
Some Aspects of Resource and
Behavioral Economics

Daniel Spiro



ii

c© Daniel Spiro, Stockholm, 2012

ISSN 0346-6892

ISBN 978-91-7447-502-9

Cover Picture: Spyglasses

c© Eduardo Skiöld
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Abstract

This thesis consists of four self-contained essays.

The first essay, Resource extraction, capital accumulation and

time horizon, shows that a seemingly simple assumption, that of the time

horizon of economic agents, has important consequences when studying ex-

haustible resources but hardly makes any difference when studying capital.

It does so by exploring a common observation, namely that economic agents

have a progressive finite time horizon, meaning that they make a plan over a

finite number of years but update this plan on a regular basis. This behavior

can be observed in the business plans of firms, in US social security and in

the extraction decisions of natural resource owners. Compared to an infinite

horizon assumption, progressive finite time yields virtually identical results

when used in a standard model of capital accumulation. However, when used

in models of natural resources, this behavior has the effect of removing the

scarcity consideration of resource owners, thus letting only operating costs

and demand determine the extraction rate. This implies that extraction will

be non-decreasing and resource prices non-increasing for a long period of time

– in line with the trends of a majority of exhaustible resources in the last cen-

tury. Using data on how resource prices react to changes in resource stocks,

the infinite horizon hypothesis cannot be supported while a time horizon of

28 years and less cannot be rejected. A calibration of the model to the oil

market yields a price which closely fits the gradually falling real price after

WWII and the sharply increasing price after 1998.

The second essay, Optimal forest rotation under climate change,

addresses the issue of optimal harvesting of a forest when trees grow faster

over time. This scenario is expected to arise in many northern countries

as an effect of climate change. The purpose is to investigate whether full
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information of future changes are necessary for profitable management, or if

observing the current growth is enough. More generally it asks how well rules

of thumb work in forest management. We simulate a large number of growth

functions and how they change over time and numerically derive an optimal

harvesting rule and a näıve harvesting rule that at each point in time ignores

any future changes. Our findings are that following the simpler näıve rule is

highly likely to be accurate in terms of what trees to cut and will cause only

insignificant profit losses.

The third essay, Tragedy of the Commons versus the Love of Va-

riety, asks whether there are gains from trade with open access renewable

resources. This question arises since property rights are in practice often

missing when it comes to renewable resources such as fish and timber, and

since these commodities are often traded internationally. Without property

rights, the tragedy of the commons is aggravated when trade increases har-

vesting efforts. Countering this, trade enables more varied consumption. We

show that if the resource has strong regenerative power, then trade unequiv-

ocally improves welfare. If, instead, the resource regenerates slowly for low

stock levels, then the welfare effect from trade is ambiguous. Increasing the

number of trade partners increases welfare up to a certain point after which

adding trade partners not only harms utility but the stock may even col-

lapse. This has implications for the optimal degree of trade with renewable

resources. In a policy analysis we show that taxing harvests and paying the

revenues back lump sum can implement the optimum. But welfare can also

be improved, compared to laissez faire, by a policy that aims at returning

part of the harvest to the stock. In some cases even a policy of outright

destroying a share of the harvest can improve upon the situation of open

access.

The final essay, The distribution of revealed preferences under

social pressure, studies theoretically the aggregate distribution of revealed

preferences when heterogeneous individuals make the trade off between being

true to their real opinions and conforming to a social norm. We show that

in orthodox societies, individuals will tend to either conform fully or ignore
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the social norm while individuals in liberal societies will tend to compromise

between the two extremes. The model sheds light on phenomena such as

polarization, alienation and hypocrisy. We also show that societies with

orthodox individuals will be liberal on aggregate unless the social norm is

upheld by an authority. This suggests that orthodoxy cannot be maintained

under pluralism.
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Chapter 1

Introduction

This thesis consists of four autonomous essays which relate to resource eco-

nomics or behavioral economics or both. These two topics have been studied

for many years, although few have combined them. This general introduction

to the thesis will provide my take on how the chapters fit into these strands

of literature and why the questions may be important to study.

Resource economics is often equated with environmental economics. How-

ever, although these two fields are closely related they are usually studied

separately1. While environmental economics, roughly speaking, analyzes the

side effects of production and human endeavour on nature, resource eco-

nomics analyzes the role resources coming from our natural environment

play as an input in production and how these markets work. The papers of

this thesis are mainly concerned with the latter of these.

Broadly speaking, resource economics can be divided into three subfields:

Exhaustible resources (such as oil and copper), inexhaustible resources (such

as solar energy) and renewable resources (such as fish, wood and agricultural

products). The first paper of the thesis relates to the first category while the

second and third papers fall within the last.

Resource economics goes back a long way with seminal contributions as

early as 1849, with Faustmann’s study of optimal forest management, and

1There are exceptions to this separation. Then the purpose is to look at how economic
activity affects the environment and how the environment affects the economic activity.
I.e. a loop of environmental and resource economics.

1



2 CHAPTER 1. INTRODUCTION

1931, with Hotelling’s paper on optimal extraction of an exhaustible resource.

Especially the latter has had, and still has today, a major influence on how

economists think about resource markets.

The literature relating to exhaustible resources was very active from the

mid-seventies until roughly the mid-eighties. Then, possibly due to the falling

oil price, the number of economic publications on exhaustible resources stayed

low during the nineties until a few years after the shift of the millennium.

In recent years the interest in these issues has again grown, most probably

due to the sharp increase in the oil price and the problem of climate change,

which is closely linked to the burning of exhaustible energy resources such as

oil, gas and coal.

Understanding what governs the long run pattern of exhaustible resource

markets is central for economists and policy-makers. If we, for example, want

to use fossil fuel taxes to deal with climate change, or if we want to assess

whether we are running out of some important resources, or predict how food

prices will change in the future, then we need to understand what determines

the price and availability of oil, coal and chemical fertilizers in the long run.

Much of this literature uses Hotelling’s model from 1931 as a basic build-

ing block. His model is very useful for understanding how resource markets

would behave if scarcity was the only, or the main, aspect that these markets

are concerned with. The central prediction of the model is that the price

growth of exhaustible resources should be linked to the level of the inter-

est rate. The simple intuition is that the returns should be the same on

comparable assets in an economy. If the resource price is expected to grow

too slowly then resource owners will prefer to sell off their stock quickly and

invest in other assets, leading to less resources tomorrow and thus a higher

price then. If the price is expected to grow fast it will be worthwhile to

keep the resource in the ground until later thus raising the price today. This

leads to the conclusion that, net other costs, the price should grow at the

rate of return of other comparable assets. Interestingly, the empirical sup-

port for this mechanism is rather weak. Furthermore, as of yet and to the

best of my knowledge, there is still no model that manages to replicate the

long run price and extraction patterns of exhaustible resources in the last
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century while going through the scrutiny of empirical testing of auxiliary

predictions2.

The first paper of this thesis - ”Resource extraction, capital accu-

mulation and time horizon” - is an attempt to provide an explanation

for the price and extraction patterns by use of a behavioral mechanism. The

standard in the exhaustible resource literature is to assume that markets

plan for an infinite horizon. Indeed, this assumption is standard in most of

macroeconomic modeling. Yet, it seems fair to say that we do not really

know how economic agents plan for the very long run. The paper explores a

seemingly small deviation from the infinite horizon assumption, namely that

people plan for a, possibly, long but finite future, and then write a new plan

next year again. This alternative assumption turns out to not affect most

dynamic macroeconomic models but can potentially explain the price and

extraction patterns of exhaustible resources that we have seen historically.

The paper also tests some accompanying predictions empirically. Although

the model cannot be rejected by these tests, it is, admittedly, a long way still

until we can be reasonably sure that the model holds water. In particular,

finer and more micro-oriented empirical techniques need to be applied.

The second paper - ”Optimal forest rotation under climate change”,

coauthored with Johan Gars - looks at a specific renewable resource, namely

forestry. The paper, in a sense, is related also to environmental economics

since it analyzes the effect climate change will have on the management of

forests. The paper analyzes one small piece of that puzzle. More precisely

it looks at whether a behavioral limitation, again in our forecasting ability,

matters for the way we manage our forests. The conclusion is vastly different

from the previous paper. In forest management, the ability to foresee the

future correctly has hardly any effects on decisions and welfare.

This topic is important for at least two reasons. Firstly, forestry is a large

market globally and its working is of course an important issue in and by

itself. Secondly, forest management also has side-effects on, for example, the

2A more detailed account of this literature can be found in the next chapter and in a
paper written together with Rob Hart (Hart & Spiro 2011).
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amount of coal bound in the trees which ultimately may affect temperatures.

In a sense, our paper provides a first step in how to analyze the issue of

changing forest dynamics quantitatively.

Resource markets are imperfect in many ways Apart from affecting the

climate, our cutting of forests, use of land for agriculture, fishing and hunting

also affect biodiversity and our local environment. But another trait that

characterizes many of the renewable resources is that the property rights are

not properly defined or upheld. This is true for forests in many developing

countries, for hunting of wild animals and for most of the fishing industry.

With biological resources, whatever we do today will affect the availability

of the resource tomorrow. Without property rights, (or a policy-maker that

properly dictates the scope of the activity) economic agents will not take

these dynamic issues into account. In virtually any conceivable setting this

will lead to overharvesting of the resource. This is usually referred to as the

”Tragedy of the commons”. The third paper of the thesis - ”Tragedy of the

Commons versus the Love of Variety”, coauthored with Johan Gars -

looks at the effect that international trade has on overharvesting. That trade

will lead to more overharvesting is not a surprise given that it raises demand

and leads to more efficient harvesting through specialization. But trade also

has positive effects by, for example, increasing our variety of consumption.

The question raised by the paper is then whether the overall welfare effect is

positive and how to optimally tax these activities to reap the benefits of trade

while minimizing the negative side-effects. The paper falls within the branch

of the literature analyzing various resource and environmental externalities

arising from international trade (see Brander & Taylor,1997, and Copeland &

Taylor, 2003). It looks at the increased consumption variety which, together

with specialization, is the main benefit from trade modeled in the economics

literature.

The issue of trade with renewable resources has significance for both

developing and developed countries. For example, among a host of recent

alarming reports, the EU has assessed that 88% of its monitored fish stocks

are overharvested (Thurstan et al, 2010). In developing countries, renewable
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resources have a significant share in the exports and consumption. The risk

of collapsing resource stocks should therefore be of great concern. Ultimately,

this relates to whether we are using our resources in a way which is sustainable

in the long run.

Behavioral economics, at least by my notion, studies deviations from the

standard homo economicus approach which assumes that agents are fully

rational and fully selfish.

That people are not fully rational, in a strict sense, simply means that

they are not able to analyze all problems correctly. Often this is referred to

as being boundedly rational3. By my experience, this remains controversial

in economics4. Some of the scepticism comes from the fact that there are so

many ways to be boundedly rational. This creates a sense of arbitrariness

when choosing which specific cognitive shortcoming to model. My personal

view on this is as follows.

All models contain assumptions, some of which are innocuous and some

of which are verifiable by prior studies. The value of adding a certain flavor of

bounded rationality comes when it makes a difference to the results and when

we cannot discard that assumption on the basis of prior studies. When those

two prerequisites are in place it becomes interesting to study the implications

of the assumption and scrutinize them through empirical testing5. This is

indeed how science treats any non-trivial modeling assumption. It is the

model’s ability to replicate reality and deliver predictions, which are in line

with the empirical outcomes, that should be the basis for our judgement.

The first two papers of this thesis fall under the category of bounded

rationality since they explore what happens if market participants are not

planning for an infinite future. Instead they use rules of thumb to simplify

their decision making. In the first paper - ”Resource extraction, capital

accumulation and time horizon” - this turns out to both matter and to yield

3The term bounded rationality should be distinguished from irrationality, where people
knowingly make bad decisions. Rather, bounded rationality may come from a trade off
between making the decision process too complicated and costly, and too simple and
leading to inaccuracies. For formal modeling see Rubinstein (1998).

4Conlisk (1996) reviews the arguments for and against bounded rationality.
5I must thank John Hassler and Torsten Persson for helping me clarify this.
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predictions which are in line with empirical observations. In the second paper

- ”Optimal forest rotation under climate change” - it turns out to not matter

how forest owners predict the future.

That people in general are not fully selfish essentially means that they

incorporate others’ wellbeing or wishes when making decisions. The reason

for this may of course be individually strategic or it may be pure altruism6.

The final paper of the thesis - ”The distribution of revealed pref-

erences under social pressure”, coauthored with Moti Michaeli - falls

within the category of assuming non-selfishness. Here we investigate how

social pressure affects the decisions of individuals in various societies. So-

cial pressure can arise either because we care about how our decisions affect

others or because we care about what other people think about us. How to

distinguish between these two factors may be hard and indeed, in the paper,

we just assume that social pressure is there in various forms but we do not

provide an underlying model of why people feel pressure to begin with. This

is also the approach of large parts of the earlier economic literature on so-

cial norms. In our paper we make this simplification to be able to ask the

question: if there is a social norm, what will be the distribution of stated

opinions in various societies and how will it affect the tendency to conform

and compromise? Our model then applies to any question where social norms

are present, such as the distribution of political opinions or the propensity to

buy ethically produced goods. But it may also apply to issues where instead

of a social norm there is a judicial punishment system. For example cheating

on taxes or obeying the law in general. The analysis has bearing on how we

should interpret what we observe people to say and do. As such it goes to

the core of economic methodology as it analyzes a difference between true

and revealed preferences7. The essence of the paper is to show that our will

to conform to others’ opinions has rather non-trivial effects.

6Pure altrusim may arise from evolution, where groups of individuals who care for each
other do better than other, more selfish, groups and thus get more offspring. An overview
of this literature has been written by Bergstrom (2002).

7Some recent work has been done on this topic by Bernheim & Rangel (2007).
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Chapter 2

Resource extraction, capital

accumulation and time horizon∗

2.1 Introduction

How foresighted are economic agents? Macroeconomics tends to gravitate to-

wards the assumption that they have an infinite time horizon. The rationale

for this assumption is that also finitely lived agents may behave as if they

are taking the infinite future into account. This can either be because people

care about their offspring or because today’s agents care about the value of

their asset tomorrow which, in itself, depends on the value of the asset the

day after and so on. However, the infinite horizon assumption also requires

that people have some basic information about possible things to come many

years from now and that they are able to incorporate these contingencies in

their planning already today.

This paper departs from the infinite horizon assumption and instead ex-

∗I am especially indebted to John Hassler, David Weil and Torsten Persson for many
valuable comments. I would also like to thank Klaus Adam, B A Baracus, Juan Beccuti,
David von Below, John Boyce, Ron Freier, Johan Gars, Geoffrey Heal, Lutz Killian, Paul
Klein, Per Krusell, Oren Levintal, Omer Moav, Peter Nilsson, Conny Olovsson, Yaniv
Reingewertz, Nicholas Sheard, Sjak Smulders, David Strömberg, Joseph Zeira, Robert
Östling, two anonymous referees for an early version of the paper and seminar partici-
pants at IIES, Hebrew University, the SURED conference, Bergen School of Economics,
University of Toulouse, University of Oslo, BI, ETH, OxCarre and IFN. Thanks also to
Christina Lönnblad for proof-reading.
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plores a common observation, namely that people tend to make plans for only

a finite future and that the plan is revised regularly. In each time period the

agents make a plan based on a maximization over a finite number of years.

The first period of the plan is executed and a new plan is then formulated

for an equally long future and so on. I call this behavior progressive finite

time1.

The first question that arises is whether progressive finite time is a good

description of economic behavior. This will be elaborated upon in the next

section. The second question is if it really matters for the outcome whether a

progressive finite time horizon rather than an infinite horizon is assumed. It

is shown in the paper that while this type of behavior makes virtually no dif-

ference in a standard capital accumulation model, it has a qualitative effect

on natural resource extraction and prices. This also provides an explanation

for why we observe non-increasing exhaustible resource prices and exponen-

tially increasing extraction and why the empirical literature generally does

not find any support for the infinite horizon resource model2. The intuition

is as follows.

In a basic infinite time exhaustible resource model with extraction costs,

the logic is that the resource use will fall over time due to discounting of the

future. Hence, the resource price (the marginal product) will increase over

time. More precisely, in a general equilibrium, resource owners need to be

indifferent between keeping the resource in the ground or extracting it and

putting the money in the bank. This leads to the conclusion that the resource

price (net extraction costs) should rise at the rate of interest or, at the very

least, that there should be a strong correlation between price growth and the

interest. This implication, which is maintained also under several extensions,

scarcely has any support in the data3.

1This is similar to what Goldman (1968) refers to as continual planning revision and
Easly & Spulber (1981) call rolling plans.

2For the basic model without extraction costs, see Hotelling (1931) and Dasgupta &
Heal (1974) and for the basic model with extraction costs, see Weinstein & Zeckhauser
(1976). Appendix C displays the trends of some resources. Examples of empirical studies
are Heal & Barrow (1981), Abgeyebge (1989) and Halvorsen & Smith (1991).

3See section 2.6 for a review of this literature and the previous footnote for some
empirical studies.
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Progressive finite time changes these results since total depletion may not

at all be optimal within the current time horizon if the resource stock is large

enough or the time horizon short enough. The resource price would simply

not cover the marginal cost of extraction. Hence, since total depletion is not

optimal within the finite plan anyway, this essentially removes the scarcity

consideration. Then, the extraction cost and the demand for the resource

alone will determine the price and the rate of extraction. The outcome, which

is an implementation of the first period of a sequence of plans, will yield

non-decreasing extraction and thus non-increasing prices for a long period

of time. Furthermore, it will decouple price growth from the interest rate.

This is shown in the paper, using the simplest possible model of exhaustible

resources. By then adding technical change that pushes demand upwards

we get an exponentially increasing extraction, and by improving the mining

technology that reduces extraction costs, the resource price may well remain

constant or even fall over long time periods. These results are in line with

the factual trends of a majority of resources and are difficult to obtain with

models of natural resources when agents have an infinite horizon.

In contrast to the qualitative effects of the time horizon on resource mod-

els, it is shown that deviating from infinite time to progressive finite time

has almost no effect on standard models of capital accumulation. The reason

is that progressive finite time is really a compromise between infinite and

finite time models. As is well known, a finite time model of capital initially

displays qualitatively close results to those of an infinite time model. Since

in progressive finite time only the first period of the plan is executed before

a new plan is written, also the long-run outcome will be qualitatively similar

to an infinite time horizon. The difference between progressive finite time

and infinite time will be in the steady state level and for reasonably long

time horizons, also this difference will be marginal.

By using data on resource stocks over a large number of commodities dur-

ing several years, the infinite horizon hypothesis is tested empirically against

the progressive finite time hypothesis. Essentially, progressive finite time

implies that the price should react to revisions in the stock only if exhaus-

tion is within the market’s horizon. In contrast, an infinite horizon implies
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that the price should react to revisions no matter how many years are left

to exhaustion. The infinite horizon hypothesis is not supported by the data

while progressive finite time with a horizon length of 18-28 years cannot be

rejected. For more important resources, such as oil and gas, the horizon is

suggested to be around 40 years. A further calibration of the model to the

oil market closely replicates the falling real oil price after WWII and accu-

rately predicts the sharp price increase after 1998 up until the recent financial

crisis. However, it does not replicate the oil price shocks during the 1970’s

which were arguably due to other factors than scarcity4. In comparison, a

calibration of an infinite horizon model may replicate the falling price for

a few initial years but predicts an increase in the price occurring about 35

years earlier than what is observed in the data.

Interestingly, even though progressive finite time has a qualitative impact

on exhaustible resource models and not on capital accumulation models, it is

the resource model that is time consistent while the capital model is not. In

a progressive finite time world, resource prices and extraction are expected

to be constant and this is indeed also the realized outcome for many years.

So if rational expectations is an ability that grows out of a trial and error

process, then progressive finite time resource owners will find no reason to

alter their forecasting procedure for a long time.

An important question is what value, if any, economic agents assign to

holding the resource stock at the end of their horizon. Under full uncertainty,

such a value need to be formed through rules of thumb or guesses which

are not necessarily correct even on average and cannot be verified ex ante.

Roughly speaking, in terms of the model, adding a continuation value to

the stock has no effect on the outcome as long as the value is not based on

rational expectations. In fact, it may even strengthen the explanatory power

of the model.

The paper starts by introducing the concept of progressive finite time

in more detail and presenting some microeconomic observations that are in

line with such behavior. Section 2.3 shows that standard capital accumu-

lation models are hardly affected by the choice of time horizon. By way of

4See e.g. Barsky & Kilian (2002) and Hamilton (2003).
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a simplistic model of exhaustible resources, section 2.4 presents the qual-

itative difference between a progressive finite time and a standard infinite

horizon approach. It also addresses how a final stock value affects the results

and what gains an agent could do by outsmarting the market. Section 2.5

shows what the possibilities are of learning to improve one’s planning over

time. Section 2.6 first reviews the exhaustible resource literature and con-

tends that an infinite horizon assumption is hard to reconcile with observed

outcomes in the field of exhaustible resources. Second, it shows that a pro-

gressive finite time assumption solves this disparity by using it in a model

of exhaustible resources, capital accumulation and technical change. Section

2.7 uses data on resource stocks to test the model empirically. Section 2.8

calibrates the model to the oil market in order to investigate how it fits the

historical price and extraction of oil. Finally, section 2.9 concludes the paper

by relating progressive finite time to other areas of economics and discusses

some welfare implications.

2.2 Introducing progressive finite time

The idea that agents continuously update finite plans was first formalized

by Goldman in 1968. The concept has been further explored in a few pa-

pers since then, mainly dealing with risk and stationarity (Easly & Spulber,

1981) and optimality in settings of capital accumulation (Kaganovich,1985;

Spulber, 1991)5. It has also been extensively used within supply chain man-

agement research, usually referred to as rolling horizons (e.g. Clark, 1998;

Perea-López et al, 2003).

A finite planning horizon is meant to catch the notion that the further

into the future we look, the more uncertain we are of what the possible

outcomes are, what probabilities to assign to them and how to incorporate

those eventualities into our planning today. In a far enough future, the

knowledge is so limited that we perceive it to be fully uncertain. The exact

5Generally, progressive finite time has been found to yield results fairly close to the
optimal infinite time horizon when it comes to capital. This is also what is shown in the
next section.
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reason for this can possibly be modeled in many ways6. In this paper, I will

use the simplest possible assumption that makes it possible to analyze the

macroeconomic effects of having finite plans. I will assume that agents, as a

rule of thumb in order to cope with increasing uncertainty or computational

complexity, maximize over a finite number of years and that they have fully

certain and correct knowledge of exogenous factors for the next T years.

This is admittedly a very crude way of modeling, but it contains no obvious

bias (compared to explicitly micro-modeling this behavior) since it catches

the driving mechanism that plans are finite. For a further discussion, see

appendix A.

Graphically, progressive finite time is presented in figure 2.1. At a point

in time (q) the economic agent receives perfect information for the coming T

time periods (by perfect information is meant that they know the true out-

come of exogenous variables, parameters and functional forms). The agent

makes a plan for the next T time periods with the aim of maximizing the

aggregated discounted utility from consumption subject to some intertempo-

ral constraints, today’s state variable(s) and some terminal conditions. As

part of this plan, a forecast of endogenous variables up to time q +T is made

(most notably prices) and used in solving the finite maximization problem.

The forecast is done assuming that all other agents also maximize over fi-

nite time. The agent then implements the first period of the plan which also

determines the state variable(s) for the next period. A new plan is then writ-

ten encompassing the time interval from q + 1 to q + 1 + T taking the state

variable(s) as given. The writing of plans and execution of the first period of

each plan sequentially progresses into infinity7. An important detail to note

is that today’s plan does not rely on the plans to be made in the future8. A

6E.g. through ambiguity aversion, maximizing over the worst possible outcomes, grad-
ually increasing uncertainty or increasing the costs to forecasting. For a longer description,
see appendix A.

7For a formal description see appendix A.
8The underlying motivation for finite maximization is information uncertainty and com-

putational complexity. To make plans contingent on future plans then seems unreasonable
given that this would necessitate the same amount of information and entail even more
complexity than making an infinite plan in the first place. Technically, plans contingent on
plans is the same as overlapping generations and will yield the same results as an infinite
horizon (Agnani et al, 2005).
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Figure 2.1: Schematic of a progressive finite time horizon. Each horizontal
rectangle is a plan. The outcome is the diagonal formed by the first period
of each plan.
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subtlety in modeling progressive finite time is that the terminal conditions

may be as important as the finite time horizon itself. In both a social planner

setting and a decentralized setting this can be manifested through the beliefs

about the continuation value of the assets at the end of the horizon (in terms

of market value or in terms of welfare).

Now, when having no information about the distant future, whether and

how to include an unverifiable future asset value must essentially be based on

rules of thumb. To the extent that agents want to include the continuation

value in their business plan, their estimation of this must be based on a

guess, which will not necessarily be correct even on average. For most of

the analysis the imposed final asset value will be zero. But also the case of

a positive final asset value will be analyzed. The price forecasts within the

planning horizon must then be consistent with this terminal constraint in a

general equilibrium.

The essence of progressive finite time is perhaps best caught by the clas-

sical proverb ”We’ll cross that bridge when we get to it”. It expresses the

idea that people know that things will change in the future, but not exactly

how, and that therefore there is no point in dealing with it now when the pic-

ture is unclear. Casual observations of this behavior among economic agents

abound. Business plans of firms are always stated in finite time and updated

regularly. Another example is that of US social security. On an annual basis,

the solvency of the social insurance system over the next 75 years is updated

in a report (Board of Trustees, 2009)9. These forecasts and business plans

are of course written today in knowing that they will be updated again next

year. Moreover, most government budgets are specified for a year or two

at a time10. Another suggestive piece of evidence is that future markets for

commodities such as oil seldom span more than a few years into the future.

Furthermore, in interviews I have conducted with Scandinavian resource

owners, they state that the distant future is so uncertain that there is no point

in including it in a business plan. They further say that it would be bad policy

9The report also includes an infinite horizon analysis. But for policymakers, the 75
year analysis is the most used.

10For further examples, see Easly & Spulber (1981).
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to deliberately save resources for an uncertain future and that they extract

as long as the price covers their (marginal) costs of extraction. This can also

be verified in contract schemes. E.g. the Norwegian government, which is the

owner of several North Sea oil and gas fields, gives firms the right to extract,

at a more or less freely chosen rate, for ten years from a certain field. The

rights are then given to a new firm through a bidding process. This type

of contract should indeed induce extraction at the maximum possible speed

with little consideration by the firm for the continuation value of the field at

the end of the contract. The choice of opening a new field for extraction is

based on technical factors11.

There is also plenty of experimental research suggesting that there are

limitations to how far ahead people plan and that, when making finite plans,

they assign no or low and certainly not any rational value to outcomes beyond

their horizon. Most conducive to the subject of this paper is a recent study by

van Veldhuizen & Sonnemans (2011). They show experimentally that when

subjects have access to a large stock of exhaustible resources, they tend to

ignore the dynamic issue of resource allocation more than what is prescribed

by rationality. For a review of other experiments and a further discussion of

issues related to progressive finite time, see appendix A.

2.3 Capital accumulation with progressive fi-

nite time

As a benchmark, consider a standard Ramsey-Cass-Koopmans capital accu-

mulation economy consisting of a mass 1 of capital owners with an infinite

time horizon and competitive firms owned by the agents.

max
∞∑

0

βtU (Ct) dt

Kt+1 + Ct = rtKt + (1 − δ) Kt + wt

K0 given, Ft = F (Kt)

11For more information see NMPE (2008).
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With appropriate assumptions on utility (U) and production (F ) and a

transversality condition, the results of this problem are well known. There is

a unique path converging to a steady state of capital no matter which initial

capital level is assumed. In particular, if the initial capital level is lower

than that of the steady state, it will be increasing monotonically towards the

steady state.

Now consider the finite time equivalent of this problem stretching from

time q to q + T.

max
∞∑

0

βtU (Ct) dt

Kt+1 + Ct = rtKt + (1 − δ) Kt + wt

K0 given, Kq+T ≥ 0, Ft = F (Kt)

It is well established that the solution to this problem displays turnpike

properties where (if Kq is small) capital initially increases and then falls as

time approaches q + T while consumption increases monotonically12.

The progressive finite time alternative is, in effect, a sequence of finite

time problems. In every instant of time (q) the representative agent makes a

finite time plan from q to q+T taking Kq as given. It executes the first period

of this plan and then makes a new plan based on new information from q +1

to q+1+T, taking Kq+1 as given. This procedure is repeated until infinity13.

The result is an infinite sequence of plans, each having turnpike properties,

and the realized outcome being an implementation of the first instant of each

plan.

The results may be better understood with two simple figures. Figure 2.2

is a phase diagram showing the results of the infinite time problem and the

progressive finite time problem when initial capital is low. The figure shows a

saddle path of the infinite time problem representing the convergence to the

steady state. In addition, there is a sequence of progressive finite time plans.

12For reference see Cass (1966).
13Note that every single plan is autonomous, in the sense that it is independent of what

future plans look like. Thus, a single plan is exactly equivalent to a finite horizon solution.
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Figure 2.2: Phase diagram comparing a capital accumulation model of pro-
gressive finite time horizon of 35 years with an infinite time horizon model.
Grey dashed lines = Equilibrium lines; Full grey line = Infinite time sad-
dlepath; Full black line = Progressive finite time outcome ; Dotted black
lines = Progressive finite time plans.
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The outcome of the progressive finite time case comes from the execution of

the first period of each plan. Then, we get convergence to a steady state,

like in the infinite time version, but with a slightly lower level of capital and

consumption.
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Figure 2.3: Time paths of capital with a progressive finite time horizon of 35
years and an infinite time horizon. Grey dashed line = Infinite horizon steady
state; Full grey line = Infinite time outcome; Full black line = Progressive
finite time outcome; Dotted black lines = Progressive finite time plans.

The economy’s evolution over time is presented in figure 2.3. With pro-

gressive finite time, each plan diverges from the infinite horizon case only at

the end of the plan – early on in each plan, capital is scheduled to increase

just like with the infinite horizon. Since it is only the earliest part of each

plan that is ever implemented, the falling parts of the plans never really bite.

In this way, the outcome always lies on the upwards sloping part of the plan

which has dynamics that are very similar to the infinite horizon case.

If we were to impose a final constraint so that Kq+T ≥ Kmin > 0 this

would make little difference to the results shown here. The same goes if

we attach a final value to the capital stock. It would only lift the realized

progressive finite time path and, if anything, make progressive finite time

and an infinite time horizon look even more similar. For a large enough Kmin

(or capital stock value), we may even get more capital accumulation than in
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the infinite horizon model.

2.4 Natural resource extraction with progres-

sive finite time

2.4.1 Basic results

To understand why the choice of time horizon is of importance in resource

models, now consider a simplistic model of natural resource extraction with

a mass 1 of identical resource owners having an infinite time horizon

max

∞∑

t=0

βtU (Ct) (2.1)

Ct = ptEt − M (Et) + wt (2.2)

St+1 = St − Et (2.3)

St+1 ≥ 0 (2.4)

S0 given, F = F (Et, 1) . (2.5)

Now production of the consumption good is done using an exhaustible re-

source E by competitive firms with w denoting the labor wage and p the

resource price after extraction. The cost of extracting the resource is M (E)

and it is borne by the owners where M is an increasing and weakly convex

function. The stock of the resource S is depleted at the rate of extraction,

and there is a resource constraint stating that the stock cannot go below

zero. Taking the first-order conditions, this problem yields

pt+1 − M ′ (Et+1)

pt − M ′ (Et)
= 1/β

U ′ (Ct+1)

U ′ (Ct)

pt = F ′ (Et) ,

which together with equations (2.2)-(2.3) gives the classic Hotelling result.

That is, due to the discounting of future utility, the solution displays falling
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extraction and consumption while the resource price (in equilibrium deter-

mined by the marginal productivity) is increasing over time.

The formulation of the finite time version of this problem is seemingly

similar. Let q denote the current year and T the number of future years over

which to maximize.

max
T∑

t=0

βtU (Ct) (2.6)

Cq+t = pq+tEq+t − M (Eq+t) + wq+t (2.7)

Sq+t+1 = Sq+t − Eq+t (2.8)

Sq+t+1 ≥ 0 (2.9)

Sq given, F = F (E) . (2.10)

In contrast to the infinite horizon case, there can now be two possible out-

comes of the problem. If the stock is large enough, or the time horizon short

enough, or the cost of extraction high enough, it will not be optimal to de-

plete the whole stock within T years. This is due to the fact that the marginal

cost of extraction will surpass the marginal productivity of the resource. In

effect, the resource constraint (Sq+t+1 ≥ 0) will not be binding. In this case,

it is optimal to extract such that the marginal mining cost equals the price

of the resource in every period which, in equilibrium, implies that

pt = M ′ (Et) = F ′ (Et) . (2.11)

This implies that extraction will be constant as will the price. The other

alternative is if the stock is small enough to be fully depleted within T years.

Then, the resource constraint will be binding and the solution will be qual-

itatively similar to the infinite time problem where extraction is falling and

the resource price is increasing over time.

pq+t+1 − M ′ (Eq+t+1)

pq+t − M ′ (Eq+t)
= 1/β

U ′ (Cq+t+1)

U ′ (Cq+t)
(2.12)
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The progressive finite time version is once more a sequence of finite time

plans where the first year of each plan is executed before a new plan is made,

taking the current stock level as given. If the stock is initially high enough

(supposedly when q = 0), the resource constraint will not be binding and the

plan will be to extract so that the marginal cost of extraction is equal to the

resource price forecasting that the resource price equals its marginal produc-

tivity – as given by (2.11). Similar plans and forecasts will be formulated

annually and the first year of each plan will be executed, which implies the

outcome of constant extraction and prices for possibly a very long period of

time. During this time there will be no connection between the price growth

and the interest rate (as represented by 1/β in this simplistic model). It will

continue in this way until the stock becomes small enough to be depleted

within T years. At this point, the new plan will change character to include

the binding resource constraint implying falling extraction – as in (2.12). In

the next period, the stock will be smaller, thus necessitating lower planned

extraction and so on. This phase therefore yields the outcome of falling

extraction and consumption and increasing prices.
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Figure 2.4: An exhaustible resource model with a progressive finite time
horizon of 35 years compared to a model with infinite time horizon.

These results are visualized in figure 2.4. In total, the results of the
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infinite horizon and the progressive finite time horizon version of the problem

are qualitatively different. This is because, in the latter, extraction and

prices may be constant for a significant period of time. Once the shift to

the second phase occurs, the results are qualitatively similar to those of an

infinite horizon. But the progressive finite time problem has a more quickly

decreasing extraction and more quickly increasing resource prices. This is

largely due to the fact that the economy must now cope with a smaller stock

of resources due to the overextraction in the early years.

The empirical observations speak of an extraction which is increasing over

time and a price which may be decreasing. To obtain such results, it is enough

to add some technological improvements to the extraction technology. This,

and a few more enrichments of the model, will be explored in section 2.6, in

order to analyze under what conditions the extraction is increasing and the

price is decreasing over time.

2.4.2 Empirical predictions

In preparation for the empirical tests, this section will formally outline some

additional results that contrast the infinite and progressively finite resource

extraction models. To help fix ideas, it will be assumed that the owner of

the resource is profit maximizing (i.e. linear utility) and that the extraction

costs are linear with B marginal extraction costs.

U (C) = C

M (E) = BE

These two assumptions are sufficient, but far from necessary, to obtain the

basic results described earlier. For the purpose of empirical testing, it also

helps to measure the resource scarcity in terms of years left to exhaustion.

Now, if the exhaustible resource is truly necessary for production, the remain-

ing years are always infinite. However, a slight and, in most cases, realistic

extension leads to exhaustion in finite time – the existence of a renewable
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substitute at some strictly positive level. Now the production function is

F = F (Eq + R) .

Assuming that F is increasing and concave, a competitive equilibrium of the

infinite horizon model (equations 2.1-2.5) will yield the following result.

pq+1 − B

pq − B
= 1/β ∀q such that Sq+1 > 0 (2.13)

pt = F ′ (Eq + R) (2.14)

This is a form of the classic Hotelling result which states that the scarcity

rent is increasing at the rate of interest (1/β). Clearly, from equation (2.13),

it follows that pq+1 > pq as long as the stock is not exhausted. Additionally,

through concavity of F , it must hold that Eq+1 < Eq. To analyze what

happens after exhaustion, define the remaining years to exhaustion at time

q as τ (Sq). Implicitly, it is given by

F ′ (R) − B

F ′
(
Sq+τ(Sq) + R

)
− B

= 1/β, (2.15)

i.e. in the period of exhaustion, extraction is equal to the remaining stock.

For all time periods prior to this, equation (2.13) holds. A few additional

results can be derived.

Lemma 2.1 In an infinite horizon model with a renewable substitute, dpq

dSq
<

0.

Proof.
dpq

dSq
= dpq

dEq

dEq

dSq
. From the concavity of F, it follows that dpq

dEq
< 0.

Equation (2.13) and concavity of F imply that
dEq+i

dSq
> 0 ∀i ∈ {0, ..., τ (Sq)}.

The result then follows.

The lemma implies that an unexpected increase in the stock will lead to

a decrease in the price when the market has an infinite time horizon. The

effect of the remaining years to exhaustion on the price is outlined in the

following proposition.
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Lemma 2.2 In an infinite horizon model with a renewable substitute, if

τ (Sq) is increasing then pq is decreasing.

Proof. Backward induction of (2.15) and (2.13), with concavity of F , imply

that τ (Sq) is weakly increasing in Sq (weakly since τ is an integer). Lemma

2.1 implies that dpq

dSq
< 0. Thus, since τ (Sq) is increasing only if Sq is in-

creasing and pq is decreasing iff Sq is increasing, pq is decreasing if τ (Sq) is

increasing.

