominate. Since these
oscillations do not reach the thermometer sensor they are not a direct prob-
lem, but they represent a possible source of noise. The conclusion again, was
to reduce the effect of the heater leads.
The scenario depicted in Fig. 3.3 should be complemented by taking into
consideration the heat capacity of each element which allows to study the
energy oscillations εac = C∗2DTac, where C∗2D is the composite heat capacity
per surface area including all layers and sample. In Fig. 3.4, surface plots
of such energy oscillations are shown for different frequencies. To obtain
a more quantitative understanding of the energy distribution, the energy
was integrated over the central 110 × 110 µm2 area and compared with the
energy integrated over the total area and over the area defined by the largest
AlOx layer. In the reference side, about 87% of the energy oscillations are
located outside the central area at low frequencies, decreasing to 61% at
f = 1000 Hz, while on the sample side the fraction is 29%, increasing to
34%. The fraction of energy oscillations outside the AlOx layer at the same
high frequency is about 20% for both sides, consistent with the contribution
from dissipated power in the heater current leads outside the central area.
The energy oscillations generated by the heater meander are thus rather well
confined to the AlOx area at high frequencies, and separated from the energy
oscillations in the heater leads, as seen in Fig. 3.4d.
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Figure 3.3: Isothermal surface contour plots for the empty membrane area with
heat capacity CM = 17.4 nJ/K without (right) and with sample (left) with heat
capacity CS = 48.4 nJ/K, at different heater frequencies: (a) f = 0.01 Hz, (b)
f = 25 Hz, (c) f = 100 Hz, (d) f = 1000 Hz. Each plot is normalized to its own
Tac,max and the 15 isotherms are equally spaced between magnitude 0 and 1. The
color scale is a spectrum where blue corresponds to 0 and white to 1.
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Figure 3.4: Surface plots of constant energy εac = C∗2DTac for the empty mem-
brane area with heat capacity CM = 17.4 nJ/K without (right) and with sample
(left) with heat capacity CS = 48.4 nJ/K, at different heater frequencies: (a)
f = 0.01 Hz, (b) f = 25 Hz, (c) f = 100 Hz, (d) f = 1000 Hz. The black counter
line is anchored at εac = 0.03εac,max. The color scale is a spectrum where blue
corresponds to 0 and white to 1.



Chapter 4

Device fabrication

4.1 Layout of the device
The nanocalorimeter was designed for studies of samples with mass from mg
to sub-µg in the temperature range between room temperature and sub-K
region. The aim was to build a device suitable for both AC steady state and
thermal relaxation methods. The result shows a substantial potential versa-
tility both in type of samples that could be studied (thin film layers, grain
samples, liquid droplets) and in the temperature range that could extend
to temperatures above 300 K. Figure 4.1 shows a simplified layout of the
nanocalorimeter. Below the calorimeter components are briefly discussed.
In any heat capacity measurement, the background signal, composed by the Silicon nitride

membranesheat capacity of the addenda (substrate, thermometer and heater), is mea-
sured at the same time as the sample. If the aim is to achieve high resolution,
the contribution of addenda to the total heat capacity must be of the same
order of magnitude as the sample or less. For this reason the device is fab-
ricated onto suspended silicon nitride membranes which drastically reduce
the background contribution from the substrate. In differential mode, the
sample heat capacity can be decreased down to ≈ nJ/K. Additionally, the
low thermal conductivity of the Si3N4 membrane [95] provides the necessary
weak thermal link between calorimetric cell and environment for performing
thermal relaxation techniques. Note that when using the AC steady state
method, the question of the thermal insulation of the cell and sample plays
an important role for the choice of the working parameters.
The device is based on two calorimetric cells, where one hosts the sample Differential

modeand the other acts as reference, and it is intended to work in differential
mode. In this technique the heat capacity difference of sample and reference
cells is directly probed; the actual background contribution to the measured
signal is very small and the sensitivity is greatly improved. The possibility
of using the differential technique becomes obviously particularly important
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Figure 4.1: Draft of the differential nanocalorimeter based on two silicon nitride
membranes. The heaters and resistive thermometers are stacked in the center of
each membrane.

when studying very small samples.
The heat capacity is directly related to the temperature response of the sam-Temperature

sensor ple to a determined heat excitation. The absolute accuracy and resolution
of the experiment thus depend on the precision of the temperature mea-
surement. For this reason the thermometer plays a fundamental role in a
nanocalorimeter.
A thermocouple, such as chromel or copper versus constantan, is often usedThermocouples
as sensor [96, 97]. It gives a voltage proportional to the temperature dif-
ference between sample and thermal bath and has the advantage of being
lossless. For highest possible resolution, the voltage signal is usually sent to
a low noise amplifier through an input transformer which requires very low
source impedance (of the order of 10 Ω). This limitation on the thermocou-
ple resistance considerably narrows the choice of materials and arrangements.
Semiconductor thermocouples and thermopiles, for instance, could have some
advantages, such as higher sensitivity and increased Seebeck coefficient, but
the use of a transformer becomes impossible. Moreover, if the aim is to per-
form modulation and thermal relaxation calorimetry, the background heat
capacity and thermal conductance have to be minimized. This represents an
issue since the thermocouple leads, fabricated by thin film deposition, need
to be quite thick (more than 100 nm) to ensure low resistance and bulk be-
havior. Lastly, although thermocouples can usually cover a wide temperature
range, their sensitivity decreases when decreasing the temperature.
For all these argumentations a resistance thermometer was preferred. Typ-Resistive ther-

mometers ical materials used as thin film thermometers are NbSi [45, 46], GeAu [98],
and NbN [99] for the low temperature range, and metallic films, like Ni
[39, 41], Pt [44], or Cu [100] for higher temperatures. In many designs two
different thermometers are fabricated in the same calorimetric cell to cover a
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Figure 4.2: Qualitative representation of the different layers that comprise the
nanocalorimeter. (0) Si3N4 membranes, (1) AC heater, (2,4,6) AlOx insulating lay-
ers, (3) offset heaters, (5) thermometers, (7) thermalization layer, and (8) bonding
pads.

wider range. For the nanocalorimeter of this thesis a GeAu alloy was chosen
because of its high sensitivity as will be further explained in Sec. 4.3.

A distinctive feature of the device is the presence of two separate heaters. Heaters
One heater, called AC heater, delivers a well-defined ac power to the sample
and a second, optional heater is used in DC mode to locally increase the
temperature of the sample above the base temperature. The presence of the
offset heater is useful, for instance, when working at fixed external tempera-
ture and wishing to explore another temperature range without changing the
cryostat conditions, or when the studied phenomenon is expected to occur
slightly above room temperature and the cryostat cannot be heated further.
Both the thermometer and heaters are fabricated in a stack in the central
area of the Si3N4 membrane which acts as a support. They are electrically
isolated but well thermally connected both to each other and to the sample.

On top of the stack there is a final thermalization layer, made up of a well Thermalization
layerconducting metal, to ensure a uniform temperature distribution over the

whole sample area.
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Figure 4.3: Cross sectional view of the silicon chip with pre-etched Si3N4 mem-
branes. The proportions are not maintained for clarity reasons.

4.2 Fabrication
The differential nanocalorimeter is built on top of two pre-fabricated free
standing silicon nitride membranes, 1 mm × 1 mm and 150 nm thick (SPI
Supplies, West Chester, USA). The frame is a 6.2 mm× 3.4 mm silicon chip.
Such a frame is 200 µm thick and has inclined sides, as shown in Fig. 4.3,
which make it difficult to handle with tweezers. For this reason a home made
copper holder (7 mm × 4.2 mm) is glued to the back side of the chip using
Stycast 2651-40 W 1 cured with Catalyst 9 in weight proportion 100:8-9.
A few drops of the filtered mixtures cured for 10 minutes at 100 ◦C and for
further 24 hours at room temperature are enough for perfect adhesion during
the whole fabrication process. Since the strength of the epoxy is not affected
by cryogenic temperatures, it is never removed. The copper holder is about
1 mm thick and has two ditches about 0.5 mm deep which correspond to the
position of the membranes. These are useful to prevent entrapment of fluids
whose expansion could possibly pop the membrane above. The silicon chip
and copper holder system is further attached by means of unfiltered epoxy
to a 1 cm× 1 cm, 40 µm thick Cu foil. At the end of the fabrication process
the foil edges are cut away. Such solution is necessary to avoid clamping
directly onto the silicon frame when performing film deposition. During the
deposition the sample sits upside down and needs to be clamped to a plat-
form (sample holder) not to fall. Other solutions, such as use of crystal bond
which is solid at room temperature and melts at about 100 ◦C, would work
with sputtering process but not with thermal evaporation. In the second pro-
cess the temperature that the sample holder reaches are presumably higher
than 100 ◦C and the crystal bond melts. The reason for avoiding clamping
directly on th Si chip is that about 3 out of 10 devices fabricated in this way
broke during the cooling down in the cryostat. The repeated clamping most
probably causes small cracks in the Si frame which broaden and expand till
the adjacent membrane because of the different expansion coefficient between
Si and Cu. The nanocalorimeter is fabricated using photolithography and
double layer resist lift-off technique. The procedure used for each element
created on the chip is approximately the same and comprises several steps
which are explained in detail in the following list and showed in Fig. 4.4.
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Figure 4.4: Schematic representation of all the steps needed for fabricating each
layer of the nanocalorimeter. The numbers correspond to the enumerated list in
the text.

Since the nanocalorimeter is made up of eight layers, as shown in Fig. 4.2,
the same procedure is repeated at least eight times. The number of steps for
the fabrication of the current nanocalorimeter is ten, since the AlOx layers
2 and 4 were obtained with double deposition to reduce the possibility of
pin-holes caused by random dirt particles.

1. On the empty chip spin Lift Off Resist (MicroChem LOR7B) at 4500 rpm
for 1 minute for a 500 nm thick layer. The LOR is used as a sacrificial
material that can be under-etched with standard developers of positive
tone photoresist by extending the development time of the imaging top
resist. This will result in an undercut which will simplify the lift-off
procedure.

2. Pre-bake the resist on hot plate at 190 ◦C for 2 minutes. This tem-
perature gives an undercut rate of nominally 111 Å/s when developed
in a solution of 0.24 N tetramethyl ammonium hydroxide (TMAH) as
Shipley MF-319 developer.