The lemma implies that a resource with more remaining years to exhaus-

tion should, ceteris paribus, have a lower price.

The main prediction connected to the infinite horizon model regards the

growth rate of the price and how it is affected by the size of the stock. Let

p∗q denote the price and τ ∗
q the remaining years to exhaustion at time q given

S∗
q , and let p∗∗q and denote the price and τ ∗∗

q the remaining years at q given

S∗∗
q .

Proposition 2.1 In an infinite horizon model with a renewable substitute,

iff S∗
q > S∗∗

q then
p∗q+1−p∗q

p∗q
<

p∗∗q+1−p∗∗q

p∗∗q
.

Proof. Define λ (Sq) ≡ pq − B. Then
pq+1−pq

pq
=

λ(Sq+1)+B

λ(Sq)+B
− 1. Using (2.3)

in this expression and the result that λ (Sq+1) /λ (Sq) = 1/β (from equation

2.13) the price growth inequality can be rewritten to
λ(S∗

q )/β+B

λ(S∗

q)+B
<

λ(S∗∗

t )/β+B

λ(S∗∗

q )+B
.

This inequality holds since dλ(Sq)
dSq

= dpq

dSq
< 0 (from lemma 2.1).

Corollary 2.2 In an infinite horizon model with a renewable substitute, if

τ ∗
q > τ ∗∗

q then
p∗q+1−p∗q

p∗q
<

p∗∗q+1−p∗∗q

p∗∗q
.

Proof. Follows from proposition 2.1 and that only if S∗
q > S∗∗

q then τ ∗
q >

τ ∗∗
q (see the proof of lemma 2.2).

Following the proposition and the corollary, we should observe an acceler-

ation of price growth as time progresses and that the closer we are to exhaus-

tion of the resource stock, the higher should be the price growth. Moreover,

an unexpected stock increase should have a negative effect on price growth.

Let us contrast these results with the same model but with a progressive

finite time horizon (equations 2.6-2.10), once more, with linear utility, linear



2.4. EXHAUSTIBLES WITH PROGRESSIVE FINITE TIME 27

extraction costs and a renewable substitute. First, the plans will be char-

acterized after which the sequence of plans, which also form the outcome,

will be described. With competitive markets and a concave F , the plan may

take two qualitatively different forms. The first alternative is a counterpart

of equation (2.11).

F ′ (Eq+t + R) = B ∀t ∈ [0, T ] if TEmax ≤ Sq (2.16)

Emax ≡
[
(F ′)

−1
(B) − R

]

Here (F ′)−1 (B) is the inverse of F ′ with respect to B and thus (F ′)−1 (B)−
R is the extraction level where the marginal productivity of the resource

is exactly equal to the marginal extraction costs14. That way, Emax can

be considered as the maximum profitable extraction level in one period15.

Equation (2.16) then states that if the endowment at q is larger than what

can profitably be extracted in T years, the extraction plan will be constant.

If, on the other hand, TEmax > Sq, the plan takes the second alternative

form, which is the counterpart of equation (2.12).

F ′ (Eq+t+1 + R) − B

F ′ (Eq+t + R) − B
= 1/β t ∈ {0, ..., min{τ (Sq) , T}} , (2.17)

Eq+t = 0 t ∈ {min{τ (Sq) , T} + 1, ..., T}
T∑

t=0

Eq+t = Sq (2.18)

where τ (Sq), the remaining years to exhaustion, is implicitly defined by

F ′ (R) − B

F ′
(
Sq+τ(Sq) + R

)
− B

= 1/β. (2.19)

If the endowment is smaller than the maximum profitable extraction level

over T years, then we will get an extraction plan which is decreasing and a

price forecast which is increasing over time up until τ (Sq) – similarly to the

infinite horizon model. Practically speaking, if T is large and Sq is small,

14Implicitly, it is assumed that F ′ is invertible.
15Or, more exactly, the maximum marginally profitable extraction level.
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the plan will dictate a falling extraction and an increasing price for τ (Sq)

periods and a constant price thereafter.

Letting x̃ denote a realized variable and S0 be the resource stock at time

zero, the observed outcome will go through three phases. First, as directly

follows from equation 2.16, for the initial q = 0...S0/Emax periods

Ẽq = Emax (2.20)

p̃q = F ′ (R + Emax) (2.21)

S̃q+1 = S0 − qEmax.

Second, for periods q = S0/Emax + 1...q (Sq) , where Sq solves F ′(R)−B
F ′(Sq+R)−B

=

1/β,

Ẽq = Eq (2.22)

p̃q = F ′ (R + Eq)

S̃q+1 = S̃q+1 − Eq,

where Eq is obtained by solving equations (2.17) and (2.18). Third, for the

periods q = q (Sq) + 1...∞,

Ẽq = 0

p̃q = F ′ (R)

S̃q+1 = 0.

In one sentence, the progressive finite time model predicts that we should

observe a constant price for a number of initial years, then an increasing price

until the resource stock is exhausted whereby the price will be constant until

infinity. To see why Ẽq is decreasing in the second phase, we can note that

equations (2.17) and (2.18) imply an Eq which is decreasing with the stock

(see the proof of proposition 2.1).
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In order to perform the empirical tests, the equivalents of proposition 2.1

and corollary 2.2 will now be derived for the progressive finite time model.

Lemma 2.3 In a progressive finite time model with a renewable substitute

1. dp̃q

dS̃q
= 0 if S̃q > TEmax

2. dp̃q

dS̃q
< 0 if S̃q < TEmax.

Proof. The first part follows from equation 2.21 which implies that p̃q is

independent of the stock when S̃q > TEmax. The second part holds iff dp̃q

dS̃q
=

dp̃q

dẼq

dẼq

dS̃q
. From concavity of F, it follows that dp̃q

dẼq
< 0. Equation (2.17)

and concavity of F imply that the planned extraction has
dEq+t

dSq
> 0 ∀t ∈

{0, ..., min{τ (Sq) , T}}. In particular, dEq

dSq
> 0 which by (2.22) also implies

that dẼq

dS̃q
> 0.

This lemma expresses that unanticipated resource findings would have an

effect on the price if and only if the previous stock was small. Or, expressed

differently, if and only if the remaining years to exhaustion before the finding

were less than the market horizon. It also follows that when S̃q = TEmax

the price is sensitive to stock decreases but not to stock increases. The next

proposition is the progressive finite time equivalent of lemma 2.2.

Lemma 2.4 In a progressive finite time model with a renewable substitute,

iff τ
(
S̃q

)
< T , p̃q is decreasing if τ

(
S̃q

)
is increasing.

Proof. See the appendix.

The proposition expresses that a resource with fewer remaining years to

exhaustion should have a higher price. But this should only occur when the

remaining years are less than the market time horizon.

In comparison to proposition 2.1 and corollary 2.2, the upcoming propo-

sition and corollary characterize how price growth in the progressive finite

time model is affected by the stock and remaining years. As previously, p̃∗q

and τ̃ ∗
t will be the solution to the (progressive finite time) model with S̃∗

q ,

and p̃∗∗q and τ̃ ∗∗
t will be the solution with S̃∗∗

q .
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Proposition 2.3 In a progressive finite time model with a renewable substi-

tute, iff S̃∗∗
q+1 ≥ TEmax, then

p̃∗q+1−p̃∗t
p̃∗q

=
p̃∗∗q+1−p̃∗∗q

p̃∗∗q
= 0 if S̃∗

q+1 > S̃∗∗
q+1.

Proof. See the appendix.

Corollary 2.4 In a progressive finite time model with a renewable substitute,

1. if T ≥ τ ∗
t > τ ∗∗

t > 0 then
p̃∗q+1−p̃∗t

p̃∗q
<

p̃∗∗q+1−p̃∗∗q

p̃∗∗q
.

2. if S̃∗
q+1/Emax > S̃∗∗

q+1/Emax ≥ T then
p̃∗q+1−p̃∗t

p̃∗q
=

p̃∗∗q+1−p̃∗∗q

p̃∗∗q
= 0.

3. lim
S̃q+1

+
→TEmax

d
p̃q+1−p̃t

p̃q

dSq+1
= 0 < lim

S̃q+1
−

→TEmax

d
p̃q+1−p̃t

p̃q

dS̃q+1

Proof. See the appendix.

The proposition and corollary express that in a progressive finite time

world, we should expect the price growth to be higher the smaller is the

resource stock only if exhaustion is nearer than the market horizon. In con-

trast, if the infinite horizon assumption is correct, then we should observe an

increasing price growth no matter how many years remain before exhaustion.

2.4.3 Terminal constraints and end values

This section will analyze how the progressive finite time results change when

using alternatives to the assumption of no end values.

By letting T grow, the results of progressive finite time will eventually

converge to the case of an infinite horizon. This can, for example, be seen

in proposition 2.3 and corollary 2.4 which, as T increases, converge to their

infinite horizon counterparts. This is due to the fact that when T grows

sufficiently, the initial endowment S0 must necessarily be smaller than TEmax.

Furthermore, if we use a resource constraint S (t) ≥ Smin where Smin is large

enough, it is possible to get a progressive finite time environment which is

similar or even more conservationist than in an infinite horizon case. If, on the

other hand, Smin is small enough or if the rule of thumb is to leave a certain,

small enough, fraction of the stock at the end, the original progressive finite

time results go through.
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A more subtle result is if we let the final stock have a value. Agents

may use this value as a rule of thumb to proxy for scarcity or a longer

horizon. For clearness of the ensuing results, it will once more be modelled

with a competitive production market, atomistic and identical and profit

maximizing resource owners of mass 1, each owning an equally sized resource

stock. Now, a representative owner with a progressive finite time horizon

makes a plan for extraction covering the next T years also considering that

there is some price, Pq+T+1, to every unit of the stock left in the ground at

the end. Thus, in creating the plan, the following problem will be solved,

where w is the wage and p is the resource price after extraction.

max

T∑

t=0

βt [pq+tEq+t − M (Eq+t)] + βT+1Pq+T+1

[
Sq −

T∑

t=0

Eq+t

]

Sq+t+1 = Sq+t − Eq+t

Sq given, Sq+t ≥ 0, F (t) = F (E (t) , 1) , β ∈ ]0, 1[

To solve this problem, we need to make an assumption on how Pq+T+1 is

determined. Given that progressive finite time is due to lack of information

regarding events beyond T , the case of an exogenous unit price will be ana-

lyzed first. Then, the case of an endogenous unit price which is determined

by the size of the aggregate stock will be analyzed.

When the continuation value is exogenous, there may be two types of

outcomes from this problem. The first type is just a straightforward maxi-

mization which yields the following plan and forecast.

pq+t − M ′ (Eq+t) = βT−t+1Pq+T+1 ∀t ≤ T

pq+t = F ′ (Eq+t)

For standard functional forms, this implies an extraction plan that is de-

creasing over time. What the unit end value βT−t+1Pq+T+1 does is pushing

a wedge between marginal productivity and marginal extraction, a wedge

that is growing with t. However, and perhaps more important to note, is

that the planned extraction for a certain period is determined independently
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of the planned extraction in other periods. The reason for this is due to

the assumption that the unit price Pq+t+1 is independent of the size of the

remaining stock at time T + 1. Thus, the progressive finite time outcome

(marked with ˜), i.e. the implementation of the first period of each plan, is

simply

F ′
(
Ẽq

)
− M ′

(
Ẽq

)
= βT+1Pq+T+1 , q = 0...∞.

From this expression, it is clear that the time path of realized extraction

is determined by the time path of Pq+T+1. As an example, consider the

case of a constant final unit value16. In this case, the realized extraction

will remain constant over time, just like in the case of no final value of the

stock. Naturally, this also implies a fixed realized resource price. If Pq+T+1

is decreasing with q then extraction will increase over time and vice versa.

Moreover, the level of Pq+T+1 has no effect on the time trend. Thus, even if

the guess on Pq+T+1 is a gross overestimation of the value that will eventually

be observed, this has no effect on the trend.

A constant extraction from a finite resource cannot continue indefinitely.

Eventually, the nature of the solution must change, which leads to the sec-

ond type of outcome. Previously, the non-negativity constraint (Sq+t ≥ 0)

was not binding since the final value kept extraction low enough. However,

eventually, the plan will imply that there will be no remaining stock at time

T +1. Thus, every plan will look like a standard Hotelling model with a finite

horizon and a binding resource constraint. Then, since the realized stock is

falling over time, the realized extraction will fall and the price will increase.

Overall, the total realized outcomes are displayed in figure 2.5. Here, a

constant and fairly high end value is set and thus, extraction is initially lower

than what would materialize in an infinite horizon case. However, extraction

remains constant and only starts falling after many years. It should be

noted that it remains constant for substantially longer than in the case of

progressive finite time with no end value. In fact, the higher the end value

is set, the longer constant extraction will be upheld. A qualitative difference

16This can be the counterpart to believing that there is some fixed unit price for selling
the mine at the end of the horizon as a rule of thumb to roughly capture that there is
some scarcity.
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of adding an end value is that the plans in the first phase now dictate falling

extraction over time, while the realized extraction is constant17.

10 20 30 40 50 60 70

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

Time

R
es

ou
rc

e 
pr

ic
e

 

 

10 20 30 40 50 60 70 80

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Time

R
es

ou
rc

e 
ex

tr
ac

tio
n

Infinite horizon
Progressive finite time with end value
Progressive finite time without end value
Extraction plans for PFT with end value

Figure 2.5: Simulation of an exhaustible resource model with a progressive
finite time horizon of 20 years and an end value of the stock.

Up until now, the representative resource owner took the end value as an

exogenous guess. If the end value is instead endogenous to the problem, the

progressive finite time result may no longer hold. In particular, if Pq+T+1 is

based on perfect information until infinity, Pq+T+1 becomes a function of the

stock18. This function perfectly incorporates all future profits of the resource

and the progressive finite time and infinite horizon cases are therefore per-

fectly aligned. More generally, if agents believe that the end unit price is a

function of the remaining stock, Pq+T+1 (Sq+T+1), then if they believe that

dPq+T+1/dSq+T+1 < 0, extraction will decrease over time since the value of

saving the resource for the future increases as the stock falls. This can be

17Recall that with no end value both plans and realized outcomes are constant in the
first phase.

18The total continuation value is equal to all discounted future profits of the resource,

Pq+T Sq+T =

∞∑

t=1

βt−1 [pq+T+tEq+T+t − M (Eq+T+t)] .
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seen in the first-order condition determining the realized outcome

U ′ (C (Eq)) [F ′ (Eq) − M ′ (Eq)] = βTPq+T+1 (Sq+T+1) , q = 0...∞ (2.23)

Sq+T+1 = Sq −
T∑

t=0

Eq+t.

The left-hand side of (2.23) is independent of Sq and decreasing in Eq
19. The

right-hand side is decreasing in Sq and increasing in Eq. Thus, as Sq falls

with time, Eq must also fall. If agents instead believe that P ′
q+T+1 > 0, these

results are reversed. The realized extraction will increase over time with a

falling price, until the resource constraint is binding, whereby extraction will

fall and prices increase.

An overall conclusion from the previous analysis is that adding a con-

tinuation value does not in itself undermine the main results of constant

extraction and prices. Rather, it depends on how this value is changing over

time and thus how it is formed. If agents rationally calculate the contin-

uation value, then we get falling prices. But if they routinely just attach

some final unit value to roughly catch that there is a future market, constant

prices and extraction may be realized during a long time period. It can be

noted that when progressive finite time is coupled with a zero continuation

value, it is not the zero value by itself that drives the results but rather the

consequential assumption that when the value is zero it is also constant.

Another way of checking the robustness of the model is to ask what gains

a single agent with an infinite horizon can make given that (s)he knows that

everyone else has a progressively finite horizon. For specific parameter set-

tings, it is possible to get very large gains. For most parameter combinations,

however, and for those that are the most realistic, the gains remain at levels

of 0.5-5%.20 The main reason for this is that the additional profits of an

19Since we know that now F ′ (Eq) > M ′ (Eq).
20In the simulations, I have used a CRRA utility function varying σ ∈ [0, 5]; the cost

function M = Eθ

Am
varying θ ∈ [1, 4]; a concave production function F = AEα letting

α = .3 mainly but vary the technology ratio Am/A ∈ [1, 4]; a discount factor of 0.95 so
that every period should be interpreted as a year; vary the horizon T ∈ [5, 35]. Then, I
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infinite horizon can only be realized far into the future. When prices remain

constant for nearly a century, the later gains of having a larger stock once

prices do start rising are effectively discounted away. This also implies, in

the more complete model of the upcoming section 2.6, that an agent that is

outsmarting the market by having a longer horizon will nevertheless extract

at a growing rate. This is demonstrated in appendix C21. Considering that

anything that approaches a reasonable accuracy about the infinite horizon

requires insights about the very far future and extreme computational abil-

ity, one has to compare them to the costs of making such plans in order to

properly asses the gains and losses computed above. Furthermore, since an

agent cannot know the gains of infinite plans without actually making them,

it may be interesting to analyze what signals agents receive regarding the

quality of their plans. This will be dealt with in the next section.

2.5 Is progressive finite time immune to learn-

ing?

A common discussion in economics is whether certain behavior and beliefs

are rational. One argument for imposing rationality on beliefs and behavior

is that, over time, agents would learn from their mistakes and eventually

form beliefs which are rational (i.e. stand the test of time) and thus also

choose behavior that, at least in expectational terms, maximizes their objec-

tive function so that they are right ”on average”22. Since the motivation for

modeling progressive finite time mainly comes from information constraints

(rather than a lack of care for the future), this notion of rationality is im-

portant to address. Put differently, if agents constantly notice that their

vary the initial stock so that the phase of constant prices lasts between 0 and 100 years.
21Note that these simulations were made under the assumption that the resource owner

that outsmarts the market is infinitely small so that its actions will have no effect on the
market equilibrium. A large agent with investment capacity would buy up the PFT agents’
resource stocks thereby affecting the equilibrium price path. With sufficient investment
capacity we would end up with an infinite horizon market price and extraction path.

22In other settings, time inconsistency may be embedded in the preferences of agents.
For example, as modeled by hyperbolical discounting leading to ”games against selves”
(see Krusell & Smith, 2003).
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forecasts are wrong they may learn from this and improve the accuracy of

their forecasts over time – for example by extending the time horizon. So the

question to be answered in this section is to what extent progressive finite

time agents will get the opportunity to learn from their potential mistakes23.

If beliefs (i.e. the price forecast) and planned actions (i.e. state variables)

are in line with later observed outcomes, I will refer to it as progressive finite

time being ”immune to learning”. In a sense this catches the spirit of self-

confirming equilibria (e.g. Fudenberg & Levine, 1993). The main idea is to

capture that agents on an aggregate level may be on a non-optimal path,

but that they may not have any reason to suspect that some other actions

are better since their beliefs are always fulfilled. To see whether the above

requirements are fulfilled, one essentially asks if and after how long agents

get the opportunity to realize that they have been wrong.

A capital accumulation model with progressive finite time is immune to

learning only up until a new plan is made. This can be seen in figure 2.3.

Since the first period of a plan is implemented, also the state variables of that

next period and thus the interest rate will be consistent with the forecast.

However, the new plan will differ from the previous one regarding all ensuing

periods, thus implying that later outcomes will differ from what was forecast

and planned in the first plan.

This is contrasted by the exhaustible resource model. As long as the

economy remains within the first paradigm (when the resource constraint is

not binding) agents will not be proven wrong and will thus be immune to

learning. This is due to the fact that prices are forecast to equal marginal

extraction which is also what is realized. This comes clear in figure 2.4 where

the outcomes are equal to the plans for the first 55 years. It implies that

agents will not get any signals that they need to improve their forecasting

since they turn out to be correct. This will proceed as long as the economy

is in a state where the resource constraint is not binding24. However, it

does not continue when the resource constraint eventually starts to become

23A formal treatment can be found in appendix B.
24Note that this also holds for an exhaustible resource model that incorporates exoge-

nous technical change in extraction and/or production, as long as agents have correct
expectations of technical advancement within the time horizon.
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binding. Then, progressive finite time is only immune to learning up until

a new plan has been made. This is due to the fact that in the next plan,

extraction is revised downwards and the price forecast revised upwards. This

can be seen in figure 2.4 – when the extraction rate falls the plan lies above

the realization25.

A noteworthy and possibly counter-intuitive implication of the results

above is the reversed connection between outcomes under different horizons

and opportunities to learn from mistakes. When the observable outcomes

of progressive finite time and an infinite horizon are qualitatively similar (in

the capital model and in the late years of the resource model), then agents

will have the chance of realizing that plans are biased when using progressive

finite time. But when the qualitative results do differ between progressive

finite time and the infinite horizon (in the early years of the resource model),

then agents will not get the opportunity to learn since they are not proven

wrong26.

As the economy reaches the change of phases in the resource model, agents

will start receiving signals that a short horizon yields inaccurate predictions.

This also coincides with an increase in welfare losses27. It then seems rea-

sonable that over time agents may try to lengthen their forecasts to horizons

such that the welfare losses are small.

2.6 Explaining the observed price and extrac-

tion trends

The models outlined in the previous sections were deliberately kept simplis-

tic to emphasize the main difference between how the time horizon affects

25These results of the resource model do not hold if agents assign an exogenous end
value to the stock. Then, the plans dictate falling extraction and increasing prices also in
the initial stage, while the outcome is constant extraction and prices.

26A striking example of this is Simon’s (1996) claims. Historically, people that have
ignored scarcity in their forecasts have turned out to be more correct than people that
have considered resource scarcity to be a factor. Thus, according to Simon, the best way
of making forecasts on the resource markets is by ignoring scarcity.

27A numerical analysis suggests that the closer one is to the change of phases, the larger
are the losses.



38 CHAPTER 2. RESOURCES AND TIME HORIZON

capital accumulation and exhaustible resources, respectively. This section

will present a more complete model in order to explain the observed trends

of extraction and prices of exhaustible resources. The model results will be

presented verbally and graphically, but all claims have analytical support

which is presented in appendix B. But first I will provide a review of the re-

source literature and the empirical observations to motivate why the observed

trends need an explanation.

2.6.1 The resource extraction and price puzzle

During the last century, a large majority of exhaustible resources have dis-

played exponentially increasing extraction and constant or decreasing price

trends (see appendix C). Even though the price volatility has been substan-

tial, there are only a few examples of resource prices actually increasing over

a longer period of time.

The benchmark models of exhaustible resources without extraction costs

were developed by Hotelling (1931) and Dasgupta & Heal (1974) and with

extraction costs by Weinstein & Zeckhauser (1975), Solow & Wan (1976) and

Heal (1976). The focus of these papers was mainly to analyze the intertem-

poral trade-off between using a resource today and saving it for later days.

A central result is then that the price of an exhaustible resource will contain

two elements – the marginal cost of extraction and the scarcity rent. The

former may possibly be decreasing over time but the latter must be increas-

ing at the rate of interest. As was shown in figure 2.4, the benchmark model

predicts that extraction will be falling and prices will be increasing over time,

i.e. the opposite of the empirical observations. The model also implies that

there should be a direct correlation between the interest rate level and the

growth of the resource price.

By introducing a quickly improving mining technology one may get the in-

finite horizon model to exhibit non-decreasing extraction and non-increasing

prices for some time. But remember that the faster the mining technology

will improve, the faster its effect wears off and the shorter will be the pe-

riod of non-decreasing extraction. Graphically, in figure 2.4, improving the
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mining technology implies a pivoting of the extraction graphs upwards and

the price graphs downwards. But this would also pivot the progressive finite

time graphs in the same direction, giving an even more rapidly increasing ex-

traction and falling resource prices. So a progressive finite time assumption

yields the observed results under much weaker parameter, functional and

technological conditions, than does the infinite horizon assumption. To get

falling resource prices over any longer period of time, in an infinite horizon

model, very specific exogenous settings would need to be assumed. These

main theoretical results are also robust to some extensions28. Meanwhile, it

has been notoriously hard to find the empirical link between the growth of

resource prices and the level of the interest rate. Several empirical papers

reject that there is any correlation as implied by an infinite horizon theory

of exhaustible resources (Heal & Barrow, 1981; Abgeyebge, 1989; Halvorsen

& Smith, 1991).

Arrow & Chang (1982) model how new findings relax scarcity. They show

that new findings can lower the price growth temporarily but that a constant

price trend only can be obtained if the true resource stock is unlimited. If it is

bounded (which should be the case for many important resources such as oil,

gas and coal) the price trend must be increasing, albeit possibly at an initially

slow pace. In these models, it is indeed not possible to get a falling trend

of the resource price. The intuitive reason is that it is the expected rather

than the verified amount that determines scarcity and thus extraction and

prices. Unexpected discoveries may temporarily lower the price but likewise

the absence of discoveries should increase the price. If agents have rational

expectations about the true stock, this cannot be a consistent explanation

for non-increasing prices of a broad range of resources over a long period of

time29.

28E.g. the risk of a renewable substitute making the resource worthless (as in Kamien
& Schwartz,1978; Davison, 1978) in effect makes discounting of the future stronger, only
reinforcing the effect of decreasing extraction and increasing prices.

29Another model that explores the exploration aspect is that of Pindyck (1978). Here
there is a cost to finding new reserves, but the total reserves are known. The result of a
potentially falling resource price critically hinges on two assumptions, that the per unit
extraction cost is falling with the number of wells and that extraction costs are not convex
within one well. This is in contrast to the common understanding that it is usually more
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Another explanation for the extraction and price trends has been pro-

posed by Tahvonen & Salo (2001). Here, a renewable substitute and endoge-

nous technical change put a cap on resource prices. While this is indeed

an alternative explanation, that holds for cases with a renewable substitute

present all along, the model results that will now be presented also hold

without a renewable substitute.

2.6.2 The model

Consider a representative agent with a discrete progressive finite time hori-

zon30. For each time period q = 0, 1, ...∞, (s)he aims at writing a plan by

maximizing the following objective.

max
T∑

t=0

βtU (Cq+t) , β ∈ ]0, 1] , U ′ > 0, U ′′ < 0 (2.24)

The economy consists of competitive firms whose production facilities (H)

display CES properties

Hq+t =
[
γF

(σ−1)/σ
q+t + (1 − γ)G

(σ−1)/σ
q+t

]σ/(σ−1)

, σ > 0 (2.25)

Fq+t = Kα
q+t

(AL,q+tLq+t)
1−α (2.26)

Gq+t = ANR,q+t (Eq+t + R) . (2.27)

Here σ represents the substitutability between the production capacity (F )

and the resource capacity (G). The production capacity is based on the

amount of machines (capital, K), workers (L = 1) and how efficient these

workers are (AL). The production capacity is assumed to be of Cobb-Douglas

type. The resource capacity (G) is determined by the amount of a constant

and exogenously given renewable resource (R ≥ 0) and how much of an

exhaustible resource (E) that is being extracted in each time period. For

costly to extract from new findings and that there are usually physical limits to extraction
per unit of time, for example due to well pressure and infrastructure limits.

30Discrete time is used for clarity of exposition. The continous time counterpart of
course yields the same results but requires a busier notation.
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tractability, the renewable and exhaustible resource are assumed to be perfect

substitutes and there is a resource augmenting technology (ANR) making

their use more efficient. Furthermore, at a time period q, there is a stock

(Sq ≥ 0) of exhaustible resources that can be extracted. Thus, for a plan to

extract Eq+t, we get the law of motion of the resource stock and the resource

constraint as follows.

Sq+t+1 = Sq+t − Eq+t (2.28)

Sq+t+1 ≥ 0 (2.29)

The process of extracting the exhaustible resource is subject to a cost

M (E, AM) ,
∂2M

∂E2
> 0 ∀ E, M (0, Am) = 0,

lim
E→∞

∂M

∂E
= ∞,

∂M

∂AM

< 0 if E > 0. (2.30)

Thus, the marginal cost is strictly increasing with scale which can be moti-

vated by infrastructure investments (for transport or digging) that are needed

if the extraction rates are to be increased. Moreover, as is the case for oil,

there is a flow of the resource given by the geological structure that effectively

determines the maximum extraction rate31. AM is a technology making the

extraction process more efficient. Suppressing the variables of technology, we

can now state the budget constraint32.

Cq+t +Kq+t+1 = pq+t (Eq+t + R)+ rq+tKq+t +wq+t −M (Eq+t)+ (1 − δ)Kq+t

(2.31)

At time q, an equilibrium plan is defined as a set of prices {pq+t, rq+t, wq+t}T
t=0

and resource stocks, factor inputs and consumption {Sq+t, Eq+t, Kq+t, Cq+t}T
t=0

such that markets clear and the problem (2.24)-(2.31) is solved. The outcome

will be the realized first period control variables and the second period state

31For a summary, see Witze (2007) or Davidson (1963).
32It is assumed that the representative agent owns the capital, the resource stock and

performs the extraction.
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variables from each plan
{

Ẽq, C̃q, S̃q+1, K̃q+1

}∞

q=0
.

2.6.3 Non-scarcity phase

The economy described above will go through two phases, if the initial re-

source stock is large enough (see proposition 2.7 in the appendix). Initially,

there will be a finite but potentially very long phase with no perceived scarcity

of the exhaustible resource. This will be taken over by a phase where the

resource constraint is binding. The results are visualized in figure 2.6. In

this particular ˜case, the non-scarcity phase lasts 66 time periods.
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Figure 2.6: A ten-year horizon economy’s evolution over time. The verti-
cal line marks the shift from ”Non-scarcity” to the ”Shadow of exhaustion”
phase.

The initial phase where no scarcity is perceived occurs since total deple-

tion is not optimal within the time horizon of the economic agents, in essence

implying that the exhaustible resource will be treated as non-exhaustible. In

this phase, the marginal productivity and marginal extraction costs alone
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determine the extraction rate (equation 2.36). Since there is no perceived

bound to the extraction – other than the extraction costs – any change that

either increases demand or decreases the extraction cost will lead to increased

extraction. Furthermore, any change that increases demand will increase the

resource price and any change that decreases the extraction cost will decrease

the resource price (proposition 2.8 and corollary 2.9). More precisely, labor

augmenting technology will increase extraction and the price; mining tech-

nology will increase extraction and lower the price; the effect of a resource

augmenting technology depends on the parameters. Under fairly general

conditions we can then get an extraction which is increasing exponentially

and a resource price which is non-increasing for a long period of time. This

happens if capital is initially low and the mining technology improves quickly

enough to offset the increased cost when extraction increases.

During this phase capital accumulation, output, consumption and the

real wage will be increasing over time. The returns to capital will be roughly

constant and the profits of resource owners will be positive (equation 2.39) –

all in line with the stylized macroeconomic facts of the last century33. Fur-

thermore, if the production is of Cobb-Douglas type there exists a balanced

growth path of capital, output, consumption, real wage and extraction but

where the resource price is non-increasing if the extraction cost function is

not ”too” convex34. The intuition for this is that when extraction is in-

creasing over time the cost function cannot be so convex as to outweigh the

improvement in extraction technology (propositions 2.11 and 2.12).

33These results also hold for other production functions and for more weakly specified
mining cost functions. The reason for not stating all functions to be completely general is
that it would yield a plethora of subcases to prove. Essentially, any functional combination
where the marginal productivity of resources intersects with the marginal extraction costs
from above (in a schedule of extraction on the x-axis and the price on the y-axis) yield
similar results. In this way, we can even have a marginal extraction cost which is decreasing
with scale. This arguably covers most of the reasonable cases of production and mining.
The way labor and capital are specified in production plays no significant role here.

34A rough calibration yields that the extraction cost function should not be more than
quadratic.
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2.6.4 Shadow of exhaustion phase

Increasing extraction cannot be sustained forever with a finite resource.

Eventually, as the stock becomes small enough, total depletion will be pos-

sible within the time horizon of the representative agent. At this point, the

resource owners will start treating the resource as exhaustible implying that

also the scarcity rent will start affecting the extraction rate. I call this phase

”the Shadow of exhaustion” as the economic agents act based on the resource

limits. In figure 2.6, this phase is represented by period 67 onwards.

Here the economy will behave more or less as described by the classical

Hotelling model with extraction costs (see for example Weinstein & Zeck-

hauser’s 1975 article or equations 2.44, 2.45 and 2.46 in the appendix). In

this phase, extraction can be increasing for a few time periods but soon

enough it will start falling and the resource price will start to increase. In

this model, with a single type of exhaustible resource, the economy will ex-

perience a downturn. This is due to the fact that previously, the production

process relied on large quantities of a ”cheap” resource that was perceived

to be limitless, which now falls in supply and increases in price. A detail to

note is that this shift between the economic phases will be smooth, where

the change will manifest itself through the trend of variables, but there will

be no discrete level effects. This is because, even though agents do not have

perfect foresight, they do get an early warning to consider scarcity before to-

tal depletion becomes factual. Naturally, the shorter is the time horizon, the

more abrupt the change will be. In a sense, this model predicts an unfolding

of events somewhere in between the doomsday scenario of total economic

collapse, when we for example start running out of oil, and the optimistic

take that resource scarcity will never be an issue.

The technologies are here assumed to continue to evolve over time. If

there exists a renewable substitute or if resources are not essential in pro-

duction, the exhaustible resource will lose its role over time (see section

2.B.6). The improvements in production efficiency will then eventually lead

the economy onto a new growth path based on renewable resources only.
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2.7 Empirical tests

The objective of this section is to test whether there is empirical support for

the infinite horizon or the progressive finite time assumption in the resource

extraction model. It will pit the predictions (outlined in section 2.4.2) of the

two alternative assumptions against each other.

2.7.1 Data

Data over remaining reserves has been collected from the US geological sur-

vey (USGS) for each year in 1996-201135. They publish a yearly mineral

commodities summary which reports the remaining ”Reserve base” and ”Re-

serves” for roughly 80 commodities. In the report, the reserve base is defined

as ”...encompassing those parts of the resources that have a reasonable po-

tential for becoming economically available within planning horizons beyond

those that assume proven technology and current economics”. Reserves are

defined as ”that part of the reserve base which could be economically ex-

tracted or produced at the time of determination”. Thus, the estimation of

the reserves is a subset of the reserve base. After excluding some resources

where data is lacking and some where the reserves are sufficient for any con-

ceivable time horizon (like stone, sand and salt) a dataset of 54 commodities

was constructed. Reserve data was then added for oil and gas which goes

back to 1980 (from BP’s Statistical review of World Energy in 201136), i.e.

a total of 56 commodities. Extraction and price data for these commodities

was also collected from the USGS and BP. A summary statistics can be found

in Appendix C.

The predictions from the progressive finite time model depend on whether

the resource constraint is binding within the market’s time horizon. In order

to know whether this is the case for a specific observation, a measure of

the remaining years to exhaustion is needed. Denote the remaining years

by τi,q where q ∈ {1996...2011} is the observation year and i ∈ {1...56} is

the commodity number. τi,q should optimally be based on the production

35See www.usgs.gov.
36www.bp.com
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prognosis made at year q for the specific commodity. In the absence of actual

market forecasts, τi,q needs to be proxied in some way. The method here will

be to make a production prognosis and compare it to the known reserves at

the time. For this purpose, the production trend from the years preceding q

was extrapolated forward. The base method was to use the previous 15 years

and give more weight to recent years when calculating the trend. Now, it is

hard to know whether this is a good approximation of how the market makes

forecasts. A number of other methods were therefore tested for robustness.

Namely, varying the previous years used for the trend; giving all previous

years the same weight; using the simple reserve to production ratio; using

the growth in the upcoming years for all resources combined, to proxy for

the trend. Generally, the exact method used had no significant effects on

the results, except for the reserve to production ratio which undermined the

results for both the infinite and the progressive finite time assumptions.

2.7.2 The effect of stock revisions on the price growth

The main empirical test employed will be to use changes in stocks and see how

that affects the price. A large change in the stock is plausibly an exogenous

event. Although market participants may expect that the reserve estimates

will be revised from time to time, it seems reasonable to assume that they

do not know exactly when, to what extent and in what direction. This is

the reason why, also theoretically, new reserve findings will have short-run

effects on the price but no long-run effects (see Arrow & Chang, 1982). In

practice, reserve revisions may follow from new findings, revisions of current

stocks or from access to better data from some, quite often less developed,

countries. A problem here is that, with yearly data, the exact timing of

the news is somewhat vague. Whether they arrived early or late in the

year will influence how much the average price of that year will be affected.

Therefore, it should be expected that the data contains large amounts of

noise. Furthermore, one could expect the reserves to be revised every year

purely as a consequence of extraction. However, a closer look at the data

shows that far from all observations have an update of the stock. A guess
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as to why this is the case could be that the extraction is often not extensive

enough to put a dent in the reserves and that only major surprises, such

as a new finding or a substantial up- or downgrading of the current stock,

will lead to a revision. Thus, in the upcoming tests, revised stocks will be

interpreted as news arriving beyond what could have been expected in the

previous period. To further isolate this effect only revisions larger than 5%

will be used in the main specification.

A potential source of endogeneity is that as exhaustion is approaching,

more exploration efforts are made. Thus, there may be a reversed causality

where price increases lead to more exploration. To deal with this the price

growth in the period before is used as a control. It may, however, imply that

there are fewer observations where the stocks are revised and with many

remaining years to exhaustion. In practice, it should blow up the standard

errors when there are many remaining years. Therefore, it will be important

to also look at the sign and size of the coefficient when evaluating the results.

Another source of concern may be that somehow, market participants are

better at foreseeing or have better information about revisions that occur

when the remaining years are few. This should imply that the effect on price

growth will occur before the time when it is logged in the data. Thus, this

will draw the coefficient towards zero when the remaining years are few which

will be unfavorable to the progressive finite time hypothesis.