3. Spin Microposit S1813 positive photoresist at 4000 rpm for 1 minute:
this will result in a 1.5 µm thick layer.
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4. Pre-bake on hot plate at 90 ◦C for 1 minute. The pre-baking step for
this second layer of resist is critical: if the temperature is too high or
the time is too long the photoresist could harden and create problems
during the lift-off. It should be underlined that the main role in the lift-
off process is played by the underneath LOR layer, which has a higher
glass transition temperature with respect to the S1813 and thus with-
stands higher processing temperatures. Nevertheless, considering the
high number of layers the nanocalorimeter is made of, and the fragility
of the membranes, it is extremely important to use all possible care to
perform fast and efficient lift-off processes. It was experienced that the
chemical used to remove the resist during lift-off, after prolonged rins-
ing time, could soften the Stycast between copper holder and silicon
chip, which would result in a detachment of the two parts and possible
spreading of lumps of residue towards the back side of the membrane.

5. UV light exposure using a projection printing system to transfer the
wanted pattern from a chromium-quartz glass photomask to the resist.

6. Development of the exposed pattern: rinse in Shipley MF-319 developer
for about 50 s and remove the chemical with deionized water. The
undercut should be at least 1 µm. It is a good rule to check the result
under an optical microscope furnished with yellow light in order not
to unintentionally expose the resist. In this way, if the undercut is not
good enough, it is possible to further develop the resist.

7. It could happen that the areas where the photoresist was developed are
not completely clean and a very thin film of polymer with a thickness
of the order of nm adherent to the substrate and invisible to the eyes,
could still be present. Reactive Ion Etching (RIE) plasma with oxygen
is utilized in order to oxidize (ash) photoresist and facilitate its removal.
The parameters used are: 10 W RF (Radio Frequency) bias, 50 W ICP
(Inductively Coupled Plasma), O2 at 20 sccm flow rate, at a pressure
of 100 mTorr for an etching rate of about 0.6 nm/s and 0.5 nm/s for the
LOR7B and S1813 respectively. The typical etching time is about 5
minutes. The RF electromagnetic field is kept low so that the impinging
ions are not too energetic. When the impinging ions are too energetic,
the energy transferred to the resist could hard-bake it. The relatively
low RF power is inductively coupled (ICP) in order to increase the
density of ions and still have a high etch rate.

8. Film deposition. The materials constituting each layer are deposited
either with electron beam evaporation or sputtering. For the mate-
rials deposited through e-beam evaporation one needs to keep power
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Figure 4.5: Pictures of a nanocalorimeter before (above) and after (below) bond-
ing to the cryostat plug-in.

used and deposition time under control in order to limit the heating of
the substrate. The main reasons for the substrate heating is the ther-
mal radiation emitted by the glowing crucible and filament, and the
condensation energy of the particles. In the plasma sputtering, it was
experienced that 100 W RF power is about the upper limit above which
the particles become too energetic. The temperature sensor, made of
GeAu, is the only film deposited with RF sputtering technique. An
argon plasma is kept at the stable pressure of 3 mTorr and 25 sccm flow
rate, and using 90 W RF power a rate of 6.6 Å/s is obtained.

9. Lift off in a bath of Microposit Remover 1165 warmed up to 60 ◦C and
rinse in DI water to remove completely the chemical. The lift-off step is
the most crucial. Due to the fragility of the membranes one can neither
use ultrasonic bath nor any other tool to simplify the removal of the
resist. For this reason the deposition conditions play an important role.
Typical lift off times are between 5 and 20 minutes.

10. Finally one needs to be sure that all the photoresist has been removed
before proceeding to the next layer. The sample is therefore ashed for



52 CHAPTER 4. DEVICE FABRICATION

Figure 4.6: Detailed view of one of the 1 mm × 1 mm Si3N4 membranes which
host the nanocalorimetric cell. The heaters and thermometer are fabricated in a
pile in the central 110 µm× 110 µm area. From the image, which is a real picture
of one of the devices belonging to the original design. One can hardly distinguish
the transparent AlOx layers in form of squares with areas up to 300 µm× 300 µm.

about 20 minutes in oxygen plasma using the following parameters:
10 W RF bias, 250 W ICP, O2 at 20 sccm flow rate and 100 mTorr pres-
sure for an etching rate of about 1 nm/s and 1.2 nm/s for the LOR7B
and S1813 respectively.

The calorimeter (plus copper holder) is then glued with Stycast onto a plug-
in for the cryostat and electrically connected with 10 µm Al bonding wires
using an ultrasonic bonder. Pictures of a complete device before and after
bonding to the cryostat plug-in are shown in Fig. 4.5. The device shown in
Fig. 4.5 belongs to the first batch of fully working nanocalorimeters. After
a complete characterization and some initial measurements, and helped buy
the numerical simulations described in Ch. 3 and Paper III, the calorimeter
design underwent some changes in order to further improve its performances.

4.3 Detailed description of each leayer
Figure 4.6 shows a detailed picture of the calorimetric cell of a device be-
longing to the original design. The main elements, such as heaters and ther-
mometer, are sketched in the insets for better displaying. This original design
is compared with the improved version in Fig. 4.7. In order to avoid prob-
lems such as short circuits between conducting layers, a few changes were
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Figure 4.7: (a) Sketch of the original design. (b) Sketch of the improved design.
The magnified sketches display the main elements in the center of the membrane,
such as AC heater (pink), offset heater (blue), and thermometer (red and green).

introduced, including changes to the type of material deposited and their
thicknesses. The estimated values of heat capacity and thermal conductance
of each layer for the original and improved designs are listed in Table 4.1 and
Table 4.2 respectively. They are updated versions of Table 1 in Paper II. The
specific device whose layers are described in Table 4.2 was used to obtain the
measurements reported in Ch. 6. In the following subsections each layer will
be discussed in detail and the improvements will be clarified.

4.3.1 Heaters
The AC heater is, in both the original and improved designs, a meander AC heater
shaped resistor made of titanium (insets in Fig. 4.6) about 10 µm wide which
covers the central 110 µm× 110 µm area. This material has good robustness
and the deposited layer does not need to be very thick. As a consequence,
the background heat capacity is not affected significantly. The AC heater has
four contacts for four-point probe measurement, which avoids the problem
of lead and contact resistances, and allows accurate determination of the
delivered power amplitude. In the original version the heater in the center
of the membrane and its four leads to the pads on the Si frame were made
in the same photolithographic step. In the newer version the heater leads
extend to roughly half way where they overlap with external leads fabricated
in a previous run. The Ti heater can thus be made thinner which means
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Layer Material Thickness Ccenter Ctot
(nm) (nJ/K) (nJ/K)

0. Membrane Si3N4 150 2.6 218
1. AC Heater Ti 45 0.7 22.7
2. Insulation AlOx 110 4.5 33.4
3. Offset Heater Ti 55 0.9 12.2
4. Insulation AlOx 170 6.9 51.6
5. Sensor GeAu 100 2.1 2.1
5a. Sensor int. leads Au 100 − 13
5b. Sensor ext. leads Ti 45 − 5.9
6. Insulation AlOx 90 3.7 9.8
7. Thermalization Al 70 2 2
Total – 150 – 790 23.4 370.7

Table 4.1: Estimated room temperature values of the heat capacity of the central
110× 110 µm2 area (Ccenter), and total heat capacity (Ctot). Layers are numbered
according to Fig. 4.2. It is clear that the main contribution to the background heat
capacity comes from the membrane substrate, followed by the AlOx layers which
are necessarily quite thick, compared to the rest, to ensure electrical insulation.

both higher resistance and thus higher delivered power for the same current,
and less likelihood of pinholes through the insulation layer above. Since more
than 50% of the devices fabricated previously showed pinholes and thus short
circuits between heater and thermometer, a layer of sputtered silicon dioxide
was deposited straight on top of the titanium, in order to passivate the
surface.
Theoretically, the AC heater could work both as heater and thermometer
above 70 K. In this case the 3ω method may be used, where the temperature
oscillation is detected measuring the third harmonic response [64].
The offset heater is driven by a DC current and is furnished with two-pointOffset heater
probe. It is mainly used to locally heat the sample up to 100 K above the base
temperature. As previously mentioned, this can be useful to speed up the
measurements when one is working at cryogenic temperatures and wishing
to measure at higher ones, since the cryostat can take a long time to change
base temperature. It could also be used as high-temperature thermometer
for calibration or other purposes. The offset heater was shaped as a meander
in the original design but it was modified to reduce the possible contact
surface with the AC heater underneath. As a matter of fact, even if the two
heaters were separated by an insulation layer, the overlap of the edges of
the two patterns was increasing the probability of short circuits. The offset
heater layer is missing on the nanocalorimeter whose layers are described in
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Layer Material Thickness Ccenter Ctot
(nm) (nJ/K) (nJ/K)

0. Membrane Si3N4 150 2.6 218
1a. Ext. leads Ti 50 − 12.2
1b. Ext. leads Au 30 − 7.8
2a. AC Heater Ti 36 0.56 2.5
2b. Passivation SiO2 32 0.47 0.5
3. Insulation AlOx 153 6.2 27.7
4a. Sensor int. leads Ti 20 − 1.3
4b. Sensor int. leads Au 80 − 5.5
5a. Sensor GeAu 70 1 1.7
5b. Passivation SiO2 30 0.58 1
6a. Sensor int. leads Ti 5 − 0.3
6b. Sensor int. leads Au 35 − 2.4
7. Insulation SiO2 70 1.9 6.2
Total – 150 – 541 13.31 287.1

∗Thermal link between layers

Table 4.2: Estimated room temperature values for a device belonging to the
improved design batch of the heat capacity of the central 110 × 110 µm2 area
(Ccenter), and total heat capacity (Ctot). Each layer is numbered according to the
photolithographic step in which it was deposited.

Table 4.2, even though it has been fabricated and tested on other devices.

4.3.2 Temperature sensor
The thermometer is made of a GeAu alloy. The sensor surface is covered by a
SiO2 passivating layer in the same deposition run. In the original design, the
thermometer was a 110 µm× 110 µm square, 100 nm thick, which sensed the
whole sample area using a four-point probe configuration. In the improved
version it was decided to make it smaller, 110 µm × 80 µm, and thinner,
70 nm. The sample should always cover the thermometer area completely.
If the sample is smaller than the thermometer, there would be an unwanted
ac signal coming from the uncovered areas which disturbs the measurement.
Making the temperature sensor slightly smaller than the sample area, a wider
range of crystal sizes are accessible with the same precision. The thermome-
ter is the last element on the stack, below the thermalization layer, in good
thermal contact with the sample. In this way the actual temperature of the
sample is directly probed. This gives several advantages. First, the heat
dissipation of the thermometer does not represent a problem since any offset
is directly measured, meaning that higher powers can be used to drive the
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thermometer and achieve higher resolution. Furthermore, there is no need
to measure the base temperature of the frame, unlike when thermocouples
are used. With an optimal Au concentration and fabrication procedure, this
material shows a room temperature resistivity of about 10 mΩ cm, which is
rather low compared to semiconductors, and a sensitivity dlnR/dlnT practi-
cally constant and equal to −1 over a wide temperature range.
Different deposition techniques of the GeAu alloy are reported in literature,
with increasing fabrication difficulties: i) dual electron-beam evaporation
[103], ii) deposition of alternative Ge and Au layers with controlled layer
thickness [104], and iii) sputtering from a pre-made GeAu alloy target using
a RF magnetron cathode [105]. In the first technique the difficulty depends
on the uncertainty on the Au concentration during the evaporation, due to
differing evaporation rates for Au and Ge. This problem is overcome with
the second listed technique which relies on the fact that the Au atoms diffuse
in Ge at and above room temperature and the diffusion depends on the
Au layer thickness. The third method uses a sputtering target with a fixed
Au concentration which makes the final concentration of the deposited layer
much more predictable at the expense of less freedom in the choice of the
relative ratios between Ge and Au concentration. This last method was the
one chosen for fabricating the temperature sensor on the nanocalorimeter.
The target used is a 2 inches diameter of cast GeAu alloy with 17 at% Au.
The resistivity of the GeAu alloy shows a power law temperature dependence

ρ

ρ∗
=
(
T

T ∗

)η
, (4.1)

where η = dlnρ/dlnT is the relative sensitivity of the thermometer which, in
our case, is nearly −1 over a wide temperature range, and ρ∗ and T ∗ are ex-
perimentally determined constants. The power law in Eq. (4.1) is explained
in terms of hopping conductivity in disordered systems in the region of a
metal insulator transition [106].
The most important parameters which characterize the thermometer are the
sensitivity η and the room temperature resistivity ρRT . Both parameters de-
pend on Au concentration, annealing temperature and annealing duration.
When the thin film is first deposited it is in its amorphous state. Without any
annealing the resistivity at low temperatures is almost temperature indepen-
dent. The existing bond between Au and Ge are metastable with respect to
thermal annealing and makes the material very sensitive to further process-
ing. For a certain Au concentration, there is a specific annealing temperature
at and above which a process known as metal-assisted crystallization takes
place. It was experimentally determined that the critical temperature drops
from 330 ◦C to 130 ◦C as the Au concentration increases from x = 0.04 to
x = 0.22 [107]. During this process the bonding between Au and Ge is weak-
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ened or broken and Ge crystallizes. Because of the low solid solubility of Au
in crystalline Ge at these temperatures, the metal atoms are squeezed out
and confined to the polycristalline Ge grain boundaries. The mass transport
stops once the crystallization is finished. According to former observations
[108], the onset temperature for metal-assisted crystallization for our case
is around 135 ◦C, above which ρRT tends to stabilize. One has to find a
compromise between annealing temperature and time that gives the high-
est reproducibility and stability of the sensitivity, and room temperature
resistivity. The temperature sensors fabricated in the nanocalorimeter are
annealed at 190 ◦C on hotplate for 1 hour which resulted in ρRT ≈ 9 mΩcm
and η ≈ −1 in the temperature range 10 K < T < 300 K, and increasing
below. After several months and several cooling downs ρRT and η did not
show any appreciable deviations.

4.3.3 Insulation layers
An electrically insulating layer is deposited between each metallic layer.
In the original design there were in total three AlOx layers, patterned as
squares of different sizes: those between heaters and thermometer measure
300 µm × 300 µm while the last insulation between thermometer and ther-
malization layer is 180 µm× 180 µm. Among other oxides, AlOx shows good
electric insulator properties and not too low thermal conductance so that
the heat flow between layers is not affected appreciably. Additionally it is
easy and fast to deposit (rate of about 2 Å/s for e-beam evaporation) and
this represents an advantage since there are many insulating layers. Other
candidates could be silicon dioxide which has similar thermal properties but
requires a longer deposition time (rate of about 0.1 Å/s for magnetron sput-
tering), or calcium fluoride which has high evaporation rate and good thermal
properties but worse electrical performances.
The electrical insulation was one of the most tedious problems encountered
with the first design. It happened often that a finished device, when tested
electrically, was showing short circuits between two or more adjacent metal
layers. This could be due to several reasons. One is the actual deposition
procedure which consists in thermally evaporate the material using an elec-
tron beam. For the AlOx the evaporation temperature is particularly high,
1350 ◦C [109], and when the particles reach the colder substrate they tend to
cluster and create a non-uniform layer. This problem is in part solved using
a rotating sample holder. One other reason, and probably the main imputed
one, is that the edges of heaters and thermometers were designed in such
a way to pile up on each other without discontinuity. This means that, if
the oxide in between is not at least double the thickness of the other layers,
there will be open paths on the sides. In the original design both these prob-
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lems were solved by depositing thick layers of AlOx in two different lift-off
steps. In the improved version the heaters and thermometer were designed
specially to avoid the piling-up of the edges of each pattern in order to reduce
the probability of side pin-holes. Furthermore, as mentioned earlier, besides
the actual insulation layers, both heaters and thermometer were covered with
sputtered SiO2. After taking all these precautions, it seems superfluous to
deposit the AlOx in two different photolithographic steps. In the new de-
sign the three main insulating layers are rectangles with rounded corners.
They where made smaller, in order to reduce the background heat capacity,
and each with different dimensions: 280 µm× 230 µm, 260 µm× 210 µm and
240 µm× 190 µm from bottom to top. If each insulation layer had the same
dimensions, the internal leads of the thermometer, which is the last element
of the stack, would have to overcome a step roughly five times thicker and
hence might not completely cover the edge of the AlOx rectangle resulting in
open circuits or highly resistive weak points. Using varying lateral sizes the
leads of each conductive element encounter several smaller steps.

4.3.4 Thermalization layer
As last element of the stack, a 110 µm × 110 µm of a highly conductive
material can be deposited. In the devices belonging to the original design
batch, the material chosen was aluminum, with a thickness of about 60 nm.
This layer helps to evenly distribute the temperature over the sample area.
Aluminum is a good choice only above its superconducting transition at 1.2 K.
For lower temperatures, other materials such as gold, copper or silver have
to be used. In the improved design, the thermalization layer may not always
be needed. It should be added if samples smaller than the thermometer are
to be studied.

4.3.5 Leads and pads
The patterns that for the improved design underwent the most modifications
are the leads and pads. The first layer deposited on the bare chip com-
prehends the pads and the external leads that extend 0.25 mm inside the
membranes. These big structures are now completely separated from the
smaller and more detailed patterns of heaters and thermometer which are
created in other photolithographic steps. The ac and offset heater patterns
include internal leads, also made of Ti, that overlaps the external leads on an
area ≈ 30 µm × 40 µm. In the original design the ac heater leads continued
all the way from the meander to the edge of the membrane. The decision of
splitting them and make the internal leads short enough, was made to avoid
dissipation in the current leads and consequent systematic errors as discussed
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Figure 4.8: Experimental data which show the progressive reduction of the tunnel
barrier between Ti and GeAu after several annealing procedures. The curvatures
of the red and green curves at the lowest temperatures are due to excessive self
heating.

in Paper III. The pads and external leads are made in Ti at the bottom and
Au on top. The main reason for having gold on top is that the surface of
titanium naturally forms a thin titanium dioxide layer when in contact with
air. This oxide creates a tunnel barrier causing overheating in the contact ar-
eas with consequent non-uniform distribution of the temperature. Secondly,
the leads outside the membrane should have the least resistance to reduce
dissipation. Several features of this first layer should be underlined.

1. AC heaters leads on Si frame. When the fabrication is finished, the
device is bonded to the cryostat plug-in, as shown in Fig. 4.5. On
this plug-in the contacts are paired up, so that each pair is connected
to twisted-pair wires that travel along the cryostat insert all the way
to external electronics. In the previous design the bonding wires for
current feeding and voltage reading had to cross each other in order
to connect to the twisted-pair wires contacts on the plug-in. In the
new design the voltage and current leads are interchanged to avoid
crossing and thus amplify the reading and reduce the noise coming
from unnecessary loops.

2. Offset heaters leads on Si frame. On the cryostat plug-in there are
currently 20 contacts but the calorimeter requires 21 wires. In order to
avoid one connection, it was decided to use the same ground for both
offset heaters on sample and reference membranes. Thus, two pads in
the very center of the chip were fused into one. Implications of this
decision will be discussed in Ch. 5.

3. Thermometers leads on Si frame. The ground of the two thermometers
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Figure 4.9: (a,b) The sample is picked up with a thin and flexible tip, and (c)
carefully placed on the membrane.

on sample and reference sides are shorted directly on top o the Si chip
in order to reduce loops picking up electromagnetic noise as explained
in Ch. 5.

4. In general the leads are broader outside the membranes (about 150 µm),
to reduce the resistance, and narrower on the membrane (about 35 µm)
to maintain a low background heat capacity and thermal conductance.
All leads are 150 µm broad to a distance of 15 µm into the membrane
in order to strengthen it.
A second pattern which covers only the pads and leads outside the
membranes is used to make the low resistance paths thicker.

The temperature sensor leads should be treated separately. The thermome-Thermometer
leads ter fabrication requires two separated photolithographic steps for the sensor

and the internal leads, being made of different materials. The GeAu square
is deposited on top of Au leads which extend roughly 120 µm out from the
center where they connect with the external Ti leads. Au was chosen instead
of Ti to avoid contact barrier with the GeAu sensor deposited on top. It was
found that annealing for several hours reduces this barrier effect, as shown
in Fig. 4.8. Since this procedure is not well controlled it was preferred to
avoid any barrier. Besides the mere reason to avoid a problem, combining
Au and Ti gives a more defined isothermal area as shown from simulations
in Ch. 5. It should be emphasized that the design of the four-point probe for
the thermometer is not as a regular one, in the sense that the current and
voltage leads overlap in a contact area over the GeAu sensor. For this reason
the measurement picks up the barrier effect resulting in an uncontrollable
temperature dependence of the measured resistance. In the original version
the leads were longer, ≈ 300 µm, causing unnecessary heating due to the
high thermal conduction of Au. In accordance with the conclusions drawn in
Paper III, shorter Au leads should give a more defined temperature gradient
and less background contribution.
We often experienced poor adhesion of the GeAu layer to the surface under-
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Figure 4.10: (a) Top and (b) side view of the studied Pb sample placed onto the
calorimeter.

neath. In particular the GeAu square could peel off during development in
MF319 following the photolithography of the next layer, an AlOx rectangle.
To avoid this problem the internal leads are deposited a second time before
patterning the insulation layer. In this way the GeAu layer is “clamped”
down on the sides and peels off less easily.