As a baseline for comparison, the following equation will be estimated

with OLS using all observations where the stock change is larger than ±5%

and smaller than ±50%.

log

(
pq,i

pq−1,i

)
= a + b1 log

(
Sq,i

Sq−1,i

)
+ γ log

(
pq−1,i

pq−2,i

)
(2.32)

+Y earFE + CommGrpFE + εq,i

The coefficient of interest is b1 which catches the effect of a change in the

reserves on the price growth. As controls, the price growth in the previous

year is added along with year fixed effects and commodity group fixed ef-
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fects37. The price growth in the previous period is meant to deal with the

potential case that the price growth is positive while the stock falls gradu-

ally which would yield autocorrelation arising from a unit-root38. With the

control for price growth in the previous period in place we can interpret b1 as

the additional price growth arising from changes in the reserves. Proposition

2.1 then predicts that with an infinite horizon assumption the coefficient b1

should be negative so that revisions upwards will have a negative effect on

price growth39. The results can be seen in table 2.1 in the middle column.

The coefficient b1 is insignificant which implies that the infinite horizon model

is not supported.

To see whether the progressive finite time assumption does any better in

relation to this data the observations will now be grouped according to how

many years remain before exhaustion. More precisely, a dummy variable is

set to one for those observations where τq,i is equal or less than some threshold

T .

log

(
pq,i

pq−1,i

)
= a1 + b1 log

(
Sq,i

Sq−1,i

)
+ b2 log

(
Sq,i

Sq−1,i

)
× {τq,i ≤ T} (2.33)

+a2 {τq,i ≤ T} + γ log

(
pq−1,i

pq−2,i

)
+ Y earFE + CommGrpFE + εq,i

Here b1 represents the effect of stock revisions for those observations with

many years left to exhaustion and b2 the additional effect of those observa-

tions with few years left till exhaustion. If T is the market’s horizon, then the

progressive finite time model (see proposition 2.3) predicts that b1 should be

37Optimally one would like to use commodity fixed effects. But given the small amount
of observations this would leave no degrees of freedom and render most commodity ob-
servations useless. Instead, the commodities are divided into groups of Energy (oil and
gas), the ”Big 5” minerals (copper, zink, nickel, aluminum and iron ore), tantalum and
finally a group composed of the rest of the commodities. The reason tantalum is added
as a one-commodity fixed effect is that it has both the highest and lowest price growth in
a single year. Thus, it seems reasonable to be extra careful in dealing with observations
from that commodity.

38To further test for autocorrelation the error terms were checked for serial correlation,
none was found. Also the price growth was checked for serial correlation and also here no
significant relation was found.

39An equivalent reasoning applies to downgrades of reserves.
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Table 2.1: Regression results

Dependent variable: pq/pq−1 All obs Part at τ = 20

Constant
0.14

(0.24)
0.056
(0.23)

Sq

Sq−1

−0.25
(0.24)

.26
(0.31)

Sq

Sq−1
× {τ ≤ 20} −1.09∗∗

(0.47)

{τ ≤ 20} −0.038
(0.083)

pq−1

pq−2

0.18
(0.14)

0.089
(0.14)

Comm grp FE Yes Yes
Year FE Yes Yes

R2

F-stat
Obs

0.22
0.88
84

0.29
1.12

35 + 49
Standard errors within parentheses
***p<0.01 **p<0.05 *p<0.1
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zero while b2 should be negative40. As a first test, T was chosen to 20 years.

The results are presented in the rightmost column in table 2.1. Here we can

see that in line with proposition 2.3, b1 is insignificantly positive while b2 is

negative and significant at the 95% level, i.e. b2 < b1 with 95% confidence.

The total effect of stock revisions when there is less than 20 years left to

exhaustion is b1+2 ≡ b1 + b2 = −0.83 which also is significant at the 95%

level (not shown in the table). Thus, the data cannot reject the progressive

finite time model with a horizon of 20 years41. Now, although the number 20

may seem like a reasonable first guess for the time horizon, it was chosen a

bit arbitrarily. Rerunning the above regression and varying the cutoff from

T = 10...80 yields a negative and significant b2 and b1+2 for the cutoffs be-

tween 18 and 48 years42. This implies that the progressive finite time model

with 18-48 years horizon cannot be rejected. Looking more closely at the co-

efficients, b1+2 is increasing towards zero from the cutoff of T = 28 and above

which suggests 28 to be the best rough guess of the time horizon although

we should be careful in interpreting this result43. Roughly the same optimal

40a1 and a2 are allowing the conditional effect to have a different intercept than the
unconditional. The control variables are, in this specification, assumed to have the same
effects on both groups.

41There may be several reasons why we should expect the effect of stock revisions to be
smaller for those observations with many years to exhaustion even without a finite horizon.
For example, even with an infinite horizon, scarcity will play less of a role relative to other
factors when the stock is large. Thus maybe asking for significance of b1 is too strong of a
test for the infinite horizon assumption. However, note that b1 is positive, i.e. that it even
has the wrong sign from what the infinite horizon model predicts. Looking at the p-value
of b1 it is only 41% probability that b1 is estimated so wrongly that it should actually be
negative.

42See Figure 2.10 in Appendix C for the results.
43Another important note is that given the repeated regression procedure the standard

errors should, striclty speaking, be corrected. Doing this would make all results insignif-
icant, i.e. both the infinite and progressive finite time models could not be supported.
However, it is not obvious how such a correction should be formalized. The reason is that
the significant results do not show up at arbitrary cutoffs or in only one regression. Rather,
all regressions in the range of cutoffs between 18 and 48 years follow the predictions of the
progressive finite time model. Outside this range none do. So, we have a convex set of
cutoffs with significant results making the multiple regression results internally consistent.
Saying that each one of these regression results is insignificant would then suggest that we
cannot support any of the models when in fact the results point at an empirical regularity.
Namely, that those observations with few years left to exhaustion seem to behave differ-
ently than those with many years left and that this difference seem to increase towards
T = 28 and decrease afterwards in a rather monotonic fashion.
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cutoff emerges when looking at the sum of squares of the regression residuals

(which is minimized when T = 25) and the p-values of b1+2 and b2 (which

show the most confidence for T between 23 and 26 years).

As tests of robustness, changes were made to the modeling choices, i.e.

the number of years, the method used for making production forecasts and

what size of revisions to include. The regressions were also done separating

observations above and below the cutoff into single regressions. A similar test

was also used where all observations were grouped within a span of ±15 years.

Generally, the main results survive these tests although the best cutoffs may

change and, depending on the robustness test, the standard errors usually

increase. Also, when excluding various commodities from the sample the

results do not always survive. What can be noted is that in the occasional

empirical test where the progressive finite time model is rejected, this also

discredits the infinite horizon assumption.

An interesting observation is that when using the ”reserve base” as a

measure for the stock instead of the ”reserves”, all results become ambiguous.

An interpretation of this is that the market operates on the basis of the

reserves rather than the reserve base. The horizon at which the market

reacts to news was also estmiated using large changes as a discrete event

and looking at the effect of the remaining years on the price growth when

such events occur. Also under this test the results suggest a time horizon of

around 25 years.

2.7.3 The effect of remaining years to exhaustion on

price growth

A word of caution is in place regarding a potential selection bias in the

previous tests. The results in the previous tests were largely driven by major

revisions and surprises rather than small increments. One could expect that

important commodities with large revenues such as oil, gas and iron ore

should have a longer horizon than other resources with more specialized

usage. Furthermore, it seems reasonable to assume that the reserves for

these important resources are more precisely measured implying that they
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are revised more regularly but with smaller steps. Moreover, fewer major

surprises should occur for these resources. This is also supported by the data

where oil and gas reserves rarely are revised by more than 5%. Therefore,

it seems plausible that the results will mainly reflect those resources which

have a rather short time horizon and that there will be a downward bias

in the best cutoff for τ . With the limited amounts of observations where

reserves are revised, there is little hope to deal with this within the same

identification framework as above. Therefore, this section will attempt to

calibrate the cutoff for those observations where no or only small revisions

(<10%) of the stock are made. The word calibrate is in italics to emphasize

that we no longer have any plausibly exogenous variation to rely on for the

identification. Although this procedure may be more representative of the

more important commodities, it gives us no guidance on the issue of causality.

The motivation for this excercise is to obtain a first rough guess of the time

horizon for calibrating the model to the oil market in the next section.

Proposition 2.3 predicts that the price growth should have no component

of increasing scarcity if τq,i > T . Thus, if progressive finite time is a correct

assumption then, holding other things equal, there should be an additional

component in the price growth when we come closer to exhaustion than

the market horizon. It is represented by the coefficient a2 in the following

regression.

log

(
pq+t,i

pq,i

)
= a1 + a2 {τq,i ≤ T} + b2 log

(
pq+t,all

pq,all

)
+ εq,i (2.34)

The dependent variable log
(

pq+t,i

pq,i

)
is simply the growth rate of the price

in the years following the observation. b2 represents the effect of growth in

the commodity price index and is meant to deal with business cycle driven

price growth44. Once again, the regression was run once for each cutoff

T ∈ [10, 80]. Since this procedure is about the long run growth, average

growth over eight years was used (i.e. t = 8). This implies that roughly half

44The central variable for price growth in the previous periods is omitted here as it
would pick up the constant effect of remaining years on price growth rendering the exercise
meaningless.



2.8. CALIBRATION TO THE OIL MARKET 53

of all stock observations fall out as no data is available for prices after 2010.

Again, it should be emphasized that this will not be a test of rivaling horizon

assumptions but rather a way of getting a first guess of the time horizon for

large turnover resources. Also in an infinite horizon model we should expect

resources with fewer remaining years of the stock to grow faster than those

with many remaining years.

The results are presented in figure 2.11 in appendix C. Looking at the left

hand side schedules the coefficient a2 obtains its largest value, has the lowest

p-value and the residuals are minimized at T = 40. The right hand side

schedule shows the observations and the average yearly growth rate when

grouping observations of similar remaining years to exhaustion (τ ± 20). By

occular inspection, also this suggests a cutoff at T = 40 being reasonable.

Below 40 remaining years, there are many observations which exhibit a rather

high price growth whereas, for the observations with more remaining years,

price growth is more centered around zero45.

2.8 Calibration to the oil market

Section 2.6 showed under what conditions a progressive finite time model

replicates the overall historical trends of most resource markets – i.e. a

long period of increasing extraction and non-increasing prices. This section

aims at testing whether the model fits the price and extraction of oil for

the period 1949-2009. For this purpose, the larger model of section 2.6 will

be applied. Data will be used for all parameters and variables only letting

the oil extraction and price be endogenously determined by the model. The

only parameters which are not available from previous research and public

data are the time horizon, the technological improvements in mining and

the curvature of the mining cost function. The mining technology and the

cost curvature will be chosen for the model to match the extraction and price

data as well as possible, while the time horizon will be based on the empirical

results in the previous section.

45Although it is not entirely clear whether this comes just from higher variance of the
observations.
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2.8.1 Data and parameter values

In order to perform the calibration, a number of parameter values and data

are needed. A difficulty here is that while oil prices and scarcity are deter-

mined on the world market, many parameter values, most notably on the

demand side, are not available on an aggregate global level. To circumvent

this problem, the model is calibrated to the US economy and then, based

on the US share of world oil consumption, the labor and capital inputs are

scaled accordingly. E.g. if the US consumes 50% of the world supply of oil in

a certain year, then the US labor and capital inputs are multiplied by two to

get the world economy. The implicit assumption underlying this procedure

is that the oil input for a unit of output is assumed to be the same globally

as in the US46.

To get the initial oil reserves in 1949, the oil consumption from 1949-

2009 is added to the remaining reserves in 2010 - i.e. 2.56 ∗ 1012 barrels47.

Thus, it is assumed that the beliefs about the reserves in 1949 were about

equal to those manifested in 2010 and that the reserves reported in 2010 are

representative of the true beliefs of the market48.

For most parameters and time series, the calibration uses the same values

as those used by Hassler et al (2011)49. Using US data on energy consump-

tion, labor, capital and output they calibrate the time series for energy saving

technology and labor/capital augmenting technology50. They also calibrate

the elasticity of substitution between energy and capital/labor to be close to

46The US share of world oil consumption starts at around 55% in 1949 and gradually
falls to 22% in 2009

47Data from BP’s statistical review of world energy from 2011 can be obtained at
www.bp.com. Consumption data is not available on the US level prior to 1965. To get US
oil consumption from 1949 the trend from 1965 onwards is extrapolated backwards. The
estimated reserves in 2010 are roughly equal in size to the amount consumed from 1949
to 2009.

48Instead assuming that the beliefs of the stocks is what was reported in that year makes
no difference. Up until 1997 the resource constraint is not binding anyway.

49I am grateful to Conny Olovsson for supplying their data and results. The prices, costs,
reserves and inputs obtained from other sources were deflated appropriately to match the
units from Hassler et al’s paper.

50Energy consumption from the US Energy Information Administration (EIA), labor
from the Bureau of Labor Statistics (BLS) and capital and output from the Bureau of
Economic Analysis (BEA).
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zero which means that production is close to a Leontief specification. Hence,

I will use σ = 0.05.51 To match the US energy share of output, γ is chosen

to 5% and using a standard capital to labor ratio, α is set to 30%.

The subjective discount factor β is chosen to 0.95, i.e. a yearly discount

rate of 5% and a CRRA utility function is used with a risk aversion constant

of 1.

The three most important calibration choices pertain to the time horizon,

to the amount of alternative energy inputs (R in equation 2.27) and the

extraction costs. The time horizon is important since it will determine when

the shift to the scarcity phase will occur and thus when prices will start to

rise.

Following the previous empirical tests and guessing that the oil market

has a longer horizon than the average commodity, the time horizon T is

chosen to 40 years. A least squares MLE estimation will also be performed

to find out which time horizon that best matches the model with the data.

The amount of alternative energy inputs is important mainly since it will

affect how hard scarcity of oil will hit the economy when the oil reserves

eventually start binding. A smaller amount of alternative energy implies a

steeper price increase when scarcity hits. Data for the oil share of energy in

the US in each year is taken from the Energy Information Administration52.

Thus, R is the remaining share.

Finally, the extraction costs need to be calibrated. The functional form

will be Mt = Eθ
t /Am,t. Three parameter choices need to be made here.

First, θ catches the curvature of costs with respect to the amount extracted

in a single year. Second, gm,t = (Am,t+1 − Am,t) /Am,t, represents how fast

the mining technology evolves. Data on these two parameters is not readily

available or easily calibrated. For simplicity, I will assume that both of

them are constant. The model will be simulated multiple times to see which

parameter combination – θ and gm – that best fits the data and how sensitive

the results are to changes in these parameters. As it will turn out, the choice

of these parameters is not very important, within reasonable bounds. Third,

51Hassler et al get a match of σ between 0 and 0.05 with a best fit of 0.02.
52Yearly data was used but in general it oscilates around 40%.
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the mining technology level needs to be pinned down. Also this value is

scarcely attainable. But, given that we have chosen a value for θ and gm,

it is enough to know the average mining costs and the amount extracted in

one year and deduct the mining technology level in all other years from that.

Although far from perfect, the best available source for the average mining

cost for various regions that I have found comes from a recent online news

article by Reuters53. They give estimates of the average extraction costs

(operating and capital costs) in the most important oil producing countries.

They base their estimates on the International Energy Agency world report

from 2008 and on interviews they have conducted with various oil companies.

Weighing the average extraction costs by the size of the reserves in that

country, the average global extraction cost is set to 12$/barrel in 200854.

2.8.2 Results

In figure 2.7, the oil consumption and the price are compared to data55. The

best fit is obtained with θ = 1.1 and gm = 1.5%. A first remarkable result

is that the model’s oil consumption path closely follows that obtained from

data for the first 30 years. This is largely due to the choice of near Leontief

production which essentially does not leave much freedom in choosing oil

consumption to be anything else than what matches the data on capital, labor

and technologies. Thus, the real test of the model comes in how well it does

in matching the price of oil. As can be seen, the model’s price closely matches

the downward sloping price trend in the years before the first oil crisis. It

also predicts the sudden change of trend observed in 1998 and follows the

sharply increasing prices thereafter. What the model cannot explain is the

sharp price increase in 1972-1981 and the subsequent decrease in 1982-1986

53http://www.reuters.com/article/2009/07/28/oil-cost-factbox-
idUSLS12407420090728

54E.g. the average cost per barrel was estimated to 4-6$ in Saudi Arabia, 15-30$ in
Nigeria and 20$ in Venezuela. Instead looking at the Energy Information Administration’s
(2011) report on performance profiles of energy producers suggests average extraction costs
(or lifting costs) at a slightly lower level of 8-9 $/barrel.

55The real domestic First Purchase Price for the US is used. Data available at
www.eia.gov.
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– also known as the oil crisis. However, although there is an ongoing debate

about what the most important reasons for the oil crisis were, there seems to

be a consensus that it had little to do with resource scarcity. Rather, a mix

of failing price limitations, monopoly power, monetary expansion and wars

in the middle east seem to explain these particular historical events56. As

none of these market imperfections are included in the model of this paper it

would indeed be surprising had the model any predictive power during those

years.
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Figure 2.7: The progressive finite time model calibrated to the oil market.
θ = 1.0, gm = 1.5%, Extraction cost per barrel in 2008 =12$, T = 40.

A sensitivity analysis is now in place. Firstly, varying the extraction cost

parameters of θ and gm does not alter the model results to any consider-

able extent as long as θ remains between 0.7 and 1.3 and the technological

improvement in mining is kept between zero and three percent annually.

Depending on the exact values, we may get a price which is closer to con-

stant in the earlier years and a slight change of the slope after 1998. Thus,

it seems that the extraction costs are roughly linear and that mining tech-

nology has improved at a low to medium rate57. If instead we change the

56See for example Barsky & Kilian (2002), Hamilton (2003), Barsky & Kilian (2004)
and Kilian (2009) and references therein.

57Implicitly, when matched with data, the parameter gm also catches the possibility
that extraction costs may go up as extraction is made deeper in the ground, at sea or at
more remote locations.
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average cost production to be below 12$ in 2008, the main effect is to shift

the price schedule uniformly downwards while the broad shape of first slowly

decreasing prices and then sharply increasing prices around 1998 remains.

Finally, with regard to the choice of time horizon, it mainly affects the

timing of the price increase but not the groth rate before or after58. A

standard least squares MLE was obtained using the following procedure .

First the simulation was rerun varying the time horizon from 30 to ∞.59 The

time horizon with the smallest squared residuals, when comparing the time

path of price from the the models with that of the data, is then the MLE

and was obtained for T = 38. I.e. close to the 40 years obtained from the

first rough guess in the empirical section60. For an overview of the results see

figure 2.12 in appendix C. An interesting comparison can be made with the

infinite horizon model. Simulating such a model and varying the parameters

θ and gm yields a price path which is slowly increasing from about 1960 and

onwards (see figure 2.8). The infinite horizon model thus predicts that the

price increase should happen about 35-40 years too early. For such a story

to be reasonable, one would need to believe that the oil crisis was indeed an

indication of scarcity and that the U-shape of the oil price in 1981 to 2008

was due to some anomaly. .

58Choosing a time horizon of 30 years will roughly delay the break in the price trend
by about ten years and choosing a horizon of 50 years will incur a break about ten years
earlier.

59In practice already 80 years, in all essentials, is the same as an infinite horizon in this
calibration. The infinite horizon calibration was done using a single finite time problem
of 200 years. The important issue in calibrating the infinite horizon model is that the
resource constraint is binding already in 1949.

60For robustness, the residuals were also computed under the freedom of changing the
level of the price path. I.e. the whole price path was shift for each simulation to be as
close to data as possible on average. This is in order for the qualitative shape to drive
the MLE results rather than level effects. The residuals were also computed when leaving
out the years of the oil crisis and when extrapolating the data from before and after the
get rid of the peak during that period. Roughly the same MLE was obtained, although
usually smaller by a few years.
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Figure 2.8: Calibration results of the infinite horizon model. Average ex-
traction cost in 2008 = 12$/barrel. Best fit obtained using θ = 0.9 and
gm = 0%.
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2.9 Concluding discussion

This paper has shown that a seemingly simple assumption, that of the time

horizon of economic agents, has important consequences when modeling ex-

haustible resources but hardly makes any difference when modeling capital.

The initial models are kept as simplistic as possible in order to highlight

this point. In a more complete model, it is shown that progressive finite

time can explain why the extraction of resources has been increasing over

the last century while prices have been decreasing or have remained con-

stant. It also explains the empirical finding that there is not a correlation

between price growth and interest rate. This model is also consistent with all

standard observations of capital accumulation, output, consumption, interest

rates and labor wage. Empirical tests using sudden changes in resource stocks

lend support to the progressive finite time assumption and consistently reject

the infinite horizon assumption. Furthermore, the model shows significant

predictive power when calibrated to the oil market.

One question that may arise is how economic agents value keeping reserves

past their forecasting horizon. It was shown that attaching a final value to

the stock does not by itself alter the main results. Rather, it depends on

how this final value changes over time. Furthermore, it was shown that even

though there is a qualitative difference between progressive finite time and

an infinite horizon in exhaustible resource models, progressive finite time

expectations will be time-consistent since constant prices are both expected

and realized. Resource owners will not get the opportunity to learn from

experience that making finite plans is not optimal.

It is not only capital accumulation models that show similar results with

both infinite and progressive finite time. Also a model where agents consume

some wealth with which they are initially endowed will have this property.

Here, the difference will be that consumption will fall slightly faster within

a progressive finite time model as compared to one with an infinite horizon.

The outcome of the progressive finite time model will look much like an

infinite time model with slightly more impatient agents. It may be the case

that in earlier evaluations of capital and wealth models, progressive finite
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time behavior has been confused with impatience since, as far as outcomes

go, they are usually hard to tell apart.

A common expectation is that if prices were to rise, a substitute for

the resource would be searched for and eventually found. But if the trend

and level of the resource price do not reflect the scarcity of the resource,

which is the case with progressive finite time, this search will be initiated too

late. Scarcity may then become a serious limitation to the economy before a

substitute resource or technology has been found.
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2.A Appendix A – Further discussion of pro-

gressive finite time

2.A.1 A formal description

For each q ∈ [0,∞) the representative agent forms a plan and executes its

first period. Let C denote the control variable of consumption and X a

possibly singular set of state variables. Moreover, let the subscript letter

denote the date from which the plan is formulated and the letter within

parenthesis denote the date within the plan. A plan formulated at q is

then a set
[
C∗

q (t) ,X∗
q (t + 1)

]T
t=q

that satisfies max

T∑

0

βtU(Cq(t)) subject

to Xq+1 = Xq+1 (Cq(t),Xq (t)) , the initial condition Xq (q) and appropriate

terminal conditions applied to Xq (T ). The actual outcome is then a set[
C̃q (q) , X̃q (q + 1)

]∞
q=0

, i.e. a sequential implementation of the first period

of each plan.

2.A.2 Experimental evidence

Shortsightedness and underestimation of future values has support in exper-

imental research. Hey & Knoll (2007) show that many people do not plan

ahead even when the intertemporal problem is simple to solve. Instead, they

maximize their current payoff and attribute no value to future outcomes (Hey

& Knoll, 2007; Bone et al, 2009). Regarding the time inconsistency prob-

lem, this research shows that people are unable to predict their own behavior

(Hey, 2002) and that they themselves do not assume that their own future

behavior will be rational (Carbone & Hey, 2002). Moreover, the ability to

backward induct properly is limited (Johnson et al, 2002) and the subjects

in these experiments do not necessarily learn from experience (Bone et al,

2009).
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2.A.3 Possible behavioral explanations

Do agents really have full information up until a certain point in time and

then no information beyond? This is obviously a simplification. This sec-

tion will discuss behavioral mechanisms pointing towards a progressive finite

time horizon and roughly sketch a few more elaborate ways of modeling it.

However, the simplification made in this paper carries no obvious bias, since

the driving mechanism is that the plan is being finite and not whether there

is some uncertainty within the plan.

This said, it may be more realistic to have uncertainty gradually increas-

ing with time but going to infinity within finite time. Another alternative

mechanism is to have agents ignore all outcomes with a low enough proba-

bility to endogenize progressive finite time.

A further option is the concept of ambiguity aversion which also points

towards agents using progressive finite time. It has been shown that people

generally avoid gambling on, and assign low values to, lotteries where they

cannot assess the probability distribution (e.g. Ellsberg, 1961; Gilboa &

Schmeidler, 1989). In a progressive finite time context, this corresponds to

preferring to use the assets in the near future, where the outcomes are either

known or can be assessed by probabilities, than to use them in the far future

where one does not have the information to even form expectations. This is

at least numerically easily verified in a simple two-period model of resource

extraction with ambiguity aversion, fearing that a backstop will make the

resource worthless. If the probability distribution of the backstop appearing

is unknown, the resource owner will want to leave no resources for later.

Related to this is a study by Gneezy et al (2006). They show that the

certainty equivalence of a lottery can be lower than the worst outcome of that

same lottery. In a progressive finite time setting, this would be equivalent to

believing that the continuation value of the asset is negative.

Another possible explanation for a finite horizon may be that finding and

processing information is costly. When working on forecasts, at some point

an agent has to decide to stop looking further into the future and how to

treat the unknown beyond. One could possibly model the additional gains



70 CHAPTER 2. RESOURCES AND TIME HORIZON

from information and compare them to the costs.

If, instead, one were to assume that agents do not at all care about

the utility in the very long run but are not constrained by information, the

natural resource results of progressive finite time collapse. This is due to the

fact that these agents do care about the price of their assets tomorrow which,

in itself, is determined by the price the day after and so on (see Agnani et

al, 2005). In this way, the outcomes of the infinite future unfold back to

today even though today’s agents may not directly care about this. Thus,

the distinction in progressive finite time is of agents being myopic due lack

of information rather than lack of care.

On a theoretical basis, one may well point out the time inconsistency

in a person having a plan that (s)he knows might change tomorrow. The

question is then why the change is not made already today. But, it would

indeed be impossible to know how the plan will be updated tomorrow if one

does not have tomorrow’s information already today. For a discussion on

this, see Dequech (2001) or Dunn (2001). The notion of rationality mostly

used in economics works well in the setting of decision making under risk,

meaning that agents know the possible outcomes and can assign probabilities

to them, as described by Friedman & Savage (1948). However, if economic

decisions need to be made under Knightian uncertainty (Knight, 1921), i.e.

without knowing the outcome space and/or the probability distribution, the

standard notion of rationality is hardly applicable. In addition, the dynamic

inconsistency will, as shown in this paper, be fairly small in most cases

making progressive finite planning a fairly accurate rule of thumb for most,

also in hindsight.

2.B Appendix B – Analytical results

2.B.1 Empirical predictions

Proof of proposition 2.4

As a guide to how to understand the upcoming proof, we can note that

the proposition pertains to how the price reacts to changes to the forecasted
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years to exhaustion. Thus, it is related to variables within the plan. The

proof will therefore use the plans rather than the outcomes.

We start with the ”if” part of τ
(
S̃q

)
< T. Backward induction of (2.19)

and (2.17), with concavity of F , imply that τ
(
S̃q

)
is weakly increasing in

S̃q (weakly because τ is an integer). Lemma 2.3 gives that dp̃q

dS̃q
< 0. Thus,

since τ
(
S̃q

)
is increasing only if S̃q is increasing and p̃q is decreasing iff S̃q

is increasing, p̃q is decreasing if τ
(
S̃q

)
is increasing. Now for the ”only if”

part. Suppose τ
(
S̃q

)
≥ T , then equation (2.16) applies. Here Ẽq = Emax is

independent of S̃q and thus p̃q is independent of S̃q.�

Proof of lemma 2.3

Start with the ”if” part of S̃∗∗
q+1 ≥ TEmax, then by equation (2.16)

p̃∗q+1 = p̃∗t = p̃∗∗q+1 = p̃∗∗t = B which implies that
p̃∗q+1−p̃∗t

p̃∗q
=

p̃∗∗q+1−p̃∗∗q

p̃∗∗q
= 0.

Now for the ”only if” part. Suppose first that TEmax > S̃∗
q+1 > S̃∗∗

q+1.

Define λ
(
S̃q

)
≡ p̃q − B. Then p̃q+1−p̃t

p̃q
=

λ̃(S̃q+1)+B

λ̃(S̃q)+B
− 1. We know that

dλ(S̃q+1)
dS̃q+1

=
dp̃q+1

dS̃q+1
< 0 when TEmax ≥ S̃∗

q+1(lemma 2.3, second statement).

Thus, D ≡ λ
(
S̃q+1

)
/λ
(
S̃q+1 + Ẽq

)
> 1 (note that this holds also in the

special case of S̃q+1 + Ẽq > TEmax, then λ
(
S̃q+1 + Ẽq

)
= 0, with the con-

vention that limλq→0 λq+1/λq = ∞). Using D, the price growths are unequal,
λ(S̃∗

q+1)D+B

λ(S̃∗

q+1)+B
<

λ(S̃∗∗

q+1)D+B

λ(S̃∗∗

q+1)+B
, since

dλ(S̃q+1)
dS̃q+1

< 0 (proposition 2.3, second state-

ment). Second, suppose S̃∗
q+1 ≥ TEmax > S̃∗∗

q+1, then by the same steps as

previously
p̃∗∗q+1−p∗∗q

p̃∗∗q
>

p̃∗q+1−p̃∗t
p̃∗q

= 0. This concludes the ”only if” part and thus

the proof.�

Proof of corollary 2.4

The first part follows from the ”only if” part of the proof of proposition

2.3 and that only if S̃∗
t > S̃∗∗

t then τ ∗
t > τ ∗∗

t (see the proof of lemma 2.4). The

second part follows from the ”if” part of the proof of proposition 2.3. The

third part follows directly from proposition 2.3 and its proof where it is shown

that, at S̃q+1 = TEmax,
d

p̃q+1−p̃t
p̃q

dS̃q+1
= 0 for increases of S̃q+1 and

d
p̃q+1−p̃t

p̃q

dS̃q+1
< 0

for decreases of S̃q+1.�
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2.B.2 Immunity to learning

For conservation of space the following proofs will be displayed using a social

planner framework. It is easily verified that a perfect competition setting

and a social planner setting yield identical results in standard capital ac-

cumulation and resource problems in both infinite and finite time. Hence,

the following results regarding immunity to learning are generalizable to a

competitive setting.

Definition 2.1 An equilibrium at q is said to be immune to learning of order

τ if a price forecast made at q about τ equals the realization, pq(q + τ) =

pq+τ (q + τ), and Xq (q + τ) = Xq+τ (q + τ), where Xq (q + τ) is the planned

state variable at time q + τ and Xq+τ (q + τ) is the realized state variable at

q + τ .

Proposition 2.5 Progressive finite time in a capital accumulation model

(presented in section 2.3) is immune to learning of the order ε, where ε

is the time distance between the making of two plans.

The following proves the proposition above. A general result that can be

confirmed by any graduate textbook in economics is the following.

Lemma 2.5 Consider the following two problems, differing only by T > T ′.

1.

max

q+T∫

q

e−ρtU (C (t)) dt

K̇ (t) = F (K (t)) + δK (t) − C (t)

K (q) given, K (q + T ) ≥ 0
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2.

max

q+T ′∫

q

e−ρtU (C (t)) dt

K̇ (t) = F (K (t)) + δK (t) − C (t)

K (q) given, K (q + T ′) ≥ 0

Then K∗ (t) of problem 1 is strictly greater than K∗ (t) of problem 2

for all t < T . Likewise F ′ (K∗ (t)) from problem 1 is strictly smaller

than F ′ (K∗ (t)) of problem 2.

Another well known result is that the solution to such finite horizon cap-

ital problems is time consistent. In the setting of progressive finite time

it implies that a capital accumulation plan would be time consistent if it,

hypothetically, would be carried out in its entirety. Stated differently:

Lemma 2.6 A single progressive finite time plan in a capital accumulation

model is internally time consistent.

Consider a single plan in a progressive finite time setup. Denote K̃q (q + ε)

the planned capital stock a period after making the plan (subindex q denotes

that the plan was made at time q). By construction, in the setup of progres-

sive finite time the implemented capital at q + ε (denoted K∗
q (q + ε)) is also

equal to the planned capital, i.e.

K̃q (q + ε) = K∗
q (q + ε) .

This implies that the realized interest rate is equal to the expected in that

period.

By lemma 2.6 we know that:

Lemma 2.7 K̃q (q + ι) = K̂q+ε (q + ι) (2ε > ι > ε) where K̂q+ε (q + ι)

comes from problem 2 with K∗
q (q + ε) as the initial capital stock and with

T ′ = T − ε.
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But in progressive finite time, at q + ε, a new plan is made maximizing

over T periods, taking Kq+ε (q + ε) = K∗
q (q + ε) as given. The solution to

this problem is a plan and implementation of the first period of the plan

such that K̃q+ε (q + ι) = K∗
q+ε (q + ι). By lemma 2.5 and lemma 2.7 we can

conclude that K∗
q+ε (q + ι) 6= K̃q (q + ι) = K̂q+ε (q + ι) which also implies

that the realized interest at q + ι is not equal to what was prognosticated at

time q. This concludes the proof. �

Proposition 2.6 Progressive finite time in an exhaustible resource model

(presented in section 2.4) is:

1. in the first phase (i.e. the resource constraint does not bind) immune

to learning of order χ where outcomes at q + χ are realized within the

first phase,

2. in the second phase (i.e. the resource constraint is binding) immune to

learning of order ε, where ε is the time distance between the making of

two plans.

The following proves part 1 of the proposition.

The prognosticated extraction and price is constant in the first phase and

equal to the extraction in the first period. Let ˜denote a plan and * denote

an outcome, then Ẽq (q + ι) = E∗
q (q) ∀ι ∈ [0, T ] where E∗

q (q) is given by

F ′
(
E∗

q (q)
)

= M ′
(
E∗

q (q)
)
. An period ε later a new plan is made. Given

that the resource constraint is not binding this plan and prognosis will be

that extraction and prices are constant and equal to the realized extraction

and prices in the first instant: Ẽq+ε (q + ι) = E∗
q+ε (q + ε) ∀ι ∈ [ε, T + ε]

where E∗
q+ε (q + ε) is given by F ′

(
E∗

q+ε (q + ε)
)

= M ′
(
E∗

q+ε (q + ε)
)
. This

implies that E∗
q+ε (q + ε) = E∗

q (q) and that Ẽq (q + ι) = Ẽq+ε (q + ι) and

that Ẽq (q + ι) = E∗
q+ι (q + ι) for all ι such that a plan made at q+ ι does not

have a binding resource constraint. This also implies that F ′
(
E∗

q+ε (q + ε)
)

=

F ′
(
E∗

q (q)
)

and that F ′
(
Ẽq (q + ι)

)
= F ′

(
Ẽq+ε (q + ι)

)
and that

F ′
(
Ẽq (q + ι)

)
= F ′

(
E∗

q+ι (q + ι)
)
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for all ι such that a plan made at q + ι does not have a binding resource

constraint. �

The following proves part 2 of the previous proposition.

A general result that can be easily confirmed by textbooks in resource

economics is the following.

Lemma 2.8 Consider the following two problems, differing only by T > T ′.

1.

max

q+T∫

q

e−ρtU (C (t)) dt

C (t) = F (E (t)) − M (E (t)) ,

Ṡ (t) = −E (t) S (t) ≥ 0 S (q) given

2.

max

q+T ′∫

q

e−ρtU (C (t)) dt

C (t) = F (E (t)) − M (E (t)) ,

Ṡ (t) = −E (t) S (t) ≥ 0 S (q) given

Then, provided that S (t) ≥ 0 is binding in both problems, E∗ (t) of prob-

lem 1 is strictly smaller than E∗ (t) of problem 2 for all t < T ′. Likewise

F ′ (E∗ (t)) from problem 1 is strictly smaller than F ′ (E∗ (t)) of problem 2

for all t < T ′.

Another well known result is that the solution to such a finite horizon

exhaustible resource problem is time consistent. In the setting of progressive

finite time it implies that an extraction plan would be time consistent if it,

hypothetically, would be carried out in its entirety. Stated differently:

Lemma 2.9 A single progressive finite time plan in a resource extraction

model is internally time consistent.



76 CHAPTER 2. RESOURCES AND TIME HORIZON

Consider a single plan in a progressive finite time setup. Denote S̃q (q + ε)

the planned stock an instant after making the plan (subindex q denotes that

the plan was made at time q). By construction, in the setup of progressive

finite time extraction in the first instant is equal to the planned extraction

and thus

S̃q (q + ε) = S∗
q (q + ε) .

By lemma 2.9 we know that:

Lemma 2.10 Ẽq (q + ι) = Êq+ε (q + ι) (2ε > ι > ε) where Êq+ε (q + ι)

comes from problem 2 with S∗
q (q + ε) as the initial resource stock and with

T ′ = T − ε.

But in progressive finite time, at q + ε, a new plan is made maximiz-

ing over T periods, taking Sq+ε (q + ε) = S∗
q (q + ε) as the initial resource

stock. Lemma 2.8 and lemma 2.10 imply that E∗
q+ε (q + ι) 6= Ẽq (q + ι) =

Êq+ε (q + ι). �

2.B.3 Full model - basic results

Lemma 2.11 If K > 0 then lim
E→0

HE (E) > 0.

Proof. There are a few cases depending on R and σ. When R = 0, for σ < 1

we have that σ−1
σ

< 0 which implies that lim
E→0

HE = lim
E→0

H (E)1/σ G (E)
σ−1

σ 1−γ
E

=

lim
E→0

(1 − γ) A
σ−1

σ
NR︸ ︷︷ ︸

0< <1




0< <∞︷ ︸︸ ︷

γ

(
F

E

)σ−1
σ

︸ ︷︷ ︸
=0

+ (1 − γ) A
σ−1

σ
NR︸ ︷︷ ︸

0<




<0︷ ︸︸ ︷
1

σ − 1

︸ ︷︷ ︸
>0

which is larger than 0.

For σ = 1 we have that lim
E→0

HE = lim
E→0

H (E) 1−γ
E

= ∞ since H (E) is Cobb-

Douglas. For σ > 1 we have that σ−1
σ

> 0 which implies that lim
E→0

HE =

lim
E→0

(1 − γ) H (E)1/σ

︸ ︷︷ ︸
>0

A
σ−1

σ
NR︸ ︷︷ ︸
>0

E−1/σ
︸ ︷︷ ︸

=∞

= ∞. When R > 0, H (0) > 0, G (0) > 0,
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0 + R > 0 which implies that lim
E→0

HE = lim
E→0

H (E)1/σ G (E)
1−σ

σ 1−γ
E+R

> 0.

Thus, for all possible cases lim
E→0

HE (E) > 0.

Lemma 2.12 If K > 0 then lim
E→∞

HE (E) < ∞.

Proof. There are a few cases depending on σ. For σ < 1 we have that
σ−1

σ
< 0 which implies that lim

E→∞
G (E)

σ−1
σ = 0, lim

E→∞

H(E)1/σ

E+R
=

= lim
E→∞


γF

σ−1
σ (E + R)1−σ

︸ ︷︷ ︸
=∞

+ (1 − γ) A
σ−1

σ
NR (E + R)

−(σ−1)2

σ

︸ ︷︷ ︸
=0




<0︷ ︸︸ ︷
1

σ − 1

︸ ︷︷ ︸
=0

= 0 which

implies that lim
E→∞

H(E)1/σ

E+R
G (E)

1−σ
σ (1 − γ) = 0. For σ = 1 we have that

σ−1
σ

= 0 which implies that lim
E→∞

HE = lim
E→∞

H (E) 1−γ
E+R

= 0 since H (E)

is Cobb-Douglas. For σ > 1 we have that σ−1
σ

> 0 which implies that

lim
E→∞

HE = lim
E→0

(1 − γ) A
σ−1

σ
NR︸ ︷︷ ︸

0< <∞




0< <∞︷ ︸︸ ︷

γ




F

E + R︸ ︷︷ ︸
=0




σ−1
σ

︸ ︷︷ ︸
=0

+ (1 − γ) A
σ−1

σ
NR︸ ︷︷ ︸

0< <∞




>0︷ ︸︸ ︷
1

σ − 1

︸ ︷︷ ︸
0< <∞

E→∞

∈ ]0,∞[.

Thus, for all possible cases lim
E→∞

HE (E) < ∞.

Proposition 2.7 If S0 is sufficiently large, then there exist two economic

phases. The first phase is defined by

T∑

t=0

E∗
q+t < Sq. The second phase is

defined by
T∑

t=0

E∗
q+t = Sq.

Proof. For the first phase, letting Sq → ∞, lim
E→∞

∂M
∂E

= ∞ and Lemma 2.11

imply that if

T∑

t=0

E∗
q+t = Sq then the marginal extraction cost is higher than

the resource price (which equals marginal productivity since the production
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sector is competitive) which clearly violates optimality, thus
T∑

t=0

E∗
q+t < Sq.

For the second phase, letting Sq → 0, M ′ (0, AM) = 0 and Lemma 2.12 imply

that the marginal extraction cost is below the resource price and that is would

be profitable to extract more, thus the resource constraint must be binding

T∑

t=0

E∗
q+t = Sq.

2.B.4 The non-scarcity phase

For the problem (2.24-2.31) and q such that
T∑

t=0

Eq+t < Sq the terminal

condition is given by Cq+T = maxH (Eq+T , Kq+T ) − M (Eq+T ). With com-

petitive firms (p = HE) it has a unique solution when

HE (Eq+T , Kq+T ) = M ′ (Eq+T ) (2.35)

This equation can be solved to get Ẽq+T = Ẽq+T (Kq+T ) (where ˜ indicates

that Ẽq+x is a function of Kq+x). Using backward induction, planning for

time T −1 and backwards until t = 0, the full plan at time q is characterized

by the following set of equations for t = 0...T − 1.

Kq+T+1 = 0

Cq+T = pq+T

(
Ẽq+T + R

)
+ rq+T Kq+T + wq+T − M

(
Ẽq+T

)
+ (1 − δ) Kq+T

M ′
(
Ẽq+T

)
= HE

(
Ẽq+T , Kq+T

)
(2.36)

U ′ (Cq+t) = βU ′ (Cq+t+1) [rq+t+1 + (1 − δ)] , (2.37)

M ′
(
Ẽq+t

)
= HE

(
Ẽq+t, Kq+t

)
= pq+t

Cq+t = pq+t

(
Ẽq+t + R

)
+ rq+tKq+t + wq+t − M

(
Ẽq+t

)
− Kq+t+1 + (1 − δ)Kq+t

(2.38)

px = HE

(
Ẽx, Kx, Lx

)
, rx = HK

(
Ẽx, Kx, Lx

)
, wx = HL

(
Ẽx, Kx, Lx

)
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One such set of equations will be solved for each current time period (q) as

long as
T∑

t=0

Ẽq+t < Sq. For T − 1 ≥ t > 0 the equations describe a plan for

how to choose Ẽq+t, Kq+t and Cq+t while for t = 0 they describe the true

outcome, i.e. Ẽq, Kq and Cq.

For the use of exhaustibles the actual evolution over time is HE (Eq, Kq) =

M ′ (Eq), HE (Eq+1, Kq+1) = M ′ (Eq+1) and so on. From these expressions we

can note that the extraction of the exhaustible resource is determined fully

by the current state of capital (and technology). Thus, during this paradigm

there is no intertemporal choice of how much of the exhaustible resource to

use. Using this and the next lemma we can establish the subsequent results.

Lemma 2.13 HEE ≤ 0 ∀ E.

Proof. It can be shown that

HEE = − (1−γ)γ
σ

A
σ−1

σ
NR

[
γ
(

F
E+R

)σ−1
σ + (1 − γ)A

σ−1
σ

NR

] 2−σ
σ−1

F
σ−1

σ (E + R)
σ−1

σ ≤
0 ∀ R, E and σ.

Proposition 2.8 If at time q the plan is such that

T∑

t=0

Eq+t < Sq, then there

exists a unique equilibrium where Eq > 0.

Proof. That there exists an equilibrium follows from lim
E→0

M ′ (E) = 0, lim
E→∞

M ′ (E) =

∞, lim
E→0

HE (E) > 0, lim
E→∞

HE (E) < ∞ , together with HE and M ′ being con-

tinuous in R+ and the intermediate value theorem. Uniqueness follows from

M ′′ > 0 ∀ E and HEE ≤ 0 ∀ E (Lemma 2.13). That there is no equilibrium

when E = 0 follows from lim
E→0

M ′ (E) = 0 and lim
E→0

HE (E) > 0.

Let pq denote the price of exhaustibles at time q.

Corollary 2.9 All else equal; ∂Eq

∂AM,q
> 0, ∂pq

∂AM,q
< 0; ∂Eq

∂AL,q
> 0, ∂pq

∂AL,q
> 0;

∂Eq

∂Kq
> 0, ∂pq

∂Kq
> 0; if σ ≥ 1 then ∂Eq

∂ANR,q
> 0 and ∂pq

∂ANR,q
> 0.

Proof. We can start by noting in proposition 2.8 that in the two dimen-

sional plane of E and prices, HE will be intersecting M ′ from above. Thus,
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any downward shift of HE will cause E to increase and the unique intersec-

tion (the equilibrium price) to decrease and vice versa. Any upward shift of

M ′ will cause E to increase and the unique intersection (equilibrium price)

to increase and vice versa.
∂Eq

∂AM,q
> 0, ∂pq

∂AM,q
< 0: Follows from ∂M ′

∂AM
< 0 and the above statement;

∂Eq

∂AL,q
> 0, ∂pq

∂AL,q
> 0: When E > 0,

∂HE

∂AL
= (1 − γ)

γ

σ
A

σ−1
σ

NR
︸ ︷︷ ︸

>0

[
γ

(
F

E + R

)σ−1
σ

+ (1 − γ) A
σ−1

σ
NR

] 2−σ
σ−1

︸ ︷︷ ︸
>0

F
−1
σ

(E + R)
σ−1

σ

∂F

∂AL
︸ ︷︷ ︸

>0

>

0. The statement follows from this and the initial statement about shifts in

M ′ and HE;
∂Eq

∂Kq
> 0, ∂pq

∂Kq
> 0: Same approach as the previous proof;

That if σ ≥ 1 ∂Eq

∂ANR,q
> 0, ∂pq

∂ANR,q
> 0: Firstly, we can rewrite HE in

the following form HE = (1 − γ)

[
γ
(

F
E+R

)σ−1
σ A

(σ−1)2

σ
NR + (1 − γ) A

(σ−1)3

σ2

NR

] 1
σ−1

.

Secondly, when E > 0, the derivative is

∂HE

∂ANR
=

(1 − γ)

σANR
[·]

1
σ−1

−1

×
{

γ

(
F

E + R

)σ−1
σ

A
(σ−1)2

σ
NR (σ − 1) + (1 − γ)

(σ − 1)2

σ
A

(σ−1)3

σ2

NR

}
≥ 0

if σ ≥ 1 but ambiguous otherwise. The statement follows from this and the

initial statements about shifts in M ′ and HE.�

In equilibrium the price of resources is equal to the marginal extraction

cost. This implies that the profits for resource owners will be given by

π = EM ′(E, AM) − M(E, AM ) (2.39)

Proposition 2.10 In equilibrium, there will be strictly positive profits from

extracting resources.

Proof. Follows from (2.39) and convexity of M with respect to E.

For balanced growth to occur we need to restrict the functional forms such

that production is of Cobb-Douglas type (i.e. σ = 1) and that there is no
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renewable resource, R = 0, thus H = KγαA
(1−α)γ
L E1−γA1−γ

NR . Formally prov-

ing the convergence to balanced growth is generally hard since one would

have to analyze a sequence of plans. But, intuitively, since progressive fi-

nite time is a hybrid of finite and infinite time it is hard to imagine why

the economy would not converge to balanced growth. For the extraction

cost a tractable functional form that abides by the restrictions in (2.30) is

M (Eq,t) =
Eθ

q,t

AM,q,t
, θ > 1. In equilibrium HE = M ′, thus

E =

[
KγαA

(1−α)γ
L A1−γ

NR AM (1 − γ)

θ

] 1
θ−1+γ

(2.40)

Since θ > 1, it is immediate to see from (2.40) that extraction E is increasing

in all state variables. Assuming U = ln (c) and letting gL ≡ AL,q+1

AL,q
, gNR ≡

ANR,q+1

ANR,q
and gM ≡ AM,q+1

AM,q
and using (2.37), (2.38) and (2.40) we get expressions

for the growth rate of the endogenous variables.

Eq+1

Eq
= g

(1−α)γ
(1−αγ)θ−(1−γ)

L g
(1−γ)

(1−αγ)θ−(1−γ)

NR g
(1−αγ)

(1−αγ)θ−(1−γ)

M (2.41)

Cq+1

Cq
=

Mq+1

Mq
=

Hq+1

Hq
=

Kq+1

Kq
=

g
(1−α)γθ

(1−αγ)θ−(1−γ)

L g
(1−γ)θ

(1−αγ)θ−(1−γ)

NR g
1−γ

(1−αγ)θ−(1−γ)

M (2.42)

Proposition 2.11 In the first paradigm, if the economy is on a BGP and

gL, gNR, gM ≥ 1 then the extraction rate, capital, output and consumption

will be increasing exponentially.

Proof. Follows directly from the exponents in equations (2.41) and (2.42).

The trend of the resource price on a BGP in equilibrium is given by

M ′
q+1

M ′
q

= g
(1−α)γ(θ−1)

(1−αγ)θ−(1−γ)

L g
(1−γ)(θ−1)

(1−αγ)θ−(1−γ)

NR g
−γ(1−α)

(1−αγ)θ−(1−γ)

M (2.43)

Proposition 2.12 In the first paradigm, if the economy is on a BGP where

gL = gM = gNR > 1 then the price of exhaustibles is decreasing if γ−αγ
(1−αγ)

>
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(θ − 1), constant if γ−αγ
(1−αγ)

= (θ − 1) and increasing if γ−αγ
(1−αγ)

< (θ − 1).

Proof. Follows directly from the exponents on equation (2.43) .

2.B.5 Scarcity phase

For q such that the plan dictates

T∑

t=0

Eq+t = Sq, i.e. the resource constraint

(2.29) will be binding at t = T . Using backward induction applied to (2.24),

(2.28), (2.29) and (2.31), imposing a terminal condition of where no resources

or capital are left for T +1, we get the following set of equations defining the

plan for each current time period (q) within the paradigm.

Cq+T = pq+T (Eq+T + R) + rq+T Kq+T + wq+T − M (Sq+T ) + (1 − δ)Kq+T

Sq+T+1 = 0, Eq+T = Sq+T , Kq+T+1 = 0

Cq+t + Kq+t+1 = pq+t (Eq+t + R) + rq+tKq+t + wq+t − M (Eq+t) + (1 − δ) Kq+t

(2.44)

U ′ (Cq+t)

U ′ (Cq+t+1)
=β

pq+t+1 − M ′ (Eq+t+1)

pq+t − M ′ (Eq+t) − µq+t

(2.45)

rq+t+1 + (1 − δ) =
pq+t+1 − M ′ (Eq+t+1)

pq+t − M ′ (Eq+t) − µq+t
(2.46)

px = HE (Ex, Kx, Lx) , rx = HK (Ex, Kx, Lx) , wx = HL (Ex, Kx, Lx)

Here equations (2.44), (2.45) and (2.46) are for t = 0...T − 1. The actual

outcome in this paradigm is Sq, Kq and Cq for a sequence of q, q+1 etc. µq+t

is the multiplier on the resource constraint (2.29). For most cases the resource

constraint will be binding only in the last period, t = T . However, there are

cases when the resource constraint is binding also before. In particular, this

happens when there is a renewable substitute (R > 0) and T is large.

2.B.6 Beyond scarcity

We can begin by noting that as the use of exhaustibles decreases and extrac-

tion technology improves the cost of extraction will become irrelevant for the

total evolution. It is then immediate that with high substitutability (σ > 1)
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the long run growth of the economy as a whole depends on the progress of the

fastest of either labor augmenting or resource augmenting technical change.

This can be seen in the following expression of output growth, where the

larger of the resource capacity (G) or production capacity (F ) shapes the

output growth.

Hq+1

Hq
=



γF
σ−1

σ
q+1 + (1 − γ) G

σ−1
σ

q+1

γF
σ−1

σ
q + (1 − γ) G

σ−1
σ

q





σ
σ−1

When σ ≤ 1 there exist two cases - with or without a renewable substitute

R.

When R > 0 and E → 0 the model essentially becomes one of capital

accumulation in the presence of a fixed resource - e.g. land. Given gL ≡
AL,q+1

AL,q
> 1 and gNR ≡ ANR,q+1

ANR,q
> 1 the economy will grow at whichever of

these rates that is the lowest if σ < 1. While if σ = 1 and assuming U = ln (c)

there exists a balanced growth path where the following growth rates apply.

gk ≡ kq+1

kq
= gH = gc = g

1−γ
1−γα

NR g
(1−α)γ
1−γα

L

When instead R = 0 the prospect for long run growth is more ambiguous,

since the lowering of extraction has a decreasing effect on the economy. For

σ = 1 there exists a balanced growth path where growth or decline depends

on if the technological progresses are fast enough to outweigh the discount

rate. Note that an implicit assumption here is that the mining technology

progresses fast enough so that the mining cost plays no role, even if the

economy displays negative growth.

gE ≡ Eq+1

Eq
= (1 − γ) β

gk = gH = gc =
[
[(1 − γ)β]1−γ g

(1−α)γ
L g1−γ

NR

] 1
1−αγ

If σ < 1 the chances for growth are even smaller. In this case the effect

from the discount rate needs to be outpaced by the progress of resource
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augmenting technology alone.

2.C Appendix C - Numerical and empirical

results

2.C.1 A small infinite horizon agent in a progressive

finite time world

A possible perturbation to the model is to have a small agent who has an

infinite (or at least significantly longer) time horizon and therefore can foresee

that resource prices will eventually rise. Would it save its resources for the

future? The answer is that also it would extract as much as it can for a very

long initial phase. This is because it knows that prices will not increase for a

long time and any possible additional profits will be realized only far into the

future and are therefore largely discounted away today. It is only when the

market is approaching sufficiently near the change of phases that an infinite

horizon agent will lower its extraction, since only then arbitrage profits have

a high enough present value. Below is how such an agent would extract in

the full model simulation.
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Figure 2.9: Simulation of the extraction decision of a market with a ten
year horizon and how an atomistic resource owner with a 60 year horizon
(deviator) will choose to extract given this market. The simulation uses the
full model of section 2.6.
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2.C.2 Empirical and calibration results

Table 2.2: Summary statistics, 502 obs

min max mean median std
R/P 4 (Indium) cutoff at 200 52.8 40 43
∆S
S

-0.62 (Mercury, 2006) 3.9 (Graphite, 2002) 0.037 0 0.28
∆p
p

-0.84 (Tantalum,2000) 5.25 (Tantalum,1999) 0.074 -0.018 0.42
∆pcomp

pcomp
-0.37 (2008) 0.19 (1993) 0.0035 -0.0014 0.14

2.C.3 Empirical observations

Extraction and price paths of a few exhaustible resources (data from the US

geological survey and BP). For each extraction path a dashed trend line of

the type E = AeBt or E = AtB has been fitted to the real values through

calibration of A and B. For the prices seven year averages have been calcu-

lated (dashed). For tantalum only four year averages were used due to data

constraints.
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Figure 2.10: Results of multiple regressions of equation (2.33) using reserve
revisions of 5-50%.
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Figure 2.11: Results of multiple regressions of equation (2.34). Observation
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Figure 2.12: Price path of oil using various horizon lengths (T = 30...∞).
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Chapter 3

Optimal Forest Rotation under

Climate Change∗

3.1 Introduction

Climate change is predicted to change the workings of many ecosystems.

One example of such a change is that the growth of trees will change; in

some areas the rate is expected to increase whilst in others it is expected to

decrease or even cease. Early work on the problem of optimal forest rotation

was made by Faustmann (1849), Pressler (1860) and Ohlin (1917). They

characterized an optimal decision rule for how often a tree or a forest is to be

felled to yield maximum discounted profits. In their setting, the problem is

assumed to be stationary in the sense that once a forest is cut, the decision

maker faces the same problem as the last time that it was newly cut. Under

climate change, this assumption may no longer hold since the growth of the

trees is expected to change.

The rationale for adding a changing growth function is perhaps clear given

climate change, but this seemingly small addition substantially complicates

the analysis by undermining the repetitive nature of the original Faustmann-

Pressler-Ohlin approach. In our setting, climate change itself is assumed to

∗This paper is coauthored with Johan Gars, The Beijer Institute of Ecological Eco-
nomics. The authors would like to thank Anne-Sophie Crépin and seminar participants
at IIES and the Beijer Institute of Ecological Economics for helpful comments.
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be completely exogenous to the problem. Generally proving some properties

of how the decision rule changes over time seems hard since, as shown by our

numerical simulations, it behaves quite irregularly depending on the param-

eter settings. On top of these hardships, the uncertainty surrounding future

climate change implies that any prognosis of the future growth of trees will

both be costly to make and will most likely be inaccurate ex post. Hence, in

this paper, we attempt to answer the question whether, from the perspective

of a forest owner, it is worthwhile to try to construct a complete decision

rule taking future changes into account, or if a less costly rule of thumb can

be used. More precisely, we compare the profits from two different decision

rules. A ”first best” rule that includes information of all future changes to

the growth function and risk of fire and pests, and a ”näıve” rule that, at

every point in time, assumes that the climate, and thus the growth function

and risks, will be non-changing from then onwards. We calculate the rel-

ative loss of following the näıve rule instead of the optimal rule in a large

number of simulations and vary the parameters and how the growth of the

trees changes over time in each separate simulation. As a comparison, we

also look at the use of an ’ignorant’ rule that does not notice any change in

the environment and acts based on the conditions before the change starts.

The optimal rotation literature is vast and has covered many different ex-

tensions to the basic Faustmann-Pressler-Ohlin model (see Newman, 2002,

for a survey). Non-stationarity has been added through evolving prices and

costs (Newman et al, 1985, McConnel et al, 1983) or tax and subsidy possi-

bilities (van Kooten et al, 1995). The value of genetic modification has also

been analyzed (Löfgren, 1996). With regard to climate change, the optimal

rotation problem has been modified through evolving fire risk (Stollery, 2005)

and by optimizing not with respect to profits but with respect to minimizing

the carbon emissions (van Kooten et al 1995).

The structure of the paper is as follows. We start by presenting the

model and give it a recursive structure in section 3.2. Here, we also describe

the different decision rules. In section 3.3, we present some basic analytical

results that are necessary for the numerical simulations. In section 3.4, we

present the setup of the numerical simulations of the model and in section
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3.5 how the decision rules differ in terms of profit loss and the size of the tree

to be cut. Finally, section 3.6 concludes by discussing our results.

3.2 The model

The problem is formulated in discrete time, mainly to simplify the numerical

treatment of the problem. Discrete time also makes some sense realistically

since many firms actually follow a distinct cutting season1. Furthermore,

the benefit of a continuous time analysis only becomes apparent if a growth

function is used that takes seasonal fluctuations into account which is not

done here. The decision rules will be characterized by a minimum tree size

that the decision maker will choose to cut at every point in time. Climate

change is taken to be exogenous and, as such, the change of the growth

function is not affected by the endogenous decisions made by the agent.

Another effect of climate change could be an increased risk of fire or pests

destroying the wood. This is included in our simulations but, for clarity of

exposition, in the following we only describe the case of no risk of fire or pests

devastating the forest. The corresponding equations and theorems including

these types of risk can be found in Appendix A.

In relation to climate change, what changes the characteristics of forests

is not time itself, but rather changes to the surrounding environment – e.g.

temperature. However, what is relevant from the perspective of a forest owner

is arguably not what the temperature is but the timing of changes to the

forest dynamics. So, even though the driving mechanism is temperature, this

information is of little use from the owner’s perspective unless it corresponds

to some estimates of how this will affect the forest over time. Thus, letting the

growth function depend on calendar time rather than directly on temperature

is the more practical formulation.

1E.g. in northern countries, much of the cutting must be undertaken during the winter
season since heavy vehicles can then more easily travel over frozen ground.
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3.2.1 The basic setup

As in earlier work, the value for the owner of the forest is due to the possibility

of harvesting the trees and selling them. The price of wood is assumed to be

constant over time and given by p. The cost of harvesting is a constant, c,

for every harvest. It will be assumed that all trees are of the same age and

that they will all be harvested at the same time2. Since we assume that the

agent maximizes discounted profits and that there is no incentive for income

smoothing, the assumption of equal tree age makes no difference3.

In the standard models, the biomass of the forest is typically given as a

function of the age of the forest, that is, the time that has passed since the last

time the forest was cut down. That description will not be sufficient for our

setting where climate change affects the growth of the trees. Here, a forest

with a given amount of biomass, or of a certain age, will evolve differently

depending on which year it is, thus implying that the calender date is of

importance. Essentially, this means that we need one more state variable.

The state variables could potentially be chosen in different ways. We have

chosen current (calendar) time, t, and current biomass, Ft. Generally, we

can then write the evolution of biomass, in the absence of harvesting, as

Ft+1 = g(Ft, t)

where g is a growth function that is assumed to be bounded and weakly

increasing in Ft and to satisfy g(Ft, t) ≥ Ft.

In each period t, the forest manager faces the binary choice of either

cutting down the trees, Ht = 1 or leaving them for the future, Ht = 0. The

evolution of the biomass can then be written

Ft+1(Ft, Ht) = Htg(0, t) + (1 − Ht)g(Ft, t). (3.1)

The profit in period t is given by Ht (pFt − c) . That is, if the trees are cut

down, the profit is given by the income from selling the wood minus the

2Mitra and Wan (1985) describe the case of a forest with trees of different ages.
3A hidden assumption here is that there are no synergies between harvesting several

patches of forest simultaneously.
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harvesting cost, otherwise there is no profit.

The objective of the forest owner is to maximize the discounted profits,

and the maximization problem can therefore be written as

max
{Ht∈{0,1}}

∞∑

t=0

βtHt (pFt − c)

s.t. Ft+1 = (1 − Ht) g(Ft, t) + Htg(0, t) ∀t.

The timing choice here is such that harvesting takes place at the beginning

of a period and the trees then grow during the period until the next harvest

opportunity.

Using dynamic programming, the solution of the maximization problem

results in a value function Vt(F ) and a policy function Ht(F ) at each point

in time. The value function satisfies the Bellman equation

Vt(Ft) = max
Ht∈{0,1}

[Ht (pFt − c) + βVt+1(Ft+1(Ft, Ht))] (3.2)

s.t. Ft+1 = (1 − Ht) g(Ft, t) + Htg(0, t).

The policy function Ht is the maximizing choice of cutting or leaving the

trees.

3.2.2 Stationary versus non-stationary problem

The major difference here as compared to earlier work is that the growth

function is allowed to change over time4. This change makes the solution of

the optimal rotation problem significantly more complex. The reason for this

is that in a stationary situation, once the trees have been cut, the problem

starts over and is identical to the initial problem. This imposes a repetitive

structure on the problem and makes it relatively straightforward to solve.

In contrast, when the problem is non-stationary, there is generally no clear

relationship between the remaining problem after the trees have been cut and

4Stollery (2005) has a gradually increasing risk of fire, but the growth function is
unchanging over time.
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any previously encountered situation. Therefore, the solution method for the

stationary problem will not provide much help in solving a non-stationary

problem.

We will assume that climate change causes a transition period during

which the growth function changes but after which the growth function settles

down in a new stationary situation. The time when the problem becomes

stationary is denoted t∗ which is allowed to be arbitrarily large, but must

remain finite.

3.2.3 Näıve decision rule

Once the problem has been solved, we can investigate what happens if, for

some reason, the manager does not follow the optimal harvesting rule in each

time period, but instead follows some alternative rule that is derived in some

other way. There could be different reasons for not following the correct

rule. It could be that the manager does not understand that the growth

of trees is changing or considers the complete problem to be too difficult or

costly to solve and instead follows some simpler rule of thumb. Given the

large uncertainties associated with climate change scenarios, the manager

may simply not know how the growth function will change.

The particular rule that we will look at here is that the manager observes

the current climatic situation (or, more precisely, the growth function that

describes how much the trees grew from the previous to the current time

period) and acts as if the climate from then onwards is stationary and has

that growth function forever. We can derive the resulting decision rule by

simply solving a sequence of stationary problems, one for each time period

(and its corresponding growth function) during the transition period. Then,

we can compare how far off the manager would be by following the sequence

of stationary rules rather than solving the complete problem.

An objection to using this näıve decision rule is that it makes agents time

inconsistent, i.e. they change their plans in every time period. Furthermore,

this decision rule uses no forward information at all and one could imagine

several rules in between the näıve and the optimal where the agent has some
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but not perfect foresight. But, since our purpose is to investigate losses, it

is better to start with a very imperfect rule and go to more perfection if the

profit losses appear to be significant. Moreover, an even more ignorant deci-

sion rule is arguably not reasonable since that would mean actually ignoring

available information. It seems reasonable to assume that a forest owner

can observe (and at least roughly estimate) the current growth of trees since

(s)he will usually have trees of different ages within his/her domains.

3.2.4 Ignorant decision rule

As a benchmark, we also use a decision rule that we call ignorant. This

assumes that the manager knows the solution to the stationary problem in

the situation before the change starts and then assumes that the manager

does not at all observe that the world is changing and keeps acting as though

there were no climate change. It is very unlikely that any forest manager

would follow such a rule. The purpose of including this rule is to see whether

following a really bad rule will lead to significant losses, i.e. if the problem

is relevant to begin with.

3.3 Solving the model

Assuming a transition period followed by a stationary situation allows us to

divide the entire problem into two subproblems. The first subproblem is the

non-stationary problem from t = 0 to t = t∗ and the second subproblem is

the stationary problem with an infinite time horizon starting at t = t∗. This

division will make it much easier to solve the problem, at least numerically.

First, the stationary problem can be solved using the standard methods for

optimal rotation problems. Second, the solution to the stationary problem

can be used to derive a scrap value as a function of the biomass at time t∗.

Third, the scrap value imposes a terminal condition on the value function

of the non-stationary problem that can then be solved for using backward

induction.
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3.3.1 Solving the stationary problem

The stationary problem will here be solved under the assumption that the

initial biomass is 0. This will generally not be true at t∗ but will hold as

soon as the trees have been cut one time after t∗. So, we here first solve

the stationary problem with 0 initial biomass and then use it to solve the

manager’s problem when encountering any biomass at t∗. In the stationary

problem, g is independent of t. Let g(F, t) ≡ g(F ) for all t ≥ t∗ and all F

and let gT (F ) denote the T times repeated application of g, that is g0(F ) =

F, g1(F ) = g(F ), g2(F ) = g(g(F )) and so on.

Following standard methodology, we assume a stationary decision rule,

here formulated as the number of time periods between harvests. Since the

problem is reset after each harvest, the harvesting rule must be constant

over time. We will denote the value of currently having biomass 0 (note that

this means that the forest has already been harvested in the current period)

when harvesting after T periods by V (0; T ). The discounted value of the first

harvest is given by (pgT (0)− c)βT . This is then repeated an infinite number

of times and the total discounted value is given by

V (0; T ) = (pgT (0) − c)βT

∞∑

i=0

(βT )i = (pgT (0) − c)
βT

1 − βT
, T ≥ 1.

Two things can be noted from this expression. First, a necessary condition

for it to be profitable to manage the forest is that (pgT (0) − c) > 0 for

some T . This is a very intuitive condition since it says that at some point in

time, the value of the harvested wood must exceed the cost of the harvest.

If the opportunity costs can be ignored, this is also a sufficient condition.

Second, assuming that gT (0) has an upper bound for all T and that the

positivity constraint just stated holds, V (0; T ) will take on a maximum for

some finite T . This follows from V (0; T ) being strictly positive for some T

and approaching zero as T goes to infinity. So finding the maximum can be

reduced to choosing the largest value from a finite set. More formally, this

can be stated as:
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Lemma 3.1 For t ≥ t∗ there exists a T ∗ ∈ N
++ such that (pgT ∗(0) −

c) βT∗

1−βT∗ ≥ (pgT (0) − c) βT

1−βT for all T ∈ N
++.

Plainly, this lemma states that with a stationary growth function, we

can follow a stationary harvesting rule that obeys the standard Faustmann-

Pressler-Ohlin rule, where the tree is repeatedly cut down when T ∗periods

have elapsed. Denote the maximal value by S(0), then T ∗ is obtained by

solving

S(0) ≡ max
T∈N++

V (0; T ) = max
T

(pgT (0) − c)
βT

1 − βT
. (3.3)

3.3.2 Deriving the scrap value

As stated above, the biomass at t = t∗ will generally not be 0. So we

need to calculate the continuation value of arriving at t∗ with an arbitrary

biomass Ft∗ . When the trees have been harvested once, the manager is in the

standard, stationary case and the continued management should follow the

rule derived above. To deal with the fact that the biomass at t∗ is typically

not zero, we will describe the problem as finding the F̄ so that the optimal

decision rule is to harvest the trees whenever they are larger than F̄ .

A kind of first-order condition that is necessary, but not sufficient, for F̄

is given by

pF̄ − c + S(0) = (pg(F̄ ) − c + S(0))β. (3.4)

The LHS of (3.4) represents the value of cutting the trees today while the

RHS of (3.4) determines the value of waiting one period before cutting them.

The reason for this not being sufficient is that it says that the manager is

indifferent between harvesting today and tomorrow. But waiting more peri-

ods might be better than waiting one period. Note that here, F̄ is such that

the manager is indifferent between harvesting in this period and harvesting

in the next period. This implies that F̄ is not the same as the ”optimal”

F that would be obtained if the manager were allowed to cut in continuous

time5. Assume, to begin with, that 1
β

> g′(F ). This condition ensures that

5In this structure, the optimal F lies in the interval
[
F̄ , g(F̄ )

)
.
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the LHS of (3.4) grows faster with F than the RHS and therefore if (3.4) is

satisfied for some F̄ , the LHS will be larger than the RHS for any larger F .

In particular, pgt−1(F̄ )− c+S(0) > (pgt(F̄ )− c+S(0))β for any t > 1. This

can be summarized in the following lemma:

Lemma 3.2 If 1/β > g′(F ) for all F ≥ F̄ and pF̄ − c + S(0) ≥ (pg(F̄ ) −
c+S(0))β, then, the optimal harvesting rule will prescribe harvest if F ≥ F̄ .

For practical purposes, this lemma states that if the manager encounters

a tree larger than F̄ , then it should be cut. As a direct consequence of this

theorem, if 1/β > g′(F ) for all F and (pg(0) − c + S(0))β > S(0) − c there

will be a unique F such that (3.4) is satisfied. Denote that biomass F̄ . The

optimal harvesting function will then be to cut any tree that is weakly larger

than F̄ .

Corollary 3.1 If 1/β > g′(F ) for all F and pF̄ − c + S(0) = (pg(F̄ ) − c +

S(0))β then the optimal harvesting rule is harvest if and only if F ≥ F̄

The condition g′(F ) < 1
β

may seem somewhat arbitrary, but it is satisfied

for a potentially interesting class of growth functions. Consider trees that

grow in such a way that the biomass as a function of time is concave, that

is that the absolute increase in biomass in each period decreases over time.

An almost equivalent characterization6 of the growth function is that these

trees are such that a larger tree grows more slowly than a smaller tree,

F1 > F2 ⇒ g(F1)−F1 < g(F2)−F2. This means that g(F )−F is decreasing

in F and that g′(F ) < 1 < 1
β
. So the corollary applies to all growth functions

such that g′(F ) < 1
β

and, in particular, to all concave growth functions.

This corollary gives a monotone cutting rule under rather special circum-

stances. We will now give an informal argument for why this should apply

more generally. To begin with, note that after the trees have been cut once,

the continuation value is given by S(0) irrespective of the biomass of the

6The ”almost” refers to the fact that in discrete time, where the growth function does
not change over time, only a discrete set of biomass will actually be encountered. The
condition on the growth function need only hold when going between those points to get
biomass as a function of time concave.
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trees that were cut. The discussion will be restricted to two types of growth

functions. The simplest type is such that F as a function of t is concave

everywhere (i.e. g′(F ) ≤ 1). This case was covered above. A slightly more

complicated case is a growth function such that for small biomass, F as a

function of t is convex but at some particular biomass it becomes concave

and remains so for all larger biomass (this implies that the growth of a tree

will follow an S-shaped curve). The same argument as before applies to the

concave part. Looking at the convex part, and assuming that it is not opti-

mal to cut in the first year, cutting the trees the next year should be even less

optimal since the trees will then grow faster. So it seems that the optimal

rule should not be to cut during the convex phase. Arguably, these two cases

capture many of the biologically interesting growth functions. Since this is

not a complete proof and the discounting could somewhat blur the argument,

we state the following result as a conjecture.

Conjecture 3.2 For concave and s-shaped growth functions, the harvesting

rule in the stationary problem will be monotone in the sense that it can be

written in the form of harvest if and only if F ≥ F̄ .

With an optimal decision rule expressed in this way, we can return to the

problem of assigning a value to an arbitrary biomass at time t∗. We know

that the trees will be harvested as soon as their biomass is at least F̄ . Assume

that the owner has a tree of size F at time t∗. Let TW (F ) be the smallest

t such that gt (F ) ≥ F̄ . This will be the number of time periods before the

first harvest. Note that TW (F ) = 0 for all F ≥ F̄ . In terms of this, we can

now assign a value to an arbitrary biomass.

S (F ) = βT W (F )
[
pgT W (F ) (F ) − c + S (0)

]
(3.5)

For future analysis, we refer to S(Ft∗) as the scrap value of Ft∗ . This will be

the scrap value of the non-stationary problem.
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3.3.3 The non-stationary problem

Since, in principle, we have been able to derive a total value S(Ft∗) of the

stationary problem, we can use this as a terminal scrap value of the non-

stationary problem, i.e. a terminal condition for the Bellman equation (3.2)

given by Vt∗(F ) = S(F ). Using this, the non-stationary problem can be

solved using backward induction starting from t∗ until we reach time 0. This

will give the value function at each point in time and the corresponding pol-

icy function. While it may be very difficult to obtain an analytical solution

to this Bellman equation, or to even characterize it in qualitative terms,

the setup chosen here will make a numerical solution to the problem fairly

straightforward. What can be shown analytically is that monotonicity also

holds in the non-stationary part for all concave growth functions. In the fol-

lowing, let gF (F, t) denote the partial derivative with respect to the biomass.

Theorem 3.3 If gF (F, t) < 1
β

for all F and t then the harvesting rule is

monotone in the sense that it can be formulated as harvest in period t if and

only if Ft ≥ F̄t.

Proof. This is a special case of theorem 3.5 in appendix A

We will now state a conjecture about the harvesting rule in the non-

stationary problem.

Conjecture 3.4 For well-behaved growth functions, which do not change too

rapidly over time, the harvesting rule will be monotone. That is, it can be

expressed as harvest at time t if and only if Ft ≥ F̄t.

This is an intuitively reasonable statement that has been fulfilled in all

numerical simulations we have made. Proving it generally seems difficult. At

any rate, throughout our simulations we will characterize the decision rules

by an F̄t understood as ”harvest if and only if Ft ≥ F̄t”.