4.4 Sample mounting
One can study samples which are either deposited thin films or in grain form
with size comparable to that of the sample area. In the first case the thin
film can be deposited using a shadow mask or a further lift-off step if the
process does not affect the studied material. An advantage of studying de-
posited films is that the thermal conductance between sample and platform
is very high and will hardly represent a problem. On the other hand it will
be impossible to remove the film and the device will be bound to it. This
problem does not arise when studying grain samples which are placed and
removed using a home-made micromanipulator. The micromanipulator con-
sists of a stereo microscope that focuses on a table furnished with screws for
horizontal and vertical, coarse (4 mm) and fine (300 µm) adjustments. Four
probes are also available for electrical measurements. This feature allows to
check the device functionality before bonding it to the plug-in. The sample is
picked up with a thin and flexible tip, which is, in turn, mounted on movable
stage, and carefully placed on the central area. To facilitate the grabbing
procedure for particularly heavy samples, one could use a very little amount
of grease such as Apiezon N, which is a common material for low temperature
calorimetry measurements. The same grease serves also as thermal conduct-
ing medium between sample and platform. However, the glass transition in
Apiezon grease [101, 102] leads to a relatively large and irreproducible tem-
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perature dependence in the background heat capacity. The amount of grease
should therefore be limited as much as possible. To make the grease flow
out to conduct heat well between the calorimeter and sample, a small lamp
can be used to warm the sample gently. An alternative to using thermal
grease as interfacial layer may be to place a thin film of indium onto the
thermalization layer. Once the sample is placed on top of the stack the full
chip could be heated up to the In melting temperature. This procedure has
not been tested yet.

Figure 4.11: Picture of one of the new nanocalorimeters with improved design
bonded to the cryostat plug-in.



Chapter 5

Experimental methods

5.1 Measurement setup

5.1.1 Cryostats overview

The device was partly characterized using a cryogen free system based on 4He cryostat
closed cycle refrigeration. The plug-in which hosts the sample is mounted at
the bottom of a sample holder that is inserted into the cryostat. A schematic
of the system is shown in Fig. 5.1. The calorimetric measurements must be
done in vacuum since any presence of gas adds an unknown thermal link with
a drastic decrease of the relaxation time of the device, uncertainty on the real
thermal conductance and loss of absolute accuracy as a result. For this reason
there is an inner vacuum chamber which is connected to a turbo pump. The
walls of the sample holder are in contact with the chamber walls which, in
turn, are in contact with the 4He gas. The lowest temperature reached by
the sample in vacuum is about 30 K that can be decreased to about 2 K when
exchange gas is used. When exchange gas is inserted, it is convenient to use a
nitrogen trap to avoid condensation of impurities which would degas at about
40-60 K disturbing the measurements. The system is also equipped with a
17 T superconducting magnet kept at 5 K. To determine the magnetic field
a Hall probe is installed next to the sample on a stage able to rotate 300 deg.
To study the low temperature characteristics of the device a 3He closed cycle 3He cryostat
refrigerator with 3He continuosly operating cryocoolers, and furnished with
a 3 T magnet was used. The sample sits always in vacuum in good contact
with the 3He pot where the lowest temperature is attained. Decreasing the
vapor pressure of the liquid bath of 3He in the pot, it is possible to reach
about 300 mK. All the measurements presented in Ch. 6 on a Pb crystal
were performed in the 3He cryostat.

63
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Figure 5.1: Cryogen-free system where two stage compressors at 30 K and 3 K
cool down, through heat exchangers, circulating 4He. The 4He condenses in a
helium pot and then through a needle valve into the sample space. To complete
the cycle the 4He is pumped to the reservoir and then back to the cryostat. This
set up recirculates all the helium and avoids any waste.

5.1.2 Electronics

In the standard measurement mode, known AC and DC currents flow through
the heaters and thermometers. In order to reduce pick-up of electromagnetic
noise, the heaters and thermometers are bonded in such a way that each
signal from the nanocalorimeter at the bottom of the cryostat travels along
pairs of twisted wires all the way up to the measurement electronics. To prac-
tically enable the measurements of temperatures and oscillation amplitudes,
a Field Programmable Gate Array (FPGA)-based set of time and phase syn-
chronized lock-in amplifiers is used [110]. This set of lock-in amplifiers was
built using a National Instruments (NI) PXI-7854R FPGA card, where PXI
stands for PCI eXtensions for Instrumentation. It allows simultaneous mea-
surement of eight analog inputs, and generation of eight analog outputs using
integrated 750 kS/s ADCs and 1 MS/s DACs. When the nanocalorimeter is
used to its full potential, yet another three sampling channels are required.
For these we used a NI PXI-4461 card. The PXI system was controlled and
programmed remotely using LabVIEW with real-time and FPGA software
modules. The advantage of using an FPGA is that all the signals are pro-
cessed by a central phase generator and a set of completely simultaneous
lock-in amplifiers is obtained. This allows precise measurements of the phase
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Figure 5.2: The heaters on sample and reference sides, with resistances RHS and
RHR, supply powers PHS = IHSUHS and PHR = IHRUHR. In order to detect the
temperature signals, DC currents are fed to the thermometers (IS and IR). The
DC and 2nd harmonic AC voltages US, UR and Udiff are directly related to the
offset temperature and oscillation. The temperature of the calorimetric cell can
be controlled through DC powers to the offset heaters. One practical problem is
the fact that the cryostat plug-in has just twenty contacts while the device would
need twenty-one wires in total. The problem was solved by shorting the ground
pads of the offset heaters. The short between the current ground pads of the
thermometer is instead needed to decrease the electromagnetic loop that the Udiff
picks up reducing the noise.

and possibility of tuning the frequency while measuring, without any loss of
correlation between inputs and outputs. Each signal passes through a home-
made pre-amplifier stage. In total eleven pre-amplifiers are used, eight of
which have variable gain (between 1 and 5000), while three have fixed gain
(100 or 1000). While measuring, the eight variable-gain pre-amplifiers are
digitally controlled: the gain is automatically adjusted in order to maximize
the performance. Figure 5.2 shows the electrical schematics of the device.
The AC heaters and thermometers are sampled by the FPGA. The PXI-4461
is used to measure the currents and voltages of the offset heaters.

5.2 Measurement method

5.2.1 Thermometry
The temperature sensor is the crucial element which determines the ulti-
mate absolute accuracy of the experiments. The circuit used for the current
bias and voltage read out of the thermometers is qualitatively represented in
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Figure 5.3: Simple implementation of a voltage-controlled current source circuit
employed to current bias and balance the thermometers RS and RR.

Fig. 5.3. The Wheatstone bridge configuration proposed in Paper II did not
provide optimal control of all the currents involved and it was thus decided
to abandon it. In the current design, two DC voltages, Vdc,S and Vdc,R, which
can assume any value between 0 V and 10 V, are output from the FPGA
module. A 100 kΩ potentiometer is used as voltage divider, and a variable
resistor Rx, connected in series with the input voltage source, is used to set
the desired current. It is usually set to Rx = 100 kΩ. The value of the current
is read by measuring the voltage drop over a known series resistor (10 kΩ).
A current I = Vdc,S/(Rx + 10 kΩ +RS) is generated.
An automated process has been implemented in the LabVIEW measurementIS auto-

adjustment program to auto-adjust the output voltages. Vdc,S is varied in order to keep
the voltage Udc,S equal to a set point about 0.15 V. In this way when, towards
lower temperatures, the resistance of the thermometer increases, the applied
current decreases and a suitable power is delivered at all temperatures. The
ultimate goal is to measure a differential signal Udiff that solely arises from
the sample and is zero if both membranes are empty. Even though the pat-
terns fabricated with photolithography and thin film deposition technique
have good match with the original mask layout, and good thickness unifor-
mity, there are always some small unbalances between left and right side of
the device. To compensate for this unbalance, the reference output Vdc,RIR auto-

adjustment is adjusted to keep Udc,S = Udc,R = Udc, i.e., Udc
diff = 0. In this way the

thermometers are balanced, and any Udiff signal is related to temperature
differences between sample and reference from the following relation:

∆TS−R = − Udiff · T0

Udc · dlnR/dlnT . (5.1)

where T0 is the average temperature of the cell. This equation is accurate
as long as ∆T/T0 is small, in which case the temperature dependence of the
thermometer resistance, given by Eq. (4.1), can be Taylor-expanded to first
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order:
R = R0 ·

(
1 + ∆T

T0

)η
≈ R0 ·

(
1 + η

∆T
T0

)
, (5.2)

where η = dlnR/dlnT is the sensitivity. For ∆T/T0 ≤ 0.1 the expansion
error is less than 1%. With this approximation, Eq. (5.1) is easily found.
From Udiff = US − UR, and applying the Ohm law to US and UR,

Udiff = ISR0S ·
(

1 + η
∆TS

T0

)
− IRR0R ·

(
1 + η

∆TR

T0

)
, (5.3)

where T0S = T0R = T0 and ∆Ti = Ti − T0. With the automated adjustment
which keeps ISR0S = IRR0R,

Udiff = Udc,S · η
∆TS−R

T0
, (5.4)

where Udc,S = ISR0S.
In the AC steady state method the sensitivity of the thermometer plays a
central role. In principle the higher |η|, the easier to detect small signal
variations. With too high sensitivity, however, the thermometer would get
too high resistance at the lowest temperatures. When |η| is high, there is
also an additional 4th harmonic in the voltage. The voltage due to the ac
heating is determined by the power law of the resistance thermometer:

US(t) = ISR(t) = ISR0S

(
1 + Tac

T0
sin 2ωt

)η
. (5.5)

Expanding this up to the 2nd order, the term in parenthesis becomes

1 + η
Tac

T0
sin 2ωt+ 1

2η(1 + η)
(
Tac

T0
sin 2ωt

)2
+ o

[(
Tac

T0

)3]
. (5.6)

By measuring the 4th harmonic in addition to the 2nd harmonic, it may be
possible to directly obtain η. The amplitude of the 4th harmonic is quite
small however.