3.3.4 Deriving the näıve policy

As previously described, the näıve policy is to just follow a static solution in

each time period.
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S(0, t) = max
T

(pgT (0, t) − c)
βT

1 − βT
.

The rule ”harvest if Ft ≥ F̄ naı̈ve
t ” is given by solving

pF̄ naive − c + S(0, t) = (pg(F̄ naive, t) − c + S(0, t))β.

3.3.5 Deriving the ignorant rule

Since the ignorant rule does not adapt to the change in any way, it is given

by the F̄ naive from the first period of the näıve decision rule.

3.4 Numerical simulation

We have performed Monte Carlo simulations (solved the model for a large

number of different sets of parameters and in each simulation derived the

optimal, the näıve and the ignorant decision rules) and calculated the relative

profit loss of following the non-optimal rules and how far apart the rules are

in terms of biomass, e.g.
F̄t−F̄ naı̈ve

t

F̄t
. Throughout, we will simulate a forest that

changes such that it grows weakly faster over time, where the maximum size

of trees is increasing over time and where the risk of fire or pests is increasing

over time. This is meant to represent the case of northern countries.

In all simulations, we have used parameter values β = 0.95 for discount-

ing, which is a commonly used value for yearly discounting and real interest

rate. Furthermore, we assume that it takes 200 years for the growth function

to become stationary.

For the numerical simulation, a particular function g(F, t) must be chosen.

We use a Bertalanffy growth function for the height of the tree which has

been converted to growth being a function of tree height rather than the age

of the tree (for derivation, see Rammig et al, 2007). The typical time path

of a tree growing according to this function can be seen in Figure 3.1.

ht+1 = hmax,t

(
1 −

(
1 −

(
ht

hmax,t

)1/Dt
)

e−At

)Dt
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Here hmax,t represents the maximum height a tree can reach under the climate

prevailing at time t. We interpret At as the initial growth of a tree and Dt as

a general growth parameter, both of which prevail under the climate at time

t. In the stationary phase, these parameters will be constant. Rammig et al

(2007) estimated the parameters for the tree species Picea abies in the Swiss

alps to approximately A = 0.3, D = 3 and Fmax = 30. Following Vanclay

(1994, e.g. see page 70), we assume a simple quadratic relationship between

tree height h and biomass F . This implies that the basal area is linear in the

height of the tree.
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Figure 3.1: The typical time path of tree biomass following a Bertalanffy
growth function.

Another estimation that needs to be performed is that of price p and

cost c. We assume their values to be fixed over time7. While the relative

proportions of these might be of importance for how often to harvest, their

absolute values are not since they then only constitute a scaling for the

absolute profits which is of no relevance here. After performing a number

of simulations, substantially varying the relative size of p and c appears to

7Solving for a general equilibrium of biomass, timber prices and harvesting costs is a
very complicated endeavour, especially if it is to be done for a future under climate change,
involving having estimates of the price of fossil fuels, technological change, population
growth etc. Although interesting, it falls outside the scope of this paper.
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make little difference for the relative profit loss. Hence, we have chosen to

use c = 0 and p = 1 which is essentially the same as assuming that the

harvesting cost is linear in biomass and that there is no fixed cost.

We have also chosen to simulate the risk of a fire, storm or pest attacking

the forest. This is done in the simplest possible way by including an exoge-

nous risk (πt) of the biomass being reset to zero, i.e. the forest is burned

down to the ground and has to start growing from zero again without any

other future consequences. In our simulations, this risk will be increasing

over time as a consequence of the warmer climate. One could think of sev-

eral ways of complicating this by, for example, letting the risk be a function

of the biomass. But arguably, the way it is modeled here suffices for the

purpose of comparing decision rules8. With light modifications, all previous

results hold when including this risk element (see Appendix A).

In our simulations, we first vary the starting parameter values (at time

zero). We randomly draw values of these from the uniform intervals A0 ∈
[0.25, 0.35], D0 ∈ [2.5, 3.5], Fmax,0 = 30, π0 ∈ [0.001, 0.3]. Second, we

vary the parameter values when the climate stabilizes at t = 200. We ran-

domly draw these from a uniform distribution A200 ∈ [A0, 2A0], D200 ∈
[0.8D0, D0], Fmax,200 ∈ [Fmax,0, 2Fmax,0], π200 ∈ [π0, 0.3]. This encompasses

very significant changes in the growth function since it allows for a doubling

of the maximum size and trees growing to 50% of their maximum several

times faster than before, all happening within 200 years. Furthermore, we

allow for the risk of the forest being burned down to increase from once in a

millennium to every third year. Third, we vary the trajectory for the param-

eters during the 200 years of climate change to be either linearly increasing

or concavely increasing. We derive the first best and näıve decision rules

for each set of parameters and the associated discounted profits of having a

forest of size F0 ∈ [0 Fmax,0]. An algorithm for the numerical simulations can

be found in Appendix B.

8For a more thorough treatment of the risk of fire specifically, see Stollery (2005).
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3.5 Numerical results

Typical policy rules from two of the 800 simulations are depicted in Figure

3.2. In this simulation, we can see that the optimal and the näıve rules can

dictate both harvesting of larger and smaller trees over time. The ignorant

policy is, of course, non-changing over time as it also, ex-post, completely

ignores that the climatic circumstances have changed. Furthermore, the näıve

policy seems, at first glance, to be fairly similar to the optimal one throughout

the transition period.
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Figure 3.2: Cutting rules for simulations number 289 (Fmax,0 = 30, Fmax,200 =
59.1, A0 = 0.027, A200 = 0.059, D0 = 3.50, D200 = 3.48 and π0 = 0.064,
π200 = 0.269 ) and 302 (Fmax,0 = 30, Fmax,200 = 48.8, A0 = 0.028, A200 =
0.076, D0 = 3.50, D200 = 3.33 and π0 = 0.064, π200 = 0.295 ).

To see whether the problem of forestry in a changing climate is at all

relevant, we can begin by noting (in Figure 3.3 top left) that the worst

outcome in each simulation using the ignorant rule mostly seems to be around

5% losses of profits with some simulations giving up to 30% losses9. In

9The worst outcome is the initial size of a tree, at time zero, that maximizes the losses
in each simulation.
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Figure 3.3: Relative losses

comparison (Figure 3.3 top right), the worst outcomes using the näıve rule

are at the level of 0.1− 1% with the top cases being around 3%. On average

(Figure 3.3 bottom right) using the näıve rule, the losses are smaller than

0.01% in most cases10.

Figure 3.4 is a histogram over the cutting error in all time periods in

all simulations. The ignorant cutting rule gives errors at the level of ±100%

(second schedule). The näıve cutting rule (first schedule) gives average errors

around 1% with very few occurrences of errors exceeding ±2%.

A final observation in this figure is that the bulk of errors is positive

meaning that the näıve rule tends to wait too long before cutting. Further-

more, when the näıve rule understates the size of a tree to be felled, it seems

to do so only moderately.

10The average outcome is the mean loss when calculating the losses for various initially
sized trees, at time zero, in each simulation.
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Figure 3.4: Relative errors in the cutting rules.

3.6 Conclusions and final remarks

Whether the differences between the decision rules are relevant depends on

what profit losses one would consider to be too high. At a first glance, even

the ignorant policy often seems to only give small losses. But, arguably, this

is a conceptual problem of discounting profits. To state this more clearly,

how come making errors in cutting which are at the level of 50% yields profit

losses that are only at the 10% level? This is due to the ignorant rule being

fairly accurate to begin with, while the fact that it becomes increasingly in-

accurate over time is of little importance since whatever profits occur later

are safely discounted away. But, expressed rhetorically, while mismanage-

ment in a hundred years is less of a problem for an owner today, the owner

in a hundred years will probably consider it highly worthwhile to update the

policy. Therefore, we conclude that observing the forest’s change over time

is a relevant preoccupation for an owner.

But, as the näıve policy only implies profit losses well below 1% and the

cutting rule does not differ much from the optimal, it seems to be accurate

enough for most businesses. For practical forest management, it is therefore

questionable whether investing in high accuracy climate forecasts is worth-
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while. Thus, while noticing that a change that has happened is essential for

profitable management, trying to foresee this change is not. Moreover, while

solving the full theoretical problem of optimal rotation under climate change

may be an intriguing challenge, it should be of little direct practical value

if the anticipated changes are within the scope of our simulations. There

are possible complications that could be added to this picture. For example,

there is the possible choice of changing the kind of tree one plants instead of

having one tree species whose growth pattern changes over time. Our model

and simulations do not reveal whether this problem requires forecasting of

the climate.

The positive bias of the näıve cutting rule implies that it most often fails

to consider that a young tree tomorrow will grow faster than a young tree

today. Therefore, it may be possible to improve the expected performance

of the näıve rule by cutting slightly younger trees. How much smaller trees

to cut is easily derived from our simulations but to make it relevant, one is

advised to use a more narrow range of parameters characterizing the trees.

To some extent our simulations also cover the case of deserts taking over

former forested areas since the risk of fires is increasing over time. Never-

thelss, it could also be interesting to redo the simulations for trees whose

growth is falling over time. This may better represent other regions than the

northern ones.

Finally, from a policy perspective, an interesting question might be how

to maximize the carbon sink capacity of the forest rather than the profits.

Indeed, our methodology lends itself well to also examine this since it would

only require changing the objective function from being one of profits to

one of storage. The result may then differ from ours depending on what

assumptions one makes about the storage of cut timber. If all timber is

stored, e.g. as building material, then the policy maker will want to maximize

the time aggregated yield implying a similar result to that of maximizing

profits. If there is instead less storage capacity, this will bias the results to

leave trees standing for a longer period of time. An interesting question is

then indeed what the optimal tax scheme would be to induce such forestry

behavior. This is left to future research.
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3.A Appendix A - Proofs, equations and the-

orems including risk

Equations with risk

Assume now that there is a probability of fire (or pests) destroying the

trees. Let the probability of this happening in period t be πt. The timing is

such that if there is a fire, this happens at the end of the period so that the

agent has Ft+1 = 0. In the following, let V (·) and S(·) denote the expected

values. The Bellman equation (3.2) then becomes

Vt(Ft) = max
Ht∈{0,1}

[Ht (pFt − c) + βπtVt+1 (0)

+β (1 − πt) (HtVt+1 (g (0, t)) + (1 − Ht) Vt+1(g(Ft, t)))]

Start by considering the static phase and let the probability of fire be π.

Let V (0; T ) be the value of having F = 0 when following the policy of letting

the trees grow for T periods before harvesting. This value satisfies

V (0; T ) =

T∑

t=1

βt(1 − π)t−1πV (0; T ) + (1 − π)T βT [pgT (0) − c + V (0; T )]

The first term refers to the risk that there is a fire before the agent has

harvested, leaving the agent with F = 0 but without harvesting anything.

The second part of this expression gives the payoff from the harvest, which

will happen if there is no fire in either of the T periods. The probability of

this is (1 − π)T . This can be rewritten as

V (0; T ) =

[
βπ

(β(1 − π))T−1 − 1

β(1 − π) − 1
+ βT (1 − π)T−1

]
V (0; T )+(1−π)TβT [pgT (0) − c]

Solving for V (0; T ) gives an equivalent to equation (3.3).
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V (0; T ) =
β(1 − π) − 1

(β − 1)
(
1 − (β(1 − π))T

)(1 − π)TβT [pgT (0) − c]

The multiplying factor on the RHS is strictly positive and goes to zero as T

goes to infinity. This means that there is some maximizing choice of T. Let

S(0) = max
T

β(1 − π) − 1

(β − 1)
(
1 − (β(1 − π))T

)(1 − π)T βT [pgT (0) − c]

The ”FOC” corresponding to (3.4) is

pF̄ − c + S(0) =
(
pg(F̄ ) − c

)
β (1 − π) + βS (0) .

Similarly to corollary (3.1), the condition

gF (F ) <
1

β (1 − π)

for all F and t ensures that the cutting rule in the static phase is monotone.

In order to prove a result corresponding to theorem (3.3) with uncertainty,

the following lemma about the value function of the problem with uncertainty

is useful

Lemma 3.3 The value function is continuous everywhere. gF (F, t) < 1
β(1−πt)

for all F and t implies that Vt (F ) is differentiable everywhere except possibly

at a finite set of points and that V ′
t (F ) ≤ p for all F where Vt is differentiable.

Proof of Lemma (3.3) Start in the static phase. The expected value

of waiting T > 0 periods before the first harvest is given by

V (F ; T ) =

T∑

t=1

βt(1 − π)t−1πS(0) + (1 − π)T βT [pgT (F ) − c + S(0)] .

For a given T , this is a continuous function of F . Since S(F ) is the maximum

of this expression, where maximization is over a finite set of possible values
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of T , S(F ) must also be a continuous function of F .

For changes in F such that the maximizing choice of T remains un-

changed,

S(F ) =
T∑

t=1

βt(1 − π)t−1πS(0) + (1 − π)T βT [pgT (F ) − c + S(0)] .

Taking the derivative w.r.t. F gives

S ′ (F ) = pg′
T (gT−1(F ))g′

T−1(gT−2(F )) . . . g′ (F ) (β(1 − π))T < p.

If the biomass is large enough so that T = 0, that is the agent harvests

directly, then

S(F ) = pF − c + S(0) ⇒ S ′ (F ) = p.

So the scrap value function is continuous everywhere, and wherever it is

differentiable, S ′(F ) ≤ p.

Since the harvesting rule in the static phase is monotone, the number of

time periods to the first harvest in the static phase will be decreasing in F .

Since the scrap value can only be non-differentiable when the maximizing

value of T changes, this can only happen at a finite number of F -values. So,

the scrap value function is continuous everywhere, differentiable for all F -

values, except at a finite set of values, and where it is differentiable, S ′(F ) ≤
p.

Now assume that Vt(F ) is continuous everywhere and differentiable for

all values of F except a finite set of values. Assume also that wherever it is

differentiable V ′
t (F ) ≤ p and consider the value function in period t − 1.

Vt−1(F ) = max
H∈{0,1}

H (pF − c)

+β [(1 − πt−1) ((1 − H)Vt (g(F, t− 1)) + HVt (g(0, t− 1))) + πt−1Vt (0, t− 1)]
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Assume that Vt(F ) is differentiable at g (F, t − 1) and let H∗ be the maxi-

mizing choice of H . The derivative w.r.t. F is then

V ′
t−1 (F ) = H∗p + (1 − H∗)β (1 − πt−1) gF (F, t− 1)V ′

t (g(F, t− 1)) ≤ p.

Since Vt−1 is the maximum of two continuous functions, it will also be con-

tinuous.So, by induction, the value function in any time period is continuous

in F and wherever it is differentiable, V ′
t (F ) ≤ p.

Since S(F ) is differentiable for all F except a finite set of F -values, this

will also hold true for the value function in any time period. To see this,

assume that Vt(F ) is differentiable for all F except a finite set of values.

The value function in the previous period is then the maximum of a function

that is differentiable in F for all F (pF − c + Vt−1(0)) and a function that is

differentiable in F except at a finite set of F values. Taking the maximum

can only introduce new points of non-differentiability at the points where

the maximizing choice of H changes. As will be shown below, this will only

happen at 1 point under the assumption that gF (F, t) < 1
β(1−πt)

. So the

number of points of non-differentiability can increase by at most 1 per step

in the backwards induction and must therefore remain finite. End of proof.

Theorem 3.5 gF (F, t) < 1
β(1−πt)

for all F and t implies that the harvesting

rule is monotone in the sense that it can be formulated as harvest if and only

if F ≥ F̄

Proof of Theorem (3.5) In period t the harvesting rule is to harvest if

and only if

pF − c + Vt(0) ≥ β (((1 − πt)Vt+1(g(F, t)) + πtVt+1(0)) .

Both sides are continuous in F . The derivative of the LHS is given by p while

the derivative of the RHS, where defined, is given by β (1 − πt) V ′
t+1(g(F, t))gF (F, t) <

p where the inequality follows from the assumption about g and Lemma 3.3.

So the LHS grows more quickly than the RHS and the theorem follows. End

of proof.
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3.B Appendix B - Algorithm of numerical

simulation

To get something we can work with numerically, we need to make the problem

discrete. We already have discrete time and a discrete choice. The biomass

is continuous, however. This is solved by simply working with a uniform grid

of F -values, ranging from 0 to an upper bound Fmax.

The actual calculations in the numerical simulations are to a large extent

an implementation of the steps described in the analytical description.

To solve the stationary problem, the first step is to simply iterate on the

growth function and find the maximum of V (0; T ). Naturally, it is important

to iterate enough times so that the maximum value of V (0; T ) has, in fact,

been reached. The algorithm for doing this consists of the following steps:

• Calculate gT (0) iteratively.

• Calculate V (T ; 0) = (pgT (0) − c) βT

1−βT for each T.

• Set S(0) = maxT V (T ; 0).

The scrap-value was then calculated in the following manner:

• For each F -value on the grid, calculate gT (F ) iteratively.

• Calculate βT [pgT (F ) − c + S(0)] .

• For each F set S(F ) = maxT βT [pgT (F ) − c + S(0)] .

The non-stationary problem can then be solved iteratively by carrying

out the following steps:

• Set Vt∗(F ) = S(F ) for each F -value on the grid.

• For each F -value on the grid, calculate g(F, t∗−1). Calculate Vt∗(g(F, t∗−
1)) using linear interpolation between Vt∗ at the two surrounding grid

points.
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• Calculate Vt∗(g(0, t∗ − 1)) in the same way.

• Calculate Ht(F ) = arg maxH∈{0,1}[H(pF − c + βVt∗(g(0, t∗ − 1)) + (1−
H)βVt∗(g(F, t∗ − 1))] and set Vt∗−1(F ) equal to the maximum value.

• Repeat the three preceding steps until t = 0 is reached.

To solve for the näıve decision rule, the first algorithm can be carried

out for each possible set of parameters and the corresponding decision rule

derived.



Chapter 4

Tragedy of the Commons

versus the Love of Variety∗

4.1 Introduction

In recent years the collapse and over-harvesting of several important food-

sources has caught the attention of policy-makers and the media. This has

been spurred by a large number of alarming scientific reports showing that

several renewable resources are in a poor state, most notably fish. Given that

fish alone provides for one fifth of all animal protein globally, and as much

as one half in some countries, this issue should indeed be of great concern

(FAO, 2007). One commonly held reason for the problem of overharvesting

has been that property rights often are not defined or upheld properly, with

the consequence being the familiar tragedy of the commons (Hardin, 1968;

Loayza, 1992).

We look at two opposing welfare effects from trade with open access

renewable resources. Firstly, the variety effect improves welfare since trade

enables consumption of a more varied basket of goods. This effect wears off

but remains positive also when the number of trading partners becomes large.

∗This paper is coauthored with Johan Gars, The Beijer Institute of Ecological Eco-
nomics. We like to thank Anne-Sophie Crepin, John Hassler, Nick Sheard, Scott Taylor
and seminar participants at the The Beijer Institute of Ecological Economics and at Stock-
holm University for valueable comments. Remaining faults are of course our own.
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Secondly, the increased demand for the resource from other countries yields

a negative stock effect as harvesters now are willing to exert more effort.

Since it is more cumbersome to harvest a sparse resource the productivity

of harvesters falls. In a socially optimal solution the positive variety effect

will always surpass the negative stock effect implying that trade improves

the aggregate welfare.

With open access, the stock effect is enhanced by the lack of coordina-

tion making the aggregate effects from trade more ambiguous. The relative

weight of the stock effect increases as more trading partners are added when

there is open access. We show in the paper that the total effect of trade on

welfare depends on the biological dynamics of the resource. If the regenera-

tive power of the resource is strong, the positive variety effect unambiguously

outweighs the negative stock effect even when the tragedy of the commons

is present. However, if the resource is sensitive when its stock is low, adding

more trading partners eventually implies that the stock effect surpasses the

variety effect. The total welfare effect of trade openness is then humpshaped

– adding trade partners increases welfare up to a certain point after which

additional increases in the number of trading partners decreases welfare. If

the resource is sensitive enough, this may even lead to the resource collapsing.

The first best solution to the problem of overharvesting would, at least

theoretically, be to define property rights, set quotas for harvest, limit the

total number of machines and man-hours within the industry or by applying

a tax to the harvests. Indeed we find that the optimum can be achieved

if all countries tax the harvests and then pay back the tax revenues lump

sum to the consumers. We also look at other instruments that may better

welfare. One alternative would be to exclude renewable resources from some

trade agreements thereby in effect limiting the number of partners to trade

renewable resources with. This will promote welfare in a broad set of cir-

cumstances but may be practically hard to achieve since trade agreements

often are signed for a broad set of industries simultaneously. Another policy

to alleviate the negative stock effect would be to return some of the catch

back to the stock, similar to the rules of minimum size of fish catch or the

mesh tightness in the fishing net. Finally, even a harsher measure than this,
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destroying some of the catch, may further the welfare if the stock is sensitive

and trade is extensive. This last policy is, in our setting, very similar to

imposing a constant trading cost on all exports.

In recent decades trade in general has been increasing significantly and

trade with renewable resources is by no means an exception. For example,

after annual increases of four percent during a few decades, in 2006 the export

of fish related products was estimated to 85 billion US$. Meanwhile the total

catch weight has been increasing at around eight percent annually since 1970

(FAO, 2007). Indeed, this has implied both over-fishing, with many fish

populations being harvested at only half of their historical maximum, and

outright collapses of for example Newfoundland cod and several whale species

(Hillborn et al, 2003). A recent study suggests that one out of four fisheries

has collapsed in the last 50 years (Mullon et al, 2005).

The dynamics of open access and overharvesting are not confined only

to fisheries. As a consequence of the falling yield rates of fisheries the

hunt for bushmeat, another open access resource, has increased significantly

(Brashares et al 2004, Damania et al 2005, Waite 2007). Open access can also

be observed in the logging industry and is also manifested through poach-

ing. Examples of collapses attributed to trade are those of buffalo in North

America (Taylor, 2007) and hardwood in the Philipines (Bee, 1987; Kummer,

1992). The dynamics observed after opening to trade seem to be similar for

all these cases – an initial increase in harvest followed by a decline, and a

potential collapse of the stock.

The research concerning trade with open access renewable resources was

pioneered by Chichilnisky (1993) and in a series of papers by Brander &

Taylor (1997a, 1997b, 1998). In Brander & Taylor (1998) they set up a two

country, two sector, trade model where one of the sectors relies on a renewable

resource to which there is open access. The conclusion is that, comparing the

outcome with trade to the autarky outcome, welfare increases in the labor

abundant country and decreases in the resource abundant country. So, the

potential gains from trade come from specialization, and the welfare effects

depend on how the countries specialize when they start trading. A few pa-

pers have since then elaborated upon these results. Regarding specific trade
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structures Lopez (2000) shows that the type of openness affects whether there

are gains or losses from trade. In regard to forms of property rights Nielsen

(2009) shows that there may be gains or losses from trade depending on the

management scheme; Engel et al (2006) show that third party involvement

in mediations for control over the resource may incur losses; Emami & John-

ston (2000) show that unequal property rights between trading countries

may in itself be a problem. In regard to the biological effects Smulders et al

(2004) analyze the effect of trade on habitat destruction and welfare. Finally,

regarding industry and country assumptions, Hannesson (2000) shows that

diminishing returns in the non-resource sector can lead to gains from trade

in situations where there would be losses without the diminishing returns.

We depart from the previous work primarily in two regards. Most impor-

tantly, we explicitly incorporate one of the classical benefits from trade – the

value of increased consumption variety. Since the seminal work of Krugman

(1980) welfare gains from variety have received significant attention in the

trade literature. A recent estimate suggests that the welfare gains from vari-

ety through trade from 1972-2001 in the US counts for an equivalent of 2.6%

of GDP (Broda & Weinstein, 2006). It therefore seems natural to include

this aspect also when analyzing trade with renewable resources. We also look

at trade between many countries instead of the commonly used two country

case allowing us to model trade openness from a different perspective1. We

show that while trade with a few countries will improve steady state welfare,

additional increases may harm welfare.

The rest of the paper is structured as follows. In the next section we set

up the model and derive results in terms of general properties of the resource

growth function. Following, in section 4.3, we specify a growth function and

analyze how the results depend on the parameter values. Next, in section

4.4, different policies countering the tragedy of the commons are analyzed.

Finally, section 4.5 concludes. The main body of the paper contains only an-

alytical results necessary for describing and understanding the central results

1By trade openness we mean the number of trading partners. In section 4.4, where
policies are evaluated, we do examine different taxation schemes, which somewhat resemble
trade frictions, i.e. so called iceberg costs.
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in the paper. Most proofs, derivations and supplementary analytical results

are to be found in the appendix at the end.

4.2 Model setup and general results

We assume that there is a continuum of countries2. Each country has a unique

type of a renewable resource provided by an ecosystem3. This resource can

be thought of as a fish species or any wildlife, forest or plant where property

rights are ill defined. The model possibly best represents the case where, for

example, one country has a fish stock, another country has a forest and a third

country has a game population. We further assume that there is a continuum

of mass one of agents in each country, who all work with harvesting from the

renewable resource, to which there is open access.

Utility of the representative agent in country i is given by

Ui =

(∫ J

0

(ci(j))
q dj

) 1
q

− AN θ
i (4.1)

where ci(j) is the consumption of the good from country j by an agent in

country i and Ni is the harvesting effort of an agent in country i. The

parameter θ determines the shape of the effort cost function while A is the

weight of work disutility. We will assume that θ > 1 so that the marginal

cost is increasing in effort. J denotes the mass of countries that country i

trades with. Unless otherwise stated, trade openness and trade liberalization

will be used synonymously for an increase in J .

When considering resources such as fish, wildlife and plants it seems rea-

2We make this assumption to enable differentiation with respect to the number of
trading partners, J . If J is an integer, the results are the same as what they would be if
there were J discrete countries.

3For tractability, we assume that the resource sector is also the only sector in the
economy. We therefore restrict the interpretation of our analysis to correspond to gains
from trade with these types of goods. A richer model could of course include also other
sectors but, intuitively, we don’t think this will have an effect on the results since the
general effect will still be present. I.e. when opening up for trade the price of the resource
good goes up which will either attract more workers into this sector or increase the efforts
of the present workers. This in turn will lower the stock and possibly decrease utility.
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sonable to assume that the different varieties of goods are fairly good, but

not perfect, substitutes. That is, we assume that q ∈ (0, 1).

Generally, a harvest function H(N, x), where x is the resource stock,

should have the property that it is increasing in both its arguments. Here

we will assume the commonly used harvest function of Schaefer (1957)

H(N, x) = Nx. (4.2)

Thus, for a given stock x, harvest is linear in effort N . This means that there

will be no (static) externalities between the harvesting efforts of different

agents.4

An agent in country i faces the budget constraint

∫ J

0

p(j)ci(j)dj = p(i)Nixi (4.3)

where p(j) is the world market price of the good from country j and xi is

the stock of the resource in country i.

Total world consumption of the good from country j is equal to the har-

vest in that country. ∫ J

0

ci(j)di = Njxj (4.4)

The resource stock in country i evolves according to

ẋi = fi(xi) − Nixi (4.5)

where fi is a biological function denoting the growth of the resource in the

absence of human interference. The properties of f are chosen so that f

creates a hump above the x-axis with a bounded maximum level of the stock5

(for an example see Figure 4.1).

In the rest of the paper we will assume, for tractability, that the countries

4We have also looked at the harvesting function H (N, x) = Nxβ where β < 1. With
that specification, overharvesting becomes a larger problem in the sense that extinction
is possible for a larger range of parameter values (including logistic growth) and that the
steady-state stock, where utility starts to decrease with trade openness, is larger.

5Formally, f has the properties that f(0) = 0; there exists an x and an x̄ such that
f(x) > 0, f(x̄) = 0 and x < x̄
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are completely symmetric (including their current stock of the renewable

resource). That is fi = f ∀ i and xi = x ∀ i. Furthermore, we look only

at symmetric equilibria with equal effort and consumption in all countries

where Ni = N ∀ i and ci(j) = c ∀ i, j. This will also imply that prices are

equal across goods, p(j) = p ∀ j.

Given the assumption of open access, and an infinite number of agents,

the harvesting decisions will be static and not take the effect on the stock into

account. This means that the harvesting rule for the agents can be written

as a function of only the current resource stocks and the parameters of the

problem. The representative agent thus wants to maximize (4.1) subject to

(4.3). The solution must also satisfy (4.4).

Under the symmetry assumptions made here, the representative agent

in each country solves the same problem. We can therefore solve the static

optimization problem for a representative agent in a representative country,

as a function of the resource stock x. The solution to this static problem

gives the following three equations.

N = (θA)
1

1−θ J
1

θ−1
1−q

q x
1

θ−1 (4.6)

U = (θ − 1)AN θ =
θ − 1

θ
(θA)

1
1−θ J

θ
θ−1

1−q
q x

θ
θ−1 (4.7)

H = (θA)
1

1−θ J
1

θ−1
1−q

q x
θ

θ−1 (4.8)

By inspection of the equations, the larger is the current resource stock,

x, the more effort, N , is exerted and the larger is the harvest, H . Increased

trade openness, J , increases the harvesting effort (and harvest) for a given

stock, x. Moreover, the more harvesting effort is exerted, the higher is the

utility. Note that this is induced harvesting effort, so higher effort is an

indicator that the value of the harvest is high. Therefore, utility is higher

when induced effort is higher even though the effort itself leads to disutility.

As noted above, these equations describe what the agents do given the

resource stock, i.e. a partial equilibrium. Since, for given parameters, har-

vesting effort (N) depends only on the current stock (x) it can be substituted
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Figure 4.1: Phase diagram of contributions and withdrawals from the re-
source stock.

in equation (4.5) to give the dynamic, general equilibrium, behavior of the

stock. The dynamics can be illustrated in a phase diagram for a representa-

tive country (see figure 4.1). The dashed line represents harvest as a function

of the current stock as stated by equation (4.8). The solid line represents the

biological growth function. From the figure we can see that in this specific

case there exists one stable steady state where the lines cross. If the stock is

above this level, harvest will be higher than the biological growth leading to

a falling stock. If, instead, the stock is below the steady state level, harvest

is lower than the biological growth and the stock increases. There exists an-

other unstable steady state when the stock is zero. For different parameters

and biological specifications this picture may change. For example by making

the harvest function steeper and more linear we may get several intersections

of the curves and the harvesting curve might start above the biological curve

for small x implying that a stock of zero is a stable steady state.

For the rest of this section we will focus on the behavior in stable steady-
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states6. It is straightforward to show existence of a steady state, provided

that J is sufficiently low. Graphically, in Figure 4.1 we can see that as

J approaches zero, H approaches the x-axis which eventually implies an

intersection with f (x).

In any stable steady-state, the harvest function intersects the growth

function from below. The effect of an increase in J , is an upwards shift of

the harvest function since more trading partners increase the variety of the

available consumption basket and therefore increases the value of consump-

tion relative to the disutility from effort. Graphically it can be seen that this

must move the intersection to the left. A shift to the left of the steady-state

corresponds to a decrease in the steady-state stock. Furthermore, the steady-

state harvest is equal to the growth function in the steady-state. Given that

the steady-state stock always decreases with J , it follows that the steady-

state harvest increases with J if f ′(x) < 0 and decreases with J if f ′(x) > 0.

This is summarized in the following lemma.

Lemma 4.1 The steady-state stock is decreasing in J in all stable steady-

states. The steady-state harvest is increasing in J if f ′(x) < 0 and decreasing

in J if f ′(x) > 0.

Proof. See appendix.

While the stock of the resource is falling with trade liberalization, the wel-

fare effects are more complicated for two reasons. Firstly, as just described,

a lower stock level may be associated with a higher growth of the stock and

thus with a larger harvest in the steady state. This is true for levels to the

right of the peak of the hump. Secondly, even if the harvest is falling with

trade (i.e. to the left of the peak), utility may be increasing due to the larger

variety offered when having more trading partners.

The effect on welfare of an increased number of trading partners can be

divided into two effects. One variety effect and one stock effect. From the

6In the proofs in the appendix, the corresponding results for unstable steady-states are
also shown.
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utility flow expression (4.7) the division into these effects is

dU

dJ
=

∂U

∂J
+

∂U

∂x

dx

dJ
(4.9)

where dx
dJ

is the change in steady-state stock that is induced by a change in

J .

The first term represents the variety effect and the second term represents

the stock effect. From (4.7) it can be seen that ∂U
∂J

> 0 and ∂U
∂x

> 0. Since

the steady-state stock always decreases with J , dx
dJ

< 0. So the variety effect

is always positive while the stock effect is always negative7. The net effect of

these two opposing forces is summarized in the following lemma.

Lemma 4.2 The effect of increasing the number of trading partners, in a

stable steady-state, can be divided into a positive variety effect ∂U
∂J

and a

negative stock effect ∂U
∂x

dx
dJ

. The relative strength of the effects is

∣∣∂U
∂J

∣∣
∣∣∂U

∂x
dx
dJ

∣∣ = θ − (θ − 1)
x

f(x)
f ′(x)

The net welfare effect of increasing J is positive (the variety effect dominates)

if x
f(x)

f ′(x) < 1 and negative (the stock effect dominates) if x
f(x)

f ′(x) > 1.

Proof. See appendix.

The expression that determines the relative strength of the effects, x
f(x)

f ′(x),

is the elasticity of the steady-state growth (which is equal to the steady-state

harvest) with respect to the steady-state stock. If this elasticity decreases,

the relative importance of the variety effect increases and the sign of the net

effect depends on whether the elasticity is smaller or larger than one8.

Another implication of this proposition is that a necessary condition for

falling utility is that the steady-state stock x is to the left of the peak in

figure 4.19.

7Note that the steady-state stock may be lower with more trading partners also in the
optimal outcome. So, a negative stock effect does not only capture overharvesting.

8Since the steady-state stock depends negatively on J , the elasticity’s dependency on
J and its dependency on x will have the opposite signs.

9Since then f ′(x) > 0 which is necessary as f(x)
x

always is positive.
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4.3 A specified growth function

To determine more precisely when the harvest and utility respectively are

increasing or decreasing with trade openness we need to specify the biological

growth function. In the rest of the paper we will assume the following

f(x) = kxα(1 − x) (4.10)

This is a relatively simple and tractable generalization of the commonly

used logistic growth function (e.g. Brander & Taylor 1997a, 1997b, 1998

use the logistic growth function). If α = 1, this function represents logis-

tic growth10. If α > 1, the resource stock is more sensitive to extensive

harvesting, so called depensation (see Clark 1990)11.

This function is such that, absent any harvesting, there are two steady

states. There is one unstable steady-state at x = 0 and one stable steady-

state at x = 1. The parameter k represents the general strength of growth.

The growth function has a single peak at α
α+1

. For small x, the function

is convex but at some point it becomes concave and remains concave (for

α = 1, it is concave for all x).

With harvest, a steady-state is given by the point where the growth of

the stock is equal to the harvest. Equation (4.2) implies that, for a given J ,

harvest is proportional to x
θ

θ−1 . From the growth function (4.10), it can be

seen that when the stock is small, the growth behaves as xα. This means that

the dynamics for small stocks depends critically on the relationship between

α and θ.

Lemma 4.3 For α < θ
θ−1

, x = 0 is an unstable steady-state and there is

exactly one steady-state with x ∈ (0, 1] and it is stable. When α > θ
θ−1

,

10Often, the specification is f(x) = kx(1 − x
r
). However, since the parameter r only

determines the size of the stock, it can be normalized to one and other parameters can be
adjusted accordingly. For reference see Clark (1990).

11Note that we do not have critical depensation here. Critical depensation means that
there is a threshold such that if the stock decreases below this threshold, the stock will go
to zero regardless of harvesting. With our functional form, the stock will always recover
without harvesting while critical depensation would enable irreversible collapse of the
stock.
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x = 0 is a stable steady-state. For small J there is one stable steady-state

with x > 0. For large J , x = 0 is the only steady-state.

Proof. See appendix.

An important implication of this proposition is that when α > θ
θ−1

, there

is a risk of extinction. For small J , there is still a stable steady-state with

x > 0. In the following we will assume that the system ends up in this

steady-state whenever it exists. This will happen if the initial stock is large

enough12. If, instead, J is large, x = 0 is the only steady-state and there will

be extinction regardless of the initial value of the stock.

The results regarding the steady-state stock and harvest in lemma 4.1,

and regarding the steady-state utility in lemma 4.2, can be applied to our

specified growth function.

Proposition 4.1 The steady-state stock always decreases (weakly) with J .

Steady-state harvest increases with J if and only if x > α
α+1

. The importance

of the stock effect relative to the variety effect always increases (weakly) with

J . Steady-state utility increases with J if and only if x > α−1
α

.

Proof. The result about the steady-state stock follows from lemma 4.1.

Given that

f ′(x) = xα−1 (α − (α + 1)x), the result about harvest also follows from lemma

4.1. The result regarding utility follows from lemma 4.2 since the elasticity

is xf ′(x)
f(x)

= α − x
1−x

which is decreasing in x and xf ′(x)
f(x)

= 1 ⇒ x = α−1
α

. The

reason for qualifying the results with “weakly” is that for the case α > θ
θ−1

,

the steady-state stock will be zero for all J sufficiently large. For such J ,

there will be no dependency on J .

This proposition implies that the utility maximizing number of trading

partners is the J that gives steady-state stock x = α−1
α

. Denote this by J∗.

Based on the proposition, three different cases can be distinguished. The

logistic case (α = 1), the “low depensation” case
(
1 < α < θ

θ−1

)
and the

“high depensation” case
(
α > θ

θ−1

)
.