5.2.2 AC steady state
When the AC steady state method is performed, an AC current is applied
to the heater. The thermometer voltages US, UR and Udiff , measured at the
second harmonic of the heater frequency, are directly related to the amplitude
of the temperature oscillations. When the same power is applied to sample
and reference sides (PS = PR), three different temperature oscillations are
measured:
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1. the temperature oscillations of platform and sample on the sample side:

Tac,S = U2ndharm
S TS

Udc,S · |dlnR/dlnT | , (5.7)

2. the temperature oscillations of the platform on the reference side:

Tac,R = U2ndharm
R TR

Udc,R · |dlnR/dlnT | , (5.8)

3. and the differential temperature oscillation:

Tac,diff = U2ndharm
diff TS

Udc,S · |dlnR/dlnT | , (5.9)

where TS and TR are the local temperatures directly probed by the GeAu
thermometers, and Udc,S and Udc,R are the DC voltages measured across the
thermometers. Tac,R = 0 if the reference heater power is turned off. The
temperature oscillation amplitude of sample plus platform is then measured
by the differential signal Tac,diff = Tac,S. This method is used when the heat
capacity of the sample is much bigger than the heat capacity of the platform,
because in this case the correct frequency for sensing the heat capacity of the
sample is too low for the empty membrane, for which the thermal link would
actually be measured. Thus, the differential measurement (with an empty
reference) would not give accurate results. The heat capacity of the sample
(or reference) side is given by

C = P

2ωTac
sinφ, (5.10)

where ω is the angular frequency of the heater current and φ is the phase. TheIh auto-
adjustment current fed to the heaters is automatically adjusted to keep the ratio Tac/T

equal to a pre-established value. Higher Tac/T ratio gives higher resolution
of the measured signal at the expense of the resolution on the temperature
scale.
The phase plays a fundamental role to achieve absolute accuracy. When per-f auto-

adjustment forming a temperature scan over several kelvin, the relaxation time constant
τe = C/Ke varies because of the different temperature dependence of heat
capacity and thermal conductance, and the frequency needs to continuously
be asjusted to maintain the optimum working conditions. The measured
phase φ is compared to a certain feedback value φfeedback and the frequency
is autoadjusted to maintain φ = φfeedback. The choice of φfeedback is discussed
in detail in Paper IV.
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When the conditions for using the differential mode are satisfied, the differ-
ential heat capacity can be measured as:

Cdiff = PTac,diff

2ωTac,STac,R
, (5.11)

where the power P and the angular frequency ω are the same on both sides.
Finally, the thermal conductance of the device can be estimated from:

Ke = P

Tac
cosφ. (5.12)

5.3 Device characterization

5.3.1 Thermometer calibration
When cooling down a nanocalorimeter belonging to a new batch for the first
time, the GeAu thermometers on sample and reference sides are calibrated
against a Cernox sensor. In order to avoid possible temperature gradients
between the Cernox and GeAu sensor, the presence of a certain amount of
helium gas is sometimes required.
If measuring the R vs T calibration curve in vacuum, one has to make sure Radiation
to properly shield the calorimetric cell from thermal radiation. It was found
that exposing the backside of an empty membrane to a certain temperature
Tenv and the frontside to 4.2 K, decreased the actual temperature of the cell
by about 12 K at Tenv = 298 K.
Once the resistance versus temperature calibration curve, shown in Fig. 5.4a,
has been obtained, one can also derive the temperature dependence of the
sensitivity dlnR/dlnT which is approximately constant from 300 K down to
about 50 K, increasing in magnitude below 10 K, as shown in Fig. 5.4b. The
ratio RS(T )/RR(T ) is constant within some percent over the entire tempera-
ture range. A dedicated routine was developed to determine the temperatures
and sensitivities from the resistance measurements.
Resistive thermometers require corrections for magnetic field-induced changes Magneto-

resistanceat low temperature. The fractional change in resistance ∆R/R, where ∆R =
R(T,H)−R(T, 0), of the GeAu sensor was measured sweeping magnetic fields
between −10 T and 10 T at several fixed temperatures from 1.9 K to 40 K.
The consequent fractional change in apparent temperature was then calcu-
lated as ∆T/T = (∆R/R)/η, where η is the sensitivity of the thermometer
in zero field. The curves, shown in Fig. 5.5a can be well approximated by a
H2 dependence above 2 K. The magnetoresistance effect decreases quite fast
with increasing temperature. The field induced error at 10 T is 1% at 17 K
and 0.15% at 40 K, as shown in Fig. 5.5b.
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Figure 5.4: (a) Temperature dependence of the GeAu thermometer resistance
of a fully working nanocalorimeter. The slope is given by η = dlnR/dlnT . (b)
Temperature dependence of the sensitivity η.

Figure 5.5: (a) Fractional change in apparent temperature of the GeAu sensor
for a series of field sweeps at constant temperature, where ∆T = T (H) − T (0).
The magnetic field is made to vary between −10 T and 10 T at 10 different fixed
temperatures from 1.9 K to 40 K. (b) Temperature dependence of the absolute
value of the fractional change in apparent temperature at H = 10 T.
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Figure 5.6: (a) Platform heat capacity measured in AC steady state mode, warm-
ing up the cryostat from 0.8 K to 280 K. The measured calorimeter belongs to the
new batch with improved design. The inset shows the low-T part in log-log scale.
of the low temperature area. (b) Measurement frequency in linear-log scale, as a
function of temperature at tanφ = 1 for the empty device.

5.3.2 AC steady state
The nanocalorimeter was characterized from room temperature down to the
sub-K region. Figure 5.6a shows the heat capacity of the empty platform cal-
culated using Eq. (5.10). With an integration time constant of 1 s, the resolu-
tion achieved is ∆C/C ≈ 3·10−4 at 280 K with Udc = 0.03 V, ∆C/C ≈ 6·10−4

at 50 K with Udc ≈ 0.1 V, and ∆C/C ≈ 2 ·10−4 at 1 K with Udc ≈ 0.1 V. The
heat capacity curve was obtained by varying the frequency (see Fig.5.6b) in
order to maintain the measured phase constant and equal to the pre-set value
45 deg, i.e. tanφ = 1. The low temperature curve in the inset of Fig. 5.6a is
not smooth but shows two major bumps at 0.9 K and 2.4 K. The reason is
most certainly related to the difficulty of keeping the phase constant which is
in turn due to the rate of the base temperature change. If Tb increases faster
than the time constant of the experiment, the measured values lag behind
and the system goes out of balance.
The differential signal was measured for two empty membranes between 50 K
and 190 K. The background heat capacity was found to be approximately
1.8 nJ/K at 200 K, decreasing to 0.7 nJ/K at 50 K. The corresponding stan-
dard deviations are 0.09 nJ/K at 200 K, decreasing to 2 pJ/K at 50 K.
By using Eq. (5.12), the curve of the effective thermal conductance of the
system, shown in Fig. 5.7, is measured. Ke could be alternatively measured
using the low frequency temperature oscillation amplitude, Ke = P0/Tdc.
Depending on how the temperature of the sample is raised, for instance
using the local offset heater while keeping the external temperature constant,
or changing the temperature of the surroundings, slightly different thermal
condunctance curves are obtained. Any presence of gas in the chamber also
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Figure 5.7: Thermal conductance Ke between central area and silicon frame.
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Figure 5.8: (a) Frequency dependence of the temperature oscillation amplitude
Tac, divided by the corresponding zero frequency value Tdc, for the empty platform
(reference side) at several different temperatures. (b) Comparison of the Tac/Tdc
frequency dependence of the reference and sample sides at the same temperature.
In both graphs ω = 2 · 2πf , where f is the frequency of the heater current.

affects Ke.

5.3.3 Frequency dependence
In order to characterize the system, the frequency dependence of the temper-
ature oscillation amplitude and the phase are measured at a fixed tempera-
ture. Thanks to the use of synchronized lock-in amplifiers this measurement
is easy and fast. The frequency can be automatically varied, and a full scan
over several orders of magnitude is obtained in some minutes. Figure 5.8a
shows a series of frequency scans of the empty reference Tac at different tem-
peratures. At lower temperatures the external relaxation time τe,0 = C0/Ke
decreases and the curves shift towards higher frequencies. A comparison of
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Figure 5.9: Frequency dependence of Tac, tanφ, C and K for an empty cell
(Cs = 0) at T = 50 K. a) Temperature oscillation amplitude Tac divided by its
low frequency value Tdc = P0/Kw. Numerical simulations are from Paper III. b)
Phase angle φ between power and temperature, expressed as tanφ. The model
fits are given by Eq. (2.34) in Ch. 2 with C = Cc + Ce(ω) and K = Ke(ω), where
Ce(ω) = Cwp(ω) and Ke(ω) = Kwq(ω) respectively. c) Frequency dependence of
the membrane heat capacity. The frequency dependent function p(ω) is given by
Eq. (2.35). d) Frequency dependence of the thermal conductance. The frequency
dependent function q(ω) is given by Eq. (2.36). The dashed curves were obtained
using the low frequency limits: C = Cc + Cw/3 and K = Kw. The parameters in
all cases are Cc = 3.18 nJ/K, Cw = 33.2 nJ/K, and Kw = 1.63 µW/K.
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Figure 5.10: Frequency dependence of transfer function (a), tanφ (b), C (c) and
K (d) for a cell with sample. Dashed curves correspond to a well-connected sample
(g = 0) and a disconnected sample (g = 1). The arrows indicate the frequency
where 1% of Cs has been decoupled (g = 0.01). The fitting parameters of cell with
sample are: Cs = 1.93 µJ/K, Kw = 3.09 µW/K, Ki = 187 µW/K, Cw = 280 nJ/K,
and Cw = 42 nJ/K. The parameters for the empty cell at the same temperature
are Kw = 3.00 µW/K and Cc = 25 nJ/K.
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the frequency response of the sample and reference cells taken at the same
temperature, T = 227 K, is shown in Fig. 5.8b. The external time constant
of the sample cell τe = (C0 + Cs)/Ke is higher than τe,0 since the thermal
conductance Ke is equal on both sides. The bump in the sample curve at
ω > 102 rad/s is due to thermal loss of the sample, i.e., at those frequencies
the time scale of the experiment becomes too short compared to the inter-
nal relaxation time constant, τi = Cs/Ki, between sample and membrane.
The higher the frequency the less the sample contributes to the thermometer
signal until when, at ω > 104 rad/s, the sample is totally thermally discon-
nected. The sample was a piece of gold with a mass approximately equal
to 12.7 µg attached to the platform through Apiezon grease. At the highest
frequencies, the sample curve turns down before overlapping the reference
curve. The difference is due to the Apiezon grease heat capacity.
Using the model derived in Ch. 2, it is possible to fit the experimental data.
The extracted values are a useful tool for checking the experimental condi-
tions and understanding how the device behaves. Figures 5.9 and 5.10 show
an overview of the frequency scans of an empty cell at T = 50 K and the
cell with Au sample at T = 227 K (shown also in Fig.5.8b). The function g
defined in Eq. (2.9) expresses the absolute error of the measurement. The
arrows in Figure 5.10 mark the frequency above which more than 1% of
the sample heat capacity signal has been lost (g = 0.01 corresponding to
ωτi ≈ 0.1). Note that tanφ and K are showing earlier signs of the decou-
pling than Tac,0 and C. The plateau of the transfer function in Fig. 5.10a is
thus not enough for good absolute accuracy. In the middle of the plateau,
where experiments are often performed, the absolute accuracy may already
be worse than 1%.

5.3.4 Thermal relaxation
In the thermal relaxation method a square wave is fed to the sample heater,
while keeping the reference heater off. The differential voltage follows the
power with a certain delay which is related to the relaxation time constant
τe. The induced ∆T is directly connected to the voltage step ∆V by:

∆T = ∆V · TS

Udc,S · dlnR/dlnT . (5.13)

In turn,

Ke = ∆P
∆T , (5.14)

where the power step is known. The heat capacity of sample plus platform
is then given by the relaxation time constant which fits the exponential tem-
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Figure 5.11: Relaxation technique. Temperature profiles at two different base
temperatures as response to the input power. The relaxation profiles can be fitted
by a single exponential curve which gives the value of the time constant τe. At
lower temperatures the time constant is shorter and thus the raise and decay are
faster. The thermal conductance Ke can be derived by measuring ∆T .

perature decay (or rise), i.e.,

Cs + C0 = τe ·Ke. (5.15)

To practically perform this measurement, a routine was developed which
acquires the voltage pulses, fits the exponential rise and decay using an ex-
ponential function exp(t/τe), and obtains ∆V . In this way, using Eqs. (5.13),
(5.14) and (5.15), the heat capacity and thermal conductance can be mea-
sured as a function of temperature or magnetic field. In order to subtract
the heat capacity background, two separate measurements, with and without
sample, are required. The blue curve of Fig. 5.12 is obtained by subtracting
the two contributions.

5.3.5 Calibration verification
A gold sample, in grain form, with mass m = 12.7 µg, was measured from
290 K down to about 10 K, and the resulting temperature dependence of the
heat capacity was compared to available data, as shown in Fig. 5.12.
The sample heat capacity Cs from the fits at T = 227 K shown in Fig. 5.10,
is Cs = 1.93 µJ/K and is agreeing well with the heat capacity measured both
with AC steady state and relaxation method in two separate temperature
scans.
For a Au piece with a room temperature heat capacity of 1.95 µJ/K, the
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Figure 5.12: Measured heat capacity versus temperature of a gold grain with mass
m = 12.7 µg estimated by a volumetric measurement. The heat capacity measured
by Geballe and Giauque [111] is scaled to our measurement values at 90 K. The
relaxation curve follows the same behavior with deviations within 5% over the full
temperature range. The AC steady state curve deviation increases slightly below
50 K.

sample mass is 15.1 µg, using the literature value for the specific heat capac-
ity 0.129 J/gK [120]. From a volumetric measurement of the sample using a
microscope, the mass was estimated to m = 12.7 µg and the expected room
temperature heat capacity is 1.64 µJ/K. The discrepancy between these num-
bers can, to a certain extent, be attributed to the uncertainty in measuring
the sample volume. There is also some contribution from the grease, which
has not been accounted for in Fig. 5.12. The heat capacity of the grease is
most likely the reason also for the small disagreement at high frequency of
the fit and the experimental curves in Fig. 5.10.
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Chapter 6

Measurements of a Pb crystal

A thermodynamic study of a small Pb sample is carried on to demonstrate the
usefullness and power of the frequency-fixed variable-phase ac-calorimetry
technique. The known Pb crystal is characterized mostly in the low temper-
ature range, from about Tc downwards, in zero and several applied magnetic
fields. The results are successfully compared with literature.

6.1 Experimental conditions
The experimental procedure described in Ch. 5 to obtain both resolution and
absolute accuracy with the ac steady state method was used to measure a
2.6 µg Pb crystal. The crystal is selected to match the dimensions of the
calorimeter central area. It is less than 50 µm thick, in order to reach a
uniform temperature along the sample thickness at any working frequency.
Apiezon grease is used as thermal agent between sample and calorimetric cell.
From the frequency dependence of the tangent of the phase, tanφ, plotted
in Fig. 6.1a, the value of the internal and external time constants ratio β,
defined in Ch. 2, is obtained. Using the rule of thumb tanφmax ≈

√
β/2,

we find β = Ki/Ke ≈ 700 at 280 K. The external time constant can also
be estimated using ωτe ≈

√
β, τe ≈ 0.14 s. During each temperature scan

the frequency is automatically varied to maintain the phase constant well
below φmax. Between 280 K and 0.5 K the drive frequency f = ω/4π spans
the range 1 Hz < f < 60 Hz. The temperature oscillation amplitude Tac,0
is chosen to be a certain fraction of the absolute temperature T , and P0
is changed accordingly. For a certain phase, the resolution improves with
higher temperature oscillation amplitudes. For example, a typical resolution
δC/C = 3 · 10−4 is achieved at Tac,0/T = 5.2 · 10−3 for a 1 s integration time
constant. The drawback of a high Tac,0/T ratio is a smearing effect of the
absolute temperature scale as shown in Fig. 6.1b. By decreasing Tac,0 it is
possible to contain this effect still maintaining a reasonable resolution. To

79
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Figure 6.1: (a) Frequency dependence of the temperature oscillation amplitude
Tac and tangent of the phase tanφ of the calorimetric cell with sample at 280 K.
From the value tanφmax ≈ 13.5, β ≈ 4 tan2 φmax ≈ 700 is obtained. (b) Raw
data of the superconducting transition, in a 0.25 mT magnetic field, for different
temperature oscillation amplitude to base temperature ratios.

measure the superconducting transition we used Tac,0 = 4.8 mK and 5 s time
constant which gave δC/C = 6.8 · 10−4. The empty cell, and cell with grease
were pre-characterized to be able to subtract each contribution from the total
signal.

6.2 Specific heat in zero field
The heat capacity of the Pb crystal was measured between 280 K and 0.5 K
keeping the measured phase constant such that tanφ = 2.7. The curve is
shown in Fig. 6.2a together with the same data after the subtraction of the
background from the calorimeter and the Apiezon grease needed for good
thermal contact between sample and calorimeter. To obtain good absolute
accuracy over the full temperature range is a challenging task mainly due to
the uncertainty on the Apiezon grease mass and on the temperature depen-
dence of its heat capacity. The heat capacity curve of the grease presented
in Fig. 6.2a was measured on the reference side, where an amount similar to
that placed on the sample side was placed. Unfortunately the device broke at
160 K when measuring the grease, and the upper part of the curve (dashed)
is a guessed behavior obtained by combining previous measurements of the
grease and literature. The calibration measurements above 100 K also had
to be corrected for radiation effects. As a consequence the subtraction of
the grease contribution is not perfect and this may be enough to explain the
increase in C at above ≈ 230 K of the pure Pb curve.
Below 100 K the radiation effects become negligible. The Pb crystal was
characterized down to 0.5 K. To obtain a pure superconducting state curve
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Figure 6.2: (a) Measured heat capacity of a 2.6 µg Pb sample in the tempature
range 0.5 K < T < 280 K, after the subtraction of membrane (blue line) and grease
(green line) contributions. (b) Temperature dependence in log-log scale of the raw
data C/T of the Pb sample in the superconducting (circles) and normal (squares)
states before the subtraction of the background contribution (triangles).

a small field, H = 0.25 mT, was applied to compensate the remanent field
of the magnet. The normal state was measured in 120 mT. The empty
cell, and cell with grease were pre-characterized to be able to subtract each
contribution from the total signal. Figure 6.2 shows the measured C/T curves
of the Pb sample in its superconducting and normal states before subtraction
of the background contribution. The background curve in Fig. 6.2b is the
sum of the membrane and grease contribution, and 5% of the normal state
heat capacity. The sample contribution to the background was necessary
to explain the residual γ in the superconducting state and obtain absolute
agreement with the specific heat at Tc, c = 1.09 J/mol K reported by Shiffman
et al. [112]. Whether this contribution is a part of the Pb sample that is
not superconducting or in reality due an absolute accuracy issue is left as
an open question. The curves C(T )/T of the Pb sample after background
subtraction are shown in Fig. 6.3a. The low temperature data (inset of
Fig. 6.3a) were fitted by a linear function to extrapolate the normal state
electronic heat capacity at zero temperature γ = 39.0 pJ/K2. The zero field
superconducting transition displayed in Fig. 6.3b, has a 20 mK width and
no upturn in C. From the step height ∆C = 0.754 nJ/K at Tc and the
Sommerfeld term γ, we find ∆C/γTc = 2.68 in agreement with the values
obtained from magnetic [113] and other calorimetric [112, 114] measurements.
The normalized slope of the specific heat discontinuity at Tc is an indicator
of the coupling strength of the superconductor. From the data in Fig. 6.3
we obtain (Tc/∆C)(d∆C/dT )Tc ≈ 4.5, close to the value 4.6 obtained from
strong-coupling theory [83]. The BCS theory, that describes superconductors
in which the electron-phonon interaction is weak, predicts 2.64.
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Figure 6.3: (a) Temperature dependence of C/T of the Pb sample in the super-
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Heat capacity in zero field and in 120 mT around Tc.
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Figure 6.4: Specific heat capacities of the superconducting and normal states
compared with literature values [114, 115].

6.3 Thermodynamic critical field
Using the experimentally determined ∆C(T ), one can calculate ∆S(T ) and
∆U(T ) by integrating ∆C(T )/T and ∆C(T ) respectively, from 0 K to Tc.
By imposing the conservation law ∆F = Fs−Fn = 0 at Tc on the free energy
difference ∆F = ∆U−T∆S, the condensation energy µ0H

2
cV/2, is obtained.