12There is an unstable steady-state between x = 0 and the stable steady-state with
x > 0, that separates the basins of attraction of the two stable steady-states.
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• The logistic case: The steady-state stock x decreases with J . Harvest

increases with J until x = 1
2

after which harvest starts to decrease.

Utility always increases with J .

• The low depensation case: The steady-state stock always decreases

with J . Harvest increases with J until x = α
α+1

after which harvest

starts to decrease. Utility increases with J until x = α−1
α

< α
α+1

, that

is, until J = J∗, after which utility starts to decrease.

• The high depensation case: The steady-state stock always decreases

(weakly) with J . Harvest increases with J until x = α
α+1

after which

harvest starts to decrease. Utility increases with J until x = α−1
α

< α
α+1

,

that is, until J = J∗, after which utility starts to decrease. The steady-

state stock, harvest and utility decrease with J until x = α(θ−1)−θ
α(θ−1)−1

<
α−1

α
. If J increases further, x = 0 is the only steady-state and harvest

will drive the stock to extinction.

The high depensation case is illustrated in figure 4.2. Increased trade

openness corresponds to an upward shift in the harvest function. Although it

may be difficult to see in figure 4.2, as long as J > 0, the harvesting functions

start above the growth function implying that x = 0 is stable. For small J ,

there are two steady-states. One larger that is stable and one smaller that

is unstable. If starting from some arbitrary stock, the unstable steady-state

gives the threshold below which the stock will go to zero. As J is increased,

the two steady-states will converge towards each other. The steady-state

utility is increasing in J in the stable steady-state as long as it is to the right

of the dashed vertical line. When J reaches the value corresponding to the

dotted harvesting function in the figure, the steady-states become one saddle

point13. If trade openness is increased further, there no longer is any steady-

state with positive stock and the stock will go to zero regardless of where it

starts from. It can be seen that this happens strictly to the left of the dashed

line which means that the steady-state utility will start to decrease before

the stock goes to zero.

13That is, we have a bifurcation.
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4.4 Optimality and correcting policies

So far we have solved for the open access outcome. This outcome is, in

general, not optimal. When solving for the optimal outcome, the solution

depends on the discount rate. This is because the optimization will involve

the trade off between harvesting today and leaving resources to improve

future harvesting opportunities. Here we will take the optimum as the steady-

state that maximizes the steady-state utility flow. This corresponds to the

steady-state of the optimal solution where the discount rate goes to zero14.

Note that the optimum requires that all countries act optimally.

In the following we will assume that the system always ends up in the sta-

ble steady-state with positive stock whenever it exists. The optimal steady-

state is characterized in the following proposition.

Lemma 4.4 The optimal steady-state, xopt, is such that xopt > α
α+1

and it

is decreasing in J . The maximum steady-state utility flow is increasing in

J . Furthermore, the optimal steady-state stock is larger than the open access

steady-state stock.

Proof. See appendix

The optimum can be implemented in the open access case with taxation.

Consider a tax system where a share T of the harvest of each agent is taken

and where the tax revenues are paid back lump sum to the agents in equal

shares. The optimal tax is characterized in the following proposition

Proposition 4.2 Under a tax regime of taxing a share T of the income from

harvesting and paying back the tax revenues lump sum, the optimal tax rate

T is

T =
1

1 − xopt

f(xopt)
f ′ (xopt)

=
1 − xopt

1 + (α − 1)xopt
∈ (0, 1) (4.11)

where xopt is the optimal steady-state stock. T and the steady-state utility

flow are increasing in J .

14When the discount rate goes to infinity, the steady-state of the optimal outcome is
the same as in the open access outcome.
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Proof. See appendix

The proposition implies that under optimal taxation, welfare increases

unambiguously with the number of trading partners. As the number of trad-

ing partners is increased, the incentives for overharvesting becomes stronger

and the tax rate should be increased accordingly.

So, taxing the harvest and paying the revenues back lump sum can im-

plement the optimum. We will now look at a different policy. This is to tax

the harvest but waste the tax revenues. In our setting, with a continuum

of countries, this is very similar to having the same iceberg trade cost with

all trading partners15. A different interpretation is that the tax revenues are

used for something that is not explicitly modeled. In that interpretation, the

positive welfare effects of taxation are a lower bound of the actual welfare

effects.

Assume that a share T of the harvest is taxed away in each period and

that the tax revenues are destroyed. The main results related to this taxation

scheme are summarized in the proposition below.

Proposition 4.3 Under a taxation regime of destroying a share T of the har-

vest, utility is maximized by any combination of T and J such that (1 − T )
q

1−q J =

J∗, giving steady-state stock x = α−1
α

. For J < J∗, T = 0 is the optimal tax.16

Proof. See appendix.

This proposition says that when the number of potential trading partners

is larger than the utility maximizing number, there are two equivalent ways of

restricting the overharvesting problem. Either the number of trading partners

can be limited, or parts of the harvest can be taxed and destroyed (which

here is equivalent to having trading costs). Note that restricting the number

of trading partners also constitutes a waste in the sense that increasing the

number of trading partners would be welfare increasing if the resources were

15With a continuum of goods and countries, each country’s consumption of a good is
a negligible part both of total consumption of that good and of the country’s total con-
sumption. So it does not make much sense to distinguish between traded and domestically
consumed goods.

16As defined on page 130, J∗ is the number of trading partners that, without taxation,
gives the steady-state stock, x = α−1

α
.
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properly managed. So, if the overharvesting problem is severe enough, it is

worth destroying resources to reduce the incentives for harvesting.

If the tax T is interpreted as trading costs, proposition 4.3 says that we

can construct a more general measure of trade openness which is a combina-

tion of the number of trading partners and the level of the trading costs.

A better alternative to this policy is to somehow use the harvest that is

taxed away. We will now look at a policy where a share T of the harvest

is taken and put back to the stock. This policy somewhat resembles the

practice where all fish, under a certain size, are thrown back to the sea after

being caught, or when the net’s mesh size has certain restrictions. In this

case we get the following result.

Proposition 4.4 Under a taxation regime of returning a share T of the

harvest back to the stock, steady state utility can be increased by taxation

if and only if the steady-state stock x < α
α+1

. If T is chosen to maintain

x = α
α+1

, or set to 0 when the stock is larger than that in the steady-state

without taxation, steady-state utility increases with J .

Proof. See appendix.

Comparing the results in this proposition to the results in proposition

4.3, the steady-state stock that motivates policy intervention is larger when

the revenues are returned to the stock compared to when they are wasted(
α

α+1
> α−1

α

)
. Since the steady-state stock is decreasing in the number of

trading partners, this means that fewer trading partners are needed before

policy intervention is motivated when the revenues are returned to the stock.

This reflects the higher efficiency of the tax scheme that returns the revenues

to the stock.

The optimal stock in proposition 4.4, x = α
α+1

, coincides with the maxi-

mum of f(x). It means that returning some of the harvest to the stock should

be pursued until growth is maximized. For given, J , T and x, the agents

will choose to harvest in such a way that the marginal value of consumption

equals the marginal disutility of effort. This will imply that welfare is pro-

portional to the after tax harvest, (1−T )Nx. Since the harvest that is taxed

away is returned to the stock, the after tax income in steady-state will equal
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the growth of the stock. Therefore, welfare is maximized when the growth

of the stock is maximized.

Proposition 4.4 also says that, as long as the tax can be set as high as

required to keep the steady-state stock at the desired level, an increase in

the number of trading partners is unambiguously good. So, if it is possible

to tax harvest and either pay back the revenues lump-sum, or return the

taxed harvest to the stock, the increased incentives for overharvesting can be

counteracted through taxation efficiently enough so that an increased number

of trading partners unambiguously increases welfare.

4.5 Concluding remarks

This paper has shown that if a country has an open access renewable re-

source with strong regenerative power, e.g. given by a logistic biological

growth function, then trade will improve welfare. If, on the other hand, the

resource is sensitive to overharvesting, then extensive trade will harm wel-

fare and may drive the resource to extinction. It suggests that the increased

pressure on renewable resources in the last century may have been due to

trade liberalization.

Essentially, when property rights are not defined properly, the individual

harvester does not take the future into account when harvesting. By intro-

ducing trade, the individual gets access to a broader variety of goods, which

in itself increases welfare. However, when the relative value of consumption

to leisure is increasing the individual is willing to exert more effort to in-

crease the income. When taken to the aggregate level, the stock therefore

falls which may lead to a lower income and potentially also lower welfare.

These results are, of course, contingent on property rights being weakly

defined or weakly upheld. The first best policy measure is hence to improve

property rights, since then trade enriches the number of varieties without

aggravating a negative externality. However, it is conceivable that defining

and upholding property rights may be harder than regulating trade in some

cases. Broadly, this regulation can take the form of either restricting the

number of trading partners by excluding open access renewable resources
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from trade agreements, or by taxing the harvest income. We characterize a

tax system that can replicate the first best outcome. Not surprisingly, the tax

rate is here increasing in the number of trading partners. But since welfare

is increasing in trade openness, the optimal policy is to trade with as many

partners as possible and increase the optimal tax accordingly.

We also look at policies which are not necessarily optimal but improve

welfare upon open access. One such policy, that also has a real world mirror,

is returning a share of the harvest to the stock. While this creates a friction

leading to unnecessary effort, we show that it deals with over-harvesting effi-

ciently enough to actually warrant that the maximum attainable number of

trading partners should be sought for if a high enough tax is politically and

practically feasible. Another tax regime that is more harsh is if a share of the

catch is destroyed upon harvest. While this policy is not strong enough to

justify an unlimited number of trading partners, despite its apparent harsh-

ness, it improves welfare in face of a broad trade network and a sensitive

resource stock.
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4.A Appendix – Derivations and proofs

In this appendix, we show the mathematical details. It contains the proofs

of the lemmas and propositions in the text, and also some additional results.

The following lemma gives the conditions under which a steady-state is

stable.

Lemma 4.5 A steady-state x is locally stable if

θ(f ′(x) − f(x)) − f ′(x) < 0

Proof. Using (4.6), the partial derivative of N with respect to x can be

calculated
∂N

∂x
=

1

θ − 1
(θA)

1
1−θ J

1
θ−1

1−q
q x

1
θ−1

−1 =
1

θ − 1

N

x
(4.12)

In steady-state ẋ = f(x) − Nx = 0. In order for a steady-state to be locally

stable, it has to be the case that

d

dx
[f(x) − Nx] < 0

Using (4.12)

d

dx
[f(x) − Nx] = f ′(x)−N−∂N

∂x
x = f ′(x)−

(
1 +

1

θ − 1

)
N = f ′(x)− θ

θ − 1
N

So, the steady state is locally stable if and only if

f ′(x) − θ

θ − 1
N < 0 ⇔ 0 > (θ − 1)f ′(x) − θN = θ(f ′(x) − N) − f ′(x)

The lemma follows since, in steady-state, N = f(x).

Proof of lemma 4.1

In order to get comparative statics with respect to J , consider the steady-

state values as being functions of J . To see what happens with steady state

x, consider x as a function of J , and N as a function of J and also of x.
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To do this, we need the partial derivative of N with respect to J .

∂N

∂J
=

1

θ − 1

1 − q

q
(θA)

1
1−θ J

1
θ−1

1−q
q

−1x
1

θ−1 =
1

θ − 1

1 − q

q

N

J
(4.13)

Differentiating the steady-state condition with respect to J and using

(4.12) and (4.13) gives

d

dJ
[f(x) − Nx] = f ′(x)

dx

dJ
−
(

∂N

∂J
+

∂N

∂x

dx

dJ

)
x − N

dx

dJ

=
1

θ − 1
((θ − 1)f ′(x) − θN)

dx

dJ
− 1

θ − 1

1 − q

q

N

J
x

Setting this equal to zero gives

dx

dJ
=

1−q
q

N
J
x

(θ − 1)f ′(x) − θN
(4.14)

Since 1−q
q

N
J
x always is positive, the derivative has the same sign as (θ −

1)f ′(x)− θN . From lemma 4.5 it follows that the derivative is strictly nega-

tive for all stable steady-states. So, for all stable steady-states the resource

stock decreases when trade openness is increased. Similarly, the derivative is

positive for all unstable steady-states.

The steady-state harvest is H = Nx = f (x). This means that steady-

state harvest changes in the same direction as the steady-state value of f (x)

d

dJ
f (x) = f ′ (x)

dx

dJ

Since dx
dJ

< 0 in all stable steady-states, the change in the steady-state

harvest, dH
dJ

, has the opposite sign compared to f ′ (x). In unstable steady-

states, dH
dJ

has the same sign as f ′(x).�

Proof of lemma 4.2

The division into variety and stock effect follows from equation (4.9).
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From equation (4.7), the variety effect is

∂U

∂J
=

θ

θ − 1

1 − q

q

U

J
> 0

From equations (4.7) and (4.14), the stock effect is

∂U

∂x

dx

dJ
=

θ

θ − 1

U

x

1−q
q

N
J
x

(θ − 1)f ′(x) − θN
=

1−q
q

θ
θ−1

N
J
U

θ (f ′(x) − f(x)) − f ′(x)

From lemma 4.5, this is negative in all stable steady-states.

The relative strength of the effects is

∣∣∂U
∂J

∣∣
∣∣∂U

∂x
dx
dJ

∣∣ =

∣∣∣ θ
θ−1

1−q
q

U
J

∣∣∣
∣∣∣∣

1−q
q

θ
θ−1

N
J

U

(θ−1)f ′(x)−θN

∣∣∣∣
=

∣∣∣∣
(θ − 1)f ′(x) − θN

N

∣∣∣∣ =

∣∣∣∣
(θ − 1)xf ′(x) − θf(x)

f(x)

∣∣∣∣

From lemma 4.5, the numerator in the last expression is negative in all

stable steady-states, so

∣∣∂U
∂J

∣∣
∣∣∂U

∂x
dx
dJ

∣∣ =
−(θ − 1)xf ′(x) + θf(x)

f(x)
= θ − (θ − 1)

x

f(x)
f ′(x)

From (4.9), the total welfare effect is

dU

dJ
=

∂U

∂J
+

∂U

∂x

dx

dJ
=

θ

θ − 1

1 − q

q

U

J

(
1 +

N

(θ − 1)f ′(x) − θN

)

= θ
1 − q

q

U

J

f ′(x) − N

(θ − 1)f ′(x) − θN
= θ

1 − q

q

U

J

xf ′(x) − f(x)

(θ − 1)xf ′(x) − θf(x)

= θ
1 − q

q

U

J
f(x)

x
f(x)

f ′(x) − 1

(θ − 1)xf ′(x) − θf(x)

Since the denominator is negative in all stable steady states, the total

welfare effect is positive if x
f(x)

f ′(x) < 1 and negative if x
f(x)

f ′(x) > 1. �

Proof of lemma 4.3

For a given J , the harvesting function can be written Nx = Bx
θ

θ−1 , where
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B = (θA)
1

1−θ J
1

θ−1
1−q

q > 0 is a constant.

lim
x→0+

f (x)

Nx
= lim

x→0+

k

B
xα− θ

θ−1 (1 − x) =






0 if α > θ
θ−1

∞ if α < θ
θ−1

k
B

if α = θ
θ−1

So, if α > θ
θ−1

, Nx > f(x) for small x and x = 0 is stable. If, α < θ
θ−1

,

Nx < f(x) for small x and x = 0 is unstable. If α = θ
θ−1

, x = 0 can be either

stable or unstable depending on the ratio k
B

.

Look at the change in the stock

ẋ = kxα(1 − x) − Bx
θ

θ−1 = Bx
θ

θ−1

(
k

B
xα− θ

θ−1 (1 − x) − 1

)

Bx
θ

θ−1 is positive for all x > 0. Let g(x) = k
B
xα− θ

θ−1 (1 − x) − 1, that is,

the parenthesis in the equation above.

If α < θ
θ−1

, g is positive for small values of x decreasing in x for x ∈ (0, 1)

and negative for x = 1. So there is exactly one steady-state and it is stable.

If α > θ
θ−1

, g(0) and g(1) are both negative and g has one maximizing

x ∈ (0, 1), x̃, given by

g′(x) =
k

B
xα− θ

θ−1
−1

(
α − θ

θ − 1
−
(

1 + α − θ

θ − 1

)
x

)
= 0

⇒ x̃ =
α − θ

θ−1

1 + α − θ
θ−1

=
α(θ − 1) − θ

α(θ − 1) − 1

If g(x̃) < 0, g(x) < 0 for all x ∈ (0, 1) and there is no steady-state. If

g(x̃) > 0, there is one stable steady-state with x > x∗ and one unstable

steady-state with x < x̃. If g(x̃) = 0, x̃ is a saddle point. g(x̃) is

g(x̃) =
k

B
x̃α− θ

θ−1 (1 − x̃) − 1

=
k

(θA)
1

1−θ J
1

θ−1
1−q

q

x̃α− θ
θ−1 (1 − x̃) − 1
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This is strictly decreasing in J implying that for small J , g(x̃) > 0, for

some J , g(x̃) = 0 and for larger J , g(x̃) < 0.

�

Proof of lemma 4.4

To simplify the solution for the optimum, it can be noted that the im-

perfect substitutability of the varieties in the utility function implies that all

varieties should be consumed in equal amounts. Meaning that ci (j) = c




J∫

0

ci (j)
q




1
q

= J
1
q c and Nx =

J∫

0

cj (i) dj = Jc ⇒ c =
Nx

J
⇒ J

1
q c = J

1−q
q Nx

The steady-state condition is Nx = f (x). So the optimization problem

can be written

max
N,x

J
1−q

q Nx − AN θ s.t. Nx = f (x)

or after substituting N = f(x)
x

max
x

J
1−q

q f (x) − A

(
f (x)

x

)θ

s.t. Nx = f (x)

taking the first order condition and rearranging gives

J
1−q

q

θA
=

(
f (x)

x

)θ−1
1

x

xf ′ (x) − f (x)

xf ′ (x)
(4.15)

This implicitly gives the optimal steady-state stock. To see that xopt >
α

1+α
, note that the biological growth function has its maximum for x = α

1+α
.

This means that for each x ∈
(
0, α

1+α

)
, there is a x̂ ∈

(
α

1+α
, 1
)

such that

f (x) = f (x̂). By looking at the resulting steady-state utility it can be seen

that J
1−q

q f (x) − A
(

f(x)
x

)θ

< J
1−q

q f (x̂) − A
(

f(x̂)
x̂

)θ

so, x can not be the

optimal steady-state. To see that xopt is decreasing in J , note that the LHS

of (4.15) is increasing in J . For x > α
1+α

, f (x) is decreasing in x. 1
x

is always

decreasing in x. This means that the first two factors of the RHS of (4.15)

are decreasing in x. The last factor can be rewritten
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xf ′ (x) − f (x)

xf ′ (x)
=

xkxα−1 (α − (α + 1)x) − kxα (1 − x)

xkxα−1 (α − (α + 1)x)
=

α − 1 − αx

α − (α + 1) x

differentiating gives

d

dx

α − 1 − αx

α − (α + 1) x
= − 1

(α − (α + 1)x)2

This is negative wherever defined, which is for all x 6= α
1+α

. So the RHS of

(4.15) is decreasing in x. From this it follows that the optimal steady-state

stock is decreasing in J . To see that the maximum steady-state utility flow is

increasing in J , note that for a given x, J
1−q

q f (x)−A
(

f(x)
x

)θ

is increasing in

J . So if the steady-state x is kept constant as J is increased the utility flow

increases. This means that it is always possible to achieve higher steady-state

utility if J is increased.

What remains to show is that the optimal steady-state stock xopt is larger

than the open access steady-state resource stock xoa. To begin with, it can

be noted that if the open-access steady-state is such that xoa < α
1+α

it follows

immediately that xopt > xoa. So, we need to show the result for the case where

xoa > α
1+α

. This implies that f ′ (x) < 0 for all relevant x. The expression for

the open access harvesting effort (4.6) can be combined with the steady-state

condition f (xoa) = Noaxoa to give that

J
1−q

q

θA
=

(
f (xoa)

xoa

)θ−1
1

xoa

The difference between the expressions is the factor xf ′(x)−f(x)
xf ′(x)

. Since

f ′ (x) < 0, xf ′(x)−f(x)
xf ′(x)

> 1. For the relevant x,
(

f(x)
x

)θ−1
1
x

decreases in x.

Combined this implies that xopt > xoa. �

Proof of proposition 4.2

The share T is taken from the harvest of each agent and revenues are

paid back lumpsum in equal shares to all agents. The maximization problem
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of a representative agent in country i is

max
Ni,{ci(j)}

(∫ J

0

(ci(j))
q dj

) 1
q

−AN θ
i s.t. (1 − T ) p(i)Nixi + τ =

∫ J

0

p(j)ci(j)dj

This is very similar to the problem without taxation. Taking first order

conditions and imposing symmetry (ci(j) = c, p(i) = p, Ni = N and xi = x)

gives

N = (θA)
1

1−θ J
1

θ−1
1−q

q (1 − T )
1

θ−1 x
1

θ−1

Imposing the steady-state condition Nx = f (x) gives

J
1−q

q

θA
=

(
f (x)

x

)θ−1
1

x

1

1 − T

Comparing this to the optimality condition (4.15) gives

1

1 − T
=

xf ′ (x) − f (x)

xf ′ (x)
⇒ T =

1

1 − x
f(x)

f ′ (x)

Substituting the growth function (4.10) gives that

T =
1 − x

1 − α + x

From this expression it can be seen that the optimal tax is decreasing

in the steady-state stock. From lemma 4.4 the optimal steady-state stock is

decreasing in J implying that the optimal tax is increasing in J . Since the

tax implements the optimum, lemma 4.4 implies that the steady-state utility

is increasing in J . �

Proof of proposition 4.3

When a share T is taxed away and destroyed, the agents solve the follow-

ing problem
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Ui =

(∫ J

0

(ci(j))
q dj

) 1
q

− AN θ
i s.t.

(1 − T ) p(i)Nixi =

∫ J

0

p(j)ci(j)dj

The solution must also fulfill the condition on total consumption

(1 − T )Nixi =

∫ J

0

cj(i)dj

When using the first order conditions from this problem (with symmetry

imposed) and the growth function (4.10) in the law of motion for the stock

(4.5), we get the following expression for the steady state.

kxa (1 − x) = Nx = (θA)
1

1−θ

[
(1 − T )

q
1−q J

] 1
θ−1

1−q
q

x
θ

θ−1 (4.16)

U =
θ − 1

θ
(Aθ)

1
1−θ

[
(1 − T )

q
1−q J

] θ
θ−1

1−q
q

x
θ

θ−1

= (θ − 1)AN θ (4.17)

Comparing equations (4.7) and (4.8) to (4.17) and (4.16). It can be seen

that J in the first two equations corresponds to (1 − T )
q

1−q J in the other

two equations. Therefore lemma 4.2 implies that utility is increasing in

(1 − T )
q

1−q J if it is smaller that J∗ and decreasing in (1 − T )
q

1−q J when

it is larger than J∗. So utility is maximized for any combination of J and T

such that (1 − T )
q

1−q J = J∗ and if J ≤ J∗, then the utility maximizing tax

is T = 0. �

Proof of proposition 4.4

The setting of the individual’s problem is the same as in proposition 4.3.

So the expression for steady-state utility is the same as in equation (4.17).

The difference is that the taxed harvest is returned to the stock and that

only the after tax harvest H̃ = (1 − T )Nx is removed from the stock. The

steady-state condition is that the after tax harvest is equal to the growth of
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the stock

H̃ = kxa (1 − x) = (θA)
1

1−θ J
1

θ−1
1−q

q x
θ

θ−1 (1 − T )
1

θ−1
+1 (4.18)

Differentiating (4.17) with respect to T gives

dU

dT
= U

[
− θ

θ − 1

1

1 − T
+

θ

θ − 1

1

x

dx

dT

]
= U

θ

θ − 1

[
1

x

dx

dT
− 1

1 − T

]

Treating x as a function of T and differentiating both sides of (4.18) with

respect to T gives

H̃

[
α

1

x

dx

dT
− 1

1 − x

dx

dT

]
= H̃

[
θ

θ − 1

1

x

dx

dT
− θ

θ − 1

1

1 − T

]

⇒
[

θ

θ − 1

1

x
+

1

1 − x
− α

1

x

]
dx

dT
=

θ

θ − 1

1

1 − T

⇒ dx

dT
=

1

1 − T

θx(1 − x)

θ − α(θ − 1) + (α(θ − 1) − 1)x

The sign of this derivative is the same as the sign of the denominator

θ − α(θ − 1) + (α(θ − 1) − 1)x > 0 ⇔ (α(θ − 1) − 1)x > α(θ − 1) − θ

Consider three different cases depending on α(θ − 1) − 1.

• α(θ − 1) − 1 > 0

(α(θ − 1) − 1) x > α(θ − 1) − θ ⇒ x >
α(θ − 1) − θ

α(θ − 1) − 1
= x̃

• α(θ − 1) − 1 = 0

(α(θ − 1) − 1) x > α(θ − 1) − θ ⇒ 0 > α(θ − 1) − θ = 1 − θ < 0
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• α(θ − 1) − 1 < 0

(α(θ − 1) − 1)x > α(θ − 1) − θ ⇒ x <
α(θ − 1) − θ

α(θ − 1) − 1
> 1

For the first case, if α > θ
θ−1

, x̃ > 0 is the smallest possible, strictly posi-

tive, steady-state stock (see the proof of lemma 4.3, note that x̃ only depends

on the shape of the growth function and the shape of the harvest function

as a function of x). If α ≤ θ
θ−1

, x̃ ≤ 0. So θ − α(θ − 1) + (α(θ − 1) − 1)x,

and therefore also dx
dT

, is positive for all relevant cases.

Substituting the expression for dx
dT

in the expression for dU
dT

gives

dU

dT
= U

θ

θ − 1

[
1

x

dx

dT
− 1

1 − T

]
=

= U
θ

θ − 1

1

1 − T

[
θ(1 − x)

θ − α(θ − 1) + (α(θ − 1) − 1) x
− 1

]

= Uθ
1

1 − T

α − (α + 1)x

θ − α(θ − 1) + (α(θ − 1) − 1)x

As noted above, the denominator is positive for all relevant cases. So, the

sign of dU
dT

is the same as the sign of α− (α +1)x. This is positive if x < α
α+1

and negative if x > α
α+1

and utility is maximized by the tax that induces

x = α
α+1

.

Whenever the steady-state stock without taxation is larger than α
α+1

,

proposition 4.1 says that utility is increasing in J and above in this proof,

we showed that the tax should be set to zero. When the steady-state stock

without taxation would be smaller than α
α+1

, the tax should be such that

x = α
α+1

is maintained. When the tax is set in such a way (4.18) implies that

(1− T )
θ

θ−1 J
1

θ−1
1−q

q x
θ

θ−1 is constant. Equation (4.17) can be rewritten to give
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U =
θ − 1

θ
(Aθ)

1
1−θ

[
(1 − T )

q
1−q J

] θ
θ−1

1−q
q

x
θ

θ−1

=
θ − 1

θ
(Aθ)

1
1−θ (1 − T )

θ
θ−1 J

θ
θ−1

1−q
q x

θ
θ−1

=

[
θ − 1

θ
(Aθ)

1
1−θ (1 − T )

θ
θ−1 J

1
θ−1

1−q
q x

θ
θ−1

]
J

1−q
q

As long as T is set to maintain x = α
α+1

, the expression within the bracket

is constant and J
1−q

q is increasing in J , so utility is increasing in J . �



Chapter 5

The Distribution of Revealed

Preferences under Social

Pressure∗

5.1 Introduction

The question addressed by this paper is very simple. Think of a society where

every individual has a private opinion with respect to some issue, and those

opinions are uniformly distributed. Suppose also that individuals dislike

lying about their opinions. Then, the revealed preferences, i.e. what people

declare openly, should be uniform as well. But now we introduce a pressure

to conform to some “social norm”. How will that change the distribution of

revealed preferences?

We study this question analytically under a variety of societal traits.

Although the problem faced by one individual is quite simple, it turns out

that the outcomes at the aggregate level are quite diverse and largely depend

on the characteristics of society. To help fix ideas, we label an orthodox

∗This paper is coauthored with Moti Michaeli, Department of Economics, Hebrew
University. We wish to thank Florian Biermann, Sergiu Hart, John Hassler, Arie Kacowicz,
Assar Lindbeck, Sten Nyberg, Ignacio Palacios-Huerta, Torsten Persson, Jörgen Weibull,
Robert Östling and seminar participants at Hebrew University, Stockholm University and
Stockholm School of Economics for valuable comments.
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society as one where the social pressure is concave, so that small deviations

from the norm are punished heavily but large deviations only somewhat

more. As an opposite label, liberal societies are those with a convex pressure

function, so that society is tolerant to deviations as long as these are not too

extreme. Similarly, at an individual level, we label opinions as rigid if the

displeasure from lying is concave and lax if it is convex.

In the basic case, where individuals are punished for deviations from one

common social norm, we find that liberal societies will induce individuals to

compromise between conforming and stating their true opinions. Depending

on how lax individuals’ personal opinions are, as compared to how liberal is

society, the total outcome will either be bimodal polarization or unimodal

concentration.

Meanwhile, orthodox societies will exhibit no compromise. An individual

will either completely conform or completely speak her mind. This is due to

the fact that when social pressure is concave, one essentially needs to fully

conform in order to alleviate the pressure. Although all orthodox societies

will display this lack of compromise, the further traits of individuals will

determine who conforms and who ignores the norm. Depending on how rigid

individuals’ personal opinions are, as compared to how orthodox society is,

we will either see “alienation”, where extremists (those with opinions far from

the norm) follow their hearts, or “hypocrisy”, i.e. a case where the norm is

maintained by those opposing it the most.

An overarching analytical result that we find is that the relative curvature

of social pressure compared to inner preferences determines who in society is

most affected by social pressure. More precisely, if the relative concavity of

social pressure (arising from deviations from the norm) is higher than that of

the cognitive dissonance (from deviating from one’s bliss point), then indi-

viduals with inner preferences close to the social norm will concede relatively

more than those with inner preferences far from it, and vice versa. The in-

tuition for this is fairly simple – when social pressure is relatively concave,

it affects small deviations from the norm relatively more, i.e. those with

preferences close to the norm.

Another outcome that clearly separates orthodox and liberal societies
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is that if the norm represents the average declared opinion, then in liberal

societies it will also represent the average true (hidden) opinion in society1. In

contrast, in orthodox societies, we may well obtain a social norm centred on

a point which is far from what people really think. In a sense, this highlights

the prospects for a democracy which is representative of the true opinions in

various societies.

In an extension of the basic model, we look at how individuals’ pres-

sure on each other aggregates up to a pluralistic societal pressure, and how

this will affect the distribution of revealed preferences. A surprising result

is that societies where the sources of pressure are heterogenous, but where

each single pressure is concave, will, after the aggregation of all single pres-

sure functions, have a convex societal pressure. Our interpretation of this

is that a society with orthodox individuals with heterogenous opinions will,

on aggregate, be liberal. In order to maintain an orthodox society, there

needs to be a central authority that sanctions individuals, otherwise, the in-

dividual true opinions need to be very homogenous. This also alludes to the

(im-)possibility of keeping an orthodox society once norms are shaped in a

pluralistic way. We also show that in these cases – of pluralistic societies but

with orthodox and rigid individuals – “hypocrisy” will arise, i.e. extremists

will claim to be more moderate than many moderates.

This subject can be relevant at a few different levels. First, non-economic

incentives are obviously an important part in decision making. In that sense,

this paper contributes to the large literature on social norms by analyzing

how the aggregate effects play out. This may have a bearing on how efficient

and how broad we can expect different policy instruments to be – depending

on whether they affect the deviations from desired behavior in general, or

different types of deviations differently. Second, we provide an explanation

for why we observe such a diversity of distributions of behavior and opinions

in reality – other than the simplest explanation saying that whatever we

observe is exactly the distribution of true inner preferences. Third, the paper

indirectly highlights a problem in survey data and how we should interpret

the observed distributions. For example, Manski (1993) has pointed out the

1This is true at least if the distribution of true opinions is uniform.



156 CHAPTER 5. PREFERENCES UNDER PRESSURE

problem of separating revealed and inner preferences empirically. We align

with his view by showing that one cannot simply deflate the effects of social

pressure across the board in some straightforward manner. Rather, social

pressure can have non-linear and – perhaps more gravely – also ordinal effects

on the revealed distribution. Finally, it clarifies that the commonly used

assumption in many economic theories, of a linear-quadratic combination of

utilities, is far from innocuous.

In this paper, social norms may represent consensual political opinions,

work ethics, or any other unwritten rules of conduct. This way social pres-

sure does not only cover what is often referred to as cheap talk, but also

more action oriented conduct, such as buying ethically produced goods, be-

ing unemployed, cheating on taxes, or choosing which type of car to buy. One

can also interpret the sanctioning system as being a judicial punishment and

thus, the model may represent how law-obedience is distributed in a society

(particularly when there are several levels of disobedience, e.g. in the case of

breaking speed limits).

The literature on social norms is vast and has been applied to various eco-

nomic subjects such as choices of neighborhood (e.g. Schelling, 1971), herd

behavior (e.g. Granowetter, 1978) and unemployment (e.g. Lindbeck et al,

2003). The most common formal approach is to let the stances of individuals

be binary. This naturally limits any investigation of distributions (e.g. Brock

& Durlauf, 2001; Lopez-Pintado & Watts, 2006). An exception is Bernheim’s

(1994) work on conformity. Just like in the current paper, he does not only

investigate a continuum of inner blisspoints, but also a continuum of stances

from which individuals may choose. Perhaps the most important difference

between our model and that of Bernheim is that he assumes that people are

judged by the type they are conceived to really be, while we assume that

people are judged by their actions regardless of their true type. Plausibly,

there is merit to both approaches, and the distinction turns out to have a

great impact on the results. A further difference is that Bernheim assumes

that both the social pressure function and the inner preference function are

concave. As we will show, a number of other distributions arise if we only

deviate from concave cases, and the purpose of this paper is to present this
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complete set of possible distributions and link them to societal traits. To

this end, we will be less general in the paper by choosing a specific type of

function – namely a power function – and let it take on both concave and

convex shapes. The benefit of this functional form is that it is tractable and,

more importantly, that it provides us with a set of parameters and results

to which we can give reasonable interpretations in real world terms. Most

results also hold with general functional forms.

The next section outlines the model with general function forms and de-

rives some general results. Section 5.3 presents and interprets the model with

power functions. Then, the results of the model are presented in sections 5.4-

5.8) according to the different possible subcases. Note that we assume that

all individuals feel pressure from a common source (the social norm). How-

ever, since the resultant distributions are qualitatively independent of the

exact location of the social norm, we present the results in a way which is

agnostic about how the social norm is formed2. To characterize the general

equilibrium, the subsequent section 5.9 analyzes which locations of the social

norm can be achieved in equilibrium if the social norm is endogenously de-

termined by the average stance in society. Section 5.10 suggests some casual

observations that the model may explain. Next, in sections 5.11 and 5.12, we

extend the model to a case where societal pressure is formed by the aggrega-

tion of individuals’ pressure on each other and show how that affects stances

in orthodox societies. Finally, we devote part of the concluding section 5.13

to discussing how an empirical test of the model may be approached. To keep

the paper readable, the more elaborate analytical derivations and proofs are

covered in the appendix.

2You can think of an endogenous source for the norm, like the mean or the median of
the distribution of stances in society or, alternatively, an exogenous source for the norm,
such as rules of conduct determined by a religious authority
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5.2 The model and general results

An individual is represented by a type t ∈ (tl, th). The inner (hidden) pref-

erence of a type t is

D (t − s) ,
dD

d (|t − s|) > 0,

where s is the (openly declared) stance of an individual and thus a choice

variable. If a person minimizes D only, it is immediate that s (t) = t. This

way t represents the blisspoint of an individual in fulfilling her inner pref-

erences and D can be interpreted as the cognitive dissonance or displeasure

felt by taking a stance that is not in line with this bliss point. We can, for

example, think of t as the position on a political scale.

Now, assume that an individual that takes s as a stance feels a social

pressure P (s − s̄), where s̄ can be understood as a social norm3, with

dP

d (|s − s̄|) > 0.

The total disutility (or loss) of an individual is then the sum of the cognitive

dissonance and the social pressure.

L (t, s) = D (t, s) + P (s, s̄) (5.1)

So, on the one hand, the individual feels an increasing inner displeasure (or

cognitive dissonance) from taking a stance different than the bliss point.

On the other hand, the more social pressure that is exerted the further the

stance is from the norm. Then, it is immediate that each individual will take

a stance somewhere in between (and including) its inner blisspoint and the

social norm. That is

∀t, s∗ (t) ∈
{

[s̄, t] , if s̄ ≤ t

[t, s̄] , if t > s̄
,

3The qualitative results from the model are independent of the location of s̄. In section
5.9, a general equilibrium s̄ is determined given that it is the average of all stances. Since
there may be many other ways of determining s̄, we prefer to remain agnostic about its
location and origin as far as we can in the paper.
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where s∗ (t) is the stance that minimizes the loss for type t. For the sake

of tractability, we will restrict the analysis to cases where s (t) ≤ t.4 The

analysis when s (t) > t is similar. The first-order condition

L′ = P ′ (s) − D′ (t − s) , (5.2)

is equal to zero in inner extreme points while the second-order condition,

L′′ = P ′′ (s) + D′′ (t − s) , (5.3)

is positive in minimum points. Denoting the optimal stance by s∗, we then

have the inner solutions

P ′ (s∗) = D′ (t − s∗) . (5.4)

We now turn to look at s∗(t), i.e. the function describing the inner solu-

tion (if it exists) for every t. More specifically, we concentrate on ranges of t

for which the inner solution exists, and where s∗(t) is continuous and twice

differentiable5. Then, by way of the implicit function theorem, we can derive

the following results.

ds∗

dt
=

D′′ (t − s∗)

P ′′ (s∗) + D′′ (t − s∗)
(5.5)

d2s∗

dt2
=

[
D′′′ (t − s∗) (P ′′ (s∗))2 − P ′′′ (s∗) (D′′ (t − s∗))2]

(P ′′ (s∗) + D′′ (t − s∗))3 (5.6)

A further assumption that simplifies the exposition of the results is that

t ∼ U (tl, th). This has no bearing on the stances at an individual level,

i.e. s∗ (t), but will, of course, affect the aggregate distribution. As we want

to present various qualitatively different distributions that emerge from the

model, a uniform distribution of types implies that the effects from our model

are analyzed in isolation from the reasons of the underlying distribution of

4A sufficient requirement for the upcoming analysis to hold is that both P and D are
three times continuously differentiable.