To obtain the most precise measurement of the sample volume, Hc(0) was
taken to be equal to the literature value 80.3 mT [83]. The volume is equal
to 2∆F (0)/µ0H

2
c (0), giving N = 12.65 nmol. The temperature dependence

of the Pb specific heat in the superconducting and normal states is compared
with literature values [114, 115] in Fig.6.4.
From the free energy difference ∆F , the thermodynamic critical field value
is obtained as Hc(T ) =

√
2∆F (T )/µ0V , where V = 231.14 · 10−15 m3 is the

volume of the sample. The critical magnetic field curve Hc(T ) vs T obtained
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Figure 6.5: (a) Comparison of the temperature dependence of the critical field
obtained from the measured heat capacity curve in the pure superconducting state
(red dots) with the one given by the parabolic empirical formula of the two fluid
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perature corresponding to each different value of the applied field. (b) Deviation
of the reduced critical field from the two fluid model as a function of the reduced
temperature. The squares are values obtained in this experiment and the line is
obtained from the analytical expression for Hc(T ) proposed by Decker et al. [113].

from the heat capacity data is compared in Fig. 6.5a with the two fluid model
curve

Hc = Hc(0)
[
1−

(
T

Tc

)2]
. (6.1)

The deviations from this curve are quite small and can be appreciated bet-
ter by plotting the temperature dependence of the deviation function D =
Hc(T )/Hc(0) − [1 − (T/Tc)2] as in Fig. 6.5b. Pb shows a positive deviation
curve related to the strong electron-phonon coupling, i.e. large electron-
phonon interactions, in contrast with the negative D values of the weak-
coupling superconductors [84, 87]. The position of the maximum deviation
is at T/Tc = 0.65, close to the experimentally determined functional form
provided by Decker et al. [113], the experimental value by Chanin et al.
[116], and the strong-coupling theory calculation of Swihart et al. [117]. The
maximum deviation for our data, 2.3%, is slightly lower than the the val-
ues of Decker, 2.4%, and Swihart, 2.7%, but higher than the 2.1% found by
Chanin.
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Figure 6.6: (a) Temperature dependence of the Pb specific heat in small magnetic
fields near the transition temperature Tc. (b) Specific heat curves after subtraction
of the pure superconducting state contribution.
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Figure 6.7: Transitional latent heat as a function of reduced temperature. The
squares are values obtained in this experiment and the line is obtained from the
analytical expression H2

c (T ) proposed by Decker et al. [113].

6.4 Latent heat
When an external magnetic field H is applied, the superconducting transi-
tion of a type I superconductor, such as Pb, is a first-order phase transition
and has an associated latent heat. The latent heat is released when mak-
ing the transition from the normal to the superconducting state because of
the difference in entropy between the two phases. The magnetic field transi-
tion temperature Tc(H) is lower than in zero field and is obtained rewriting
Eq. (6.1)

Tc(H) = Tc(0)
[
1− H

Hc(0)

]1/2

, (6.2)

where Tc(0) = 7.21 K and Hc(0) = 80.3 mT. The specific heat curves for sev-
eral relatively small values of applied magnetic fields are shown in Fig. 6.6a.
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Because of the geometry of the sample, the latent heat spreads over a fi-
nite temperature range. This effect is evident in the upward departure of
the specific heat curves measured in magnetic field, cs,H, from the pure su-
perconducting curve cs,0 measured in zero field. Furthermore sudden jumps
were observed, which may indicate transition of individual domains of the
sample typical for the intermediate state. At a given temperature within
the transition, a fraction fN of the sample has switched from the normal
to the superconducting state. Such fraction is proportional to the latent
heat released and corresponds to the area underneath the curves plotted in
Fig. 6.6b. The latent heat values at the transition temperature obtained
integrating cs,H − cs,0 for different applied magnetic fields H are reported in
Table 6.1. Even though L increases with increasing magnetic field, i.e. de-

Happ (mT) Tc(H) (K) L from peak(mJ/mol) L from ∆S(mJ/mol)
5 6.9 10.5 14.5
10 6.7 17.9 23.8
20 6.2 23.5 39.4

Table 6.1: Latent heat derived integrating the difference between the specific heat
curves measured in field and in zero field (L from peak), and from the heat capacity
curve measured in zero field (L from ∆S).

creasing transition temperature, the absolute values are in general too small
if compared to the curve plotted in Fig. 6.7, which shows the latent heat
L(T ) = T∆S(T ) obtained from the zero-field heat capacity measurement,
where ∆S(T ) =

∫
∆C/T dT . Our data match the curve derived using the

power series expansion of H2
c (T ) by Decker et al. [113]. The maximum falls

at T/Tc = 0.53 for both curves. Nevertheless the latent heat extracted from
measurements in field furnish underestimated values. The reason is most
probably the measurement method itself, i.e. the partial exclusion of the
latent heat from the AC signal depending on the frequency used.

6.5 Demagnetization effects
The magnetic field was made to vary up and down between 0 and 80 mT
at T = 2.7 K. Consider first the sweep up shown in Fig.6.8a. The sample
is initially in its Meissner state, completely superconducting. In the ideal
case of a sample in the shape of a cylinder with no demagnetization effects,
the field would penetrate abruptly at Hc = 69 mT (from Eq. (6.1) and the
whole sample would revert to the normal state. Because of the slab geometry,
the first fluxons start penetrating the sample at a lower field H0 = 25 mT.
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Figure 6.8: (a)Magnetic field sweeps up to 80 mT and down, at base temperature
T = 2.7 K, of the Pb slab. The dots are values estimated from entropy conser-
vation arguments from Fig. 6.9. (b) Field sweeps up to 80 mT at three different
temperatures.

Between 25 mT and 69 mT, the Pb slab is in its intermediate state, where
superconducting and normal regions coexist. The transition occurs at Hc
above which the Pb is in its normal state. When the applied magnetic field
equals 80 mT, it is reversed and made ramping down to 0 again. The presence
of entrapped fluxes is evident in the shift towards lower fields of the ramping
down curve. In Fig. 6.8b the magnetic field is swept from 0 to 80 mT at three
different base temperatures. Above Hc all curves collapse on the zero level,
meaning that the normal state is reached. Below H0, ∆c/γT |H<H0 = 0.5 at
T = 5.1 K, decreasing to ∆c/γT |H<H0 = 0.065 at T = 4.4 K. The crossover
predicted by the BCS theory where ∆c = 0 and below which ∆c becomes
negative is at T = Tc/

√
3 = 4.16 K [80]. At T = 2.7 K, ∆c/γT |H<H0 = −0.82,

close to the temperature T = Tc/3 = 2.4 K of the maximum negative jump
predicted by the BCS theory [80].

In order to better display the transition in higher applied fields, the normal
state contribution was subtracted from the total signal in Fig. 6.9a. If there
were no demagnetization effects the superconducting specific heat would not
depend explicitly on the applied field B. It is evident from Fig. 6.9 that the
geometry of the sample plays a role in our case and the cs(T,B) curves are
shifted upwards for T → 0. Assuming a known magnetization and critical
field, it is possible to determine the Gibbs free energy G and further derive
the entropy S = −dG/dT |B, the enthalpy H ′ = G− TS, and finally the spe-
cific heat c = dH ′/dT |B in magnetic field. The latter is then compared with
the measured curves. The general expressions of the normalized Gibbs free
energy in an applied field B at non zero temperature T , for the superconduct-
ing and intermediate states respectively, assuming a parabolic temperature
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Figure 6.9: (a) Difference between normalized superconducting and normal state
specific heats, for various applied fields. The dashed curves are the predicted
behaviors given by Eqs.(6.5). The two intervals at 2.7 K are the ranges for values
of specific heat at 60 mT (small interval above) and 40 mT (bigger interval below)
from field sweeps. (b) Field effect on the superconducting specific heat. The
dashed lines are obtained by adding the magnetic field contribution predicted
using entropy conservation arguments to the zero-field curve.

dependence of the critical magnetic field, are [80]:

gsc(b, t) = gn(t)− (1− t2)2 + b2/(1−N), 0 < b < (1−N)(1− t2) (6.3a)
gin(b, t) = gn(t)− (1− t2 − b)2/N, (1−N)(1− t2) < b < (1− t2) (6.3b)

where t = T/Tc and b = B/Bc(0) are dimensionless parameters, and N is the
demagnetization factor. The demagnetization factor for our specific sample
which has a slab shape is given by N = 1 − d/L, where d is the thickness
and L id the side length. A more accurate evaluation of N can be obtained
from the field sweeps carried on at three different base temperatures shown
in Fig, 6.8b. The field fluxes start penetrating the sample at Bin = 25 mT
(at T = 2.7 K), 18 mT (at T = 4.4 K), and 15 mT (T = 5.1 K). The sample
is finally in its normal state at Bc = 69 mT, 50 mT, and 42 mT respectively.
The demagnetization factor given by N = 1 − Bin/Bc is 0.64 for all three
temperatures.
Equations (6.3) assume the parabolic behavior of the thermodynamic critical
field given by Eq. (6.1). As previously discussed the thermodynamic critical
field of Pb deviates from the parabolic form, as shown in Fig. 6.5b. Taking
into account the normalized deviation function d(t), whose functional form
is furnished by Decker et al. [113], the normalized Gibbs free energy is given
by:

gsc(b, t) = gn(t)− (1− t2 + d(t))2 + b2/(1−N) (6.4a)
gin(b, t) = gn(t)− (1− b− t2 + d(t))2/N (6.4b)
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The normalized specific heat difference (csc/in − cn)/γT for superconducting
and intermediate states are then given by:

csc − cn

γT
= α[(−2t+ d′(t))2 + (1− t2 + d(t))(−2 + d′′(t))] (6.5a)

cin − cn

γT
= α/N [(−2t+ d′(t))2 + (1− b− t2 + d(t))(−2 + d′′(t))] (6.5b)

where α = B2
c/µ0γT

2
c , being B2

c/µ0 the condensation energy. In the case
of Pb α = 0.585 [80] (αBCS ≈ 0.357). Consider the intervals of validity
of the two Eqs. (6.5). Equation (6.5a) is valid when 0 < B/Bc < (1 −
N)[1 − (T/Tc)2] that can be rewritten in the form T < T ′c where T ′c =
Tc

√
1−B/Bc(1−N). Inserting Tc = 7.21 K, Bc = 80.3 mT and N = 0.64,

T ′c = 7.21
√

1−B/28.91 mT. In the same way Eq. (6.5a) is valid for T > T ′c
up to Tc. For the four curves in Fig. 6.9a, T ′c = 5.83 K for H = 10 mT, and
T ′c = 4 K for H = 20 mT. When H > 28.91 mT the sample is always in its
intermediate state.
Consider the curve for H = 10 mT in Fig. 6.9a. Theoretically it should
collapse with the zero-field curve at T ′c = 5.83 K, but in reality it has an
offset value. Such offset is most probably due to normal domains which
remain trapped in the Pb slab. It can be evaluated by considering the entropy
conservation between the zero-field and in-field superconducting states. The
entropy difference ∆Ssc = Ssc,0 − Ssc,H is given by

∫ Tc
T ′c
csc,0 dT −

∫ T ′c
Tm csc,H dT ,

where Tm is the temperature where the measured curve stops. Assuming the
specific heat offset to be constant down to 0 K, ∆csc/T = ∆Ssc/Tm, i.e.

csc,H/T = csc,0/T + ∆Ssc/Tm. (6.6)

The curves plotted in Fig.6.9b were obtained using Eq. (6.6).