5This implies that we only look at ranges either where the solution is unique or where
there are no discrete jumps between solutions.
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hidden opinions.

To compare the extent of conformity to the norm and compromise by

different individuals in society, we will use three measures.

Definition 5.1 The conformity of t is |s∗ (t) − s̄|.

This measure is of how close to the norm is an individual’s stance. We

will say that t conforms more than t′ if |s∗ (t) − s̄| ≥ |s∗ (t′) − s̄|.

Definition 5.2 The absolute concession of t is |t − s∗ (t)|.

This second measure essentially catches how far from its true opinion an

individual’s stance is, i.e. how large a step towards the norm an individual

is taking. So, t is said to concede absolutely more than t′ if |t − s∗ (t)| ≥
|t′ − s∗ (t′)|.

Definition 5.3 The relative concession of t is |t − s∗ (t)| / |t − s̄|.

This final measure is meant to portray how much an individual is giving

up on her beliefs compared to how much she could, maximally, if she com-

pletely conformed to the norm. We say that t concedes relatively more than

t′ if |t − s∗ (t)| / |t − s̄| ≥ |t − s∗ (t′)| / |t′ − s̄|. Following these definitions, a

useful lemma applies for types above the social norm6.

Lemma 5.1 For t ≥ s̄ :

1. Conformity is locally weakly decreasing in t iff ds∗

dt
≥ 0.

2. Absolute concession is locally weakly increasing in t iff ds∗

dt
≤ 1.

3. In corner solutions, relative concession is locally constant. In inner

solutions, relative concession is locally weakly increasing in t iff

(s∗ − s̄)P ′′ (s∗ − s̄) ≥ (t − s∗)D′′ (t − s∗).

6Equivalent statements apply to types below the social norm.
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Proof. 1) and 2) trivially follow from definitions 5.1 and 5.2. 3) In corner

solutions s (t) ∈ {s̄, t} which implies that, locally, relative concession is either

equal to 1 or 0. For inner solutions: By differentiating the expression for

relative concession w.r.t. t, performing a few algebraic steps making use

of equations 5.4-5.6, it can be verified that the derivative is proportional to
(s∗−s̄)P ′′(s∗−s̄)−(t−s∗)D′′(t−s∗)

P ′′(s∗−s̄)+D′′(t−s∗)
. In min points the denominator is positive and the

inequality then follows.

For the upcoming analysis, we also need an expression for the distribu-

tion of stances. In our case of a uniform distribution of types, the partial

probability density function, pPDF , of stances is as follows7.

PDF (s∗) =
1

th − tl

dt

ds∗
when

ds∗

dt
6= 0

PDF (s∗) =
t̃ − tmin

th − tl
when

ds∗

dt
= 0 where ∀t ∈

[
tmin, t̃

]
, s∗ (t) = s∗

The first expression characterizes the PDF for inner solutions while the sec-

ond expression characterizes the PDF for corner solutions8. In inner solu-

tions, the following results apply.

Lemma 5.2 In inner solutions, the pPDF is locally strictly increasing at s∗

if d2s∗

dt2
is negative, and strictly decreasing at s∗ if d2s∗

dt2
is positive.

Proof. See the appendix.

Together with equation 5.6, the lemma expresses under what conditions

we should expect a larger mass of stated opinions as we move away from the

social norm.

7For derivations see the appendix section 5.A.1.
8Note that these expressions catch the ”local” contribution to the PDF . E.g. in cases

where we have both inner and corner solutions, these may overlap and the total PDF is
characterized by a combination of an inner solution pPDF and a corner solution pPDF .
Also note the we have normalized the total mass of individuals in society to 1. Thus,
a large gap between th and tl represents a society which is spread out in terms of true
opinions.
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5.3 The model with power functions

Nearly all upcoming results can be generalized using the previous lemmas and

equations. For tractability and to facilitate the interpretation, we will now

assume that cognitive dissonance and social pressure are power functions.

D (t, s) = |t − s|α , α ≥ 0

P (s, s̄) = K |s − s̄|β , β ≥ 0.

These functions are symmetric around t = s and s = s̄, respectively. For

conservation of space, we will therefore mainly only present the problem and

solution for t ≥ s̄ where we get the following minimization problem.

min
s

{
(t − s)α + K (s − s̄)β

}

with a first-order condition

−α (t − s)α−1 + βK (s − s̄)β−1 = 0 (5.7)

and a second-order condition for an internal local minimum point.

(α − 1)α (t − s)α−2 + (β − 1) βK (s − s̄)β−2 > 0. (5.8)

At this point, it may be useful for the intuition to provide a loose inter-

pretation of the parameters. Obviously, all results go through also without

these interpretations. Most immediate is that K represents the weight of

social pressure relative to the cognitive dissonance. If P are legal repercus-

sions, then K represents how harsh the punishment system is in general. In

comparison, β catches how different deviations from the norm are sanctioned

in relation to each other. When β ≤ 1, already small deviations from the

established norm or rule are fairly heavily sanctioned but only a minor dis-

tinction is made between small and large deviations. We believe that this

kind of punctiliousness represents many orthodox societies since they often

emphasize being “true to the book” but do not distinguish so much between
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large and small wrongdoings. As an opposite label, liberal societies are not

very meticulous about small non-normative expressions as long as they are

not too fundamental or far from the consensus. Hence, it is represented by

β ≥ 1. As for α, it catches how particular individuals are about taking a

stance which is different from what they feel inside. α ≤ 1 represents the

rigid approach where, once you deviate even slightly from your bliss point,

it makes little marginal difference to deviate a great deal. α ≥ 1 represents

a more lax approach towards deviations from one’s bliss point – as long as

the deviation is not too large, it matters little. Naturally, the same society

may exhibit different β and K depending on the issue and likewise α may

vary between societies and topics but we will analyze them one case at a

time9. The relative size of α and β will turn out to be decisive in forming the

distribution of revealed preferences and will also determine which individuals

will concede the most.

5.4 A liberal society with lax personal opin-

ions

We start by examining the case when α and β are greater than 1. From the

second-order condition (5.8), it is immediate that there is an internal solution

for every type t in this case. The properties of the resultant distribution are

summarized in the following proposition.

Proposition 5.1 If α ≥ 1 and β ≥ 1 then:

1. If α < β and s̄ /∈ {tl, th}, then |s∗ (t) − s̄| is increasing and concave,

the distribution is bimodal and the relative concession is increasing with

|t − s̄|.

2. If α > β and s̄ /∈ {tl, th}, then |s∗ (t) − s̄| is increasing and convex, the

distribution is unimodal and the relative concession is decreasing with

|t − s̄|.
9We also abstract from the possibility of varying the parameters at an individual level.
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3. If α = β > 1, then |s∗ (t) − s̄| is increasing and linear, the distribution

is uniform and the relative concession is constant.

4. Conformity is decreasing and the absolute concession is increasing in

|t − s̄|.

Proof. Since the functions are symmetric around s̄, we settle by presenting

the proof for the range of t ≥ s̄. That every t has a unique inner solution

can easily be verified using 5.7 and 5.8. The statements on the convexity

and concavity of s∗ (t) follow from applying the implicit function theorem to

5.7. The statements regarding relative concession follow from all types with

an inner solution and by inserting the appropriate expressions into part 3 of

Lemma 5.1 and noticing that β > α implies a positive sign and vice versa. By

verifying that d2t
ds∗2

> 0 when β > α in equation 5.6 follows by Lemma 5.2 that

the pPDF is increasing with the distance to s̄. As s∗ (t) is monotonic, the

pPDF represents total PDF . From the symmetry of the functions around

s̄, it then follows that iff s̄ ∈]tl, th[ the distribution is bimodal when β > α.

For unimodality when α > β and for uniformity when α = β, a similar

proof applies. The convexity of P and D implies that with ∀t ≥ s̄, we have

0 ≤ ds∗

dt
= D′′(t−s∗)

P ′′(s∗)+D′′(t−s∗)
≤ 1. Hence, by parts 1 and 2 of Lemma 5.1, it

follows that conformity is decreasing and absolute concession is increasing

∀t ≥ s̄.

The results are visualized in figures 5.1 and 5.2 where the left-hand sched-

ule represents the resulting function s∗ (t) and the right-hand schedule rep-

resents the resultant distribution (the probability density function) given a

uniform distribution of bliss points. The intuition is as follows. When β > 1

only extremists (t far from s̄) feel any substantial pressure to comply with

the norm. Then, as is the case here, when a > 1, an individual’s inner

preferences are also open for deviations from the bliss point, as long as the

deviation is not too large. The important question is then which of the cog-

nitive dissonance or the social pressure that is more open to large deviations,

i.e. which of α and β that is the largest.

When β > α (the first result in the proposition), only extreme types will

feel enough social pressure to actually take a large step from their blisspoint.
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Figure 5.1: 1 < α < β with s̄ = .5, t ∼ U (0, 1). The left-hand schedule
depicts s∗ (t) (full line) and in comparison to the s = t (dashed line). The
right-hand schedule depicts the probability density function.
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Figure 5.2: 1 < β < α with s̄ = .5, t ∼ U (0, 1). The left-hand schedule
depicts s∗ (t) (full line) and in comparison to the s = t (dashed line). The
right-hand schedule depicts the probability density function.
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Meanwhile moderates (t close to s̄) will hardly be inclined to move from their

blisspoint. There will then be a concentration of extreme types at a certain

distance on each side of the norm. As α falls, the population becomes more

polarized with a higher concentration at the peaks and less individuals taking

intermediate stances (the “smile” in figure 5.1 becomes deeper).10

To get the intuition for the second part of the proposition (α > β), it may

be easiest to imagine a very large α. Then, an individual does hardly feel

any dissonance from deviating a little from t. A moderate person may then

just as well choose a stance very close to s̄ in order to minimize the social

pressure. An extreme type, however, will not be willing to move equally close

to s̄ since the inner discomfort will then be very large. Thus, in this scenario,

moderates tend to concede relatively more to the norm.

The last part of the proposition essentially expresses that the two previous

scenarios converge as the difference between β and α falls, implying that we

get a uniform distribution of stances.

5.5 An orthodox society with rigid personal

opinions

When β ≤ 1, society is intolerant to small deviations from the consensus

but does not distinguish to any large extent between moderate and large

deviations. Likewise, when α ≤ 1, people are already sensitive to small

deviations from their inner blisspoint but additional distance does not add

much to their inner discomfort.

It is now immediate from the second-order condition (5.8) that any inner

solution is a maximum implying that optimality will be found at either of

the corners (at s∗ (t) = t or s∗ (t) = s̄). This is also intuitive since by taking

a stance in between t and s̄, one both feels great dissonance and is heavily

pressured when the functions are concave.

Proposition 5.2 If β ≤ 1 and α ≤ 1.

10If s̄ is biased towards one of the extremes, the peak on that side will be lower, but the
distribution will be symmetrical in a neighborhood around s̄.
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1. If β < α then iff |t − s̄| ≥ K
1

α−β , s∗ (t) = t, and iff |t − s̄| < K
1

α−β ,

s∗ (t) = s̄. The distribution is unimodal and discontinuous with a peak

at s̄ (made of moderate types) and uniform tails at the extreme ends of

the range (made of extreme types). Relative concession and conformity

are weakly decreasing in |t − s̄|. Absolute concession increases in |t − s̄|
for |t − s̄| < K

1
α−β , then sharply decreases to zero (i.e. |t − s∗ (t)| = 0)

at |t − s̄| = K
1

α−β , and remains at a zero level for |t − s̄| > K
1

α−β .

2. If α < β then iff |t − s̄| ≤ K
1

α−β , s∗ (t) = t, and iff |t − s̄| > K
1

α−β ,

s∗ (t) = s̄. The distribution of stances is continuous and unimodal

with a peak at s̄ (made of extreme types) and uniform tails (made of

moderate types). Relative and absolute concession are weakly increasing

in |t − s̄|. Conformity decreases in |t − s̄| for |t − s̄| < K
1

α−β , then

sharply increases to full conformity at |t − s̄| = K
1

α−β , and remains at

full conformity for |t − s̄| > K
1

α−β .

3. If α = β then s∗ (t) = t∀t iff 1 > K. Else (if 1 < K) s∗ (t) = s̄∀t. The

distribution is then uniform or concentrated at s̄, respectively. Relative

concession is constant, absolute concession is either constant (if 1 > K)

or increasing (if 1 < K) in |t − s̄| and conformity is either constant (if

1 < K) or decreasing (if 1 > K) in |t − s̄| .

Proof. We prove part 1. The second-order condition (equation 5.8) is

positive when α, β < 1, which implies that any inner extreme point is a

maximum. The corner solutions are then either L (s = s̄) = |t − s̄|α or

L (s = t) = K |t − s̄|β. L (s = s̄) < L (s = t) iff |t − s̄| < K
1

α−β which implies

that t close to s̄ chooses s∗ (t) = s̄ while those far from s̄ choose s∗ (t) = t.

The distribution then follows from this. In the segment of types choosing

s∗ (t) = s̄, the relative concession is equal to 1 while in the segment of types

choosing s∗ (t) = t, the relative concession is 0. From this, it follows that

the relative concession is weakly decreasing with distance to s̄. Similarly,

conformity is decreasing with distance to s̄. Finally, for t near s̄, absolute

concession is equal to |t − s̄| which is increasing in t while for t far from

s̄, absolute concession is zero which is constant. For parts 2 and 3, similar

proofs apply.
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Figure 5.3: β < α ≤ 1 with s̄ = .5, t ∼ U (0, 1). The left-hand schedule
depicts s∗ (t) (full line) and in comparison, the s = t (dashed line). The
right-hand schedule depicts the probability distribution function.

In part 1 of the above proposition, society is more orthodox than personal

opinions are rigid. Individuals with opinions close enough to the social norm

(t ∈
[
s̄ − K

1
α−β , s̄ + K

1
α−β

]
) will choose to fully comply while individuals

with opinions far enough from the norm will simply cope with the full social

pressure and choose the inner bliss point as their stance. The intuition is that

these “extreme” people are not willing to take a stance that is close enough

to the norm to alleviate the pressure. Then, since deviating even a little from

their inner bliss point is very painful, they might as well take a stance that is

in line with what they really feel inside. Altogether, this creates alienation in

society where one either conforms fully with the norm or follows one’s heart.

If a person feels that it is not possible to fulfill the norm, there is no point

in trying to be a little bit accepted since this will hardly make a difference

anyway. This way a society that is not tolerant to small deviations from the

norm will tend not to succeed in moderating extreme people’s stances.

We will now continue with the mirror image of the previous case – a

social pressure which is less orthodox than personal opinions are rigid (part

2 of proposition 5.2). The observable outcome of this case is a distribution

that looks close to a standard bell-shape. But there is an important twist.
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Figure 5.4: α < β ≤ 1 with s̄ = .5, t ∼ U (0, 1). The left-hand schedule
depicts s∗ (t) (full line) and in comparison the s = t (dashed line). The
right-hand schedule depicts the probability distribution function.

The concentration of stances at s̄ consists of individuals with extreme inner

blisspoints. The extreme types’ declarations are more moderate than those

of the moderates. This makes for a conformity which is increasing with

the type’s distance to the norm – an outcome that we will label “hypocrisy”.

The intuition is that moderates are now unwilling to conform since this would

inflict too great displeasure when the dissonance is relatively more concave.

For extremists, however, not conforming will imply too great social pressure

since P (t, s̄) is increasing relative to D (t, s̄) with the distance to the norm

(|t − s̄|).
The last part of proposition 5.2 expresses that as the dissonance and the

social pressure become equally concave, the whole population either conforms

completely or not at all.

5.6 An orthodox society with lax personal

opinions

When β ≤ 1 (small deviations from the norm matter more on the margin

than large deviations) and α > 1 (only large deviations from the blisspoint
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create dissonance), we get a mix of corner and inner solutions in line with

the following proposition.

Proposition 5.3 If β ≤ 1 < α:

1. ∃t̂ > s̄ such that s∗(t) = s̄ for every t ∈ [s̄, t̂[ and such that s∗ (t) ∈]s̄, t[

for every t ≥ t̂. This image is mirrored at s̄.

2. s∗ (t) is constant in the range
[
s̄, t̂
]

and increasing in the range
[
t̂, th

]
.

3. For a broad enough range of types, the distribution is discontinuously

trimodal with a peak at s̄ and a detached section on each side which

rises towards the end of the range. For a sufficiently narrow range of

types, the distribution is degenerate at s̄.

4. Conformity and relative concession are weakly decreasing in |t − s̄|. Ab-

solute concession is increasing in |t − s̄| for t such that |t − s̄| <
∣∣t̂ − s̄

∣∣,
then sharply decreases when |t − s̄| =

∣∣t̂ − s̄
∣∣, and gradually keeps de-

creasing as |t − s̄| grows further.

Proof. See the appendix.

A visualization of the proposition can be seen in figure 5.5. The dis-

tribution has a peak at s̄ and, for a sufficiently broad range of types and

a sufficiently centered s̄, tails with peaks which are increasing towards the

edges11. What is shown by the proposition is that a group of individuals who

are extreme enough will all choose an inner solution and that more extreme

individuals conform relatively and absolutely less. Meanwhile, moderates

will completely conform with the norm. This will create a concentration of

individuals at the norm and two tails where the concentration of individuals

is increasing towards the extreme ends.

The intuition is that since the social pressure is concave, small deviations

from the norm draw relatively heavy pressure. Combining this with convex

11Alternatively, this statement is also true for a sufficiently small K. I.e. we can get
qualitatively similar societies by either adding heterogeneity (broadening the range of
types) or by decreasing the weight of punishment (decreasing K).
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Figure 5.5: β < 1 ≤ α with s̄ = .5, t ∼ U (0, 1). The left-hand schedule
depicts s∗ (t) (full line) and, in comparison, the s = t (dashed line). The
right-hand schedule depicts the probability distribution function. Note that
the y-axis is truncated from above for visual purposes.

inner preferences – small deviations from the blisspoint are painless – implies

that moderates will completely conform to the social norm. In comparison,

extremists would feel great dissonance if they were to move close enough to

the norm to have an effect on the pressure. However, since the dissonance is

convex, the extremists do not mind making small concessions. Hence, they

choose an inner solution in the range where it makes little difference what one

chooses both from an inner preference and a social pressure point of view.

As can be seen, this closely resembles the case where society is orthodox

and opinions are rigid. Also here are extremists alienated from society but

instead of completely “ignoring” the norm, they comply slightly. This is

similar to the result in Bernheim’s (1994) paper. What is interesting is that

while Bernheim gets this distribution when both pressure and dissonance are

convex functions (according to our way of defining them), we get it when

dissonance is convex but pressure is concave. This way, whether pressure

is applied to actions (our model) or beliefs about types (Bernheim’s model)

makes an important difference.

It is generally hard to find a closed form solution for the cutoff between

conformity and inner solutions. Likewise it is difficult to show that it exists
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in a specific range. However, the inner solution is increasing relative to the

corner solution as t is distanced from the norm. Hence, for a broad enough

range of bliss points, we know that the inner solution is preferred for extreme

individuals. In contrast, and perhaps trivially, the cutoff is increasing in K

in such a way that if the social pressure has enough weight, there can arise

a case of everyone choosing the norm.

5.7 A liberal society with rigid personal opin-

ions

When β > 1 and α ≤ 1, we once more get a combination of corner and inner

solutions, but largely as a mirror image of the previous case.

Proposition 5.4 If α < 1 ≤ β then:

1. ∃t̂ > s̄ such that s∗(t) = t for every s̄ ≤ t < t̂ and such that s∗ (t) ∈]s̄, t[

for every t ≥ t̂. This image is mirrored at s̄.

2. s∗ (t) is increasing in the range
[
s̄, t̂
]

and decreasing in the range
]
t̂, th

]
.

3. For a broad enough range of types, the distribution is continuous and

bimodal with a uniform section around s̄ (consisting of moderate types)

overlapping a peak on each side of s̄ (consisting of extreme types) peak-

ing towards s̄. For a sufficiently narrow range of types, the distribution

is uniform.

4. Absolute and relative concession are increasing in |t − s̄|. Conformity

is decreasing in |t − s̄| for t with |t − s̄| <
∣∣t̂ − s̄

∣∣, then sharply increases

when |t − s̄| =
∣∣t̂ − s̄

∣∣, and gradually keeps increasing as |t − s̄| grows

further.

Proof. See the appendix.

Since social pressure is convex, it hardly affects moderates who can now

freely choose their inner blisspoint. Extremists, on the other hand, will feel
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Figure 5.6: α < 1 ≤ β with s̄ = .5, t ∼ U (0, 1). The left-hand schedule
depicts s∗ (t) (full line) and, in comparison, the s = t (dashed line). The
right-hand schedule depicts the probability distribution function.

too much pressure by not conforming and since personal opinions are rigid,

once they deviate from their blisspoint, they might as well conform a great

deal.

As illustrated in figure 5.6 (left-hand schedule), the proposition implies

that the extremists are more conform than some moderates and that, within

the group of those conforming, the more extreme individuals are the most

conformed. Thus, as in the case of α < β ≤ 1, we get hypocrisy. But now we

get it at two levels – both between extremists and moderates and within the

group of extremists. All in all, this will create a bimodal distribution (figure

5.6, right-hand schedule) where extremists form the peaks and there is a

uniform distribution of moderates around the peaks. As α increases towards

1, these peaks will move outwards and as α passes 1, the hypocrisy ceases to

exist and we are left with the same bimodally distributed liberal/lax society.

Likewise, as we decrease β towards 1, the peaks move inwards and as it passes

1 the peaks are centered at s̄ and we are left with a unimodal orthodox/rigid

society where extremists conform completely. In that way, this case bridges

the gap between the societies of α < β < 1 and 1 < α < β.
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5.8 Relative concession

Having gone through all possible cases, we are now ready to state a general

result that spans through all parameter combinations.

Corollary 5.5 Iff β < α, then the relative concession is decreasing in |t − s̄|.
Proof. Follows from propositions 5.1-5.4.

What this proposition establishes is that when the social pressure is more

concave (or less convex) than the cognitive dissonance, it mainly affects mod-

erates12. This is intuitive since, roughly speaking, when the pressure is rela-

tively concave, then small deviations from the norm matter more than large

deviations. Likewise, if the social pressure is relatively more convex, it mainly

induces the extremists to conform since it makes a significant difference what

one does when being far from the norm. This way, the relative curvature of

the social pressure can be said to determine who is affected by it and how

the resultant distributions are formed.

5.9 Endogenizing the social norm

Up until now, nothing has been said about how s̄ is determined. The previous

analysis can therefore be viewed as a partial equilibrium. In order to establish

which social norms are feasible, we will assume that this is determined by

the average stance in society. Naturally, there may be other forces shaping

the equilibrium position of a social norm, but the average stance seems like

a reasonable first case to investigate.

s̄ =
1

th − tl

th∫

tl

s∗ (τ) dτ

12Note that this is the only result that does not generalize easily. With general functional

forms, the condition γP (x) ≡ xP ′′(x)
P ′(x) < γD (x) ≡ xD′′(x)

D′(x) is what makes a decreasing

relative concession. γ (x) is a measure of relative convexity (cf. Brander & Spencer, 1984)
similar to the Arrow-Pratt measure of relative risk aversion.
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First, we can note that since the distribution of bliss points is uniform, the

distribution of stances (S) is symmetric around s̄. Thus, for a certain social

norm to constitute an equilibrium, S has to be symmetric around s̄ over

the whole range of types. For distributions of stances where some types

have inner solutions, this cannot occur unless s̄ = th+tl
2

, i.e. the average

stance is also the average bliss point. For distributions consisting of corner

solutions, there may be multiple equilibria. This is expressed in the following

proposition which describes all possible equilibria in the different cases.

Proposition 5.6 If s̄ is the average stance in society:

1. If β > 1 then s̄ = th+tl
2

is a unique feasible equilibrium.

2. If β < α ≤ 1 then s̄ is a feasible equilibrium iff

s̄ ∈
{

th+tl
2

}
∪
[
th − K

1
α−β , tl + K

1
α−β

]
.

3. If β ≤ 1 < α then s̄ ∈ [tl, th] is a feasible equilibrium iff it fulfills

(t − s̄)α ≤ |t − s∗ (t)|α + K |s∗ (t) − s̄|β ∀t ∈ [tl, th], where s∗ (t) is

given by |t − s∗ (t)|α−1 (|s∗ (t) − s̄|)1−β = Kβ/α.

4. If α < β ≤ 1 then s̄ is a feasible equilibrium iff

s̄ ∈
{

th+tl
2

}
∪
[
tl + K

1
α−β , th − K

1
α−β

]
are feasible equilibria.

5. If β = α ≤ 1 and K > 1 then s̄ is a feasible equilibrium iff s̄ ∈ [tl, th].

If K ≤ 1 then s̄ = th+tl
2

is the unique feasible equilibrium.

Proof. See the appendix.

Following the proposition, the only feasible equilibrium in a liberal society

is where the social norm is equal to the average bliss point. This is due to

the fact that in liberal societies, there is always a portion of individuals

(sometimes all) who choose a compromise stance13. If the social norm is

positioned somewhere else than in the middle, these compromising stances

become more influential (a larger total weight) and thus, such a social norm

is unsustainable.

13In a liberal society with rigid opinions, this reasoning also applies to the moderates
who do not concede at all.
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In orthodox societies, however, there is a range of equilibria s̄. What

parts 2 and 3 of the proposition essentially express is that in an orthodox

society with relatively more concave social pressure, the social norm must be

positioned such that it makes all individuals totally conform as types far from

the norm will otherwise be alienated. This is simplified if the weight on social

pressure is large. As the weight of pressure falls, this leaves a more narrow

range of feasible equilibria and, eventually, the only remaining equilibrium is

when the social norm is equal to the average blisspoint. This implies that in

very orthodox societies, the only way of upholding a skewed social norm is

by either having severe social pressure or by having individuals with a tight

range of bliss points.

The fourth part of the proposition states that in an orthodox society with

relatively rigid inner preferences, the social norm has to be positioned such

that it covers all moderate types that choose their own inner bliss point as a

stance. Such a society, albeit being orthodox, only has to allow the freedom

of expression of those close to the norm, since the inner preferences are very

rigid. The extreme types do not play any role here since they choose to

totally conform, thus giving up their effect in determining the norm.

A pattern emerges from the above proposition showing that liberal so-

cieties are bound to eventually have norms representing the average inner

opinions in society – this is the only equilibrium. Only orthodox societies

can sustain social norms which are not representative of the true opinions

of the people. In that way, orthodox societies are history dependent since

the initial set of common rules will also determine the long-run equilibrium

outcome. This may also explain why orthodox societies (but less often liberal

ones) have rules which are not, even on average, in people’s interest . Fur-

thermore, it rationalizes why orthodox societies with extremist rules more

often resort to harsh punishments than liberal societies – only in the former

is it possible to sustain skewed norms with the help of pressure. There-

fore, we should observe a correlation between orthodox societies and harsh

punishments.
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Figure 5.7: Distribution of respondents’ answers to whether people them-
selves (1) or the government (10) should take more responsibility to ensure
that everyone is provided for. Source: World Value Survey third wave.

5.10 Some casual observations

This section will present some examples that we believe the basic model does

well in explaining. They are of an informal nature in the sense that we do

not attempt to prove causality or that no other mechanisms can explain the

observed distributions.

Figure 5.7 presents how people in Brazil and Sweden, respectively, re-

spond to a question of government versus individual responsibility. The

Brazilian distribution looks bimodal with one large group believing that in-

dividuals are completely responsible for themselves while another large group

believes that the government is responsible for providing for the citizens. In

comparison, the Swedish distribution is bell-shaped with the mass centered

in between the two extreme stances. How can we explain this difference?

Both these societies must be considered liberal in the sense that there is

freedom of expression (within boundaries), i.e. β > 1. On the other hand,

they differ substantially in economic inequality where Brazil ranks as one of

the most economically unequal countries while Sweden ranks as one of the
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most economically equal countries. The very poor people in Brazil may, as

a matter of principle, feel very uncomfortable in stating that they are them-

selves responsible for their own situation. Likewise, the rich people may be

uncomfortable in stating that they have a shared responsibility (by way of

the government) for the poor people which may also imply that they are not

themselves to praise for their material wealth. Hence, it is conceivable that

α in Brazil is low or at least lower than β. In Sweden, on the other hand,

since the stakes of being at the economic top or bottom are not as high, both

the relatively rich and the relatively poor may well feel that it is fine to state

that there is both an individual and a governmental responsibility, as long

as they do not have to reverse their opinions. Hence, it is conceivable that

α in Sweden is high and possibly higher than β. If this is indeed the case,

the model predicts that we should see a bimodal distribution in Brazil and a

unimodal distribution in Sweden (see section 5.4). If the difference between

Sweden and Brazil is in the weight of social pressure, i.e. K instead of α,

then we should not observe any qualitative difference in the shape of the

distribution14.

An example of an orthodox society is Afghanistan under the Taliban rule.

Any deviation, large or small, from the right path was punished severely im-

plying that β was very small and K was large. Consequently, as predicted

by the theory, very few deviated from the norm established by the Taliban.

In comparison, the ultra-orthodox Jewish society is also intolerant to devia-

tions from the behavior it deems to be right, implying that β is small there.

However, its punishments are not as harsh as those in the Taliban society.

According to theory, this should lead people with personal opinions close to

the established norm to completely conform, while those with personal views

far from the orthodox norm will be alienated and essentially ignore the social

pressure exerted.

The nature of hypocrisy and reversed stances as described in propositions

5.2 and 5.4 implies that it is hard to single out such cases in practice. How-

14These results remain also when looking at related questions from the World Value
Survey or when looking at these answers for example for Mexico and India – other countries
that rank high in terms of economic inequality. However, this story has not dealt with
potential reversed causality.
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ever, an example may be when non-whites are part of, and sometimes even

take on the leadership in, gangs of Nazis and white racists. The explana-

tion for this may be that a non-white person growing up in a neighborhood

where there is a group of skinheads will be harassed, implying that K is

large. Since skin color or religion cannot easily be changed, even a small

conformity towards the racist group will create a significant cognitive disso-

nance and hence, α must be very small and likely smaller than β. In this

situation, a black person may actually choose to join the group, since staying

close to one’s inner blisspoint implies too harsh a punishment and once the

non-white person has denounced his skin color, he might as well minimize the

punishment totally. A documented such example is the convicted Swedish

police-killer Jackie Arklöv15, a dark skinned foreign adoptee by Swedish par-

ents, who joined a group of Nazi felons. He was arguably the most violent

person within that group. Even though such examples at an individual level

only give limited information on the complete distribution and many other

circumstances play a role in shaping such an individual, the theory presented

here may shed some light on one mechanism influencing people far from the

social norm. Moreover, in the example given here, the question remains why

the Nazi gang would accept that a black person joins their group.

5.11 Aggregating individual pressure

This section and the next consider an extension of the basic model. Instead

of assuming one social norm, we will now look at a situation where each

individual puts pressure on each other individual. We call this pluralistic

social pressure. In this section, we start by analyzing the specific issue of

how pressure stemming from individuals is aggregated into a social pressure

function. The next section then analyzes the actual stances individuals will

take and the resultant distribution of stances in a specific case. Namely,

when pressure comes from the individual’s type, each individual pressure is

orthodox and dissonance is rigid.

15For a biography, see Sandelin (2010).
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Consider an individual with a revealed stance s who meets people ran-

domly. Each person x that the individual meets will punish her based on the

distance from s to x. We will refer to x as the individual source of pressure.

p (s, x) = p (|s − x|)
p (·)′ > 0

We can think of x as being either the other individual’s type (i.e. her inner

bliss point) or her stance (i.e. her revealed stance). For the sake of generality,

in analyzing aggregate pressure in this section, we do not explicitly need to

determine the source of pressure x.

5.11.1 Pluralistic and uniform pressure sources

Now, if x is uniformly distributed from xl to xh, then an individual with

stance s will expect to perceive the following pressure.

Pall (s) ≡ E [p (|s − x|)] =
1

xh − xl

xh∫

xl

p (|s − x|) dx

=
1

xh − xl
[P (xh − s) + P (s − xl) − 2P (0)] , s ∈ [xl, xh]

where, by convention, P ′ ≡ p.16 This is the pressure that the individual

with stance s can expect to feel when meeting people randomly (which, of

course, is equivalent to the normalized aggregate pressure perceived when

meeting all other individuals simultaneously). What are the properties of

this aggregated pressure function? By differentiating Pall, we get

P ′
all (s) = p (s − xl) − p (xh − s)

P ′′
all (s) = p′ (s − xl) + p′ (xh − s) .

Now, define s̄ ≡ xl+xh

2
. The following proposition then follows.

16We assume that p is integrable.
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Lemma 5.3 If x is uniformly distributed, then the aggregated pressure func-

tion Pall (s):

1. Is strictly increasing if s > s̄ and strictly decreasing if s < s̄.

2. Is strictly convex if s 6= s̄ and s ∈]xl, xh[.

3. Has a zero derivative at s̄.

4. Is symmetric around s̄.

Proof. 1), 2) and 3) follow trivially from the first and second derivatives

of Pall, from p (·)′ > 0 and from inserting s̄ into the first derivative. 4) To

see the symmetry, let s̃ be the mirror image of s, i.e. (s + s̃) /2 = s̄, hence

s̃ = 2s̄ − s = xh + xl − s. Then we get Pall(s̃) = P (s̃ − xl) + P (xh − s̃)

= P (xh + xl − s − xl) + P (xh − (xh + xl − s)) = P (xh − s) + P (s − xl) =

Pall (s).

That social pressure is increasing with the distance to the average x is

perhaps not very surprising – the more extreme is one’s stance, the more

pressure will one feel. But that the aggregated pressure function is con-

vex may be less obvious, given that we have not even specified whether the

pressure stemming from each person is convex or concave. This means that

under a uniform distribution of sources of pressure, social pressure will be

convex even if the one-on-one pressure is concave. So a society, made up of

“orthodox” individuals with uniform tastes, will, in fact, be “liberal” on the

aggregate.

Moreover, Pall (s) has a unique minimum point at s̄ ≡ xl+xh

2
around which

it is symmetric. This suggests that qualitatively, the aggregation of punish-

ment from a uniform distribution of sources of pressure is similar to having

a “virtual” social norm at xl+xh

2
, where the pressure is increasing with the

absolute size of the deviation from this norm.

5.11.2 Combining pluralism with an authority

From the analysis of the basic model, we know that the previous result does

not extend to the case where there is one source of pressure, i.e. an authority.
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The question is then under what distribution of sources of pressure it does

extend. It turns out that this issue is hard to analyze in a general way. So,

we will instead analyze a few specific cases.

Given the discrepancy between a uniform distribution of pressure sources

and a single source, we will now look at a combination of the two. This would

represent a society with two sources of pressure. First, an institutionalized

norm which is the average of all opinions and, second, the aggregate pressure

of individuals who pressure each other. We will look at the case where both

individual and institutional pressures have the same functional form, p, which

is concave. The total pressure function is then a weighted average of the two.

Pcombi = P (xh − s) + P (s − xl) − 2P (0) + Ap

(∣∣∣∣s −
xh + xl

2

∣∣∣∣
)

where A is the relative weight of the institutional pressure. We here only

analyze the case of s ≥ xh−xl

2
. By symmetry, the other case has the same

properties. Differentiating, we get

P ′
combi = p (s − xl) − p (xh − s) + Ap′

(
s − xh + xl

2

)
(5.9)

P ′′
combi = p′ (s − xl) + p′ (xh − s) + Ap′′

(
s − xh + xl

2

)
. (5.10)

The first two elements in each expression represent the individual pressure,

while the third entity represents the authoritarian pressure. From equation

(5.9), it is clear that at the point s = xh+xl

2
, P ′

combi = Ap′
(
s − xh+xl

2

)
. The

marginal pressure is completely determined by the authority at this point.

But whether Pcombi is concave depends on the sign of equation (5.10). Assum-

ing that limy→0 p′ (y) = ∞ and limy→0 p′′ (y) = −∞, and letting s approach
xh+xl

2
, it is clear that P ′′

combi is negative and thus concave around the virtual

norm. In a similar fashion, it can be shown that as s approaches either of

the extreme stances, xh or xl, P ′′
combi is positive and thus convex.

This means that P ′′
combi should change signs an uneven number of times in

the interval s ∈
[

xh+xl

2
, xh

]
. Now, with the assumption that limy→0 p′′ (y) =

−∞, it is necessary that limy→0 p′′′ (y) > 0. For simplicity, we will then as-
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sume that p′′′ (y) > 0 for all y.17 This implies that P ′′
combi (s) is monotonically

increasing in the interval s ∈
[

xh+xl

2
, xh

]
and therefore that P ′′

combi changes

signs exactly once in the interval s ∈
[

xh+xl

2
, xh

]
.18

The interpretation of these results is that a society with mixed author-

itarian and individual pressure – both being orthodox – will, on aggregate,

tend to be orthodox towards stances around the norm, but liberal towards

stances far from it.