6.6 Alpha model
The heat capacity of the normal and superconducting states can be written
as Cn = Cel,n + Clatt,n and Cs = Cel,s + Clatt,s respectively. The lattice con-
tribution are equal Clatt,n = Clatt,s, and the normal state electronic term is
given by Cel,n = γT , where γ is the Sommerfeld constant. The normalized
superconducting heat capacity shown in Fig. 6.10a is given by

Cel,s

γT
= Cs − Cn

γT
+ 1, (6.7)

where Cs and Cn are the measured curves in 0 field and H = 120 mT respec-
tively. The experimental curve Cel,s/γT is fitted using the α model described
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Figure 6.10: (a) Measured electronic specific heat of Pb fitted using the α model
developed by Padamsee et. al. [84].(b) Percentual deviations between measured
and fitted electronic specific heat curves.

in Sec. 1.3.3. By adjusting the parameter α = ∆0/kBTc, the best fit curve
was found by means of a custom-made LabVIEW program. The model curve
in Fig. 6.10 corresponds to α = 2.422. This value is vey close to the fit value
2.43 found by Padamsee et. al. [84] for a 2% Pb-In alloy, and deviates 7%
from the value 2.248 given by Coombes and Carbotte [88].

6.7 Conclusions
The results reported in this chapter on a ∼ 2.6 µg Pb sample demonstrate the
feasibility and effectiveness of the fixed-phase variable-frequency ac calorime-
try technique. This procedure was used to obtain both good resolution and
absolute accuracy with the ac steady state method. From the presented low
temperature superconducting and normal state heat capacity curves, ther-
modynamic properties such as Sommerfeld term γ = 3.06 mJ/molK, reduced
jump anomaly ∆C/γTc = 2.68 and normalized slope (Tc/∆C)(d∆C/dT )Tc ≈
4.5, are found in good agreement with literature values. The accuracy
achieved is further confirmed by the obtained temperature dependence of
Hc(T ) and latent heat derived from the heat capacity curve measured in
zero field. The difficulty in the quantitative evaluation of the latent heat
from measurements in different applied magnetic fields is a known limitation
of the ac steady state method. Nevertheless the heat capacity curves are well
described using approximated equations once the demagnetization factor N
is found.
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Chapter 7

Summary of attached papers

In Paper I the basic ideas for the development of a nanocalorimeter devoted
to study mesoscopic superconductors are treated. In particular, the paper
focuses on the measurement instrumentation and technique. The capabili-
ties of the AC steady state method are demonstrated showing measurements
performed with an older device which uses thermocouples as temperature
sensors. The suggested idea of using resistance thermometers derives from
the requirements of working below 10K, where the thermocouples loose sen-
sitivity. The Wheatstone bridge configuration is proposed in order to achieve
the highest possible resolution.

In Paper II the first version of our differential nanocalorimeter sensed
by resistance thermometers is described. The temperature sensor is a Ti
meander in Wheatstone bridge configuration. The device, fabricated with
micro-lithography techniques, shows exceptional low thermal conductance
which enables the use of the thermal relaxation method together with the
AC steady state method. Both methods are demonstrated by measurements
on a sub-µg sample. The lock-in amplifier idea, described in Paper I, was
developed using a field-programmable gate array (FPGA) in order to be able
to simultaneously measure several signals with perfect synchronization.

In Paper III numerical simulations of the last version of the nanocalorime-
ter are shown. The Ti resistance thermometer was substituted with GeAu, an
alloy which ensures high sensitivity down to the sub-K region. The Wheat-
stone bridge configuration is modified in favor of a less complicated design.
A second offset heater is added as an optional tool. Several automated pro-
cesses have been implemented in the FPGA which allow perfect control of all
the currents delivered and of the working frequency. The frequency depen-
dence of the temperature oscillation amplitude was measured and compared
with simulated curves with excellent agreement. This study allowed a better
understanding of the device properties.
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In Paper IV focus is put on the ac steady state models for describing
both the frequency dependence of the empty calorimetric cell and the effect
of the thermal link between sample and cell. The analytical expression for
describing the frequency dependence of temperature oscillation amplitude,
phase, heat capacity and thermal conductance are used to fit experimental
data with very good agreement. After proving the correctness of the model,
some rules of thumb are furnished for fast evaluation of the main parame-
ters of the system. Finally a method which consists of working always at a
certain phase for achieving both resolution and absolute accuracy using ac
calorimetry is proposed.

In Paper V, an ac steady state study of the heat capacity of a 2.6 µg Pb
sample is presented. The nanocalorimeter used to perform the measurements
belongs to a new generation with improved design and fabrication method.
This device has less background heat capacity, less heat dispersion, and less
loops picking up noise. The measurement method was based on the guidelines
reported in Paper IV. They speeded up the preliminary understanding of
the device properties, and allowed to achieve good absolute accuracy. The
precision of the curve of the deviation of the measured critical field from a
parabolic form is probably the most striking proof of absolute accuracy.
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[16] J. Kac̆marc̆ik, Z. Pribulová, C. Marcenat, T. Klein, P. Rodière, L. Cario
and P. Samuely, Specific heat measurements of a superconducting NbS2
single crystal in an external magnetic field: Energy gap structure,
Phys. Rev. B 82, 014518 (2010).

[17] M. Charalambous, O. Riou, P. Gandit, B. Billon, P. Lejay, J. Chaussy,
W. N. Hardy, D. A. Bonn and R. Liang, Asymmetry of Critical Expo-
nents in YBa2Cu3O7−δ, Phys. Rev. Lett. 83, 2042 (1999).

[18] A. Carrington, C. Marcenat, F. Bouquet, D. Colson, A. Bertinotti,
J. F. Marucco and J. Hammann, Field dependence of the specific heat of
single-crystal HgBa2Ca2Cu3O8−δ, Phys. Rev. B 55, R8674 (1997).



BIBLIOGRAPHY 97

[19] A. Schilling and O. Jeandupeux, High-accuracy differential thermal anal-
ysis: A tool for calorimetric investigations on small high-temperature-
superconductors specimens, Phys. Rev. B 52, 9714 (1995).

[20] H. Rabani, F. Taddei, O. Bourgeois, R. Fazio and F. Giazotto, Phase-
dependent electronic specific heat of mesoscopic Josephson junctions,
Phys. Rev. B 78, 012503 (2008).

[21] T. Park, M. B. Salamon, E. M. Choi, H. J. Kim and S.-I. Lee, Evidence
for Nodal Quasiparticles in the Nonmagnetic Superconductor YNi2B2C
via Field-Angle-Dependent Heat Capacity, Phys. Rev. Lett. 90, 177001
(2003).

[22] A. F. Lopeandía, F. Pi and J. Rodríguez-Viejo, Nanocalorimetric
analysis of the ferromagnetic transition in ultrathin films of nickel,
Appl. Phys. Lett. 92, 122503 (2008).

[23] Y. Miyoshi, K. Morrison, J. D. Moore, A. D. Caplin and L. F. Co-
hen, Heat capacity and latent heat measurements of CoMnSi using a
microcalorimeter, Rev. Sci. Instrum. 79, 074901 (2008).

[24] E. Colombier, D. Braithwaite, G. Lapertot, B. Salce and G. Knebel,
High-pressure transport and microcalorimetry studies on high quality
YbCu2Si2 single crystals, Phys. Rev. B 79, 245113 (2009).

[25] G. Knebel, D. Aoki, J.-P. Brison, L. Howald, G. Lapertot, J. Pa-
narin, S. Raymond and J. Flouquet, Competition and/or Coexistence
of Antiferromagnetism and Superconductivity in CeRhIn5 and CeCoIn5,
Phys. Status Solidi B 247, 557 (2010).

[26] T. Park, F. Ronning, H. Q. Yuan, M. B. Salamon, R. Movshovich,
J. L. Sarrao and J. D. Thompson, Hidden magnetism and quantum crit-
icality in the heavy fermion superconductor CeRhIn5, Nature 440, 65
(2006).

[27] D. C. Ling, C. H. Chen, Y. Y. Chen, B. C. Chang, H. C. Ku,
The interplay between weak ferromagnetism and superconductivity in
RuSr2EuCu2O8, Physica C 460-462, 518 (2007).

[28] Y. Matsunagaa, H. Kawaji, T. Atakeb, H. Takahashic and T. Hashimo-
toa, Analysis of structural and magnetic phase transition behaviors of
La1−xSrxCrO3 by measurement of heat capacity with thermal relaxation
technique, Thermochim. Acta 474, 57 (2008).



98 BIBLIOGRAPHY

[29] N. R. Pradhan, H. Duan, J. Liang and G. S. Iannacchione, Specific
heat and thermal conductivity measurements for anisotropic and random
macroscopic composites of cobalt nanowires, Nanotechnology 19, 485712
(2008).

[30] E. León-Gutierrez, G. Garcia, M. T. Clavaguera-Mora and J. Rodríguez-
Viejo, Glass transition in vapor deposited thin films of toluene, Ther-
mochim. Acta 492, 51 (2009).

[31] A. A. Minakov, A. W. van Herwaarden, W. Wiend, A. Wurma and
C. Schick, Advanced nonadiabatic ultrafast nanocalorimetry and super-
heating phenomenon in linear polymers, Thermochim. Acta 461, 96
(2007).

[32] M. Y. Efremov, E. A. Olson, M. Zhang, L. H. Allen, Glass transition
of thin films of poly(2-vinyl pyridine) and poly(methyl methacrylate):
nanocalorimetry measurements, Thermochim. Acta 403, 37 (2003).

[33] J.-L. Garden, J. Richard, H. Guillou and O. Bourgeois, Non-equilibrium
heat capacity of polytetrafluoroethylene at room temperature, Ther-
mochim. Acta 461, 122 (2007).

[34] H. Huth, L.-M. Wang, C. Schick, R. Richert, Comparing calorimetric
and dielectric polarization modes in viscous 2-ethyl-1-hexanol, J. Chem.
Phys. 126, 104503 (2007).

[35] D. Sharma and G. S. Iannacchione, Induced thermal dynamics in the
melt of glycerol and aerosol dispersions, J. Chem. Phys. 126, 094503
(2007).
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