5.11.3 Exponential and Gaussian distribution of pres-

sure sources

Now, an interesting complement to this analysis is looking at other distri-

butions of pressure sources but continuing with individual pressure being

concave. It turns out that it is hard to say anything in general about this,

so we will analyze two specific types of distributions, the Exponential and

the Gaussian, with individual pressure being a power function. These two

distributions both have a clear peak and sharply declining tails. We are inter-

ested in seeing whether they can produce orthodox aggregate pressure. The

derivations of the upcoming results can be found in the appendix in section

5.A.4.

Posit a distribution of pressure sources f (x) which symmetrically has

an exponential shape peaking towards some point from each side. Assume

further that this point is at s = 0, i.e. E (x) = 0, and that the minimum and

17One set of functions that have all these assumed properties are power functions with
an exponent less than 1.

18To see this, note that P ′′′

combi = p′′ (s − xl) − p′′ (xh − s) + Ap′′′
(
s − xh+xl

2

)
. The

last part is positive by p′′′ > 0. This also implies that p′′ (s − xl) > p′′ (xh − s) since
s − xl > xh − s when s ≥ xh+xl

2 . So the total expression is positive.
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maximum pressure source in society are at ±∞.

Pexp (s) =

th∫

tl

p (|x − s|) f (x) dx

=
λ

2

∞∫

−∞

|x − s|α e−λ|x|dx =
λ

2

∞∫

−∞

|x|α e−λ|x+s|dx

where 0 < α < 1. It can be shown that P ′′
exp (0) > 0 and that lims→∞ P ′′

exp ≈
1
2
α (α − 1) sα−2 which converges to 0 from below. This means that total

pressure is convex near the norm and concave for extreme stances (at least

when the extreme stances are sufficiently extreme for the limit case to be

relevant). Unfortunately, it is hard to say anything about when and how

many times it switches from convex to concave.

Let us now in a similar fashion analyze the case where the pressure sources

follow a Gaussian distribution, so that f (x) =
√

λ
π
e−λx2

, tl = −∞, th = ∞.

As before, we continue with a concave power function for the pressure.

Pgauss (s) =

th∫

tl

p (|x − s|) f (x) dx

=

√
λ

π

∞∫

−∞

|x − s|α e−λx2

dx =

√
λ

π

∞∫

−∞

|x|α e−λ(x+s)2dx

It can be shown that P ′′
exp (0) > 0 and that lims→∞ P ′′

exp ≈ 1
2
α (α − 1) sα−2

which converges to 0 from below. So the total pressure is convex around the

norm and concave towards the extremes. In this case, it is once more hard

to say anything about where and how many times the shift between convex

and concave forms takes place.

Under Gaussian and Exponential distributions, it seems that the switch

of pressure from liberal to orthodox towards the extremes is dependent on

the pressure sources virtually vanishing. Then, from the point of view of

someone taking an extreme stance, the perception is that there is just a

mass of punishing individuals located at the norm. What truly is a distribu-
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tion of pressure sources then looks like one authority for someone standing

sufficiently far away.

5.11.4 Interpretation

The two previous examples illustrate societies whose sources of pressure are

concentrated around the social norm, but with a slowly vanishing tail of

extreme sources of pressure. An example of this could be a situation where

the pressure sources represent the true opinions of people and these opinions

are very but not completely concentrated. Here, although there is a clear

peak around the norm and each individual is orthodox, stances close to the

norm will be pressured in a liberal manner, while stances far from the norm

will be pressured in an orthodox way. This is in contrast to the case with a

combination of authoritarian and uniformly distributed individual pressure,

where slight deviations from the norm are punished in an orthodox way, while

extreme stances will feel a liberal pressure.

Although it is hard to make any general statements about this, it seems

that we need a single authority for the pressure close to the norm to be

orthodox. Otherwise, the accumulation of individual pressure gives a liberal

aggregate. This suggests that upholding an orthodox society is not possible

in a pluralistic society where heterogenous individuals pressure each other.

Moreover, it predicts that orthodox societies will be authoritarian.

5.12 True opinions as a source of pressure in

orthodox societies

In this section, we assume that the entire pressure comes from individuals in

society (i.e. no authority), and that the sources of pressure are the individ-

uals’ types, i.e. x = t. We already analyzed the shape of aggregate social

pressure in section 5.11, but now we further analyze what stances people will

actually take given this social pressure. We will concentrate on a society

with rigid and orthodox individuals as these results are the most interesting.
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Nested in this is the specific case where individuals punish each other in the

same way that they punish the self for not telling the truth, i.e. p = D.

If types are uniformly distributed from tl to th, then an individual with

stance s will expect to perceive the following pressure,

Pall (s) ≡ E [p (|s − t|)] =
K

th − tl

th∫

tl

p (|s − t|) dt

=
K

th − tl
[P (th − s) + P (s − tl) − 2P (0)] , s ∈ [tl, th] ,

where P ′ ≡ p and K is the weight of punishment from one individual. The

optimization problem of the single individual of type t is then

min
s

L = Pall (s) + D (t − s) .

The results of combining a concave p and D are summarized in the following

proposition where s̄ ≡ th+tl
2

.19

Proposition 5.7 In a pluralistic society, if true opinions are uniformly dis-

tributed and are the source of pressure and both p and D are concave then:

1. The aggregate pressure, Pall (s), has a unique minimum point, a ”vir-

tual” norm, at s = s̄.

2. Pall (s) is convex with the distance to the virtual norm so that society

is liberal.

3. ∃t̂ > s̄ such that s∗(t) = t for every s̄ ≤ t < t̂ and such that s∗ (t) ∈]s̄, t[

for every t > t̂. This image is mirrored at s̄.

4. s∗ (t) is increasing in the range
[
s̄, t̂
]

and is decreasing in the range]
t̂, th

]
. The image is mirrored at s̄.

19Sufficient assumptions for the upcoming proposition is that limx→0 D′ (x) = ∞. This
is fulfilled by power functions. We will also assume here that the functions are such that if
an inner local minimum point exists for a type then it is unique. A sufficient condition for
this is that L′′′ (s, t) < 0. This holds for e.g. p and D being power functions. If the inner
min points are not unique, we may get several peaks on each side of s̄ in the distribution
of stances.
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5. The distribution of stances is continuous and bimodal with a uniform

section around s̄ (made of moderate types) overlapping a peak on each

side of s̄ (made of extreme types).

6. Conformity is non-monotonic – it is increasing for moderates and de-

creasing for extremists.

7. The absolute concession is weakly increasing in the distance from s̄.

Proof. See the appendix section 5.A.2.

The proposition expresses that in pluralistic and orthodox societies, a

single ”virtual” norm will be established and although each individual pres-

sure is orthodox, society as a whole will be liberal. Furthermore, moderate

individuals will tend to speak their mind truthfully while hypocrisy will arise

among those who are extreme enough. This way, the virtual norm becomes

like an unspoken consensus in society. If you are close enough to the consen-

sus, you do what you want but if you are far from the consensus you make

concessions to seem to be a moderate. The more extreme you are the more

you will concede.

The connection found here between hypocrisy and orthodox societies does

not arise by chance. If we interpret rigidness as orthodoxy at an individual

level then already by equation 5.5 we will see that when there is compromise,

orthodox individuals will behave in a hypocritical way. This seems to be true

also for corner solutions as suggested by the case where personal opinions are

more rigid than society is orthodox (see Proposition 5.2 part 2). Anecdotal

support is not lacking here. There are plenty of stories where politicians

from conservative parties turn out to be homosexual after having made a

career of strongly opposing it. Likewise, there have been sex scandals among

priests and revelations of doping among athletes who have earlier denounced

it vehemently. These loose observations do, of course, have a rather complex

background so it is hard to tell the direction of causality. But the model and

the results shown here may provide one explanation for why such cases are

observed.
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5.13 Concluding remarks

This paper has presented a simple theory on how social pressure affects the

distribution of stated opinions and visible actions in a society or a group.

The core message is that even if the individual faces a fairly trivial problem,

the results at an aggregate level are non-trivial, diverse and to an extent even

surprising. For example, the paper shows that a liberal society will display

compromise and either a unimodal or a bimodal distribution depending on

how lax the personal opinions are relative to social pressure. In comparison,

in orthodox societies, people will tend to either completely conform to the

social norm or totally ignore it. If personal opinions are rigid relative to

social pressure, people with inner opinions far from the norm will choose to

comply, while those with inner opinions close to the norm will declare their

inner opinions openly. If personal opinions are lax relative to social pressure

in an orthodox society, those close to the norm will conform completely while

those far from it will essentially ignore social pressure.

Admittedly, we have only provided anecdotal evidence for the validity of

the model. Like any other theory, it needs to go through the scrutiny of

empirical testing. Since it distinguishes between hidden and revealed pref-

erences and since most issues where one would expect social pressure to be

at force are very complex, we believe that possibly the best way of testing

the model is by experiments. The natural starting point would perhaps be

to take the curvature of personal opinions as an unknown and exogenous

parameter and vary the curvature and weight of social pressure through the

experiment. Alternatively, by taking an issue where one is certain of the

curvature of inner preferences, one can test the model predictions by varying

the weight and curvature of punishment.

Since the true distribution of opinions is probably hard to observe in

reality, our clearest empirical prediction relates to how stances change as a

function of true opinions. An experimental approach could then be to first

solicit the true opinions (types) of individuals in a setting without social

pressure, for example where individuals do not observe each other. The

second step would then be to redo the experiment with social pressure, for



5.13. CONCLUDING REMARKS 189

example by individuals observing each other, and see how the stances change

for each type. The final step would be to fit a function to the mapping from

type to stance. Using our theoretical predictions about how stances change

as a function of type, one could then possibly back out the curvature of

the individual dissonance in relation to the curvature of the social pressure

function.

Another model prediction is that only orthodox societies can sustain a

skewed social norm over time, whereas the social norm in liberal societies

is bound to better represent the true distribution of inner preferences. This

may also be connected to the loose observation that a liberal atmosphere

is often connected with democracy, while orthodox societies are more often

authoritarian in order to uphold a skewed social norm. We saw that this

discrepancy also translates into pluralistic societies, where it will be hard

to maintain orthodox pressure unless an authority is part of sanctioning

wrongful behavior.

Extensions and applications to the model can be made along several di-

mensions. What comes first to our mind is to extend the pluralistic pressure

model into a case where the sources of pressure are the individual stances.

At the face of it, this makes for a significantly more complicated model since

the pressure function changes as a function of itself.
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5.A Appendix - Proofs and derivations

5.A.1 Transformation from function to density

We now analyze the PDF of chosen stances in society. We restrict ourselves

to cases where the optimal stance of each type is uniquely determined, i.e.

whenever t has multiple solutions he chooses a single one of them20. We

divide the range of types into n + 1 subranges

T0 = [tlow, t1] , T1 = [t1, t2] , ...Tn = [tn, thigh]

such that:

1. In each subrange, the function s∗ (t) only consists of corner solutions

or only inner solutions.

2. In case of inner solutions, s∗ (t) is continuous and strictly monotonic in

a subrange21.

We now investigate separately the contribution of each such subrange to

the resultant PDF . The contribution of each such part is called a partial

PDF , to be denoted pPDFTi
, which fulfills

PDF =
∑

i

pPDFTi
.

Inner solutions

Now we investigate the properties of the pPDFTi
(shortly pPDF ) in sub-

ranges with inner solutions. Denote by s∗min the lowest stance taken by a

type in the subrange (strict monotonicity ensures that this type is unique).

Let Mi(s̃
∗) be the mass of types in Ti with stances in the range (s∗min, s̃

∗] for

some s̃∗.

20Otherwise we have no way of determining the chosen stance of some types.
21This means that D′ cannot contain non-monotonic parts within the subrange.
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Mi(s̃
∗) ≡

s̃∗∫

s∗min

pPDF |sds =






t(s̃∗)∫

ti

f (τ) dτ if s∗(t) is rising in the subrange Ti

ti+1∫

t(s̃∗)

f (τ) dτ if s∗(t) is falling in the subrange Ti

where t (s̃∗) ≡ {t s.t. s∗ (t) = s̃∗} .

Remembering that the distribution of types is uniform we get:

Mi(s̃
∗) =

{ t(s̃)−t(s∗(ti))
th−tl

if s∗(t) is rising in the subrange Ti

t(s∗(ti+1))−t(s̃∗)
th−tl

if s∗(t) is falling in the subrange Ti

(5.11)

pPDF |s̃∗ =
dMi(s̃

∗)

ds̃∗
=

1

th − tl

∣∣∣∣
dt

ds∗
|s̃∗
∣∣∣∣ (5.12)

Note that the last derivation is valid only if ds∗

dt
|s̃∗ 6= 0 as otherwise dt

ds∗
is

not defined. This is ensured under the strict monotonicity of s∗ (t). We then

have:

d (pPDF (s̃∗))

ds∗
=

{ 1
th−tl

d2t
ds∗2

|s̃∗ if dt
ds∗

|s̃∗ > 0

− 1
th−tl

d2t
ds∗2

|s̃∗if dt
ds∗

|s̃∗ < 0
. (5.13)

Proof of lemma 5.2

From equation 5.13, it follows that the pPDF is increasing if dt
ds∗

and
d2t
ds∗2

have the same sign and decreasing if dt
ds∗

and d2t
ds∗2

have opposite signs.

We then use the fact that d2s∗

dt2
< 0 if dt

ds∗
and d2t

ds∗2
have the same sign, and

d2s∗

dt2
> 0 if dt

ds∗
and d2t

ds∗2
have opposite signs.�

Corner solutions.

There are two candidate corner solutions. The first is s (t) = t, i.e. when

type t chooses t as a stance, and then arg min L (s) = arg min D (t − s). In a

subrange of these corner solutions, the pPDF is simply a uniform distribution
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with the trivial properties

pPDF |s̃∗ =
1

th − tl

dt

ds∗
|s̃∗ =

{ 1
th−tl

if s̃∗ (t) = t

0 otherwise

d (pPDF )

ds
= 0.

The other candidate corner solution corresponds to the solution of arg min L (s) =

arg min P (s). The solution of this equation is independent of t, so in a sub-

range of these corner solutions, the pPDF is a degenerate single peak with

a mass equalling the mass of types within that subrange.

pPDF |s∗ =

{ ti+1−ti
th−tl

if s∗ = arg min P (s)

0 otherwise

Finally, in a subrange of mixed corner solutions, the pPDF is constructed

of both types of corner solutions.

5.A.2 General functions

The purpose of this section is to lay the ground for the upcoming proofs where

one of P and D is concave and the other is convex. We will analyze the case

where P has exactly one min point s̄ ≡ arg mins P (s). This naturally covers

the case with an exogenous social norm but also the case where there is one

endogenous ”virtual” norm, like in the case of P arising from the aggregation

of individuals pressuring each other. Sufficient conditions for the upcoming

results to hold are:

1. The signs of both P ′′ and D′′ are constant, i.e. each of the functions

P and D is either linear or strictly convex or strictly concave at the

whole range.

2. Furthermore, to avoid dealing with the special behavior of types near

s̄, we restrict our attention to functions P such that P ′(s̄) = 0 if P (·) is

convex and lim
x→+s̄

P ′ (x) = ∞ if P (·) is concave. Equivalent requirements

apply to D.
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3. lim
x→∞

P ′ (x) = ∞ if P (·) is convex. Likewise for D.

We will perform the analysis for t ≥ s̄ (the analysis for t < s̄ is equivalent).

Concave P (s), Convex D(t − s)

When P is concave and D is convex we have that in the corners L′ (s(t) = s̄) =

P ′ (0)−D′ (t − s̄) → ∞ and L′ (s(t) = t) = P ′ (t − s̄)−D′ (0) = P ′ (t − s̄) >

0. This implies that potential corner solutions must be at s = s̄. It also

implies that we have either zero or an even number of inner extreme points.

We will now show that inner extreme points exist for a sufficiently broad

range of types. For the following, s̄ is assumed to be weakly positive. For

sufficiently negative s̄, some parameters need to be redefined but the result

will hold nevertheless. In inner extreme points, the FOC needs to be zero.

Since L′ (s = t) = P ′ (t − s̄) > 0, it is then sufficient to show that L′ < 0 for

some t and s ∈ [s̄, t].

Define ṫ implicitly by D′(ṫ−s̄) = P ′(ṫ−s̄). I.e. ṫ is the type whose minimal

marginal pressure (when choosing s = ṫ) is exactly equal to the maximal

marginal dissonance (when choosing s = s̄). We know by the previous results

that ṫ > s̄. We also know that this type exists in a broad enough but finite

range since limt→∞ P ′ (t − s̄) = 0 and limt→∞ D′ (t − s̄) = ∞. However, ṫ

will not have an inner extremum since P ′|s=ṫ = D′|s=s̄ is the only way to

equal D′ and P ′ and since ṫ 6= s̄.

Let us now look at the type ẗ = s̄+2
(
ṫ − s̄

)
+ ε where ε ≥ 0. This is the

type which is just beyond twice as far from the norm as ṫ. If ẗ chooses s = ṫ,

we have

L′
(
s̄ + 2

(
ṫ − s̄

)
+ ε, ṫ

)
= P ′(ṫ − s̄) − D′(s̄ + 2

(
ṫ − s̄

)
+ ε − ṫ) =

P ′(ṫ − s̄) − D′(ṫ − s̄ + ε) = D′(ṫ − s̄) − D′(ṫ − s̄ + ε).

Since D is convex ε > 0 gives a strictly negative L′ which proves the existence

of inner extreme points for broad enough but finite ranges.

We will now show that for a broad enough range of types, some will have

an inner global min point. Suppose that an inner local min point exists. Let
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us now compare the losses of the inner and the corner min points. In the

corner s = s̄ and the inner min point we denote by ŝ.

Diff ≡ L (s (t) = s̄) − L (s (t) = ŝ)

= D (t − s̄) − [P (ŝ − s̄) + D (t − ŝ)]

Thus, for t = s̄ the corner solution is preferred since then Diff < 0.

dDiff

dt
= D′ (t − s̄) − P ′ (ŝ − s̄)

dŝ

dt
− D′ (t − ŝ)

(
1 − dŝ

dt

)

= {use D′ = P ′} = D′ (t − s̄) − D′ (t − ŝ) > 0 with convex D.

This implies that there is one cutoff at most where s∗ changes from being a

corner to an inner solution. So, for t sufficiently close to s̄, s∗ (t) = s̄. To see

whether the cutoff between corner and inner solutions exists, note that

d2Diff

dt2
= D′′ (t − s̄) − D′′ (t − ŝ)

(
1 − dŝ

dt

)
> 0.

We know that the last parenthesis is negative by inserting a concave P and

a convex D in equation 5.5, implying that dŝ/dt > 1. Thus, as Diff is in-

creasing and convex, we know that types sufficiently far from s̄ have an inner

solution. Let t̂ be the cutoff type. Showing that this t̂ exists in a certain range

is hard. For a sufficiently narrow range of types, the result is a distribution

of stances that is Dirac Delta at s̄. However, if there is a sufficiently broad

range of types on each side of s̄, then the resultant distribution contains a

peak at s̄, with tails at each side of it (and a gap between each tail and the

peak at s̄).

Using ds∗/dt > 1 in Lemma 5.1, we get that conformity and absolute

concession are decreasing with t in inner solutions. In corner solutions, con-

formity is constant while absolute concession is increasing since ds∗/dt = 0.
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Convex P (s), Concave D(|t − s|)

Proof of proposition 5.7

1) and 2) follow directly from Lemma 5.3. Since 2) implies that Pall (s − s̄)

is convex, we will analyze the general case of a convex P and a concave D.

Note also that lims→s̄ P ′
all (s − s̄) = 0 and that limth→∞,s→th P ′

all (s − s̄) = ∞.

3): When D is concave and P is convex, we have that in the corners

L′ (s = t) = P ′ (t − s̄) − limx→0 D′ (x) = −∞ while L′ (s = s̄) = P ′ (0) −
D′ (t − s̄) = −D′ (t − s̄) < 0. This implies that potential corner solutions

must be at s = t. It also implies that we either have zero or an even number

of inner extreme points, e.g. if there are two extreme points, one is a min

and the other is a max.

We will now show that inner extreme points exist for a sufficiently broad

range of types. In the following, s̄ is assumed to be weakly positive. For

sufficiently negative s̄, some parameters need to be redefined but the result

will hold nevertheless. In inner extreme points, the FOC needs to be zero.

Since L′ (s = s̄) = −D′ (t − s̄) < 0, it is then sufficient to show that L′ > 0

for some t and s ∈ [s̄, t].

Define implicitly ṫ by D′(ṫ− s̄) = P ′(ṫ− s̄). I.e. ṫ is the type whose maxi-

mal marginal pressure (when choosing s = ṫ) is exactly equal to the minimal

marginal dissonance (when choosing s = s̄). We know by the previous results

that ṫ > s̄. We also know this type exists in a broad enough but finite range

since limt→∞ D′ (t − s̄) < ∞ when D is concave and limt→∞ P ′ (t − s̄) = ∞.

However, ṫ will not have an inner extremum since P ′|s=ṫ = D′|s=s̄ is the only

way to equal D′ and P ′ and since ṫ 6= s̄.

Let us now look at the type ẗ = s̄+2
(
ṫ − s̄

)
+ ε where ε ≥ 0. This is the

type which is just beyond twice as far from the norm as ṫ. If ẗ chooses s = ṫ,

we have

L′
(
s̄ + 2

(
ṫ − s̄

)
+ ε, ṫ

)
= P ′(ṫ − s̄) − D′(s̄ + 2

(
ṫ − s̄

)
+ ε − ṫ) =

P ′(ṫ − s̄) − D′(ṫ − s̄ + ε) = D′(ṫ − s̄) − D′(ṫ − s̄ + ε).

Since D is concave ε > 0 gives a strictly positive L′ which proves the existence
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of inner extreme points for a broad enough but finite range.

We will now show that for a broad enough range, the local min will be

the global min. Suppose now that an inner local min point exists. Let us

now compare the losses of the inner and the corner solutions. In the corner

s = t and the inner extreme point, we denote by ŝ.

Diff ≡ L (s (t) = t) − L (s (t) = ŝ)

= P (t − s̄) − [P (ŝ − s̄) + D (t − ŝ)]

Thus, for t = s̄ the corner solution is preferred since then Diff < 0.

dDiff

dt
= P ′ (t − s̄) − P ′ (ŝ − s̄)

dŝ

dt
− D′ (t − ŝ)

(
1 − dŝ

dt

)

= {using D′ = P ′} = P ′ (t − s̄) − P ′ (ŝ − s̄) > 0 with a convex P

This implies that there is at most one cutoff where s∗ changes from being a

corner to an inner solution. So, for t sufficiently close to s̄, s∗ (t) = t. To see

whether the cutoff between the corner and inner solutions exists, note that

d2Diff

dt2
= P ′′ (t − s̄) − P ′′ (ŝ − s̄)

dŝ

dt
> 0.

We know that dŝ/dt is negative in inner solutions by inserting a convex P

and a concave D in equation 5.5 (this proves 4). Thus, as Diff is increasing

and convex we know that types sufficiently far from s̄ have an inner solution

which concludes 3).

5): Let t̂ be the cutoff type. Showing that the inner min points are unique

is hard. Assuming this to be the case, if there is a sufficiently broad range of

types on both sides of s̄, the resultant distribution contains a uniform part

at the range surrounding s̄ and, on top of this, two formations, one on each

side of s̄ (these “formations” must be on top of the uniform part because

the cutoff type t̂ chooses an inner solution s∗(t̂) < t̂, and every t > t̂ chooses

s̄ < s∗(t) < s∗(t̂) because ds∗/dt < 0).

6) and 7): Using ds∗/dt < 0 in Lemma 5.1, we get that both conformity

and absolute concession are increasing with t in inner solutions. In corner
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solutions, conformity is decreasing while absolute concession is constant since

ds∗/dt = 1.�

5.A.3 Power functions and punishment from one norm

Case: β < 1 < α

Proof of proposition 5.3

In this case, we have a concave P (s) with a unique min point s̄, and

a convex D(t − s). We also have P ′ (s̄) → ∞. As we saw in the general

analysis (section 5.A.2), types near s̄ choose s = s̄. We can also check and

see that ∀t > s̄ there is at most one candidate inner solution (i.e. one local

minimum). The FOC gives

α (t − s)α−1 = βK (s − s)β−1 ⇒ βK/α = (t − s)α−1 (s − s)1−β ≡ f (s) .

Note that f(s) is strictly positive in ]s̄, t[, and that f(s) = 0 at both edges

of the range (i.e. at s = s̄ and at s = t). This means that f(s) has at least

one local maximum in ]s̄, t[. We need this maximum to be larger than βK/α

for the FOC to hold at some point.

We now proceed to check whether this local maximum of f (s) is unique:

f ′ (s) = (t − s)α−2 (s − s̄)−β [(1 − β) (t − s) − (α − 1) (s − s̄)]

Since (t − s)α−2 (s − s̄)−β is strictly positive in ]s̄, t[, and [(1 − β) (t − s)−
(α − 1) (s − s̄)] is linear in s, positive at s = s̄ and negative at s = t, f ′(s) = 0

at exactly one point at this range (i.e. a unique local maximum of f(s) in

]s̄, t[). From the continuity of f(s), we get that if the value of f(s) at this

local maximum is greater than βK/α, then L(t, s) has exactly two extrema

in the range ]s̄, t[. From the positive values of L′(t, s) at the edges of this

range, we finally conclude that the first extremum (where f(s) is rising) is a

maximum point of L(t, s), and the second extremum (where f(s) is falling)
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is a minimum point of L(t, s), i.e. L(t, s) has a unique local minimum.

Conversely, if the value of f(s) at its local maximum point is smaller than

βK/α, there is no local extremum to L(t, s) in the range ]s̄, t[ and therefore

s (t) = s̄.

Once we know that there is one candidate inner solution at most, we

know from the general analysis (section 5.A.2) that there exists a t̂ such that

every type with s̄ ≤ t < t̂ chooses s̄ and every type with t > t̂ chooses his

(unique) inner solution. If t̂ > th, this results in a distribution of stances that

is Dirac Delta at s̄. However if t̂ < th, then due to symmetry, the resultant

distribution contains a peak at s̄, with identical tails at each side of it (and

a gap between each tail and the peak at s̄).

We can further analyze the shape of the tails. Applying the functional

form into Lemma 5.2, we get that the right-hand tail of the distribution

has an increasing pPDF . In addition, since s∗ (t) is continuous and strictly

monotonic (ds∗

dt
= D′′(t−s∗)

P ′′(s∗−s̄)+D′′(t−s∗)
> 1), the pPDF gives us the PDF of the

whole right-hand tail of the distribution of stance (the PDF of the left tail

is strictly decreasing because it is the mirror image of the right tail). So the

whole distribution of stances is (for t̃ < th) a trimodal distribution with tails

rising toward the edges of the distribution (with a gap between the peak and

the tails on each side).

To conclude the proof, we notice that applying this specific power function

case to part 3 of Lemma 5.1 implies that relative concession is decreasing at

the range
[
t̂, th

]
. Since types with s̄ ≤ t < t̃ choose s̄, i.e. fully conform, we

get that relative concession is decreasing for every t s.t. s̄ ≤ t, and therefore

that relative concession is decreasing in |t − s̄| ∀t (since s̄ is a reflection point).

As shown in section 5.A.2, conformity and absolute concession are decreasing

in inner solutions while in corner solutions, conformity is constant while

absolute concession is increasing. Thus, conformity is weakly decreasing and

absolute concession is non-monotonic.�

Case: α < 1 < β

Proof of proposition 5.4
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In this case we have a convex P (s) with a unique min point s̄, and a

convex D(t − s). We also have limx→0+ D′ (x) = ∞. So as we saw in the

general analysis (section 5.A.2), types near s̄ choose s = t. We can also check

and see that ∀t > s̄ there is at most one candidate inner solution (i.e. one

local minimum), by following the same stages as in the proof of proposition

5.3 (while noticing that this time [(1 − β) (t − s)−(α − 1) (s − s̄)] is negative

at s = s̄ and positive at s = t), we once more get that L(t, s) has at most one

local minimum (this time, it will be the first of the two extremum points).

Once we know that there is one candidate inner solution at most, we know

from the general analysis (section 5.A.2) that there exists a t̂ such that every

type with s̄ ≤ t < t̂ chooses t and every type with t > t̂ chooses his (unique)

inner solution. If t̂ > th, this results in a uniform distribution of stances.

However, if t̂ < th, then due to symmetry (and since s∗(t) is continuous),

the resultant distribution is continuous and bimodal with a uniform section

around s̄ and one peak on each side of s̄ (on top of the uniform section).

We can further analyze the shape of the tails. Applying the functional

form into Lemma 5.2, we get that the right-hand tail of the distribution has

a decreasing pPDF . This means that the peak on the right-hand side of s̄

has a falling slope to its right-hand side and, by symmetry, the peak on the

left-hand side of s̄ has a falling slope to its left-hand side (see figure 5.6).

To conclude the proof, we notice that applying this specific power func-

tion case to part 3 of Lemma 5.1 implies that relative concession is increasing

at the range
[
t̂, th

]
. Since types with s̄ ≤ t < t̂ choose t, i.e. do not con-

form at all, we get that the relative concession is increasing for every t s.t.

s̄ ≤ t, and therefore that the relative concession is increasing in |t − s̄| ∀t

(because s̄ is a reflection point). As shown in section 5.A.2, conformity and

absolute concession are increasing in inner solutions while in corner solutions,

conformity is decreasing while absolute concession is constant. Putting the

inner and the corner solutions together, conformity is non-monotonic while

absolute concession is increasing.�
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Equilibrium s̄

Proof of proposition 5.6

We know that the distribution is symmetric in a neighborhood of s̄. For s̄

to be the average of all stances, the distribution of stances must be symmetric

in the whole range. By symmetry of P around s̄, it then follows that s̄ = th+tl
2

is a feasible equilibrium in all cases.

1.) Assume that s̄ 6= th+tl
2

. For β > α ≥ 1, all types have unique inner

solutions which implies
∫ s̄

tl
(s̄ − s (τ)) dτ 6=

∫ th
s̄

(s (τ) − s̄) dτ which clearly

violates symmetry. By the same reasoning, it must hold also for α < 1 when

some types have inner solutions. When α < 1 and all types have corner

solutions then s∗ (t) = t ∀t which is symmetric iff s̄ = th+tl
2

.

2.) Assume that s̄ > tl + K
1

α−β . Proposition 5.2 then implies that∫ s̄

tl
s (τ) dτ =

∫ s̄

tl
dt =

(
s̄ − K

1
α−β

)
− tl and

∫ th
s̄

s (τ) dτ =
∫ th

s̄
tdt = tl −(

s̄ + K
1

α−β

)
which are then not equal which violates symmetry. This proves

necessity. For sufficiency, note that all s̄ in the range imply that s∗ (t) = s̄∀t

which is clearly symmetric.

3.) Assume that the condition is not fulfilled for some s̄ > th+tl
2

, then

there is a strictly larger mass of inner solutions in the range [tl, s̄] than in

the range [s̄, th], which violates symmetry. A corresponding argument applies

to s̄ < th+tl
2

. This concludes necessity. For sufficiency, when the requirement

is fulfilled then s∗ (t) = s̄∀t which is clearly symmetric.

4) Proposition 5.2 implies that an s̄ outside of the range has uniform tails

around s̄ which are not symmetric. Since types such that |t − s̄| > K
1

α−β ,

s∗ (t) = s̄ this also implies sufficiency.

5.) K > 1 implies that s∗ (t) = s̄∀t which is symmetric while K ≤ 1

implies that s∗ (t) = t∀t which is not symmetric.�

5.A.4 Aggregating individual pressure

Exponential distribution of pressure sources

Posit a distribution of pressure sources f (x) which symmetrically has an

exponential shape peaking towards the social norm from each side. W.l.o.g.
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let the social norm be at s = 0, i.e. E (x) = 0. The minimum and maximum

pressure source in society are at ±∞.

Pexp (s) =

th∫

tl

p (|x − s|) f (x) dx

=
λ

2

∞∫

−∞

|x − s|α e−λ|x|dx =
λ

2

∞∫

−∞

|x|α e−λ|x+s|dx

where 0 < α < 1. Differentiating we get

P ′
exp (s) = −λ2

2

∞∫

−∞

|x|α e−λ|x+s|sgn (x + s) dx

P ′′
exp (s) =

λ3

2

∞∫

−∞

|x|α e−λ|x+s|dx.

To see the behavior of this function around the social norm, we now look

at

P ′′
exp (0) =

λ3

2

∞∫

−∞

|x|α e−λ|x|dx = λ3

∞∫

0

xαe−λxdx

= λ2−αΓ (α + 1) > 0

where Γ (α + 1) is an incomplete Gamma function. This implies that total

pressure is convex near the norm. Let us now investigate the asymptotic

behavior of Pexp (s) for s → ∞. To this end, let us use the “dimensionless”

integration variable z = x/s, so that Pexp (s) = λ
2
sα+1

∞∫

−∞

|z − 1|α e−K|t|dt,
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where K = λs. The integral can be written as

Pexp (s) =
λ

2
sα+1




0∫

−∞

(1 − z)α eKtdt +

1∫

0

(1 − z)α e−Ktdt +

1∫

0

(z − 1)α e−Ktdt




=
λ

2
sα+1

[
K−α−1eKΓ (α + 1, K) + K−α−1e−Kγ (α + 1,−K) + K−α−1e−KΓ (α + 1)

]

where Γ (a, b) are incomplete Gamma functions. For large K, Γ (α + 1, K) ≈
Kαe−K , so the second and third terms of the sum, which contain the rapidly

decreasing exponent e−K , can be neglected and we finally obtain for s → ∞:

P (s) ≈ λ

2
sα+1K−1 =

sα

2
,

whence P ′′ ≈ 1
2
α (α − 1) sα−2 → −0.

Gaussian distribution of pressure sources

We now analyze the case where the pressure sources follow a Gaussian dis-

tribution so that f (x) =
√

λ
π
e−λx2

, tl = −∞, tl = −∞. The pressure is a

concave power function

Pgauss (s) =

th∫

tl

p (|x − s|) f (x) dx

=

√
λ

π

∞∫

−∞

|x − s|α e−λx2

dx =

√
λ

π

∞∫

−∞

|x|α e−λ(x+s)2dx

P ′
gauss (s) = −2λ

√
λ

π

∞∫

−∞

|x|α (x + s) e−λ(x+s)2dx

P ′′
gauss (s) = −2λ

√
λ

π

∞∫

−∞

|x|α
[
1 − 2λ (x + s)2

]
e−λ(x+s)2dx
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P ′′
gauss (0) = −4λ

√
λ

π

∞∫

0

xα
[
1 − 2λx2

]
e−λx2

dx

Substituting the integration variable with u = x2, we have

P ′′
gauss (0) = −2λ

√
λ

π

∞∫

0

u(α−1)/2 [1 − 2λu] e−λudu

= − 2√
π

λ3/2λ−(α+1)/2

[
Γ

(
α + 1

2

)
− 2Γ

(
α + 3

2

)]

= − 2√
π

λ(2−α)/2Γ

(
α + 1

2

)[
1 − 2

α + 1

2

]
=

2α√
π

λ(2−α)/2Γ

(
α + 1

2

)
> 0.

Here, we have used the property of the Gamma function, Γ (z + 1) = zΓ (z).

Let us now investigate the asymptotic behavior of P (s) for s → ∞. To this

end, let us use the “dimensionless” integration variable z = x/s, so that

P (s) =
√

λ
π
sα+1

∞∫

−∞

|z − 1|α e−λz2
dz, where K = λs2. The integral above has

a saddle point at t = 0, so for K → ∞,

P (s) ≈
√

λ
π
sα+1

∞∫

−∞

[1 − αz + O (z2)] e−Kz2
dz =

√
λ
π
sα+1

√
π
K

[
1 + O

(
1
K

)]
≈

sα. From here, P ′′ ≈ α (α − 1) sα−2 → −0.
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23. Söderlind, Paul Essays in Exchange Rates, Business Cycles and Growth,
1993

24. Hassler, John A.A. Effects of Variations in Risk on Demand and Mea-
sures of Business Cycle Comovements, 1994

25. Daltung, Sonja Risk, Efficiency, and Regulation of Banks, 1994

26. Lindberg, Hans Exchange Rates: Target Zones, Interventions and Regime
Collapses, 1994

27. Stennek, Johan Essays on Information-Processing and Competition,
1994

28. Jonsson, Gunnar Institutions and Incentives in Monetary and Fiscal
Policy, 1995

29. Dahlquist, Magnus Essays on the Term Structure of Interest Rates and
Monetary Policy, 1995

30. Svensson, Jakob Political Economy and Macroeconomics: On Foreign
Aid and Development, 1996
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32. Lagerlöf, Nils-Petter Intergenerational Transfers and Altruism, 1997

33. Klein, Paul Papers on the Macroeconomics of Fiscal Policy, 1997

34. Jonsson, Magnus Studies in Business Cycles, 1997

35. Persson, Lars Asset Ownership in Imperfectly Competitive Markets,
1998



209

36. Persson, Joakim Essays on Economic Growth, 1998

37. Domeij, David Essays on Optimal Taxation and Indeterminacy, 1998

38. Flodén, Martin Essays on Dynamic Macroeconomics, 1999

39. Tanger̊as, Thomas Essays in Economics and Politics: Regulation, Elec-
tions and International Conflict, 2000

40. Lidbom, Per Pettersson Elections, Party Politics and Economic Policy,
2000

41. Vestin, David Essays on Monetary Policy, 2001

42. Olofsg̊ard, Anders Essays on Interregional and International Political
Economics, 2001
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